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ABSTRACT: A surprising relation between 4d N/ = 2 class S superconformal field theories
of Type-A and 6d N = (1,0) orbi-instanton theories is investigated. We find that all of the
theories in the former class can be obtained by a series of deformations of the 4d theories
arising from compactifying the latter on a torus. This is demonstrated by examining Fayet-
lliopoulos (FI) deformations of the Eg-shaped magnetic quivers of the orbi-instanton theories
whose body fits into the affine Fg Dynkin diagram with a tail attached. Turning on FI
parameters at the appropriate gauge groups leads, in stages, to E7-shaped, Fg-shaped, and
general star-shaped quivers, where the latter are magnetic quivers for the class S theory of
Type-A on a sphere with punctures. Deforming a suitable star-shaped quiver, one obtains a
magnetic quiver of the Type-A class S theory with general genus and an arbitrary number of
punctures. Given such a theory, we also propose the inverse algorithm, thereby determining
a parent orbi-instanton theory. This is achieved by uplifting the corresponding magnetic
quiver step by step to the star-shaped, Fg-shaped, E7-shaped, and Eg-shaped quivers, where
at each step all of the underbalanced nodes, possessing non-zero FI parameters, are dualized.
The latter Eg-shaped quiver then characterizes the 6d orbi-instanton theory from which
the class S theory in question originates.
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Introduction and summary

Theories of class S [1, 2], arising from compactification of the 6d N = (2,0) theory on
Riemann surfaces with punctures, constitute one of the largest and most interesting families
of 4d N = 2 superconformal field theories (SCFTs).! They have been thoroughly studied over
many years since their discovery. Another class of SCFTs that plays an important role in

this paper consists of the so-called orbi-instanton theories. These are 6d N/ = (1,0) theories

realized on the worldvolume of M5-branes probing the M9-brane [5] on C?/Z;,. Many aspects

of these theories, including the F-theory descriptions at a generic point on the tensor branch,

compactification to lower spacetime dimensions, and the Higgs branch, were studied in [6-16].

In particular, it was pointed out in [12] that, upon compactifying a 6d orbi-instanton theory

on a torus, the resulting 4d theory belongs to class S of Type-A on a sphere with punctures

'See, e.g., [3, 4] for recent reviews.



bearing certain structures. Mass deformations of such 4d theories were studied, for example,
in [17, 18], where it was observed that some other class S theories can be obtained in this
way. This leads to a natural question whether it is possible to reach any Type-A class S
theory by a sequence of mass deformations of the 4d theory arising from a 6d orbi-instanton
theory compactified on a two-torus.

The main point of this paper is to give a positive answer to the above question, and to
provide a systematic approach to do so. Our strategy is to work with the 3d mirror theory [19]
of the 6d orbi-instanton theory compactified on a three-torus. In the modern terminology,
this mirror theory is also known as the magnetic quiver for the 6d theory in question (see

g. [14]). Since the corresponding 4d theory admits a class S description with a particular
structure of the punctures, the associated magnetic quiver can be described as a star-shaped
quiver [20] (see also [21]) whose body fits into the affine Eg Dynkin diagram and with a tail
attached. We refer to this as an Eg-shaped quiver, or simply Eg quiver for brevity. In fact,
as pointed out in [12], such an FEg-shaped quiver contains all data that characterize the 6d
orbi-instanton theory. Note that the terminology “F,,-shaped quiver” can also be applied to
any affine F,, Dynkin diagram. Under mirror symmetry, mass deformations in the 4d theory
correspond to Fayet-Iliopoulos (FI) deformations in the corresponding magnetic quiver. The
latter have been extensively studied in [22, 23], using the quiver subtraction technique [24, 25]
to determine the resulting theory after deformations. We also generalize some of these results
in this paper. We demonstrate that turning on appropriate FI parameters at various nodes
in the Fg-shaped quiver, the theory flows to the E7-shaped quiver. This method can be
repeated to the Fr-shaped quivers, where the end results are the Fg-shaped quivers. This
procedure can be implemented again on the Eg-shaped quivers, where, upon renormalization
group (RG) flow, we land on general star-shaped quivers. The latter are indeed the magnetic
quivers for general Type-A class S theories on a sphere. Moreover, it can be shown that,
starting from an appropriate star-shaped quiver and turning on the FI parameters in a
certain fashion, one can obtain a mirror theory of a class S theory on a Riemann surface
with general genus and an arbitrary number of punctures. It is worth emphasizing that, from
the perspective of the 4d theory, this deformation is rather distinct from the aforementioned
ones in the sense that it corresponds not only to mass deformations, but also to tuning to
a specific singular locus on the Coulomb branch.

Yet another crucial point of this paper is to determine a parent theory given a descendant
that is an arbitrary Type-A class S theory on a sphere. By these terms, we mean that
the descendant is obtained by a series of mass deformations from the parent theory arising
directly from a 6d orbi-instanton theory compactified on a two-torus. Of course, for a given
descendant, there can possibly be many parent theories that connect to it by various mass
deformations. Our goal here is to determine one of them in terms of the Eg-shaped quiver
which characterizes the corresponding 6d orbi-instanton theory. To achieve this, we uplift
an arbitrary star-shaped quiver to an Fg-shaped candidate parent theory described in the
previous paragraph. Such a candidate parent theory may contain an underbalanced node,
rendering the whole quiver bad in the sense of [26]. Nevertheless, we demonstrate that the
FI parameter which deforms such an Fg-shaped quiver back into the star-shaped quiver can
always be turned on at the underbalanced node. This allows us to implement a sequence of



dualities proposed by Yaakov [27] to make the Eg-shaped quiver good. This process can be
repeated algorithmically in the following sense. We can uplift the good FEg-shaped quiver
to an Er-shaped quiver which may contain an underbalanced node. We can dualize the
latter until we obtain a good Er-shaped quiver, which can then be uplifted to an Fg-shaped
quiver. The final step is then to dualize all the underbalanced nodes until we arrive at a good
Egs-shaped quiver. This then characterizes the 6d orbi-instanton parent theory. We dub this
procedure the inverse algorithm. We test it against a plethora of star-shaped quivers and
show that the end result is always a good Eg-shaped quiver. We also provide a systematic
method to determine the F-theory description at a generic point on the tensor branch of the
corresponding 6d orbi-instanton theory. In many cases, the direct mass deformations between
the parent theory and its descendant can be seen clearly without going through the FI
deformations of the magnetic quivers. Finally, we point out that the mirror theory of a class
S theory on a Riemann surface with an arbitrary genus and an arbitrary number of punctures
can always be uplifted to a good star-shaped quiver, where dualization is not needed.

Structure of the paper. The paper is organized as follows. In section 2, we review the
orbi-instanton theories, corresponding to 6d A = (1, 0) theories realized on M5-branes probing
an M9-brane on C?/Z;. In particular, in section 2.1, we demonstrate that all Eg-shaped
quivers come from orbi-instanton theories. In section 3, we demonstrate how to determine the
resulting theory arising from FI deformations of an E,-shaped quiver. Although this section
is significantly based on the analysis in [22, 23], we study new cases of FI deformations in
section 3.4. The main results of the paper can be divided into two main parts. The first
part is contained in section 4, where we discuss FI deformations of E,,;i-shaped quivers
to obtain E,-shaped quivers with n = 6, 7, and how FI-deformed Fjs-shaped quivers lead
to general star-shaped quivers. The second part begins at section 5, where we discuss the
inverse algorithm. We uplift a general star-shaped quiver to an FEg-shaped quiver, and
FE,-shaped quivers to F,i-shaped quivers with n = 6, 7. When the uplift leads to a bad
candidate parent theory, there is an FI parameter turned on at the underbalanced node,
and we can perform the duality at that node which leads to a good quiver. Finally, in
section 6 we explain how to obtain, via a series of FI deformations, the mirror theory of
any Type-A class S theory on a Riemann surface of arbitrary genus and arbitrary number
of punctures starting from an appropriate star-shaped quiver. We also point out that the
former can be uplifted to a good star-shaped quiver that does not need to be dualized. We
briefly review the dualization proposed by Yaakov [27] in appendix A. In appendix B, we
demonstrate step by step the inversion algorithm and dualization for uplifting a general
FEr-shaped quiver to the Eg-shaped quiver.

Conventions and notation.

¢ In the following, we mostly consider unitary quivers, and we follow the usual language
for which O represents a gauge node and its label is the rank of the unitary gauge group,
while [ denotes a flavor node and its label denotes the number of flavors. The line
connecting two nodes represents a hypermultiplet in the bifundamental representation of
the two groups connected by the line. If the line corresponds to multiple hypermultiplets,



we will specify it. The adjoint representation is obtained by a line starting and ending
on the same node.

o Whenever there is no ambiguity, we will represent the quiver by drawing only the ranks
of the gauge groups, implying that all the nodes are gauge nodes and bifundamental
hypermultiplets connect them, e.g.,

L meaning

(1.1)
ABCDFEFGH

o O0—O

O O O O
A E G H

@)
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o Except for section 3, we will use colors in the quivers to distinguish the bodies of the
affine F-type diagrams from the tails attached to them. In particular, the Eg affine
quiver will be drawn in blue, while the E; will be red and the FEg . In the FEg
case, we allow one tail attached to the body of the Eg affine Dynkin diagram, whereas
in the E7 and FEjg cases, we allow at most two and three tails attached to the body,
respectively.

e We adopt the notions of excess number, balance, underbalance, and overbalance as
in [26]. For a U(r) gauge group with Ny hypermultiplets transforming in the fundamental
representation, the excess number for such a gauge group is defined as

eU(T) = Nf — 2r. (12)

If ey(y = 0, the U(r) gauge group is said to be balanced; if ey(r) > 0, the gauge group is
said to be overbalanced; and if ey () < 0, the gauge group is said to be underbalanced.

o For the T,,[SU(N)] theory, when no partition p is specified, i.e. T[SU(NV)], then p = [1N},
and we drop [SU(NN)] whenever there is no ambiguity and simply refer to it as T),.

2 Review of orbi-instanton theories

The starting point of our analysis is the 6d N = (1, 0) theories realized on M5-branes, probing
an M9-brane [5] on C?/Z;, singularity. Due to the fact that the M5-brane is a codimension-4
object from the perspective of the M9-brane, these theories are also known as orbi-instantons.
Such theories are characterized by the Mb5-brane charge and the asymptotic holonomy, which
is a homomorphism Zj — FEg. The latter is encoded in the following set of non-negative
integers n;, known as the Kac labels [28, §8.6]:

ngs

n= (2.1)
ny ng N3 Ng Ny Ng Ny Nor

satisfying the condition

Z din; = n1 +2(ng +nor) + 3(713 + ngl) + 4(n4 + ny) + 5ns + 6ng = k, (2.2)

2



where d = {d;} is defined as the set of the Dynkin labels of eg:

3

d=
12345642

(2.3)

It was pointed out in [12] that the Higgs branch of a 6d orbi-instanton theory can be
realized from the Coulomb branch of the following 3d N/ = 4 quiver theory:

Nz
1 (2.4)
O O O O O O O

oO—O0— -+ —0—0
12 k—1 &

20

Ny N3 Ny Ns Ng Ny Ny

In contemporary terminology, the theory in (2.4) is also known as the magnetic quiver of
the 6d orbi-instanton theory. For a given k, the integers N; are related to the Kac labels
n; by the following relation (see [12, (4.8)]):

C- (N17N27 cee 7N67N4’7N2'>N3/)T = (k — Ny, —n2,...,—Ng, =Ny, —Nor, _n3')T7 (25)

where C' is the affine Cartan matrix for the Fg algebra given by

2 -10 00 0 0 0 0
-12-100 0 0 0 0
0 -12-1000 0 0
0 0-12-100 0 0
C=|000-12-100 0 (2.6)
000 0-12-10 -1
0000 O0--12--10
00000 O0-120
000 0O0-1010 2

Note that C' has a one-dimensional kernel spanned by d, and so C'-d = 0. Moreover,
from (2.5) and (2.6), we see that

ny =k + Ny — 2Ny,
nj = (Nj—1+ Njy1) —2N;, j=2,...,5,

ng = N3 + Ny + N5 — 2Ng, (27)
ny = Ny + Ne — 2Ny,
ng = Nﬁ - 2N3/.

This means that the Kac label n; has an interpretation as the excess number for the node N;.

Let m > 1 be the number of tensor multiplets in the 6d theory.? As pointed out in [12,
section 5], this is related to N; in the following way: m is the largest non-negative integer
such that each integer

t; = Ni — mdi (2'8>

>The integer m here was called Ns in [12] and N throughout [12, section 5]. This is equal to the number of
Mb5-branes in question.



is non-negative. Since d is in the kernel of C, it follows that v; also satisfies (2.5). It is
worth pointing out that the node k in (2.4) is guaranteed to be balanced or overbalanced:
N1+<k—1)22]{3,i.e. Ny > k+1,if

m>k+ 1. (2.9)

This is always achievable since the number of M5-branes can be chosen at will. Note that
the other nodes on the black tail of (2.4) are always balanced.

As emphasized in [12], the Higgs branch of an orbi-instanton theory is not the moduli
space of Fg instantons on C?/Zy. In fact, the magnetic quiver (2.4) can be considered as
the coupled system

N
1 (2.10)
o0—o— - —o—1 + O0—o0—0—0—0—0—0—0—=0
1 2 k—1 & k N1 N N3 Ny Ns Ns Ny Ny

where + means that we gauge the SU(k)/Z;, diagonal subgroup of the SU(k) x SU(k) flavor
symmetry denoted by a square node in each quiver. The left quiver flows to the T[SU(k)]
theory, whose Coulomb and Higgs branches are isomorphic to the nilpotent cone of SU(k).
The Coulomb branch of the right quiver is the moduli space of Eg instantons on C2?/Z;,.?

