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1  Introduction
Machine learning is a branch of artificial intelligence that aims to create systems that can 
function by learning from past examples. These algorithms can be classified as super-
vised and unsupervised. In unsupervised learning, the machine receives input data with-
out access to past results (as in supervised algorithms). The main goal of this learning 
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Abstract
The Gap Statistic is a metric designed and employed for the internal assessment 
of results from clustering analyses. Despite its popularity, we noticed a series of 
unexpected behaviors of this coefficient in some specific contexts. We therefore 
designed this study to understand why the Gap Statistic can take on negative values 
and under what circumstances this occurs. To this end, we introduce the concept 
of cages (box-shaped rectangular clusters in the Euclidean space), and calculate the 
Gap Statistic on the results obtained by k-Means applied to them, using the R open 
source programming language. We provide a mathematical explanation of how 
rectangular clusters were used and the reasoning behind their choice, starting with 
the original formula for the Gap Statistic. The results we obtained are inconsistent 
with the interpretation of the Gap Statistic, which suggests that a negative value 
indicates overlapping clusters or the presence of outliers around them. In contrast, 
we implemented well-separated groupings with no data points in between and 
still obtained a negative value for this metric. Considering these results, the Gap 
Statistic cannot be considered a reliable and standard assessment score for clustering 
experiments, as its resultant value alone does not provide a clear and universal 
understanding of the data distribution, in some specific cases. In fact, negative values 
of the statistic may arise in well-separated rectangular clusters closed to each other, 
reflecting sensitivity to reference distribution geometry. We therefore advise readers 
to avoid placing trust in the Gap Statistic when it yields negative values, to avoid 
employing the Gap Statistic alone but rather using it alongside more reliable metrics, 
such as Silhouette coefficient, Davies-Bouldin index, and DBCV index.
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method is to enable the machine to perform tasks independently, without our super-
vision. The most common application of the unsupervised algorithm is clustering, the 
process of creating clusters from data given some specific correlations among them. A 
cluster is a natural grouping of similar data points, and its centre is called centroid. To 
measure the effectiveness of clustering, metrics that can be divided into internal and 
external metrics are used: the former are used to assess the quality of the clusters with-
out reference to external data, while the latter compare the results obtained with a refer-
ence dataset.

External metrics include the popular Adjusted Rand Index [1], which can be consid-
ered a generalization of the Matthews correlation coefficient [2, 3], and other scores such 
as Normalized Mutual Information, Mutual Information, Homogeneity, Completeness, 
V-measure, Jaccard index [4]. Examples of traditional internal metrics for convex-shaped 
clusters include Calinski-Harabasz index [5], Dunn index [6], Davies-Bouldin index [7], 
Silhouette score  [8], plus the Gap Statistic  [9] treated here. More recent internal coef-
ficients for concave-shaped clusters’ evaluation include CVNN  [10], CDbw  [11, 12], 
DBCV [13, 14], LCCV [15], CVDD [16], VIASCKDE [17], DCSI [18], and DISCO [19]. 
In this study we focus on the Gap Statistic, by exploring its properties and describing its 
unexpected behavior in some specific geometrical scenarios.

Scientific literature review. Several studies on the Gap Statistic were published in 
the past. For instance, Jaekyung Yang et al.  [20] address and resolve an open problem 
raised in the original Gap Statistic study [9]. At the conclusion of that study, Robert Tib-
shirani and coauthors noted that the Gap Statistic cannot be applied when clusters are 
not well separated. Jaekyung Yang et al. [20] propose a novel methodology, based on the 
deceleration of the Gap metric, which distinguishes between two scenarios: when there 
is minimal overlap between the clusters, and when the clusters overlap heavily.

The Gap Statistic is also utilized in studies that seek to compare the performance of 
various internal evaluation metrics. This metric has been shown to outperform others in 
identifying the correct number of clusters in a two-dimensional dataset [21]. However, 
when a significant number of outliers are present between two clusters, resulting in the 
formation of a third or fourth artificial cluster, the Gap Statistic is unable to accurately 
distinguish between them. In the study by Chunhui Yuan et al.  [22], the Gap Statistic 
demonstrates comparable accuracy to that of the Elbow and Silhouette methods, but 
with significantly higher computational complexity and time. Consequently, its utiliza-
tion is not recommended for large-scale datasets.

