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Abstract

Gaussian process-based Bayesian optimization (BO) is a sample-efficient sequential strat-
egy for optimizing expensive black-box functions. The Gaussian process provides a prob-
abilistic approximation of the unknown function, while an acquisition function balances
exploration and exploitation to select the next evaluation point. Despite significant re-
search efforts, no master acquisition function has been identified. This paper proposes a
novel adaptive acquisition function that dynamically adjusts the exploration—exploitation
trade-off based on the evolution of the optimization process, rather than using fixed or
random scheduling. While implemented here within a GP-based BO framework, the core
switching mechanism is surrogate-agnostic: the exploitative component requires only a
surrogate point prediction, and the explorative component is entirely model-free. Unlike
traditional approaches, where mechanisms like UCB/LCB lean toward exploration over
iterations, or fixed strategies that switch from exploratory (EI) to exploitative (PI) behavior
at predetermined points, the proposed method makes purely exploitative decisions using
only the GP’s prediction. However, it discards these decisions when they have low poten-
tial for significant improvement, instead focusing on uncertainty reduction. Notably, this
approach uses inverse distance weighting for uncertainty quantification rather than the
GP’s predictive uncertainty, avoiding bias from the GP’s predictions. Testing on bench-
mark functions demonstrates that the proposed acquisition function is almost always Pa-
reto optimal, offering the most balanced trade-off between convergence to the global op-
timum and exploration capability compared to state-of-the-art alternatives.

Keywords: Bayesian optimization; Gaussian process; acquisition function; confidence
bound

1. Introduction

Bayesian optimization (BO) [1-3] is the most widely adopted method for globally
optimizing black-box, expensive, and multi-extremal functions. Thanks to its sample effi-
ciency, it has been successfully applied to an extremely wide range of real-life applica-
tions, such as engineering [4-6], optimal control of complex systems [7-10], and auto-
mated machine learning [11-16]. Beyond its use in AutoML, Bayesian optimization be-
longs to the broader machine learning paradigm of sequential decision-making under un-
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certainty, where the exploration—exploitation trade-off addressed in this paper is a foun-
dational challenge shared with reinforcement learning and active learning.

The basic BO algorithm is a sequential learning-and-optimization framework, based
on two components: a probabilistic surrogate model, approximating the objective function
depending on all the solutions evaluated so far (i.e., the learning component of BO), and
an acquisition function (also known as an infill criterion or utility function), driving the
choice of the next solution to evaluate (i.e., the optimization component), depending on
the current probabilistic surrogate model. The basic BO algorithm is schematically re-
ported in Algorithm 1.

Algorithm 1 Basic Bayesian optimization algorithm

Data:

N c RY, the usually box-bounded search space.

D = {x;,y;}i-,, aninitial set of 7 observations, with x;,..., x, usually from Latin hypercube
sampling (LHS) and y; = f (x;) +¢&, & ~ N(0,2%);

N > n.
while n < N do

fit the probabilistic surrogate model Mon D;

obtain x,.; as the optimizer of the acquisition function Ay (x); evaluate x,,,; and observe
Y1 = [ () +e&;
De DU {Xp41,Yne1}

nen+1

end
Result:
xt, ")yt = minly; ¢ (%;,y;) € D} (“max” in the case of a maximization problem.)

During the last decade, research has focused on two topics: (a) extending the set of
modeling techniques so that the most appropriate probabilistic surrogate model can be
chosen with respect to the specific features of the target optimization problem, and (b)
defining acquisition functions to effectively deal with the exploration-exploitation di-
lemma. This paper focuses on the second topic only and considers the Gaussian process
(GP) regression [17,18] as a probabilistic modeling technique. This is not a limitation be-
cause the probabilistic surrogate model and the acquisition function can be independently
chosen, without affecting the overall BO framework, as proven by all the widely known
BO software libraries [19-23]. Moreover, although GP regression is well-suited for mod-
eling functions over continuous search spaces, extensions have been recently proposed to
also deal with more complicated ones [24-26].

As far as the acquisition function is concerned, the alternatives proposed over time
can be conveniently divided into improvement-based and information-based acquisition
functions [27,28]. While the former are devoted to searching for the optimum (i.e., the best
objective function’s value), the latter search for the optimizer (i.e., the solution providing
the best objective function’s value). Although apparently irrelevant, this distinction leads
to completely different strategies, with information-based acquisition functions usually
offering a greater sample efficiency but entailing a higher computational cost to determine
the next solution to evaluate. From a theoretical perspective, it is important to note that a
very recent work [29] shows that popular acquisition functions —improvement as well as
information-based —are just special cases of a generalization of the Shannon entropy, from
statistical decision theory.

This paper considers the improvement-based acquisition functions only, which com-
bine the model’s prediction and the associated predictive uncertainty to implement their
own exploration—exploitation trade-off mechanisms. The common underlying issue con-
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sists of avoiding decisions exclusively based on the model’s prediction because this would
exclusively lead to local search, with the risk of remaining trapped in local optima. Thus,
every improvement-based acquisition function includes an uncertainty bonus to guaran-
tee global search and, consequently, convergence to the global optimum. The most recent
research studies have proposed prefixed (usually increasing) or random scheduling of the
uncertainty bonus. However, results are inconclusive, with every proposed approach
beating the previous ones only on a subset of test problems, and often entailing one or
more hyperparameters to be manually fine-tuned for every specific problem.
Contribution: Here, we summarize the main contribution of this paper. First, we have
identified the main limitations of the current improvement-based acquisition functions:

e  Both prefixed and random scheduling do not consider the impact of every sequential
decision on the model and, consequently, the decision suggested by the acquisition
function. On the contrary, we prove that this information is crucial for the successive
decision.

e  Asalready proven in [30,31], the decisions generated by improvement-based acqui-
sition functions are Pareto rational with respect to two objectives: optimizing accord-
ing to the model’s prediction (i.e., exploitation) and maximizing the predictive un-
certainty (i.e., exploration). Varying the uncertainty bonus translates into a move on
the Pareto front only.

e On the contrary, human search is characterized by the chance to also make non-Pa-
reto rational decisions, with respect to the same two objectives [32,33]. Moreover, the
number of non-Pareto rational decisions does not follow any predefined or random
scheduling, but it seems to be triggered by the impact of every decision.

