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ARTICLE INFO ABSTRACT

Keywords: In this work, a three-dimensional (3D) second-order serendipity virtual element method (S-VEM)
Virtual element method is developed for the static and dynamic analysis of hyperelastic materials. The VEM framework
Hyperelasticity

is based on the projection of unknown basis functions onto polynomial spaces, allowing for flex-
ible discretization with arbitrary polyhedral meshes. While most existing VEM formulations for
3D mechanical problems are discretized using first-order formulations, higher-order schemes of-
fer improved precision, especially for nonlinear problems. However, conventional second-order
VEM formulations introduce additional degrees of freedom (DOFs), such as body and surface mo-
ments, which complicate the implementation and reduce computation efficiency. To address this
challenge, we propose a novel 3D second-order serendipity VEM that avoids any extra moment-
related DOFs. This is the first application of a serendipity VEM to 3D static and dynamic problems
in hyperelasticity. Furthermore, by integrating advanced mesh generation techniques, the pro-
posed method enables hybrid simulations that combine second-order serendipity VEM and FEM
to efficiently handle complex geometries.

Dynamic analysis

1. Introduction

Hyperelastic materials, which exhibit nonlinear elastic behavior under finite deformations, are widely used in engineering and
biomedical applications, such as soft robotics, elastomers, and biological tissues. Accurate simulation of the mechanical behavior under
large strains is essential in the design and analysis of hyperelastic materials. Basically, there are two types of hyperelastic problems
we considered: quasi-static problems and dynamic problems. Compared to the quasi-static problems, dynamic hyperelasticity further
considers inertial effects, enabling the prediction of time-dependent responses.

Over the past decades, various numerical techniques have been developed for the hyperelasticity. Among them, the finite element
method (FEM) has been the most widely used approach for both quasi-static and dynamic problems involving hyperelastic mate-
rials [1-3]. However, FEM often suffers from mesh distortion when dealing with large deformations, leading to reduced accuracy
or numerical instability. Meshless methods, such as the smoothed particle hydrodynamics (SPH) [4-6] has been proposed to over-
come this limitation. Nevertheless, SPH methods also exhibit their own forms of numerical instability. In addition, other advanced
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$k=1$


$H^1$


$k=10$


$\bm {\varphi }$


$\Omega _0$


$\Omega _t$


\begin {align}\bm {\varphi }:\Omega _0 \rightarrow \Omega _t,\quad \bm {X} \mapsto \bm {x}= \bm {\varphi }(\bm {X}),\quad \forall X\in \Omega _0, t\geq 0, \label {Xeqn1-1}\end {align}


$\bm {x}$


$\bm {X}$


$\bm {u}$


$\bm {u} = \bm {x} - \bm {X}$


$\bm {F}$


\begin {align}\bm {F} = \frac {\partial \bm {x}}{\partial \bm {X}}. \label {Xeqn2-2}\end {align}


$\bm {E}$


\begin {align}\label {p08.s2.E} \bm {E} = \frac {1}{2} (\bm {C} - \bm {I}),\end {align}


$\bm {I}$


$\bm {C}$


\begin {align}\bm {C} = \bm {F}^T \cdot \bm {F}. \label {Xeqn4-4}\end {align}


\begin {align}\nabla \cdot \bm {P} + \bar {\bm {f}} = \bm {0}, \label {Xeqn5-5}\end {align}


$\bm {P}$


$\bar {\bm {f}}$


\begin {align}\bm {u} = \bm {u}_0, \quad \bm {x} \in \Gamma _D, \label {Xeqn6-6}\end {align}


\begin {align}\bm {P}\cdot \bm {N} = \bar {\bm {t}}, \quad \bm {x} \in \Gamma _N, \label {Xeqn7-7}\end {align}


$\bm {u}_0$


$\bar {\bm {t}}$


$\Gamma _D$


$\Gamma _N$


$\Psi (\bm {C})$


\begin {align}\Psi = \frac {\mu }{2}(I_{1} - 3) - \mu \ln J + \frac {\lambda }{2}(\ln J)^2, \label {Xeqn8-8}\end {align}


$\mu $


$\lambda $


$I_1 = \text {tr}(\bm {C})$


$J$


$\bm {F}$


$\bm {S}$


\begin {align}\label {p08.s2.S} \begin {aligned} \bm {S} &=2\frac {\partial \Psi }{\partial \bm {C}} = \mu \bm {I}-2\mu \frac {1}{J}\frac {\partial J}{\partial \bm {C}}+2\lambda \left (\ln J\right )\frac {1}{J}\frac {\partial J}{\partial \bm {C}}\\ &=\mu \left (\bm {I}-\bm {C}^{-1}\right )+\lambda \left (\ln J\right )\bm {C}^{-1}. \end {aligned}\end {align}


$\bm {\mathcal {D}}$


\begin {align}\label {p08.s2.D} \bm {\mathcal {D}} =2\frac {\partial \bm {S}}{\partial \bm {C}} = \lambda \bm {C}^{-1}\otimes \bm {C}^{-1}+2\left (\mu -\lambda \ln J\right )\bm {\mathcal {L}},\end {align}


\begin {align}\mathcal {L}_{IJKL} = -\frac {\partial \left (\bm {C}^{-1}\right )_{IJ}}{\partial C_{KL}} = \frac {1}{2}\left [\left (\bm {C}^{-1}\right )_{IK}\left (\bm {C}^{-1}\right )_{JL}+\left (\bm {C}^{-1}\right )_{IL}\left (\bm {C}^{-1}\right )_{JK}\right ]. \label {Xeqn11-11}\end {align}


\begin {align}\label {p08.s2.3.eq1} U(\bm {u}) = \int _\Omega \left [\Psi (\bm {u})-\bar {\bm {f}}\cdot \bm {u}\right ]\ud \Omega _0- \int _{\Gamma _N}\bar {\bm {t}}\cdot \bm {u}\ud \Gamma _0.\end {align}


\begin {align}\label {p08.s2.3.eq2} \delta U(\bm {u}) = \int _\Omega \left [\frac {\partial \Psi (\bm {u})}{\partial \bm {F}}:\delta \bm {F}-\bar {\bm {f}}\cdot \delta \bm {u}\right ]\ud \Omega _0 -\int _{\Gamma _N}\bar {\bm {t}}\cdot \delta \bm {u}\ud \Gamma _0=0.\end {align}


$\bm {S} = \bm {F}^{-1}\cdot \bm {P}$


\begin {align}\delta U(\bm {u}) =\int _\Omega \left [\bm {S}:\delta \bm {E}-\bar {\bm {f}}\cdot \delta \bm {u}\right ]\ud \Omega _0 -\int _{\Gamma _N}\bar {\bm {t}}\cdot \delta \bm {u}\ud \Gamma _0=0. \label {Xeqn14-14}\end {align}


\begin {align}\label {p08.s2.3.bilinear} a(\bm {u},\delta \bm {u}) = \bm {f}(\delta \bm {u}),\end {align}


\begin {align}\label {p08.s2.3.bilinear2} a(\bm {u},\delta \bm {u}) = \int _\Omega \bm {S}:\delta \bm {E}\ud \Omega _0,\end {align}


\begin {align}\bm {f}(\delta \bm {u}) = \int _\Omega \bar {\bm {f}}\cdot \delta \bm {u}\ud \Omega _0 + \int _{\Gamma _N}\bar {\bm {t}}\cdot \delta \bm {u}\ud \Gamma _0. \label {Xeqn17-17}\end {align}


$T$


\begin {align}T = \int _\Omega \frac {1}{2} \rho \dot {\bm {u}} \cdot \dot {\bm {u}} \ud \Omega _0, \label {Xeqn18-18}\end {align}


$\rho $


$\dot {\bm {u}}$


\begin {align}\Pi = \int _{t_0}^{t_1} \left [T - U\right ] \ud t\rightarrow STAT, \label {Xeqn19-19}\end {align}


$\Pi $


\begin {align}\delta \Pi = \int _{t_0}^{t_1} \left [\delta T - \delta U\right ] \ud t = 0. \label {Xeqn20-20}\end {align}


\begin {align}\label {p08.s2.4.dynamic} \int _\Omega \rho \ddot {\bm {u}} \cdot \delta \bm {u} \ud \Omega _0 + \int _\Omega \bm {S} : \delta \bm {E} \ud \Omega _0 = \int _\Omega \bar {\bm {f}} \cdot \delta \bm {u} \ud \Omega _0 + \int _{\Gamma _N} \bar {\bm {t}} \cdot \delta \bm {u} \ud \Gamma _0.\end {align}


$\Omega _h$


$\Omega $


$E$


$F=\partial E$


$e$


$v$


$k=2$


$\mathcal {V}_k(E)$


\begin {align}\label {p08.s3.1.projection} \Pi _k^\nabla :\mathcal {V}_k(E)\rightarrow \mathbb {P}_k(E), v\mapsto \Pi _k^\nabla v,\end {align}