Suneel Kumar Kingrani et al.  [23] expound on the notion that the Gap Statistic is 
widely regarded as a meticulously delineated metric for estimating the number of clus-
ters, and is esteemed as one of the most accurate methodologies in scenarios devoid of 
any outliers. However, this regard is due to the fact that in the presence of small clusters 
or outliers, the metric tends to overestimate the number of clusters and lacks robustness 
and performance.

In numerous studies, modifications have been made to the Gap Statistic with the 
objective of enhancing performance. One such example is the study by Rosana Ribeiro 
and coauthors [24], which introduces the Temporal Gap Statistic (TGS), a method based 
on the original metric, but redesigned specifically for time series data. The objective 
of this study is to propose a clustering validation index that is specifically designed for 
time-dependent data. This approach is distinct from the conventional Gap Statistic in 
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that it utilises a temporal distance metric and medoid-based clustering. The primary 
benefit of this approach is that it facilitates the identification of the optimal number of 
clusters (k) for temporally dependent datasets.

Conversely, the study of Chinatsu Arima et al.  [25] provides a detailed exposition 
on the Modified Fuzzy Gap Statistic. The standard Gap Statistic is not well suited to 
fuzzy k-Means, a variation of the classic k-Means algorithm in which each data point 
can belong to multiple clusters simultaneously. Consequently, the metric is modified to 
ensure compatibility with this fuzzy clustering approach. The resulting method has been 
demonstrated to be more accurate than the original Gap Statistic when applied to data 
containing noise and outliers. In Yan and Ye [26], however, two other types of Gap Sta-
tistic are introduced: the Weighted Gap and the DD-Weighted Gap. The former is more 
robust to variation in density between clusters than the original Gap, while the latter is 
important for identifying the point beyond which additional clusters no longer need to 
be added.

As has been stated on multiple occasions, the Gap Statistic is susceptible to the pres-
ence of outliers and overlapping clusters. To address this challenge, an optimized version 
of k-Means is employed  [27], incorporating a refined Gap Statistic. This enhancement 
facilitates a more reliable selection of the number of clusters, even in the presence of 
noise or overlaps. In addressing the well-documented issues surrounding the Gap Sta-
tistic, modifications have been made to the formula of the metric itself. For instance, 
Mojgan Mohajer et al. [28] propose the removal of the logarithm from the Gap Statistic 
formula. This advice is due to the finding in other studies that the logarithmic version 
may overestimate k, especially in cases where clusters are imbalanced in terms of den-
sity. Following the application of both versions of the Gap Statistic (with and without 
the logarithm), we observed that the version proposed by the authors more accurately 
identifies the correct number of clusters in cases where the original version often fails.

The article by Iliyas Karim Khan et al. [29] proposes an improved version of the Gap 
Statistic, along with a novel approach that uses the k-Means algorithm to handle clusters 
with complex, elongated or curvilinear shapes.

Another study by Iliyas Karim Khan et al.  [30] introduces the Enhanced Gap Statis-
tic  (EGS) method for determining the optimal number of clusters k in k-Means clus-
tering. The conventional Gap Statistic compares the within-cluster dispersion of the 
observed data, wk, with the expected within-cluster dispersion, Wk∗, computed from a 
set of randomly generated reference datasets. However, when the reference datasets are 
not properly generated or when the variables are expressed in different measurement 
units, this comparison may be biased. To address these limitations, the proposed EGS 
method standardizes the reference datasets prior to computing the Gap Statistic. This 
standardization ensures a fair and consistent comparison between the within-cluster 
dispersions of the original and reference data, thereby reducing the influence of scale 
differences and improving the reliability of the estimated optimal number of clusters. 
That study, although interesting, is beyond the scope of our research.