¢ Improvement-based acquisition functions rely on the predictive uncertainty of the
probabilistic surrogate model. However, it is biased by the prediction itself, espe-
cially when GP regression is used. Even more critical, variance starvation (i.e., pre-
dictive uncertainty close to zero) may occur with GP regression, nullifying any un-
certainty bonus.

e  As a consequence of these considerations, we propose a novel acquisition function
that is able to adaptively provide exploitative or exploratory decisions, depending
on the evolution of the sequential optimization process, instead of using a random or
prefixed scheduling for the uncertainty bonus. More specifically, our master acquisi-
tion function performs as follows:

e It uses only the prediction of the GP model to make its decision about the next solu-
tion to evaluate (purely exploitative decision).

e It discards that decision if it has a small chance to significantly improve the current
best solution (as explained in Section 3) and, instead, makes a different decision
aimed at uncertainty reduction. To do this, we do not use the GP’s predictive uncer-
tainty but a different uncertainty quantification measure, namely the inverse distance
weighting (IDW) (also introduced in Section 3), which is not biased by the GP’s pre-
diction.

In this paper, a number of state-of-the-art acquisition functions have been considered
and applied to a number of test problems. We have proposed a Pareto analysis of the
effectiveness of these acquisition functions, based on two metrics: convergence to the op-
timum and capacity to explore. This could become a more mathematically sound and gen-
eral method to compare the acquisition functions for BO.

Finally, it is worth noting that the aim of this paper is not to be a survey or review of
the topic.
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Related Work

Here, we summarize the most related works, to our knowledge, and their main con-
tributions, achievements, and limitations. In ref. [34], the first proof of convergence of the
well-known GP confidence bound (GP-CB) acquisition function is provided. Basically, the
uncertainty bonus is logarithmically increased with the number of function evaluations in
order to increase exploration and reduce the chance of getting stuck in local optima. More
recently, the authors in [35] have empirically shown that a random scheduling of the bo-
nus uncertainty (i.e., sampling from a Gamma distribution whose parameters are adjusted
depending on the number of function evaluations) can outperform the previous schedul-
ing on several test problems. In ref. [31], a Pareto analysis of every decision implied by
traditional acquisition functions is performed, where the two objectives are the prediction
of the GP model and the associated predictive uncertainty. As a result, varying the value
of the uncertainty bonus translates into moving onto the Pareto front; thus, GP-CB only
allows for Pareto decisions, regardless of the scheduling of the uncertainty bonus. Accord-
ing to this, ref. [30] proposed a new mechanism based on the e-greedy strategy typically
adopted in reinforcement learning. With probability (1 — &), a greedy decision is taken
(i.e., the solution optimizing the GP’s prediction), while a random choice is performed
with probability €. Two alternatives are possible in this case: randomly selecting among
Pareto rational decisions or uniformly at random over the entire search space. This is in-
teresting because in [32,33] it has been empirically proved that humans usually make non-
Pareto-rational decisions when the chance to improve is small. Thus, while the e-greedy
method relies on the probability e—that is, a hyperparameter to set before the optimiza-
tion—humans can adaptively switch between Pareto and non-Pareto decisions along the
optimization process. Finally, we would like to also cite a very recent work considering
the alternation between two different acquisition functions, that is, expected improvement
(EI) and probability of improvement (PI). Indeed, these two acquisition functions offer
two different exploration—exploitation trade-offs, with PI more biased toward exploita-
tion. More precisely, ref. [36] propose two schemes: alternating between PI and EI (aka
round-robin) or starting with EI and then switching to PI, after a given number of itera-
tions (i.e., a hyperparameter to be set before the optimization process).

The topic that has attracted growing attention is Bayesian optimization in high-di-
mensional (HD) spaces. The performance of BO degrades significantly when the dimen-
sion exceeds 20. The issue of HD has been addressed in [37,38] and more recently [39].
Recent results stress the importance of reconsidering ‘classic approaches’, with several
studies demonstrating that vanilla Bayesian optimization methods can be surprisingly ef-
fective in high-dimensional settings, challenging the assumption that specialized tech-
niques are always necessary for such problems [40-44].

Bayesian optimization in non-Euclidean settings has been studied to address optimi-
zation problems where the search space possesses complex geometric structures beyond
traditional continuous domains. Early work by [45] introduced BO for combinatorial
structures, while more recent advances have extended these methods to network and
manifold geometries. Ref. [46] proposes a new approach to ensure that the surrogate
model is tailored to the network geometry, providing a convenient framework for proba-
bilistic modeling of functions on metric graphs that can be represented using finite ele-
ments to obtain a sparse approximation of the inverse covariance for updating the poste-
rior surrogate model. This approach is tested with two acquisition functions: improved
GP upper confidence bounds (IGPUCB) and GP-TS Thompson sampling. Related work
on optimization over manifolds via graph Gaussian processes has been developed by [47],
while [48] investigates Bayesian optimization with inexact acquisition functions, and [49]
explores enhancing Gaussian process surrogates through random exploration. Ref. [50]
further contributes to this area with global optimization on graph-structured data via
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Gaussian processes with spectral representations. A specific area of BO on discrete search
domains focuses on permutations, where specialized kernels and acquisition functions are
needed. Ref. [51] introduced the acquisition weighted kernel for batch Bayesian optimiza-
tion on permutations, while ref. [52] developed general frameworks for Bayesian optimi-
zation over permutation spaces. More recent work by [53] proposes scalable kernels de-
rived from sorting algorithms for high-dimensional permutation spaces, ref. [54] intro-
duces relational Bayesian optimization for permutations, and ref. [55] develops the merge
kernel for Bayesian optimization on permutation spaces. More broadly, the notion of a
surrogate variable appears in other areas of statistical inference, such as residual diagnos-
tics for ordinal regression [56] and partial association analysis for mixed data [57], alt-
hough these uses are conceptually distinct from the surrogate models employed in Bayes-
ian optimization.

