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 A B S T R A C T

Generative models for classification are a well-established method in statistics and machine 
learning. Martingales posteriors provide a computationally feasible method for performing prior-
free Bayesian analysis. This paper aims to address the problem of uncertainty quantification 
through martingale posteriors for generative models for classification. To this aim, a condi-
tionally identically distributed sequence of observations is considered. An empirical analysis is 
given.

1. Introduction

Fong et al. (2023) have introduced martingale posteriors, which provide a generalization of the Bayesian approach that relies 
on the elicitation of a sequence of predictive distributions instead of a prior distribution and a likelihood. This approach, which 
shares the motivation of the prequential approach of Dawid (1984), is based on the idea that the source of Bayesian uncertainty 
is the missing observations. If it were possible to observe the complete population, then the object of inference would be known 
precisely.

The existence of the martingale posterior for the object of inference is guaranteed if the sequence of observations is conditionally 
identically distributed (c.i.d.), a notion that has been introduced and studied in Berti et al. (2004). Letting the observations be 
c.i.d. amounts to relaxing the traditional condition of exchangeability and makes it easier to assess predictive distributions. As 
a consequence, one can conveniently sample from the martingale posterior by recursively sampling the missing observations (a 
procedure known as predictive resampling). This has opened the door to addressing various statistical problems through an approach 
that provides a prior-free, computationally feasible posterior distribution for the object of inference. In fact, martingale posteriors 
have been used, for example, for model-based clustering (Rodríguez et al., 2025), time series modeling (Moya and Walker, 2025), 
and survival analysis (Walker, 2024). For more information on Bayesian inference through c.i.d. sequences and martingale posteriors, 
see also Bissiri and Walker (2025) and Holmes and Walker (2023).

This paper considers classical generative classifiers (specifically LDA and QDA), which are long-standing and widely used 
methods in statistics and machine learning (see, for instance, James et al., 2021). We extend these classifiers to a martingale 
posterior framework that does not require specifying a prior distribution. Under a c.i.d. construction, we obtain closed-form posterior 
distributions for the class-posterior probabilities.

The outline of the paper is the following. Section 2 provides background information, Section 3 describes the proposed model, 
and Section 4 contains empirical analysis. In Section 5, concluding remarks are given. Proofs of the two Theorems given in Section 3 
and details about the empirical analysis (Section 4) are deferred to the Supplementary file.
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2. Background

Before describing our proposal in Section 3, we briefly summarize martingale posteriors, introduced and studied by Fong et al. 
(2023), and generative models for classification.

2.1. Martingale posteriors

Let 𝑋1∶∞ = (𝑋1, 𝑋2,…) be the sequence of observations, where 𝑋𝑖 is valued into R𝑑 for some positive integer 𝑑 and every 
𝑖 = 1, 2,…  We assume that 𝑋1, 𝑋2,…  and all other random variables considered in this paper are defined on some probability space 
(𝛺,F , 𝑃 ).

In Bayesian statistics, the typical choice is to let the distribution of 𝑋1∶∞ be exchangeable, namely invariant under finite 
permutations. Under exchangeability, both the predictive distribution 𝑃𝑛(⋅) = 𝑃 (𝑋𝑛+1 ∈ ⋅ ∣ 𝑋1∶𝑛) and the empirical measure 
𝜈𝑛 =

∑𝑛
𝑖=1 𝛿𝑋𝑖

∕𝑛 converge to a random probability measure 𝑃∞ (with respect to the topology of weak convergence), as 𝑛 diverges 
to infinity, almost surely. Berti et al. (2004) showed that the existence of such limit random measure 𝑃∞ is preserved if the 
exchangeability condition is relaxed letting the observations 𝑋1∶∞ be conditionally identically distributed. This means that the 
observations are identically distributed, i.e. 𝑋𝑛 ∼ 𝑋1, and moreover,

𝑋𝑛+1 ∣ 𝑋1∶𝑛 ∼ 𝑋𝑛+2 ∣ 𝑋1∶𝑛,

for 𝑛 = 1, 2,… , where 𝑋1∶𝑛 = (𝑋1,… , 𝑋𝑛). This is a reasonable assessment, as there is often no reason to predict 𝑋𝑛+2 differently 
from 𝑋𝑛+1 once 𝑋1∶𝑛 have been seen. If the observations 𝑋1∶∞ are conditionally identically distributed then for every measurable 
subset 𝐵 of R𝑑 , the sequence 𝑃𝑛(𝐵) is a bounded martingale and therefore converges almost surely.