To the best of our knowledge, no previous studies have addressed the issue of geome-
try-driven negative values of the Gap Statistic in well-separated clusters as presented in 
our work. Moreover, the focus of our study is not to propose a new rule for selecting the 
“best” number of clusters, but rather to investigate the meaning of negative values in the 
analyzed metric.
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This study. Here we analyze one of the specific cases in which the Gap Statistic 
becomes problematic, namely, when the clusters are not circular in shape but rectan-
gular. The objective of this study is to determine and explain the circumstances under 
which this metric assumes negative values, and the present article offers a mathematical 
exposition of the problem. Even though we present a special case with only k = 2 clus-
ters, uniform square clusters, and clusters generated solely by the k-means method, we 
believe the problematic behavior of the Gap Statistic highlighted in this study should be 
kept in mind by anyone conducting clustering analysis.

2  Methods
The Gap Statistic is a metric introduced in the early 2000  s specifically to assess the 
results of clustering analyses and to estimate the best number of clusters in a dataset [9]. 
The Gap Statistic was designed to be applicable to any clustering algorithm, but for sim-
plicity we consider here its use on the k-Means algorithm’s results. To summarise how 
the statistic works, it identifies a domain of the dataset (that is, a region of space where 
the points are placed), then uses the Monte Carlo method for sampling reference data-
sets, and eventually applies the clustering algorithm to these new reference datasets. In 
fact, to see what dispersion would look like if there were no real clusters, the Gap Sta-
tistic generates many artificial reference datasets by Monte Carlo sampling from a null 
distribution that preserves the broad scale of the data but has no cluster structure [9].

Our analysis will be limited to the use of the k-Means algorithm with k = 2 clusters.
We report here the final computable formula of the Gap Statistic:

Gapn(k) = 1
B

B∑
b=1

log
(
W ∗

k,b

)
− log (Wk) ,� (1)

where:

 	• n denotes the total number of observations in the dataset.
 	• k denotes the number of clusters considered.
 	• Wk is the within–cluster dispersion obtained by clustering the observed data into k 

clusters, defined as 

Wk =
k∑

r=1

1
2nr

∑
i,i′∈Cr

∥xi − xi′∥,

 where Cr  is the r-th cluster and nr = |Cr|.

 	• W ∗
k,b is the within–cluster dispersion computed on the b-th Monte Carlo reference 

dataset, obtained by applying k-means clustering with k clusters to data sampled 
from the reference distribution.

 	• B is the number of Monte Carlo reference datasets, where {Cl∗
k,b}0≤b≤B  if we look 

at Fig. 2.
 	• 1

B

∑B
b=1 log

(
W ∗

k,b

)
 is a Monte Carlo estimate of the expected value E∗

n[log(Wk)] 
under the reference distribution.

 	• The reference distribution is usually uniform over the minimal bounding rectangle 
(even if the original authors of the Gap Statistic do not mandate this choice [9]).



Page 5 of 14Merigo et al. Discover Artificial Intelligence           (2026) 6:334 

The parameter B denotes the number of reference data sets generated by Monte Carlo 
simulation, used to estimate the expected dispersion within the cluster under the null 
hypothesis of no underlying cluster structure. For each of the B datasets, a clustering 
algorithm (for example, k-means) is applied to compute the corresponding within-clus-
ter dispersion W ∗

k,b. The logarithmic mean of these values serves as a benchmark against 
which the observed dispersion Wk from the original dataset is compared, allowing for 
the assessment of the effectiveness and significance of the identified clustering.

After a detailed study of the behavior of the metric, we concluded that its limits are 
determined by the dataset to which it is applied. Using the typical cluster shape, the 
circle, and applying several tests, we observed that when the Gap value falls between 
negative infinity and zero, the data are not well separated, leading to the interpretation 
of negative values as indicating poor clustering. However, when the same tests were per-
formed using a different cluster shape (the rectangle) we observed that, despite negative 
values of the metric, the clusters were well separated and free of intermediate outliers. 
This observation highlights a critical issue with the metric: the Gap Statistic can be con-
sidered misleading and uncertain in some cases.