As already mentioned, the research on acquisition functions for BO is quite impres-
sive. The information-based acquisition functions are not directly related, specifically, en-
tropy search (ES) [58], predictive entropy search (PES) [59], max-value entropy search
(MES) [60], and [61]. These methods are based on sampling from the GP posterior —usu-
ally via Thompson sampling —that is, the operation leading to their expensive computa-
tional cost. The issue of efficiently sampling from the GP posterior has been recently ad-
dressed in [62]. Moreover, all the look-ahead acquisitions, including the knowledge gra-
dient (KG) [63], are also out of scope. Finally, the trust-region-based approaches, such as
TRIKE [64], TREGO [65], and TuRBO [66] are outside the scope of our method.

2. Background
2.1. GP-Based BO

Assume that we are at a generic iteration n, and all the observations collected so far
are stored in the dataset D = {x;, y;}, with |D| = n. To simplify the notation in the follow-
ing, we rewrite the dataset as D = {X,y}, where X = x;,...,x, and y = y,,...,¥,. Recall
from Algorithm 1 that y; = f (x)) + ¢, with f: R% - R the objective function, possibly
noisy (i.e., € ~ N (0,4%)).

A GP regression model is used to approximate the black-box, expensive, and mul-
tiextremal objective function, depending on the dataset D. GP regression is a well-known
kernel method [67,68], in which covariance between observations is codified through a
kernel function, k: R? x R? - R, which can be chosen among many alternatives
[17,18]. In this paper, we consider the squared exponential (SE) kernel, k(x,x") =

2
|
ofe” 22, which assumes the smoothest approximation for the objective function. It is

usually a reasonable choice in the case of experimental settings like that considered in this
paper, while other, less smooth kernels can be more appropriate when addressing real-
life problems.

A GP regression model is also said to be probabilistic, meaning that for any given
input, it provides both a prediction and the associated (predictive) uncertainty, respec-
tively given by [17]:

nG) = k(e X) [K + 2171y (1)

o?(x) = k(x,x) — kO, X)[K + 2217 k(X, %) (2)

where k(x,X) is an n-dimensional vector such that its i;;, componentis k (x,x;), k(X, x)
is the transposed vector, and K is the n X n kernel matrix with entries K;; = k (xl-, xj).
Finally, A* is used to deal with noisy objective functions as well as to ensure that the ma-
trix inversion operation can be performed.
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Fitting a GP model on the dataset D means conditioning the predictive mean pu(x)
and the predictive uncertainty o(x)—i.e., the square root of Equation (2) —to the available
dataset D, that is, tuning the kernel’s hyperparameters (i.e., of and ¢ in the SE kernel)
and in case A%, usually via MLE or MAP. Equations (1) and (2) should indeed be intended
as u(x)" and o%(x)", but we omit the suffix to keep the notation as simple as possible.

The resulting GP is the model generically denoted with M in Algorithm 1, on which
the acquisition function A (x) is based. According to the basic BO algorithm, the next
solution to evaluate is:

Xpt1 € arg optyen Ane (%) 3)

Although most of the acquisition functions are expressed in terms of utility and are,
consequently, maximized, some of them are expressed in terms of an optimistic estimate
of the objective function; indeed, they are maximized or minimized according to the orig-
inal optimization problem. For this reason, we use the general notation “optimize” in
Equation (3).

2.2. Improvement-Based Acquisition Functions

Instead of following the chronological order, we start by introducing the GP-based
confidence bound (GP-CB) acquisition function. It is also known as an optimistic policy
because it provides the most optimistic approximation of the objective function, depend-
ing on M. More specifically, the lower confidence bound (GP-LCB) is used for minimiza-
tion problems, and it is defined as [34]:

LCBy(x) = p(x) = /Bn 0 () 4)

In the case of a maximization problem, the upper confidence bound (GP-UCB) is ob-
tained by simply replacing the difference with the sum. The role of the uncertainty bo-
nus—represented by the predictive uncertainty o(x)—is clear, as well as that of the hy-
perparameter §: The GP-LCB addresses the exploitation—exploration trade-off by scalar-
izing the two objectives (i.e., exploitation and exploration).

Most of the research focused on how to choose a suitable value for £ over BO itera-
tions. Here, we summarize the most relevant methods (against which we have compared
our approach).

e  Ref. [34] Theorem 1: The search space Q) consists of a finite number of choices. It is
always possible to consider this case by explicitly taking into account the numerical
precision used to represent solutions. The proposed scheduling for g is given by:

B = 2log (IGIn*m?/(66)) ©)

with |G| the number of finite solutions in (2, and with § € (0,1) such that the probabil-

ity that the regret is sub-linear is not lower than 1 — §. As is well known, regret is one of

the metrics used to analyze the convergence of global optimization algorithms. It is briefly

recalled in the following Section 2.3.

e  Ref. [34] Theorem 2: The search space f2 is continuous, with an infinite number of
solutions. In this case, the proposed scheduling for § is:

Bn = 2log (2n?m?/(38)) + 2dlog(n?dbry/(log(4da)/s))) (6)

with r: 2 = [0,7]%¢, and a,b > 0 some constants to obtain a sub-linear regret with

probability 1 — 4.

e  The strongest criticism of the previous scheduling was noted in [69]: “the selection of
B is not done to optimally balance exploration and exploitation, but is done such that
the cumulative regret is bounded. While the regret bound provided is desirable, it is
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far larger than needed. This leads to sub-optimal real-world performance due to
over-exploration”. Indeed, in [34], the authors empirically divide f by 5 just to
achieve better results. In contrast, the randomized GP-CB proposed in [69] samples
smaller f values from a Gamma distribution whose parameters are set to ensure
sub-linear convergence. Specifically:

B ~ T (x"0) @)
n2+1
. ) _ 9 ( m)
with the shape parameter k'™ = s 1D In contrast, the scale parameter 6§ has to be
og(1+5

fine-tuned for each target problem. Basically, increasing 6 will increase exploration.

