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Abstract We review the class of discrete latent variable models and we propose a
new formulation of the hidden Markov model for compositional data. We illustrate
some results of the analysis of the expenditures of the Spanish regions over several
decades, showing that the approach is promising to cluster regions with different
patterns linked to the composition of parts in the system over time. We give partic-
ular emphasis to the possible developments of discrete latent variable models that
take inspiration from common problems of these models, such as the multimodality
of the likelihood function and issues related to the choice of the number of support
points of the latent variables.

1 Introduction

This chapter is focused on discrete latent variable (DLV) models, which include
variables not directly observable and are assumed to follow a discrete distribution
tailored to explain the association between observable variables [5]. Among these
models, we mention in particular latent class [12], hidden Markov (HM) [3], and
stochastic block models [15].

The inclusion in a statistical model of latent variables implies several advantages:
(i) the capability of clustering units in different latent groups, also named compo-
nents, subpopulations, classes or states, when the latent variables have a discrete dis-
tribution; (if) the high degree of flexibility, so that complex dependence structures
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may be dealt with also in the presence of variables of a different nature; (iii) the
straightforward interpretation when the latent variables correspond to explanatory
factors that cannot be observed; and (iv) the possibility, under certain conditions,
to interpret some parameters causally, as the model can consider certain forms of
confounding. Specifically, we can account for the effect of unobservable variables
affecting both the treatment and the response by latent variables having a suitable
distribution. Parameter estimation is based on the maximum likelihood approach
through the expectation-maximization (EM [10]) algorithm.

Our first aim is to illustrate new possible applications of these models for com-
positional data [13], which are nonnegative multivariate observations where relative
rather than absolute information is relevant; thus, they represent a quantitative mea-
surement of the parts of some total, expressed as proportions summing to 1. Sec-
ondly, we aim to discuss general issues, suggest possible solutions, and highlight
new research frontiers regarding these models.

The chapter is organized as follows. First, we introduce a new development of
the HM model for compositional data. Second, we show an application to analyze
the annual capital stock wealth amount of different sectors in Spain. Finally, we
conclude with some remarks on future directions of this research.

2 Hidden Markov model for compositional data

HM models find application in the analysis of time-series [23] and longitudinal
data [3]. These models may be employed for clustering units in a dynamic fashion,
where the same individual may move between clusters across time. In the context
of longitudinal data, for a sample of n individuals observed over T time occasions
we denote the vectors of response variables by ¥;; with elements Y;j;, i = 1,...,n,
j=1,...,r,t=1,...,T, where r is the number of such variables. For every i, the
sequence of discrete latent variables Uj collected in the vector U; is introduced;
these variables are assumed to follow a Markov chain of first-order with £ states.

The HM model assumes that each time-specific vector of response variables y;;,
corresponding to parts of the composition that are proportions summing to 1, fol-
lows a Dirichlet distribution, although other choices are also possible [21]. The pa-
rameters of this distribution depend on the underlying discrete latent variable; in
symbols, we have Y;|U; = u ~ Dir(e,), where @, is the state-specific vector of
parameters withu =1,... k.

As usual, each sequence of latent variables Uy, ...,U;r follows a Markov chain
with initial and transition probabilities that, without covariates, are denoted by
Ay =pUi =u) and 7, = p(Uy =v|Ujy—1 =u),t =2,...,T,u,v=1,...,k, respec-
tively. With unit-specific covariates, these probabilities are formulated by suitable
logit parametrizations based on regression coefficients to account for the effect of
such covariates. This formulation is based on the usual assumption that the response
variables are conditionally independent given the latent variables, which is a form
of local independence [3].
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Regarding the parametrization of the Dirichlet distribution, we follow an ap-
proach that distinguishes the effects of the latent states on the expected value and
on the variance (see also [16]). This amounts to normalize the parameters of the
Dirichlet distribution so that their sum is equal to 1. Additionally, we introduce a
new scale parameter corresponding to the sum of the parameters used in the tradi-
tional formulation of this distribution.

