The McKay Conjecture and central
isomorphic character triples

Damiano Rossi

Abstract

We refine the reduction theorem for the McKay Conjecture proved by Isaacs, Malle and
Navarro. Assuming the inductive McKay condition, we obtain a strong version of the McKay
Conjecture that gives central isomorphic character triples.

1 Introduction

The McKay Conjecture is one of the major problems in representation theory of finite groups. It
states that, if p is a prime number and P is a Sylow p-subgroup of a finite group G, then

[lrrp (G)] = [Trryy (NG (P))]

where for any finite group X we denote by Irr,/(X) the set of irreducible complex characters of
G whose degree is not divisible by p. In [IMNO07]] Isaacs, Malle and Navarro prove a reduction
theorem for the McKay Conjecture and show that the conjecture holds for every finite group
with respect to the prime p provided that the so-called inductive McKay condition holds for every
finite non-abelian simple group with respect to the prime p.

The inductive McKay condition requires the existence of a bijection as the one predicted by the
McKay Conjecture which gives central isomorphic character triples and is compatible with the
action of automorphisms. Although this condition was originally thought for quasi-simple groups,
it can be stated for arbitrary finite groups.

Conjecture A. Let G <4 A be finite groups, p a prime and P a Sylow p-subgroup of G. Then there
exists an N 4 (P)-invariant subgroup N (P) < M < G, with M < G whenever P is not normal in
G, and an N 4 (P)-equivariant bijection

Q:TIrry (G) = Inryy (M)
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such that
(AX7G7X) 2c (MNA(P)Xvag(X))a

forevery x e Irryy (G).

Observe that the above statement could equivalently be stated by taking M = N¢(P). However
this additional flexibility is fundamental when proving the result for quasi-simple groups. It’s
also worth noting that, by using [Spa18| Theorem 2.16], it’s no loss of generality to assume
A=GxAut(G).

The reduction theorem of Isaacs, Malle and Navarro can now be stated by saying that if Conjecture
[AJholds for every universal covering group of finite non-abelian simple groups, then the McKay
Conjecture holds for every finite group.

The first attempt to prove a reduction theorem for the local-global conjectures was made in [Dad97]]
in the context of Dade’s Projective Conjecture. According to Dade’s philosophy, there should exist
a refinement of the conjecture that is strong enough to hold for every finite group when verified
for quasi-simple groups. In the case of Dade’s Projective Conjecture such a refinement should be
found in the inductive form of Dade’s conjecture [Dad97, 5.8] (see also [Spa17, Conjecture 1.2]
and the introduction of [Ros22])). The aim of this paper is to show that Conjecture [A] provides the
sought refinement in the case of the McKay Conjecture. We recall that a group S is said to be
involved in G if there exists N 4 K < G such that S ~ K/N.

Theorem B. Let G be a finite group and p a prime. Suppose that Conjecture[A| holds at the prime p
for the universal covering group of every non-abelian simple group involved in G. Then Conjecture
[A| holds for G at the prime p.

The above result is inspired by [NS14, Theorem 7.1] and provides evidence for the validity of
Dade’s philosophy. Furthermore, these kinds of results are extremely important in representation
theory of finite groups. For instance, [NS14, Theorem 7.1] is used to obtain a reduction theorem
for Brauer’s Height Zero Conjecture (see [NS14, Theorem Al]).

By work of Malle and Spath [MS16]], Conjecture[A]is known to hold at the prime p = 2 for every
universal covering group of finite non-abelian simple groups. For odd primes p, Conjecture [A]
is know for almost all quasi-simple groups except possibly in certain cases when considering
groups of Lie type D and %D (see [Mal08], [Spai2], [CS13], [CS17a], [CS17b], [CS19] but also
[Tay18]). The verification of Conjecture [A]for these remaining open cases has been initiated in
[Spa21]] and [Spa23]. In particular, the results of [Spa23|]] complete the verification for the prime
p = 3. As a consequence of these results and of Theorem [B] we obtain the following corollary.

