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Abstract

We study the Cauchy problem of a 3 x 3 system of conservation laws modeling
two—phase flow of polymer flooding in rough porous media with possibly discontin-
uous permeability function. The system loses strict hyperbolicity in some regions
of the domain where the eigenvalues of different families coincide, and BV esti-
mates are not available in general. For a suitable 2 x 2 system, a singular change
of variable introduced by Temple [8,14] could be effective to control the total vari-
ation [11]. An extension of this technique can be applied to a 3 x 3 system only
under strict hypotheses on the flux functions [4]. In this paper, through an adapted
front tracking algorithm we prove the existence of solutions for the Cauchy problem
under mild assumptions on the flux function, using a compensated compactness
argument.
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1 Introduction

We consider a simple model for polymer flooding in two phase flow in rough media

Ors+0.f(s,¢,k) =0,
Oules] +0slcf (s,00)] = 0, (L1)
Ok = 0,

associated with the initial data
(s,c,k)(0,2) = (5,¢,k) (z), z€R. (1.2)

Here, the unknown vector is (s,c,k), where s is the saturation of water phase, ¢ is the
fraction of polymer dissolved in water, and k denotes the permeability of the porous
media. We see that k& does not change in time, k(t,2) = k(x), and the initial data k(-)
might be discontinuous.
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We neglect both the adsorption of polymers in the porous media and the gravita-
tional force, where the solution to the Riemann problem becomes more complex. For
such Riemann solvers, see [9,12] for the effect of the adsorption term, and [11] for the
addition of the gravitational force term. In particular, when the adsorption effect is
included, the ¢ family described below would no longer be linearly degenerate, while
adding the gravitational force term, the s waves described below could have negative
speed. Both effects would disrupt the carefully designed wave front tracking algorithm
we use to prove the main theorem.

The conserved quantities and their fluxes are given by, respectively

s f(s,¢.k)
G(s,c,k)=|cs ], F(s,c,k)= [ c¢f (s,¢,k)
k 0

Denoting the three families as the s, ¢ and k family, we have the following 3 eigenvalues
as functions of the variables (0,7,x) in the (s,c,k) space.

)\s:aaf(oa’yaﬁ)u )\CZMu )\k:O,

g

and the three corresponding right eigenvectors (in the (s,c,k) space):

1 - ’Yf(O.aFYaK’) _81‘%.][(0-7’77"{/)
re= 0], re={0:f(oym) {22 p= 0
0 0 05 f (0,7, k)

A straight computation shows that both the ¢ and k families are linearly degenerate.
Furthermore, there exist regions in the domain such that As = A, or As = A. = \g, where
the system is parabolic degenerate.

The flux function f(o,7,x) has the following properties. For any given (v,k), the
mapping o — f (0,7,x) is the well-known S-shaped Buckley-Leverett function [3] with a
single inflection point, see Fig. 1. To be specific, we have

flo.v,k)€[0,1], 05 f(o,7,5) >0,  for all (0,7,k),
and, for all (v,k),

f(O,’}/,KJ):O, f(lu’}/u'k‘./):la
aaf(ou’%'%):oa 8Uf(17’77"$):07 (13)
aG’G’f(OaFYaH)>07 aUUf(laFYa’%)<O'

Remark that conditions (1.3) guarantee that the eigenvalues and the eigenvectors writ-
ten above are well defined (can be extended) when o =0. For each given (v,k), there
exists a unique o* (y,x) €]0,1[ such that

addf(a* (77’{) aFYaH) =0.

A detailed analysis of the wave properties for this system is carried out in [13], with
the following highlights:

e k waves are the slowest with speed 0. Both f and ¢ are continuous across any
k wave;
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e ¢ waves travel with non negative speed. Both g and k are continuous across any
¢ wave;

e s waves travel with positive speed. Both ¢ and k are continuous across any s wave.

In [13], the global Riemann solver is constructed. Here we give a brief summary. Let
(s1,c1,ki) and (s, ky) be the left and right state of a Riemann problem, respectively.
In general, the solution of the Riemann problem consists of a k& wave, a ¢ wave and
possibly some s waves. They can be constructed as follows.

o Let (sym,cr,k,) denote the right state of the k wave. The value s,, is uniquely
determined by the condition

f(smci,kr) = f(s1,¢1,kr).

e For the remaining waves, we have k =k, throughout. We then solve the Riemann
problem for the 2 x 2 sub-system

O¢s+ 0, f(s,¢,kr) =0, O¢(es)+0x(cf(s,¢,kr))=0 (1.4)

with Riemann data (S,,c;) and (s, c,) as the left and right states. The solution
consists of waves with non-negative speed.