To explain why the use of rectangles gives different results than circles, we have relied 
on mathematical analysis. Indeed, a critical point in the construction of the Gap Statistic 
is the choice of the domain over which the simulated data are generated. This aspect 
can lead to significant distortions in the value of the statistic, especially in cases that are 
structured but simple.

Consider a dataset uniformly generated in two disjoint squares of side ℓ, separated 
along the horizontal axis by a distance d − 2l. We call this the two cages scenario (Fig. 1). 
Applying k-Means with k = 2, the clustering is correct and detects the two cages as dis-
tinct clusters.

The Gap Statistic for k = 2 is given by:

Gap(2) = 1
B

B∑
b=1

[log(W ∗
2,b)] − log(W2)� (2)

Where 1/B
∑B

b=1[log(W ∗
2,b)] is the mean of the dispersions in the two clusters found 

by k-Means (k = 2) in the artificial datasets generated using the uniform distribution 
within the rectangle l × d. For sufficiently large n we can assume that our rectangle will 
be separated almost perfectly in half by k-Means (Fig. 2). From Eq. 2 we can conclude 
that what we are interested in, once we make sure that we have n very large and suf-
ficient sample datasets, is the expected value of the distance between two points gen-
erated within one of the halves of the rectangle and the expected value of the distance 

Fig. 1  Two-cage scenario. “Squares” of points laid with parallel sides along a line, where d and l represent the 
length of the sides of the smallest rectangle containing the dataset. Cl1 , Cl2 are the clusters selected by a k-Means 
algorithm, k = 2

 



Page 6 of 14Merigo et al. Discover Artificial Intelligence           (2026) 6:334 

between two points generated on the perimeter of the corresponding square. This fol-
lows from the fact that the logarithm is an increasing monotone function and the Wk 
are essentially averages of the distances between pairs of points (we will call dist) in the 
individual clusters.

These two quantities give the following approximation, for a big enough dataset:

W2 ≈ 2 · E[dist]� (3)

From [31] we derive that the average distance between two points on the perimeter of a 
square is approximately:

E[dist] ≈ 0.7351 · ℓ� (4)

which applied to the latter formula (Eq. 3):

W2 ≈ 2 · E[dist] ≈ 2 · 0.7351 · ℓ� (5)

Furthermore, again from [31], we consider a rectangle with side lengths a and b, assum-
ing without loss of generality that b > a. Let two points be chosen independently and 
uniformly at random within this rectangle. We are interested in computing the expected 
Euclidean distance between these two points, which we denote as E[dist∗]. The result is 
expressed in closed form as:

E[dist∗] =

{
a3

b2 + b3

a2 +
√

a2 + b2
(

3 − a2

b2 − b2

a2

)
+

+ 5
2

(
b2

a
ln

(
a +

√
a2 + b2

b

)
+ a2

b
ln

(
b +

√
a2 + b2

a

))}
/15

� (6)

For a = ℓ (Fig.  1) and b = 3
2 ℓ (where in Fig.  1 d is equal to 3 · ℓ then 3/2 · ℓ is d/2 in 

Fig. 2) we obtain

E[dist∗] ≈ 0.6585 · ℓ� (7)

And so, returning to the original formula of the Gap Statistic (Eq. 2) with an analogous 
reasoning we had with W2 (Eq. 3), and considering an high enough number of Monte 
Carlo simulations in order to be able to apply the law of large numbers:

W ∗
2 ≈ 2 · E[dist∗] ≈ 2 · 0.6585 · ℓ� (8)

Fig. 2  Reference dataset. Example of a reference dataset generated using the Monte Carlo method, where Cl*1 , 
Cl*2 are the “likely” clusters that k-Means, k = 2 would identify. Dividing the rectangle region into two smaller 
rectangles with a smaller side d/2

 



Page 7 of 14Merigo et al. Discover Artificial Intelligence           (2026) 6:334 

Comparing E[dist∗] with the average distance E[dist] between two generic points on the 
perimeter of the square, it is smaller:

0.6585 · ℓ < 0.7351 · ℓ� (9)

which we can rewrite as

E[dist∗] < E[dist] ⇒ W ∗
2 < W2� (10)

Then from the previous observations

1
B

B∑
b=1

[log(W ∗
2,b)] < log(W2)� (11)

This means that the Gap Statistic yields negative values when both B (the number of 
Monte Carlo simulations) and n (the number of data points) are sufficiently large, since 
the empirical averages converge to their expected values. This shows that the negative 
outcome is not due to randomness, but is instead an inherent result of the underlying 
geometry of the dataset.

