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We rigorously prove the existence of chaotic dynamics for two nonlinear Cournot triopoly game
models with heterogeneous players, for which in the existing literature the presence of complex
phenomena and strange attractors has been shown via numerical simulations. In the first model that
we analyze, costs are linear but the demand function is isoelastic, while, in the second model, the
demand function is linear and production costs are quadratic. As concerns the decisional
mechanisms adopted by the firms, in both models one firm adopts a myopic adjustment
mechanism, considering the marginal profit of the last period; the second firm maximizes its own
expected profit under the assumption that the competitors’ production levels will not vary with
respect to the previous period; the third firm acts adaptively, changing its output proportionally to
the difference between its own output in the previous period and the naive expectation value. The
topological method we employ in our analysis is the so-called “Stretching Along the Paths” technique, based on the Poincare-Miranda Theorem and the properties of the cutting surfaces, which
allows to prove the existence of a semi-conjugacy between the system under consideration and the
Bernoulli shift, so that the former inherits from the latter several crucial chaotic features, among
which a positive topological entropy. Published by AIP Publishing.
[http://dx.doi.org/10.1063/1.4960387]

In the economic literature, the study of dynamical aspects
in game theory models is becoming more and more relevant, in particular, in regard to oligopoly contexts.10,11,14,40 On the other hand, due to the complexity
of the models considered, an analytical study of the associated dynamical features turns out often to be too difficult or simply impossible to perform. That is why many
dynamical systems are studied mainly from a numerical
viewpoint (see, for instance, Refs. 2, 4, 42, and 43). In the
context of triopoly games, where the setting is given by
an oligopoly composed by three firms, a local analysis can
generally be performed in the special case of homogeneous triopoly models, in which the equations describing
the dynamics are symmetric (see, for instance, Refs. 1, 3,
and 34). A more difficult task is that of studying heterogeneous triopolies, like, e.g., those in Refs. 14–16, 18, 25,
and 41, where the three firms considered behave according to different strategies. Following the line of research
started in Ref. 29, in this paper we are going to complement the analysis performed in Refs. 14 and 41, where
the presence of complex phenomena and strange attractors for two nonlinear Cournot triopoly game models
with heterogeneous players has been shown via numerical
simulations. The method we will employ in our analysis
of the models in Refs. 14 and 41 is the “Stretching Along
the Paths” technique, which, in particular, allows us to
show the existence of a semi-conjugacy between the considered dynamical system and the Bernoulli shift, so that
the former inherits from the latter the main features
a)
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related to a complex behavior, i.e., positivity of the topological entropy, topological transitivity, and sensitive
dependence on initial conditions, on suitable invariant
sets.

I. INTRODUCTION

Following the line of research started in Ref. 29, in this
paper we are going to complement the analysis performed in
Refs. 14 and 41, where the presence of complex phenomena
and strange attractors for two nonlinear Cournot triopoly
game models with heterogeneous players has been shown
via numerical simulations.
The method we will employ in our analysis of the models in Refs. 14 and 41 is the “Stretching Along the Paths”
(from now on, SAP) technique, already used in Ref. 19 to
rigorously prove the presence of chaos for some discretetime one- and two-dimensional economic models of the classes of overlapping generations and duopoly games, as well
as in Ref. 29 where the SAP method has been applied to the
nonlinear Cournot triopoly game model with heterogeneous
players introduced in Ref. 25. The SAP technique is called in
this way because it concerns maps that expand the arcs along
one direction and are instead compressive in the remaining
directions. Differently from other methods for the search of
fixed points and the detection of chaotic dynamics based on
more sophisticated algebraic or geometric tools, such as the
Conley index or the Lefschetz number (see, for instance,
Refs. 13, 20, and 39), the SAP method relies on relatively
elementary arguments and it is easy to apply in practical
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contexts, without the need of ad-hoc constructions. No differentiability conditions are required for the map describing
the dynamical system under analysis and even continuity is
needed only on particular subsets of its domain. Moreover,
the function describing the considered dynamical system
need not be one-to-one, like happens in the first model we
analyze in Section III. We stress that in similar contexts it is
in general not possible to apply the results for the Smale
horseshoe, where one deals with homeomorphisms or diffeomorphisms. In fact, in the case of discrete-time dynamical
systems we look for “topological horseshoes” (see, for
instance, Refs. 7, 17, and 44]), i.e., a weaker version of the
original Smale horseshoe in Ref. 38. The SAP technique can
be used to rigorously prove the presence of chaos also for
continuous-time dynamical systems, as done in Refs. 28 and
31, when the geometry of the system under analysis is
related to that of the “Linked Twist Maps” (LTMs) (cf. Refs.
8, 12, and 32). See also Refs. 36 and 37 for recent threedimensional continuous-time applications of the SAP
method.
For the reader’s convenience, we are going to recall in
Section II what are the basic mathematical ingredients
behind the SAP method, as well as the main conclusions it
allows to draw about the chaotic features of the setting under
analysis.
From a modeling viewpoint, both frameworks we analyze concern heterogeneous triopolies, where the three firms
considered behave according to different strategies. In fact,
in the absence of complete information, for instance on the
shape of the demand function or on the competitors’ future
output choices, in such models it is assumed that at each
time period firms decide how much to produce in the next
period following different behavioral mechanisms. The
models we deal with, taken from Refs. 14 and 41, are both
extensions of the heterogeneous triopoly game framework
studied in Ref. 15, in which the demand function and production costs are linear. More precisely, the model in Ref.
15 is modified in Ref. 14 assuming that production costs are
quadratic, while in Ref. 41 the demand function becomes
isoelastic.
We notice that the presence of an isoelastic demand function and linear production costs is shared also by the model
introduced in Ref. 25 and further analyzed in Ref. 29, but the
frameworks in Refs. 25 and 41 differ in the behavioral
assumptions on one of the three firms, which in Ref. 25 is
assumed to adopt a linear approximation mechanism, building
a conjectured demand function on the basis of the local
knowledge of the true demand function, while in Ref. 41 it is
supposed to act adaptively, i.e., at each time it changes output
proportionally to the difference between the naive expectation
value and its previous output. In both works, one of the other
two firms uses a gradient rule, i.e., it increases or decreases its
output according to the sign of the marginal profit from the
previous period, and the last firm adopts a best response mechanism under the assumption of naive expectations. As we shall
see in Section III, the assumptions on the behavioral rules
adopted in Ref. 14 coincide with those in Ref. 41 and are
indeed the same as in Ref. 15.
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The remainder of the paper is organized as follows. In
Section II, we recall the main features of the SAP method. In
Section III, after briefly presenting the triopoly game models
taken from Refs. 14 and 41, we show how to apply the SAP
technique to them. Some further considerations and comments about our method can be found in Section IV, which
concludes the paper.
II. THE “STRETCHING ALONG THE PATHS” METHOD

In this section, we recall what the “Stretching along the
paths” (SAP) technique consists in, referring the reader interested in further mathematical details to Ref. 30, where the
original planar theory by Papini and Zanolin in Refs. 26 and
27 has been extended to the N-dimensional setting, with
N  2:
Since in Section III we will deal with three-dimensional
settings only, we directly present the theoretical results we
need in the special case in which N ¼ 3: A more complete
explanation of the three-dimensional context can be found in
Ref. 29.
We start with some basic definitions.
A path in a metric space X is a continuous map c :
½t0 ; t1  ! X; for some t0 < t1 : We also set c :¼ cð½t0 ; t1 Þ:
Without loss of generality, we usually take the unit interval
½0; 1 as the domain of c: A sub-path r of c is the restriction of
c to a compact sub-interval of its domain. By a generalized
parallelepiped we mean a set P  X which is homeomorphic
to the unit cube I3 :¼ ½0; 13 through a homeomorphism h :
R3  I3 ! P  X: We also set
P
‘ :¼ hð½x1 ¼ 0Þ ;

