< DEGLI STUDI

SCUOLA DI DOTTORATO
UNIVERSITA DEGLI STUDI DI MILANO-BICOCCA

O3 UNIVERSITA
() 3
(—)

(] n
[ } >

2= 0ONVIIN Id

DEPARTMENT OF PHYSICS “GIUSEPPE OCCHIALINI”

PH.D. PROGRAM IN PHYSICS AND ASTRONOMY, XVIII CYCLE
CURRICULUM OF THEORETICAL PHYSICS

SCREENING SPECTRUM OF QCD
AT HIGH TEMPERATURE

PIETRO RESCIGNO
Registration number: 826333

TUTOR: DR. MARCO CE
SUPERVISOR: PROF. LEONARDO GIUSTI

Coordinator: Prof. Laura D’Alfonso

ACADEMIC YEAR 2024 /2025



List of publications

An updated list of publications and bibliometric information can be found on my
iNSPIRE page.

Articles

e M. C¢, L. Giusti, D. Laudicina, M. Pepe, P. Rescigno, “Non-static mesonic
screening masses in high temperature QCD”, in preparation.

[1] M. Ce¢, L. Giusti, D. Laudicina, M. Pepe, P. Rescigno, “The hyperfine splitting
in QCD mesonic screening masses at asymptotically large temperatures”, JHEP
05 (2025) 044

[2] L. Giusti, T. Harris, D. Laudicina, M. Pepe, P. Rescigno, “Baryonic screening
masses in QCD at high temperature”, Phys. Lett. B 855 (2024) 138799

[3] L. Giusti, M. Laine, D. Laudicina, M. Pepe, P. Rescigno, “Baryonic thermal
screening mass at NLO”, JHEP 06 (2024) 205

Contributions to conferences

As speaker

e P. Rescigno, M. Cé¢, L. Giusti, D. Laudicina, M. Pepe, “Non-perturbative be-
havior of thermal QCD up to the electroweak scale: computational strategy and
screening masses”, poster — XQCD 2025, Wroclaw, Poland

e P. Rescigno, L. Giusti, T. Harris, M. Laine, D. Laudicina, M. Pepe, “Nucleon
screening masses in QCD at high temperature”, plenary talk —
Strong and Electroweak Matter 2024, Frankfurt, Germany

[4] P. Rescigno, L. Giusti, T. Harris, D. Laudicina, M. Pepe, “Baryonic screening
masses in high temperature QCD”, parallel talk — The 40* International Sympo-
sium on Lattice Field Theory, Fermilab, USA — PoS(LATTICE2023)

1


https://inspirehep.net/authors/2727845?ui-citation-summary=true
https://indico.cern.ch/event/1465523/contributions/6515855/
https://indico.physik.uni-bielefeld.de/event/100/contributions/226/
https://pos.sissa.it/453/196/

As author

e M. Ce¢, L. Giusti, M. Pepe, P. Rescigno, “Hadronic screening masses in thermal
QCD up to the electroweak scale”, parallel talk — The 42" International Sympo-
sium on Lattice Field Theory (LATTICE26), TIFR Mumbai, India — Indico page

[5] D. Laudicina, L. Giusti, M. Bresciani, M. Dalla Brida, T. Harris, M. Pepe, P.
Rescigno, “Non-perturbative thermal QCD at very high temperatures: computa-

tional strategy and hadronic screening masses”, talk — The 415 International Sym-
posium on Lattice Field Theory, University of Liverpool, UK — PoS(LATTICE24)

[6] L. Giusti, M. Bresciani, M. Dalla Brida, T. Harris, D. Laudicina, M. Pepe,
P. Rescigno, “Non-perturbative thermal QCD at very high temperatures”, paral-
lel talk — 42" International Conference on High Energy Physics, Prague, CZ —

PoS(ICHEDP24)

1l


https://indico.global/event/14504/contributions/138017/
https://pos.sissa.it/466/181
https://pos.sissa.it/476/503

Contents

[List of publications|

(1 The theory of strong interactions|
(1.1 QCDaction| . . . ... ... ... . ... . .
(1.2 Path integrall . . ... ... ... ... . . ...
(.3 Renormalizationl . .. ... ... .. ... ... ... ... .. ...,
(1.3.1 Callan-Symanzik Equation|. . . . . ... ... ... ... ... .
[1.3.2  'T'he scale of strong interactions| . . . . . ... ... ... ... ..
[1.3.3 Asymptotic freedom|. . . . . . . ... ... .. L.
L4 Tadrons . . . . . . o oo
(1.4.1 Color confinement| . . . . ... ... ... ... ... .......
.42 Flavor structurel . . . . ... ... ... ... ... ... ... ..
(1.5 Chiral symmetryl . . . . . ... ... o
(L.o.1 Ward-Takahashi identitiesl . . . . . . ... ... ... ... ...
[1.5.2  Spontaneous symmetry breaking and pions|. . . . . . ... ..
(1.5.3 Axial anomaly| . . . .. ... ... ... ... L
2" Lattice QCD|
2.1  Yang-Mills theory| . . ... ... .. ... ... ...
2.1.1 Pure gauge path mtegral . . . .. ... ... .. ... ... ..
2.2 Fermions on the latticel . . ... ... ... .o o oo
[2.2.1  Fermion doubling| . . . . ... ... ... ... ... ...
[2.2.2  Nielsen-Ninomiya theorem|. . . . . . ... ... ... ... ...
223 Wilson fermionsl . . . . ... ... L
[2.2.4  Lattice QCD path integral|. . . . . ... ... ... ... .. ..
2.3 Renormalization and continuum lmitl .. . ... ... ... ...
2.3.1 Hadronic schemes . . . ... ... ... ... ... ........
[2.3.2  Window problem in hadronic schemes| . . . . ... ... .. ..
[2.4  Symanzik improvement program|. . . . . ... ...

v

ii



[2.4.1 Luscher-Weisz gauge action| . . . . ... ... ... ....... 43

2.4.2  O(a)-improved Wilson fermions| . ... ............. 43
[2.4.3  Field improvement and renormalization| . . . . . . ... .. .. 44

[2.5  Measurement of expectation values . . . .. ... ... ... ... ... 45
2.5.1 Monte-carlo estimationl . . . . . ... ... ..o 000 46
[2.5.2  Correlators and the exponential problem| . . . .. ... .. .. 47

3 Thermal QCD| 50
3.1 Matter in extreme conditionsf. . . . . . . . ... ... ... 50
[3.1.1 The phasesof QCD|. . . . ... ... ... ... ........ 51
[3.1.2  Heavy ion collisions| . . . . ... ... ... ... .. ....... 54

[3.2  QFT at non-zero temperature| . . . . . ... ... .. ... ... o7
[3.3  Dimensionally reduced eftective theory| . . . . . . ... ... ... ... 58
[3.3.1 Electrostatic QCD|. . . . ... ... ... ... ... ... 59
[3.3.2  Magnetostatic QCD[. . . ... ... ... ... 61
[3.3.3  Non-relativistic quark action| . . ... ... .. ... ... ... 62

[3.4  Screening masses| . . . . ... Lo 63
[3.4.1  Chiral symmetry of screening correlators| . . . .. ... .. .. 65
[3.4.2 Perturbativeresults . . . .. ... ... . o o oL 69
.43 lLatticeresults . .. ... ... ... ... ... ... . .. ..., 70

[3.5 Thermal QCD up to the Electroweak scale| . . . ... .. ... ... .. 71
[3.5.1 Shifted boundary conditions|. . . . . .. ... ... ... ... .. 72
[3.5.2  Lines of constant physics|. . . . .. ... ... ... 73
[3.5.3  Mesonic screening masses| . . . .. ... ... 74

4 Perturbative computations in QCD,| 78
[4.1 Baryonic screening mass at NLO| . . .. ... ... ... ... ..... 78
4.1.1 Relevant Matsubara sectors| . . . . ... ... ... ... .... 79
[4.1.2  Equations of motion| . . . . ... ... ... . . L. 80
[4.1.3 Perturbation theory|. . ... ... ... ... .. ... ...... 81
[4.1.4  Baryonic correlators in the eftective theory| . . . . . .. .. .. 81
[4.1.5 Schrodinger equation for baryonic correlators| . . ... .. .. 85
M.1.6  Numerical solutionl . ... ... ... ... ... .. ....... 86

4.2 Hyperfine splitting at LO} . . . . .. ... ... .. ... ... ...... 90
“.2.1 Non-relativistic fermionic actionl . . . . ... ... ... .... 91
[4.2.2  Fermionic equations of motion| . . . . ... ... ... ... .. 91
M.2.3  Mesonic correlators| . . . ... ... ..o oo 93
[4.2.4  Hyperfine splitting] . . . ... ... .. ... ... ........ 96
[4.2.5 Comparison with lattice datal . . . . ... ... .. ... ... .. 100




5

Screening masses from the lattice|

[>.1 Baryonic screening masses| . . . .. ... ... ... .. ...
[5.1.1 Lattice strategy and correlation functions|. . . . . .. ... ..
[5.1.2  Signal-to-noise ratiol. . . . . . ... ... L

[>.2  Non-static mesonic screening masses| . . . . . .. ... ... ......

[p.2.2  Lattice correlators with point sources| . . ... ... ... ...
[5.2.3  Exponential StN problem| . . . .. ... ... ... ... ..
[5.2.4  Volume-averaging| . . . . ... ... . ... ... .. .......

[5.2.6  Effective mass analysis| . . . . ... ... ... ... ... ...
[6.2.7  Continuum limit and temperature dependence|. . . . . . . ..
[>.3  Comparison with perturbation theory| . ... ... ... ... ... ..

[Conclusions and perspectives|

AN v I ons

[A.1 SU(N) conventions| . . .. ... .... ... .. ... ........

[A.2 Dirac matrices . . . . . . . .
(A.3 QCD field content| . . . ... ... ... ... L

Faddeev-Popov procedure]

More on lattice field theory|

Ensemble generation|

[D.1 Metropolis-Hastings algorithm|. . . . . ... ... ... .. ... . ...
(D.2 Hybrid Monte Carlol . . . . ... .. ... ... ... ... ......
(D.3 Rational HMCl . . . ... .. .

[D.4 Algorithmic advancements| . . . . ... ... ... ... ... ......

EF'T and perturbation theory|

[E2.2  Fermionic propagators in the effective theory| . . . . .. .. ... ...
[E.3  Evaluation of the baryonic potential| . . ... . ... .. ... ... ..
(.4 Simplification of the termionic action| . . .. ... ... ... ... ..

vi

103
103
104
105
106
109
111
114
114
116
117
118
119
123
128
133

137

140
140
141
142

144

146
146
147
148

151
151
153
155
157



[E.5 Equations of motion at NLO| . . . .. ... ... ... ... ....... 163

[E.6  Evaluation of the mesonic potentialf. . . . . ... .. .. ... ... .. 164
[£.6.1 Spin-independent contribution| . . . .. ... ... ....... 164

[E£.6.2  Spin-dependent contribution|. . . . . ... ... L 165

.7 Discretized Hamiltonian|. . . . . ... ... ..o o000 L 167

E 71 Coordinate fabell . . . . ... ... ... .. .. o0 167

[E.7.2  Lexicographicorder| . . . . . . ... ... ... ... ..., . 167

[E.7.3  Matrix representation of operators| . . . . . ... ... ... .. 168

[F' Lattice results for mesonic screening masses| 173
|G Tree-level screening masses on the lattice| 178
(G.1 Mesonic screening mass| . . . . . . ... ... 178
(G.2 Baryonic screening mass| . . . ... ... oL 181
(Bibliography| 183

Vil



Summary

This thesis details the study of hadronic observables in thermal QQCD in the regime
of very high temperature. We have focused on screening masses of both bary-
onic and flavor non-singlet mesonic states, in sectors with both zero (static) and
non-zero (non-static) Matsubara frequencies. They are important quantities as
they characterize spatial correlation in the thermal medium and quantify how ef-
ficiently strong interactions are screened at high temperatures, and they serve as
ideal probes of chiral symmetry restoration.

The first main original contribution of this thesis is the determination of screen-
ing masses at temperatures of about 1 GeV up to about 165 GeV from first-
principles non-perturbative simulations of lattice QCD with 3 flavors of massless
quarks, exploiting a recently proposed strategy that allows to define and efficiently
simulate the theory in the aforementioned temperature range. Our findings rep-
resent the first results in the literature for baryonic screening masses, and the
first results in the non-static mesonic sector at temperatures from 1 GeV up to
165 GeV. After observing a rather severe signal-to-noise-ratio problem in the non-
static mesonic sector which prevented the determination of screening masses, we
developed an algorithmic solution based on an efficient computation of volume-
averaged correlators using random sources. This allowed us on one hand to obtain
non-static mesonic screening masses with a precision of around 1% in the con-
tinuum, and on the other hand to determine static screening masses, previously
computed at the permille level, with even higher accuracy.

The non-perturbative determinations have been complemented by perturbative
computations of the same quantities, which represent the second main original
contribution of this thesis. The perturbative calculations have been performed
in the three-dimensional effective field theory that describes QCD at sufficiently
high temperature. In particular, we have determined for the first time the next-
to-leading-order correction to the free theory value of baryonic screening masses,
of order ¢2? in the strong coupling constant g, and the leading-order value of the
difference between the screening masses of the vector and pseudoscalar mesons in



the static sector — the hyperfine splitting, which turns out to be of order g*.

On the one hand, the perturbative results are instrumental to interpret the non-
perturbative data and study their dependence on the temperature. On the other
hand, we observe sizeable discrepancies between the available terms of the pertur-
bative series and the non-perturbative data, in all channels and sectors considered
and over the whole temperature range studied. In this context, the hyperfine
splitting proved to be particularly interesting, as we find that the bulk of its value
comes from terms of higher powers than the leading g*, which receive contributions
of non-perturbative nature.

The results collected in this thesis represent an extensive investigation of hadronic
properties of thermal QCD and advance our understanding of the high-temperature
phase of the theory, revealing that non-perturbative effects are relevant, and in
some cases dominant, up to temperatures of the order of the electroweak scale.



Chapter 1

The theory of strong interactions

The strong interaction, together with the weak interaction, electromagnetism and
gravity, is one of the four known fundamental interactions in Nature. It explains
how particles such as the protons and neutrons, which constitute the vast majority
of ordinary matter in the Universe, emerge from the fundamental quarks and
gluons and interact to form atomic nuclei. Its experimentally observed properties
are understood from a theoretical point of view as described by a quantum field
theory with non-abelian gauge group SU(3), with quarks being fermionic fields in
the fundamental representation and interacting with the gluons described by the
non-abelian gauge bosons. This chapter provides a comprehensive summary of
the formal continuum definition of the theory and a review of its most important
features.

1.1 QCD action

Quantum Chromo-Dynamics (QCD) is the sector of the Standard Model which
describes strong interactions. With just a few free parameters, it is able to ac-
count for the experimentally observed properties of hadrons from low to high
energy scales (see |7] for a recent review celebrating 50 years of the theory). The
first step to understand its formal definition consists in the identification of the
QCD action; to this end it is instructive to consider the most general classical
Euclidean|l] Lagrangian density that one can write requiring SO(4) invariance and
renormalizability - in 4 dimensions - for a theory with a number s of spin % fields
transforming in the fundamental representation of a unitary gauge group SU(NC)E],

!Unless otherwise specified, throughout this thesis we adopt the Euclidean metric
n=(1,1,1,1) implying the usual Wick rotation from real to imaginary time, see equation (1.2.4).
2For the notation and conventions used in this thesis, see Appendix
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which read$3|

Laon [, 16, 0] - QiggTr{Fm)FW(w)} + L 0/(2) Dy mg) (). (LLD

The first term in the above equation is the Yang-Mills action for the non-Abelian
gauge fields A, (the gluons) with bare coupling constant g2, while the second term
is the gauge invariant Lagrangian for each of the Ny Dirac spinors v, 0 ¢ with bare
masses my (the quarks). While it will be instrumental to keep NN, - the number of
“colors” - and Ny - the number of quark “flavors” - general for parts of this chapter,
QCD is defined by considering N, = 3 and Ny = 6 with no degenerate quark masses.
With a slight abuse of notation, I will refer to both this case and to the general
case as QCD. Integrating the Lagrangian density over spacetime yields the QCD
action

Sacn [A, 1, 9] = fd% Loop [#; 4,0, 7] (1.1.2)

1.2 Path integral

The promotion of a classical theory with a given action to a Quantum Field The-
ory can be achieved within the Path Integral formalism; the central object in this
formalism is the system’s partition function which, inspired by its analogue in clas-
sical statistical mechanics, takes into account all the system’s possible microstates
- the values of the fields at each spacetime point, or configurations - each weighted
with a Boltzmann factor given by the exponential of the action:

Zacp = f DA,DiDij e=Saco, (1.2.1)

where the dependence of the action on the fields has been suppressed for clarity.
Physical observables such as particle masses, decay widths and amplitudes are
encoded in correlation functions of local fields, which take the form of statistical
expectation values:

(O (21, 10)) = ﬁ [ DADIDY O (... ) eSecr, (1.2.2)

where O (z1,...,x,) denotes a general field constructed from the elementary fields
appearing in the action of equation ([1.2.1) with support at spacetime points
{z1,...,2,}. The above expressions are completely formal at this stage. On the

3The additional dimension 4, C' P-violating operator that can be constructed from the gauge
fields will be omitted throughout this thesis, due to the extremely small value of the QCD
theta-term observed from experiment.
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one hand, the path integral can be consistently defined in a perturbative setting
a la Faddeev-Popov (see appendix |B| for a summary); on the other hand, it finds
a natural and non-perturbative definition through the lattice regularization of the
theory, which is the approach that will be adopted in this thesis and will be re-
viewd in detail in chapter 2 To conclude this section, it is important to remark
that the definition of the path integral can equivalently be performed (and it his-
torically has been) considering the usual real-time Minkowski metric, with fields
being operators acting on the theory’s Hilbert space. The key observation is that
there exists a one-to-one correspondence between vacuum expectation values of
time-ordered products of operators in Minkowski time and expectation values of
fields in imaginary Euclidean time:

(01(a%) ... Op(2E)) <= {Q T {O1(z}) ... On ()} Q) (1.2.3)

where |Q2) is the theory’s vacuum state, 7 denotes the time-ordering operation and
hats indicate operators. Finally, the relation between Euclidean and Minkowski
coordinates is expressed by the usual Wick rotation

B =i, P = M, (1.2.4)

Equations and imply that all the information contained in a real-
time Minkowskian correlation function can in principle be reconstructed from an
Euclidean expectation value by performing an analytic continuation from imagi-
nary to real timef] Among the convienient aspects of the Euclidean formulation of
QFTs are the useful parallel with classical statistical mechanics and the fact that
Euclidean path integrals are well suited for numerical solutions, as is discussed in
section and appendix [D] Unless otherwise specified, all coordinates and fields
are assumed to be Fuclidean in this thesis.

1.3 Renormalization

Renormalization, together with the definition of the action and the path integral,
is a fundamental and necessary step for the definition of a quantum field theory.
Before entering into details, it is useful to have a general and intuitive picture
in mind: very broadly speaking, renormalization is the process of fixing the free
parameters in the action — such as couplings and masses, which in general do
not have a direct physical interpretation — through the values of some physical
observables (one for each parameter in the action). It can be shown that this can
be done in a well-defined way for theories — in 4 dimensions — whose Lagrangian

4At the formal level, the equivalence between the two formulations follows from the
Osterwalder-Schrader Axioms [8, (9.
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contains only products of fields and derivatives of mass dimesion 4 or less. Such
theories are said to be renormalizable. The process of renormalization can be split
into three steps: first, the formally defined theory is requlated through the
introduction of a parameter (the regulator) that modifies the theory to make it
finite and well defined. Next, at fixed value of the regulator, one imposes that a
set of quantities assume their physical value at an arbitrary reference scale u. To
achieve this, the bare parameters acquire a dependence on the regulator and on
the renormalization scale u. For instance, regularizing the theory on a spacetime
lattice with spacing a, i.e. defining the theory on a hypercubic grid of spacetime
points of the form

z,=a-n,, n,eZ (1.3.1)

the bare coupling, mass and fields are renormalized by suitable factors which de-
pend on the chosen scale 1 and the regulator a:

9°(1) = Zy (95, an) g5, (1.3.2)
mi(11) = Zm,i(go, ap)mi, (1.3.3)
AR =\/Z;A,, (1.3.4)
U =/ Zas. (1.3.5)

The details of how this step is performed define the chosen renormalization scheme.
Once the dependence of the parameters on the regulator is known, the latter can
be removed while the chosen quantities remain fixed at the prescribed value: the
renormalized theory now yields finite and well-defined predictions. Physical ob-
servables such as masses do not depend on the arbitrary scale p or on the chosen
scheme, but it is also possible to define and study scale and scheme-dependent
quantities, see sections [1.3.3] and [1.3.2]

While historically the renormalization procedure has been introduced in a per-
turbative setting, it must be remarked that the theory can be renormalized in a
completely non-perturbative way, see e.g. [10]. Non-perturbative renormalization
arises naturally when working with the lattice regularization, One of the main
advantages of the lattice regularization are that, as we will see in chapter [2] this
framework allows to retain exact gauge invariance of the theory without the need
for gauge fixing and introducing ghost fields, as well as a remnant of the con-
tinuum Lorentz symmetry, and most importantly within the lattice formalism a
rigorous definition of the path integral can be given. At non-zero spacing
any correlation function or observable in the regularized theory is a finite and well-
defined function of the bare parameters and the lattice spacing. As noted above,
naively removing the regulator takes us back to the divergent theory; in order to
obtain finite predictions when the lattice spacing is sent to 0, one needs to impose



1. The theory of strong interactions 1.3. Renormalization

that some dimensionful physical observable computed on the lattice assumes its
physical value,

@lat(907a) = 6physa (136)

and when removing the regulator a — 0 the value of the bare coupling must be
modified so that the condition still holds. This implicitly defines the de-
pendence of the lattice spacing on the bare coupling constant a(gy); a similar
condition must be imposed for each bare coupling in the regularized lagrangian -
for instance, the bare quark masses can be tuned to reproduce the physical mass
of a chosen hadron. In this way, the continuum limit of the regularized theory can
be approached while maintaining observable quantities finite and equal to their
physical value; the variation of the bare parameters that ensures this conditions
defines the so-called lines of constant physics. More details will be given in section

2.3

It is worth mentioning at this point that composite operators, i.e. operators
built from products of elementary fields, require their own renormalization factors
in addition to those coming from the elementary fields. Moreover, in the renor-
malization procedure composite operators mix with all operators with the same
quantum number (symmetries) and equal or smaller mass dimension:

0= Z Z;0;, dim[O;] < dim[O]. (1.3.7)

From a perturbative point of view, where correlation functions such as (|1.2.2))
are expanded in a power series around the non-interacting theory gy = 0, ultraviolet-
divergent momentum integrals generally arise at the loop level, making the theory
unpredictive. In a renormalizable theory it is possible to systematically reabsorb
divergences in correlation functions to obtain finite results at any order in pertur-
bation theory. Probably the most widely employed regularization for perturbative
computations, which preserves Lorentz symmetry and gauge invariance, is given
by dimensional regqularization. The number of spacetime dimensions d is allowed
to differ from 4, usually setting’| d = 4 — 2¢, so that integrals can be performed
for values of d for which they are finite, and only afterwards the limit ¢ - 0 can
be studied to obtain the renormalized theory. Popular renormalization schemes
within dimensional regularization are the minimal subtraction (MS) and modified
minimal subtraction (MS) schemes.

5This procedure exploits the fact that loop integrals are analytic functions of the spacetime
dimension d
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1.3.1 Callan-Symanzik Equation

Additional insight about the structure of QCD can be obtained by carefully ex-
hamining the implications of renormalization. Consider a bare correlation function
%™ containing ne gluon fields and np quark fields. Given equations and
the relation between the bare and renormalized correlator is

Zgn(;/QZ;nF/QfmG,nF(lu’ g, T_TL) _ FSLG,TLF (907 mO)- (138)

Since the bare correlator does not depend on the renormalization scale u, the total
derivative of ' with respect to p (taking into account the implicit dependence in
the renormalized coupling and masses) vanishes; this statement is encoded in the
Callan-Symanzik equation, which is valid at the non-perturbative level:

0 _ 8 _ _ a — — ™nag,n
[u— +0(g)=— +m7(g)=— —ney3(g9) - anﬂyg(g)] [renr =, (1.3.9)
o a7 om
The variation of the coupling and the quark masses with the renormalization scale
— their running — is determined by the theory’s beta and tau functions

8(g) = u%g(u), (1.3.10)
7(9) = %%m(u), (1.3.11)

while the scaling of the fields’ renormalization is governed by the anomalous di-
mensions

1 0
(9) = ~p—1nZ;, i=3,2. 1.3.12
Yi(g) SHg, 4 ( )

The beta function admits a series expansion in odd powers of the coupling constant
8(9) =-3° ) bag™, (1.3.13)
n=0

and the coefficients b, can be computed in perturbation theory; while their values
depend in general on the particular renormalization scheme chosen for the compu-
tation, it turns out that the first two coefficients are universal, i.e. they are scheme
independent. Their expression, for general N, and Ny, reads|11-13]:

1 11 2

b= Ty (§NC’§ f)’ (13.14)
1 (34, 13N2-3

by = T (ch - S—NCNf). (1.3.15)
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Relatedly, the tau function’s expansion contains only even powers of g:
7(9) = -9% ) dng™, (1.3.16)
n=0

and the only universal coefficient is the leading one
6 N2-1
dy = —————.
(47)2 2N,
These three geometric coefficients, which only depend on the number of colors
of the gauge group and the number of fermions in the theory, can reveal two of

the most striking and important features of QCD: asymptotic freedom and the
exhistence of a fundamental dimensionful scale in the theory.

(1.3.17)

1.3.2 The scale of strong interactions

Looking for explicit solutions to equation ([1.3.10) highlights a central feature of
QCD. It can be shown that integrating equation ((1.3.10)) between two arbitrary
values of the scale g and p yields

(1.3.18)

which involves the integral of the reciprocal beta function. In a neighborhood of
g = 0, this has non-integrable terms that involve the two universal coefficients b

and bq:
1 1 by
= ——+—+0(9). 1.3.19
B(g) 90 bog®  big (6) (1:3.19)
To isolate the finite and divergent parts of the integral in equation ([1.3.18)) one
can add and subtract the first two terms of equation (|1.3.19)

" g(p) 1 1 b g(p) 1 b

1 1

— =exp dg|———+—=-5|rexp dg l—— + —] , 1.3.20

o ) f lﬁ (9)  bog® bﬁg] ) f bog®  big ( )
g(po) g(po)

making apparent that the first integral is finite even when g = 0 while the second
one diverges if the coupling at one of the scales vanishes. Nevertheless, the latter
integral can be computed explicitly, and breaking up the former from g(ug) to 0
and from 0 to g(u) allows to separate all the terms that depend on p from those
that depend on p:

b1/(262) 42 1 1 b

_ —01 _ g2 1

pe () e ) expy - f dg[@ﬁ@] ={’“‘““°}‘
0

(1.3.21)
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The first thing to notice about the above equation is that both the left and right
hand side are finite for any finite value of the renormalization scale. Secondly,
since the left hand side only depends on p and the right hand side only depends
on [y, whose values are completely arbitrary, equation tells us that this
particular combination does not actually depend on the renormalization scale.
These observations point to the existence of a quantity that carries the dimension
of energy but that does not depend on the arbitrary scale at which the theory is
renormalized; this is known as the A-parameter of QCD, or the QCD scale, and it
is defined adfl

g(1)
[1 L _h . (1.3.22)

_ —b1/(263) _ ~
A= e [bOQQ(M)] 1/( 0)6 1/(2b0g2 (1)) - exps — j dg @ + @ _ %
0 0

Through the beta-function, the A-parameter depends on the number of quark
flavors present in the theory. Despite being renormalization scale-independent
(RGI) quantity, its value depends on the chosen renormalization scheme; there-
fore, A is not strictly speaking a physically observable quantity. That being said,
its existence means that the theory naturally produces a typical energy scale, even
in the limit where all quark masses are set to zero[] The emergence of this di-
mensionful energy scale can be seen as a consequence of the fact that the scale
4 introduced by the renormalization procedure, even though completely arbitrary
and unphysical, breaks the scale invariance of the theory at the classical level. In-
deed, one finds that upon quantization the trace of the energy-momentum tensor —
which is zero in the classical theory, implying invariance under spacetime dilations
— is proportional to the beta function. This is an example of an anomaly of the
quantum theory (the trace anomaly), i.e. the breaking of a symmetry of the classi-
cal theory due to quantization, see section for another example related to chiral
symmetry. This observation has profound implications for the predictions of the
theory: consider an hadron H, such as the proton or neutron; its mass My is an
experimentally measurable physical quantity, and therefore its value as predicted
by QCD MgCD must not depend neither on the renormalization scale p nor on
the chosen renormalization scheme. The previous discussion implies that in QCD
the hadron mass must be proportional to the QCD-scale through an appropriate
coefficient:

MIP =yl Ay, (1.3.23)

6The inclusion of an additional by factor that multiplies the squared coupling with respect to
equation is purely conventional and does not alter the properties of the A-parameter.

"In this limit, the dimensionless coupling gq is the only free parameter of QCD, and equation
relates it to the dimensionful A-parameter. This phenomenon is known as dimensional
transmutation.
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1. The theory of strong interactions 1.3. Renormalization

where the subscript X enphasizes the chosen renornalization scheme, This form
ensures that the predicted mass is scale-independent; the coefficient y4 itself will
depend on the chosen renormalization scheme in such a way that the product with
A is also scheme-independent. Equation also implies that the ratio of
two hadron masses in QCD is scale and scheme-independent, i.e. it is a physical
prediction of the theory. As said above, A is not a physical observable, therefore
its value in physical units does not have direct phsyical meaning; it is however
useful to point out that, depending on the chosen scheme, it generally lies in the
range of a few hundred MeV: for 3 flavors of massless quarks in the MS scheme,
for instance, one finds Agg = 341 MeV [14]. This number has been determined
non-perturbatively in a renormalization scheme suitable for lattice simulations,
and then matched to the MS scheme. Indeed it is interesting to notice that the
values of A in two different schemes A and B are connected by an exact 1-loop
relation. Indeed, if the perturbative relation between the renormalized couplings
in the two schemes g% and g% is

G4 =05 +bapgn + ... (1.3.24)
the A parameters in the two schemes exactly satisfy
Aa/Ap =exp{bap/2bo}. (1.3.25)

An analogous discussion can be applied to the running quark masses, and an RGI
quark mass can be defined for each flavor by

g(p)
_ _ . \91-do/2bo 7(g9)  do
mrcr = m(p) [2009(1)°] exXpq — Of dg lﬁ(f]) - @] ; (1.3.26)

which is not only scale independent, but it also does not depend on the choice of
renormalization scheme.

1.3.3 Asymptotic freedom

In QCD with N, = 3 and Ny = 6 the first and second coefficients of the perturbative
expansion of the beta function (1.3.13]) are negative; as an immediate consequence,
the renormalized coupling decreases as the renormalization scale u increases. The
scale dependence of the running coupling can be expressed in terms of the QCD-
scale: for instance, the two-loop renormalized coupling reads

1
2, In(u/A) + Z—; In(2In(u/A))

7 () (1.3.27)
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1. The theory of strong interactions 1.3. Renormalization

We thus see that A also sets the scale for the different regimes of QCD: the high-
energy, UV regime is characterized by p > A, where the coupling becomes small
and approaches 0 only at infinitely high energy; in the low energy IR regime pu < A
the coupling instead becomes large. This equation implies that any computation
in perturbation theory, which expands path integrals around the non-interacting
theory gop = 0 and assumes the coupling constant to be “small”, is well justified
at high energy; instead at low energy, where the theory is strongly coupled, the
expansion parameter becomes large and the perturbative series loses reliability,
and non-perturbative methods become necessary to study the theory.

While not technically a physical observable — its value depends on both the
renormalization scale and scheme — g(u) quantifies the intensity of interactions
between quarks and gluons at a given energy scale. Indeed, if one chooses the
renormalization scale equal to a physical momentum transfer in an experimentally
accessible process (such as the decay of an hadron) it is possible to infer the value
of g(p) in a given scheme from experimental data. On the other hand, being a
fundamental property of the theory, it can be computed from first principles (see
[15] for a review on the different determinations of the strong coupling constant).
Perturbatively it is known up to 5-loop order [16| |17], i.e. the first 5 coefficients
in equation have been computed. At the time of writing, the most precise
determination of the strong coupling constant and its runnning with the renormal-
ization scale is obtained non-perturbatively from the lattice [18], see figure

Historically, the discovery that non-abelian Yang-Mills theories such as QCD
are renormalizable [19-21] and could display asymptotic freedom was probably
the main point that consolidated QCD as the theory of strong interaction. Indeed
it offered a natural and compelling explanation for the puzzling discoveries of
deep inelastic scattering experiments: when high energy electrons collide with
protons to probe their structure, it was found that as the energy of the incoming
electron beam increased, and thus as the proton structure was investigated at
shorter length scales, the proton progressively behaved as being composed of point-
like non-interacting spin-1/2 objects at the time dubbed partons, reproducing the
so-called Bjorken scaling and its violations. This behavior is now interpreted as
the result of the interaction between quarks getting progressively weaker as the
energy increases due to asymptotic freedom and, as we will see in the next section
motivated the promotion of quarks from useful mathematical objects to interpret
the observed symmetries of the hadron spectrum to quantum fields transforming
in the fundamental representation of a color gauge group.

12
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FIGURE 1.1: From [18]: Running of a,(u) = §°(p)/4m with the renormalization scale
obtained non-perturbatively from the lattice (red band), compared to various determi-
nations from experimental data from the Particle Data Group (errorbars) [22]

1.4 Hadrons

The QCD Lagrangian ((1.1.1]) is written in terms of elementary fields associated
to quarks and gluons; however, in the plethora of subatomic particles that are
produced at accelerator facilities or reach Earth as cosmic rays, neither quarks
nor gluons are ever observed by the experiments’ detectorsf] Instead, aside from
stable leptons and photons, what is observed is a numerous collection of hadrons
with widely different values of mass, spin and electric charge. How hadrons emerge
from quarks and gluons — and how the costituents’ properties shape the properties
of the observed composite states — is one of the most fascinating aspects of QCD,
and this section summarizes some of the most important features of the hadron
spectrum.

1.4.1 Color confinement

The idea that hadrons are not elementary particles, but rather bound states com-
prised of elementary spin-1/2 fermions named “quarks” was introduced by Gell-
Mann [23| and Zweig [24] precisely as an attempt to make sense of the observed
properties of the “particle zoo”. Indeed, assuming that quarks of different flavors
combine to form hadrons according to the representations of a flavor group SU(3);
furnishes a good explanation of the number of observed light hadrons, their spin
and their electric charge, as well as the (approximate) mass degeneracy of the mul-

8This is at variance with what happens, for instance, in Quantum Electro-Dynamics (QED),
where the quanta of the fields appearing in the Lagrangian are experimentally observable particles
(electrons and photons).
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1. The theory of strong interactions 1.4. Hadrons

tiplets, see figure [I.2] However, in order to correctly realize the symmetries of the
total hadron wavefunction under the exchange of two quarks, it was conjectured
that each quark carries an additional quantum number, a “color” degree of free-
dom, associated to the invariance of the theory under SU(3). rotations of the quark
fields. Postulating that the color wavefunction of an hadron must be completely
antisymmetric under the exchange of any quark pair (i.e., the hadron belongs to
the “colorless” singlet representation of SU(3).) yields the correct symmetry for
the total wavefunction. Promoting SU(3). to a group of local transformations
that leave physics invariant requires the introduction of gluons, the carriers of the
strong force, themselves charged under SU(3). belonging to the adjoint representa-
tion; this results in the QCD Lagrangian (1.1.1]). The founding hypothesis that the
only physically observable states are those that have no net color charge is known
as confinement. It immediately implies that quark and gluon fields, by construc-
tion gauge-variant objects, can not create physical states, and on the other hand
dictates what types of composite states can be physical: only combinations that
contain a singlet representation can compose observable hadrons. The simplest
possibilities consist of a quark and antiquark, belonging to the fundamental and
anti-fundamental representation of SU(3).,

q7 : 3:®3. =1, @8, (1.4.1)
or a bound state composed of 3 quarks
qqq : 3.®3.®3.=1.®8.® 8. 10, (1.4.2)

where we highlighted the physical singlet representation, with all other represen-
tation being unphysical. Hadrons composed of a quark and an antiquark as in
equation (|1.4.1)) are known as mesons, whereas particles containing three quarks
are called baryons. Exotic states composed of four (qqgq) or five (qqqqq) quarks
can also form color-neutral combinations. Their exhistence has been conjectured
since the 1980s, and conclusive experimental observations have been recently re-
ported (see [25] for a recent review on the status and prospects of theoretical and
experimental studies of exotic states). Gluons themselves can combine into color
neutral objects called glueballs; the tensor product of two adjoint representations,
for instance, contains a singlet:

gy : 8, ®8.=1. @8, &8, ®10.® 10, ® 27.. (1.4.3)

Because of their mixing with other flavor-singlet states (see next section) experi-
mental searches of glueballs are notoriously hard, and unambiguous evidence for
their production in is still debated, see [26-28| for recent reviews. They are also
challenging objects to study from a theoretical point of view, see [29] for a review.
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1. The theory of strong interactions 1.4. Hadrons

Light quarks Heavy quarks
Name Symbol Charge Mys Name Symbol Charge Mys
Up u +2  2.16(7) MeV  Charm ¢ +2  1.2730(46) GeV
Down d -3 4.70(7) MeV  Bottom b -3 4.183(7) GeV
Strange s -3 93.5(8) MeV  Top t +2  162.69(6) GeV

TABLE 1.1: List of quarks and their properties, including their electric charge and
their mass. The reported masses are the renormalized quark masses in the MS scheme
obtained as described in [22]. The renormalization scale at which the masses are specified
is taken to be 2 GeV for the light quarks (u, d, s), while the heavy quarks (¢, b, t) are
renormalized at a scale equal to their mass.

1.4.2 Flavor structure

The QCD Lagrangian is obtained by requiring exact gauge invariance under SU(3).
and Lorentz invariance. Among other things, the non-abelian nature of SU(3).
dictates that gluons interact with different quark flavors in the exact same way,
i.e. with the same coupling?] This simple observation suggests the exhistence of
an additional “accidental” symmetry of QCD. Indeed, if some number ny < Ny
of quarks had degenerate masses, they would be perfectly identical to the strong
interaction, and the lagrangian (|1.1.1)) would be symmetric under the following
global unitary transformations of the quark fields:

Yo = VY iﬁz
_ B with w = , Ve U(nf)f, (144)
b =gV ’

The above equation defines a flavor transformation, and regimes in which QCD
is invariant under such transformations are called flavor symmetric. In such sce-
narios, color singlet hadrons composed of multiple quarks and antiquarks can be
classified according to their flavor quantum numbers, and in particular the spec-
trum of hadrons falls into irreducible representations of the unitary flavor group.

The values of the different quark masses in the MS scheme are reported in table
[I.T] from which it is evident that no mass degeneracy is present in QCD - quite
the opposite, the heaviest (top) and lightest (up) quark mass differ by 5 orders of
magnitude. While this implies that flavor symmetry is not an exact property of

9The situation is quite different from the abelian case of QED, where each charged fermion
can have its own electric charge.

15
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QCD, the particular values of the quark masses allow for an approximately sym-
metric description in some cases. This statement is made quantitative owing to
the exhistence of the QCD scale A: this is the typical energy scale to which other
dimensionful quantities in the theory should be compared. Stressing once more
that the exact values are scheme-dependent quantities, general conclusions can be
drawn by keeping in mind the values for A and the quark masses in the MS scheme
previously reported. Approximating the up and down quarks as mass degenerate
is then well justified, as one finds

mqg — My

A S 1%.

The relevant flavor group in this approximation is U(2),. Its unit-determinant
component SU(2),, known as the “ isospin group”, can be used to classify hadrons
composed of up and down quarks. Including the strange quark in the degenerate
mass approximation is less justified, as it holds

ms — (Mg, +mg)/2

A 20%:

nevertheless representations of the resulting SU(3); group are still useful to classify
the valence quark structure of hadrons composed of light quarks and some of their
properties. The resulting organization of mesons in an octet and a singlet, and
baryons in an octet with spin 1/2 and a decuplet with spin 3/2, was one of the
early successes of Gell-Mann’s “Eightfold Way”, see figure [1.2]

In QCD with massive degenerate u, d and s quarks the masses of hadrons
belonging to the same multiplets are identical. The approximate nature of flavor
symmetry is reflected in the fact that in Nature hadrons in the same multiplet
have different masses (and that the flavor symmetric states mix to yield the actual
physical states, like in the case of the n and 7’ mesons). For instance, the mass
hierarchy of the pseudoscalar meson octet and singlet is summarized in table [I.2]

The reason that pions are so much lighter than the rest of the octet and the fact
that the singlet 1’ is so much heavier than the other mesons can be both traced
to different aspects of a special type of flavor symmetry — or rather its remnant
— which is of crucial importance both for the phenomenology of QCD and for the
study of its formal properties, which is known as chiral symmetry. As we will see,
the properties of the pions are largely determined by the spontaneous breaking of
chiral symmetry, while the mass of the 1’ is related to the anomalous nature of a
specific subset of chiral transformations.

