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1 Introduction and summary

Discrete global symmetries, gaugings thereof, and ’t Hooft anomalies have received consid-
erable attention in recent years due to their importance in constraining the dynamics of
strongly-coupled quantum field theories and their rich mathematical structures. The central
theme of this article is to study such topics in certain simple and well-known 3d N = 4
superconformal field theories (SCFTs). One of the benefits of this class of theories is the
availability of exact quantities such as the superconformal index1 [1–8] which serves as a
main tool for investigating the aforementioned topics in the SCFTs studied in this article.

1We will also refer to it as the index for brevity.
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The first 3d N = 4 SCFT that we focus on admits a gauge theory description as an
SU(2) vector multiplet coupled to four hypermultiplets in the fundamental representation,
also known as SU(2) SQCD with four flavours. Another description of this SCFT is known,
due to 3d mirror symmetry [9], as the extended so(8) Dynkin diagram, where the gauge group
is [U(2)×∏4

i=1U(1)i]/U(1), with a bifundamental hypermultiplet under the U(2)× U(1)i

gauge group for each i = 1, 2, 3, 4. This is depicted below, and will be referred to as the
affine D4 quiver.

2

1

11

1

/ U(1) (1.1)

A feature of this description is that there is a symmetry S4, namely the permutation group
of order 24, that acts by permuting the four legs of the quiver. Gauging this S4 symmetry
and subgroup thereof constitutes the first part of this article. In fact, a number of interesting
aspects in gauging such symmetries in this particular theory has been explored in [10]. In
this reference, the actions of every subgroup of S4 (up to automorphism) on the monopole
operators of the affine D4 quiver were studied, and gauging such discrete symmetries was
referred to as wreathing (see also [11, 12]). It was proposed that such gauging produces a
new theory with a continuous global symmetry being a subgalgebra of so(8). The Coulomb
branches of the resulting theories after gauging were studied very thoroughly by means of the
Hilbert series [13], and many interesting aspects of the Higgs branches were also presented.

This article generalises the results of [10] in several directions. First of all, we show that,
for the affine D4 quiver, wreathing by any subgroups of S4 that are isomorphic to Z2 and
Z2 × Z2 can be realised by gauging appropriate charge conjugation symmetries associated
with the SO(2)4 subgroup of the SO(8) flavour symmetry of SU(2) SQCD with four flavours.
The resulting theories can be realised as mirror theories of the aforementioned wreathed
affine D4 quivers. Secondly, we propose a prescription for computing the superconformal
index of wreathed quivers by a general discrete symmetry G. In case of the affine D4 quiver,
the Higgs and Coulomb branch limits [14] of such an index reproduce correctly the Higgs and
Coulomb branch Hilbert series reported in [10] for each subgroup G of S4. As an important
by-product, we propose the superconformal index of the orginal theory, namely the affine
D4 quiver, refined with respect to the fugacities associated with the Abelian subgroups of G.
This allows us to sequentially gauge various subgroups of G and produce symmetry webs in
the same fashion as in [15, 16] (see also [17–30]). As pointed out in these references, this way
of gauging produces a rich family of symmetries, including interplay between one-form and
zero-form symmetries [31], two-group structures, and non-invertible symmetries, which can
be summarised in the language of two-categories. As demonstrated in [32] (see also [33, 34]),
the superconformal index provides a convenient and efficient way to detect various mixed ’t
Hooft anomalies, including those involving two discrete zero-form symmetries and a discrete
one-form symmetry, where related discussions and further examples were also provided
in [35, 36]. We extend the result of [32] to study various sequential gaugings of the subgroups
G of S4. In particular, we consider gauging various subgroups of G when G is either a
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semi-direct product of the form G ∼= (∏i Zsi)⋊Zh or when G can be realised as a non-trivial
extension of Zh by ∏i Zsi . We report the superconformal index and discuss the implications
of the ’t Hooft anomaly or non-invertible symmetry on the result. Importantly, in case of the
semi-direct product, we examine gauging of the normal subgroup ∏i Zsi of G that results
in the split two-group formed by the dual one-form symmetry ∏i Z

[1]
si and the zero-form

symmetry Zh. One of the new results presented in this article is the prescription for gauging
such a two-group in the superconformal index. We show that this procedure actually leads
to a correct result in gauging the subgroup Zh of G.

In the second part of the article, we consider another 3d N = 4 SCFT described by
a U(N) vector multiplet coupled to n hypermultiplets in the fundamental representation,
also known as U(N) SQCD with n flavours. The mirror theory of this was derived in [37]
and is depicted in (4.1) in the main text. It turns out that this quiver has a Z2 left-right
symmetry with respect to the vertical axis. We can therefore perform gauging of this Z2
symmetry and compute the index of the resulting theory using the prescription discussed
above. At this point, one can pose a natural question: what does wreathing in the mirror
theory correspond to in U(N) SQCD with n flavours? For n odd, we can give a concise
answer to this question: it corresponds to gauging the Z2 charge conjugation symmetry in
the central extension SU(n)⋊ Z2 of the flavour symmetry (see e.g. [38–43]). We check that
the Coulomb branch limit of the wreathed mirror theory indeed coincides with the Higgs
branch of U(N) SQCD with n flavours after the charge conjugation symmetry which is part
of the flavour symmetry is gauged. We observe also that, in the latter, the gauging affects
the monopole operators and hence the Coulomb branch of SQCD. For even n, the answer to
the above question is more complicated. First of all, for N = 1, the wreathing of the mirror
theory corresponds to turning the U(1) gauge theory with n flavours into the O(2) gauge
theory with n/2 flavours, whose flavour symmetry is usp(n) which does not coincide with
gauging the Z2 charge conjugation symmetry in SU(n)⋊ Z2 for even n. For higher N , we
only manage to give some sporadic answers to the above question. In fact, we find that,
if we try to gauge the charge conjugation symmetry that is part of the flavour symmetry
of the U(1) gauge theory with n flavours, the Higgs branch Hilbert series does not have a
palindromic numerator, meaning that the corresponding moduli space is not a symplectic
singularity. This leads us to conjecture that, in this case, such a charge conjugation symmetry
has an ’t Hooft anomaly. We leave the further study in case of even n for future work.

The paper is organised as follows. In section 2, we consider gauging the charge conjugation
symmetries (Z2)χi (with i = 1, . . . , 4) associated with the i-th factor of SO(2) of the flavour
symmetry ∏4

i=1 SO(2) ⊂ SO(8) of SU(2) SQCD with four flavours, and obtain the mirror
theories of the affine D4 quiver wreathed by the subgroups of S4 that are isomorphic to
Z2 and Z2 × Z2. In section 3, we study how permutation cycles act on the index. One of
the most important results is that we propose how to refine the index with respect to the
Abelian subgroups of G. This allows us to study sequential gauging of the subgroups of
G and construct the webs of symmetries. Of course, when all of such Abelian fugacities
are gauged, the Higgs and Coulomb branch limits of the index can be matched nicely with
the corresponding Hilbert series presented in [10]. Another main result of this paper is
to study the consequences of various ’t Hooft anomalies and non-invertible symmetries on
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the superconformal indices. The results are summarised in section 3.10. In section 4, we
examine wreathing of the mirror theory of U(N) SQCD with n flavours. The Higgs branch
of the U(1) gauge theory with n flavours with the charge conjugation symmetry which is
part of the flavour symmetry being gauged is examined in section 4.2. In appendix A, we
provide the prescription for computing the superconformal index for any wreathed quivers
that contain unitary or special unitary gauge groups.

Notations and conventions

• We denote a p-form global symmetry G by a superscript [p], i.e. G[p].

• Whenever we want to specify the fugacity g associated with a zero-form global symmetry
G, we add a subscript g, i.e. (G[0])g.

• Gauging a zero-form finite symmetry (G[0])g in d = 3 dimensions gives rise to a dual
(G[1])ĝ one-form symmetry, where we put ĝ to emphasise that this is the dual symmetry.

• We denote by Γ(2) a two-group, formed by a zero-form symmetry H [0] and a dual
one-form symmetry K [1] resulting from gauging a discrete zero-form symmetry K [0].
Whenever we want to be specific about which symmetries participate in the two-group,
we add the subscripts as follows: Γ(2)

k̂,h
.

2 Discrete gauging of SU(2) SQCD with four flavours

In this section, we study discrete gauging of 3d N = 4 SU(2) SQCD with four flavours by
the subgroups of S4 and compute the superconformal index. Some aspects of the discrete
gauging of such a theory has been explored in [10, 44, 45]. Here, we generalise the existing
results and present new perspectives on the subject.

Let us denote by Qi
a and Q̃a

i the chiral fields in the hypermultiplets and with Φb
a the

adjoint chiral of the SU(2) vector multiplet, where a, b = 1, 2 are colour indices and i = 1, 2, 3, 4
is the flavour index. The the superpotential of the theory reads

W = Q̃a
i Φb

aQi
b . (2.1)

Since the theory has an so(8) flavour symmetry, the chirals Qi
a and Q̃a

i can be combined into the
fields qI

a, with I = 1, . . . , 8, transforming under the vector representation of so(8), as follows:

q2i−1
a = Qi

a + Q̃i
a, q2i

a = −i(Qi
a − Q̃i

a) , i = 1, . . . , 4 , (2.2)

where Q̃i
a = ϵabQ̃

b,i. It follows that the superpotential (2.1) can be rewritten as

W = ϵabϵcdΦacq
I
b qJ

d δIJ , (2.3)

where Φab is symmetric. In these variables, it is well known that there are 28 gauge invariant
mesons ϵabqI

aqJ
b . It is thus natural to represent the quiver diagram of SU(2) SQCD with

four flavours as

USp(2) SO(8)χ
(2.4)
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where we denote with the subscript χ the (Z[0]
2 )χ zero-form change conjugation symmetry

of SO(8).2 As pointed out in [45], (2.4) can be rewritten also as

SO(1)χI
USp(2) SO(7)χII

(2.5)

which has the advantage of possessing two charge conjugation symmetries (Z[0]
2 )χI and

(Z[0]
2 )χII , associated with SO(1) and SO(7) respectively.

In this paper, we consider instead another description of (2.4), whose so(8) flavour
symmetry can be split into so(2)4 as follows:

USp(2)

SO(2)χ1

SO(2)χ2SO(2)χ3

SO(2)χ4

(2.6)

The advantage of this description is that (2.6) possesses four charge conjugation symmetries
(Z[0]

2 )χi , with i = 1, . . . , 4. Its superconformal index can be derived along the lines of [7, 8,
32, 46]. For χi = 1 ∀ i, it is given by

I(2.6)(y, m|a, na|χ1 = . . . = χ4 = 1;x)

= 1
2
∑
l∈Z

∮
dz

2πiz
ZUSp(2)

vec (z; l;x)
∏

s=0,±1
Z1

χ

(
z2sa−2; 2sl − 2na;x

)

×
4∏

i=1

∏
s1,s2=±1

Z1/2
χ (zs1ys2

i a; s1l + s2mi + na;x) ,

(2.7)

where the USp(2) vector multiplet contribution is

ZUSp(2)
vec (z; l;x) = x−|2l| ∏

s=±1

(
1− (−1)2slz2sx2|sl|

)
(2.8)

and the contribution of the chiral multiplet of R-charge R is

ZR
χ (z; l;x) =

(
x1−Rz−1

)|l|/2 ∞∏
j=0

1− (−1)lz−1x|l|+2−R+2j

1− (−1)lz x|l|+R+2j
, (2.9)

where the subscript χ here stands for chiral and it should not be confused with the fugacity
associated with charge conjugation in (2.4). We denote by y = (y1, . . . , y4) the fugacities for

2Here and throughout this section, we adopt the point of view of [8, section 6], whereby, for the SO(N)
group, the fugacity χ for the charge conjugation symmetry can be turned on. We will later gauge this symmetry
by summing over χ = ±1. However, for SO(8), all representations are real and so, strictly speaking, it is
not meaningful to speak about the charge conjugation symmetry which acts on them trivially. By charge
conjugation symmetry in this context, we mean the outer automorphism that exchanges the two spinor
representations 8s and 8c, whereby the symmetry can be regarded as O(8). In order to avoid confusion, we
adopt the former point of view.

– 5 –



J
H
E
P
0
1
(
2
0
2
5
)
1
2
4

the so(2)4 ∼= so(8) flavour symmetry, with m = (m1, . . . , m4) the corresponding background
magnetic fluxes and with (a, na) the (fugacity, background magnetic flux) for the axial
symmetry. On the other hand, the index with χj = −1 and χi = 1 ∀ i ̸= j can be obtained
from (2.7) by setting yj = 1, y−1

j = −1 and mj = 0 (see [8, (6.9)]).3 For our purposes, it is
not necessary to turn on the background magnetic fluxes m and na. Hence, from now on, we
will set mi = na = 0 ∀ i and drop their dependence from the index. For generic values of
χ1, . . . , χ4, the index of theory (2.6) with y1 = . . . = y4 = 1 admits the following expression:

I(2.6)(yi = 1|a|χ1, χ2, χ3, χ4;x)

= 1 + a2

6 + 4
4∑

i=1
χi +

∑
1<i<j<4

χiχj

x

+

a4

52 + 28
4∑

i=1
χi + 17

∑
1<i<j<4

χiχj + 8
∑

1<i<j<k<4
χiχjχk + 2

4∏
i=1

χi


+a−4

(
1 +

4∏
i=1

χi

)
−

7 + 4
4∑

i=1
χi +

∑
1<i<j<4

χiχj

x2 + . . . .

(2.10)

At the level of the index, we can gauge n charge conjugation symmetries of (2.6) individually,
with 0 ≤ n ≤ 4, as follows:

1
2n

∑
(χ1,χ2,χ3,χ4)=r

I(2.6)(y|a|χ1, χ2, χ3, χ4;x) , (2.11)

where r = (r1, r2, r3, r4) has n entries that are summed over ±1 and 4− n entries which are
set to be equal to either 1 or −1. We can also gauge a diagonal combination of two charge
conjugation symmetries of (2.6), say (Z[0]

2 )χ1 and (Z[0]
2 )χ2 , as follows:

1
2

∑
χ1=χ2=±1

I(2.6)(y|a|χ1, χ2, χ3, χ4;x) . (2.12)

2.1 Z2 and Z2 × Z2 discrete gauging of quiver (2.6)

The description (2.6) of SU(2) SQCD with four flavours provides a natural interpretation of
discrete gauging by all Z2 and Z2 × Z2 subgroups of S4. Indeed, theory (2.6)/⟨(ij)⟩, where
⟨(ij)⟩ is the Z2 group generated by the permutation cycle (ij) of two elements i and j, can
be implemented by gauging (Z[0]

2 )χj while leaving χi untouched. At the level of the index,
using (2.11) with n = 1, this corresponds to

(2.6)/⟨(ij)⟩ = 1
2
∑

χj=±1
I(2.6)(y|a|χi, χj , χl, χm;x) . (2.13)

Similarly, one can also gauge a Z2 group of the type ⟨(ij)(lm)⟩. This can be realised by
gauging a diagonal combination of (Z[0]

2 )χj and (Z[0]
2 )χm , while leaving (Z[0]

2 )χi and (Z[0]
2 )χl

untouched. From (2.12), the corresponding index reads

(2.6)/⟨(ij)(lm)⟩ = 1
2

∑
χj=χm=±1

I(2.6)(y|a|χi, χj , χl, χm;x) . (2.14)

3For instance, in the special case χi = −1 ∀ i, we set yi = 1, y−1
i = −1 and mi = 0 ∀ i.

– 6 –



J
H
E
P
0
1
(
2
0
2
5
)
1
2
4

Exploiting this prescription, we can now discuss explicitly the discrete gauging of quiver (2.6)
by the Z2 and Z2 × Z2 subgroups of S4, namely

• Z2 = ⟨(12)⟩,

• double transposition (DT) = ⟨(12)(34)⟩, which is also isomorphic to Z2,

• non-normal Klein (NNK) = ⟨(12), (34)⟩, which is isomorphic to Z2 × Z2,

• normal Klein (NK) = ⟨(12)(34), (13)(24)⟩, which is also isomorphic to Z2 × Z2.

In order to write down more compact expressions, we will use the following notation:

(2.6) ≡
[
χ4 χ1
χ3 χ2

]
. (2.15)

Z2 discrete gauging: single transposition. Let us study the Z2 discrete gauging of SU(2)
SQCD with four flavours described by the following action on the elementary fields:Qi

a → Qi
a , Q̃i

a → Q̃i
a , i = 1, 3, 4

Q2
a ↔ Q̃2

a

, (2.16)

which, using the map (2.2), can be equivalently implemented asqI
a → qI

a , I ̸= 4
q4a → −q4a

. (2.17)

As analysed in [47], if such a transformation is implemented, the resulting Higgs branch
is isomorphic to the next-to-minimal orbit closure of so(7), denoted by n.minB3. Indeed,
upon gauging this Z2 transformation, out of the original 28 gauge invariant mesons, 7 are
projected out, namely

ϵabqI
aq4b , I ̸= 4 , (2.18)

and the remaining 21 of them survive, transforming in the [0, 1, 0] representation of so(7).
This is in agreement with the branching rule

[0, 1, 0, 0]so(8) → [0, 1, 0]so(7) + [1, 0, 0]so(7) , (2.19)

where the term in red gets removed by the Z2 gauging. It was observed in [45] that the
resulting theory can be realised by gauging O(1) inside so(8) in (2.4) (see [48, section 3.2]),
or equivalently by gauging (Z[0]

2 )χI in (2.5). This leads to the following quiver (see [49,
appendix D.1] and [10]):

(2.5)/(Z[0]
2 )χI = O(1) USp(2) SO(7)χII

(2.20)

Using the description (2.15), this theory can also be realised by gauging the Z2 = ⟨(12)⟩
subgroup of S4 as

(2.6)/⟨(12)⟩ ≡ (2.6)/Z2 =
1
2

{[
+ +
+ +

]
+
[
+ +
+ −

]}
. (2.21)

– 7 –
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Z2 discrete gauging: double transposition. We are now interested in the Z2 transfor-
mation which acts on the elementary fields asQi

a → Qi
a , Q̃i

a → Q̃i
a , i = 1, 3

Qj
a ↔ Q̃j

a , j = 2, 4
, (2.22)

which can be rephrased as qI
a → qI

a , I ̸= 4, 8
qJ

a → −qJ
a , J = 4, 8

. (2.23)

The effect of (2.23) is that of breaking the original so(8) flavour symmetry into su(4)⊕ u(1),
where the vector representation of so(8) gets decomposed as

[1, 0, 0, 0]so(8) → [0, 1, 0]su(4)(0) + [0, 0, 0]su(4)(2) + [0, 0, 0]su(4)(−2) , (2.24)

where the terms in red are killed by gauging (2.23). The action on the gauge invariant
operators is as follows.

• The mesons ϵabqI
aqJ

b , with I, J ̸= {4, 8}, are invariant.

• The mesons ϵabqI
aq4b , with I ̸= {4, 8}, get mapped to minus themselves.

• The mesons ϵabqI
aq8b , with I = 1, . . . , 7 and I ̸= 4, also get mapped to minus themselves.

• The meson ϵabq4aq8b is invariant.

Therefore, after gauging (2.23), we are left with 16 gauge invariant mesons, transforming in
the [1, 0, 1](0)⊕ [0, 0, 0](0) representation of su(4)⊕ u(1), as follows from the branching rule

[0, 1, 0, 0]so(8) → [1, 0, 1]su(4)(0) + [0, 1, 0]su(4)(2) + [0, 1, 0]su(4)(−2) + [0, 0, 0]su(4)(0) . (2.25)

Using the description (2.15), the gauging in question can be realised as

(2.6)/⟨(12)(34)⟩ ≡ (2.6)/DT = 1
2

{[
+ +
+ +

]
+
[
− +
+ −

]}
. (2.26)

Z2 × Z2 discrete gauging: non-normal Klein subgroup of S4. We can proceed by
studying discrete gauging of SU(2) SQCD with four flavours by the Z2 × Z2 transformation
which combines (2.16) with another Z2 transformation, namely

(2.16) :

Qi
a → Qi

a , Q̃i
a → Q̃i

a , i = 1, 3, 4
Q2

a ↔ Q̃2
a

+Qi
a → Qi

a , Q̃i
a → Q̃i

a , i = 1, 2, 3
Q4

a ↔ Q̃4
a

.

(2.27)
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In the variables (2.2), this transformation can be expressed by acting separately with
both (2.17) and the Z2 transformation under which q8a changes sign:

(2.17) :

qI
a → qI

a , I ̸= 4
q4a → −q4a

+

qI
a → qI

a , I ̸= 8
q8a → −q8a

. (2.28)

This action first breaks the vector representation of so(8) into the [1, 0, 0] representation
of so(7) and, then, further reduces the flavour symmetry down to su(4), according to the
branching rule

[1, 0, 0]so(7) → [0, 1, 0]su(4) + [0, 0, 0]su(4) , (2.29)

where we denoted in red the term which gets projected out by (2.28). In terms of the meson
spectrum, the action of this Z2 × Z2 transformation is the following.

• The mesons ϵabqI
aqJ

b , with I, J ̸= {4, 8}, are invariant.

• The mesons ϵabqI
aq4b , with I ̸= 4, get mapped to minus themselves.

• The mesons ϵabqI
aq8b , with I = 1, . . . , 7, also get mapped to minus themselves.

This means that the gauge invariant mesons are reduced to 15, corresponding to the [1, 0, 1]
representation of su(4). Indeed, starting with the original theory, we can exploit the branching
rule (2.19) from so(8) to so(7), followed by the branching rule from so(7) to su(4)

[0, 1, 0]so(7) → [1, 0, 1]su(4) + [0, 1, 0]su(4) . (2.30)

Using notation (2.15), the resulting gauged theory this time can be expressed as

(2.6)/⟨(12), (34)⟩ ≡ (2.6)/NNK

= 1
4

{[
+ +
+ +

]
+
[
+ +
+ −

]
+
[
− +
+ +

]
+
[
− +
+ −

]}
.

(2.31)

Z2 × Z2 discrete gauging: normal Klein subgroup of S4. Finally, let us consider the
Z2×Z2 transformation acting via (2.22) combined with another Z2 transformation as follows:

(2.22) :

Qi
a → Qi

a , Q̃i
a → Q̃i

a , i = 1, 3
Qj

a ↔ Q̃j
a , j = 2, 4

+Qi
a → Qi

a , Q̃i
a → Q̃i

a , i = 1, 2
Qj

a ↔ Q̃j
a , j = 3, 4

.

(2.32)

Equivalently, this transformation can be performed by acting separately with both (2.23)
and another Z2 transformation which flips the sign of both q6a and q8a:

(2.22) :

qI
a → qI

a , I ̸= 4, 8
qJ

a → −qJ
a , J = 4, 8

+

qI
a → qI

a , I ̸= 6, 8
qJ

a → −qJ
a , J = 6, 8

. (2.33)
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Observe that the flavour symmetry now reduces to usp(4), where the [0, 1, 0] representation
of su(4) coming from (2.24) is decomposed according to the branching rule

[0, 1, 0]su(4) → [0, 1]usp(4) + [0, 0]usp(4) (2.34)

and the singlet in red is projected out. Accordingly, out of the 28 gauge invariant mesons
of the original theory, 10 of them are left untouched by this Z2 × Z2 action.

• The mesons ϵabqI
aqJ

b , with I, J ̸= {4, 8} and I, J ̸= {6, 8}, are invariant.

• The mesons ϵabqI
aq4b , with I ̸= {4, 8}, get mapped to minus themselves, as well as the

mesons ϵabqI
aq6b , with I ̸= {6, 8}.

• The mesons ϵabqI
aq8b , with I = 1, . . . , 7 and I ̸= {4, 6}, also get mapped to minus

themselves.

• The mesons ϵabqI
aq8b , with I = {4, 6} are no longer invariant.

Taking into account (2.25), this is consistent with the branching rules

[1, 0, 1]su(4) → [2, 0]usp(4) + [0, 1]usp(4) ,

[0, 0, 0]su(4) → [0, 0]usp(4) .
(2.35)

Using notation (2.15), we propose the following description for this Z2 × Z2 gauging:

(2.6)/⟨(12)(34), (13)(24)⟩ ≡ (2.6)/NK

= 1
4

{[
+ +
+ +

]
+
[
− +
+ −

]
+
[
− +
− +

]
+
[
+ +
− −

]}
.

(2.36)

Superconformal indices, Higgs branches and Coulomb branches. A robust check
that our prescription for obtaining the Z2 and Z2×Z2 discrete gaugings of SU(2) SQCD with
four flavours discussed above is correct comes from the computation of the superconformal
index (2.7), which, as pointed out explicitly in (2.10), can be expressed with all of the four
charge conjugation fugacities turned on. Gauging them as explained in (2.13) and (2.14),
we can therefore derive the indices of (2.6)/Γ, with Γ being either trivial, or one of the Z2
and Z2 × Z2 subgroups of S4 discussed above. Importantly, in order for the index to be
well-defined, when the charge conjugation χi in the definition of (2.6)/Γ takes both values
±1, we set the corresponding flavour fugacity yi = 1. Without doing so, we would obtain
an ill-defined index, whose series expansion in powers of x contains half-integer coefficients.4

4For instance, theory (2.6)/⟨(12)⟩ is defined in (2.21) as a sum of two terms, one with χ2 = 1 and the other
with χ2 = −1. Hence, we have to set y2 = 1 in the corresponding index, otherwise this would take the form

1 + a2

(
1
2
∑

i=1,3,4

∑
s1,s2=±1

ys1
i ys2

2 +
∑

i<j, i,j ̸=2

∑
s1,s2=±1

ys1
i ys2

j + 3

)
x + . . . ,

with an half-integer coefficient appearing in front of y2.
This can actually be explained as follows: the discrete symmetries in question are actually part of the Weyl

symmetry of so(8) and they do not commute with all Cartan elements corresponding to fugacities yi (with
i = 1, . . . , 4). In fact, one is allowed to turn on the fugacities associated with commuting symmetries, and so
the index cannot be simultaneously refined with respect to such discrete symmetries and all of the variables yi

of the maximal torus of so(8).
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Upon setting y = (1, . . . , 1), the corresponding indices up to order x3 are reported below.

Γ Index of (2.6)/Γ Flavour
symmetry

Trivial 1 + 28a2x +
(
300a4 + 2a−4 − 29

)
x2 so(8)

+
(
1925a6 + a−6 − 649a2 − a−2)x3 + . . .

⟨(12)⟩ 1 + 21a2x +
(
195a4 + a−4 − 22

)
x2 so(7)

= Z2 +
(
1155a6 − 404a−2)x3 + . . .

⟨(12)(34)⟩ 1 + 16a2x +
(
160a4 + 2a−4 − 17

)
x2 su(4)⊕ u(1)

= DT +
(
985a6 + a−6 − 329a2 − a−2)x3 + . . .

⟨(12), (34)⟩ 1 + 15a2x +
(
125a4 + a−4 − 16

)
x2 su(4)

= NNK +
(
685a6 − 244a2)x3 + . . .

⟨(12)(34), (13)(24)⟩ 1 + 10a2x +
(
90a4 + 2a−4 − 11

)
x2 usp(4)

= NK +
(
515a6 + a−6 − 169a2 − a−2)x3 + . . .

(2.37)

In the last column, we point out the global symmetry associated with the 3d N = 4 flavour
current multiplet, which can be deduced by looking at the moment map appearing at order x

in the index. For instance, in the case Γ = trivial, the coefficient 28 in 28a2x corresponds
to the adjoint representation [0, 1, 0, 0] of so(8).5

As pointed out in [14], one can take the Higgs and Coulomb branch limits of the index
to obtain the Higgs and Coulomb branch Hilbert series of theory (2.6)/Γ. We define

h = x1/2a , c = x1/2a−1 ,

or equivalently x = hc , a = (h/c)1/2 ,
(2.38)

and substitute them in the index. In the Higgs branch limit we send c→ 0 and keep h fixed,
whereas in the Coulomb branch limit we send h→ 0 and keep c fixed. Note that, given a series
expansion of the index in terms of x, the Higgs (resp. Coulomb) branch limit can be obtained
by reading off the coefficients of the terms a2pxp (resp. a−2pxp), with p integral or half-integral,
and multiplying each of them to h2p (resp. c2p). Conventionally, the corresponding Hilbert
series can be obtained by simply setting h or c in each of the aforementioned limits to t.

It turns out that the Higgs branch limit of the index of (2.6)/Γ reproduces the following
Hilbert series:

HS [HB of (2.6)/Γ] (t, y)

=
∮
|z|=1

dz

2πiz
(1− z2)× 1

m

m−1∑
j=0

fΓ,j(z, t, y)× PE
[
−(z2 + 1 + z−2)t2

]
,

(2.39)

where we set t = h, we denote with m the cardinality of Γ and we define

fΓ,j(z, t, y) = 1
det (1−QΓ,jt) , (2.40)

with both 1 and QΓ,j being 16×16 matrices. The latter is a block-diagonal matrix of the form

QΓ,j =
(
AΓ,j 0

0 BΓ,j

)
, (2.41)

5Here we keep the fugacity a associated with the U(1) axial symmetry for the convenience of taking the
Higgs branch and Coulomb branch limits of the index, defined in (2.38).
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where BΓ,j =
[
A−1

Γ,j

]T
and AΓ,j depends on the choice of Γ and the value of j as follows.

