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We present a novel next-to-next-to-leading order (NNLO) QCD calculation matched to parton shower for 
the production of a pair of Z bosons decaying to four massless leptons, pp → �+�−�′+�′− + X , at the LHC. 
Spin correlations, interferences and off-shell effects are included throughout. Our result is based on the 
resummed beam-thrust spectrum, which we evaluate at next-to-next-to-leading-logarithmic (NNLL′

T0
) 

accuracy for the first time for this process, and makes use of the Geneva Monte Carlo framework for the 
matching to Pythia8 shower and hadronisation models. We compare our predictions with data from the 
ATLAS and CMS experiments at 13 TeV, finding a good agreement.

© 2021 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
1. Introduction

Diboson production at the LHC is of paramount importance to 
the precision study of electroweak (EW) physics in the Standard 
Model (SM) and beyond, as it directly probes the non-Abelian EW 
couplings. The four-lepton channel that proceeds predominantly 
through intermediate Z -boson pairs is of particular importance 
due to its very clean signature. Consequently, several cross-section 
measurements and studies of anomalous couplings were carried 
out by both the ATLAS and CMS collaborations at 7 TeV [1–4], 
8 TeV [5–9] and 13 TeV [10–16]. Moreover, analyses of the four-
lepton channel have helped to constrain the width and couplings 
of the Higgs boson [17–28]. In addition, given that Z ′ resonances 
are common features in models of new physics, measurements of 
Z pair production can help to set limits on Beyond the SM scenar-
ios.

Theoretical predictions to Z Z production have been known at 
NLO in QCD for some time [29–34]. These were followed by cal-
culations of NLO EW corrections, both for on-shell bosons [35–37]
and for fully leptonic final states [38,39], and more recently combi-
nations of NLO QCD and EW contributions have appeared [40,41]. 
The current state-of-the-art at fixed order in perturbation theory 
is NNLO [42–45] in QCD for the process qq̄ → Z Z → 4�, combined 
with NLO EW effects [46]. NLO corrections (at O(α3

s )) to the loop-
induced process gg → Z Z → 4� are also available [47–50].
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In order to take advantage of the increasing precision of ex-
perimental data, it is useful to provide predictions in the form 
of fully exclusive Monte Carlo (MC) event generators. These allow 
hadron-level events to be produced that can be directly interfaced 
to detector simulations and experimental analyses.

For the qq̄ → Z Z → 4� channel, the state-of-the-art in this 
regard is still matching NLO QCD correction to parton shower 
(NLOPS), as implemented in Powheg [51,52], also including NLO 
EW effects [53]. For the gg → Z Z → 4� channel NLOPS predictions 
were presented in Refs. [54,55].

There has been, however, significant progress in the matching 
of NNLO calculations to parton showers (NNLOPS) in recent years, 
with four major approaches to the problem [56–63]. In this Let-
ter, we consider the Geneva framework developed in [57,59,64], 
which has been successfully applied to the Drell–Yan [59] and Hig-
gsstrahlung [65] processes, as well as diphoton production [66]
and hadronic Higgs decays [67].

Currently, the only available NNLOPS calculation featuring 
two massive bosons in the final state is for the process pp →
W +W − → �ν�′ν ′ [68] via the MiNLO

′ method [56], which made 
use of a differential reweighting to the Matrix predictions of 
Ref. [69] to achieve NNLO accuracy. Naïvely, the complexity of the 
final state would require a nine-dimensional reweighting, some-
thing unfeasible in practical terms. In Ref. [68], the authors were 
able to circumvent this limitation by rewriting the differential 
cross section in terms of angular coefficients, which they used to 
reweight each angular contribution separately. The dimensionality 
of the reweighting procedure was thus reduced to just three. This 
relied, however, on the approximation that the vector bosons are 
le under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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close to being on-shell, and so cannot be easily applied to the case 
of pp → Z/γ ∗ Z/γ ∗ → 4�, given the non-negligible contribution 
from photon exchange.

