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RIGIDITY OF CARNOT GROUPS RELATIVE TO
MULTICONTACT STRUCTURES
FILIPPO DE MARI AND ALESSANDRO OTTAZZI
(Communicated by Mario Bonk)

Abstract. We prove a rigidity type result for stratiﬁed nilpotent Lie algebras
which gives a positive answer to a special case of a conjecture formulated by
M. Cowling and of another conjecture formulated by A. Korányi.

1. Introduction
The notion of a multicontact mapping refers to a (local) diﬀeomorphism of a
diﬀerentiable manifold M endowed with a subbundle HM of the tangent bundle
T M whose sections
 satisfy a Hörmander type condition [5], and which splits as
the sum HM =
i≤m Hi M of smaller subbundles, each of which is preserved
by the diﬀerential of the mapping. Examples of this sort arise naturally in subRiemannian geometry. The geometric setup we are referring to is best formalized
by introducing the structure of a stratiﬁed nilpotent Lie algebra at the tangent
level, and hence a very natural case to examine is that of a connected and simply
connected nilpotent Lie group G whose Lie algebra is stratiﬁed, viz. a Carnot
group. Once a multicontact structure is selected, that is, a subbundle HG ⊂ T G (to
which
we refer as the horizontal or contact bundle), together with a splitting HG =

i≤m Hi G, a basic problem to address is the characterization of the possibly inﬁnite
dimensional Lie group of multicontact mappings. In particular, it is important to
know whether it is ﬁnite dimensional, that is, when G is rigid.
When no splitting of HG is introduced and one simply looks at the mappings
whose diﬀerentials preserve it (m = 1), rigidity is a classical notion that has been
studied because of its applications to the theory of quasiconformal mappings [2, 7]
and to the study of inﬁnitesimal automorphisms of dynamical systems associated to
graded Lie algebras [12, 15]. In [9] it is shown that a large class of nonrigid examples
exists. As for multicontact structures, the reader is referred to [3, 4, 6, 8, 13, 14, 16].
Our main contribution, Theorem 4.1, gives a partial positive answer to questions
raised by M. Cowling in [1] and by A. Korányi in [6]. More precisely, the former is:
Conjecture 1.1 (Cowling, [1]). Suppose that v1 and v2 are subalgebras of a stratiﬁed algebra g, such that g−1 = a1 + a2 , where ai = vi ∩ g−1 , and for all X in a1 ,
there exists Y in a2 such that [X, Y ] = 0, and vice versa. Let U be an open subset
of the corresponding group G = exp g, and let ϕ : U → G be a map that maps
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connected subsets of cosets of Vi = exp vi into cosets of Vi when i = 1 and 2. Then
ϕ is automatically smooth, and the set of these maps is ﬁnite dimensional.
In this generality the above conjecture is actually false, as we recently learned
from M. Cowling [10], though it is still an open problem to determine under which
minimal regularity conditions the smoothness assertion is true. In the present paper
we assume smoothness and we prove ﬁnite dimensionality of the automorphism
algebra of a closely related structure. In other words, we are interested in splittings
of the ground layer of the kind g−1 = a1 + a2 (or, more generally, into m ≥ 2
subspaces), and we study the local diﬀeomorphisms of G whose diﬀerentials preserve
each of the bundles obtained by left translating a1 and a2 .
As for Korányi’s conjecture, he considers the following setup. We are given
smooth distributions D1 , . . . , Dm on a manifold M and we assume that their sections satisfy a joint Hörmander condition; that is, the repeated brackets of vector
ﬁelds belonging to the various distributions Dj span the full tangent space at all
points. The conjecture is that the Lie algebra of those vector ﬁelds V on M for
which [V, X] ∈ Dj for all X ∈ Dj and all j is ﬁnite dimensional under suitable
nondegeneracy. In Korányi’s words: Perhaps the following condition would be sufﬁcient: at each point p, for each i, j we deﬁne the form Lij (ξ, η) on Di,p × Dj,p by
extending ξ and η to vector ﬁelds X, Y belonging to Di , respectively Dj , and then
taking [X, Y ]p modulo Di,p + Dj,p . For every ξ = 0 in Di,p there should exist j and
η ∈ Dj,p such that Lij (ξ, η) = 0.
We prove that if the subbundles Di = Hi G satisfy the condition (ii) of Deﬁnition 2.1 below, which is modeled after Korányi’s, then the vector ﬁelds for which
[V, X] ∈ Dj for all X ∈ Dj and all j form a ﬁnite dimensional Lie algebra.
2. Preliminaries and notation
A nilpotent Lie algebra g over R has an s-step stratiﬁcation if it can be written
as
g=

−1


gi ,

i=−s

a direct sum of vector spaces such that
(2.1)