P
r :¼ hð½x1 ¼ 1Þ;

and call them the left and the right faces of P; respectively,
where,45 for a 2 ½0; 1;
½x1 ¼ a :¼ fðx1 ; x2 ; x3 Þ 2 I 3 : x1 ¼ ag:
Setting

P  :¼ P 
‘ [ Pr ;

we call the pair
~ :¼ ðP; P  Þ
P
an oriented parallelepiped of X.
Although in the applications discussed in the present
paper the space X is simply R3 and the generalized parallelepipeds are standard parallelepipeds, the generality of our definitions makes them well suited for different contexts (see
for instance Ref. 30, Figure 1).
We are now ready to introduce the stretching along the
paths property for maps between oriented parallelepipeds.
~
~ :¼ ðP; P  Þ and R
Definition 2.1 (SAP). Let P

:¼ ðR; R Þ be oriented parallelepipeds of a metric space X.
Let also w : P ! X be a function and K  P be a compact
~ to R
~ along the paths,
set. We say that ðK; wÞ stretches P
and write
~
~⬑
! R;
ðK; wÞ : P
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FIG. 1. An example of parallelepiped R 2 R satisfying conditions (H1)–(H5) in Theorem 3.1. It has been oriented by taking as R the union of the two faces




R
‘ (in lilac) and Rr (in yellow) in (a), defined in (3.7). Still in (a) we also represent FðR‘ Þ  R‘ and FðRr Þ: In (b) and (c), we show how the other two pairs
of opposite faces of R are transformed by the map F. We stress that in (c) we changed perspective, in order to better show the shape of the image sets. In
(a)–(c), we used the same color to depict a set and its F-image set.

if the following conditions hold
• w is continuous on K ;
• for every path c : ½0; 1 ! P with cð0Þ and cð1Þ belonging
to different components of P  ; there exists a sub-path r
:¼ cj½t0 ;t00  : ½0; 1  ½t0 ; t00  ! K; such that wðrðtÞÞ 2
R; 8 t 2 ½t0 ; t00 ; and, moreover, wðrðt0 ÞÞ and wðrðt00 ÞÞ
belong to different components of R :
See Ref. 29 for a description of the relationship between
the SAP relation and other “covering relations” in the literature on topological dynamics. We just observe that the SAP
relation is linked to the context of expansive-contractive
maps, and, in particular, to the occurrence of topological
horseshoes,7,17,44 as it produces an expansion along one direction and a contraction along the remaining ones, differently
from other extensions of the method of the turbulent maps in
Ref. 5, which require an expansion along all the directions.6,35
A first crucial feature of the SAP relation is that, when
~ ¼ R;
~ it ensures the exisDefinition 2.1 is satisfied with P
tence of a fixed point localized in the compact set K (cf. Ref.
30, Theorem 5.5 and see Ref. 30, Figure 1 for a graphical
illustration). On the other hand, the most interesting case in
view of detecting chaotic dynamics is when there exist at
least two pairwise disjoint compact sets playing the role of K
in Definition 2.1, because we then obtain a multiplicity of
fixed points localized in those compact sets. Another crucial
property of the SAP relation is that it is preserved under
composition of maps, and thus, when dealing with the iterates of the function under consideration, it allows to detect
the presence of periodic points of any period (for the precise
statements, see Lemma A.1 and Theorem A.1 in Ref. 19,
which can be directly transposed to the three-dimensional
setting, keeping the same proofs).
Exploiting the just described properties of the SAP relation, it is possible to prove Theorem 2.1, which summarizes the
conclusions that can be drawn when the SAP relation is fulfilled
~ ¼R
~ for two disjoint compact sets playing the role of
with P
K: Indeed, this will be the case in our applications in Section
III, where Theorem 2.1 will represent our theoretical tool.
~ :¼ ðP; P  Þ be an oriented parallelTheorem 2.1. Let P
epiped of a metric space X and let w : P ! X be a function. If
K0 and K1 are disjoint compact subsets of P such that
~ ; for i ¼ 0; 1;
~⬑
!P
ðKi ; wÞ : P

(2.1)

then w induces chaotic dynamics on two symbols on P relatively to K0 and K1 ; i.e., setting K :¼ K0 [ K1 and introducing the nonempty compact set
1

I 1 :¼

\w

n

n¼0

ðKÞ;

there exists a nonempty compact set
I  I 1  K;
on which the following properties are fulfilled:
(i)
(ii)

wðI Þ ¼ I ;
wjI is semi-conjugate to the Bernoulli shift on two
symbols, that is, there exists a continuous onto map
N
þ
is endowed with
p : I ! Rþ
2 ; where R2 :¼ f0; 1g
the distance


X d s0i ; s00i
; for
d^ðs0 ; s00 Þ :¼
2iþ1
i2N
 
 
s0 ¼ s0i i2N ; s00 ¼ s00i i2N 2 Rþ
2;
( dð ; Þ is the discrete distance on f0; 1g; i.e.,
dðs0i ; s00i Þ ¼ 0 for s0i ¼ s00i and dðs0i ; s00i Þ ¼ 1 for s0i 6¼ s00i ),
such that the diagram

(iii)

þ
commutes, where r : Rþ
2 ! R2 is the Bernoulli shift
defined by rððsi Þi Þ :¼ ðsiþ1 Þi ; 8i 2 N;
the set of the periodic points of wjI 1 is dense in I
and the inverse image set p1 ðsÞ  I of every kperiodic sequence s ¼ ðsi Þi2N 2 Rþ
2 contains at least
one k-periodic point.

Remark 2.1. According to Ref. 19, Theorem 2.2, from (ii) in
Theorem 2.1 it follows that:
• htop ðwÞ  htop ðwjI Þ  htop ðrÞ ¼ logð2Þ; where htop is the
topological entropy;
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• there exists a nonempty compact invariant set K  I such
that wjK is semi-conjugate to the Bernoulli shift on two
symbols, topologically transitive and displays sensitive
dependence on initial conditions.
Moreover, if w is also one-to-one on K; then w restricted
to a suitable invariant subset of K is semi-conjugate to the
two-sided Bernoulli shift on two symbols r : R2 ! R2 ;
rððsi Þi Þ :¼ ðsiþ1 Þi ; 8i 2 Z; where R2 :¼ f0; 1gZ (see Ref.
31, Lemma 3.2).46
We stress that an analogous counterpart of Theorem 2.1
holds when there are three or more pairwise disjoint compact
sets47 playing the role of K in Definition 2.1 and that both
results can be proven using the same arguments employed
for Ref. 19, Theorem 2.3.
We are now in position to explain what the SAP method
consists in. Given a three-dimensional dynamical system
generated by a map w; our technique consists in finding a
subset P of the domain of w homeomorphic to the unit cube
and (at least) two disjoint compact subsets of P with respect
to which the stretching property in (2.1) is satisfied, once
that P has been suitably oriented. In this way, Theorem 2.1
ensures the existence of chaotic dynamics for the system
under consideration. In particular, Theorem 2.1 guarantees
the positivity of the topological entropy for w; property
which is generally considered as one of the trademark features of chaos.
This is the strategy we are going to adopt to analyze the
models in Section III.
III. THE TRIOPOLY GAME MODELS

