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Outline

The phenomenon of fluorescence is ubiquitous and as such has at-
tracted Scientists’ attention for centuries. The challenge is to de-
scribe fluorescence as observed in different materials under differ-
ent conditions by mathematical models having some features in
common. Section 2 (“Fluorescence conversion models: Transform
kernels or scaling constants ?”) addresses bulk properties of the
fluorescent medium and is mainly literature-driven: some Articles
are quoted in order of appearance, the focus being on whether the
fluorescent quantum efficiency turns out to depend or not on the
wavelength of excitation. Section 3 (“Approximate propagators in
scalar optics”) is mainly model-driven and summarises mathemati-
cal methods and models in wave propagation which are limited to
scalar waves and are ordered by complexity. The relation of said
models to radiative transfer theory need not be immediate and as
such is a matter of ongoing investigation.

1 - Scope

In the words of D. Curie ([1], p. 1), “luminescence [includes] luminous
emission [by matter] which is not purely thermal in origin.” This document
focusses on “photoluminescence, produced by absorption of light.” In the realm
of luminescence one includes fluorescence and phosphorescence. According to
J. and F. Perrin ([1], p. 3), “the phenomenon is fluorescence if the emission
takes place by one or more spontaneous transitions; if, on the contrary, the
emission occurs with the intervention of a metastable state followed by return
to the excited state due to the addition of energy, then this is phosphorescence.”

Fluorescence is an example of the inelastic interaction of electromagnetic ra-
diation with matter. Some crystalline solids of suitable physical properties and
chemical composition, natural substances such as chlorophyll, and chemicals
such as whitening dyes, exhibit fluorescence and give rise to a variety of phe-
nomena. The challenge is to describe such phenomena by mathematical models
having some features in common.

1.1 - Bulk models

One class of models addresses the down-conversion of incident radiation into
fluorescent emission according to the “bulk” properties of the material i.e., by
assuming homogeneity and neglecting spatial extent. With respect to the role
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of time, the interaction of radiation with matter material can be assumed to
be in a steady state or in a transient condition. The steady state properties
a model is expected to describe quantitatively are: absorption spectra, emis-
sion spectra and the dependence of fluorescent yield on many variables, such
as frequency of the incident radiation, temperature, concentration of the fluo-
rescent substance in a solvent, the chemical composition of the solvent (more
precisely, the chemical environment of the fluorescent ions or molecules). Under
the same assumption of spatial homogeneity, transient state properties require
a dynamical system model e.g., a set of equations containing time derivatives.
The structure, then the parameters of such a model can be identified from exper-
imental data, provided incident radiation consists of short or ultra-short pulses
and fluorescence waveforms are recorded.

1.2 - Propagation models

Another class of models is needed if the spatial extent of the material medium
has to be accounted for: in general terms one is now dealing with propagation
in fluorescent media. The geometry of the medium and of the incident elec-
tromagnetic wave become relevant. In the simplest setting one has an incident
plane wave formed by the known, incoherent superposition of monochromatic
plane waves, which propagates and interacts with a one-dimensional material
medium. An inverse problem of general interest is the determination of the
spatially-dependent medium properties from knowledge of the fluorescent re-
sponse. More complex models are needed to describe propagation through two-
or three-dimensional media and if incident waves have arbitrary geometry, po-
larisation and time dependence. An energy balance, based on photon counts, is
no longer adequate: linear and angular momentum balances have to be included.

Interest herewith focusses at phenomena involving monochromatic electro-
magnetic waves, superposed coherently or incoherently, propagating through
one- or three-dimensional fluorescent media. Transient phenomena may be in-
cluded.

1.3 - Disclaimer

Section 2 addresses bulk properties and is mainly literature-driven. Some
Articles are quoted in order of appearance, the focus being on whether the flu-
orescent quantum efficiency turns out to depend or not on the wavelength of
excitation. The literature review does not claim to be complete. It provides ev-
idence of work where the “radiance transfer factor” (a.k.a. Donaldson matrix
[2]) plays a fundamental role in modeling.