Since the Geneva method does not need a multi-differential 
reweighting to reach NNLO accuracy, we are able to include the 
full off-shell effects and deliver the first NNLOPS calculation for 
Z Z production.1

The process pp → �+�−�′+�′− + X features contributions from 
channels with very different resonance structures. In order to in-
crease efficiency in event generation in such a situation, it is nec-
essary to make use of a phase space generator which samples 
these channels separately. To this end, we have built an interface 
between Geneva and the multi-channel integrator Munich [70]
which is completely general and allows for the integration of any 
SM process.

This Letter is organised as follows: we discuss the process def-
inition and the relevant calculation in sec. 2, present our results 
and the comparison to LHC data in sec. 3 and draw our conclu-
sions in sec. 4. Additional details concerning the calculation are 
provided in Appendix A and Appendix B.

2. Process definition

In this Letter, we consider the process pp → �+�−�′+�′− + X , 
including off-shell effects, Z/γ ∗ interference and spin correlations. 
The derivation of the Geneva formulae has been presented in sev-
eral papers, see e.g. [59,65]. Here we content ourselves with pre-
senting the final results for the differential weights of the 0-, 1-
and 2- jet partonic cross sections.

These are defined in such a way that they correspond to phys-
ical and IR-finite events at a given perturbative accuracy, with the 
condition that IR singularities cancel on an event-by-event basis. 
The Geneva method achieves this by mapping IR-divergent final 
states with M partons into IR-finite final states with N jets, with 
M ≥ N . Events are classified according to the value of N-jet reso-
lution variables TN which partition the phase space into different 
regions according to the number of resolved emissions. In particu-
lar, the Geneva Monte Carlo cross section dσ mc

N receives contribu-
tions from both N-parton events and M-parton events where the 
additional emission(s) are below the resolution cut T cut

N used to 
separate resolved and unresolved emissions. The unphysical depen-
dence on the boundaries of this partitioning procedure is removed 
by requiring that the resolution parameters are resummed at high 
enough accuracy. For the production of a pair of Z bosons at NNLO 
accuracy, we need to introduce the 0-jettiness T0 and 1-jettiness 
T1 resolution variables defined as

TN =
∑

k

min
{

q̂a · pk, q̂b · pk, q̂1 · pk, . . . , q̂N · pk

}
, (1)

with N = 0 or 1, pk being the momenta of the final state partons, 
q̂a , q̂b the beam directions and q̂i light-like vectors that minimise 
TN . These separate the 0- and 1-jet exclusive cross sections from 
the 2-jet inclusive one.

We find that

dσ mc

0

d�0
(T cut

0 ) = dσ NNLL′

d�0
(T cut

0 ) −
[

dσ NNLL′

d�0
(T cut

0 )

]
NNLO0

+ (B0 + V 0 + W0)(�0)

+
∫

d�1

d�0
(B1 + V 1)(�1) θ[T0(�1) < T cut

0 ]

1 We note that the methods of Refs. [60,61] and Refs. [62,63] also do not require 
a reweighting procedure to reach NNLO accuracy.
2

+
∫

d�2

d�0
B2(�2) θ[T0(�2) < T cut

0 ] , (2)

dσ mc

1

d�1
(T0 > T cut

0 ;T cut
1 )

=
{

dσ NNLL′

d�0dT0
P(�1) + (B1 + V C

1 )(�1)

−
[

dσ NNLL′

d�0dT0
P(�1)

]
NLO1

}

× U1(�1,T cut
1 ) θ(T0 > T cut

0 )

+
∫ [

d�2

d�T
1

B2(�2) θ[T0(�2) > T cut
0 ] θ(T1 < T cut

1 )

− d�2

d�C
1

C2(�2) θ(T0 > T cut
0 )

]