As suggested by Fong et al. (2023), given some data 𝑥1,… , 𝑥𝑛, one can consider the sequence of observations 𝑋1∶∞ such that 
𝑋1 = 𝑥1,… , 𝑋𝑛 = 𝑥𝑛 and the sequence of future observations 𝑋𝑛+1∶∞ is conditionally identically distributed with given predictive 
distributions 𝑃𝑛∶∞. In this setting, the weak limit of both the empirical measures and the predictive distributions is almost surely a 
random probability measure whose distribution is the posterior distribution of 𝑃∞, namely the conditional distribution of 𝑃∞ given 
𝑋1 = 𝑥1,… , 𝑋𝑛 = 𝑥𝑛. So, by simulating multiple times the future observations 𝑋𝑛+1∶𝑚 for a large 𝑚, we can obtain several samples 
of the empirical measure 𝜈𝑚 or of 𝑃𝑚. Each sample is approximately a sample of 𝑃∞ and in this way we have an approximation of 
the posterior distribution of 𝑃∞.

We now recall the Gaussian generative classification framework to which the martingale posterior construction will be applied.

2.2. Generative models for classification

Denote by (𝒙1, 𝑦1),… , (𝒙𝑛, 𝑦𝑛) our data where 𝒙𝑖 ∈ R𝑝 and 𝑦𝑖 ∈ {1,… , 𝑘}, for 𝑖 = 1,… , 𝑛. Generative models for classification 
usually assume that 𝒙1,… ,𝒙𝑛 are realizations of a continuous 𝑝-variate random vector 𝑿, 𝑦1,… , 𝑦𝑛 are realizations of a discrete 
random variable 𝑌  valued into {1,… , 𝑘}, and, for 𝑗 = 1,… , 𝑘,

𝑿 ∣ 𝑌 = 𝑗 ∼ 𝑝(𝝁𝑗 ,𝜮𝑗 ),

where 𝑝(𝝁𝑗 ,𝜮𝑗 ) denotes the 𝑝-variate Gaussian distribution with mean vector 𝝁𝑗 and variance matrix 𝜮𝑗 .
If we denote by 𝜙(⋅;𝝁,𝜮) the Gaussian multivariate density with mean vector 𝝁 and covariance matrix 𝜮 and we let 𝜋𝑗 = 𝑃 (𝑌 = 𝑗), 

for 𝑗 = 1,… , 𝑘, then by Bayes’ Theorem, 

𝑝𝑗 (𝒙) = 𝑃 (𝑌 = 𝑗 ∣ 𝑿 = 𝒙) =
𝜋𝑗 𝜙(𝒙;𝝁𝑗 ,𝜮𝑗 )

∑𝑘
𝓁=1 𝜋𝓁 𝜙(𝒙;𝝁𝓁 ,𝜮𝓁)

(1)

If 𝝁̂𝑗 is the sample mean vector referred to the observations within the 𝑗–th class, 𝜮̂𝑗 is a suitable estimate of 𝜮𝑗 , and 𝜋̂𝑗 is the 
proportion of training observations 𝑦1,… , 𝑦𝑛 belonging to the 𝑗th class, namely:

𝜋̂𝑗 =
1
𝑛

𝑛
∑

𝑖=1
𝟏{𝑗}(𝑦𝑖), 𝑗 = 1,… , 𝑘,

then the plug-in estimate of (1) is considered: 

𝑝̂𝑗 (𝒙) =
𝜋̂𝑗 𝜙(𝒙; 𝝁̂𝑗 , 𝜮̂𝑗 )

∑𝑘
𝓁=1 𝜋̂𝓁 𝜙(𝒙; 𝝁̂𝓁 , 𝜮̂𝓁)

, (2)

for 𝑗 = 1,… , 𝑘.

3. The model

As above, we denote by (𝒙1, 𝑦1),… , (𝒙𝑛, 𝑦𝑛) our data. We define the sequence of random vectors (𝑿1, 𝑌1), (𝑿2, 𝑌2),… , where for 
each 𝑚 = 1, 2,… , the random vector (𝑿 , 𝑌 ) is valued into R𝑝 × {1,… , 𝑘} by setting 𝑿 = 𝒙 , 𝑌 = 𝑦 ,… ,𝑿 = 𝒙 , 𝑌 = 𝑦  and 
𝑚 𝑚 1 1 1 1 𝑛 𝑛 𝑛 𝑛
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specifying the conditional distribution of 𝑌𝑚+1 given 𝑿1∶𝑚, 𝑌1∶𝑚, and of 𝑿𝑚+1 given 𝑿1∶𝑚, 𝑌1∶𝑚+1, for 𝑚 = 𝑛, 𝑛 + 1,…
For each 𝑚 = 𝑛, 𝑛 + 1,… , we let 𝑌𝑚+1 and 𝑿1∶𝑚 be conditionally independent given 𝑌1∶𝑚 and the distribution of 𝑌𝑛, 𝑌𝑛+1,…  is 

assessed through the Bayesian bootstrap. In other words, if we let 𝑀𝑚,𝑗 be the number of observations in 𝑌1∶𝑚 belonging to the 𝑗–th 
class, namely:

𝑀𝑚,𝑗 =
𝑚
∑

𝑖=1
𝟏{𝑌𝑖=𝑗},

then we let: 

𝑃 (𝑌𝑚+1 = 𝑗 ∣ 𝑿1∶𝑚, 𝑌1∶𝑚) =
𝑀𝑚,𝑗

𝑚
, (3)

for 𝑗 = 1,… , 𝑘 and 𝑚 = 𝑛, 𝑛 + 1,…  So, in particular, 𝑀𝑛,𝑗 = 𝑛𝜋̂𝑗 , for 𝑗 = 1,… , 𝑘.
At this stage, for each 𝑚 = 𝑛, 𝑛 + 1,… , and 𝑗 = 1,… , 𝑘, let 𝑿𝑚,𝑗 be the sample mean vector referred to the observations 𝑿1∶𝑚

within the 𝑗–th class, namely: 

𝑿𝑚,𝑗 =
1

𝑀𝑚,𝑗

𝑚
∑

𝑖=1
𝑿𝑖𝟏{𝑌𝑖=𝑗}. (4)

So, in particular, 𝑿𝑛,𝑗 = 𝝁̂𝑗 , for 𝑗 = 1,… , 𝑘.
For 𝑚 = 𝑛, 𝑛 + 1,… , let 

𝑿𝑚+1 ∣ 𝑿1∶𝑚, 𝑌1∶(𝑚+1) ∼ 𝑝(𝑿𝑚,𝑌𝑚+1 ,𝜮𝑚,𝑌𝑚+1 ) (5)

where, for 𝑗 = 1,… , 𝑘, 𝜮𝑛∶∞,𝑗 = (𝜮𝑛,𝑗 ,𝜮𝑛+1,𝑗 ,…) is a sequence of 𝑝–variate (random) covariance matrices.
For each 𝑗 = 1,… , 𝑘, it is reasonable to assess the first value of the sequence 𝜮𝑛∶∞,𝑗 based on the sample. So, we set 𝜮𝑛,𝑗 = 𝜮̂𝑗 , for 

𝑗 = 1,… , 𝑘. All subsequent theoretical results hold regardless of the method used to obtain the estimate 𝜮̂𝑗 . The next Theorem states 
how we should assess the rest of the sequence 𝜮𝑛∶∞,𝑗 to ensure that the sequence of future observations is conditionally identically 
distributed.

Theorem 1.  Under the construction described above, the random sequence (𝑿𝑛+1, 𝑌𝑛+1), (𝑿𝑛+2, 𝑌𝑛+2),…  is conditionally identically 
distributed if and only if 

𝜮𝑚+1,𝑗 = 𝜮𝑚,𝑗 𝟏{𝑌𝑚+1≠𝑗} +
(

1 − 1
(1 +𝑀𝑚,𝑗 )2

)

𝜮𝑚,𝑗 𝟏{𝑌𝑚+1=𝑗}, (6)

for 𝑗 = 1,… , 𝑘.

The complete proof of the Theorem is deferred to the Supplementary Material, but it is worth to highlight here how one can easily 
verify that (6) is necessary for the c.i.d. condition. Indeed, if the future observations are c.i.d., then in particular, for 𝑗 = 1,… , 𝑘, 

cov (𝑋𝑚+2,ℎ,𝑋𝑚+2,ℎ′ ∣ 𝑿1∶𝑚, 𝑌1∶𝑚, 𝑌𝑚+2 = 𝑗)
= cov(𝑋𝑚+1,ℎ, 𝑋𝑚+1,ℎ′ ∣ 𝑿1∶𝑚, 𝑌1∶𝑚, 𝑌𝑚+1 = 𝑗),

(7)

where 𝑋𝑚,ℎ denotes the ℎth element of the random vector 𝑿𝑚, for every 𝑚 = 𝑛, 𝑛+1,…  and every ℎ, ℎ′ = 1,… , 𝑝. By the covariance 
decomposition formula and (5), 

cov(𝑋𝑚+2,ℎ, 𝑋𝑚+2,ℎ′ ∣ 𝑿1∶𝑚, 𝑌1∶𝑚, 𝑌𝑚+2)