We apply the SAP method to two different economic
models belonging to the class of triopoly games, taken,
respectively, from Refs. 41 and 14.48 With the term oligopoly economists denote a market form characterized by the
presence of a small number of firms. Triopoly is a special
kind of oligopoly where the firms involved are three. The
term game refers to the fact that the firms make their decisions reacting to each other actual or expected moves, following a suitable strategy. In particular, we will deal with
dynamic games where moves are repeated in time, at discrete, uniform intervals.
A. The model with isoelastic demand function

In the first model that we analyze, the economy consists
of three firms producing an identical commodity at a constant unit cost, not necessarily equal for the three firms. The
commodity is sold in a single market at a price which
depends on total output through a given inverse demand
function, which, like in Ref. 41, is supposed to be isoelastic.
The demand function is known globally to Firms 2 and
3, while Firm 1 does not know anything about the demand
function and rather adopts a myopic adjustment mechanism,
i.e., it increases or decreases its output according to the sign
of the marginal profit from the last period.
The goal of each firm is the maximization of profits, i.e.,
the difference between revenue and costs. The problem of
each firm is to decide at the beginning of every time period t

Chaos 26, 083106 (2016)

how much to produce in the same period on the basis of the
limited information available and, in particular, on the
expectations about its competitors’ future decisions.
In what follows, we introduce the needed notation49 and
the postulated assumptions:
(1) Notation
xt: output of Firm 1 at time t;
yt: output of Firm 2 at time t;
zt: output of Firm 3 at time t;
pt: unit price of the single commodity at time t:
(2) Inverse demand function
pt :¼

1
:
x t þ y t þ zt

(3.1)

(3) Technology
The unit cost of production for firm i is equal to ci ; i ¼
1; 2; 3; where c1 ; c2 ; c3 are (possibly different) positive
constants.
(4) Expectations
In the presence of incomplete information concerning
their competitors’ future decisions (and therefore about
future prices), Firms 2 and 3 are assumed to use static
expectations. This means that at each time t both Firms
2 and 3 expect that the other two firms will keep output
unchanged with respect to the previous period.
Given such hypotheses concerning the expectations,
Firm 2 is supposed to act as a best response player, choosing
the output level that maximizes its expected profit. Firm 3 is
instead an adaptive player, i.e., at each time it changes the
output proportionally to the difference between the naive
expectation value and its previous output.
As shown in Ref. 41, the assumptions above lead to the
following system of three difference equations in the variables x; y, and z
8


y t þ zt
>
>
¼
x
þ
ax

c
x
> tþ1
t
t
1 ;
>
>
ðx t þ y t þ zt Þ2
>
>
>
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
>
<
x t þ zt
ytþ1 ¼
 ðxt þ zt Þ;
c2
>
>
!
>
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
>
>
>
xt þ yt
>
>
ð
Þ
 ð xt þ yt Þ ;
>
: ztþ1 ¼ 1  k zt þ k
c3

(3.2)

where a is a positive parameter denoting the speed of Firm
1’s adjustment to changes in profit and k 2 ½0; 1 describes
how willing Firm 3 is to change its previous period production level.
We refer the interested reader to Ref. 41 for a more
detailed explanation of the model, as well as for the derivation of (3.2).
In Ref. 41, Tramontana and Elsadany find two equilibrium solutions E1 and E2 for System (3.2), whose expression
is given by
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E1 :¼



0;
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c3
c2
;
;
ðc 2 þ c 3 Þ2 ðc 2 þ c 3 Þ2

(3.3)

and
!

E2 :¼

2ðc2 þ c3  c1 Þ 2ðc1 þ c3  c2 Þ 2ðc1 þ c2  c3 Þ
;
;
;
ðc 1 þ c 2 þ c 3 Þ2 ðc 1 þ c 2 þ c 3 Þ2 ðc 1 þ c 2 þ c 3 Þ2
(3.4)

study their local stability and provide numerical evidence of the
presence of complex dynamics. In particular, they give conditions under which the Nash equilibrium point E2 makes economic sense and show the existence of a double route to chaos
for E2 ; via flip bifurcations or via a Neimark-Sacker bifurcation.
They also find that parameter a plays a destabilizing
role, but the kind of bifurcation undergone by E2 when a
increases depends on the relative values of the marginal
costs. Indeed, if the firm adopting a myopic adjustment
mechanism is the most efficient one, i.e., the value of c1 is
low with respect to the other marginal costs, then the Nash
equilibrium loses stability via a Neimark-Sacker bifurcation,
else, if the production efficiency differs less across the three
firms, via a flip bifurcation. We stress that the former scenario is not present in the heterogeneous triopoly game studied in Ref. 14, we shall consider in Subsection III B, since,
according to Ref. 41, it seems to be characteristic of the
games with isoelastic demand function.
In order to apply the SAP method to show the existence
of chaotic dynamics, and thus also of sensitive dependence on
initial conditions, we will consider the setting illustrated in
Ref. 41, Figure 3(b), where Tramontana and Elsadany find a
Henon-like attractor. In fact, in what follows we will integrate
the study performed in Ref. 41 rigorously proving that, for
suitable parameter configurations, System (3.2) exhibits chaotic behavior in the precise sense discussed in Section II.50
To such aim, setting R3þ :¼ fðx; y; zÞ 2 R3 : x  0;
y  0; z  0; ðx; y; zÞ 6¼ ð0; 0; 0Þg; it is expedient to introduce the continuous map F ¼ ðF1 ; F2 ; F3 Þ : R3þ ! R3 ;
with components


yþz

c
F1 ðx; y; zÞ :¼ x þ ax
1 ;
ð x þ y þ zÞ2
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
xþz
F2 ðx; y; zÞ :¼
 ð x þ zÞ;
c2
!
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
xþy
 ð x þ yÞ : (3.5)
F3 ðx; y; zÞ :¼ ð1  kÞz þ k
c3
We prove that the SAP property is satisfied for the map
F when taking a generalized parallelepiped in the family R
of (standard) parallelepipeds of the first orthant, whose elements are given by
R ¼ Rðxi ; yi ; zi Þ ¼ fðx; y; zÞ 2 R3þ : x‘
y‘

y

y r ; z‘

z

zr g;

x

xr ;
(3.6)

with x‘ < xr ; y‘ < yr ; z‘ < zr and xi ; yi ; zi ; i 2 f‘; rg; fulfilling the conditions in Theorem 3.1, and when orienting it by
setting

R
‘ :¼ fx‘ g

½y‘ ; yr 

½z‘ ; zr  and

R
r

½y‘ ; yr 

½z‘ ; zr  :

:¼ fxr g

(3.7)

Consistently with Ref. 41, we choose the marginal costs
as c1 ¼ 2:2; c2 ¼ 2:1 and c3 ¼ 1:63; and k ¼ 0:6: On the
other hand, in order to easily apply the SAP method, we need
the parameter a to be close to 3:5; while in Ref. 41 the presence of a Henon-like attractor is illustrated for a around 2.2.
In fact, numerical exercises we performed show that when a
increases it becomes easier to find a domain where to apply
the SAP method. It would still be possible to apply our technique with a value for a lower than 3.5, at the cost of changing
the parameter conditions in Theorem 3.1 and of making the
computations in the proof much more complicated. However,
it seems not possible to apply the SAP method to the first iterate of F when a is close to 2.2. The implications of this discrepancy will be discussed in Section IV.
Our result on System (3.2) reads as follows:
Theorem 3.1. If the parameters of the map F defined in
(3.5) assume the following values
c1 ¼ 2:2; c2 ¼ 2:1; c3 ¼ 1:63; k ¼ 0:6; a ¼ 3:5;