We now give a precise definition of weak solution to the Cauchy problem (1.1)—(1.2)
and state the main theorem.

Definition 1.1. The vector-valued function (s,c,k) € L> ([0,+00) x R,[0,1]3) is a solu-
tion to the Cauchy problem (1.1)~(1.2) if for any ¢ € CL([0,+00) x R,R) the following
equalities hold

/[s@tqﬁ—i—f(s,c,k)am@ (t,x)dtd:v—l—/E(:v)qS(O,:v) dx=0,
Q

R
/[cs@tqﬁ—i—cf(s,c,k)am@ (t,x)dtdx—l—/E(:E)E(:E)QS(O,:E) dx =0,
" k(fx)zl_f(x), Y(t,z) €,
where Q=10,4o00[ x R.
Theorem 1.1. If the initial data (5,¢,k) satisfy
5eL™(R,[0,1]), ¢€BV (R,[0,1]), keBV (R,[0,1]),

then there exists a solution to the Cauchy problem (1.1)~(1.2) in the sense of Defini-
tion 1.1.

We emphasize the fact that s=0 is not excluded in our theorem since we do not
make use of Lagrangian coordinates which would have required s> 0. Indeed, under
the hypotheses s> s* >0, k(¢,2)=const., system (1.1) is equivalent to its Lagrangian

formulation [15]:
o(1) -0, (1) =0,
Oc =0, (1.5)

k = const.,
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where y is the Lagrangian coordinate satisfying d,y=s, diy=—f(s,c,k). Therefore,
under some additional hypotheses, the result in [2], which holds for scalar equations
since it is based on the maximum principle for Hamilton—Jacobi equation, could be
used to prove the existence of a unique vanishing viscosity solution to the first equation
in (1.5) and hence a (in some sense) unique solution to system (1.5). However, since
we consider the case where s can become 0, the analysis in [2] cannot be applied.
Instead, we need to solve the original non triangular 2 x 2 system in Eulerian coordinates.
Furthermore, since we consider rough permeability function k, the corresponding system
in the Lagrangian coordinate is no longer triangular,

o (%) -0, (Leeh) - <o,
Oc =0

O (%) —0y (M)

Remark that the Lagrangian coordinates introduced in [2, Section 6] for (1.1) make the
system triangular, but still require s> s* >0 and moreover they mix time and space,
therefore the Cauchy problem for (1.1) in Eulerian coordinates is not equivalent to the
Cauchy problem in the coordinates introduced in [2, Section 6].

In this paper, the proof for the existence of solution is carried out by showing that
wave front tracking approximate solutions are compact by a compensated compactness
argument (see for instance [10] for an application of compensated compactness to a 2 x 2
bi-dimensional related model).

The remaining of the paper is organized as follows. In Section 2 the wave front
tracking approximate solutions are constructed. In Section 3 we prove the necessary
entropy estimates. Finally in Section 4 the compensated compactness argument is
carried out to prove Theorem 1.1.

)

2 Front Tracking Approximations

In this section we modify the algorithm constructed in [4] and [11] to adapt it to sys-
tem (1.1). We define the functions (see Figure 1):

flo7,k)

g(o,7,k)= -

(e

C Ploaw= [ o€l (26)
Since at 0 =0 both f and its derivative d, f vanish, we define ¢(0,v,x)=0. Hypothe-
ses (1.3) imply that d,g(0,7,%) >0 and that the function o+ g(o,7,%) has one single
maximum point somewhere between the single inflexion point of f and the point o =1.
The function P is continuous with respect to its three variables and strictly increasing
and invertible with respect to the variable ¢. Fixing initial data (5, c, E) satisfying the
hypotheses of Theorem 1.1 and fixing an approximation parameter € >0, we can con-
struct piecewise constant approximate initial data (EE,EE,EE) with values in [0,1]3 such
that:

Hl?:s—l;:HLoo<a, Tot. Var. k® < Tot. Var.k,

c®—cllp- <&, Tot. Var.¢® < Tot. Var.¢,
15% = 5llpr ((~1,1).p) <5 (2.7)

ele
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(0,0) (1,0) ©

Figure 1: Diagrams of the flux o+ f(0,7,k) and of the function o~ g(o,v,k)=
f(o,7,k) /o for fixed values of v and x.