Section 3 is mainly model-driven and summarises mathematical methods
and models in wave propagation. The presented models
• are limited to scalar waves,
• are ordered by complexity,
• need not be immediately related to radiative transfer theory.
The relevance of said models to direct and inverse problems of radiative

transfer will be addressed in another document.
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2 - Fluorescence conversion models: Transform kernels
or scaling constants ?

The Authors of some Articles [3, 4, 5, 6] begin modeling fluorescence with
general formulas where e.g., a fluorimeter reading, F , is represented by a super-
position integral

F = k′
∫ λ1

λ0

QλPλλAλdλ . (1)

Apart from k′(> 0), which is a scaling constant, all other quantities, like quan-
tum efficiency, Qλ, energy flow rate, Pλ, and absorbtance, Aλ, are non-negative
functions of wavelength λ, with λ0 ≤ λ ≤ λ1, of the exciting radiation. Af-
ter such a suggestive introduction, either arguments are put forward to ignore
wavelength-dependence and simplify the model, or exciting radiation at fixed
frequency is chosen in the experiments. Other Authors do address wavelength
dependence, both experimentally and theoretically [7, 8, 9, 10]

2.1 - Mode of Action of Fluorescent Whitening Agents [3]

On p. 940 of this Article by Edward Allen (1957) one reads the following.

“In Eq. (11) [a quotient of integrals like that of Eq.1 above], the
quantum efficiencies [Qλ] are considered to be variable with wave-
length, and this may be true for fluorescent whitener dyeings. How-
ever, we have at present no accurate knowledge of the quantum
efficiency curves. Let us, therefore, consider them constant
with wavelength; it was determined by calculations involving as-
sumed quantum efficiency distributions that this approximation will
not introduce too much of an error.”

2.2 - Fluorescent White Dyes [4]

On p. 506 of this Article by Edward Allen (1964) one reads the following.

“For the present problem, the Kubelka-Munk [11, 12] treatment
was extended to the case in which part of the absorbed energy is re-
emitted as fluorescence. For simplicity in derivation it was assumed
that the incident and fluorescent fluxes are monochromatic.”

On p. 507 the Author provides a formula for “the flux of fluorescent light
produced in an infinitesimal layer at depth x, [designated] as d`′x, ... given by
the foregoing expression multiplied by dx, or”

d`′x = Kf ε(λ/λ
′)(i+ j)xdx. (2)

Here Kf (> 0) is a proportionality constant, λ is the wavelength of the absorbed
radiation, whereas λ′ is the wavelength of the fluorescent radiation. Nonetheless,
the semantics of ε(λ/λ′) is ambiguous. As the Author specifies, “ε stands for the
ratio of quanta per unit time emitted as fluorescence to quanta per unit time
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of absorbed radiation in an elementary layer”. Since ε is a quantum efficiency,
one deduces

ε(λ/λ′) ≡ λ

λ′
ε[λ, λ′] , (3)

where the square brackets in ε[., .] denote the possible functional dependence
of ε on λ and λ′. Such functional dependence is however not provided by the
Author. In conclusion, Eq. 2 shall read

d`′x = (i+ j)xε[
λ

λ′
]Kfdx . (4)

More on this in Subsection 2.6 below.
Rem. 2.1. Curiously enough, this Article does not make any reference to the

two-monochromator method, known since the mid 1950s. Quoting a more recent
(2012) piece of work [13] “the two-monochromator method or bispectrometer
method is the most accurate method to define the fluorescent characteristics of
fluorescent samples. It was first proposed by R. Donaldson in 1954 [2]. It is
considered as the reference method for determining the colorimetric
properties of fluorescent materials.”