• When j = 0, then ∀ Γ we have

AΓ,0 =



y1
z 0 0 0 0 0 0 0
0 y2

z 0 0 0 0 0 0
0 0 y3

z 0 0 0 0 0
0 0 0 y4

z 0 0 0 0
0 0 0 0 1

y1z 0 0 0
0 0 0 0 0 1

y2z 0 0
0 0 0 0 0 0 1

y3z 0
0 0 0 0 0 0 0 1

y4z


. (2.42)

• For Γ = ⟨(12)⟩, which has cardinality 2, j can be equal to 0 or 1. The matrix A⟨(12)⟩,1,
labelled by j = 1, takes the form

j = 1 :



y1
z 0 0 0 0 0 0 0
0 0 0 0 0 1

y2z 0 0
0 0 y3

z 0 0 0 0 0
0 0 0 y4

z 0 0 0 0
0 0 0 0 1

y1z 0 0 0
0 y2

z 0 0 0 0 0 0
0 0 0 0 0 0 1

y3z 0
0 0 0 0 0 0 0 1

y4z


, (2.43)

which, together with B⟨(12)⟩,1, reproduces the Z2 action (2.16). The action of such
matrix projects out the fugacity y2 from (2.39).

• When Γ is the double transposition subgroup of S4, which also has cardinality 2, the
Z2 transformation (2.22) is implemented by Q⟨(12)(34)⟩,1, with the matrix A⟨(12)(34)⟩,1
given by

j = 1 :



y1
z 0 0 0 0 0 0 0
0 0 0 0 0 1

y2z 0 0
0 0 y3

z 0 0 0 0 0
0 0 0 0 0 0 0 1

y4z

0 0 0 0 1
y1z 0 0 0

0 y2
z 0 0 0 0 0 0

0 0 0 0 0 0 1
y3z 0

0 0 0 y4
z 0 0 0 0


. (2.44)

The fugacities y2 and y4 are projected out from (2.39) upon acting with this matrix.
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• Next, when Γ is the non-normal Klein subgroup of S4, which has cardinality 4, j takes
values in {0, 1, 2, 3}. For j = 2, the matrix A⟨(12),(34)⟩,2 is

j = 2 :



y1
z 0 0 0 0 0 0 0
0 y2

z 0 0 0 0 0 0
0 0 y3

z 0 0 0 0 0
0 0 0 0 0 0 0 1

y4z

0 0 0 0 1
y1z 0 0 0

0 0 0 0 0 1
y2z 0 0

0 0 0 0 0 0 1
y3z 0

0 0 0 y4
z 0 0 0 0


, (2.45)

whose action projects out the fugacity y4 from (2.39), whereas A⟨(12),(34)⟩,1 and
A⟨(12),(34)⟩,3 coincide with (2.43) and (2.44) respectively. Observe that the corresponding
matrices Q⟨(12),(34)⟩,j reproduce the Z2 × Z2 transformation (2.27).

• Finally, let us consider the case in which Γ is the normal Klein subgroup of S4, with
cardinality 4. For j = 1, the matrix A⟨(12)(34),(13)(24)⟩,1 is given by (2.44). Moreover, for
j = 2, 3, the matrices A⟨(12)(34),(13)(24)⟩,j take the following form:

j = 2 :



y1
z 0 0 0 0 0 0 0
0 y2

z 0 0 0 0 0 0
0 0 0 0 0 0 1

y3z 0
0 0 0 0 0 0 0 1

y4z

0 0 0 0 1
y1z 0 0 0

0 0 0 0 0 1
y2z 0 0

0 0 y3
z 0 0 0 0 0

0 0 0 y4
z 0 0 0 0


, j = 3 :



y1
z 0 0 0 0 0 0 0
0 0 0 0 0 1

y2z 0 0
0 0 0 0 0 0 1

y3z 0
0 0 0 y4

z 0 0 0 0
0 0 0 0 1

y1z 0 0 0
0 y2

z 0 0 0 0 0 0
0 0 y3

z 0 0 0 0 0
0 0 0 0 0 0 0 1

y4z


. (2.46)

Observe that, for j = 2, the fugacities y3 and y4 are projected out from (2.39), whereas,
for j = 3, the associated matrix projects out the fugacities y2 and y3 from (2.39). In terms
of the matrices Q⟨(12)(34),(13)(24)⟩,j , they implement the Z2 × Z2 transformation (2.32).

In order for the Hilbert series to be well-defined, if the fugacity yi is projected out in at
least one of the m terms appearing in the sum highlighted in blue in (2.39), then we set
yi = 1 in the terms where yi is not projected out. This ensures that, upon expanding the
Hilbert series in powers of t, there are no half-integer coefficients in front of yi (see Footnote
4). The computation of the Hilbert series (2.39), or equivalently of the Higgs branch limit
of the index of (2.6)/Γ as defined in (2.38), once unrefined, i.e. we set y = (1, . . . , 1), yields
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the results reported in the table below.
Γ Higgs branch Hilbert series of (2.6)/Γ

Trivial (1+t2)(1+17t2+48t4+17t6+t8)
(1−t2)10

= 1 + 28t2 + 300t4 + 1925t6 + 8918t8 + 32928t10 + . . .

⟨(12)⟩ (1+t2)(1+10t2+20t4+10t6+t8)
(1−t2)10

= Z2 = 1 + 21t2 + 195t4 + 1155t6 + 5096t8 + 18228t10 + . . .

⟨(12)(34)⟩ (1+3t2+6t4+3t6+t8)(1+8t2+55t4+64t6+55t8+8t10+t12)
(1−t2)10(1+t2)5

= DT = 1 + 16t2 + 160t4 + 985t6 + 4522t8 + 16576t10 + . . .

⟨(12), (34)⟩ 1+10t2+55t4+150t6+288t8+336t10+288t12+150t14+55t16+10t18+t20

(1−t2)10(1+t2)5

= NNK = 1 + 15t2 + 125t4 + 685t6 + 2898t8 + 10052t10 + . . .

⟨(12)(34), (13)(24)⟩ 1+5t2+45t4+130t6+314t8+354t10+314t12+130t14+45t16+5t18+t20

(1−t2)10(1+t2)5

= NK = 1 + 10t2 + 90t4 + 515t6 + 2324t8 + 8400t10 + . . .

(2.47)

On the other hand, the Coulomb branch limit of the index of (2.6)/Γ reproduces either the
Hilbert series of C2/D̂4 or C2/D̂6, where D̂4 and D̂6 denote the binary dihedral groups of
order 8 and 16. Let us comment these results in more detail.

• When Γ is either trivial or one between DT and NK, i.e. ⟨(12)(34)⟩ and
⟨(12)(34), (13)(24)⟩ respectively, then the Coulomb branch of (2.6)/Γ is isomorphic to
C2/D̂4, whose Hilbert series reads

HS
[
C2/D̂4

]
(t) = PE

[
2t4 + t6 − t12

]
. (2.48)

There are two generators that contribute to the order t4 of (2.48). One of them is the
Casimir operator of the USp(2) gauge group, namely u ≡ tr(φ2), with φ the scalar
in the vector multiplet. The other is the monopole operator, denoted by M. They
both come from the coefficients of a−4x2 in (2.10), from which we see that M carries
the fugacity ∏4

i=1 χi, meaning that it is charged under the combination of the charge
conjugation symmetries associated with the four SO(2) gauge groups of (2.6), whereas
u is neutral under these symmetries. There is also a generator G6 ≡Mφ, corresponding
to the term at order t6 in (2.48). These generators satisfy the relation at order t12,
namely

G2
6 +M2u = u3 , (2.49)

which is the defining equation of C2/D̂4.

• Instead, when Γ is either Z2 = ⟨(12)⟩ or NNK = ⟨(12), (34)⟩, the Coulomb branch
of (2.6)/Γ is isomorphic to C2/D̂6, with Hilbert series given by

HS
[
C2/D̂6

]
(t) = PE

[
t4 + t8 + t10 − t20

]
. (2.50)

The operators M and Mφ are no longer gauge invariant, hence they do not appear
in (2.50). The generators contributing at order t4, t8 and t10 are u, M2 and G10 ≡M2φ

respectively. They satisfy the relation at order t20, namely

G2
10 +M4u = u5 , (2.51)

which is the defining equation of C2/D̂6.
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Finally, we remark that the mirror theory of 3d N = 4 SU(2) SQCD with four flavours is

SU(2)

1

11

1

/Z[1]
2 or 2

1

11

1

/ U(1) (2.52)

We emphasise that, in the left diagram, whose central node is SU(2), there is an overall
Z2 that acts trivially on the matter fields, and this needs to be quotiented out. Doing so
amounts to gauging the one-form symmetry which we denote by /Z[1]

2 .6 Likewise, in the left
diagram whose central node is U(2), there is an overall U(1) that acts trivially on the matter
fields and needs to be modded out. We denote this by /U(1).

Discrete gauging of SU(2) SQCD with four flavours by Γ corresponds to wreathing
theory (2.52) by Γ. The latter was extensively studied in [10]. In particular, the Higgs
branch (resp. Coulomb branch) limits of the index computed above are in agreement with
the Coulomb branch (resp. Higgs branch) Hilbert series computed in [10, figures 9 and 11].

2.2 (Z[0]
2 )ω and gauging thereof

As we mentioned towards the end of the previous subsection, the mirror theory of SU(2)
SQCD with four flavours depicted on the left of (2.52) contains gauging of the Z2 one-form
symmetry. In three dimensions, this leads to a Z2 zero-form symmetry, which we shall denote
by (Z[0]

2 )ω. In the following, we demonstrate how to turn on the corresponding fugacity ω,
with ω2 = 1, in the index of SU(2) SQCD with four flavours.

As pointed out in [45], SU(2) SQCD with four flavours can also be realised as

SO(4)χL
USp(2) SO(4)χR

(Z[0]
2 )ω

(2.53)

in which the so(8) flavour symmetry of (2.4) is split into two equal so(4) sets, where the
(Z[0]

2 )ω zero-form symmetry acts only on one of the two sets. As explained in detail in [45],
this (Z[0]

2 )ω symmetry indeed corresponds to the zero-form symmetry arising from gauging
the Z[1]

2 one-form symmetry depicted in the left diagram of (2.52). As in (2.6), we can
further split each so(4) into so(2) ⊕ so(2) and introduce (Z[0]

2 )ω, which acts on two of the
four so(2) legs as follows:

USp(2) (Z[0]
2 )ω

SO(2)χ1

SO(2)χ2SO(2)χ3

SO(2)χ4

(2.54)

6This Z[1]
2 one-form symmetry is actually a dual symmetry of the (Z[0]

2 )ω, which will be introduced in
section 2.2. Gauging this Z[1]

2 symmetry thus leads to (Z[0]
2 )ω.
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whose index, for χi = 1 ∀ i, reads

I(2.54)(y|a|χ1 = . . . = χ4 = 1|ω;x)

= 1
2
∑
l∈Z

∮
dz

2πiz
ZUSp(2)

vec (z; l;x)
∏

s=0,±1
Z1

χ

(
z2sa−2; 2sl;x

)

×
2∏

i=1

∏
s1,s2=±1

Z1/2
χ (ωzs1ys2

i a; s1l;x)×
4∏

i=3

∏
s1,s2=±1

Z1/2
χ (zs1ys2

i a; s1l;x) .

(2.55)

Observe that, upon setting ω = 1, this coincides with the index (2.7). As instructed in [8,
(6.9)], we can obtain the index with χj = −1 and χi = 1 ∀ i ̸= j from (2.55) by setting
yj = 1 and y−1

j = −1.
Similarly to section 2.1, we introduce the shorthand notation

(2.54) ≡
[
χ4 χ1
χ3 χ2

]
, (2.56)

from which the action of the various subgroups of S4 that are isomorphic to Z2 and Z2 × Z2
can be computed as follows:

• Single transposition, i.e. Γ = ⟨(12)⟩ ≡ Z2:

1
2

{[
+ +
+ +

]
+
[
+ +
+ −

]}
. (2.57)

• Double transposition, i.e. Γ = ⟨(12)(34)⟩ ≡ DT:

1
2

{[
+ +
+ +

]
+
[
− +
+ −

]}
. (2.58)

• The non-normal Klein subgroup of S4, i.e. Γ = ⟨(12), (34)⟩ ≡ NNK:

1
4

{[
+ +
+ +

]
+
[
+ +
+ −

]
+
[
− +
+ +

]
+
[
− +
+ −

]}
. (2.59)

• The normal Klein subgroup of S4, i.e. Γ = ⟨(12)(34), (13)(24)⟩ ≡ NK:

1
4

{[
+ +
+ +

]
+
[
− +
+ −

]
+
[
− +
− +

]
+
[
+ +
− −

]}
. (2.60)

Note that, in the last two terms appearing in the sum (2.60), (Z[0]
2 )ω does not act on

the legs associated with χ1 and χ2, as described in the prescription (2.54). Instead, it
acts on the legs refined with the fugacities χ1 and χ3. Indeed, this ensures that the
index corresponding to (2.60) is well-defined if we turn on the fugacities y as follows:
in the first term appearing in the summation (2.60), we set y2 and y4 to 1, then we set
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the remaining fugacities y2 and y3, coming also from the other terms in the summation,
to be equal to y1. Concretely:

I(2.60)(y1|a;x)

= 1
4
[
I(2.54)(y1, y3 = y1, y2 = y4 = 1|a|χ1 = . . . = χ4 = 1|ω;x)

+I(2.54)(y1, y3 = y1|a|χ1 = χ3 = 1, χ2 = χ4 = −1|ω;x)
+I(2.54)(y1, y2 = y1|a|χ1 = χ2 = 1, χ3 = χ4 = −1|ω;x)

+I(2.54)(y1, y4 = y1|a|χ1 = χ4 = 1, χ2 = χ3 = −1|ω;x)
]

.

(2.61)

We remark that, if we let (Z[0]
2 )ω act on the legs associated with χ1 and χ2 also in the

last two terms contributing to the sum (2.60), then (2.61) would be an ill-defined index,
whose series expansion in powers of x contains half-integer coefficients.

Let us summarise the index in each case with y1 = . . . = y4 = 1 below.

Γ Index of theory (2.53) or (2.54)
Trivial 1 + (12 + 16ω)a2x +

[
2a−4 + (156 + 144ω)a4 − (13 + 16ω)

]
x2

+
[
(949 + 976ω)a6 − (329 + 320ω)a2 − a−2 + a−6]x3 + . . .

⟨(12)⟩ 1 + (9 + 12ω) a2x +
[
a−4 + (103 + 92ω) a4 − (10 + 12ω)

]
x2

= Z2 +[(567 + 588ω)a6 − (204 + 200ω)a2]x3 + . . .

⟨(12)(34)⟩ 1 + (6 + 10ω) a2x +
[
2a−4 + (86 + 74ω) a4 − (7 + 10ω)

]
x2

= DT +[(479 + 506ω])a6 − (169 + 160ω)a2 − a−2 + a−6]x3 + . . .

⟨(12), (34)⟩ 1 + (6 + 9ω) a2x +
[
a−4 + (68 + 57ω) a4 − (7 + 9ω)

]
x2

= NNK +
[
(332 + 353ω) a6 − (124 + 120ω) a2]x3 + . . .

⟨(12)(34), (13)(24)⟩ 1 + (3 + 7ω) a2x +
[
2a−4 + (51 + 39ω) a4 − (4 + 7ω)

]
x2

= NK +
[
(244 + 271ω) a6 − (89 + 80ω) a2 − a−2 + a−6]x3 + . . .

(2.62)

We point out that, in each case, the coefficients of the terms a2pxpωs (with p = 0, 1, 2, . . .

and s = 0, 1) can be obtained from (2.37) by applying the following branching rules: so(8)→
su(2)4, so(7) → su(2)3, su(4) ⊕ u(1) → su(2)2 ⊕ u(1), su(4) → su(2)2, and usp(4) → su(2).
For example, the coefficients of the term a2x are given by

28 → [(3, 1, 1, 1)⊕ (1, 3, 1, 1)⊕ (1, 1, 3, 1)⊕ (1, 1, 1, 3)]⊕ (2, 2, 2, 2)ω ,

21 → [(3, 1, 1)⊕ (1, 3, 1)⊕ (1, 1, 3)]⊕ (2, 2, 3)ω ,

16 → [(3, 1)(0)⊕ (1, 3)(0)]⊕ (3, 3)(0)ω ⊕ (1, 1)(0)ω ,

15 → [(3, 1)⊕ (1, 3)]⊕ (3, 3)ω ,

10 → (3)⊕ (7)ω .

(2.63)

Gauging (Z[0]
2 )ω. Let now gauge (Z[0]

2 )ω. We then have the following theory:

SO(4)χL
USp(2) SO(4)χR

(Z[0]
2 )ω

/(Z[0]
2 )ω (2.64)
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or the one with the fugacities χ1, . . . , χ4 turned on:

USp(2) (Z[0]
2 )ω

SO(2)χ1

SO(2)χ2SO(2)χ3

SO(2)χ4

/(Z[0]
2 )ω (2.65)

whose index can be derived from (2.55) as

I(2.65)(y|a|χ1, . . . , χ4;x) =
1
2
∑

ω=±1
I(2.54)(y|a|χ1, . . . , χ4|ω;x) . (2.66)

Note that resulting theory possesses a dual Z2 one-form symmetry.
Let us report the explicit results of the computation of the indices of theory (2.65)/Γ,

with Γ being one of the Z2 or Z2 × Z2 subgroups of S4 discussed above. The indices for the
various choices of Γ up to order x3 are listed below, where, for simplicity, we set y = (1, . . . , 1).
We also report the flavour symmetry of the corresponding theory, which can be read from
the moment map appearing at order x of the index.

Γ Index of (2.65)/Γ Flavour
symmetry

Trivial 1 + 12a2x +
(
156a4 + 2a−4 − 13

)
x2 su(2)4

+
(
949a6 + a−6 − 329a2 − a−2)x3 + . . .

⟨(12)⟩ 1 + 9a2x +
(
103a4 + a−4 − 10

)
x2 su(2)3

= Z2 +
(
567a6 − 204a−2)x3 + . . .

⟨(12)(34)⟩ 1 + 6a2x +
(
86a4 + 2a−4 − 7

)
x2 su(2)2

= DT +
(
479a6 + a−6 − 169a2 − a−2)x3 + . . .

⟨(12), (34)⟩ 1 + 6a2x +
(
68a4 + a−4 − 7

)
x2 su(2)2

= NNK +
(
332a6 − 124a2)x3 + . . .

⟨(12)(34), (13)(24)⟩ 1 + 3a2x +
(
51a4 + 2a−4 − 4

)
x2 su(2)

= NK +
(
244a6 + a−6 − 89a2 − a−2)x3 + . . .

(2.67)

From (2.62), we see that (Z[0]
2 )ω acts non-trivially on the Higgs branch of theory (2.54) but

acts trivially on its Coulomb branch, since ω appears only in the coefficients of the terms
a2pxp but not a−2pxp. Hence, the Coulomb branch of (2.54) remains unchanged upon gauging
Γ. The corresponding Hilbert series are given by (2.48) and (2.50). Similarly to (2.39), the
Higgs branch limit of the index of (2.65)/Γ coincides with the following Hilbert series:

HS [HB of (2.65)/Γ] (t, y)

= 1
2
∑

ω=±1

∮
|z|=1

dz

2πiz
(1− z2)× 1

m

m−1∑
j=0

f̃Γ,j(z, t, y, ω)× PE
[
−(z2 + 1 + z−2)t2

]
,

(2.68)

where f̃Γ,j(z, t, y, ω) is defined as follows. If Γ is either trivial or one among Z2 = ⟨(12)⟩,
DT = ⟨(12)(34)⟩ and NNK = ⟨(12), (34)⟩, then

f̃Γ,j(z, t, y, ω) = fΓ,j(z, t, ωy1, ωy2, y3, y4) , (2.69)
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otherwise, for Γ = NK = ⟨(12)(34), (13)(24)⟩, we havef̃Γ,j(z, t, y, ω) = fΓ,j(z, t, ωy1, ωy2, y3, y4) , j = 0, 1
f̃Γ,j(z, t, y, ω) = fΓ,j(z, t, ωy1, y2, ωy3, y4) , j = 2, 3

, (2.70)

with fΓ,j(z, t, y) defined as in (2.40). In (2.70), we have taken into account that the Hilbert
series (2.68) has to be well-defined, with no half-integer coefficients appearing in its series
expansion in the variable t. Hence, similarly to the discussion below (2.60), for Γ =
⟨(12)(34), (13)(24)⟩, the Hilbert series (2.68) can be realised as

HS [HB of (2.65)/Γ = ⟨(12)(34), (13)(24)⟩] (t, y1)

= 1
2
∑

ω=±1

∮
|z|=1

dz

2πiz
(1− z2) PE

[
−(z2 + 1 + z−2)t2

]
× 1

4
[
f̃Γ,0(z, t, y1, y3 = y1, y2 = y4 = 1, ω) +f̃Γ,1(z, t, y1, y3 = y1, ω)

+f̃Γ,2(z, t, y1, y2 = y1, ω) +f̃Γ,3(z, t, y1, y4 = y1, ω)
]

.

(2.71)

Let us report the expression of the unrefined Hilbert series (2.68), or equivalently the Higgs
branch limit of the index of theory (2.65)/Γ, for various choices of Γ below.

Γ Higgs branch Hilbert series of (2.65)/Γ
Trivial 1+7t2+101t4+244t6+666t8+650t10+666t12+244t14+101t16+7t18+t20

(1−t2)10(1+t2)5

= 1 + 12t2 + 156t4 + 949t6 + 4486t8 + 16416t10 + . . .

⟨(12)⟩ 1+4t2+63t4+112t6+352t8+280t10+352t12+112t14+63t16+4t18+t20

(1−t2)10(1+t2)5

= Z2 = 1 + 9t2 + 103t4 + 567t6 + 2572t8 + 9076t10 + . . .

⟨(12)(34)⟩ 1+t2+61t4+94t6+378t8+274t10+378t12+94t14+61t16+t18+t20

(1−t2)10(1+t2)5

= DT = 1 + 6t2 + 86t4 + 479t6 + 2288t8 + 8240t10 + . . .

⟨(12), (34)⟩ 1+t2+43t4+37t6+208t8+92t10+208t12+37t14+43t16+t18+t20

(1−t2)10(1+t2)5

= NNK = 1 + 6t2 + 68t4 + 332t6 + 1473t8 + 4988t10 + . . .

⟨(12)(34), (13)(24)⟩ 1−2t2+41t4+19t6+234t8+86t10+234t12+19t14+41t16−2t18+t20

(1−t2)10(1+t2)5

= NK = 1 + 3t2 + 51t4 + 244t6 + 1189t8 + 4152t10 + . . .

(2.72)

From the left diagram of (2.52), we see that the mirror theory of (2.65) is simply

SU(2)

1

11

1

(2.73)

The centre of the SU(2) gauge group in the middle indeed gives rise to the Z[1]
2 one-form

symmetry depicted in the left diagram of (2.52). Moreover, we find that discrete gaug-
ing (2.65)/Γ is equivalent to wreathing (2.73) by Γ with the Higgs and Coulomb branches
exchanged, as expected from mirror symmetry. Indeed, the results in this section are perfectly
in agreement with those in [45, section 4.2].
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2.3 Transitions between two discrete gaugings

Let us conclude this section by describing a recipe for obtaining (2.6)/Γ′ starting from (2.6)/Γ
for some Γ′ and Γ that are subgroups of S4. In particular, we use the notation

(2.6)/Γ

[
χ4 χ1
χ3 χ2

]
−−−−−−→ (2.6)/Γ′ , (2.74)

to mean that

(2.6)/Γ′ = 1
2

{
(2.6)/Γ +

[
χ4 χ1
χ3 χ2

]}
. (2.75)

From the above discussion, we can obtain the following interesting examples.

• Γ = double transposition and Γ′ = the non-normal Klein subgroup of S4:

(2.6)/⟨(12)(34)⟩

[
− +
+ +

]
−−−−−→ (2.6)/⟨(12), (34)⟩ , (2.76)

where we use (2.26), (2.31) and the fact that, upon setting y2 = y4 = 1 in (2.31) in
order to obtain a well-defined index, we can identify[

− +
+ +

]
= 1

2

{[
+ +
+ −

]
+
[
− +
+ +

]}
. (2.77)

• Γ = double transposition and Γ′ = the normal Klein subgroup of S4:

(2.6)/⟨(12)(34)⟩

[
− +
− +

]
−−−−−→ (2.6)/⟨(12)(34), (13)(24)⟩ , (2.78)

where we use (2.26) and (2.36) and the fact that, upon setting y2 = y4 = 1 in (2.36),
we can identify [

− +
− +

]
= 1

2

{[
− +
− +

]
+
[
+ +
− −

]}
. (2.79)

Moreover, such transitions can occur between (2.6)/Γ and (2.6)/Γ′, where Γ is Abelian and
Γ′ is non-Abelian. For instance, let us take Γ = Z3 = ⟨(123)⟩ and Γ′ = S3, whose elements
can be represented in terms of cycles as follows:

S3 = {1, (12), (13), (23), (123), (132)} . (2.80)

In particular, we have the following transition:

(2.6)/Z3

[
+ +
+ −

]
−−−−−→ (2.6)/S3 , (2.81)
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where we use the fact that, upon setting y2 = y3 = 1, we can identify[
+ +
+ −

]
= 1

3

{[
+ +
+ −

]
+
[
+ +
− +

]
+
[
+ +
− +

]}
. (2.82)

Up to now, the information presented in this section does not provide a way to obtain neither
the index of theory (2.6)/Z3, nor that of (2.6)/S3. Nevertheless, we compute such indices in
the next section; in particular the results are reported in (3.49) and (3.83) respectively. It
can be checked explicitly that such a transition indeed occurs.

2.4 Z2 and Z2 × Z2 actions on the 4d Coulomb branch

Hitherto, we have considered 3d N = 4 SU(2) SQCD with four flavours. In this subsection,
we turn to 4d N = 2 SU(2) SQCD with four flavours and let us briefly discuss how the Z2 and
Z2×Z2 transformations discussed above act on such a theory. We consider the superpotential
mass term, which, in the variables qI

a defined in (2.2), reads

4∑
i=1

ϵabmiq
2i−1
a q2i

b , (2.83)

from which we can easily analyse the Z2 and Z2 × Z2 actions of our interest on the mass
parameters.

• The Z2 transformation (2.17) corresponds to a sign flip on one of the four mass
parameters, i.e.

(2.17) :

qI
a → qI

a , I ̸= 4
q4a → −q4a

←→

mi → mi , i ̸= 2
m2 → −m2

. (2.84)

This particular Z2 discrete gauging was analysed in [45, section 2.3], where it was
pointed out that the resulting Higgs branch is isomorphic to the closure of the next-
to-minimal orbit n.minB3 of so(7). The resulting theory after gauging is a rank-one
SCFT, with a non-trivial conformal manifold and a Coulomb branch operator of
dimension two. As discussed in [50, (10.4)], the action (2.84) on the mass parameters
amounts to exchanging the two spinor representations of Spin(8), while keeping the
vector representation invariant. In terms of the Seiberg-Witten curve [50, (16.35)], this
corresponds to interchanging T2 and T3 in [50, (16.36)], while leaving R, T1 and N

invariant. Upon accompanying by the interchange of e2 and e3, the curve [50, (16.35)]
is left invariant. According to [50, (16.14)], the transformation e2 ↔ e3 is equivalent to
sending τ → τ +1, where τ = θ

π + 8πi
g2 is defined as in [50, (16.1)].7 This shift θ → θ +π

of the theta angle can be identified with the T transformation of SL(2,Z) and acts
trivially on the supercharges,8 meaning that there is no need to combine it with a U(1)r

7As pointed out in [50, (3.2) and Page 15], the Z2 symmetry (2.17) is anomalous in general, except if it is
accompanied by the map τ → τ + 1.

8Under a generic SL(2,Z) transformation which sends τ → aτ+b
cτ+d

, the supercharges transform as

Qa
α →

(
cτ + d

|cτ + d|

)− 1
2

Qa
α , a = 1, 2 , α = 1, 2 ,
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transformation. Hence, the Z2 transformation (2.84) acts trivially on the Coulomb
branch and the resulting theory after gauging has one Coulomb branch operator of
dimension two.

• Next, we consider the Z2 transformation (2.23), which corresponds to flipping the sign
of two out of the four mass parameters, i.e.

(2.23) :

qI
a → qI

a , I ̸= 4, 8
qJ

a → −qJ
a , J = 4, 8

←→

mi → mi , i = 1, 3
mj → −mj , j = 2, 4

. (2.85)

This transformation leaves the parameters T1,2,3, R and N in [50, (16.36)] invariant,
and therefore straightforwardly leaves the Seiberg-Witten curve [50, (16.35)] of the
original theory invariant. It thus acts trivially on the Coulomb branch. This results in
a rank-one SCFT with su(4)⊕ u(1) flavour symmetry.

• The effect of the Z2 × Z2 transformation (2.28) is to act separately with two distinct
sign flips on one of the four mass parameters, namely

(2.84) :

qI
a → qI

a , I ̸= 4
q4a → −q4a

←→

mi → mi , i ̸= 2
m2 → −m2

+qI
a → qI

a , I ̸= 8
q8a → −q8a

←→

mi → mi , i ̸= 4
m4 → −m4

.

(2.86)

Following the discussion below (2.84), each of the two Z2 transformations in (2.86) is
accompanied by the action of the T generator of SL(2,Z), which acts trivially on the
supercharges and, therefore, on the Coulomb branch. The resulting theory is a rank-one
SCFT with su(4) flavour symmetry.