Other approaches are not based on the GP-CB and, instead, propose to switch—ran-
domly or according to a predefined scheme —between different selection mechanisms.
The approach proposed in [30] was inspired by the well-known e-greedy strategy adopted
in reinforcement learning. Specifically, two alternative methods have been proposed:

° n+1

& —PF selection: In this case, the next decision x is the optimizer of u(x), with
probability 1 — ¢, or randomly selected from the Pareto front (PF) defined over the
two objectives p(x) and o(x), with probability €. Recalling results from [31], this
means using the GP-CB with a randomly selected value for S.

£-RS selection: In this case, the next decision x™*!

is the optimizer of u(x), with
probability 1 — ¢, or uniformly selected at random within the entire search space {2,

with probability e.

Similarly, [36] have recently proposed a selection mechanism which does not rely on
the GP-CB but, contrary to [30], their algorithm switches between two well-known acqui-
sition functions, specifically PI and EI [70,71]:

A(x)
PIG) = (0(X)> ®
A(x) AX)\ .
EI (x) = AP (@) +o(x)¢ (@) i?ggg _ 8 )

0
where 4(x) = .nllin {yi} — u(x) if the target problem is a minimization problem (other-
1=1,..,n
wise 4(x) = pu(x) — max {yi}), and @(x) and ¢(x) are the standard Gaussian cumula-
t=1,..,n

tive distribution function and probability density function, respectively. We have re-
ported here the two formulations adopted by the authors in [36]. However, it is important
to note that some modifications have been proposed in the literature to increase explora-
tion, especially for PI.

Moreover, two mechanisms have been proposed and investigated by the authors:
alternating (aka round-robin) between the two acquisition functions and starting with EI
to finally switch to PI when a certain percentage of the overall evaluations is reached. It
is important to note that the latter scheduling is the opposite of that in [34]: it is more
explorative at the beginning and more exploitative at the end, while the logic underlying
the scheduling proposed in [34] increases the chance for exploration with the BO itera-
tions.

2.3. The Disregarded Relevance of the Discrepancy

Regret as a convergence metric: As previously mentioned, regret is typically used as
anatural performance metric for global optimization algorithms. The instantaneous regret
at iteration n, associated with the decision x™, is r, = y* — y, with y* = f(x") + &
The cumulative regret, up to iteration N, is Ry = Y\_;r,. A desirable property is
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lim Ry = 0 (i.e.,, no-regret). For finite N, the value Ry/N translates into a convergence

N-ooo

rate. The critical issue is that over-exploration (as implied by the scheduling of B in [34])
increases the value Ry/N to avoid getting stuck in local optima, while other methods de-
crease it, but at the cost of a higher chance of achieving a sub-optimal solution.

Moreover, in a global optimization task, minimizing the cumulative regret can be
counterintuitive from a human search point of view. If y* is achieved after a few itera-
tions, a human searcher will not continue to evaluate solutions close to the current best
one (even if they do not know the value of y*, a priori). Instead, they will perform evalu-
ations to reduce uncertainty over the search space. This is because the task that they are
solving is searching for the best, instead of accumulating some reward. It is the feeling
about the impossibility of improving that triggers pure exploration in a human searcher,
but this behavior is not modeled by traditional acquisition functions [32,33].

At the very end, an acquisition function is effective if it provides a balanced trade-off
between exploration and exploitation over the entire optimization process. It is important
to note that Pareto optimality, as used in this paper, means non-dominated with respect
to the two selected metrics (AGAP and L2-discrepancy). A method can be Pareto optimal
by being extreme in one objective, for example, excellent at convergence but poor at ex-
ploration, or vice versa. A method located in the central part of the Pareto front, with
neither objective sacrificed, is generally preferable in practice when both exploration and
convergence matter equally.

GAP metric: To better explain the previous statement, we first introduce the GAP
metric, another common performance indicator to compare optimization algorithms.

GAP, = y"++_—y+(n) (10)

lvo =yl

with y§ = best{ys,...,yn,} and yi = best {yn +1,...,yn}o (with “best” replaced with
“max” or “min” according to the original optimization problem; the absolute value is
adopted to independently deal with both maximization and minimization). The GAP met-
ric has important features: it is defined in [0, 1], so it can also be used to compare different
approaches on completely different optimization problems, and it allows us to clearly
identify at which iteration the best solution has been identified. However, it is not directly
linked to Ry/N. Consider Figure 1, which is an anticipation of the results presented in the
next section. The chart on the left depicts the GAP curves (i.e.,, GAP, with n = ng,...,N)
for BO using different acquisition functions. More precisely, each curve is the average
GAP curve on 100 independent runs. Four of them achieve, almost immediately, the GAP
value equal to 1 (i.e.,, CB, epsPF, epsRS, and mastering), but do not provide any infor-
mation about the successive decisions and, consequently, the value of Ry/N.However, at
the end of each optimization process, one can observe how many acquisition functions
have used the remaining trials to explore, similar to a human searcher, instead of exploit-
ing without any further improvement. To quantify the capacity of exploration, we use
discrepancy [72], from the design of the experiments.
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Figure 1. Comparing BO based on different improvement-based acquisition functions: (left) GAP
metric curves averaged on 100 independent runs, (middle) L2-discrepancy at the end of the optimi-
zation process and over 100 independent runs, (right) Pareto analysis between area under the aver-

age GAP metric curve and L2-discrepancy.