Let Z1,...,Zn be the set of points in which k¢ has jumps such that

N-1

k* ()= kOX]—oo,il] + Z kiX]ii,iHl] () +kNX]iN,+oo[7
i=1

and let 71,...,70 be the set of points in which ¢& has jumps such that

M-1

& () = CoX]—oo,gu] T Z €iX)95.95+1] (=) + CM X]gnr 400
j=1

Without loss of generality, we can suppose that no g; coincides with any z;. Define the
constant

L= 2wl (rmlca | v+ 2,

7.k

where [a] denotes the least integer greater than or equal to the real number a. In the
following we denote by A the logical operator and. We consider the following finite sets
of possible values for the function g:

Go={919=9(5°(x),& (2),k*(x)), zeR},
géz{gm:g(%cj,ki), i:O,...,N,j:O,...,M,e:o,...,L},
g§={9|g=0r£3§19(a,cj,ki), i:O,...,N,j:O,...,M},
Gt ={919=9(0,¢.k) =g (0,00 ks ) A g (0,65, K) - 9 (0,40 Kir) <O,
forsomei,i*:O,...,N,j,j*:0,...,M,06[0,1]},
Go=G, UG UG uGp.
Remark 2.1.

o The set G} includes all the possible initial values for g;
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U1 Y2 X1 Y3 T2 Ys T3 Ys T4 Y7 Ts

Figure 2: Wave front tracking pattern. k waves in blue, ¢ waves in green and s waves
in red

o The set G2 includes a sufficiently fine grid for g in order that any s grid that
contains all the counter images of G§ through g(-,c;j,k;), for any fized j,i, is finer
than +;

L’

o The set G3 includes all the possible mazima of g(-,cj,k;) for any j,i;

o The set Gy includes all the possible values of g where two graphs of functions of
type g(-,c;j, ki) intersect with deriwatives of different sign. Because of the shape of
g, this set too is finite.

We start the front tracking algorithm from the region = <Z;. For this purpose we
define the allowed values for s in that region:

So.j={0lg(o.cj ko) €Go}.

We call f%9 (o) the linear interpolation of the map o~ f (o, ¢;, ko) according to the points

in Sp ;. Observe that, since we have included gg in G, the set {%} 1o 18 included in
So,j for every j, hence we have the uniform estimate

|f (.¢;.k0) = £ (0)] <, N
{iaaf(@cjako)—6gf0’j(0)i e for all 0 €[0,1], j=0,..., M.

We solve all the Riemann problems in <Z; at t=0 in the following way. Let
z€1y;,7j+1] (Jo=—0o0) be a jump in 5°. Here we take the entropic solution to the
Riemann problem

5 (z—) forx<z,

Oys+ 0, 177 (s)=0, S(va):{sa(ﬁ) for 2>z

Since f%7 is piecewise linear, the solution to the Riemann problem is piecewise constant
and takes values in the set Sy ; of the kink points of £/, moreover the entropy condition
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Figure 3: The graphs of G and G are drawn respectively in blue and red. For each
graph, a possible transition level v (the level at which given G* and G intersect) is
drawn in green.

in [1, Theorem 4.4] is satisfied. The same Riemann solver is used whenever at ¢ >0 two
s waves interact in some region )y ; defined below.

At the points g;, we solve the Riemann problem according to the minimum jump
condition described in [11] (see also [7]) that we briefly outline (see Fig 3). Define
sh=5(g;—), = @i-)=cj1, "=5(G+), =G+ =c;
and the two auxiliary monotone functions (the first one non increasing and the second
one non decreasing)

max{g(c,c" ko) <€ [o,s7]}, for o <sh,
GL (o) =
min{g (s,c% ko) |s € [st,0]}, for o>sh,

)
mln{g(cc )|<€[ ]} for o < st
G (o) =

max{g (g,cR,ko) lse [SR,U] }, for o> s™.
Call 7 the unique level at which G* and G* intersect. Because of the hypotheses on
g, v is equal to either g(sL,cL,ko), g(sR,cR,ko), a maximum of either g(-,cL,ko) or
g(-,cR,ko), or a point in which these two function intersect with derivatives having
opposite sign. In any case v € Gy holds. Define the closed intervals

=[G, =6 TN ).
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Finally call s~ and sT respectively the unique projections of s and s on the closed
strictly convex sets I and I'?. It is not difficult to show that

WZGL(S—):g(s_,cL,kO), sts™eSo -1,
,Y:GR(SJF):g(SJr,CR,ko), SR,SJFGSOJ'.

