. mathematics

Article

Wasserstein Distributionally Robust Optimization for Chance
Constrained Facility Location Under Uncertain Demand

Iman Seyedi (¥, Antonio Candelieri 2*, Enza Messina

check for
updates

Academic Editor: Xiang Song

Received: 14 May 2025
Revised: 22 June 2025
Accepted: 26 June 2025
Published: 30 June 2025

Citation: Seyedi, I.; Candelieri, A.;
Messina, E.; Archetti, F. Wasserstein
Distributionally Robust Optimization
for Chance Constrained Facility
Location Under Uncertain Demand.
Mathematics 2025,13,2144. https://
doi.org/10.3390/math13132144

Copyright: © 2025 by the authors.
Licensee MDP], Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license

(https:/ /creativecommons.org/
licenses /by /4.0/).

1 and Francesco Archetti 1

Department of Computer Science Systems and Communication, University of Milano-Bicocca,

20126 Milan, Italy; seyediman.seyedi@unimib.it (.S.); enza.messina@unimib.it (E.M.);
francesco.archetti@unimib.it (F.A.)

Department of Economics Management and Statistics, University of Milano-Bicocca, 20126 Milan, Italy
Correspondence: antonio.candelieri@unimib.it

Abstract

The purpose of this paper is to present a novel optimization framework that enhances
Wasserstein Distributionally Robust Optimization (WDRO) for chance-constrained facility
location problems under demand uncertainty. Traditional methods often rely on prede-
fined probability distributions, limiting their flexibility in adapting to real-world demand
fluctuations. To overcome this limitation, the proposed approach integrates two method-
ologies, specifically a Genetic Algorithm to search for the optimal decision about facility
opening, inventory, and allocation, and a constrained Jordan-Kinderlehrer-Otto (cJKO)
scheme for dealing with robustness in the objective function and chance-constraint with
respect to possible unknown fluctuations in demand. Precisely, cJKO is used to construct
Wasserstein ambiguity sets around empirical demand distributions (historical data) to
achieve robustness. As a result, computational experiments demonstrate that the proposed
hybrid approach achieves over 90% demand satisfaction with limited violations of prob-
abilistic constraints across various demand scenarios. The method effectively balances
operational cost efficiency with robustness, showing superior performance in handling
demand uncertainty compared to traditional approaches.

Keywords: constrained JKO (cJKO); chance-constrained optimization; Wasserstein distance;
facility location; Genetic Algorithm (GA)

MSC: 90C17

1. Introduction

Supply chain management (SCM) is critical in modern logistics and resource allocation.
With the rise of the sharing economy, supply chains are becoming more decentralized,
flexible, and demand driven. In the era of global uncertainty and volatile markets, supply
chain networks are increasingly exposed to risks stemming from unpredictable factors
such as demand fluctuations, global disruptions (e.g., COVID-19), geopolitical risks, and
operational variability [1]. If not properly addressed, these uncertainties lead to inventory
imbalances, excess operational costs, and reduced service levels.

The location of a facility (FLP) is a classical subject area in combinatorial optimization
with wide applications ranging from communication systems to supply chain planning,
public services, and economic development. FLP occurs in various real applications like
the location of logistical centers, industrial estates, gas filling stations, communication base
stations, and other essential infrastructures such as hospitals, schools, supermarkets, and
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warehouses [2]. Despite its extensive use, classical FLP models usually assume deterministic
conditions that do not reflect the intrinsic uncertainties characterizing real-world systems.
Consequently, the obtained solutions are brittle and not optimal when subjected to real-time
variations. To build robust and affordable supply chains, uncertainty must be integrated
directly within both the framework of modeling and optimization. Among all the different
kinds of uncertainty, demand uncertainty is especially significant since it has direct effects
on capacity planning, inventory, and service fulfillments. Tackling this uncertainty has
become a major challenge in the fields of operations research, decision science, and machine
learning. Several methodological paradigms have emerged to address this issue, each
grounded in different assumptions about the availability and structure of data—ranging
from classical stochastic optimization to robust and distributionally robust approaches.

A standard approach to addressing uncertainty in optimization is Stochastic Optimiza-
tion (SO), where decision-making is based on an assumed known probability distribution
of demand. However, the true demand distribution is unknown, and only historical data
(empirical distribution) are available. To model this uncertainty, distributionally robust
optimization (DRO) has emerged as a powerful technique. Unlike traditional stochastic
methods based on sample average approximation (SAA) optimization, DRO considers an
ambiguity set of possible distributions instead of assuming a single known distribution.
Table 1 presents three key optimization paradigms—SO, Worst-Case Robust Optimization
(RO), and DRO—and their respective mathematical formulations.

Table 1. Different optimization objectives considered in Bayesian optimization.

Optimization Type Mathematical Formulation
Stochastic Optimization (SO) max Ecop[f(x,0)]
Worst-Case Robust Optimization (RO) max migl f(x,c)
ce

Distributionally Robust Optimization .
(DRO) max inf Be~q [f(x,c)]

where x represents the decision variable to be optimized and ¢ denotes the uncertain parameter or context
influencing the outcome, such as demand or price. P is the probability distribution assumed known or estimated
(in SO), A is a predefined set of scenarios (in RO), and Q is a probability distribution within the ambiguity set U in
DRO, where U is a set of plausible distributions for c. DRO optimizes the decision x considering the worst-case
scenario across all distributions in U.

In this paper, the uncertain parameter is the customer’s demand, that is, a I-
dimensional vector with I the number of customers. Thus, a scenario is represented
by one demand vector and a set of scenarios—for instance, a historical dataset—can be
viewed as a point clouds, namely, an empirical multivariate distribution capturing the
inherent fluctuations in customer behavior due to external factors such as market trends
and disruptions.

Given these fluctuations, it is crucial to develop robust facility location and allocation
strategies that remain effective under a wide range of possible future demands. To this end,
we address the distributionally robust facility location problem under demand uncertainty,
where the true demand distribution is unknown and only sample-based approximations
are available. Instead of relying on a single known distribution, we propose a Wasserstein
Distributionally Robust Optimization (WDRO) framework, which defines an ambiguity set
(aka Wasserstein ball) of plausible distributions around historical data.

The Wasserstein distance is rooted in optimal transport theory [3-5] and provides
a mathematically rigorous and flexible measure of difference between distributions,
making it particularly well-suited for constructing ambiguity sets in data-driven set-
tings. Its usefulness has been recently reported, for instance, in the optimization of
composite functions [6].

We formulate a joint optimization problem that determines
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(i) facility opening decisions,
(ii) inventory levels, and
(iii) customer allocations,

with the goal of minimizing the total supply chain cost, including fixed facility costs,
inventory holding costs, transportation costs, and penalties for unmet demand, while
satisfying demand with high probability.

To efficiently solve this complex and high-dimensional problem, we use a Genetic
Algorithm (GA) to heuristically generate solutions for both discrete and continuous deci-
sion variables. Furthermore, we integrate a constrained Jordan-Kinderlehrer—Otto (cJKO)
scheme, originally presented in [7]. Unlike standard JKO methods, cJKO provides a more
effective and efficient mechanism for solving optimization problems over a space of proba-
bility distributions equipped with the Wasserstein distance.