• Finally, let us discuss the effect of the Z2 × Z2 transformation (2.33). This corresponds
to the following two distinct Z2 transformations:

(2.85) :

qI
a → qI

a , I ̸= 4, 8
qJ

a → −qJ
a , J = 4, 8

←→

mi → mi , i = 1, 3
mj → −mj , j = 2, 4

+qI
a → qI

a , I ̸= 6, 8
qJ

a → −qJ
a , J = 6, 8

←→

mi → mi , i = 1, 2
mj → −mj , j = 3, 4

.

(2.87)

This transformation acts trivially on the Coulomb branch, as explained below (2.85),
and gives rise to a rank-one SCFT with usp(4) flavour symmetry.

from which we see that they are left invariant under the action of the T generator, whereas they pick up a
non-trivial phase under the action of the S generator, where

S =
(

0 1
−1 0

)
, T =

(
1 1
0 1

)
.
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3 Wreathing and non-invertible symmetries

The protagonist of this section is the mirror theory of 3d N = 4 SU(2) SQCD with four
flavours, namely the following affine D4 quiver:

SU(2)

1

11

1

/Z[1]
2 (3.1)

We consider every subgroup H of S4, up to automorphisms, that acts on the four legs of the
above quiver. An important result we derive in this section is the superconformal index of
theory (3.1) refined with respect to the fugacities associated with the generators of certain
Abelian subgroups of H. This is achieved by considering the action of cycles on the index
of (3.1), as presented in section 3.1, and then inserting the fugacities for the discrete Abelian
group associated with each type of the cycles. These discrete fugacities are subject to two
conditions: (1) upon setting them to unity, we recover the index of (3.1), and (2) upon
summing all of such fugacities over the allowed values and dividing by the order of H, we
obtain the index of theory (3.1) with the whole group H being gauged. This procedure
of obtaining the refined index can, in fact, be applied very generally to any subgroup of a
permutation group. We elucidate this procedure explicitly in the examples below. One of the
benefits of this refined index is that we can gauge a proper subgroup K of H by summing
the corresponding fugacities over the allowed values.

Suppose that the whole group H is gauged. The result coincides with theory (3.1)
wreathed by H, and we denote the resulting theory by (3.1)/H as before. We check that the
Higgs and Coulomb branch limits are in agreement with [10, figures 9 and 11]. Note that,
when H is non-Abelian, gauging H gives rise to a non-invertible symmetry characterised
by 2-Rep(H) [17] (see also e.g. [18, 20, 22]).

On the other hand, if we gauge a proper subgroup K of H, the result may or may
not coincide with wreathing theory (3.1) by K. If the resulting theory coincides with (3.1)
wreathed by K, we denote it by (3.1)/K as usual, but if this is not the case, we will specify
the wreathing group explicitly. We will discuss several examples in the following subsections.
Moreover, the aforementioned refined index also allows us to gauge diverse subgroups of H

in various orders. This gives rise to intricate symmetry webs, many of which were studied
in [15, 16]. We analyse the case in which H can be realised as a semi-direct product of other
groups, as well as the case in which H is a non-trivial central extension of other groups. In both
cases, the indices manifest interesting features. We summarise these results in section 3.10.

3.1 Cycles and their actions on the index of the affine D4 quiver

Since every element of S4 can be represented as a cycle or a product of disjoint cycles, in
this subsection we investigate how it acts on the superconformal index of theory (3.1). We
provide only the prescription for computing such indices which will be useful for obtaining
the results in the following subsections. The readers are referred to appendix A for arguments
and justifications.
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The index of the star-shaped quiver (3.1) can be obtained by gluing four copies of the
T [SU(2)] theory [51] together as follows:

I(3.1)(w1,2,3,4, a|ω;x) = 1
2

1∑
ϵ=0

ωϵ
∑

m∈Z+ ϵ
2

∮
dz

2πiz
ZUSp(2)

vec (z;m;x)

×
∏

s=0,±1
Z1

χ

(
z2sa−2; 2sl;x

)
× P ,

(3.2)

where P is defined as

P =
4∏

i=1
Iϵ

T [SU(2)](wi, ni = 0|z, m|a, na = 0;x) , (3.3)

and the index of the T [SU(2)] theory, computed from that of the U(1) gauge theory with
two hypermultiplets of charge one, is

Iϵ
T [SU(2)](w, n|f, m|a, na;x)

=
∑

l∈Z+ ϵ
2

(w2)l
∮

dζ

2πiζ
ζn Z1

χ(a−2;−2na;x)

×
∏

s=±1
Z1/2

χ ((ζf)sa; s(l + m) + na;x)Z1/2
χ ((ζ−1f)sa; s(−l + m) + na;x) .

(3.4)

Here w1,2,3,4 are the fugacities for so(8). Upon setting w1 = . . . = w4 = 1, we obtain

I(3.1)(wi = 1, a|ω;x)

= 1 + (12 + 16ω)a−2x +
[
2a4 + (156 + 144ω)a−4 − (13 + 16ω)

]
x2

+
[
a6 + (949 + 976ω)a−6 − a2 − (329 + 320ω)a−2

]
x3

+
[
3a8 + 184 + 192ω + (4486 + 4432ω) a−8 − a4 − (2811 + 2832ω) a−4

]
x4 + . . . ,

(3.5)

which is equal to that of the first line of (2.62) with a ↔ a−1.
Let us first start by discussing a cycle of length two, say (12). Its action is to identify

the first and second legs of (3.1). We represent this as

(3.1)(12) =
SU(2)

11

1

(x, a, z) → (x2, a2, z2)
/Z[1]

2 (3.6)

where (x, a, z) → (x2, a2, z2) denotes the rescaling of the fugacities in the contribution of
each red line, with z being the SU(2) fugacity. Explicitly, the index is given by (3.2) where
P is defined as

P = Iϵ
T [SU(2)](w1w2, n1 = n2 = 0|z2, m|a2, na = 0;x2)

×
4∏

i=3
Iϵ

T [SU(2)](wi, ni = 0|z, m|a, na = 0;x) ,
(3.7)
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with w1 = w2. Note that, if we set wi = 1, the results for any cycle of length two of the
form (i1i2) are equal, namely

I(3.1)(i1i2)
(wi = 1, a|ω;x)

= 1 + (6 + 8ω)a−2x +
[
(50 + 40ω)a−4 − (7 + 8ω)

]
x2

+
[
a2 + (185 + 200ω)a−6 − a6 − (79 + 80ω)a−2

]
x3

+
[
a8 + a4 + 34 + 48ω + (658 + 616ω) a−8 − (405 + 408ω) a−4

]
x4 + . . . .

(3.8)

Next, we consider the product of two disjoint cycles of length two, say (12)(34). Its
action is to identify the first and second legs together, and the third and fourth legs together.
This can be represented as

(3.1)(12)(34) = SU(2)

1

1

(x, a, z) → (x2, a2, z2)

(x, a, z) → (x2, a2, z2)

/Z[1]
2 (3.9)

Explicitly, the index is given by (3.2) with P defined as

P =Iϵ
T [SU(2)](w1w2, n1 = n2 = 0|z2, m|a2, na = 0;x2)

×Iϵ
T [SU(2)](w3w4, n3 = n4 = 0|z2, m|a2, na = 0;x2) ,

(3.10)

where w1 = w2 and w3 = w4. If we set wi = 1, the results for any product of two disjoint
cycles of length two of the form (i1i2)(i3i4) are equal:

I(3.1)(i1i2)(i3i4)
(wi = 1, a|ω;x)

= 1 + 4ωa−2x +
[
2a4 + (16 + 4ω)a−4 − (1 + 4ω)

]
x2

+
[
a6 + (9 + 36ω) a−6 − a2 − 9a−2

]
x3

+
[
3a8 + (90 + 36ω) a−8 − a4 − 8− (15 + 36ω) a−4

]
x4 + . . . .

(3.11)

We now consider the action of the cycle of length three, say (123), which can be
represented graphically as

(3.1)(123) = SU(2)

1

1

(x, a, z) → (x3, a3, z3)

/Z[1]
2 (3.12)

The index is given by (3.2) where P defined as

P =Iϵ
T [SU(2)](w1w2w3, n1 = n2 = n3 = 0|z3, m|a3, na = 0;x3)

×Iϵ
T [SU(2)](w4, n4 = 0|z, m|a, na = 0;x) ,

(3.13)
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with w1 = w2 = w3. Setting wi = 1, we obtain the result for any cycle of length three
of the form (i1i2i3) as follows:

I(3.1)(i1i2i3)(wi = 1, a|ω;x)

= 1 + (3 + 4ω) a−2x +
[
(15 + 12ω) a−4 − a4 − (4 + 4ω)

]
x2

+
[
a6 + 2a2 + (37 + 40ω) a−6 − (20 + 20ω) a−2

]
x3

+
[
7 + 12ω + (94 + 88ω) a−8 − a4 − (60 + 60ω) a−4

]
x4 + . . . .

(3.14)

Finally, the action of the cycle of length four is represented by

(3.1)(1234) = SU(2)1
(x, a, z) → (x4, a4, z4)

/Z[1]
2 (3.15)

The index is given by (3.2) with P defined as

P = Iϵ
T [SU(2)](w1w2w3w4, n1 = n2 = n3 = n4 = 0|z4, m|a4, na = 0;x4) , (3.16)

where w1 = w2 = w3 = w4. Setting wi = 1, we obtain the result for any cycle of length
four of the form (i1i2i3i4) as follows:

I(3.1)(i1i2i3i4)
(wi = 1, a|ω;x)

= 1 + 2ωa−2x + [(4 + 2ω)a−4 − (1 + 2ω)]x2

+ [a2 + (3 + 6ω)a−6 − a6 − 3a−2]x3

+
[
a8 + a4 + (12 + 6ω) a−8 − 2− (3 + 6ω) a−4

]
x4 + . . . .

(3.17)

3.2 Z2 wreathing of the affine D4 quiver

Let us start by analysing the affine D4 quiver wreathed by the Z2 subgroups of S4, whose
mirror theories have been studied in section 2.

Single transposition. The index associated with the quiver wreathed by Z2 = ⟨(12)⟩ can
be derived from the relation

(3.1)/Z2 = (3.1)/⟨(12)⟩ = 1
2
[
(3.1) + (3.1)(12)

]
, (3.18)

where the relevant indices are

I(3.1)(a|ω;x) = (3.5) , I(3.1)(12)
(a|ω;x) = (3.8), (3.19a)

I(3.1)/Z2(a|ω;x)

= 1 + (9 + 12ω) a−2x +
[
a4 + (103 + 92ω) a−4 − (10 + 12ω)

]
x2

+ [(567 + 588ω)a−6 − (204 + 200ω)a−2]x3 +
[
2a8 + 109 + 120ω

+(2572 + 2524ω) a−8 − (1608 + 1620ω) a−4
]

x4 + . . . .

(3.19b)
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It will be useful to obtain the index of the affine D4 quiver (3.1) refined with a fugacity b

associated with the (Z[0]
2 )b symmetry generated by the element (12) of Z2, satisfying b2 = 1.

This can be achieved order by order in x using the ansatz

I(3.1)(a|ω|b;x) = I(3.1)/Z2(a|ω;x) + b
∞∑

p=0
ypxp , (3.20)

where yp ≡ yp(a, ω) are unknowns that have to satisfy the conditions:

I(3.1)/Z2(a|ω;x) =
1
2
∑

b=±1
I(3.1)(a|ω|b;x) = (3.19b) ,

I(3.1)(a|ω;x) = I(3.1)(a|ω|b = 1;x) = (3.5) .

(3.21)

Comparing this with (3.18), we see that they can be computed by solving the following
system of equations in the unknown variable yp:[

I(3.1)/Z2(a|ω;x)
]

xp
+ byp|b=1 =

[
I(3.1)(a|ω;x)

]
xp

,[
I(3.1)/Z2(a|ω;x)

]
xp

+ byp|b=eπi =
[
I(3.1)(12)

(a|ω;x)
]

xp
,

(3.22)

where the notation [I]xp denotes the coefficient of xp in the series expansion of I, and the
explicit expressions for I in the above are given by (3.19). As a result, the index of the
affine D4 quiver refined with the Z2 fugacity b reads

I(3.1)(a|ω|b;x)

= 1 + [9 + 12ω + (3 + 4ω) b] a−2x +
{
(1 + b) a4

+ [103 + 92ω + (53 + 52ω) b] a−4 − [10 + 12ω + (3 + 4ω) b]
}

x2 + . . . ,

(3.23)

from which the index of (3.1) wreathed by Z2 can be derived by gauging (Z[0]
2 )b:

I(3.1)/Z2(a|ω;x) =
1
2
∑

b=±1
I(3.1)(a|ω|b;x) = (3.19b) . (3.24)

Observe that, in agreement with mirror symmetry, upon sending a → a−1, this coincides
with the index of theory (2.6)/Z2 if we set ω = 1, see (2.37), and with the index of theory
(2.65)/Z2 if we gauge (Z[0]

2 )ω, see (2.67).

Double transposition. Similarly, the theory arising from wreathing (3.1) by the double
transposition (DT) subgroup of S4, which is generated by the Z2 element (12)(34), can
be derived as

(3.1)/DT = (3.1)/⟨(12)(34)⟩ = 1
2
[
(3.1) + (3.1)(12)(34)

]
, (3.25)

where the relevant indices are

I(3.1)(a|ω;x) = (3.5) , I(3.1)(12)(34)
(a|ω;x) = (3.11) , (3.26a)

I(3.1)/DT(a|ω;x)

= 1 + (6 + 10ω) a−2x +
[
2a4 + (86 + 74ω) a−4 − (7 + 10ω)

]
x2

+
[
a6 + (479 + 506ω) a−6 − a2 − (169 + 160ω) a−2

]
x3 +

[
3a8 + 88

+96ω + (2288 + 2234ω) a−8 − a4 − (1413 + 1434ω) a−4
]

x4 + . . . .

(3.26b)
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Note that, upon sending a→ a−1 in the last expression, we obtain the result that coincides
with the index of its mirror dual (2.6)/DT, reported in (2.37) for ω = 1. On the other
hand, gauging (Z[0]

2 )ω, the index coincides with the one of the mirror theory (2.65)/DT,
listed in (2.67).

The index of the affine D4 quiver (3.1) can be refined with a fugacity c associated with the
(Z[0]

2 )c symmetry corresponding to the Z2 element (12)(34), with c2 = 1. We use the ansatz

I(3.1)(a|ω|c;x) = I(3.1)/DT(a|ω;x) + c
∞∑

p=0
ypxp , (3.27)

where yp ≡ yp(a, ω) are unknowns that satisfy

I(3.1)/DT(a|ω;x) =
1
2
∑

c=±1
I(3.1)(a|ω|c;x) = (3.26b) ,

I(3.1)(a|ω;x) = I(3.1)(a|ω|c = 1;x) = (3.5) .

(3.28)

From (3.25), we can obtain yp by solving the following system of equations:

Fp(c = 1) =
[
I(3.1)(a|ω;x) = (3.5)

]
xp

,

Fp(c = −1) =
[
I(3.1)(12)(34)

(a|ω;x) = (3.11)
]

xp
,

(3.29)

where we define

Fp(c) ≡
[
I(3.1)/DT(a|ω;x) = (3.26b)

]
xp

+ cyp (3.30)

and the notation [I]xp denotes the coefficient of xp in the series expansion of I. Solving (3.29),
it follows that, explicitly, the index (3.27) is given by

I(3.1)(a|ω|c;x)
= 1 + [6 + 10ω + (6 + 6ω) c] a−2x

+
{
2a4 + [86 + 74ω + (70 + 70ω) c] a−4 − [7 + 10ω + (6 + 6ω) c]

}
x2 + . . . .

(3.31)

Indeed, the index of (3.1) wreathed by the double transposition subgroup of S4 can be
obtained by gauging (Z[0]

2 )c:

I(3.1)/DT(a|ω;x) =
1
2
∑

c=±1
I(3.1)(a|ω|c;x) = (3.26b). (3.32)

3.3 Z2 × Z2 wreathing of the affine D4 quiver

We can now proceed by examining the effect of wreathing the affine D4 quiver (3.1) by the
Z2 × Z2 subgroups of S4, whose mirror theories have also been studied in section 2.

Non-normal Klein subgroup of S4. The theory arising from wreathing the affine D4
quiver by the non-normal Klein subgroup of S4 can be expressed as

(3.1)/NNK ≡ (3.1)/⟨(12), (34)⟩

= 1
4
[
(3.1) + (3.1)(12) + (3.1)(34) + (3.1)(12)(34)

]
,

(3.33)
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where the indices of (3.1)(12) and (3.1)(34) are given by (3.8),9 and the index of (3.1)(12)(34)
is given by (3.11). As a result, we obtain

I(3.1)/NNK

= 1 + (6 + 9ω) a−2x +
[
a4 + (68 + 57ω) a−4 − (7 + 9ω)

]
x2

+
[
(332 + 353ω) a−6 − (124 + 120ω) a−2

]
x3

+
[
2a8 + 61 + 72ω + (1473 + 1425ω) a−8 − (909 + 921ω) a−4

]
x4 + . . . .

(3.34)

We can refine the index of (3.1) with two fugacities b1 and b2, satisfying b21 = b22 = 1,
associated with the (Z[0]

2 )b1 and (Z[0]
2 )b2 symmetries generated by (12) and (34) respectively

as follows. Let us consider the ansatz

I(3.1)(a|ω|b1, b2;x)

= I(3.1)/NNK(a|ω;x) + (b1 + b2)
∞∑

p=0
y1,pxp + b1b2

∞∑
p=0

y2,pxp ,
(3.35)

where there are two sets of the unknown variables y1,p ≡ y1,p(a, ω) and y2,p ≡ y2,p(a, ω). In
this ansatz, the fugacities associated with the elements of the same cycle structure appear
with the same set of the unknowns, i.e. b1 and b2 associated with (12) and (34) appear
with y1,p, whereas b1b2 associated with (12)(34) appears with y2,p. The above ansatz must
satisfy the conditions:

I(3.1)/NNK(a|ω;x) =
1
4

∑
b1,b2=±1

I(3.1)(a|ω|b1, b2;x) = (3.34) ,

I(3.1)(a|ω;x) = I(3.1)(a|ω|b1 = 1, b2 = 1;x) = (3.5) .

(3.36)

Using (3.33), we can determine y1,p and y2,p by solving the following system of equations:[
I(3.1)(a|ω;x) = (3.5)

]
xp

= Fp(b1 = 1, b2 = 1) ,[
I(3.1)(12) or (34)

(a|ω;x) = (3.8)
]

xp
= 1

2
[
Fp(b1 = 1, b2 = −1)

+ Fp(b1 = −1, b2 = 1)
]

,[
I(3.1)(12)(34)

(a|ω;x) = (3.11)
]

xp
= Fp(b1 = −1, b2 = −1) ,

(3.37)

where we define

Fp(b1, b2) =
[
I(3.1)/NNK(a|ω;x) = (3.34)

]
xp

+ (b1 + b2) y1,p + b1b2y2,p (3.38)

9Strictly speaking, the non-normal Klein group elements (12) and (34) act on different legs of quiver (3.1).
However, since we are interested in computing the index unrefined with respect to the flavour fugacities
associated with each leg of the affine D4 quiver, the indices of (3.1)(12) and (3.1)(34) are consequently the
same, given by (3.8). Hence, we are going to identify both (3.1)(12) and (3.1)(34) with (3.6), even if the legs
which are altered by the group action in the two cases are not the same. We will use a similar argument
throughout this section.
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and the notation [I]xp denotes the coefficient of xp in the series expansion of I. As a result,
the index of quiver (3.1) refined with respect to the fugacities b1 and b2 reads

I(3.1)(a|ω|b1, b2;x)

= 1 + [6 + 9ω + (3 + 3ω) (b1 + b2) + ωb1b2] a−2x +
{
(1 + b1b2) a4

+ [68 + 57ω + (35 + 35ω) (b1 + b2) + (18 + 17ω) b1b2] a−4

− [7 + 9ω + (3 + 3ω) (b1 + b2) + ωb1b2]}x2 + . . . .

(3.39)

Note that the coefficients of the fugacities associated with the elements with the same cycle
structure are equal.

Having derived the index (3.39) refined with b1 and b2, we can now study sequential
gauging. Starting from theory (3.1) with the global (Z[0]

2 )b1 × (Z[0]
2 )b2 zero-form symmetry,

whose symmetry category is 2-Vec[(Z[0]
2 )b1 × (Z[0]

2 )b2 ], we can gauge (Z[0]
2 )b1 (or, equivalently,

(Z[0]
2 )b2) in order to land on theory (3.1)/Z2 = (3.1)/⟨(12)⟩. Since gauging (Z[0]

2 )b1 leads to a
dual (Z[1]

2 )
b̂1

one-form symmetry, the corresponding symmetry category is 2-Vec[(Z[1]
2 )

b̂1
×

(Z[0]
2 )b2 ]. Subsequently, one can gauge (Z[0]

2 )b2 and obtain the wreathed theory (3.1)/NNK,
whose associated symmetry category is 2-Rep[(Z[0]

2 )b1× (Z[0]
2 )b2 ]. The same end result can also

be achieved by directly gauging the whole (Z[0]
2 )b1 × (Z[0]

2 )b2 symmetry. The whole process of
gauging this (Z[0]

2 )b1 × (Z[0]
2 )b2 symmetry and subgroups thereof is described in figure 1. In

particular, the index of the wreathed theory (3.1)/NNK can be computed by gauging the
whole (Z[0]

2 )b1 × (Z[0]
2 )b2 symmetry starting from (3.39) as

I(3.1)/NNK(a|ω;x) =
1
4

∑
b1,b2=±1

[
I(3.1)(a|ω|b1, b2;x) = (3.39)

]
= (3.34) . (3.40)

The corresponding expression is reported in figure 1, where we point out that the flavour
symmetry algebra is su(4). Once again, in agreement with mirror symmetry, we have

I(3.1)/NNK(a|ω = 1;x) = I(2.6)/NNK(a−1;x) ,

I(3.1)/NNK/(Z[0]
2 )ω

(a;x) = 1
2
∑

ω=±1
I(3.1)/NNK(a|ω;x)

= I(2.65)/NNK(a−1;x) .

(3.41)

where the indices of the mirror theories are reported in (2.37) and (2.67).

Normal Klein subgroup of S4. Let us now analyse the affine D4 quiver (3.1) wreathed
by the normal Klein (NK) subgroup of S4 generated by (12)(34) and (13)(24), i.e. NK =
⟨(12)(34), (13)(24)⟩:

(3.1)/NK = 1
4
[
(3.1) + (3.1)(12)(34) + (3.1)(13)(24) + (3.1)(14)(23)

]
, (3.42)

where (3.1)(12)(34),(3.1)(13)(24) and (3.1)(14)(23) take the form (3.9), and the contribution of
each of these terms to the index is equal, given by (3.11).
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(3.1) 2-Vec[(Z[0]
2 )b1 × (Z[0]

2 )b2 ] so(8)
1 + (12 + 16ω) a−2x

+
[
2a4 + (156 + 144ω) a−4 − (13 + 16ω)

]
x2

+
[
a6 + (949 + 976ω) a−6 − a2 − (329 + 320ω) a−2]x3 + . . .

(3.1)/Z2 2-Vec[(Z[1]
2 )

b̂1
× (Z[0]

2 )b2 ] so(7)
1 + (9 + 12ω) a−2x

+
[
a4 + (103 + 92ω) a−4 − (10 + 12ω)

]
x2

+
[
(567 + 588ω) a−6 − (204 + 200ω) a−2]x3 + . . .

(3.1)/NNK 2-Rep[(Z[0]
2 )b1 × (Z[0]

2 )b2 ] su(4)
1 + (6 + 9ω) a−2x

+
[
a4 + (68 + 57ω) a−4 − (7 + 9ω)

]
x2

+
[
(332 + 353ω) a−6 − (124 + 120ω) a−2]x3 + . . .

(Z[0]
2 )b1

(Z[0]
2 )b2

(Z[0]
2 )b1 × (Z[0]

2 )b2

Figure 1. The affine D4 quiver (3.1) with global (Z[0]
2 )b1 × (Z[0]

2 )b2 ≡ ⟨(12), (34)⟩ zero-form symmetry
and gauging of various subgroups. Each arrow with label F connecting two boxes denotes the gauging
of the zero-form symmetry F . In each box, which is associated with a theory arising from the affine
D4 quiver via discrete gauging, we report the corresponding symmetry category on the left, its flavour
algebra on the right and, below, the index refined with the fugacities a and ω (we set the fugacities b1
and b2 to unity after gauging). Since the original theory is symmetric in b1 and b2, see (3.39), the
sequence of blue arrows on the right-hand side can be taken to be equivalently either gauging (Z[0]

2 )b1

first, followed by gauging (Z[0]
2 )b2 , or the opposite.

We can refine the index of (3.1) with respect to the two fugacities c1 and c2, such that
c21 = c22 = 1, associated with the (Z[0]

2 )c1 and (Z[0]
2 )c2 symmetries generated by (12)(34) and

(13)(24) respectively. As before we consider the ansatz:

I(3.1)(a|ω|c1, c2;x) = I(3.1)/NK(a|ω;x) + (c1 + c2 + c1c2)
∞∑

p=1
ypxp , (3.43)

where it satisfies the conditions that, upon setting c1 = c2 = 1, we recover the in-
dex I(3.1)(a|ω;x), and upon summing over c1, c2 = ±1 and dividing by 4, we obtain
I(3.1)/NK(a|ω;x). In particular, yp ≡ yp(a, ω) can be determined the following system
of equations: [

I(3.1)(a|ω;x) = (3.5)
]

xp
= Fp(c1 = 1, c2 = 1) ,[

I(3.1)(i1i2)(i3i4)
(a|ω;x) = (3.11)

]
xp

= 1
3
[
Fp(c1 = −1, c2 = 1)

+ Fp(c1 = 1, c2 = −1)

+ Fp(c1 = −1, c2 = −1)
]

,

(3.44)
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(3.1) 2-Vec[(Z[0]
2 )c1 × (Z[0]

2 )c2 ] so(8)
1 + (12 + 16ω) a−2x

+
[
2a4 + (156 + 144ω) a−4 − (13 + 16ω)

]
x2

+
[
a6 + (949 + 976ω) a−6 − a2 − (329 + 320ω) a−2]x3 + . . .

(3.1)/DT 2-Vec[(Z[1]
2 )ĉ1

× (Z[0]
2 )c2 ] su(4)⊕ u(1)

1 + (6 + 10ω) a−2x

+
[
2a4 + (86 + 74ω) a−4 − (7 + 10ω)

]
x2

+
[
a6 + (479 + 506ω) a−6 − a2 (169 + 160ω) a−2]x3 + . . .

(3.1)/NK 2-Rep[(Z[0]
2 )c1 × (Z[0]

2 )c2 ] usp(4)
1 + (3 + 7ω) a−2x

+
[
2a4 + (51 + 39ω) a−4 − (4 + 7ω)

]
x2

+
[
a6 + (244 + 271ω) a−6 − a2 − (89 + 80ω) a−2]x3 + . . .

(Z[0]
2 )c1

(Z[0]
2 )c2

(Z[0]
2 )c1 × (Z[0]

2 )c2

Figure 2. The affine D4 quiver (3.1) with global (Z[0]
2 )c1 × (Z[0]

2 )c2 ≡ ⟨(12)(34), (13)(24)⟩ zero-form
symmetry and discrete gaugings thereof. The notation for arrows and boxes is as described in figure 1.

where we define

Fp(c1, c2) =
[
I(3.1)/NK(a|ω;x)

]
xp

+ (c1 + c2 + c1c2) yp , (3.45)

where [I]xp denotes the coefficient of xp in the series expansion of I. Solving (3.44) for
the unknown variable yp, we obtain that the index (3.43) of the affine D4 quiver refined
with the fugacities c1 and c2 is given by

I(3.1)(a|ω|c1, c2;x)
= 1 + [3 + 7ω + (3 + 3ω) (c1 + c2 + c1c2)] a−2x

+
{
2a4 + [51 + 39ω + (35 + 35ω) (c1 + c2 + c1c2)] a−4

− [4 + 7ω + (3 + 3ω) (c1 + c2 + c1c2)]}x2 + . . . .

(3.46)

Note that the result is invariant under the interchange of c1 and c2.
We can now sequentially gauge the subgroups of (Z[0]

2 )c1 × (Z[0]
2 )c2 , as summarised in

figure 2, where the corresponding indices are also presented. Gauging (Z[0]
2 )c1 (resp. (Z[0]

2 )c2)
results in theory (3.1)/⟨(12)(34)⟩, i.e. (3.1) wreathed by the double transposition ⟨(12)(34)⟩.
We can then further gauge the (Z[0]

2 )c2 (resp. (Z[0]
2 )c1) symmetry to obtain the wreathed
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theory (3.1)/NK. This latter can be indeed implemented as

I(3.1)/NK(a|ω;x)

= 1
4

∑
c1,c2=±1

I(3.1)(a|ω|c1, c2;x)

= 1 + (3 + 7ω) a−2x +
[
2a4 + (51 + 39ω) a−4 − (4 + 7ω)

]
x2

+
[
a6 + (244 + 271ω) a−6 − a2 − (89 + 80ω) a−2

]
x3

+
[
3a8 + 40 + 48ω + (1189 + 1135ω) a−8 − a4 − (714 + 735ω) a−4

]
x4 + . . . ,

(3.47)

which coincides with the index of its mirror dual (2.6)/NK upon sending a→ a−1, compare
the results in figure 2 and in (2.37) for ω = 1. It also follows that, gauging (Z[0]

2 )ω in theory
(3.1)/NK, the corresponding mirror theory is (2.65)/NK, whose index can be found in (2.67).