[g−1 , gj ] = gj−1 ,

for every j ≤ −1. A Carnot group G is a connected, simply connected nilpotent
Lie group whose Lie algebra is stratiﬁed and equipped with an inner product such
that gi ⊥ gj , i = j. We denote the algebra of vector ﬁelds on G by X(G). By
left translation, the space g gives rise to the tangent bundle T G and the subspace
g−1 deﬁnes a subbundle HG of T G which is called a horizontal bundle or contact
bundle. Equation (2.1) implies that the horizontal bundle generates at each point
the whole tangent space to G. A diﬀeomorphism φ : A → B between open sets of G
is called a contact mapping if the diﬀerential φ∗ preserves the horizontal bundle. By
composition, the space of global contact mappings is a possibly inﬁnite dimensional
Lie group. If it is ﬁnite dimensional, G is classically said to be rigid; otherwise G
is nonrigid. The contact condition can be read at the Lie algebra level. A contact
vector ﬁeld V on an open set of G is a smooth vector ﬁeld which generates a local
one-parameter ﬂow φt of contact mappings. If X̃ is the left invariant vector ﬁeld
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corresponding to the vector X ∈ g−1 , we have

d

(φt )∗ (X̃)
= −LV (X̃) = [X̃, V ],
dt
t=0
where L denotes the Lie derivative. Thus a smooth vector ﬁeld V is a contact
vector ﬁeld if and only if
(2.2)

[V, X̃] ∈ HG for every X̃ ∈ HG;

that is, ad V preserves the horizontal bundle. Clearly, if a Carnot group G admits
an inﬁnite dimensional space of contact vector ﬁelds, then G is nonrigid in the
classical sense. We are rather interested in the generalised notion of rigidity that
was essentially introduced in [3, 4].
Deﬁnition 2.1. We say that the stratiﬁed algebra g carries a multicontact structure if there exist vector subspaces a1 , . . . , am , m ≥ 2, of the ﬁrst stratum g−1 that
satisfy the following two properties:
(i) g−1 = a1 + · · · + am , a vector space direct sum;
(ii) for every1 i ∈ m and for every X ∈ ai there exists j ∈ m, j = i, and Y ∈ aj
such that [X, Y ] = 0.
Remarks. (a) A suﬃcient condition for the existence of relevant multicontact structures is that
(2.3)

z(g) ∩ g−1 = {0},

where z(g) denotes the center of g. Indeed, assume that (2.3) holds. Then any
basis {X1 , . . . , Xp } of g−1 gives rise to a “ﬁnest possible” multicontact structure
by putting ai = span{Xi } for every i ∈ p. We shall refer to these structures as
p-contact structures, where p = dim g−1 . Secondly, for any such basis there always
exists a bicontact structure adapted to it, that is, a splitting of g−1 into the direct
sum of two subspaces a1 and a2 that satisfy (ii), each of which is spanned by a subset
of basis elements. We show this by induction on p. If p = 2, (2.3) assures that
a1 = span{X1 } and a2 = span{X2 } satisfy (ii). For a higher p, ﬁrst observe that
the set {X1 , . . . , Xp−1 } generates a subalgebra of g. By the induction hypothesis,
there exist subspaces a1 and a2 of span{X1 , . . . , Xp−1 } satisfying properties (i) and
(ii). Now, (2.3) implies that [Xp , ai ] = {0} for at least one i ∈ 2, say i = 1, so that
a1 and a2 + RXp satisfy (ii).
Conversely, if (2.3) is not true, then bicontact structures may fail to exist. Take
the stratiﬁed Lie algebra g = g−1 +g−2 , where g−1 = sp{X1 , X2 , X3 }, g−2 = sp{Y }
and the only nonzero brackets among basis elements are
[X1 , X2 ] = [X1 , X3 ] = Y.
It is immediate that X2 − X3 ∈ z(g) ∩ g−1 . If g−1 = a1 + a2 were a bicontact
structure, then it would be possible to say a1 = span{A, B} and a2 = span{C}
with linearly independent A, B and C. Write X2 − X3 = aA + bB + cC. Then
0 = [aA + bB + cC, C] = [aA + bB, C].
Hence, if aA + bB = 0, then (ii) does not hold, whereas if aA + bB = 0, then
a2 ⊆ z(g) and again (ii) fails.
(b) Condition (2.3) is not automatically satisﬁed by all multicontact structures;
that is, it is not a consequence of (ii), as the following example shows. Consider
1 Here