Corollary C. Conjecture[A| holds forp = 2 and p = 3.

The paper is structured as follows: in Section 2 we introduce some preliminary results on character
triples while in Section 3, assuming the inductive McKay condition, we obtain good bijections
for groups whose quotient over the centre is isomorphic to a direct product of non-abelian
simple groups. In the final section we prove Theorem B|by inspecting the structure of a minimal
counterexample.



2 Preliminaries on character triples

Let G be a finite group, N 4 G and ¥ € Irr(N). If ¥ is G-invariant, then (G, N, 9) is a character
triple. We are going to use the partial order relation >. on character triples as defined in [Nav18|
Definition 10.14] and [Spa18| Definition 2.7]. Recall that this definition requires the existence
of a pair of projective representation (P, P’) associated with two character triples (G, N,¥)
and (H, M, ) satisfying certain properties. Whenever we want to specify the choice of the
projective representations we say that (G, N, ) >. (H, M, ¢) via (P,P’) or that (P, P’) gives
(G,N,9) >, (H, M, p). In this case we say that (G, N,?) and (H, M, ) are central isomorphic
character triples. First, we need the following version of [NS14, Theorem 3.14] which shows the
compatibility of the order relation >, with the Clifford correspondence.

Lemma21. Let N <G, G<G H<Gandset M:=NnH, H:==GnH,M:=GnM and
N:=GnN. Assume that G = NH, H = HM and Cg(N) < H. Let 9 € Irr(N) and & € Irr(M)
such that ¥ := 9V € Irr(N), ¢ := M € Irr(M) and (G,N,0) >, (H,M,7). Assume that
induction of characters gives bijections Ind§~: Irr(J | 9) - Ire(J | 9) and Ind§2§ :Irr(Jn H |
@) - Irr(Jn H | @), for every N < J < G where J := Jn G, then (G, N,9) 2. (H, M, ).

Proof. Consider a pair of projective representations (P, P') associated to (G, N, 9) >. (H, M, 7).
Arguing as in the proof of [NS14] Theorem 3.14], we construct the induced projective representa-
tions P := (P)C of G and P’ := (P')H of H associated respectively to 9 and ¢. Then (P, P’) is
associated to (G, N,9) >. (H, M, ). O

Next, we recall that the strong isomorphism of character triples associated to central isomorphic
character triples (see [Spa18, Theorem 2.2] and [Nav18, Theorem 10.13 and Problem 10.4]) is
compatible with the order relation >..

Proposition 2.2. Let (G, N,9) >. (H, M, ) via (P,P"). For N < J < G, consider the associated
Ny (J)-equivariant bijection oy : Trr(J | ¢) — Ire(J n H | @) (see [Spal8, Theorem 2.2 and
Corollary 2.4 (c)]). Then

(NG()y, J,90) 2e (Nu( )y, J 0 H,o5(1)),

for every 1 e Irr(J | ¥).

Proof. By [Spa18, Theorem 2.2] or [Nav18, Theorem 10.13] there exists a projective representation
Q of Jwith N < Ker(Q) such that P;® Q and P’} ;; ® Q j i afford respectively ¢ and 5 (1)). By
[Nav18| Theorem 5.5] there exists a projective representation D of N (J) suchthat D; = P;®Q
and, arguing as in [NS14| p. 707], relying on the proof of [Nav98, Theorem 8.16] we can find
a projective representation Q of N(.J),, satisfying D = PNe(7), ® 0. Set D' := PII\IH(J)w ®

Q\NH(J)ID. Then (D, D’) is associated to (Ng(J)y, J,¥) 2c (Ng(J)y, J 0 H,o5(1)). O

We also need another basic observation that follows directly from the definition of >..

Lemma 2.3. Let (G,N,9) >. (H, M, ). Then (J,N,9) >. (JNnH, M, ), forevery N < J < G.