$\Pi _k^\nabla $


$\mathbb {P}_k(E)$


$k$


$E$


$E$


\begin {align}\mathcal {V}_k(E):=\left \{ v\in \mathcal {H}_1:v|_{\partial E}\in \mathcal {B}(\partial E),\Delta v\in \mathbb {P}_{k-2} \right \}, \label {Xeqn23-23}\end {align}


$\mathcal {B}(\partial E)$


$F$


$\mathcal {V}_k(E)$


$v_p$


$E$


$k-1$


$e$


$E$


$F$


$E$


$k-2$


\begin {align}\label {p08.s3.dof1} \frac {1}{|F|}\int _F v p_{k-2}^F\ud \Omega _F,\quad \forall p_{k-2}^F\in {\mathbb {P}}_{k-2}(F),\quad \forall \text {face} \, F\in \partial E;\end {align}


$k-2$


\begin {align}\label {p08.s3.dof2} \frac {1}{|E|}\int _E{v} {p}_{k-2}\ud \Omega ,\quad \forall {p}_{k-2}\in {\mathbb {P}}_{k-2}(E).\end {align}


$k=1$


$v_p$


$k=1$


$k=2$


$k=1$


$k=2$


$E\in \Omega _h$


$\Pi _k^\nabla $


\begin {align}\label {p08.s3.orthogonality} \left \{ \begin {aligned} &\int _E\nabla \Pi _k^\nabla v\cdot \nabla p_k\ud \Omega = \int _E\nabla v\cdot \nabla p_k\ud \Omega , \quad \forall p_k\in \mathbb {P}_k(E)\\ &\int _E\Pi _k^\nabla v \ud \Omega = \int _E v \ud \Omega . \end {aligned} \right .\end {align}


\begin {align}\label {p08.s3.orthogonality2} \int _E\nabla \Pi _k^\nabla v\cdot \nabla p_k\ud \Omega = -\int _E v\Delta p_k\ud \Omega +\sum _{F\in \partial E}\int _{F}v\frac {\partial p_k}{\partial \bm {n}_F}\ud \Gamma , \quad \forall p_k\in \mathbb {P}_k(E),\end {align}


$\bm {n}_F$


$F$


$F$


$(\xi _F,\eta _F)$


$\Pi _{k,F}^\nabla $


$F$


\begin {align}\label {p08.s3.orthogonality2D} \left \{ \begin {aligned} &\int _F\nabla \Pi _{k,F}^\nabla v\cdot \nabla p_k\ud \Gamma = \int _F\nabla v\cdot \nabla p_k\ud \Gamma , \quad \forall p_k\in \mathbb {P}_k(E)\\ &\int _F\Pi _{k,F}^\nabla v \ud \Omega = \int _E v \ud \Gamma . \end {aligned} \right .\end {align}


\begin {align}\int _{\partial E}v\frac {\partial p_k}{\partial \bm {n}_F}\ud \Gamma = \sum _{F\in \partial E}\int _{F}\left (\Pi _{k,F}^\nabla v\right )\frac {\partial p_k}{\partial \bm {n}_F}\ud \Gamma . \label {Xeqn29-29}\end {align}


$L^2$


$\Pi _k^\nabla $


$\Pi _k^\nabla $


\begin {align}\Pi _{k,F}^S:\mathcal {V}_k(F)\rightarrow \mathbb {P}_k(F), v\mapsto \Pi _{k,F}^S v, \label {Xeqn30-30}\end {align}


$\mathcal {V}_k(F)$


$F$


$\beta _F$


$\beta _F :=k-\eta ^F$


$\eta ^F$


$F$


$\eta ^F\geq 3$


$k=2$


$F$


$k=2$


$\Pi _{k,F}^S$


\begin {align}\label {p08.s4.projection} \int _{\partial F}\Pi _{k,F}^Sv p\ud \Gamma = \int _{\partial F}v p\ud \Gamma \quad \forall p\in \mathbb {P}_k(F).\end {align}


$\bm {\phi }$


$\mathcal {V}_k^S(F)$


$\bm {m}$


$\mathbb {P}_k$


\begin {align}\int _{\partial F}\bm {m}\bm {m}^T\ud \Gamma \bm {\Pi }_{k,F}^{S*} = \int _{\partial F}\bm {m}\bm {\phi }^T\ud \Gamma \Rightarrow \bm {H}_{edge}\bm {\Pi }_{k,F}^{S*} = \bm {C}_{edge}, \label {Xeqn32-32}\end {align}


$\bm {\Pi }_{k,F}^{S*}$


\begin {align}\bm {H}_{edge}:=\int _{\partial F}\bm {m}\bm {m}^T\ud \Gamma ,\quad \bm {C}_{edge}:=\int _{\partial F}\bm {m}\bm {\phi }^T\ud \Gamma . \label {Xeqn33-33}\end {align}


$e$


\begin {align}\bm {\Pi }_{k,F}^{S*} = \bm {H}_{edge}^{-1}\bm {C}_{edge}. \label {Xeqn34-34}\end {align}


$\Pi _{k,F}^S$


$\Pi _k^\nabla (E)$


\begin {align}\mathcal {B}_k^S(\partial E):=\left \{v\in C^0(\partial E): v|_F\in \mathcal {V}_k^S(F),\quad \forall F\in \partial E\right \}. \label {Xeqn35-35}\end {align}


$\mathcal {V}_k^S(F)$


$k$


$\partial F$


$F$


$E$


$\Pi _k^\nabla $


$v$


$\mathbb {P}_k(E)$


\begin {align}\mathcal {V}_k^S(E):=\left \{ v\in \mathcal {H}_1:v|_{\partial E}\in \mathcal {B}_k^S(\partial E),\Delta v\in \mathbb {P}_{k-2} \right \}. \label {Xeqn36-36}\end {align}


$\Pi _k^{\nabla S}$


\begin {align}\label {p08.s4.2.projection} \left \{ \begin {aligned} &\int _E\nabla \Pi _k^{\nabla S} v\cdot \nabla p_k\ud \Omega = \int _E\nabla v\cdot \nabla p_k\ud \Omega , \quad \forall p_k\in \mathbb {P}_k(E)\\ &\int _E\Pi _k^{\nabla S} v \ud \Omega = \int _E v \ud \Omega . \end {aligned} \right .\end {align}


$\Pi _k^\nabla $


$\Pi _k^{\nabla S}$


\begin {align}\label {eq:id:new} \begin {aligned} \int _E\nabla \Pi _k^{\nabla S} v\cdot \nabla p_k\ud \Omega = -\int _E v\Delta p_k\ud \Omega +\sum _{F\in \partial E}\int _{F}\left (\Pi _{k,F}^S v\right )\frac {\partial p_k}{\partial \bm {n}_F}\ud \Gamma . \end {aligned}\end {align}


$\mathcal {V}_k^S(E)$


$v_p$


$E$


$k-1$


$e$


$F\in \partial E$


$k-2$


\begin {align}\label {p08.s4.dof1} \frac {1}{|E|}\int _E{v} {p}_{k-2}\ud \Omega ,\quad \forall {p}_{k-2}\in {\mathbb {P}}_{k-2}(E).\end {align}


$k$


$k-\eta ^F$


\begin {align}\frac {1}{|F|}\int _E{v} {p}_{k-\eta ^F}\ud \Omega ,\quad \forall {p}_{k-\eta ^F}\in {\mathbb {P}}_{k-\eta ^F}(F)\quad \forall F\in \partial E, \label {Xeqn40-40}\end {align}


$\eta ^F$


$F$


$\eta ^F\geq 3$


$k=2$


$\bm {\Pi }_{k,E}^{\nabla S*}$


\begin {align}\label {p08.s4.GBcon} \left \{ \begin {aligned} &\bm {G}\bm {\Pi }_{k,E}^{\nabla S*} = \bm {B}\\ &\int _E\bm {m}^T\ud \Omega \bm {\Pi }_{k,E}^{\nabla S*} = \int _E\bm {\phi }^T\ud \Omega , \end {aligned} \right .\end {align}


\begin {align}\label {p08.s4.G} \bm {G} = \int _E\nabla \bm {m}\cdot \nabla \bm {m}^T\ud \Omega ,\end {align}


\begin {align}\label {p08.s4.B} \bm {B} = -\int _E\Delta \bm {m}\cdot \bm {\phi }^T\ud \Omega +\sum _{F\subset \partial E}\int _{F}\left (\nabla \bm {m}\cdot \bm {n}_F\right )\bm {m}_F^T\ud \Gamma \bm {\Pi }_{k,F}^{\nabla S*}.\end {align}