3.4 Z3 wreathing of the affine D4 quiver

We can now examine the Z3 = ⟨(123)⟩ wreathing of the affine D4 quiver, for which, to the
best of our knowledge, the mirror theory is not known. The Z3 wreathed quiver is given by

(3.1)/Z3 =
1
3
[
(3.1) + (3.1)(123) + (3.1)(132)

]
, (3.48)

where the index for a cycle of length three is given by I(3.1)(i1i2i3)(a|ω;x) = (3.14). The index
wreathed by Z3, as computed using (3.48), is therefore

I(3.1)/Z3(a|ω;x)

= 1 + (6 + 8ω) a−2x +
[
(62 + 56ω) a−4 − (7 + 8ω)

]
x2

+
[
a6 + a2 + (341 + 352ω) a−6 − (123 + 120ω) a−2

]
x3

+
[
a8 + 66 + 72ω + (1558 + 1536ω) a−8 − a4 − (977 + 984ω) a−4

]
x4 + . . . .

(3.49)

Let us now refine the index of (3.1) with respect to a fugacity u associated with the
(Z[0]

3 )u symmetry generated by (123), such that u3 = 1. We consider the following ansatz:

I(3.1)(a|ω|u;x) = I(3.1)/Z3(a|ω;x) + (u + u2)
∞∑

p=1
ypxp , (3.50)

where yp ≡ yp(a, ω) are unknowns that can be determined from the following system of
equations:

Fp(u = 1) =
[
I(3.1)(a|ω;x) = (3.5)

]
xp

,

Fp

(
u = e

2πi
3
)
=
[
I(3.1)(i1i2i3)(a|ω;x) = (3.14)

]
xp

,
(3.51)

where we define

Fp(u) =
[
I(3.1)/Z3(a|ω;x) = (3.49)

]
xp

+ (u + u2)yp (3.52)
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and the notation [I]xp denotes the coefficient of xp in the series expansion of I. The logic
of (3.51) can be explained as follows: we associate u = 1 with the identity element of Z3,
u = e

2πi
3 with the element (123) ∈ Z3 and u = e

4πi
3 with the element (132) ∈ Z3; the latter

two contribute the same to Fp(u).
As a result, the index of theory (3.1) refined with the fugacity u is

I(3.1)(a|ω|u;x)

= 1 +
[
6 + 8ω + (3 + 4ω)

(
u + u2

)]
a−2x

+
{(

u + u2
)

a4 +
[
62 + 56ω + (47 + 44ω)

(
u + u2

)]
a−4

−
[
7 + 8ω + (3 + 4ω)

(
u + u2

)]}
x2 + . . . .

(3.53)

Note that, if we gauge the (Z[0]
3 )u symmetry of theory (3.1), the result is indeed that of

the wreathed quiver (3.1)/Z3:

I(3.1)/Z3(a|ω;x) =
1
3
∑

j=0,1,2
I(3.1)(a|ω|u = e

2πij
3 ;x) = (3.49) . (3.54)

Taking the Coulomb and Higgs branch limits of the index (3.54)|ω=1 as described in (2.38),
we obtain the same results as the ones reported in [10, figures 9 and 11].

3.5 Z4 wreathing of the affine D4 quiver

Left us focus on the global zero-form Z4 ⊂ S4 symmetry of the affine D4 quiver (3.1), where
we denote the elements of Z4 as

Z4 =
{
1, D, D2, D3

}
, D4 = 1 . (3.55)

The theory arising from the Z4 wreathing of (3.1) is given by

(3.1)/Z4 =
1
4
[
(3.1) + (3.1)(1234) + (3.1)(13)(24) + (3.1)(1432)

]
, (3.56)

where the index of (3.1)(13)(24) is given by (3.11), while those for both (3.1)(1234) and (3.1)(1432)
are given by (3.17). The index of the wreathed quiver is therefore

I(3.1)/Z4(a|ω;x)

= 1 + (3 + 6ω) a−2x +
[
a4 + (45 + 38ω) a−4 − (4 + 6ω)

]
x2

+
[
(241 + 256ω) a−6 − (86 + 80ω) a−2

]
x3

+
[
2a8 + 43 + 48ω + (1150 + 1120ω) a−8 − (708 + 720ω) a−4

]
x4 + . . . .

(3.57)

Note that the Higgs and Coulomb branch limits (2.38) of this index are in agreement with [10,
figure 9 and figure 11].

The index of the affine D4 quiver (3.1) can be refined with a fugacity d associated with the
(Z[0]

4 )d symmetry generated by D = (1234), such that d4 = 1. We consider the following ansatz:

I(3.1)(a|ω|d;x) = I(3.1)/Z4(a|ω;x) +
(
d + d3

) ∞∑
p=1

y1,pxp + d2
∞∑

p=1
y2,pxp , (3.58)
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where y1,p ≡ y1,p(a, ω) and y2,p ≡ y2,p(a, ω) are unknown that can be determined by solving
the following system of equations:

Fp(d = 1) =
[
I(3.1)(a|ω;x) = (3.5)

]
xp

,

Fp(d = eiπ/2) =
[
I(3.1)(i1i2i3i4)

(a|ω;x) = (3.17)
]

xp
,

Fp(d = −1) =
[
I(3.1)(12)(34)

(a|ω;x) = (3.11)
]

xp
,

(3.59)

where we define

Fp(d) = [I(3.1)/Z4(a|ω;x)]xd +
(
d + d3

)
y1,p + d2y2,p (3.60)

and the notation [I]xp denotes the coefficient of xp in the series expansion of I. The logic
of (3.59) can be explained as follows. We associate the element Dp ∈ Z4 to the value of the
fugacity d = e

2πip
4 . The first line corresponds to the identity element (d = 1), the second

line corresponds to D (d = i) and D3 (d = −i), where both contribute the same to Fp(d),
and the third line corresponds to D2 (d = −1). We thus obtain

I(3.1)(a|ω|d;x)

= 1 +
[
3 + 6ω + (3 + 3ω)

(
d + d3

)
+ (3 + 4ω) d2

]
a−2x +

{(
1 + d2

)
a4

+
[
45 + 38ω + (35 + 35ω)

(
d + d3

)
+ (41 + 36ω) d2

]
a−4

−
[
4 + 6ω + (3 + 3ω)

(
d + d3

)
+ (3 + 4ω) d2

]}
x2 + . . . .

(3.61)

3.5.1 Sequentially gauging subgroups of Z4

Let us now gauge the subgroups of Z4 sequentially, in a similar fashion to that studied
in [15] and [16]. To make it precise, we shall denote this Z4 by (Z[0]

4 )d where the subscript
d is the fugacity introduced earlier, and the superscript [0] emphasises that this is a zero-
form symmetry. Note that (Z[0]

4 )d can be viewed as a non-trivial extension between (Z[0]
2 )n

and (Z[0]
2 )q:

0 −→ (Z[0]
2 )n −→ (Z[0]

4 )d −→ (Z[0]
2 )q −→ 0 , (3.62)

where (Z[0]
2 )n =

{
1, D2} ≡ ⟨D2⟩ is a normal subgroup of (Z[0]

4 )d, and in terms of cycles
D2 = (13)(24). Here (Z[0]

2 )q is the quotient group (Z[0]
2 )q ∼= (Z[0]

4 )d/(Z[0]
2 )n, which can be

represented in terms of distinct cosets as {⟨D2⟩, D⟨D2⟩}. The subscripts n and q denote the
variables associated with the normal subgroup and the quotient group respectively, which
can be introduced by expressing the (Z[0]

4 )d fugacity d as

d = exp
[2πi

4 (q+ 2n)
]

, with q = 0, 1 , n = 0, 1 . (3.63)

Starting from the index (3.61) of the affine D4 quiver (3.1), we see that there are three
ways of gauging as depicted in figure 3:

1. we can gauge directly the whole (Z[0]
4 )d symmetry to arrive at the wreathed quiver

(3.1)/Z4 with 2-Rep(Z4) symmetry,
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2. we can first gauge (Z[0]
2 )q and then gauge (Z[0]

2 )n to arrive at (3.1)/Z4, or

3. we can first gauge (Z[0]
2 )n and then gauge (Z[0]

2 )q to arrive at (3.1)/Z4.

The relevant indices are given by10

I(3.1)/(Z[0]
4 )d

(a|ω;x) = 1
4
∑

n,q=0,1
I(3.1)(a|ω|q, n;x) ,

I(3.1)/(Z[0]
2 )q

(a|ω|n;x) = 1
2
∑
q=0,1

I(3.1)(a|ω|q, n;x) ,

I(3.1)/(Z[0]
2 )n

(a|ω|q;x) = 1
2
∑
n=0,1

I(3.1)(a|ω|q, n;x) ,

(3.64)

where we define

I(3.1)(a|ω|q, n;x) = I(3.1)(a|ω|d = e
2πi

4 (q+2n);x) . (3.65)

Note that gauging the normal subgroup (Z[0]
2 )n and the quotient group (Z[0]

2 )q is equivalent
to setting

gauge (Z[0]
2 )n : d + d3 = 0 , d2 = (−1)q ,

gauge (Z[0]
2 )q : d + d3 = (−1)n , d2 = 0

(3.66)

in the index (3.61). The various indices can then be computed using this prescription and
their explicit expressions are given in figure 3. Let us comment on the results we obtain.

• Gauging the normal subgroup (Z[0]
2 )n by summing n over 0, 1 and setting q = 0 is

equivalent to the following manipulation of the indices:

I(3.1)/(Z[0]
2 )n

(a|ω|q = 0;x)

(3.60)= 1
2
∑

d=±1

∞∑
p=0
Fp(d)xp

(3.59)= 1
2
[
I(3.1)(a|ω;x) + I(3.1)(13)(24)

(a|ω;x)
]

(3.25)= I(3.1)/⟨(13)(24)⟩(a|ω;x) = I(3.1)/DT(a|ω;x) .

(3.67)

We emphasise that the index of theory (3.1)/(Z[0]
2 )n depends on an extra Z2 variable

q in comparison with that of (3.1)/DT. They are precisely equal if we set q = 0 in
the former. On the other hand, we can also analyse the index of theory (3.1)/(Z[0]

2 )n
without turning off the variable q. Due to the non-trivial extension in (3.62), gauging
the normal subgroup (Z[0]

2 )n of (Z[0]
4 )d leads to a mixed anomaly between the dual

one-form symmetry (Z[1]
2 )̂n and the remaining (Z[0]

2 )q zero-form symmetry [17]. The
resulting symmetry is denoted by 2-Vecα(Γ(2)

n̂,q
), with Γ(2)

n̂,q
the two-group (Z[1]

2 )̂n× (Z[0]
2 )q,

10We thank Gabi Zafrir for pointing out to us the parametrisation (3.63), which leads to these expressions
in gauging.
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(3.1)/Z4 2-Rep(Z4) su(3)⊕ u(1)
1 + (3 + 6ω) a−2x

+
[
a4 + (45 + 38ω) a−4 − (4 + 6ω)

]
x2

+
[
(241 + 256ω) a−6 − (86 + 80ω) a−2]x3 + . . .

su(4)∗
1 + (6 + 9ω) a−2x

+
[
a4 + (80 + 73ω) a−4 − (7 + 9ω)

]
x2

+
[
(476 + 491ω) a−6 − (166 + 160ω) a−2]x3 + . . .

(3.1)/DT 2-Vecα[(Z[1]
2 )̂n × (Z[0]

2 )q] su(4)⊕ u(1)
1 + (6 + 10ω) a−2x

+
[
2a4 + (86 + 74ω) a−4 − (7 + 10ω)

]
x2

+
[
a6 + (479 + 506ω) a−6 − a2 − (169 + 160ω) a−2]x3 + . . .

(3.1) 2-Vec(Z4) so(8)
1 + (12 + 16ω) a−2x

+
[
2a4 + (156 + 144ω) a−4 − (13 + 16ω)

]
x2

+
[
a6 + (949 + 976ω) a−6 − a2 − (329 + 320ω) a−2]x3 + . . .

(Z[0]
2 )q

(Z[0]
2 )n

(Z[0]
2 )n

(Z[0]
2 )q

(Z[0]
4 )d

Figure 3. Z4 symmetry of the affine D4 quiver and gauging of various subgroups. Each arrow with
label F connecting two boxes denotes the gauging of the zero-form symmetry F . In each box, which
is associated with a theory arising from the affine D4 quiver via discrete gauging, we report the
corresponding symmetry category on the left, its flavour algebra on the right and, below, the index
refined with the fugacities a and ω (we set the fugacity d to unity and the variables q and n to zero
after gauging). This notation will be used throughout this section.

where the ’t Hooft anomaly is specified by α ∈ H4(Γ(2)
n̂,q

,U(1)), and is characterised by
the following anomaly theory (see e.g. [52, (2.19)], [53, (D1),(D2)] and [16, (2.47)]):

π

∫
M4

B
(2)
n ∪A

(1)
q ∪A

(1)
q

=π

∫
M4

B
(2)
n ∪ Bock(A(1)

q ) = π

∫
M4

Bock(B(2)
n ) ∪A

(1)
q ,

(3.68)

where Bock is the obstruction to lifting B
(2)
n from a Z2 gauge field to a Z4 gauge field.

As discussed in [52, Page 21], if we further gauge (Z[0]
2 )q, the resulting one-form global

symmetry is extended to Z[1]
4 . Similarly, if we gauge the one-form symmetry (Z[1]

2 )̂n, the
mixed anomaly (3.68) forces the resulting zero-form symmetry to be extended to Z[0]

4 .
The index of theory (3.1)/(Z[0]

2 )n, with the variable q turned on, reads

I(3.1)/(Z[0]
2 )n

(a|ω|q;x)

= 1 + (6y+ 2ω + 8yω) a−2x

+
[
2ya4 + (4 + 82y+ 2ω + 72yω) a−4 − (1 + 6y+ 2ω + 8yω)

]
x2

+
[
(−1 + 2y) a6 + (3 + 476y+ 6ω + 500yω) a−6

− (−1 + 2y) a2 − (3 + 166y+ 160yω) a−2
]

x3 + . . . ,

(3.69)

where we define the fugacity y as

y ≡ 1 + (−1)q
2 . (3.70)
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We remark that, upon setting q = 0, or equivalently y = 1, the index (3.69) is
well-defined and reproduces the index of (3.1)/DT, as shown in (3.67).

On the other hand, if we set q = 1 (i.e. y = 0), which amounts to turning on the
background field for the (Z[0]

2 )q symmetry, we obtain instead

I(3.1)/(Z[0]
2 )n

(a|ω|q = 1;x) = 1 + 2ωa−2x +
[
(4 + 2ω) a−4 − (1 + 2ω)

]
x2

+
[
a2 + (3 + 6ω) a−6−a6 − 3a−2

]
x3 + . . . ,

(3.71)

which is not a well-defined index for the following reason. If we take the Higgs branch
limit of the index as described in (2.38), i.e. we read the coefficients of the terms
contributing as a2pxp, with p ≥ 0, we see that the Higgs branch Hilbert series contains
a negative term, which is highlighted in red in the index above. Given that such term
cannot be associated with gauge invariant operators parametrising the Higgs branch,
we refer to (3.71) as an invalid index.

Nevertheless, if we further gauge the (Z[0]
2 )q symmetry in theory (3.1)/(Z[0]

2 )n to obtain
(3.1)/(Z[0]

2 )n/(Z[0]
2 )q by summing q over 0, 1 and dividing by 2, or equivalently by setting

y = 1/2, in (3.69), we reach the wreathed quiver (3.1)/Z4. The latter has a Z4 one-form
symmetry. This is in accordance with the discussion around (3.68).

• We may consider an attempt to gauge the quotient group (Z[0]
2 )q in theory (3.1). In this

case, the corresponding index has an interesting inconsistency that deserves a detailed
discussion. Explicitly, it reads

I(3.1)/(Z[0]
2 )q

(a|ω|n;x)

= 1 + (6z+ 3ω + 6zω) a−2x

+
[
a4 + (10 + 70z+ 3ω + 70zω) a−4 − (1 + 6z+ 3ω + 6zω)

]
x2

+
[
(6 + 470z+ 21ω + 470zω) a−6 − (6 + 160z+ 160zω) a−2

]
x3 + . . . ,

(3.72)

where we define the fugacity z as

z ≡ 1 + (−1)n
2 . (3.73)

In contrast to (3.71), if we set n = 1 (i.e. z = 0) in (3.72), we do not obtain an invalid
index anymore:

I(3.1)/(Z[0]
2 )q

(a|ω|n = 1;x) = 1 + 3ωa−2x

+
[
a4 + (10 + 3ω) a−4 − (1 + 3ω)

]
x2

+
[
(6 + 21ω) a−6 − 6a−2

]
x3 + . . . .

(3.74)

Let us now examine what happens to the above index if we turn off the fugacity n by
setting n = 0 (i.e. z = 1) instead. The corresponding expression is reported in figure 3.
First of all, the terms (6 + 9ω) at order x implies that the moment map operators
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transform in the adjoint representation 15 of su(4). Indeed, using (3.66) with n = 0, we
see that the terms (3 + 3ω) + (3 + 4ω) = (6 + 7ω), associated with the representation
6 ⊕ 6 ⊕ 1 of su(4), at order x in (3.61), are removed upon gauging (Z[0]

2 )q. This is
consistent with the branching rule

28→ (15)(0)⊕ (6)(2)⊕ (6)(−2)⊕ (1)(0) (3.75)

of so(8)→ su(4)⊕ u(1). However, upon examining the coefficient of a−4x2 in the index
of (3.1), this term corresponds to the irreducible representation 300 of so(8) [54]. The
branching rule of so(8)→ su(4)⊕ u(1) gives

300→ (84)(0)⊕ (20′)(0)⊕ (15)(0)⊕ (1)(0)⊕ (64)(−2)⊕ (6)(−2)
⊕ (64)(2)⊕ (6)(2)⊕ (20′)(−4)⊕ (20′)(4) .

(3.76)

As can be seen by using the second line of (3.66) with n = 0, upon gauging (Z[0]
2 )q

in (3.61), the term (35 + 35ω) + (41 + 36ω) = (76 + 71ω) at order a−4x2 is removed.
However, we cannot subtract a 147-dimensional representation out of the right-hand
side of the branching rule (3.76), since the equation

84x84 + 64(2x64) + 20(3x20′) + 15x15 + 6(2x6) + x1 = 147 ,

with 0 ≤ xi ≤ 1,
(3.77)

does not have a non-negative integer solution.11 We observe that this inconsistency with
the branching rule is a feature whenever the quotient group involved in a non-intrivial
extension is gauged. Due to the inconsistency with the latter branching rule, we put ∗
in su(4)∗ in figure 3 to denote this phenomenon.
It is instructive to compare this with (3.1)/NNK, whose moment map operators also
transform in 15 of su(4). Indeed, from (3.39), we see that gauging (Z[0]

2 )b1 and (Z[0]
2 )b2

removes the terms 2× (35 + 35ω) + (18 + 17ω), corresponding to the representation
2 × (64 ⊕ 6) ⊕ 20′ ⊕ 15 of su(4), at order a−4x2. This is perfectly consistent with
the above branching rule. Upon computing the difference between the two indices
I(3.1)/(Z[0]

2 )q
(a|ω|n = 0;x) given by the rightmost box in figure 3 and I(3.1)/NNK(a|ω, x)

given by (3.33), we obtain

I(3.1)/(Z[0]
2 )q

(a|ω|n = 0;x)− I(3.1)/NNK(a|ω, x)

= (12 + 16ω)a−4x2 +
[
(144 + 138ω)a−6 − (42 + 40ω)a−2

]
x3 + . . . .

(3.78)

We will see these terms also in the case of the dihedral group of order eight (Z2×Z2)⋊Z2.

3.6 S3 wreathing of the affine D4 quiver

Let us study the non-Abelian global zero-form S3 ⊂ S4 symmetry of the affine D4 quiver,
where S3 is defined as

S3 =
{
1, G, G2, H, GH, G2H

}
, (3.79)

11Even if we consider instead the equation 84x84 + 64x64 + 20x20′ + 15x15 + 6x6 + x1 = 147, with
0 ≤ x84 ≤ 1, 0 ≤ x64 ≤ 2, 0 ≤ x20′ ≤ 3, 0 ≤ x15 ≤ 1, 0 ≤ x6 ≤ 2, 0 ≤ x1 ≤ 1, there is still no non-negative
integer solution.
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such that

G3 = H2 = 1 , HGH = G2 . (3.80)

It is convenient to represent G and H in terms of cycles, namely G = (123) and H = (12).
Note that S3 is a semidirect product S3 ∼= Z3 ⋊ Z2, where Z3 is generated by G and Z2 is
generated by H, and Z2 exchanges the elements G and G−1 = G2 of Z3 by conjugation. We
therefore have the following split exact sequence:

1 −→ Z3 −→ S3 −→ Z2 −→ 1 , (3.81)

where Z3 is a normal subgroup of S3.
The S3 wreathing of the affine D4 quiver (3.1) is given by

(3.1)/S3 =
1
6
[
(3.1) + (3.1)(12) + (3.1)(23) + (3.1)(13) + (3.1)(123) + (3.1)(132)

]
, (3.82)

where (3.1)(12), (3.1)(23) and (3.1)(13) take the form (3.6) and the explicit expression for
the index is given by (3.8), whereas both (3.1)(123) and (3.1)(132) take the form (3.12) and
the expression for the index is given by (3.14). The index of the affine D4 quiver wreathed
by S3 is therefore

I(3.1)/S3(a|ω;x)

= 1 + (6 + 8ω) a−2x +
[
(56 + 48ω) a−4 − (7 + 8ω)

]
x2

+
[
a2 + (263 + 276ω) a−6 − (101 + 100ω) a−2

]
x3

+
[
a8 + 50 + 60ω + (1108 + 1076ω) a−8 − (691 + 696ω) a−4

]
x4 + . . . ,

(3.83)

where the Higgs and Coulomb branch limits (2.38) of this index are in agreement with [10,
figure 9 and figure 11].

Let us denote by g and h the fugacities associated with the (Z[0]
3 )g and (Z[0]

2 )h zero-form
symmetries generated by G and H respectively, such that g3 = h2 = 1. We can turn on g

and h in the index of the affine D4 quiver as follows. We consider the ansatz:

I(3.1)(a|ω|g, h;x)

= I(3.1)/S3(a|ω;x) +
(
h + gh + g2h

) ∞∑
p=0

y1,pxp +
(
g + g2

) ∞∑
p=0

y2,pxp ,
(3.84)

where the fugacities associated with the elements with the same cycle structure are grouped
together. Here y1,p ≡ y1,p(a, ω) and y2,p ≡ y2,p(a, ω) are unknowns that can be determined
from the following system of equations:

Fp(g = 1, h = 1) = [I(3.1)(a|ω;x) = (3.5)]xp ,

Fp

(
g = e

2πi
3 , h = 1

)
= [I(3.1)(i1i2i3)

(a|ω;x) = (3.14)]xp ,

Fp

(
g = e

2πi
3 , h = eπi

)
= [I(3.1)(i1i2)

(a|ω;x) = (3.8)]xp ,

(3.85)

– 40 –



J
H
E
P
0
1
(
2
0
2
5
)
1
2
4

where the notation [I]xp denotes the coefficient of xp in the series expansion of I, and

Fp(g, h) = [I(3.1)/S3(a|ω;x)]xp +
(
h + gh + g2h

)
y1,p +

(
g + g2

)
y2,p . (3.86)

The logic of (3.85) can be explained as follows: we associate the element Gp1Hp2 ∈ S3 to the
values of the fugacities g = exp

(
2πip1

3

)
and h = exp

(
2πip2

2

)
. The first line corresponds to

the identity element (g = h = 1) of S3, the second line corresponds to G (g = e
2πi

3 , h = 1)
and G−1 = G2, where both contribute the same to Fp(g, h), and the third line corresponds
to H, GH (g = e

2πi
3 , h = eπi) and G2H, where all of them contribute the same to Fp(g, h).

The required result is therefore

I(3.1)(a|ω|g, h;x)

= 1 +
[
6 + 8ω + (3 + 4ω)

(
g + g2

)]
a−2x +

{(
g + g2

)
a4

+
[
56 + 48ω + (6 + 8ω) (h + gh + g2h) + (41 + 36ω) (g + g2)

]
a−4

−
[
7 + 8ω + (3 + 4ω)

(
g + g2

)]}
x2 + . . . .

(3.87)

We remark that the group elements G and H obey the relation GH = HG2, but not
GH = HG; in other words, G and H are not commuting elements. In fact, the associated
fugacities g and h should not be refined simultaneously in the index. However, we have done
so in order to keep track of the representations of operators in the index. Indeed, we will see
in the following discussion that gauging (Z[0]

2 )h leads to an inconsistent result.12

We can now study the sequential gauging by various subgroups of S3 in a similar way
to [15] and [16, 22] as shown in figure 4. We comment on the results as follows.

• Let us start with the index (3.87) and gauge (Z[0]
3 )g by summing g over the third roots

of unity, with h being set to 1. As a result, we obtain the index of theory (3.1) wreathed
by the Z3 subgroup of S4. This can be seen as follows:

I(3.1)/(Z[0]
3 )g

(a|ω|h = 1;x)

(3.86)= 1
3

2∑
j=0

∞∑
p=0
Fp

(
g = e

2πij
3 , h = 1

)
xp

(3.85)= 1
3
{
I(3.1)(a|ω;x) + I(3.1)(123)

(a|ω;x) + I(3.1)(132)
(a|ω;x)

}
(3.48)= I(3.1)/Z3(a|ω;x) = (3.49) ,

(3.88)

where, in the third line, we used the fact that the expression (3.84) evaluated in
g = exp(2πi/3) and in g = exp(4πi/3) yields the same result. Note that in the above we
set h = 1 for the sake of convenience in comparing with I(3.1)/Z3(a|ω;x). The zero-form
symmetry (Z[0]

2 )h is, in fact, still there and acts by interchanging the elements G and
G2 of the dual (Z[1]

3 )ĝ one-form symmetry. In other words, the dual (Z[1]
3 )ĝ one-form

symmetry forms a split two-group, denoted by Γ(2)
ĝ,h

= (Z[1]
3 )ĝ ⋊ (Z[0]

2 )h, with the (Z[0]
2 )h

zero-form symmetry. The corresponding symmetry is denoted by 2-Vec(Γ(2)
ĝ,h

).

12We acknowledge the JHEP referee for this comment.
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• Let us start with the index (3.87) and gauge (Z[0]
2 )h by summing h over ±1, with g

being set to 1. The result is the following index:

I(3.1)/(Z[0]
2 )h

(a|ω|g = 1;x) = (3.87)/(Z[0]
2 )h

∣∣
g=1

= 1 + (12 + 16ω) a−2x +
[
2a4 + (138 + 120ω) a−4 − (13 + 16ω)

]
x2

+
[
(715 + 748ω) a−6−2a6 − a2 − (263 + 260ω) a−2

]
x3 + . . .

(3.89)

This index is in fact problematic for the following reason. Upon taking the Higgs branch
limit which amounts to reading off the coefficients of the terms a2pxp (with p ≥ 0), we
obtain the Higgs branch Hilbert series with a negative term due to the presence of the
term highlighted in red in (3.89). We therefore refer to (3.89) as an invalid index. We
will mention another method, namely by gauging the two-group, that leads to a valid
index below. An interpretation of (3.89) will be shortly provided in the next two bullet
points.
Nevertheless, if we turn on g in (3.89), which is equal to (3.87)|h=0, and sum g over the
cube root of unity, we recover the index wreathed by S3, namely (3.83), as expected.

• One way to explain the invalidity of the index (3.89) is as follows. There are three
irreducible representations of the group S3: (1) the trivial representation, (2) the one-
dimensional sign representation, and (3) the two-dimensional standard representation.
Note that, under the sign representation, the even permutations (e.g. a cycle of length
3) get mapped to 1 and the odd permutations (e.g. a cycle of length 2) get mapped to
−1. On the other hand, the standard representation acts on a non-trivial permutation
cycle in a non-trivial way. The fugacities g and h in the index keep track of how the
operators transform under such representations; in particular, the first, second and third
terms in (3.86) keep track of the trivial, sign and standard representations, respectively.
Due to the action discussed above, the sign representation transforms trivially under
the (Z[0]

3 )g normal subgroup of S3, and it is actually a non-trivial representation of the
(Z[0]

2 )h quotient group. Upon gauging (Z[0]
3 )g, we are therefore left with the trivial and

non-trivial representation of (Z[0]
2 )h, as expected. This explains why we obtained a

sensible result in (3.88).
On the other hand, both the sign and the standard representations transform non-
trivially under (Z[0]

2 )h. As a consequence, projecting only the second term in (3.86),
corresponding to summing over h = ±1, does not correspond to gauging the group
(Z[0]

2 )h. This explains the invalid index (3.89).13

• Let us further comment on gauging a subgroup H of the original group K. As pointed
out in [55, (1.4)], the global symmetry after this gauging is given by the normalizer
N(H, K) of the subgroup H that we gauge in the original group K quotiented by the
subgroup H that we gauge,14 i.e.