Given the Kac labels n; and the number of tensor multiplets m, the 6d F-theory quiver
description at a generic point on the tensor branch takes the form [6-12]

GGG S ) (2.11)
where G1 and m; can be determined following the algorithm in [12, section 3.2], and we have to
add hypermultiplets appropriately for the gauge anomaly cancellation. Alternatively, and more
conveniently, this 6d quiver can be obtained by performing the Eg quiver subtraction [24, 25]
m times from quiver (2.4), and applying 3d mirror symmetry [19] or reading off the magnetic
objects from the corresponding brane system as in [14]. This procedure will be described in
section 5.1.1 and elucidated via numerous examples in sections 5.1.2, 5.1.3 and 5.1.6.

We may turn on a nilpotent higgsing associated with a partition p = [s}*,s52,--- , 8]
of k, with 81 > 89 > --- > s > 1 and Eé:l s;ri = k. Upon doing so, the su(k) flavor
symmetry is higgsed to s(@u(r;)); see [29, (2.7)]. As pointed out in [12, (5.77)], in terms
of the magnetic quiver, this amounts to replacing the left black quiver in (2.10) by the one
associated with 7,[SU(k)], namely

(2.12)
S 2sy Ti81 k—ris1 k—s1 k

Upon gluing this to the right blue quiver in (2.10), we obtain

Ny
1 (2.13)
o0—o0— - - 0—0—0—0—0—0—0—0—0—0
S1 2s; k— S1 k N N N3 Ny N5 Ng N4/ N2/

3The Higgs branch of the right quiver in (2.10) describes the moduli space of SU(k) instantons on C2/ Es
singularity.



In order for the node k to be balanced or overbalanced, we must have N1 + (k — s1) > 2k,
ie. Nj>k+s;. Again, from (2.8), this is guaranteed provided that the number of tensor
multiplets in the 6d theory satisfies

m >k + s, (2.14)
which is always possible to achieve since the number of M5-branes can be chosen as one wishes.

2.1 All Eg-shaped quivers from orbi-instanton theories

Upon torus compactification, the 6d orbi-instanton theories we have just described become
4d SCF'Ts with eight supercharges, which are known to have a class S description. In class
S terminology, they correspond to spheres with three (untwisted) punctures of type Apy.
The three punctures are not arbitrary and, as can be easily deduced from (2.13), always
satisfy the following constraints [12, (4.1)]:

¢ One puncture is labeled by a partition with two elements;
e Another puncture is labeled by a partition with three elements;
e The third puncture is unconstrained.

The corresponding 3d mirror indeed coincides with the magnetic quiver of the underlying
orbi-instanton model [20] and is therefore given by (2.13). We can immediately notice that,
in all such quivers, we can fit the graph of the affine Eg Dynkin diagram, and this is the
only affine Dynkin diagram which fits in the quiver. We therefore refer to all the 3d mirrors
of class S trinions satisfying the constraints listed above as Eg quivers.

The purpose of this section is to show that there is a one-to-one correspondence between
FEg quivers and orbi-instanton theories or, equivalently, all class S trinions satisfying the
above constraints arise via torus compactification of orbi-instanton theories. In the rest of
the paper we will argue that with suitable mass deformations we can generate from these
all other class S theories on the sphere.

The argument establishing the one-to-one correspondence is actually rather simple. Let
us consider a generic Eg quiver with the same structure as in (2.13):

Ry
i (2.15)
o0—o0— - -0—0—0—0—0—0—0—0—0—=0

Ri R: Rs Rs Rs Rs Ry Ry

’ / /
sy 28y K — 81

where the rank R; of the various nodes is arbitrary, apart from the fact that we require
all nodes to be balanced or overbalanced. The shape of the quiver implies that, as for all
orbi-instanton theories, the excess numbers e; of the nodes inside the Fg affine Dynkin
diagrams, colored in blue in (2.15), satisfy the relation

e; +2(ea+ey)+3(es +ey)+4(es +ey) + Hes + e = K. (2.16)

The key point is that, as we have already explained, for orbi-instanton theories, the excess
number for the nodes fitting inside the Eg Dynkin diagram in the 3d magnetic quiver can be



identified with the Kac labels parametrizing the Fg holonomy. The idea then is that, given any
Eg quiver as in (2.15), we consider the excess number e; of the various nodes in the Dynkin
diagram. These will be identified with the Kac labels n; of the parent 6d orbi-instanton theory:

Due to (2.2) and (2.16), we find that the orbifold order k for the orbi-instanton theory and
the rank of the node x on the left of R; in (2.15) necessarily coincide:

k= k. (2.18)

Once the Kac labels are specified, the only further choice we have for the orbi-instanton
theory is the number of the tensor multiplets in the 6d theory. This freedom can be exploited
to tune the rank of the node Ny in (2.4). As we have already seen, we can get any value of Ny
greater than k by properly tuning the number m of the tensor multiplets; see around (2.9).
In particular, we can choose the number of the tensor multiplets in such a way that the
rank NN coincides with the value of R; in (2.15):

Ry = Ny. (2.19)

Modulo a nilpotent higgsing of the orbi-instanton theory, we can further assume that the tail
on the left of node k in (2.13) coincides with the corresponding tail in (2.15). As a result, we
see that, starting from an arbitrary Eg quiver (2.15), we can find an orbi-instanton theory
whose magnetic quiver (2.13) has the same rank for the node Ny and all nodes on its left:

! / /
/L T2 I [Tl T2 T
[31 NSRRI }—[81782,-”,%]. (2.20)

Furthermore, the two quivers have the same excess numbers for all the remaining nodes
belonging to the Eg Dynkin diagram. All that is left to do now is to check that this implies
the two quivers actually coincide, namely that all nodes on the right of N; have the same
rank, i.e. R; = N; for i = 2,...,6,4',2", 3.

We can now conclude the argument taking inspiration from (2.5). Focusing on the
nodes of the Fg Dynkin diagram on the right of Nj in (2.15), we can relate the ranks and
excess numbers via the equation

MR = R1’1)1 — 1, (2.21)

where we have collected ranks and excess numbers (which are equal to the Kac labels) in
vectors R and n respectively:

RT = (RQ,R?,,R4,R5,R6,R4/,R2/,R3/); IIT = (ng,ng,n4,n5,n6,n4/,n2/,n3/) s (2.22)
and we set

v = (1,0,0,0,0,0,0,0) . (2.23)



Notice that eq. (2.21) holds both for the given Eg quiver (2.15) and the magnetic quiver
of the corresponding orbi-instanton theory (2.13), with the same vector on the right-hand
side and the same matrix M. If we define,

NT = (N3, N3, Ny, N5, Ng, Nyr, Ny, Ny ), (2.24)

it follows that the difference R — IN between the ranks of the nodes of the two quivers
satisfies the equation

M(R—-N)=0. (2.25)

At this point, it suffices to notice that the matrix M in (2.21) and (2.25) coincides with the
finite Eg Cartan matrix obtained by removing the first row and first column of the matrix C
defined in (2.6). Unlike C, this matrix is actually invertible, and therefore we have

R=N, (2.26)

implying that the two quivers (2.4) and (2.15) coincide and therefore describe the same
class S theory.

3 Review of rules of Fayet-Iliopoulos and mass deformations

In [22], the authors considered circle compactifications of the orbi-instanton theories, studying
the resulting 5d SCFTs. In particular, they wanted to understand how the geometry of the
5d Higgs branch changes when moving around the extended Coulomb branch. At the level
of the 5d SCF'T, this corresponds to turning on mass deformations, while the theory of the
magnetic quiver is deformed by Fayet-Iliopoulos terms. In this section, we are going to review
how FI deformations of unitary quivers work at the level of 3d N = 4 theories and how they
modify the magnetic quiver. The content of sections 3.1-3.3 is largely a review based on [22]
and [23], while section 3.4 contains new examples of FI deformations.

3.1 General remarks about FI deformations

By turning on a (say complex) FI parameter £ at a U(N) gauge node in a quiver
2 Oo @i, @ M (3.1)
N k
the superpotential becomes
W=QiPQ' +£Trd. (3.2)
Consequently, we have to solve the F-term and D-term equations:
Q'Qi = ¢l
Q'Ql-Q"Qi =0,

where the summation over flavor indices indeed includes a summation over all the bifunda-

(3.3)

mental hypermultiplets charged under the U(N) gauge node.



From the F-terms, we deduce that Tr(Q’@Z) = N¢ and, combining this with the identity
Tr(Qi@i) = Tr(@iQi), we conclude that, for any quiver with unitary gauge groups and
bifundamental hypermultiplets only (which is the only case in which we will be interested),
the FI parameters must satisfy the relation

d N =0, (3.4)

where N; denotes the rank of the i-th node. We therefore see that we always need to
turn on FI parameters at two nodes at least. We will now discuss several examples of FI
deformations which arise frequently in the study of mass deformations of class S theories,
as we will see in the next sections.

3.2 FI deformations at nodes of equal rank

The easiest case to analyze is that of FI parameters turned on at two abelian nodes. Due
to (3.4), the two FI parameters are £ and —¢. In this case, the deformation induces a nontrivial
expectation value for a chain of bifundamentals connecting the two nodes. These identify a
subquiver that starts and ends at the nodes at which we have turned on the FI parameter.
As a result of the nontrivial expectation value for the bifundamentals, all the unitary gauge
groups along the subquiver are spontaneously broken as U(n;) — U(n; — 1), whereas the
other nodes in the quiver are unaffected. Among all the broken U(1) factors, the diagonal
combination survives and gives rise to a new U(1) node which is coupled to all the nodes
of the quiver connected to those of the subquiver. Overall, this is equivalent to subtracting
from the original quiver an abelian quiver which has the same shape as the subquiver.

The case of FI parameters turned on at nodes of the same rank (say k) is not harder
to analyze. All the gauge groups along the subquiver are broken as U(n;) — U(n; — k) and,
finally, we need to add a U(k) node associated with the unbroken diagonal factor. This
operation corresponds to a modified quiver subtraction, in which we rebalance with a U(k)
node. Of course, the quiver we subtract has U(k) nodes only.

For our analysis, we can also use a more elaborate variant of the above deformation
which involves three nodes. Say we turn on FI parameters at the nodes U(k), U(n) and
U(n + k). The FI parameters satisfy the relation (3.4) and we further impose the constraint
& = &, so that we still have only one independent parameter. The equations of motion can
be solved as follows. We set the VEV of all the bifundamentals in the subquiver connecting
the nodes U(k) and U(n + k) to be

(By) = /Ebap:  (Bi) = (B))T; for a,b < k and 0 otherwise, (3.5)

while the VEV of the bifundamentals in the subquiver connecting the nodes U(n + k) and
U(n) to be

(Bi) = VE&bap:  (B;) = (B;)T; for a,b < n and 0 otherwise. (3.6)

Here, we are assuming that the two subquivers meet at the U(n + k) node only.
Overall, the higgsing of the theory can be described in terms of a sequence of two modified
quiver subtractions. We first subtract a quiver of U(n) nodes going from node U(n) to node
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U(n+ k) and, as in the previous case, we rebalance with a U(n) node. Then, we subtract from

the resulting quiver a quiver of U(k) nodes going from node U(k) to node U(n + k) and we

rebalance with a U(k) node. A careful analysis of the higgsing reveals that the U(n) node we

introduced at the first step should not be rebalanced when we perform the second subtraction.
Let us illustrate the procedure for k = 1 and n = 2 in the case of the Eg quiver:

(3.7)

o> O0—O w

@ O @ O O O @
1 2 3 4 5 4 2
The quiver is depicted in (3.7), where we turn on FI parameters at the nodes in red. We first
subtract a (non-affine) Ag quiver with U(2) nodes such that the leftmost node is aligned with

the red node 3 in (3.7) and the rightmost node is aligned with the red node 2 in (3.7), getting

SN0 GRS

@ © @ O
2 3 5

O @
4

,_.
=~ O

)
o O—@ v
= O0—0 w
o O

w

N

H
w O

- O O
2 2

O O
2 2

Yo

19
2

The U(2) node in blue in (3.8) arises after subtraction to rebalance the U(2) and U(3) nodes
in green. Then, we subtract a (non-affine) As abelian quiver such that the leftmost node is
aligned with the left red node 1 in (3.8) and the rightmost node is aligned with the right
red node 1 in (3.8), obtaining

2 3
] ] z

e—0—e—0—0—0—0

1 2 1 2 3 4 2 — 5 i (3.9)
&—0—0—0—0—0—>0
1 2 3 4 3 2 1

- 0—0—o0

11 1

The U(1) node in blue is introduced again to rebalance and, as we have explained before, is
connected only to the U(2) node in green, and not to the other U(2) nodes. In general, this
FI deformation implements the mass deformation from the Fg to the E7 rank-1 theories.

3.3 Turning on FI deformations at nodes of rank n and 2n

Let us now consider the following case: the quiver contains a tail of the form U(1)-U(2)—...
and we turn on FI parameters at the U(1) and U(2) nodes only (as before, the generalization
to the case U(k) — U(2k) — ... is obvious). Because of (3.4), we set {; = —2& = 2¢. If
we denote the U(1) x U(2) bifundamentals as Q, Q and the other U(2) fundamentals as
f’i, P, the relevant F-terms are

QQ =2¢; PP —QQ=¢, (3.10)

— 11 —
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Figure 1. The SO(12)-preserving FI deformation of the rank-1 E; theory. We turn on FI parameters
at the red nodes, and we indicate in blue the U(1) node for rebalancing, attached to the U(2) node
in green.

which are solved by

Q=VE11); Q=Q"; 15:\@(100”') ; PT:\/§<010”'>, (3.11)

010... 100...

where the index i labels the columns of P and the rows of P. The VEV described above
breaks spontaneously U(1) x U(2) to a diagonal U(1) subgroup. It is easy to check that

- 0
D-terms are satisfied as well. The VEV for P;P* has the form ¢ g . This propagates

along the quiver breaking all the groups as U(m) — U(m — 2) until we find a junction,
where we can “decompose” the VEV as

0e\ [(o¢ 00
£9)-(29)- (1)

Two nodes connected to the junction are higgsed as U(m) — U(m — 1) and the VEV does
not propagate any further. All the nodes connected to the subquiver of nodes which are
(partially) higgsed are now coupled to a new U(1) node, which is left unbroken by the VEV.
We give an example of this process in figure 1, which provides a way to understand, at the
level of the 3d mirror theory, the flow from the E; theory to SU(2) SQCD with 6 flavors.
As is clear from the picture, this is equivalent to subtracting a D-shaped quiver with three
abelian nodes (while all the other nodes have rank 2). The number of nodes in the D-shaped
quiver is dictated by the length of the tail in the original quiver.