Take any wave, with left and right states s;,s, € Sp j—1, of the entropic solution to the
Riemann problem

st for z<y;,

Ors+0,f%971(s) =0, S(O,I)—{ (2.8)

s=  for x>y,

and suppose s < s~. Then, s <s;< s, <s~ and, because of the entropy condition [1,
Theorem 4.4], its speed satisfies (f*9! coincides with f (-,c* ko) on Spj—1):

f(sr,cL,ko)—f(sl,cL,ko) < f(s’,cL,ko) —f(sl,cL,ko)

)\s: >
Sr— 8 ST — 8
— L ko) — L k
:g(Si,CL,ko)—f—S[g(S ,C 02 g(Sl,C ) 0)
S — 8

L(.—\_ L

Z)\c-i-SlG (s )7g(sl,c ko)
S — 8]

S)\Cv

with )\czwzg(s_,cL,ko) :g(s+,cR,k0) and where we used the definition of G¥. If

instead s~ < s, then s~ <s, <s; < s and, as in the previous computation, we have

G (s7)—g(s1,¢" ko)
ST —8;

)\s < )\c + 51 < )\Cu
Therefore, in any case, the solution to the Riemann problem (2.8) can be patched with
a ¢ wave that travel with speed ). and connect the left state (s_,cL,ko) to the right
state (s+,cR,ko). Similar computations can be done at the right of the ¢ wave so that
the complete solution includes a ¢ wave travelling with speed \., possibly together some
entropic s waves to its left (solutions to 9;s+ 39, %71 (s) =0) and some entropic s waves
to its right (solutions to dys+ 0, f%7 (s) =0). We also use this Riemann solver whenever,
for t >0, a ¢ wave interact with one or more s waves.

We point out the following properties of this Riemann solver that will be needed in
the proof of the main theorem.

e The ¢ wave satisfies Rankine-Hugoniot

{f(s+,cR,k0) —f(s7,cl ko) =Ac(sT—57),

(st et ko) =k f(s™,ch ko) = Ac (cBsT —chsT).
e The ¢ wave is an “admissible” path as defined in [11] and satisfies the following
entropy condition:

— if s~ <s™T there exists s* € [s,sT| such that

{g (o,cb ko) >N forall o€ [s™,s*], (2.9)

g(o,cB ko) >\ for all o €[s*,s™].
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— if sT < s~ there exists s* € [s*,s7] such that

{g (0,¢f ko)

( Lk)iic orat o€l (2.10)
g\o,C",R0 ) = Ac

for all o €[s*,s7].

Let y1 (t),...,ynm (t) denote all the ¢ wave fronts at the time ¢. Their initial positions
are the discontinuity points of ¢€. We will show that they do not interact between each
other and keep the same number and order as time goes on.

We define the open regions

Qoﬁj :{(t,ib) S [O,+OO) XR|:E<:E1 /\yj(t) <{E<yj+1(t)},

and the flux _
Fe(t,x,0)= "9 (o), for (t,z)€ Q0.

The wave front tracking approximation s® so constructed is an exact weak entropic
solution to

O0¢s® + 0, [F© (t,2,5°)] =0,

O¢ (c5°) 4+ 0y [¢°F< (t,2,5%)], =0,
in the region x < 7.

Since the ¢ family is linearly degenerate, ¢ waves will not interact with each other.

Indeed, given two consecutive ¢ waves located respectively in y;(t) and y;41(t), the first
conservation law in the previous system implies

Yi+1(t)
a s°(tx) de =141 (¢) 8" (8, Y541 (t) =) =95 (1) s (L,95 (1) +)

= 99 (6 (b (6)=)) + £ (5 (8 () +)) =0

dt Jy,

since y=A.= g Hence ¢ waves cannot interact with each other (if s =0 between two ¢
waves, then they both must travel with zero speed and therefore even in this case they
cannot interact).

Since any interaction with the k wave located at ; cannot give rise to waves entering
the region x < Z;, following [11], the wave front tracking algorithm can be carried out
for all times in that region. Observe that for a fixed ¢ the total variation of the singular
variable P introduced in (2.6) is bounded. Since the grid Sy ; contains all the possible
maximum points of g(-,¢;,ko), in the regions Qo ;, P (0,¢;,ko) = fog ’8&%’6& for any
0 €8p,j. The variable P is well behaved in the interplay between the two resonant waves
s and c. Unfortunately, this behavior is disrupted by the third family of waves, the k
waves, except in the case where very strong hypothesis are assumed on the flux as in [4].
In fact, in [4] it is assumed that the point of maximum of g does not change with k
(actually in [4] our k waves correspond to discontinuities in time because of Lagrangian
coordinates). Since such assumptions are not realistic for our model, we are not able
to prove a bound on the total variation of P uniformly in ¢. Instead, we resolve this
difficulty by applying a compensated compactness argument.

Up to now, all the values of (s°,c%,k%) are determined for x <Z;. Since k¢ is con-
stant in time, its value at the right of Z; is known. The jump conditions Af=Ac=0
determine all the values of (s%,¢%,k¢) to the right of Z;. These values could introduce
new values for the function g that must be added to the grid, i.e.,

G1=GoU{g(s" (t,Z1+4),c (t,21+),k° (Z1+)) | t > 0}.