2.3 - Die Abhängigkeit der Fluoreszenzquantenausbeute von der
Anregungswellenlänge [7]

This Article by P. Kröning (1974) carries experimental evidence of how the
fluorescent quantum efficiency can depend on the excitation wavelength. The in-
vestigated molecules were Pyrene-3-aldehyde, 3-Acetylpyrene, 3-Benzoylpyrene,
dissolved in n-Heptane, Ethanol, Acetic acid. Fluorescent quantum efficiency
in 355 ≤ λ ≤ 405nm varies e.g from 2.5 to 20 a.u. for the three molecules dis-
solved in n-Heptane ([7], Figure 1). In the last § (Experimentelles) the Author
provides examples of dissolved aromatic molecules, namely Dimethylanthracene
in n-Heptane, and Perylene in Benzene, the fluorescent quantum efficiency of
which does not depend on the excitation wavelength.

2.4 - Correction of the internal absorption effect in fluorescence
emission and excitation spectra [5]

On p. 175 this Article by Zhadin, N. N. and Alfano, R. R. (1998) states
the following.

“In this case, the excitation spectrum usually provides an estimate
for the shape of the fluorophore absorption spectrum µfx because
fluorescence quantum yield ϕ[λx] for most of organic molecules usu-
ally shows only minor if any dependence on the excitation
wavelength (see, for example, Ref. 50)”

Rem. 2.2. Ref. 50 above is J. B. Birks’s book [14], appeared in 1970 !
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2.5 - Fluorescent transfer of light in dyed materials [8]

In § 4 of this Article, Sam D. Howison and Ruth Jutta Lawrence
(1993) introduce “a continuum model for fluorescence” of the type

(Rp)[λ] = R[λ]p[λ] +

∫ λ

λ0

ρ[λ, λ′]p[λ′]dλ′ , (5)

where λ0 is the shortest wavelength to be included in the model, λ′ is the
excitation wavelength, λ is the emission (fluorescence) wavelength, p[.] is a vector
formed by the inward (I[.]) and outward (J [.]) fluxes of the Kubelka-Munk
model adapted to fluorescent media, R[.] is a plain reflectivity matrix and ρ[., .]
is the kernel of the integral transform which accounts for energy transfer from
excitation at λ′ to emission at λ. By definition the kernel ρ[., .] vanishes for

λ′ > λ (6)

(there is no upconversion in fluorescence) and for

λ, λ′ < λ0 (7)

(The model does not include photon energies higher than hc/λ0.) Both R[.]
and ρ[., .] are assumed to be bounded, integrable functions. Eq.5 defines a
continuum operator, R[.]. The Authors do not further specify the structure of
ρ[., .]: in particular it is not known whether the integral is of convolution type.

At the moment of writing, no satisfactory answer has been found to the
following questions.

Question 2.1: When is the integral in Eq. 5 a convolution ?
Question 2.2: When can ρ[., .] be replaced by a constant, or when can

dependence on λ′ be removed ?
Question 2.3: Can one estimate the corresponding approximation errors ?
Question 2.4: Have Eq. 5 and the related identification procedure ever

been applied to experimental data ?
Question 2.5: Can one derive the structure of the kernel ρ[., .] for Chloro-

phyll from quantum mechanical principles ?

Rem. 2.3. Any model, albeit oversimplified, cannot ignore such constraints
as Ineqs. 6 and 7.

Rem. 2.4 Two Articles below [9, 10] can make some of the above Ques-
tions well-posed. Further work at answering all Questions will be described
in another document.

2.6 - A Fluorescent Extension to the KUBELKA-MUNK Model [9]

This Article by Tarja and John Shakespeare (2003) on p. 6 ff. ad-
dresses the following. Let Φ+

z [.] and Φ−z [.] denote diffuse radiances “respectively
traveling inside a plane-parallel light-scattering specimen toward its unillumi-
nated (Φ+

z [.]) and its illuminated (Φ−z [.]) surface.” Let K[.] and S[.] denote
the absorption and, respectively, scattering coefficients and fz[.] denote fluores-
cence at depth z. Also, let the excitation band of the “fluorescent colorant”
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be ζ1 < ζ < ζ2 and its emission band be λ1 < λ < λ2. Then, in the interval
0 ≤ z < ∞ and in the band λ1 < λ < λ2 the two-flux (≡ Kubelka-Munk)
model with fluorescence reads

dΦ+
z [λ]

dz
= −(K[λ] + S[λ])Φ+

z [λ] + S[λ]Φ−z [λ] +
1

2
fz[λ] (8)

dΦ−z [λ]

dz
= +(K[λ] + S[λ])Φ−z [λ]− S[λ]Φ+

z [λ]− 1

2
fz[λ] . (9)