− B1(�1) U (1)
1 (�1,T cut

1 ) θ(T0 > T cut
0 ) , (3)

dσ mc

1

d�1
(T0 ≤ T cut

0 ) (4)

= 	
FKS
map(�1) (B1 + V 1) (�1) θ(T0 < T cut

0 ) ,

dσ mc≥2

d�2
(T0 > T cut

0 ,T1 > T cut
1 )

=
{

dσ NNLL′

d�0dT0
P(�1) + (B1 + V C

1 )(�1)

−
[

dσ NNLL′

d�0dT0
P(�1)

]
NLO1

}

× U ′
1(�1,T1)θ(T0 > T cut

0 )

∣∣∣
�1=�T

1 (�2)
P(�2) θ(T1 > T cut

1 )

+ {
B2(�2) [1 − 	T (�2) θ(T1 < T cut

1 )]
− B1(�

T
1 ) U (1)′

1 (�T
1 ,T1)P(�2) θ(T1 > T cut

1 )
}

× θ[T0(�2) > T cut
0 ] , (5)

dσ mc≥2

d�2
(T0 > T cut

0 ,T1 ≤ T cut
1 ) (6)

= B2(�2)	
T

(�2) θ(T1 < T cut
1 ) θ

(
T0(�2) > T cut

0

)
,

where B j , V j and W j are the 0-, 1- and 2-loop matrix elements 
for j QCD partons in the final state, and we used the subscripts 
NNLO0 and NLO1 to indicate the expansions up to O(α2

s ) of the 
T0-resummed cumulant and spectrum, respectively.

We have introduced the shorthand notation

d�M

d�O
N

= d�M δ[�N − �O
N (�M)]	O(�N) (7)

to indicate that the integration over a region of the M-body phase 
space is performed while keeping the N-body phase space and 
the value of some specific observable O fixed, with N ≤ M . The 
	O(�N ) term in the previous equation limits the integration to 
the phase space points included in the singular contribution for 
the given observable O. For example, when generating 1-body 
events we use

d�2

d�T
1

≡ d�2 δ[�1 − �T
1 (�2)]	T (�2) , (8)

where the map used by the 1 → 2 splitting has been constructed 
to preserve T0, i.e.

T0(�
T
1 (�2)) = T0(�2) , (9)
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and 	T (�2) defines the projectable region of �2 which can be 
reached starting from a point in �1 with a specific value of T0. 
The use of a T0-preserving mapping is necessary to ensure that 
the pointwise singular T0 dependence is alike among all terms in 
eqs. (3) and (5) and that the cancellation of said singular terms is 
guaranteed on an event-by-event basis.

The expressions in eqs. (4) and (6) encode the nonsingular 
contributions to the 1- and 2-jet rates which arise from non-
projectable configurations below the corresponding cut. This is 
highlighted by the appearance of the complementary 	 functions, 
	

O
, which account for any configuration that is not projectable ei-

ther because it would result in an invalid underlying-Born flavour 
structure or because it does not satisfy the T0-preserving mapping 
(see also [65]).

The term V C
1 denotes the soft-virtual contribution of a standard 

NLO local subtraction (in our implementation, we follow the FKS 
subtraction as detailed in [71]). We have that

V C
1 (�1) = V 1(�1) +

∫
d�2

d�C
1

C2(�2) , (10)

with C2 a singular approximation of B2: in practice we use the 
subtraction counterterms which we integrate over the radiation 
variables d�2/d�C

1 using the singular limit C of the phase space 
mapping. U1 is an NLL Sudakov factor which resums large loga-
rithms of T1, U ′

1 its derivative with respect to T1 and U (1)
1 and 

U (1)′
1 their expansions up to O(α2

s ).
The term P(�N+1) represents a normalised splitting probabil-

ity which serves to extend the differential dependence of the re-
summed terms from the N-jet to the (N + 1)-jet phase space. For 
example, in eq. (3), the term P(�1) makes the resummed spec-
trum in the first term (which is naturally differential in the �0

variables and T0) differential also in the additional two variables 
needed to cover the full �1 phase space. These splitting probabili-
ties are normalised, i.e. they satisfy∫

d�N+1

d�N dTN
P(�N+1) = 1 . (11)

The two extra variables are chosen to be an energy ratio z and 
an azimuthal angle φ. The functional forms of the P(�N+1) are 
based on the Altarelli-Parisi splitting kernels, weighted by parton 
distribution functions (PDFs) where appropriate.