(3.8)

then, for any parallelepiped R ¼ Rðxi ; yi ; zi Þ belonging to
the family R described in (3.6), with xi ; yi ; zi ; i 2 f‘; rg; satisfying the conditions
ð H1Þ x‘ ¼ 0 ;
ð H2Þ

ð H3Þ
ð H4Þ

ð H5Þ

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
aðy‘ þ z‘ Þ
y ‘ þ z‘  x r 
 ðy ‘ þ z‘ Þ > 0 ;
ac1  1
0sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
aðyr þ zr Þ
 ðy r þ zr Þ A > x r ;
3@
ac1 þ 2
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
x ‘ þ z‘
; yr 
x ‘ þ z‘ 
 ðx ‘ þ z‘ Þ
c2
4c2
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x r þ zr
>
 ðx r þ zr Þ  y ‘ > 0 ;
c2
1
1
 y ‘ ; zr 
;
xr þ yr 
4c3
4c3
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
xr þ yr
 ðx r þ y r Þ
c3
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x ‘ þ y‘
 ðx ‘ þ y ‘ Þ  z‘ > 0 ;

c3

and oriented as in (3.7), there exist two disjoint compact subsets K0 ¼ K0 ðRÞ and K1 ¼ K1 ðRÞ of R such that
~ for i ¼ 0; 1:
~ ! R;
ðKi ; FÞ : R⬑

(3.9)

Hence, the map F induces chaotic dynamics on two symbols
on R relatively to K0 and K1 and displays all the properties
listed in Theorem 2.1.
See Figure 1 for a possible choice of the oriented paral~ together with its F-image set.
lelepiped R;
In Figure 2, we show how a path joining the left and
right faces of R is transformed by the map F in (3.5), putting
also in evidence the compact sets K0 and K1 : In particular,
in regard to Figure 2(b) we stress that, evaluating the
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~ in Figure 1, we show in (a) that the F-image set of an arbitrary path c joining in R the two components
FIG. 2. With reference to the oriented parallelepiped R

of the boundary set R intersects R twice. In particular, this is due to the fact that the vertical faces R
‘ and Rr are mapped by F on the left of or are con;
in
conformity
with
conditions
(C1)
and
(C2)
in
the
proof
of
Theorem
3.1,
and
that
the
vertical
flat
surface
S is mapped by F on the right of R
tained in R
‘
r ;
in agreement with condition ðC30 Þ therein. Calling R0 and R1 the two parallelepipeds in which R is cut by S, we have that Ki :¼ Ri \ F1 ðRÞ; i ¼ 0; 1; are
~ for i ¼ 0; 1: Namely, for the arbi~ ! R;
the two disjoint compact sets in (b). As shown in the proof of Theorem 3.1, with such a choice it holds that ðKi ; FÞ : R⬑

trary path c in (a) joining in R its left and right faces, we show in (c) that the F-image sets of c \ K0 and of c \ K1 join R
‘ with Rr ; as required by the SAP
property.

equilibrium points E1 and E2 in (3.3) and (3.4), respectively,
at the parameter values considered in Theorem 3.1, it holds
that E1 ¼ ð0; 0:117; 0:150Þ 2 K0 and E2 ¼ ð0:087; 0:098;
0:151Þ 2 K1 : This is in agreement with the theoretical results
recalled in Section II. Indeed, since in Theorem 3.1 we prove
that the SAP property is satisfied with respect to two disjoint
compact sets, then there exists (at least) a fixed point for the
map F in each of them: on the other hand, since the map F
has just two fixed points in R3þ ; i.e., E1 and E2 ; one of them
has to lie in K0 and the other one in K1 ; as found.
Before proving Theorem 3.1, we make some comments
on the conditions in (H1)–(H5). First of all, we stress that
those conditions imply that x‘ þ y‘ þ z‘ > 0 and thus there
are no issues with the definition of F on R:51 We also remark
that we chose to split (H1)–(H5) according to the corresponding conditions (C1)–(C5) they allow to verify in the
next proof. Moreover, we stress that the assumptions in
(H1)–(H5) are consistent, i.e., there exist parameter configurations satisfying them all. For instance, we checked
that they are fulfilled for c1 ¼ 2:2; c2 ¼ 2:1; c3 ¼ 1:63; k
¼ 0:6; a ¼ 3:5; x‘ ¼ 0; xr ¼ 0:118; y‘ ¼ 0:086; yr ¼ 0:120; z‘
¼ 0:142; zr ¼ 0:154: Indeed, these are the parameter values
used to draw Figures 1 and 2. In particular, since x‘ ¼ 0; then

FðR
‘ Þ  R‘ and thus only the black boundary of the set

FðR‘ Þ is visible in Figures 1(a) and 2(a).
Proof of Theorem 3.1. We show that, for the parameter
values in (3.8), any choice of xi ; yi ; zi ; i 2 f‘; rg; fulfilling
(H1)–(H5) guarantees that the image under the map F of any
path c ¼ ðc1 ; c2 ; c3 Þ : ½0; 1 ! R ¼ Rðxi ; yi ; zi Þ joining the

sets R
‘ and Rr defined in (3.7) satisfies the following
conditions:
ðC1Þ F1 ðcð0ÞÞ
ðC2Þ F1 ðcð1ÞÞ

x‘ ;
x‘ ;

ðC3Þ 9 t 2 ð0; 1Þ : F1 ðcðt ÞÞ > xr ;
ðC4Þ F2 ðcðtÞÞ  ½y‘ ; yr ; 8t 2 ½0; 1;
ðC5Þ F3 ðcðtÞÞ  ½z‘ ; zr ; 8t 2 ½0; 1:
Broadly speaking, conditions (C1)–(C3) describe an expansion with folding along the x–coordinate. In fact, the image


F c of any path c joining in R the sides R
‘ and Rr horizontally crosses a first time the parallelepiped R for t 2 ð0; t Þ
and then crosses R back again for t 2 ðt ; 1Þ: Conditions
(C4) and (C5) imply instead a contraction along the y–coordinate and the z–coordinate, respectively.
Actually, in order to simplify our computations, instead
of the necessary condition ðC3Þ; we will check that the stronger requirement


x‘ þ xr
0
; y; z > xr ; 8ð y; zÞ 2 ½y‘ ; yr  ½z‘ ; zr ;
ðC3 ÞF1
3

is satisfied, which means that the inequality in (C3) holds for
any t 2 ð0; 1Þ such that cðt Þ ¼ ððx‘ þ xr Þ=3; y; zÞ; for some
ðy; zÞ 2 ½y‘ ; yr  ½z‘ ; zr : With this respect, notice that



x‘ þ x r
S :¼
; y; z : ð y; zÞ 2 ½y‘ ; yr  ½z‘ ; zr   R
3
(3.10)
is the green vertical surface depicted in Figures 2(a) and
2(b).
We claim that ðC1Þ; ðC2Þ; ðC30 Þ; ðC4Þ and (C5) together
imply (3.9) for
K0 :¼ R0 \ F1 ðRÞ

and

K1 :¼ R1 \ F1 ðRÞ; (3.11)

where


x‘ þ xr
3
;
ðx; y; zÞ 2 R : x 2 x‘ ;
3

ð y; zÞ 2 ½y‘ ; yr  ½z‘ ; zr  ;

x‘ þ xr
R1 :¼ ðx; y; zÞ 2 R3 : x 2
; xr ;
3

ð y; zÞ 2 ½y‘ ; yr  ½z‘ ; zr 

R0 :¼

(see Figure 2(b)). Notice at first that F is continuous on K0 [
K1 because it is continuous on R; and that K0 and K1 are
compact because they are closed subsets of the compact sets
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FIG. 3. An example of parallelepiped R 2 R; satisfying conditions ðH1Þ–ðH5Þ in Theorem 3.2. It has been oriented by taking as R the union of the two




faces R
‘ (in lilac) and Rr (in yellow) in (a), defined in (3.7). Still in (a) we also represent GðR‘ Þ  R‘ and GðRr Þ: In (b) and (c), we show how the other
two pairs of opposite faces of R are transformed by the map G. We stress that in (c) we slightly changed perspective, in order to better show the shape of the
image sets. In (a)–(c), we used the same color to depict a set and its G-image set.