Dependence of all quantities on λ has been emphasised. Eqns. 8 and 9 are (11)
and (12) in the Article. The Authors also provide a formula for fz[λ], (13) on
p. 7:

fz[λ] =

∫
ζ<λ

KF [ζ]Q[ζ, λ] ( Φ+
z [ζ] + Φ−z [ζ] )dζ , (10)

“where KF [ζ] := Kc[ζ]−Ks[ζ] is the effective absorption coefficient of the col-
ored sample, calculated as difference of colored (c) and uncolored (s) samples,
and Q[ζ, λ] is the spectral quantum yield of fluorescence per unit emission wave-
length λ from the excitation wavelength ζ, and is often wavelength dependent.”

Rem. 2.5. The phrase “and is often wavelength dependent” is redundant,
because the property is implied by the functional dependence Q[ζ, λ].

Rem. 2.6. Integration in Eq. 10 extends to (ζ1 <)ζ < λ(< λ2).
Rem. 2.7. The Authors attribute Eq. 10 to Allen [4] ! This sounds curious,

since the latter Author gives a confusing (to say the least) account, as pointed
out in Subsection 2.2 above. Instead, Howison and Lawrence [8] ought to
have been credited for the structure of the integral transform (integration range
and kernel).

On p. 8, Figure 5 provides contour maps of the “radiance transfer fac-
tor” (a.k.a. the Donaldson matrix [2]) B[ζ, λ], related to the Q[ζ, λ] in Eq.
10 above. Namely, B[ζ, λ] is the discrete counterpart of the radiance transfer
function βT [ζ, λ] according to (26) on p. 13. The relation between βT [ζ, λ] and
Q[ζ, λ] is provided by (15) on p. 9. The Authors point out
• B[., .] is not a Gramian matrix;
• neither can a {p[.], q[.]} pair be found such that

B[ζ, λ] = p[ζ]q[λ] . (11)

Rem. 2.8. If “Gramian” stands for positive and symmetric, the state-
ment is obvious, given non-reciprocity of fluorescence with respect to ζ 
 λ.
Non-existence of {p[.], q[.]} (Eq. 11) as deduced from experiments is a most
relevant result going to affect structural identification of the Howi-
son-Lawrence [8] kernel, ρ[., .].

2.7 - Laserinduzierte Chlorophyllfluoreszenz zur Bestimmung des
Stickstoff-Gehaltes ... [6]

This Ph. D. Thesis by Doreen Thoren (2007), on pp. 33 ff., does include
dependence on wavelength of the exciting radiation in a formula for the quotient

q :=
F690

F730
, (12)
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which relates the intensities of the two Chlorophyll fluorescence peaks at 690
and 730 nm respectively. However, the artificial source used to probe leaves
both in the field and in the laboratory is a 650 nm laser.

2.8 - Excitation and emission wavelength dependence of fluores-
cence spectra in whole cells [10]

The Authors, William Remelli and Stefano Santabarbara (2018),
provide experimental data about the dependence on the wavelength of the ex-
citing radiation of a fluorescent response from Chlorophyll. Whole cells of Syne-
chocystis sp. PPC 6903, a cyanobacterium capable of oxygenic photosynthesis,
are investigated at room temperature. Photosystem II (PSII ) reaction centres
in open (≡ working) condition yield the F0 emission spectrum, in closed (≡ in-
hibited by 3-(3,4-dichlorophenyl)-1,1-dimethylurea) condition the FM emission
spectrum. Obviously

FM [λ] ≥ F0[λ] , 600 ≤ λ ≤ 800 nm . (13)

The main results pertaining to PSII in steady state are:
• the emission spectrum of Synechocystis changes significantly when PSII is

in open or closed state;
• the emission spectra exhibit significant dependence on the excitation, both

at open and closed reaction centres;
• the variable fluorescence spectrum FV [.] defined by