Let us now consider a more complicated example involving a class S trinion. The SCFT

has global symmetry SO(16) x SU(2) and its Coulomb branch is two-dimensional. We wish
to turn on a mass deformation which breaks the symmetry to SU(8) x SU(2), leading to
another trinion theory. In order to preserve an A7 x A; balanced subquiver, we turn on FI
parameters at U(2) and U(4) nodes as in figure 2.
The F-terms are solved as explained above. The only difference is that we have to tensor
all the matrices in (3.11) by the 2 x 2 identity matrix. The central node is higgsed to U(2)
and the neighboring nodes are higgsed as U(n) — U(n — 2). We further need to add a U(2)
node attached to the unhiggsed U(1) and U(4) nodes.
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Figure 2. The SU(8) x SU(2) preserving mass deformation of the rank-2 SO(16) x SU(2) theory. We
turn on FI parameters at red nodes. As a result of the higgsing, a new blue U(2) node appears for
rebalancing the U(4) node in green. This U(2) node then connects back with the U(1) node in cyan.

3.4 FI deformations at several nodes of different rank

By combining the techniques discussed in the previous sections, we can analyze more compli-
cated deformations involving several nodes in the quiver. In this section, we will discuss in
detail the case, most relevant for our analysis, in which we turn on the FI deformation at
a balanced node in the quiver and at all nodes connected to it (which may or may not be
balanced, it does not matter for our argument). In order to solve eq. (3.4), we will set the
value of the FI parameter at the balanced node to —2X and to A at all nodes connected to it.
The balancing condition indeed guarantees that (3.4) is automatically solved. We will focus
for simplicity on star-shaped quivers with three tails, which is the only relevant case for us.

Let us start by discussing the case in which the balanced node belongs to one of the
tails. By construction, we have only two nodes connected to it and, therefore, the relevant
part of the quiver is of the form

—2A
A (3.13)
A B C

where we have added above each node the value of the corresponding FI parameter and
below the rank of the node. Indeed, the balancing condition tells us that 2B = A + C.
We can assume without loss of generality that A < C', which implies that the node C is
closer to the central node.

In this situation, the solution of the equations of motion is obtained by combining the
solutions discussed in the previous two examples. As in section 3.2, we have VEVs for the
bifundamentals between nodes A, B and B, C' which higgs the three gauge groups reducing
their rank by A. At the level of the quiver, this is implemented by subtracting a linear
quiver with three nodes all of rank A and rebalancing with a U(A) node. As a result of the
subtraction, the node A disappears, the node B is higgsed to CTfA, while node C' is higgsed
down to C' — A, which is twice the new rank of the B node.

At this stage, the solution to the equations of motion can be found by combining the
above with a further VEV for the bifundamental between B and C' which is analogous to the
one described in section 3.3. The VEV propagates all the way to the central node and the
effect of the higgsing can be implemented by subtracting a D-shaped quiver: all nodes of the

D-shaped quiver have rank C' — A except three, whose rank is %. We finally rebalance
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Figure 3. Example of FI deformations at several nodes of different rank.

with a U(%) node. Notice that the U(A) rebalancing node we have introduced earlier
should not be rebalanced at this stage. Overall, we can handle this case by combining the

two basic moves we have described earlier.

Let us illustrate the procedure we have just described with a concrete example in figure 3,
taking again the Fg quiver as a starting point. We select as node B in (3.13) the node U(4)
in the long tail. In the case at hand, in figure 3, we have A = 3 and C' = 5. In the first
subtraction, the U(3) node in blue arises to rebalance the U(2) and the U(6) nodes in green
to which it connects. In the second subtraction, this U(3) node in blue is left untouched,
and the U(1) node in brown arises to rebalance the U(2) node in cyan to which it connects.
As we can see, the result is again the E; quiver.

Let us conclude this section by discussing the case in which the balanced node coincides
with the central node in the quiver. In this case, the balanced node is connected to three



nodes and the relevant part of the quiver is

Di (3.14)

A B C

Indeed, in (3.14), the central node B is the one with the largest rank, and due to its balancing,
we have the relation D = 2B — A — C. As we have explained before, the FI parameter
at the central node is equal to —2\, while the other three nodes in (3.14) have the FI
parameter equal to A.

It turns out that, in this case, we can solve the equations of motion only by using the basic
move discussed in section 3.2, more precisely we need to perform consecutively three quiver
subtractions. It is perhaps easier in this case to provide the VEV for the three mesons in the
adjoint of U(B) built out of the bifundamental fields which solve the equations of motion. We
denote them as Map, Mpc and Mpp. The VEV for the elementary fields can then be easily
extracted. We present the VEV for the mesons (which are B x B matrices) in block form:

B-CY

YA+C-B (3.15)

B A{

The three diagonal blocks in (3.15) are square matrices of size B—C, A+ C — B and B— A
respectively. Each of the three mesons has two diagonal blocks proportional to the identity,
while all other blocks are zero. Explicitly

I I
Map = I ;. Mpo = I ;. Mpp = . (3.16)
I I

Notice that the rank of Mpp is 2B — A — C, which is equal to D due to the balancing of
the central node, as we have explained.

The higgsing induced by the VEVs (3.15) can be described as a sequence of three quiver
subtractions, where each time we subtract a linear quiver with three nodes of the same
rank (say m) and, as explained in section 3.2, we rebalance with a node of rank n. The
first subtraction involves the nodes A, B and C' and we set n = A+ C — B. The second
subtraction involves the nodes D, B and C and we have n = B — A. Finally, the third
subtraction involves the nodes A, B and D and we set n = B — C. As in the previous cases,
we should not rebalance the balancing nodes introduced in previous steps.

Let us illustrate the above procedure in the case of the quiver

3.17
o (3.17)
12

© O—O &~

O O O O O O O
3 4 5 6 7 5 2
Comparing (3.17) and (3.14) we see that A+ C — B =4, B—A=1and B—C =3. The
sequence of three subtractions is then implemented as in figure 4. In the first subtraction,
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Figure 4. Example of FI deformation involving a balanced central node in a star-shaped quiver.

the U(4) node in blue arises to rebalance the U(6) and the U(2), that we depict in green, to
which it connects. The second subtraction leaves the green U(6) untouched, but a cyan U(1)
arises to rebalance the red U(3) and the green U(2). Finally, in the last subtraction, we add
a brown U(3) to rebalance the U(6). The last quiver is drawn so that the Er-shaped quiver
is easily recognizable, and the colors help in visualizing which node is which.
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4 Mass deformations of orbi-instanton theories

In this section, we will start exploring RG flows between class S theories triggered by mass
deformations. Our main tool is the analysis of FI deformations for the corresponding magnetic
quivers, which are reviewed in section 3. We start from Fg trinions which correspond to
orbi-instanton theories reduced to 4d, as we have explained before, and discuss in detail
various types of deformations which lead to other families of star-shaped quivers. As we will
see, we can (often in several ways) deform every Eg quiver to an Ey quiver (in which we can
fit the graph of the E; affine Dynkin diagram); this can then be deformed to an Fg quiver
which in turn can lead to more general star-shaped quivers with more than three tails. Our
goal is not to provide a full catalog of possible RG flows, but rather to describe explicitly
the families of deformations we will need in section 5 to argue that every star-shaped quiver
can be realized as the deformation of an Fg quiver.

4.1 Deformations from Eg quivers to Ey quivers

In this section, we explain how to obtain via FI deformations FE7-shaped quivers from
FEs-shaped quivers that are magnetic quivers for orbi-instantons.

4.1.1 Deformations involving Eg nodes

Let us start by considering RG flows which do not break (the subgroup of) the SU(k) global
symmetry of the parent 6d theory. This corresponds to activating the FI deformation only at
nodes fitting inside the Eg affine Dynkin diagram. We start by noticing that every time a
node is balanced, i.e. the corresponding Kac label vanishes, it is possible to turn on an FI
parameter at that node and the surrounding ones, leading to an E7 quiver.

Let us consider a generic Eg magnetic quiver for an orbi-instanton theory, i.e.

L

i (4.1)
O O O O O O O O O
k A B C D E F G H

where we have colored the part of the quiver associated to the Eg affine Dynkin diagram to
distinguish it from the tail, and, for example, we assume that ng is balanced, i.e. ng = 0.
This imposes that

2F = E+ G+ L. (4.2)

We can now turn FI deformations at node F' and the nodes surrounding it, i.e. E, G and L,
remembering that their ranks are constrained by (4.2). The resulting quiver can be obtained
by implementing the procedure described at the end of section 3.4 and reads

F-G
j? G+E-F F-E (4.3)
- —O0—0—0—0—0—0—0—0
k A B C D H

which, as we have made clear by the choice of colors, is a E7 quiver, with one tail. The
tail is simply inherited from the parent quiver.
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This is not the only possible FI deformation that one can turn on in (4.1). Provided
that at least one of the Kac labels is zero, it is always possible to activate FI deformations
involving only nodes inside the Fg affine Dynkin diagram, which lead to an F; quiver with
one tail. In this case, the tail is identical to that of the parent Eg quiver. The deformation
can be implemented simply following the rules discussed in section 3. The resulting quivers
are listed in table 1.

Possible FI deformations involving nodes in the tail are explained in section 4.1.2, while
some of the deformations that lead to E7 quivers with two tails are discussed in section 4.1.3
and are listed in table 2.

4.1.2 Deformations involving the tail

Hitherto, we have considered the deformations corresponding to turning on an FI parameter
at the node inside the Eg affine Dynkin diagram with the zero Kac label. In this section,
we consider deformations corresponding to turning on the FI parameter at a node on the
quiver tail. This procedure can be applied regardless of the values of the Kac labels. A
particularly interesting case is when none of the Kac labels in the Fg affine Dynkin diagram
are zero. An example of which is as follows:

(4.4)

Let us consider the following quiver and turn on the FI parameters 2\ and —\ at the
nodes U(1) and U(2) on the tail, respectively:

L
1 (4.5)
O O e O O O O O O O O O
1 2 k A B C D E F G H
Using the argument provided in figure 1, we see that the resulting E7 quiver is
L—-1
O
A—2 c-2 E—-2 | G-1 (4,6)
O O e O O O O O O O O O O
1 2 k—2 B-2 D -2 F-2 H 1

Another option is to apply the method of section 3.4 which always holds whenever one of
the nodes in the tail is balanced. The corresponding FI deformation involves only the balanced
node and the two nodes connected to it. In a special case where the node k is balanced, we
can obtain in this way an E7 quiver with a single tail: starting from a quiver of the form

L
k—a k+a i (4,7)
O O O O O O O O O O O O
1 2 k B C D FE F G H
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Balanced

Node Constraint E7 Quiver
F-G
CGip-r r-p
ne=0 2F=E+G+1L 0—0—0—0—0—0—0—0
kK A B C D H
E-L
0
B B | G-L
ny =0 2L=F . —O0—0—0—0—0—0—0—0
kK A B C D L H
H
ny =0 2H=G . —0—0—0—0 i N
kK A B C D F—2H
L+k—A
I Oc+%moE+%mi<mgAc> A=k
k D+2k—24 F+2k-24 H
L+A-B
A Bi24-287 G+a-B B-A
ng=0 | 2B=4+C —0—0—0—0—0—0—0—0
kK D+24-2B F+24-2B H
L+B-C
Biop-207 GrB-C  C-B
ng=0 | 20=B+D -l i SN
k B F+2B-2C H
L+C-D
=0 | 2D=C+E o—0—0—0 iG+g_Do o
kA B F+20-2D H
L+D-E
ns=0 | 2E=D+F . —0—0—0—0 iG+g_Eo 7’
kK A B C D H
G-H
ne=0 | 26=F+H 0—0—0—0 iE+g_G<>L+g_G
kK A B C D H

Table 1. Some examples of FI deformations involving the balanced nodes of (4.1). We list the
balanced node, the consequent constraint on the ranks of the balanced node and the surrounding

ones and the corresponding resulting E7-shaped quiver with one tail, assuming of turning on FI
deformations at the balanced node and all the surrounding nodes.
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we land on

k—a C—2a E —2a i G—-a (4,8)
O O O O O O O O O O O
2 a

1 B —2a D —2a F —2a H

Note, however, that, in general, unless the chosen balanced node is the first or last in the
tail, the resulting E7 quiver will have two tails.

4.1.3 Mixed deformations: E7 quivers with two tails

So far, we have considered deformations that lead to an E7 quiver with a single tail attached.
However, it is possible to generate E7-shaped quivers with two tails attached, illustrated below:

Qorr

9 (4.9)

kl (65} (%) a3 Q4 Qg Qo Qi kz

Generally this involves turning on FI parameters at certain nodes in the Fg affine Dynkin
diagram, and at a node on the tail of the Eg-shaped quiver. This is thus referred to as a
mized deformation. Let us emphasize again that we are not aiming at classifying all possible
deformations; rather we would like to list some way to obtain an E7-shaped quiver with two
tails starting from an Eg orbi-instanton theory and a choice of mass deformation.

We first give an example and list other possibilities in table 2. Let us consider again
a generic Eg quiver as in (4.1) and turn on FI deformations at nodes 2 / 2’ (with equal
and opposite value for the FI parameters) of the Eg quiver. We can introduce a parameter
%, defined as

k=B —H, (4.10)
or, analogously, it can be expressed purely in terms of the excess numbers of the Eg quiver, i.e.
k = ns + 2n4 + 3ns + 4ng + 3ny + 2ny + 2ng. (4.11)

Indeed, in order to satisfy (3.4), we should also turn on the deformation at some other nodes
and we choose the node with rank & in the tail (assuming it exists). Following the rules
discussed in section 3.2, we find that this deformation leads to the following FEr-shaped

quiver with two tails:

(O}

L — 0O
k—k

0
k [ E-H C-H (4.12)

T O

We list other possible FI deformations that similarly lead to an FEr-shaped quiver in table 2.
All the deformations provided in the table involve one node in the tail of rank k, besides
the nodes explicitly reported in the first column.