R0 and R1 , respectively. In order to show that K0 and K1
are disjoint, let us suppose by contradiction that there exists
a point P 2 K0 \ K1 : Then P 2 S and, since by condition
ðC30 Þ the set S in (3.10) is mapped by F outside R (see
Figure 2(a)), then FðPÞ 62 R; against (3.11). Furthermore, by
ðC1Þ; ðC2Þ and ðC30 Þ; for every path c : ½0; 1 ! R such that
cð0Þ and cð1Þ belong to different components of R ; there
exist two disjoint sub-intervals ½t00 ; t000 ; ½t01 ; t001   ½0; 1 such
that r0 :¼ cj½t0 ;t00  : ½t00 ; t000  ! K0 ; r1 :¼ cj½t0 ;t00  : ½t01 ; t001  ! K1 ;
0 0
1 1
Fðr0 ðt00 ÞÞ and Fðr0 ðt000 ÞÞ belong to different components of
R ; as well as Fðr1 ðt01 ÞÞ and Fðr1 ðt001 ÞÞ: Moreover, from
(C4) and (C5), it follows that Fðr0 ðtÞÞ 2 R; 8 t 2 ½t00 ; t000  and
Fðr1 ðtÞÞ 2 R; 8 t 2 ½t01 ; t001 :
~ i ¼ 0; 1; and our
~ ! R;
This means that ðKi ; FÞ : R⬑
claim is thus proved.
Once that the stretching condition in (3.9) is verified, the
conclusion of the theorem follows by Theorem 2.1.52
In order to complete the proof, let us check that the
choice of the parameters in (3.8) and of any domain R
¼ Rðxi ; yi ; zi Þ in agreement with (H1)–(H5) implies that conditions ðC1Þ; ðC2Þ; ðC30 Þ; ðC4Þ and (C5) are fulfilled for

every path c : ½0; 1 ! R joining R
‘ and Rr : In so doing,
we will prove that the inequality in (C1) is indeed an equality. Just to fix the ideas, in what follows we will assume that

cð0Þ 2 R
‘ and cð1Þ 2 Rr :
Let us start with the verification of ðC1Þ: By ðH1Þ;
cð0Þ 2 R
½y‘ ; yr  ½z‘ ; zr  ¼ f0g ½y‘ ; yr  ½z‘ ; zr ;
‘ ¼ fx‘ g
and thus c1 ð0Þ ¼ 0; so that, recalling the definition of F1 in
(3.5), it follows 0 ¼ F1 ðcð0ÞÞ x‘ ¼ 0; as desired.
0; that
In regard to ðC2Þ; we have to verify that F1 jRr
is, F1 ðxr ; y; zÞ 0; 8ðy; zÞ 2 ½y‘ ; yr  ½z‘ ; zr : Setting A
:¼ y þ z; we consider, instead of F1 jRr ; the one-dimensional
function
/ : ½y‘ þ z‘ ; yr þ zr  ! R;
/ð AÞ :¼ xr þ axr

A
ðx r þ A Þ2

!
 c1 :

Computing the first derivative of /; we get / 0 ðAÞ ¼
a xr ððxr  AÞ=ðxr þ AÞ3 Þ; which vanishes at A ¼ xr :
However, since by (H2) we have y‘ þ z‘  xr ; then / 0 ðAÞ
F1 ðxr ; y‘ ; z‘ Þ and
0; 8A 2 ½y‘ þ z‘ ; yr þ zr : Hence, F1 jRr
thus, in order to have (C2) satisfied, it suffices that

F1 ðxr ; y‘ ; z‘ Þ 0: Imposing such condition, we find xr þ
axr ðððy‘ þ z‘ Þ=ðxr þ y‘ þ z‘ Þ2 Þ  c1 Þ 0; which is fulfilled
2
when ðac1  1Þ=a  ðy‘ þ z‘ Þ=ðxr þ
‘ þ z‘ Þ : Making xr
pyﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
explicit, this holds when xr  ðaðy‘ þ z‘ ÞÞ=ðac1  1Þ
ðy‘ þ z‘ Þ; that is, when (H2) is fulfilled. Notice that the latter is a “true” restriction, since, still by ðH2Þ; the right-hand
side of the above inequality is positive. The verification of
(C2) is complete.
As regards ðC30 Þ; we need to check that F1 ððx‘ þ
xr Þ=3; y; zÞ > xr ; 8ðy; zÞ 2 ½y‘ ; yr  ½z‘ ; zr ; that is, recalling
the definition of S in (3.10), F1 jS > xr : Notice that, by ðH1Þ;
ðx‘ þ xr Þ=3 ¼ xr =3: Analogously to what done above,
instead of F1 jS ; let us consider the one-dimensional function
u : ½y‘ þ z‘ ; yr þ zr  ! R;
0
1
xr
xr
A
uð AÞ :¼ þ a B
2  c1 C:
3
3 @ xr
A
þA
3
Since by (H2) y‘ þ z‘  xr > xr =3; by the previous analysis
we know that uðAÞ  uðyr þ zr Þ ¼ F1 ðxr =3; yr ; zr Þ: Hence,
in order to have F1 jS > xr ; it suffices that F1 ðxr =3; yr ; zr Þ
> xr ; that is,
!
aðyr þ zr Þ
xr
1  ac1 þ x
2 > xr :
r
3
þ y r þ zr
3

Since xr > 0; making xr explicit, we find
0sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
aðyr þ zr Þ
 ðy r þ zr ÞA ;
xr < 3 @
ac1 þ 2
and this condition is satisfied thanks to ðH3Þ: Hence ðC30 Þ is
verified.
In order to check ðC4Þ; we need to show the two
inequalities F2 ðx; y; zÞ yr ; 8ðx; y; zÞ 2 R and F2 ðx; y; zÞ
 y‘ ; 8ðx; y; zÞ 2 R; which are, respectively, satisfied if
max F2 ðx; y; zÞ

ðx;y;zÞ2R

yr

and

min F2 ðx; y; zÞ  y‘ :

ðx;y;zÞ2R

(3.12)
Notice that such maximum and minimum values exist by
Weierstrass Theorem.
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Instead of F2 jR ; setting B :¼ x þ z; we deal with the
one-dimensional function
rﬃﬃﬃﬃﬃ
B
 B;
w : ½x‘ þ z‘ ; xr þ zr  ! R; wðBÞ :¼
c2
pﬃﬃﬃﬃﬃﬃﬃﬃ
whose derivative is w0 ðBÞ ¼ ð1=ð2 c2 BÞÞ  1: It vanishes at
B ¼ 1=ð4c2 Þ; which by (H4) is not larger than x‘ þ z‘ : Thus
maxðx;y;zÞ2R F2 ðx; y; zÞ ¼ wðx‘ þ z‘ Þ and minðx;y;zÞ2R F2 ðx; y; zÞ
¼ wðxr þ zr Þ: Hence, the first condition in (3.12) is satisfied
if wðx‘ þ z‘ Þ yr and the second condition is fulfilled if
wðxr þ zr Þ  y‘ : It is easy to see that both inequalities are
fulfilled thanks to (H4) and this concludes the verification of
ðC4Þ:
Let us finally turn to (C5). In order to check it, we have
to show that
max F3 ðx; y; zÞ