G. Guerra and W. Shen 10

This gives the new allowed values for s for z; <z < Za:
S1j={clg(o.cj,k1) €Gi}.

Using these values we now build the corresponding approximations £ (o) of the flux
as the linear interpolation of f(o,¢;,k1) according to the points in Sy ;. Then we solve,
as before, all the Riemann problems at t=0, 1 <z <Z2 and t >0, z=2;. As before ¢
waves cannot interact with each other so, by induction, we can carry out the wave front
tracking algorithm on the semi plane ¢ > 0.

We define the open regions (Zo=1yo(t) = —00, Tn+1=ym+1(t) =+00)

Q@j = {(f,JJ) S [O,-H)O) xR | T, <T<ZTit1 /\yj(t) <zr< yj+1(t)}.
The wave front tracking approximations so obtained are weak entropic solutions to

Op8° + 0, [F° (t,2,5°)] =0,
at (CESE) +am [CEFS (t,(E,SE)] = 07

2.11
Ocke =0, (2.11)
(855057k6) (0,$) = (557667%6) (I)’
where the flux F¢ is defined by
Fe (t,x,0) = f" (o), for (t,z)€Q; ;.
For all (t,z) €[0,4+00[xR and o €[0,1], the flux satisfies the estimates
|F8(t7117,0')—f(O',CE(t,.I),kE(I))|SE, (2 12)
|05 F2 (t,2,0) — 05 f (0,¢° (t,2) ,k° ()] < w57 '

We remark that, in any region €Q; ;, s° is an entropic solution to the scalar conservation
law

O +0, [f7 ()] =0.
3 Entropy estimates

Given a smooth (not necessarily convex) entropy function 7(c) with n(0) =0, we define
the corresponding entropy flux ¢° (relative to the approximate flux F*¢) as

q° (t,z,0) :/ 7' ()0 F* (t,z,5)ds. (3.13)
0
Theorem 3.1. For a fized convex entropy n, the positive part of the measure

pe = 0; [0 ()] + 0z [¢" (t,7,5%)] (3.14)

is uniformly (with respect to the approximation parameter ¢) locally bounded. More
precisely, for any compact set K C|0,+00[ xR there exists a constant Ck such that

pd (K)<Ck.

Here the constant Cx may depend on n, f and on the total variation of the initial data
¢ and k, but it does not depend on the approximation parameter €.
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Proof. Fixing a non negative test function ¢ € C2° (]0,+00[ x R), we compute

(4 [1(55) +02 [¢° (t,2,5°)] ) = — / 0(5%) O+ ¢F (t,2,57) Oy dt

+oo N (1) (3.15)
= [ [ag - An(0d 0] 6 0.6 () .
0 =1
Here &1,...,&n (1) are the locations of the discontinuities in (s°,c%, k%), and the notation

A denotes the jumps:

{Am@%ﬂﬂf@éﬂﬂ+ﬂ—nﬁﬂt&@%ﬂ%
AGE (8) = ¢ (1,Eo(t)+,5° (1.6 (8) +)) — ¢° (1 Ee(8)—, 5% (1,E0 (1) ).

We study separately the three different kinds of waves and denote with the superscripts
“~7 and “4” the values computed respectively to the left and the right of the dis-
continuities. We omit the superscript for the values that do not change across the
discontinuities.

s waves: Both c and k are constant while the jump in s satisfies Rankine-Hugoniot
and is entropic according to the approximate flux. If (¢,&,(¢)) €€, ;, then

Cost=sT)= M (7)Y (sT) =" =1
Hence, applying the definition of ¢ and integrating by parts, we compute

+

7 (<) [0 ()~ i) ds

S

Aﬁ—Am&z/

S

st

[ (70— —éi(s—5)]

[ @i - -de-s)]as

s—

<0.