= cov(𝑋𝑚+2,ℎ, 𝑋𝑚+2,ℎ′ ∣ 𝑿1∶𝑚, 𝑌1∶𝑚+2)

=E(cov(𝑋𝑚+2,ℎ, 𝑋𝑚+2,ℎ′ ∣ 𝑿1∶𝑚+1, 𝑌1∶𝑚+2) ∣ 𝑿1∶𝑚, 𝑌1∶𝑚+2)

+ cov

(

𝑋𝑚+1,ℎ

𝑀𝑚+1,𝑌𝑚+1
,

𝑋𝑚+1,ℎ′

𝑀𝑚+1,𝑌𝑚+1
∣ 𝑿1∶𝑚, 𝑌1∶𝑚+2

)

𝟏{𝑌𝑚+1=𝑌𝑚+2}

(8)

Combining (7) with (8) one obtains (6).
By Theorem  1, the sequence of future observations is c.i.d. As explained in Section 2, this ensures convergence of the predictive 

distributions. In particular, the martingale posterior of 𝑝𝑗 (𝒙) (for 𝑥 ∈ R𝑝 and 𝑗 = 1,… , 𝑘) is given by the distribution of the almost 
sure limit (as 𝑚 → ∞) of

𝑃 (𝑌𝑚+1 = 𝑗 ∣ 𝑿1∶𝑚, 𝑌1∶𝑚,𝑿𝑚+1 = 𝒙) =
𝑀𝑚,𝑗 𝜙(𝒙;𝑿𝑚,𝑗 ,𝜮𝑚,𝑗 )

∑𝑘
𝓁=1 𝑀𝑚,𝓁 𝜙(𝒙;𝑿𝑚,𝓁 ,𝜮𝑚,𝓁)

.

The following Theorem provides a closed-form for this martingale posterior (and therefore predictive resampling is not needed here).

Theorem 2.  For each 𝒙 ∈ R𝑝, the martingale posterior of (𝑝1(𝒙),… , 𝑝𝑘(𝒙)) is the distribution of the following random vector: 
(

𝛱1 𝜙(𝒙;𝑿∞,1,𝜮∞,1)
∑𝑘

,… ,
𝛱𝑘 𝜙(𝒙;𝑿∞,𝑘,𝜮∞,𝑘)

∑𝑘

)

(9)

𝓁=1 𝛱𝓁 𝜙(𝒙;𝑿∞,𝓁 ,𝜮∞,𝓁) 𝓁=1 𝛱𝓁 𝜙(𝒙;𝑿∞,𝓁 ,𝜮∞,𝓁)

3 
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Fig. 1. MP-LDA (𝑝 = 1): 95% marginal credible intervals for class-posterior probabilities at 𝑛 ∈ {10, 100, 1000}.

where

𝛱𝑗 = lim
𝑚→∞

𝑀𝑚,𝑗

𝑚
,𝑿∞,𝑗 = lim

𝑚→∞
𝑿𝑚,𝑗 , 𝛴∞,𝑗 = lim

𝑚→∞
𝛴𝑚,𝑗 ,

for 𝑗 = 1,… , 𝑘, a.s., (𝛱1,… ,𝛱𝑘−1), 𝑿∞,1,… ,𝑿∞,𝑘 are independent, and:

(𝛱1,… ,𝛱𝑘−1) ∼ Dirichlet(𝑛𝜋̂1,… , 𝑛𝜋̂𝑘), 𝛱𝑘 = 1 −
𝑘−1
∑

𝓁=1
𝛱𝓁 (10)

𝑿∞,𝑗 ∼ 𝑝

(

𝝁̂𝑗 ,
1

𝑛𝜋̂𝑗 + 1
𝜮̂𝑗

)

, 𝑗 = 1,… , 𝑘, (11)

𝜮∞,𝑗 =
𝑛𝜋̂𝑗

𝑛𝜋̂𝑗 + 1
𝜮̂𝑗 , 𝑗 = 1,… , 𝑘. (12)

The martingale posterior given in Theorem  2 is obtained as a function of the future observations under the c.i.d. construction 
and provides a prior-free alternative to a conjugate Bayesian posterior. Uncertainty here arises from unobserved future data rather 
than from prior elicitation.