$k-2$


$k=2$


$\Pi _{k,E}^S$


\begin {align}\label {p08.s4.2.projection2} \int _{\partial E}\Pi _{k,E}^Sv p\ud \Gamma = \int _{\partial E}v p\ud \Gamma ,\quad \forall p\in \mathbb {P}_k(E).\end {align}


$k=2$


$k$


$\bm {\Pi }_{k,E}^{S*}$


\begin {align}\int _{\partial E}\bm {m}\bm {m}^T\ud \Gamma \bm {\Pi }_{k,E}^{S*} = \int _{\partial E}\bm {m}\bm {\phi }^T\ud \Gamma \Rightarrow \bm {H}_{face}\bm {\Pi }_{k,E}^{S*} = \bm {C}_{face}, \label {Xeqn45-45}\end {align}


$k=2$


$v_p$


$E$


$k-1$


$e$


$F\in \partial E$


$\Pi _{k,E}^S$


$\Pi _{k,E}^{\nabla S*}$


$k=2$


$\Pi _{k,E}^{\nabla S}$


$\bm {\Pi }_{k,E}^{\nabla S}$


\begin {align}\label {p08.s5.1.virtualWork} \mathcal {W} = \int _{\Omega }\delta \bm {E}:\bm {S}\ud \Omega _0,\end {align}


\begin {align}\label {p08.s5.internal1} \Delta \mathcal {W} = \int _{\Omega }\delta \bm {E}:\Delta \bm {S}\,\ud \Omega _0 +\int _{\Omega }\Delta \left (\delta \bm {E}\right ):\bm {S}\ud \Omega _0.\end {align}


$\bm {E}$


$\bm {S}$


\begin {align}\label {p08.s5.1.internal2} \begin {aligned} \Delta \mathcal {W} &= \int _{\Omega }\delta \bm {E}:\Delta \bm {S}\ud \Omega _0+\int _{\Omega }\bm {S}:\left (\delta \bm {D}^T\cdot \Delta \bm {D}\right )\ud \Omega _0\\ &=\int _{\Omega }\delta \bm {E}:\bm {\mathcal {D}}:\Delta \bm {E}\ud \Omega _0+\int _{\Omega }\bm {S}:\left (\delta \bm {D}^T\cdot \Delta \bm {D}\right )\ud \Omega _0, \end {aligned}\end {align}


$\bm {\mathcal {D}}$


$\bm {D} = \frac {\partial \bm {u}}{\partial \bm {X}}$


\begin {align}\bm {S}:\left (\delta \bm {D}^T\cdot \Delta \bm {D}\right ) = \delta \bm {\theta }^T\cdot \bm {\mathcal {I}}\cdot \Delta \bm {\theta }, \label {Xeqn49-49}\end {align}


\begin {align}\label {p08.s5.1.theta} \bm {\theta } = \begin {bmatrix} \frac {\partial u}{\partial X} & \frac {\partial u}{\partial Y}& \frac {\partial u}{\partial Z} & \frac {\partial v}{\partial X} & \frac {\partial v}{\partial Y}& \frac {\partial v}{\partial Z} & \frac {\partial w}{\partial X} & \frac {\partial w}{\partial Y}& \frac {\partial w}{\partial Z} \end {bmatrix}^T,\quad \bm {\mathcal {I}} = \text {diag}(\bm {S},\bm {S},\bm {S}).\end {align}


\begin {align}\label {p08.s5.1.internal3} \Delta \mathcal {W} =\int _{\Omega }\delta \bm {\theta }^T\cdot \left (\bm {A}^T\cdot \hat {\bm {\mathcal {D}}} \cdot \bm {A}+\bm {\mathcal {I}}\right )\cdot \Delta \bm {\theta } \ud \Omega _0,\end {align}


$\hat {\bm {\mathcal {D}}}$


$\bm {\mathcal {D}}$


$\bm {A}$


\begin {align}\bm {A} = \begin {bmatrix} F_{11} & 0 & 0 & F_{21} & 0 & 0 &F_{31} & 0 & 0\\ 0 & F_{12} & 0 & 0 & F_{22} & 0 & 0 & F_{32} & 0 \\ 0 & 0 & F_{13} & 0 & 0 & F_{23} & 0 & 0 & F_{33} \\ F_{12} &F_{11}& 0 & F_{22} &F_{21}& 0 & F_{32} &F_{31}& 0 \\ 0 & F_{13} & F_{12} & 0 & F_{23} & F_{22} & 0 & F_{33} & F_{32} \\ F_{13} &0& F_{11} & F_{23} &0& F_{21} & F_{33} &0& F_{31} \end {bmatrix}. \label {Xeqn52-52}\end {align}


$\Pi _{k,E}^S$


$\bm {u}=[u_x,u_y,u_z]^T$


\begin {align}\Pi ^{\nabla S}_{k,\bm {u}}:\bm {\mathcal {V}}_k(E)\rightarrow \left (\mathbb {P}_k(E)\right )^3,\quad \bm {v}\mapsto {\Pi }^{\nabla S}_{k,\bm {u}}\bm {v}. \label {Xeqn53-53}\end {align}


$\Pi ^{\nabla S}_{k,\bm {u}}$


$\Pi ^{\nabla S}_{k,\bm {u}} = \Pi ^{\nabla S}_{k}\otimes \mathbb {I}_3$


$\Pi ^{\nabla S}_{k}$


$\mathbb {I}_3$


$3\times 3$


$\otimes $


$\bm {u}$


$\Pi _{k,\bm {u}}^{\nabla S}\bm {u}_h$


$\bm {u}_h-\Pi _{k,\bm {u}}^{\nabla S}\bm {u}_h$


\begin {align}\label {p08.s5.2.anstaz} \bm {u}_h = \Pi _{k,\bm {u}}^{\nabla S}\bm {u}_h + \left (\bm {u}_h-\Pi _{k,\bm {u}}^{\nabla S}\bm {u}_h\right ).\end {align}


\begin {align}\label {p08.s5.2.uh} \begin {aligned} \bm {u}_h &= \bm {\phi }_{\bm {u}}^T\bm {\Pi }_{k,\bm {u}}^{\nabla S}\tilde {\bm {u}}_h +\bm {\phi }_{\bm {u}}^T\left ( \bm {I}_K-\bm {\Pi }_{k,\bm {u}}^{\nabla S} \right )\tilde {\bm {u}}_h\\ &= \bm {m}_{\bm {u}}^T\bm {\Pi }_{k,\bm {u}}^{\nabla S*}\tilde {\bm {u}}_h +\bm {\phi }_{\bm {u}}^T\left ( \bm {I}_K-\bm {\Pi }_{k,\bm {u}}^{\nabla S*} \right )\tilde {\bm {u}}_h, \end {aligned}\end {align}


$\bm {\phi }_{\bm {u}}$


$\bm {m}_{\bm {u}}$


$\bm {\mathcal {V}}_k(E)$


$\left (\mathbb {P}_k(E)\right )^3$


$\bm {I}_K$


$E$


$\tilde {\bm {u}}$


$\bm {\theta }_h$


\begin {align}\label {p08.s5.2.theta} \bm {\theta }_h = \nabla \bm {m}_{\bm {u}}^T\bm {\Pi }_{k,\bm {u}}^{\nabla S*}\tilde {\bm {u}}_h +\nabla \bm {\phi }_{\bm {u}}^T\left ( \bm {I}_K-\bm {\Pi }_{k,\bm {u}}^{\nabla S*} \right )\tilde {\bm {u}}_h.\end {align}


\begin {align}\begin {aligned} \Delta \mathcal {W} &= \delta \tilde {\bm {u}}_h^T\left (\bm {\Pi }_{k,\bm {u}}^{\nabla S*}\right )^T \int _{\Omega }\nabla \bm {m}_{\bm {u}}\left (\bm {A}^T\cdot \hat {\bm {\mathcal {D}}}\cdot \bm {A}+\bm {\mathcal {I}}\right )\nabla \bm {m}_{\bm {u}}^T\ud \Omega _0\bm {\Pi }_{k,\bm {u}}^{\nabla S*} \Delta \tilde {\bm {u}}_h\\ &\quad + \delta \tilde {\bm {u}}^T\left (\bm {I}_K-\bm {\Pi }_{k,\bm {u}}^{\nabla S*}\right )^T \int _{\Omega }\nabla \bm {\phi }_{\bm {u}}\left (\bm {A}^T\cdot \hat {\bm {\mathcal {D}}}\cdot \bm {A}+\bm {\mathcal {I}}\right )\nabla \bm {\phi }_{\bm {u}}^T\ud \Omega _0 \left (\bm {I}_K-\bm {\Pi }_{k,\bm {u}}^{\nabla S*}\right ) \Delta \tilde {\bm {u}}. \end {aligned} \label {Xeqn57-57}\end {align}