— 20 —



Nodes k E7 Quiver
G-H
2/ B-H= A-F T E-H C-H
n3+2ng+3ns+4neg+3ng +2n9 +2n3 o T H I FoH D—H p
H
~ o
o C-L= A-k L l F-L D-L
ng+2n5+3neg+2ny +no +2ng i B_% G E—L T
H
D-G= A-F C-% T L E-G
44 o9 . —0 o -
N5 +2ne+2n4 +ngo +ng T BT G oG T
H
o E-L-H= A-k C—k T L F—L-H
5/ 32 ne+ny +no +n: o o=
G k—F Bk D—k G-H [
H
A+L+H-F= Ak L D+k—A B+k—A
6/342'+1 . —0o ? O— -
ng+2n3+3n4+4ns+5ne+3ng +no +2ng T G—H P Cifioa 7

Table 2. Possible FI deformations of the Eg orbi-instanton theory (4.1) that lead to an E7-shaped
quiver with two tails. We list the nodes where the FI deformations are turned on, the value of k and
the corresponding Er quiver.

4.2 Deformations from E; quivers to Eg quivers

In this section, we are going to describe in detail several FI deformations which lead to
FEg-shaped quivers starting from F; quivers.

4.2.1 Deformations starting from FE; quivers with one tail

Let us start by considering the following generic E7-shaped quiver with one tail:

(4.13)

SO0—O0x

e O
k c

& O

A
and we assume B > H. In this case, it is possible to turn on the FI parameters at nodes
B and H, and assuming that there exists a node in the tail with rank £k = B — H, we must

also turn on the FI parameter at that node. By following the rules reviewed in section 3,
the resulting quiver is

G
~ F
A—k D-H (4.14)
i—T H E C-H 7
This means that we have generated an FEg quiver, marked in , with two tails, where

the tail ending with the node k — k originates from the tail of the E; quiver where all ranks
are reduced by k. The other tail ends with a node of rank k. This is not the only way to
obtain the Fg quiver, and we list several other similar options in table 3.
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Nodes Condition FEs Quiver
G
B, H, A—k F D—H
k=B-H E—T H E C-H 7
F-@d
E-@
A, G, G c-G
k=A-G k—T H D-G B-G 7
G
C, E, AT v "
- k—k B-k FE D-FE §
G
F
H, F HeF k—k B—k D-F—k
k=H-F 0 - - PR
A—k C—k k
E—-H-Fk
B B D-H—k
H, F, g k—k Bk
k=F-H -0 - -4 4 o
A—k C—k k

have two tails, i.e.

Table 3. Possible FI deformations of the E7 quiver (4.13) that lead to an Fg-shaped quiver with
two tails. We list the nodes where the FI deformations are turned on, the conditions for which the
deformation is possible and the corresponding Fg quiver.

4.2.2 Deformations starting from E7; quiver with two tails

It is possible to generalize the deformations seen in the previous section to E7 quivers that

(4.15)

i
k1

o—=0C
B C

SO0O—0O

— 922 —

ko

QO

O O
E F

We are not going to list all the quivers that result for each of the deformations in table 3,
since the analysis is very similar, and we focus for definiteness on the deformation involving
nodes B and H. As before, if B > H, we need also to turn on an FI deformation at a



node with rank k = B — H in the tail that ends with k;. The resulting quiver is similar
to (4.14), but with three tails, i.e.

G (4.16)

P H E C-H

If, instead, H > B, the FI deformation must be turned on at a node with rank k=H-B
in the tail that ends with kg in (4.15). The resulting quiver is

G-k (4.17)
F—k

A D-B—k &
- —O0— —O0—
ki B g_7% C-B

Notice that the vast majority of star-shaped quivers with three tails, including the 3d
mirror of Ty theory, are of the form (4.17). In section 5.2.1, we will see that all of them
can be realized as the deformation of an E; quiver.

The above analysis can be repeated verbatim for the other deformations listed in table 3.
Interestingly, we observe that the deformation involving the A and G nodes does not generically
lead to a star-shaped quiver, except for very special cases. Nevertheless, all other deformations
in table 3 can be generalized to the two tail case and lead to Eg-shaped quivers with three
tails, as in (4.16) and (4.17).

4.3 From Ejg quivers to generic star-shaped quivers

We are now ready to discuss how it is possible to obtain any generic star-shaped quiver
starting from FI deformations on an Eg-shaped quiver. For pedagogical reasons, let us start
by discussing deformations of the T, theory and generalize it further.

4.3.1 Example: the trinion theory

We first consider a simple example of the T4 theory, whose mirror theory is

(Pl

N-1 (4.18)
N

o— — — - —0

1 N -1 N N+1 N N -1 1
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Turning on the FI parameters with opposite signs, say at the leftmost U(1) and the rightmost
U(1) nodes, we obtain

(Pl

Lo (4.19)

10——& N

1 N-2 N-1 N N—-1 N-=-2 1

Upon reiterating this process, namely turning on the FI parameters with opposite signs at
the leftmost and rightmost U(1) nodes, the left and right tails shrink, and there are more
and more U(1) nodes attaching to the green node forming a bouquet. After N deformations,
we obtain the quiver with one T[SU(N)] tail and (N + 1) Tjy_1,1)[SU(N)] tails:

I

N-1 (4.20)

N+1U(1)

It is worth pointing out that, in this case, the number of tails, which is (N + 2), is equal
to the number of deformations plus 2. Note that the mirror theory of (4.20) is the linear
quiver studied in [30-33]:

[SU(N + 1)] = SU(N) — SU(N — 1) — ... — SU(2) — SU(1) (4.21)

4.3.2 First generalization

We can generalize this analysis to the following quiver:

Tps
N
i (4.22)
o— - —0— Y/ Y —O— -+ —O
1 k N+k k 1

where we have defined Y; as T}, theories but with all the ranks shifted by k.* Upon turning
on FI deformations with opposite sign on the leftmost U(1) node and rightmost U(1) node

“For example, if p; = [1N] , then the corresponding segment of the tail is (1+k)—(24+k)—(3+k)—- - - —[N+k],
and the [N + k] node is then gauged.
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and reiterating, the resulting quiver is

(4.23)

If we now further turn on the FI deformation (with opposite sign) at the two nodes of rank
N, we obtain the final result:

Ty, T,y (4.24)

4.3.3 Further generalization

More generally, we can consider the following Eg quiver

TP
N
(4.25)
To1p9sspre TP'I,P'Z ,,,,, p;c,
kN
where we have defined T}, ,, ., as a tail
TPl 00— Y, —O— Y3 — -+ —O0—Y} (426)
N 2N (k—1)N

where Y; are T}, tails but with the rank nodes shifted by (i — 1)N. For instance, by
considering p; = [1N }, the quiver for T), is

0 —o—n (4.27)
1 2 N -1 N
the corresponding Y; is then
o o o n (4.28)
1+(@—1)N 2+ (i—1)N iN—1 N

and the flavor node is gauged with the first node of Y;1;. Note that nodes N, 2N, ...,
kN can possibly be bad. Let us suppose for now that this is not the case. If we turn FI
deformations in (4.25) at nodes N and N, 2N and 2NN, and so on sequentially, we obtain

,25,



a star-shaped quiver of the form

k tails
~ AL
Ty, Ty,
Tp,l - Tp;c/
N -~ _
k' tails

which is nothing but a generic star-shaped quiver with an arbitrary number of tails.

The analysis we have carried out so far shows that a vast class of star-shaped quivers
originates from Eg quivers via FI deformation. Were it not for the fact that the quiver (4.25)
can include bad nodes, what we have done would be enough to conclude that all star-shaped
quivers have this property. In the next section, we will explain how to deal with this issue
and see that it does not actually affect the main conclusion that all class S theories on the
sphere originate from orbi-instanton theories via mass deformation.

5 Inverse algorithm for determining a parent theory

In this section, we discuss the so-called inverse algorithm, which is a procedure that, given
a descendant, allows us to determine a parent theory, including the corresponding Fg orbi-
instanton. The general idea is to choose a candidate parent theory, assuming that it comes
from one of the mass deformations described in section 3. In general, this candidate parent
quiver may contain a gauge node that is underbalanced, rendering the quiver bad. We then
deal with this by dualizing the underbalanced node using the prescription provided in [27],
also reviewed in appendix A. This dualization is always possible since there are FI parameters
turned on precisely at the underbalanced nodes in question. This process can be repeated
until we obtain a good quiver, which is then a proper magnetic quiver of the parent theory.
We emphasize that the parent theory determined by this method is by no means unique. Of
course, there can be many other parent theories which, upon various deformations, flow to
the same descendant. Our approach determines a parent theory out of many possibilities,
given a descendant. Moreover, it does not matter which candidate parent theory we pick, the
end result after a series of dualizations of the underbalanced nodes will give a parent theory.

5.1 Uplifting Ey quivers to Eg quivers

We discussed in section 4.1, in particular in tables 1 and 2, how to obtain various F~»
descendants from an Eg theory using FI deformations. Let us now ask a reversed question:
namely, given an Fr-shaped quiver, how we can determine a parent Fs-shaped quiver that,
upon deformations, flows to the given E7 quiver in question.
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Let us first consider F; quivers with a single tail, i.e.

H

1 (5.1)
O O O O O O O O
k A B C D E F G

A practical way to determine its Eg-shaped parent quiver is to choose one of the quivers listed
in table 4 to be a candidate. For definiteness, let us choose the one corresponding to the ng lift:

G+H
E+H i E+G (5.2)

k A B ¢ D E+G+H F

O) O
S S

In order for (5.2) to be a good quiver, the following conditions must be satisfied:
eg <ey+ep, for(4.1). (5.3)

If the above inequality is violated, then our candidate parent theory (5.2) contains an
underbalanced node and is not a good theory. We can then perform a series of dualizations
until we obtain a good quiver.

We list in table 4 the parent Fg theories obtained by inverting the quivers in table 1. The
condition stated in the second column means that, if it is satisfied, there is no underbalanced
node and no dualization is required. As emphasized above, in practice, we can use any uplift
stated in table 4 and, if there is an underbalanced node, one simply needs to dualize it. In
other words, there is no preferred uplift; however, there exists a minimal path from which one
can start, and by dualizing the quiver one obtains all the other possible uplifts. The path is

Lift ur%

N

Lift ry

N\

Lift ng —— Lift ns —» Lift 1y —— Lift ns —— Lift ny —— Lift ny (5.4)

/

Lift ng/

Note that, if none of the conditions listed in table 4 is satisfied, such as in the following quiver

H
1 (5.5)
O O O O O O O O O
K k A B C D E F G
with
A>k+G, k>Gand ¥ <k -G, (5.6)

the dualization of any candidate Fg parent quiver chosen from table 4 will propagate to
the tail, meaning that there is a tail deformation involved upon going from the Fg-shaped
quiver to FEr-shaped quiver.
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Lift Condition for (4.1) Es Quiver
G+H
E+H 2H
nor FZH
k A B C D F+2H H
E
E+H G+FE
ngs ec<ep—ey
k A B C D 2F F
G+H
E+H F+H
ny ec<eg—ep
k A B C D F+2H F
G+H
E+H E+G
ne egc<eptep
k A B C D E+G+H F
G+H
D+G E+G
ng5 eg<egtegt2lep
k A B C D D+2G F
G+H
C+2G T E+G
N4 eG§6H+eE+29D+QGC s —O0—O0—0—0O oO—O
k A B C C+G D+2G F
G+H
B+G C+2G T E+G
ns eqg<eg+tep+2ep+2ec+2ep i — O—O0—0 o—oO0
k A B B+2G D+2G F
G+H
A+2G C+2G T E+G
ny |eg<egt+eg+2ep+2ec+2eptles| ... _o o o—o0
k A A+G B+2G D+2G F
G+H
k+G A+2G C+2G T E+G
ny A>k+G e —0 o—oO
k k+2G B+2G D+2G F

Table 4. Possible uplifts to Es-shaped parent quivers of (5.1). We list the nodes that are assumed to
be balanced, where the FI deformations are turned on, the conditions for goodness of the Eg quiver,
and the corresponding Eg quiver.

5.1.1 Obtaining 6d parent theories and realizing deformations

Given an Ey quiver, we can derive an Fg parent quiver by using any uplift in table 4. If
there are any underbalanced nodes, we dualize them until all gauge nodes are balanced
or overbalanced. After this process, we can assume that the Eg parent quiver takes the
form (2.13). From the latter, we can then derive the F-theory quiver of the corresponding 6d
theory at a generic point on the tensor branch using the following procedure.

From the Fg parent quiver (2.13), we can derive the 6d theory at a generic point on
the tensor branch by exploiting Eg quiver subtractions [24, 25], corresponding to the small
Eg instanton (or Kraft-Procesi) transition. The process is as follows. First, we subtract
an m X Fg quiver, depicted in (5.7), below from the Eg parent quiver (2.13), where m is
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defined around (2.8):

3m
d = 5.7
m m 2m 3m 4m 5m 6m 4m 2m (5.7)

Explicitly, this subtraction is

N3/
o—O0— —0O O O O O O O i O O
Sl 2s; k—s1 k N1 Ny N3 Ny N5 Ne Ny Nos
3m
- 0—0—0—0—0 i o0—o0 (5.8)
m 2m 3m 4m 5m 6m  4m  2m
T3/
= O0—0— ' —O0—0—0—0—O0—0—=0 i o—oO
St 28 k—s; k t1 t2 otz ot otz T Ty T

where v; are defined as in (2.8).

Next, we rebalance the resulting quiver by adding m U(1) gauge nodes to the U(k) node
such that there is a hypermultiplet in the bifundamental representation between U(k) and
each U(1) node. The resulting quiver after subtraction and rebalancing is

m
/_/H
1 1 va
N (5.9)
o—o0—  -0—Xf—0—0—0—0—0—0—0—=0
St 28 k—s k t1 t2 t3 t4 tz tg Ty o

Note that this quiver has an overall U(1) that needs to be decoupled.