Given a bijection between characters sets which is compatible with >., we now show how to
obtain another bijection lying over the starting one and with similar compatibility properties. To

do so we apply Lemma 2.1 and Proposition

Proposition 2.4. Let K 4 A and Ay < A such that A = K Ag. For every H < A set Hyp := H n Ag.
Let S c Irr(K) and Sp € Irr(Ky) be Ag-stable subsets and assume there exists an Ag-equivariant
bijection
U:S->38)
such that
(A, K,9) >c (Ao, Ko, U(9)),

for every ) € S. Then, for every K < J < A, there exists an N 4, (.J)-equivariant bijection
O :Irr(J|S) - Irr(Jo | So)
such that
(NA(‘])X7 J7 X) 20 (NA(] (J)X7 J07 (b(X)) b
for every x € Irt(K | S). Moreover, if S € Irry o(K), So € Irryy g(Ko) and N4(Q) < Ay for
some Q) € Syl,,(J), then ® is an N o(Q, J)-equivariant bijection
O :Trry (J|S) = Irry (Jo | So)-

Proof. Consider an N 4, (.J)-transversal S in S and define Sy := {¥(?) | ¥ € S}. Since ¥ is Ap-
equivariant, it follows that Sy is an IN 4, (J)-transversal in Sy. For every 9 € S, with J¢ := U(¥) €
So, we fix a pair of projective representations (P(?), 730(190)) giving (Ay, K,0) > (Aov, Ko, V).
Now, let T be an N 4, (J)-transversal in Irr(.J | S) such that every character y € T lies above a
character ¥ € S (this can be done by the choice of S). Moreover, as A = K Ay, we have J = K Jj
and therefore every y € T lies over a unique ¢ € S by Clifford’s theorem.

For x € T lying over ¢ € S, let ¢ € Irr(Jy | ¥) be the Clifford correspondent of x over ¥. Set ¥y :=
V() € Sy and consider the N 4, (.J)y-equivariant bijection o7, : Irr(Jy | 9) - Irr(Jo 9 | Yo)
induced by our choice of projective representations (73(79), 'Pé%)). Let ¢ := 0,(¢). Since ¥
is Ap-equivariant, we deduce that Jy y = Jy 9, and therefore ®(x) := %fo is irreducible by the
Clifford correspondence. Then, we define

®(x*) =2(x)"

for every x € T and x € N 4,(J). This defines an N 4, (J)-equivariant bijection ¥ : Irr(J | §) —
Irr(Jo | Sp)-

We now prove the statement on character triples. By hypothesis we know that
(A’ﬂa K7 19) 2c (Ao,ﬁa KOa 790)
and Proposition [2.2| implies

(NAqg(J)gm J197 QD) 2c (NAo,ﬁ(J)tpa J0,197 (PO) .



Noticing that N 4,(J), = N4, (J)y and that N4 (J)y = JN 4, (J)y it follows from Lemma 2.1]
that

(NA(J)Xa J, X) 2c (NAO (J)X7 Jo, (I)(X)) :
The last part of the statement follows immediately by Clifford theory. O

The final result of this section allows to construct centrally ordered character triples when dealing
with a situation similar to the one described in Gallagher’s theorem.

Proposition 2.5. Let N < G and H < G withG = NH and set M :== Nn H. Let K 4 G with
K < M and consider a G-invariant ¢ € Irryy (N) such that (i € Trr(K). LetG == G/K, N == N/K,
H:=H|K and M := M|K and suppose that (G, N,X) >. (H, M,1)), for some € Irr,y (N) and
1 € Trryy (M). Then

(G7N7XC) 2c (H»MﬂbCM),

where x € Irr(N) and ) € Trr(M) are the lifts respectively of X and 1).