\begin {align}\bm {K} = \bm {K}_c+\bm {K}_s, \label {Xeqn58-58}\end {align}


\begin {align}\bm {K}_c = \left (\bm {\Pi }_{k,\bm {u}}^{\nabla S*}\right )^T \int _{\Omega }\nabla \bm {m}_{\bm {u}}\left (\bm {A}^T\cdot \hat {\bm {\mathcal {D}}}\cdot \bm {A}+\bm {\mathcal {I}}\right )\nabla \bm {m}_{\bm {u}}^T\ud \Omega _0\bm {\Pi }_{k,\bm {u}}^{\nabla S*} \label {Xeqn59-59}\end {align}


\begin {align}\bm {K}_s = \left (\bm {I}_K-\bm {\Pi }_{k,\bm {u}}^{\nabla S*}\right )^T \int _{\Omega }\nabla \bm {\phi }_{\bm {u}}\left (\bm {A}^T\cdot \hat {\bm {\mathcal {D}}}\cdot \bm {A}+\bm {\mathcal {I}}\right )\nabla \bm {\phi }_{\bm {u}}^T\ud \Omega _0 \left (\bm {I}_K-\bm {\Pi }_{k,\bm {u}}^{\nabla S*}\right ). \label {Xeqn60-60}\end {align}


$\bm {K}_s$


$\bm {\phi }_{\bm {u}}$


$\int _{V_0}\nabla \phi _{\bm {u}}\nabla \phi _{\bm {u}}^T\approx \mathcal {O}(1)$


\begin {align}\bm {K}_s = \alpha \left (\bm {I}_K-\bm {\Pi }_{k,\bm {u}}^{\nabla S}\right )^T \left (\bm {I}_K-\bm {\Pi }_{k,\bm {u}}^{\nabla S}\right ), \label {Xeqn61-61}\end {align}


$\alpha $


$\alpha $


$\alpha $


$\alpha $


\begin {align}\label {p08.s5.2.alpha} \alpha =\frac {1}{d^2}\text {tr}\left (\hat {\bm {\mathcal {D}}}\right ) = \frac {4}{9}\text {tr}(\frac {\partial ^2\Psi }{\partial \bm {C}\partial \bm {C}}), \quad d=3.\end {align}


\begin {align}\bm {F}_{\text {int}} = \left (\bm {\Pi }_{k,\bm {u}}^{\nabla S*}\right )^T\int _{V_0}\nabla \bm {m}_{\bm {u}}\bm {A}^T\hat {\bm {S}}\ud V_0+\bm {F}_{\text {int}}^s, \label {Xeqn63-63}\end {align}


$\hat {\bm {S}}$
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\begin {align}\bm {F}_{\text {int}}^s = \bm {K}_s\bm {U}_t. \label {Xeqn64-64}\end {align}


\begin {align}\bm {M} = \rho \left (\bm {\Pi }_{k,\bm {u}}^{\nabla S*}\right )^T\int _{\Omega }\bm {m}_{\bm {u}}\bm {m}_{\bm {u}}^T\ud \Omega _0\bm {\Pi }_{k,\bm {u}}^{\nabla S*} +\bm {M}_s, \label {Xeqn65-65}\end {align}
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\begin {align}\bm {M}_s = \rho |E|\left (\bm {I}_K-\bm {\Pi }_{k,\bm {u}}^{\nabla S}\right )^T \left (\bm {I}_K-\bm {\Pi }_{k,\bm {u}}^{\nabla S}\right ), \label {Xeqn66-66}\end {align}
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\begin {align}\bm {M}\ddot {\bm {u}}_{(t+\Delta t)}+\bm {K}_{(t)}\bm {u} = \bm {F}_{(t+\Delta t)}-\bm {F}_{\text {int},(t)}. \label {Xeqn67-67}\end {align}


\begin {align}\begin {aligned} \left (\bm {K}_{(t)}+\frac {1}{\beta \Delta t^2}\bm {M}\right )\Delta \bm {u}_{(t)} = \bm {F}_{(t+\Delta t)}-\bm {F}_{\text {int},(t)}-\bm {F}_{\text {dyna}}, \end {aligned} \label {Xeqn68-68}\end {align}


\begin {align}\bm {F}_{\text {dyna}} = \bm {M}\left [\frac {1}{\beta \Delta t^2}\left (\bm {u}_{(t+\Delta t)}-\bm {u}_{(t)}\right ) -\frac {1}{\beta \Delta t}\dot {\bm {u}}_{(t)}-\left (\frac {1}{2\beta }-1\right )\ddot {\bm {u}}_{(t)}\right ]. \label {Xeqn69-69}\end {align}


\begin {align}\begin {aligned} \ddot {\bm {u}}_{(t+\Delta t)} = \frac {1}{\beta (\Delta t)^2}\left [\bm {u}_{(t+\Delta t)}-\bm {u}_{(t)}-\dot {\bm {u}}_{(t)}\Delta t -\left (\frac {1}{2}-\beta \right )(\Delta t)^2\ddot {\bm {u}}_{(t)}\right ], \end {aligned} \label {Xeqn70-70}\end {align}


\begin {align}\dot {\bm {u}}_{(t+\Delta t)} = \dot {\bm {u}}_{(t)}+\left [(1-\gamma )\ddot {\bm {u}}_{(t)}+\gamma \ddot {\bm {u}}_{(t+\Delta t)}\right ]\Delta t, \label {Xeqn71-71}\end {align}
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discretization techniques such as isogeometric analysis (IGA) [7] have been explored to improve robustness and accuracy in the
simulation of hyperelastic materials.

The virtual element method (VEM) [8,9] is a modern generalization of the FEM that enables the use of arbitrary polygonal and
polyhedral meshes while offering excellent numerical stability. Different from the traditional polygonal FEM, VEM uses a projection
operator from the virtual element space to a polynomial space to define the basis functions. This projection is fully defined by the
degrees of freedom located on the element boundaries, allowing for great flexibility in mesh design and element shape. The VEM
has been successfully applied to various engineering problems, such as hyperelastic materials at finite deformations [10-13], contact
problems [14-17], phase field fractural mechanics [18-20], and finite elastoplastic deformations [21-23]. In addition, the VEM has
been extended to the elastodynamics problems [24-27]. A review of VEM and associated code can be found in the references [28-30].

So far, most of the three-dimensional VEMs for nonlinear problems are based on the first-order anstaz functions (k = 1). However,
the first-order VEM has some limitations in terms of accuracy and convergence rate, especially for incompressible problems or shear
and bending-dominated problems [23]. Second-order formulations can significantly improve the accuracy and convergence of VEM,
especially for problems with incompressible materials or bending-dominated problems. Limiting the discussion to H'-conforming
elliptic problems, up to now, high-order three-dimensionalVEMs have been proposed with a high-order polynomial degree (up to
k = 10) [31-33] for the Poisson equation. But there are only a few second-order three-dimensional virtual element formulations for
linear elastic problems and hyperelastic problems, see [34,35].

Within second-order VEM, the face moments and volume moments are introduced as additional degrees of freedoms for the
calculation of the projection operator. As a result, the number of degrees of freedom increases significantly compared to the first-
order VEM, leading to higher computational cost and implementation complexity. In this work, serendipity elements [36-38] will be
constructed which delete the moment degrees of freedom on the surface and in the body, thereby reducing the degrees of freedom.
Then the serendipity VEM (S-VEM) will be applied to the three-dimensional hyperelasticity problems. To the best of our knowledge,
this work presents the first application of a three-dimensional S-VEM to nonlinear elastic problems, including both quasi-static and
dynamic analyses of hyperelastic materials.

Due to its compatibility with arbitrary polygonal and polyhedral elements, the VEM is particularly well-suited for simulations
involving complex geometries. The grid-based trimmed hexahedral (TH) meshing algorithm is a powerful tool for generating polyhe-
dral and hexahedral-dominant meshes in such cases. For this hexahedron-polyhedron hybrid grid, hybrid VEM-FEM formulation can
be employed to improve the accuracy and efficiency of complex geometric structures. In three-dimensional settings, the elimination
of face moments enables the second-order serendipity VEM to be coupled with the second-order serendipity FEM (Q20).

The paper is organized as follows. Section 2 introduces the governing equations of hyperelasticity, including the balance laws,
constitutive models, and the variational formulation. Section 3 provides a brief overview of the classical second-order VEM. The
construction of the S-VEM is presented in Section 4. In Section 5, the discrete bilinear form of the S-VEM is derived for quasi-static
hyperelastic problems. Section 6 extends the formulation to dynamic hyperelasticity, detailing the discretization of the dynamic
equilibrium equations and the adopted time integration scheme. Then some mesh generation techniques and VEM-FEM hybrid format
will be introduced in Section 7. Numerical examples, including both quasi-static and dynamic simulations, are provided in Section 8 to
demonstrate the performance of the proposed method. Finally, conclusions and potential future directions are discussed in Section 9.