Next, we compute the mirror theory of the quiver we obtained. This contains information
about the gauge group and how hypermultiplets transform in the 6d tensor branch description.
Finally, to complete the process, we insert the (—1)- and (—2)-curves in the 6d F-theory
quiver in such a way that

o the Eg global symmetry (or its subgroup) on the Coulomb branch of the original Eg
parent quiver (2.13) is correctly present next to (—1)-curve, and

o the gauge anomalies in the 6d theory are canceled on each curve.

A convenient approach to see the mass deformation from the theory associated with
the Fg parent theory to that associated with the E~ theory is by performing the E7 quiver
subtraction and rebalancing on the latter. The process is very similar to that discussed
before, with the m x Eg quiver replaced by an m x E7 quiver:

2m

.1
m2m 3m 4m 3m 2m m (5.10)
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The result will take the following form:

(5.11)

m
/_/H
1 1 Q2
N i
o0——0— - —O O O O O O O
S 2s; k—s1 k a2 a3 04 Oy

O O

Qor O/

After determining the mirror theory of (5.11), we see how the theory associated with the

FEg parent theory is mass deformed as follows:

o If the mirror dual of (5.11) is the same as that of (5.9), this means that, after taking into
account the Kraft-Procesi transitions of the E7 and Eg small transitions in each theory,

the resulting theories are the same. This also means that only the flavor symmetry
attached to the (—1)-curve, but not those attached to the (—2)-curves, of the 6d parent
theory gets mass-deformed. The change of the flavor symmetries upon deformation can

be seen by contrasting the Coulomb branch symmetries of the E7 quiver and the Eg

parent quiver. This can be read off from the sub-Dynkin diagrams after removing the

overbalanced nodes, as instructed in [26] (see also [12, 34]).

o If the mirror dual of (5.11) is not the same as that of (5.9), it is clear which hypermul-

tiplets or flavor symmetries in the parent theory get mass-deformed.

5.1.2 Examples: E; quivers with four-dimensional Higgs branch and one tail

Let us list the E7 quivers, containing one tail, with a four-dimensional Higgs branch, where

the rank of the central node is less than or equal to 12, below.

Number FE7 Quiver Eg Parent Quiver 6d Parent Theory
6 9 su(l) su(2)
1 12
1236912963 12369121518126 [es] [su(3)]
5 7 usp(2) su(2)
2 16)] 1 2 [su(2
1246810742 1246810121494 [s0(16)] [su(2)]
6 9 su(l) su(2)
12 2
’ 246912963 246912151812 6 [es] [su(3)]
4 su(3)
! : ol 172 [su(6)
1234568642 1234568101284
4 5 su(4)
5 1 12
12345678531 1234567891063 Ny feu(12)]
su(4)
6 e ° 1 [su(12)]
12345678642 1234567891063 n?)
6 7 usp(2) su(2)
16) 1 2 [su(2
! 2468101284 1 1246810121494 [s0(16)] [su(2)]
3 usp(6)
8 y 0 1 [s0(28)]

12345678910621

12345678910111272

Let us demonstrate the procedure presented in section 5.1.1 in many examples as follows.
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1. Let us consider Theory 2. If we subtract the 2 x Eg quiver out of the Eg parent quiver
and rebalance, we obtain (5.9), which is

1 1 !
A i (5.12)
o———O0—""FC0C—""C0C—""0C—"~0C—C—"0C O
1 2 2 2 2 2 2 2 1 0
This was discussed in [14, (3.22)],—2 as a mirror theory of the following quiver
[su(2)] —SU(2) — USp(2) — [s0(16)] (5.13)

In order for the gauge anomalies to be cancelled, we need to put the USp(2) gauge group
on the (—1)-curve and put the SU(2) gauge group on the (—2)-curve. This explains the
6d parent quiver we depicted above in Theory 2.

On the other hand, we can also subtract the 2 x Er quiver out of the F~ quiver and
rebalance. The result is (5.11) which is

QO ~

1 1
N (5.14)
O O O O
2

O
1 2

O
2 (
O
-
©0
©0

This is a mirror theory of
[su(2)] — SU(2) — USp(2) — [so(14)] (5.15)

Comparing (5.13) and (5.14), we see that a doublet of hypermultiplets in the funda-
mental representation of the USp(2) gauge group in the former becomes massive and is
integrated out.

2. Let us consider Theory 4. Upon subtracting the 2 x Fg quiver from the Eg parent
theory and rebalancing, we obtain

1 1 0
@)
NS (5.16)
O O O O O (@) @) @) @) @) @)
1 2 3 2 1 0 0 0 0 0 0
This theory is mirror dual to the SU(3) gauge theory with 6 flavors:
SU(3) — [su(6)] (5.17)

Here, we can put the gauge group SU(3) on the (—2)-curve. However, since node 6 is
overbalanced in the original Eg parent theory, it has the Coulomb branch symmetry
e X su(6). We need to add a (—1)-curve and put [eg] next to it in order to take into
account this eg flavor symmetry. We then arrive at the quiver description of the 6d
theory as stated above.
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Upon subtracting the 2 x E; quiver from the corresponding E7 quiver and rebalancing,
we also obtain the mirror dual of the SU(3) gauge theory with 6 flavors. This means
that, after considering the Kraft-Procesi transitions of the Fg and FE7 small instantons
in each theory, the end results of the two theories are the same. Note, however, that
since node 6 in the E; quiver is overbalanced, the Coulomb branch symmetry of the
latter is su(6) x su(6). This means that the eg flavor symmetry of the parent theory is
mass-deformed to su(6).

. Let us consider Theory 7. Although it has the same Eg parent quiver and hence the
same 6d parent theory as Theory 2, it comes from a different mass deformation. This
can be seen as follows. We take the E7 quiver in Theory 7 and decouple an overall U(1)
from the rightmost U(1) gauge node. As a result, we obtain

(5.18)

O O O O O
2 4 6 8 10

o O—O oo

o—O0—1
8 4 1

According to [34], the Coulomb branch of such a quiver realizes the moduli space of
two Eg instantons on C2/Zg with the holonomy such that Eg is broken to SO(16).
Here, we see that the su(2) flavor symmetry of the corresponding parent 6d theory was
mass-deformed. This is opposite to the discussion in Point 1.

. Let us consider Theories 5 and 6. Upon subtracting the 1 x Eg quiver out of the Eg
parent quiver and rebalancing, we obtain the theory

(5.19)

~0—0O
= 0O0—O0w

O O O
1 2 3

O O O O O O O
4 4 4 4 4 2 1

This theory was mentioned explicitly in [14, (3.106b)],=1 (see also [35, 36]). This is a
mirror theory of the SU(4) gauge theory with one rank-two antisymmetric (A?) and
12 fundamental hypermultiplets. To account for the small Eg instanton transition,
we introduce a (—1)-curve into the F-theory quiver, as detailed in the discussion
following (5.9). This leads to the corresponding 6d parent theory depicted in the

rightmost column, which is the expected result.

It is also instructive to compare this with the subtraction of 1 x E; quiver out of the
E7 quiver (and rebalancing appropriately). For Theory 5, we obtain

(5.20)

=~ 0—O0 +~
O

o O O
1 2 3

O O O
4 4 4

=~ O

O O @)
2 1 0

This is a mirror theory of the SU(4) gauge theory with one rank-two antisymmetric
and 10 fundamental hypermultiplets. We see that two fundamental hypermultiplets of
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the theories discussed in the previous paragraph become massive and are integrated
out. On the other hand, for Theory 6, we obtain

(5.21)

=~ 0—0O
=~ 0O0—0O

o0—O0—-=0
1 2 3

O O O O O O
4 4 4 3 2 1

This is a mirror theory of the SU(4) gauge theory with 12 fundamental hypermulti-
plets [37, figure 10]. In this case, the adjoint hypermultiplet of the previously discussed

theory becomes massive and is integrated out.

. Theories 1 and 3 have the same 6d parent theories even though the Eg parent quivers
are different. This can be seen by subtracting the 3 x Eg quiver from both Eg parent
theories. After rebalancing, the resulting theory is

O_\ /_c (5.22)

This is a mirror theory of the SU(2) gauge theory with 4 flavors. Due to the gauge
anomaly cancellation condition, we know that this SU(2) has to be on a (—2)-curve.
Since we have made a three times subtraction, the number of the tensor multiplet in
the 6d theory must be three, and we need two more curves. Since the Coulomb branch
symmetry of the Eg parent theory is eg x su(3), one of them has to be a (—1)-curve with
[es] attached, and the aforementioned (—2)-curve decorated with the su(2) gauge group
must be attached to [su(3)]. The remaining curve must be a (—2)-curve decorated with
su(l).

On the other hand, if we subtract the 3 x E7 quiver from both E7 quivers in Theories
1 and 3, we also obtain (5.22). Upon contrasting the Coulomb branch symmetries of
the E7 quiver and Eg parent quiver in each case, we see that in Theory 1, the eg flavor
symmetry of the parent theory is mass-deformed to ey, whereas in Theory 3, the eg
flavor symmetry of the parent theory is mass-deformed to s0(12).

. Let us consider Theory 8. After subtracting the 1 x FEg quiver from the Fg parent
quiver and rebalancing, we have

(5.23)

> O0—0O w

1
o—o——i 0—O0—0—0—0
12 6 6 6 6 6

O @)
6 3 0

From [35, figure 12], this is a mirror theory of the USp(6) gauge theory with 14 flavors:

USP(6) — [s0(28)] (5.24)

Putting the USp(6) gauge group on the (—1)-curve, we obtained the required F-theory
quiver for the 6d parent theory.
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We can also consider the deformation by subtracting the 1 x E7 quiver from the

corresponding E7 quiver. Upon rebalancing, we obtain

1
o—o——i 0—O0—o0
12 6 6 6 6

o O—0O w

O
3

(5.25)
O @)
0 0

Similarly to the above, this is a mirror theory of the USp(6) gauge theory with 12

flavors:

USp(6) — [s0(24)]

(5.26)

We see that, upon deformation, two flavors of the hypermultiplets become massive.

5.1.3 Examples: E; quivers with six-dimensional Higgs branch and one tail

We list the E7 quivers, containing one tail, with a six-dimensional Higgs branch, where the
rank of the central node is less than or equal to 12, below. The derivation of the following

results is as described at the beginning of section 5.1.2.

Number E7 Quiver Eg Parent Quiver 6d Parent Theory
6 7 su(2) su(3)
1 , ‘ 7]l 2 2 [su(4)]
12346912963 123469121518 12 6 INi=1)
5 7 su(3) su(3)
2 1
12357911852 12357911131510 5 [su(9)] [su(3)]
6 9 su(3) su(2)
3 2 2 [Ny =1
1357912963 13579121518 126 [su(4)] [Ny =1]
5 7 usp(2) su(4)
4 12) 1 2
123456810742 1234581012149 4 [s0(12)] [su(6)]
6 7 usp(2) su(d)
5 12) 1 2
1234681012841 123456810121494 | (5202 [5u(6)]
6 8 usp(4) su(3
6 18)] 1
124681012842 1246810121416 104 | o8] 2 [su(2)]
6 su(4) su(2)
7 \ s [su(10)] 1~ 2
2468101285 2 246810121416 10 5 A2]
5 8 su(4) su(2)
8 10 1 2
2468101296 3 246810121416 10 5 [su(10)] 1,
1 G ou(5)
9 12 1
123456789642 123456789101284 | MO [su(10)]
5 6 su(5)
10 12 1
1234567810741 | 1234567890101284 | 0O [su(10)]
5 6 su(6)
11 14)] 1
12345678910631 | 1234567891011127 3 [su4)] 1
4 5 su(6
12 15) 1
12345678910741|12345678910111284 )]

We comment on some of the above theories as follows:
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1. Let us consider Theories 7 and 8 that have the same 6d parent theory.” However, they
correspond to different mass deformations. This can be seen by subtracting the 2 x Fy
quiver from each case and rebalancing. As a result, we obtain, respectively

1 1 2
O v O O O i O O O
2 4 4 4 4 4 2 1 0
(5.27)
1 1 1
W ]
O O O O O O O O O
2 4 4 4 4 4 3 2 1
These are the mirror theories of the following theories, respectively
[su(8)] — SU(4) — SU(2), [su(10)] — SU(4) — SU(2) (5.28)

(A2

Comparing these with the corresponding 6d parent theories, we see that, in the former,
two fundamental hypermultiplets of su(4) become massive and integrated out, whereas,
in the latter, the antisymmetric hypermultiplet becomes massive and integrated out.
This is very similar to the discussion in Point 4 of the rank-4 case.

2. Similarly, Theories 9 and 10 have the same 6d parent theory, but they correspond to
different mass deformations. This can be seen by subtracting the 2 x E7 quiver from
Theory 9 and rebalancing, and by subtracting the 1 x E7 quiver from Theory 10 and
rebalancing. We obtain the following quivers, respectively

1 1 1
A 1
O O O C O O O O O O O
1 2 3 4 3 2 2 2 1 0 0
(5.29)
1 3
fE [
O O O O O O O O O O O O
1 2 3 4 5 5 5 5 6 4 2 0
The mirror theories of these quivers are respectively
SU(5) — [su(10)], [su(5)] — (es) — SU(5) — [su(8)] (5.30)

where, in the second diagram, the gray circle with the label eg denotes the rank-1 Eg
SCFT such that one su(5) in the maximal subalgebra su(5) @ su(5) of es is gauged and
coupled to 8 hypermultiplets in fundamental representation. Comparing with the 6d
parent theory, we see that, in the latter case, two fundamental hypermultiplets in the
su(b) gauge group are massive and integrated out, whereas, in the former case, the
su(5) flavor symmetry associated with the (—1)-curve is completely higgsed.

5This can be obtained by appropriately modify [14, (3.104) and (3.106b)].
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3. For Theory 11, upon subtracting the 1 x E7 quiver from the E7 quiver, we obtain

(5.31)
O O
1 2

o O—O0 ~

o O—O w

O O O O O O O O ®)
3 4 5 6 6 6 6 1 0
This is a mirror theory of the su(6) gauge theory with 12 fundamental and 1 antisym-
metric hypermultiplets. Comparing with the corresponding 6d parent theory, we see

that two hypermultiplets are massive and integrated out.