Proof. Let (P, 7_3,) be a pair or projective representations associated to (G, N,¥) >. (H, M,1))
and consider the corresponding lifts P and P’. Let Q be a projective representation of GG associated
to ¢ as in [Nav18] Definition 5.2]. Then P ® Q and P’ ® Qp are projective representations of G
and H associated respectively to x¢ and ¥¢ys. Since Co(N)K/K < Cgi (IN/K), we conclude
from the assumption that the pair (P ® Q,P' ® Qp) gives (G, N, xC) > (H, M, ¢Cpr). O

3 The inductive condition

Our aim in this section will be to show how to obtain good bijections for groups whose quotient
over the centre is isomorphic to a direct product of (not necessarily isomorphic) non-abelian
simple groups whose universal covering groups satisfy Conjecture[A] This is done in Corollary/[3.4|
which will be the main result of this section. Observe that Corollary [3.4is a slight generalization
of [Nav18| Theorem 10.25] and of [Spa18| Corollary 3.14].

Lemma 3.1. Let S be a non-abelian simple group of order divisible by p and whose universal
covering group satisfies Conjecture [A] for the prime number p. Consider a non-negative integer n and
let X := X" be the universal covering group of S:=S". Let P be a Sylow p-subgroup of X and set
T= Aut(X)P Then, there exists a I -invariant subgroup NX(P) <M < X and aT-equivariant

bijection
Q: Irr,, ()?) — Irryy (]Tf)

such that
(% % T, X,7) 50 (W T, 37,3 (7).

for every ¥ € Trryy (X).

Proof. This is [Spa18, Theorem 3.12]. O



Now, proceeding as the proof of [Nav18| Theorem 10.25] we obtain the following result. Notice
that this is just a version of [Nav18, Theorem 10.25] adapted to the more general case where M
does not need to coincide with the normaliser of a Sylow p-subgroup.

Proposition 3.2. Let K <4 A be finite groups with K = [K, K| and K|Z(K) ~ S™ for a non-
abelian simple group S whose universal covering group satisfies Conjecture[A| Let Py be a Sylow
p-subgroup of K. Then there exists an N 5 (Py)-invariant subgroup N (Py) < M < K, with
M < K whenever Py is not normal in K, and an N 4( Py )-equivariant bijection

Q:Irrp (K) - Irrpr (M)
such that
(Aﬁa K> 19) 2c (MNA(PO)ﬁv M’ Q(ﬁ)) )
for every ¥ € Irryy (K).
Proof. If p divides the order of S then the result follows from the proof of [Nav18| Theorem 10.25]

by applying Lemma [3.1} Furthermore, in this case we have M < K. On the other hand if p does
not divide the order of S then Py 94 Z(K') and the result follows by choosing M = K. O

Finally, we consider the case where K is not necessarily perfect. To do so, we have to deal with
characters of central products (we refer the reader to [IMNO7, Section 5] and [Nav18| Section
10.3] for the relevant notation). First, we need a lemma.

Lemma 3.3. Let (G, N,9) >. (H, M, ) and consider C < C(N). Letv € Irr(C' n N) be the
unique irreducible constituent of Ycnn and wcnn. Then

(NG’(C)ﬂ-wv N - Ca v- ?ﬁ) 2c (NH(C)QOdH M- Ca 2 ¢) )
for every ¢ € Irr(C' | v).

Proof. First recall that C' < C¢(N) < H and observe that N - C and M - C are central products.
By the assumption and applying Proposition 2.2 with J := N - C' we obtain

(NG(C)gup, N - C, 0 +9p) 2e (N (C) (. comp)> M - Cronc(9-9)) -
To conclude, notice that [IMN07, Lemma 5.1] implies that ony.c (¥« ¢) = ¢+ 9. O

We are now ready to prove the main result of this section.

Corollary 3.4. Let K 4 A be finite groups such that K |Z(K) is a direct product of non-abelian
simple groups whose universal covering groups satisfy Conjecture[A| Let Py be a Sylow p-subgroup
of K. Then there exists an N 4 (Py)-invariant subgroup N (Py) < M < K, with M < K whenever
Py is not normal in K, and an N 4( Py)-equivariant bijection

Q:Irry (K) - Iy (M)

such that
(Ay, K,9) 2. (MN g (Po)g, M,Q(0)),

forevery ¥ € Irrpy (K).