ðx;y;zÞ2R

zr and

min F3 ðx; y; zÞ  z‘ : (3.13)

ðx;y;zÞ2R

Instead of considering F3 jR ; setting D :¼ x þ y and T :¼
½x‘ þ y‘ ; xr þ yr  ½z‘ ; zr ; we deal with the two-dimensional
function
!
rﬃﬃﬃﬃﬃ
D
D ;
U : T ! R; UðD; zÞ :¼ ð1  kÞz þ k
c3
whose partial derivatives are


@U
1
¼ k pﬃﬃﬃﬃﬃﬃﬃﬃ  1
@D
2 c3 D

and

@U
¼ 1  k:
@z

If k 6¼ 1 they do not vanish contemporaneously and thus
there are no critical points in the interior of T. In this case,
we study U on the boundary of its domain, obtaining the
one-dimensional maps Ui ; i 2 f1; …; 4g:
In regard to U1 ðzÞ :¼ Ujfx‘ þy‘ g ½z‘ ;zr  ðD; zÞ ¼ Uðx‘ þ
y‘ ; zÞ; we have U10 ðzÞ ¼ 1  k > 0; and thus U1 ðxÞ is increasing on ½z‘ ; zr . Analogously, it holds that U2 ðzÞ :¼
Ujfxr þyr g ½z‘ ;zr  ðD; zÞ ¼ Uðxr þ yr ; zÞ is increasing on ½z‘ ; zr :
As concerns U3 ðDÞ :¼ Uj½x‘ þy‘ ;xr þyr  fz‘ g ðD; zÞ ¼ UðD; z‘ Þ;
pﬃﬃﬃﬃﬃﬃﬃﬃ
we have that U30 ðDÞ ¼ kðð1=ð2 c3 DÞÞ  1Þ; which vanishes
at D ¼ 1=ð4c3 Þ: This is the maximum point of U3 if D 2
½x‘ þ y‘ ; xr þ yr : But that is guaranteed by the conditions in
(H5). Similarly, setting U4 ðDÞ :¼ Uj½x‘ þy‘ ;xr þyr  fzr g ðD; zÞ
¼ UðD; zr Þ; we find that its maximum point, still by ðH5Þ; is

given by D:
Summarizing, the candidates for the maximum point of U
on T are ð1=ð4c3 Þ;z‘ Þ and ð1=ð4c3 Þ;zr Þ: Since Uð1=ð4c3 Þ;z‘ Þ
< Uð1=ð4c3 Þ;zr Þ; maxðx;y;zÞ2R F3 ðx;y;zÞ ¼ Uð1=ð4c3 Þ;zr Þ: It is
now easy to verify that the inequality Uð1=ð4c3 Þ;zr Þ zr is
satisfied when zr  1=ð4c3 Þ; the latter being among the
assumptions in (H5).
The analysis above also suggests that the two candidates
y‘ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
; z‘ Þ and ðxr þ
for the minimum point of U on T are ðx‘ þp
again
by
ðH5Þ;
we
have
ðx
yr ; z‘ Þ: Since,
‘ þ y‘ Þ=c3 
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðxr þ yr Þ=c3  ðxr þ yr Þ; then Uðx‘ þ y‘ ; z‘ Þ
ðx‘ þ y‘ Þ
Uðxr þ yr ; z‘ Þ and thus minðx;y;zÞ2R F3 ðx; y; zÞ ¼ Uðx‘ þ
y‘ ; z‘ Þ: The inequality minðx;y;zÞ2R F3 ðx; y; zÞ  z‘ is then

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
satisfied when
ðx‘ þ y‘ Þ=c3  ðx‘ þ y‘ Þ  z‘ ; which is
among the conditions in (H5).
If k ¼ 1; the map F3 does not depend on z and from the
previous analysis we easily find that maxðx;y;zÞ2R F3 ðx; y; zÞ ¼
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1=ð4c3 Þ and minðx;y;zÞ2R F3 ðx; y; zÞ ¼ ðx‘ þ y‘ Þ=c3  ðx‘ þ
y‘ Þ: Imposing the conditions in (3.13), we obtain again
the same requirements on the parameters found for the case
k 6¼ 1; and contained in (H5). This concludes the verification
of (C5).
The proof is complete.
ⵧ
Remark 3.1. We stress that, slightly modifying the conditions for the construction of the parallelepiped R in the
statement of Theorem 3.1, it is possible to obtain a robust
result on the existence of chaotic dynamics, i.e., a result stable with respect to small changes in the value of the model
parameters c1 ; c2 ; c3 ; k and a in (3.8). To such aim, it suffices to replace the weak inequalities in ðH2Þ; ðH4Þ and (H5)
with strict inequalities (and, correspondingly, set strict
inequalities and inclusions in ðC2Þ; ðC4Þ and (C5)) and
exploit the continuity of the map F. Condition ðH3Þ and correspondingly ðC3Þ do not need any intervention, as they are
already written in the “stricter” form. Notice that the parameter values in (3.8) together with the values for xi ; yi ; zi ; i 2
f‘; rg; used to draw Figures 1 and 2 satisfy even those
stricter conditions. The only exception in that procedure is
represented by (H1) (and, correspondingly, (C1)) that, in the
specific example considered, cannot be rewritten using strict
inequalities. This is due to the fact that, since the variable x
represents an output, taking x‘ < 0 would make no economic
sense, while, as it is easy to verify, with x‘ > 0 condition
(C1) would not hold and the geometry required to apply the
SAP method would be missing. On the other hand,
F1 ð0; y; zÞ ¼ 0 for every ðy; zÞ 2 R2þ ; and thus, under condition ðH1Þ; F1 ðR
‘ Þ ¼ 0 ¼ x‘ ; independently of the choice of
the model parameters. This means that, even if it is not possible to modify condition ðH1Þ; the above suggested changes
to ðH2Þ; ðH4Þ and (H5) suffice to make Theorem 3.1 stable
with respect to small perturbations in the parameter values.
B. The model with quadratic production costs

In the second model that we analyze, taken from Ref.
14, the economy consists of three firms producing an identical commodity. Cost functions still can differ across firms
and are quadratic in the quantities supplied. The commodity
is sold in a single market at a price which depends on total
output through a given inverse demand function, which is
supposed to be linear.
Like for the model considered in Subsection III A, the
demand function is known globally to Firms 2 and 3, while
Firm 1 adopts a myopic adjustment mechanism.
The goal of each firm is the maximization of profits and,
as in Ref. 41, the problem of each firm is to decide at the
beginning of every time period t how much to produce in the
same period on the basis of the limited information
available.
The notation and the postulated assumptions are as
follows:
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(1) Notation
xt: output of Firm 1 at time t;
yt: output of Firm 2 at time t;
zt: output of Firm 3 at time t;
pt: unit price of the single commodity at time t:
(2) Inverse demand function
pt :¼ a  bðxt þ yt þ zt Þ ;