9The reported flavor combinations mix to give the physical 7 and 1’ states.
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-1 =12 o +1/2 41

FIGURE 1.2: Pseudoscalar meson nonet (octet and singlet, left) and spin-1/2 baryon
octet (right) in the SU(3)¢ limit, expressing the valence quark content, electric charge @,
strangeness S and third component of isospin I3. Original pictures by Izaak Neutelings,
modified and adapted here.

Particle Mass [MeV]|  SU(3)s content

1
m 134.9768(5 — (uti - dd
0 6) 5 (ua-dd)
7  139.57039(18) ud | du
K* 493.677(15) us | su
Ko (Ko) 497.611(13) ds (sd)
1 _
547.862(17) — (uti + dd - 2s5)
V6
1 _
"' 957.78(6)  —= (uu +dd + s5)

V3

TABLE 1.2: List of octet and singlet (last row) pseudoscalar mesons, their physical mass
[22] and the corresponding quark content in the flavor symmetric limit.

1.5 Chiral symmetry
Let us consider in detail the quark sector of the QCD lagrangian,

L= (v,D,+ M), (1.5.1)
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1. The theory of strong interactions 1.5. Chiral symmetry

where the quark flavor vector 1 is defined in equation (|1.4.4)) and the mass matrix
in flavor space is introduced as M = diag (m,, mg,...,m;). As described in the
previous section, the lagrangian admits U(N; ) flavor symmetry if the mass matrix
is proportional to the identity in flavor space: M = m-1;. It is also immediate
to notice that the kinetic term in equation (|1.5.1)) is always invariant under flavor
transformations, as it is also proportional to 1;. The different behavior of the
kinetic and mass term can be further analysed by decomposing each spinor in its
left and right-handed parts:

V=1L +Yr Yrr = Pryri (1.5.2)
=L +1g Vr/r = VPr/L, (1.5.3)
where the projectors on negative and positive chirality are defined as
Ppn = 1;75. (1.5.4)
In terms of these definite chirality fields, the quark lagrangian can be cast as
L= @Z_)L%DMZ’L + JJR%DW)R + YrMiy + Mg, (1.5.5)

highlighting how the kinetic term (and thus the interaction with gluons) separates
left and right-handed quarks, while the mass term mixes them. In the limit where
quark masses vanish, M = 0, the original flavor symmetry is enlarged: it is now
possible to redefine left and right handed fields independently, according to

p =P = Vi, > =9V, Vi, e U(Ny)L (1.5.6)
Ur = Uy = Vabr, g~ g =VURV], Ve € U(Ny)g. (1.5.7)

The limit where all quarks are massless is known as the chiral limit, and the
invariance of the theory under U(Ny), x U(Ny)g transformations is known as
chiral symmetry. Once again, while no quark flavor is massless in Nature, the
up and down quarks are not only almost mass degenerate, but also very light
compared to A, therefore it makes physical sense to investigate chiral symmetry.
To this end, it is instructive to separate the abelian and non-abelian subgroups of
the unitary transformations via the isomorphism

U(Ng) L x U(Nf)r~U(1), x U(1)g x SU(N¢) L, x SU(Ny)r, (1.5.8)
where the elements of each subgroup can be parameterized as
U(l)r:  exp{ie) } (1.5.9)
UL)r:  expfie}} (1.5.10)
SU(Ng):  exp{ie}T"} (1.5.11)
SU(Ny)r:  exp{ierT"}, (1.5.12)
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and the NJ% — 1 traceless hermitean generators of SU(Ny) are denoted by T €
su(Ny). An equivalent basis to express any element of the chiral group is given by
the following vector and axial transformations:

U(L)y: ¢ — exp{ie) }, ¥ —pexp{-iel}  (1.5.13)

U(L)a: ¢ —exp{iedys o, U~ pexpliedys}  (1.5.14)

SU(Ng)v = ¢ — exp{iel, T}, Y - pexp{-iet, T*}  (1.5.15)

Axial non-singlet: 1) — exp{ie4T s}, Y — P explie T s} (1.5.16)

provided that the parameters of equations ((1.5.13|- [1.5.16|) are related to those of

equations ([1.5.9|-[1.5.12)) through
& = (% + ) /2, e =(eh-€7)/2 (1.5.17)
€ = (¢4 et )2, € = (eh—eh) /2. (1.5.18)

A few remarks are in order at this point. As we will see in the next sections, invari-
ance of the theory under the vector singlet transformations is associated
to the conservation of baryon number in QCD. The axial singlet transformations
(1.5.14]) are an example of an anomalously broken symmetry. Non-singlet vec-
tor transformations correspond to the unit-determinant part of the flavor
transformations described in the previous section. Finally, the different
notation adopted for the the non-singlet axial transformations of equation
is due to the fact that they do not close under composition, but rather the com-
position of two different elements results in a non-singlet vector transformation;
therefore they do not form a group, and one should only refer to the generators of
these transformations. As we will see in section [I.5.2] the symmetry under non-
singlet axial transformations is spontaneously broken in QCD, even in the chiral
limit, a fact that has deep implications for the properties of the hadron spectrum.

Though chiral symmetry arises naturally when considering the massless limit of
the theory, it reveals general features of QCD. The profound consequences of chiral
symmetry are encapsuled in the set of Ward-Takahashi identities that involve the
above defined transformations, which will be reviewed in the following sections.

1.5.1 Ward-Takahashi identities

Ward-Takahashi identities (WTI) are non-perturbative identities relating correla-
tion functions in Quantum Field Theory that reflect the symmetry properties of
a theory under arbitrary (infinitesimal) transformations of the fields. In the most
general form, a WTI can be written as

(60) = (5SO) + (In{J}O), (1.5.19)
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where O is an arbitrary local operator (or product of operators), and the sym-
bol ¢ denotes the variation of an object (the operator or the action) under the
transformation that one wants to study. J is the jacobian factor of the transfor-
mation arising from the path-integral measure, which can thus only be present in
the quantized theory. If this term is non-zero, the transformation is said to be
anomalous. A symmetry of the classical theory, defined by S = 0, can therefore
cease to be a symmetry after quantization due to the presence of anomalies. In

the following, the WTT’s associated to chiral transformations of equations ((1.5.13])
through ([1.5.16)) will be analysed.

Singlet vector transformations

It is straightforward to see that the U(1)y subgroup of chiral transformations is
non-anomalous and leaves the QCD action invariant for arbitrary values of the
quark masses. In a classical field theory, this would imply the exhistence of a
conserved current (and a corresponding constant of motion) via Noether’s theo-
rem. The WTI derived from these transformations translates this statement in
the quantum theory: we start the derivation by noticing that since chiral transfor-
mations involve the fermion fields only, we can focus solely on the non-interacting
fermionic part of the action, namely

S = j d*z (2) {07 + M} (z). (1.5.20)

To derive WTTIs, it is useful to first consider a local infinitesimal vector singlet
transformationm, implying a variation of the fields (at first order) given by

U(z) = (2) +iey (2)P(2),  P(2) = P(2) () (2). (1.5.21)
The corresponding variation of the action is

S8 =i [ d'2 D[ ()] P()utp(2) ' =i [ dlz .(2)0: [(2)70(2)]
(1.5.22)
where for the last equality we made use of integration by parts. If we now consider
vector singlet transformations localized at a single spacetime point €, (z) = €),6(z - 2),
the variation of the action can be cast as a total derivative

0 () = —iey V) (x), (1.5.23)
with the introduction of the flavor singlet vector current

V() = ¥(2)y.(2). (1.5.24)
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The WTI related to vector singlet transformations in presence of a local field O(y)
therefore reads

=i 0% (V2(2)0(y)) = (8.4, O0w)) (1.5.25)

where the right-hand side of the above equation involves the variation of the field
O(y) under the transformation defined by €),(z). Choosing the operator O(y)
with support at a point y different from the point x where the transformation
is localized implies that its variation will be 0 and the left hand side of
vanishes. In this case, we can thus identify the conserved charge associated to this
symmetry with

V(o) = [ d V() = [ d*x vl (z)u(e), (1.5.26)
and equation (1.5.25)) takes the form of a conservation law (for xy # yp):

5 (Vi (0)O(y)) = 0. (1.5.27)

From the expression in equation , it is clear that the conserved charge is
the number of quarks minus the number of antiquarks. For instance, mesons have
Vy = 0 while baryons have V = 3; for this reason, it is customary to define baryon
number as

1-
It is exactly conserved in QCD even with massive, non degenerate quarks, reflecting
that U(1)y is an exact, non-anomalous symmetry of the theory.
Non-singlet vector transformations

Next, let us consider SU(Ny)y transformations. Proceeding in an anologous way
by first considering a generic z-dependent vector non-singlet transformation with
parameter €},(z) and then localizing it at a point x with €{,(2) = €{.6(z - 2), the
WTT for these non-anomalous transformations reads

~iey, 0, (Vi (2)O0(y)) = =iet, ((2) [M, T*]9(2)O(y)) + {0e.(-»O()), (1.5.29)

where the non-singlet vector current is defined as
V() = ()9, T (). (1.5.30)

The first term of the right hand side of equation stems from the variation of
the action under infinitesimal transformations, and it involves the commutator of
the mass matrix with the generators of SU(Ny)y; we thus see that, unlike U(1)y,
the symmetry is broken at the classical level for generic values of the quark masses.
It is preserved, however, in the case of degenerate mass quarks.

21



1. The theory of strong interactions 1.5. Chiral symmetry

Non-singlet axial transformations

The last non-anomalous set of transformations is spanned by the axial non-singlet
generators of equation ([1.5.16)). Repeating analogous steps, the corresponding
WTT is

~ie40;; (Al (2)O0(y)) = ~ieh (¥ ()75 {M, T} (2)O0(y)) + (3es(»O(y)), (1.5.31)

with the non-singlet axial current, or Partially Conserved Axial Current (PCAC)
given by )
Al (2) = P(2) T (), (1.5.32)

and where now the variation of the action is proportional to the anticommutator
of the mass matrix and the flavor generators. This means that transformations in
equation (|1.5.16)) are a symmetry of the classical theory only in the chiral limit,
where M = 0. It is particularly useful to investigate this WTI with the insertion
of a flavor non-singlet pseudoscalar density

O(y) = P*(y) = ¥ (y)vs T (y), (1.5.33)

which, in the case of mass degenerate quarks, leads to

5ab
Oy (Ag(2) PP (y)) = 2m (P*(2) P'(y)) - Fjﬁ(ﬂf -y (S°()), (1.5.34)
where the flavor-singlet scalar density was introduced

S%y) = v (y)d(y). (1.5.35)
The identity ([1.5.34) holds also upon renormalization with the corresponding

renormalized quantities, and it furnishes a non-perturbative definition of the renor-
malized quark mass:

I CAGLIO)
PO Ty (Pa(2) Pi(y))

(1.5.36)

The above definition is particularly useful in lattice studies since it involves corre-
lation functions straightforwardly computed in lattice simulations.

1.5.2 Spontaneous symmetry breaking and pions

Further investigating the WTT ((1.5.34) in the physically justified limit of Ny = 2
mass-degenerate - or even massless - quarks (up, down) reveals the most salient
features of the lightest mesons. Indeed, in the chiral limit m = 0, the PCAC relates
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the presence of a conserved quantity to the expectation value of the singlet scalar
density, or the chiral condensate. In particular, the non-singlet axial charge(s)

AY(wo) = [ d*x AY(w) (1.5.37)

is conserved if the chiral condensate vanishes (S°) =0. Even in the theory with
massless fermions, one observes that the chiral condensate assumes a non-zero
value. Because the chiral condensate is not invariant under axial non-singlet trans-
formation, a non-zero expectation value implies that also the vacuum of the theory
is not symmetric under suhc transformations. This situation (the presence of a
symmetry of the action which is not a symmetry of the vacuum) is referred to as
spontaneous symmetry breaking, and the famous Goldstone theorem [30] predicts
the presence of a massless spin 0 particle — a Nambu-Goldstone boson (NGB) —
for each spontaneously broken generator of the symmetry. The relevant case for
QCD is given by considering the up and down quark as massless Ny = 2; therefore
we expect N}% —1 = 3 massless particles with the same quantum numbers of the
non-conserved axial non-singlet charges in equation ((1.5.37]), i.e. pseudoscalars.
Such states can be identified with the pions 7°, 7*, which carry the correct quan-
tum numbers, but even though they are the lightest states in QCD, they are not
massless. Generally speaking, this is due to the fact that chiral symmetry is bro-
ken not only spontaneously but also explicitly by the quark masses in equation
(1.5.34]), making pions pseudo-NGBs. This mechanism can be understood quanti-
tatively through the Gell-Mann-Oakes-Renner (GMOR) relation [31], which de-
scribes how the pions approach the chiral limit, and that can be derived from the
PCAC . We start from the correlator of the non-singlet axial current and
pseudoscalar densitiy entering the PCAC. Setting y = 0, Lorentz invariance implies

(A, () P(0)) = Cab(‘”T“)Z, 2 %0 (1.5.38)

for some constants C®. They can be computed from the integrated the PCAC in

the chiral limit sab
[ diz 9, (vA4(2)P(0)) = - {5°). (1.5.39)

K 2Ny
where we can suppress the dependence on the spacetime coordinate of the chiral
condensate due to tralsational invariance of the theory. The integral over space-
time of the total derivative can be converted to an integral over the surface of an

hypersphere odf radius R:

[ ate (gp An(2)P"(0)) 0 [ dny(x) s = C2r? (1.5.40)

p 2)2
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1. The theory of strong interactions 1.5. Chiral symmetry

where n,(z) represents the normal vector to the hypersphere’s surface, and in the
last equality we have recognized the volume of the 4-dimensional sphere. Com-
paring with equation allows to relate C'® to (S°), taking us to the final
expression for the correlator (|1.5.38))

RGO

(A, (z)P"(0)) = -0 272N, (a)F

20 (1.5.41)

and furhter integrating over spatial directions leads to the appearance of axial

charge
_ 6ab
(Ag(zo)PP(0)) = ———(S°), z#0; (1.5.42)
2Ny
crucially, the r.h.s. of this equation is independent of the coordinate x( explicitly
appearing on the left. The lightest states from which the expectation value on the
left receives contributions are the pions 7%, since they carry the same quantum
numbers of Pb. At this point, it is useful to define the relevant matrix elements
between the vacuum and pion states

(0] A% () ‘Wb(p)> =6 F.p, exp{-E(p)xo + ipz} (1.5.43)
(" (p)| P*()[0) = =i6"* G exp{~Ex(p)o - ipx}, (1.5.44)
where the energy satisfies the Euclidean dispersion relation E.(p) = /M2 + p?

and M, is the pion mass. After a few lines of algebra the leading contribution to
the correlator in equation ([1.5.42) arising from pion states can be expressed as

(As(20) P(0)) = 5&5%@;){-]\4”%} . (1.5.45)

where the dots indicate subleading contribution from other states. We thus see
that for the r.h.s. of the above equation to be independent of xq it is necessary

that pions are massless in the chiral limit: this is nothing else than the statement
of the Goldstone theorem. Moreover, one finds that in the chiral limit

G.Fr=-2— m=0. (1.5.46)

Away from the chiral limit, the pion mass ceases to be zero, and following similar
considerations the contribution from pion states to ((1.5.34]) leads to

2
(M) B = om G (1.5.47)

where the superscripts stress that the quantities are evaluated at nonzero quark
mass, and it holds F, = lim,,_q F,Sm) and similarly for M, and G,. Combining
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1. The theory of strong interactions 1.5. Chiral symmetry

the above equation with equation ([1.5.46) finally leads to the GMOR relation,

expressed in terms of a renormalized quark mass m:

(M) () ()

I -
o0 2m N,

, (1.5.48)

m=0

The above expression can be recast as an expansion in m for the pion mass, which
to leading order reads

GO A 9
(™) - mEEN o(m?), (1.5.49)
and where the coefficient of m is defined in the chiral limit. This relation then
explains why pions are much lighter than the other hadrons: their pseudo-NGB
nature, related to the spontaneous breaking of the approximate chiral symmtery,
implies that their mass scales as the square root of the QCD scale

M, < /Am, (1.5.50)

at variance with hadron masses not related to chiral symmetry breaking .
The validity of the GMOR relation was proved from first principles lattice calcula-
tions [32], see figure [1.3] There, all the terms entering equation - M., F,
and (S) - have been computed non-perturbatively in QCD with Ny = 2. In partic-
ular, the chiral condensate has been computed from the density of zero-modes of
the Dirac operator in the chiral limit via the Banks-Casher relation [33|

1 (S°)

0)=-——"—F 1.5.51
0= (15.51)

where the spectral density p(\) counts the average number of eigenvalues of the
Dirac operator A; in a neighborhood of A; it can be defined starting from a theory
in a finite volume

pr(N) = 3 DB -A)), (15.52)

and taking the infinite volume and chiral limit:

p(0) =1A1£% TI%E% ‘}grjo pv(A). (1.5.53)
Overall, it is by now well established that QCD with light quark flavors exhibits
spontaneous chiral symmetry breaking, which is related to the condensation of
zero modes of the Dirac operator and in turn to a non-zero chiral condensate.

Since chiral symmetry is softly broken by the quark masses, the would-be Nambu-
Goldstone bosons acquire a mass parametrically smaller than that of other hadrons
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FIGURE 1.3: From [32]: Pion mass squared as a function of the RGI quark mass,
as predicted by the GMOR (cyan lines) and as obtained from lattice calculations (red
crosses).

in the theory, which is again tied to the value of the chiral condenstate. The
properties of the pions observed in Nature accurately match the predictions based
on this picture. We remark that the same derivation can be applied considering
chiral symmetry including the strange quark, i.e. for Ny = 3: while as argued
before the explicit breaking of chiral symmetry is worse in this case, one still finds
that the strange flavored mesons (kaons and the 7 meson) are sensibly lighter than
other hadrons. In the next section, we will exhamine more closely the mechanism
that explains the much larger mass of the singlet n’ meson.

1.5.3 Axial anomaly

To conclude this chapter, let us examine the WTI related to the U(1)4 transfor-
mations in equation ([1.5.14]). Differently from the other chiral transformations,
these are anomalous, as they are a symmetry of the classical action in the chiral
limit, but they do not leave the path integral measure invariant:

DD ey D D) exp{-2ie4Q}. (1.5.54)

The anomaly involves a central object in QCD, the topological charge (). As the

name suggests, it is related to the topology of gauge fields, and it assumes integer

values. It can be defined as the integral of the topological charge density ¢(z) via
1

Q= Id‘la: q(x), q(z)= 39,250 Tr{F,.,(x)F,-(z)}. (1.5.55)
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1. The theory of strong interactions 1.5. Chiral symmetry

The anomalous WTI then assumes the form

—iea0, (A%(2)O(y)) = —2ieaNy (q(x)O(y)) - 2ie ((x)y5M1p(2)O(y))

+(60()). (1.5.56)

with the singlet axial current defined by

Ap () = (@) (). (1.5.57)

In section [1.4.2] it was noted that the n’ flavor-singlet pseudoscalar meson has a
much higher mass than the rest of meson octet. The mechanism that gives rise to
its mass is related to the U(1)4 anomaly, and it can be understood starting from
the WTI in the chiral limit inserting a topological charge density operator

O(y) = q(y) at y =0,

9, (A2(2)g(0)) = 2 {a(x)q(0)) (15.58)
and considering the topological susceptibility
x= [ d'z {g(2)q(0)). (1.5.59)

This quantity measures the fluctuations between different integer values of the
topological charge, which are induced by non-perturbative objects called instan-
tons. The Witten-Veneziano formula |34} [35] relates the value of the n’ mass in
the chiral limit to the value of the topological susceptibility in the theory without
fermions and in the N, — oo limit, denoted by yYM:

F2m?2,

lim  lim —L_L - \¥M 1.5.60
o, M S T X (1.5.60)

with the n” mass and decay constant defined through the matrix elements

/ Fn,m%’ 10 / . —m,rxQ
(01a(0) ') = ==L (0] BY(0) ) = i/2N; Fyymyge ™. (L5.61)

V2N,

The relation states that the i’ meson acquires its mass, even in the chiral
limit, from a non-vanishing topological susceptibility in the pure pure gauge theory.
The latter quantity was computed non-perturbatively from lattice simulations of
SU(N) Yang-Mills theory for various values of N and extrapolated to the N — oo
limit [36/139]; a recent and precise determination expressed in units of the theory’s
string tension, reads |40]

XM 52 = 0.02088(39), (1.5.62)
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1. The theory of strong interactions 1.5. Chiral symmetry

accurately reproduces the Witten-Veneziano mechanism involving the mass of the
7" meson when inserted in equation (|1.5.60)).

To conclude this chapter, I remark that many of QCD’s most crucial features
— asymptotic freedom, the formation of hadrons from partons, chiral symmetry,
its spontaneous breaking and its impact on the light meson spectrum — all require
a non-perturbative treatment, both for their formal definition and for practical
computations of observable quantities. In the next chapter, I will introduce and
describe the lattice regularization of QCD, which allows to define and solve the
theory non-perturbatively, and which provides the methodological framework for
most of the work that will be presented in this thesis.
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Chapter 2
Lattice QCD

In this chapter we provide a general overview of lattice QCD, from its formal defini-
tion to practical methods to obtain its predictions. Several complete introductions
to the subject can be found in the literature, see e.g. |41, 42|. As mentioned in
section [1.3] the central purpose of regulating a quantum field theory on a discrete
regular lattice of points with spacing a

z,=a-n, n,eZ! (2.0.1)

is to provide a non-perturbative definition of the theory by rigorously defining the
path integral. The lattice explicitly breaks SO(4) Lorentz invariance to a discrete
group of 4-dimensional rotations (the octahedral group), but in the following it
will be shown how it is possible to preserve exact gauge invariance at the level
of the discretized action. Moreover, a minimal spacetime distance corresponds to
an ultraviolet cutoff in momentum integrals, which as anticipated regulates the
theory. Unless otherwise specified, the case of an infinite collection of equally
spaced points, i.e. an infinite volume lattice, will be considered. In practical
numerical computations — and also for some formal arguments — the lattice volume
must be made finite. Some more technical details on the lattice construction are
collected in appendix [C] to keep the main text contained.

2.1 Yang-Mills theory

Let us start by considering the Yang-Mills sector of the QCD lagrangian (1.1.1])
with generic N,. In lattice gauge theory the dynamics of the gauge vector bosons
is not directily described by the fields in the Lie algebra A,(z) € su(N.) as in the
continuum, but rather through link variables, which can be thought of as parallel
transporters between neighboring lattice sites. To make explicit from the start the
relation between the continuum and lattice fields, we introduce the parallel gauge
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2. Lattice QCD 2.1. Yang-Mills theory

transporter between positions x and y in the continuum as

G(z,y) = Pexp{ijdzu Au(z)} (2.1.1)

where P denotes the path-ordered exponential integral along a path connecting
points z and y. G(x,y) is an element of SU(N.), and crucially it transforms under
a local gauge transformation Q(x) as

Gz, y) 29 () Gz, ) (). (2.1.2)

In the lattice construction, we define the basic link variables U, (z) € SU(N,) as
the parallel transporters between the lattice site x and = + afi, and following the
result of equation , we impose that they transform under an element of the
gauge group €(x) as

U, (2) 22 U7 () = Q(a)U, ()21 (2 + aj). (2.1.3)

'

Requiring that the link U, reproduces the continuum parallel transporter for small
lattice spacing, i.e. that

Uu(z) =G(z,z+air) + O(a), (2.1.4)

allows us to relate the link field with the gauge field A,(z) evaluated at lattice
site x:

U,(x) = exp{iaA,(z)} + O(a). (2.1.5)

The last equation is obtained with the approximation — valid at O(a) — of the line
integral from z to x + afi in the left-hand-side of equation ({2.1.4]) with the length
of the integration interval times the value of the field at the starting point, i.e.
aA,(x). It is now easy to see that any product of link variables along a closed
oriented lattice path transforms locally; the simplest closed path that can be built
starting from point x in the p — v plane is called a plaquette (see figure . It is
defined by

U () = Uu(2)U,(x + ap) Ul (z + ad) U (z) (2.1.6)

and transforms according to
U () - U (x) = a) U (2)Q1 (2). (2.1.7)

From the above equation it is clear that the trace of a plaquette is a gauge in-
variant object. At this stage it is useful to define the naive or classical continuum
limit, which consists in sending the lattice spacing to zero while keeping the bare
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2. Lattice QCD 2.1. Yang-Mills theory

Ty

FIGURE 2.1: Two-dimensional section of a lattice, with link variables (red arrows) form-
ing a plaquette. The gap indicates that, before taking the trace over color indices, the
plaquette is not gauge invariant.

parameters in the action fixed. As we have argued in section [L.3] removing the
regulator without renormalization takes us back to the divergent theory, but mak-
ing sure that the action and operators reduce to their formal continuum expression
when the lattice spacing is sent to zero is a necessary condition to ensure that the
correct continuum theory is reproduced. With these considerations in mind, and
considering equation , one can show that close to the classical continuum
limit @ — 0 the plaquette behaves as

Uw(x) = exp{iaQFW(ac) + (’)(ag)}, (2.1.8)

and with these elements it is now straightforward to build an exactly gauge in-
variant action that reduces to the continuum Yang-Mills action in the limit a — 0.
This is the famous Wilson plaquette action 43|, and it reads

s
o 2 2 ReTr[1- U ()], (2.1.9)

c T pv

Sa[U] =

The sums run over all lattice points and all plaquettes, and it is customary to
introduce the inverse bare coupling as 3 = 2N./¢g2. Expanding for a - 0
reveals that the deviations from the continuum action due to the finite lattice
spacing (discretization effects) are of order a?:

SelU] = % N Tr{ Fu (2) Fy ()} + O(a?),
0 = (2.1.10)

a—0

lim Se[U] = 2%]5 [ d'e Tr{Fu () Eyu (o).
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2. Lattice QCD 2.1. Yang-Mills theory

2.1.1 Pure gauge path integral

Having defined a gauge invariant discretized action, it is now possible to rigorously
define a path integral for the quantum field theory. As it was noted in section [1.2]
the integration over field configurations introduced in equation is at this
stage formal, as no notion of integration over a continuum of variables has been
defined. To overcome these shortcomings, we begin by now considering a finite
volume lattice with N points in each direction, and a finite physical extent in each
direction given by L =alN,

L={z,eR" | z,=a-n,, n,=0,....N-1VYu}. (2.1.11)

This lattice, with total physical volume V = L4, will then contain a finite number
of link variables U,(z), and thus a path integral over the value of these fields at
all space-time points will be a very large but finite-dimensional integral:

Z(a,V) = [ DU exp{-Sa U]}, (2.1.12)
where the integration over all link fields is denoted by
3
DU =[] []dU.(=). (2.1.13)
zel u=0

At this point, the only thing missing to have a consistent definition of is
the notion of integration over an element of SU(N,). This is provided by the Haar
measure, which allows integration over a compact continuous group, and whose
properties are summarized in appendix [C.I] With these notions, the path integral
for the finite-volume discretized theory is unambiguously and rigorously
defined. In the same way we can define expectation values of gauge-invariant
operators and correlation functions by

(0) (a,V) = ﬁv) [ DU O[Uexp{-5a (U7} (2.1.14)
We have now defined in a rigorous way a path integral for Yang-Mills theory
which preserves gauge-invariance exactly. Another convenient feature comes from
the fact that since we are now integrating over elements of the compact group
SU(N,), and not over elements of the unbounded Lie algebra su(N,), the volume
of the integration measure is finite. To conclude this section, we remark that from
a formal point of view the path integral representation of continuum expectation
values such as is defined as the infinite volume and vanishing spacing limit
of the regularized path integral in (2.1.12))

(0) _ lim{ lim (O) (a,V)}. (2.1.15)

continuum a=0 | Voo
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2. Lattice QCD 2.2. Fermions on the lattice

In this sense, the lattice is not only a convenient regulator of the theory which
preserves many of its symmetries, but it is most importantly a natural formalism
to define quantum field theories at the fundamental level.

2.2 Fermions on the lattice

The discretization of the fermionic action is at face value more straightforward
than that of Yang-Mills theory, as it directly involves the discrete version of the
continuum quark fields, but it actually requires a careful treatment even in the
non-interacting case, and it is thus instructive to start from the continuum Dirac
action for a massless free quark

Sp = fd‘lx V(2)7,0,0(x). (2.2.1)

The simplest way to discretize the first derivative is given by the forward and
backward nearest-neighbors finite differences

8u¢(x) = 77/)(ZE + a/l) — ¢(CL’) (2'2'2)

o (x) = Olw) (e —a) (2.23)

a

which can be combined to give a Hermitean discretization. The naive discretized
Dirac action is then given byff]

S = b 5 D) (3 ) ) (2.2.4)
=t DY) () (2:25)
= a* > () Dyave(, y) ¥ (y), (2.2.6)

with the naive discrete Dirac operator defined as
1
Dna’l’ve(ma y) = % Z ’Yu (5:E+aﬂ,y - 5z—aﬂ,y) . (227)
o

In momentum space, afer applying a Fourier transform, the naive Dirac operator
takes the form

Daive(p) = a™' Y 7, sin(ap,), (2.2.8)
w

3
'For sums over Dirac indices on the lattice we adopt the shorthand notation » = .
no p=0
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2. Lattice QCD 2.2. Fermions on the lattice

and its inverse gives the free massless quark propagator on the lattice

>, ~iyusin(apy)

2.2.9
)M sin’(ap,,) ( )

Diive(p) = @

naive

which correctly reproduces the free quark propagator in the classical continuum
limit D

iy Do) = 22 2210
The lattice geometry in spacetime has also implication on the value of the mo-
mentum. Specifically, each component of the lattice momenta is continuous and
periodic, with period given by 27/a. For this reason, it is sufficient to focus on the
interval (-7/a,m/a], which is denoted as the first Brillouin zone (IBZ).

2.2.1 Fermion doubling

The analytic structure of the propagator informs about the states in the theory:
in particular, a pole in the momentum space propagators signals the presence of
a particle whose mass is given by the pole position. For instance, the continuum
propagator coming from equation has a single pole at p? = 0, which corre-
sponds to the single massless fermion described by the action. While the discrete
propagator (2.2.9)) exhibits a pole at p? = 0, each sine factor in the denominator van-
ishes when the corresponding momentum component assumes the value p, = +7/a
at the edge of the IBZ. This implies that the naively discretized propagator has
a total of 16 poles, since each of the 4 momentum components can be either 0 or
m/a and make the denominator vanish. This situation is sketched in figure 2.2]
The presence of 15 additional massless fermions in the spectrum of the naive dis-
crete Dirac operator is known as fermion doubling, and it represents a problem as
one aims to describe a single massless fermion in the continuum. The appearance
of doublers can be understood in the context of the Nielsen-Ninomiya theorem,
which constrains the properties of a general discretization of the continuum Dirac
operator.

2.2.2 Nielsen-Ninomiya theorem

Nielsen and Ninomiya’s no-go theorem [44-46| is a statement about what proper-
ties can simultaneously be satisfied by a discretizationP| of the Dirac action. Before
enunciating the satement of the theorem, it is useful to list a minimal set of proper-
ties that a discretized Dirac operator should satisfy in order to describe the correct

2As a matter of fact, the theorem is not only restricted to the lattice regularization, but it
provides constraints for a general regularization of the fermion action.
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FIGURE 2.2: The denominator of the propagator as a function of momentum (for a single
component) for the continuum case (red dotted curve) and for the naive discrete Dirac
operator (red curve). The white points correspond to the poles of the discrete propagator
contained in the Brillouin zone; the pole at p = —7/a is excluded.

continuuum physics. The Fourier transform of the discrete Dirac operator Diu(p)
should satisfy the following:

1. It has the correct classical continuum limit lir% Dot (p) = Deons (p);

2. Dya(p) is a continuous and periodic function of p with period 27/a;
3. Diat(p) is invertible for all momenta except p = (0,0,0,0);

Clearly, condition 1 is necessary for any sensible discretization. Condition 2 guar-
antees that the discrete Dirac operator is local in position space, i.e. it is zero for
spacetime points sufficiently far apartf] , while condition 3 must be met to avoid
the presence of doublers in the spectrum. As we have seen, the naive discretization
satisfies conditions 1 and 2 but violates condition 3 due to the extra poles
in the free propagator. The emergence of doublers in a discretizaion of the Dirac
operator is elucidated by the Nielsen-Ninomiya theorem, which states that it is

3 A less stringent constraint, known as exponential locality, can be accomodated. It states that
the norm of the Dirac operator should decay exponentially fast with distance:

ID(z,y)| < ¢ exp{-~|z - y[}

for some constants ¢, ~.
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not possible to satisfy the three conditions listed above and also preserve chiral
symmetry at fixed lattice spacing, i.e. satisfy the following fourth condition:

4. Dya(p) is chiral: {vs, Diat(p)} = 0.

Because the naive discretization satisfies conditions 1, 2 and 4, it has to violate
condition 3 and produce doublers in the spectrum. Several formulations have been
proposed over time to circumvent the presence of doublers in the continuum, each
one coming with its perks and disadvantages. The discretization of fermions a la
Wilson, which is the relevant discretization for the work described in this thesis,
will be reviewed in detail in the following section.

2.2.3 Wilson fermions

Wilson’s proposal for the removal of doublers involves a rather simple modification
of the naive discrete action by the inclusion of a dimension 5 operator in
the Lagrangian. Since the action must be dimensionless, this extra operator must
be multiplied by a single power of the lattice spacing a: specifically, the Wilson
fermion action involves the discretization of the second derivative,

Spilt= Spaive — o3 ay(z) Ay (), (2.2.11)

where the lattice Laplacian operator is defined by

(@) Av(x) E%Z@b(ﬂf 00, () (2.2.12)
ZZQL V(@) (Ozsapy + Oz-apy = 202y) Y (Y)- (2.2.13)

This corresponds to a local operator in position space given by

4 1

Dw(ﬂf,y) = 56

vy = 50 00 (1= %) Oavay + (14 %) Or-aiy, (2.2.14)

I

and it is interesting to notice that the effect of the Wilson term is to generate a
term in the action proportional to the cutoff scale 1/a and to the identity in flavor
space, thus explicitly breaking chiral symmetry even if one starts with a massless
fermion. This affects the corresponding momentum space propagator as

>, ~tyusin(ap,) + M (ap)
> sin2(ap“) + M?(ap)

Dik(p) = (2.2.15)
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which formally can be seen as the naive discrete propagator (2.2.9)) in the presence
of a momentum-dependent “mass term” given by

M(p) = % > sin®*(ap,/2). (2.2.16)

The net effect is that the pole at p = (0,0,0,0) remains massless as expected, but
the 15 doublers associated to non-zero momentum components m/a now acquire
a large mass proportional to 4/a, and crucially they become infinitely massive in
the limit a — 0, i.e. they completely decouple from the continuum theory. Wilson
fermions bypass the Nielsen-Ninomiya theorem because the additional operator in
the action explicitly breaks chiral symmetry, even if the bare quark mass is set to
zero. Chiral symmetry is only recovered in the contitnuum limit, as it holds

{vs, Dw} = O(a). (2.2.17)

The promotion of the Wilson action to the case of non-zero mass is straighforward
by adding a mass diagonal mass term:

1

4
Dy (2,y) +m = (a + m) Ory = % D (1= Ovvapy + (L4 7) umapys  (2:2.18)
n

and it is customary to define the hopping parameter x as xk = (8 + Zam)fl. The
inclusion of quark interactions with the gauge fields, just like in the continuum case,
is completely specified by the requirement of gauge invariance. The discretized
kinetic term involves the product of fields at neighboring lattice sites, which
is not invariant under local SU(V,) transformations. To make it gauge invariant,
the forward and backward discrete derivatives are promoted to covariant lattice
derivatives by including link variables that connect the neighboring points:

adp(z) — av, (x) = Uy(z)y (x + aft) — (), (2.2.19)
adp(x) — av,p(x) = (x) - U;(x —ap)y (x—aft). (2.2.20)

Performing the above substitutions and including the mass term yields the inter-
acting Wilson fermion action for Ny flavors

Sr[U, 0] =a* Y > s (Dw[U] +my) by, (2.2.21)
z f
with the interacting Wilson operator given by

Dw[U] = %{%(VM+V;) —aviv,}. (2.2.22)
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Although Wilson fermions are arguably the simplest way to describe a single
quark flavor on the lattice, the additional chiral symmetry breaking operator in
the action complicates the mass renormalization of the theory. Specifically, this
operator transforms in the same way as the quark mass term in the action under
chiral transformations: by equation , it means that the quark mass mixes
with the Wilson term in the renormalization process, and in particular that it is
no longer enough to renormalize the mass with a multiplicative factor according
to equation , but that also an additive renormalization is necessary. More-
over, from dimensional analysis, the additive renormalization constant must have
dimension 1 in mass, and thus be proportional to 1/a, which is a much worse
divergence with the regulator than the logarithmic one typically arising in multi-
plicative renormalization factors.

For a single flavor, or even in the case of several flavors with degenerate masses,
the renormalized mass can be written as

m = Zn, (gg,a,u) [mo—mcr (gg)] (2.2.23)

The chiral limit of Wilson fermions is obtained by imposing that a given definition
of renormalized mass — for instance the PCAC mass — vanishes at fixed
lattice spacing (fixed g?2). To achieve this non-perturbatively, as equation
suggests, a parameter scan over the values of the bare mass my is required to em-
pirically find the critical mass me,(g2), which is a very computationally demanding
task.

2.2.4 Lattice QCD path integral

Having discretized both the gauge and fermionic actions, one arrives at an expres-
sion for the discretized QCD action:

S[Uw, 9] =86 U]+ Sp (U0, 4], (2.2.24)

and following the steps outlined in section the partition function of lattice
QCD can be defined by the functional integral

Z = IDUD@/_)DQb exp{-S [U, ¢, %]}, (2.2.25)

where the definition of the integral over anticommunting Grassmann variables and
its properties are summarized in appendix In particular, for actions that are
bilinear in the quark fields, the integral over Grassmann variables describing the
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2. Lattice QCD 2.3. Renormalization and continuum limit

quark fields can always be computed analytically according to equation ((C.2.7]),
resulting in the determinat of the Dirac operator (considering one flavor for the
moment), which in turn can be interpreted as a purely gluonic effective action:

Z = IDU det (D[U] +m) exp{-Sc[U]} (2.2.26)
- fDUexp{—SG (U] - Sex [U]}, (2.2.27)
Sut [U] = —Indet (D[U] +m). (2.2.28)

Being the product of all eigenvalues of D [U], the determinant requires knowledge
about all elements of the Dirac matrix; it is therefore not a local object in the
gauge fields when interpreted as an action, which makes lattice simulations with
dynamical fermions significantly more involved[f]

2.3 Renormalization and continuum limit

As remarked in the previous sections, the fact that a lattice action reduces to
the continuum action in the classical continuum limit is a necessary condition to
describe the correct physical theory. However, as argued in section [I.3] to remove
the regulator a the theory has to be renormalized, and it is necessary to vary
the bare parameters of the theory while requiring that some quantity assumes a
prescribed value. In this section we briefly summarize hadronic schemes to non-
perturbatively renormalize lattice field theories and perform the continuum limit.