and in the following, for any positive integer m we write m = {1, 2, . . . , m}.
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the stratiﬁed Lie algebra g = g−1 + g−2 , where g−1 = sp{X1 , X2 , X3 , X4 }, g−2 =
sp{Y1 , Y2 } and the only nonzero brackets among basis elements are
[X1 , X2 ] = [X1 , X3 ] = Y1 ,
[X2 , X4 ] = [X3 , X4 ] = Y2 .
It is immediate that X2 − X3 ∈ z(g) ∩ g−1 . Nevertheless, both of the following
decompositions of g−1 satisfy (ii):
g−1 = sp{X1 , X2 } + sp{X3 , X4 },
g−1 = sp{X1 } + sp{X2 } + sp{X3 } + sp{X4 }.
Indeed, for any X = αX1 + βX2 = 0 there exists X  = γX3 + δX4 = 0 for which
[X, X  ] = 0, for if α = 0, we can take X  = X3 ; and if β = 0, we can take X  = X4 .
Similarly, for any X  = γX3 + δX4 = 0 there exists X = αX1 + βX2 = 0 for which
[X, X  ] = 0. Hence, the ﬁrst splitting satisﬁes (ii). The second satisﬁes it trivially.
Suppose that g is a stratiﬁed Lie algebra that carries a multicontact structure,
and let G denote the corresponding connected and simply connected group. By left
translation, each ai generates a subbundle of the tangent bundle of G, denoted Hi G.
A diﬀeomorphism φ between open subsets of G whose diﬀerential preserves Hi G at
each point is called a multicontact mapping. We look at the inﬁnitesimal version
of this notion, that is, at the Lie algebra level. We say that a vector ﬁeld V on G
is a multicontact vector ﬁeld if [V, Hi G] ⊂ Hi G. The Lie algebra of multicontact
vector ﬁelds is the Lie algebra of the (possibly inﬁnite dimensional) Lie group of
multicontact mappings. We say that G is rigid relative to the multicontact structure
if the Lie algebra of multicontact vector ﬁelds is ﬁnite dimensional. We prove that
this is always the case in Theorem 4.1.
The nondegeneracy condition (ii) in Deﬁnition 2.1 seems somehow necessary.
Indeed, if we weaken it by asking the requirement only for some of the spaces ai ,
we can easily ﬁnd examples showing that rigidity fails. Consider the Lie algebra
g = span{X1 , X2 , X3 , Y1 , Y2 }, where [X1 , X2 ] = Y1 and [X2 , X3 ] = Y2 are the only
nonzero brackets. If a1 = span{X1 , X2 } and a2 = span{X3 }, then for every vector
in a2 there exists a vector in a1 with which it does not commute, but the converse
is false, so (ii) is not true. Given exponential coordinates on G, it is easy to verify
that V = f Ỹ1 + (X̃2 f )X̃1 satisﬁes [V, Hi G] ⊂ Hi G for every i ∈ 2 and for every
smooth function f = f (x2 ).
The proof of our main contribution rests on the results proved by Tanaka in [12]
in the context of his study of inﬁnitesimal automorphisms of dynamical systems
associated to graded Lie algebras. In the next section we review some of the basic
constructs.
3. Tanaka prolongation
Tanaka introduces the notion of prolongation of a stratiﬁed nilpotent Lie algebra
relative to a subalgebra g0 of Der(g), the strata preserving derivations of g. It is a
Lie algebra T (g, g0 ) with the following properties:

(i) T (g, g0 ) = −s≤i gi is a graded Lie algebra;
(ii) if [u, g−1 ] = 0 for some u ∈ gk , k ≥ 0, then u = 0;
(iii) T (g, g0 ) is maximal among the Lie algebras containing g and satisfying (i)
and (ii).
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The construction of T (g, g0 ) is as follows. First, we deﬁne a bracket on g + g0
(direct sum of vector spaces) by keeping the brackets on g and g0 and by setting
[D, X] = D(X) if D ∈ g0 , X ∈ g. Skew-symmetry is imposed, so that g + g0 is a Lie
algebra. Inductively, for k > 0, gk is deﬁned as the space of all homomorphisms u :
g → g+g0 +· · ·+gk−1 for which u(gj ) ⊂ gj+k and [u, [X, Y ]] = [[u, X], Y ]+[X, [u, Y ]]
for every X, Y ∈ g, where by deﬁnition [u, Z] = u(Z).
The bracket of two elements in the prolongation is deﬁned in such a way that
the Jacobi identity is satisﬁed, that is,
[u, v](X) = [[u, v], X] = [[u, X], v] + [u, [v, X]],

X ∈ g.

We
 say that T (g, g0 ) is of ﬁnite type if dimT (g, g0 ) < ∞. Now, given T (g, g0 ) =
j≥−s gj we deﬁne
(3.1)

hp = {u ∈ gp : u[X, Y ] = 0 for every X, Y ∈ g},

p ≥ 0.

The following result is the content of Corollary 1 in [12], p. 76.