(3.14)

with a; b positive constants.
(3) Technology
Calling qt the quantity supplied by a firm at time t, the
production cost function for firm i at time t is equal to Ci;t
¼ ci q2t ; i ¼ 1; 2; 3; where c1 ; c2 ; c3 are (possibly different)
positive constants.
(4) Expectations
In the presence of incomplete information concerning
their competitors’ future decisions, Firms 2 and 3 are
assumed to use naive expectations.
Given such hypotheses concerning the expectations,
Firm 2 is supposed to act as a best response player, while
Firm 3 is an adaptive player. Notice that, in the original version of the model in Ref. 14, Firm 2 is the adaptive player
and Firm 3 the best response player. However, in view of
simplifying the comparison with the framework in

Subsection III A, we modified the ordering of the firms, as
well as the notation with respect to Ref. 14, to make them
consistent with those in the previous model.
As shown in Ref. 14, the assumptions above lead to the
following system of three difference equations in the variables x; y and z:
8


>
xtþ1 ¼ xt þ axt a  2ðb þ c1 Þxt  bðyt þ zt Þ ;
>
>
>
>
1
<
ytþ1 ¼
ða  bðxt þ zt ÞÞ;
(3.15)
2ðb þ c2 Þ
>
>
k
>
>
>
: ztþ1 ¼ ð1  kÞzt þ 2ðb þ c Þ ða  bðxt þ yt ÞÞ;
3
where a is a positive parameter denoting the speed of Firm
1’s adjustment to changes in profit and k 2 ½0; 1 describes
how willing Firm 3 is to change its previous period production level. See Ref. 14 for a more detailed explanation of the
model, as well as for the derivation of (3.15).
In Ref. 14 the authors find the two equilibrium solutions
E1 and E2 for System (3.15), whose expression is given by
E1 :¼

aðb þ 2c3 Þ
;
3b2 þ 4bðc2 þ c3 Þ þ 4c2 c3
!
aðb þ 2c2 Þ
;
3b2 þ 4bðc2 þ c3 Þ þ 4c2 c3
0;

and



a b2 þ 2bðc2 þ c3 Þ þ 4c2 c3

;
E2 :¼
2 2b3 þ 3b2 ðc1 þ c2 þ c3 Þ þ 4bðc1 c2 þ c2 c3 þ c1 c3 Þ þ 4c1 c2 c3


a b2 þ 2bðc1 þ c3 Þ þ 4c1 c3

;
2 2b3 þ 3b2 ðc1 þ c2 þ c3 Þ þ 4bðc1 c2 þ c2 c3 þ c1 c3 Þ þ 4c1 c2 c3
!


a b2 þ 2bðc1 þ c2 Þ þ 4c1 c2

 ;
2 2b3 þ 3b2 ðc1 þ c2 þ c3 Þ þ 4bðc1 c2 þ c2 c3 þ c1 c3 Þ þ 4c1 c2 c3

study their local stability and provide numerical evidence of
the presence of complex dynamics. In particular, they find
that parameter a plays a destabilizing role and that the Nash
equilibrium E2 loses stability only via a flip bifurcation.
Moreover, in Ref. 14 the authors show how to apply the
delay feedback control method by Pyragas33 to control chaos
and stabilize the dynamics.
In view of rigorously proving the existence of complex
phenomena for System (3.15) in the sense discussed in
Section II, we will consider the framework illustrated in Ref.
14, Figure 10, where Elabbasy et al. find a Henon-like
attractor.
Setting R3þ :¼ fðx; y; zÞ 2 R3 : x  0; y  0; z  0g; we
introduce the continuous map G ¼ ðG1 ; G2 ; G3 Þ : R3þ !
R3 ; with components

(3.16)

(3.17)



G1 ðx; y; zÞ :¼ x þ ax a  2ðb þ c1 Þx  bð y þ zÞ ;
1
ða  bð x þ zÞÞ;
G2 ðx; y; zÞ :¼
2ðb þ c2 Þ
k
G3 ðx; y; zÞ :¼ ð1  kÞz þ
ða  bðx þ yÞÞ; (3.18)
2 ðb þ c 3 Þ
and we show that the SAP property is satisfied for the map G
when taking a generalized parallelepiped in the family R in
(3.6), fulfilling the conditions in Theorem 3.2 and oriented as
in (3.7).
In agreement with Ref. 14, we choose the marginal costs
as c1 ¼ 0:1; c2 ¼ 0:5 and c3 ¼ 0:3; and a ¼ 10; b ¼ 1; k ¼
0:5: On the other hand, in order to easily apply the SAP
method we need the parameter a to be close to 3, while in
Ref. 14 the presence of a Henon-like attractor is numerically
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~ in Figure 3, we show in (a) that the G-image set of an arbitrary path c joining in R the two components
FIG. 4. With reference to the oriented parallelepiped R

of the boundary set R intersects R twice. In particular, this is due to the fact that the faces R
‘ and Rr are mapped by G on the left of or are contained in
;
in
conformity
with
conditions
ðC1Þ
and
ðC2Þ
in
the
proof
of
Theorem
3.2,
and
that
the
vertical
flat
surface
S is mapped by G on the right of R
R
‘
r ; in agree0
ment with condition ðC3 Þ therein. Calling R0 and R1 the two parallelepipeds in which R is cut by S, we have that Ki :¼ Ri \ G1 ðRÞ; i ¼ 0; 1; are the two
~ for i ¼ 0; 1: Namely, for the arbitrary path c in (a) joining in R the two compo~ ! R;
disjoint compact sets in (b). With such a choice it holds that ðKi ; GÞ : R⬑

nents of R ; we show in (c) that the G-image sets of c \ K0 and of c \ K1 join R
‘ with Rr ; as required by the SAP property.

shown for a around 0.4. In fact, like happens with the model
taken from Ref. 41, when a increases it becomes easier to find
a domain where to apply the SAP technique, but, although it
would be possible to slightly decrease the value of the reaction
speed parameter, it seems not possible to apply the SAP
method to the first iterate of G when a is close to 0.4.
Our result on System (3.15) reads as follows:
Theorem 3.2. If the parameters of the map G defined in
(3.18) assume the following values
a ¼ 10; b ¼ 1; c1 ¼ 0:1; c2 ¼ 0:5;
c3 ¼ 0:3; k ¼ 0:5; a ¼ 3;

(3.19)

then, for any parallelepiped R ¼ Rðxi ; yi ; zi Þ belonging to
the family R described in (3.6), with xi ; yi ; zi ; i 2 f‘; rg; satisfying the conditions
ðH1Þ x‘ ¼ 0 ;
1 þ aa  2aðb þ c1 Þxr
y ‘ þ z‘ ;
ab
3aa  2aðb þ c1 Þxr  6
ðH3Þ yr þ zr <
;
3ab
a  2ðb þ c2 Þyr
ðH4Þ 0 <
x ‘ þ z‘ < x r þ zr
b
a  2ðb þ c2 Þy‘
;
b
a  2ðb þ c3 Þzr
ðH5Þ 0 <
x‘ þ y‘ < xr þ yr
b
a  2ðb þ c3 Þz‘
;
b
ðH2Þ 0 <

also in evidence the compact sets K0 and K1 : In particular,
in regard to Figure 4(b), we notice that for the parameter
values in (3.19) the equilibrium points E1 and E2 in (3.16)
and (3.17), respectively, satisfy the conditions E1
¼ ð0; 2:35; 2:94Þ 2 K0 and E2 ¼ ð2:81; 1:69; 2:11Þ 2 K1 ; in
agreement with the theoretical results in Section II.
Before sketching the proof of Theorem 3.2, we make
some comments on the conditions in ðH1Þ–ðH5Þ: First of all,
we stress that they are consistent, i.e., there exist parameter
configurations satisfying them all. For instance, we checked
that they are fulfilled for a ¼ 10; b ¼ 1; c1 ¼ 0:1; c2 ¼ 0:5; c3
¼ 0:3; k ¼ 0:5; a ¼ 3; x‘ ¼ 0; xr ¼ 3:71; y‘ ¼ 0:9; yr ¼ 2:91; z‘
¼ 1:28 and zr ¼ 3:5: Indeed, these are the parameter values
used to draw Figures 3–5. In particular, since x‘ ¼ 0; then