Similarly, for Theory 12, upon subtracting the 1 x E7 quiver from the F; quiver, we
obtain

(5.32)
O O
1 2

o O0—O ~
> O0—0Ow

O O O O O O O O (@)
3 4 5 6 6 6 4 2 0
This is a mirror theory of the su(6) gauge theory with 13 fundamental and 1 rank-three
antisymmetric half-hypermultiplets. Comparing with the corresponding 6d parent

theory, we see that two hypermultiplets are massive and integrated out.

5.1.4 Generalizations: E; quiver with two tails

One can generalize the inverse algorithm described above in the case in which the F7 theory

has two tails, i.e.

(5.33)

0O
\J

k1 A B C

SO0—O X

E F G ke

Without losing generality, we can assume ki > k9,9 and we call k = k; + ko. The
general resulting quiver will be

i o (5.34)

. () O) O O O O
S S \J \J \J

k

where the ranks of the Fg type quiver depend on the kind of deformation that is used in order
to get the E; theory, up to dualizations [27]. Let us, for instance, consider a deformation
involving nodes 3 and 3’ of the Eg quiver, then (5.33) can be obtained by starting from
an Fg quiver of the form

._() O O O) O
\J S S S S

C
A+ ks C+k  F+C i D (5.35)
k B+ks G+C E+

Q
T O

S1f k1 < ko, it is sufficient to redefine the nodes to mirror the quiver with respect to the vertical line.
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Nodes FEs Quiver
c
, A+t ko G+B E+B i H+B
2/2 - —O—O0—0—0—0—0—O0—0—@
k B+ ks F+B D+B B
c
, A+ k2 C+ ke F+C I D
3/3 - —O0—O0—O0—0—0—0—0—0—0
k B+ ks a+cC E+C H
B
, A+ k2 C + ka2 G+ D D
4/4 " —O0—O0—O0—O0—0—0—O0—0—0
k B+ ko D + ks F+D H
B
A+ ko C+ ko E+H+kQI F+H
/ /
5/3+2 i —O0—0—O0—0—0—0—0—0—0
k B+ ks Dtks G+E+H H
c
Atk F+A D+A I B+H
/ /
6/3+2'+1| .. —0—@—0—0—0—0 o—e
k G+A E+A  A+C+H H

Table 5. Some uplifts of E7 quivers to their parent Eg orbi-instanton theories obtained by inverting
table 2, up to reflection of the E; quiver tails with respect to central node. We colored in cyan the
nodes whose excess numbers cannot be determined directly from the E; quiver. In case they are
negative, the parent theory is obtained with a series of dualizations [27] as we explain in appendix B.

It is easy to check that all the excess numbers of the Fg quiver for the nodes that are not
involved in the deformation are related to the excess number of the F; quiver, namely

ny —=-ea, ng = ep, ng = eq, ny = er, ne — efg, Ny = ep and Nor = epy. (536)

On the other hand, the excess numbers nz and ng cannot be obtained from the E7 quiver,
and we must check whether they are positive or not. If the nodes are bad, we show in
appendix B that a set of dualizations starting from those nodes will always lead to a good
Eg quiver. We collect all the inversion of the formulas of table 2 (up to reflection of the E7
quiver tails with respect to the central nodes) in table 5. However, we stress that all these
uplifts are equivalent up to dualizations, as explained in appendix B.

5.1.5 Obtaining 6d parent theories and realizing deformations

Let us suppose that the good Eg parent quiver is of the form (2.13). The procedure for
obtaining the F-theory quiver associated with the 6d parent theory is exactly as described
in section 5.1.1, namely finding a mirror theory of (5.9) and inserting appropriate (—1)
and (—2)-curves.

We emphasize, however, that, upon subtracting the m x E7 quiver out of a given Er
quiver in the two-tail case, the rebalancing procedure is different from the one-tail case, which

— 37 —



was illustrated in (5.11). In particular, after subtracting the m x E7 quiver, the rebalancing
procedure yields instead the following quiver:

m U(1) nodes (5.37)

k1 a1 a2 asg g/ Qg Qs ko

where an overall U(1) must be modded out. Upon finding the mirror dual of this quiver,
we can determine the deformation as described in section 5.1.1.
5.1.6 Examples: E7 quivers with four-dimensional Higgs branch and two tails

Let us list below the E; quivers containing two tails with a four-dimensional Higgs branch,
where the rank of the central node less than or equal to 10.

Number FE7 Quiver FEg Parent Quiver 6d Parent Theory
4 7 usp(2) su(2)
1 16)] 1 2 [so(4
135797531 1246810121494 [s0(16)] [s0(4)]
5 7 usp(2) su(2)
2 16)) 1 2 [so(4
2468107421 1246810121494 [s0(16)] [s0(4)]
4 6 su(3)
3 12
1234686421 1234568101284 e [u(6)]
: su(4)
4 - ° 1 [su(12)]
12345675321 1234567891063 (A
3 5 su(4)
5 1 12
12345654321 1234567891063 oy [u(12)]
2 6 usp(6)
6 1 2
1234567654321 | 1234567891011 1272 [50(28)]

Let us comment on the above results as follows.

1. Subtracting the FE7 quiver in Theory 1 by the 2 x E; quiver and rebalancing, we arrive

at (5.37) where, upon decoupling an overall U(1), we obtain

1

L
1

O 9 O

S
1 1 1 1
— _

'
10 U(1) nodes in total

(5.38)

The Coulomb branch of this theory describes the moduli space of su(10) instantons on
C2/Zs with the holonomy such that su(10) is broken to su(8) @ su(2) @ u(1) [34]. The
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mirror theory of this is

O—o——o—[ 5.39
"1 (5.39)

Comparing this with the corresponding 6d parent theory, we see that the s0(16) @ su(2)?
flavor symmetry of the latter” is broken to su(8) @ su(2)? @ u(1),® as manifest in (5.39),
upon mass deformation. Note that the gauge groups also get modified. From the 4d
perspective, this means that the deformation in question involves not only the Higgs
branch, but also the Coulomb branch.

2. Upon subtracting the E7 quiver in Theory 2 by the 2 x E7 quiver and rebalancing, we
arrive at (5.37), which can be rewritten as

1 1
O—O0—oO (5.40)
2 2 2 2 2 1
1 1
Decoupling an overall U(1) from the rightmost node, we obtain
1 1 1
O—O0—O0 (5.41)
2 2 2 2 2
1 1 1

whose Coulomb branch describes the moduli space of one s0(16) instanton on C?/Zy
with the holonomy such that s0(16) is broken to s0(14)@&s0(2) [34]. The mirror theory is

[50(14)] — USp(2) — USp(2) — [s0(2)] (5.42)

Comparing this with the corresponding 6d parent theory, we see that the s0(16) @ su(2)?
flavor symmetry of the latter is broken to so(14) & su(2) & u(1), as manifest in (5.42),
upon mass deformation. In this case, the gauge groups do not get modified.

3. Similarly to the previous case, for Theory 3, after subtracting the 2 x E; quiver and
rebalancing, we obtain

(5.43)

"See the discussion in [12, section 5.1] and [38, section 3] regarding the global symmetry of the 6d parent
theory of Theories 1 and 2.

8Note that su(8) ® su(2) ® u(1) can be seen from the holonomy of the instantons. The extra su(2) factor
corresponds to the isometry of C?/Z,. This was pointed out in [34].
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Its Coulomb branch describes the moduli space of one s0(8) instanton on C?/Zy with
the holonomy such that so(8) is broken to s0(6) @ s0(2) = su(4) @ u(1) (see [34]). The
mirror theory is described by

[s0(6)] — USp(2) — USp(2) — [s0(2)] (5.44)

This theory has the flavor symmetry so(6) & su(2) & s0(2) = su(4) @ su(2) ®u(l). Note,
however, that, in addition to this, the Coulomb branch symmetry of the E7 quiver also
contains $0(10). Hence, we see that the eg @ su(6) @ u(1) flavor symmetry of the 6d
parent theory is broken to s0(10) @ su(4) @ su(2) @ u(1) upon deformation.

. For Theory 4, after subtracting the 1 x E7 quiver and rebalancing, we obtain

1 1 1
@)
oofocoéooof (5:45)
1 2 3 3 3 3 3 2 1 1 1
The mirror theory of this is
[s1(9)] — su(3) — u(1) — [su(3)] (5.46)

In this case, the su(12) @ su(2) flavor symmetry of the 6d parent theory is broken to
su(9) & su(3) & u(l).

. For Theory 5, after subtracting the 1 x E7 quiver and rebalancing, we obtain

1 1 1
T 1 T (5.47)
O O O O O O O O O O O
1 2 2 2 2 2 2 2 2 2 1
The mirror theory of this is
[su(6)] —SU(2) = SU(2) — [su(6)]  /U()p (5.48)

where / U(1)p denotes gauging of the common baryonic symmetry for the SU(2) gauge
theory with 6 flavors on each side. In this case, the su(12) & su(2) flavor symmetry of
the 6d parent theory is broken to su(6) & su(6) @ su(2) & 1.

. For Theory 6, after subtracting the 1 x E7 quiver and rebalancing, we obtain

1 0 1
®)
T | T (5.49)
O O O O O O O O O O O O O
1 2 3 3 3 3 3 3 3 3 3 2 1
The mirror theory of this is
U(3) — [su(14)] (5.50)

In this case, the s0(28) flavor symmetry of the 6d parent theory is broken to su(14).
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5.2 Uplifting Eg quivers to Ey quivers

In section 4.2, we discussed how to obtain various Fg descendants from an Er theory. In
table 3, we collected various possibilities, and, in the following section, we have shown how
it is possible to generalize the prescription, generating Fg quivers with three tails. In this
section, instead, we will show how to invert those transformations, in order to predict the
parent Er theory. In general, as we have seen in section 5.1, the resulting E7-shaped quiver
will be bad, with some nodes underbalanced. Once again, we can dualize this quiver at the
bad nodes using the duality explained in appendix A, since these bad nodes have always
FI deformations turned on. The resulting parent theory will be a good E7-shaped quiver,
which will be the proper parent quiver of the Fg theory.

It is, then, sufficient to consider a generic Fg-shaped quiver with three tails, i.e.

g (5.51)

and inverting the conditions that lead, e.g., to (4.16), we have the following parent E7 theory:

QO o

a—+ ko b+e
- —0 O O O

k1 + ko b+ ko b

(5.52)

C
O
19

O oO— ---
g

f ks

+ O
=Y

In this way, one can also obtain the parent E7 quivers with a single tail considering k3 = 0.
The nodes with ranks b 4+ ko and b are not manifestly good, and there can be cases in
which their excess numbers are negative. However, by dualizing the quiver, the resulting
parent theory will be good.

5.2.1 Example: the trinion theory

Once again, we first consider the Ty theory, whose mirror theory is illustrated in (4.18),
namely

(Pl

N-1 (5.53)
N

o— - — — - —0

1 N-—-1 N N+1 N N-—-1 1
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By applying (5.52), one possible resulting parent theory is

N
o
2N -3 2N-1 [ N+1 N-1 (5.54)
o— —0—0—0—0—0—0—0—0—0—: —0
1 2N — 4 2N -2 2N N N-2 1

In this case, nodes b+ ko = 2N —2 and b = N are good by construction, so it is not necessary
to perform any dualization. In fact, this quiver was also presented in [39, figure 27(b)], and
our method allows us to derive this result very quickly. Note also that this is a magnetic
quiver for the 5d theory described in [9, figure 21].

At this point, it is also possible to find the Eg parent theory, by inverting one of the
proposals in table 2, as listed in table 5. Some inversions may lead to underbalanced nodes,
and the quiver will become good only after performing a series of dualities. However, it
is possible to show explicitly that, without any dualization, (5.54) can be obtained from
an Fg quiver given by

N+1

3N -5 3N -3 3N -1 i 2N (5.55)
o— -+ —O O o 0—o0 O O O o)
1 3N —6 3N —4 3N —2 3N N

via an FI deformation involving nodes 4 / 4/, as in table 5. Note that this quiver was
also presented in [39, figure 27(c)]. It is a magnetic quiver for the 6d theory described
in [9, figure 22].

5.2.2 Examples: Eg quivers with four-dimensional Higgs branch

Let us list in table 6 below some FEg quivers with a four-dimensional Higgs branch and
such that the rank of the central node is less than or equal to 7. An uplift to the F; and
Eg parent quivers can be obtained by applying (5.52) and (5.35), as well as dualizing all
nodes that are underbalanced.

In order to realize the deformations using the m x Fg quiver subtraction, the rebalancing
procedure has to be generalized from that presented in (5.37) in the following way. We add
m U(1) nodes as in (5.37), but we have to connect each of them by a hypermultiplet to the
nodes ki, ko and k3 in (5.51). Let us illustrate this for the case of m = 1 as follows:

(5.56)

where an overall U(1) needs to be ungauged. Let us demonstrate this in some examples
presented in table 6.
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1. Let us consider Theory 3. Upon subtraction the 1 x Ejg quiver from the corresponding
FEg quiver, we obtain

E ! 0 E ! (5.57)

This is the mirror theory of the U(3) gauge theory with 12 flavors, whose flavor symmetry
is su(12). We see that the FI deformations from the Eg to E7 to Eg quivers correspond
to the following mass deformations, after taking into account the small Eg7 ¢ instanton
transitions:

USp(6) — [s0(28)] —> USp(6) — [so(24)] — U3)—[su(12)]  (5.58)

where the first two theories were discussed in (5.24) and (5.26).

2. Let us consider Theory 8. The 1 x Eg quiver subtraction from the corresponding Ejg
quiver and rebalancing gives

(5.59)

s~ O0— ]+
2o

o—0—=0
2 3

1 4 4 4 2 1

This is mirror dual to the SU(4) gauge theory with 9 hypermultiplets in the fundamental
representation and 1 hypermultiplet in the rank-two antisymmetric representation
(cf. [14, (3.104), (3.106b)]):

SU(4) — [su(9)] (5.60)

(A2

We see that the FI deformations from the Eg to E7 to Eg quivers correspond to
the following mass deformations, after taking into account the small Fg7¢ instanton

transitions:
S}/I\g;l) —[su(12)] — Sgg]él) — [su(10)] — Sﬁg}él) — [su(9)] (5.61)

where the first two theories were discussed in Point 4 in section 5.1.2.