2. Equations of elastic mechanics
2.1. Governing equations

Hyperelastic materials are a type of material that exhibits nonlinear elastic behavior under finite deformation. As shown in Fig. 1,
we assume the existence of a function ¢ which characterizes the motion of a body from the reference configuration € to the current
configuration Q,, we have

p:Q—-Q, Xrpax=pX) VXeQ)r>0, 1)

where « is the current position and X is the reference position of a material point. The displacement field « can be defined as
u = x — X. The deformation of a body can be described by the deformation gradient F' as

ox
F=—. 2
0X 2

As a strain measure, the Green-Lagrange strain tensor E is used
E=3C-D, 3)
where I is the second order identity tensor. Here, the right Cauchy-Green deformation tensor C is defined as
Cc=F".F. Q)
In the static equilibrium state, the balance of linear momentum can be expressed as
V-P+f=0, (5)

where P is the first Piola-Kirchhoff stress tensor, and f is the body force per unit volume. The Dirichlet and Neumann boundary
conditions are given as

u=1uy x€lp, (6)
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Fig. 1. Deformation of a body in the reference configuration and the current configuration.

P.-N=f wmcly, @)

where w, is the prescribed displacement, ¢ is the prescribed traction, I', and I'; are the Dirichlet and the Neumann boundary,
respectively.

2.2. Constitutive model

The mechanical behavior of hyperelastic materials is described by the strain energy density ¥(C). In this work, a compressible
Non-Hookean material is selected

g = g(ll —3)—;41nJ+§(an)2, @)

where y and A are the Lamé constants, I; = tr(C), and J is the determinant of the deformation gradient F'.
The second Piola-Kirchhoff stress tensor S for the Non-Hookean material follows as
oY 1 0J 1 0J
S=2—=ul -2u—— +2MInJ)=—
oc =M -2y D T5E ©

=u(I-C™")+itnnC™.
Lastly, the constitutive tensor D is obtained as
oS

_ — 0! -1 _
D_zac WC'QC! +2(u-AlnJ)L, (10)
where we can write in index notation as
9(C™) 1
Ly ==t = H(€7) 1 (€71, + (€7, (€7) ) an
KL

For other compressible strain energy density functions, the corresponding second Piola-Kirchhoff stress and consistent constitutive
tensor can be derived similarly. In practice, the use of automatic differentiation techniques can greatly simplify the derivation and
implementation of these expressions, see e.g. [39].

2.3. Variational formulation

The potential energy of a solid can be written as

U(u):/ [P(w) - f - ul dQO—/ t - wdr,. (12)
Q Ty
The variational derivation yields the weak form of equilibrium equation
zSU(u)z/[M :6F—f-5u]d§20—/ t-sudly =0. 13)
ol OF Iy

Considering the second Piola-Kirchhoff stress tensor S = F~! . P, the weak form of equilibrium equation can be written as

5U(u)=/ [S: 6E—f~6u]d£20—/ t-6udly =0. 14
Q 'y
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Lastly, the weak form can be written as

a(u, éu) = f(5u), (15)
with
a(u,&u):/S 1 6EdQ, (16)
Q
f(éu)=/f-6ud£20+/ t-sudly. a7
Q Ty
2.4. Dynamics

In dynamic problems, the kinetic energy of the material must be considered. The kinetic energy T can be expressed as
T=/ Lou - waq, 18)
Q 2
where p is the material density and w is the velocity field. According to the Hamiltonian action principle
3
H=/ [T —U]dt - STAT, (19)
To
the variational form of IT yields
1
oIl = / [6T —6U]dr = 0. (20)

To

Considering the potential energy defined in Eq. (12), the weak form of the dynamic equilibrium equation can be written as

/pu~5udQO+/S:5EdQO=/f~5udQO+/ £ sudly. (21)
Q Q Q I'n

3. Virtual element method

The most significant feature of the VEM is that it allows the use of polyhedral elements Q, to discretize the computational domain
Q. Fig. 2 shows some polyhedral elements that are acceptable in the 3D VEM. We denote by E a polyhedral element, and by F = 0E
its boundary. As shown in Fig. 2, the surface of a polyhedron is composed of polygonal elements with edges denoted by e and vertices
denoted by v.

Fig. 2. Some polyhedral elements allowed in 3D virtual element method.

4
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To introduce the S-VEM, we review the classical second-order (k = 2) VEM firstly. For polyhedral elements, the basis functions of
the virtual element space V, (E) are defined indirectly through the projection operator:

I} : V(E) - Py(E), v~ I} v, (22)

where HZ is the projection operator, P, (E) is the space of polynomials of degree k on E. The local virtual element space on E can be
defined as

Vi(E) :={v € H, : vlygr € BOE),Av € P;_,}, (23)

where B(JE) is the boundary element space for the local polygonal surface element F, see Fig. 2. Different from the two-dimensional
VEM, the basis function of the boundary element space is unknown and can be approximated by the local virtual element projection
as defined in Eq. (22). Based on the above discussion and definitions, the associated degrees of freedom of the local virtual element
space V,(E) are

¢ the values of v, at the vertices of E;
e the values of the k — 1 internal Gauss-Lobatto nodes on each edge e of polyhedron E;
e moments on faces F of polyhedron E up to degree k — 2

ﬁ / vpf ,dQy, Vpl, € P, (F), VaceF € E; 24)
F
¢ bulk moments up to degree k — 2
1
—/ Up2dQ.  Vpy_y € Py_»(E). (25)
IE| JE
It is easy to find that for k = 1, only the first degree of freedom (values of v, at the vertices) exists. Since k = 1 has a relatively

simple format, it is the most widely applied virtual element discretization for mechanical problems. For k = 2, the surface moments
(moments on faces) and the volume moments (moments in volume) need to be introduced. The local degrees of freedom of the 3D
virtual element are shown in Fig. 3 for k = 1 and & = 2. It can be seen that the number of degrees of freedom of the second-order
element increases significantly compared to the first-order element.

According to the basic idea of VEM, for polyhedron element E € ,, the elliptical projection operator HZ can be obtained from
the following orthogonality condition:

/VHZU-Vpde:/VU-Vpde, Vp, € P,(E)
E E

(26)
/ ) vdQ = / vdQ.
E E
The first equation in Eq. (26) can be expanded as
7}
/ VIV v - Vp, dQ = —/ vAp dQ+ ) / vPk dr, Vp, € P(E). (27)
m
E E FeoE’F F

where n . is the unit normal vector of the polygonal surface element F.
The first term on the right side in Eq. (27) can be calculated using the definition of degrees of freedom. For the second term, the
boundary integral is a little more complicated, because we do not know the basis function for the polygonal surface element F. We

Fig. 3. Local degrees of freedom of the 3D virtual element.

5
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can define a local coordinate (¢, n) as shown in Fig. 2 and a local 2D virtual element can be constructed. Then the elliptic projection
operator HZ  for F can be solved based on the degrees of freedom by the following similar orthogonality condition:

/FVHZFwVpde:/FVv-Vpde, Vp, € P (E)

(28)
v
/Fl'lk’FudQ = /E vdl.
Lastly, the boundary integral in Eq. (27) can be approximated as
7} J
/ o2 gr="3 / (MY o) = ar (29)
oE OMp FN 00 S ong

FedE

The identity here above represents in principle an approximation of the exact integral since the correct projector would be the L?
projection on polynomials. Nevertheless the same identity can also be interpreted as an exact calculation by introducing a suitable
modification of the virtual boundary space definition; see for instance Section 3.6 of [40]. Substituting the projection operator HZ
(obtained by solving the orthogonality condition Eq. (26)) into the weak form Eq. (15) and considering the stabilization term yields
the local approximations of the bilinear form. Here we only consider the projection operator. The discrete counterpart of the weak
form in Eq. (13) and the choice of stabilization terms will be explained in detail in the following section.

4. Serendipity virtual element method

The S-VEM is a special format of the VEM, which reduces the number of degrees of freedom of the higher-order virtual element.
As mentioned before, the boundary of the 3D virtual element is composed of polygonal elements and the projection operator HZ is
calculated based on the local 2D virtual element. Therefore, in order to eliminate the surface moment, we should first consider the
two-dimensional serendipity virtual element.