FV [λ := FM [λ]− F ′0[λ] , (14)

where F ′0 is fluorescence level under actinic illumination approaching F0, is
instead almost independent of excitation-wavelength;

• the ratio FV [λ]
FM [λ] is strongly dependent on both the excitation and emission

wavelength.
The Article also carries results about time resolved fluorescence emission at

room temperature (§ 3.2) and low temperature emission spectra (§ 3.3).
Rem. 2.9. Wavelength-dependent fluorescent quantum yields are reported

by other Authors [15], whose interest did not primarily lie in investigating such
dependence.

Rem. 2.10. The relation between the Discussion (in § 4 of [10]) and the
theory by Howison and Lawrence in the discrete setting (§ 3 of [8]) will be
addressed in a future document. The discrete setting is appropriate to deal with
the experimental data in Figure 2 of [10].

Rem. 2.11. Remelli and Santabarbara [10] provide data and models
pertaining to the bulk fluorescent medium. The Authors do not state any prop-
agation problem.

2.9 - Some more Articles and Theses to be reviewed

Many pieces of work are still under examination. Some are listed below.
(1960) Rost, E. and Austern, N. [16]
(1980) Leonid Fukshansky and Nina Kazarinova [17]
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(2004) Maŕıa Eva Ramos and Maŕıa Gabriela Lagorio (2004) [18]
(2012) Kristina Naumovic [13]
(2013) Magnus Neuman [19]
(2018) Lisa-Marie Henken [20]
As one can easily deduce, the account given herewith is far from being com-

plete.

3 - Approximate propagators in scalar optics

3.1 - Introductory remarks

The the two-flux (≡ Kubelka-Munk [11]) model and its “variations on
the theme” aimed at accounting for fluorescence [4, 8, 9] are all propagation
models derived from the radiative transfer equation. They can be regarded as
describing propagation in a one-dimensional medium of incoherently superposed
plane waves the intensities of which appear in an energy balance based on photon
book-keeping.

Herewith, Subsections 3.2 and 3.3 aim at introducing propagation models
for scalar waves in empty space. Propagation in dispersive material media is
described in Subsection 3.4. These models and results become applicable to
processess occurring in fluorescent media, provided scalar field equations are
related to those of radiative transfer. The matter will be addressed in another
document.

3.2 - Scalar, single frequency optics in empty half space

The most näıve propagation model is based on scalar waves of complex-
valued amplitude and defined in a spatial domain of (generally) unbounded
boundary. If the wave is represented by w[~x]exp[−iωt], with ~x ≡ position and
t ≡ time, and time dependence is factored out, then the spatial part w[~x] is
the solution to a boundary value problem for the Helmholtz equation supple-
mented by a radiation condition named after A. Sommerfeld [21]. In this case
w[~x] is called “a radiating solution”. With reference to diffraction of an incident
monochromatic plane wave by an aperture D (a bounded, simply connected do-
main of sufficiently smoooth boundary) at x3 = 0, followed by propagation in
the empty half-space x3 > 0, also denoted by R3

+, exact solutions to the prob-
lem of interest can be written as integral transforms, from which approximate
solutions are derived.

If e.g., the Dirichlet boundary condition w[x1, x2, 0] = v[x1, x2] holds on
x3 = 0, where v[.] is a known function supported in D, then the solution to the
radiation problem is defined ∀~y in R3

+ and reads

w[~y] = −
∫
D

v[~x]∂Nx
Φ(−)[~y − ~x]|x3=0dx1dx2 . (15)

The integral transform in Eq. 15 is of convolution type. The kernel of the
transform is the normal derivative ∂Nx [.] with respect to ~x evaluated at x3 = 0,
of the two-argument function Φ(−)[. − .]. The latter is the difference of two
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outgoing spherical waves

Φ(−) :=
exp[ikr]

4πr
− exp[iks]

4πs
, (16)

where k is the incident wavenumber, r := |~y − ~x| is the distance from the
“affecting point” ~x to “affected point” ~y and s the distance from ~x to the
mirror image of ~y with respect to the x3 = 0 plane. The function Φ(−)[. −
.] is the fundamental solution (a Green function in Physics textbooks) for
the Dirichlet-radiation problem of interest. In particular, it complies with
Φ(−)[~y − ~x]|x3=0 = 0 and with the radiation condition.