Discrepancy measures how far a given distribution of points deviates from a per-
fectly uniform one. Many discrepancies have been proposed; we have decided to consider
the so-called L2-discrepancy because it can be expressed analytically even for high dimen-
sions. Formally [72]:

1/2

2
D (X) = [ Jiosape (A(XT“’) - Vol(]a‘b)) dadb (11)

where Vol(]a‘b) denotes the volume of a subset J,, < [0; 1]4 A(X; J,p) is the number
of points of X falling into J,,, and finally a,b € [0; 1] and J,, = [a;,by) X --
X [ag, by). With respect to solutions generated by BO, the lower the discrepancy, the
higher the exploration.

Coming back to Figure 1, the middle chart shows that only one of the four acquisition
functions with the best GAP curves has a low discrepancy, averaged on 100 independent
runs (i.e., the so-called “mastering”).

Pareto analysis: exploration—exploitation balance: To finally evaluate the effective-
ness of the searching process implied by any acquisition function in terms of both conver-
gence to the optimum and exploration capability, we suggest performing a Pareto analy-
sis. While it is natural to obtain a single value for the discrepancy (i.e., the average over
100 independent runs), we also need to condense a GAP curve into a single scalar value.
We suggest computing the area under the GAP curve —analogously to the AUC, the area
under the ROC curve used to compare machine learning algorithms —that is:

1
Agap = N-ng g=n0+1 GAB, 12)

It is important to note that the higher the Ag;p, the better the GAP curve. Returning
to Figure 1, on the right, every point represents a different acquisition function, providing
a different pair of Agsp (to be maximized) and L2-discrepancy (to be minimized). Only
some acquisition functions are Pareto optimal (i.e., circled ones), with just one in the mid-
dle of the PF, representing the most well-balanced trade-off between exploration and ex-
ploitation.

This analysis will be the basis of the results presented in this paper. The main benefit
is that the effectiveness of a set of acquisition functions can be evaluated in terms of the
exploration—exploitation balance over the entire optimization process, instead of the sin-
gle decision.

3. An Acquisition Function Mastering the Trade-Off Between
Exploration and Exploitation

Here, we describe our proposed acquisition function, able to implement a BO process
that is well-balanced in terms of exploration and exploitation, overall. Our acquisition
function is based on the idea that the most effective and efficient exploitation-exploration
trade-off mechanism does not follow any prefixed or random scheduling: it depends on
the evolution of the optimization process, just like in human search. Starting from this
consideration, we can state that, after a solution is evaluated, only one of the following
three possible kinds of feedback can be experienced:

(1) xp4q leadstoan y,,, inline with the expectation — happy but not surprised.
(2) xp4q leadstoan y,,, better than expected — surprisingly happy.
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(3) xp41 leadstoan y,,; worse than expected — unexpectedly poor.

Now we try to map these three situations in terms of implied modifications to the
model M and, consequently, the decision suggested by the acquisition function A, (x).

(1) M will not significantly change, so the next decision will be biased toward exploita-
tion (i.e., local search) if the uncertainty bonus is not large enough.

(2) Although we have collected a solution better than expected, this means that our
model was not so accurate; the updated M could be significantly different from the
previous. As a result, the next decision could be far away from the last evaluated
solution, so some exploration (i.e., global search) is triggered by our last decision,
regardless of the uncertainty bonus.

(3) The only difference with the previous case is that we have collected a solution worse
than expected, but M will change anyway, triggering some exploration with respect
to the last decision.

To summarize, if M’s predictions are inaccurate with respect to the last decision, then the
next decision could be explorative, meaning that it is far from the previous. On the con-
trary, if M islocally accurate, then the next decision will be biased toward an exploitative
decision, and the uncertainty bonus—if not sufficiently large—just ensures searching
within a neighborhood of the current best. Indeed, it is important to remark that M might
fail to accurately approximate the objective function in promising regions because obser-
vations are sparse in those regions. This is the main motivation underlying the scheduling
of g, in GP-CB, initially proposed by [34].

Algorithm 2 summarizes our approach. Basically, it works as follows: a pure exploi-
tative decision is obtained by searching for the optimum of the GP’s predictive mean,
u(x). Then the usefulness of this decision is considered: if it belongs to the neighborhood
of the current best solution and this neighborhood already contains a sufficient number of
solutions, then the decision is discarded and replaced by a decision aimed at minimizing
the overall uncertainty, trying to cover unexplored regions of the search space.

Algorithm 2 Mastering the exploration—-exploitation trade-off in BO

Data:
02 = [0; 1]* the search space (rescale the original search space in case);
D = {x;,y:}, aninitial set of 7 observations from LHS, and y; = f (x;) + ¢,

with g ~ N (0,1%);

Ny >N,: Ny + N, =N >n.

whilen < N; do

(x*,y"):y* = besty;: (x;,y;) €D;

H,, (x*) is a hypercube centered in x* with a side equal to w;
Fit the GP model on D and obtain u(x) and o(x);

Xppq = optingllize u(x) < exploitative decision;
X€E

if Xpe1 € Hy D) A |{x; € X: x; €H,, (x)} = 71 then

Xnt1 = optirr(xlize z(x) < explorative decisionn
X€E

end

observe yni1 = f (Xn41) + Envus

D<Du {xn+1ﬂyn+1})
nen+1

end

** final refining: only exploitation ***

while n < N, + N, do

fit the GP model on D and obtain u(x) and o(x);
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Xpy1 = optirrsllize w(x)
X€E

observe yni1 =f (Xn41) + Ent1s
D« DU {Xpi1,Ynt1bs
nen+1

end

Result:

(x*,y*):y* = best {y;: (x;,¥;) €D}

We introduce the following useful notations: ¥, (x*) is the neighborhood of the
current best solution x*, that is a hyper-rectangle centered in x* and with sides w €
R? (if the search space 2 is rescaled in [0; 1]%, as in the experiments in this paper, then
H, (x*) is a hypercube with a side equal to w € R), n € N, is the threshold on the
number of solutions belonging to #,, (x*) to discard the pure exploitative decision in
favor of a pure explorative one. Although they could be thought of as hyperparameters of
the approach, we provide a reasonable rule-of-thumb to set them, avoiding expensive
fine-tuning procedures. Finally, we also introduce uncertainty quantification to minimize
the overall uncertainty in case the exploitative decision is discarded. It is known as IDW,
already adopted in global optimization [73] and has empirically resulted in more coherent
modeling of uncertainty quantification in human searches [32,33]. It is important to clarify
the conceptual role of IDW in mastering. IDW quantifies spatial sparsity: z(x) is large
where past observations are scarce and small where they are dense. It is not an epistemic
uncertainty in the Bayesian sense, which would require a posterior distribution over func-
tions, nor a decision-theoretic exploration value. Rather, it serves as a surrogate-independ-
ent proxy for exploration potential, under the practical assumption that spatially under-
explored regions carry residual uncertainty about the location of the optimum. Moreover,
contrary to GP’s predictive uncertainty, o(x), IDW is model-free and is able to avoid the
variance starvation issue. The IDW, denoted with z(x), is defined as follows [73]:

0 ifx € X
z(X) =121 <%> otherwise (13)
T Zizlpi(x)

o~ lx—x; 112

where p; (x) = grETe

Another important feature of our algorithm is a final refining phase, meaning that

the very last decisions are all purely exploitative. This is in line with more recent ap-

proaches, such as [36], and contrary to the historical ones, such as [34]. Indeed, our algo-

rithm does not need to increase exploration with the BO iterations because it is automati-

cally triggered in the case of a convergence to local optima. However, in the case of an

objective function excessively triggering exploration, it could be helpful to spend the last
BO iterations improving (aka refining) the best solution observed so far.

The rationale behind the neighborhood condition deserves further clarification. If the
neighborhood H,, (x*) already contains 1 or more observations, the GP has been que-
ried extensively near the current best solution. In this regime, the exploitative step, mini-
mizing the GP predictive mean, will almost certainly return a point within or very close
to the same neighborhood, offering negligible new information about the objective func-
tion. The condition |{x; € X : x; € H,, (x*)}| = n therefore operationalizes a simple
principle: when the local region around the best solution is already well-sampled, a purely
exploitative decision is unlikely to produce meaningful improvement and should be re-
placed by exploration. This is consistent with findings from human search studies [32,33],
where subjects switch to exploration precisely when local improvement appears ex-
hausted.
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The refining phase serves a complementary purpose. The exploration trigger can fire
repeatedly on functions with many local optima or flat regions, potentially redirecting
budget away from the global optimum once it has been located. The final N, = 5x d
iterations of pure exploitation provide a safeguard: regardless of the exploration history,
the algorithm commits to refining the best solution found before terminating. This mirrors
the behavior of [36], which also ends with a more exploitative phase, and ensures that any
exploratory detour in the middle of the optimization process does not prevent conver-
gence to a high-quality final solution.

4. Experimental Setting

Experiments consider 10 well-known global optimization test functions, widely used
in the literature, and with search spaces of different dimensionalities: Branin (d = 2),
Camel3 (d = 3), Camel6 (d = 6), GoldPr (d = 2), Hartmann3 (d = 3), Hartmann4
(d = 4), Hartmann6 (d = 6), Rosenbrock (d = 2), Schwefel (d = 2), and StybTang
(d = 2).

The proposed approach has been compared against eight state-of-the-art improve-
ment-based acquisition functions, specifically: CB with constant g (i.e, f = 1), CB with
B scheduled as in Theorem 1 and Theorem 2 of [34], randomized GP-CB [69], and &RS
and &PF from [30], alternating and switching between EI and PI as proposed in [36].

As far as the hyperparameters of the BO algorithms considered are concerned, every
paper shows that a unique optimal configuration does not exist. For each algorithm, the
hyperparameter configuration offering the best performance on the largest number of test
problems has been selected. All the hyperparameter configurations are explicitly reported
in the code, freely available, as detailed in Section 6. For the proposed algorithm, the sug-
gested hyperparameter valuesare w = 0.1 and n = [15 x d]/3. Although a dedicated
sensitivity analysis is beyond the scope of this paper, the consistency of results across all
10 test functions, spanning dimensionalities from d =2 to d = 6 and substantially different
geometric structures, with a single fixed configuration, provides indirect evidence of ro-
bustness. If the method were highly sensitive to w and 7, uniform performance across
such diverse problems would be unlikely.

For each test problem and for each BO algorithm, 100 independent runs have been
performed. In each run, the algorithms share the same initialization of D. The initial size
of Dis 5 X d, while the overall number of function evaluationsis N = 20 X d. For the
proposed algorithm, we split into N; = 15 x d and N, = 5 x d (for the refining
phase).

5. Results

This section summarizes the empirical results obtained from the experiments. We
started with the most important result, concisely summarized in Table 1: a cross indicates
that a certain algorithm (column) was Pareto optimal on a certain test problem (row).