For the specific details of the implementation of the above for-
mulae we refer the reader to Ref. [59].

The resummed contributions in the previous formulae are ob-
tained from Soft-Collinear Effective Theory (SCET), where a factori-
sation formula for the production of a colour singlet can be written 
as

dσ SCET

d�0dT0
=

∑
i j

Hi j(�0,μ)

∫
dra drb Bi(ra, xa,μ)

B j(rb, xb,μ) S(T0 − ra+rb
Q ,μ) . (12)

The sum in the equation above runs over all possible qq̄ pairs 
i j = {uū, ̄uu, dd̄, ̄dd, . . .}. It also depends on the hard Hij , soft S
and beam Bi, j functions which describe the square of the hard in-
teraction Wilson coefficients, the soft emissions between external 
partons and the hard emissions collinear to the beams respectively.

In SCET, the resummation of large logarithms is achieved by 
means of renormalisation group (RG) evolution between the typical 
energy scale of each component (μH , μB and μS ) and a common 
scale μ. This proceeds via convolutions of the single scale factors 
with the evolution functions Ui(μi, μ). The resulting resummed 
formula for the T0 spectrum is then given by
3

dσ NNLL′

d�0dT0
=

∑
i j

Hi j(�0,μH ) U H (μH ,μ)

{[
Bi(ta, xa,μB) ⊗ U B(μB ,μ)

]
× [

B j(tb, xb,μB) ⊗ U B(μB ,μ)
]}

⊗ [
S(μs) ⊗ U S(μS ,μ)

]
, (13)

where the convolutions between the different functions are writ-
ten in a schematic form. In order to reach NNLL′ accuracy, we 
need to know the boundary conditions of the evolution, namely 
the hard, beam and soft functions up to NNLO accuracy, and the 
cusp (non-cusp) anomalous dimensions up to three-(two-)loop or-
der. The beam and soft functions at NNLO accuracy are available 
in the literature [72–74], as well as the cusp (non-cusp) anoma-
lous dimensions up to three-(two-)loop order [75–79].

The two-loop hard function H (2)
i j was instead computed starting 

from the form factors calculated in Refs. [80,81] and using the nu-
merical implementation in the public code VVamp [82]. Finally, we 
use OpenLoops2 [83–85] for the calculation of all the remaining 
matrix elements.

Starting from these accurate parton-level predictions we can 
interface to the Pythia8 parton shower to produce the high-
multiplicity final states that can in turn be compared to experi-
mental data. The shower adds extra radiation to the exclusive 0-
and 1-jet cross sections and extends the inclusive 2-jet cross sec-
tion by including higher jet multiplicities. This means that we can 
expect the shower to modify the distributions of exclusive observ-
ables sensitive to the radiation, preserving the leading logarithmic 
accuracy for observables other than T0. At the same time, we have 
verified that the shower does not modify any distribution which 
is inclusive over the radiation, as was the case for the Geneva im-
plementation of similar colour-singlet production processes. As a 
consequence we maintain NNLO accuracy for inclusive observables.

All the details about the interface between Geneva and Pythia8

can be found in section 3 of [59].