Since 1" >0 and the s wave in & is an entropic wave for the flux f*7, therefore for all
¢€[min{s,s*},max{s~,sT}| one has

S%n®+—8)[ﬂ”&>—f—Ii:l—(c—S)]ZO

st —s—

¢ waves: Both £ and g:% are constants and the speed & of the wave equals
g(s™,c,k)=g(sT,ct k), where & is the boundary between the regions €; ; and €; j41.
Denoting by C a generic constant that depends only on 7 and f, the uniform esti-
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mates (2.12) lead to

+

A(J?—AW&Z/OS n'(c)agfi’”l(c)dc—/os 7' (§)0cf™ (s)ds =& (n(sT) —n(s7))

st s~
€ / + _ / _
_CN+M+ o ()0 f (s,¢™ k) ds /0 0 ()0 f (s,¢™ k) ds

—/ U&k+/ 7 (<) xds

N+M ,k)—&}dc—/osn’@) {&f(c,c‘,k)—&}dg

€ _ 7 { +k_'}d /S// [ _k—.}d
_CN—I—M ; 77(§) f(s,et k) =& §—|—O 0’ ()| f(s.c k) —&s | ds
Here we have integrated by parts and used the relations
£(0,¢%,k) =0, f(s%,c5 k) =sFg (sF,c* k):si&'

Suppose s~ < s, the other case being symmetric. Because of the entropy condition on
¢ waves (2.9) there exists s* € [s7,sT] such that

g, k)>& forall gels™,s*],
g(s,ctk)>&  forall c€[s*,s7].

The estimates (2.12) further lead to

st -

AQE—AWQS—/S* 7" (<) [f (c,c+,k)—€ec] d<+/sj n" (s) [f (<,C_7k)—&<] ds

—|—C(N+M—|—‘c —c” ’>

+_ p—
+C<N M—i—‘c c ])

<
C(N—I—M—HACZ')

k waves: For a k wave, both ¢ and f are constant and & 0, where &, is the boundary
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between two regions ; ; and ;41 ;. We have

+

Ads — Ay = / ’()3f””(<)d<— / o (6, £ (6) ds
0

+ T -
Oyt O ka1 Qo f (k)

+

+yk+ . \) / 7 ()0 (5,0k™ ) ds

/\

+

7 k) Lsign (7 —57) [ 0 (e ) de

IN

c

AR (5 e k) _f(s,c,k)\)

C

(
(s
(3
(3

Bk (5* )_f(stc,m\)

=C Ak
(N+M+| é|>
where we used the fact that 0. f (¢,c,k~) >0 and that f(s™,c,k7) = f(sT,c, k™).

Finally, if the compact support of ¢ is contained in ]0,7[x R, equality (3.15) and
the previous analysis on the three types of waves lead to

@)+ 0.l (1)) <1 (ST

< CT (14 Tot. Var.{¢} + Tot. Var.{k}) || ¢]

+ Tot. Var.{c} 4+ Tot. Var. {IE}) 9l oo

for any £ €]0,1[, proving the theorem. O

Theorem 3.2. For any smooth entropy n (even non convexr) and decreasing sequence
e; — 0 there exists a compact set ICCHfOC1 (Q), independent of j, such that

pre; = 0c[n(s%)] + 0 [q7 (t,2,57)] € K.

Proof. We apply standard arguments in compensated compactness theory [6]. Integrat-
ing the measure p. over a rectangle (with ¢; >0) R=[t1,t2] x [-L, L] we obtain

uE(R):/ZqE (4L, (6 L)) — ¢F (£, — L— 55 (t,— L—)) dt

t1

L
+/ n(s® (ta+,2)) —n(s° (t1—,x)) d.

—L

Since s° is uniformly bounded, there exists a constant Cg such that |u. (R)|<Cg for
any € €]0,1[. If n is convex, we can apply Theorem 3.1 to estimate the total variation
of pe uniformly with respect to e:

el (R) = pd (R) + pc (R)=2pd (R) - pie (R) <2CR + Chr.

If 7 is not convex, then we take a strictly convex entropy n* (for instance n* (o) =0?)
and define 7=n+ Hn*. The entropy 7 is convex for a sufficiently big constant H. We
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denote by p., p and fi. the measures corresponding to the entropies 1, n* and 7. Since
the definition of the entropy flux (3.13) is linear with respect to the associated entropy,
the measures satisfy ji. = p. + HpZ. Hence the inequality

kel (R) <|fic| (R) + H|uZ| (R)

holds. This means that |u.|(R) is bounded uniformly with respect to e since both
fie and pf are associated with convex entropies. Since the measure p.=d[n(s)]+
0z [¢° (t,x,5%)] restricted to R lies both in a bounded set of the space of measures M (R)
and in a bounded set of W1 (R), [5, Lemma 17.2.2] allows us to conclude the proof
of the theorem. O

4 Strong Convergence

The following result is a step towards the proof of Theorem 1.1.