3.2.1 - The FRESNEL propagator

Approximations originate from neglecting one or more terms either in the
denominators, r and s, or in the phases, kr and ks appearing in Eq. 16. For
example, the Fresnel approximation yields the wave amplitude w4 defined by

w4[~y] = −ik
exp[iky3]

2πy3

∫
D

v[~x]exp[ρ2
ik

2y3
]dx1dx2 , (17)

where
ρ2 := (y1 − x1)2 + (y2 − x2)2. (18)

The convolution kernel in Eq. 17 is the Fresnel propagator. Obviously, w4

no longer solves the original Dirichlet-radiation problem for the Helmholtz
equation.

The direct halfspace diffraction problem states: given the aperture, find the
diffracted wave. In principle one could be content with the solution in Eq. 15
which, after all, is exact. However, interest may lie in the diffracted wave at
points in R3

+ which simultaneously comply with the following two Inequalities:

y3 >> λ (19)

and
y21 + y22 << y23 . (20)

Ineq. 20 defines the “paraxial domain”, the points of which are relatively close
to the {y1 = 0 , y2 = 0} axis. In addition, points are many wavelengths away
from the aperture i.e., in the far zone (Ineq. 19).

The inverse diffraction problem, given the diffracted wave in the far zone,
identify v[.] on D, is also relevant. Intuitively, if one lets y3 decrease i.e., prop-
agates w4 of Eq. 17 backwards, one obtains a result which stays comparable
to the one yielded by Eq. 15 in a smaller and smaller disk (Ineq. 20) until it
becomes inconsistent with Ineq. 19. The latter was a necessary condition to
derive Eq. 17 from Eq. 15.

3.2.2 - Homogeneous and evanescent waves

There is another argument which proves inconsistency of inverse diffraction
solutions based on Fresnel backpropagation. It is based on discrimination of

9



“homogeneous” from “evanescent” waves. Very briefly, v[.] (Eqns. 15 and 17)
is usually an ordinary function of {x1 , x2} which belongs to some integrability
class and has a Fourier transform in L2(R2). If ~η ∈ R2 is the spatial frequency
vector, that part of the Fourier transform of v[.] which is supported on the
disk

η21 + η22 ≤ k2 (21)

gives rise to “homogeneous waves”, whereas that part of the Fourier transform
which is supported outside the disk gives rise to “evanescent” waves. Homoge-
neous waves propagate, evanescent ones attenuate exponentially.

If one takes Ineqs. 19 and 20 into account, the Helmholtz equation can
be replaced by the “paraxial equation”, which contains the 1st derivative with
respect to y3 instead of the 2nd, as expressed by the Laplace operator. Ac-
cordingly, one introduces the “paraxial propagator”. The Fresnel and parax-
ial propagators were shown to coincide [22], although the proof was limited to
homogeneous waves. By ignoring such results, a more comprehensive account
[23, 24] on the Fresnel and the paraxial formulas did include evanescent waves
and provided the representation of w4 in Eq. 17 as the action of a pseudodif-
ferential operator on v[.].

3.2.3 - Superresolution

Superresolution is the attempt at obtaining or estimating that part of the
Fourier transform of v[.] which is supported outside the disk of Ineq. 21
from knowledge of homogeneous waves alone. In practice it corresponds
to overcoming the resolution limit set by the Airy formula in ordinary
(light or electron transmission) microscopy. Namely, transmission microscopy
relies on paraxial, far zone (Ineqs. 19 and 20) image formation by lenses. The
latter is usually described by Fourier optics i.e., on the Kirchhoff diffraction
formula, which in turn derives from further approximating the Fresnel prop-
agator. Ineq. 21 is however a necessary condition for the Fresnel formula
and Fourier optics. (L’Optique de FOURIER c’est donc une approximation
basse-fréquence ? ) 1 Contradiction with the goal of superresolution should
be apparent. Those approximation schemes which remarkably simplify direct
problems, make the solution of the corresponding inverse problems impossible
[23, 24] and superresolution practically unattainable.