Now we want to show that the left element of (Eq. 2 is monotonically increasing with 
respect to the sides of the rectangle, and consequently we will have that as we approach 
between the two squares (keeping the side constant) the value of the Gap Statistic will 
only decrease. However, a much simpler heuristic reasoning of a geometric nature will 
suffice: if we extend the long side of the rectangle (b grows), we extend the range of pos-
sible distances between the two points and thus increase the average of the distances 
between the points inside the rectangle. We can therefore conclude that as the two 
squares get closer, the value of the Gap Statistic will only decrease (a “healthy” and “rea-
sonable” behavior on the part of the metric).

This particular result depends on the choice of the bounding box null model, as sug-
gested in the original formulation of the statistic  [9]. We argue that this fundamental 
modeling choice introduces a structural limitation that should be explicitly acknowl-
edged when applying the index.

We executed the present project in its entirety by utilising the open source R program-
ming language, and made all our software code publicly available online on GitHub [32–
34] (“Availability of software code” section) to grant full reproducibility [35]. Following 
a thorough evaluation of the available R packages, we decided to utilize the index.
Gap() function of the clusterSim package [36] to calculate the Gap Statistic. Among 
the multiple software libraries employed, we also mention ggplot2 [37] to produce the 
plots.

In the next section, we show the behavior of the Gap Statistic applied to the results of 
k-Means clustering obtained on artificial box-shaped data points.

3  Results
We show the results of the tests carried out on the cages in Figs. 3 and 4 through the 
k-Means method. The Gap Statistic value was consistently calculated using the k-Means 
algorithm with k = 2. In Fig. 3a, the two clusters are very close to each other, and cal-
culating the value of the metric gives a negative result: −0.3969. In Fig. 3b, on the other 
hand, the cluster sizes have been reduced, increasing the distance between them. In this 
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case, the Gap Statistic is positive: +0.1061. These results were unexpected. In fact, as 
the original article explains [9], if the clusters are well separated and free of outliers, the 
Gap Statistic is expected to be positive. In all the results reported, there are no outliers 
between the two clusters, as all the points belonging to each cluster lie on its perimeter. 

Fig. 4  Clustering application examples with sets of points moving apart. Representation of points in the plane 
where we applied k-Means with k = 2 and B = 10, and calculated the value of the Gap Statistic as the two clus-
ters moved further apart. Each cluster rectangle consists of 8 distinct points. The colours of the two clusters reflect 
the resulting value of the metric, as indicated in the legend on the right
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Fig. 3  Clustering application single example. Representation of points in the plane where we applied k-Means 
clustering with k = 2 and B = 10, with results coloured according to cluster membership and Gap Statistic cal-
culated reported. Each cluster rectangle consists of 8 distinct points. In the a case the clusters are larger than in 
the b case
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By reducing the size of the two groups (and thus increasing the distance between them) 
the value of the metric considered becomes positive (Fig. 3b).

In order to determine whether this behavior of the metric is an isolated case or a con-
sistent pattern, we created a grid illustrating nine different configurations of the clusters 
(Fig. 4), where in the first panel the two clusters are very close to each other and progres-
sively move farther apart, reaching a state of maximum separation in the last panel. We 
calculated the Gap Statistic for each panel. The lowest value obtained was −0.1407, while 
the highest was +2.0454. In the first case, the two groups are close together (Fig. 3a). In 
the second case, they are slightly further apart: we added 1 to the y-coordinate of the 
first cluster and to the x-coordinate of the second. We repeated this procedure until, in 
the last case of the grid, the two clusters are clearly separated. After calculating the Gap 
Statistic for each configuration, we see that it starts with a negative value and gradually 
becomes positive until it reaches a value of 2 (Fig. 4). This behavior is in line with our 
expectations and therefore supports our hypothesis.