Theorem 4.1. There exists a sequence €;—0 such that (s%7,c% k%) — (5 c /;) m
Lioe ().
Proof. We suitably modify the proof of [2, Theorem 4.2], omitting some computations
already written there. The proof takes several steps.
1. Observe that by construction we have

Tot. Var.{c® (¢,-)} = Tot. Var.{c" } < Tot. Var.{c}

and the wave speeds are uniformly bounded. Hence Helly’s theorem implies that there
exist a sequence ¢ — ¢ in Li (). Since k¢ is constant in time, we have k% — k=Fk in

loc
L, () as well. In the following we always take subsequences of this sequence and we

will drop the index j to simplify notations. We define the limit flux
F(t,z,0)=f (a,e(t,x),ié(x)) . forall (t,2)€Q, and o €0,1]
and for any entropy 7 we define the limit entropy flux
q(t,x,a)—/ogn/ (¢) O F (t,x,5)ds.

The estimate (uniform in o € [0,1])

lq(t,z,0) — t:z:a|</|77 (

<C (et 2) —*(t,2) |+ ]é(x)_ks(x)} +e) 20 in L, (9)

(s-ett.2).F(x)) = s (5.5 (1)K (@)

10, F (6.5 (b2 (2)) — O FF <t,w,<>|)d<

implies that
Oz [q(t,2,8%) —¢° (t,2,5°)] =0, in Hloc Q).

Together with Theorem 3.2, it implies that the sequence
at [T] (Ss)] + 81 [q (t,.I, SE)] = 875 [T] (Ss)] + am [qE (t,il?, SE)] + 81 [q (t,.f, Ss) - q‘S (t,.f, 85)]
belongs to a compact set in H,! ().
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2. For any (t,2) €Q and v,w € [0,1] we define

I(t,z,v,w) = (v—w) /U [0, F(t,2,0)] ?do— [F(t,z,v)— F(t,z,w)] 2, (4.16)

w

The following properties hold.
(i) (v,w)— I(t,x,v,w) is continuous with I(t,z,v,v) =0 for any v € [0,1].
(i) I(t,z,v,w)>0 for any v,w € [0,1} with v # w.

Indeed, (i) is trivial, while (ii) follows from Jensen’s inequality and the fact that o—
f(o,7,k) and hence o F (t,z,0) have a unique inflection point. Indeed suppose w < v,
we observe that o~ 0,F(t,z,0) is not constant over the interval w € [w,v], and we
compute

I(t,z,v,w) = (v—w)

28

v 2
[8UF(t,I,U)]2dO'—(’U { / 0, F(t,z,0 da]
V=W Sy

> (v—w) [8UF(t,x,a)]2dJ— (v—w)? [0 F(t,2,0)] do

S
S
I
S

w

= 0.

3. Fixing (7,y) € and we consider the following entropies and corresponding limit
fluxes

n(o)=o, q(t,z,0)=F(t,z,0),

n(T,y)(U):F(Tayaa)a q(‘r,y)(tuxao_):/ 5<F(T,y,§)agF(t7$,§)d<-
0

The same computations as the ones used to obtain [2, (4.16)] prove that there exists a
constant Cy >0 such that

(0= w) [q(r,) (t,2,0) = Gr ) (8,2, 0)]
> I(t,z,v,w)+ [F(t,x,v)—F(t,:z:,w)} —Cy 51[10p1]’F Ty,0)—F(t,z,0)]. (4.17)
oe

4. By possibly taking subsequences, we can achieve the following weak™ convergences

in L>®(Q):
s5(t,x) = 3(t,x),
F(t,a,s(t,a )) F(t,z), (4.18)
I(t,x,s°(t,x),5(t,x)) A I(tx).

Taking further subsequences (which this time may depend on (7,y)) we can achieve
these further weak* convergences in L>(2)

F(T,y,ss(t,x)) = F(T,y)(ta'r)v q(‘r,y) (t,I,SE(t,I)) = Q(T,y)(tvx)' (419)

Notice that the weak limits 3, f, I in (4.18) do not depend on the values (7,y). Step 1
implies

O[5 (t,2)] + 0 [F(t,5°(8,2)) ] 0 [F (1,9,5%(8,2)) ] +0s [4gr) (t,2,5°(8,2))] € K,
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where K is a compact set (independent of the subsequence index) in H;,!(Q). By an

application of the div—curl lemma, see for example Theorem 16.2.1 in [5], one obtains

ss(t,x)q(ﬂy) (t,x,ss(t,x)) —F(t,x,ss(t,x))F(T,y,ss(t,x))

- g(tax)(j(r,y)(tax)_ﬁ‘(tax) (‘r,y)(tux)'

Following the proof of [2, Theorem 4.2] we set v=s%(¢t,z) and w=35§(t,x) in (4.17) and
take the weak™ limit as € — 0 to obtain

(4.20)

I(t,x)— {E(t,x)cj(ﬂy) (t,z)— ﬁ'(t,x)ﬁ(ﬂy) (t,x)} +5(t,2)q(ry (L, )