The resulting hybrid metaheuristic-variational framework enables the effective explo-
ration of the combinatorial decision space and robust handling of distributional uncertainty.
By leveraging the Wasserstein distance, our model balances adaptability and robustness,
avoiding overfitting to historical data while remaining responsive to dynamic demand
shifts. Overall, this integrated approach ensures that facility placement and resource
allocation remain cost-effective and resilient. The iterative cJKO updates allow for the
dynamic refinement of uncertainty sets, improving the solution quality over time. Our
method provides a scalable and theoretically grounded solution for optimizing supply
chain operations under deep uncertainty.

The remainder of this paper is structured as follows: Section 2 reviews the relevant
literature, highlighting the applications of stochastic optimization, robust optimization,
and distributionally robust optimization in facility location problems. Section 3 presents
the problem statement, formally defining the optimization problem. In Section 4, we
introduce the approach of optimizing over probability distributions, discussing how un-
certainty is incorporated into the decision-making process. Also, this section describes the
metaheuristic-based approach used to efficiently solve the problem, highlighting its advan-
tages. In Section 5, we provide computational results, demonstrating the performance of
our proposed methodology through extensive numerical experiments. Finally, Section 6
concludes the paper by summarizing the key findings and outlining potential directions
for future research.

2. Literature Review

Facility location problems under uncertainty have long been a central theme in opera-
tions research and supply chain design [8]. Classical approaches often rely on deterministic
formulations, assuming perfect knowledge of input parameters such as demand and trans-
portation costs [9]. However, real-world supply chains are increasingly impacted by volatile
customer demand, supply disruptions, and economic shifts. To address these challenges,
several optimization paradigms have been proposed, each with distinct assumptions and
trade-offs. In this section, we review the literature surrounding these approaches and their
application to facility location problems, with a focus on recent advances incorporating
Wasserstein-based DRO models and metaheuristic strategies.

2.1. Stochastic Optimization in Facility Location

SO aims to maximize the expected performance of a decision x under a fixed probabil-
ity distribution P of the uncertain parameter c (Formula (1)). This approach assumes that
P is known in advance or can be estimated reliably from historical data.

max Ec..p[f(x, )], 1)
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SO has been extensively applied to facility location problems where demand or cost
parameters are modelled as random variables with known probability distributions. Classi-
cal SO methods aim to minimize the expected cost by solving a two-stage or multi-stage
model. In the first stage, strategic decisions such as facility openings are made, while in
the second stage, recourse actions, including allocations or inventory replenishments, are
optimized based on the realization of uncertainty. Works such as those by Snyder [10] and
Laporte et al. [11] provide foundational methodologies for modeling uncertainty in facility
location through scenario-based planning.

However, one major limitation of SO lies in its reliance on the accuracy of the assumed
probability distribution, which is often derived from historical or simulated data. In real-
world applications, these distributions may not accurately reflect future conditions due to
dynamic market trends, policy changes, or unforeseen disruptions. As a result, solutions
based on SO can become suboptimal or even infeasible when the actual demand distribution
deviates from the expected one. This sensitivity to distributional misspecification can
undermine the robustness of the decisions derived from SO models. Nevertheless, SO
remains a widely used and valuable benchmark approach in the facility location literature
and has been successfully applied to various settings, including capacitated facility location
problems, multi-period planning, and emergency service deployment.

2.2. Robust Optimization in Facility Location

RO takes a conservative approach by optimizing for the worst possible realization of
the uncertain parameter c within a predefined set A (Formula (2)). The goal is to ensure
that the decision x performs well even under the most adverse conditions. This approach
is particularly useful in safety-critical applications, such as finance and healthcare, where
extreme scenarios must be accounted for.

max min f(x,0), ()

RO offers an alternative approach by eschewing probabilistic information in favor
of worst-case guarantees. The underlying philosophy of RO is to optimize decisions that
perform acceptably under all realizations of uncertainty within a predefined uncertainty
set. Kouvelis and Yu [12] were among the early pioneers in introducing RO into supply
chain planning, and their work was followed by many others who sought to build resilient
networks without requiring probabilistic information.

RO has been extensively applied in the facility location literature to ensure system
performance under extreme or adversarial demand scenarios. For instance, Jabbarzadeh
et al. [13] proposed a robust location allocation model for humanitarian supply chains
that guarantees network resilience even under the most disruptive conditions. Despite its
effectiveness in providing high levels of reliability, RO tends to be overly conservative. By
focusing solely on worst-case scenarios, it often neglects probabilistic information about
more likely demand realizations. This leads to overly cautious solutions that can result in
excessive costs under normal operating conditions. Furthermore, RO does not fully exploit
valuable insights derived from empirical data, potentially missing opportunities to achieve
a more balanced trade-off between cost-efficiency and robustness.

2.3. DRO in Facility Location

DRO provides a middle ground between SO and RO by considering uncertainty in
the probability distribution itself. Instead of assuming that the context c follows a fixed
distribution P, DRO optimizes for the worst-case expectation over all distributions Q within
an uncertainty set U [14] (Formula (3)). This makes DRO highly effective in environments
where the true distribution is unknown or subject to shift. The uncertainty set U is often
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defined using divergence measures, such as the Wasserstein distance, ¢-divergences, or
Maximum Mean Discrepancy (MMD) [15]. DRO has gained significant attention due to
its ability to account for distributional shifts while avoiding the extreme conservatism
of RO [16]. It has applications in robust machine learning models, adversarial training,
reinforcement learning, and optimization problems under uncertainty. In the context of
Bayesian optimization, adopting a DRO-based approach can significantly improve model
robustness [17], particularly in non-stationary environments where data distributions
change over time [18]. By selecting the appropriate optimization paradigm based on the
problem’s uncertainty characteristics, decision-makers can better balance performance and
robustness in their optimization tasks.

max inf E..o[f(x,c)], 3)
Y Qeu

Many studies have explored DRO in facility location, often using moment-based
or @-divergence-based ambiguity sets. For example, Liu et al. [19] formulated a DRO
model for emergency medical service station location using joint chance constraints. Their
model ensured service reliability by optimizing over all distributions sharing known first-
and second-order moments. More flexible are Wasserstein-based ambiguity sets, which
define the uncertainty set using optimal transport metrics. Ji and Lejeune [20] applied
Wasserstein DRO to chance-constrained facility location, demonstrating superior robustness
and computational tractability. These models can incorporate empirical distributions (i.e.,
point clouds) and adapt to various demand scenarios, making them particularly effective
for supply chain applications.

Wasserstein-based DRO has gained prominence due to its intuitive geometric interpre-
tation, tractable reformulations, and strong theoretical guarantees. It measures the cost of
transporting probability mass between distributions, naturally aligning with the logistics
and spatial nature of facility location problems. Wang et al. [21] applied Wasserstein DRO
to disaster relief logistics, modeling joint chance constraints under data-driven uncertainty.

Their results showed improved service levels and robustness under distributional
shifts. Recent developments in Wasserstein DRO have focused on computational efficiency
and scalability challenges: Ref. [22] provided a comprehensive duality framework for
Wasserstein DRO that offers more efficient reformulations, while advances in statistical
distance-based DRO algorithms have addressed computational complexity in large-scale
scenarios through decomposition and approximation techniques.