N(H, K)/H . (3.90)
13We acknowledge the JHEP referee for the comment in this bullet point.
14We thank Gabi Zafrir for pointing this out to us.
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In the case of gauging H = (Z[0]
2 )h, the normalizer of H = (Z[0]

2 )h in K = S3 is
N(H, K) = (Z[0]

2 )h, and so the quotient N(H, K)/H is trivial. One interpretation for
this is that, after gauging, the whole symmetry becomes non-invertible described by
2-Rep(Γ(2)

ĝ,h
) = 2-Rep(Z[1]

3 ⋊ Z2), as pointed out in [15, (4.34)]. The consequence of this
is that, if we naively gauged (Z[0]

2 )h, we would obtain the invalid index as in (3.89). In
fact, the valid index obtained by gauging the two-group will be discussed in the next
bullet point.
In the case of gauging H = (Z[0]

3 )g, the normalizer of H = (Z[0]
3 )g in K = S3 is the

original group itself, i.e. N(H, K) = K = S3. Thus, N(H, K)/H is simply the original
group S3 quotiented by Z3 (which is isomorphic to Z2). This explains (3.88), which is
the original theory (3.1) wreathed by Z3.

• Gauging the two-group Γ(2)
ĝ,h

. Starting from the index of (3.1)/(Z[0]
3 )g with symmetry

2-Vec(Z[1]
3 ⋊Z[0]

2 ) = 2-Vec(Γ(2)
ĝ,h

), we can gauge the two-group as follows. We first gauge
(Z[0]

2 )h in the index of theory (3.1)/(Z[0]
3 )g and, subsequently, we restore all of the terms

in either [g] = {g, gh} or [g2] = {g2, g2h}. For definiteness, let us choose the former
option. We then obtain the index for (3.1)/(Z[0]

3 )g/Γ(2)
ĝ,h
∼= (3.1)/(Z[0]

2 )h as follows:

I(3.1)/(Z[0]
3 )g/Γ(2)

ĝ,h

(a|ω|[g];x)

= 1 + [6 + 8ω + (3 + 4ω) g] a−2x

+
{

ga4 + [56 + 48ω + (6 + 8ω) gh + (41 + 36ω) g] a−4

− [7 + 8ω + (3 + 4ω) g]}x2 + . . . .

(3.91)

A feature of this index is that g and g2 no longer appear together, since (Z[0]
2 )h that

exchanges G and G2 has been gauged.15 Setting the fugacities in [g] = {g, gh} to unity,
we obtain

I(3.1)/(Z[0]
3 )g/Γ(2)

ĝ,h

(a|ω|[g] = 1;x) = I(3.1)/Z2(a|ω;x) = (3.19b) . (3.92)

We indeed obtain a valid index as mentioned in the previous bullet point, and this is in
agreement with [15, (4.33)].
Starting from (3.91), we can further sum g over the three cube roots of unity and sum
gh over ±1. As a result, we obtain the index of (3.1)/S3 given by (3.83) as expected.

3.7 Dih8 wreathing of the affine D4 quiver

Let us analyse the global zero-form Dih8 ⊂ S4 symmetry of the affine D4 quiver, where
Dih8 is the dihedral group of order eight

Dih8 =
{
1, R, R2, R3, S, RS, R2S, R3S

}
, (3.93)

15Upon gauging (Z[0]
2 )h, we obtain the dual one-form symmetry (Z[1]

2 )̂
h
. However, the latter can no longer

swap the elements G and G−1 = G2 of the zero-form symmetry (Z[0]
3 )g by conjugation, due to the fact that the

symmetry generator of a one-form symmetry is of codimension two (i.e. a line in three dimensions) whereas
that of the zero-form symmetry is of codimension one (i.e. a surface in three dimensions).
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(3.1)/S3 2-Rep(S3) g2
1 + (6 + 8ω) a−2x

+
[
(56 + 48ω) a−4 − (7 + 8ω)

]
x2

+
[
a2 + (263 + 276ω) a−6 − (101 + 100ω) a−2]x3 + . . .

(3.1)/Z3 2-Vec(Z[1]
3 ⋊ Z[0]

2 ) g2
1 + (6 + 8ω) a−2x

+
[
(62 + 56ω) a−4 − (7 + 8ω)

]
x2

+
[
a6 + a2 + (341 + 352ω) a−6 − (123 + 120ω) a−2]x3 + . . .

invalid index (3.89)

(3.1)/Z2 2-Rep(Γ(2)
ĝ,h

) so(7)
1 + (9 + 12ω) a−2x

+
[
a4 + (103 + 92ω) a−4 − (10 + 12ω)

]
x2

+
[
(567 + 588ω) a−6 − (204 + 200ω) a−2]x3 + . . .

(3.1) 2-Vec(S3) so(8)
1 + (12 + 16ω) a−2x

+
[
2a4 + (156 + 144ω) a−4 − (13 + 16ω)

]
x2

+
[
a6 + (949 + 976ω) a−6 − a2 − (329 + 320ω) a−2]x3 + . . .

(Z[0]
3 )g

(Z[0]
2 )h

(Z[0]
2 )h

(S[0]
3 )⟨g,h⟩

Γ(2)
ĝ,h

[g] (or [g2])

(Z[0]
3 )g

Figure 4. S3 symmetry of the affine D4 quiver and gauging of various subgroups. Here Γ(2)
ĝ,h

denotes the two-group formed by the one-form symmetry that is dual to (Z[0]
3 )g and the zero-form

symmetry (Z[0]
2 )h.

such that

R4 = S2 = 1 , SRS = R3 . (3.94)

It is convenient to represent R = (1234) and S = (13). In this way, Dih8 is viewed a
semidirect product Dih8 ∼= Z4 ⋊ Z2, where Z4 is generated by R and Z2 is generated by
S, where Z2 exchanges the elements R and R−1 = R3 of Z4 by conjugation. As a result,
we have a split exact sequence:

1 −→ Z4 −→ Dih8 −→ Z2 −→ 1 . (3.95)

In the following we write the zero-form symmetries associated with the above Abelian groups
as (Z[0]

4 )r and (Z[0]
2 )s, where r and s are the fugacities associated with R and S, such that

r4 = s2 = 1, respectively.
Let us consider the theory arising from the Dih8 wreathing of the affine D4 quiver (3.1),

which can be derived as

(3.1)/Dih8 =
1
8
[
(3.1) + (3.1)(13) + (3.1)(24) + (3.1)(13)(24) + (3.1)(12)(34)

+ (3.1)(14)(23) + (3.1)(1234) + (3.1)(1432)
]

,
(3.96)

where the corresponding indices are

I(3.1)(a|ω;x) = (3.5) , I(3.1)(i1i2)
(a|ω;x) = (3.8) ,

I(3.1)(i1i2)(i3i4)
(a|ω;x) = (3.11) , I(3.1)(i1i2i3i4)

(a|ω;x) = (3.17) .
(3.97)
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We then obtain the index of theory (3.1) wreathed by Dih8 as follows:

I(3.1)/Dih8(a|ω;x)

= 1 + (3 + 6ω) a−2x +
[
a4 + (39 + 30ω) a−4 − (4 + 6ω)

]
x2

+
[
(169 + 187ω) a−6 − (65 + 60ω) a−2

]
x3

+
[
2a8 + 28 + 36ω + (762 + 723ω) a−8 − (459 + 471ω) a−4

]
x4 + . . . ,

(3.98)

whose Higgs and Coulomb branch limits (2.38) are in agreement with [10, figure 9 and
figure 11].

The index of the affine D4 quiver can be refined with respect to the fugacities r and
s as follows:

I(3.1)(a|ω|r, s;x) = I(3.1)/Dih8(a|ω;x)

+
∞∑

p=1

[
y1,p

(
s + r2s

)
+ y2,p

(
r2 + rs + r3s

)
+ y3,p

(
r + r3

)]
xp ,

(3.99)

where the fugacities associated with the elements that have the same cycle structure are
grouped together, and y1,p ≡ y1,p(a, ω), y2,p ≡ y2,p(a, ω) and y3,p ≡ y3,p(a, ω) are unknown
that can be determined from the following system of equations:

Fp(r = 1, s = 1) =
[
I(3.1)(a|ω;x)

]
xp

,

Fp

(
r = e

πi
2 , s = 1

)
=
[
I(3.1)(i1i2i3i4)

(a|ω;x)
]

xp
,

1
2
[
Fp(r = 1, s = eπi) + Fp(r = eπi, s = eπi)

]
=
[
I(3.1)(i1i2)

(a|ω;x)
]

xp
,

1
3
[
Fp(r = eπi, s = 1) + 2×Fp

(
r = e

πi
2 , s = eπi

)]
=
[
I(3.1)(i1i2)(i3i4)

(a|ω;x)
]

xp
,

(3.100)

with [I]xp the coefficient of xp in the series expansion of I, and

Fp(r, s) = [I(3.1)/Dih8(a|ω;x)]xp

+ y1,p

(
s + r2s

)
+ y2,p

(
r2 + rs + r3s

)
+ y3,p

(
r + r3

)
.

(3.101)

Each line in (3.100) can be explained as follows. We associate the element Rp1Sp2 ∈ Dih8
to the following values of the fugacites: r = exp

(
2πip1

4

)
, s = exp

(
2πip2

2

)
. The first line

corresponds to the identity element (r = s = 1) of Dih8. The second line corresponds to R, i.e.
r = i, s = 1. The third line corresponds to S (r = 1, s = −1) and R2S (r = −1, s = −1). The
fourth line corresponds to R2 (r = −1, s = 1), RS (r = i, s = −1) and R3S (r = −i, s = −1),
where the latter two contribute the same to (3.101).

As a result, we obtain the index for (3.1) refined with the fugacities r and s as follows:

I(3.1)(a|ω|r, s;x)

= 1 +
[
3 + 6ω + ω

(
s + r2s

)
+ (3 + 4ω)

(
r2 + rs + r3s

)
− 2ω

(
r + r3

)]
a−2x

+
{[

1 + s + r2s + r2 + rs + r3s− 2
(
r + r3

)]
a4 + [39 + 30ω

+(12 + 9ω)
(
s + r2s

)
+ (35 + 28ω)

(
r2 + rs + r3s

)
+ (−6 + 6ω)

(
r + r3

)]
a−4

−
[
4 + 6ω + ω

(
s + r2s

)
+ (3 + 4ω)

(
r2 + rs + r3s

)
− 2ω

(
r + r3

)]}
x2 + . . . .

(3.102)
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(3.1)/Dih8 2-Rep(Dih8) su(3)⊕ u(1)
1 + (3 + 6ω) a−2x

+
[
a4 + (39 + 30ω) a−4 − (4 + 6ω)

]
x2

+
[
(169 + 187ω) a−6 − (65 + 60ω) a−2]x3 + . . .

(3.1) wreathed by NK 2-Vec[(Z[1]
4 )r̂ ⋊ (Z[0]

2 )s] usp(4)
1 + (3 + 7ω) a−2x

+
[
2a4 + (51 + 39ω) a−4 − (4 + 7ω)

]
x2

+
[
a6 + (244 + 271ω) a−6 − a2 − (89 + 80ω) a−2]x3 + . . .

(3.1) 2-Vec(Dih8) so(8)
1 + (12 + 16ω) a−2x

+
[
2a4 + (156 + 144ω) a−4 − (13 + 16ω)

]
x2

+
[
a6 + (949 + 976ω) a−6 − a2 − (329 + 320ω) a−2]x3 + . . .

invalid index (3.105)

(3.1)/Z2 2-Rep(Γ(2)
r̂,s

) so(7)
1 + (9 + 12ω) a−2x

+
[
a4 + (103 + 92ω) a−4 − (10 + 12ω)

]
x2

+
[
(567 + 588ω) a−6 − (204 + 200ω) a−2]x3 + . . .

(Z[0]
2 )s

(Z[0]
2 )s

(Z[0]
4 )r

(Dih[0]8 )⟨r,s⟩

Γ(2)
r̂,s

[r] or [r3]

(Z[0]
4 )r

Figure 5. The Dih8 ∼= Z4 ⋊ Z2 symmetry of the affine D4 quiver and gauging of various subgroups.
Here Γ(2)

r̂,s
denotes the two-group formed by the one-form symmetry that is dual to (Z[0]

4 )r and the

zero-form symmetry (Z[0]
2 )s.

3.7.1 Sequentially gauging subgroups of Dih8 ∼= Z4 ⋊ Z2

Starting from the index (3.102), we can now sequentially gauge the (Z[0]
4 )r and (Z[0]

2 )s

symmetries associated with the fugacities r and s. The various possibilities arising from
gauging such symmetries in different order are depicted in figure 5.

1. Theory (3.1)/Dih8 can be obtained by first gauging the (Z[0]
4 )r symmetry and, subse-

quently, the remaining (Z[0]
2 )s symmetry.

2. We can also first gauge (Z[0]
2 )s and then gauge (Z[0]

4 )r to arrive at theory (3.1)/Dih8.

3. Observe that theory (3.1)/(Z[0]
4 )r possesses a dual (Z[1]

4 )r̂ one-form symmetry, which
forms a two-group together with the (Z[0]

2 )s symmetry. Gauging this two-group in
theory (3.1)/(Z[0]

4 )r leads to the wreathed quiver (3.1)/Z2, as we will explain below.

Let us now study such possible gaugings in more detail.

• Let us consider theory (3.1) with Dih8 zero-form symmetry, whose symmetry category
is 2-Vec(Dih8). If we gauge (Z[0]

4 )r, we land on theory (3.1) wreathed by the normal
Klein (NK) subgroup of S4. The corresponding symmetry category is 2-Vec(Γ(2)

r̂,s
) where

Γ(2)
r̂,s

is the two-group Γ(2)
r̂,s

formed by the dual (Z[1]
4 )r̂ one-form symmetry and the (Z[0]

2 )s
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zero-form symmetry. Using the index, this can be shown as follows:

I(3.1)/(Z[0]
4 )r

(a|ω|s = 1;x)
(3.101)= 1

4
∑

j=0,...,3
Fp

(
r = e

2πij
4 , s = 1

)
xp

(3.100)= 1
4
[
I(3.1)(a|ω;x) + 3× I(3.1)(i1i2)(i3i4)

(a|ω;x)
]

(3.42)= I(3.1)/NK(a|ω;x) = (3.47) ,

(3.103)

where we set s = 1 and, in the third line, we used the following properties:

Fp

(
r = e

πi
2 , s = 1

)
= Fp

(
r = e

3πi
2 , s = 1

)
= I(3.1)(i1i2i3i4)

(a|ω;x) ,

Fp(r = eπi, s = 1) (3.100)= 3× I(3.1)(i1i2)(i3i4)
(a|ω;x)− 2× I(3.1)(i1i2i3i4)

(a|ω;x) .
(3.104)

Note that, in this case, the wreathing group, namely the normal Klein subgroup of S4,
does not coincide with the group that we gauge, namely (Z[0]

4 )r. This is due to the
mixed anomaly (3.68), which makes the Klein four-group Z2 × Z2 extended to Z4.16

Moreover, if we turn on the fugacity s, we can further gauge the (Z[0]
2 )s symmetry and

we reach theory (3.1)/Dih8.

• On the other hand, if we gauge (Z[0]
2 )s first in (3.102), we obtain an index, whose explicit

expression reads

I(3.1)/(Z[0]
2 )s

(a|ω|r = 1;x)

= 1 + (6 + 6ω) a−2x +
[
(62 + 70ω) a−4−2a4 − (7 + 6ω)

]
x2

+
[
3a2 + (467 + 446ω) a−6−3a6 − (157 + 160ω) a−2

]
x3 + . . . .

(3.105)

If we take the Higgs branch limit of the index as described in (2.38), i.e. we read
the coefficients of the terms contributing as a2pxp, with p ≥ 0, we see that the Higgs
branch Hilbert series contains negative terms, which are highlighted in red in the index
above. Given that such terms cannot be associated with gauge invariant operators
parametrising the Higgs branch, we refer to (3.105) as an invalid index.
The reason for this invalid index is similar to that described around (3.90). The
normalizer of H = (Z[0]

2 )s = ⟨S⟩ in K = Dih8 ∼= (Z[0]
4 )r ⋊ (Z[0]

2 )s = ⟨R, S⟩ is the Klein
four-group N(H, K) = {1, S, R2, R2S}. Therefore, after gauging H, we are left with
the Z2 global symmetry described by [55, (1.4)]

N(H, K)/H ∼= {1, R2} . (3.106)
16This is completely analogous to the discussion in [52, Footnote 20] in the following way. In (2 + 1)

dimensions, we can go from the Spin(6) gauge theory, which has a Z[1]
4 one-form symmetry, to the SO(6)/Z2

gauge theory, which has a Z[0]
4 zero-form magnetic symmetry, in two steps. The first one is to gauge a Z[1]

2
subgroup of Z[1]

4 to obtain the SO(6) gauge theory, which has a Z[1]
2 one-form symmetry and a dual Z[0]

2
zero-form magnetic symmetry. The second step is to gauge Z[1]

2 of the SO(6) gauge theory to obtain the
SO(6)/Z2 gauge theory. In the latter, the original Z[0]

2 zero-form magnetic symmetry of the SO(6) gauge theory,
together with the dual Z2 zero-form symmetry arising from gauging, forms a Z4 zero-form magnetic symmetry.
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Upon gauging the symmetry associated with s in (3.102) by summing it over ±1 and
dividing by two, we are left with the fugacities r and r3, but these correspond to the
Z4 symmetry which is not really there after gauging H. Upon setting them to unity,
we then obtain the invalid index. For example, the term −2a4x2, highlighted in red
in (3.105), originates from [(1 + r2)− 2(r + r3)]a4x2 in (3.102) with r set to 1.

Another point of view on this is as follows. Gauging the non-normal subgroup (Z[0]
2 )s

in Dih8 makes the whole symmetry become non-invertible, described by

2-Rep(Z[1]
4 ⋊ Z2) ∼= 2-Rep[(Z[1]

2 × Z[1]
2 )⋊ Z2] ∼= 2-Rep(Γ(2)

r̂,s
) , (3.107)

as pointed out in [15, (5.83)] and [16, (3.64)].

The invalid index, due to gauging H in such a naive manner, as discussed above, reflects
the presence of this non-invertible symmetry. We will shortly describe the procedure of
getting a valid index in (3.108).

Nevertheless, if we turn on the fugacity r in (3.105) and gauge the corresponding (Z[0]
4 )r

symmetry, we reach the wreathed quiver (3.1)/Dih8.

• Gauging the two-group Γ(2)
r̂,s

. Starting from theory (3.1)/(Z[0]
4 )r, whose symmetry

category is 2-Vec(Γ(2)
r̂,s

), we can reach the theory associated with the 2-Rep(Γ(2)
r̂,s

) symme-
try category by gauging the two-group. This can be achieved at the level of the index by
gauging the (Z[0]

2 )s symmetry in the index of (3.1)/(Z[0]
4 )r first and, subsequently, restore

all of the terms containing either [r] = {r2, r, rs} or [r3] = {r2, r3, r3s}.17 For instance,
if we choose the former option, we obtain a valid index for theory [(3.1)/(Z[0]

4 )r]/Γ(2)
r̂,s

,
whose expression reads

I[(3.1)/(Z[0]
4 )r]/Γ(2)

r̂s

(a|ω|[r];x)

= 1 +
[
3 + 6ω + (3 + 4ω)

(
r2 + rs

)
− 2ωr

]
a−2x

+
{[

1 + r2 + rs− 2r
]

a4 + [39 + 30ω

+ (35 + 28ω)
(
r2 + rs

)
+ (−6 + 6ω) r

]
a−4

−
[
4 + 6ω + (3 + 4ω)

(
r2 + rs

)
− 2ωr

]}
x2 + . . . .

(3.108)

Upon setting [r] = {r2, r, rs} to unity, we obtain the index of (3.1) wreathed by Z2:

I[(3.1)/(Z[0]
4 )r]/Γ(2)

r̂s

(a|ω|[r] = 1;x) = I(3.1)/Z2(a|ω;x) = (3.19b) . (3.109)

This is in agreement with [(3.1)/(Z[0]
4 )r]/Γ(2)

r̂s
∼= (3.1)/Z2.

17The reason for this can be understood by considering the map (3.112), in which case S acts by swapping X1

and X2, see (3.111). Using this parametrisation, [r] and [r3] coincide respectively with [x1] = {x1, x1s, x1x2}
and [x2] = {x2, x2s, x1x2}, where x1 and x2 denote the fugacities associated with X1 and X2. Since, in our
case, (Z[0]

2 )s has been gauged, the dual (Z[1]
2 )̂

s
one-form symmetry can no longer exchange X1 and X2 (see the

reason in Footnote 15), meaning that we can restore all of the terms containing either [x1] or [x2], but not
both, in the index.
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As a final step, starting from (3.108), we can further sum rs and r2 over ±1 and sum r

over the four fourth roots of unity. Doing so, we recover the index of (3.1)/Dih8 given
by (3.98), as expected.

3.7.2 Dih8 as a semi-direct product (Z2 × Z2) ⋊ Z2

Instead of (3.93), we can alternatively represent the dihedral group of order eight as

Dih8 = {1, X1S, X1X2, X2S, S, X1, X1X2S, X2} , (3.110)

with
S2 = X2

1 = X2
2 = 1, X1X2 = X2X1, SX1S = X2 . (3.111)

To recover (3.93), we can set

X1 = RS and X2 = SR = R3S . (3.112)

The group Dih8 can be realised as a semi-direct product Dih8 ∼= (Z2×Z2)⋊Z2 characterised
by the following split exact sequence:

1 −→ Z2 × Z2 −→ Dih8 −→ Z2 −→ 1 . (3.113)

We denote the zero-form symmetry corresponding to the subgroup Z2 × Z2 of Dih8 as
(Z[0]

2 )x1 × (Z[0]
2 )x2 , where each factor is generated by X1 and X2 respectively. We denote by

(Z[0]
2 )s the zero-form symmetry associated with the last Z2, generated by S, in the above

exact sequence. As can be seen from the last equality of (3.111), (Z[0]
2 )s swaps (Z[0]

2 )x1 and
(Z[0]

2 )x2 by conjugation.
Let us consider the index of theory (3.1) refined with respect to the fugacities s, x1 and

x2 associated with the elements S, X1 and X2 in (3.111) respectively. It can be derived by
using the fugacity maps x1 = rs and x2 = r3s in (3.102). The required result is

I(3.1)(a|ω|s, {y, z};x)
= 1 + [3 + 6ω + ω (s + yzs) + (3 + 4ω) (yz + y + z)− 2ω (ys + zs)] a−2x

+
{
[1 + s + yzs + yz + y + z − 2 (ys + zs)] a4 + [39 + 30ω

+ (12 + 9ω) (s + yzs) + (35 + 28ω) (yz + y + z) + (−6 + 6ω) (ys + zs)] a−4

− [4 + 6ω + ω (s + yzs) + (3 + 4ω) (yz + y + z)− 2ω (ys + zs)]}x2 + . . . ,

(3.114)

where, for the sake of conciseness, we write y = x1 and z = x2. This index satisfies

I(3.1)(a|ω|s, {y, z};x) = I(3.1)(a|ω|s, {z, y};x) , (3.115)

namely it is invariant under swapping y ↔ z. Upon gauging (Z[0]
2 )x2 , the resulting theory

possesses a dual (Z[1]
2 )x̂2

one-form symmetry and its index is given by

I(3.1)/(Z[0]
2 )x2

(a|ω|s, {y, ·};x) = 1
2
∑

z=±1
I(3.1)(a|ω|s, {y, z};x) , (3.116)
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where we put a dot in the curly brackets to indicate that, since (Z[0]
2 )x2 is gauged, the

corresponding fugacity disappears from the index. If we now gauge the symmetry (Z[0]
2 )x1 ×

(Z[1]
2 )x̂2

of theory T ≡ (3.1)/(Z[0]
2 )x2 , at the level of the index we obtain a similar result

to [29, (A.12)]:

IT /[(Z[0]
2 )x1×(Z[1]

2 )
x̂2

](a|ω|s, {·, z};x) = 1
2
∑

y=±1
IT /(Z[1]

2 )
x̂2

(a|ω|s, {y, z};x)

= 1
2
∑

y=±1
I(3.1)(a|ω|s, {y, z};x)

(3.115)= 1
2
∑

y=±1
I(3.1)(a|ω|s, {z, y};x)

= IT (a|ω|s, {z, ·};x) ,

(3.117)

where, in the first line, we used the fact that, upon gauging the (Z[1]
2 )x̂2

symmetry of theory
T , the fugacity associated with the dual (Z[0]

2 )x2 symmetry is restored in the index. As
pointed out in [29, appendix A], this means that theory T is self-dual under gauging its
(Z[0]

2 )x1 × (Z[1]
2 )x̂2

symmetry, which implies that the (Z[0]
2 )s symmetry of theory (3.1) becomes

a non-invertible symmetry in theory T . The corresponding non-invertible defect implements
the self-duality property [53, 56] and defines the non-invertible symmetry forming the fusion
two-category 2-Rep[(Z[1]

2 )x̂1
× (Z[1]

2 )x̂2
⋊ (Z[0]

2 )s] [15, 16].18 Note that we have encountered
this symmetry in (3.107).

Sequential gauging of subgroups of Dih8 via (3.114). We can now study the sequential
gauging of subgroups of Dih8 starting from (3.114). The results are summarised in figure 6.
Let us comment on each of them as follows. We start by considering the right half of figure 6,
and then discuss the left half of the diagram.

• Starting from (3.114), if we gauge the whole normal subgroup (Z[0]
2 )x1 × (Z[0]

2 )x1 of Dih8,
we obtain the index for the normal Klein wreathing of (3.1), in a very similar fashion
to (3.103) where the (Z[0]

4 )r normal subgroup of Dih8 is gauged. The result is shown in
the box marked by the symmetry 2-Vec((Z[1]

2 )2 ⋊ Z[0]
2 ).

Upon further gauging (Z[0]
2 )s, we obtain the quiver (3.1) wreathed by Dih8, whose

symmetry is 2-Rep(Dih8), as required.

• On the other hand, if we start from (3.114) and gauge only (Z[0]
2 )x1 , we have the dual

one-form symmetry (Z[1]
2 )x̂1

and the zero-form symmetry (Z[0]
2 )x2 with (Z[0]

2 )s trying
to exchange X1 in the one-form symmetry with X2 in the zero-form symmetry. This

18We can see the origin of the notation (Z[1]
2 )

x̂1
× (Z[1]

2 )
x̂2

⋊ (Z[0]
2 )s as follows. Note that we can form a

topological interface between the dual theories T and T /[(Z[0]
2 )x1 × (Z[1]

2 )
x̂2

], where the Dirichlet boundary
condition is imposed on the (Z[0]

2 )x1 × (Z[1]
2 )

x̂2
gauge field. Since the two theories are dual to each other, this

creates a topological defect in the single theory T . In theory T we have the symmetry (Z[1]
2 )

x̂2
, whereas in

theory T /[(Z[0]
2 )x1 × (Z[1]

2 )
x̂2

] we have the symmetry (Z[1]
2 )

x̂1
. As we move across the topological interface,

these two symmetries get interchanged by the action of the non-invertible symmetry that arises from (Z[0]
2 )s.

This therefore explains the aforementioned notation.
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(3.1)/Dih8 2-Rep(Dih8) su(3)⊕ u(1)
1 + (3 + 6ω) a−2x

+
[
a4 + (39 + 30ω) a−4 − (4 + 6ω)

]
x2

+
[
(169 + 187ω) a−6 − (65 + 60ω) a−2]x3 + . . .

(3.1)/NK 2-Vec{[(Z[1]
2 )x̂1

× (Z[1]
2 )x̂2

]⋊ Z[0]
2 } usp(4)

1 + (3 + 7ω) a−2x

+
[
2a4 + (51 + 39ω) a−4 − (4 + 7ω)

]
x2

+
[
a6 + (244 + 271ω) a−6 − a2 − (89 + 80ω) a−2]x3 + . . .

2-Vecα{[(Z[1]
2 )x̂1

× (Z[0]
2 )x2 ]⋊ Z[0]

2 } su(4)∗
1 + (6 + 9ω) a−2x

+
[
a4 + (80 + 73ω) a−4 − (7 + 9ω)

]
x2

+
[
(476 + 491ω) a−6 − (166 + 160ω) a−2]x3 + . . .

(3.1) 2-Vec(Dih8) so(8)
1 + (12 + 16ω) a−2x

+
[
2a4 + (156 + 144ω) a−4 − (13 + 16ω)

]
x2

+
[
a6 + (949 + 976ω) a−6 − a2 − (329 + 320ω) a−2]x3 + . . .

so(8)⊕ u(1)⊕ u(1)†
1 + (12 + 18ω) a−2x

+
[
4a4 + (144 + 114ω) a−4 − (13 + 18ω)

]
x2

+
[
3a6 + (667 + 730ω) a−6 − 3a2 − (251 + 240ω) a−2]x3 + . . .

su(4)⊕ u(1) ∗ ∗
1 + (6 + 10ω) a−2x

+
[
2a4 + (74 + 58ω) a−4 − (7 + 10ω)

]
x2

+
[
a6 + (335 + 368ω) a−6 − a2 − (127 + 120ω) a−2]x3 + . . .

(Z[0]
2 )s (Z[0]

2 )x1

(Z[0]
2 )x1 (Z[0]

2 )x2

(Z[0]
2 )x2 (Z[0]

2 )s

(Z[0]
2 )s

(Z[0]
4 )r

Figure 6. The Dih8 ∼= (Z2 × Z2)⋊ Z2 symmetry of the affine D4 quiver and gauging of various sub-
groups.

suggests that [(Z[1]
2 )x̂1

× (Z[0]
2 )x2 ]⋊ (Z[0]

2 )s forms a two-group, denoted by Γ(2)
x̂1,x2,s

, such
that its ’t Hooft anomaly is characterised by α ∈ H4(Γ(2)

x̂1,x2,s
,U(1)). The correponding

symmetry is denoted by 2-Vecα{[(Z[1]
2 )x̂1

× (Z[0]
2 )x2 ] ⋊ Z[0]

2 }. The result is similar to
that discussed around (3.75)–(3.78), and we shall not repeat the argument here. As
before, we denote the global symmetry in this case by su(4)∗. We emphasise again that
if we compute the difference between this index and that of the quiver wreathed by the
non-normal Klein subgroup of S4 (3.1)/NNK given by (3.34), we obtain precisely (3.78),
which indicates the ’t Hooft anomaly of the two-group symmetry in question.