3. Results and comparison to LHC data

In the following, we focus on the process

pp → e+e−μ+μ− + X (14)

at a hadronic centre-of-mass energy of 13 TeV and require that the 
masses of both lepton–antilepton pairs are between 50 and 150 
GeV. We use the PDF set NNPDF31_nnlo_as_0118 [86] from 
LHAPDF6 [87] and set both the renormalisation and factorisation 
scales to the mass M4� of the four-lepton system. We choose the 
resolution cutoffs to be T cut

0 = 1 GeV and T cut
1 = 1 GeV (see Ap-

pendix A for further details).
For the validation, we focus only on the quark–antiquark chan-

nels and neglect the loop-induced gluon fusion channel, which 
only starts appearing in the calculation at NNLO and can therefore 
be added as a nonsingular fixed-order contribution. At this energy, 
the latter contribution amounts to ∼ 6% of the total cross section 
and, as such, its inclusion will be important when comparing to 
data.

In Fig. 1 we validate the NNLO accuracy of the Geneva re-
sults by comparing with those obtained via an independent NNLO 
calculation implemented in Matrix. In particular, we show the dis-
tributions of the rapidity y4� , mass M4� of the four leptons and 
the transverse momentum pe−

T of the electron. We observe a good 
agreement, with the only differences appearing in the shape of 
the pe−

T distribution. This is likely to be a consequence of the 
additional higher-order effects provided by Geneva, as observed 
in previous Geneva predictions for other colour-singlet production 
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Fig. 1. Comparison between the Matrix and Geneva predictions at NNLO accuracy. We show the rapidity of the four leptons (left), the mass of the four leptons (centre) and 
the transverse momentum of the electron (right). Scale uncertainty bands include 3-point renormalisation and factorisation scale variations. Statistical errors connected to 
the Monte Carlo integration are shown as vertical error bars.
Fig. 2. Comparison between the partonic, showered and hadronised results for the 
beam-thrust T0 distribution in Geneva and Geneva +Pythia8.

processes. We observe, however, that in almost all the bins the the-
oretical uncertainty bands computed by Geneva and Matrix still 
overlap.

Next we turn on the shower effects by interfacing to Pythia8. In 
order to maintain a simple analysis routine and focus only on QCD 
corrections, we do not include QED effects and multiple-particle 
interactions (MPI) in the shower.

In Fig. 2 we present our predictions for the NNLL′
T0

+NNLO 
beam-thrust spectrum (partonic result) and study the effect of 
shower and hadronisation on the T0 distribution. In order to 
highlight the peak and transition regions where the resumma-
tion effects are more important, we show the results on a semi-
logarithmic scale, which is linear up to the value of 30 GeV 
4

and logarithmic beyond. In the first ratio plot, we compare the 
T0 distribution before and after the shower, observing that the 
NNLL′

T0
+NNLO accuracy reached at parton level is numerically very 

well preserved. The largest difference is, as expected, in the first 
bin where the shower generates all the events with T0 < T cut

0
which were previously integrated out in the inclusive 0-jet cross 
section. In the second ratio plot we instead show the effect of 
hadronisation on the showered distribution. Owing to its nonper-
turbative origin, hadronisation affects mostly the region of small 
T0 and becomes less and less important in the tail of the distribu-
tion.

Finally, in Fig. 3 we compare our predictions with data obtained 
at the LHC at 13 TeV both from the ATLAS [11] and CMS [16] ex-
periments. For this comparison we now include the loop-induced 
gluon fusion channel and MPI effects. The binning of observables 
and the acceptance cuts applied to the events in each analysis have 
been modelled according to the experimental requirements. They 
are briefly listed in the figure, but we refer the reader to the orig-
inal papers for all the details.

In the first row we show the comparison with ATLAS data, ob-
tained with an integrated luminosity of 36.1 fb−1. We consider 
the distributions for the transverse momentum of the four lep-
tons pT,4� , and two more inclusive distributions, the absolute value 
|y4�| of the rapidity of the four leptons and the absolute value 
|�y Z1 Z2 | of the difference in rapidity between the two recon-
structed Z bosons. The agreement with data is reasonably good 
but the reduced experimental statistics make it difficult to draw 
more precise conclusions. We only notice a possible tension in the 
distribution of |y4�|, where for small values of the rapidity the 
data seem to be systematically above the Geneva predictions. This 
behaviour has, however, been observed previously with several 
other Monte Carlo event generators in the original ATLAS publi-
cation [11].