—2F(t,:1:)F(t,x,§(t,x)) —|—F(t,x,§(t,x))2 < Cs sup ‘F(T,y,a)—F(t,a:,aH.
c€0,1]

This can be written as

f(t,:z:)—l— [F(t,x)—F(t,x,§(t,x))]2 <Cj3 sup |F(7’,y,a)—F(t,x,U)|
c€l0,1]

+|F(t,2)||Firy) (t.2) — F(t,2)

)

which holds for any fixed (7,y) € and a.e. (¢,x) € Q. Taking the weak* limit in

— sup |F(r,y,0)—F(t,z,0)| < F(r,y,5°(t,x)) — F(t,z,s°(t,))
c€l0,1]

< sup ’F(T,y,o’)—F(t,J;,U)

c€l0,1]

)

we obtain

— sup ‘F(T,y,O')—F(t,JJ,U)‘ < F(Tﬁy)(t,x)—ﬁ'(t,x)
o€[0,1]
< sup ’F(T,y,o’)—F(t,J;,U)‘.
o€l0,1]

Hence for any fixed (7,y) € Q2, we have for a.e. (t,z) €Q

I(t,z)+[F(t,2) - F(t,2,5(t,2))]” < Cu zl[t)pl]‘F(T,y,U)—F(t,x,a)‘. (4.21)

4. We call E; the set of Lebesgue points of the left hand side of (4.21). Moreover, for
each 0 €10,1] let E, be the set of Lebesgue points of the map (¢,z) — F(¢,x,0). Defining

E=E/N ﬂ E, |,
q€QN(0,1]

we observe that its complement Q\ F has zero measure. Take any (7,y) € E and fix

€>0. Let Fe CQNJ0,1] be a finite set such that in; |¢— 0| <e for every o €[0,1]. Then
qESe

we have

sup ‘F(T,y,a) —F(t,x,o)’ < max’F(T,y,q) —F(t,x,q)‘ +2Le
c€0,1] qEFe
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< Y |F(r.y.9) = F(t,x,q)| +2Le, (4.22)

where L is a uniform Lipchitz constant for ¢+— F'(¢,z,5). Let Bs(7,y) be the disc in €
centered in (7,y) with radius J >0 whose area is m§2. Integrating (4.21) and using (4.22)
we obtain

1 I n = 2
W/Bs(‘r,y) (I(t,x)+[F(t,a:)—F(t,x,s(t,;p))} )dtdg;

7“52 Z /Bé " F(1,y,q) — F(t,2,q)| dtdx+2Cy Le.
qEF. (r

Since (7,y) is a Lebesgue point for the map (¢,x) — F(¢,x,q), for all g € F¢, letting § — 0
we obtain

I(ry)+ [F(ry) = F(r,0,5(ry)]° < CiLe.

Since € >0 is arbitrary, this implies
[(r.y)+ [F(r.y) = F(ry,5(r.y)]° <0 forevery (ry)eE.

Hence I(t,z) <0 a.e. in Q. Since, by Step 2, I(t,x,ss(t,x)j(t,x)) >0, its weak* limit
I (t,x) must be greater or equal to zero almost everywhere. Therefore we get

I(t,x)=0, and F(t,x)=F(t,z,5(t,x)), a.c. in Q.

Since I(t,x,sa(t,x),E(t,x)) >0 converges weakly* to zero, we conclude that it converges
strongly in L}, (€2). We can thus take a subsequence such that I(¢,z,s*(t,z),5(t,z)) =0
a.e. in Q. Finally, property (ii) proved in Step 2 implies s°(¢,z) — 5(¢,z) a.e. in ,
completing the proof. O

Proof of Theorem 1.1. By Theorem 4.1 we know that there exists a subsequence of
wave front tracking approximate solutions constructed in Section 2 (s%,¢%, k) which

converges strongly in L}, (€2) to a limit (5,6,/%) . Clearly k; =0. Let ¢ be a test function

with compact support in [0,400[ x R. By construction (see Section 2) the approximate
solutions satisfy

/[sa¢t+F€(t,x,sa)¢w](t,x)dtd:v—i—/Ea(x)¢(0,:v) dz =0,
Q

R
/[csssqﬁt—i—cst(t,x,ss)qu] (t,x) dtdgc—i—/éE (2)5° ()¢ (0,2) de =0,
Q R
ke (t,2) =k*(x), V(t,x)€Q.

The uniform estimate (2.12) and the strong convergence of approximate solutions allows
us to pass to the limit and to conclude that the limit (5,6,12) satisfies Definition 1.1. O
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