2.3.1 Hadronic schemes

Perhaps the most widely employed approach to this procedure imposes that an
hadronic quantity © which is taken to have dimensions of energy (possible choices
include hadron masses or combination of hadron masses, decay constants...) com-
puted at a given value of the bare parameters on the lattice assumes its physical
value Oppys. In actual numerical computations both the inputs (the bare param-
eters of the action) and the outputs (energy levels, matrix elements...) of the
simulations are dimensionless numbers. In particular, the measured dimensionful
quantities are extracted in lattice units, i.e. multiplied by a suitable power of the
lattice spacing. Therefore one has access to the dimensionless number a©y.;(go, a),

4Not performing the fermionic integral analytically but trying to solve it numerically like the
integral over gauge fields would be even more costly by classical means. Indeed, it would be
necessary to represent a large number of anticommuting variables, which on a classical computer
require at best a 2 x 2 matrix for each integration variable, leading to an exponential growth of
necessary resources.
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2. Lattice QCD 2.3. Renormalization and continuum limit

and imposing the condition ©.(go,a) = Opnys yields a way to “set the scale” of
the lattice theory and determine the lattice spacing of the simulation at the given
value of gy in physical units:

Oat (9o,
a(go)= a 1t(90 a)'

2.3.1
Onee (2.3.1)

This relation fixes the dependence of the lattice spacing a on the bare coupling
g3; vice-versa, the scaling of the coupling with the cutoff a~! is governed by the
renormalization group flow. Rearranging equation and keeping only the
leading term one has that near the continuum

1
2

go(a) a:IO —m. (232)
We thus see that the continuum limit @ - 0 corresponds to the theory with gy =
0, and knowing how the lattice spacing a depends on the bare coupling g, as
expressed by equation ([2.3.1]) is crucial to obtain the continuum limit from multiple
simulations at different lattice spacing by extrapolating to a — 0. Because at zero
coupling the theory’s beta function also vanishes, the continuum limit is a fixed
point of the RG flow. In the language of statistical mechanics, this signals the
presence of a critical point of the system: the statement that different lattice
actions reduce to the same theory in the continuum can thus be understood as the
different lattice theories all belonging to the same universality class.
The renormalization of quark masses proceeds in a similar way. For each bare
quark mass in the action, one imposes that the ratio of two aptly chosen hadron
masses computed on the lattice assumes its physical value

My My

2.3.3

a,go,am; phys

It is convenient to study mass ratios because, being dimensionless, they can be
directly compared to the raio of experimentally determined masses. Ideally, one
would choose ratios which are more sensitive to some quark masses than others in
order to disentangle as much as possible the dependence on the different flavors’
masses. Simulations at several different values of the bare quark masses are per-
formed until the above conditions are met; more frequently, the target value of the
bare masses can be determined by interpolating the measured values of the mass
ratios and inferring the bare quark mass that satisfies the constraint.

2.3.2 Window problem in hadronic schemes

As anticipated in section [2.1.1], practical lattice lattice computations are carried
in a box with finite volume. Denoting with L the extension of the box in each
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2. Lattice QCD 2.4. Symanzik improvement program

direction, the exhistence of a maximum length scale provides an infrared cutoff L1
for the theory. Combined with the UV cutoff given by the lattice spacing a=?!, it
holds that if one aims to accurately describe physics at a given energy scale © 4 on
a lattice with spacing a and extent L the following inequalities must be respected

LM«<O «<al. (2.3.4)

In the approach described in the previous section, the lattice is calibrated to ac-
comodate a hadronic scale, which is typically of a few hundred MeV. If on the
same lattice, one wants to study a process which takes place at an energy scale
©p much larger than © 4, the UV cutoff must be enlarged accordingly, requiring
the following condition to be valid

L'«<O,,«<0p«<al (2.3.5)

With modern algorithms it is possible - with considerable computational cost - to
simulate lattices with L/a = O(100) points in each direction. As soon as the scales
Op and © 4 become significantly separated, the number of lattice points required
to satisfy grows far beyond what is feasible with reasonable resources. This
type of situation, known as a “window problem”, makes it prohibitively hard to
employ an hadronic scheme in systems where two highly separated scales need to be
accomodated, as it would be necessary to simulate lattices that are simultaneously
very fine and very large. This type of problem was encountered when studying
the non-perturbative renormalization of gauge theories from the lattice at scales
w spanning 1 - 100 GeV. The solution, first proposed for SU(3) gauge theory [47]
and then extended to QCD with several flavors [48-53|, combines a finite-volume
scheme for the definition of the renormalized coupling and step-scaling techniques
to efficiently track its non-perturbative running. The same strategy served as the
basis for the first exploration of thermal QCD up to electroweak-scale temperatures
[54]. More general details on the construction can be found in appendix , and
in section its application to high-temperature QCD will be briefly reviewed.

2.4 Symanzik improvement program

The lattice version of the QCD action and correlation functions computed on
the lattice differ from their continuum counterparts by terms proportional to the
lattice spacing; for instance, while in the Wilson gauge action discretization effects
start at O(a?), for the Wilson-Dirac action they are expected to start at O(a),
essentially due to the order of the differential operator entering the kinetic term.
The approach to the continuum limit of a lattice field theory can be accelerated,
i.e. it is possible to achieve a higher-power scaling with a of the lattice artifacts,
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2. Lattice QCD 2.4. Symanzik improvement program

following the so-called Symanzik improvement program [55, 56|. An instructive
way of formulating this procedure is provided by the lenses of effective field theory.
Indeed, close to the continuum, the lattice theory with discrete action Sy,; can be
described by an effective continuum theory whose action can be expanded in the
lattice spacing as

State = Seft = fd%; (Lo(x) +aly(z) + a’Lo(z) + ...} (2.4.1)

where £,, denotes a lagrangian containing operators of dimension 4 + n that can
be built from elementary fields and respecting the symmetries of the lattice theory
Siat- In particular, the lagrangian Ly is that of continuum QCD. This defines
the so-called Symanzik effective theory. In an effective field theory picture one
would interpret the lattice cutoff 1/a as the scale associated to “new physics”, i.e.
unkown degrees of freedom not contained in Sy, whose effects can be described by
an infinite tower of higher dimensional operators. For instance, the 5-dimensional
continuum operators that satisfy the symmetries of the Wilson-Dirac action, and
thus enter £;, are

Os,1 = Y0, Flub, (2.4.2)
Os2 =% {D,D, + DD} } v (2.4.3)
Os,3 = m {9y, Dyy =YDl } (2.4.4)
Os4=mTe{F, F,,} (2.4.5)
Os,5 = m* Y1) (2.4.6)

where o, = % (74,7 ] Any local operator that enters lattice correlation functions
also has a similar representation in the continuum effective theory

Olat - Oeff = OO + a01 + ... (247)

Expectation values in the lattice theory are then represented by continuum expec-
tation values in the effective theory; to order a for instance one finds

(Otatt)iasy = (Oett)er = (O0) = a[{O1) +(0pS1) = (81)] + O(a?), (2.4.8)

where 8; = [ d*z £1(z) and the subscripts in the expectation values signal whether
they are computed with respect to the lattice action, the effective action or
the continuum action Sy (no subscript). The Symanzik effective theory then allows
to identify discretization effects in lattice correlation functions. Exploiting the
liberty to add terms to the lattice action which vanish in the classical continuum
limit, it is possible to cancel the leading discretization effects of a given order from
, and thus obtain correlation functions which approach the continuum limit
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at a faster rate. This procedure is known as tmprovement, and as two concrete
examples, which will be relevant for the simulations that have been performed
for this thesis, the tree-level improvement of the Wilson gauge action and the
O(a)-improvement of the Wilson fermion action will be described.

2.4.1 Liischer-Weisz gauge action

The full improvement procedure involves the non-perturbative removal of dis-
cretization effects from observables as described above. Alternatively, the theory
can be improved at a given order in perturbation theory. It can be shown that to
improve the theory at tree-level it is enough to remove lattice artifacts from the
action by the addition of higher dimensional operators. For instance, the tree-level
improvement of the Wilson gauge action, leading to the Liischer-Weisz [57] action,
involves the addition of a sum over all 2 x 1 rectangular plaquettes defined by

U (2) =2 Up(2)U, (2 + af)Uy (2 + 2af) Ul (z + afy + ad) Ul (z + ad) Uj(z).  (2.4.9)

The crucial observation is that this object and the elementary plaquette U, share
the same asymptotic behavior in the vanishing spacing limit given by (2.1.§), i.e.
they both reproduce the exponential of the field strength F),,, but with different
discretization effects. It is therefore possible to find a linear combination that still
yields the continuum action for a — 0 but also cancels the leading O(a?) artifacts,
resulting in discretization effects that start at O(a*). The combination is found
to be

SV - 21%0 g;Re{g Tr[L - Uy ()] - % Tr[1- Uﬂ,,(g;)]} S (24.10)

2.4.2 (O(a)-improved Wilson fermions

As anticipated, the improvement of the Wilson fermion action requires the addition
of the lattice versions of the dimension 5 operators egs. (2.4.2)) to (2.4.6)). Using the
equation of motion, it is possible to discard terms proportional to Oy and O3. The
contributions of O4 and Os can be absorbed in the definition of the coupling and
mass respectively, specifically with the introduction of an improved bare coupling
and mass which depend on the subtracted quark mass m, = mo —m,, appearing in
equation ([2.2.23)):

9(2),impr = 98 (L+bgamy),  Mgimpr = Mg (1 +bpamy). (2.4.11)

It is thus enough to add a single term proportional to the discretization of O; to
the Wilson-Dirac operator to remove O(a) discretization effects, leading to the
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O(a)-improved Wilson fermion [5§]
D= DW + aDsw, (2412)

where the Sheikholeslami-Wohlert term takes the form
1 .
Dgw = Csw(go)ZO'MVFMV(x). (2.4.13)

The lattice discretization of the field strength can be expressed as

- 1
Flu(z) = 302 {Qu(z) - Quu} (2.4.14)
where (), is the four-plaquette clover operator
Qu(z) =U,(2)U,(x + a,&)U;(:v +ab)UJ ()
+ U (2)Ul(x = afi+ a0) Ul (x - af)U,(z - aji)

+ Ul (z - ap)Ul(z - afi — ad)U,(z - ajy — a0)U,(z - av)
+ Ul (z - a0)U,(x - av)U, (z + aj — a0) U} ().

(2.4.15)

The value Sheikholeslami-Wohlert coefficient csw(go) has to be varied with g
to remove O(a) discretization effects form an observable such as (2.4.8). The
dependence of csw on gy has been computed to one-loop in perturbation theory
and also non-perturbatively from lattice simulations for both the Wilson [59-61]
and Liischer-Weisz gauge action [62], by requiring that the PCAC relation (|1.5.34))
holds up to discretization effects of order O(a?).

2.4.3 Field improvement and renormalization

Using the improved lattice action guarantees that discretization effects in spectral
quantities, such as hadron masses, are reduced as described, since they do not
depend on the choice of interpolating operator used to build the correlation func-
tions (provided they have overlap with the desired state). However if one aims to
extract matrix elements or impose Ward identities, which depend on the explicit
form of the interpolating field, the improvement procedure must be applied to
the relevant fields as well to remove discretization effects of a given order from
individual correlation functions. For instance, the improvement of the non-singlet
axial current requires the addition of an operator with the same quantum
numbers, which can be built from the non-singlet pseudoscalar density (1.5.33)):

0, + 0
“; 1 pe, (2.4.16)

AZ,impr = AZ +a CA(gU)
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Adopting an improved action also impacts the renormalization of the theory’s bare
parameters. In particular, the renormalization constants will now depend on the
improved coupling defined in equation (2.4.11)):

7° = Zg (98 smpr> U1L) 90 impr (2.4.17)
Mg = Ly, (gaimpr, au) Mg impr (2.4.18)

2.5 Measurement of expectation values

With the definition of the lattice action and path integral, expectation values of
operators constructed from elementary fields take the form

(O) = %jDU ﬁ(detDi[U]) O[U]e %Vl | (2.5.1)

where for definiteness we consider Wilson fermions and we introduce the short-
hand notation D;[U] = Dw[U]+ m; for the massive Wilson-Dirac operator of the
ith quark flavor with mass m;. The goal of lattice computations is to numerically
evaluate this type of path integrals. On a typical lattice, where each spacetime
direction is discretized in O(100) points, one easily reaches O(10%)-dimensional
integrals, which can not be computed through deterministic numerical integra-
tors. Instead, path integrals are evaluated by Monte Carlo methods making use
of an important analogy with statistical mechanics ensemble averages. Indeed,
the above equation can be interpreted as the expectation value of an observable
which depends on statistical variables U that follow a Boltzmann-typd®| probability
distribution with density

PlU] - % ﬁdet (Di[U]) 5100, (2.5.2)

Of course, for this picture to be valid it is crucial that the above expression is
positive definite; when fermions are included the determinant factors may spoil
this property, depending both on the number of flavors considered and on the
particular discretization employed. For instance, since the Wilson-Dirac operator
satisfies y5-hermiticity

vsDvs = DT, (2.5.3)

its determinant is real

det (D) = det (y5D1y5) = det (D) = (det (D))" (2.5.4)

5The formulation of the theory in Euclidean spacetime plays a crucial role in allowing this
interpretation and making it possible to sample from a positive definite distribution.
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This fact implies that is positive for any even number of degenerate flavors.
A particularly relevant case is given by the theory with Ny =2 flavors with equal
mass — the u and d quarks — for which the Boltzmann distribution reads (the
inclusion of a third, non-degenerate quark — the strange quark— will be discussed

in section [D.3)
1
PlUY=Z exp{-Sg [U] +In|det D [U][*}, (2.5.5)

and which will be assumed in the following for definiteness. In this case, the costly
estimation of the fermionic determinant can be ameliorated by interpreting it as
the result of a functional integration over a set of auxiliary complex scalar fields

¢, o1
|det D[U]? = exp{~Seq [U]} f D' Do exp{-Sy [U, 6, 6]} (2.5.6)
described by the following action

Spt (U, 6,61 =0 Y. ¢! (2)Q2 [U] (2,9)6(y), Q[UI=~sD[U].  (25.7)

Like quark fields, ¢, ¢! carry Dirac and color indices, but they are not described
by Grassmann variables; for this reason, they are known as pseudofermion fields.
Since the pseudofermion action is quadratic in the fields, representative configu-
rations can be sampled directly starting from a sample of normally distributed
numbers and applying a set of transformations.

2.5.1 Monte-carlo estimation

If one is able to sample an ensemble of N representative configurations of gauge

.....

the multidimensional integral) can be estimated up to a statistical error through
the ensemble average:

0= %iom - <O>+O(¢_1N)‘ (2.5.8)

The ensemble average comes with an error c% proportional to the ensemble vari-
ance o2, which has a path integral representation itself:

o3 = ((0-(0))?). (2.5.9)

Assuming that the N configurations are statistically independent, the error on the
ensemble average (2.5.8)) can be estimated as

i(O[Ui] -0). (2.5.10)
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Both the generation of gauge field ensembles distributed according to the desired
Boltzmann distribution and, more often than not, the evaluation of the observ-
able on the generated configurations are highly non-trivial tasks, and they require
vast computational resources and state-of-the-art algorithms to be efficiently im-
plemented. Appendix [D]describes how ensembles of gauge field configurations can
be extracted through the Hybrid Monte-Carlo algorithm.

2.5.2 Correlators and the exponential problem

The primary expectation values that one aims to compute in lattice field theory
are correlation functions of fields. The prototypical example involves correlators
of the form

C(0) = (O(20)01(0)) = %fDUDzZJDq/J O(20)0'(0) &5, (2.5.11)

where O(x) is a gauge-invariant composite field defined on a fixed timeslice of
the lattice. Exploiting the connection between path integral expectation values
and expectation values of operators on the theory’s vacuum state (see equation
(1.2.3)), one can write

C(x0) = (0] O(20)01(0) |0). (2.5.12)

The Euclidean time dependence of the operator can be expressend in the Heisen-
berg picture ) )
O(xg) = e Qe "0l (2.5.13)

where the Hamiltonian of the theory H generates translation in time. Inserting
an identity in equation ([2.5.12)) in the form of a sum over a complete set of energy
eigenstates

1=>"In){(n|, Hn) = E,|n) (2.5.14)

leads to the following spectral decomposition for the correlator,

C(x0) = Y. |{0]O|n)|* e Enao, (2.5.15)

provided that O has overlap with one-particle states carrying its quantum numbers.
This central equation furnishes a way to extract energy levels (masses) of particles
and matrix elements from a correlator that can be computed on the lattice. The
choice of the “interpolating operator” O selects the quantum numbers of the states
in the theory that one wants to study, i.e. those for which (0] O |n) # 0. Equation
(2.5.15) implies that at large enough Euclidean times the contribution of states
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with energies higger than the lowest energy Ej, are exponentially suppressed, so
that the correlator will be dominated by the ground state

-Epx —(E1-Ep)=x

Cxo) = AeTFom (1+0(e"(Fr-Foro)) (2.5.16)
It is therefore possible to obtain the mass of a particle and the matrix element
of a relevant operator by inspecting the large Euclidean time behavior of correla-
tion functions (more details on how to practically implement this procedure will be
given in Section. As mentioned in the previous section, all expectation values
in a lattice computation are estimated stochastically, and come with a stastisical
error given by equation ; the variance of O has its own spectral decompo-
sition, which in general receives contributions from different states with respect to
O. A clear and relevant example involves the correlator of an interpolating field
carrying the quantum number of a nucleon]

N(z) = e (¢3(2)" Crsige)) vi(), (2.5.17)

whose correlation function, projected to zero spatial momentum, will be domni-
nated by the mass of nucleon state my at large Euclidean times

C(zo) oc e N, (2.5.18)
xo>a
Its variance, on the other hand, involves the two point function of an operator con-
taining six quarks; the lightest state in the theory that has non-zero overlap with
this operator is not a state containing two nucleons, but rather a state containing
three pions. Therefore at large Euclidean times the variance will decay as

2 _3m7'rx0
o&(xo) o€ . (2.5.19)
If one computes the correlator and its error as an average over N gauge field
configurations as described in the previous section, the statistical precision with
which the correlator can be estimated is given by the signal-to-noise ratio (StNR,
which at large times behaves as

Clzo) \/Nexp{—(mjv—gmw)xo}- (2.5.20)

O-C’(:L‘O) To>a

Since in Nature my — %mﬂ ~ 730 MeV ~ 3.7 fm™, the StN decays exponentially
with Euclidean time, preventing a precise determination of the correlator in the

6In QCD with degenerate up and down quarks the proton and neutron states become degen-
erate as well.
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large time region of interest for the determination of the mass. Of course increas-
ing the number of measurements N will increase the StN, but it is clear that an
exponential increase in statistics would be necessary to maintain a constant StN
while going to larger Euclidean times. This is a rahter general feature of correlators
computed by lattice simulations known as the exponential problem [63] |64, and it
remains the primary obstacle for the precise determination of hadronic quantities.
The only real exception is given by correlators which couple to the lightest flavor
non-singlet mesonic states (the pions), which are the lightest hadrons in QCD.

Popular strategies to ameliorate the StN problem involve the construction of
interpolating operators with optimal overlap on the ground state through “smear-
ing” of the link fields [65-67], or the analysis of an N x N correlation matrix
Cij(xo) = (Oi(:vo)O;(O» built from a set of operators O; which all overlap on the
states of interest [68]. In the latter case, solving a generalized eigenvalue problem
associated to the correlator matrix can lead to the precise determination of the
n < N lightest states in the spectrum, as contaminations depend on (Ey,1 — E;) xg
for the ¢*" state. While the combination of these methods is by now an established
tool in precision studies of the hadronic spectrum to mitigate the exponential prob-
lem, they do not represent a true solution as the exponential increase of necessary
resources with the desired precision still persists. A solution to the exponential
problem, i.e. an algorithm that achieves polynomial rather than exponential scal-
ing with the euclidean time extent of the lattice, is given by the multilevel update
scheme [69]: in bosonic theories such as SU(3) Yang-Mills the locality of the ac-
tion allows to factorize the lattice in independent domains that are influenced
by other regions of the lattice only through the value of the link fields at their
boundary. To estimate the expectation value of an observable, which has to be
factorized itself, the links in the different domains of the lattice can effectively be
updated independently, and the local factors of the observable can be evaluated as
an average over these “nested” samples. Repeating this procedure multiple times
yields an estimate of the original global observable as the average over a set of
measurements which have drastically reduced fluctuations, achieving in practice
an exponential error reduction with respect to a standard update. The theory in
the presence of fermions loses manifest locality of due to the appearance of the
quark determinant’} the generalization of the multilevel algorithm to this case is
an active area of research [70-{73| with promising exploratory results [74].

"Taking as an example the case of Wilson fermions, we have that the Dirac operator is ultra-
local, but its inverse is not.
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Chapter 3
Thermal QCD

This chapter summarizes the properties of QCD at non-zero temperature, its rel-
evance from an experimental, observational and conceptual point of view and its
formulation in the path-integral formalism. The perturbative expansion of high-
temperature QQCD and its infrared problem are discussed, together with the di-
mensionally reduced effective field theory that describes QCD at asymptotically
high temperature. Screening masses, the primary object of study of this thesis,
are defined and their relevance is discussed, and an overview of the state of the
art for their determination, both in a perturbative setting and from the lattice, is
provided.

3.1 DMatter in extreme conditions

Up to now, all the properties of strong interactions that were discussed referred to
systems composed of a few isolated hadrons in the vacuum, i.e. zero temperature
and density. These conditions are relevant for the description of phenomena that
take place at everyday temperature and density scales, as well as proton-proton
collisions at particle accelerators such as the LHC[[]| Many physically relevant and
fascinating cases, on the other hand, involve matter in states characterized by
non-zero, and possibly very high, temperature and density. Relevant properties of
galaxies are inferred by the electromagnetic radiation emitted by matter contained
in stars, which exhists in a plasma phase with temperatures in the range 3000 —
50 000 K (0.26 — 4.3 eV). Compact objects such as white dwarves and neutron
stars can reach extreme densities, up to hundreds of trillions times higher than that
of ordinary matter. Moreover, decades of observational data have consolidated the

'Even though they can involve a large number of hadrons at technically non-zero temperature,
the relevant energy scale for QCD is of a few hundred MeV per hadron, orders of magnitude
higher than what is reached for matter in ordinary conditions.
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F1GURE 3.1: From : sketch of the evolution of the early Universe from the Big Bang
to the Cosmic Microwave Background. The relevant time and temperature scales are
reported, together with key physical processes. Notice that, for both the electroweak
and strong sectors, it is more correct to speak of an analytic crossover rather than a
phase transition.

Big-Bang picture as the most compelling model to describe the dynamics of the
early Universe during its first instants. Starting from a pointlike - singular -
extremely hot and dense configuration, the Universe underwent rapid expansion,
progressively cooling down. Having a solid grasp on what the Standard Model
predicts immediately after the Big Bang is thus of central importance to interpret
cosmological observations and understand the origin of matter as is seen today.

3.1.1 The phases of QCD

Much like the properties of water can change with temperature, and its constituent
molecules can transition from a solid to a liquid or gaseous phase, or even with the
ionization of neutral molecules into a plasma of unbound ions and electrons, it was
soon conjectured that the properties of ordinary hadronic matter may exhibit a
phase transition at high enough temperatures [76-79|] or densities. Due to asymp-
totic freedom, it was conjectured that at high enough temperatures the quarks and
gluons that make up hadrons should deconfine, effectively behaving like a gas of
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weakly interacting particles. Understanding the details of how — and if — hadronic
matter transitions to the “Quark-Gluon Plasma” (QGP) state described above has
been one of the focal points in a vast body of both experimental and theoretical
research during the last decades, and it continues to be an actively investigated
topic. In the aforementioned context of early Universe cosmology, if the change
from the QGP phase to the ordinarty hadronic phase happens with a strong first-
order phase transition, the associated release of energy in the form of latent heat
can produce gravitational waves [80-82|, which travel virtually unaffected at the
speed of light and could be detected by present and future experiments [83-86],
enabling a direct study of the properties of the Universe at times prior to the
formation of the Cosmic Microwave Background.

The nature of phase transitions is intimately related to the symmetries of the
theory. For this reason, it is often instructive to consider deformations of QCD
such as the chiral limit or, in the opposite case, the theory with infinitely massive
- static - quarks, where it enjoys enlarged exact symmetries. In the latter limit
of infinite mass, the quarks effectively decouple from the dynamics, and QCD is
described by SU(3) Yang-Mills theory in the presence of static fermions. In this
case, the theory exhibits a first order phase transition associated to the sponta-
neous breaking of the symmetry under transformations in the center of SU(3),
given by the abelian subgroup Z3 [87-89|. The order parameter for this phase
transition is the Polyakov loop, which has a vanishing expectation value in the
unbroken, zero-temperature phase and instead develops three non-center symmet-
ric vacua with non-zero expectation value at high temperatures. The expectation
value of the Polyakov loop is directly related to the free energy of a static quark
placed in the vacuum: a zero expectation value corresponds to infinite free energy,
while a non-zero value corresponds to a finite free energy. Hence, this is known
as the deconfinement phase transition of SU(3) Yang-Mills theory (or QCD with
static quarks). The critical temperature for the deconfinement phase transition is
now known at the permille level [90]; although the theory with no quarks is un-
physical, and there is thus no unambiguous way to express dimensionful quantities
in physical units, employing the Wilson-flow reference scale ty [91] yields

TSV /1y = 0.24915(29) — TV =292.7(3) MeV. (3.1.1)

As soon as dynamical quarks are inserted in the theory, Zs symmetry is explic-
itly broken. Nevertheless, for finite but very high values of the quark mass the
deconfinement transition remains first-order; as the quark masses are lowered, the
transition weakens until it becomes second order at a “critical line” in the m,, 4—m;
plane, beyond which it disappears into an analytic crossover.
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3. Thermal QCD 3.1. Matter in extreme conditions

As we have seen in section chiral symmetry plays a central role in vac-
uum QCD: though explicitly broken by the quark masses, it is also spontaneously
broken in the chiral limit by the non-zero value of the chiral condensate. At suf-
ficiently high temperatures, the chiral condensate vanishes and chiral symmetry
gets effectively restored. The transition between these two phases, relevant for the
case of massless (or possibly even light) quarks is known as the chiral transition of
QCD. About 15 years ago it was established through lattice simulations that QCD
with N; = 2+ 1 quarks at the physical point does not feature a phase transition
between the chirally broken and restored phases, but rather a smooth crossover
[92-97]. It is important to stress that, at variance with what happens in a true
phase transition, there is a degree of ambiguity in the definition of the crossover
temperature, as the analysis of different observables will in general yield slightly
different values of the transition temperature. With this caveat in mind, the typi-
cal value of the pseudocritical temperature of QCD, as extracted from the analysis
of the chiral condensate, is

Tpe ~ 156 MeV. (3.1.2)

This discovery excluded the possibility of detecting the signatures of early universe
phase transitions within the strong sector of the SMP| Although also the elec-
troweak transition, related to the activation of the Higgs mechanism, was shown
to be a crossover with a pseudocritical temperature of ~ 160 GeV [102H104], it is
interesting to point out that the presence of BSM fields at higher energies can turn
this crossover back into a first order phase transition, see e.g. [105].

The fate of the QCD transition in the chiral limit is an interesting and relevant
matter, which is still subject of active discussion and that has recently gained
a lot of attention. Original arguments based on models of QCD [106] predicted
that the chiral transition should be either first or second order depending on the
number of quark flavors and on whether U(1)4 gets effectively restored. Lattice
simulations at fixed lattice spacing and non-zero quark masses do indeed see a first
order transition for sufficiently small masses, but it has been recently argued that
the first order region may significantly shrink in the continuum or even disappear,
making the transition a crossover for all finite quark masses and only second order
in the chiral limit [107H109]. The conjectured nature of the QCD transition as a
function of the light quark masses is usually summarized in the so-called “Columbia

plot” [110], see figure [3.2]

2Recently, evidence at the 20 — 40 level for a stochastic gravitational wave background |98}~
100] has been reported. Analysis of the data seems to favor the inspiral of supermassive black
holes as the source of the detected signal over potential transitions in the early universe |101].
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FIGURE 3.2: From [107]: The Columbia plot in its original version (left) and with
recently proposed possible modifications regarding the shape or presence of the first order
region for the chiral transition (center, right). Each point in this diagram corresponds
to a different theory, namely SU(3) Yang-Mills in the presence of 2 mass-degenerate
quarks with mass m, 4 and a third quark with mass mg. Different regions are colored
according to the order (or presence) of a thermal phase transition as marked on the
diagrams; second-order critical lines and their universality class are denoted by thick
lines. The axes range from the massless to the static (infinitely massive) limits, where
quarks decouple (therefore the top and right edges of the diagram correspond to the
theory with 2 dynamical degenerate quarks and 1 quark respectively, and the top-right
corner represents pure Yang-Mills theory).

3.1.2 Heavy ion collisions

During the last few decades a wealth of information about the properties of QCD
at high temperature and density has been accumulated thanks to experimental ef-
forts, such as the ALICE experiment at CERN’s LHC or the STAR and PHENIX
experiments at the Relativistic Heavy Ion Collider (RHIC) in Brookhaven. In
these experiments, the nuclei of heavy atoms, typically lead or gold, are acceler-
ated to relativistic velocities and collided: the large number of colliding nucleons
and the high energies provide the environment for the formation of a dense ther-
mal medium. Inferring the properties of the state produced right after the collision
from the miriad of particles detected in the final state of these events is a highly
non-trivial task, which requires the use of several different approaches to model
the complicated dynamics involved, see figure for a schematic representation.
Nevertheless, consensus has developed that in the initial stages of the collision a
different state of matter is produced [114} [115] at temperatures that reach up to
~ 350 MeV. The observed properties of the final-state particles are compatible
with the production of a fluid composed of strongly interacting particles, which is
thus interpreted as the Quark-Gluon Plasma.
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FIGURE 3.3: From [111], adapted from [112, [113|: sketch of the dynamical phases of a

relativistic heavy ion collision event.

Aside from high temperatures, collisions of heavy atomic nuclei probe matter
at high densities, usually expressed in terms of the baryon chemical potential .
The behavior of matter at high densities is crucial, among other things, to under-
stand the nature of neutron stars, since the equation of state in such conditions
directly impacts the structure of the compact objects. With regards to phase
transition, an early success of heavy ion colliders was the discovery of a first order
liquid-gas phase transition of nuclear matter around pp ~ 930 MeV [116]; at even
higher densities, several possible states of QCD have been conjectured to exhist,
such as color-superconductivity or the color glass condensate . Another
central goal of the experimental heavy ion collision program, specifically at RHIC
and the future FAIR, NICA and J-PARC facilities, is to map out the QCD phase
diagram in the temperature - baryon chemical potential plane, see figure [3.4 One
of the pressing open questions in this field is whether the properties of the chiral
crossover change when the density is increased, specifically whether it turns into
a 1%t order phase transition culminating at a critical end point (CEP) at high
enough densities. Studies based on the truncation of momentum modes in the
path-integral such as the functional renormalization group [119-124] and Dyson-
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FI1GURE 3.4: Sketch of a possible QCD phase diagram in the pup—T plane. Red parts are
conjectured features under current theoretical and experimental investigation. Lattice
computations are directly applicable on the pup = 0 line, while extrapolations to finite
chemical potential are currently limited to the blue region. The expected range in pa-
rameter space of current and future heavy-ion collision programs is also reported.

Schwinger equations [125-128| seem to hint at the presence of a crititcal endpoint
around (Tcgp, pcep) » (110 MeV, 620 MeV) [125, 129] First-principles lattice
simulations cannot be straightforwardly extended to the case of non-zero ug due
to the infamous sign problem: the inclusion of the baryon chemical potential makes
the quark determinant complex, and thus the possibility to evaluate path integrals
via Monte Carlo importance sampling is completely spoiled. Several methods have
been proposed over the years to ameliorate - see [130, [131] for reviews - or possibly
solve the problem [132} [133]; in particular, methods based on controlled extrapo-
lations have been able to explore the region pup/T $3, up $ 300 MeV [134-141].

In conclusion, studying the properties of matter in extreme conditions is of
prime interest to understand the behaviour of the Universe at its earliest stages
and to interpret present and future experimental results coming from heavy ion
collisions. For this reason, it is essential to have reliable first-principles predictions
in this regime. In the following sections the formulation of quantum field theories
in thermal equilibrium will thus be summarized.
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3. Thermal QCD 3.2. QFT at non-zero temperature

3.2 QFT at non-zero temperature

The properties of a QFT in thermal equilibrium at temperature T are encoded in
the canonical partition function of quantum statistical mechanics. In the real-time
operator formalism it can be expressed as]

Z=Tr [e-ﬁ/T], (3.2.1)

where the trace is over the theory’s Hilbert space and H is the system’s Hamilto-
nian. This trace can be obtained by integrating over all possible field configura-
tions; denoting all fields by the collective label ®, one can write

Z-= chb (D] e AT D). (3.2.2)

Formally, the expectation value in the integrand is the quantum-mechanical ampli-
tude of the system starting from the state |®) and returning to it after evolving in
time by an imaginary aumount 6t = —i/T. We thus see that the canonical partition
function admits a natural formulation in the Euclidean theory after performing the
Wick rotation (1.2.4)); furthermore, the trace over the theory’s Hilbert space leads
to the following path integral representation of the canonical partition function of
QCD at temperature 1"

1T
Z[T]= [ DADYDY exp{~ [ day [ d*x Locn . (3.2.3)
0

where bosonic (fermionic) fields are taken to satisfy (anti-)periodic boundary con-
ditions in the now compact imaginary time direction with period Lg = 1/T"

A, (zo+ Lo, x) = A, (20, ), (3.2.4)
?(mo +Lg,x) = —z@(xo,a:), (3.2.5)
U(xo+ Lo, x) = —p(xg, ). (3.2.6)

From the formal point of view, introducing temperature in the system simply
amounts to a finite volume effect; in particular, since it does not involve the short-
distance UV sector of the theory, the renormalization procedure is unaffected,
meaning that the thermal theory does not require any additional renormalization.
We see that the imaginary-time formulation of QCD, which as seen in the pre-
vious chapter enables the numerical solution of the lattice theory by allowing to
sample from a positive-definite distribution through Markov-Chain Monte Carlo

3We will assume throghuout vanishing chemical potential.
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3. Thermal QCD 3.3. Dimensionally reduced effective theory

simulations, also offers a natural framework to extract equilibrium properties of
the thermal theory.

The (anti)periodicity in Euclidean time implies that in Fourier space the frequen-
cies assume discrete values, known as the Matsubara frequencies |142], as opposed
to the continuous spatial momenta. Employing a mixed momentum-coordinate
representation with a conventional normalization, the gluon and quark fields can
be decomposed in their Matsubara modes as

A, (w0,2) = VT Y expliwnzo} Ay (wn, ), (3.2.7)
Y (xg, ) = VT Zexp{iwnxo}@/) (wn, ), (3.2.8)
with the Matsubara frequencies defined as
2mnT for bosons,
= ' (3.2.9)
2n+ 1) T for fermions.

Equations (3.2.7) and (3.2.8) imply that in the non-interacting limit the QCD

action factorizes in a sum of terms with definite Matsubara frequency; moreover,
equation immediatly implies that only bosonic degrees of freedom contain
static modes, i.e. time-independent configurations with w = 0, whereas fermionic
degrees of freedom are inherently non-static. Notice also that with the chosen
normalization the Matsubara modes have mass dimension [A,, (w,, )] =1/2 and
[ (wn,x)] =1. Field-theoretic expectation values are defined as per equation
(1.2.2) with respect to the thermal partition function (3.2.3)); thermodynamical
observables can be derived from the partition function, such as for instance the
free energy density, pressure and entropy

_ Tn(2)

f=—v

As was pointed out in the previous sections, QCD exhibits a change in behaviour
above a characteristic temperature T}, ~ 156 MeV. At temperatures much higher
than T}, and thus much higher than A, the temperature 7" becomes the relevant
dimensionful scale of the theory, and in particular due to asymptotic freedom one
expects a pertubative treatment of thermal QCD to be a viable method to extract
the theory’s predictions. Even though the theory becomes weakly coupled at high
temperatures, the pertubative expansion is severely hampered by the so-called
infrared problem, which will be discussed below.

0
., p=-Ff, 5—8—TTln(Z). (3.2.10)

3.3 Dimensionally reduced effective theory

In this section we describe a useful framework to study thermal QCD and organize
the weak coupling expansion of observables, which is based on the construction
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3. Thermal QCD 3.3. Dimensionally reduced effective theory

of an effective field theory (EFT) that describes QCD at high temperatures and
is exact in the infinite temperature limit. This construction also allows to study
in detail the presence and relevance of non-perturbative contributions to the weak
coupling series. The aim of the effective theory is to describe thermal QCD at
length scales much larger than the Euclidean time extent 1/T', and the first step
in the construction of the EFT is to identify the relevant degrees of freedom in
such conditions. As we have seen in equations and , in the free
theory at high temperatures non-static Matsubara modes are characterized by a
large frequency ~ 77", while the static modes of bosonic fields have zero Matsubara
frequency. If we want to study physics involving distances much larger than 1/T,
the former can be regarded as heavy fields and be integrated out from the dynamics,
whereas the latter are the soft degrees of freedom that are included in the effective
theory. The static modes of the gauge fields, which we denote as

A(w=0,2)=A,(x) (3.3.1)

will be the degrees of freedom of the EFT, with the assumption that they remain
the relevant dynamic fields also when interactions are included. As noted earlier,
being modes with fixed Matsubara frequency all dependence on Euclidean time is
removed, and they can bee seen as three-dimensional gauge fields: the theory at
high temperatures is said to undergo dimensional reduction |1435145|. In the next
section, we will describe the three-dimensional EFT that can be constructed by
incorporating the dynamics of static gauge fields only.

3.3.1 Electrostatic QCD

Due to the fact that we identified the relevant degrees of freedom as three-dimensional
gauge fields, it is crucial to notice that the temporal and spatial components of A,
transform differently under a gauge transformation (), which will now also be
time-independent:

Ap(x) — Q) Ap(2)Q () + gQ(m)ﬁkQT(m), (3.3.2)
Ao(x) — Q) Ap(2)Q (), (3.3.3)

which tell us that while the spatial component of the gauge field still transforms
as a vector field, Ay now behaves as a scalar field in the adjoint representation
of SU(3). This implies for instance that a mass term for Ag is not forbidden by
gauge invariance and can be included in the EFT action. The resulting dimension-
ally reduced theory is defined by the most general action that can be built from
the identified degrees of freedom respecting the symmetries of QCD, yielding the
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3. Thermal QCD 3.3. Dimensionally reduced effective theory

Electrostatic QCD (EQCD) action{]]

1
SEQCD=J\d3w {§TI‘ [E]FZJ] + Tr [(DJA()) (D]AO)] + m%Tr I:A%:I} + ...,

(3.3.4)
where the dots represent the inclusion of higher-dimensional operators, and the
three dimensional field strength is defined as usual in terms of the covariant deriva-
tive D;: .

Fi(z) = gi [D;,D;], D;=0;-igaAi(z). (3.3.5)

E

The constants g and my are low-energy constants of the EFT that have to be
matched to QCD, requiring that the two theories yield the same predicitions in
the domain where the EQCD can be applied. The matching procedure determines
the relation between the low energy constants and the parameters of QCD (the
coupling g, the temperature 7", the number of color N. and of quark flavors Ny).
The matching of g has been carried in perturbation theory to 2-loop order [146],
and to leading order it reads

g = ¢°’T + O(4'T), (3.3.6)

whereas the matching of my is known to three-loops [147] and to leading order it

holds N N

mi = ¢*T” (? + ?f) + O(g'T?). (3.3.7)
It is worth noticing that the matching of the effective theory to full QCD can in
principle be performed non-perturbatively way throguh lattice simulations of both
theories. From the EQCD action, we see that the Ag field is characterized by a
typical scale mg ~ g1, whereas the dynamics of the spatial gauge field Aj involves
a dimensionful scale g ~ g?T. The effective description obtained by integrating out
non-static modes is justified if they are actually much heavier than the dynamical

static ones. Therefore, the following hierarchy between the relevant scales must
hold in order for the EFT to be valid:

2
9L « gT < 7T, (3.3.8)
T

which holds at asymptotically high temperatures since QCD becomes weakly cou-
pled. Aside from the hard scale 7T which has been integrated out, it is useful to

4The fields appearing the EFT action are not the same fields of full QCD; with a slight abuse
of notation, we will denote them with the same symbol, and the ambiguity can be resolved from
the context. Moreover, we will adopt a convention more suitable for perturbative calculations,

absorbing the gauge coupling in front of the Yang-Mills action through the rescaling of the fields
A, —gA,.
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3. Thermal QCD 3.3. Dimensionally reduced effective theory

further separate the soft scale gT' characterizing Ay and the ultrasoft scale g?T of
spatial gauge fields. Observables computed in EQCD can be expanded in a weak
coupling series that, due to the soft scale being of order ¢7', can now contain terms
with odd powers of the QCD coupling constant; crucially, the contributions from
EQCD can be computed in perturbation theory.

3.3.2 Magnetostatic QCD

EQCD is valid at distances much larger than 1/(¢T"), or equivalently at energies
much lower than ¢7'. If one is interested in dynamics at even larger distances
(lower energies), also the Ag field can be regarded as heavy with respect to the
spatial gauge fields Ay, and can be integrated out from the EQCD action. The
remaining theory involves the dynamics of static chromomagnetic gluons only, and
for this reason is denoted as Magnetostatic QCD (MQCD), whose action reads

1
SMQCD = jdgm {5 Tr [FUEJ]} + ..., (339)

where again the dots represent the inclusion of higher-dimensional operators. As
noted earlier, the theory inherently contains a single dimensionful scale ¢g?T", which
implies that all other dimensionful quantities, such as the string tension or the
mass gap, must be proportional to it. Since MQCD is a three dimensional con-
fining non-abelian gauge theory with a mass gap of order ¢?T, it has to be solved
non-perturbatively. Observables computed in this theory admit a small coupling
expansion in g2, but the coefficients of this series can not be computed in pertur-
bation theory. This fact implies that, for any given observable, the perturbative
expansion cannot be performed to arbitrarily high order in g, because contribu-
tions coming purely from ultrasoft gluons will generate terms of finite order in the
expansion that must be computed non-perturbatively. This is the statement of
the infamous infrared problem of thermal non-abelian plasmas |148|, which funda-
mentally limits the applicability of perturbation theory in high temperature QCD.
A relevant example is given by the pressure of QCD, which can be computed in
perturbation theory only up to order ¢%, after which non-perturbative terms begin
contributing [149]. To conclude this section, two remarks are in order:

(a) the infrared problem concerns chromo-magnetic gauge fields specifically. In-
deed, also the chromo-electric field Ay develops a typical scale, which is
however of order ¢7" and thus does not spoil the applicability of pertubra-
tion theory (although it leads to the appearance of odd powers of g in the
perturbative series, which is another typical feature of thermal QFT). This
is the QCD analogue of Debye screening of electric fields in QED [150);
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3. Thermal QCD 3.3. Dimensionally reduced effective theory

(b) the infrared problem is a feature of non-abelian gauge theories: indeed, in
QED magnetic fields are not screened and continue to be massless giving rise
to long distance forces.