• Let us now move to the left part of figure 6. Starting from (3.114) and gauging (Z[0]
2 )s,

we expect to get an invalid index, as discussed in (3.89) and (3.105), for the reason
provided around (3.106). Note that here we use a different parametrization in the
index (3.114) from that described in (3.102), and so it is natural to expect to see the
different invalidity.

Indeed, we see that gauging (Z[0]
2 )s leads to two extra moment map operators associated

with the term 2ω at order x, and so the global symmetry is so(8)⊕ u(1)⊕ u(1). This is
because the terms with negative sign at order x in (3.114) are removed. This seems
to be physically unreasonable since the global symmetry gets larger than the original
theory (3.1), which is so(8), after gauging (Z[0]

2 )s. For this reason, we put † to denote
this feature. The invalid index, obtained by gauing (Z[0]

2 )s naively in this way, reflects
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the presence of the non-invertible symmetry (3.107). In fact, we remind the readers
that the valid index for 2-Rep[(Z[1]

2 )2 ⋊ Z[0]
2 ] has already been obtained in (3.108) by

means of gauging the appropriate two-group.

Nevertheless, we can press on and further gauge (Z[0]
2 )x1 . This gets rid of the term

(6 + 6ω) at order x. This amounts to removing a 12-dimensional representation from
the right-hand side of the branching rule (3.75). This can indeed be achieved by
removing the terms (6)(2) ⊕ (6)(−2). Furthermore, we need to remove the term
(156 + 144ω)− (74 + 58ω) = 82 + 86ω at order a−4x2. However, we cannot remove a
168-dimensional representation of su(4)⊕ u(1) out of the irreducible representations on
the right-hand side of (3.76), since the equation

84x84 + 64(2x64) + 20(3x20′) + 15x15 + 6(2x6) + x1 = 168 ,

with 0 ≤ xi ≤ 1,
(3.118)

does not have a non-negative integer solution.19

Due to the inconsistency with this branching rule, We thus denote the global symmetry
of the gauged theory by su(4)⊕ u(1) ∗ ∗.

Moreover, the difference between the index of (3.1) wreathed by the double transposition
subgroup of S4, given by (3.26b), and the index in the box labelled by su(4)⊕ u(1) ∗ ∗
is precisely equal to (3.78). This seems to indicate an ’t Hooft anomaly of the two-
group formed by the two dual symmetries (Z[1]

2 )x̂1
, (Z[1]

2 )ŝ, and the zero-form symmetry
(Z[0]

2 )x2 .

Finally, if we further gauge (Z[0]
2 )x2 , we arrive at (3.1)/Dih8 as required.

3.7.3 Gauging the centre ⟨R2⟩ of Dih8 and the Type III anomaly

The dihedral group Dih8 of order eight has a centre Z(Dih8) generated by R2. In other words,
Z(Dih8) = ⟨R2⟩ ∼= Z2. The quotient of Dih8 by Z(Dih8) is the inner automorphism group:
Inn(Dih8) ∼= Dih8/Z(Dih8) ∼= Z2 × Z2 by Z(Dih8). We can describe Dih8 as a non-trivial
extension of Inn(Dih8) by Z(Dih8), characterised by

0 −→ Z(Dih8) −→ Dih8 −→ Inn(Dih8) −→ 0 . (3.119)

Explicitly, Inn(Dih8) is generated by σR and σS , with the action given by σg(a) = gag−1.
Its element can be viewed in terms of the corresponding cosets of the centre, whereby the
identity element of Inn(Dih8) corresponds to {1, R2}. We can identify σR with {R, R3}, σS

with {S, R2S}, and σRσS = σSσR with {RS, R3S}.
19We can consider instead the equation 84x84 + 64x64 + 20x20′ + 15x15 + 6x6 + x1 = 168, with 0 ≤ x84 ≤

1, 0 ≤ x64 ≤ 2, 0 ≤ x20′ ≤ 3, 0 ≤ x15 ≤ 1, 0 ≤ x6 ≤ 2, 0 ≤ x1 ≤ 1, and find two non-negative integer
solutions: (i) x64 = x20′ = 2 and the others xi = 0, and (ii) x84 = x64 = x20′ = 1 and the others xi = 0.
In this case, we need to take the u(1) charge into account, since the symmetry of the resulting theory is
su(4) ⊕ u(1). In solution (ii), there is no reason why we should remove one of the 64(±2) representations but
not the others. In solution (i), there is no reason why we should remove two of the 20′ representations but
not the other.
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As pointed out in [17], [15, (5.5)] and [29], gauging the zero-form symmetry Z(Dih8)
leads to a mixed ’t Hooft anomaly between the one-form symmetry Z[1]

2 dual to Z(Dih8),
(Z[0]

2 )σR and (Z[0]
2 )σS . Let B(2), A

(1)
σR and A

(1)
σS be the background fields for Z[1]

2 , (Z[0]
2 )σR

and (Z[0]
2 )σS respectively. The aforementioned mixed anomaly is sometimes referred to as

the Type III anomaly in the literature, and is characterised by (see e.g. [57, (3.5)], [53,
(D3)], [16, (2.55)] and [29, (B.7)])∫

M4
B(2) ∪A(1)

σR
∪A(1)

σS
, (3.120)

where M4 is a four manifold whose boundary is the three dimensional spacetime in which our
theory lives. In this section, we examine the manifestation of this anomaly in the index.

In fact, we have seen a similar situation for Z4 in (3.62). In the same way as in (3.63),
we parametrise the fugacity r associated with the group element R by

r = exp
[2πi

4 (q+ 2n)
]

, with q = 0, 1 , n = 0, 1 , (3.121)

where n is the variable associated with Z(Dih8), and q is associated with (Z[0]
2 )σR .

Gauging Z(Dih8) in the index. Let us first gauge the centre Z(Dih8) by substitut-
ing (3.121) into (3.102), summing n over 0 and 1, and dividing by two. The result is

I(3.1)/Z(Dih8)(a|ω|q, s;x)
= I(3.1)/(Z[0]

2 )n
(a|ω|q;x) given by (3.69)

+ (2ysω)a−2x +
[
(−12y+ 24ys− 16yω + 18ysω)a−4 + 2ysa4 − 2ysω

]
x2

+
[
(−144y+ 150ys− 138yω + 168ysω)a−6

+(42y− 48ys + 40yω − 40ysω)a−2 − 2ysa2 + 2ysa6
]

x3 + . . . ,

(3.122)

where, as before, we define the fugacity y as

y ≡ 1 + (−1)q
2 . (3.123)

We emphasize that the fugacity s always appears together with y as the combination ys in the
index. Upon turning on the background field for (Z[0]

2 )σR , which amounts to setting q = 1 (i.e.
y = 0), the fugacity s disappears completely from the index. This indicates that the operators
in the (Z[0]

2 )σR-twisted sector of theory (3.1)/Z(Dih8) transform trivially under (Z[0]
2 )σs .

Let us report the above index with q = 1 (i.e. y = 0) and s = ±1:

I(3.1)/Z(Dih8)(a|ω|q = 1, s = ±1;x)
= 1 + 2ωa−2x + [(4 + 2ω)a−4 − (1 + 2ω)]x2

+ [(3 + 6ω)a−6 − 3a−2−a6 + a2]x3 + . . . .

(3.124)

Note that this is an invalid index for the same reason as discussed above, namely the negative
term highlighted in red gives rise to a negative term in the Higgs branch Hilbert series when
the Higgs branch limit is taken.
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It is also interesting to consider the index (3.122) when q = 0 (i.e. y = 1), namely the
background field associated with (Z[0]

2 )σR is turned off. We report the result with s = 1 below:

I(3.1)/Z(Dih8)(a|ω|q = 0, s = 1;x)
= 1 + (6 + 12ω) a−2x + [(98 + 76ω)a−4 + 4a4 − (7 + 12ω)]x2

+ [(485 + 536ω)a−6 − (175 + 160ω)a2 − 3a2 + 3a6]x3 + . . . .

(3.125)

Here we see that the moment map operators indicate that the global symmetry is [su(4)⊕
u(1)]⊕ u(1)⊕ u(1), where from (3.122) we see the su(4)⊕ u(1) comes from (3.69) and the
last two u(1) factors come from the term 2ysω.

Note that, if we start from I(3.1)/Z(Dih8)(a|ω|q = 0, s;x) and gauge the symmetry (Z[0]
2 )σS

by summing s over ±1 and dividing by 2, we obtain precisely the index indicated in figure 6
labelled by su(4)⊕ u(1) ∗ ∗. The notation ∗∗ indicates the inconsistency with the branching
rule discussed around (3.118). We encounter this situation again due to the mixed ’t Hooft
anomaly (3.120). We point out again that the difference between the index of (3.1) wreathed
by the double transposition given by (3.11) and the index of (3.1)/Z(Dih8)/(Z[0]

2 )σS is
precisely equal to (3.78). As before, this indicates the ’t Hooft anomaly of the two-group
formed by the one-form symmetries, that are dual to Z(Dih8) and (Z[0]

2 )σS , and the zero-form
symmetry (Z[0]

2 )σR .
Summing (3.124) and (3.125) and dividing by 2, which amounts to gauging Z(Dih8) and

(Z[0]
2 )σR , we obtain theory (3.1) wreathed by the normal Klein subgroup of S4, i.e. (3.1)/NK,

whose index is depicted in figure 6 labelled by usp(4).

Gauging (Z[0]
2 )σR in the index. On the other hand, we can consider gauging (Z[0]

2 )σR

by substituting (3.121) into (3.102), summing q over 0 and 1, and dividing by two. As
a result, we have

I(3.1)/(Z[0]
2 )σR

(a|ω|n, s;x)

= 1 + [(3− 3s + 6zs) + (8− 4z− 3s + 8zs)ω] a−2x

+
{
[(45− 12z− 23s + 70zs) + (24 + 12z− 19s + 56zs)ω] a−4

+ [(−4 + 3s− 6zs) + (−8 + 4z+ 3s− 8zs)ω] + (3− 4z+ 2zs)a4
}

x2

+
{
[(103 + 132z− 91s + 332zs) + (148 + 78z− 97s + 362zs)ω] a−6

+ [(−50− 30z+ 38s− 124zs) + (−40− 40z+ 40s− 120zs)ω] a−2

+(−2 + 4z− 2zs)a2 + (2− 4z+ 2zs)a6
}

x3 + . . . ,

(3.126)

where, as before, we define the fugacity z as

z ≡ 1 + (−1)n
2 . (3.127)

We have the following results:

• Upon setting n = 0 (i.e. z = 1) in (3.126), we obtain the index depicted in figure 6
labelled by su(4)∗. This is the same result as gauging theory (3.1) by (Z[0]

2 )x1 or (Z[0]
2 )x2 .
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• Starting from (3.126), further gauging Z(Dih8) by summing n over 0 and 1, and setting
s = 1, we obtain the index of (3.1)/NK, depicted in figure 6 labelled by usp(4). As
expected, this is the same result as gauging theory (3.1) by (Z[0]

2 )x1 and (Z[0]
2 )x2 .

• However, starting from (3.126), further gauging (Z[0]
2 )σS by summing s over ±1, and

setting n = 0 (i.e. z = 1), we obtain an invalid index

1 + (3 + 4ω)a−2x + [(33 + 36ω)a−4−a4 − (4 + 4ω)]x2 + . . . , (3.128)

where the red term gives rise to a negative term in the Higgs branch Hilbert series upon
taking the Higgs branch limit.

3.8 A4 wreathing of the affine D4 quiver

We can now examine the global zero-form A4 ⊂ S4 symmetry of the affine D4 quiver (3.1),
where A4 is the alternating group on four objects defined as

A4 =
{
1, Q, Q2, M, N, MN, MQ, NQ, MQ2, NQ2, MNQ, MNQ2

}
, (3.129)

with
Q3 = M2 = N2 = 1, QMQ2 = MN = NM, QNQ2 = M , (3.130)

It can be realised as a semi-direct product A4 ∼= (Z2 × Z2) ⋊ Z3 characterised by the split
exact sequence:

1 −→ Z2 × Z2 −→ A4 −→ Z3 −→ 1 . (3.131)

We denote the zero-form symmetry associated with the normal subgroup Z2×Z2 by (Z[0]
2 )m×

(Z[0]
2 )n, where m and n are the fugacities associated M and N such that m2 = n2 = 1, and

denote by (Z[0]
3 )q the zero-form symmetry associated with Z3 in the exact sequence generated

by Q. The corresponding fugacity q is such that q3 = 1.
The theory arising from the A4 wreathing of the affine D4 quiver (3.1) can be derived as

(3.1)/A4 =
1
12
[
(3.1) + (3.1)(12)(34) + (3.1)(13)(24) + (3.1)(14)(23)

+ (3.1)(123) + (3.1)(132) + (3.1)(134) + (3.1)(243)
+ (3.1)(234) + (3.1)(124) + (3.1)(142) + (3.1)(143)

]
,

(3.132)

where (3.1)(12)(34), (3.1)(13)(24) and (3.1)(14)(23) take the form (3.9), whereas the eight terms
of type (3.1)(i1i2i3) are given by (3.12). Explicitly, the expressions for the associated indices
are given by (3.11) and (3.14) respectively, from which we obtain

I(3.1)/A4(a|ω;x)

= 1 + (3 + 5ω) a−2x +
[
(27 + 21ω) a−4 − (4 + 5ω)

]
x2

+
[
a6 + a2 + (106 + 117ω) a−6 − (43 + 40ω) a−2

]
x3

+
[
a8 + 18 + 24ω + (459 + 437ω) a−8 − a4 − (278 + 285ω) a−4

]
x4 + . . . ,

(3.133)
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whose Higgs and Coulomb branch limits (2.38) reproduce the results in [10, figure 9 and
figure 11].

The index of theory (3.1) can be refined with the fugacities m, n and q by considering
the follwing ansatz:

I(3.1)(a|ω|m,n,q;x)= I(3.1)/A4(a|ω;x)+(m+n+mn)
∞∑

p=0
y1,pxp

+
(
q+q2+mq+nq+mq2+nq2+mnq+mnq2

) ∞∑
p=0

y2,pxp ,

(3.134)

which must satisfy the conditions

I(3.1)/A4(a|ω;x) =
1
12

∑
m,n=±1

∑
j=0,1,2

I(3.1)(a|ω|m, n, q = e
2πij

3 ;x) = (3.133) ,

I(3.1)(a|ω;x) = I(3.1)(a|ω|m = n = q = 1;x) = (3.5) ,

(3.135)

where y1,p ≡ y1,p(a, ω) and y2,p ≡ y2,p(a, ω) are two sets of unknown variables. We remark
that the fugacities associated with the elements of the same cycle structure appear with the
same set of unknowns in the ansatz (3.134), i.e. the fugacities appearing with y1,p correspond
to the elements (i1i2)(i3i4), whereas the fugacities appearing with y2,p are associated with
the elements (i1i2i3). From (3.132), the unknowns y1,p and y2,p can be determined by solving
the following system of equations:

[
I(3.1)(a|ω;x) = (3.5)

]
xp

=Fp(m = n = q = 1) ,[
I(3.1)(i1i2)(i3i4)

(a|ω;x) = (3.11)
]

xp
=1
3
[
Fp(m = −1, n = q = 1)

+ Fp(n = −1, m = q = 1)

+ Fp(m = n = −1,= q = 1)
]

,[
I(3.1)(i1i2i3)

(a|ω;x) = (3.14)
]

xp
=1
8
∑

m,n±1

∑
j=1,2

Fp

(
m, n, q = e

2πij
3
)

,

(3.136)

where [I]xp is the coefficient of xp in the series expansion of I and we define

Fp(m, n, q) =
[
I(3.1)/A4(a|ω;x) = (3.133)

]
xp

+ (m + n + mn) y1,p

+
(
q + q2 + mq + nq + mq2 + nq2 + mnq + mnq2

)
y2,p .

(3.137)

We therefore find the following series expansion of the index of (3.1) refined with the
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fugacities m, n and q:

I(3.1)(a|ω|m, n, q;x)
= 1 + [3 + 5ω + (3 + ω) (m + n + mn)

+ω
(
q + q2 + mq + nq + mq2 + nq2 + mnq + mnq2

)]
a−2x

+
{[
−2 (m + n + mn) +

(
q + q2 + mq + nq + mq2 + nq2 + mnq + mnq2

)]
a4

+ [27 + 21ω + (11 + 17ω) (m + n + mn)

+ (12 + 9ω)
(
q + q2 + mq + nq + mq2 + nq2 + mnq + mnq2

)]
a−4

− [4 + 5ω + (3 + ω) (m + n + mn)

+ ω
(
q + q2 + mq + nq + mq2 + nq2 + mnq + mnq2

)]}
x2 + . . . .

(3.138)

3.8.1 Sequentially gauging subgroups of A4

Starting from the above expression of the index, we can now sequentially gauge the (Z[0]
2 )m,

(Z[0]
2 )n and (Z[0]

3 )q symmetries associated with the fugacities m, n and q in various ways, as
summarised in figure 7. Let us discuss the following options.

1. We can first gauge the (Z[0]
2 )m × (Z[0]

2 )n symmetry and, subsequently, we can gauge the
remaining (Z[0]

3 )q symmetry to arrive at theory (3.1)/A4.

2. We can also reach theory (3.1)/A4 by first gauging (Z[0]
3 )q and, subsequently, gauging

the remaining (Z[0]
2 )m × (Z[0]

2 )n symmetry.

3. If we gauge only the (Z[0]
2 )m × (Z[0]

2 )n subgroup of the A4 zero-form symmetry, the
theory possesses a dual (Z[1]

2 )m̂ × (Z[1]
2 )n̂ one-form symmetry. This forms a two-group

with the (Z[0]
3 )q zero-form symmetry. We will see that, upon gauging such a two-group

symmetry, we obtain the wreathed quiver (3.1)/Z3.

Let us now analyse in detail the various options presented in figure 7.

• Given theory (3.1) with the global A4 zero-form symmetry, whose symmetry category
is 2-Vec(A4), we can gauge (Z[0]

2 )m, or, equivalently, (Z[0]
2 )n, and we land on theory

(3.1)/DT, with associated symmetry category 2-Vec[(Z[1]
2 )m̂ × (Z[0]

2 )n ⋊ (Z[0]
3 )q]. At the

level of the index, this can be shown as follows:

I(3.1)/(Z[0]
2 )m

(a|ω|n = q = 1;x) (3.134)+(3.137)= 1
2
∑

m=±1

∞∑
p=0
Fp(m, n = q = 1)xp

(3.136)= 1
2
[
I(3.1)(a|ω;x) + I(3.1)(12)(34)

(a|ω;x)
]

(3.25)= I(3.1)/DT(a|ω;x) = (3.26b) ,

(3.139)

where we set m = q = 1 and, in the second line, we used the fact that

Fp(m = −1, n = q = 1) = Fp(n = −1, m = q = 1)
= Fp(m = n = −1, q = 1) .

(3.140)
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After gauging (Z[0]
2 )m, if we turn on the fugacity n in (3.139), then also (Z[0]

2 )n can be
gauged. This amounts to gauging the zero-form (Z[0]

2 )m × (Z[0]
2 )n ⊂ A4 symmetry of

theory (3.1), which, at the level of the index, can be performed as

I(3.1)/[(Z[0]
2 )m×(Z[0]

2 )n]
(a|ω|q = 1;x)

(3.134)+(3.137)= 1
4

∑
m,n=±1

∞∑
p=0
Fp(m, n, q = 1)xp

(3.136)= 1
4
[
I(3.1)(a|ω;x) + 3× I(3.1)(i1i2)(i3i4)

(a|ω;x)
]

(3.42)= I(3.1)/NK(a|ω;x) = (3.47) .

(3.141)

This shows that, upon gauging (Z[0]
2 )m × (Z[0]

2 )n, the resulting theory is (3.1)/NK,
with symmetry category 2-Vec(Γ(2)

m̂,n̂,q
), where Γ(2)

m̂,n̂,q
is the two-group formed by the

(Z[1]
2 )m̂ × (Z[1]

2 )n̂ one-form symmetry and the (Z[0]
3 )q zero-form symmetry. Finally, if we

turn on the fugacity q in (3.141) and we further gauge the remaining (Z[0]
3 )q symmetry,

we arrive at the wreathed quiver (3.1)/A4.

• On the other hand, gauging (Z[0]
3 )q first in theory (3.1) leads to an invalid index, in the

same way as discussed around (3.89) and (3.105), whose explicit expression reads

I(3.1)/(Z[0]
3 )q

(a|ω|m = n = 1;x) = (3.138)/(Z[0]
3 )q

∣∣
m=n=1

= 1 + (12 + 8ω) a−2x +
[
(60 + 72ω) a−4−6a4 − (13 + 8ω)

]
x2 + . . . ,

(3.142)

where the term highlighted in red signals that the Higgs branch limit admits a series
expansion containing negative terms, which cannot describe gauge invariant quantities
parametrising the Higgs branch of theory (3.1)/(Z[0]

3 )q.
The invalidity of the index follows from the argument presented in [55, (1.4)] which
is also described around (3.90). Indeed, the normaliser of H = (Z[0]

3 )q in K = A4 is
N(H, K) = (Z[0]

3 )q, meaning that the quotient N(H, K)/H is trivial. However, if we
naively gauge the (Z[0]

3 )q symmetry, we are left with the fugacities m and n associated
with the (Z[0]

2 )m and (Z[0]
2 )n symmetries respectively, but these are not really there

after gauging (Z[0]
3 )q. As a consequence, upon setting such fugacities to unity, we

obtain the invalid index. The interpretation is that, after gauging (Z[0]
3 )q, the whole

symmetry becomes non-invertible and is described by 2-Rep(Γ(2)
m̂,n̂,q

) = 2-Rep{[(Z[1]
2 )m̂×

(Z[1]
2 )n̂] ⋊ (Z[0]

3 )q}. Therefore, the invalid index, obtained by naively gauging (Z[0]
3 )q,

signals the presence of such non-invertible symmetry. We will describe another way,
namely gauging the two-group, that leads to a valid index below.
The same problem persists if we turn on the fugacity m (resp. n) in (3.142) and we
further gauge (Z[0]

2 )m (resp. (Z[0]
2 )n) in theory (3.1)/(Z[0]

3 )q, for which the index reads

I[(3.1)/(Z[0]
3 )q ]/(Z[0]

2 )m
(a|ω|n = 1;x) = [(3.138)/(Z[0]

3 )q]/(Z[0]
2 )m

∣∣
n=1

= 1 + (6 + 6ω) a−2x +
[
(38 + 38ω) a−4−2a4 − (7 + 6ω)

]
x2 + . . . .

(3.143)
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Nonetheless, we can turn on the remaining fugacity n (resp. m) in (3.143) and gauge
the associated (Z[0]

2 )n (resp. (Z[0]
2 )m) symmetry, from which we reach the wreathed

quiver (3.1)/A4.

• Gauging the two-group Γ(2)
m̂,n̂,q

. Let us start from the index of theory (3.1)/[(Z[0]
2 )m×

(Z[0]
2 )n], whose symmetry category is 2-Vec(Γ(2)

m̂,n̂,q
), and let us gauge the two-group

as follows. First, we gauge (Z[0]
3 )q in the index of theory (3.1)/[(Z[0]

2 )m × (Z[0]
2 )n] and,

subsequently, we restore all of the terms which appear with a combination of discrete
fugacities containing only one among m, n, or their diagonal combination mn. More
explicitly, these three options amount to restore all fugacities contained in either [m],
[n], or [mn], where

[m] ≡
{

m, mq, mq2
}

, [n] ≡
{

n, nq, nq2
}

, [mn] ≡
{

mn, mnq, mnq2
}

. (3.144)

For definiteness, let us start with theory (3.1)/[(Z[0]
2 )m× (Z[0]

2 )n], then gauge (Z[0]
3 )q and,

subsequently, restore only the terms appearing with [m]. From (3.134), the required
index is of the form

I(3.1)/A4(a|ω;x) + m
∞∑

p=0
y1,pxp +

(
mq + mq2

) ∞∑
p=0

y2,pxp , (3.145)

with y1,p and y2,p solutions of (3.136). Explicitly, we obtain

I{(3.1)/[(Z[0]
2 )m×(Z[0]

2 )n]}/Γ(2)
m̂,̂n,q

(a|ω|[m];x)

= 1 +
[
3 + 5ω + (3 + ω)m + ω

(
mq + mq2

)]
a−2x

+
{[
−2m +

(
mq + mq2

)]
a4

+
[
27 + 21ω + (11 + 17ω)m + (12 + 9ω)

(
mq + mq2

)]
a−4

−
[
4 + 5ω + (3 + ω)m + ω

(
mq + mq2

)]}
x2 .

(3.146)

Since there is no longer a zero-form symmetry which swap M , N and MN among them,
we cannot restore terms appearing with two or more combinations among [m], [n], or
[mn].20 The theory arising from this procedure of gauging the two-group turns out to
be equivalent to the theory arising from the Z3 wreathing of (3.1). Indeed, at the level
of the index, the following equality holds:

I{(3.1)/[(Z[0]
2 )m×(Z[0]

2 )n]}/Γ(2)
m̂,̂n,q

(a|ω|[m] = 1;x) = I(3.1)/Z3(a|ω;x) = (3.49) , (3.147)

where the notation [m] = 1 means that we set m, mq and mq2 to unity. The validity of
this equality can be shown as follows. First, observe that, given y1,p and y2,p solutions

20From (3.130), Q swaps M with MN , MN with N and N with M by conjugation. Gauging (Z[0]
3 )q = ⟨Q⟩

leads to the dual one-form symmetry (Z[1]
3 )

q̂
, but the latter can no longer act on the elements of the zero-form

symmetry by conjugation as discussed in Footnote 15, due to the fact that the symmetry defect of the one-form
symmetry is of higher codimension than that of the zero-form symmetry.
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of (3.136), we have

m
∞∑

p=0
y1,pxp +

(
mq + mq2

) ∞∑
p=0

y2,pxp

= I(3.1)/(Z[0]
2 )n

(a|ω|m, q;x)− I(3.1)/[(Z[0]
2 )m×(Z[0]

2 )n]
(a|ω|q;x) ,

(3.148)

where (3.139) and (3.141) imply that

I(3.1)/(Z[0]
2 )n

(a|ω|m = q = 1;x)− I(3.1)/[(Z[0]
2 )m×(Z[0]

2 )n]
(a|ω|q = 1;x)

= I(3.1)/DT(a|ω;x)− I(3.1)/NK(a|ω;x) ,
(3.149)

meaning that the expression (3.145) for [m] = 1 can be written as

I{(3.1)/[(Z[0]
2 )m×(Z[0]

2 )n]}/Γ(2)
m̂,̂n,q

(a|ω|[m] = 1;x)

= I(3.1)/A4(a|ω;x) + I(3.1)/DT(a|ω;x)− I(3.1)/NK(a|ω;x) .
(3.150)

Next, we can use (3.25) and (3.42) to rewrite (3.150) in the form

(3.150) = I(3.1)/A4(a|ω;x) +
1
2
[
I(3.1)(a|ω;x) + I(3.1)(i1i2)(i3i4)

(a|ω;x)
]

− 1
4
[
I(3.1)(a|ω;x) + 3I(3.1)(i1i2)(i3i4)

(a|ω;x)
]

= I(3.1)/A4(a|ω;x) +
1
4
[
I(3.1)(a|ω;x)− I(3.1)(i1i2)(i3i4)

(a|ω;x)
]

.

(3.151)

Finally, using (3.132), we can replace I(3.1)(i1i2)(i3i4)
(a|ω;x) in the above expression with

the following linear combination of indices:

I(3.1)(i1i2)(i3i4)
(a|ω;x)

= 1
3 ×

[
12× I(3.1)/A4(a|ω;x)− I(3.1)(a|ω;x)− 8× I(3.1)(i1i2i3)

(a|ω;x)
]

.
(3.152)

Doing so, we end up with

(3.150) = 1
3
[
I(3.1)(a|ω;x) + 2× I(3.1)(i1i2i3)

(a|ω;x)
] (3.48)= I(3.1)/Z3(a|ω;x) , (3.153)

which is precisely the equality (3.147).

Starting from (3.146), we can further sum mq and mq2 over the three cube roots of
unity and sum m over ±1, from which we obtain the index of (3.1)/A4 given by (3.133).

3.9 S4 wreathing of the affine D4 quiver

Hitherto, we have discussed wreathing of theory (3.1) by every subgroup of S4, up to
automorphisms. Let us now analyse the wreathing by the group S4 itself. This is given
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(3.1)/A4 2-Rep(A4) su(3)
1 + (3 + 5ω) a−2x

+
[
(27 + 21ω) a−4 − (4 + 5ω)

]
x2

+
[
a6 + a2 + (106 + 117ω) a−6 − (43 + 40ω) a−2]x3 + . . .

(3.1)/NK 2-Vec(Γ(2)
m̂,n̂,q

) usp(4)
1 + (3 + 7ω) a−2x

+
[
2a4 + (51 + 39ω) a−4 − (4 + 7ω)

]
x2

+
[
a6 + (244 + 271ω) a−6 − a2 − (89 + 80ω) a−2]x3 + . . .