Nonetheless, superresolution was the matter of inconclusive debate in op-

tics for decades (1970s ÷ 1990s). Unsuccessful attempts were made to

restate the problem in terms of analytic continuation. Eventually, near-

field scanning optical microscopy (NSOM ) was introduced, where the

collection of evanescent waves, together with homogeneous ones, made

sub-wavelength resolution attainable.

1A remark by Prof. P. C. Sabatier in Paris, January 1983 when he was told about the
still unpublished equivalence of Fresnel and paraxial propagators [23].

10



3.3 - Superposition of monochromatic scalar waves in empty half
space

In dealing with the “generalisation of the Rayleigh-Sommerfeld theory to
non-monochromatic waves” ([21],§ 3.5) the starting point is the time-dependent
wave amplitude on the aperture v[~x, t], where ~x ∈ D and t ≥ 0. The diffracted
scalar wave, still denoted w[., .], turns out to depend on v[., .] through a time-
delayed time derivative

w[~y, t] =

∫
D

(
ν̂ · r̂
2πrc

d

dt
v[~x, t− r

c
])dx1dx2 , (22)

where ν̂ is the outward unit normal to D (pointing towards negative y3), r is the
same as in Eq. 16 and r̂ the corresponding unit direction vector. An attempt
[25] at interpreting w[., .] of Eq. 22 as the output of a linear dynamical system
the time derivative of the delayed input v[., .] introduced a convolution integral
according to

w[~y, t] =

∫
D

(
ν̂ · r̂
2πrc

∫ t

0

D[r, t− τ ] v[~x, τ ]dτ )dx1dx2 . (23)

The kernel D[., .] reads

D[r, τ ] = (p ∗ p ∗Hα)[., .] , (24)

where ∗ denotes convolution with respect to time, p[.] is the first derivative δ̇[.]
of the Dirac measure δ[.], Hα[.] is the unit step function defined by Hα[t] = 0
in 0 ≤ t < r

c and Hα[t] = 1 in r
c ≤ t. Conditions were given [25] which

allow the order of space and time integrations to be interchanged. This is the
same as asking how and when can transients be ignored. Details are omitted
for simplicity. The purpose of the investigation was to model scalar diffraction
where light sources emit incoherent bursts of known center frequency and
linewidth. The application may include fluorescent sources.

3.4 - Superposition of monochromatic scalar waves in dispersive
media

If the propagation of non-monochromatic, scalar waves takes place in a lin-
ear, isotropic, source-free, non magnetic medium which differs from that of
Subsect. 3.3 because it is a dilute dispersive dielectric, then wavenumber k is
replaced by [26]

k ' ω

c
+
ωχ̂[ω]

2c
. (25)

Here χ̂[ω] is (angular) frequency dependent complex susceptibility complying
with the Kramers-Krönig [27], [28] (Ch. 7) relations. The inverse Fourier
transform of χ̂[ω] is denoted by χ[t]. The counterpart of Eq. 22 can be shown
to be ([26], Eq. 14)

w[~y, t] =

∫
D

ν̂ · r̂
2πrc

d

dt
(u[~x, t− r

c
] + χ[t− r

c
] ∗ u[~x, t− r

c
])dx1dx2 , (26)
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where u[., .] is the “distorted” input i.e., the inverse Fourier transform of

û[~x, ω] = v̂[~x,−ω] exp[
−iωχ̂[ω]

2c
] . (27)

One can thus model scalar diffraction where light sources inside a dilute dielec-
tric emit incoherent bursts of known center frequency and linewidth. As in the
previous Subsection, the application may extended to fluorescent sources.

3.5 - Propagation in fluorescent media: Direct problems
To be addressed in another document.

3.6 - Propagation in fluorescent media: Inverse problems
To be addressed in another document.
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