Proof. By hypothesis there exist non-isomorphic non-abelian simple groups Si, . . ., S that satisfy
the inductive McKay condition and non-negative integers n1, ..., n, such that K /Z(K) ~ S} x
---x S, Consider the subgroups Z(K) < Ky; < K such that K ;/Z(K) ~ S;" and observe
that K; := [ Ko, Ko] is a perfect normal subgroup of A with K;/Z(K;) ~ S, fori=1,...,¢.
If Ko :=Z(K), then K = Kq-...- K is a central product of the subgroups K; and Z := n’_,K;
satisfies Z = Z([K,K]) = Z(K;),foralli =1,... 0.

Let 9 € Irryy (K) and consider the unique irreducible constituent v € Irr(Z) of 9 z. By [IMNO07,
Lemma 5.1] there exist unique characters ¥; € Irry (K; | v) such that ¥ = Jg - ...+ Set
Qi = Pon K; € Syl (K;) and A; := Na(Q;). By Proposition for every i = 1,...,/, there
exists an A;-invariant subgroup N, (Q;) < M; < K; and a A;-equivariant bijection
Q; : Irry (KG) - Trryy (M)
such that
(Aﬂia Ki7 792) 2c (]\41142,19Z ’ Mi7 Ql(ﬁl)) )

for every ¥; € Irry (K;). For i = 0, set M := K and let Qg be the identity map on Irr(Ky). Now,
the subgroup M := Mj-. .. My is the central product of the M;’s and has the required properties.
Moreover, the map

Q:Irrp (K) — Irrpr (M)
190-...-1% HQQ(’&Q)'...'QK(’L%)

is a well defined N 4 (P )-equivariant bijection. It remains to check the statement on character
triples. To do so, we are going to prove that

(Agge.ps Koo oo Ko, 0o+ o 0g) 2
((Mo«...- Mg)NA(Qo, - -+, Q0)9ge..trys Mo+ ...« My, Qo(D0) + ... - Q(Fe)) (3.1)
by induction on £ > 1. Let £ = 1. By the previous section we know that
(Ay,, K1,91) 2c (M1 A;9,, M1, Q1(01))
and applying Lemma [3.3|with C':= K, we deduce
(Apge9, Ko - K1,90 - 91) 2c (M1 Ay 901, Ko » M1, 90 - Q1(91)),

here we used the fact that Ay,.9, < Ay, N Ay,. Because Ky = My, Qo (Vo) = Jg and M1 A; y,.9, =
(Mo-M71)N 4(Qo, Q1)yg,w9, it follows that holds for ¢ = 1. Consider now ¢ > 1. The inductive
hypothesis yields
(A’l90‘~--"l92_1’K0 oKy q,000 .. ’l9g_1) 2c
((Mo+...» Me-1))NA(Qos- -+, Qu-1) gty 1, Mo .= Me_1,Q0(00) ...+ Q1 (94-1)) -
Noticing that M, < Ky < N4(Qo, - .., Qr-1)v,.....v, and applying Lemmawe deduce
(Aﬁo-.‘.'ﬁgaKO o Ky 99l ’19@) 2c

(Mo~...- My)NA(Qo,-- -, Qe-1)9ge.vy Mo+ ...« My_y - Ky,
Qo(Vo) -+ Qe1(Ve-1) - 90) . (3.2)



On the other hand the fact that
(Av, Ko, 90) 2c (MpAg,, My, Q(9y))

together with Lemma[2.3]implies

(Mo-«...- My))NA(Qo,- -, Qr-1) 9.0, Ko, 0¢) >
(Mo ...« Mo)NA(Qo, - -, Qe)g-...c90 Mo, Qe(D¢)) -

We now apply Lemma[3.3|with C':= My -...- M;_y and ¢ = Qo(Jg) - ...+ Qp_1(J¢_1) to obtain