2.4. Types of Ambiguity Sets in DRO

Before constructing a DRO model, it is crucial to define how the uncertainty about the
true distribution is represented. While SO assumes a known distribution and RO operates
without any probabilistic assumptions, DRO acknowledges distributional uncertainty—the
fact that the true probability distribution is only partially known. This uncertainty is
formalized through an ambiguity set, a collection of distributions deemed plausible based
on the available data, prior knowledge, or statistical properties. The DRO model then seeks
to optimize performance under the worst-case distribution within this ambiguity set. As
such, the construction of the ambiguity set plays a central role in balancing robustness
and conservatism, influencing both the theoretical properties and empirical outcomes of
the solution.

Ambiguity sets can be constructed based on different principles:

e Moment-based ambiguity sets—constraints on mean, variance, and higher mo-
ments [16];



Mathematics 2025, 13, 2144

6 of 26

e  Discrepancy-based ambiguity sets—define a neighborhood of plausible distributions
around a reference measure (e.g., Kullback-Leibler divergence and total variation
distance) [23];

e  Wasserstein-based ambiguity sets—a natural and flexible framework using the Wasser-
stein metric to measure the distance between distributions [24,25].

Among these, the Wasserstein-based ambiguity set has recently gained dominance
due to its mathematical/statistical background. The Wasserstein distance measures the
cost of transporting probability mass between distributions. This makes it highly suitable
for supply chain applications, where demand fluctuations can be viewed as shifts of
empirical distributions (i.e., set of historical demand data) within a neighborhood of a
certain Wasserstein radius.

2.5. Computational Trade-Offs in Distributionally Robust Facility Location

The computational complexity of DRO-based facility location models presents signif-
icant challenges that must be carefully balanced against solution quality and robustness
benefits. Unlike traditional stochastic optimization, which deals with a fixed probabil-
ity distribution, DRO requires optimization over an entire ambiguity set, fundamentally
increasing the problem’s computational burden. The primary computational challenges
arise from the need to solve min-max optimization problems, where the inner maximiza-
tion over the ambiguity set often leads to semi-definite programming reformulations or
requires sophisticated duality theory [26]. In facility location contexts, this complexity
is compounded by the discrete nature of location decisions and the continuous nature
of allocation variables, creating mixed-integer optimization problems that are inherently
difficult to solve. While Wasserstein-based ambiguity sets offer intuitive geometric in-
terpretations and strong theoretical guarantees, they come with higher computational
costs compared to moment-based or @-divergence approaches. The state-of-the-art meth-
ods for Wasserstein DRO rely on global optimization techniques, which quickly become
computationally prohibitive for large-scale problems [25]. However, recent algorithmic
advances have improved tractability through efficient reformulations and decomposition
strategies. Practitioners must balance between problem size, solution time, and robustness
level. Larger ambiguity sets provide greater distributional robustness but exponentially
increase the computational requirements. Effective scenario identification techniques can
reduce this computational burden by focusing on scenarios that most significantly impact
the optimal solution [26].

2.6. Metaheuristic Approaches and Genetic Algorithms in Facility Location

Given the combinatorial complexity of facility location problems, especially under
uncertainty, exact algorithms often struggle to scale. Metaheuristic methods such as Genetic
Algorithms (GAs), Simulated Annealing (SA), and Particle Swarm Optimization (PSO)
have been widely adopted to overcome these limitations. GAs are particularly well-suited
for mixed-integer optimization problems thanks to its ability to explore large and nonlinear
search spaces efficiently [27].

In recent years, hybrid models combining GAs with SO or RO have emerged. Saeedi
et al. [28] developed a two-stage stochastic programming model for a closed-loop Electric
Vehicle (EV) battery supply chain under demand uncertainty. They used meta-heuristic
algorithms to optimize facility location and inventory decisions, encoding key variables
into chromosomes.

By integrating a GA with WDRO, this work combines the global search strengths
of meta-heuristics with the rigor of modern DRO. The incorporation of the cJKO scheme
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enables the dynamic evolution of Wasserstein ambiguity sets alongside decision updates,
resulting in adaptive and resilient solutions under demand uncertainty.

2.7. Optimization of Probability Distributions

The standard JKO scheme is a variational formulation originally developed to solve
gradient flows in the space of probability measures [7]. Recent research has adapted this
scheme to solve optimization problems over distributions, notably in Bayesian optimization
and physics-informed learning [29]. The constrained JKO (cJKO) variant enforces an upper
bound on the Wasserstein distance between iterations, offering a principled way to control
distributional shifts and update empirical distributions while preserving proximity to
the observed data [30]. Although applications of cJKO in supply chain optimization are
nascent, its potential is significant. Our work is among the first to apply the cJKO scheme
to distributionally robust facility location under chance constraints.

3. Problem Statement

In supply chain management, uncertainty plays a crucial role in decision-making.
Classical deterministic models assume that the demand is perfectly known, but real-world
scenarios involve an uncertain demand due to market fluctuations, economic factors,
and unpredictable customer behavior. To tackle demand uncertainty, we adopt a WDRO
framework, that is, DRO with a Wasserstein-based ambiguity set. The goal is to minimize
supply chain costs while ensuring robust facility, storage, and allocation decisions. Table 2
presents the notations used throughout this paper, defining the indices, parameters, and
decision variables essential for formulating the optimization model.

Table 2. Notations.

Notation Description

I Index for customers (demand points) i =1, ..., I
] Index for facilities (potential locations) j =1,...,]
T Index for time periods t =1,...,T

fit Facility opening cost for facility j in period ¢

ajt Storage cost at facility j in period ¢

Cij Transportation cost from facility j to customer i
qt Total supply capacity available in period ¢

d; Demand at customer i

0i Penalty cost for unmet demand at customer i

X Binary variable indicating whether facility j is open
7t in period ¢

Sit Inventory level at facility j in period ¢

Y. Quantity transported from facility j to customer i in
it period ¢

Problem Formulation

In the supply chain optimization model, the primary decisions to be made include
(1) facility location decisions, which determine whether facility j should be opened in period
t, represented by the binary variable Xj;; (2) inventory management decisions, where the
inventory level at facility j in period ¢, denoted by Sj;, is optimized to adjust storage levels
in response to fluctuating demand while minimizing holding costs; and (3) transportation
and allocation decisions, where the quantity Yj;; is transported from facility j to customer i
in period t, aiming to minimize transportation costs while fulfilling customer demand d;.
Without loss of generality, the demand of each customer is considered fixed over time (i.e.,
it does not depend on ¢).
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Decisions must be taken under demand uncertainty and are designed to minimize
total supply chain costs while maintaining operational efficiency. The objective function of
the reference problem consists in minimizing the total cost associated with facility location
and allocation under demand uncertainty. It consists of two terms:

(i)  Facility operation costs, represented by fixed opening costs f;;Xj; and inventory
holding costs aj; (S it — S]«,t,l), ensure that storage levels adjust optimally over time.
This term is “deterministic” in the sense that its computation does not depend directly
on the demand and its uncertainty.