3.3.3 Non-relativistic quark action

As anticipated, at high temperature quarks behave as heavy fields due to their
non-zero Matsubara frequency. The lightest quark modes correspond to the n =0
and n = -1 sectors, with frequency w = 71" respectively. Due to their large mass,
if one is interested in fermionic quantities such as hadron correlators, the dynamics
of these fermionic three-dimensional modes can be included in the effective theory
in a non-relativistic treatment [151-153|. The Non-Relativistic QCD (NRQCD)
action for the n = 0 and n = —1 modes of a single quark flavor read (see appendix
for notation and the derivation)

Sxrqep = z’jd?’zc >, {W [ - gpAo+ D3 - QL (D2 n = [0}, 0%] F; )] o)

n=0,-1 n

4| M- godo - D= o (D2 + £ (0,00 Fy )]w}

2wy, 49
(3.3.10)

where M,, is a low energy constant which is equal to the fermionic Matsubara
frequency w, tree level, while at one loop the matching to QCD yields [154]

My=-M_, = 7TT(1 + 4 1(6W2N1) o(g* )). (3.3.11)
The fields ¢! and * are Weyl spinors defined in equation (E.1.2)) which, due
to the relative sign between the mass and kinetic term, propagate forwards and
backwards respectively in the x3 direction for the n = 0 sector, and vice-versa for
the n = =1 sector. The shorthand notation L was introduced to indicate coordi-
nates transverse to the third direction, i.e. @, = (x1,22). Correlation functions
in NRQCD admit a series expansion in powers of ¢, starting at order g2, with
coefficients that can be computed in perturbation theory.

The resulting three-dimensional effective field theory incorporating the relevant
static bosonic and degrees of freedom and the lightest fermionic modes for the
computation of hadron correlators, often referred to as QCDsy, is defined by the
action Sqcp, = Seqep +Snraen- We thus see how the dimensionally reduced effective
field theory construction allows to isolate the contributions to a given observable
coming from the different relevant scales in the theory, and separate those that

SThroughout this thesis, the third spatial direction will be selected as the screening direction.
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field / operator power counting

¢T7 77Z}l mg

03 9

D2 ma
d*z gz mz?

TABLE 3.1: Power counting for various terms in the fermionic action [3.3.10

can be computed perturbatively (the hard and soft ones) from those that have
to be computed non-perturbatively (the ultra-soft ones). Although the dynamics
at the ultra-soft scale has to be solved through lattice simulations, the purely
bosonic three dimensional theory is significantly less expensive than the full four
dimensional theory with fermions, and very precise results can thus be obtained.
In table we establish the power-counting rules forf relevant fields and operators
in the action.

Flavor symmetry of high temperature QCD

The matching coefficient M in the NRQCD action highlights the fact that
at high temperatures the quark masses are effectively replaced by the Matsubara
frequencies; this means that the heavy quarks are essentially mass degenerate
and the fermion action is invariant under separate SU(N;) transformations of
the y and ¢ fields. Moreover, up to the spin-dependent term proportional to
[0i,0;] F;; - which has mass dimension 2 and is of order gi ~ g*7? - the action
is also invariant under SU(2)yy, transformations for each of the two dimensional
spinors. In regimes where the aformentioned spin-dependent term is negligible,
the resulting symmetry group is thus enlarged to SU(2Ny).

3.4 Screening masses

Spatial correlations in a medium at thermal equilibrium encode important infor-
mation about the structure and dynamics of the underlying degrees of freedom,
and they can be studied from the behaviour of correlation functions of fields mea-
sured along spatial rather than temporal direction. It is useful to project the two
point function of a given interpolating field O to definite Matsubara frequency w,

C (25) = j do exp{iwnxo}jd3m (0(x)01(0)) (3.4.1)

obtaining a so-called screening correlator. While the behavior of the correlator
at large Euclidean times is determined by the mass of the lightest state with O’s
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3. Thermal QCD 3.4. Screening masses

quantum numbers, the exponential decay of a screening correlator at large spatial
distances is governed by the correlation length §§)n) related to O’s quantum numbers
and the Matsubara frequency w,,:

C (25) o exp{—x3/§(on)} (1+0(-Azs)) (3.4.2)

where the factor A contains the contributions frgrln the next shorter correlation
length ¢ in the same channel: A = (f’)_1 - ( (On)) . The correlation length mea-
sures the typical length scale over which strong interactions related to the presence
of a particle carrying O’s quantum numbers are screened in the thermal medium.
It is customary to define the screening mass as the inverse correlation length,

m& = 1/¢89. (3.4.3)

which, from equation (3.4.2)), can be extracted from the large distance behavior of
the correlator as

mgb) = — lim ilrlc'(()n)(xg). (3.4.4)

Tr3—>00 xS

Screening masses depend in a non-trivial way on the temperature of the system:
at zero temperature, which corresponds to sending Ly — oo, SO(4) symmetry is
restored, and there is no difference between measuring a correlator along a spatial
rather than the Euclidean temporal direction, meaning that the screening mass
equals the lightest pole (physical) mass of a particle with O’s quantum numbers
— that is, if O couples to a QCD-stable one-particle state. In the opposite limit
of infinte temperature, due to asymptotic freedom screening masses approach the
value they assume in a non-interacting theory: specifically, since the lightest quark
modes have frequency 77, at asymptotically high temperatures the lowest screen-
ing mass of a meson will be equal to 277", while that of a baryon to 377". Studying
how screening masses evolve with temperature is then an ideal way to probe how
thermal effects modify hadronic excitations and, as will be discussed in sections
[3.4.1] and [3.4.3] to study the relevant symmetries of the thermal medium. More-
over, as we will see, since they can be computed both on the lattice and in the weak
coupling expansion of QCDj, they are ideal probes to investigate the relevance of
non-perturbative contributions in high-temperature QCD.

Aside from their significance as inverse correlation lengths, screening masses can
be interpreted as actual masses in two ways. On one hand, one can regard the
spatial screening direction as the imaginary Euclidean time, and xy as a compact
spatial direction; in this sense, screening masses in thermal QCD correspond to
physical pole masses in a zero-temperature theory with one temporal and two spa-
tial directions plus an additional compact spatial directionf] On the other hand,

6The situation is similar to the appearance of a tower of massive Kaluza-Klein modes due to
the compactification of extra dimensions, for instance in some realizations of string theory.

64



3. Thermal QCD 3.4. Screening masses

screening masses in QCD correspond to pole masses in the three-dimensional ef-
fective theory described in section [3.3 where once again the screening direction
plays the role of time in addition to two spatial directions.

3.4.1 Chiral symmetry of screening correlators

In section [LLA a collection of Ward identites related to different sectors of the
chiral symmetry group have been derived, and their impact on the properties of
the hadron spectrum was discussed. The role played by the chiral condensate (&zﬂ)
in the spontaneous breaking of chiral symmetry was emphasized, particularly in
the non-singlet axial transfromations. It is straightforward to show that the WTTs
hold also at finite temperature, i.e. when a compact Euclidean time extent is
considered: while the values of individual correlators may differ from those at
zero-temeprature, the identities between correlators continue to be valid. As was
argued in the previous sections, the non-zero value of the chiral condensate in the
vacuum decreases steeply with temperature around the crossover point Tj,., and
it effectively vanishes above said temperature signaling the restoration of chiral
symmetry. Under these conditions, the WTT’s described in section and lead
to non-trivial equalities between correlators (in the following the chiral limit M =0
will be assumed).

Non-singlet axial WTI

We start by considering the non-singlet axial WTI ((1.5.31)) with the insertion of
the following interpolating operator (y # z)

0 =4,V (), (3.4.5)
whose variation under an infinitesimal axial non-singlet rotation is
00 = el [F VIV () + f7 AL () AL(2)] (3.4.6)

When the expectation value is taken in the WTI, the only non-zero contributions
come from the two point functions of V' and A with the same flavor index (a = ¢
and a = b respectively). Specifying u = v, this leads to (z #y # 2)

~ie4 05 (Au () AL(VE(2)) = b fP [(ViE)Vi(2)) = (AL AL(2))].  (34T)

where no summation on b, c or v is intended. In section the conservation of
the non-singlet axial current was shown to be related to the spontaneous breaking
of chiral symmetry via the chiral condensate. In the vacuum, this implies that
the Lh.s. of equation ([3.4.7) is not zero, even in the chiral limit, while it vanishes
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above the pseudocritical temperautre since chiral symmetry is restored and the
chiral condensate goes to zero. Therefore the following equality holds in high
temperature QCD:

(VemVi(2) = (A (n)AL(), (3.4.8)

which is valid for all ¢ and b, and again no summation is assumed. Since the
two correlators become equal, one of the consequences of this identity is that if
chiral symmetry is restored the screening masses in these two channels become
degenerate.

Investigating the same WTI with interpolating field

O = P"(y)S°(y) (3.4.9)

reveals the degeneracy of the flavor singlet scalar screening mass with the flavor
non-singlet pseudoscalar. The Lh.s. of the WTTI vanishes by the same token as
above, while now the variation of the operator reads

ab

— )
50 =i (y) {d“bCTC + F} V(y)S°(2) + 2ie, PP (y) P(2); (3.4.10)
f
the expectation value of the first term vanishes since it is proportional to Tr[7T¢],
while in the third term the only contribution arises from a = b. The resulting
identity relates the non-singlet pseudoscalar correlator to the singlet scalar one,

2(P(y)P(2)) = (S°(9)S°(2)), (3.4.11)

1
Ny
which again implies the degeneracy of the related screening masses. Starting from

the field
O = 5%(y)P°(2)

and following nearly identical steps leads to
1
2(5"(y)S*(2)) = N, (P°(y)P°(2)) (3.4.12)

signaling that non-singlet scalar and singlet pseudoscalar screening masses are
equal.

Flavor non-singlet axial transformation are also relevant for the baryonic sector
of the theory. While equation ([2.5.17) provides the simplest expression for an
inteprolating operator with nucleon quantum numbers, it has no definite parity
eigenvalue. A parity sector can be selected in the operator and the two point
function through parity projectors; at zero temperature the correlator is
measured along the time direction, and thus the relevant projectors are

66



3. Thermal QCD 3.4. Screening masses

Po.. = (1+70)/2, while when measuring a screening correlator the relevant sectors
are identified by “xsz-parity”, with projectors defined through the natural modifi-
cation P3 . = (1 +3)/2. A valid baryonic screening correlator with definite parity
is therefore given by

Lo
Cy=(z3) = fdx()(aw'””0 fd?’a: Tr I:PgﬁtN(ZE)N(O)] ,
0

where w, is a fermionic Matsubara frequency. Consider the specific axial non-
singlet transformation €2 = exp{ie® o375} involving only u and d fields:

Su = i€ ysu, 6d = —iedysd

| (3.4.13)
ON = —ie3 5N, SN = —ie3 Ns.

The corresponding variation of the interpolating field
O =iTr[v:Ps.N(y)N(2)] (3.4.14)

reads
50 = &4 {Tr [Pg,’iN(y)N(z)] +Tr [Pgﬁ;N(y)N(z)]} ; (3.4.15)

once again, if chiral symmetry is not spontaneously broken the expectation value
of the above field vanishes, which in turn implies that the correlators of opposite
parity nucleons are equal up to an overall sign, and their screening masses are thus
degenerate.

Singlet axial WTI

Additional and useful relations can be derived by considering the anomalous WTI

(1.5.56). Considering the field
O = P*(y)S*(2) (3.4.16)

and its variation under an anomalous singlet transformation (1.5.14))

00 = 2ie4S(y)S*(2) + 2iea P (y) P*(2), (3.4.17)
the integrated version of becomes
(P(y)P*(2)) +{S(y)5*(2)) = Np (QP*(y)5“(2)) (3.4.18)

where the topological charge () appears due to the spacetime integration. We thus
see that in this case the degeneracy of scalar and pseudoscalar non-singlet screening
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3. Thermal QCD 3.4. Screening masses

masses is related to the topology of QCD. At zero temperature, as was shown in
section transitions between different topological sectors are relevant and can
not be ignored. In contrast, at temperatures above the pseudocritical one, thermal
fluctuations highly suppress the presence of non-trivial topological sectors @ # 0,
with the dilute instanton gas approximation (DIGA) predicting a suppression of
the topological susceptibility y with a high power of temperature (x ~ T-m? with
b ~ 8 for three flavors of light quarks with mass m) and non perturbative lattice
simulations confirming this both in the pure gauge theory [155] and in the theory
with fermions [156, 157]. With this considerations, at high temperature the r.h.s
of equation becomes negligible, leading to the degeneracy of screening
masses also in the pseudoscalar and scalar flavor non-signlet channels.

The degeneracy pattern of screening correlators at high temperature is contained

D
(5 &)
Axial non-sing. /

‘W’ )

FIGURE 3.5: Degeneracy pattern of mesonic (red) and nucleon (blue) states under singlet
and non-singlet axial transformations, both expected to be restored symmetries of QCD
at high temperature.

Axial non-sing. | Axial non-sing.

in the diagram [3.5] Notice that partners in the high temperature chiral multiplets
have widely different masses at zero temperature: for instance, the N* operator
overlaps with the nucleon state with a mass of ~ 940 MeV, while the negative
parity N~ couples to an excited with a significantly larger mass of ~ 1500 MeV.
For this reason, studying how the screening masses of states belonging to the same
chiral multiplet evolve with the temperature is an ideal way to test the restoration
of chiral symmetry in thermal QCD — with regards to both the spontaneously
broken axial non-singlet generators and the anomalous U(1) 4.

Hadronic screening masses have been extensively studied in the literature over
the last three decades, both analytically through perturbation theory in QCD5 and
from non-perturbative lattice simulationd’] In the following sections we provide an

"For completeness, we point out that determinations from Dyson-Schwinger based approaches
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Sector Channel Screening mass

. P, v 2rT (1 + g2 0.032739...)
" Ve 2nT (1 + ¢® 0.071877...)
' P Ve 2T (1 + g2 0.074840...)
" Ve 27T (1 + ¢ 0.053347...)
) P Vi 4xT (1 + ¢* 0.028770...)
" Ve 4nT(1 + g2 0.018821...)

TABLE 3.2: NLO screening masses of flavor non-singlet mesonic channels in different
Matsubara sectors, computed in [154, |160]. All expressions are valid up to O(g?’T)
corrections.

overview of the state of the art — at the time this project started — in pertubative
and lattice determinations of mesonic and baryonic screening masses. Emphasis
will be given to the sectors and aspects most relevant for the original work that I
will present in this thesis.

3.4.2 Perturbative results
At sufficiently high temperatures, the scale hierarchy (3.3.8)) is valid and QCD

can be described by the dimensionally reduced QCDj3. Screening masses can be
expanded in a weak coupling series in gz, where contributions from hard and soft
degrees of freedom are computable perturbatively following the construction de-
scribed in section [3.3] The matching of the EFT low-energy constants to QCD al-
lows to then express screnning masses as a series in the QCD coupling g. Screening
masses of flavor non-singlet mesonic states have been computed at next-to-leading
order (NLO) [154, [160], and the O(g*T") correction to the free theory value turns
out to be perturbative. Table summarizes the NLO screening masses in the
flavor non-singlet pseudoscalar, transverse (Vr = Vi, k =1,2) and temporal (})
vector channels, for Matsubara sectors n = 0,1,2 in the theory with N; = 3 mass-
less quarks. Notice that the free theory limit of screening masses in the static and

are also present in the literature [158] |159].
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3. Thermal QCD 3.4. Screening masses

n =1 sectors is 27T, while for n > 1 it is given by 2anT. Another key observation
is that at this order in the weak coupling expansion the spin-1 and pseudoscalar
states (V2 and P?) have the same screening mass, and spin-dependent corrections
start at higher orders. The leading order expression for the difference between
the V# and P screening mass - the hyperfine splitting - had not been computed
in perturbation theory prior to the start of this project. Its calculation in is
one of the main achievements of this thesis, and it will be described in detail in
section [.2] Similarly, the NLO correction to baryonic screening masses beyond
the tree level value 37T was only estimated qualitatively with variational methods
, and the full computation carried in [3| is another achievement of this thesis
presented in section [1.1]

3.4.3 Lattice results

2.00
Mser. [GeV]

1.75
1.50 -

1.25 941

1.00 50 .

0.75

0.50 = axial vector

vector

0254 5 scalar

T[GeV] B8 pseudo scalar

0.00 T T T
0.15 0.20 0.25 0.30

FIGURE 3.6: From : continuum limit of mesonic screening masses in different chan-
nels across the chiral crossover (gray band). The zero-temperature pole masses are re-
ported on the left side of the plot, and the dashed line represents the free theory limit
27T. Results come from lattice simulations with Ny = 2 + 1 flavors of quarks at the
physical point.

Mesonic screening masses have been extensively studied on the lattice [160),
. Continuum-extrapolated results for the static sector in several channels
for temperatures around and above the crossover have detailed how screening
masses start from the pole mass value at low temperature, fall into chiral multiplets
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above Tp,. (with multiplets related to the restoration of U(1),4 also appearing at
higher temperatures) and begin to approach the free theory limit 277", up to tem-
peratures of about ~ 300 MeV, see figure[3.6] Non-static mesonic screening masses
have also been investigated since the correlators from which they are extracted
can be related to the photon or dilepton emission rates of the quark gluon plasma,
see [160} 166-168]. On the other hand, significantly less was known about the
baryonic sector, with no continuum extrapolated results neither for the quenched
case [169, |170] nor for the theory with dynamical quarks [171]; nevertheless, parity
doubling of nucleon states as expected from equation due to chiral sym-
metry restoration was observed.

Until recently, lattice simulations at finite temperature were restricted to tem-
peratures below ~ 1 GeV, essentially due to the difficulties of accomodating an
hadronic scale typically used to calibrate the lattice and a much higher tempera-
ture, as described in section [2.3.2] Building on the knowledge developed to non-
perturbatively renormalize QCD over a wide range of energies, in [54] a strategy
to study thermal QCD at temperatures ranging from ~ 1 GeV up to ~ 165 GeV
was developed, and first applied to the computation of static mesonic screening
masses. The studies carried during this Ph.D. are a direct continuation of this
exploration of high-temperature QQCD; the most relevant findings of [54] will be
summarized in the next section.

3.5 Thermal QCD up to the Electroweak scale

As was argued in the previous sections, the study of thermal QCD for temper-
atures up to about 300 MeV is relevant to understand the chiral crossover and
for the physics of heavy ion collision. However, investigating the theory at higher
temperatures is motivated by the interest in probing the state of matter that was
present at earlier times in the primordial Universe; moreover, the further tem-
perature is increased the better the EFT described in section is expected to
reproduce QCD. A detailed study of thermal QCD at very high temperatures is
therefore also of great formal interest from a theoretical point of view. Given the
eventual appearance of the infrared problem, the validity of the effective theory
can only be assessed by a comparison with non-perturbative lattice results, and
reaching very high temperatures 7' > T},. on the lattice is thus crucial. Having
access to lattice data at high temperature then allows to investigate in detail the
convergence of the weak coupling series, and to assess the presence and relevance
of non-perturbative contributions. The key elements of the strategy that allowed
to reach Electroweak scale-temperatures non-perturbatively will be reviewed; for
a full discussion see section 4 of |54].
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3.5.1 Shifted boundary conditions

In section it was shown how equilibrium properties of thermal QCD can be
formally obtiained by considering the theory defined with a compact Euclidean
time direction, in which periodic boundary conditions eqs. to are
imposed and the temperature is given by the inverse temporal extend T = 1/Ly.
An equivalent description of thermal field theories can be achieved by requiring
that fields statisfy shifted boundary conditions |[172H174],

UM(Z‘Q+L0,$) = U#(ZL‘Q,QZ—L()E) (351)
w(l'o + L(), Q?) = —77/)(1'0, T — L0€) (352)
(o + Lo, ) = =120, — Lok), (3.5.3)

with the introduction of the three-dimensional shift vector €. The above conditions
can be seen as the description of a system with usual periodic boundary conditions
from a relativistic moving frame. In this picture, the shift vector is the imaginary
velocity of the moving frame. In this thesis we will always choose the shift in the
x1-direction &€ = (£,0,0); with this choice, shifted boundary conditions only mix
the x¢ and x; components, and the relation between the primed coordinates in the
moving frame and the unprimed ones is given by a usual Euclidean Lorentz boost

o = (w0 +&x1) 7y
zh = (21 - &x0) Y
Th = To

(3.5.4)

T = T3

with the Euclidean Lorentz 7 factor given by v = 1/1/1 +£2. The system is thus
periodic in the z{ coordinate with a dilated temporal extent L{ = Lo/, which in
turn means that the relation between the temperature of the system 7" and the
extend Ly of Euclidean time is modified to

L

T=—=—; 3.5.5

for the particular value &€ = (1,0,0), which will be the one considered in this thesis,
the relation between T and Lg is thus 7' = 1/ V2Lo. Matsubara frequencies are
therefore rescaled by a factor of v when expressed in terms of Lg:

2
2mnT = ﬂn for Bosons,

wy = Lo - (3.5.6)
7T (2n+1) = T (2n+1)  for Fermions,
0
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and momentum projection phases in correlation functions are modified accordingly:

Lloﬁxo - Lléﬁxg = Lloﬁ’yz (o +&x1) (3.5.7)
where 7 is either 2n or 2n + 1 for bosons or fermions respectively.
Shifted boundary conditions are not strictly necessary for the computation of
screening masses; they have however proved instrumental in the computation
of thermodynamic quantities relevant for the equation of state without the need
for zero-temperature subtractions both in pure Yang-Mills theory [90, |175] and
very recently also in Ny =3 QCD [176, 177|, and they offer a convenient and pow-
erful framework to carry out the non-perturbative renormalization of composite
operators [178, [179]. We have employed shifted boundary conditions because the
aforementioned studies and this project have utilized the very same gauge field
configurations in order to share the computational cost of generating them.

3.5.2 Lines of constant physics

Temperature values much higher than typical hadronic scales have been reached
thanks to the strategy outlined in section and in appendix[C.3] In particular,
the theory is renormalized by imposing that a non-perturbative definition of the
renormalized coupling assumes its continuum value at fixed lattice spacing. The
relevant schemes for this thesis’ work are the Schrodinger Functional (SF) coupling
g3 [180] and the Gradient Flow (GF) coupling g2y [181}/182]. The renormalization
conditions thus read

9x (93, ap) = g% (p) for ap <1 (3.5.8)

where X indicates either scheme. In these schemes the renormalization scale p is
related to the finite extent of the lattice L*, in particular

~ {I/L Schrédinger Functional, (3.5.9)

|2/L Gradient Flow.

Equation fixes the lines of constant physics, i.e. the dependence of the
lattice spacing a on the bare coupling gy (or viceversa). The non-perturbative
running of the renormalized couplings defined above has been determined over a
wide range of energies up to ~ 100 GeV [52, 53, |182, |183| and the overall physical
scale has been set by matching the Gradient Flow coupling to an hadronic scale
at low temperatures [14]. In a lattice simulation the temperature is provided by

8 Although, milder discretization effects have been empirically observed in the presence of
shifted rather than periodic boundary conditions
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the finite extent of the temporal direction compared to the larger spatial ones,
i.e. considering a lattice geometry Lo x L? with L/Ly > 1. Our choice is then to
renormalize the theory at a scale p proportional to the temperature of the system,
which given the previous considerations opens the way to study thermal QCD on
the lattice up to the Electroweak scale. Taking into account the modification due to
shifted boundary conditions for € = (1,0,0), the relation between the temperature
of the system and the renormalization scale is

W
£ SF
L V2 (3.5.10)

T = =
V2L V2u  GF

Table summarizes the values of the renormalized coupling in the continuum
used to set the lines of constant physics and the corresponding temperature values
considered in this thesis.

Once the lattice scale has been set through the renormalized coupling, the value
of the bare quark mass for the three degenerate flavors is determined by impos-
ing that the PCAC mass of equation (1.5.36) measured on the lattice in a finite
volume vanishes. This strategy, which builds on the knowledge developed for the
renormalization of QCD over a wide energy range |52, 53, 182, |183|, allows to
simulate lattice QCD with Ny = 3 O(a)-improved Wilson fermions in the chiral
limit with a moderate computational cost for temperatures spanning two orders
of magnitude from 1 GeV up to 165 GeV.

3.5.3 Mesonic screening masses

Employing the strategy outlined above, in [54] it was possible for the first time to
study thermal QCD with dynamical fermions up to temperatures of 165 GeV from
non-perturbative lattice simulations. The study focused on the screening masses of
static mesons in the flavor non singlet pseudoscalar (P) and transverse vector (V)
channels, together with their scalar (5) and axial vector (A) partners under chiral
symmetry. They were determined with a precision of the permille over the whole
temperature range. Aside from confirming the restoration of chiral symmetry
through the observation of the degeneracy pattern reported in figure [3.5] figure
highlights two of the most interesting features found in the spectrum. For one,
at such high temperatures a comparison with the NLO perturbative prediction
is justified: to this end, the lattice data is analysed as a function of the 2-loop
coupling in the MS scheme renormalized at a scale p = 27T

-1

ol 4 27T

Py = | L2 A o 2| (3.5.11)
87'1'2 AWS 97'('2 AWS
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label T[GeV]  gap(p)

T,  165(6) 1.01636
T, 82.3(2.8) 1.11000
T, 51.4(1.7) 1.18446
T, 32.8(1.0) 1.26569
T,  20.6(6) 1.3627
Ty 12.8(4)  1.4808
Te  8.03(22) 1.6173
T,  4.91(13)  1.7943
Ty 3.04(8)  2.0120

gar (1)

T,  283(7) 27359
To  1.82(4)  3.2029
Ty 1.167(23)  3.8643

TABLE 3.3: Name, value in physical units and corresponding renormalized coupling of
the 12 temperatures considered in this thesis.

where for Ny = 3, Ayg = 341MeV has been determined non-perturbatively [14].
It is important to stress that this is just a convenient choice to study the tem-
perature dependence of the non-perturbative lattice data, which is suggested by
the effective theory analysis, and that allows for a comparison bewteen the lattice
determination and the known perturbative terms of the weak coupling series. The
non-perturbative data is compatible with the NLO behaviour only at asymptoti-
cally high temperatures, and displays a clear non-monotonic temperature depen-
dence in the explored range which requires the inclusion of higher powers of g in
the weak coupling series to be quantitatively explained. Perhaps even more strik-
ing is the fact that the screening masses in the two channels are non-degenerate
up to the highest temperature explored, contrary to what was expected from the
perturbative analysis at order g2 reported in table When investigated as a
function of g* the data shows a distinct linear behavior, so much so that it can be
explained by a single parameter fit - a linear function in ¢* passing through the
origin - over the whole temperature range, within the reported statistical preci-
sion. This suggested that the hyperfine splitting is of order g2 in the weak coupling
series, and in turn motivated the effort to compute this quantity in QCDj3, since
no prediction from the effective theory analysis was available when the lattice data
were published.
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FIGURE 3.7: From [54]: Left Static pseudoscalar (red) and transverse vector (blue)
screening masses normalized by the free theory (infinite temperature) value 277T. The
dotted line is the NLO perturbative prediction, and the colored bands are fits to the
lattice data. Right Splitting between the transverse vector and pseudoscalar screening
mass. The red band is a linear fit in §* passing through 0. All data are extrapolated to
the continuum.

In the remaining chapters, which contain the original results obtained during
my Ph.D., I will present a direct continuation of the work summarized in the pre-
vious sections on screening masses in thermal QQCD for temperatures ranging from
~1 GeV up to ~ 165 GeV, employing both perturbative methods in the effective
field theory setting and non-perturbative lattice simulations. More specifically,
I will summarize the first non-perturbative determination of baryonic screening
masses in the aforementioned temperature range from contiuum-extrapolated lat-
tice results [2]|, complemented by the first complete NLO computation in the ef-
fective theory [3]. I will then focus on the non-static mesonic screening masses
presenting soon-to-be-published results for the n = 1 sector, which required the
use of variance reduction techniques to surpass a signal-to-noise-ratio problem
[184]. In turn, this allowed to re-compute static mesonic screening masses with
increased precision and in more channels compared to the original work [54], and
in particular resulted in a determination of the hyperfine splitting about one order
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3. Thermal QCD 3.5. Thermal QCD up to the Electroweak scale

of magnitude more precise than the one reported in [54]. At this level of preci-
sion, a single g* term is not enough to explain the non-perturbative data, further
motivating the first perturbative computation of the leading spin-dependent term
in static mesonic screening masses |1, which combined with the new data allowed
a stringent test of the validity of the pertubative expansion and the presence of
non-perturbative contributions in the high temperature regime of QCD.
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Chapter 4

Perturbative computations in QCDj3

This chapter collects two of the main original contributions of this thesis, involving
perturbative studies of screening masses in the three-dimensional effective field
theory that describes QCD at high temperatures. In section we describe the
first computation of the O(g2) = O(¢?T) correction to the free-theory value 37T
for baryonic screening masses, which is based on results published in [3]. Next,
section reports the computation of the leading spin-dependent correction to
static mesonic screening masses, which results in an O(g*T') difference between the
screening masses extracted from correlators of flavor non-singlet transverse vector
and pseudoscalar densities, published in [1]. The determination of these previously
unknown quantities will be instrumental to interpret the non-perturbative lattice
results collected in chapter [5

4.1 Baryonic screening mass at NLO

In this section we focus on the baryonic sector of the theory by considering an
interpolating operator that carries the nucleon quantum numbers. We stress once
again that we work in a theory with mass degenerate — massless — quarks, and
therefore there is no distiction between proton and neutron as far as QCD is
concerned. For definiteness, we select a neutron state, i.e. with two d and one
u valence quarks. Maybe the simplest interpolating field is (we consider N, = 3
colours throughout)

N, = e (u"TCrysd’)ds,, N, =e“(d Crsus™)de (4.1.1)

where a,b,c are colour indices and C' is the charge-conjugation matrix, defined
in equation (A.2.8). The contraction with the totally anti-symmetric symbol ee¢
guarantees that the field is in the singlet representation of SU(3), i.e. gauge in-
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variant. The two-point correlation functions we set to study are
T , —
C,(x3) = jo drge o [ Te(N(2g,2)N(O)P,), = = (r2y),  (412)

where w, = 71" is the lowest positive fermionic Matsubara frequency, arising due
to anti-periodic boundary conditions in the temporal direction, P, = (1£7;) /2 is
the x4-parity projector, the trace is over Dirac space, and [ = [d?r denotes an
integration over the transverse spatial directions.

The corresponding screening masses, characterizing the long-distance exponen-
tial fall-off of the correlators, are defined according to eq. (3.4.4) as

m, =~ lim - 1n[C, (z3)] (4.1.3)
3= AT 3

As pointed out in section [3.4.1] due to the spontaneous breaking of chiral sym-
metry, the positive (IV, C,) and the negative (IN*, C_) parity partners have masses
which differ by several hundreds of MeV in the vacuum. On the contrary, at high
temperatures, owing to chiral symmetry restoration, the screening masses associ-
ated with the parity partners are expected to become degenerate (for numerical

evidence, see refs. [185] 186]).

4.1.1 Relevant Matsubara sectors

Our aim is to compute the correlator at next-to-leading order in the effective
field theory QCD;. As it was noted is section [3.3.3] in this construction only the
n = 0,-1 Matsubara modes of quarks contribute the dynamics; moreover, as we
will now show, depending on the interpolating field in consideration only a subset
of the Weyl spinors v, ¥} will contribute to the forward-propagating two-point
function. Projected to the lowest fermionc Matsubara frequency, the nucleon field
can be expressend in terms of the Weyl spinors as

[ dwo € TN (@) = 3 5 (o + o+ iy - 7T)

n,m,l

dT T (4.1.4)
(7 (2) s (2) + 0T ()l ()] ( ! )) |

d; (v)

where the integers n,m,[ identify the quarks’ Matsubara frequencies w,,, w,, and
wy, which sum to the overall nucleon frequency 77" as imposed by the Dirac delta.
By recalling that the fields which propagate forwards in the third spatial direction

are Q,D(T) and @Z)fl, only two combinations in (4.1.4]) wil contribute to the forward-
propagating correlator in (4.1.2)), namely

[ufi (2) o diy(2)] dy(2),
[ (2) o2 d2y ()] dy().
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4. Perturbative computations in QCDg5 4.1. Baryonic screening mass at NLO

For this reason, in the rest of this section we will only consider these forward
propagating fields in the NRQCD dynamics; dubbing for compactness wg =y and
wfl = ¢ for each flavor, the NRQCD action can be written as

. _ V2
Sxrqop = Zf_%:d,sfdgl‘ {Xf(x) [M — gy + Dy — %_}] Xt ()

(4.1.6)

2 2
8,0) [0+ .00 Dy S o)} 405,
where f is a flavour index, and according to the power-counting rules, we ne-
glect higher-dimensional operators such as the spin dependent term since we are
interested in corrections up to order g2. In section we will also include this
term in the action, since the quantity that we will compute — the hyperfine spin
splitting in static mesonic screening masses — is of order O(g*).

4.1.2 Equations of motion

From the effective action in eq. and an infinitesimal transformation of path-
integration variables, it is straightforward to see that the three-dimensional fields
x and ¢ for each ﬁavourﬂ satisfy for a generic interpolating operator O(y) the
equations of motion

(p-saen,- e wow) - (0). @
z’([M+gEAO +Dy- QZET] gb(x)O(y)) __ <§i((g))> , (4.1.8)

where the derivatives act on the x coordinates. Analogous equations hold for y
and ¢. The propagators of y and ¢ are defined as

Su(@) = (@) x(0)y . Se(x) = (6(2) $(0)), (4.1.9)

where in eq. (4.1.9) the expectation value (-), indicates the path integral over
fermions only. Then by choosing O = y, ¢ at y = 0 in eqs. (#.1.7) and (#.1.§),

respectively, the fermion propagators satisfy the equations

([M £ 0, - ;3] Sx(a:)> g0 ([i45(0) + 44(0) ]S, (0)) - 126 (@), (4.1.10)
([M 0, - 2sz] S¢(x)> - g2 {[i43(2) - Ao(@)]5,(@)) + 116D (@), (@.1.11)

!The flavour index is omitted unless it is necessary for the clarity of presentation.
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where 1 stands for the identity in spinor and colour indices. Since the fermions had
been integrated out, the expectation values in egs. and indicate
the path integral over the gauge fields. Note that these equations are valid also
without integrating over the gauge fields, i.e. for a fixed gauge field background,
and that at this order the fermion propagators are diagonal in flavour and spin.

4.1.3 Perturbation theory

The free fermion action is obtained by setting g, = 0 in eq. (4.1.6). The cor-
responding equations of motion are readily worked out from eqs. (4.1.10) and
(4.1.11)). The free propagators can be written as (the coordinate-space expression

is given in eq. (E.2.1)))

S)((O)(I‘, Tg) = —i@(x3)1f ePT e_“(M*z%T) ’ (4.1.12)
1
SO (r,25) = - S (x, 25) | (4.1.13)

where fp = [d?p/(27)?. At next-to-leading order in g,, we can define

S, (r,24) = SO (r,2) + g, S (x,205) + O(g2) (4.1.14)
and analogously for S¢(r,x3). By solving eqs. (4.1.10) and (4.1.11)) and approxi-
mating the transverse movement (cf. appendix [E.2]), we obtain

1 3 . %3 0

S>(< )(r,a:3) ~ jo dzs [ZA3 + AO](x_gr’ 23) S)(( )(r,x3) , (4.1.15)
(1) I A 3 (0)

Sy (r,23) _jo dzg [i4, AO](xgr’ZS)S¢ (r,z3) . (4.1.16)

4.1.4 Baryonic correlators in the effective theory

The effective-theory expression for the baryonic interpolating operator from eq.
is readily obtained by using the definitions in appendix [E.I] After taking the
Fourier transform in the time direction, we may restrict to the contributions that
involve the lowest Matsubara modes propagating in the positive x5-direction. This
implies that NV is represented by two y fields and one ¢ field. Furthermore, by
displacing the fundamental fields in the transverse direction, i.e. by introducing

a point-splitting, the Fourier transform in the compact direction of the baryonic
interpolating operator leads to

N(ry,19,T5;73) — Gabc[XZT(r17x3)U2¢g(r27$3)+¢ZT(T17$3)02X3(1"2’953)]Xé,a(r:’nfs)a
N(0) - e[ ¢5(0) oy ¥ (0) +}(0) 05 $97(0) ] X5, (0) (4.1.17)
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where « is a two-component spinor index. To avoid clutter, we have omitted
overall factors T%/2 from both operators, originating from the normalization of
fermionic Matsubara modes, however they are restored in eq. . The two-
point correlators from eq. are defined in the effective theory as

Cu(zy) = [ Clrrrimy), (4.1.18)
1 _
Ci(r17r27r3;$3) = f TI'(N(I'l,I'Q,I‘?);ng)N(O)Pi) ) (4119)

where 1/T comes from 101/ deo, and P, = (1 ++;)/2. We have used the same
symbols as in QCD, given that the ambiguity can be resolved from the context.

We remark that, as long as r; # r;, neither the interpolating operator above
eq. (4.1.17) nor the correlation function in eq. is gauge invariant un-
der gauge transformations involving the transverse coordinates. Gauge invariance
could be restored by contracting the point-split operator with transverse Wilson
lines. However, such transverse Wilson lines play no roéle in the calculation of the
screening masses. Indeed, the final result will be gauge independent even without
them, as gauge dependence vanishes in the large-separation limit in the longitu-
dinal directionP] In order to streamline the presentation, we omit the transverse
Wilson lines, and display results only for the Feynman gauge.

By exploiting the antisymmetry of the Levi-Civita symbol, and noting that the
propagators are flavour independent, integration over the fermionic fields yields

(see equation (C.2.9))

C.(ry,ry,r5:25) =FT7 < 2W (ry,ry,r3;25) + 3W (ry, 1y, 135 25) > : (4.1.20)
where the Wick contraction is defined as

W (ry,ry,r5;23) = —i €9 S (r, zy) ng(r2,x3)5;e(r3,x3) : (4.1.21)

Equation (4.1.20]) implies that our C, is a sum of two independent correlation
functions. This is a consequence of the fact that the action in displays
“emergent” global symmetries, with the numbers of y and ¢-particles separately
conserved. Given that the two correlators in differ just by a permutation
of coordinates, and that in the end all coordinates are set equal (cf. eq. )7
the two correlators yield the same baryonic screening mass. This degeneracy could
be broken by higher-dimensional operators in the effective theory [151], leading to
a “fine structure” of the screening spectrum, but this is an effect of higher order
than our O(¢%T).

2The technical reason is that we need the component As; of the gauge propagator, cf.
eq. (E.3.4), but the third component of the momentum is zero, cf. eq. (E.3.6)), so only the
transverse part plays a role.
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Free limit

By inserting the free propagators from eqs. (4.1.12)) and (4.1.13)) into eq. (4.1.21]),
we see that

2 2 2
P . P2  P3 )
(3M+ 2T 2xT Y 22T )

WO (r), 1y, 15 25) = -6 9($3)j e (P1T1I#Pa Tyt Py Ts) o7
P1:P2;P3

(4.1.22)

From here it follows that W) satisfies a (2-+1)-dimensional Schrédinger equation,

3
[3M+ s — Z

1:1

x>0

]W( (1), 19, T3;25) = 0. (4.1.23)

Thus, if quarks have small transverse momentum (indeed we will see that paramet-
rically V2 ~m? ~ g°T?), the exponential falloff is dominated by 3M = 37T +0O(g?),
which then represents the leading contribution to the baryonic screening masses
m,.

Next-to-leading order

To date, the only estimate of O(g?) corrections to a baryonic screening mass in
the high temperature regime of QCD is qualitative [161], with no IR resummation
performed. Here the full O(g?) correction is derived in the same way as for the
mesonic case [154], demonstrating in particular its IR finiteness up to this order
in the weak-coupling expansion.