3. Let us now consider Theory 7. After subtracting the 2 x Eg quiver from the Fg quiver
and rebalancing, we obtain

(5.62)
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Number Fg Quiver FE; Parent Quiver Eg Parent Quiver 6d Parent Theory
4 su(4)
| ; A , o 1 [su(12)]
12345678531 1234567891063 (A2]
12 21
: 5 su(4)
2 5 ° 1 [su(12)]
12345675321 1234567891063 (A2]
12 1
5 6 usp(6)
3 1234567%0&621 1234567891011 1272 L [so(28)]
123 321 o
4 5 su(4)
4 g 1 [su(12)]
12345678531 1234567891063 (A2]
123 1
4 6 su(3)
12
o a3 1234568642 1234568101284 [ee] 1 2 [5u(6)]
4 su(3)
6 o 0 fes] 172 [su(6)]
Lo . 1234568642 1234568101284
4 6 su(3)
12
7 1234686421 1234568101284 [ea]1 2 [5u(6)]
1 1
4 su(4)
8 . ) o 1 [su(12)]
12345678531 1234567891063 (A2]
1234
5 6 su(3)
9 A [eg]1 2 [su(6)]
Lo . 12346810741 1234568101284
5 7 su(2) su(2)
1 172 [su(2
0 X ) 1246810742 1246810121494 | 240 [su(2)]
Table 6. Examples of rank-4 Ejg theories and the corresponding parent theories.
The mirror dual of this theory is
[su(2)] — U(1) — USp(2) — [s0(4)] (5.63)

We see that the FI deformations from the Eg to E7 to Eg quivers correspond to
the following mass deformations, after taking into account the small Ey 7 ¢ instanton
transitions:

(5.17) —  (5.44) —  (5.63). (5.64)
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5.3 Uplifting generic star-shaped quivers to eg quivers

Let us consider a generic star-shaped quiver as in section 4.3, i.e.

k tails
Ty, Ty
N T, (5.65)
Tp,l . Tp;d
N -~ _
k' tails

The strategy is to come up with a candidate Eg parent theory (4.25), with the tails defined
as in (4.26).2 Tt is possible that this candidate Eg theory contains underbalanced nodes,
rendering the whole quiver bad. As before, we can repeatedly dualize the underbalanced
nodes until the quiver becomes good. The result is then the Fg parent theory from which the
star-shaped quiver in question originates. We will provide a number of examples to illustrate
this point in the following sections. By a similar procedure as described in sections 5.1.1,
5.1.5 and 5.2.2, one can uplift generic star-shaped quivers to their parent theories, and we
list some examples of star-shaped quivers with four and five tails of four-dimensional Higgs
branch with their parent theories in table 7.

5.3.1 Example: two full tails and three minimal tails

Let us consider the following star-shaped quiver with two 7 [SU(NV)] tails and three
Tin—11] [SU(NV)] ones:

1 1
W (5.66)
o—o0— - —O0 o—  —0—o0
2

S
N -1 N N -1 2 1

=

Since this corresponds to (4.29) with k =2, py = p| = {1N} and po =ph=p=[N—-1,1],a
parent Eg quiver is given by (4.25), which, in this case, yields the following candidate Eg quiver.

1

N (5.67)
A N+1 A N+1 A
1 N -A+n 2N —-A-n N 1

Let us now turn on some FI parameters A and 7, highlighted in purple, at different nodes.
Let us suppose that 4N > 3N + 2, i.e. N > 2, then the middle node is bad. We can dualize

9Tf the number of tails in (5.65) is even, it is sufficient to see the quiver as having an extra tail with trivial
partition.
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at such node, obtaining the following quiver, whose middle node becomes good:

1

AQN (5.68)
A N+1 |, N+1 A
1 N n N+2 —n N 1

Observe that such quiver is equivalent to (4.22) with k£ = 2, p; = p2 = [IN] and p3 =
[N —1,1]. Thus, upon turning on the FI parameters appropriately, this can be deformed
to quiver (5.66).

However, the node labelled by N above the one labelled by N + 2 in (5.68) is bad if
2N > N + 3, i.e. N > 3. Upon dualizing at such node, we finally obtain the following
good quiver:

A 1
-
3 (5.69)
A N+1 N+1 A
o— - — — - —0
1 N n N+2 -n N 1

Due to the presence of two independent FI parameters turned on in quiver (5.69), the
corresponding deformation can be analyzed via the following sequence of subtractions. First,
we subtract two (non-affine) Ax3 abelian quivers, where each of them is aligned with the
subquivers connecting one of the two U(1) nodes, one on the left and one on the right
of the middle node, with the U(3) node on top of the middle node. Below, we color in
red the nodes with the FI parameter A turned on and in blue the U(1) nodes arising to
rebalance after subtraction.

A@®1

-\2@®3
A N+1 N+1 A
o— - — — —0
1 N " N+2 —n N 1

- —0
1 11 1 1 1
ll—o—m
11 1 1
(5.70)

Next, we subtract a (non-affine) Ay abelian quiver which is aligned with the two U(1) nodes
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with the FI parameter A turned on and, again, we rebalance with a U(1) node, colored in brown.

201
10-201 1
N-1 |, Ll N1
Oo— —0O O O O —0 1 1 1
1 N N N 1
N-1 |, L, N-1
Il 1 N N N 1
- 1
(ON()

(5.71)

Finally, we subtract a (non-affine) Az non-abelian quiver with U(N) nodes such that its
leftmost and rightmost nodes are aligned with the two U(/N) nodes in magenta with the FI
parameter 7 turned on. Subsequently, we rebalance with a U(/V) node, colored in teal.

1 1 1
N -1 n - N -1 1
O— -+ —O O O— -+ —O 1 1
1 N N N 1 , t t
1 2 N—1 N N-1 2 1
— o—O0——oO0
N N N

(5.72)

Note that the final outcome of the deformation we have implemented coincides with
quiver (5.66), that is, at each step of dualization, the Eg-shaped quiver in question can
be deformed to the same parent star-shaped quiver, given by (5.66). We summarize the
deformations and the dualizations that lead to (5.66) in figure 5.

6 Comments on higher genus theories

So far, we have discussed only class S theories on the sphere. In this section, we will explain
how to get class S theories on a genus-g Riemann surface starting from theories on the sphere.
Again, we will work at the level of the magnetic quivers and implement the RG flow by
activating FI deformations. We will proceed by predicting the relevant star-shaped quiver
and deformation leading to unitary quivers with g adjoint hypermultiplets for the central
node, according to [20]. Let us start with the following star-shaped quiver

g+ 1 tails
A

(6.1)
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o— — — - —0
1 N 2N N 1
Q.
o
?i:
8 %
=N fé’o)
=
v
[\
Y
1

1 N N +2 N 1

€ < N Jtozifenp

—

3

N+1 N+1
1 N N +2 N 1

Figure 5. Summary of the deformations and the dualizations that lead to (5.66).

where A is the FI parameter turned on at U(/V) nodes. The effect of the FI deformation
is to turn (6.1) into

g+ 1 tails
A

— 48 —



Number | Star-shaped Quiver Eg Quiver FE7 Parent Quiver Eg Parent Quiver 6d Parent Theory
4 su(4)
1 A N 1 [su(12)]
12345678531|1234567891063 [A2]
12 21
1
E su(4)
2 S 0 1 [su(12)]
12345675321|1234567891063 (A2
12 1
1
4 6 su(3)
J1 2
3 1234686421 | 1234568101284 | Lol 2 [uO)]
1 1
5 7 su(2) su(2)
4 8] 1 2 [su(2
X . 1246810742 | 1246810121494 | ) [su(2)]
1
: su(4)
5 2 0 1 su(12)]
12345675321|1234567891063 (A2
12 1
4 5 su(4)
6 o ) o 1 [su(12)]
12345678531|1234567891063 (A2
12 21
4 5 su(4)
7 o ; 1 [su(12)]
12345678531|1234567891063 (A2)
123 1
1
4 6 su(3)
J1 2
8 1234686421 | 1234568101284 | Lol 2 [uO)]
1 1

Table 7. Examples of rank-4 star-shaped theories and the corresponding parent theories.

where we have now turned on another FI deformation with parameter n;, and the cyan node
is the rebalancing node. This second FI deformation leads to

g tails
A

(6.3)




Reiterating this process g+ 1 times, with FI parameters n; fori = 1,...,g+1, yields the quiver

g+ 1 tails
A

Ty, Tpgia

\)/_O (6.4)

N g+1 N
edges
Finally, with a further deformation involving the two U(N) nodes, we find precisely the
quiver we are looking for:

g+ 1 tails
A

- ~

T, e Tpgia

y (6.5)

g loops

This describes a higher genus class S theory. However, in the process, we have also produced
g free hypermultiplets (the trace components of the adjoint hypermultiplets), which, on
the mirror side, correspond to free vector multiplets. We therefore conclude that the FI
deformations of a star-shaped quiver with g + 3 tails lead to a genus g theory with g free
vector multiplets. This is a new feature we have not encountered so far and deserves a
detailed discussion.

In order to elucidate the physical meaning of the above finding, let us consider the
simplest nontrivial example with N = 2 and g = 1. If we further set T,, to be trivial,
the quiver (6.1) reduces to

(6.6)

which is known to be the magnetic quiver of the USp(4) gauge theory with 1 antisymmetric
and 4 fundamental hypermultiplets. After four FI deformations, we find (6.5), which, in
the present case, has one adjoint and one tail:

(Cp—o (6.7)

2 1

This is known to be the magnetic quiver for 4d A/ = 4 SYM with gauge group SU(2)."
The latter theory can also be considered as 4d N = 2 SO(3) SQCD with one flavor in
the vector representation.

T heory (6.6) and its mirror dual, which is the USp(4) gauge theory with 1 antisymmetric and 4 fundamental
hypermultiplets, are in fact ugly theories: the former contains a free twisted hypermultiplet due to the presence
of the monopole operator with dimension %, and the latter contains a free hypermultiplet due to the fact that
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The effect of the four FI deformations on (6.6) is to break the SO(8) symmetry on the
Coulomb branch, and therefore it is natural to interpret them in 4d as turning on deformations
which give a mass to the 4 flavors one-by-one. As a result, we end up with a USp(4) gauge
theory with 1 hypermultiplet in the antisymmetric representation, which we can also think of
as SO(5) SQCD with 1 flavor. The Coulomb branch of the latter theory has been studied in
detail in [41],'* where it was shown that there is a one-dimensional locus in the Coulomb
branch hosting SU(2) /' =4 SYM plus a free vector multiplet as low-energy theory. The
statement therefore is that the sequence of FI deformations displayed above amounts to
decoupling the flavors of the USp(4) gauge theory and zooming around one point inside the
special locus in the Coulomb branch we have just mentioned. This is similar to the procedure
proposed originally by Argyres and Douglas in [45].

In conclusion, the relevant deformation we have activated in the quiver corresponds, at
the level of the 4d theory, to turning on mass deformations which lead to an asymptotically
free theory, whose Coulomb branch is not a cone with a well-defined notion of origin, and
tuning to a specific singular point on the Coulomb branch. This motion in the moduli space
of the theory is a feature of the flow to higher genus theories and does not arise for the other
flows we have studied in this paper, relating class S theories on the sphere.

6.1 Generalization

In the previous section, we have obtained a genus g class S theory starting from a class S
theory on a sphere with g+ 3 punctures. The problem with (6.5) is that there is a correlation
between the number of loops and the number of tails in the quiver. However, no such
constraint appears in the class S context, where the genus of the Riemann surface and the
number of punctures are two completely independent parameters.

In this section, we show that it is possible to relax the constraint and obtain from genus
zero models any genus g class S theory with an arbitrary number of punctures. As before,
the physical interpretation of the RG flow is exactly as before: we start from a genus zero
theory, turn on mass deformations which make the theory asymptotically free and zoom
around a singular point in the Coulomb branch.

the rank-two antisymmetric representation 6 of USp(4) is reducible to 5& 1, where 1 is the trace. The Coulomb
branch of the former and the Higgs branch of the latter describe the moduli space of two SO(8) instantons on
C?, and the free sector corresponds to the center of the instantons; see [40]. Note also that theory (6.7) has a
free twisted hypermultiplet. We therefore conclude that, at each deformation step from theory (6.6) all the
way to theory (6.7), the theory is ugly. The free hypermultiplet and twisted hypermultiplet mentioned so far
in this footnote do not play any role in the discussion in the main text. This should not be confused with the
free multiplet mentioned in the main text, which corresponds to the trace part of theory (6.7). Note that this
has no analogue in theory (6.6).
"18ee also [42-44] for previous studies on the moduli space of SO(N) SQCD.
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The starting point is the following star-shaped quiver:

g tails
T, .. Ly,
A A
N N
—(k+g)X 2N ON
o0—o0 o0—o0 (6.8)
N 2N 3N\ 2N N
A A
P ok
N - _
k tails

Note that, by construction, none of the nodes in this quiver are underbalanced. The effect

of the FI deformation is to lead to the following quiver:

g + 1 nodes (6'9)
k tails
The deformation parametrized by 7; in turn leads to
g tails
g nodes (6-10)
k tails

Notice that we have isolated two U(N) nodes attached to the U(2N) node, and the left
side of the quiver morally looks like (6.1). If, in fact, we continue with the deformation
parametrized by 7y, we reach

(6.11)

g nodes

k tails
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where the blue node has been added for rebalancing. The deformations now proceed as in
the previous section and, after two deformations, we obtain

g tails

g nodes (6.12)
k tails
N
Finally, performing g deformations, we obtain
g tails
/\_\
Ty,
T,,

g loops T;1 (6.13)

N

k tails

We have then obtained a generic class S theory on a genus g Riemann surface with k + g
punctures. However, since the number of punctures g and k are arbitrary, we can obtain
any kind of theory, by choosing some punctures to be trivial if needed.