(ii) Transportation and allocation costs are captured through expected costs over the
unknown probability distribution P, including demand-dependent shipping costs
cijYjitd; and penalties related to supply shortages. This term depends directly on the
demand and its uncertainty; indeed, it is a penalization with respect to unmatched
demand due to fluctuations. Its computation requires finding the worst-demand
possible P, meaning to solve an optimization problem over probability distributions,
specifically a Wasserstein neighborhood of the historical data.

min 2 Z (fthjt + aj (Sjt - Sj,t—l)) + sup Egop LZ Cjithitdi + ZP:‘ max(O, sz‘tdi - Sjt)] 4)
PeP,

te[T] jel]]

it it
The optimization of the objective function (4) is subject to the following constraints:
Chance Constraint for Demand Satisfaction

inf P Yid—S,t <0p>1—
ilp {je[rfr]l,?é(m{ i=Siy < }_ 1 ©

Facility and Allocation Constraints
X €{0,1},Sper™, Y >0, Viell,je[]], telT] (6)

Allocation Constraint

a< Y X Y <LVie]l] (7)
te[T] je]]

Facility and Capacity Constraints

I I
Tgl Xir <1,5; < QtTgl Xje,Sjt = Sjp-1,  Vje€[], te|T] (8)
The chance constraint for demand satisfaction (5) guarantees that the probability of
supply shortages remains below a predefined threshold (1 — %), improving reliability. Anal-
ogously to the objective function, the computation of (5) requires solving an optimization
problem over probability distributions, meaning that cJKO will be used to compute the
left-hand side term of the inequality in (5).

Facility operation constraints (6) enforce binary decisions for facility openings and
nonnegative allocations. The allocation constraint (7) ensures that each demand node
receives an appropriate share of the supply without exceeding the available capacity.
Finally, capacity constraints (8) limit inventory levels based on facility availability, ensuring
that stored goods do not exceed practical limits. These constraints collectively shape an
efficient, resilient, and mathematically rigorous facility location model that effectively
manages uncertainty and distributional shifts in demand.

Another important constraint is related to cJKO itself, rather the supply chain problem.
Specifically, we must set W22 (P,P) < eateachiteration k =1,..., K of the cJKO algorithm,
where Py is the probability distribution at step k, P is the decision variable (i.e., probability
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distribution), and ¢ is the radius—in Wasserstein terms—of the ambiguity set (aka Wasser-
stein ball) around the current candidate solution P;. All the details about ¢cJKO and ¢ are
detailed in the next section.

4. Solution Approach
4.1. Optimizing over Probability Distributions

The computation of the objective function (4) and the probabilistic constraint (5)
requires solving two optimization problems over distributions separately, that is, searching
for the worst demand distribution affecting the objective value and the worst demand
distribution affecting the demand satisfaction constraint.

Without loss of generality, we can consider the reference problem

P* € argmin% (P), )
Pex

where & (P) refers to a generic functional to be minimized over the space of probability
measures %. Solving problem (9) means searching for a sequence of probability distri-
butions starting from an initial random guess Py (typically a multivariate Gaussian) and
converging to P*. A well-known example for problem (9) is given in [7], showing that
solving the Fokker—Planck PDE is equivalent to minimize an entropy functional over the
space of probability measures, equipped with the so-called Wasserstein distance.

The Wasserstein distance is defined as the minimum cost for transporting probability
density mass from a source probability density to match a target probability density, and
where the cost is computed in terms of a distance (also known as the ground metric) between
points of the support. In this paper, we consider the case that the cost is the Euclidean
distance, leading to the so-called 2-Wasserstein distance:

‘W/ZZ(PO,P*):T%inp*/@HT(d)—dH%dP(d) (10)
ok

where TyPy = P* means that applying T : 2 — 9 to Py (i.e., our source distribution) will
obtain P* (i.e., our target distribution) as result. Ty denotes the so-called push-forward
operator; while T(d) is interpreted as a function moving a single data point (i.e., a customers
demand scenario, in our case) over the support 9, Ty represents its extension to an entire
probability measure.

The Brenier Theorem [3,4] guarantees that the problem (10) has a unique optimal
solution T*, named the optimal transport map. Furthermore, the Brenier theorem also
states that the optimal transport is equal to the gradient of a convex function ¢(d), such
that T*(d) = Vo(d) =d — Vf(d).

By introducing a coefficient T € [0, 1], we can define a continuous-time representation
of the optimal transport map T¥, that is,

T:(d) = d - TVf(d) (1)
Easily, the following discrete-time representation can be derived:
y k
Ti(d) = d — V() (12
with k = 0,...,K and where k/K is a discretization of T. As a result, the sequence
Py =Ty,Po — ... = TguPo = P* solves (10), with T* as the solution of (10).

Since P* is not known a priori, T* cannot be directly computed. A widely adopted
method to solve (10) is the JKO (Jordan-Kinderlehrer-Otto) scheme [7] that is a proximal
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point method with respect to the 2-Wasserstein distance or, from another point of view,
a backward Euler discretization. At a generic iteration k, JKO transports the current
probability density, Py, into the next P according to

1
Py = argmin—W3(P, Py) + F (P) (13)

peg 2N
with & as the JKO's step size.

Solving problem (14) translates into searching for the next probability density Py 1
that minimizes the functional & within a 2-Wasserstein neighbourhood of the current P,
that is, a Wasserstein ball (aka ambiguity set) around Py. Iteratively solving problem (13)
leads to a sequence P, ..., Px ~ P* whose rate of convergence to P* depends on h: with
h — oo, the first term goes to zero, meaning that we are minimizing &% but at the expense
of obtaining a transport far away from the optimal one. On the contrary, if # — 0, then the
first term becomes more relevant so that the generated sequence will be close to T* but it
will converge significantly slowly to P*.

Finally, problem (9) is formulated in terms of P € %, that is, having probability
densities as decision variables. State-of-the-art approaches recast problem (9) as an opti-
mization problem in terms of a parametrized transport map from Py to P*. For instance, the
convex function ¢(d) is usually approximated through an Input Convex Neural Network
(ICNN) [31-33], a specific type of Deep Neural Network (DNN), and then T(d) is obtained
by following the Brenier Theorem, namely, T(d) = V¢(d). DNNs are also used in [34,35]
to approximate f(d) through a DNN, whose output is then used as an input—along with
d—of another DNN estimating T'(d). Contrary to the ICNN-based approaches, this method
allows for skipping the computation of V ¢(d). More recently, [36] proposed to parametrize
T(d) through a Residual Neural Network (ResNet) and a variational formulation of the
functional & (d) formulated as maximization over a parametric class of functions. This
allows for reducing the computational burden with respect to the previous methods using
small data samples and scaling well with the dimensionality of the support &. The small
data regime setting has been also recently investigated in [37], who proposed to combine
OT solvers and Gaussian process regression to efficiently learn the transportation map. The
most relevant issue for all the neural approaches is that at least one neural network must
be trained, leading to relevant computational costs at each JKO step. Since getting close to
T*(d) requires h — 0 and consequently a number of iterations K — oo, this issue becomes
even more critical. Moreover, there are not specific guidelines on how to choose the most
suitable neural network to use. Moreover, [38] has recently reported that normalizing flow
models based on neural networks can only generate planar flows, which are proven to be
expressive only in the case of univariate probability densities (i.e., 1-dimensional support).
Another relevant study on the convergence and the self-consistency of normalizing flows
in the space of probability density equipped with the Wasserstein distance is given in [39].