(Mo-«...- My))NA(Qo,-- -, Qe-1)9ge.v, Mo+ ...« My_y - Ky,
Qo(Vo) -+ Qo1 (Fp-1) - Vp) 2¢
((Mo«...- Mp)NA(Qo, -+, Q0)0ge.tys Mo+ ...+ Mg, Qo(F0) + ...+ Q(Pg)) . (3.3)

Now follows from and (3.3). O

4 The reduction

In this final section we prove Theorem[B] To do so, proceeding as in [NS14} Section 7], we analyse
the structure of a minimal counterexample to Theorem B]

Lemma 4.1. Let G 4 A be a minimal counterexample to Theorem[B with respect to |G : Z(G)|. Let
K 94 A, K <G such that |G : K| < |G : Z(G)| and consider an A-invariant ( € Irrp (K). Then

there exists an N 4 (P)-equivariant bijection
T¢Iy (G| ¢) = Irry (KNg(P) | €)
such that
(Ar;,G,7) 2. (KN4(P)r, KNg(P),Yc(7)),
forevery T e Irrp (G | €).

Proof. Arguing as in the proof of [NS14] Lemma 7.3], by choosing a projective representation of
A associated to ¢ we construct groups P < G < A such that G is a central extension of G/ K and
P is a Sylow p-subgroup of G. Since |G Z(G )| <|G : Z(G)|, the inductive hypothesis yields an

N~ (P)-invariant subgroup N (P) < M < G, with M < G whenever P is not normal in G, and
an N—(P)-equivariant bijection

Q: Irr,, (5) — Irryy (M) (4.1)

which gives central isomorphic character triples. Notice that Conjecture @ also holds for every

G(P) < X < Gsince | X : Z(X)| < |G : Z(G)|. In particular, for X = M we obtain an
MN~(P)-invariant subgroup N7(P) < My < M, with M; < M whenever P is not normal in
M, and an M NZ(?)—equivariant bijection

Q- Irr, (M) — Irryy (Ml)



that gives central isomorphic character triples. Iterating this argument we obtain a sequence
of N (P)-invariant subgroups G > M > My > --- > M; and N(P)-equivariant bijections
bijections

ﬁi . Irrpr (Mifl) nd II'I”pI (M,L)

inducing central isomorphic character triples. By the properties of the subgroups M; we deduce
that there exists some ¢ > 1 such that M; = Nz(P). Then, since the relation >, is transitive,
this argument shows that it is no loss of generality to assume M = Na(ﬁ) in (4.1). We can now
proceed as in the proof of [NS14] Lemma 7.3] by applying [Spa18| Lemma 2.17] and Proposition
[2.5in place of [NS14, Corollary 4.5] and [NS14] Theorem 4.6] respectively. O

Proposition 4.2. Let G 9 A be a minimal counterexample to Theorem|B with respect to |G : Z(G)|.
Let K 9 A, K < G such that |G : K| < |G : Z(G)|. Then there exists an N 4(P)-equivariant
bijection

Tr Ity (G) - Ity (KNG(P))

such that
(ATanT) ZC (KNA(P)TvKNG(P)7TK(T)) )

for every T € Irrpy (G).

Proof. This follows from the proof of [NS14, Proposition 7.4] by replacing [NS14] Theorem 3.14]
and [NS14, Lemma 7.3] respectively with Lemma[2.1]and Lemma O

As an immediate consequence we obtain that, for a minimal counterexample GG, we have G =
KN¢g(P) forany K < Awith K <G and |G : K| < |G : Z(G)).

Corollary 4.3. Let G 9 A be a minimal counterexample to Theorem[B with respect to |G : Z(G)|.
Let K 9 A, K <G such that |G : K| < |G : Z(G)|. Then G = KN¢g(P).