4.1. Serendipity virtual elements on faces

Consider the polyhedral element and its polygonal surfaces as shown in Fig. 4. Serendipity virtual elements are based on the
introduction of a projection operator
I} 1 2 V(F) = Py(F),v =TI o, (30)

where V, (F) is the standard virtual element space on the polygonal surface F. Basically, the projection operator can be computed
using only the boundary degrees of freedom and another face degrees of freedom up to order fr, where f :=k —n*, nf is the

Fig. 4. Face element for classical VEM and S-VEM, (a): polyhedral element and its polygonal surfaces; (b): degrees of freedom of the classical 2D
VEM,; (c): degrees of freedom of the serendipity 2D VEM.
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number of distinct straight lines that contain at least one edge of F [36]. Since #¥ > 3 for any polygonal surface, we will never need
internal moments for k = 2. The degrees of freedom of the serendipity virtual element F are shown in Fig. 4 for k = 2.
Based on the above assumptions, the serendipity projection operator Hf r is defined by

/HiFUde=/ vpdl Vp € P, (F). (31)
oF oF

Considering the basis function ¢ of the serendipity virtual element space ka (F) and the scaled basis function m of the polynomial
space P, yields

/ mm” dI'TL; = / me" dl = H,,, TI = Cype, (32)
oF oF

where Hf*F is the matrix form of the serendipity projection operator, and

H,, = /a i mm”dl, C,,, 1= /a i me’ dr. (33)

The basis funciton on the edge e is exactly known based on the Lagrange interpolation. Therefore, the serendipity projection operator
on face can be solved by

S _ —1
s = H;} C

edge —edge*

(34)

S

Note that there exist some other choices of the projection operator IT; . as mentioned in [36,38].

4.2. Serendipity virtual elements on polyhedrons

Based on the serendipity virtual element on faces, we can define the serendipity virtual element on polyhedrons. The simplest
way is to use the elliptical projection HZ(E) in the conventional VEM. We define the following boundary space

B(OE) := {v e C°0E) : vl € VS (F), VF €dE}. (35)

We do not detail here the definition of the face spaces V,f (F), which are (as usual) built as functions which are piecewise polynomials
of degree k on oF and that satisfy a suitable elliptic equation inside F; the interested reader can check [36,37]. Once the boundary
space is defined, we can construct the local virtual space as well as the projection operators for 3D element E. The approach is to
use the projection operator HZ to project the function v into the polynomial space P, (E). Then the local virtual element space can
be defined as

VI(E) :={veH, : vlyr € BS(OE), Av € Py, }. (36)

Based on these definations, the elliptical projection operator HZS for the serendipity element can be solved by the orthogonality
condition Eq. (26):

/VHZSu-vpde=/vU-vpkdg, Vp, € PL(E)
E E

/HZSde=/UdQ.
E E

To distinguish from the projection operator HZ in Eq. (26), we use HZS to represent the elliptical projection operator for the serendipity
element. The first equation in Eq. (37) can be expanded as

apy
vii¥Sv - vp dQ:—/UAp aQ + /(nS u)—dr. 38
/E KOV odncae+ 3 (I 0) 5 38)

FedE

(37)

It is easy to check that a set of degrees of freedom for the space v,f (E) is given by

o the values of v, at the vertices of E;
o the values of the k — 1 internal Gauss-Lobatto nodes on each edge e of polyhedron F € JE;
e bulk moments up to degree k — 2

1
— / Up_pdQ, Vp,_, € Pr_,(E). (39)
IE| JE
Note that for arbitrary k, another set of degrees of freedom has to defined by [36-38]:
e face moments up to degree k — ¥

1
o /E Vp_yr dQ.  Vp_,r € P_,r(F) YF € OE, (40)
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Fig. 5. Local degrees of freedom of the 3D serendipity virtual element, (a): serendipity element with bulk moment; (b): serendipity element without
bulk moment.

where ;f is the number of distinct straight lines that contain at least one edge of F, as discussed in [36-38]. Furthermore, in such
case also identity Eq. (38) should be partially changed. Fortunately, there is no such degree of freedom (4 > 3) if we only consider
k = 2, so that we can avoid changing Eq. (38) and avoid adding the face moment DoFs here above.

Lastly, the matrix formulation of the Ritz projection operator HZJSE* can be solved by

VS*
GIS =B
(41)
/ m! dQIT)S* = / @' dQ,
E ’ E
where
G= / Vm - VmT dQ, (42)
E
B:-/Am-¢ngz+ D /(Vm.np)m{,drn,ff,*. (43)
E Fco I F '

In this format, we observe that there are still extra degrees of freedom inside (bulk moments up to degree k — 2) in the current
situation. For the case of k = 2, the number of internal degrees of freedom is 1, as shown in Fig. 5(a).

In order to remove the internal degrees of freedom, we construct a serendipity space and a serendipity projection operator Hi E
(or “boundary” projector) for the three-dimensional element similar to the projection defined in Eq. (31)

/H,fEupdrz/ vpdl,  Vp € Py(E). (44)
0E 0E

Note that for k = 2 the equation here above always has a unique solution (such property would be false for very high k but could be
corrected introducing suitable volume moments). Then the matrix form of the boundary projection operator Hf  can be solved by

/ mm! drT, = / me" dU = H o J17% = Cryees (45)
OE OE
It is easy to find, for k = 2, that the degrees of freedom are given by

o the values of v, at the vertices of E;

o the values of the k — 1 internal Gauss-Lobatto nodes on each edge e of polyhedron F € dE.

S

Based on the boundary projection operator IT .,

HZ?’ is obtained.

Through the above two approaches, we have two formats for calculating the projection operator. Both formats delete the moments
on the element faces, but the second format further deletes the volume moments. For k = 2, the degree of freedom distributions for
different approaches are shown in Fig. 5.

The results obtained by different projection operators will be analyzed in detail in the numerical examples.

the missing moments in Eq. (43) can be computed and the Ritz projection operator

8
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5. Serendipity virtual element method for hyperelasticity

The projection operators derived above will be used to construct the discrete format of the hyperelastic problem. Therefore, in
order to avoid conflicts, we uniformly use HVS (with matrix form H ) to represent the projection for the 3D serendipity element.

5.1. Incremental formulation of hyperelasticity

The discrete format of the hyperelastic problem can be obtained based on the nonlinear continuum mechanics framework. Con-
sidering the internal virtual work in a Lagrangian form as

W= /QzSE : §dQy, (46)
the linearization of the virtual work is obtained as

AW = /95E D AS dQ, +/QA(5E) 1 §dQ. (47)
With the definition of the Green-Lagrange strain F in Eq. (3) and the second Piola-Kirchhoff stress tensor S in Eq. (9), it follows

AW:/&E : ASdQO+/S : (DT - AD) dQy,
Q Q

(48)
:/6E :D: AEdQO+/S : (6DT - AD) dQ,
Q Q
where D is the tangential material tensor (see Eq. (10) for the compressible Non-Hookean material) and D = <=- is the displacement
gradient. Then we can define
S : (6DT-AD)=60" -1-A0, (49)
where
T
= |9 Ou Su o v dw  dw  w  dw =di
0= [ax Y az X Y Y4 X Y oz] . 1 =diag($,5.5). (50
Utilization Voigt notation, the linearization of the virtual work has the form as
AW=/50T~(AT-i)~A+I)~A9dQO, (51)
Q
where D is the constitutive matrix in Voigt notation of D. The matrix A is the gradient operator matrix, which is defined as
F, 0 0 F 0 0 F 0 0
0 F, 0 0 F, 0 0 F, 0
AZ|O 0 Ry 00 By 0 0 Fyf 52)

F, Fy 0  Fp Fy 0  Fp Fy 0
0 F3 Fp 0 Fy Fp 0 Fy3 Fp
F; 0 Fy Fy 0 Fy F3 0 F

5.2. Discrete format

We introduced different projection operators for the S-VEM in Section 4.2. The projection operator Hf  can be used to construct
the discrete format of the hyperelastic problem. Note that the displacement u = [“x»”y»uz]T is a vector, we can define a vector

serendipity projection operator

mYs V() > (P(E)’, v TS0, (53)

The projection HVS can be obtained directly by HVS HZS ® I3 where HZS is the serendipity projection operator and [; is the 3 x 3
order identity matrlx ® is the Kronecker product

Based on the principle of the VEM, the displacement field « can be split into l'I o, Wy and a remainder u,, — HVS

o Wh aS
wy, =I5 w, + (uh HVS uh) (54)
By expanding the projection operator in different spaces, we obtain
wy, = LISy, + o7, (I~ TS )@,
(55)
mL IS ay, + o, (I - TS )y,
where ¢,, and m,, are the basis functions for V,(E) and ([P’k(E))3, individually. In addition, I is an identity matrix that has the

same size as the number of degrees of freedom in the element E, @ is the displacement vector for each node of the element.
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Based on Eq. (55), the displacement gradient 6, can be written as
6, = VI TS @, + Vol (I~ TIY5" )i (56)
Substituting Eq. (56) into Eq. (51), the linearization of the virtual work follows

T .
aw = saf (TyS) /Vmu(AT DA+ I)Vml, dQ I 5" A,
), .