As explained in detail in the Supplementary Material, the random vectors 𝑿∞,1,… ,𝑿∞,𝑘 are independent as a consequence of 
(5). Intuitively, future observations that fall in a given class do not bring information about the future observations that fall in the 
other classes. Instead, the independence of (𝑿∞,1,… ,𝑿∞,𝑘) and (𝛱1,… ,𝛱𝑘−1) follows from the stability property of the Gaussian 
distribution. The distribution of (𝛱1,… ,𝛱𝑘−1) is Dirichlet since the distribution of 𝑌𝑛, 𝑌𝑛+1,…  is assessed through the Bayesian 
bootstrap.

4. Empirical analysis

In this empirical study, we apply Linear and Quadratic Discriminant Analysis (LDA, QDA) for classification, and then compare 
their martingale posterior extensions (MP-LDA and MP-QDA) to evaluate overall performance and potential advantages. A practical 
advantage of MP-LDA and MP-QDA is that they provide full posteriors for class probabilities, enabling credible intervals at prediction 
time, a quantification of uncertainty that LDA and QDA cannot offer. Credible intervals are computed from Monte Carlo posterior 
draws of the predictive class probability for each class separately.

Fig.  1 shows 95% marginal credible intervals for class-posterior probabilities under a homoscedastic Gaussian data-generating 
process (details in the Supplementary file, Section S2). We analyze MP-LDA with one covariate (𝑝 = 1) and vary the sample size 
𝑛 ∈ 10, 100, 1000. For each 𝑥, we plot the mean predicted probability and its 95% credible interval.

In the one-dimensional, two-class case, the mean posterior curve has a sigmoidal discriminant shape with a single decision 
threshold. MP-LDA (and similarly MP-QDA) provides credible intervals for Pr(𝑌 = 𝑗 ∣ 𝑋 = 𝑥), and those credible intervals shrink 
4 
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Fig. 2. 95% marginal credible intervals for class-posterior probabilities for two test observations in the Vehicle Silhouettes dataset.

Table 1
Results on Vehicle Silhouettes dataset. In this dataset, 
the QDA performs poorly on log-loss. LDA and MP-LDA 
are more robust. MP-QDA has higher performance with 
respect to the other approaches.
 Method Accuracy Log-loss 
 LDA 0.756 0.525  
 QDA 0.818 1.280  
 MP-LDA 0.756 0.519  
 MP-QDA 0.842 0.564  

with increasing sample size and widen in regions of class overlap. More results are available in the Supplementary Materials, Section 
S2.

To stress this point, we evaluate the proposed methods on the Statlog Vehicle Silhouettes dataset, which includes 846 observations 
and 19 variables: 18 scale-independent numeric shape features and a four-class label. Details on preprocessing and analysis are in 
the Supplementary file (Section S3).

Table  1 reports accuracy and log-loss metric, formulated for multi-class classification. MP generative classifiers yield more 
calibrated probabilities with competitive accuracy: MP-LDA matches LDA on accuracy (0.756) while slightly reducing log-loss (0.519 
vs 0.525). For quadratic models, classical QDA is overconfident (log-loss 1.28), whereas MP-QDA improves accuracy (0.842) and 
cuts log-loss by more than half (0.564). Fig.  2 reports 95% marginal credible intervals for class-posterior probabilities for two test 
observations, comparing MP-LDA and MP-QDA. In both panels, the predicted class concentrates most of the posterior mass within 
a tight interval; when classes are ambiguous, the 95% intervals widen accordingly, quantifying residual uncertainty that classical 
LDA/QDA do not reveal.

Empirically, MP-LDA and MP-QDA retain the predictive strength of LDA/QDA while improving calibration and, crucially, deliver 
credible intervals that contract with sample size and expand in ambiguous regions.

5. Concluding remarks

In this work, we introduce martingale posterior (MP) generative classifiers as an extension for Linear Discriminant Analysis (LDA) 
and Quadratic Discriminant Analysis (QDA), retaining the interpretability of generative models while providing posterior uncertainty 
without eliciting priors. On synthetic data and in a case study, Martingale Posterior-LDA (MP-LDA) and Martingale Posterior-QDA 
(MP-QDA) match the predictive performance of their classical counterparts and also provide calibrated credible intervals that are 
useful when decision boundaries are more complex (e.g., class imbalance).
5 
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Future research directions make this work particularly promising. In Statistical Learning (SL), MP methods can move beyond 
the Gaussian setting by coupling the martingale update with nonparametric modeling, considering for instance kernel-based density 
estimators.

In conclusion, we view our work as a first step toward a unified prior-free Bayesian framework for modern learning tasks, with 
clear gains in interpretability and room for nonparametric extensions.

Appendix A. Supplementary data

Supplementary material related to this article can be found online at https://doi.org/10.1016/j.spl.2025.110627.

Data availability

The link to the dataset is given in the supplementary file.
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