GðR
‘ Þ  R‘ and thus only the black boundary of the set

GðR‘ Þ is visible in Figures 3(a) and 4(a).
Proof of Theorem 3.2. It is easy to check that, for the
parameter values in (3.19), any choice of xi ; yi ; zi ; i 2 f‘; rg;
fulfilling ðH1Þ–ðH5Þ guarantees that the image under the
map G of any path c ¼ ðc1 ; c2 ; c3 Þ : ½0; 1 ! R ¼

Rðxi ; yi ; zi Þ joining R
‘ and Rr defined in (3.7) satisfies the
following conditions:
ðC1Þ G1 ðcð0ÞÞ

x‘ ;

ðC2Þ G1 ðcð1ÞÞ

x‘ ;

ðC3Þ 9 t 2 ð0; 1Þ : G1 ðcðt ÞÞ > xr ;
ðC4Þ G2 ðcðtÞÞ  ½y‘ ; yr ; 8t 2 ½0; 1 ;
ðC5Þ G3 ðcðtÞÞ  ½z‘ ; zr ; 8t 2 ½0; 1 :

and oriented as in (3.7), there exist two disjoint compact subsets K0 ¼ K0 ðRÞ and K1 ¼ K1 ðRÞ of R such that
~ for i ¼ 0; 1:
~ ! R;
ðKi ; GÞ : R⬑

(3.20)

Hence, the map G induces chaotic dynamics on two symbols
on R relatively to K0 and K1 and displays all the properties
listed in Theorem 2.1.
See Figure 3 for a possible choice of the oriented paral~ for System (3.15), together with its G-image set.
lelepiped R
In Figure 4, we show how a path joining the left and right
faces of R is transformed by the map G in (3.18), putting

FIG. 5. The intersection between the plane P on which the price in (3.14)
vanishes and the parallelepiped R represented in Figures 3 and 4 occurs outside K ¼ K0 [ K1 :
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Actually, instead of the necessary condition ðC3Þ;
assumption ðH3Þ allows us to show the stronger requirement


x‘ þ xr
0
; y; z > xr ; 8ðy; zÞ 2 ½y‘ ; yr  ½z‘ ; zr :
ðC3 ÞG1
3
With this respect, notice that the set S introduced in (3.10) is
the green vertical surface depicted in Figures 4(a) and 4(b).
As explained in the proof of Theorem 3.1, from the conditions above it follows that (3.20) is fulfilled, where K0 and
K1 can be defined as in (3.11), just replacing F with G.
The conclusion of the theorem can then be achieved by
applying Theorem 2.1.
ⵧ
We stress that, as observed in Remark 3.1 in relation to
Theorem 3.1, also Theorem 3.2 can be rewritten as a robust
result on the existence of chaotic dynamics, just replacing
the weak inequalities in ðH2Þ; ðH4Þ and ðH5Þ with strong
inequalities.
We further notice that, since with respect to the framework introduced in Ref. 14 we switched the second and the
third players and accordingly the values of c2 and c3 ; in
Figures 3 and 4 we obtain a geometric framework similar to
that in Figures 1 and 2. When considering instead the original model in Ref. 14, then, like in our setting, the first component would be expansive, and the second and the third
ones would be contractive, but the behavior of the system
along the y- and z-directions would be exchanged with
respect to Figures 3(b) and 3(c).
Moreover, we remark that, although bearing a strong
resemblance, Figures 1(c) and 3(c) differ in a crucial aspect:
indeed, recalling the definition of K0 and K1 in (3.11), while
in the former case F is not one-to-one on K0 and thus neither
on K ¼ K0 [ K1 ; in the latter setting G is one-to-one on K;
so that its restriction to a suitable invariant subset of K is
semi-conjugate to the two-sided Bernoulli shift on two symbols, rather than to the one-sided shift.
We finally stress that in our analysis we should check
that the price, determined through the inverse demand functions in (3.1) and (3.14), is positive for every output choice
of the three firms we consider. While with (3.1) there are no
negativity issues, it is easy to see that the lowest value that p
in (3.14) assumes on the parallelepiped R in Figures 3 and 4,
i.e., p ¼ a  bðxr þ yr þ zr Þ; is slightly negative. However,
this is not a serious issue because, according to Theorem 2.1,
the invariant set on which the interesting dynamics occur is
contained in K and, as shown in Figure 5, the intersection
between K and the plane z ¼ ða=bÞ  ðx þ yÞ on which the
price in (3.14) vanishes is empty.
IV. CONCLUSIONS

In this paper, we have recalled what the SAP method consists in and we have applied that topological technique to rigorously prove the existence of robust chaotic sets for the
triopoly game models introduced in Refs. 14 and 41. By
“chaotic sets” we mean invariant domains on which the map
describing the system under consideration is semi-conjugate
to the Bernoulli shift (implying the features described in
Remark 2.1) and where periodic points are dense. By

Chaos 26, 083106 (2016)

“robustness” we mean that our result is stable with respect to
small parameter perturbations. On the other hand, we stress
that we could not say anything about the attractivity of those
chaotic sets. In fact, in general, the SAP method does not
allow to draw any conclusion in such direction. For instance,
when performing numerical simulations for the parameter values in (3.8) and (3.19), no attractors appear on the computer
screen. The same issue emerged with the two-dimensional
models considered in Ref. 19 and with the three-dimensional
model in Ref. 29. Both in the duopoly game model studied in
Ref. 19 and in the triopoly game models analyzed in Ref. 29
and in the present paper, we are able to prove the presence of
chaos for the parameter values considered in the literature,
except for a bit larger speed of adjustment a: It makes economic sense that complex dynamics arise when firms are
more reactive, but unfortunately for such parameter values no
chaotic attractors can be found via numerical tools.
As explained in Ref. 29 taking as demonstrative example the well-known logistic map, this is not a limit of the
SAP method: such issue is instead related to the necessity of
working with the first iterate of the map generating the
dynamical system under analysis to be able to perform computations by hands, especially when we deal with two- or
three-dimensional systems. The simple example in Ref. 29
suggests indeed that dealing with higher-order iterates may
allow to reach an agreement between the conditions required
to employ the SAP method and those needed to find chaotic
attractors via numerical simulations.
A suitable direction of future study can then be represented by the investigation of economically interesting but
simple enough models, so that it is possible to work with
higher-order iterates, in the attempt of rigorously proving the
presence of chaos via the SAP technique for parameter values for which also computer simulations indicate the same
kind of behavior.
In view of obtaining that same joint result, it is also possible to deal with maps bounding the dynamics and thus preventing divergence issues, even when instability regimes are
reached. An example of this kind of map is given by the sigmoid function considered in Refs. 9, and 21–24, which limits
the dynamics due to the presence of an upper and a lower
horizontal asymptotes. A first attempt in such perspective
would be the analysis of a two-dimensional model, in which
the evolution of one component is regulated by the sigmoid
function, while the other one can possibly be unbounded.
A further possible direction of future study is the analysis of continuous-time economic models with our technique,
maybe in the context of LTMs, for systems switching
between two different regimes, such as gross complements
and gross substitutes.
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