57
+ 611T(IK - n,jfj)r /Q Voo (AT -D-A+T)Ve" dQO(IK - Hfjj)m. 7
Then the element tangent stiffness matrix is obtained as
K=K.+K,, (58)
with the consistant part
K, = (Hij)T /Q Vi, (AT -D - A+I)Vm], dQ,ITYS" (59)
the stabilization term
K, = (Ix- n,jfj)T /Q Voo (AT-D- A+ T)VeT, (I, - TIVS). (60)

It is complicated to calculate the stabilization term K directly since we never know the basis function ¢,,. Considering /Vo Vo, Vol ~
O(1), the stabilization term can be approximated as

K, = a(IK - HZi)T(IK - HZi), (61)

where « is a stabilization parameter that can be adjusted to improve the stability of the solution. Note that a very small parameter
a may degenerate the stability properties of the numerical scheme, while a very large parameter a« may result in an artificial over-
stiffness; nevertheless, in general there is a wide range of choices for a that guarantee good results. Based on previous work, the
stability parameter can be chosen as

1. o4 0%
a= d—ztr(D) = §tr m), d=3. (62)

The internal force has the form

(63)

int’

T A
Fy = (n,jfj> /V Vm, AT S 4V, + F?
0

where § is the second Piola-Kirchhff stress tensor in Voigt notation, F;, is the stabilization term for internal force. It can be approx-
imated by

F . = KU, (64)
6. Dynamic problem

For the dynamic problem of the hyperelasticity, the weak form of the momentum equation is given in Eq. (21). Insertion of the
serendipity projection into the inertia term in Eq. (21), the mass matrix can be obtained as

T
M = p(HZi*) /ﬂmumz dQuITYS* + M, (65)
where M is the stabilization term for the mass matrix, which can be approximated as
T
M, = pIEl(IK - HZi) (IK - HZi), (66)

where | E| is the volume of the element E. Note that using the projection operator HZi * to compute M (insted of the natural choice
which would be an L? type projection operator) can be justified by a suitable modification of the definition of the virtual space inside
the element E.

Considering the mass matrix M and the stiffness matrix K, the balance equation for the dynamic analysis is

Mﬁ‘(r+At) + K(t)u = F(r+At) — Lint,(n)- (67)
For the solution of the time dependent nonlinear problem, the Newmark method will be applied which can be written as
1
(K(,) + WM > Awgy = Fyyan — Finey — Faynas (68)
where
o] 1. 1 i 69
dyna = M| 705 (Weyan —ue) = aarto =\ 35~ L)t (69)
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Fig. 6. Mesh generation based on the trimmed hexahedral meshes.

For each time step, after the result reaches convergence, the velocity and acceleration can be updated by

. 1 . 1 .
Ugyan = 502 [u(r+m) = Ugy — Uy AT — (5 - ﬂ)(Al)zu(r)]’ (70)

Ugpan = gy + [(1 = )iy + 7iigyan] AL, (71)

where # and y are the Newmark parameters, and they can be chosen as f = 0.25 and y = 0.5 for an implicit time integration. If con-
vergence difficulties are encountered during the nonlinear iteration process, the time step has to be reduced and then the calculation
has to be restarted from the last convergence step.

7. VEM-FEM hybrid formats

Often, hexahedral or hexahedral-dominant meshes have better numerical stability and accuracy than tetrahedral meshes in the
finite element analysis. However, hexahedral mesh generation is challenging, especially for complex geometry [41-43]. The grid-
based trimmed hexahedral (TH) meshing algorithm [44,45] is a good choice for generating hexahedral-dominant meshes for complex
geometry. But at the same time, trimmed polyhedral elements are generated at the boundary of the model, as shown in Fig. 6.

In order to improve the adaptability to geometries with curved surfaces and sharp parts, the VoroCrust algorithm [46] is used to
generate a mesh that can handle a large class of domains with both curved boundaries and arbitrarily sharp features. The interior
can use Cartesian hexahedral meshes, while the surface uses triangle discretization, which is suitable for complex geometries. In the
transition zone, tetraheda or polyhedra are employed for transition. The grid obtained by using such ideas is shown in Fig. 7.

Based on the above discussion, we can consider hybrid formats to improve the accuracy and efficiency of complex geometric
structures. We use the finite element method for the internal hexahedral mesh and the virtual element method for the surface
polyhedral mesh. For 2D problems, finite elements and virtual elements on edges correspond exactly (both being polynomials). For
3D problems, the elimination of surface degrees of freedom enables the second-order VEM to be coupled with the second-order
serendipity FEM (Q20), simply by a standard gluing of the face degrees of freedom which, on quadrilateral faces, are the same for
FEM and Serendipity VEM. On the other hand we must note that the rigorous definition of the two spaces are not identical on such
faces (FEM are bivariate polynomials of order 2, while VEM are defined through a suitable equation on the element); nevertheless
this small non-conformity “crime” introduces a negligible error in the computations. Of course, for more general meshes, we can use
triangular meshes on the coupling surfaces. However, this will lead to two problems: FEM requires the use of tetrahedral elements,
and the triangle elements will increase the number of degrees of freedom.

This hybrid format allows the use of directly generated hexahedral-dominant meshes and improves the stability of the simulation.
The VEM is also used for the elements with hanging nodes generated during the adaptive process, see Fig. 7. This simulation format
facilitates efficient analysis of industrial problems.
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Fig. 7. The rabbit model for the VEM-FEM coupling technique.

Fig. 8. 3D Cook’s membrane: (a) geometry and boundary conditions, (b) polyhedral mesh.

Table 1
Maximum displacements u, for different discretizations under g, = 4. In the FEM, we use a
hexahedral mesh with the same density.

VEM FEM S-VEM (k = 2)
N k=1 k=2 H1 H2 with bulk moment  without bulk moment
2 9.6363 11.2741 8.62856  11.162 11.1417 11.0580
3 10.7117  11.2943  10.3517  11.2515  11.2369 11.1930
4 11.0981 11.2943 11.0072 11.2828 11.2868 11.2794
5 11.2351 11.3027  11.2099  11.2974  11.2968 11.2895
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Fig. 9. Maximum displacement u, obtained by different methods with different discretizations.

Table 2
Total degrees of freedom for different discretizations.
VEM S-VEM (k = 2)
N k=1 k=2 with bulk moment  without bulk moment
2 684 3,663 2514 2,244
3 2,178 11,913 8133 7,233
4 8,388 46,167 31,470 27,960
5 36,594 201,729 137,457 122,097

Fig. 10. Contour plots of von-Mises stresses for different meshes.

8. Numerical examples
8.1. Cook’s membrane problem

As a first example, we will test the convergence of the serendipity VEM. As shown in Fig. 8, a Cook’s membrane problem under
quasi-static loading condition is given. The dimensions are H, = 44, H, = 16, L =48, and B = 10.

A Neo-Hookean model is selected with the material parameters are A = 100 and x4 = 40. The Cook’s membrane is fixed on the left
side and traction g, = 4 is applied on the right side. To test the accuracy and convergence of the S-VEM], different mesh discretizations
are selected with parameter N. As shown in Fig. 8, the geometry is divided into 2V x 2V elements in the vertical and horizontal
directions. To compare the results, the conventional FEM (FEM H1 and H2) and VEM (k = 1 and k = 2 with additional moments) are
selected for comparison. Of course, we use a polyhedral mesh in VEM as shown in Fig. 8 and hexahedral mesh of the same density in
FEM.

The maximum displacement u, for different discretizations obtained by different methods is listed in Table 1. The convergence
lines are given in Fig. 9. Clearly, the solutions obtained by S-VEM matchtes very vell with the solutions obtained by FEM with H2
element. In addition, the S-VEM with bulk moment has better accuracy and convergence.
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Table 3
The vertical displacement u, of point A for different discretizations (“poly” represents a
polyhedral element, “hexa” represents a hexahedral element).

VEM (k =1) VEM (k =2) FEM S-VEM (k =2)
N poly hexa poly hexa Q1 Q2 poly hexa
4 -1.3676  -1.3783  -1.7005 -1.7081  -1.8115 -1.7332  -1.7001  -1.7079
6 -1.443 -1.4611  -1.7127  -1.7222  -1.7949  -1.7336  -1.7126  -1.7221
8 -1.5025 -1.5122 -1.7276 -1.7293 -1.7745 -1.7334 -1.7275 -1.7293
10 -1.5335  -1.5472  -1.732 -1.7328  -1.7604  -1.7334  -1.7319  -1.7328
16  -1.5983  -1.6084  Failed -1.7352  -1.7433  -1.7334  -1.7376  -1.7352

Fig. 11. Block under compression: (a) geometry and boundary conditions, (b) geometry of the 1/4 model after deformation.