However, what remains unexpected is the negative value observed when the clusters 
are close but still well separated and free of outliers. In simple words, it is clear that 
the clusters identified by k-Means in Figs. 3 and 4 are well separated and, therefore, we 
expect the Gap Statistic to produce a positive value. That is not the case though.

To further verify whether the results shown in Fig. 4 were an isolated case, we repeated 
the same test ten times using ten different random seeds, and we reported the outcomes 
in Supplementary Figs. S1 and S2. The Gap Statistic values across all ten tests confirm 
the same trend observed in Fig. 4: an unexpected negative Gap value occurs when clus-
ters are extremely close to each other yet still well-separated.

These negative Gap values seem to result from a mismatch between the support of the 
observed data and that of the reference distribution. This mismatch is inherent in the 
design of the Gap Statistic and is the key issue our study aims to highlight. The original 
authors of this score [9] deliberately focused on the within-cluster dispersion of the data, 
thereby shifting attention away from cluster shape and inter-cluster separation.

Even if the examples shown are theoretical, rectangular and box-shaped clusters can 
be commonly found in several real-world applications: for example in cluster analysis 
of geographic data  [38], urban planning data  [39], retail data  [40], and environmental 
monitoring [41].

4  Discussion and conclusions
The Gap Statistic can be deceptive. The Gap Statistic was first introduced by Robert 
Tibshirani et al. [9] in the early 2000 s and has since been applied and adapted in vari-
ous studies to assess the results of clustering tests and experiments. As previously men-
tioned, this metric is often used in comparison with other internal validation measures 
across different projects to identify the most reliable measure and better understand 
how they behave in diverse scenarios. In our case, the Gap Statistic produced results 
that, to our knowledge, had never been obtained or documented before. Specifically, 
when two clusters are clearly separated with no noise between them, the Gap Statistic 
performs well.. However, the metric tends to fail when the clusters are slightly or fully 
overlapping, often producing negative values that are clearly incorrect.

It is important to emphasise that, in this study, our focus was solely on the final value 
of the Gap Statistic rather than on the optimal number of clusters it suggests. The Gap 
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Statistic loses robustness and accuracy in the presence of outliers between clusters [23], 
which is a limitation that has been recognised since the Gap Statistic’s original publica-
tion [9]. However, what we highlight here is a novel and previously unobserved behavior: 
when clusters are close to each other, neither overlapping nor separated by outliers, the 
metric unexpectedly yields a negative value despite such a configuration falling within 
the category of well-separated clusters.

In applied settings, a negative result can be misleading, especially in scenarios where 
a clearly optimal clustering solution exists. This situation highlights a misconception in 
the original authors’ interpretation of what constitutes “good” clustering from a mathe-
matical perspective. Serious problems might appear when the clusters are well separated 
but the Gap statistic has a negative value: just by looking at its value, a distracted reader 
might think the cluster analysis was of poor quality.

We illustrated this behavior in Fig. 3. To gain a more comprehensive understanding 
of the performance of the Gap Statistic, Fig. 4 offers further insight. Indeed, our analy-
sis demonstrates that in instances where the two clusters are in close proximity to each 
other, the value of the metric in question becomes negative. As the separation between 
the two clusters increases, the metric exhibits a progressive increase in positivity. As 
previously documented  [9], well-separated clusters have been shown to yield superior 
Gap Statistic performance in comparison to overlapping clusters or those surrounded 
by outliers. However, the aforementioned study implicitly suggests that a high Gap value 
requires the clusters not to be in contact.

This particular issue was the focus of our study. As demonstrated earlier (Figs.  3 
and 4), the two clusters do not intersect; they are merely proximate, with no aberrant 
data points observed. However, the Gap Statistic, which is predicated on the assump-
tion that physical separation alone is sufficient to produce a high Gap value, unexpect-
edly returns a negative value. We recognize that this issue is a special-case structural 
phenomenon rather than a universal limitation of the Gap Statistic, but we believe it is 
important to warn readers about this misbehavior of the score.