Proof. Suppose that G := KNg(P) is a proper subgroup of G. Then every non-abelian simple
group involved in G is also involved in G} and |Gy : Z(G1)| < |G : Z(G)|. Set A; := KN 4(P).
By the minimality of G we can find an N 4, (P)-equivariant bijection

O : Ity (Gh) = Ity (Ng, (P))
such that
(A1,9,G1,7) 2. (N, (P)g,Ng, (P), 0 (9)),

for every ¥ € Irr,y(G1). Notice that Ng, (P) = Ng(P) and that N4, (P) = N4(P). Then,
applying Proposition [4.2]and composing the obtained bijection with 2; we obtain a contradiction.
This proves that G = KNg(P). O

Next we want to show that, if G is a minimal counterexample and K < A with K < GG such that
K has a Sylow p-subgroup which is central in G, then K < Z(G). To do so we use the following
result.



Theorem 4.4. Let A be a finite group and L, K 4 A such that K < L and L/K is a p-group.
Let P be a p-subgroup of L such that L = KP and Py := P n K < Z(L). Then there exists an

N 4 (P)-equivariant bijection
AP : II“I“pI(L) g II‘l"p/(NL(P))

such that
(Aﬁalﬁﬁ) 2c (NA(P)%NL(P)’AP(ﬂ)) )

for every ¥ € Irrpy (L).

Proof. This follows directly from [NS14] Corollary 5.14]. O

Proposition 4.5. Let G 4 A be a minimal counterexample to Theorem[B with respect to |G : Z(G)|.
Let K < A, K < G and suppose that Py := Pn K < Z(Q). Then K < Z(G).

Proof. For the sake of contradiction assume K ¢ Z(G). Then |G : KZ(G)| < |G : Z(G)|
and Corollary [4.3)implies G = KZ(G)Ng(P) = KNg(P). Recall that A = GN4(P) by the
Frattini argument. Then A = KN 4(P) and the subgroup L := K P is normal in A and satisfies
Py := K n P < Z(L) by hypothesis. Now, Theorem [4.4] yields an N 4 (P)-equivariant bijection

Ap:Irry (L) - Ity (N (P))

such that
(A197L>19) 2c (NA(P)I%NL(P)aAP(’&)) )

for every ¥ € Irry(L). Finally, after noticing that Irr, (G) ¢ Irr(G | Irryy p(L)) and that
Irryy (Ng(P)) € Irr(Ng(P) | Irryy p(INL(P))), we obtain a contradiction by applying Proposi-
tion[2.4. O

We are finally ready to prove Theorem B]

Proof of Theorem[B Suppose, for the sake of a contradiction, that the result fails to hold and
consider a counterexample G 4 A minimal with respect to |G : Z(G)|. By Corollary [4.3|(applied
with K := Z(G)0,(Q)) it follows that O,(G) < Z(G). Furthermore, as O, (G)Z(G) n P <
Z(G), Proposition[4.5]yields O, (G) < Z(G). As a consequence Z(G) = F(G) < F*(G), where
F*(G) = F(G)E(G) is the generalized Fitting subgroup of G which is the product of the Fitting
subgroup F(G) and the layer K := E(G). Observe that P := P n K is a Sylow p-subgroup of
K. Since K ¢ Z(G), Proposition [4.5|shows that Py £ Z(G) and, as Z(K ) < F(G) = Z(G), we
obtain P ¢ Z(K). Now, we can apply Corollary [3.4]and find an N 4(P)-invariant subgroup
Ng(Py) < M < K and an N 4(Fp)-equivariant bijection

Qp :Irrpy (K) = Trrpr (M)

such that
(Ag, K,9) 2. (MN 4(Po)g, M, Qx (99)),
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for every ¥ € Irryy (K). Next, observe that N4(P) < N4(F), that G = KNg(F) by Corol-
lary [4.3| and that Irry(G) ¢ Irr(G | Irry p(K)) and Irryy (MNg(By)) € Ir(MNg(P) |
Irry p(M)). Applying Proposition 2.4 we obtain an N 4 (P)-equivariant bijection