The Constrained JKO Schema

The parametrization of the transport plan considered in this paper has been originally
proposed in [30], and is defined as follows:

~

Td =d- /\(d)URa(d) (14)

with A :R7 — ]RO+ Jo: R [0,271]‘171, and sz(d) is a rotation matrix consisting of a se-
quence of matrix multiplications, R, () = H?;%R[f l(d), where RI1(d) is defined as
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cos( ) if (i,7) = (¢,¢)
—sm( xig (@) if (i) = (7,5)
szn(tx[f d))) if (i,j) = (x, £) (15)

RI(d) =
cos(ag(d) if (ir]) = (%)

i,j

1 ifi=jANiI#7 «
0 otherwise

where a(,|(d) denotes the #th component of the vector-valued function a(d).

Finally, v is a reference versor; for simplicity, we consider v = ( )1’” where 17
denotes the all-ones vector and, therefore, || v || = 1.

From the Brenier theorem, we know that T (d) = d — Vf (d), and so we are posing
Vf (d) = A(d)vRy(z). The parameters to be learned in the proposed parametrization
are the two functions A(d) and a(d). Contrary to the ICNN-based parametrizations, but
analogously to [34-36], the proposed parametrization does not require any assumptions on
the two functions to be learned.

According to the proposed parametrization, the JKO schema can be recast into

. 1
Me(d), a(d) = ngm{ o W3 (Pet1, Pe) + g(PIH-l)} (16)

with Py q = %kfl#Pk'

Like all the other approaches, we learn the functions underlying our parametrization
by accessing to point clouds (i.e., empirical distributions) sampled from probability densi-
ties Py, ..., P, [30]. Analogously to other neural networks-based approaches, denote with
Dy ~ Py the point cloud at iteration k obtained as

Dy = Tx-14Tk—24 ---# TogDo = Do (17)

N ~
with Dy ~ Py such that Dy = {dg)} . According to our parametrized transport T(d),

=
every point of the current cloud Dy is transported as follows:

Al =

a@ — A0 oRy, Vi € {1...,N} (18)
with )t](:) and oc,((i) representing shorthand for A d,@) and « (d,gi)) .

Since we are working with point clouds, and according to our parametrization, we
can rewrite the 2-Wasserstein distance as follows:

2 4N 0 2
ZINZ ‘)‘k

i=1

1 N
W5 (Dys1, Dy) = NZ
izl

(19)

d](f) - /\]((i)lex(i) - d]({i) ZJR[X([)
x k

Since rotation does not modify the module of the rotated v, and according to our

2
choice for v, we have ZJR‘X(,') = 1. Finally, we can write
ko ll2
1Y (i)
W5 (Di11,Di) = Z Ay (20)

1:1

with A7 > 0
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This allows us to set a threshold ¢ on the term %3 (Dy.1, Dy) to explicitly quantify the
Wasserstein ball around the current Dy, instead of weighting %52 (Dy.,1, Di) with respect to
F (d) through the value of 4 in the standard JKO schema.

Finally, the constrained-JKO (cJKO) scheme can be formalized:

1 N ;
Mg = argmin  F(Peyp)s.t. 0 M) < (1)
N i—1
AeRS, !
a € [0,27]N

with € as a small positive quantity, A, = ()\]({1),. c A ), = (oc,(cl),...,ucl(cN)), and

R R R L

In simpler terms, we are sea;E}I\:]ing for Dyy1 ~ Pryq1, which minimizes & (P 1)
within a 2-Wasserstein neighbourhood of Dy.

Indeed, ¢ — 0 in cJKO operates analogously to 1 — 0 in JKO, requiring a longer
sequence to converge to P*, but providing a transport close to the optimal one. However, it
is important to clarify that, from a quantitative perspective, they are completely different.
Since h is just a scalarization weight into a scalarized bi-objective problem, it is quite impos-
sible to establish a suitable value without any prior knowledge about & (P). Furthermore,
using a constant value for i, which is the common choice, leads to a significantly different
relevance of the two objectives over the JKO iteration

The ¢JKO scheme overcomes these limitations thanks to ¢: it is chosen in advance and
kept fixed along the overall iterative optimization process, independently on the values
of F (P) over the iterations. Figure 1 shows an example of the trajectories from Dy to Dg
depending on three different values of e. The three presented cases converge to the same
value of #(Dg) (and same final point cloud) but within a different number of cJKO steps:
the smaller the value of ¢, the larger the number of iterations K, and the closer the final
transport to the optimal one (i.e., trajectories are closer to the actual T*, because they are
more straight and do not overlap).

o+ o0 o -
[{=] ] * 0wy -] 1.. Lin] & "
an o
-2 LT = oF
= 4 . = A 5 = A &
I'\'\.IN_ I'\'\.IN_ - {'\\.IN-
o .. .-u:t'.- o +' o +'- [} o " ¥ l:-_I
& & - & e
o - ’ o 6 - ‘
-5 0 5 10 15 5 0 5 10 15 -5 0 5 10 15
x4 xy ¥y

Figure 1. Effects of € on ¢JKO convergence and Wasserstein flow behavior [29].

As far as the application problem considered in this paper is concerned, cJKO is used to
compute the second (stochastic) term of the objective function (4) and the chance constraint
(5) separately, given a candidate solution for the facility location problem.

For completeness, we report the generic algorithm for the ¢JKO scheme, as follows. It
is important to clarify that it is separately applied to identify the demand distributions—
within an e-radius Wasserstein ball of the historical demand data Dy—providing (a) the
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maximum penalization in the objective function, that is, the second term in (4), and (b) the
minimum probability in the chance constraint (5).
cJKO Algorithm for distributionally robust optimization

e Input:

O [X, S, Y] candidate solution (provided by the GA meta-heuristic);

Dy historical demand data;

e > 0 (i.e., JKO’s parameter);

K > 1 (i.e., JKO's iterations);

F functional to be optimized (i.e., objective function’s term to be minimized

O O O O

in (4) and left-hand side term of the chance constraint to be maximized in (5),
separately);

e Step0: k <+ 0;

e  Step 1: solve the following problem;

Dk+1 € optimize tc}(T/\,a +Di; X, S, Y)
A eRY,
= [_7_[, H}Nx(dfl)
s.t. g(TA,a +D; X,5,Y)

o Step2 k<« k+1;
e Step3:ifk < K, gotoStep 1;
e  Return Dy.

Since the true probability distribution of the demand is unknown, as well as changes
due to unpredictable events, it is difficult to define suitable values for € and K a priori. On
the other way round, their values are easy to interpret: larger values increase robustness
against events that could lead to demand values that are significantly different from the
historical ones, but this means that the final decision [X, S, Y] might be too conservative.
On the contrary, smallest values assume that the future demand should not change too
much with respect to historical data, leading to less conservative decisions but difficulty in
dealing with possible significant changes. The suggestion is to perform different runs with
different values of € and K, with the aim to observe differences both in term of the final
solution [X, S, Y] and generated demand distributions. Finally, the user can select the most
suitable decisions (and scenario) for the specific goals of the target setting.