A potentially wrong estimate of the number of underlying clusters. As demon-
strated by our findings, the Gap Statistic can yield negative values in clustering results 
containing two well-defined, rectangular-shaped clusters, thereby providing a mislead-
ing indication. This deceptive behavior of the Gap Statistic can lead to several adverse 
consequences, including the incorrect conclusion that a specific k value is not an appro-
priate number of clusters for a given scientific problem.

For instance, if one attempts to determine the optimal number of clusters by applying 
k-means with two clusters to a specific dataset and observes a negative Gap Statistic (as 
in Fig. 3a), they might be inclined to dismiss k = 2 as a viable option. However, as we 
have shown, the clusters identified could be well-separated, making two clusters a valid 
choice for that analysis. Yet, the Gap Statistic may mislead the clustering analyst into 
believing that k-means with 2 clusters has produced a poor result, potentially compro-
mising the entire study.

Robert Tibshirani, Guenther Walther, and Trevor Hastie invented the Gap Statistic for 
estimating the (optimal) number of clusters in a dataset [9]. However, we have observed 
that it can fail in achieving this original goal when clusters are situated close to each 
other.
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In conclusion, after several tests, we can say that the Gap Statistic can be an unreliable 
metric in some cases. In fact, the Gap Statistic may be sensitive to the geometry of the 
bounding reference distribution in specific configurations. It is unadvisable to rely only 
on its resulting value to determine the structure of the input dataset, as a negative value 
may misleadingly suggest the presence of numerous outliers, even when this is not the 
case, as demonstrated in this study. In a nutshell, the Gap Statistic is sensitive to geomet-
ric configurations, and negative values do not universally imply poor clustering.

We recommend to the readers to avoid using the Gap Statistic alone for clustering 
result assessment, to employ the Silhouette coefficient and the Davies-Bouldin index for 
convex-shaped clusters  [42] and the DBCV index for concave-shaped clusters  [13, 14] 
instead.

Limitations. Regarding limitations, we have tested this behavior only on artificial 
datasets shaped as squares, but not on other geometric shapes or real-world datasets. In 
this project, the k-Means algorithm was the sole algorithm we utilized, as the objective 
was to specify the number of clusters manually. Moreover, here we only used k = 2 for 
our tests and did not employ any other number of clusters. We intuitively believe that 
our claims should hold for any number of clusters, but we do not demonstrate this out-
come in the present study.

Future developments. As future work, we plan to explore modifications to the origi-
nal formulation of the Gap Statistic to investigate its behavior. A potential avenue for 
future research would be to utilise the DBSCAN algorithm  [43] to analyse the results 
that it might produce. An initial scenario might involve the utilisation of DBSCAN as 
a preliminary processing step to identify outliers, followed by the implementation of 
k-Means and the Gap Statistic on the filtered dataset.

A further potential research direction could involve the utilisation of the Fuzzy Gap 
Statistic  [25]. A particularly intriguing avenue for future research would be to analyse 
the behavior of this metric in scenarios where multiple points belong to more than one 
cluster. Furthermore, adopting the approach outlined by Mojgan Mohajer et al. [28], one 
could assess the efficacy of the Gap Statistic under diverse testing conditions, employing 
both the original formulation and its modified versions.

We also plan to develop a new study where to compare the Gap Statistic with BIC 
(Bayesian Information Criterion) [44], BKPlot (Best-K Plot) [45], and CCPI (Co-Cluster 
Profile Index) [46].

Some readers might be interested in exploring what happens when other null distribu-
tions are used to generate the reference datasets or when a similar setup is considered in 
higher dimensions. Mathematically, this aspect would present an interesting discussion. 
In higher dimensions, the curse of dimensionality greatly amplifies distances within the 
observed data, while the concentration of measure pushes the reference dataset increas-
ingly toward the boundary of the hyperrectangle defined by the index–regardless of the 
chosen null distribution. However, the main focus of this study is to highlight the mis-
match between the support of the observed data and that of the reference distribution, 
which we consider a structural limitation in the design of the Gap statistic. We will con-
sider alternative null distributions and higher dimension setups in future developments.
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