The equation of motion for W in the interacting case is readily worked out

from eqs. ) and m and it reads

[3M + 05— Z ](W(rl,r2,r3)> —igEeabcegfe<[(iA3+A0)Sx]ag(rl)ng(TQ)S;e(rg)

=1

¢ 5090 [(145-40)8, | (1)52(r,) +s;g(ms;f(rz)[(¢A3+Ao>sx]c?r3>>,
(4.1.24)

where we have introduced r; = (r;,73) to simplify the notation. Inserting S,
and Sy from egs. and m, respectively, and performing the gluon
contractlons (cf. appendlx E 3| for the gluon propagator and further details on
intermediate steps), we get

[3M+ ; 23:

2 >CC>0

Z/{(Tl, T, TS) W(O)(rla T, 703) + O(g]?:) .
(4.1.25)

=1

](W(ﬁ,@ars)
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Here, with the notation from eq. (E.3.4),

4g2 (V= (r,ry,x5) + V7 (ry, v ,25) VH(ry,rs,25) + V(rs, 1, 15)

Ur,,19,73) = 3E{ ) 32 2Tets) | 113 32 311,23
V_ ) ) +V— ) )

+ (1‘2 & 563) 5 (1‘3 & xg) =V (ry,1y,73) =V (ry, 1y, 23) _V+(r3>r3a$3)}-

(4.1.26)

To extract the screening masses, we take the limit x5 — oo, which leads to

lim U(ry,7y,75) = %[V‘(le) FVH )+ Vo (r) |, (41.27)

xr3—>00

U(ry,ry,r3)

where 7;; = |r; —1,[, and V* are the static potentials defined in ref. [160],

4 g2 megr
VE(r) = gg—ﬂlln( 5 )+7EiK0(mEr)], (4.1.28)

where 7, is the Euler-Mascheroni constant and K, is a modified Bessel function
of the second kind. It is appropriate to stress that according to eq. , the
three-body potential receives contributions from two-body interactions only.
Finally, by replacing W(® — (W) on the right-hand side of eq. (4.1.25)), which
is justified at O(¢2) and implements a resummation of potential-like interactions,
and taking the already-mentioned limit z; — oo, the equation of motion for the
correlator reads
3. Vi
05 — 2; 27:‘T +V(ry,r,, r3)] ( W(ry,ry,ry;23) ) =0+ O(gg) , (4.1.29)

where
V(ry,ry,r5) = 3M +U(rq,1ry,13). (4.1.30)

The two contributions in eq. (4.1.20]) satisfy the same equation, just with a per-
mutation of coordinates (which in the end are set the same, cf. eq. (1.1.18)).
Therefore, the solutions of both equations yield the same screening mass, which is
then also the screening mass extracted from C,(z;) at O(g2).

We end this section by remarking that the potential U(ry,r,, r;) from eq.
is symmetric in the exchange of its first and last coordinate. For the first contribu-
tion from eq. , this corresponds to r; <> ry, which in terms of eq.
is due to an accidental symmetry in the action from the exchange x, <> x, In
contrast, for the second contribution from eq. , this corresponds to r, <> rj,
the exchange of two identical y, particles.
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4.1.5 Schrodinger equation for baryonic correlators

From the discussion in sec. [£.1.4] for large separations in the longitudinal direc-
tion, the equation of motion for a generic two-point correlation function related to
baryonic interpolating operators (in both parity channels) implies the Schrodinger
equation

Vit Vi, + Vi
- 2%% =+ V(ry, 19, 13) [ (1,19, 13) = E¢(ry,19,13) (4.1.31)

where the potential is given by eq. (4.1.30). The energy eigenvalue of the ground
state yields our screening masses, i.e. m, = min{E} + O(¢*T).

In order to solve the three-body Schrodinger equation, we employ the Jacobi
coordinates

ri +Ir9+1r3
Rz —17—7,
3
§ =r3-rp, (4.1.32)

& = %(rQ_rlTw) = \/g(rQ—R),

where R is the position of the center-of-mass in the transverse plane, &, is the
relative separation between two quarks located at r, and r;, while &, describes,
up to some numerical factor, the relative separation between the quark in r, and
the center-of-mass of the other pair. In this sense the set of coordinates (&;,&,)
describes the relative separations of the underlying two-body problems. With this
change of variables the potential only depends on &, and &,, given that

15 S

_ & + \/552
2 4133

&V (4139
T

I's =Ty

In this way, the Laplace operator can be separated into the center-of-mass and
relative motions. The Schrodinger equation for the relative motion can be written
as

[—%(Vé +Ve) +V (51,£2>]w<£1,£2> = B(£,,8,), (4.1.34)

where it is understood that the static potential and the wave function are expressed
in terms of the new coordinates &; and &,.
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4.1.6 Numerical solution

In order to find a numerical solution to eq. (4.1.34)), it is convenient to define the
dimensionless transverse coordinates

él =my&, éQ =my&,. (4.1.35)

Moreover, we express F in terms of a dimensionless eigenvalue E, by writing

42T . ¢*T(, AE
E = 3M + 52—E+O( ¢*T) B2 377 4 5 (1+?)+0(93T) (4.1.36)

7

This leads to a Schrédinger equation in terms of dimensionless variables,

[‘% (Vél * Vi) +V(&1,65) - E] W(€,€,) =0, (4.1.37)

where V is a rescaled static potential from eqs. (4.1.27) and ([#.1.25),

V_(fm) + ‘7+(7A‘13) + V_(@s)

Vo=
92 )

V()

1n£ by Ko(7),  (4.1.38)
and p is a re-parametrization of the dimensionful quantities of the problem [154],
=-=——— 5" —+0(¢°). (4.1.39)

Equation (4.1.37) can be solved numerically by exploiting a two-dimensional
generalization of the so-called hyperspherical harmonics method. It is usually
employed for three-dimensional quantum many-body problems, see ref. [187| for
an introduction and appendix D of [3]| for the application to the case of interest.
Here, we instead describe in detail an alternative method — which yields the same
final result for £ and thus the screening mass — based on the direct discretization
of the system’s Hamiltonian

H:—%(v +v£2)+v(51,§2) (4.1.40)

which is diagonalized to obtain its lowest eigenvalue E. Concretely, we consider the
system in a finite volume with characteristic size L (in units of my) where both
relative positions &,, €, assume values in [-L/2, L/2]. Following the procedure
described in appendix [E.7] each component of the position vectors is discretized,
taking N evenly spaced values between —L/2(1 - 1/N) and L/2(1-1/N). The
states in the system are described by N* vectors in position space, and the Hamil-
tonian operator is then represented by a N4x N4 matrix, which can be constructed
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amg N Lmg E(N,L)
20 15 1.314396
30 225 1.317246

0-75 40 30  1.317253
50 37.5 1.317233
20 12 1.290292
30 18 1.313900
060 40 24 1.314176
50 30  1.314178
30 15 1.309743
40 20 1.312495
0-50 o0 25 1.312548
60 30 1.312554
30 13.5 1.303481
0.45 40 18  1.311575

50 22,5 1.311844
60 27.0 1.311850

TABLE 4.1: Results for the lowest eigenvalue keeping the lattice spacing fixed and in-
creasing the volume.

and diagonalized to determine the lowest eigenvalue. The potential term is diago-
nal in our choice of basis, while an order 5 representation of the second derivative
was used to build the Laplacian. Both N and L can be varied to control dis-
cretization and finite size effects (due to memory constraints and the fast scaling
of the algorithm with the number of points in each direction, in this analysis we
consider 20 < N < 64). Table collects the results for the lowest eigenvalue
E(N, L) for different values of N and L keeping the lattice spacing a = L/N fixed.
In particular, we note that for Lmg 2 25 the results at fixed lattice spacing are
compatible up to the fith decimal place; for each value of a, we thus consider the
value of E(a,L) at the largest volume considered as an estimate of the ground
state energy in inifnite volume

E(a) = E(a, Linex), (4.1.41)

To obtain F in the continuum, we have fitted the values E (a) with several func-
tional forms to model the dependence on a, considering combinations of discretiza-
tion effects up to order a® or a power-like ansatz of the form

E(a)=FE+b-a’. (4.1.42)

87



4. Perturbative computations in QCDg5 4.1. Baryonic screening mass at NLO
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FIGURE 4.1: Top panel: extrapolation of the baryonic ground state energy computed at
the largest considered volume at each lattice spacing (red diamonds) to the continuum
limit according to the power-law functional form of equation (blue line). Bottom
panel: relative deviation of the fit function from the data.

It turns out that the above functional form with parameters £ = 1.30906(7),
b =0.01502(3) and p = 2.10(3), yields the smallest squared sum of residuals out
of all models considered — with the fit function deviating from the data by a few
parts per million, as depicted in the bottom panel of figure [{.1}- and reveals an
approximately quadratic scaling of the eigenvalue with a. The continuum values
of E obtained from extrapolations based on a quadratic and/or cubic ansatz for
discretization effects are nevertheless compatible with the one reported above,
as well as with the estimate coming from the hyperspherical harmonics method.
Solving the discretized Schrédinger equation on a cartesian mesh grid allows us to
visualize the ground state wave-function in position space, as exemplified by figure
[4.2] We find that the ground state favors configurations in which the three quarks
are aligned and close-by, in line with what one would expect from an s-state.

The final estimate for the ground-state eigenvalue for N, = 3, is therefore

A

E=1309.... (4.1.43)
Inserting eq. (4.1.43]) into eq. (4.1.36|), leads to our NLO estimate of the baryonic
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FIGURE 4.2: Ground state probability density for fixed relative position of two quarks
in the baryon (yellow dots) as a function of the third quark’s position, as obtained by
the diagonalization of the discretized Hamiltonian (Lmg = 18, N =60).

screening masses with Ny = 3 massless flavors,

1 2E
min{E} = 37TT[1+(@+w)gQ+O(g3)] N 37TT[1+0.04692+O(93)].

(4.1.44)

The NLO term represents a ~ 4.6% positive correction to the free-theory result
37T at the electroweak scale, i.e. g2 ~ 1 [146].
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4.2 Hyperfine splitting at LO

In this section we turn our attention on the flavour non-singlet pseudoscalar and

vector screening masses at zero Matsubara frequency related to the interpolating
fields

Oz, ) = (0, 2)LoT(xy, ), (4.2.1)
where O ={P,V}, T'o = {75,972}, and we make the definite choice of selecting the
component for the vector current in direction 2. The T are the a=1,..., N2 -1

generators of the SU(Ny) algebra, normalized so that Tr[T°T*] = §9°/2, which
dictate the flavour structure of the interpolating fields. This section collects the
results published in 1] on the computation of the leading-order value of the dif-
ference between the trasnverse vector screening mass my and the pseudoscalar
screening mass mp, i.e. the hyperfine splitting

Amyp = My — Mp . (4.2.2)

The two-point screening correlation functions we consider are

Colxs) = jo” Cdrg [ (00 0)0%0)) . w= (Rom). (4.2.3)

where no summation over the flavour index a is understood. Here [, = [d?R de-
notes the integration over the transverse spatial directions. Since we are assuming
mass-degenerate quarks, the two-point correlation functions above are indepen-
dent on the flavour structure of the interpolating fields, and therefore we drop the
flavour index a on the lLh.s. of eq. . The corresponding screening masses
probe the exponential fall-off of the screening correlators at asymptotically large
distances, and are defined as

mo = - Tim - In[Co(x3)] . (4.2.4)

T3>0 A3

The O(g?) next-to-leading correction to me was computed in the three-dimensional
effective theory in Refs. |154} [188|, see table . For three massless quarks, its
expression reads

megy = 27T (1+0.032740 - ¢?) | (4.2.5)

where the first term on the r.h.s. is the free-field theory value, while the second
one is due to interactions. Notice that, at O(g?) the value of the screening mass is
independent of the field O¢ defined in eq. (4.2.1)), i.e. it is spin-independent. This
is because the hyperfine splitting of equation starts at O(g*), see below.
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4.2.1 Non-relativistic fermionic action

In the following we will consider the NRQCD action including the spin-dependent
term ; recalling that in the n = 0 sector wg and wé propagate forwards and
backwards in x3 respectively, and vice-versa for the n = -1 sector, in this compu-
tation we adopt a slightly different notation than the one used for the baryonic
sector. Motivated a posterior: by the fact that both sectors contribute in the same
way to the correlators we set to compute, to keep the notation more compact in
this section we will focus only on the action of the n = 0 fermionic sector. Denoting
X = 1/18 and, at variance with the previous section, ¢ = wé, the action for a single
quark flavor reads

) _ 1
Snrqep = zfdgx {X [M —grAg+ D3 — T (Df + %[Uj, ak]ij)] X

_ 1 B
+¢|:M—9EA0 —D3 - ﬁ (DJQ_ + %[O—],Jk]ﬂk)]QS} +...,
(4.2.6)

where j, k =1,2. The leading contribution to the hyperfine splitting in the mesonic
screening masses is due to the non-diagonal (in spinor indices) term in eq. ,
and it is due to the exchange of ultrasoft gluons between two quark propagators,
whose dynamics is described by the Yang-Mills part of the action in eq. (3.3.4).
We stress once again that, according to the power counting rules established in
table and taking into account that the relevant dimensionful scale is g2, it
follows that Fj; = O(g3). As a consequence, the non-diagonal term (in spinor
indices) in eq. satisfies the power counting rule

Jr [Jja Uk] F}k = O(gé) ) (427)

which translates, by using eq. (3.3.6)), into a term of O(g*). By taking into account
the discussion reported in Appendix [E.4] the non-relativistic effective action in

eq. (4.2.6) can be written in a compact way as
Sunaco = [ @2 [ (D' ~ o K7) X + 6 (D~ gaK7) 6], (4.2.8)

where the differential operators D* and the interaction vertices K* are defined in

egs. (E.4.5) and (E.4.6) respectively.

4.2.2 Fermionic equations of motion

Starting from the action in eq. (4.2.8)), under infinitesimal transformations of the
quark fields, we see that, for each flavour, the y and ¢ fields satisfy the equations
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of motion
{2 -0k ) 0e) - (32 (129)
{12 -0k 100 0= (597 (4210

for a generic interpolating field O(z), where the differential operators D* act on
the y coordinates. Analogous equations hold for ¥ and ¢. We are interested in the
field propagators of xy and ¢ defined as

Se(@) = Sy (2,0) = (x(2)x(0)); . S-(2) = 85(0,2) = (6(0)d(x)), , (4.2.11)

where (-) s refers to the expectation value performed by integrating over the fermionic
variables only. By choosing O(z) = ¥(z), y =2 and z =0 and O(2) = ¢(2), y = 0
and z = y in egs. (4.2.9) and (4.2.10) respectively, the propagators satisfy the

equations of motion

([P - g K18 (2)) = -i16@(2),  ([D* - g k17 ST (w)) = =25 (),
(4.2.12)
where 1 is the identity in spinor and colour indices, and the transpose acts on
the same indices. The expectation values in eq. are meant to be taken
over the gauge field only, however such equations are also valid at fixed gauge field
background.

Perturbative expansion

By setting gz = 0 in the equations of motion, it straightforward to derive their
solutions for the quark propagators at tree-level, which are of course identical to

(4.1.12)) and (4.1.13)) except for a minus sign in front of the ¢-propagator
(0) . ; —xg(M+i)
Sy (r,x3) = —Z@(:L‘;;)lf e'Pre = (4.2.13)
P
where we have shown separately the dependence on the transverse and longitudinal

coordinates. At the next-to-leading order, by expanding at O(gg), the quark
propagators read

Su(r,a3) =SV (1, 23) + ¢S (x,23) + ... (4.2.14)
where 2 p,
1 3

Si )(I',Lljg) = J;) ng K*(x—3r,23)8i0)(r,:1:3) s (4215)
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and, as in the previous section, in eq. we have safely taken that, since
quark fields are very heavy, they propagate along the classical trajectory between
(0,0) and (r,z3). Notice that, at variance with the propagators relevant for the
baryonic sector eqs. (4.1.15)) and (4.1.16)), here the quark propagators at the next-
to-leading order are no longer diagonal in Dirac space due to the presence of the
non-diagonal term in KC*.

4.2.3 Mesonic correlators

The expression for the mesonic interpolating fields in the dimensionally reduced
effective theory can be promptly derived from eq. by using the conventions
defined in the previous section. Coherently with the choice made for the action,
we consider the contributions from the n = 0 fermionic Matsubara sector only, and
we displace the quark fields in the transverse directions, so that

1/T
dﬂ?o Oa(flfg,ﬂl) g Oa(l‘l, Iy 1’3) s (4216)

and the point-split fields read?]
O%(ry,19573) = [7((1"1» 23) N TG(rs,23) = ¢(r1,23) Lo T*X (12, 5153)] ;o (42.17)

where from passing from QCD to the effective theory I'o = {75, 72} > X0 ={03,01}
for pseudoscalar and vector fields respectively. These fields are not gauge invariant
for r; # ry. However, as we will see in the following, the results for the screening
masses will be gauge independent, as one can easily prove that gauge dependent
contributions in their correlation functions vanish in the large z3 limit. In the
effective field theory, the two-point screening correlation functions introduced in

eq. (4.2.3) map to
Colws) = [ Colrrraims)| =T [ {0"(r1.r2:22)0%(0))

When performing the integration over the fermionic variables and taking the Wick
contractions, the quark propagators are diagonal in flavour space. As a conse-
quence, by making explicit the flavour indices, the flavour structure simplifies to
Tr[T*T*] = 6*°/2. By considering the latter, and the factor 2 which takes into ac-
count the contribution from the n = —1 Matsubara sector not explicitly indicated
in the previous formulas, the general expression for the correlation functions is

Co(ri,ro;73) =T (Tr [z@ S.(r1,73) Lo S_(rs, xg)]) =T (W@(rl, ro; xg)) (4.2.19)

(4.2.18)

ri=rog =R

where the trace is over colour and spinor indices.

3We use the same symbol for the fields and correlation functions in QCD and in the effective
theory since the ambiguity is easily resolved from the context.
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Free-theory limit

The expression of the Wick contraction in the free theory is derived by inserting

the propagators in eq. (4.2.13)) into eq. (4.2.19). By contracting colour and spinor
indices, the Wick contraction, independently of the matrix ¥, can be written as

W(gO)(r17 ro;x3) = Tr [8£0)(r17x3)8£0)(r2’ x;;)]

oupe P (4.2.20)
= —2Nc(9(333)f €i(p1'r1+p2'r2)6_13( +m+m)
P1,P2 ’
and it satisfies the (2-+1)-dimensional Schrodinger equation
V% (0) 22>0
2M + 05— ) 57 |Wo (r1,19523) “E7 0. (4.2.21)
i=1,2 s

It follows that, by assuming heavy quarks with small transverse momentum, i.e.
longitudinal propagation, the exponential fall-off of Wéo)(rl,rg;xg) is dominated
by 2M = 27T + O(g?) which is therefore the leading contribution to both the
pseudoscalar and the vector screening masses.

Next-to-leading order

The next-to-leading order spin-independent correction to the flavour non-singlet
mesonic screening masses has been computed, in the framework of the dimensionally-
reduced effective theory, in Ref. [154], see eq. (£.2.5). Here such calculation is
extended in order to obtain the leading spin-dependent correction to the screen-
ing masses. Starting from the equations of motion for the quark propagators in
eq. , the equation of motion for (WWe) in the interacting case reads

2M + 05— > Vi (W (rq,1o; )>a:3:>o
3 e 2T o\11,12,43

20 9E<Tr {[A+(I‘1,x3) + A (1o, 333)]2@8+(r1,:c3)203— (r2, 91:3)}

1
— 27T_T TI‘{[S@Bg(I‘l, $3) + B3(I‘2, 1'3)]0'3 E(’)S+(I'1,l‘3) EO S_(I'Q, Ig)}) .
(4.2.22)

where A* is defined in eq. (E.4.2)), and we have introduced the notation sp =
(+1,-1) for pseudoscalar and vector respectively, see Appendix [E.J] By using
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the quark propagators at O(gg) in eq. (4.2.14), and by performing the gluon
contractions (see Appendix for further details) we obtain

Vi .
|:2M+83— Z 5 . ](W@(rl,rg;m3)> ?)ZO—Z/[(I'l,I'Q;Zlfg) W((,)O)(I'hrg;l'g) +O(g%),
i=1,2 A
(4.2.23)
where the potential is
U(r171‘2;$3) = U811(1“17I‘2;$3) +USI2(I‘1,1“2;$3) +UO(F1,T2;$3) ) (42-24)
with
: % . .
Z/{Sh(rl,I'Q,.Tg) = —F<TI'{|:A (r1,$3)+./4 (I'27.CL’3):| X (4225)
J;] d23|:./4 (x3r1,23)+./4 (x3r2,23)]}>,
. 9z
Ust, (11,12, 73) " @), (4.2.26)

j{:g dz;»,( Tr {Bg(rl, :Eg)Bg,(;—zrl, z3) + Bg(I‘Q,.Ig)Bg(;—ZI'Q, 23)}),

and the chromo-magnetic field Bs is defined at leading order in eq. (E.4.4). The Usy,
potential is the one that was obtained in Ref. [154]. The second spin-independent
contribution Ugy, is temperature suppressed. It derives from the exchange of lon-
gitudinal ultrasoft gluons along the same quark line. The leading contribution to
the spin-dependent potential reads

Uo(r1,T2;23) —% x (4.2.27)
j:g d23< Tr {Bg(rl, xg)Bg(;—er, 23> + Bs(ry, I’g)Bg(;—ZI‘l, z;:,)}) )

It is temperature suppressed, and it is due to the exchange of ultrasoft gluons
between two quark lines. Since to extract the screening masses we are interested
in the large x3 behaviour of the Wick contractions in eq. (.2.19)), we take the limit
x3 — oo in eq. (4.2.23|) which reads

2

v2
2M+83— Z 5 %+U(I‘1-I‘2) (W@(rl,rg;m3)>=0+0(g%), (4228)
i=1,2 4T

where

U(ry—-ry) = x£1£rio [Ush(rl, ro; x3) + Ust, (r1,T9;23) + Uo (11, To; xg)] , (4.2.29)
and, at the order we work, we could replace Wéo) - (Wo).
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Spin-independent contribution

The spin-independent contribution Usy, in eq. (4.2.26]) is temperature-suppressed
with respect to the one in eq. , and it can be neglected when keeping
terms up to O(g2/T") only. By taking into account the discussion in Section [£.2.4]
this potential would produce subleading contributions in the wave-functions of the
screening mass states, and therefore in the hyperfine splitting. Similarly, since we
are interested in the leading contribution to eq. only, we can safely take the
expression of the low energy constant M in equation (3.3.7). By taking the large
separation limit of the potential in eq. (4.2.25), see Appendix [E.G|for the interme-
diate steps, we obtain for the next-to-leading spin-independent contribution

2
Ugy, (r) = :B131_111>o Ust, (r1,T9;23) = g};iF [ln (m;r) +75 — Ko (mEr)] (4.2.30)
where r = r; —ry and r = ¢, ¥ is the Euler-Mascheroni constant and K is a mod-
ified Bessel function. Note that the leading logarithmic behaviour on the r.h.s. of
eq. (4.2.30) is a confining Coulomb interaction in 2 + 1 dimensions. By combining
the power counting reported in table and standard dimensional analysis argu-
ments, it is possible to see that a string term, i.e. a non-perturbative confining
term, arises in the potential at O(g?). This limits, de facto, the applicability of the
perturbative approach for computing the spin-independent potential to the O(g?).

Spin-dependent contribution

The explicit expression for the spin-dependent static potential Uy in eq.
is carried out analogously, see Appendix [E.0] for the intermediate steps and the
detailed calculations. By taking the large separation limit in the longitudinal
direction, it yields to

2 50CF

= i s) = — (2)
Uo(r) ZL)ILT})QU@(I‘l,I‘Q,ZL‘g) gE(27rT)25 (r). (4.2.31)

Notice that, while it provides an interaction which is of the same order in the
effective coupling constant g with respect to the spin-independent potential in
eq. (4.2.30), it is however temperature-suppressed.

4.2.4 Hyperfine splitting

As we have seen in the previous section, the equation of motion for the two-point
mesonic screening correlator in the three-dimensional effective theory implies the
Schrodinger equation in eq. , and the screening mass corresponds to its
ground-state energy. Since the spin-dependent potential in eq. provides a
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temperature-suppressed contribution with respect to the leading spin-independent
potential in eq. , Uo(r) can be treated as a perturbative correction. We
then start by solving the unperturbed Schrodinger equation, which, in the large
xg limit, reads

VE + V3
- 24 2M + USIl (I’l - I'Q) \Do(rl, I'Q) = EO\Ijo(I'l,I'Q) s (4232)

27T

where, with Uy and Ejy, we refer to the ground-state energy and wave-function at
leading order in perturbation theoryff] By going to the center-of-mass frame, we

define
| Tl )

R-= 5 r=ry;—ro, (4.2.33)
and the Laplace operator can accordingly be written as
1
VI +VE = §v§ +2VZ, (4.2.34)

where the first term on the r.h.s. describes the motion of the center-of-mass, while
the second one is the kinetic term related to the relative motion. By restricting
to the relative motion only, and by making explicit the functional form of the
potential, see eq. , the spin-independent Schrédinger equation reads

2
{—& von+ g2 CF [m (mET) Ty — KO(mEr)] - EO} do(r) =0,  (4.2.35)
'l 27 2

This is exactly the Schrodinger equation obtained in Ref. [154] which leads the
next-to-leading order value of the mesonic screening mass in eq. . Once
Ey and the normalized vy have been determined for the unperturbed Schrédinger
equation, the mesonic screening masses at the first order in the spin-dependent
perturbative expansion reads

2 SOCF

9E oy l0(0)]" (4.2.36)

Eo = Ey+ | Uo(r)[o(r)] = Eo -

It is important to notice that, even though the spin-dependent potential is localized
in r = 0, the hyperfine correction to the screening masses receives contributions
from large distances through the normalization of the wave-function, see discussion
below.

4In this section we omit any label referring to the eigenstates of the Hamiltonian since we are
only interested in the ground state of the system.
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Leading contribution

The solution of the spin-independent eigenvalue problem for the ground state is
found by going to polar coordinates, and by considering the case of vanishing
angular momentum. By defining 1o(#) = 1o(r)v/27/ms, where we introduced the
dimensionless variable 7 = myr, Eq. can then be rewritten as

2 1d 7 N AN

{— (—A + T—A) +p [ln (_) + 7 — Ko(7) - EO]}Q/JO(T) =0. (4.2.37)
dr?2  rdr 2

Accordingly to Ref. |[154], we introduced the parameterization of the effective

coupling

= =— 4.2.38
=T Ty ( )

where in the last step we used Ny = 3, N. = 3 and the expressions at leading
order for my and g2 reported in equations (3.3.6) and (3.3.7). Furthermore we

introduced the dimensionless energy eigenvalue [154]

A 2T
En =
‘ Q%CF

(Eo-2M) . (4.2.39)

By doing the same change of variable in the matrix element of the spin-dependent
potential and in the normalization of the wave-function, the spin-dependent eigen-

value in eq. (4.2.36)) can be written as
gami soCr

Eo = Eq -
©T 0T Tor (2nT)?

[0 (), (4.2.40)

where - R
fo i 7 |o (P = 1. (4.2.41)

By recalling that sp = (+1,-1) for the pseudoscalar and the vector correlators
respectively, and by inserting the expression at leading order for m2 and g2, see

equations (3.3.6) and (3.3.7)), it follows that the hyperfine-splitting in the pseu-
doscalar and vector energy levels due to spin-dependent interactions at leading

order in perturbation theory, cf. eq. (4.2.2)), is
Am{‘,’P 4 (Nc + Nf
2T 7 \3 6

whelze we substituted Ep = mp and Ey = my in eq. (4.2.40). The numerical solution
for 1y of the unperturbed Schrédinger equation (4.2.37)) gives

) LI, (4242

1
Amig,

=0.002376 - ¢* . 4.2.43
orT g ( )
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This result justifies a posteriori the choice of neglecting O(g2/T?) terms in the spin-
independent potential in Section since it is clear that the inclusion of the
potential obtained from eq. into eq. would have produced higher
order effects in the spin-splitting between the pseudoscalar and the vector screening
masses. A similar discussion holds for the higher order contributions deriving from
the perturbative matching between the three-dimensional non-relativistic theory
in eq. and QCD. From the discussion in Section a string term of non-
perturbative origin or ~ gar ~ g3TF starts at O(g¢?) in the static potential, and, as
a consequence, non-perturbative effects are expected to start contributing to the
hyperfine splitting at O(g®). Therefore, to go beyond the result in eq. (4.2.42)), a
non-perturbative approach is required.

Analysis of the wave-function

The perturbative result for the hyperfine-splitting in eq. probes the nor-
malized wave function of the quark-antiquark bound system at the origin. In
particular its normalization takes contributions from all distances, and therefore
from both the scales present in EQCD, i.e. r ~ mg! and (¢?>T)~'. To scrutinize
this issue, it is interesting to define the probability

‘2

P(ip) = | di il ()

, (4.2.44)

for the quark-antiquark pair to be at a distance 7 < 7,,,, where

N, Np\7*1 1
fnp =Mgrnp = m_2E = (?C + ?f) - = g_a (4245)
Im g g

and on the r.h.s. we substituted Ny = 3 and N, = 3 which is the relevant case
to this study. In Figure we show the probability density as a function of 7
together with the ratio 7., of the two relevant scales (dashed line). As expected,
at asymptotically high temperatures (left panel) the probability for the quark
and the antiquark to be at distances 7 < 7, is close to 1 (blue band), and the
perturbative determination in eq. becomes more and more reliable as the
temperature increases. In the central and right panels of Figure the cases for
T ~4x10% GeV (P(Fyp) ~ 70%) and for T' ~ x10% GeV (P(7y,) ~ 40%) are shown,
respectively. It is rather clear that, at temperatures of the order of the electro-weak
scale, the probability for the quark and the antiquark to be at distances larger than
Tnp approaches 50%. As a consequence, long-distance (ultra-soft) contributions are
relevant, and non-perturbative effects must be taken into account. As discussed
previously, they start contributing already at O(g®) for the hyperfine splitting.
This analysis, albeit rather crude, is consistent with the fact that the hierarchy
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FI1GURE 4.3: Probability density for the quark-antiquark pair as a function of the dis-
tance 7. The probability for the quark and the antiquark to be at distances 7 < 7yp,
see eq. (4.2.44), is indicated by the blue area for different values of the coupling con-
stant (temperature), with the latter increasing from left to right. As the temperature
decreases, the blue area becomes larger and larger.

of scales of equation sets in only at much higher temperatures with respect
to the electro-weak scale, where g ~ 1. The result in eq. , however, remains
extremely useful to discriminate, among the possible interpolating fit functions of
the non-perturbative data, those which have the correct asymptotic behaviour at
asymptotically large temperatures.

4.2.5 Comparison with lattice data

About one year prior to the beginning of the work collected in this thesis, the
flavour non-singlet pseudoscalar and vector screening masses had been computed
in thermal QCD with Ny = 3 massless quarks in the range of temperatures from
T ~1 GeV up to ~ 165 GeV with a statistical precision of a few parts per mille on
the single channels, and of about 10% on the spin-splitting [54]. In [1] we have
compared the lattice data of [54] with the leading-order perturbative prediction
computed in the previous section, and here we report the most salient points of
such comparison; we anticipate however that in section [5.2] of the next chapter
we will present, among other things, results from recent high-precision simulations
that allowed us to gain roughly an order of magnitude in the accuracy of the hy-
perfine splitting, which is now determined at the level of 1%. Therefore, we leave
a more in-depth analysis for section [5.3| of the next chapter.

As anticipated in section [3.5.3] we study the non-perturbative data as a func-
tion of g(7T"), defined in equation (3.5.11]), which is the renormalized coupling in
the MS scheme at two-loop order evaluated at the renormalization scale p = 277
We stress once again that, for our purposes, ¢ is just a function of the temper-
ature T', suggested by the effective theory analysis, that we use to analyze the
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FIGURE 4.4: Difference of the vector and pseudoscalar screening masses normalized to
27T versus §*. The perturbative result in eq. is the dashed black line, while the
red points are determined by a previous lattice computation in [54]. The red curve and
band is the fit in equation . An updated version of this plot, with lattice data
about one order of magnitude more precise, is given in section @, see figure @

non-perturbative data. The crucial point is its leading logarithmic dependence on
T. The non-perturbative results for the hyperfine splitting as determined in [54]
are reported in Figure [4.4] as a function of g*. Within statistical errors, data show
an effective quartic dependence on ¢ in the entire range of temperature explored.
However, the effective slope, 0.00704(14), turns out to be approximatively 3 times
the coefficient on the r.h.s. of eq. . Thanks to the perturbative result
in eq. , however, we can constrain the asymptotic behaviour of the mass
difference between the vector and the pseudoscalar screening masses at asymptoti-
cally large temperatures. We then parameterize the non-perturbative data in Ref.
[54] as

T T 0.002376 §* + 55 6° + 56 3° (4.2.46)
2T

where a fit to the data gives s5 = 0.0063(9), sg = —0.0020(7), cov(ss, s¢)/ [0(s5)0(s6)] =

-0.99, and an excellent x2/d.o.f. = 0.75. The eq. represents our best pa-

rameterization of the non-perturbative data. Being s; about 3 times in magnitude

with respect to s4, it follows that the leading O(g*) term accounts only for a
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small fraction of the total contribution in the entire range of temperatures stud-
ied in Ref. [54]. The bulk of the hyperfine splitting originates from higher order
terms which can be present both in the spin-dependent potential and in the un-
perturbed, spin-independent wave-function. Recalling the discussion in section
[4.2.4] this means that contributions of non-perturbative origin have to be taken
into account to explain the observed magnitude of the hyperfine splitting up to
the electro-weak scale. This does not come as a surprise given the analysis of the
wave function reported in the previous sectionin section.

As anticipated, thanks to the improved precision determination that will be
described in section 5.2, we will be able to perform an even more precise comparison
between the non-perturbative data and the known perturbative terms. We will
see that within the now much smaller errors the non-perturbative that can not be
described by a single effective ¢g* term anymore, and higher order contributions
must be taken into account from the start.
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Chapter 5

Screening masses from the lattice

This chapter contains the other original results of this thesis, namely the determi-
nation of screening masses with non-zero Matsubara frequency from simulations of
lattice QCD at high temperatures. The simulations exploit the strategy outlined in
sectionto non-perturbatively define QCD with Ny = 3 flavors of O(a)—-improved
Wilson fermions in the chiral limit at 12 temperatures ranging from ~ 1 GeV up to
~ 165 GeV. Section[5.1]details the results published in [2] concerning the first lattice
determination of continuum-extrapolated screening masses of baryon states with
nucleon quantum numbers, the study of their dependence on the temperature and
the comparison with the NLO perturbative result described in section 4.1 Section
presents first results on screening masses of flavor non-singlet meson states
with non-zero Matsubara frequency — namely in the first sector with w; = 27T —
in the pseudoscalar and vector channels. To overcome the severe signal-to-noise
problem that affects the correlators from which these screening masses are ex-
tracted, noise-reduction techniques based on the use of random sources have been
implemented. As a by-product, the static mesonic screening masses which were
determined in [54] have been re-computed with significantly improved statistical
precision. Preliminary versions of these results have been presented as posters
and talks at international conferences, see page [, and they will be the subject of
a publication currently in preparation, to be submitted for publication after the
completion of this thesis.

5.1 Baryonic screening masses

As in the continuum case, the central object for the determination of screening
masses is the two-point correlation function measured on the lattice. Since we
adopt the shifted boundary conditions described in section [3.5.1] the projection
of the baryonic correlation function in equation on the first Matsubara
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frequency has to be modified according to equation (3.5.7)); for a shift vector of
the form & = (£,0,0) it reads

zo+ézy

Cs(a3) = j drodaydaye™ o T (T [ PN (2)N(0)]) (5.1.1)

where at variance with Eq. (4.2.3]), the expectation value is computed in the pres-
ence of shifted boundary conditiondl]

5.1.1 Lattice strategy and correlation functions

We compute the screening masses in QCD with Ny = 3 massless quarkﬂ at the
12 temperatures Ty, ..., T1; given in Table [3.3] i.e. for T from about 1 GeV up to
approximately 165 GeV.

We adopt shifted boundary conditions in the compact direction with & =
(1,0,0) and, in order to extrapolate the results to the continuum limit with con-
fidence, several lattice spacings are simulated at each temperature with the ex-
tension of the compact direction being Lo/a = 4,6,8,10 while the length of the
spatial directions is always L/a = 288. For the nine highest temperatures Ty — Tg
the Yang-Mills action is discretized with the Wilson plaquette action (2.1.9)), while
for the three lowest ones Ty —T1; we employ the tree-level improved Liischer-Weisz
action In both cases, Ny =3 O(a)-improved Wilson quarks in the chiral
limit are included. Pl

The lattice transcription of the continuum nulceon correlation functions in

equation (4.1.2)) for € = (1,0,0), which is the relevant case to this study, reads

Cns(ws) = a® Y ¢ 30 ™ (Tr [P.N(2)N(0)])

Z0,T1,T2
—at Y T (Wl -w?)) (5.1.2)
L0,T1,T2

where the two terms in the second line are the Wick contractions obtained by
integrating over the fermion fields. Their expressions read

Wh.=Tr [SagT(m, 0)C5S%7 (, 0)075}Tr [S°(x,0) P, ] e®bcel®
W3.=Tr [SagT(a:, 0)Cv55%(x,0)P.S (, O)C’yg,] eabeeles. (5.1.3)

where S(z,y) is the quark propagator of the degenerate quarks.

'We use the same notation for correlation functions with or without shifted boundary condi-
tions since the precise meaning is clear from the context.

2Technically it is feasible to simulate massless quarks thanks to the large spectral gap «T
induced by the temperature in the spectrum of the Dirac operator.

3See appendices A and B of Ref. |54 for the bare parameters of the simulations.
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FIGURE 5.1: Ratio of the squared correlator and the variance for the positive parity
nucleon two-point function — proportional to the square of the signal-to-noise ratio — as
a function of x3/a for different temperatures on Lg/a = 6 lattices.

5.1.2 Signal-to-noise ratio

In section we highlighted one of the major challenges that are faced when mea-
suring correlation functions at large Euclidean distances from the lattice, namely
the exponential depletion of the signal-to-noise (StN) ratio with the distance. In
particular, it was shown how the StN for the nucleon two-point function at zero
temperature decays with Euclidean time as

Cn(x0) o \/Nexp{— (mN_§m7r)x0}. (5.1.4)

OCy (xo) To>a 2

It is interesting to notice that, when computing a screening correlator at high tem-
perature such as , the exponential decay of the correlator and the variance is
dictated by the screening masses rather than the zero-temperature masses. In the
infinite temperature limit, the nucleon and pion screening masses appearing in the
exponent of assume the values 37T and 27T respectively, and the specific
combination that determines the exponential decay with x3 vanishes. Therefore
at asymptotically high temperatures the nucleon correlator measured along a spa-
tial direction does not suffer from an exponential problem; at very high but finite
temperature, the correction to the free-theory value of the screening masses is
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FIGURE 5.2: Plot of the effective mass my+(x3), normalized to 37T, at the temperature
T for Lo/a = 8. For the explanation of the various fit curves and bands see the main
text.

small, see sections and [£.1] and therefore the StN problem is expected to be
much milder than at zero temperature. This is empirically verified by our data,
as depicted in figure [5.1], which shows a very weak dependence of the StN squared
on 3 at the higher temperatures considered, which becomes more pronounced as
the temperature is lowered. This feature is one of the factors that allowed us to
precisely determine the relevant correlation functions at high temperature, and
measure the screening masses at the permille level.