Assuming independence between subjects, the log-likelihood referred to the ob-
served data can be written as £(0) = Y7, log f(y;), where 0 is the vector of all
model parameters, and f(y;) is the manifest distribution of the observed composi-
tional parts. The latter may be expressed as

k k k T T
f(yt) = Z Z _12'141 ( Zﬂu,lu,> [Hf(yiruil:ut)] .

u1:1u2:1 1=

In order to maximize ¢(0), the EM algorithm relies on the complete-data log-
likelihood expressed as £*(0); at the E-step, the algorithm computes the posterior
expected value of £*(0) using certain forward-backward recursions [6, 22], and at
the M-step it updates the model parameters. Initialization of the algorithm is a cru-
cial aspect and requires careful consideration of different starting values. Model
selection is related to the choice of the number of states when it is not known a
priori, and it is usually performed according to the information criteria such as the
Bayesian Information Criterion (BIC) [19]; see [1] among others. Suitable functions
are implemented for the R environment extending those of the package LMest [4]
to perform the estimation of the proposed HM model.

3 Analysis of spatio-temporal compositional data

We consider data provided by BBVA Foundation from Madrid! concerning the com-
position of capital stock wealth in different sectors of the Spanish economy. Data
are recorded for an extended period from 1964 to 2019 [11]. In the present work, we
mainly concentrate on the problem of the national data on the temporal scale, and
we briefly mention how to broaden this to the more detailed spatio-temporal scale
across the different autonomous regions of Spain.

For the spatio-temporal framework, the data are collected in vectors y;, i =
1,...,n,t =1,...,T, where n is the number of regions. The changing total amount
across the years is, of course, important to analyze. Still, here it is the changing
composition of the capital stock wealth that is of interest, namely the amounts of
each year relative to their respective totals. Hence, compositional data are such that
the sum of the elements of each compositional response vector is fixed at 1 or 100%.
This has crucial implications in terms of data analysis. The » = 15 different sectors
are considered for 7 = 56 years referred to the 17 autonomous communities and to
the 2 autonomous cities (included together) of Spain. Trajectories of overall capi-

! https://www.fbbva.es/en/
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Fig. 1: Trajectories of capital stock wealth, from 1964 to 2019, across the 18 au-
tonomous communities of Spain, along with the trajectory for Spain (Espaiia) itself.
To facilitate comparison, all amounts are set to 100 at the initial time point. Dashed
lines are for indicating labels
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Fig. 2: Trajectories of capital stock wealth, measured in thousands of euros, from
1964 to 2019, for the whole of Spain
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Table 1: Number of states, maximum likelihood, number of parameters, and BIC
index for HM models

() #par  BIC

36,430.97 15 -72,818.59
38,229.40 33 -76,363.43
39,835.10 53 -79,517.02
40,533.36 75 -80,849.94
41,294.41 99 -82,302.67
42,068.90 125 -83,776.51

AN RN =X

tal stock wealth by Spanish regions are reported in Figure 1, while those of capital
stock wealth by sector are depicted in Figure 2.

The nature of the data suggests basing the analysis on region-year compositions
across sectors [13]; therefore, capital stock wealth amounts across sectors are di-
vided by their total so as to fix the sum to 1. For this analysis, we adopt the model
illustrated in Section 2. To perform model selection, this model is estimated for
k=1,...,6, where 6 is the maximum number of states that we consider reasonable
in order to avoid an excessive model complexity. Results in terms of maximum log-
likelihood, number of parameters, and corresponding values of BIC are shown in
Table 1. A model with k = 5 latent states is adopted for interpretability (despite not
being optimal in terms of BIC); this approach is usually adopted in applications to
complex and high-dimensional data, where this index may continue to decrease as
additional states are added until a very large value of k. In such a situation, it is ad-
visable to choose accounting the value of k also for the interpretability of the latent
states.