II: Irry (G) = Ity (M NG (P))
such that
(AX7G7X) 2c (MNA(PO)XvMNG(PO)aH(X)) )

for every x € Irry (G). Finally, by the minimality of G, it follows that Theorem [B| holds for
G1 = MNg(Fy) (recall that M < K). Then, if A := MN4(F), there exists an N 4, (P)-
invariant subgroup N¢, (P) < M; < G; and an N 4, (P)-equivariant bijection

A :Trry (Gh) = Ieryy (M)

such that
(A19,G1,9) 2c (MiN4, (P)g, M1, A(Y)),

for every Irry (Gy). Since Ny, (P) = N4(P) and Ng(P) < M; < G < G, the composition of
A and I yields a bijection satisfying the requirement of Conjecture [A]l This is a contradiction and
the proof is now complete. O

References

[CS13] M. Cabanes and B. Spath. Equivariance and extendibility in finite reductive groups with
connected center. Math. Z., 275(3-4):689-713, 2013.

[CS17a] M. Cabanes and B. Spath. Equivariant character correspondences and inductive McKay
condition for type A. 7. Reine Angew. Math., 728:153-194, 2017.

[CS17b] M. Cabanes and B. Spath. Inductive McKay condition for finite simple groups of type
C. Represent. Theory, 21:61-81, 2017.

[CS19] M. Cabanes and B. Spath. Descent equalities and the inductive McKay condition for
types B and E. Adv. Math., 356:106820, 48, 2019.

[Dad97] E.C. Dade. Counting characters in blocks. IL.9. In Representation theory of finite groups
(Columbus, OH, 1995), volume 6 of Ohio State Univ. Math. Res. Inst. Publ,, pages 45-59.
de Gruyter, Berlin, 1997.

[IMNO7] I. M. Isaacs, G. Malle, and G. Navarro. A reduction theorem for the McKay conjecture.
Invent. Math., 170(1):33-101, 2007.

[Mal08] G. Malle. The inductive McKay condition for simple groups not of Lie type. Comm.
Algebra, 36(2):455-463, 2008.

[MS16] G. Malle and B. Spath. Characters of odd degree. Ann. of Math. (2), 184(3):869-908, 2016.
[Nav98] G. Navarro. Characters and blocks of finite groups, volume 250 of London Mathematical
Society Lecture Note Series. Cambridge University Press, Cambridge, 1998.

11



[Nav18]

[NS14]

[Ros22]

[Spai12]

[Spa17]

[Spa18]

[Spi21]

[Spa23]

[Tay18]

G. Navarro. Character theory and the McKay conjecture, volume 175 of Cambridge Studies
in Advanced Mathematics. Cambridge University Press, Cambridge, 2018.

G. Navarro and B. Spath. On Brauer’s height zero conjecture. . Eur. Math. Soc. (FJEMS),
16(4):695-747, 2014.

D. Rossi. Character triple conjecture for p-solvable groups. J. Algebra, 595:165-193,
2022.

B. Spath. Inductive McKay condition in defining characteristic. Bull. Lond. Math. Soc.,
44(3):426-438, 2012.

B. Spith. A reduction theorem for Dade’s projective conjecture. . Eur. Math. Soc. (JEMS),
19(4):1071-1126, 2017.

B. Spéth. Reduction theorems for some global-local conjectures. In Local representation
theory and simple groups, EMS Ser. Lect. Math., pages 23-61. Eur. Math. Soc., Ziirich,
2018.

B. Spith. Extensions of characters in type D and the inductive McKay condtion, L
arXiv:2109.08230, 2021.

B. Spéth. Extensions of characters in type D and the inductive McKay condtion, II. In
preparation, 2023.

J. Taylor. Action of automorphisms on irreducible characters of symplectic groups. 7.
Algebra, 505:211-246, 2018.

DEPARTMENT OF MATHEMATICS, CITY, UNIVERSITY OF LONDON, EC1V 0HB, UNITED
KINGDOM. Email address: damiano.rossi@city.ac.uk

12


mailto:damiano.rossi@city.ac.uk

	Introduction
	Preliminaries on character triples
	The inductive condition
	The reduction