4.2. Metaheuristic-Based Approach

In this section, we introduce a metaheuristic optimization framework for distribution-
ally robust supply chain design under demand uncertainty. Our approach integrates

e A Genetic Algorithm (GA) for the heuristic initialization of facility location, storage
levels, and allocation decisions;

e  The cJKO scheme to compute the stochastic term of the objective function (4) and the
chance constraint (5) separately;

e A robust evaluation function that balances operational cost and risk-averse
decision-making.
This hybrid method provides an efficient alternative to exact methods, particularly

in high-dimensional settings, in which classical optimization techniques struggle with

combinatorial complexity.
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4.2.1. Genetic Algorithm for Heuristic Initialization

In step . to enhance the efficiency of the optimization process, we employ a GA
for heuristic initialization. A GA is an evolutionary-based meta-heuristic that iteratively
improves candidate solutions by mimicking natural selection principles, including selec-
tion, crossover, and mutation [40]. In our approach, the GA generates an initial population
of facility location and allocation decisions, ensuring diversity in solutions while provid-
ing a high-quality starting point for subsequent optimization. By leveraging a GA, we
improve the convergence speed and enhance the feasibility of the optimization model by
reducing the likelihood of poor initializations. This approach is particularly beneficial for
large-scale problems where a purely random initialization could lead to suboptimal or
infeasible solutions.

Chromosome Representation

Every individual in the genetic population represents a possible supply chain configu-
ration as a chromosome, encoding

e  Facility location decisions X (J x T binary matrix);
e  Storage level decisions S (J x T continuous matrix);
e  Allocation decisions Y (J x I x T continuous matrix).

Formally, a chromosome is structured as chromosome = [X,S,Y], where

e  Xj: € {0,1} denotes whether facility j is open at time t;

e Sj; € RT represents the storage level at facility j at time ¢;

e Yj; € R captures how much demand from the customer i is allocated from facility j
at time £.

Fitness Function

The objective function in the genetic algorithm evaluates the total cost of a candidate
supply chain configuration with Formula (4). It minimizes the sum of three key components:
(i) fixed facility opening costs, (i) inventory holding costs, and (iii) expected transportation
costs and shortage penalties costs under stochastic demand while satisfying demand
constraints.

Genetic Operators

The GA employs three main evolutionary operators:

e  Selection (Tournament Selection);
O Randomly selects k-tournament competitors and chooses the best candidate.
e  Crossover (Uniform Crossover);

O  Swaps facility decisions and allocations between parent solutions to create diverse
offspring. In this strategy, each gene (i.e., element of the chromosome representing
facility decisions or allocations) is independently chosen from one of the two
parent solutions with equal probability. This encourages greater diversity and
exploration of the solution space by recombining building blocks from both
parents.

e  Mutation (Storage and Allocation Adjustment);

O  Perturbs storage levels and allocations to introduce new feasible solutions. The
swap mutation randomly selects two positions in the chromosome and exchanges
their values. This perturbation helps the algorithm escape local optima by intro-
ducing structural variation into the solution while preserving feasibility.

e  The GA runs for a predefined number of generations, yielding a near-optimal initial
solution.
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4.2.2. Wasserstein Distributionally Robustness via cJKO

Once an initial solution is generated in step (2), we use cJKO to compute the stochastic
term of the objective function (4) and the chance constraint (5) separately.

Distributional Robustness via Wasserstein Distance. Starting from the point cloud
associated with to historical demand, namely, Dy, we iteratively search for Dy to finally
compute right term of the chance constraint (5).

¢JKO Iterative Update Rule. At each iteration k, we solve the constrained Wasserstein
optimization problem in Formulas (4) and (5). The process is repeated until a maximum
number of iterations is reached. This ensures that our demand forecasts adapt dynamically
based on historical and simulated uncertainty data.

4.2.3. Chance Constraint Verification (3)

In supply chain and facility location problems, ensuring demand satisfaction under un-
certainty is critical for maintaining service levels and system robustness. Traditional chance
constraints provide a probabilistic guarantee that demand will be met with high probability,
despite stochastic fluctuations. In our approach, the chance constraint is reformulated
within the ¢JKO variational framework to account for distributional uncertainty. Specifi-
cally, we enforce the constraint (5). This formulation ensures that demand satisfaction holds
with probability at least 1 — 1 under the worst-case distribution within the Wasserstein
uncertainty set. Using a ¢JKO-based gradient flow, we iteratively evolve the distribution Py
to maximize constraint violation while remaining within .. If the worst-case distribution
still satisfies the demand constraint, robustness is achieved. This approach allows us to
dynamically verify and enforce probabilistic demand satisfaction in a data-driven and
distributionally robust manner.

4.2.4. Integrated Iterative Optimization Framework

The GA-initialized solution and cJKO-updated demand are combined in a metaheuristic-
based iterative optimization loop.
Iterative Algorithm

Step 1: Initialize supply chain decisions using GA.

Step 2: Solve the cJKO Wasserstein update to refine demand scenarios.
Step 3: Evaluate feasibility via chance constraints. Step @.

Step 4: Adjust storage and allocations based on updated demands.
Step 5: Repeat until convergence or max iterations. Step .

In this case, 7 is the risk level (e.g., 95% confidence).

If the constraint is violated, we adjust the ambiguity radius € and re-optimize. The
optimization process follows the iterative procedure illustrated in Figure 2. This framework
begins with the initialization of supply chain decisions using GA, followed by the ¢JKO
Wasserstein update to refine the demand distributions. Chance constraint verification
ensures robustness, and necessary adjustments to storage and allocations are made until
convergence or the maximum iteration limit is reached.
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Figure 2. Iterative metaheuristic optimization framework using cJKO for a distributionally robust
supply chain design.

5. Computational Results
5.1. Experimental Setup

The optimization was performed on a machine with an Intel i7-9700 CPU and 16 GB
of RAM using Python 3.12 (NumPy, SciPy, DEAP for genetic algorithms, and Matplotlib
3.10.0 for visualization) [41—44]. The inner optimization problem in the cJKO scheme
was solved using COBYLA (Constrained Optimization BY Linear Approximation) from
the SciPy library to efficiently handle the Wasserstein-constrained subproblem. The code
has been developed in Python and is freely available at the following repository: https:
/ /github.com/iman-ie/FacilityLocation_cJKO.git (accessed on 1 May 2025).

To evaluate the performance of the proposed stochastic facility location model under
Wasserstein ambiguity and chance constraints, we conduct a comprehensive series of
computational experiments using synthetically generated data. The testbed consists of six
problem instances with varying scales, including configurations of 15, 30, and 40 customers
and candidate facilities, tested over planning horizons of both three and five time periods
to assess scalability and temporal complexity handling. The parameter settings follow
data generation strategies adapted from well-established studies in the literature on robust
and stochastic logistics [19,45]. The synthetic data are generated to simulate a wide range
of realistic operating environments with uncertainty in demand and cost. Parameter
values are drawn from uniform distributions to ensure heterogeneity across instances.
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Furthermore, the model is tested under varying values of the Wasserstein radius ¢, allowing
a detailed sensitivity analysis on the trade-off between robustness and conservatism. The
experimental parameters are detailed in Table 3.

Table 3. Experimental setup parameters.