Surprisingly, CB with constant f = 1 resulted in Pareto optimality more times than
other CB-based acquisition functions. However, it is important to remark that Pareto op-
timality here refers to the exploration—exploitation trade-off: an acquisition function lead-
ing to sub-optimal solutions (i.e., low area under the average GAP metric) could result in
Pareto optimality if it provides really low L2-discrepancy. This happens with the prob-
lems Camel3, Camel6, and GoldPr, in which the constant § = 1 is surely higher than
those provided by the other CB-based acquisition functions. As we said, high values of
lead to over-exploration. On the contrary, on the test problems Hartmann3, Hartmann4,
Hartmann6, and Schwefel, constant f = 1 leads to under-exploration when compared
to [34] Theorem 1 and Theorem 2.
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We can conclude that, although Pareto optimal on 7 out of 10 test problems, CB with
constant § = 1 was almost always located at the extreme of the Pareto front, conse-
quently representing an unbalanced trade-off between exploration and exploitation. This
can be observed in Figures 2-11. Every figure consists of three charts as follows:

e  On the left: the GAP curve averaged on 100 independent runs is depicted for each
algorithm. Standard deviations are omitted for a clear visualization —in Appendix A,
the box plots of the GAP value at the end of the optimization processes are reported:
there are no significant differences among methods. The first point of the curves re-
fers to the best solution over the LHS-initialized D.

e  Inthe middle: the boxplot of the L2-discrepancies obtained over the 100 independent
runs, separately for each algorithm.

e On the right: Pareto analysis among the algorithms with respect to: (a) area under the
average GAP curve (converges to the optimum) and (b) L2-discrepancy (capacity to
explore).

Table 1. Pareto optimal acquisition functions on 10 global optimization test problems. A cross is

present if the acquisition function was Pareto optimal for the problem.

CB PLis Plis Master-

Theo- Theo- Random- ¢ € Back! ing
Const. reml2 rem22 izedCB RS PF Bacld ,Al- Switch-  (Pro-
B ternating
ing posed)

Branin N « « «
(d=2)

Camel3 « « N N
(d = 3)

Camel6 X X X X X X
(d = 6)

GoldPr N « N N
(d=2)

Hart-

mann3 X X X X X
(d = 3)

Hart-

mann4 X X X X
(d=4)

Hart-

mann6é X X X
(d = 6)

Rosen-

brock X X X

(d=2)
Schwefel « « N N « « «
(d=2)
S(t;/b;l“a;)g X X X X

7/10  0/10 4/10 3/10 5/10 4/10 8/10 4/10 9/10
a From ref. [34].

Another acquisition function that resulted in Pareto optimality on a large number of
test problems is the alternating schema between EI and PI [36]. It is interesting to high-
light that this acquisition function is located on the opposite side of the Pareto front with
respect to CB with constant f = 1, on all the test problems on which both algorithms
resulted in Pareto optimality.
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Finally, the proposed approach resulted in Pareto optimality on all the test problems
but one (i.e., Rosenbrock). More importantly, it is almost always (6/9) located in the central
part of the Pareto front (i.e., Camel3, camel6, GoldPr, Hartmann3, Hartmann4, Schwefel).
This point is crucial because it means that the proposed approach, beyond Pareto optimal-
ity, offers the best exploration—-exploitation balance.

As a final remark, only the methods proposed in [36] (alternating and switching) and
CB with Theorem 2 scheduling [34] resulted in Pareto optimality on the Rosenbrock test
problem, while mastering did not. The Rosenbrock function (d = 2) presents a narrow
curved valley leading to the global optimum, with a basin of attraction that is geometri-
cally thin in the orthogonal direction. In this setting, observations quickly accumulate
along the valley floor, causing the neighborhood condition |H,, (x*)| = 71 to trigger re-
peatedly and redirect budget toward orthogonal directions that are spatially sparse but
informationally unproductive. The three methods that succeed share a common trait: they
either use a strongly exploitative component (PI) or a decaying exploration bonus (Theo-
rem 2), both of which bias the algorithm toward the valley floor rather than away from: it.
This identifies a general property that improvement-based AFs based on spatial sparsity
as a proxy for exploration value require: the basin of attraction of the global optimum
should be broad enough relative to the neighborhood size that spatial density and func-
tional informativeness remain correlated throughout the run. Functions with narrow, ge-
ometrically isolated basins represent the natural boundary of mastering’s applicability.
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Figure 2. Branin test function: Average GAP metric curves (left), L2-discrepancy at the end of the
optimization processes (middle), and Pareto analysis between area under the GAP curve and aver-

age L2-discrepancy (right).
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optimization processes (middle), and Pareto analysis between area under the GAP curve and aver-

age L2-discrepancy (right).
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Figure 7. Hartmann4 test function: Average GAP metric curves (left), L2-discrepancy at the end of
the optimization processes (middle), and Pareto analysis between area under the GAP curve and

average L2-discrepancy (right).
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Figure 8. Hartmanné test function: Average GAP metric curves (left), L2-discrepancy at the end of
the optimization processes (middle), and Pareto analysis between area under the GAP curve and

average L2-discrepancy (right).
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Figure 9. Rosenbrock test function: Average GAP metric curves (left), L2-discrepancy at the end of
the optimization processes (middle), and Pareto analysis between area under the GAP curve and

average L2-discrepancy (right).
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Figure 10. Schwefel test function: Average GAP metric curves (left), L2-discrepancy at the end of
the optimization processes (middle), and Pareto analysis between area under the GAP curve and
average L2-discrepancy (right).
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Figure 11. StybTang test function: Average GAP metric curves (left), L2-discrepancy at the end of
the optimization processes (middle), and Pareto analysis between area under the GAP curve and

average L2-discrepancy (right).

6. Replicability of Experiments: Open-Source Code

To guarantee replicability of the experiments, the entire code is available for free at
the following link, along with results and figures reported in this paper:
https://github.com/acandelieri/MasteringExplorationExploitationInBO (accessed on 1
June 2023). Within the code, all the values of the hyperparameters for all the methods are
also specified.

7. Discussion and Conclusions

The exploration—exploitation balance is still an open challenge in all the learning-
and-optimization frameworks, from evolutionary algorithms to reinforcement learning
and global optimization of black-box expensive functions. In this paper, the improvement-
based acquisition functions adopted in Bayesian optimization have been investigated,
considering both foundational and more recent methods. Limitations have been identi-
fied, specifically the fact that all the methods are based on fixed or random scheduling of
the uncertainty bonus to guarantee convergence to the global optimum.