5.1.3 Effective masses

Once the correlators have been computed, the effective screening masses are defined
as X o )
N:(T3+a

my=(x3) a1n|: v (23) ] . (5.1.5)

As a representative example of the data, the nucleon effective mass is shown in

Fig. for T} and Lg/a = 8. In order to determine the value of the screening

mass, we start by fitting the effective mass to a constant plus a correction deriving

from the contamination of the first excited state (solid red line and band) from

a minimum value (red dashed line) up to the last point where we have a good

signal (black dashed line). Indeed, assuming that the correlator is given by the

contribution of the ground state with screening mass my and one excited state
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my+ my+—mpy-
T Lofa nmau e 37 37T
4 300 4 0.9863(15) 0.0002(3)
O 6 390 4 1.0178(17) 0.00041(19)
4300 4 0.9892(18) 0.0001(3)
6 310 4 1.0204(20) 0.0002(4)
'8 500 4 1.0371(18) -0.00013(23)
10 500 4 1.0438(28) 0.0003(5)
4300 4 0.9909(23) 0.0001(4)
no 6320 4 1.0242(24) -0.00017(28)
2.8 490 4 1.0385(30) 0.00026(29)
10 500 4 1.048(5)  0.0005(6)
4 300 4 0.9945(25) 0.0006(4)
o 6 340 4 1.027(3)  0.0002(4)
58 490 4 1.0406(23) 0.0005(3)
10 500 4 1.048(6)  0.0003(7)
4 440 4 1.0040(16) 0.0007(5)
- 6 310 4 10317(26) -0.0007(4)
Y8 490 4 1.0430(29) -0.0001(4)
10 500 4 1.054(5)  -0.0013(6)
4 310 4 1.004(3)  -0.0007(6)
6 310 4 1038(3)  0.0005(8)
5 8 500 4 1.0466(26) -0.0001(3)
10 500 4 1.059(4)  -0.0001(5)

TABLE 5.1: Results for the nucleon screening mass, my+ , and the mass difference with
its parity partner, (my+—my- ), normalized to 37T at finite lattice spacing for the tem-
peratures Tp,...,T5. The number of molecular dynamic units (MDUs) generated, npydy,
and the number of local sources per configuration on which the two-point correlation
functions have been computed, nngc, are also reported. The latter are always calculated
by skipping ngkip = 10 MDUs between two consecutive measurements.

with screening mass m;

C*(x3) = Aexp{-mox3} + Bexp{-mix3} (5.1.6)
the effective mass in equation (5.1.5)) takes the form
1+BJA - -

am, = ame - n | L BLASxP{=(mi = mo) (s + a)) (5.1.7)

1+ BJ/Aexp{-(my —mg)x3}
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As long as we are only interested in the determination of the screening mass and
not on the ground state matrix element, fitting the effective mass data with the
functional form is as valid as fitting the correlator data directly with the
function , but we have observed that fitting the effective mass is numerically
more stable than fitting the correlator. The starting point of the effective mass fit
is chosen to have a good quality of the fit and to have, at the same time, a non
vanishing contribution from the first excited state. On one hand, for the ensembles
where the signal is good enough at a large distance, from this fit we estimate the
minimum value 25" /a (blue dashed line) from which the excited state contamina-
tion is below the target statistical precision. The screening mass is then obtained
by averaging the plateau (blue band) from 3" /a up to the last point where we
have a good signal. On the other hand, for the lowest temperatures and for the
ensembles corresponding to Lo/a = 10, where the loss of signal is more relevant
at a large distance, the screening mass is directly estimated from the results of
the effective mass fit (red band). All fits we perform are uncorrelated. Our best
estimates of the screening masses are reported in Tables [5.1] and [5.2] for all the lat-
tices simulated. In particular, we report the number of MDUs considered and the
number of local sources per configuration on which the two-point correlation func-
tions have been computed. For each configuration, the best estimates of Cy=(x3)
in Eq. have been obtained by properly averaging their values from all local
sources.

To explicitly check that finite volume effects are negligible within our statistical
errors, we have generated three more lattices at Ty (Lo/a = 6), T (Lo/a = 10)
and T1; (Lo/a = 8) at three smaller spatial volumes, namely 6 x 1442 x 288, 10 x
1202 x 288, and 8 x 1442 x 288 (direction 3 the longest) respectively, on which we
have computed the baryonic screening masses as above. They turn out to be in
very good agreement with the analogous ones reported in Tables and and
therefore they confirm the theoretical expectations that finite volume effects are
negligible within the statistical precision as expected by the theoretical analysis in
Ref. [54].

The statistical error varies from a few permille to at most 5 permille for the
smallest temperature. In order to profit from the correlations in our data for re-
ducing the statistical errors, we also compute (my+ —my-)/(37T) and report its
values in Tables and as well. This combination is particularly interesting
because it is a measure of the chiral symmetry restoration which can be com-
puted very precisely. The data shows that at all temperatures and lattice spacings
considered the difference between the positive and negative parity nucleon state’s
screening masses is compatible with 0 within the statistical uncertainty, confirming
the restoration of chiral symmetry in QCD at the temperatures considered. For
this reason, from now on we focus on the positive parity screening mass only.
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my+ my+—mpy-

T Lofa Mmaw Mase 3 3T
4 300 4 1.0089(25) -0.0006(9)
o 6820 4 1034(3)  -0.000(7)
5 8 500 4 1.054(4)  -0.0002(5)
10 500 4 1.061(6)  0.0004(10)
1 320 4 1012(4)  0.0005(12)

;o 6 3100 4 L043(4)  0.0006(7)
T8 500 4 1.059(3)  -0.0001(8)
10 500 4 1.062(6)  0.0026(17)
1 320 8 1.016(4)  0.0023(14)
;6300 8 LOAG(4)  -0.0001(11)
8 500 4 1.066(4)  -0.0007(8)
10 500 5  1.061(4)  0.0013(13)
4 400 4 1.0180(26) -0.0008(12)
Ty 6 390 4  1.0526(28) 0.0005(10)
8§ 390 4 1.052(5)  0.0002(10)
1 410 4 1.029(4)  -0.0019(21)
Ty 6 400 4  1.056(3)  -0.0021(14)
8 390 4 1074(3)  0.0013(17)
1 400 4 1.029(4)  0.0001(21)
T 6 390 4 1055(6)  -0.0015(17)
8 390 4 10635  0.0016(11)

TABLE 5.2: Asin Tablebut for Tg, ..., T11.

5.1.4 Continuum limit

Once the screening masses are determined for several lattice spacings at each tem-
perature, we can obtain the continuum value of the screening mass by extrapolating
the results at fixed lattice spacing to a - 0. Since we employed an O(a)- improved
action, we expect discretization effects to start at order a?; for this reason, we fit
the following function to the data for the positive parity screening mass in tables

6. and 6.2 (a/Lo.T) ) )

my+(a Q,T my+ T ( a )

= +B|l— . 5.1.8
3nT 3T Ly ( )

With the aim of reducing the magnitude of lattice artifacts, we performed a tree-

level improvement of our data by computing the value of the baryonic screening

mass at tree-level on the lattice mt*®(a/Ly) — the details of the computation are
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FIGURE 5.3: Numerical results for the tree-level improved positive parity nucleon screen-
ing mass at finite lattice spacing (black squares). The red lines and bands lines in the
panel represent the linear extrapolations in (a/Lg)? to the continuum limit, and the red
squares are the final continuum values of the screening mass. Each temperature is ana-
lyzed independently from the others.

reported in appendix — and define the tree-level improved mass as

mN+(a/L0,T) _ (TTLN+(CL/L0,T) mg{f’e) ‘1

37T 37T © 3aT

(5.1.9)

The continuum extrapolations are performed independently for each temperature,
and in all cases the tree-level improved data is very well described by the linear

110



5. Screening masses from the lattice 5.1. Baryonic screening masses

my+ my+ —Mpy-
T T(Gev) 3T 3T
T, 165(6)  1.047(3)  0.0006(4)
Ty 82.3(2.8) 1.0544(19) -0.0001(3)
T, 51.4(L7) 1.0569(28)  0.0002(3)
T, 32.8(1.0) 1.0583(27)  0.0003(4)
T, 20.6(6) 1.0596(28) -0.0011(4)
Ty 12.8(4)  1.0662(28)  0.0001(4)
T, 8.03(22) 1.068(3)  0.0001(6)
T,  4.91(13)  1.075(4)  0.0004(9)
Ty 3.048)  1.077(4)  0.0003(9)
T, 2.83(7)  1.076(4)  0.0009(12)
Ty 1.82(4)  1.089(4)  0.0007(20)
Ty, 1.167(23) 1.078(6)  0.0016(15)

TABLE 5.3: Temperatures considered in this letter together with the best results for the
nucleon mass, my+, and the mass difference with its parity partner, my+ — mpy-, in the
continuum limit.

ansatz in (a/Ly)” with very mild discretization effects. Given the high quality
of the fits and of the data, it is not necessary to model the temperature depen-
dence of the discretization effects so as to perform a global fit of the data. The
continuum limits are displayed in figure [5.3} in a similar way, we extrapolate
the difference between positive and negative parity states, which as anticipated
turn out to be compatible with zero in the whole temperature range. Our fi-
nal, continuum-extrapolated measurements of the positive parity nucleon screen-
ing mass (my-+) /37T and the splitting (my+ — my-) /37T are summarized in table

5.3l

5.1.5 Temperature dependence

The first observation is that, as anticipated in section within our rather
small statistical errors we find an excellent agreement between my+ and my-.
This is a clear manifestation of the restoration of chiral symmetry occurring at
high temperature in line with the analogous results for mesonic screening masses
in Ref. [54]. For this reason in the following we discuss the nucleon mass my-+ only.

A second observation is that the bulk of the nucleon screening mass is given by
the free-theory value, 37T, plus 4 — 8% positive contribution over the entire range
of temperatures explored.
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FIGURE 5.4: Nucleon screening mass versus §2. The band represent the best fit to
Eq. (5.1.11]), while the dashed line is the analytically known contribution in Eq. 4.1.44

To scrutinize in detail the temperature dependence induced by the non-trivial
dynamics, we introduce the function §2(7") defined as

!  jp2ml 4 ln(21n QWT), (5.1.10)

~ = n +
g2 (T) 87’(’2 AM78 971'2 AM78

where Aprg = 341 MeV is taken from Ref. [14]. It corresponds to the 2-loop

definition of the strong coupling constant in the MS scheme at the renormalization
scale = 27T For our purposes, however, this is just a function of the temperature
T, suggested by the effective theory, that we use to analyze our results, see Ref. [54]
for more details. The screening masses versus §2(7") are plotted in Fig. |5.4 The
dashed line in this plot is the next-to-leading contribution to the nucleon screening
mass computed in the effective theory as described in section [I.1] It is rather clear
that from T =Ty ~ 160 GeV down to T'=T7 ~ 5 GeV the perturbative expression
is within half a percent or so with respect to the non-perturbative data. If a quick
convergence of the perturbative series is assumed, this result would suggest that
the bulk of the contribution due to the interactions is given by the O(g?) term.
The full set of data, however, shows a distinct negative curvature which requires
higher orders in §? to be parameterized. We thus fit the values of my+ reported
in the third column of Table to a quartic polynomial in g of the form

my+

3T

=b0+b2g2+b3g3+b4g4. (5]_]_1)
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The intercept by turns out to be compatible with 1, as predicted by the free theory,
within a large error. We thus enforce it to be the free-theory value, by = 1, and
we fit the data again. The coefficient of the ¢? term turns out to be compatible
with the theoretical expectation in Eq. within again a large uncertainty.
We have thus fixed also this coefficient to its analytical value, by = 0.046, and
we have performed again the quartic fit of the form in Eq. 5.1.11] As a result,
we obtain by = 0.026(4), by = —0.021(3) and cov(bs,bs)/[0(b3)o(bs)] = -0.99 with
x?/dof = 0.64. This is indeed the best parameterization of our results over the
entire range of temperatures explored.

For completeness, we notice that if the cubic coefficient is enforced to vanish, i.e.
by = 0, the fit returns by = 0.062(3), by = —0.011(2) and cov(be,bs)/[o(b2)o(bs)] =
-0.97 with again an excellent value of x2?/dof = 0.68. The coefficient by , however,
turns out to be in disagreement with the analytic determination. Data can also
be fit to the function in Eq. with by = 1 and by = 0 but again the coefficient
b, would be in disagreement with the perturbative result.

The work collected in this section represents the first computation of continuum-
extrapolated QCD baryonic screening masses in the literature, and one of the first
studies of thermal QCD at T~ 1 GeV up to the electroweak scale T ~ 165 GeV
applying the strategy outlined in [54] to define QCD with N; = 3 massless quarks
at very high temperatures. The screening masses of the positive and negative par-
ity nucleon states have been determined over the whole temperature range with
a precision of a few permille; it has been possible to study the baryonic sector
with high precision also thanks to the fact that, as we verfied, baryonic screening
correlators suffer for a very mild signal-to-noise ratio problem at high tempera-
ture, and in the infinite temperature limit the exponential problem is absent. At
all temperatures considered the opposite parity states have degenerate screening
mass which, by the discussion in section [3.4.1] signals the restoration of chiral
symmetry in the temperature range considered. The bulk of the baryon screening
mass is given by the free-theory value 377’ and interactions generate a correction
ranging from ~ 4% at T ~ 165 GeV up to ~ 8% at T' ~ 1 GeV. Comparison of
the non-perturbative data with the perturbative calculation at NLO described in
section reveals an overall qualitative agreement down to temperatures of about
T ~ 7 GeV; to describe the lattice data over the whole temperature range, specif-
ically the distinct negative curvature towards lower temperatures, it is necessary
to include contributions from higher powers of the QCD coupling g. Nevertheless,
it seems that the agreement of NLO perturbation theory with non-perturbative
data for this baryonic observable is better than the one observed in [54] for the
screening masses of static mesons.
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5.2 Non-static mesonic screening masses

In this section we collect results — not yet published at the time of first submission
of this document — for screening masses of flavor non-singlet mesonic fields with
non-zero Matsubara frequency in the same high-temperature range studied in the
previous section T € [1 GeV, 165 GeV]. They are particularly interesting quanti-
ties since, for instance, the physics of the non-static vector modes can be related
to real-time properties of the QGP such as the photon or dilepton emission rates,
see [160, [166-168].

5.2.1 Correlation functions

The objects we set to study are correlators of flavour non-singlet mesonic fields.
The basic interpolating fields we consider have the structure

t(z) = Y (a)PT(x) (5.2.1)

or, expressing all but color indices,

0i(x) = 3 3 T (@) s Tt () (5.22)

r,s=1 a,3=1

where «, § are spinorial indices, 7, s are flavour indices and T* with a going from
1 to N]% —1 are the generators of SU(Ny), i.e. a particular basis for its Lie algebra,
assumed to be normalized as Tr (T*T?) = §2/2. The matrix I acts on spin indices
only and specifies the Lorentz structure of the operator; it can be chosen among
I' = {1,795, 745}, corresponding, respectively, to a Scalar (S), Pseudoscalar
(P), Vector (V,,), Axial (A,) field. Colour indices for the SU(3) gauge group are
suppressed and all operators are assumed to be color singlets. We consider two-
point functions these operators measured along the x3 direction, projected to a
generic bosonic Matsubara frequency w, = 2nzT in presence of shifted boundary
conditions:

n Lo i27rnzi,) a @
C’éra (z3) = fo dzg j dzydzge 0 (O ()0 (0))
Lo . 2
= | " drg [ dardaae™™ 0T (OR(2)OF (0)), (5.2.3)

where no summation over a is intended and, as in the baryonic case, employing
shifted boundary conditions implies the modification of the momentum projec-
tion according to equation ([3.5.7). After the analytic integration over Grassman
fermionic variables through Wick’s theorem the above correlator can be expressed
as the sum of a connected and disconnected contribution, both intended as an

zo+€z)
Lo
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expectation value over gauge fields only with a modified Boltzmann weight:

(O%(Z’)Oa/(())) = (Olg(x)oa’(o)%onn + (Olq‘('r)Oa’(O»disca (524)

The connected part is given by

(Of(2)O01:(0))eonn = —(Tr[T'S (2, 0)I"S(0,2) ) Tr [(T%)?] (5.2.5)

while the disconnected one is
(0%(2)0% (0))aise = (Tr[T'S(z, 2)] Tr[T"S(0,0)])¢ TH[T4] = 0. (5.2.6)

The disconnected contribution is proportional to the trace of an SU(Ny) generator,
and thus vanishes, while in the connected contribution Tr [(T“)Q] =1/2. For this
reason, from now on we will always refer to the connected part of the correlators. In
the above expressions and in the following we have denoted the quark propagator as
S(x,y). The actual correlators we aim to compute are those obtained conisdering
two operators with the same spin structure, i.e. I' =" in the above equations, we
identify the following channeld’}

() = | " ey [ deidey @40 (P(2) P(0)) (5.2.7)
O () = [ day [ dradey O [(V(@)V/(0) + (V@) Va(0))]  (5.28)
Q) (es) = [ dro [ dmdas ¢ (Vi(2)V3(0)), (5.2.9)
O (es) = [ day [ drydiy 90 (Vy(2)Vi(0)). (5.2.10)

where we define for brevity ¢, (z) = 2any?(xo + £x1)/Lo. It is important to point
out that, in the presence of shifted boundary conditions, the contractions that enter
the compact and transverse channel are given by (Vy(z)Vy(0)) and (V] (z)V{(0))
respectively, which are related to the non-shifted components of the currents by
the Euclidean Lorentz transformation (3.5.4)):

(Vo (2)V5(0)) =% ((Vo(2)Vo(0)) + EX(Vi(2)Vi(0))) +
+ 72 (Vo () Vi (0)) + (Vi(2)Vo(0))),

(VI(2)V{(0)) = 7* ({Vi(2)Vi(0)) + (Vo (2)Vo(0))) -
=72 (Vo (@) Vi (0)) + (Vi(2)Vo(0)))-

4Similar definiton apply for the scalar and axial correlators which are related to the ones
reported by chiral symmetry as explained in section

(5.2.11)

(5.2.12)

115



5. Screening masses from the lattice 5.2. Non-static mesonic screening masses

We point out at this stage that, due to the fact that in the chiral limit the vector
current is conserved, see equation , the Vy and V3 correlator are related:
starting from ([1.5.29)) it is straightforward to obtain that for non-zero Matsubara
frequency it holds

B30 (w3) = ~w2C (23), >0 (5.2.13)
while for the static sector the conservation of V¢ implies
(0) —
83CV3 (133) =0. (5214)

Equation ([5.2.14]) implies that there is no screening mass in the static V3 channel,
whereas equation ([5.2.13) tells us that the non-static screening masses extracted
from the Vy and V3 correlators are degenerate, see also [160].

5.2.2 Lattice correlators with point sources
The lattice transcription of eq. (5.2.3)) reads [

01(17113 (333) = a3 Z eiZﬂn'y2(xo+§x1)/L0(Tr[FS(x’ O)F'S(O’ x)]>’ (5215)

Since in our setting the third direction plays the role of the temporal direction
at zero temperature, we denoted @ = (¢, x1,%2). To lighten the notation, for the
moment we suppress the dependence on the Matsubara frequency index (n) and
on the I' matrices. In the following it will be useful to define the objects

C(3;y,2) = a® Y e (TS (2, y)["S(2,2)}, (5.2.16)

C(zs,y) = (Tr{C(zs;9,9)}), (5.2.17)

where the trace is over spin and flavor indices. Equation ([5.2.17)) corresponds
to the computation of the correlation function inverting the Dirac equation on a
single point source placed at lattice site y. Its variance is given by

ot = ((Te{C(w3;9.9)}) (T{C(359,9)} ")) = Clas,y)C* (23, 9), (5.2.18)

or diagrammatically

Z(QyﬂHZ §) (2 §’)

5We made use of the cyclic property of the trace, and we dropped the —% constant in front
of the connected contraction as well as the ¢ subscript in the expectation value.
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In [54] it was possible to precisely measure the static correlators in the P and Vp
channels by computing them on a set of local point sources. It is then in principle
easy to obtain the non-static correlators from the static ones by applying the
desired phase factor when summing over the xy, r; and x5 coordinates; however,
as we will see in the next section, the non-static correlators suffer in general from
a severe exponential StN problem, and point sources will reveal insufficient to
determine the correlators in the range of interest for the extraction of the screening
mass.

5.2.3 Exponential StN problem

A correlator of the form in eq. suffers from an exponential depletion of
the StN with distance. Schematically, this is due to the fact that for large |z3 —ys|
the correlator itself decays exponentially, with a decay rate given by the screening
mass (energy) with given Matsubara frequency (see section

n T3— 1 n
C (g, ) B expl-m s - g}, (5.2.19)

while at large distances the variance of Clgn)(xg,y) is dominated by twice the
screening mass of the lightest meson state with zero Matsubara frequencyf i.e.

02 "B exp{-2mPls -y} (5.2.20)
r
The last two equations imply that for large distances the StN decays exponentially:
O(n) T3, o "
M |z3 yN3|>>1 exp{— (m](? ) _mg))>|$3_y3|}7 (5221)

and the fundamental reason is that the non-static screening mass m(F”) is signifi-

cantly larger than the static pesudoscalar screening mass mg)). The behavior of
the StN for static and non static pseudoscalar density correlator, measured on a
set of 4 equally spaced point sources, is depicted in figure [5.5] together with and
example of the resulting non-static effective mass, from which it is evident that
a strategy to reduce the variance of our estimators is necessary if we aim to de-
termine the screening masses. In the following sections, we will detail the use of
random sources to stochastically estimate a volume-averaged version of the non-
static correlators which have the same central value but reduced variance, which
proved to be an extremely effective way to ameliorate the exponential problem
enough to determine non-static screening masses at the percent level or better.

6The projection of a correlation function to non-zero momentum typically results in an ex-
ponential problem [189]. In our setting, non-zero Matsubara frequencies can formally be seen as
adding a large momentum in the Euclidean time direction, thus resulting in a rather severe StN
problem.
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F1GURE 5.5: Left: StN ratio squared for the pseudoscalar correlator with zero
(points) and non-zero (crosses) Matsubara frequency wy = 277", measured with 4 local
point sources. Right: effective screening mass for the pseudoscalar channel with non-
zero Matsubara frequency wy = 27T obtained from the correlator measured with 4 point
sources. Both plots refer to the 6 x (288)? lattice at temperature Ty = 82.3 GeV.

5.2.4 Volume-averaging

Due to the rapid depletion of the signal in the non-zero Matsubara frequency
sector, a strategy to reduce the correlator variance without an exponential increase
in computational cost is necessary. The first idea that may come to mind is to
compute the correlator with different choices of source position and average over
them. Specifically, since we always measure along the third direction, we define the
volume V' = LyL?. By translation invariance of eq. , we can average over
all possible source positiond’] to obtain an estimator with the same expectation

value of
_ 3
C(zs3,y3) = av Y. C(xs,y) = C(xs,y). (5.2.22)
v

The variance of the above estimator can be shown to be (using again translation
invariance)

h a_; %: ((Te{C(55,9)}) (Tr{C (w3 (0,35), (0,35))} "))

—6@3; Ys )5* (I3, ys)

"The same argument can be applied to the case in which only a subset of the lattice volume
is considered

(5.2.23)
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Since the correlator falls off exponentially with a correlation length 1/£ = m(rn) >
21T = y27/Lgy (for n = 0,1), the sum in equation ([5.2.23)) will be saturated by
the region |y| S 1/m§n), hence reducing the coefficient entering the variance to
an “effective volume” 0% oc 1/ ((m%"))3V). Given the size of our lattices (Lo/a =
4,6,8,10 and L/a = 288) as a very rough estimate we can expect a reduction of
the variance of the order 12
2 0

T < o (5.2.24)
The square root of the above expression gives an order of magnitude estimate of
the expected gain on the statistical error with which we are able to compute the
correlator. For v = 1//2, the gain on the error ranges from ~ 1/674 (Lg = 4) and
~1/337 (Lo = 10). However, the cost of this approach scales badly with the lattice
volume. Indeed, each inversion of the Dirac equation is an operation whose cost
grows with the (4-dimensional) lattice volume V. For a fixed number of point
sources ng, the cost of computing the correlator then grows essentially like nV'.
We now see that if one wants to saturate the volume-averaged variance of equation
a number V' of point sources are required, thus making this approach scale
as ~ V2. Given the fact that the gain in the error (root of the variance) is only of
V'V, we see how this is a prohibitively inefficient way to reduce the variance with
volume averaging. We will try to leverage the statistical gain of volume averaging
without the O(V?2) cost by employing random sources [190, |191] to stochastically
estimate the correlation functions.

5.2.5 Random wall sources

To this end, we introduce a set of N, auxiliary fields 7;(y) which are decoupled
from the dynamical fields of the theory. The label ¢ runs from 1 to Ns. The source
fields have support on lattice slices — or walls — with fixed third component, say

Ys:

0:(y) = Oyaz,mi(y) Va=0,...11, (5.2.25)
and distributed so that the only non-zero cumulant is
(n:(y)n; (2)) = 8ij0y.. (5.2.26)

Possible choices include Gaussian, Z, or U(1) noise. With the above introductions
we can define an estimator which depends on the extra auxiliary fields and has the
same expectation value as the correlator in equation (5.2.17]), averaged over the
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lattice volume:

Cr ) = S 3 3 D T (DS (e ) (2, 2)(2))

Ns oz 25=y3=Ts

(5.2.27)

= %3 ;’;I(Tr{o(%; Y, 9)})

Y3=Y3

Note that for a given configuration of link fields and source fields, the expression
(5.2.27)) can be evaluated by solving the Dirac equation for fields ¢;(x) and @;(x)
with sources given by

ei(z) =) 5(z,2) ni(2), (5.2.28)
Z 23=Yg
Gi(x) = e N S(z,y) vsTtei® W, () (5.2.29)
Y Y3=Y3
through the identity
ClT) = oSS S @)l () (5.2.30)
3Jy3 - LOL1L2 NS — & 75 QO’L e

When computing the variance of the estimator in equation , two contribu-
tions appear due to the two possible contractions of four source fields in the square
of equation . In addition to the gauge variance of the volume-averaged cor-
relator in equation (5.2.23)), an extra “noise” contribution arises:

=05ty o O (IS S S (L S )]
m/7y/ ( xs:xé)
5.2.31

€T £
03—l = z( )
x,x’
y7yl y yl

We comment on a few important aspects at this ponit. First of all, equations
(5.2.28) and (5.2.29)) tell us that to estimate the correlator with Matsubara fre-
quency labeled by n, two inversions of the Dirac equation are required: one on
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FIGURE 5.6: Left: variance of mesonic correlators in different channels at z3/a = 10 as
a function of the number of sources used, for both point sources (empty symbols) and
random wall sources (full symbols) on a 6x483 lattice. Colored lines are fits of the random
source variance to a function reproducing the expected behaviour given by , ie.
a constant (the gauge variance, represented by the dashed line around which the point
source vairance saturates) plus a term suppressed with 1/ng. (the noise variance). Right:
variance of the correlator at x3/a = 10 in different meson channels obtained on a single
point source (empty symbols) and a single random source (full symbols) on a 6 x 2883
lattice.

the extracted random source and one random source multiplied by the suitable
phase factor that projects to the desired Matsubara sector. This means that, by
construction, one always computes the necessary elements to estimate the static
correlators with n = 0, which can be reconstructed from the ¢ fields alone. For
this reason, the computational cost to determine the non-static correlators already
includes the possibility to compute the volume-averaged static ones, at the sole
cost (by far subdominant with respect to the inversion of the Dirac operator) of
performing the relevant contractions. In our application we have used random
sources to compute volume-averaged correlators in the n =1 and n = 2 non-static
sectors, and as a by-product re-computed the static correlators determined with
point sources in [54] with increased precision.

The benefit of using random sources to reduce the variance is essentially due
to the fact that the extra contribution to the volume-averaged gauge variance due
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T, = 82.3 GeV, 6 x 2883

o ¢ ns =4 point
3.5 ' ns = 4 random -
3.0F ]
2.5F% ° ]
~ [
cs ° o
2.0 5 ]
oa [
g [ oo
1.5F ERC + o 1 ]
i B, ﬁIfJuJe ll | “ |h il H
’ FHE- 131

o —
ot [=]
T T
—
—
—r—
—_—
PR S  S——
)
—
)
)
)
o
o
o
°
o
o
1 1

0 10 20 30 40 50 60 70 80 9%
x3/a

FIGURE 5.7: Effective pseudoscalar screening mass with Matsubara frequency wy = 27T
extracted from a correlator computed with 4 point sources (blue points, same as figure
5.5) and with 4 random sources (orange squares), at temperature 71 on a 6 x 2883 lattice.

to the presence of the random sources scales as 1/Ny: it may thus be possible
that with a moderate number of random sources the noise contribution becomes
smaller than the gauge one. If this were the case, one could reach the volume-
averaged variance — which would require a number V'/a? of inversions on
point sources as argued in section [5.2.4] — with a much smaller number of random
sources, thus saving computational resources.

We have implemented random U(1) sources, which amount to setting n(x) =
exp{2mir(x)} where r is an x-dependent random number uniformly distributed in
the interval [0,1], in our measurement programs and extensively tested how the
error on the correlator scales with the number of random sources utilized and the
lattice volume, and compared it with the error on the correlator obtained with
point sources as depicted in figure [5.6] This analysis fully confirms the expected
scaling of the variance with the number of sources in our setup, and shows that
a significant gain in precision can be achieved even with a single random source
with respect to a single point source. Moreover, it also confirms that the variance
reduction is more effective with larger volumes. In this regard it is also intersting
to notice that in our high temperature ensembles random sources provide an ef-
fective way to reduce the variance across all mesonic channels considered, while at
zero temperature the variance in the pseudoscalar and vector channels show quite
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different behaviour, see for instance [192]. The fact that, for the high tempera-
tures considered, the bulk of all meson screening masses in the n = 0,1 sectors is
given by 27T and the very large spatial volumes employed in our simulations make
the use of random sources extremely effective in significantly improving the StN
of mesonic correlators, and allows the extraction of screening masses in channels
which would be inaccessible with point sources, see figure [5.7]

5.2.6 Effective mass analysis

In this section we describe the strategy employed to determine the mesonic screen-
ing masses in the P, V and 1} channels for both n = 0 and n = 1 Matsubara sectors.
While in principle very similar to the approach employed for the baryonic screen-
ing mass described in section [5.1.3] we adopt a more automated and systematic
approach to the determination of the two-state and one-state fit windows given
the larger number of channels with different singal quality. The end point of both
fits 25'** was chosen as the last available point for which the relative error on the
correlator is below 12.5%.

Two-state fit

To identify a range [z3™, 27| where the lowest energy state dominates we model
the contribution to the effective mass of an excited state in a range [z5', z72%],
and determine when it becomes negligible with respect to the ground state. To do
this, we begin by fitting the effective mass values with a functional form given by
the contribution of two states to the correlator. Since bosonic fields are periodic
in the x3 direction, the contribution of the ground state to the correlator assumes
the form

Cys(3) = Acosh(mg(xs — L[2)), (5.2.32)

where mg is the ground state screening mass, L is the spatial extent of the lattice
and A is proportional to the matrix element of the relevant operator between the
vacuum and the ground state. A better definition of the effective mass in this case
is given by

C C(x3 -
ameg (w3) = cosh™ l (23 +;%2—x3)(x3 a)] (5.2.33)
assuming that the correlator is given by the 4-parameter ansatz
C*(w3; A, mg, B,m1) = Acosh(mg(z3 - L/2)) + Bexp(-m,x3) (5.2.34)

where mg models the screening mass and m; the first excited state, the function
we fit to the effective mass data is

(5.2.35)

2s 2s _
asz(xg;B/A,mo,ml)=cosh_1(0 (5 + a) + O™ (s a))’

2025(273)
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FI1GURE 5.8: Selection of the starting point for the two-state fit to the function (5.2.35))
for the pseudoscalar screening mass in the n = 1 Matsubara sector for 77 on a 6 x 2882,
Panels show the ground state —blue points— and first excited state mass -orange crosses—
(top), the ratio of the amplitudes of the first excited and ground state (middle, B/A in
equation ([5.2.35)) and the reduced uncorrelated x? of the fit as a function of the starting
point for the two-state fit. The dashed vertical line is the chosen starting point for the
two-state fit as described in the main text (25" = 23 in this case).

which depends only on 3 parameters (the two screening masses and the ratio of
amplitudes B/A). We systematically vary the starting point of the fit 25" and
monitor the quality of the fit (uncorrelated x2/d.o.f.), the stability and relative
error of the fit parameters. We select the starting point by looking for a local
minimum of the y? where all the parameters are different from 0 within their un-
certainties and relatively stable under variation of the starting point. An example
of this procedure is shown in figure [5.8|
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One-state fit start (P, n = 1)
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FIGURE 5.9: Selection of the starting point for the one-state fit (plateau). The contri-
bution of the first excited state relative to the ground state defined in equation
(orange band) is compared to fractions of the relative error on the correlator (blue lines)
to determine when it becomes negligible. The starting point is depicted by a dashed

vertical line (3™ = 53 in this case)

One-state fit

Once we have a credible description of the data in terms of ground and first excited
state contribution, we can quantitatively decide when the correlator is dominated
by a single state. Indeed, with the results of the fit to eq we can build the
following dimensionless ratio:

C?(x3) — C'%(x3)
Cls(z3)

R(x3) = (5.2.36)

which only depends on mg, m; and B/A and quantifies the contribution of the
excited state relative to the ground state. This can be compared with the relative
error on the measured correlator, and we can define the start of the plateau as the
value of 2" for which R(x3) becomes smaller than a chosen fraction of the relative
error. As anticipated, the precision with which we can determine correlators varies
significantly across channels and sectors. The P and Vi channels in the static
sector do not suffer from a StN problem and are now determined with an impressive
precision below the permille (see figure for an example of the gain in statistical
precision obtained in the static sector with respect to [54]). In practice we adopt
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FI1GURE 5.10: Effective pseudoscalar screening mass in the n = 1 Matsubara sector. The
red curve is the two-state fit of equation to the data, and the red horizontal band
corresponds to the estimate of the ground state screening mass with this fit. The gray
band is the result of the fit to a constant in a range where the contribution from the
excited state is negligible, and serves as our final estimate of the screening mass. The
results of the fits are drawn in the ranges where they have been applied, determined as
described in the main text.

the following thresholds:

Uc(fﬁg,) E for P, VT at n =0 (5237)

C(w3) : 1
3

min

2§ =mind x3 s.t. R(x3) <

otherwise

An example of this operation is displayed in figure Once the starting point for
the one-state fit has been determined, our final estimate for the screening mass
is given by a fit of a constant to the effective mass in the range [z, z#*]. An
example of both the two-state and one-state fits for the the pseudoscalar effective
mass is displayed in figure for the n = 1 sector and figure for the n =0
sector. Our best estimates of mesonic screening masses at all temperatures and
lattice spacings are reported in appendix [F] in tables [F.1] and [F.2] for the static
sector, and in tables [F.3] and [F.4] for the non-static n = 1 sector.

Before discussing the continuum limit extrapolation of our data and studying

its dependence on the temperature, we highlight a few important aspects of the
non-perturbative data contained in the aforementioned tables. As anticipated, the
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FI1GURE 5.11: Top: as in figure but for the static n = 0 Matsubara sector. Bottom:
comparison of the effective pseudoscalar static screening mass as obtained with point
sources in [54] (shaded points) and in this work with random wall sources (full points).

static P and V7 channels are now determined with very high precision below the
permille, and also their splitting shows an increased precision with respect to the
original determination of . The screening masses in the other channels and
sector are determined at the percent level or better. We remark on the fact that
the Vy and V3 channels in the n = 1 sector are degenerate within their rather
small errors, which is expected in the continuum since the two correlators are
related by the Ward Identity associated to the conservation of the vector current
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. Similarly, it is interesting to notice that also the P and Vr screening
masses in the n = 1 sector are compatible within uncertainties, at variance with
what happens in the static sector where a spin splitting is clearly observable.
Although the screening masses in this sector are determined with less precision
than their static counterparts, it could mean that the spin-dependent potential in
the n = 1 sector, analogous to the one computed in section for the n = 0 sector,
is more suppressed. Prelimary investigations suggest that the hyperfine splitting
in the n = 1 sector assumes a similar for as the one found for the static sector;
however, the ground state wavefunction of the non-static potential is a p-state in
this case, which vanishes at the origin and would therefore be consistent with the
much smaller spin-splitting observed in the lattice data. It will be interesting to
investigate this further in the future. With these remarks in mind, for the n =1
sector we will focus only on the P and V[ channels in the following discussion.

5.2.7 Continuum limit and temperature dependence

Once the screening mass of different channels has been obtained for all temper-
atures and lattice spacings a controlled continuum limit can be taken. Like for
the baryonic case, we have computed the mesonic screening masses at tree level in
the lattice theory as reported in appendix [G.I} We find that the screening mass
at tree level is the same not only across all mesonic channels considered, but also
between the n = 0 and n = +1 Matsubara sectors, and we thus denote it with mfree.
We define tree-level improved mesonic screening masses in the n = 0,1 sectors as

m%_‘n) Rkt m%n) mfree
_ _ 1 5.2.38
0T \2xT 277 |7 ( )

where T labels the channels we consider ' € { P, Vj, Vi }, and extrapolate the tree-
level improved data to the continuum. As reported in tables [F.IHF.4] the precision
with which we have determined the screening mass varies significantly across sec-
tors and channels, essentially due to different severity of the exponential problem.
The P and Vr channels in the static sectors are determined with a precision well
below the permille; the V[ channel in the n = 1 sector — which is actually lighter
than in the static sector, see also [160] — is determined at the permille level, while
the P and Vi channels in the n = 1 sector and the static V;; channel are determined
with a precision of about 1%. In the static P and V7 channels particularly the
continuum extraction must be performed with cardl Indeed, not only does data

8We have also chekced that the systematic error on the screening masses induced by the
uncertainty in the determination of the lines of constant physics is negligible with respect to the
statistical error.
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at fixed temperature show relevant discretization effects that require higher pow-
ers than (a/Lg)? to be described, but attempting to perform separate continuum
limits for each temperature as done for the baryonic case reveals unacceptably
x?/d.o.f. For this reason, we decide to leverage the large number of data points
and perform a global fit of the data at different temperatures and lattice spacing,
modeling the temperature dependence of discretization effects and of the contin-
uum data directly. As a matter of fact, the strategy described below turned out
to be preferable also in the other channels and sectors, and therefore in this thesis
we present results obtained applying it in all cases.

Similarly to what we did when investigating the temperature dependence of
baryonic screening masses, we study the lattice data as a function of §(7"), where
we now opt for the 5-loop MS coupling renormalized at a scale y = 27T, obtained by
numerically integrating the 5-loop beta function |16} [17]. We stress once again that
for our purposes this is just a convenient choice to parameterize the dependence
of the non-perturbative data on the temperature, and which also allows to exploit
the information coming from perturbation theory to guide the interpretation of
the lattice data.

As a first step, for each channel and sector we fit the data in tables [F'.1 with
the following ansatz, which we label as FULL

(/0. T) = (L by G3(T) +by 5(T) + by (D)
. (Lio) (dX, GA(T) + dfy §3(T)) (5.2.39)

+dX (1)3 2(T)
3,2 Lo g .

The first line represents the parameterization of the screening mass in the con-
tinuum as a funciton of §(7"). Both the tree-level contribution and the O(g?) one
are set to the analytically known parts of the weak coupling expansion summarized
in table [3.2] while b3 and by are free parameters in the fit. Having a large number
of precise points, lattice artifacts are modeled with the aim to capture both the
deviation from the leading O((a/Lg)?) discretization effects (represented by the
cubic term proportional to the coefficients d§f2) and also subleading temperature-
dependent effects in the leading lattice artifact, given by the défg term. We stress
that since the high temperatures T — Ty are discretized with the Wilson plaquette
action and the low ones Ty — T} with the Liischer-Weisz action, they are affected
by different discretization effects. For this reason we employ two different coeffi-
cients for each term df(] in equation ([5.2.39), one referring to lattice artifacts for
the nine highest temperatures and labeled by dgj and one referring to the three
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P, n=0 Vi, n=0
FULL MOD FULL MOD

b 0.00962(49)  0.0128(10)  0.00389(67)  0.0057(15)

by -0.02181(36) -0.02421(77) -0.01006(49) -0.0114(11)
M -0.9760 -0.9823 -0.9806 -0.9853

Op3O0p,

dy, 0.282(16)  -0.04(12)  0.325(22)  0.20(14)

dy, 0.343(19)  0.281(30)  0.280(40)  0.235(52)

dil, -0.0063(67)  0.212(98)  -0.0440(82)  0.01(12)

dy -0.016(12)  0.048(22)  -0.024(28)  0.016(42)

d, -0.304(43) - -0.308(58) -

dy, -0.437(51)  -0.532(85)  -0.273(67)  -0.31(12)
x?/d.o.f. 5.11 1.29 5.31 1.08

TABLE 5.4: Results of the combined continuum limit and temperature fit for the P and
Vr channels in the static Matsubara sector. The labels FULL and MOD refer to the fit
strategies described in the main text.

lowest temperatures denoted as dL This fit therefore has 2+ 2 x 3 = 8 free param-
eters and 43 data points, resultlng in 35 degrees of freedom. While it is able to
capture the dependence of the data on the lattice spacing and temperature, this
fit yields in general — particularly so for the static P and Vi channels — rather high
values of x2/d.o.f.. We find that most of the discrepancy can be traced back to the
data at Lg/a = 4, which is affected by large discretization effects and displays very
small errors which highly influence the fit. We have tried changing the functional
form of equation by adding or removing terms to both the continuum
parameterization or the modeling of lattice artifacts, without noticeable gains in
the fit quality. We have also tried excluding the Ly/a = 4 data for all temperatures
or subsets of the temperatures considered and repeat the fit, without finding an
improvement in quality. Especially for the lower temperatures, where only three
lattice spacings are available, it is crucial to extract as much information also from
the coarsest ensemble.