Estimated means of the compositions given the latent state are visualized through
the heat map depicted in Figure 3. The latent states are ordered increasingly based
on the average proportion of capital stock wealth allocated to real estate, with re-
gions in the first subpopulation characterized by the lowest part of capital stock
wealth devoted to this sector. On the other hand, it is not possible to detect a clear
ordering of the latent states with respect to the composition of capital invested in
the other sectors and then a specific interpretation is in order for each of these sub-
populations. Estimates of the initial and transition probabilities are shown in Table
2. It is noteworthy that the majority of regions belong to the last class, characterized
by the highest proportion of capital stock wealth in real estate, while no regions are
initially assigned to the first three classes. Furthermore, regarding transition proba-
bilities, there is a very high persistence in the same subpopulation. However, it can
be observed that the lower triangular elements of the transition matrix in Table 2 are
generally larger than the upper triangular elements, which suggests a pattern where
some regions tend to transition from the last two classes to the first four classes.

As already mentioned, the approach also allows assigning every region to a spe-
cific latent cluster over time, permitting the creation of maps to analyze the spatial
pattern of the phenomenon under study. Just to give an idea, in Figure 4 we report
these maps of the first and last available years.
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Fig. 3: Heatmap of scaled cluster means under the HM model

Table 2: Estimated initial and transition probabilities under the HM model

Initial probabilities
u=1 u=2 u=3 u=4 u=>5
0.000 0.000 0.000 0.221 0.779

Transition probabilities
v=1 v=2 v=3 v=4 v=5

0.966 0.028 0.000 0.007 0.000
0.000 1.000 0.000 0.000 0.000
0.007 0.035 0.958 0.000 0.000
0.000 0.000 0.000 1.000 0.000
0.027 0.004 0.027 0.005 0.937

<

O R

4 Conclusions and further developments

In this final section, we mention some issues that are important to overcome the ac-
tual limitations of the discrete latent variable (DLV) models. First, even for relatively
simple DLV models, the likelihood is typically multimodal, with a potentially huge
number of modes. As a possible approach, we can consider choosing appropriate
starting values for the estimation algorithm on the basis of deterministic and stochas-
tic random rules [17], and then selecting the best solution among different attempts.
Alternatively, we can use new tempered versions of the expectation-maximization
(EM) algorithm, which consist in re-scaling the objective function depending on a
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Fig. 4: Regional maps showing the estimated distribution of the latent clusters built
by the selected HM model for years 1964 and 2019

variable, known as temperature, controlling in such a way the prominence of global
and local maxima [8]; more recent advanced versions of the EM are also promising
at this aim, such as those based on evolutionary algorithms [9].

Second, it is uncommon that in applications clearly separated clusters of units
indeed exist. Therefore, the adopted DLV model may identify “spurious” clusters
and model selection criteria may suggest many components with problematic in-
terpretations. As a solution, a latent structure comprising a mixture of continuous
distributions can be used, allowing the resulting model to serve as a compromise be-
tween discrete and continuous latent variable models [20]. Moreover, we can adopt
model selection criteria that avoid a huge number of clusters and focus on the quality
of clustering, such as the normalized entropy criterion [7].

Furthermore, accounting for informative missing data and dropout, especially in
longitudinal data analysis, may be of primary interest. In this regard, we can con-
sider implementing a joint or shared parameter model where the same latent vari-
ables govern the longitudinal process and time to dropout [2]. We can also consider
an extra absorbing state and joint modeling missing data as proposed in [18].

Finally, specifically regarding the proposed application illustrated above, it is
worth mentioning that as an alternative to the Dirichlet distribution, the HM models
can be applied to the compositional data transformed to logratios [14], which are
then treated as interval-scale variables with a multivariate normal distribution. These
results can be compared with those obtained in the present study. Furthermore, it is
also possible to extend the model by considering a spatio-temporal structure, where
the latent state of a region in a certain year may depend not only on the previous
state but also on the state of neighboring regions.
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