Parameter Description Value/Range

Cost of opening facilities
per period
Capacity level per
period
Cost of holding
inventory at facilities
Cost of transporting
Transportation costc ~ goods from facilities to u[o,5]

customers
Weight assigned to
Demand weight 4 demand at each U [0,30]
customer location
Penalty for unmet
demand
Minimum probability of
Reliability level 1 satisfying demand 0.8
constraints
Allocation threshold for
each customer

Facility opening cost f U[100(T — t), 100 + 100(T — t)]

Capacity level g 20t

Storage cost a u [o,2]

Penalty cost p u [5,15]

5.2. Parameter Setting

The effectiveness of metaheuristic algorithms is significantly impacted by their param-
eter settings. Consequently, this section focuses on optimizing the parameters of the GA to
enhance the robustness of the solution strategy. While traditional studies have often used
a full factorial design for parameter selection, this method becomes less practical as the
number of parameters increases. To address this issue, the Taguchi method is adopted to
streamline the experimental process by reducing the number of required tests and overall
complexity [46]. Initially, the test problem is executed ten times. The outcomes of the
objective functions are then converted into relative percentage deviation (RPD) values
to standardize performance comparison. The average RPD is subsequently utilized to
compute signal-to-noise (S/N) ratios, which help identify the most effective parameter
levels. Table 4 outlines the selected parameters and their respective levels.

Based on the defined parameters and their corresponding levels, the L18 orthogonal
array from the Taguchi method is applied to the GA. To assess the outcomes of each
experimental run, the RPD is calculated using Equation (23):

_ Alg, . — Ming,

RPD
Minsol

(22)

In this context, Min,,; denotes the lowest observed value of the cost function, while
Alg,,; represents the solution produced by the algorithm [47,48]. Table 5 presents the L18
orthogonal array used in the experiments, along with the average RPD calculated over ten
independent runs.

Taguchi’s method aims to enhance the influences of controllable factors while reduc-
ing the effects of noise variables. The S/N ratio serves as a key metric to achieve both
objectives. This approach is categorized into three types: “larger is better”, “smaller is
better”, and “nominal is best”. In the current study, the RPD is employed as the response
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variable. Therefore, the “smaller is better” criterion is selected for parameter tuning, and
Equation (23) is used to compute the corresponding S/ N ratio.

S/N = =10 logo (¥ (¥?) /n)

Table 4. The parameters level of GA.

(23)

Factor

Level

Symbol Type

MaxIt (Maximum number of iterations)

A(1)-100
A(2)-200
A(3)-300

A Numeric

nPop (Population size)

B(1)-80
B(2)-120
B(3)-160

Numeric

PC (Probability of crossover)

C(1)-0.3
C(2)-0.6
C(3)-0.9

Numeric

PM (Probability of mutation)

D(1)-0.05
D(2)-0.15
D(3)-0.25

Numeric

Type of crossover

E(1)-One-point
E(2)-Two-point

E(3)-Uniform

E Categorical

Type of mutation

F(1)-Pairwise
F(2)-Swap

F(3)-Inversion

F Categorical

In this context, Y represents the response value for each test instance, and n denotes

the total number of experiments based on the orthogonal array. The analysis of the response

(RPD) was conducted using Minitab 21.1.0 software. Figure 3 illustrates the average S/N

ratios corresponding to each parameter level. Based on the results, the optimal levels for the

GA parameters are identified as three, two, one, three, one, and two. Table 6 summarizes

the best values for each parameter.
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Figure 3. The GA factors’ mean SN ratio plot: each chart refers to a specific parameter in Table 5.
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Table 5. The orthogonal array L18 for the GA.

Trial A B C D E F Mean of RPD S/N
1 1 1 1 1 1 1 0.202 13.89
2 1 2 2 2 2 2 0.145 16.77
3 1 3 3 3 3 3 0.078 22.15
4 2 1 1 2 2 3 0.114 18.85
5 2 2 2 3 3 1 0.067 23.47
6 2 3 3 1 1 2 0.121 18.35
7 3 1 2 1 3 2 0.133 17.52
8 3 2 3 2 1 3 0.089 21.01
9 3 3 1 3 2 1 0.051 25.85

10 1 1 3 3 2 2 0.103 19.74
11 1 2 1 1 3 3 0.162 15.80
12 1 3 2 2 1 1 0.141 16.99
13 2 1 2 3 1 3 0.079 22.04
14 2 2 3 1 2 1 0.152 16.37
15 2 3 1 2 3 2 0.091 20.82
16 3 1 3 2 3 1 0.095 20.44
17 3 2 1 3 1 2 0.029 30.75
18 3 3 2 1 2 3 0.108 19.32

Table 6. Optimal GA parameter settings based on the Taguchi S/N ratio analysis.

Parameters Symbol Best Level
Maximum number of iterations A(3) 120
Population size B(2) 300
Probability of crossover C(3) 0.25
Probability of mutation D(3) 0.9
Type of crossover E@3) Uniform
Type of mutation F(2) Swap

5.3. Sensitivity Analysis of the Wasserstein Ambiguity Radius

To evaluate the sensitivity of the proposed distributionally robust facility location
model with respect to the Wasserstein ambiguity radius ¢, we solve the problem under
a range of values. Specifically, we considered ¢ € {0.025,0.05,0.1,0.5}. Each instance is
solved using the cJKO-based optimization framework, and the corresponding total ex-
pected cost (objective value) is computed by aggregating facility setup costs, inventory
holding costs, and allocation-based penalties under the resulting worst-case demand distri-
bution. The results relative to the smallest test case (i.e., I = 15,] = 15, and T = 3), which
are summarized in Table 7 and illustrated in Figure 4, reveal a non-monotonic trend in
the objective value as a function of e. Initially, increasing the radius leads to a reduction
in the objective, indicating improved robustness to distributional shifts without overcom-
pensating in the decision variables. However, beyond a critical value of ¢, the objective
begins to increase, suggesting excessive conservatism as the ambiguity set becomes too
large. Figure 5 compares the prescribed Wasserstein radius (¢) with the actual Wasserstein
distance achieved after optimization. The observed near-monotonic trend highlights how
increasing ¢ allows the model to explore a broader set of distributions, thereby enabling
more robust—but potentially more conservative—solutions. This behavior confirms that
the optimization process effectively leverages the flexibility provided by the ambiguity set
while maintaining alignment with the WDRO framework.
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Table 7. Costs for different values of the cJKO parameter ¢ for the case I =15,] =15,and T = 3.

e Objective Value Wasserstein Distance
0.025 1775.907 2.6890
0.05 1757.1674 4.1560
0.1 2180.4731 9.1143
0.5 2314.4775 49.6896
2300 A
2200 A
% 2100
§ 2000
£
1900 A
1800 -
0:1 0j2 O.'3 0:4 0.‘5

Wasserstein Radius €

Figure 4. Effect of the Wasserstein ambiguity radius on the objective value (for the case I =15,] =15,
and T = 3).
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Figure 5. Actual Wasserstein distance achieved vs. specified radius ¢ (for the case I =15, ] =15,
and T = 3).

Figure 6 further details the behaviors of both the first-stage cost (on the left) and
the overall cost (on the right) with respect to the value of € and for 10 independent runs.
Obviously, most of the total cost is given by the second-stage cost rather than the first-
stage cost. While the first-stage cost monotonically increases with ¢, the overall cost
increases non-monotonically. Finally, the variability of the total costs significantly increases
with € increasing from 0.1 to 0.5 due to the fact that the demand scenarios generated are
significantly different from the historical data.

The same behavior is also observed for the largest test case, that is, I = 40, ] = 40,
and T =5, as reported in Table 8.

Table 8. Costs for different values of the cJKO parameter ¢ for the case I =40, ] =40, and T = 5.