(3.1)/DT 2-Vec[(Z[1]
2 )n̂ × (Z[0]

2 )m ⋊ (Z[0]
3 )q] su(4)⊕ u(1)

1 + (6 + 10ω) a−2x

+
[
2a4 + (86 + 74ω) a−4 − (7 + 10ω)

]
x2

+
[
a6 + (479 + 506ω) a−6 − a2 − (169 + 160ω) a−2]x3 + . . .

(3.1) 2-Vec(A4) so(8)
1 + (12 + 16ω) a−2x

+
[
2a4 + (156 + 144ω) a−4 − (13 + 16ω)

]
x2

+
[
a6 + (949 + 976ω) a−6 − a2 − (329 + 320ω) a−2]x3 + . . .

(3.1)/Z3 2-Rep(Γ(2)
m̂,n̂,q

) g2

1 + (6 + 8ω) a−2x

+
[
(62 + 56ω) a−4 − (7 + 8ω)

]
x2

+
[
a6 + a2 + (341 + 352ω) a−6 − (123 + 120ω) a−2]x3 + . . .

non-valid index (3.142)

non-valid index (3.143)

(Z[0]
3 )q

(Z[0]
2 )m (resp. n)

(Z[0]
2 )n (resp. m)

(Z[0]
2 )m (resp. n)

(Z[0]
2 )n (resp. m)

(Z[0]
3 )q

Γ(2)
m̂,n̂,q

[m] (or [n] or [mn])

(A[0]
4 )⟨m,n,q⟩

Figure 7. The A4 symmetry of the affine D4 quiver and gauging of subgroups.

by a sum over 24 terms, each of them corresponding to an element of S4, divided by the
order of the group, i.e. 24, namely

(3.1)/S4 =
1
24
[
(3.1) + (3.1)(12) + (3.1)(13) + (3.1)(14) + (3.1)(23) + (3.1)(24)

+ (3.1)(34) + (3.1)(12)(34) + (3.1)(13)(24) + (3.1)(14)(23)
+ (3.1)(123) + (3.1)(124) + (3.1)(132) + (3.1)(134)
+ (3.1)(142) + (3.1)(143) + (3.1)(234) + (3.1)(243)
+ (3.1)(1234) + (3.1)(1243) + (3.1)(1324)
+ (3.1)(1342) + (3.1)(1423) + (3.1)(1432)

]
,

(3.154)

where the six terms (3.1)(i1i2) are of the form (3.6), the three terms (3.1)(i1i2)(i3i4) are given
by (3.9), the eight terms (3.1)(i1i2i3) take the form (3.12) and, finally, the six terms (3.1)(i1i2i3i4)
can be depicted as (3.15). Explicitly, their indices are given by

I(3.1)(i1i2)
(a|ω;x) = (3.8) , I(3.1)(i1i2)(i3i4)

(a|ω;x) = (3.11) ,

I(3.1)(i1i2i3)
(a|ω;x) = (3.14) , I(3.1)(i1i2i3i4)

(a|ω;x) = (3.17) ,
(3.155)

whereas the index of (3.1) is given by (3.5). Using (3.154), we can compute the index of
theory (3.1)/S4, which possesses 2-Rep(S4) symmetry. This reads

I(3.1)/S4(a|ω;x)

= 1 + (3 + 5ω) a−2x +
[
(27 + 21ω) a−4 − (4 + 5ω)

]
x2

+
[
a2 + (100 + 110ω) a−6 − (42 + 40ω) a−2

]
x3

+
[
a8 + 17 + 24ω + (397 + 374ω) a−8 − (241 + 246ω) a−4

]
x4 + . . . .

(3.156)
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Note that the Coulomb branch moment map operators, which contribute to the term a−2x

in the above index, indicate that the flavour symmetry of the wreathed quiver (3.1)/S4 is
su(3). Taking the Coulomb and Higgs branch limits of the index (3.156)|ω=1, we obtain the
same results as the ones reported in [10, figures 9 and 11].

3.10 Summary: semi-direct products versus non-trivial extensions

We have discussed several examples concerning gauging symmetries involved in a semi-direct
product and those involved in a non-trivial central extension of groups. Let us summarise
the features of the indices in each case.

Let T be a theory of our interest with a continuous non-Abelian symmetry X , and a
zero-form discrete finite symmetry G that is manifest in a certain quiver description of T .
Here G or its subgroup is a symmetry of the quiver description of theory T . In the preceding
subsection, we take T to be as described by the affine D4 quiver (3.1) with X = so(8)
and G is a subgroup of S4.

Let us first consider the case in which G ∼= N⋊ Zh, where N is a normal subgroup of G.
For simplicity and definiteness of the discussion, we assume that N is a product of Abelian
factors N = ∏

i Zsi . We can refine the index IT of theory T with respect to the fugacities
associated with the generators of Zh and each factor Zsi in N. Here are the important points:

• We observe that gauging N leads to the index of theory T wreathed by Γw, namely
T /Γw, where Γw is such that

Zh
∼= G/Γw (3.157)

where we have discussed the following examples in the precedent subsections:

(G, N, Zh, Γw)
= {(S3, Z3, Z2, Z3) , (Dih8, Z4, Z2, NK) , (A4, NK, Z3, NK)} ,

(3.158)

where, as before, NK denotes the normal Klein subgroup of S4. Note that, in the
second case, the wreathing group Γw = NK does not coincide with the group that is
gauged, namely N = Z4. The reason for the latter is due to a mixed ’t Hooft anomaly,
as explained below (3.104).

We remark that gauging the symmetry N of theory T leads to a split two-group
Γ(2) ∼=

∏
i Z

[1]
si ⋊ Zh formed by the dual one-form symmetry ∏i Z

[1]
si and the remaining

zero-form symmetry Zh. When G is a semi-direct product, the two-group Γ(2) does not
have an ’t Hooft anomaly and can be gauged; see e.g. [15–18].

• On the other hand, an attempt to directly gauge the quotient group Zh
∼= G/N from

the index IT leads to the so-called invalid index. Such an index has certain undesirable
properties. For example, upon taking the Higgs or Coulomb branch limit to obtain
the Higgs or Coulomb branch Hilbert series, the result contains terms with negative
coefficients. These are not reasonable since the Hilbert series counts gauge invariant
operators on the Higgs or Coulomb branch. We have provided various reasons for
this, for example, below (3.87) and the second bullet point on Page 47 for the case
of S3. We also observe that the invalid index is related to the fact that gauging Zh
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makes G become a non-invertible symmetry, whose fusion category is 2-Rep(Γ(2)); see
e.g. [15–18, 21, 22].

• Such an invalid index can be “cured” as follows. Recall that theory T with N gauged
has a split two-group Γ(2) which is anomaly-free. Now we can gauge the two-group Γ(2)

in this theory to obtain theory T gauged by Zh, i.e. T /Zh, via the relation

(T /N)/Γ(2) ∼= T /Zh . (3.159)

The resulting index turns out to be a valid one, namely that of theory T wreathed
by Zh, as indicated by the right-hand side. In terms of the index, the gauging of the
two-group Γ(2) can be performed by first summing over the fugacities of Zh (as well as
dividing by h), and then restoring an appropriate combination of fugacities of N.

Let us now suppose that theory T has a zero-form discrete finite symmetry G which is a
non-trivial extension of N = ∏

i Zsi and Zh, with N a normal subgroup of G as before. In this
case, upon gauging Zh, the resulting two-group Γ(2) formed by the dual symmetry of N and
Zh has an ’t Hooft anomaly. Let us suppose that the continuous symmetry X of T becomes
X ′ which is a subalgebra of X after gauging Zh. The symmetry X ′ is determined from the
moment map operators that transform in the adjoint representation of X ′. However, upon
counting the marginal operators after gauging Zh, we see that such a number does not fit into
the representations appearing in the branching rule of X to X ′. Moreover, we observe a certain
universal result upon computing the difference between the index of theory T with N gauged
and that of the wreathed quiver with global symmetry X ′. For the affine D4 quiver (3.1) for
which X = so(8), we denote X ′ in such cases by su(4)∗ and su(4)⊕u(1)∗∗. The corresponding
indices are presented in figures 3 and 6, and such a universal result is reported in (3.78). It
would be nice to understand the physical origin of this result in future work.

3.11 Z6 discrete gauging: a combination of Z3 wreathing and (Z[0]
2 )ω

Let us now discuss a Z6 discrete gauging of theory (3.1) which is realised in a different
fashion from those presented in the precedent subsections. Given the index (3.87), we can
combine the fugacities g and ω associated with the (Z[0]

3 )g and the (Z[0]
2 )ω symmetries into

a fugacity t ≡ ωg associated with a (Z[0]
6 )t symmetry. Written in terms of the fugacities

t and h, the index (3.87) reads

I(3.1)(a|t, h;x)

= 1 +
(
6 + 4t + 3t2 + 8t3 + 3t4 + 4t5

)
a−2x

+
{(

t2 + t4
)

a4 +
[
56 + 36t + 41t2 + 48t3 + 41t4 + 36t5

+
(
6 + 8t + 6t2 + 8t3 + 6t4 + 8t5

)
h
]

a−4

−
[
7 + 4t + 3t2 + 8t3 + 3t4 + 4t5

]}
x2 + . . . ,

(3.160)

from which we can gauge the (Z[0]
6 )t symmetry and obtain the index of theory (3.1)/(Z[0]

6 )t:

I(3.1)/(Z[0]
6 )t

(a|h;x) = 1 + 6a−2x +
[
(56 + 6h) a−4 − 7

]
x2 + . . . . (3.161)
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(3.1)/(Z[0]
6 )t su(2)2

1 + 6a−2x +
(
62a−4 − 7

)
x2

+
(
a6 + a2 + 341a−6 − 123a−2)x3 + . . .

(3.1)/Z3 g2
1 + (6 + 8ω) a−2x

+
[
(62 + 56ω) a−4 − (7 + 8ω)

]
x2

+
[
a6 + a2 + (341 + 352ω) a−6 − (123 + 120ω) a−2]x3 + . . .

(3.1)/(Z[0]
2 )ω su(2)4

1 + 12a−2x +
(
2a4 + 156a−4 − 13

)
x2

+
(
a6 + 949a−6 − a2 − 329a−2)x3 + . . .

(3.1) so(8)
1 + (12 + 16ω) a−2x

+
[
2a4 + (156 + 144ω) a−4 − (13 + 16ω)

]
x2

+
[
a6 + (949 + 976ω) a−6 − a2 − (329 + 320ω) a−2]x3 + . . .

(Z[0]
3 )g (Z[0]

2 )ω

(Z[0]
2 )ω

(Z[0]
6 )t

(Z[0]
3 )g

Figure 8. Z6 discrete gauging of the affine D4 quiver via a combination of (Z[0]
3 )g and (Z[0]

2 )ω.

The same index can be obtained equivalently starting from (3.87) and gauging the (Z[0]
3 )g

and the (Z[0]
2 )ω symmetries sequentially, as shown in figure 8. This discretely gauged theory

will also be considered in the upcoming work [58].

4 Charge conjugation and flavour symmetry of SQCD

In this section, we consider gauging the charge conjugation symmetry associated with the
flavour symmetry of the 3d N = 4 U(N) gauge theory with n flavours.21 In the following,
we study such gauging from two perspectives: the first one involves superconformal indices
of the wreathed mirror theory of SQCD, and the second one involves the chiral ring and
Hilbert series of the Higgs branch of SQED.

4.1 Index of the wreathed mirror theory

The mirror theory of the U(N) gauge theory with n ≥ 2N flavours is

1 2
. . .

N − 1 N

1

N

. . .
N N

1

N − 1 12
. . .

n− 2N + 1

(4.1)

This quiver has a left-right symmetry with respect to the vertical axis. For n odd, this
axis of symmetry passes through the bifundamental hypermultiplet in the middle of the
quiver, whereas, for n even, it passes through the gauge node with label N in the middle of
the quiver. The prescription for computing the index of quiver (4.1) wreathed by this Z2

21We will refer to this theory as SQCD for general N and as SQED for N = 1.

– 64 –



J
H
E
P
0
1
(
2
0
2
5
)
1
2
4

symmetry is therefore different in these two cases. We refer the reader to appendix A.1 for
a detailed analysis. For simplicity, we focus on the cases of N = 1 and N = 2. We report
the results for n odd and n even separately below.

The cases with odd n. Let us focus on the cases with odd n. As explained in appendix A.1,
quiver (4.1) with n odd wreathed by Z2 can be realised using (A.48b), (A.51), (A.52).
The corresponding index can be obtained from equations (A.61)–(A.68). Their explicit
expressions, up to order x3, are given below.

N = 1 Index of the Z2 wreathed (4.1)
n = 3 1 +

(
a2 + 5a−2)x + a3x3/2 +

(
a4 + 15a−4 − 4

)
x2

+
(
a5 − a

)
x5/2 +

(
2a6 + 34a−6 − 22a−2)x3 + . . .

n = 5 1 +
(
a2 + 14a−2)x +

(
a4 + 105a−4 − 11

)
x2

+a5x5/2 +
(
a6 + 510a−6 − 221a−2)x3 + . . .

n = 7 1 +
(
a2 + 27a−2)x +

(
a4 + 378a−4 − 22

)
x2

+
(
a6 + 3164a−6 − 897a−2)x3 + a7x7/2 + . . .

N = 2 Index of the Z2 wreathed (4.1)
n = 3 Equal to as that of N = 1 and n = 3
n = 5 1 +

(
a2 + 14a−2)x + a3x3/2 +

(
2a4 + 145a−4 + 3

)
x2

+
(
2a5 + 23a

)
x5/2 +

(
4a6 + 3a2 + 1030a−6 − 175a−2)x3 + . . .

n = 7 1 +
(
a2 + 27a−2)x +

(
2a4 + 581a−4 + 5

)
x2

+a5x5/2 +
(
2a6 + 5a2 + 8316a−6 − 756a−2)x3 + . . .

(4.2)

It is interesting to consider the Coulomb branch moment maps, which contribute to the
term a−2x in the index. The coefficients 5, 14, and 27 that appear above are precisely
the dimensions of the principal extension S̃U(n)I = SU(n) ⋊ Z2 of SU(n) [39–41] with the
Z2 charge conjugation symmetry being gauged. Let us explain this statement as follows.
According to [41, table 2], such a principal extension has a representation which is known
as Adj ⊗ χ, whose character is22

χ
SU(n)⋊Z2
Adj⊗χ (z, χ) =

(1 + χ

2

)
χ
SU(n)
Adj (z)− (1− n)

(1− χ

2

)

=
(1 + χ

2

)(n− 1) +
∑

1≤i ̸=j≤n

zi

zj

− (1− n)
(1− χ

2

)
.

(4.3)

Observe that upon setting χ = 1, we indeed obtain the character χ
SU(n)
Adj (z) of the adjoint

representation of SU(n). On the other hand, we can gauge the charge conjugation symmetry
by summing over χ = ±1 and obtain the following character23

1
2
∑

χ=±1
χ
SU(n)⋊Z2
Adj⊗χ (z, χ) = 1

2
(
χ
SU(n)
Adj (z) + n− 1

)
. (4.4)

22To be consistent with the rest of the paper, we denote by χ the fugacity associated with the charge
conjugation symmetry. Note, however, that in [41] this is denoted by ϵ.

23Note that we can perform an analogous computation for SO(n) ⋊ Z2, where the character of the adjoint
representation is given by [41, (2.11)]. Upon gauging the charge conjugation symmetry, we obtain the character
of the adjoint representation of USp(2n − 2).
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Setting zi = 1, we obtain the dimension of the corresponding representation
1
2(n

2 + n− 2) = 1
2(n− 1)(n + 2) . (4.5)

This is precisely the coefficient of the term a−2x that appears in the index. In other words,
this confirms that wreathing of the mirror theory (4.1) for n odd indeed reproduces gauging
of the charge conjugation symmetry associated with the flavour symmetry of the U(N) gauge
theory with n flavours.24

Let us examine the Higgs branch of the wreathed mirror theory (4.1). The corresponding
Hilbert series can be constructed from the coefficients cp of the terms a2pxp in the index,
namely ∑p∈ 1

2Z
cpt2p. For N = 1, we find that the explicit expression of the Higgs branch

Hilbert series of the wreathed theory in question is

PE[t2 + tn] . (4.6)

It is instructive to compare this with the Higgs branch Hilbert series of the original quiver (4.1)
without wreathing, or equivalently the Coulomb branch Hilbert series of the U(1) gauge
theory (SQED) with n flavours, namely

HS[C2/Zn](t, w) = PE[t2 + (w + w−1)tn − t2n] . (4.7)

We see that upon gauging the charge conjugation symmetry associated with the flavour
symmetry of SQED, precisely one of the elementary monopole operators is projected out. As
a result, the relation that contributes to the term t2n in the Hilbert series also disappears.
We observe a similar phenomenon for the case of N = 2.25

The cases with even n. Let us now turn to the cases with even n. As reported in
appendix A.1, quiver (4.1) with n even wreathed by Z2 can be obtained from (A.48a), (A.49),
(A.50). The corresponding index can be derived using equations (A.53)–(A.60). Explicitly,
the expressions of the indices up to order x3 are given below.

N = 1 Index of the Z2 wreathed (4.1)
n = 4 1 + 10a−2x +

(
2a4 + 49a−4 − 11

)
x2

+
(
a6 + 165a−6 − a2 − 93a−2)x3 + . . .

n = 6 1 + 21a−2x +
(
a4 + 216a−4 − 22

)
x2

+
(
a6 + 1386a−6 − 495a−2)x3 + . . .

N = 2 Index of the Z2 wreathed (4.1)
n = 4 1 +

(
3a2 + 10a−2)x +

(
6a4 + 64a−4 + 16

)
x2

+
(
10a6 + 12a2 + 270a−6 − a−2)x3 + . . .

n = 6 1 + 21a−2x +
(
3a4 + 321a−4 − 8

)
x2

+
(
2a6 + 40a2 + 3276a−6 − 446a−2)x3 + . . .

(4.8)

24For the special case of N = 1 and n = 3, we find that the coefficients of the a−2pxp terms in the index is
given by 1

2 (p + 1)
(
p2 + 2p + 2

)
. These terms consitute the Coulomb branch Hilbert series of the wreathed

mirror theory (4.1), or equivalently the Higgs branch Hilbert series of SQED with three flavours with the
charge conjugation symmetry associated with the flavour symmetry ibeing gauged. Such a coefficient can also
be written as dim [p, p]su(3) − 3 dim [p − 1, 0]usp(4).

25As an example, for N = 2 and n = 5, we find that the Hilbert series in question is PE[t2 +
t3 + t4 + t5 + t6 − t16], whereas the Coulomb branch Hilbert series of U(2) SQCD with five flavours is
PE
[
t2 + (w + w−1)t3 + t4 + (w + w−1)t5 − t8 − t10].
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Observe that the coefficient of the term a−2x, which is the contribution of the Coulomb
branch moment map, is the dimension of the adjoint representation USp(n). This means that
the Coulomb branch symmetry of the wreathed mirror theory (4.1) is USp(n).

Let us consider the case of N = 1, namely SQED with n flavours. Wreathing quiver (4.1)
gives the mirror dual to the O(2) gauge theory with n/2 flavours:

O(2) USp(n) (4.9)

where it can be checked that the indices of both theories are equal upon transforming a↔ a−1.
The Higgs branch of (4.9) is the closure of next to the minimal nilpotent orbit of usp(n),
namely n.min Cn/2, and the Coulomb branch of (4.9) is isomorphic to C2/D̂n. We see that
the Hilbert series of these are equal to the Coulomb branch and Higgs branch limits of the
index given by the coefficients of the terms a−2pxp and a2pxp, respectively. We see that in
this case wreathing is equivalent to gauging the charge conjugation symmetry that turns
the U(1) ∼= SO(2) gauge group of SQED into the O(2) gauge group. Moreover, it is worth
discussing the case of N = 1 and n = 4 in detail. Note that SQED with four flavours is
dual to the USp(2) gauge theory with three flavours:

USp(2) SO(6) = SO(1) USp(2) SO(5) (4.10)

Wreathing corresponds to gauging the charge conjugation symmetry associated with the
SO(1) flavour node which turns it into an O(1) gauge group. We therefore arrive at the
following theory:

O(1) USp(2) SO(5) (4.11)

It can be checked using the index that theory (4.11) is indeed dual to theory (4.9)n=4.
Let us turn to the case of N = 2 and n = 4. The wreathed theory discussed above is

related to the following theory by mirror symmetry:

SO(2) USp(2) SO(5)

O(1)

(4.12)

where the index of the wreathed theory reported above is related to that of (4.12) by
exchanging a↔ a−1. Let us provide an argument why these two theories are mirror dual to
each other. U(2) SQCD with four flavours flows to an SCFT known as T(22)[SU(4)] discussed
in [51]. Due to the isomorphism between so(6) and su(4), this turns out to be the same
SCFT as T(3,13)[SO(6)], which is described by

SO(2) USp(2) SO(6) =
SO(2) USp(2) SO(5)

SO(1)

(4.13)

Gauging the charge conjugation symmetry associated with the SO(1) flavour node turns the
latter into an O(1) gauge group. We thus arrive at (4.12) as expected.
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4.2 Higgs branch of SQED with charge conjugation symmetry gauged

In this section, we study the Higgs branch chiral ring of the U(1) gauge theory with n flavours
and the action of the charge conjugation associated with the flavour symmetry. We will
demonstrate that, for odd n, gauging the latter reproduces the result of wreathing the mirror
theory (4.1) discussed in the precedent subsection. On the other hand, for even n, such
a procedure does not produce the hyperKähler cone, whose Hilbert series does not have a
palindromic numerator. In other words, the aforementioned procedure does not reproduce
the result of wreathing for even n. In any case, for both odd and even n, we see that the
Higgs branch symmetry of the discretely gauged SQED is given by (4.4) and (4.5).

Let us briefly summarise the Higgs branch of the SQED with n flavours. We denote the
quarks and antiquarks by Qi and Q̃i with i, j, k = 1, . . . , n. The F -term condition reads

F =
n∑

i=1
QiQ̃

i = 0 . (4.14)

We also denote the gauge invariant mesons by M j
i = Q̃jQi, satisfying the conditions tr(M) =

M i
i = 0 and (M2)i

k = M i
jM j

k = 0. We now discuss gauging of the charge conjugation
symmetry associated with the flavour symmetry separately for odd and even n.

The cases with odd n. The Z2 charge conjugation symmetry associated with the flavour
symmetry in question acts on the quarks and antiquarks as26

Qi ↔ Q̃i , i = 1, . . . , n . (4.16)

We see that the following components of the mesons are invariants under (4.16): M1
1 , M2

2 ,
. . . , Mn

n . Taking into account of (4.14), we have ∑n
i=1 M i

i = 0. However, when i ̸= j, M i
j is

mapped to M j
i . Therefore the combination Si

j ≡M i
j + M j

i , with 1 ≤ i < j ≤ n, is invariant
under (4.16). We see that the total number of invariants, subject to the F -term relation, is

(n− 1) + 1
2n(n− 1) = 1

2(n− 1)(n + 2) . (4.17)

This is precisely equal to (4.5), which is the dimension of the principal extension of SU(n) with
the charge conjugation symmetry being gauged. This indeed justified the action proposed
in (4.16). For definiteness, we take M i

i with i = 1, . . . , n− 1, and Si
j with 1 ≤ i < j ≤ n to

be the generators of the moduli space. Let us now discuss the relation they satisfy.
For n = 3, the generators satisfy precisely one relation, namely

det M3×3 =
1
3!ϵ

i1i2i3ϵj1j2j3(M3×3)i1j1(M3×3)i2j2(M3×3)i3j3 = 0 , (4.18)

26Under (4.16), the su(n) flavour symmetry is broken to Zn−1
2 . To see this, we consider the flavour fugacities

fi (with i = 1, . . . , n) such that f1f2 . . . fn = 1. We see that (4.16) imposes the conditions fi = f−1
i . For

simplicity, we will not refine the Hilbert series with respect to such a Zn−1
2 symmetry. Alternatively to (4.16),

we can choose the action to be
Qi ↔ Q̃n+1−i , i = 1, . . . , n . (4.15)

Under (4.15), some combinations of the Cartan elements of su(n) are preserved, since the action imposes the
conditions f1fn = f2fn−1 = f3fn−2 = . . . = 1. Since (4.15) interchanges Q(n+1)/2 ↔ Q̃(n+1)/2, it follows that
f(n+1)/2 = f−1

(n+1)/2 and the corresponding Cartan element is broken to Z2.
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where

M3×3 =

2M1
1 S1

2 S1
3

S1
2 2M2

2 S2
3

S1
3 S2

3 −2M1
1 − 2M2

2

 . (4.19)

Given that there are five generators subject to one relation, the Higgs branch Hilbert series
for n = 3 is therefore

PE[5t2 − t6] = 1 + t2 + t4

(1− t2)4

= 1 + 5t2 + 15t4 + 34t6 + 65t8 + 111t10 + . . . .

(4.20)

We see that the Higgs branch is a two quarternionic dimensional complete intersection,
whose defining relation is given by (4.18). Note that the above Hilbert series agree with the
coefficients of the terms a−2pxp in the index reported in (4.2).

For general n, the Higgs branch Hilbert series of the discretely gauged SQED by (4.16)
can be computed as follows:

H[SQED/Zχ
2 ](t) =

1
2 [H+(t, fi = 1) + H−(t)] (4.21)

where H+ is the usual Higgs branch Hilbert series of SQED with n flavours:

H+(t, f) =
∮
|z|=1

dz

2πiz
PE

[
tz−1

n∑
i=1

fi + tz
n∑

i=1
f−1

i − t2
]

=
n∑

k=1
χ
su(n)
[k,0,...,0,k](f)t

2k

(4.22)

and H− can be computed using the method described in [39, 40] (see also [59, (4.15)]):27

H−(t) =
1− t2

det(12n×2n − tσ−
Q)

= 1− t2

(1− t2)n
= 1

(1− t2)n−1 (4.24)

where σ−
Q implements the action (4.16), namely

σ−
Q =



f1
z 0 0 0 0 0 0 0
0 f2

z 0 0 0 0 0 0

0 . . .
. . . . . . 0 0 0 0

0 0 0 fn

z 0 0 0 0
0 0 0 0 z

fn
0 0 0

0 0 0 0 . . .
. . . . . . 0

0 0 0 0 0 0 z
f2

0
0 0 0 0 0 0 0 z

f1


× P =



0 0 0 0 0 0 0 f1
z

0 . . . 0 0 0 0 f2
z 0

0 0 0 0 0 . .
. 0 0

0 0 0 0 fn

z 0 0 0
0 0 0 z

fn
0 0 0 0

0 0 . .
. 0 0 . . . 0 0

0 z
f2

0 0 0 0 0 0
z
f1

0 0 0 0 0 0 0



, (4.25)

27Note that if one considers instead the action (4.15), one should replace the anti-diagonal elements(
z

fn
, . . . , z

f2
, z

f1

)
in the lower left block of σ−

Q by
(

z
f1

, . . . , z
fn−1

, z
fn

)
. The refined Hilbert series H− is then

H−(t, f) = PE

[
t2

(
n∑

i=1

fi

fn+1−i

)
− t2

]
= PE

t2
∑

i ̸= n+1
2

fi

fn+1−i

 . (4.23)

Upon setting fi = 1, we obtain the unrefined Hilbert series (1 − t2)−(n−1), agreeing with (4.24).
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with

P =



0 0 0 0 0 0 0 1

0 . . . 0 0 0 0 1 0

0 0 0 0 0 . .
. 0 0

0 0 0 0 1 0 0 0
0 0 0 1 0 0 0 0

0 0 . .
. 0 0 . . . 0 0

0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0



, (4.26)

and the numerator (1− t2) in the first and second equalities denote the contribution of the
F -term relation. Observe that, although σ−

Q depends on the gauge fugacity z and the flavour
fugacities fi, the Hilbert series H− does not. As a result of the computation, we find that
the Hilbert series up to order t6 takes the form

H[SQED/Zχ
2 ](t)

= PE
[1
2(n− 1)(n + 2)t2 − 1

144(n− 2)(n− 1)2n2(n + 1)t6 + . . .

]
.

(4.27)

The coefficient of t6 inside PE indicates the number of relations that the generators satisfy.
For n > 3, the Higgs branch is no longer a complete intersection.

The cases with even n. For n even, one can analyse the Higgs branch in the same way as
the cases with n odd. However, we point out that the Hilbert series (4.24) has odd order of the
pole at t = 1, whereas the Higgs branch Hilbert series H+(t, fi = 1) of SQED given by (4.23)
has even order of the pole at t = 1 due to the fact that the Higgs branch is hyperKähler and
so its complex dimension is even. As a result, the Hilbert series of H[SQED/Zχ

2 ](t) given
by (4.21) does not have a palindromic numerator for n ≥ 4.

For the special case of n = 2, the Higgs branch is freely generated by M1
1 and S1

2 :=
M1

2 + M2
1 . Note that M2

2 = −M1
1 by the F -term relation. There is no relation between M1

1
and S1

2 . The Hilbert series is therefore PE[2t2] = 1
(1−t2)2 . We remark that the number of

moment map operators, which is 2, is equal to the dimension of the representation Adj⊗ χ

of the principal extension SU(2)⋊ Z2 with the charge conjugation symmetry being gauged.
Let us now discuss the case of n = 4 in detail, in which case the Higgs branch Hilbert

series computed using (4.21) is28

1 + 3t2 + 6t4

(1− t2)6 = 1 + 9t2 + 45t4 + 155t6 + 420t8 + . . .