In the second row, we show the comparison with CMS data, 
obtained with an integrated luminosity of 137 fb−1. We focus on 
the normalised distributions for pT,4� , the transverse momentum 
pT,�+�− of the vector bosons and the transverse momentum pT,�

of the leptons. The latter two distributions are obtained by aver-
aging over all vector bosons and leptons present in an event. Due 
to the increased luminosity and the fact that we are comparing 
normalised distributions, here we observe smaller experimental 
uncertainties and a better agreement between the data and the
Geneva predictions. We highlight the fact that according to the 
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Fig. 3. Comparison to ATLAS and CMS measurements from the LHC at 13 TeV. Selection cuts, bin widths and observable definitions are as detailed in the original ATLAS [11]
and CMS [16] publications.
original definition of bins in Ref. [16], the last bin of each distri-
bution we show must be interpreted as an overflow bin containing 
the contributions from the lower border up to the maximum possi-
ble value for that observable. This justifies for example the peculiar 
behaviour of the last bin of the pT,� distribution.

We conclude by noticing that the transverse momentum pT,�+�−
of the vector bosons shows a sizable difference for values larger 
than 150 GeV, where EW effects are known to be important [46]
and should thus be included to improve the agreement with data.

4. Conclusions

In this Letter, we have presented the first event generator for 
the production of a pair of Z bosons decaying into four leptons at 
NNLO accuracy matched to the Pythia 8 parton shower.

This was obtained using the resummation of the 0-jettiness T0
resolution variable at NNLL′ accuracy, matched to a fixed-order cal-
culation at NNLO precision. The calculation was performed within 
the Geneva Monte Carlo framework, which allowed us to interface 
to the Pythia8 parton shower and hadronisation models.

After successfully validating the NNLO accuracy of the results 
against Matrix, we studied the effect of the shower on the differ-
ential distributions, observing that they are numerically small for 
inclusive quantities, as expected. Consequently, their NNLO accu-
5

racy is correctly maintained. We also verified that the hadronisa-
tion has a significant impact only for exclusive observables in the 
region of small T0, where the nonperturbative effects are not neg-
ligible.

Finally, we compared to LHC data, both from the ATLAS and 
CMS experiments. We found good agreement, except for a tension 
observed in the region of small absolute rapidity of the four lepton 
system. A similar behaviour had already been observed for other 
Monte Carlo generators. We also observed a general overestima-
tion of the production rate for vector bosons at large transverse 
momentum, motivating the need for the inclusion of EW correc-
tions to improve the agreement with data in this region.

Possible future directions for improvement for this calculation 
would be the inclusion of the NLO QCD corrections to the gluon 
fusion channel and of the aforementioned NLO EW corrections.

The code used for the simulations presented in this work is 
available upon request from the authors and will be made public 
in a future release of Geneva.
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Fig. A.4. Size of the neglected power corrections (2)
ns as a function of the reso-

lution parameter T cut
0 . The target result σNNLO is the fixed-order cross section, as 

computed by Matrix.
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Appendix A. Nonsingular power corrections

The Geneva calculation is based on N-jettiness subtraction, us-
ing a resolution cutoff T cut

0 . The contributions below the cut, given 
in eq. (2), require a local NNLO subtraction for their implementa-
tion. In Geneva, exploiting the N-jettiness subtraction, we substi-
tute the expression given in eq. (2) with

˜dσ mc

0

d�0
(T cut

0 ) = dσ NNLL′

d�0
(T cut

0 ) −
[

dσ NNLL′

d�0
(T cut

0 )