Theorem 3.1 (N. Tanaka). The prolongation T (g, g0 ) = −s≤i gi is of inﬁnite
type if and only if hp = {0} for all p ≥ 0.
4. Rigidity
The structure of the Lie algebra of contact vector ﬁelds or multicontact vector
ﬁelds is described by Tanaka prolongations. Choose
g0 = {D ∈ Der(g) : Dai ⊂ ai , i ∈ m}.
From [12] it follows that T (g; g0 ) is of ﬁnite type if and only if
M(g) = {V ∈ X(G) : [V, Hi G] ⊂ Hi G, i ∈ m}
has ﬁnite dimension. Moreover, T (g; g0 ) and M(g) are isomorphic when they have
ﬁnite dimension (cf. [12, §6] or [15, §2.3]).
By Theorem 3.1, in order to prove that the space of multicontact vector ﬁelds
on G has ﬁnite dimension, it is enough to show that hp = {0} for some p ≥ 0. In
fact, we will see that h1 = {0}.
Theorem 4.1. Every multicontact structure on a Carnot group is rigid.
Proof. Given u ∈ h1 , u[X, Y ] = u(X)Y − u(Y )X = 0 for every X, Y ∈ g, so that
in particular u(as )at = u(at )as . From §11.2 in [12], it follows that if v ∈ hp and
X ∈ g−1 , then v(X) ∈ hp−1 , for every p ≥ 1. In particular, we have u(as ) ⊂ h0 .
Hence u(as )at = {0} whenever t = s because u(as )at = u(at )as ⊂ at ∩ as = {0}.
Now ﬁx s ∈ m and select bases {X1 , . . . , Xp } of as , {Y1 , . . . , Yq } of a∗ = a1 +· · ·+
as−1 + as+1 + · · · + am and {Z1 , . . . , Zr } of g−2 . Since h0 consists of the derivations
which vanish on the strata gj with j ≤ −2 and preserve each ai , hence as and a∗ ,
we can represent its elements as matrices in gl(g−1 ). More precisely, if D ∈ h0 ,
then relative to the chosen bases,


As 0
.
D=
0 A∗
Formally, As = πs (D) and A∗ = π∗ (D), where πs : h0 → gl(as ) and π∗ : h0 → gl(a∗ )
are the natural projections. The fact that u(as )at = {0} for every t = s can thus
be written as π∗ (u(as )) = {0}.
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Now, for i ∈ p and j ∈ q,
0 = D[Xi , Yj ]
=[

p


aki
s Xk , Yj ] + [Xi ,

k=1

aj
∗ Y ]

=1

p
n 


=

q


µ
aki
s αkj Zµ +

µ=1 k=1

q
n 


ν
aj
∗ αi Zν ,

ν=1 =1

µ
αij

are the structure constants deﬁned by [Xi , Yj ] =
where
for every i ∈ p, j ∈ q and µ ∈ n,
p


(4.1)

µ
aki
s αkj +

k=1

q


n

µ
µ=1 αij Zµ .

Therefore,

µ
aj
∗ αi = 0.

=1

Now put Vs = πs (h0 ) and V∗ = π∗ (h0 ), and deﬁne

 
µ
As →
aki
Φs :Vs → Rpqr ,
s αkj eijµ ,
Φ∗ :V∗ → Rpqr ,

A∗ →

i,j,µ

k

i,j,µ



 


µ
aj
∗ αi eijµ .

Then (4.1) reads
(4.2)

Φs (As ) + Φ∗ (A∗ ) = 0,

which implies in particular that Φs and Φ∗ have the same image, say W . We show
next that Φs is injective. Indeed, let As = πs D be such that Φs (As ) = 0. Since for
every i ∈ p and j ∈ q,
[

p

k=1

aki
s Xk , Yj ]

=

p
n 


µ
aki
s αkj Zµ

=

µ=1 k=1

n


(Φs (As ))ijµ Zµ = 0,

µ=1

p
ki
it follows that [X (i) , a∗ ] = 0 for every i ∈ p, where X (i) =
k=1 as Xk ∈ as .
(i)
The nondegeneracy condition (ii) in Deﬁnition 2.1 implies that X = 0 for every
i ∈ p, hence that As = 0, thereby showing injectivity. If Φ̃s : Vs → W denotes the
bijective linear mapping deﬁned by Φs , equation (4.2) gives
−1
πs (D) = As = −Φ̃−1
s ◦ Φ∗ (A∗ ) = −Φ̃s ◦ Φ∗ ◦ π∗ (D)

for every D ∈ h0 , that is, πs = −Φ̃−1
s ◦ Φ∗ ◦ π∗ . It follows that
u(as ) = πs (u(as )) = −Φ̃−1
s ◦ Φ∗ ◦ π∗ (u(as )) = {0}
because, as observed earlier, π∗ (u(as )) = {0}. Therefore u(g−1 ) = {0} and so
u = 0, as desired.
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