For this reason, we treat the data at high temperatures (Ty — Tg) and at low
temperatures (Ty —7T71) in a slightly different way. We discard the Lg/a = 4 data
for the 9 highest temperatures only while retaining it for the lowest 3; in addition
to that, we use the results of the previous fit to estimate the magnitude of sublead-
ing discretization effects in the finer ensembles at high temperatures, and inflate
the errors on the Ly/a = 6,8,10 points accordingly. Specifically, we compute the
contribution due to the O((a/Lg)?) term arising from the fit of equation (5.2.39)
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P n=1 Vo, n=1
FULL MOD FULL MOD

b 0.088(15)  0.087(28)  0.0213(15)  0.0245(23)

by -0.047(11) -0.039(23) -0.0131(11) -0.0156(19)
M -0.9670 -0.9865 -0.9762 -0.9911

Ob30p,

dI, 0.47(56)  0.76(2.28)  0.200(52) _ 0.03(16)

di,  0.13(1.01) -0.35(1.20) 0.053(80)  0.000(78)

dil, 0.24(31) -0.98(1.94) -0.115(23)  -0.01(14)

dy 0.55(74)  0.07(1.09) -0.016(51)  0.055(69)

dil, -4(1) - -0.18(14) -

dy, “4(2)  -0.26(2.75)  -0.24(17)  -0.40(24)
x?/d.o.f. 1.65 0.72 2.28 1.37

TABLE 5.5: Same as in table but for the P and Vj channels in the n = 1 Matsubara
sector. We have observed that at all lattice spacings and temperatures considered, the
Vr channel is compatible with the P channel, and the V3 with the Vj (see tables and
, and we therefore omit them from this analysis for the time being.

in the high-temperature data, namely

AL §(T) = dod®(@) (1) Telfh Tl (5:240)

and treat it as a systematic error for the data points at Lg/a = 6,8,10 by adding
it in quadrature to the statistical error

0-12110d(a//L07g(T)) = Us2tat(a/L07g(T)) + AQ(CL/LO;Q(T))7 T el[Ty, Tg]. (5.2.41)

We then perform a global fit of all data at Ty—Tg excluding the Ly/a = 4 points with
the modified weights given by equation (5.2.41)) and all data at Ty — T3y, including
the Lg/a = 4 points with unaltered errors, with a functional form given by equa-
tion excluding the term proportional to (a/Lg)? for the high temperature
ensembles:

5@/ Lo, T) = (L by §5(T) + by §*(T) + by §*(T))
+(Lﬁ0) (dy *(T) + d5s 63(T)) (5.2.42)
“diy (1) .

The resulting fit, which we label MOD, has 7 free parameters for 34 points corre-
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Vo, n=0
FULL MOD

b 0.052(12)  0.059(34)

by -0.0283(90)  -0.031(25)
cov(bsba) 9779 -0.9826

Ob30p,

d, 1.89(43)  -0.68(3.82)

dt, 3.07(85) 3(1)

dif 0.16(25)  0.72(3.17)

dt, -0.59(58)  -0.56(91)

di, -10(1) ;

dr, 112(2) “11(3)
x?/d.o.f. 1.88 0.17

TABLE 5.6: Same as in tables and but for the Vj channels in the n = 0 Matsubara
sector.

sponding to 27 degrees of freedom, provides a very good description of the lattice
data and furnishes a precise parameterization of temperature dependence of the
screening masses in the continuum, encoded in the b3 and by parameters. The

results of both fits are reported in tables [5.4] [5.5 and [5.6] see figure [5.12] for an
example of the combined fit.

Following the same combined fit strategy as above, we are also able to com-
pute the hyperfine splitting with increased precision with respect to [54]. The fit
functions have to be adapted to account for the fact that the hyperfine splitting
starts at O(g*); for instance, equation ((5.2.39)) is modified according to

U8 (4]0, T) = (51 6°(T) + 53 5°(T) + 50 (T)
+(Li0) (dX, §4(T) + dX5 3°(T)) (5.2.43)
< (1) a.

where the coefficient s, = 0.002376... is the one we computed in perturbation

theory in section £.2l With these modification, the fit proceeds exactly as de-
scribed above, and the results are summarized in table 5.7 We remark on the fact
that within the current level of precision including a single O(g?*) term as a free
parameter in the interpolation of the continuum data does not yield a satisfactory
fit quality, and higher powers of g must be included from the start.
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FIGURE 5.12: Tree-level improved pseudoscalar screening mass in the n = 1 Matsubara
sector (black points) and the result of the combined continuum extrapolation and in-
terpolation in g(7') (red lines and bands) performed as described in the main text (fit
MOD). Data for Lg/a =4 at the 9 highest temperatures is excluded from the fit, and the
errors for the Lo/a = 6, 8,10 points at these temperatures are rescaled as described in the
main text (outer errorbars).

5.3 Comparison with perturbation theory

Our final results for the continuum screening masses parameterized as a function of
G(T) as described above are reported in figure [5.13] The NLO perturbative expres-
sions reported in table are instrumental to guide the parameterization of the
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Hyperfine splitting

FULL MOD

s 0.00507(20)  0.00468(28)

s 20.00096(15)  -0.00065(23)
cov(s5%) g 9766 -0.9883

0-550-36

df, C0.0114(74)  0.040(22)

dt, 0.072(13)  -0.064(14)

di 20.0000(32)  -0.040(19)

dt; 0.020(20)  0.017(11)

di, 0.0279(92) ]

dr, 0.069(25)  0.097(30)
2/d.of. 385 1.65

TABLE 5.7: Results of the combined fits for the hyperfine splitting in the static sector.

lattice data, ensuring that the correct behaviour is reproduced at asymptotically
high temperatures. Although we observe that the hierarchy of screening masses
predicted by the perturbative analysis holds also in the lattice data, significant de-
viations from O(g?) perturbation theory persist over the whole temperature range
explored. This is particularly striking, for instance, in the non-static pseudoscalar
or in the static temporal vector channels: not only does the non-perturbative data
show deviations from the free-theory value ranging from 10% up to 25%, but also
discrepancies of about 10% with respect to the NLO perturbative value persist at
all temperatures considered. It is also interesting to notice that in these channels
the fit parameters b3 and by, which effectively encapsulate contributions from all
powers higher than g2 to the screening mass, have similar magnitude and opposite
sign, amounting to an effective compensation similar to the one observed in the
hyperfine splitting and pointed out in section

As anticipated in the previous sections, the high-precision determination of
the hyperfine splitting allows us to study in more detail the comparison with
perturbation theory. Figure [5.14] displays the result of the combined continuum
limit and interpolation in ¢*(7"), compared to the pertubative result discussed
above and the lattice data of [54], from which it is possible to appreciate the
increased precision, of about a factor 10, with which we have determined the spin-
splitting in the continuum. As mentioned before, with this level of precision it
is not possible anymore to describe the non-perturbative data with a single g*
effective term, and higher orders are necessary from the start. Having computed
the leading perturbative coefficient is instrumental to parameterize the lattice data
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FIGURE 5.13: Temperature dependence of the continuum extrapolated mesonic screen-
ing masses in the various channels and sectors investigated in this thesis. The screening
masses are normalized to the free-theory value i.e. 277T". Bands represent 1o intervals of
the continuum parameterization of screening masses as a function of the temperature-
dependent coupling §(7"). Straight lines represent the value of the screening masses at
(9( 92) in perturbation theory, showing significant qualitative and quantitative discrepan-
cies with the non-perturbative data over the whole temperature range. The grey vertical
lines show some indicative temperature values.

and ensure that the correct asymptotics are reproduced. We stress once again
that the higher powers than ¢g* in the hyperfine splitting receive contributions of
non-perturbative orgin, for example from a string term in the spin-independent
potential, limiting the applicability of perturbation theory to the leading order]
Our non-perturbative data clearly show that these non-perturbative contributions
remain relevant, and in this case dominant, up to electroweak-scale temperatures.

9See for a qualitative study on the non-perturbative effects in static mesonic screening
masses
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continuum extrapolation of the random source data described in the main text.
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Conclusions and perspectives

In this thesis we have presented an in-depth study of screening masses in thermal
QCD over a wide temperature range going from 7'~ 1 GeV up to the electroweak
scale T'~ 165 GeV. We have determined the screening masses of states with quan-
tum numbers corresponding to the nucleon and flavor non-singlet mesons, the
latter with both spin 0 and 1, both in the static and non-static Matsubara sectors.
Our results have been obtained with non-perturbative simulations of lattice QCD
with Ny = 3 flavors of massless O(a)-improved Wilson fermions, exploiting a re-
cently proposed strategy that allows to efficiently simulate the theory at very high
temperatures. They represent the first results for nucleon screening masses in the
literature [2|, and the first determination of non-static mesonic screening masses
for temperatures up to 7'~ 165 GeV. It was possible to investigate the non-static
mesonic sector, which is affected by a severe signal-to-noise ratio problem, thanks
to an algorithmic strategy we developed to efficiently perform averages over the lat-
tice volume of the relevant correlators to reduce the error on our estimators. As a
by-product, this also allowed us to measure the static screening masses, which were
previously determined at the permille level [54], with up to an order of magnitude
smaller errors. With the aim of aiding the interpretation of the non-perturbative
data, we have also performed perturbative computations of screening masses in
the three-dimensional effective theory that describes QCD at asymptotically high
temperatures. Specifically, we have determined the O(g?) next-to-leading order
correction to the nucleon screening mass [3|, and the O(g*) leading order value
of the hyperfine splitting in static mesonic masses [1], which were not previously
known. We find that the available terms in the weak coupling expansion are not
able to explain the screening masses at the obtained level of precision, with sizeable
deviations persisting over the whole temperature range. In particular the hyper-
fine splitting, now determined at the percent level, is dominated by terms beyond
the leading order which can be shown to receive contributions of non-perturbative
origin. Moreover, owing to the increased precision, it is not possible anymore to
describe the non-perturbative data with a single effective O(g?*) term, as was pre-
viously found in [54]. Our results across all channels and sectors considered are
summarized in figure [5.15]
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FIGURE 5.15: Screening masses of all the channels considered in this thesis as a function
of §*(T), normalized to their value in the free theory (37T for the N* channel, 27T for
the mesonic channels). Colored bands are 1o intervals of the non-perturbative determi-
nations, while the dotted lines of the corresponding color are the screening masses in
(’)(92) perturbation theory.

Our findings consolidate the numerical strategy employed as a solid way to
obtain high-precision non-perturbative predicitions of thermal QCD up to the
electroweak scale. They furthermore indicate that the accuracy of the perturba-
tive expansion of the effective theory is limited to temperatures even higher than
those explored, and crucially that non-perturbative contributions remain relevant
in thermal QCD up to the highest temperatures explored T' ~ 165 GeV, meaning
that a non-perturbative treatment of thermal QCD is necessary up to the elec-
troweak scale. These conclusions are consistent with what was recently observed
for the Equation of State, determined non-perturbatively up to the electroweak
scale employing the same strategy adopted in this thesis .
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Looking forward, to complete the investigation of the hadronic screening spec-
trum it will be interesting to compute the screening masses of spin 3/2 baryons
which, of the spin-splitting also in the baryonic sector. Our analysis of the mesonic
hyperfine splitting shows that non-perturbative effects in the EFT are relevant in
the whole temperature range. On the theoretical side, these results call for the
non-perturbative matching of the three dimensional effective theory to full QCD.
Once the non-perturbative relation between the matching coefficients of the EFT
and the parameters of QCD will be determined, it will allow us to properly identify
the presence and magnitude of non-perturbative contributions in the observables
of the theory.
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Appendix A

Notation and conventions

Throughout this thesis we adopt natural units, i.e. we set
c=h=kp=1, (A.0.1)

where ¢ is the speed of light in the vacuum, A is the reduced Planck constant
and kp is the Boltzmann constant. Unless otherwise specified we adopt Einstein
notation, meaning that repeated indices are summed over.

A.1 SU(N) conventions

The special unitary group SU(NV) is defined as the set
SU(N)={U e GL(N,C) | UUT =U'U =1, detU =1}, (A.1.1)

with respect to the matrix product, and where the general linear group GL(N,C)
is the set of all invertible N x N matrices with entries in C. It is generated via
exponentiation by its Lie algebra, the set of Hermitean traceless N x N matrices

su(N)={H eGL(N,C) | H=H', TrH =0}, (A.1.2)

and since SU(N) is a compact and simply connected Lie group, a generic elements

U can be written as
U = exp{if*T"}, (A.1.3)

where a = 1,...,N2 -1, 6% ¢ R and T € su(N) are the generators of the group.
They satisfy the following defining commutation and anticommutation relations

[T, T") =ifeTe, {T°,T"} = %bl +d*eTe. (A.1.4)

140



A. Notation and conventions A.2. Dirac matrices

The structure constants f are totally antisymmetric in all indices, while the con-
stants d are symmetric. It is customary to choose a basis of generators which
satisfy the following normalization condition

Tr (T°T") = %abl. (A.1.5)

Two relevants examples are given by the case of SU(2) and SU(3). For SU(2) the
three generators are taken to be T% = %cra, where o, are the Pauli matrices:

oy = ((1) (1)) o9 = ((Z) _OZ) o3 = ((1) _01). (A.1.6)

For SU(3), we consider the generators T = %)\“, where \® are the Gell-Mann
matrices:

010 0 —i 0 1 0 0
A=[10 0] A=[i 0 0] M=o -1 0
00 0 0 0 0 00 0
00 1 00 —i
A=[0 0 0] M=o o0 0 (A.1.7)
100 i 0
00 0 00 0 L1000
AN=lo o 1] NM=[o0 -] x¥=—f0o1 0
010 0 i 0 V3lo 0 -2

A.2 Dirac matrices

The Dirac action for the quark spinor fields involves the 4 x 4 matrices denoted by
Yu- Their defininig property is the following anticommutator relation, known as
the Clifford algebra:

{1} = 2014, (A.2.1)

where 7, is the metric tensor, which in this thesis is taken to be the 4-dimensional
Euclidean metric, i.e. 1., =9,,. Different explicit representation for the Dirac
matrices 7, exhist. In the chiral representation they are chosen as

_ 0 —12 _ 0 —in .
Yo = (_12 0 )7 ’Yj - (Z'O_j 0 )7 J= 17273' (A22)

The matrix v5 = 7071727y3 plays a central role when discussing chiral properties of
the QCD action, see section [[.5 In the chosen representation it is given by

e
V5 = ( 0 _12) ) (A23)
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A. Notation and conventions A.3. QCD field content

and it satisfies
{357} =0 Yp, =95 AE=1ls (A.2.4)

The charge conjugation operator is defined from the Dirac matrices as C' = 1772,
and in this basis reads

. 0
C =iy = (002 ) : (A.2.5)

It is an antisymmetric matrix that furthermore satisfies
CIYMC = _737 [Ca /75] =0. (A26)

When constructing the three-dimensional effective field theory that describres
QCD at high temperature (see section [3.3.3)), it is convenient to adopt a non-
relativistic representation of the Dirac matrices to select the third direction as the
screening direction in which we will study the propagation. In this representation
they read

_ 0 12 _ 09 0 _ —01 0 _ 0 —ilg
70_(12 0)7 71_(0 _0_2)7 ’)/2_( 0 0_1)7 /73_(2.12 0 )7 (A27)

and the v5 and charge conjugation matrix are

(-05 0 {0 oy
ol D) e ) 28

A.3 QCD field content

Quarks and antiquarks are described by spinor fields () and ¢ (z) which trans-
form in the fundamental and antifundamental representation of the gauge group
SU(3) respectively, i.e. under a transformation (x) € SU(3) they are sent into

U(z) — Qx)e(2), ¥(@) — ()2 (2). (A.3.1)

Gluons are represented by Lie algebra-values fields A, (z) = A%(z)7T“. Their inter-
action with quarks is represented by the gauge-invariant term

(@)D (2) = (@) (9 — iAu(2)) (), (A.3.2)

where D, is the gauge-covariant derivative. This determines how the gluon fields
transform under gauge transformations:

Au(z) = Q(2) A, (2)QN(2) +iQ(2)0,Q () (A.3.3)
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A. Notation and conventions A.3. QCD field content

Their dynamics of described by the kinetic term in equation (1.1.1)), which is
written in terms of the field-strength tensor, itself taking values in the Lie-algebra
F(r) = Fg (x)T*, and transforming in the adjoint representation of SU(3)

Fu(2)=i[Dy. D], Fu 22 Q) Fo(2)0 (). (A.3.4)
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Appendix B

Faddeev-Popov procedure

The Faddeev-Popov (FP) procedure allows to define the path integral for Yang-
Mills theories in the continuum; for non-abelian theories such as the SU(3) gauge
sector of QCD the definition is valid order-by-order in perturbation theory. In-
tuitively, the issue that the FP construction addresses is an “overcounting” of
physically equivalent field configurations. Indeed, a field configuration A, and its
value A} after a gauge transformation Q could assume very different values, but
they contain the same physical information, which is reflected in the fact that the
action is gauge-invariant. To overcome this problem a gauge fixing procedure is
required, which means imposing that the gauge fields satify a certain condition
that partially or completely lifts the gauge invariance. While gauge invariance will
be eventually lost at the level of the action, it will continue to hold for physical
quantities. One thus imposes a condition on the field A, expressed as

f(A)=0 (B.0.1)
for a given function f. It is convenient to employ a covariant gauge of the form
f(A) = 0,A.(x) - A(x) (B.0.2)

for a matrix-valued function A(x). The idea is to only consider one representative
configuration A in the path integral from the equivalence class of all configurations
A® obtained by gauge transformations and that satisfy the condition above. This
can be done with the introduction of the Faddeev-Popov factor App(A) defined
by the following equation

Arp(A) [ DR (F(AY) = 1; (B.0.3)

the aforementioned overcounting is bypassed for each configuration A by integrat-
ing over all possible gauge transformations, and the FP factor exactly compensates
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B. Faddeev-Popov procedure

this integration. Inserting the above equation in the partition function and exploit-
ing the gauge invariance of the measure, action and Agp(A) allows to re-write it,
up to an irrelevant constant, as

Z= jDAMDzZ)D;Z)AFP (A) 6 (f(A))eSaco, (B.0.4)

For conditions of the form (B.0.2) the Faddeev-Popov factor can be evaluated to
be
AFP(A) =det (a“D“) (B05)

which depends on the gauge field through the covariant derivative. The deter-
minant can be seen as the result of a functional integral over auxiliary fields ¢, ¢
described by anticommuting Grassman variables, specifically

det (0,D,) = IDEDC exp{-Srp [¢, ]}, (B.0.6)

Sep [0, ] = % [ dte Tr{9,eD,c) . (B.0.7)
0

While the action of the auxiliary ghost field is that of a complex scalar field in
the adjoint representation, which describes spin 0 bosonic excitations, they are
reperesented by anticommuting variables which characterize fermions. This means
that ghost fields violate the spin-statistics theorem, and although they need to be
taken into account in perturbative computations to obtain the correct results,
their quanta are not physical states of the theory. This implies, for instance, that
they can only appear as internal propagators in Feynman diagrams and never as
external legs. The resulting partition function now depends on the constant A
appearing in the gauge fixing condition

Zy = IDAMD@EDwDEDc 5 (8, A, — A) exp{~Sqcp - Sep ), (B.0.8)

1
and integrating over A with a Gaussian weight o< exp{—z— Tr{A}2} yields the
a

0
complete continuum definition of the partition function

Zocep = IDAMD&DwDEDc exp{-Sacp - Srp - Sar !, (B.0.9)

with the gauge-fixing term defined as

Sar[A,] = % jd‘*a: Tr[(9,4,(2))%]. (B.0.10)
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Appendix C

More on lattice field theory

C.1 Haar measure

Because SU(N) is a compact group, the notions of volume and measure can be
extended to it. The central properties of the Haar measure can all be derived by
requiring gauge invariance; in particular, since the action is gauge invariant
and the partition function must not change after gauge transforming the link
variables as in , the Haar measure for a single link variable must satify

dU,(z) = dU}(z) = d(Q(2)U,(2)Q(z + afr)), (C.1.1)

and since the transformations at different points can be choosen independently,
the measure must more generally be invariant under left and right multiplication
by any group element:

dU =d(VU) =d(UW), ¥ U, V, W e SU(N,). (C.1.2)

Specifying the normalization
[av1=1 (C.1.3)

completes the definition of the Haar measure. The centrality of gauge invariance
is manifest in the fact that the integral over any product of SU(/N,) elements that
does not contain a singlet in its irreducible representations, i.e. that is not gauge
invariant, vanishes identically. To list a few examples for the relevant case of SU(3)

[fav v =0 (C.1.4)
de UppUsi = 0 (C.1.5)
[fav vuU, - %@zdabc (C.1.6)
[[dU UUeaUes = éeaceebdf; (C.1.7)
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C. More on lattice field theory C.2. Grassmann variables

the only possibly non-zero integrals (C.1.6) and (C.1.7)) are those that correspond

to a gqq and gqq state respectively, which contain a gauge invariant combination,

see equations (|1.4.1)) and (1.4.2)).

C.2 Grassmann variables

Because of their statistics, fermionic fields are represented by anticommuting Grass-
mann variables. We consider a Grassmann algebra generated by 2N elements
M,-..,nn and 7y, ..., 7y defined by the fact that they anticommute among theme-
selves:

{Uunj} = {ﬁzaﬁ]} = {771777]} =0 VZ,] = 17 s )Na <C21)
and in particular the square of any Grassmann number is 0. Functions of Grass-
mann numbers are defined as a power series in the variables, which due to the
previous statement only have a finite number of terms, since any power higher
or equal to 2 of any variable vanishes. A relevant case for our application to the
path integral of fermionic fields is given by the Gaussian function of Grassmann
variables

g(n,n) = eXp{_ZﬁiDijnj} (C.2.2)

with some matrix D (in practice, this will be the Dirac operator). Because only
terms of order 1 in 7 and 7 contribute to the power series of the exponential, the
Gaussian function can be written as

g(n,m) = H1 (1 =7 Dijny) - (C.2.3)

Next, we need the notion of integration over Grassmann variables. We are inter-
ested in evaluating an integral of the form

| DD £ (0,7) (C.24)

for a given function f of the Grassmann variables, and where we introduce the
shorthand notation for the measure as

N N
i=1 i=1

Due to the fact that the integration measure over each variables anticommutes
with all other integration measures, and because of the finite number of term
present in any funcion of Grassmann variables, integration looks quite different
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C. More on lattice field theory C.3. Finite volume renormalization

from the usual. Indeed, one can calculate any arbitrary integral once the following
elemetary rules are specified:

dn; =0,
. 20

In particular, it can be shown that the integral over Grassmann variables of the
Gaussian function (C.2.2)) can be evaluated analytically and yields

fDﬁDT] exp{— ZﬁZD”n]} =det D, <C27)
.3

which explains the appearance of the fermion determinant in equation ([2.2.26]).

A central class of integrals are those that involve pairs of 1 and 7 variables in

presence of a Gaussian weight. The elementary integral has the form

IDﬁDn ninj exp{-nDn} = det D x (D‘l)ij : (C.2.8)

where we suppress the sum in the exponent for brevity. Adopting the notation
that is relevant for the QCD path integral, we derive the elementary fermionic
expectation value:

— _ | DD gy exp{-7Dn} _ (D) (C.2.9)
" 2.

= ) = DDy exp{-aDn)

which, in the case of QCD, is nothing but the quark propagator between lattice
sites ¢ and j. The above formula and notation denotes a so-called Wick contraction;
when multiple pairs of Grassmann variables are present, like when the two-point
function of an hadronic interpolating field is computed, Wick’s theorem tells us
that the expectation value is given by the sum of all possible Wick contractions that
can be obtained from the fermionic fields. Because the order in which Grassmann
variables appear is important for the validity of equation (C.2.9)), each contraction
will come with a sign factor from the necessary permutations of fermionic variables.

C.3 Finite volume renormalization

In this section, the strategy developed in [47, |52} 53, 194] to determine the non-
perturbative running of the renormalized QCD coupling g?(u) up to energies of
~ 100 GeV is reviewed. One starts by considering the theory in a box with finite
volume L* and employing a definition of the renormalized coupling at an energy
scale pu given by the inverse spatial extent of the box:

Gy (= 1/L). (C3.1)
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C. More on lattice field theory C.3. Finite volume renormalization
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FiGUrRE C.1: Sketch of the step scaling approach to study broadly different energy
scales. The low energy scale (red circle) requires large volumes, while the high energy
scale (blue circle) requires fine spacing. The two are connected by recursively scaling
down the lattice volume - which corresponds to the (inverse) renormalization scale p -
and the lattice spacing, so that each intermediate energy scale can be simulated with
reasonable resources.

A concrete example could be the coupling defined in the Schrodinger Functional
scheme [180]. To track its non-perturbative running, one defines the step-scaling
function o at a given value of the coupling g2,,(1/L) and for a given scale factor s
as the value of the coupling computed in a box with extent L’ = sL:

o(gev(1/L), ) = gey(1/sL). (C.3.2)

While the beta function describes how the coupling changes under infinitesimal
variation of the scale pu, the step scaling function encodes the same information
for finite rescalings of p. The relation bewteen the two functions is

o(s,u)

1
J de.

To renormalize the regulated theory, one fixes g2 such that the finite volume cou-
pling g2y (g2, a/L) (now computed on the lattice) assumes a prescribed value §?

gev(gs,ap) = 5% (C.3.4)

In(s) = - (C.3.3)
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C. More on lattice field theory C.3. Finite volume renormalization

rescaling L/a by a factor s at the value of gy (and thus a) determined from the above
condition and measuring again the renormalized coupling g2, (g2, au/s) = (32)’
probes the energy scale p/s. One can now decrease the lattice spacing at the new
energy scale by increasing the number of points in each direction and tuning g2
until the renormalized coupling assumes the same value (§2)". In this way, the
scales p and p/s can be simulated with good control over cutoff effects, and even
though the imposed renormalization condition changes with the different energy
scale, one still describes the same continuum theory because the different values of
the coupling are connected by the renormalization group. At sufficiently low energy
an hadronic scheme can independently be employed to set the physical scale [14],
so that one can determine a low-enegy renormalization scale p in physical units,
corresponding to a lattice extent L.,. A visual representation of the strategy is
depicted in figure [C.I With just 7 steps of the described procedure for a scale
factor s = 1/2 one can span two orders of magnitude in the renormalization scale;
for the case of QCD, this means being able to connect the non-perturbative low-
energy regime to high-energy conditions in a single unified approach, also allowing
to make contact with the perturbative regime, see figure [C.2]
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FIGURE C.2: From [194]: running of a in QCD determined non-perturbatively through
the step-scaling procedure described in the main text. The results refer to the Schrédinger
Functional and Gradient flow definitions of the coupling, which are matched at a suitably
chosen scale. The non-perturbative running is compared to perturbation theory to several
loops both in the MS and in the Schrédinger Functional schemes.
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Appendix D

Ensemble generation

The extraction of random numbers distributed according to a generic target dis-
tribution is not a trivial effort, particularly so given the complicated functional
form of the distribution we are interested in. At present, the most efficient
way to generate an ensemble {Uy,Us, ..., Uy} of field configurations distributed
according to a target probability distribution is based on Markov chains, which
are stochastic processes that generate a new field configuration U’ based solely on
the previous configuration U, according to a transition probability T'[U’|U]. The
sequence of configurations can be thought of as an evolution in a “Markov time”
starting from an initial state U,. Since the goal is to estimate a path integral
which receives contributions from all possible field configurations, it is crucial to
ensure that the Markov chain is able, at least in principle and given enough time,
to explore the whole state space. Chains that respect this properties are called
ergodic: any state in the system is reached in a finite number of steps (on average)
by any other state. A central theorem guarantees that at large enough Markov
time, after a thermalization phase the states extracted by an ergodic chain are
distributed according to a well defined equilibrium distribution. Finally, to ensure
that the equilibrium distribution is the desired one P [U], it is sufficient to propose
states with a transition probability that satisfies the detailed balance condition:

P[UIT[UIU] = P[U]T[U'|U]. (D.0.1)

D.1 Metropolis-Hastings algorithm

A straightforward way to build an ergodic Markov chain whose transition matrix
satisfies detailed balance with respect to a target distribution P [U] is provided by
the renowned Metropolis-Hastings algorithm [195] [196]. Starting from a configura-
tion U, a new configuration U’ is proposed. The procedure to propose U’ starting
from U should respect microreversibility, i.e. it must be equally likely to propose
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U’ starting from U and to propose U starting from U’. The new configuration is
accepted, meaning it will be taken as the next state in the Markov chain, with the
following probability

el PIUTY
P...[UU"] —mm{l, PI0] }, (D.1.1)
otherwise, the proposed configuration is rejected, and the next state of the chain
is given by U. This means that if the proposed configuration has a higher target
probability than the current one, it will always be accepted, whereas if it has lower
probability it is accepted with probability P[U’]/P[U]. With these conditions
met, it is easy to prove that the algorithm satisfies detailed balance with respect to
P[U]. Another convenient feature is that there is no need to know the normaliza-
tion factor of P [U] since all the steps involve ratios of the distribution evaluated
on different configurations. The details of how new configurations are proposed are
usually tuned such that the acceptance rate of the algorithm is sufficiently high.
In the particular case of a Boltzmann-type distribution, the acceptance proba-
bility is related to the variation of the action between the starting and proposed
configuration

P[U']

P[U]

meaning that if the proposed configuration has a lower action than the starting
one it will be accepted, otherwise it will be accepted with probability given by the
above equation.

This expression also highlights the role played by the locality of the action in the
efficiency of simulation algorithms: if the action is local in the link variables, like
in the pure gauge theory, an update of a single link variable causes a variation of
the action which is itself local, meaning that it only depends on the value of links
nearby the updated one, making it efficient to compute the acceptance probability
and to update configurations. More specifically, the cost of updating all link
variables scales like the lattice volume V. On the other hand for actions that are
not ultra-local, which is the case of lattice QCD after integrating over the fermionic
variables, the variation of the action due to the change of a single link depends
on all links in the lattice, which makes the update cycle prohibitively inefficient:
extracting pseudofermion fields involves the inversion of the Dirac operator, which
is an operation whose cost scales like V', making a local update of the whole lattice
an O(V?) operation. The currently most efficient algorithm to sample gauge field
configurations in QCD, the Hybrid Monte Carlo [197], compensates this issue by
proposing global updates of all link variables in the lattice, and its main features
will be described in the next section.

=exp{-AS}, AS=S[U']-S[U] (D.1.2)
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D.2 Hybrid Monte Carlo

The Hybrid Monte Carlo (HMC) is a realization of the Metropolis-Hastings aglo-
rithm that achieves O(V') cost also in the presence of dynamical fermions by
proposing global updates of all link variables in the lattice, which are evolved in
an additional fictitious time 7 mimicking the Hamiltonian flow of classical sys-
tems. In this picture, a set of Lie-algebra valued normally distributed momenta
mi(x) € su(3) are introduced, with associated partition function

Z, = JDﬂ' exp{—% > Wz(l‘)z}, (D.2.1)

T,l,a

and which are conjugate to the link variables. By multiplying and dividing an
expectation value like (2.5.1) by the above equation the conjugate momenta can
be formally included in the path integral, leading to

1
(0) = Z—IDWDUDqﬁTng O exp{-H[U,¢,0',7]}, Zu=ZZ, (D.22)
H
where the system’s Hamiltonian has been introduced
1
H[Um, 6,0 = 5 S wi(x)?+ Sq[U]+ Spt [U, 0, 67]. (D.2.3)

T, l,a

As anticipated, this can be interpreted as the generator of translation in an addi-
tional dimension 7. The link variables and the conjugate momenta are thus allowed
to depend on this extra coordinate, and their evultion is governed by Hamilton’s
equations

dUM(IE,T) _ 0H [U77T7¢7 (bT]

dr om (ZL' 7—) - 71-/*(x’ T)Uﬂ(xv T)7 (D24)
14 )
T
dmc(lf,f) _ _5H5[éf,(7;, é)sﬁ Lo R ) = By, (D.2.5)
14 )

where the gauge and fermion forces are defined as

Fo(e.r) = % (D.2.6)
i
Fpe(w,7) = —55;;’;[1(]?;? ] (D.2.7)

Notice that the pseudofermion fields are not evolved in 7, but their effect is encoded
in the fermionic force. If equations (D.2.4) and (D.2.5) could be solved exactly,
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the Hamiltonian would be a constant of motion along the time evolution, and it
would be possible to define a procedure to propose field configurations that satisfy
all the properties described in the previous section and would always be accepted
since AH = 0. This procedure is composed of the following steps:

I starting with a gauge field configuration U,(x,7 = 0), conjugate momenta
mu(x, 7 = 0) are extracted according to (D.2.1]), as well as an ensemble of
pseudofermions ¢(x), ¢'(z) according to (2.5.6));

IT the equations of motion (D.2.4), (D.2.5) are solved up to a maximum time

T,

IIT the resulting link fields U,(x,7) are taken as the new configuration of the
system.

The evolution of the field according to the Hamiltonian equations is referred to
as the “molecular dynamics” step. Microreversibility of the proposal is guaranteed
since Hamiltonian dynamics is time-invertible. Given the non-linear nature of
the equations of motion, the molecular dynamics evolution needs to be solved
numerically by discretizing the time interval in N4 steps of length 07 = 7/Npyq.
The use of high-order symplectic numerical integrators such as the leapfrog, Verlet
or the more refined Omelyan-Mrygold-Folk [198] |199] is essential to guarantee
microreversibility and accuracy of the approximate solution. Nevertheless, due to
the numerical integration, the Hamiltonian will cease to be exactly conserved, and
at the end of the trajectory one will have in general AH # 0. For this reason, step
IIT of the above procedure is replaced by an accept-reject step:

IIT" configuration U, (x,T) is accepted with probability given by min {1, exp{-AH }}.

Notice how the effect of the fermion determinant is encoded in the computation
of the fermionic force derived from the pseudofermion action. The computation of
the force on a given link configuration involves the inversions of the Dirac operator,
making this step the computationally dominant part of the global proposal and
thus of ensemble generation.

To mitigate the fluctuations of the fermionic force along the molecular dynamics
trajectory it is often convenient to separate the contributions to the determinant
coming from different scales. The idea behind the frequency splitting of the quark
determinant [200-202] is to factor the fluctuations in the spectrum due to energies
below and above a scale p through the identity

det{DD'} = det{DD' + ?} det{ DD' (DD + ?) " }; (D.2.8)
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each determinant can now be represented by an independent set of pseudofermion
fields, resulting in an action given by

Spt LU, 01, 92] = a® Z Cbi(f) [DDT + MQ]il (2,y)01(y)+

(D.2.9)
o3(@) [1+ 12 (DDY) | (2, 1)a(y).

The fermionic force therefore also splits in two contributions Flffl ) and FIE? )

related to eigenvalues of the Dirac operator larger and smaller than p respectively.

These two components exhibit smaller fluctuations along the molecular dynamics

trajectory compared to the full force, allowing integrations with coarser step size.

The parameter p can furthermore be tuned to make the force Fp(f ) smaller in mag-

nitude than F ;fl ), since the former is computationally more expensive to determine
than the latter. The spectral range can be - and usually is - split in more than
two intervals introducing multilple scales 1, pto, ..., uny and corresponding pseud-
ofermion fields ¢, ¢2, @3, ..., dN4+1 to ensure stringent control over the efficiency of
the force computation.

D.3 Rational HMC

As anticipated at the end of section 2.5 for an odd number of quark flavors it is
not guaranteed that the product of the fermion determinats is positive, even in
the case of degenerate masses, potentially spoiling the interpretation of as
a probability density distribution. The underlying reason is that eigenvalues of
the Dirac operator are of the form

m; + A[U], (D.3.1)

with m; the mass of the i*t quark flavor and where A[U] are the eigenvalues of
the massless operator. Discretizations that break chiral symmetry such as Wilson
fermions are not protected from negative eigenvalues, and it is possible that on
some configurations the fluctuating values of A[U] result in very small or even
negative eigenvalues of the massive operator. The presence of such “exceptional”
configurations has made it historically hard, among other things, to reach the
physical point of light quark masses with Wilson fermions. For the concrete case
of 2+1 simulations, i.e. 2 degenerate light quarks with a heavier strange quark, the
fact that the additional single quark flavor has a comparatively larger mass makes
the appearance of exceptional configurations less frequent, and their contribution
to the path integral is expected to be negligible. A similar situation occurs when
simulating the theory at high temperature, where thermal modes provide de facto
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an infraried cutoff to the spectrum. These considerations justify the substitution
of the operator () defined in equation ([2.5.7)) with its positive definite absolute
value

Q-101= (@) (D.3.2)
Since it involves the square root of a matrix, the actual evaluation of the above op-
erator is not trivial. For this reason, one looks for an operator R that approximates
the non-integer matrix power (Q2)_1/ ? which enters the pseudofermion action. The
determinant can thus be split in

det{|Q[} = det{|Q|RR™} = det{|Q|R} det{ R}, (D.3.3)

where the determinant of R~! can be represented by pseudofermion fields and
serves as a computable proxy of the positive definite quark determinant. If R were
exact equal to |Q|™! the factor det{|@Q|R} would be identically 1, while in practical
situations, it will fluctuate around unity: the better R approximates |Q|!, the
milder the fluctuations will be. In practice, this factor is included in the definition
of the observable and is treated as a reweighting factor, meaning that expectation

values are expressed as
(det{|QIR}O)p

0= G QIR

with the expectation value with respect to R defined as

(D.3.4)

()= ZLRIDU det{R"}exp{-Sc[U]}, Zr= [ DU det{R™'};  (D.3.5)

at this point the reweighting factor can be estimated stochastically for each gauge
field configuration.

The Rational Hybrid Monte Carlo algorithm (RHMC) [203-205] employs an ac-
curate rational approximation of the square root function, specifically constructed
from the Zolotarev approximant R, . of order (n,n) in the interval [, 1]:

x+r)(z+r3)... (T +7remq)
(x+m2)(x+7s)... (T +7T2)

I_l/Q ~ RnVe((L‘) = A( (D36)
with A,rq,...,7ry, known constants. If one is able to measure, typically on a dedi-
cated simulation, the spectral range of |Q)|, i.e. the interval [ Apin, Amax ] containing
all its eigenvalues, an approximation of the Dirac operator is given by

R= AR (N2:Q%) €= (Mna/Aunin) - (D.3.7)

The degree n can be adjusted to reach a desired precision on the approximation;
moreover, the rational approximation is by construction amenable to the applica-
tion of frequency splitting techniques given the presence of poles in the function
that suggest a factorization of the spectral range.
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FIGURE D.1: (Left) From [206]: Number of floating point operations required for the
generation of 100 independent gauge field configurations configurations as a function of
the quark mass, for different variants of the HMC algorithm (see main text). Data refers
to N; = 2 O(a)-improved Wilson fermions on a 64 x 323 lattice with spacing a = 0.08 fm.
(Right) Evolution of the number of floating point operations per second achieved by the
top 1 supercomputer over time [207].

D.4 Algorithmic advancements

Whatever algorithm is employed for its numerical solution, the generation of gauge
field configurations and the evaluation of the path integral are formidably expen-
sive tasks from the computational point of view, and for this reason lattice QCD
applications run for several months on the world’s most powerful supercomput-
ers. Different portions of the lattice are assigned to different computing units
of the machines and simulations can efficiently be run in parallel; several codes
for ensemble generation and measurement of correlation functions are currently
publicly available [208-213|. Since its early days in the 1980s, the field of lattice
QCD has seen tremendous progress in the complexity of the systems that can
be feasibly simulated, and it is now possible to simulate QCD with dynamical
u, d, s, ¢ quarks at physical masses, for fine values of the lattice spacing and at
large physical volumes. What enabled this progress is the sinergy between two
equally important factors: on one hand, steady technological developements have
consolidated an exponential growth in time of computational power over the last
decades, as is summarized on the right side of figure [D.1 On the other hand, the
left side of the same figure highlights how many of the breakthroughs in the field
have in great part occurred due to the discovery and design of better-performing
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simulation algorithms, which not only require orders-of-magnitude less resources
and time to achieve the same results as their predecessors, but which also have
better scaling properties with the relevant parameters of the system, allowing to
approach the continuum, infinte volume and phyiscal quark mass limits in an ef-
ficient way. As a matter of fact, detailed studies of the HMC algorithm revealed
that its computational cost had rather bad scaling behavior close to the physical
point, suggesting that simulations would become prohibitively more expensive in
the regime of physical interest [214]. Some of the algorithmic developements that
lead to overcome this impassdl] - arguably more so than the increase in compu-
tational power - have been represented for instance by the Domain Decomposed
Hybrid Monte Carlo (DD-HMC) [215, 216] and its deflated variant [217], which

inspired algorithms that are now routinely employed in simulations.