]
NLO0

+ (B0 + V 0)(�0)

+
∫

d�1

d�0
B1(�1) θ[T0(�1) < T cut

0 ] . (A.1)

In other words, we neglect the contribution

d
(2)
ns

d�0
(T cut

0 ) = dσ mc

0

d�0
(T cut

0 ) −
˜dσ mc

0

d�0
(T cut

0 )

=
[

dσ NNLL′

d�0
(T cut

0 )

]
NLO0

−
[

dσ NNLL′

d�0
(T cut

0 )

]
NNLO0

+ W0(�0)
6

Fig. A.5. Comparison between the fixed-order distribution (Full NNLO), the absolute 
value of the expansion of the resummed contribution up to order α2

S (Singular) and 
the absolute value of their difference (Nonsingular), as a function of τ .

+
∫

d�1

d�0
V 1(�1) θ[T0(�1) < T cut

0 ]

+
∫

d�2

d�0
B2(�2) θ[T0(�2) < T cut

0 ] . (A.2)

These terms that we are neglecting are power corrections of O(α2
s )

– their integral is shown in Fig. A.4 as a function of T cut
0 . On the 

right axis we also show the relative size of these corrections as 
a fraction of the NNLO cross section σNNLO, computed by Matrix. 
As expected, we observe that the difference between the Geneva

and the Matrix results becomes smaller as the value of T cut
0 de-

creases. At extremely small values of T cut
0 , however, the computa-

tion becomes numerically unstable and subject to large statistical 
uncertainties, reflected in the increased statistical error band. For 
the results presented in this Letter we set

T cut
0 = 1 GeV . (A.3)

Since these missing contributions only affect the events below the 
T cut

0 , we can recover the correct NNLO cross section by reweight-
ing them by the difference. As for any event generator which re-
quires an infrared-safe definition of events at higher orders, we 
miss the nonsingular kinematical dependence at O(α2

s ) for events 
below the cut. We validated that this does not produce significant 
distortions in differential distributions by comparing them to Ma-

trix in Fig. 1.

Appendix B. Profile functions

The scales μH , μB , and μS at which the hard, beam and soft 
functions are evaluated are chosen using profile functions [88], 
following the prescriptions illustrated in Ref. [66]. Here we limit 
ourselves to explaining briefly the meaning of the four parame-
ters on which they depend, namely y0, x1, x2, and x4, and how we 
set them. According to those prescriptions, the hard scale is kept 
fixed to μH = Q = M4� , while the beam and soft scales are run to 
resum the large logarithms. If we define a dimensionless

τ = T0

Q
, (B.1)

in the region where 2y0/Q < τ < x1, the scales are chosen canon-
ically, namely

μB = √
T0 Q μS = T0 . (B.2)
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For τ < 2y0/Q the beam and soft scales are modified in a contin-
uous way, so that, for τ → 0,

μB → √
y0 Q μS → y0 . (B.3)

This prevents the scales from reaching nonperturbative values, 
where the resummation framework breaks down. For this process 
we maintain the choice made in Ref. [66] and set

y0 = 2.5 GeV . (B.4)

At the opposite end of the spectrum, for τ > x3 the resummation 
must be switched off in order to recover the fixed-order result. 
This is achieved by setting

μB = μS = Q . (B.5)

The parameter x2 is used to choose how we turn off the resum-
mation, usually picking it as the middle point between x1 and x3. 
In order to set the values for x1 and x3 we look at Fig. A.5, where 
we compare the fixed-order distribution (Full NNLO), the absolute 
value of the expansion of the resummed contribution up to O(α2

S)

(Singular) and the absolute value of their difference (Nonsingular). 
We observe that the first two curves almost overlap in the region 
where τ � 0.2 and that the nonsingular contribution becomes im-
portant at τ ≈ 0.6. Based on these considerations we choose the 
values

{x1, x2, x3} = {0.2,0.4,0.6} . (B.6)
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