Fig. 12. The vertical displacement u_ of point A obtained by different methods with different discretizations.

The S-VEM can significantly reduce the number of degrees of freedom. The number of degrees of freedom for different elements and
different meshe discretizations is listed in Table 2. S-VEM can save 40 % of the number of degrees of freedom when the conventional
second-order VEM. Compared with the first-order VEM, the serendipity elements improve the calculation accuracy and reduce the
calculation time of the traditional second-order VEM. The contour plots of von-Mises stresses for different meshes obtained by S-VEM
without bulk moment are illustrated in Fig. 10.

8.2. Punch problem

The second example is a block under a vertical uniform load P with quasi-static condition. The geometry, dimensions and boundary
conditions are illustrated in Fig. 11. Due to symmetry, only 1/4 model is considered. The Neo-Hookean material model with parameter
A =400.75 and u = 92.5 is considered. In addition, the top pressure is selected as P = 600.

Similar to the first example, the discretized mesh of different scales is selected with the parameter N. Then the 1/4 block is divided
into 2N X 2N x 2N elements in different directions with N = 4,6, 8, 10, 16. The hexahedral elements and polyhedra elements are used
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Fig. 13. Contour plots of von-Mises stresses for polyhedral meshes.

Fig. 14. Contour plots of von-Mises stresses for hexahedral meshes.
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Fig. 15. Column with boundary condition and initial velocity: (a) column under bending, (b) column under twisting.

Fig. 16. Time history of u, at point (0.5,0.5, 6) obtained by different methods and different time steps.

at the same times. The S-VEM with bulk moment is selected for calculation. For comparison, the FEM (Q1, Q2) and the conventional
VEM (k = 1, k = 2) are used. The geometry of the 1/4 model after deformation is given in Fig. 11. The vertical displacement u, at
point A (see Fig. 11) is selected for convergence analysis in different meshes. The computer used to solve this problem has a memory
of 128G (RAM). The results obtained by different methods and different meshes are listed in Table 3 and illustrated in Fig. 12.

For the punch problem, the second-order FEM gives the best results. Even for a coarse mesh (N = 4), its accuracy is acceptable.
For the first order VEM, the results obtained are often not shown due to poor accuracy. Of course, the first-order VEM can achieve
higher accuracy and stability by using a special stabilization, see [11]. At the same time, it should be noted that if the conventional
second-order VEM is used, the number of degrees of freedom will be larger, which will lead to huge matrix and in our case causes
failure of the simulation for N = 16, see Table 3. For S-VEM, the results are very close to those of conventional second-order VEM,
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Fig. 17. Contour plot of von-Mises stress obtained by S-VEM with different meshes.

Fig. 18. Time history of u, and u, at point (0.5, 0.5, 6) obtained by S-VEM.
17
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Fig. 19. Contour plot of von-Mises stress obtained by serendipity VEM at different times.

Fig. 20. Deformation along time obtained by serendipity VEM.

while reducing the number of degrees of freedom by about 35 %. It can be seen from this example that S-VEM can reduce matrix size
while ensuring computing accuracy.
The contour plots of von-Mises stresses obtained by S-VEM with different meshes are illustrated in Figs. 13 and 14.
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Fig. 21. Thin plate with geometry and VEM meshes: (a) geometry, (b) hexahedral mesh, (c) polyhedral mesh.

Fig. 22. Contour plot of von-Mises stress obtained by S-VEM at different times.

8.3. Column under bending and twisting

As a finite deformation elastodynamics problem, we consider a three dimensional beam which is fixed at the bottom and free on
all other sides. The initial geometry is a parallelepiped of dimension 1 X 1 X 6 as shown in Fig. 15.
Firstly, we consider the column under bending. As shown in Fig. 15(a), the initial velocity field is given as

vO(X,Y,Z):V[% 0 O]T, (72)

where V' = 10 m/s and L = 6. In addition, stress free conditions and zero displacement initial conditions are applied at the other faces.
A Neo-Hookean material model is selected with parameter E = 1.7 x 107 Pa, v = 0.3, and p = 1100 kg/m3.

In this example, we use a hexahedral mesh and a polyhedral mesh for the numerical simulations. The time step is selected as
At =0.1 and At = 0.05 for comparison. Here we use only serendipity elements without any additional degrees of freedom (without
face moments and volume moments). A FEM solution with hexahedral mesh is used for comparison. For different meshes and different
methods, the displacements u, at point (0.5,0.5, 6) are illustrated in Fig. 16. It can be seen that the results obtained by VEM compare
very well with those obtained by FEM if the same time step is used. In addition, S-VEM with polyhedral meshes yields accurate results.
The contour plots of von-Mises stress obtained by VEM with different meshes are given in Fig. 17.
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Fig. 23. Deformation along time obtained by S-VEM.

Next, we consider twisting of the column. The test is widely used to test the robustness for extreme nonlinear deformations. As
shown in Fig. 15(b), the beam is clamped at the bottom. The initial velocity is assumed as

w(X.Y, 2)=Qsin(ZZ) [y x o] s, (73)

where Q = 100 in this example.

The material parameters are selected as E = 1.7 x 107 Pa, v =0.3, and p = 1100 kg/m>. The time step is chosen as At = 0.001s.
Again S-VEM without bulk moment is applied with hexahedral and polyhedral mesh. For different meshes, the displacements u, and
u, at point (0.5,0.5,6) obtained by VEM and FEM are illustrated in Fig. 18. We can clearly appreciate how the VEM solutions for
different meshes agree with the solution obtained by FEM. Then, the contour plots of von-Mises stresses obtained by VEM at ¢ = 0.1s,
t = 0.15s, and ¢ = 0.3s are shown in Fig. 19. Lastly, the deformation for S-VEM is plotted for different time steps Fig. 20.

8.4. Bending of a thin plate

In this example, we will test the behavior of S-VEM for thin structures. A thin plate with geometry dimension is given in Fig. 21.
The initial velocity is given by

0

—5)2 _5\2
'UO(X,Y,Z):@[exp(—%)+exp<—%>] 0|l m/s. (74)

1

In addition, stress free conditions and zero displacement initial conditions are applied for all faces.

A Neo-Hookean material model with parameter 1 = 3 x 10* Pa, y = 2 x 10*, and p = 1000 kg/m3 is selected. In Newmark method,
the time step is selected as A7 = 0.1s. The S-VEM without bulk moment is applied with hexahedral and polyhedral mesh. For different
meshes, the von-Mises stresses at different times (r = 1,3, 5,7 s) are illustrated in Fig. 22. Lastly, the deformation obtained by S-VEM
is illustrated for the same time steps in Fig. 23.

8.5. Serendipity VEM-FEM hybrid format for soft material

In this example, we will test serendipity VEM-FEM hybrid discretizations for soft material deformation. The geometric model is
given in Fig. 7!. The Neo-Hookean material model is used with parameters A = 100 Pa, u = 40. Different body forces f are given

! The geometry can be found at https://github.com/Qinxiaoye/geometry
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Fig. 24. Von-Mises stresses for different body force f obtained by serendipity VEM-FEM hybrid format: (a) f = [0,0,-50]", (b) f = [0,0,—100]",
(&) f =10,0,-200]".

Fig. 25. Deformation for different body force f obtained by serendipity VEM-FEM: (a) f = [0,0,-50]", (b) £ = [0,0,—100]7, (c) f = [0,0,-200]".

for the model as fz = —50,—-100, —200. The bottom is fixed. As discussed in Section 7, Cartesian hexahedral meshes are used in the
model and a triangle discretization is selected for curve surface. Then polygonal elements with hanging nodes are generated. In this
example, the FEM is used for cartesian hexahedral elements and the VEM is used for other elements. Since the serendipity virtual
element has no additional surface degrees of freedom, it can be directly coupled with the second-order FEM (H2) for solution. For
different body forces f, the von-Mises stresses and deformations are shown in Figs. 24 and 25, respectively.

9. Conclusion

In this work, we developed a novel three-dimensional second-order S-VEM for both static and dynamic analysis of hyperelastic
materials. By eliminating the additional moment degrees of freedom which is required in classical second-order VEM formulations,
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the proposed serendipity approach significantly reduces the computational complexity while maintaining high accuracy. Moreover,
the coupling of S-VEM with second-order serendipity FEM further enhances the applicability of the method for hybrid mesh scenarios.
Numerical experiments demonstrate the method’s effectiveness and accuracy in capturing nonlinear hyperelastic behavior under large
deformations and dynamic loading. This work represents the first application of three-dimensional S-VEM to nonlinear elasticity
problems and opens new avenues for efficient and flexible computational modeling of advanced materials. Future work will focus
on extending the method to nearly incompressible materials, and more complex multi-physical coupling problems and exploring
adaptive strategies for further computational efficiency.
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