!The alarming, seemingly insurmountable estimate of the computational cost of the HMC
algorithm, first presented at the Berlin Lattice conference in 2001, came to be humorously known
as the Berlin wall in the lattice community.
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Appendix E

EFT and perturbation theory

In this appendix we provide some additional information about the construc-
tion of the three-dimensional effective field theory, specifically the non-relativistic
fermionic part, described in section and the perturbative computations de-
scribed in chapter

E.1 Non-relativistic fermionic action

Here we provide some more details on the construction of the non-relativistic
quark action in equation . Because at high temperature quarks behave
as heavy fields with mass m ~ 77T and since we will study screening in the third
spatial direction, we employ the non-realativistic representation of Dirac matrices
in equation . With this choice, the Dirac operator reads

Do +iD3 —ijDjO'k) (E 1 1)

’YOIY'LLD“ - ( EjijO'k DO - ZD3

where ¢€;, is the two-dimensional Levi-Civita symbol with €5 = —€3; = 1. We con-
sider the Matsubara modes of the quark fields in equation (3.2.8]) and decompose
them in their two-dimensional Weyl components

(vh(x)
bn() = (Wm)) (E12)

and the fermionic action for the n = 0 Matsubara mode thus reads
SF = jdsw{lng [(.U() - gAO + D3] w[T) + wé’T [wo - gAO - Dg] wé
+ e Djorl - ¢8’T€jij0k¢é}

Notice that at high temperature, and for small transverse momenta, one spinor
behaves as a light field and one spinor as a heavy field. For instance, close to the

(E.1.3)
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pole at p3 ~ 1wy, ¢(T) is the light field while @Dé is heavy. At this point, one can
integrate out the heavy fields by solving its equations of motion and substituting
them into the action. For the wé’T field we find

. tejpDjoy

=Tyl E14

with similar considerations for wg’T. We can now insert these terms in the action
(E.1.3]), and expand in powers of 1/wp, to obtain

. 1
Sp=i [ da %ﬁlwo —gAg+ Dy— — (Df + L [0;.00] F]k) ]wg

2(,«)0

1 1
é’leo - gAy - D3 - — (Df + i [0}, 0%] F]k) ]wé + (9(—2),

26&)0

with an anologous expression for the n = —1 sector. This expression identifies
the relevant fermionic degrees of freedom in the high-temperature regime and
determines the structure of their interactions. The NRQCD action is then
obtained by identifying the three-dimensional Matsubara modes in the n = 0,-1
sector as the dynamical degrees of freedom and inserting the appropriate matching
coefficients M and gy, see the main text.

E.2 Fermionic propagators in the effective theory

In coordinate space, by making explicit the source and the sink locations, the

propagator from eq. (4.1.12)) becomes

—if(zy —y4)T1
2(z3 - y3)

T (x - y)*
2 ($3 - y3) ’

and similarly but with opposite sign for ¢. At the next order, from eq. (4.1.10)),
the propagator for y reads

S>((0)(w7$3;y7y3) = €xp [_M(xg_yg)_ (E21)

SO (@, w51y, 5) = i [z [d22 SO (@, 25 2, 29) [i4; + A] (2,2) 88 (2, 253, 05)
(E.2.2)

implying that y propagates freely from the source to the position (z,z;), where
it emits a gluon, and then again freely propagates up to the sink position. 1 By
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inserting eq. (E.2.1)) into eq. (E.2.2) and taking (y,y;) = (0,0), the result can be

rewritten as
3T

2(% _23)23

1 7T = 2\
xexpl— N 3(,2——3:1:) :|[iA3+AO] (z,23).

S0 (@,23:0,0) = S\ (w,25;0,0) [ "dz, [d%2
(E.2.3)
2 (23— 23) 2_3

From table we see that the prefactor of the quadratic dependence is para-
metrically of order 77°z;/[ (x5 — 25)25] ~ T'g2%, implying that fermions probe the
variation of gauge fields at distances |z — zz@/z5| ~ 1/(gT) ~ 1/m,. For the static
potential, we need the x5 — oo limit, and then only the position of the gauge field
at z; ~ x5 matters. Then the prefactor is large, and we may evaluate the integral
in the saddle point approximation, yielding

S&l)(w,x3;0,0) o~ Sio)(a:,x:),;0,0) f:gdzg [i A5+ Ay] (%w,zg) , (E.2.4)

3

justifying eq. (4.1.15)).

E.3 Evaluation of the baryonic potential

We show here details for the manipulation of eq. (4.1.24]). The free-theory gauge
field propagator reads

(A5(2)A(0) ), = 60, (2), (E.3.1)
where p,v=0,...,3,a,b=1,...,8 and, in Feynman gauge,
_ d3p ipw 5#06110 5#1'51/1' B

Auy(x) = IW e [pQ 2 + 2| p=(p,ps)- (E.3.2)

The Debye mass m,, is given in eq. (3.3.7)), and A is an auxiliary mass parameter,
used as an IR regulator. The Wick contractions following from eq. (4.1.24) lead

to the colour algebra
Eabcegfe(Tde)agébfé‘ce =8 7 eabcegfe(Td)ag(Td)bfé‘ce — _4’ (E33)

where T are Hermitean generators of SU(3), normalized as tr(7¢T?) = §¢4/2.
Subsequently, we are left over with the time-integrals

3 z z
+ — 3 3
3
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The propagators are written in a Fourier representation, like in eq. (E.3.2). In the
limit z; - oo, noting that
z (BT ) ?
lim lim | "dz, i w9-]s iy i —
50+ 2300 JO 6-0* 2300 BE 4 o +46

. P(i)ma(pg),
Ps

(E.3.5)
where P denotes a principal value, and pulling the time integral inside the Fourier
representation, the Fourier transform becomes

d ip (1, —1ry+ 2 1‘2) ip. 2400 ol (r,-1y)
JJ"M pgf dz, & }(; o i 2f fp(pQ 5 (E.3.6)

Carrying out the two-dimensional momentum integral, the potential reads

1 A
lim V*(ry, 7y, 23) = — [ln( TIQ) e KO(mET12):| ) (E.3.7)
Tr3—>00 47T 2

where r, = |7, —75|, 7, is the Euler-Mascheroni constant, and K|, a modified Bessel
function. The combinations that appear in eq. (4.1.26]) are defined as

2

4q
Vi(frlQ) = 3E %\lir(l)mh_{rio[v (rl,r2,x3)+V (7“2,7"1,$3) V (7“1,7“1,1'3) V (TQ,T2,$3)]-

(E.3.8)
By using the expansion of K (z) for small z, it is straightforward to show that
1 A
lim V*(ry,ry,x5) = —ln(—) . (E.3.9)
x3—>00 4 My

This then leads to the explicit expressions for V*(r) reported in eq. (4.1.28)).

E.4 Simplification of the fermionic action

For the computation of the leading contribution to the hyperfine splitting in the
mesonic screening masses, the action in eq. can be further simplified and
written in a more compact way. In particular, we can safely neglect the interacting
terms appearing in the transverse covariant derivative D, because they would
produce either spin-independent or sub-leading spin-dependent contributions. For
each flavour, the action in eq. can then be written as

| ! .
SNRQCD:ZJdgx{ [M+93—9E«4 —ﬁ(vz ZZ.[Uj,Uk]ij)]X

+ é[M—aza e A~ —ﬁ(v +%[Uy70k]Fk)]¢}+--~7

(E.4.1)
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where we introduced the spin-independent vertex operator A* defined as
A = AT = (AY +0AY) T, A=1,...,N?-1. (E.4.2)

Furthermore, by recalling that [0, 0] = 2i€j0; and since we are only interested
in 7,k = 1,2 and therefore [ = 3, the spin-dependent term in the action can be
readily written as

(0,01 Fj, = —4ios3Bs, (E.4.3)

where the chromo-magnetic field is defined as
Bs = —[alAz - agAl] +0(gs) (E.4.4)
and we can safely neglect O(gg) terms since we are only interested in the leading

spin-dependent corrections. By introducing the differential operators

Dt M1y - YL (E.4.5)
2T’

and the interaction vertices

K= () = KM (2) T = (A“(a:)l _ %@,BQ(@) ™, (E.4.6)

with 1 being the identity matrix in the spin indices, the NRQCD action can be
written in the compact way given in eq. (4.2.8)).

E.5 Equations of motion at NLO

In this appendix we report the intermediate steps to obtain eq. (4.2.23)) from
eq. (4.2.22). By inserting eq. (4.2.14) into the r.h.s. of eq. (4.2.22)), we obtain

VQ
OM + 05 — T
’ 21;2 2nT

(Wo(ry,ro;23)) = g2 < Tr {[A*('r'l, T3) + A’(rg,xg)]

(E.5.1)

r 1
-2(9 Sio) (7'17 .I’g) 2(9 SEl)(’I'Q, $3) + 2(9 8451)(7'1, .733) 2(9 SEO) (’I"Q, $3):|} —ﬁTI'{I:S(QBg(T’l, Ig)

+Bs("“2, 373)]03[20550) ("‘1 ) 373)2(959) (7‘2, 1'3) +E(95£1) (7‘1, fL‘s)EOSEO) (7'27 353)]}) + O(gg) .

By inserting the expression for the quark propagators at next-to-leading order in

eq. (4.2.15) and by recalling that, given the expression for K* in eq. (4.1.28§)),
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A* only contracts with A* and Bjs only with Bs, the equation of motion can be
written as

QE (0)
Wea :
N (T17r27x3)x

=1,2

[2M+83— Z

:I Wo(rl, T2, l’g))

{(Tr{[/l*(rl, T3) + A’('rg,:cg)] f:g dzg[A+(z—z""1, 23) + A_(;—Zﬁ, Z3)]}> +

(27T1T)2f dZ3<Tr {B3(r1’x3)33(_r1723) +BS(T2,IE3)B3(—1“2,23)}>
(2;(;)2 j dzs ( Tr {B3(T1,x3)B3(_3T2, 23) + B3(ra, xg)Bg(—rl, zg)}>} + O(gg) 7

(E.5.2)

where the tree-level value Wéo)(rl,rg;aig) is defined in eq. (4.2.20]), and we have
introduced sp = (+1,-1) for the pseudoscalar and the vector fields respectively.

Moreover we have exploited the fact that, when contracting the gauge fields
(AP A*A) o< §PX and (B Bg) o< 6P,

E.6 Evaluation of the mesonic potential

In this appendix we explicitly show the intermediate steps which lead to the final
expression of the static potentials in eq. (4.2.30) and (4.2.31]).

E.6.1 Spin-independent contribution

Starting from eq. (4.2.25)), the leading spin-independent static potential can be
written as

2
E

}Cifc< T {[ A (1) + A (2, 3) )< (E.6.1)

Ust, (11,725 23) =

Id23[ —rl,z3)+A (—7'2,7;3)]}> QQEC’F[V (rq,7e,23) = V* (T1,r1,x3)]

where, we contracted the gauge fields and, similarly to the procedure used in the
previous section, we introduced the integrals

T3 Z V4
Vi(ﬁ, 7“2,I3) == fo dz3 [A33 ("“1 —To+t+ m—zm, 23) F Ago ("‘1 - 7'236—27“2, 23)] )
(E.6.2)
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where A, is the gauge field propagator defined in eq. , in which we made
explicit the dependence on the transverse and longitudinal coordinates. Notice
that it holds V*(ri,75,x3) = V*(7rs, 71, 23) under the exchanges r; < ry. By
taking the large separation limit in the third spatial direction we arrive at

9:Cr
21

. megr
Ust, (11 —72) = I£1£an511 (r1,79,23) = [ln( 2E ) + Ve — Ko(mEr)] , (E.6.3)

where we introduced r = |r; — rs|, v is the Euler-Mascheroni constant, Kj is a
modified Bessel function, and my is the Debye mass introduced in eq. . The
potential above is exactly the expression reported in (4.2.30)), and which was found
in Ref. [154].

E.6.2 Spin-dependent contribution

Analogously, the temperature-suppressed, spin-dependent potential in eq. (4.2.27)
can be written as

250C
UO(""h 7‘2,953) = —93; (2:T)FQ

B(’rl,’l"Q,Qfg), (E64)

where we introduced the definition

B(ry,re,x3)= 21_ lf:(izg( Tr {Bg('f'l, x3)33<;—2r2, z3)+Bg(r2, xg)Bg(ﬁrl, Zg)}).

Nz x3
(E.6.5)
By taking the contractions of the gauge fields in the above equation, and by ex-
pressing the chromo-magnetic field as in eq. , the integral can be written
adT]

B(ri-73) = lim B(7ry,7ry,x3) (E.6.6)

T3—>00

lim o dZ3[8{2a{1A22(T’1 —T9,T3 — Zg) + a;QaglAll(”'l —To,T3 — 23)] .

x3—>00 J()

By recalling the expression of the spatial components of the gluon propagators,
see eq. (E.3.2)), the derivative terms in the expression above read

3 2
(d ];3 eP(r1-72) oip3(z3-23) p_; .
2m P

Here the superscript in the partial derivative refers to which r; (either 7, or 73) the derivative
is taken with respect to. Therefore 8? indicates the partial derivative with respect to the ith
component of the r; coordinate.

6;28;‘1Au‘(’l“1 — T, T3 — Z3) = f (E67)
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By inserting this expression in eq. m the integral can be written as

2
B(’I‘l ,’,.2) _ hm j ngf (27T)3 eP(r1-72) oips(23-23) [1_%] ’ (E68)

where we used the fact that p? - p2 = p? + p2 = p?. Therefore the integral above can
be split into two different contributions as

B(ri-ry) = wldl_rgo [(5(2)(7'1 ) L ’ dz30(w3—23) =R (r1 — 19, 73) 4E.6.9)

1
_ 55(2)(7«1_7«2)_ lim R (ry-7y,3)
T3—>00

where we have introduced the remainder time-integral

d
R(’I‘1—7‘27$U3) f e QI dzs etps (3= ZS)I(QW)Z

The integration over the transverse components of the momentum can be carried
out by recalling that it holds

ip(ri-r2) 1
I(QW)Q - = —K0(|P3|7"), (E.6.11)

eip(ri-r2)

E.6.10
e (B610)

P2+ p 27

where K is a modified Bessel function. Analogously by performing the integration
over the longitudinal spatial coordinate, the integral in eq. (E.6.10)) is reduced to
a one-dimensional integral over the ps variable that reads

¢t ¢dp

R(r1—-ra,x3) = —3p3(1

o) on
Finally the integral over the longitudinal momentum can be carried out by taking
into account the symmetry properties of the integrand under the change ps - —ps,
yielding to

— e373) Ko(|ps|r). (E.6.12)

x3
4 (a2 + 7"2)3/2 '
Therefore by taking the large separation limit in the third spatial direction in eq.
(E.6.6), and by recalling that, according to eq. (E.6.13)), lim R (r{-1ry,x3) =0,
T3—>00

we obtain

R(ri-7r,x3) f dps pssin (psx3) Ko (psr) = (E.6.13)

1
B (7‘1 - 7‘2) = 5(5(2) (Tl - TQ) . (E614)
Finally, by inserting this expression into eq. ([E.6.4) we obtain the final expression

for the spin-dependent static potential

2 SOCF

_QE(2 T)25(2)("“1 T3) (E.6.15)

Uo(ry—rs) = x£i£nmuo (r1,72,73) =

reported in eq. (4.2.31]).
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E.7 Discretized Hamiltonian

In this appendix we describe the method we employed to numerically solve the
eigenvalue problem. The central idea is to discretize the spatial coordinates of the
system and then explicitly construct the Hamiltonian operator as matrix in posi-
tion basis. This matrix can then be diagonalized to obtain part of the eigenvalue
and eigenvector spectrum.

E.7.1 Coordinate label

Consider a system parametrized by a total number of space coordinates D. They
could refer to different components of position vectors as well as to the coordi-
nates of different bodies in the problem. In particular, if we consider Ny,q bodies
moving in Ny, - dimensional space, the total number of space coordinates i
D = NgimNpoq- Assigning an ordering rule for the coordinates, we will denote
them as X< with Greek letters at the beginning of the alphabet a € {1,...,D}.
The particular ordering one uses is arbitrary, but for definiteness we choose to cy-
cle through the Ny, coordinates of each body in order. Therefore denoting with

x’{a) the p-th component of the a-th’s body position, the D dimensional collective
coordinate vector X will be
T _ 1 N( im 1 N, im N( im
X+ = (:1:(1), e ,:L’(13 L9y, - - ,x(;; e ,x(Aﬁbod)) (E.7.1)

One easily convinces themselves that the p-th component of the a-th body is
labeled by the collective index « if the following relation holds between the three:

a =+ (Nya—1)a (E.7.2)

To lighten the notation, in the following we lose contact with indexes p and a and
only refer to a.

E.7.2 Lexicographic order

We now discretize each component X< to take N evenly spaced values in the

interval [-L/2,L/2]. We label the discrete values of each component a with a

latin index X¢, j, € {1,...,N}. This defines a N x N x...x N grid of position
D

values, corresponding to NP possible system configurations. A point in this grid

can be uniquely characterized by a D-tuple of indexes {j, }a-1,.. p each one going

from 1 to N. Similarly to what we did earlier, we can equivalently associate to

2To our purposes, the baryon case involves two relative positions living in 2 dimensional space,
therefore requiring D = 4 coordinates
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each point of the grid a single lezicographic index I € {1,..., NP} if the relation
among I and the D indexes j, is:

I=ji+N(ja-1)+N?(js—1)+---+ NP7 '(jp-1) (E.7.3)

Essentially, the first N values of I correspond to cycling the N possible value of
the first index j; while all other indexes remain fixed to their first value. The next
N values of I cycle through the N values of j;, but with the second index set to
its second value, and so on. The inverse map, which associates to the value of the
lexicographic index I the corresponding values of the D indexes j,, is given by

jo= mod {I,N°}. (E.7.4)

E.7.3 Matrix representation of operators

When sampled over the discretized position space, a function of the D variables
f (le.l,xi, ol ) can be represented by a NP dimensional vector f whose com-
ponents f;, I € {1,..., NP} contain the value of the function at the I-th point of
the discrete grid. In the context of Non Relativistic Quantum Mechanics, we can

think of f («!,...,2P) as a wave function of the system representing the state |f)
in position basis: f (3731‘17 . ,:chD) = (x}l, . ,a:jDD|f>. Any linear operator O acting

on |f) can thus be represented by a NP x NP matrix. We will be interested in
Hamiltonians of the form

H=T+V (E.75)

where we assume that the potential term V is a local function of the space co-
ordinates, while the kinetic term T’ contains derivatives with respect to such co-
ordinates. We now describe the form these two terms assume for our choice of
lexicographic ordering and how to explicitly “build” them with code.

Potential term

As stated above, we assume the potential to be a local function of the D coordinates

V(le.l, . ,xﬁ)). To determine how the potential is represented as a NP x NP

matrix in the discretized coordinate space, it is useful to first derive the action
of the single coordinates 2 (intended as operators) on a state |f). Consider for
instance the action of the first coordinate Z! on a state |f), and take its component
on (x} b

G T

(@), a2t If) = af, £ (o), (E.7.6)
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or in explicit matrix form:

fay,at,. . xp) zif (o1, 2%, 2p)
f(ada? . aD) oy f (zd, 22, ... aP)
f(x}v,x%,...,xg) x}\,f(x}v,x%,...,xlf)
f(ab, a2, 2P) i f (al 23, 2P) (E77)
f(x%7x%’."’xlD) 'r%f (x%7aj%7"'7$1D)
[ (z}y,23,...,2P) i f (xhy, 23, ... aP)
ek, 2%, ....2) i f(zh, 2%, ..., 2h)

Form this depiction it should be clear that the matrix representation of &' has the
following form:
Xl
Zi'l _ ND—l
X!

(E.7.8)

Where the matrix X! repeated NP~! times on the diagonal is an N x N diagonal
matrix given by

(E.7.9)

TN
We now point out that one can write both X! and %' in a neat way using the
Kronecker tensor product ®. Denoting with d{z'} the N x N diagonal matrix

whose components are the N' components of z! ( d{x'};; = 2jd;; ) and with 1y
the N x N identity matrix (with 1; = 1), we have

X! Zd{$1}®]11
2! =1 yp ® !

(E.7.10)
(E.7.11)

In this case equation (E.7.10)) is trivial and we have X! = d{z'}, but it was ex-
pressed in this form to more easily generalize to the other coordinates. Indeed,
following a line of reasoning completely analogous to the one for x!, one can con-
vince themselves that the matrix representation for the m*™ coordinate 2 has the

following form:
Xm
Amo_ ND—m

Xm

(E.7.12)

169



E. EFT and perturbation theory E.7. Discretized Hamiltonian

Where now X™ is an N™x N™ diagonal matrix repeated NP~™ times; both X™
and 2™ can be constructed through the Kronecker product similarly to (E.7.10)

and (E.7.11)):

X" = d{a™} ® 1 ymas (E.7.13)
™ =1 ypom ® X™ (E.7.14)

This outlines a simple procedure to represent all coordinates as matrices (opera-
tors) in the discretized position space. Once we have such representations, we can
determine the matrix form of any function of the coordinates, in particular of the
potential, by simply applying said function to the main diagonal of the coordinate
matrices. As a matter of fact, the potential term of the Hamiltonian is exactly
diagonal in the position basis we choose.

Kinetic term

For the kinetic term 7' we assume that it is given by some combination of the
Laplacian for the various coordinates. The question is then how to represent
(minus) the second derivative with respect to a given coordinate z™ with our
choice of basis, which we denote
d2
L= ———— E.7.15
CE ( )
To this end it is useful to first consider the one-dimensional case, which will be
easily generalized to arbitrary dimension D. There are many different ways to
discretize the second derivative; here we will focus on two alternatives: so called
finite difference methods and a representation of the second derivative based on
the discrete Fourier transform.

Finite differences Consider a function of one variable f(x). Suppose we only
have access to the value of f at N equispaced values of the variable x: z; =
2o+ (j—-1)-a, with j =1...N. Denoting f; = f(z;), we would like to determine
a linear combination of the f; that approximates the value of (minus) the second
derivative of f at a certain site ;. The Taylor expansion in a of terms like f;,,+ fi_n
contains only even derivatives and powers of a, including the 0** term. It is then
clear that one can look for p +1 coefficients «;, 7 =0...p such that the following
combination yields the value of —f()(x;) up to a correction which scales as a?”:

20 f () + iaj [f(zi+j-a)+ f(zi-j-a)]=-a® (fP(x;) + O(a®)) (E.7.16)
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Taylor expanding the left hand side of (E.7.16) and requiring that only the term
—a? f@)(z;) survives (up to order 2p) results in p + 1 equations for the «; that can
be summarized in the following linear system:

22 2 2 ... 2\{a 0
01 22 3 ... pl|la -1
01 2¢ 3 ... p*llaz]|=]|0 (E.7.17)
0 1 2% 32 ... p?)\oy 0

Thus for a chosen order p the coefficients that grant an approximation of the one
dimensional Laplacian of order 2p can be obtained by inverting the system ([E.7.17)).
Finally, converting equation (E.7.16]) in matrix form, the matrix representation of
the one dimensional Laplace operator at order 2p is given by the multidiagonal
matrix

200 a1 ay ... o O
o 209 o oy ... oo O
g oy 209 o1 ay ... «ap, O
: ay o 209 1 Qg ... 0 :
2 . . . . . .
5 d _ o7 | o .. - o - 0
—a"—— | =a L,= 0 )
dx D . ap
0 a, ... Qa3 a1 209 Q1 Qp
0 o ... v a1 200 m
\ 0 Qp ... O3 (03] 20&0

(E.7.18)
The entries at the bottom and top of the first and last column respectively define
the boundary conditions imposed on the function f. In particular, with Dirich-
let boundary conditions these terms are all zero, while with periodic boundary
conditions the coefficients “wrap around” the first and last column.

D dimensions

Now that we know how to represent the one dimensional Laplace operator as
matrix, we can build a matrix representation of the Laplace operator acting on
any of the D discretized coordinates. In a line of reasoning identical to that of
section [E.7.3] one can convince themselves that the second derivative with respect
to the m* coordinate, which we earlier dubbed £™ can be obtained as

L™ =L"® 1ym (E.7.19)

L =1 ypm ® L™ (E.7.20)
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Where L™ is the discretized one dimensional Laplace operator with respect to the
mt" coordinate, as obtained by any of the methods described earlier. With these
building blocks one is able to build a matrix representation of any local “standard”
Hamiltonian, which can then be diagonalized with a suitable algorithm to deter-
mine part of the eigenvalue and eigenvector spectrum of the system.

The main drawback of this method is that the dimension of H, and thus the
memory required by the computer to store it / the computation time scales expo-
nentially with the number of coordinates D. H is however in general very sparse
(if the Laplacian is represented with finite differences), and thus only a fraction
of the components need to be stored. The python code used to implement this
procedure handles the Hamiltonian as a sparse matrix, and is able to obtain the
ground state in around 1 minute for N =40 (2.56E6 x 2.56EE6 Hamiltonian) and 20
minutes for N =60 (~ 1.3E7 x 1.3E7). The largest number of points we were able
to accomodate before running into memory issues (on a laptop) was N = 64, for
which the partial diagonalization took around 1 hour.
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Appendix F

Lattice results for mesonic screening
masses

In this appendix we collect the full set of data for static and non-static mesonic
screening masses obtained from the lattice as described in chapter [5] Tables [F.1]
IF'.2} [F.3| and [F.4] collect the screening masses of mesonic fields in the static (n = 0)
and non-static (n = 1) Matsubara sectors at all temperatures and lattice spacings,
as obtained from the effective mass analysis explained in section [5.2.6] The num-
ber of gauge field configurations, and thus the number of MDUs generated and
skipped between consecutive measuremnents, are the same reported in tables [5.1
and 5.2 Mesonic correlation functions have been computed on 1 random source
per configuration in all cases except for the ensemble with Ly/a = 6 at Ty, which
was used to study the properties of random sources in detail as described in section
[5.2.5 and for which we used 16 random sources per configuration.
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Static sector (n =0)

mp my, my, my, —mp

T Lofa 2T 27T 2nT 27T
T 4 0.964906(46) 0.970649(60) 0.9675(51) 0.005743(29)
O 6 0.99376(19)  0.99959(20) 1.0594(46) 0.00582(14)
4 0.966332(84) 0.97311(12) 0.9762(37) 0.006780(63)
oo 6 0.99502(17)  1.00195(18)  1.0656(46) 0.006936(43)
'8 1.00641(50)  1.01361(54) 1.0934(70) 0.007199(66)
10 1.01149(34)  1.01851(41) 1.0908(49) 0.00702(12)
4 0.967019(62) 0.974798(86) 0.9772(24) 0.007779(42)
p 6 0.99457(20)  1.00217(28) 1.0672(35) 0.007601(96)
2.8 1.00556(39)  1.01342(41) 1.0923(29) 0.00786(10)
10 1.01108(35)  1.01879(47) 1.0956(47) 0.00771(15)
4 0.967708(73) 0.976602(99) 0.9793(23) 0.008895(48)
oo 6 0.99540(19)  1.00427(23) 1.0630(57) 0.008878(73)
58 1.00641(25) 1.01571(28) 1.0949(56) 0.009316(80)
10 1.01137(34)  1.02075(43) 1.1136(72) 0.009380(93)
4 0.968641(61) 0.979049(75) 0.9783(22) 0.010408(44)
po 6 0.99579(15)  1.00632(26) 1.0950(25) 0.01053(13)
48 1.00590(25)  1.01651(21) 1.1066(33) 0.010606(96)
10 1.01042(27)  1.02089(39) 1.1194(43) 0.01046(14)
4 0.968867(78) 0.98100(11) 0.9851(28) 0.012131(59)
no 6 0.99604(11)  1.00859(15) 1.0999(68) 0.012543(96)
58 1.00661(17)  1.01942(22) 1.1126(54) 0.01282(12)
10 1.01119(32)  1.02410(36) 1.1313(48) 0.01291(12)

TABLE F.1: Mesonic screening masses in the static n = 0 sector for all lattice spacings
at temperatures Ty — T5. We report data for the pseudoscalar (P), transverse (V)
and compact (Vp) vector channels and the splitting (my,, —mp) /20T. The values are
determined from the effective mass analysis detailed in section .
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Static sector (n =0)

T L /a mp myr my, my, —Mmp
2nT 2nT 21T 21T

4 0.968859(59) 0.983501(87) 0.9867(49) 0.014642(65)

T 6 0.99533(13)  1.01036(17) 1.1173(39) 0.01503(11)
6 8 1.00479(15)  1.01971(20) 1.1338(51) 0.01492(12)
10 1.00898(29)  1.02397(35) 1.1319(63) 0.01500(16)

4 0.968470(69) 0.986833(93) 0.9901(38) 0.018364(76)

T 6 0.99328(13)  1.01185(17) 1.106(26)  0.01857(12)
7 8 1.00358(22)  1.02249(22) 1.1351(64) 0.01891(33)
10 1.00621(34)  1.02445(39) 1.1494(64) 0.01824(24)

4 0.966273(95)  0.98955(13) 0.9893(67) 0.02328(12)

T 6 0.99087(20)  1.01424(60)  1.136(13)  0.02337(42)
8 8 0.99980(20)  1.02259(26)  1.169(12)  0.02279(17)
10 1.00556(36)  1.02897(31) 1.1618(64) 0.02341(19)

4 0.96747(13)  0.98867(23) 1.0051(44) 0.02119(11)

Ty 6 0.99150(20)  1.01377(29) 1.1427(80) 0.02226(18)
8 1.00052(26)  1.02365(46) 1.1551(99) 0.02313(27)

4 0.96416(11)  0.99114(32)  0.994(10)  0.02698(23)

Tio 6 0.98689(20)  1.01539(30) 1.161(16)  0.02850(32)
8 0.99446(29)  1.02392(63) 1.1855(71) 0.02946(57)

4 0.95687(10)  0.99348(54)  1.000(12)  0.03661(46)

T 6 0.97691(30)  1.01544(84) 1.1730(93) 0.03853(61)
8 0.98477(44)  1.02410(65)  1.198(11)  0.03932(26)
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Non-static sector (n = 1)

T Lo/a mp my, myy —Mmp my, — My,
27T 27T 27T 27T
T 4 1.0312(31) 0.99479(23) 0.0001(30) -0.00013(16)
0 6 1.0887(32) 1.02712(75) 0.0038(38) -0.00018(56)
4 1.0361(31) 0.99911(22) -0.0014(43) -0.00001(18)
T 6 1.0898(25) 1.03328(22) 0.0025(27) 0.00023(23)
! 8 1.1042(32) 1.04717(55) 0.0010(29) 0.00071(47)
10 1.1235(94) 1.05376(78) -0.009(15)  -0.0007(17)
4 1.0431(45) 1.00262(23) -0.0026(48) -0.00009(26)
T 6 1.108(22) 1.03501(60) -0.0005(80) -0.00028(54)
2 8 1.1028(82) 1.04952(64) 0.0037(88)  0.00031(50)
10 1.118(12)  1.05702(47) -0.009(21) -0.0011(16)
4 1.0440(54) 1.00602(37) -0.0088(58) 0.00004(36)
T 6 1.1072(54) 1.04068(37) 0.0007(61) -0.00008(32)
3 8 1.1212(67) 1.05483(49) 0.0001(54) 0.00012(48)
10 1.1213(67) 1.06059(86)  0.014(11) 0.0024(27)
4 1.0612(91) 1.01040(42) -0.0072(98) 0.00052(54)
T 6 1.1239(46) 1.04659(49) -0.0054(93) 0.00043(50)
4 8 1.1321(72) 1.05782(79) 0.0035(99) 0.00094(84)
10 1.1521(80) 1.06492(79) 0.014(11) 0.0025(27)
4 1.051(10) 1.01708(49) -0.008(15)  0.00098(43)
T 6 1.1190(85) 1.05168(57) 0.0040(77)  0.00027(53)
5 8 1.1420(67) 1.06373(63) 0.0022(88) 0.00037(62)
10 1.151(14) 1.07221(67) 0.003(15) 0.0022(24)

TABLE F.3: Mesonic screening masses in the non-static n = 1 sector for all lattice spacings
at temperatures Tp—T5. We report data for the pseudoscalar (P) and compact (Vp) vector
channels and the mass differences (my,, —mp) /27T and (my, —my;) /27T. Notice that
while the latter channels are expected to be degenerate (in the continuum) due to the
Ward Identity , the degeneracy of non-static pseudoscalar and transverse vector
channel is not expected a priori.
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Non-static sector (n =1)

mp my, my, —mp my, — My,

T Lofa 2n’T 2n’T 2nT 2nT
4 1.099(33) 1.02079(66) -0.0007(86) -0.00035(69)
T 6 1.1340(72) 1.05762(66) -0.0020(86) 0.00010(72)
6 8  1.1532(49) 1.0696(12) -0.0010(89) -0.0017(12)
10 1.161(13)  1.0776(12)  0.028(18)  -0.0025(47)
4 1.1000(41) 1.02918(57) -0.0033(42) -0.00034(48)
o 6 L1586(31) 1.06568(62) 0.0102(41) -0.00024(73)
T8 1.1659(88) 1.07828(78) 0.0103(84) -0.00047(94)
10 1.156(23) 1.0822(11)  0.028(31)  0.0005(41)
4 1.087(15) 1.03750(32) -0.006(19) 0.00032(51)
o 6 L1565(75) 1.07379(95) -0.005(11)  0.00097(75)
8  1.1796(97) 1.08570(75) -0.007(15) -0.00097(82)
10 1.195(15) 1.09118(83)  0.002(18)  0.0021(49)
4 1.109(13) 1.03541(30) -0.006(17) 0.00003(40)
Ty 6 1.1762(61) 1.0716(10)  0.0053(68) -0.0004(12)
8  1.2009(91) 1.0863(10)  0.021(13)  0.0003(21)
4 1.1422(77) 1.04506(77) -0.0029(65) 0.00141(93)
Tie 6  1.187(22) 1.0822(11)  0.011(16)  -0.0019(17)
8  1.212(12)  1.0970(15)  0.019(10)  -0.0004(16)
4 1.1506(99) 1.05392(97) -0.004(12) -0.0004(10)
T 6 1.2247(67) 1.09511(67) 0.0194(77)  0.0008(13)
8 1.232(15)  1.1084(14)  0.000(19)  -0.0024(22)
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Appendix G

Tree-level screening masses on the
lattice

In order to accelerate the extrapolation to the continuum limit, we have computed
the screening masses in the free theory on the lattice, both for the baryonic and
mesonic sectors. In this appendix we report some salient details of the computa-
tions.

G.1 Mesonic screening mass

We set to evaluate the lattice correlator in equation ([5.2.15)) in the free theory. By
going to momentum space and denoting p = (po, p1, p2), we can carry out the sums
in the xg, 1, x9 direction to obtain delta functions, yielding:

O (w3) = 3 S TH{S(p)TS ()T} #3=1)6 (py—qo+wn )0 (D1~ +wnV2E) S (p2—2)

P3,493 P,q
(G.1.1)
where p, q are the two valence quarks’ momenta. The propagator for non-interacting
Wilson fermions S(p) can be cast in the form

~iv,5,(p) + M(p) (G.1.2)

=00

with the following defintions:

M(p)=mo+4- Zcﬂ(p) = M(p) -c3(p), D(p)= Zsi(p) +M?*(p) (G.1.3)

I

with s,(p) = sin(p,), cu(p) = cos(p,) (the definition of M(p) will be useful later).
We recall that in the presence of shifted boundary conditions with shift vectors of
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the form & = (£,0,0) the 0-component of quark momenta is given by
77
p0:(2n0+1)L——p1§7 ng=0,...,Lofa~-1, (G.1.4)
0

and the spatial momenta are py € [-7/a,m/a). The trace over spinor indices in
equation ((G.1.1)) is given by the following expressions in the P, S,V, A channels:

+5,(p)s,(q) + M(p)M(q)

P/S: Te{S(p)DS(q)L'} = 4 D) (G.1.5)
V/A: Te{S()S()T} = 822 )Sﬂgzpﬂgéﬁ ()p )M(a) (G.1.6)

Plugging the above equations into (G.1.1]), the sums in p3 and g3 can be carried
out explicitly using the result
eipas 1 cosh(w,(L—-2x3))

= = — g
5(13) = 2. B3 211 (p) sinh 20, sinh Lé, (G-17)

where L is the extent of the spatial directions, and we introduced

@, = log (wp+\/1+wz2,), Wy = (1—M(Pi)]\;[zpz):j=o sj(p)z. (G.1.8)

It is useful to notice that in the thermodynamic limit L — oo eq (G.1.7)) tends to

1 e—2®px3
Sp(xii ) —

Lo AN (p) wypr /1 + wg'

Once the sums in ps, g3 have been carried out and the thermodynamic limit has
been taken, the correlator for channel X € {P,S,V, A} can be cast in the form

(G.1.9)

O ) = M (p.@)e 0706 — g+ 0,%)3(p1 — 01 + 02302~ )

’ (G.1.10)
The above equation can be interpreted as a spectral decomposition for the screen-
ing correlator. The channel-dependent function Mx(p,q) plays the role of a
weight for each momentum configuration. The exponential factor is instead the
same for all channels: the screening mass will hence be the same for all channels
and it will be given by the minimum of the function that multiplies x3 in the
exponential, subject to the constraint imposed by the delta’s:

Qo = po + wWnY?
m = 2rgiqn{@p +W.}, p,gsubject to g =pp + w3 (G.1.11)

q2 = P2
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It can be shown that the function @, has a minimum for p = (7y2/ Lo, my2£/ Lo, 0).
In the static case n = 0 it is clear that setting both p and g to the minimal point
satisfies the constraint in eq. , therefore the screening mass assumes the
smallest possible value m(® = 4min{w,}. For n =1 it would seem that it is no
longer the case, however exploiting the fact that w, is an even function of all its
components we can see that the choice

Do —7772/L0 qo 7T’YQ/L0
p1|= —7’725/[/0 ) qi | = 7T’YQ§/L0 (G-1-12)
b2 0 g2 0

does satisfy the constraint, with both momenta still corresponding to a minimum
of w,. Hence, the tree level meson screening mass on the lattice is the same for
the n =0 and n = 1 Matsubara sectors. One could wonder whether this continues
to be the case for all Matsubara sectors, i.e. whether it is always possible for all
values of n to find values of p and g that are equivalent to the minimum of w, and
satisfy the constraint. We can start by requiring that p; = +7y2¢/ Lo and using the
constraint to obtain the value of ¢;:

T

VE(2n = 1). (G.1.13)
Lo

q1 =
If also the second momentum is to be equivalent to the minimal point, we should

require that ¢; = £792¢/Ly. Then at least one of the four following relations must

hold:
2n+1=1, 2n-1=1,

(G.1.14)
n+l=-1, 2n-1=-1,

which can be only statisfied if n = 0 or n = £1. We conclude that for n > 2
the tree level screening mass will cease to be the absolute minimum. To find the
minimal value in this case, we can resolve the constraint and numerically minimize
the exponent as a function of p alone. This analysis suggests that for n = 2 the
minimum is attained, for instance, for the choice

Do —7T’72/L0 q0 37?72/[10
p1]= —W”YQf/Lo ) Q1] = 37725/% . (G-1-15)
D2 0 42 0

A non-trivial consistency check consists in verifying that in the limit Ly — oo the
tree level screening mass approaches the continuum value 47T (2n7T for generic
n > 2), which was found to be the case. Table summarizes the tree level
screening mass on the lattice normalized to the continuum value for the n =0, +1
and n = 2 sectors, which seem to suggest that higher Matsubara sectors suffer from
larger discretization effects.
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m(O.D) m

27T 47T

4 0.932614077... 0.746250105...
6  0.967811412... 0.843315708...
8 0.981401809... 0.896717157...
10 0.987944825... 0.927961230...
12 0.991569612... 0.947352961 ...

LO/(I

TABLE G.1: Tree level mesonic screening mass on the lattice for the static, n = 1 and
n = 2 Matsubara sectors, normalized by the respective continuum values, for shift vector

£=(1,0,0).

G.2 Baryonic screening mass

Following completely analogous steps, the baryonic correlators (5.1.2)) in the free
lattice theory can be written as

Cn:(x3) =+ Zjdpldpgdqldqgj\/l(p, q)e 2P ak)es (G.2.1)
Po,90

The function Q(p, g, k) is given by

Qp,q, k) = @(p) +w(q) +w(k), (G-2.2)

with p, ¢ and k£ denoting the momenta of the three quarks, while the weight matrix
M(p,q) once again does not influence the value of the baryonic screening mass.
Like in the mesonic case, the sum over spatial momenta and frequencies is subject
to energy-momentum conservation, which reads

Po+qo+ko = Ll(ﬂz
pr+q+k = Llof’YQ g (G.2.3)
patqathky =0

and once again the screening mass is obtained by minimizing (p, ¢, k) satisfying
the above constraint. Recalling the fact that the function w(p) is even and the
position of its minimum, we can see that setting the quarks’ momenta to
s s

=q=—-(1,1,0 k=——(-1,-1,0). G.24
satisfies momentum conservation with each quark’s momentum corresponding to
a minimum of w(p), which guarantees that the value of {2 is the minimal one.
Table summarizes the value of the screening mass normalized to 377" for the
temporal extents relevant to this work.
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LoJa  mie/3nT

4 0.932614077...
6  0.967811412...
8  0.9814018009...
10 0.987944825...

TABLE G.2: Tree-level values of the baryonic screening mass on lattices with temporal
extent Lg/a, infinite spatial volume and shift vector € = (1,0,0)
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