Results and insights from studies on human search suggested how to implement a
novel mechanism to dynamically and adaptively switch between exploration and exploi-
tation over the entire optimization process, depending on the feedback collected. The
comparison among the acquisition functions considered has been performed by propos-
ing a Pareto analysis between the convergence to the optimum (exploitation), measured
as the area under the GAP metric curve, and the exploration capabilities, over the entire
optimization process.

As a result, the proposed approach resulted in Pareto optimality in 9 out of 10 of the
test problems and, even more importantly, it is usually located in the central part of the
Pareto front, meaning that it is the one providing the most balanced trade-off between
exploration and exploitation.

The main limitation of the proposed approach is that, at each iteration, first a pure
exploitative decision is suggested (i.e., by optimizing the GP’s predictive mean), if dis-
carded because resulting useless, another pure explorative decision must be computed
(i.e., by minimizing the uncertainty quantified via IDW). In the worst case, two internal
optimization problems are solved in each BO iteration. While this is the worst case, over-
head doubles the number of internal optimizer calls per iteration, and both subproblems
are solved on cheap surrogates (the GP mean and the model-free IDW measure). In all
target applications of BO, the cost of these internal optimizations is negligible compared
to the cost of evaluating the black-box objective function, so the practical computational
burden of mastering is equivalent to any single-acquisition-function BO method.
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A further limitation, identified by the Rosenbrock result, is that the IDW-based ex-
ploration trigger implicitly assumes that spatial sparsity correlates with residual uncer-
tainty about the optimum. This assumption fails on functions with narrow basins of at-
traction, where unvisited regions are spatially sparse but functionally irrelevant. Design-
ing an exploration trigger that accounts for functional geometry, rather than purely spatial
density, is an open direction for future work.

Perspectives: This work opens up several promising avenues for future research. The
focus here was on the simplest single-output BO algorithms with a GP surrogate model.
Still, it can be extended to various adaptations of related problems, such as constrained
optimization, noisy evaluations, or alternative surrogate models. Regarding the latter, it
is important to note that mastering’s two components have different surrogate dependen-
cies. The explorative component, based on IDW, depends only on the locations of past
observations and is entirely surrogate-agnostic; replacing the GP with any alternative
model leaves the exploration mechanism unchanged. The exploitative component relies
on the surrogate’s predictive mean p(x); replacing the GP with an alternative surrogate
(e.g., arandom forest, a deep GP, or a Bayesian neural network) requires only substituting
p(x) with that model’s point prediction, leaving the algorithm’s structure intact. The qual-
ity of the exploitation signal will depend on the calibration of the chosen surrogate, as
with any surrogate-based BO method. This partial independence from the GP is a direct
consequence of the design choice to use IDW rather than GP predictive variance for the
explorative step, a choice motivated precisely by avoiding the bias and variance starvation
issues that arise when the explorative component is tied to the GP model. Although it
cannot be considered the ultimate acquisition function, the design of the adaptive sched-
uling of MASTER could be generalized to other BO architectures and application contexts.

Challenging perspectives for BO and hot research targets are high-dimensional BO
and BO over structured data. High-dimensional spaces have been traditionally difficult
for BO, and exploiting structural assumptions such as additivity, locality, or sparsity,
which can be naturally encoded in the MASTER mechanism to achieve better performance
than “vanilla” BO without requiring many hyperparameters and still relying on basic GP
priors, just scaling the length-scale hyperparameter. Beyond Bayesian optimization, the
broader question of adaptive decision-making under uncertainty also arises in other com-
binatorial and network optimization settings. For instance, similar trade-offs between ex-
ploiting structural information and exploring alternative configurations appear in
Gromov-Wasserstein-based approaches to combinatorial assignment problems [74] and
in distributional resilience analysis for network structures [75]. Investigating whether the
adaptive switching mechanism proposed in this paper could inform decision rules in
these related optimization contexts is a direction for future work.

The issue of high-dimensional BO is also for structured spaces, such as graphs and
permutation spaces. A first challenge for graph-based optimization problems is that eval-
uating the unknown objective at each node —via sampling, simulation, or physical exper-
imentation—can be very expensive, and second, to leverage structural correlations and
latent biases enclosed in the underlying graph topology into a kernel over graphs is
needed to facilitate efficient search and optimization using limited observations and is
more difficult than in continuous spaces. An important point is that the new acquisition
is conceptually different from the assumptions regulating convergence of LCB/UCB and
does not require checking whether the path of the generative GP depends on our assump-
tion that f is a sample path of a GP instead of an element of the RKHS (reproducing kernel
Hilbert space).

The MASTER acquisition function can be adapted to a class of shortest-path kernels
so that it can handle optimization over attributed graphs, formulating the problem as
mixed-integer optimization problems, enabling global exploration of the graph domain
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while maintaining solution feasibility even in the presence of problem-specific constraints
and inexact acquisition. FunBO: discovering acquisition functions for Bayesian optimiza-
tion with FunSearch. This work takes on the challenge of designing novel AFs that per-
form well across a variety of experimental settings.

It uses LLMs that can learn new AFs written in computer code using a limited num-
ber of observations for a set of objective functions. For all discovered AFs, an analytical
expression can be tested. Funsearch is a recently proposed evolutionary algorithm for
searching in the functional space by combining a pre-trained LLM used for generating
new computer programs with an efficient evaluator that guards against hallucinations
and scores fitness. FunBO exploits a set of auxiliary functions. FunBO sequentially
prompts an LLM to improve an initial AF expressed in code. The evaluation score for AF
gives programs that are stored and act as a training set for fine-tuning new AFs.
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Figure A1. Branin test function: GAP values at the end of optimization processes (on 100 independ-
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