€ Objective Value Wasserstein Distance
0.025 5456.74 41.7554
0.05 5331.98 51.0905
0.1 6664.91 51.2219

0.5 7038.21 89.9972
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Figure 6. Effects of the Wasserstein ambiguity radius on the first-stage cost (on the left) and the
overall cost (on the right) for the smallest test case (i.e., I =15,] =15, and T = 3). Box plots were
obtained over 10 independent runs.

The observed behavior can be attributed to the interplay between robustness and
conservatism inherent in WDRO. For small values of ¢, the model remains vulnerable to
a misestimation of demand, while at large values of ¢, the solution tends to over-allocate
resources to hedge against highly pessimistic demand realizations. This trade-off directly
affects both cost efficiency and feasibility under chance constraints, as a larger € generally
improves satisfaction probability at the expense of increased operational cost.

Figure 7 illustrates the interplay between the out-of-sample objective value and the
empirical satisfaction probability as a function of the Wasserstein radius &, which gov-
erns the size of the ambiguity set in the distributionally robust optimization model. As
shown, the objective value (blue line, left axis) initially increases with ¢, reflecting the
model’s increasing conservatism in hedging against distributional shifts. Concurrently,
the satisfaction probability (orange dashed line, right axis)—defined as the empirical fre-
quency with which the chance constraints are met across test scenarios—monotonically
increases with larger ¢ values, starting from 91%. This trend confirms the theoretical expec-
tation that larger ambiguity sets provide more robust solutions by better encompassing
the true demand distribution. However, the trade-off becomes evident as overly conser-
vative solutions (large ¢) yield diminishing returns in feasibility gains while incurring
significantly higher costs.
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Figure 7. Effects of € on performance and feasibility (for the case I =15,] =15, and T = 3).
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5.4. Performance Analysis of the Proposed Algorithm

Table 9 demonstrates the superior performance of the proposed cJKO method com-
pared to the Outer Approximation (OA) algorithm from reference [21] and the Robust
Optimization (RO) baseline across six problem instances ranging from 15 to 40 facilities
and customers over three to five time periods. The cJKO method consistently achieves
the lowest objective values across all configurations, outperforming OA by 0.4% to 0.95%
and showing even more significant improvements over RO, particularly in instances
with longer planning horizons where RO performs poorly (e.g., achieving 6948.55 vs.
cJKO’s 5331.98 in the largest instance).

Table 9. Performance comparison: RO, approach presented in [21] (e.g., OA), and cJKO.

I J T OA [21] RO JKO
15 15 3 1764.67 1925.69 1757.1674
15 15 5 2048.83 3934.09 2028.83
30 30 3 3442.99 3998.26 3439.26
30 30 5 4045.88 5900.92 4025.88
40 40 3 4558.41 4797.00 4477.00
40 40 5 5351.98 6948.55 5331.98

The proposed cJKO approach leverages the Wasserstein distance and transport maps
to balance robustness and solution quality more effectively than both benchmark methods,
addressing the limitations of OA’s worst-case joint chance constraints and RO’s overly con-
servative uncertainty hedging. By modeling facility opening decisions as binary matrices
over the planning horizon while dynamically managing storage levels under uncertain
demand and capacity constraints, the cJKO method demonstrates superior handling of
spatial-temporal complexity in facility location and inventory planning problems, maintain-
ing its performance advantages as both the problem size and planning horizons increase.

5.5. Computational Time Analysis

The computational time comparison in Table 10 reveals distinct trade-offs between
solution quality and computational efficiency across the three approaches. The RO baseline
achieves the fastest execution times (0.46 to 36.87 s), while the OA algorithm exhibits
moderate computational requirements (3.33 to 162.73 s). In contrast, the proposed cJKO
method requires significantly higher computational resources, with execution times ranging
from 224.42 s to 5346.68 s. This computational overhead stems from the iterative nature
of the cJKO scheme, which requires solving multiple optimization subproblems at each
iteration, computing Wasserstein distances between probability measures, and optimizing
transport maps to characterize distributional ambiguity. With this approach, in order
to obtain better solution quality through a more accurate uncertainty quantification, the
method necessarily incurs substantial computational costs.

Table 10. Computational time analysis.

I ] T OA RO JKO
15 15 3 3.33 0.46 224.42
15 15 5 7.9 0.93 453.33
30 30 3 35.25 5.25 5162.91
30 30 5 139.41 35.15 5162.91
40 40 3 21.95 26.87 4548.81
40 40 5 162.73 36.87 5346.68
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The execution time scaling reveals that cJKO is particularly sensitive to increases in
planning horizon length, with dramatic time increases when moving from three to five
time periods (e.g., from 1561.33 to 5162.91 s for the 30 x 30 configuration). For practical
applications, this computational profile makes the cJKO method most suitable for strategic
planning scenarios where solution optimality is paramount, while simpler approaches like
RO remain preferable for operational decisions requiring rapid response times.

Figure 8 presents the convergence behavior of the optimization algorithm, demonstrat-
ing the progressive improvement of the objective function. Initially, the solution explores a
wider search space, leading to fluctuations due to the stochastic nature of the optimization
process. As the iterations progress, the algorithm stabilizes around a near-optimal solution,
reflecting the balance between exploration and exploitation. The sharp decrease in the
objective value at a later stage suggests a structural shift in the solution space, possibly due
to a critical update in decision variables or constraints. The final stabilization indicates con-
vergence, confirming the algorithm’s ability to efficiently navigate the solution landscape
and identify an optimal or near-optimal solution within a finite number of iterations.

2700
2500
2300

2100

OBJECTVE VALUE

1900

1700
1 2 3 e 5 6 7 8 9 10

ITERATION

Figure 8. The convergence behavior of the optimization algorithm.

6. Conclusions

This study introduces an improved chance-constrained optimization framework for
facility location under demand uncertainty, integrating a Wasserstein-based distributional
approach to enhance robustness. By addressing the inherent variability in demand, the
model ensures that probabilistic constraints are satisfied while optimizing facility placement
and capacity allocation. Computational experiments across multiple problem instances
demonstrate that the proposed cJKO approach consistently outperforms established bench-
marks, achieving objective values 0.4% to 0.95% better than the Outer Approximation
method and significantly superior results compared to traditional Robust Optimization,
particularly in scenarios with extended planning horizons. Furthermore, the incorporation
of Wasserstein distance constraints improves robustness against distributional shifts, ensur-
ing that the model remains valid under different demand realizations. This highlights the
significance of distributionally robust optimization in facility location problems, enabling
more resilient decision-making under uncertainty.

Despite these advantages, some limitations remain. The model assumes to have
historical data of demand. Additionally, the computational burden increases substantially
with the problem size and planning horizon length, with execution times ranging from
minutes to hours for larger instances, necessitating a consideration of the trade-off between
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solution quality and computational efficiency. The cJKO method’s iterative nature and
complex Wasserstein distance computations make it most suitable for strategic planning
scenarios where solution optimality justifies the computational investment, while simpler
approaches may be preferred for operational decisions requiring a rapid response. Future
research could explore adaptive uncertainty sets to refine demand estimates dynamically
or integrate real-time learning mechanisms to enhance responsiveness. Extending the
framework to multi-stage decision processes or multi-echelon networks would further
improve its applicability in complex supply chain systems.
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