Interestingly, because (6.8) is by construction a good quiver, the inversion algorithm is
straightforward, and the candidate parent star-shaped quiver of (6.13) is directly encoded
in (6.8). However, differently from what we have discussed in the previous sections, such
deformations are not preserving the Higgs branch dimensions of the quiver theory, if we focus
on the interacting sector of the infrared theory. This will have a Higgs branch which has lower
dimension than that of the original parent theory, i.e. (6.8), since the deformation generates
g free hypermultiplets along the way. This is again a manifestation of the specific nature
of the RG flows connecting genus zero and higher genus theories, which are not standard
mass deformations as those we have discussed in the previous sections.
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A Review of dualities for bad theories

In [27], it was proposed that a bad SQCD theory described by the U(N) gauge theory
with N < Ny < 2N — 2 flavors is Seiberg dual to a good SQCD theory described by the
U(Ny — N) gauge theory and Ny flavors plus 2N — Ny free twisted hypermultiplets. As
emphasized in [46, 47], this statement is really a duality if and only if a non-zero FI parameter
is turned on at the U(NN) gauge group of the bad theory. In particular, it was shown using
the three-sphere partition function that, if 7 £ 0 is the real FI parameter for the latter,
then, in the dual theory, the FI parameter for the U(N; — N) gauge group is —n and the
real mass for the twisted free hypermultiplets is 7.

Such dualization plays an important role in our paper. In particular, upon applying
the inverse algorithm presented in section 5, we find the parent theory in terms of a mirror
dual star-shaped quiver that possibly contains underbalanced nodes. The latter implies
that the candidate parent theory is bad. As we will demonstrate explicitly in appendix B
for lifting the F; quivers to the Eg ones, the FI parameters corresponding to the mass
deformations in question are always turned on at the underbalanced nodes. We conjecture
that this statement holds generally, and can be tested in all examples that we know of.
This implies that we can dualize such a node as described above and obtain a new quiver
that is indeed dual to the original one. Let us suppose that the underbalanced node of our
interest has FI parameter A\. Upon dualizing it, it now possesses a new FI parameter —\
as discussed above, and each of the nodes adjacent to it now acquires the FI parameter A;
see [27, (3.34)] and [48]. Reiterating this procedure, we arrive at a good star-shaped quiver,
which can now be interpreted as a magnetic quiver of the parent theory. The free twisted
hypermultiplets, which are a by-product of dualization, are guaranteed to be massive and
can be integrated out upon flowing to the infrared.

B Good quivers via inversion algorithm and dualization

In this section, we show that, given a generic F; quiver with two tails, it is always possible to
determine its lift to a good parent Eg quiver using the mixed deformation inverse algorithm,
presented in section 5.1.4, and performing a sequence of dualities [27]. Let us consider an
E; quiver with two tails of the form

H
O
| (B.1)
o— ' —0—0—0—0—0—0—0—0—0—0— -
% 2 kb A B C D E F G k
where we take £ > C and we write down the tail on the left-hand side as
o—0—  —0—0—0—0—=0 (B.2)
KooK R S
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Quiver (B.1) is good provided that the following conditions hold:

D-C>C—-B>B—-A>A—k >k —k>...
D-E>FE—-F>F-G>G—ky>...

2H < D : (B.3)
2D<C+H+FE
D—-E<D-C

We can lift such quiver to a parent Eg quiver related by a deformation involving the nodes
3 and 3’ in the latter. Using (5.35), the Eg quiver is then realized as

c
-
-\ At ke C+ k2 F+C i (B.4)
- —O— - —O © O O O © O 0—O
kez k B+k:s X G+C E+C D H

where k = k1 + k2 and we highlight in purple the various FI parameters we turn on at
different nodes.

First Sequence of Dualizations. If C — B > G — ko, we can dualize at node 3 and
the resulting quiver is

c
-
_— A+ks A B+G A F+C i (B.5)
" —O0— " —O0——O0——0—0—0—0—0—0—0
k2 k B+ks -A G+C E+C D H

Note that, upon dualizing, the sign of the FI parameter at node 3 is flipped, and we have to
turn on FI parameters at adjacent nodes, i.e. nodes 2 and 4. Now, we can dualize both on the
left-hand side and on the right-hand side of node 3, leading to the sequence of dualizations
described in figure 6. Let us summarize the inequalities we have to solve in order to perform
the complete sequence of dualizations reported in figure 6.

I= C—B>G—ky
5

% dualize on the left dualize on the right

=

g B—-A>G-—k C—B>F—-@G (B.6)
g A=k > G =k C-B>E-F
% ki —k>G—ko C—-B>D-E

il : D>B+H

K > G — ko B< H

Note that the inequalities at the bottom in (B.6) are stronger than the inequalities at the
top, i.e. if the inequality at the bottom holds, then also the inequality at the top is verified,
whereas the opposite is not necessarily true.
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(B.5)
demnm@ZHB—A>Gify///&\\\giymwm®4ﬁc_3>F_G

C
—A
-\ A+k: -X B+G -x F+C
e —0 O O O O O O O0—O0
ko k A A+G A B+F A E+C D H
dualizeatnodelifA—k1>G—/\%izeatn0de5ifcB>EF
C
-
-\ A ki+G B+G B+FE i)\
—O0— - —O O O O O O O O0—oO
ko k -2 A+G A B+F -X E+4+C D H
dualizeatnodekifkl—/k\>G—/\ihzeatn0deGifcB>DE
c
- E+ks -\ ki+G B+G B+E ], A
—O0— - —O0—O O O O O O O O0—O
ko AN T+a A+ G A B+ F B+D D H
continue dualizing along themhze at node 4’ if D> B+ H
C
-\ ki +G B+ G B+FE T B+H
- —O0— + —O O O O O O O O0—oO
k2 E+G A+G X B+F B+D -x H
dualize at node &' + ks if k' > G — /\Tm st node 2’ if H > B
c
G ki +G B+G B+FE T B+H -\
o —O O O O O O O O0—O
ko =X e A+G A B+ F B+D B

Figure 6. Sequence of dualities obtained by starting from quiver (B.5) and dualizing at each node
both on the left-hand side and on the right-hand side of node 3. Observe that we do not dualize at
node 3’ since 2C < B + D from (B.3).
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(B.7)
dualize at node 2 if A — k1 > F:/\ilize tnode 4B AS B F

C
G ki+G —-x A+4+F -\ B+FE i B+H -\
- —O0—0— -+ —O O O O O O O O—O
ko =X +a A ki 4+ F A A+ FE A B+ D B
dualize at nodelifkl/]g\>F/\dwilize atnode5if B—A>D—-F
C
G A k+F A+ F A+D ], B+H -x
- —O0—0— -+ —O O O O O O O O—O
ko  —A EF+G N kR+F A A+E -\ B+4+D B
continue dualizing along thefaﬂ/\ihze atnode 6if B—A>C+H—-D
C
~ A
k+ F A+ F A+ D i)‘ B+ H —\
—O0— O O O O O O O—O
ko ki+ F A A+ F A+C+H X B
continue dualizing along theMﬁze atnode 4 if B—A>C—H
C
E+F A+ F A+D A+C
—O0— O O O O O O O—O
ko ki+ F A A+ F A+C+H -2 B
dualize at node k' + G if k’>F:/\dlmjiz€ at node 3’ if C > A+ H
A+H
~ -\
G - k+ F A+ F A+ D i)\ A+C
- —O0—O0—0— - O O O O O O O—O
ko F ki+ F A A+ FE A+C+H -2 B

Figure 7. Sequence of dualities obtained by starting from quiver (B.7) and dualizing at each node
both on the left-hand side and on the right-hand side of node 3. Note that, even if we cannot dualize
at node 2’ since there is no FI parameter turned on, such node is good given that 2B < A + C
from (B.3).
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Second Sequence of Dualizations. We have to dualize again at node 3if B— A > F — G,
and we obtain the following quiver:

C
Iel kk+G AN A4+F A B+E i B+ H -\ (B.7)
- —O0—0— -+ —O O O ‘o) O O O 0—O0
ky  —\ P A+G -\ B4+F B+D B

Again, we can start dualizing both on the left-hand side and on the right-hand side of node
3 in quiver (B.7). This second sequence of dualizations, which is summarized in figure 7,
is accompanied by the following inequalities:

= B-A>F-(G
.Tg
QZ; dualize on the left dualize on the right
% Ak >F-G B-A>E-F e
E ki—k>F-G B-A>D-E
’ : B-A>C+H-D
v F>F—QG B-A>C-H

C>A+H

Third Sequence of Dualizations. If A — k; > F — F, node 3 of the quiver at the bottom
of figure 7 is still bad. Nevertheless, since there is an FI parameter turned on at such node,
we can dualize and obtain the following quiver:

A+H
-
G - k+F AN k+E A A+D l A+C
. —O0—0—0— - 0 0 0 O0—o0 O 0—o0
ko F ki+F -\ A+E A+C+H -\ B
(B.9)

Note that we have to dualize at node 2 of the quiver above if k; — k> E — F and at node
4if A— ki > D — E. This results in

A+ H
—A
G - k+F A ki +E A A+D TA A+C
. —0—0—0 o o o o o O o0—0
ks F A T+ E A ki + D AN A+C+H A B

(B.10)
Node 5 of quiver (B.10) is bad if A — k; > C + H — D and, in such a case, we have to
dualize at this node. Furthermore, we might have to continue dualizing on the left-hand
side of node 2. Let us suppose that we dualize at all nodes along the tail, we finally reach,
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if ¥ > F — F, the following quiver:

A+ H
—A
G E k+ E ki+ FE ki+C+H IQ/\ A+C
- —0—0— 00— 0—0— - O O O O O O O O
ko F X KF4+FE M A ki+D -2 A+C+H A B

(B.11)

Let us make a few comments regarding quiver (B.11).

e The goodness condition at node 6 is k1 > 0, which is always satisfied given that our

starting point is the F7 quiver with two tails (B.1).

e Node 4 is bad if B— A < C — H. However, since, during the second sequence of

dualizations summarized in figure 7, we had to dualize at node 4’ if B— A > C — H, it

follows that such node cannot be bad at this step.

e The goodness condition at node 2’ reads B — A < C — B, which is always satisfied

thanks to (B.3).

e Node 3’ is bad if A+ H > C. This cannot happen, since, during the second sequence

of dualizations implemented in figure 7, we had to dualize at such node if C > A+ H.

It follows that we do not have to dualize at nodes 6, 4, 2’ and 3’ of quiver (B.11), which
is reached if the following inequalities are satisfied:

A—k1>E—F

i
=
=
< dualize on the left
P
&0 ~
g kh—k>FE—-F
E z
' >FE-F

dualize on the right
(B.12)

A—ky>D—-F
A—ky>C+H-D

Fourth Sequence of Dualizations. Node 3 of quiver (B.11) is still bad if k1 — k>D-E.
We can make it good by dualizing at such a node, which yields

A+ H
-\
G E k+E A k+D N k+C+H TQA A+C
- —O0—O0—O0—O0—0— - O O O O O O O o)
ko F =X K+E k+E - ki+ D A A+C+H -x B
(B.13)
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If k1 — k>C+H — D, we have to dualize at node 4. Moreover, if there are bad nodes on
the left-hand side of node 3, we keep dualizing, until we finally reach the following quiver:

A+ H
-2
G E  -A k+D k+D A ki+C+H TZA A+C
- —O—0—0—0—0— o o o o o o—o0
k2 F D k+D A k+C+H A+C+H -2 B
(B.14)

Note that we cannot dualize at node 5 of quiver (B.14) since there is no FI parameter
turned on. This is not a problem, given that node 5 is good if k1 — k< A- k1, which is
always satisfied from (B.3). The remaining part of the quiver above, namely the nodes on
the right-hand side of node 5, is identical to quiver (B.11) and we do not have to dualize
it. In summary, in order to reach quiver (B.14) starting from (B.11), the inequalities we
have to satisfy are the following:

= ki—k>D-FE

=

&

& dualize on the left dualize on the right

- (B.15)
5

g k—k>D-FE ki—k>C+H-D

=

kK >D-F

Fifth Sequence of Dualizations. Node 3 of quiver (B.14) is bad if k —k > C + H — D.
Upon dualizing at such node, we obtain

A+ H
—A
G E - k+ D N k+C+H ki +C+H IQA A+C
" —O0—0—0—0—0— o O O O O O O o
k2 F D k+D A k+C+H A+C+H - B

(B.16)
We cannot dualize at node 4, since there is no FI parameter turned on at such node.
Fortunately, node 4 is good if k — k < k1 — k, which is always satisfied thanks to (B.3).
Upon dualizing on the left-hand side of node 3 of quiver (B.16), if the following inequalities
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are satisfied

k—k>C+H-D

dualize on the left

o (B.17)
k-kE>C+H-D

stronger inequality

K >C+H-D

we finally reach the following quiver:

A+ H
-
G E C+H E+C+H k+C+H ki +C+H LA A+C
-+ —0—0—0—0—0—0— - o o o o o o 0 o)
k2 F D =A k+C+H k\+C+H A+C+H X B
(B.18)
Let us look at the tail of such quiver:
G E C+H K'+C+H
. —-0—0—0—0—0 o o o— -+ (B.19)
ko F D -2 K+C+H

We point out that every node is good, including the one with the FI parameter turned
on. In fact, the goodness condition at this node is ¥’ > C + H — D, which is always true
since, to reach the quiver (B.18) starting from the quiver (B.14), we had to satisfy the
inequalities (B.17). This implies that the sequence of dualizations ends here, and we reach
the good quiver (B.18). This shows that, starting from a generic good F7 quiver with two
tails, it is always possible to find a good parent Eg quiver.

For reference, let us report an explicit example of a good Er quiver, for which we have
to go through all five sequences of dualizations described in this section in order to determine
a good parent Eg quiver. We look for an F7 quiver satisfying egs. (B.3), (B.6), (B.8), (B.12),
(B.15) and (B.17), which is given for instance by

227
{
O O O O O O O O O O O O O—
13 28 45 64 85 108 222 338 555 547 541 537 535
(B.20)
From (B.18), a corresponding good parent Eg quiver is
335
-\
-\ IQA Y
- —0O O O O O O O O O O O O O O
535 537 541 547 555 565 578 593 610 629 650 673 446 222
(B.21)
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