= PE[9t2 − 10t6 + 15t8 + . . .] .
(4.28)

The 9 generators of the moduli space are M1
1 , M2

2 , M3
3 , and Si

j := M i
j +M j

i for 1 ≤ i < j ≤ 4.
Note that M4

4 = −∑3
i=1 M i

i by the F -term condition. The 10 relations at order t6 are the
28Note that we obtain the same Hilbert series as in (4.28) even if we consider Type II of the principal

extension of SU(4) by taking the left matrix in the first equality of (4.25) to be as in [40, (5.15)], namely
taking the antidiagonal elements in the upper right block to be (1,−1, 1,−1) from right to left, and those in
the lower left block to be (−1, 1,−1, 1) from right to left.
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3 × 3 minors of the following matrix29

M4×4 =


2M1

1 S1
2 S1

3 S1
4

S1
2 2M2

2 S2
3 S2

4
S1
3 S2

3 2M3
3 S3

4
S1
4 S2

4 S3
4 −2M1

1 − 2M2
2 − 2M3

3

 . (4.29)

We remark again that the number of moment map operators, which is 9, is equal to the
dimension of the representation Adj ⊗ χ of the principal extension SU(4) ⋊ Z2 with the
charge conjugation symmetry being gauged.

Due to the non-palindromic numerator in the Hilbert series for n ≥ 4, we see that
the gauging the Zχ

2 charge conjugation symmetry associated with the flavour symmetry
is incompatible with the symplectic singularity structure of the moduli space. This leads
us to conjecture that Zχ

2 has an ’t Hooft anomaly. It would be nice to understand this
point further in future work.

In order to obtain the Hilbert series that agrees with the one obtained by wreathing, we
have to modify the F -term condition. In particular, it has to be taken as

n∑
i,j=1

QiQ̃
jJ i

j = 0 , (4.30)

with J the n× n symplectic matrix 1⊗ iσ2. The difference between (4.14) and (4.30) is in
the contraction of the flavour indices by the Kronecker delta and the symplectic matrix. The
1
2n(n + 1) generators, which are the moment map operators, in the adjoint representation
of USp(n) are

M1
1 = 2Q1Q̃1 , M2

2 = 2Q2Q̃2 , . . . , Mn
n = 2QnQ̃n,

Si
j = QiQ̃j + QjQ̃i (1 ≤ i < j ≤ n) .

(4.31)

As an example, for n = 4, there are 10 Higgs branch moment map operators transforming
in the adjoint representation of USp(4), not 9 as discussed above. Let us define an n × n

symmetric matrix M such that the diagonal entries are M i
i with i = 1, . . . , n and the off-

diagonal entries are Si
j . The Higgs branch Hilbert series of the discretely gauged theory can

be computed, using e.g. Macaulay2, from that of the ring of polynomials of (4.31) quotiented
by the ideals consisting of the relations arising from the F -term condition (4.30) as well as the
conditions Mi

jM
j′

k J j
j′ = 0. The result is indeed the Hilbert series of n.minCn/2 as required.
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A Prescription for computing indices of wreathed quivers

In this appendix, we consider 3d N = 4 quiver gauge theories consisting of n identical
subquivers with (special) unitary nodes, which naturally give rise to an Sn symmetry.
Gauging such an Sn symmetry, or a subgroup thereof, leads to the original quivers wreathed
by (a subgroup of) Sn.

The main result we present in this appendix is the derivation of a novel prescription which
can be adopted to obtain the superconformal index of (special) unitary wreathed quivers. In
particular, we use patterns of the Hilbert series of wreathed quivers as a guideline to come up
with the prescription for the indices of such theories. This prescription passes many consistency
checks, including the expected Higgs and Coulomb branch limits, defined as in (2.38). Indeed,
it generalises the methods presented in [11] and [10, section 3.6], which are recovered as
special cases by taking the Coulomb and Higgs branch limits of the index respectively.

In the following, we start by describing the simplest case, that is Z2 wreathing, and
then generalise the results obtained to the more complicated case of quivers wreathed by
generic subgroups of Sn. The prescription we present here has been tested extensively
throughout sections 3 and 4.

A.1 Quivers wreathed by Z2

Let us consider a 3d N = 4 quiver gauge theory Q, containing (special) unitary gauge and
flavour nodes, which possesses a Z2 symmetry acting on two identical subsets of Q. In the
following, we consider the wreathed quiver Q/Z2 and we provide a systematic way of defining
it which works at the level of the index. Let us deal with two simple cases, which can then
be generalised to more complicated quivers. First of all, let us consider a quiver possessing
a left-right symmetry with respect to its vertical axis. This Z2 symmetry can be gauged,
leading to a wreathed quiver of the following type:

. . .
P Q

F

Y Z Y Q

F

P

. . .
(A.1)
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where the dashed blue line denotes the vertical axis of symmetry and the red arrows show the
action of the Z2 discrete gauging on the nodes of the quiver. Observe that, in theory (A.1),
the axis of symmetry passes through the gauge node labelled by Z. We can also encounter
the case in which the axis of symmetry does not pass through a gauge node and, instead,
cuts the bifundamental hypermultiplet connecting two nodes. Upon gauging the left-right Z2
symmetry of the theory, this case gives rise to a wreathed quiver of the following type:

. . .
P Q

F

Y Y Q

F

P

. . .
(A.2)

Our task is to implement a procedure which allows us to derive a well-defined index for
wreathed quivers of type (A.1) and (A.2). In order to do so, let us ungauge every node that
appears in quivers (A.1) and (A.2) and, subsequently, let us analyse the various subquivers
consisting of hypermultiplets beginning and ending at flavour nodes. Once the Z2 wreathing
on such matter contributions is implemented, we restore the original gauge nodes and we
study how the Z2 wreathing acts on 3d N = 4 vector multiplets.

Bifundamental hypermultiplets contribution. Let us consider the following contribution
to the ungauged quivers (A.1) and (A.2), coming from two identical subquivers consisting
of two flavour nodes connected by a bifundamental hypermultiplet, one on the left and one
on the right of the axis of symmetry:

Q

F

Q

F

(A.3)

Let us denote with qi,l and qi,r the fugacities associated with the U(Q) nodes on the left-hand
side and on the right-hand side of (A.3) respectively, with i = 1, . . . , Q, and with fj,l and fj,r

the ones associated with the U(F ) nodes, with j = 1, . . . , F . We can associate with the chiral
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field in the (Q, F) representation of U(Q)×U(F ) on the left-hand side of (A.3) the matrix

Πl =



q1,l

f1,l
. . . 0 0 0 0 0 0 0 0

0 . . . 0 0 0 0 0 0 0 0
0 . . .

qQ,l

f1,l
. . . 0 0 0 0 0 0

0 0 . . .
q1,l

f2,l
. . . 0 0 0 0 0

0 0 0 0 . . . 0 0 0 0 0
0 0 0 0 . . .

qQ,l

f2,l
. . . 0 0 0

0 0 0 0 0 0 . . . 0 0 0
0 0 0 0 0 0 . . .

q1,l

fF,l
. . . 0

0 0 0 0 0 0 0 0 . . . 0
0 0 0 0 0 0 0 0 . . .

qQ,l

fF,l



(A.4)

and, similarly, we can define the matrix Πr, associated with the chiral field in the (Q, F)
representation of U(Q) × U(F ) on the right-hand side of (A.3), by simply substituting
the subscript l with r in (A.4). We can therefore combine the chiral fields in the (Q, F)
representation of U(Q) × U(F ) appearing on both sides of (A.3) into the matrix

Π =
(
Πl 0

0 Πr

)
, (A.5)

whereas the matrix Π−1 is associated with the chiral fields, both on the left-hand side and
right-hand side of (A.3), in the (Q, F) representation of U(Q)×U(F ). It follows that Π and
Π−1, taken together, describe both bifundamental hypermultiplets in (A.3). Now, we can
act on Π and Π−1 with the matrix representation of the elements of Z2

γ⟨(12)⟩ =
{

γ1 =
(
1 0

0 1

)
, γ(12) =

(
0 1

1 0

)}
, (A.6)

and, at the level of the Higgs branch Hilbert series, we perform the Z2 wreathing depicted
in (A.3) as follows:

1
2

 1
det (1−Πt) det (1−Π−1t) +

1
det

(
1− γ(12)Πt

)
det

(
1− γ(12)Π−1t

)
 , (A.7)

where the contribution associated with the identity element of Z2 is the usual one for two
bifundamental hypermultiplets, i.e.

1
det (1−Πt) det (1−Π−1t)

= PE


Q∑

i=1
qi,l

F∑
j=1

f−1
j,l +

Q∑
i=1

q−1
i,l

F∑
j=1

fj,l +
Q∑

i=1
qi,r

F∑
j=1

f−1
j,r +

Q∑
i=1

q−1
i,r

F∑
j=1

fj,r

 t

 ,

(A.8)
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whereas the contribution coming from the element (12) of Z2 reads

1
det

(
1− γ(12)Πt

)
det

(
1− γ(12)Π−1t

)
= PE


Q∑

i=1
qi,lqi,r

F∑
j=1

(fj,lfj,r)−1 +
Q∑

i=1
(qi,lqi,r)−1

F∑
j=1

fj,lfj,r

 t2

 .

(A.9)

We recognise (A.9) to be the Hilbert series arising from a U(Q) × U(F ) bifundamental
hypermultiplet, with the fugacities associated with the nodes U(Q) and U(F ) being qi ≡ qi,lqi,r

and fj ≡ fj,lfj,r respectively, but with t→ t2. From (2.38) with h = t, this is equivalent to
sending (x, a) → (x2, a2), leading us to identify (A.3) with

(A.3) = 1
2


Q

ql

F
fl

Q

qr

F
fr

+

Q

q

F

f

x2, a2

 (A.10)

where we highlight in blue the flavour fugacities associated with each node in the unwreathed
quiver, associated with the identity element of Z2, and in red the flavour fugacities and the
modification to the definition of the fugacities x and a in the quiver associated with the
element (12) of Z2. Therefore, the index of (A.3) reads

I(A.3)(ql, mq
l |qr, mq

r|fl, mf
l |fr, mf

r |a, na;x)

= 1
2


Q∏

i=1

F∏
j=1

 ∏
sl=±1

Z1/2
χ

(
qsl

i,lf
−sl
j,l a; slm

q
i,l − slm

f
j,l + na;x

)

×
∏

sr=±1
Z1/2

χ

(
qsr

i,rf−sr
j,r a; srmq

i,r − srmf
j,r + na;x

)
+

Q∏
i=1

F∏
j=1

∏
s=±1

Z1/2
χ

(
qs

i f−s
j a2; smq

i − smf
j + 2na;x2

) .

(A.11)

Common node on the axis of symmetry. Let us now deal with the contribution coming
from two bifundamental hypermultiplets, one on the left and one on the right of the axis
of symmetry of quiver (A.1), in the case in which the axis of symmetry passes through
a common node:

Y Z Y

(A.12)

If we denote with yi,l and yi,r the fugacities associated with the U(Y ) nodes on the left-hand
side and on the right-hand side of (A.12) respectively, where i = 1, . . . , Y , and with zj ,
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with j = 1, . . . , Z, the fugacities associated with the common U(Z) node, then we can
construct the following matrix

Υl =



y1,l

z1
. . . 0 0 0 0 0 0 0 0

0 . . . 0 0 0 0 0 0 0 0
0 . . .

yY,l

z1
. . . 0 0 0 0 0 0

0 0 . . .
y1,l

z2
. . . 0 0 0 0 0

0 0 0 0 . . . 0 0 0 0 0
0 0 0 0 . . .

yY,l

z2
. . . 0 0 0

0 0 0 0 0 0 . . . 0 0 0
0 0 0 0 0 0 . . .

y1,l

zZ
. . . 0

0 0 0 0 0 0 0 0 . . . 0
0 0 0 0 0 0 0 0 . . .

yY,l

zZ



(A.13)

and, analogously, the matrix Υr is defined by substituting yi,l with yi,r in (A.13). The
matrices Υl and Υr are associated with the chiral fields in the (Y, Z) representation of
U(Y )×U(Z) on the left-hand side and on the right-hand side of (A.12) respectively. They
can be combined in a single matrix

Υ =
(
Υl 0

0 Υr

)
, (A.14)

from which we can also derive Υ−1. The two matrices Υ and Υ−1 together describe the
two bifundamental hypermultiplets of U(Y ) × U(Z) both on the left and on the right of
the axis of symmetry in (A.12). Acting on them with the matrix representation of the Z2
elements defined in (A.6), we obtain the Higgs branch Hilbert series corresponding to the
Z2 wreathing described in (A.12) as

1
2

 1
det (1−Υt) det (1−Υ−1t) +

1
det

(
1− γ(12)Υt

)
det

(
1− γ(12)Υ−1t

)
 . (A.15)

The first contribution is the one associated with two bifundamental hypermultiplets with
a common node, i.e.

1
det (1−Υt) det (1−Υ−1t)

= PE


Y∑

i=1
yi,l

Z∑
j=1

z−1
j +

Y∑
i=1

y−1
i,l

Z∑
j=1

zj +
Y∑

i=1
yi,r

Z∑
j=1

z−1
j +

Y∑
i=1

y−1
i,r

Z∑
j=1

zj

 t

 ,

(A.16)

and the second contribution, which is the interesting one, yields
1

det
(
1− γ(12)Υt

)
det

(
1− γ(12)Υ−1t

)
= PE


Y∑

i=1
yi,lyi,r

Z∑
j=1

z−2
j +

Y∑
i=1

(yi,lyi,r)−1
Z∑

j=1
z2j

 t2

 .

(A.17)
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The latter contribution coincides with the Higgs branch Hilbert series of a U(Y ) × U(Z)
bifundamental hypermultiplet, with fugacities yi ≡ yi,lyi,r associated with the U(Y ) node
and z2j associated with the common U(Z) node. Note that, again, the variable t is squared,
which is equivalent to sending (x, a)→ (x2, a2) according to (2.38). This leads us to propose
that (A.12) can be identified with

(A.12) = 1
2


Y

yl

Z

z

Y

yr

+

Y

y

Z

z2

x2, a2

 (A.18)

It follows that the index of (A.12) can be expressed as

I(A.12)(yl, my
l |yr, my

r |z, mz|a, na;x)

= 1
2


Y∏

i=1

Z∏
j=1

 ∏
sl=±1

Z1/2
χ

(
ysl

i,lz
−sl
j a; slm

y
i,l − slm

z
j + na;x

)

×
∏

sr=±1
Z1/2

χ

(
ysr

i,rz−sr
j a; srmy

i,r − srmz
j + na;x

)
+

Y∏
i=1

Z∏
j=1

∏
s=±1

Z1/2
χ

(
ys

i z−2s
j a2; smy

i − smz
j + 2na;x2

) .

(A.19)

Let us anticipate a comment that will be explained below. In the last line of (A.19), even
if the fugacities zj are rescaled to z2j , the associated magnetic fluxes do not get rescaled to
2mz

j . This is due to the fact that, when we restore the original U(Z) gauge node, since this is
intersected by the vertical axis of symmetry of quiver (A.1), the associated 3d N = 4 vector
multiplet contribution is not affected by the Z2 wreathing. A more detailed explanation
will be provided around (A.46) and (A.47).

Bifundamental hypermultiplet cut by the axis of symmetry. In the case in which
the axis of symmetry cuts the bifundamental hypermultiplet connecting two nodes, instead
of passing through a node, we have to analyse the following contribution appearing in
quiver (A.2):

Y Y

(A.20)

If we still denote with yi,l and yi,r the fugacities associated with the two U(Y ) nodes of (A.20),
where i = 1, . . . , Y , then the contribution associated with the chiral field in the fundamental
representation of the node on the left and in the antifundamental representation of the node
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on the right of the axis of symmetry can be encoded in the following matrix

Θ =



y1,l

y1,r
. . . 0 0 0 0 0 0 0 0

0 . . . 0 0 0 0 0 0 0 0
0 . . .

yY,l

y1,r
. . . 0 0 0 0 0 0

0 0 . . .
y1,l

y2,r
. . . 0 0 0 0 0

0 0 0 0 . . . 0 0 0 0 0
0 0 0 0 . . .

yY,l

y2,r
. . . 0 0 0

0 0 0 0 0 0 . . . 0 0 0
0 0 0 0 0 0 . . .

y1,l

yY,r
. . . 0

0 0 0 0 0 0 0 0 . . . 0
0 0 0 0 0 0 0 0 . . .

yY,l

yY,r



, (A.21)

whereas the matrix Θ−1 describes the chiral field in the antifundamental representation of the
node on the left and in the fundamental representation of the node on the right of the axis of
symmetry. Therefore, the matrices Θ and Θ−1 describe the bifundamental hypermultiplet
connecting the two U(Y ) nodes in (A.20). Upon gauging the Z2 action corresponding to the
left-right symmetry, the Higgs branch Hilbert series of (A.20) reads

1
2

 1
det (1−Θt) det (1−Θ−1t) +

1
det

(
1− γ(12)Θt

)
det

(
1− γ(12)Θ−1t

)
 . (A.22)

The first contribution yields

1
det (1−Θt) det (1−Θ−1t) = PE


Y∑

i,j=1
yi,ly

−1
j,r +

Y∑
i,j=1

y−1
i,l yj,r

 t

 , (A.23)

which is the Hilbert series of a bifundamental hypermultiplet. On the other hand, the
second contribution coincides with the one of a chiral field in the adjoint representation
of U(Y ), namely

1
det

(
1− γ(12)Θt

)
det

(
1− γ(12)Θ−1t

) = PE


Y∑

i,j=1
yi,lyi,r (yj,lyj,r)−1

 t2

 , (A.24)

where, again, since the variable t2 appears, we use the map (2.38) and we send (x, a)→ (x2, a2),
with the R-charge being 1/2. It follows that (A.20) can be represented as

(A.20) = 1
2

 Y

yl

Y

yr +
Y

y x2, a2

 (A.25)
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where yi ≡ yi,lyi,r and we use the dashed line to indicate an adjoint chiral, instead of an
adjoint hyper. The corresponding index is given by

I(A.20)(yl, my
l |yr, my

r |a, na;x)

= 1
2


Y∏

i,j=1

∏
s=±1

Z1/2
χ

(
ys

i,ly
−s
j,r a; smy

i,l − smy
j,r + na;x

)

+
Y∏

i,j=1
Z1/2

χ

(
yiy

−1
j a2; smy

i − smy
j + 2na;x2

) .

(A.26)

Adjoint hypermultiplets contribution. Finally, we can analyse the last contribution
appearing in the ungauged quivers (A.1) and (A.2), that is the one associated with two
identical adjoint hypermultiplets, one on the left and one on the right of the axis of symmetry:

P P

(A.27)

Let us denote with pi,l and pi,r the fugacities associated with the U(P ) nodes on the left-hand
side and on the right-hand side of (A.27) respectively, with i = 1, . . . , P . Then, the matrix
associated with a chiral field in the adjoint representation of the U(P ) node on the left
of (A.27) is given by

Φl =



1 . . . 0 0 0 0 0 0 0
0 p2,l

p1,l
. . . 0 0 0 0 0 0

0 0 . . . 0 0 0 0 0 0
0 0 . . .

pP,l

p1,l
. . . 0 0 0 0

0 0 0 0 . . . 0 0 0 0
0 0 0 0 . . .

p1,l

pP,l
. . . 0 0

0 0 0 0 0 0 . . . 0 0
0 0 0 0 0 0 . . .

pP−1,l

pP,l
0

0 0 0 0 0 0 0 . . . 1



, (A.28)

from which we can also derive Φr, which corresponds to a chiral field in the adjoint repre-
sentation of the U(P ) node on the right of (A.27), by substituting pi,l with pi,r. The two
matrices Φl and Φr can be combined into the matrix

Φ =
(
Φl 0

0 Φr

)
(A.29)

and the contribution associated with the two hypermultiplets in the adjoint representation
of the two U(P ) nodes of (A.27) is described by both Φ and Φ−1. Combining them with
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the action of the Z2 elements defined in (A.6), the Higgs branch Hilbert series of the Z2
wreathing described in (A.27) reads

1
2

 1
det (1− Φt) det (1− Φ−1t) +

1
det

(
1− γ(12)Φt

)
det

(
1− γ(12)Φ−1t

)
 . (A.30)

The first term reproduces the usual contribution coming from two adjoint hypermultiplets, i.e.

1
det (1− Φt) det (1− Φ−1t) = PE

2


P∑
i,j=1

pi,lp
−1
j,l +

P∑
i,j=1

pi,rp−1
j,r

 t

 , (A.31)

whereas the second term is given by

1
det

(
1− γ(12)Φt

)
det

(
1− γ(12)Φ−1t

) = PE

2


P∑
i,j=1

pi,lpi,r (pj,lpj,r)−1

 t2

 . (A.32)

The latter coincides with the contribution coming from a single hypermultiplet in the adjoint
representation of U(P ), whose fugacities are denoted by pi ≡ pi,lpi,r, with (x, a)→ (x2, a2),
according to (2.38). Hence, we can depict (A.27) as follows:

(A.27) = 1
2


P

pl

P

pr
+

P

p x2, a2

 (A.33)

This leads us to propose the following expression for the index of (A.27):

I(A.27)(pl, mp
l |pr, mp

r |a, na;x)

= 1
2


P∏

i,j=1

 ∏
s=±1

Z1/2
χ

(
ps

i,lp
−s
j,l a; smp

i,l − smp
j,l + na;x

)

×
∏

s=±1
Z1/2

χ

(
ps

i,rp−s
j,r a; smp

i,r − smp
j,r + na;x

)
+

P∏
i,j=1

∏
s=±1

Z1/2
χ

(
ps

i p−s
j a2; smp

i − smp
j + 2na;x2

) .

(A.34)

Restoring the original gauge nodes. Now, we can restore the original gauge nodes of
quivers (A.1) and (A.2). For instance, let us focus on the two U(Y ) gauge nodes in (A.1)
and (A.2).

Y Y
(A.35)
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In doing so, we have to take into account the contribution coming from the adjoint chiral
fields in the 3d N = 4 vector multiplets. The two adjoint chiral multiplets coming from
the two U(Y ) gauge nodes are associated with the matrix Φ defined in (A.29), but with
entries yi,l and yi,r, where i = 1, . . . , Y , instead of pj,l and pj,r. Acting on Φ with the matrix
representation of the Z2 elements reported in (A.6), we obtain the following contribution
to the Higgs branch Hilbert series of the quiver wreathed by Z2:

1
2
[
det

(
1− Φt2

)
+ det

(
1− γ(12)Φt2

)]
, (A.36)

where the first term corresponds to the usual contribution coming from two adjoint chiral
fields, namely

det
(
1− Φt2

)
= PE

−


Y∑
i,j=1

yi,ly
−1
j,l +

Y∑
i,j=1

yi,ry−1
j,r

 t2

 , (A.37)

whereas the second term is given by

det
(
1− γ(12)Φt2

)
= PE

−


Y∑
i,j=1

yi,lyi,r (yj,lyj,r)−1

 t4

 . (A.38)

Observe that the latter reproduces the contribution coming from a single chiral field in
the adjoint representation of the U(Y ) gauge node, with fugacities yi ≡ yi,lyi,r, but with t4

appearing instead of t2, meaning that we have to send (x, a)→ (x2, a2) according to (2.38).
When we restore the original gauge nodes, in addition to (A.36), we also have to analyse

how the Haar measure appearing in the Hilbert series is affected by the Z2 wreathing. For
this purpose, let us define the m×m matrix, with m = Y (Y − 1)/2, whose diagonal elements
are yi,lyj,l, with i < j, namely

µl =



y1,l

y2,l
. . . 0 0 0 0 0 0 0

0 y1,l

y3,l
. . . 0 0 0 0 0 0

0 0 . . . 0 0 0 0 0 0
0 0 . . .

y1,l

yY,l
. . . 0 0 0 0

0 0 0 . . .
y2,l

y3,l
. . . 0 0 0

0 0 0 0 0 . . . 0 0 0
0 0 0 0 0 . . .

y2,l

yY,l
. . . 0

0 0 0 0 0 0 0 . . . 0
0 0 0 0 0 0 0 . . .

yY −1,l

yY,l



. (A.39)

Analogously, we define the matrix µr by substituting yi,l with yi,r in (A.39). These two can
then by combined in the following 2m × 2m matrix

µ =
(

µl 0

0 µr

)
, (A.40)
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thanks to which the Haar measure for the two U(Y ) gauge groups, the one on the left-hand
side and the one on the right-hand side of (A.35), can be expressed as∫

U(Y )×U(Y )
dµU(Y )×U(Y )

= 1
(2πi)2Y

(
Y∏

i=1

∮
|yi,l|=1

dyi,l

yi,l

∮
|yi,r|=1

dyi,r

yi,r

)
det (1− µ)

= 1
(2πi)2Y

(
Y∏

i=1

∮
|yi,l|=1

dyi,l

yi,l

∮
|yi,r|=1

dyi,r

yi,r

)
Y∏

i<j

(
1− yi,ly

−1
j,l

) (
1− yi,ry−1

j,r

)
.

(A.41)

In order to perform the Z2 wreathing, we act on µ with the Z2 matrices (A.6) and the
Haar measure gets modified as

1
(2πi)2Y

(
Y∏

i=1

∮
|yi,l|=1

dyi,l

yi,l

∮
|yi,r|=1

dyi,r

yi,r

)
1
2
[
det (1− µ) + det

(
1− γ(12)µ

)]
. (A.42)

The first contribution is (A.41), whereas the determinant in the second term yields

det
(
1− γ(12)µ

)
=

Y∏
i<j

[
1− yi,lyi,r (yj,lyj,r)−1

]
. (A.43)

Note that this is the contribution entering in the Haar measure of a single U(Y ) group,
with gauge fugacities yi ≡ yi,lyi,r.

Taking into account both (A.38) and (A.43), and the discussion below them, it follows
that (A.35) can be traded for

(A.35) = 1
2

[
Y

yl

Y

yr +
Y

y x2, a−4
]

(A.44)

where we remark that the adjoint chiral coming from the second term in the sum (A.44) is
refined with fugacities x2 and a−4.30 This means that, at the level of the index, (A.35) reads

I(A.35)(wy,l,ny,l|wy,r,ny,r|a,na;x)

= 1
2


 1
(Y !)2

∑
(my

l
,my

r )∈Z2Y

∮  Y∏
j=1

dyj,l

2πiyj,l

dyj,r

2πiyj,r
y

ny,l

j,l y
ny,r

j,r w
my

j,l

y,l w
my

j,r
y,r


×ZU(Y )

vec
(
yl;my

l ;x
)
ZU(Y )

vec (yr;my
r ;x)

×
Y∏

i,j=1
Z1

χ

(
yi,ly

−1
j,l a−2;my

i,l−my
j,l−2na;x

)
Z1

χ

(
yi,ry−1

j,r a−2;my
i,r−my

j,r−2na;x
)

+

 1
Y !

∑
my∈ZY

∮  Y∏
j=1

dyj

2πiyj
y

ny

j w
my

j
y

ZU(Y )
vec

(
y;my;x2

)

×
Y∏

i,j=1
Z1

χ

(
yiy

−1
j a−4;my

i −my
j−4na;x2

) ,

(A.45)

30The adjoint chiral sitting in the 3d N = 4 vector multiplet has charge −2 under the U(1) axial symmetry.
Hence, if we send a → a2, the adjoint chiral coming from the second term in (A.44) has charge −4 under the
axial symmetry.
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where (wy,l, ny,l) and (wy,r, ny,r) are the fugacities and background fluxes associated with
the topological symmetries of the two U(Y ) gauge nodes appearing in the first term of
the sum (A.44). Moreover, (wy, ny) are the topological fugacity and the corresponding
background flux related to the single U(Y ) gauge node in the second term of the sum (A.44),
with wy ≡ wy,lwy,r.

Let us also provide more details on the comment anticipated below (A.19), regarding
the restoration of the original U(Z) gauge node, which is intersected by the vertical axis
of symmetry in the wreathed quiver (A.1).

Z
(A.46)

The 3d N = 4 vector multiplet associated with this node is not affected by the Z2 wreathing,
i.e. its contribution to the index reads

I(A.46)(wz, nz|a, na;x)

= 1
Z!

∑
mz∈ZZ

∮  Z∏
j=1

dzj

2πizj
znz

j w
mz

j
z

ZU(Z)
vec (z;mz;x)

×
Z∏

i,j=1
Z1

χ

(
ziz

−1
j a−2;mz

i −mz
j − 2na;x

)
,

(A.47)

where (wz, nz) are the fugacity and background flux associated with the topological symmetry
of the U(Z) gauge node. Importantly, since (A.47) is just the standard vector multiplet
contribution with gauge fugacities zj and associated magnetic fluxes mz

j , then the latter do
not get rescaled to 2mz

j in the last line of (A.19), as one might naively expect. Note, however,
that the gauge fugacities get rescaled to z2j in the last line of (A.19), since this follows from
the discussion around (A.17) involving the matter contribution (A.12).

Putting everything together, the contributions (A.10), (A.18), (A.25), (A.33) and (A.44)
imply that the wreathed quivers (A.1) and (A.2) admit the following descriptions:

(A.1) = 1
2
[
(A.1)1 + (A.1)(12)

]
, (A.48a)

(A.2) = 1
2
[
(A.2)1 + (A.2)(12)

]
, (A.48b)

with the various quivers appearing in the sums above which can be depicted as follows:

(A.1)1 =
. . .

P Q

F

Y Z Y Q

F

P

. . .
(A.49)

(A.1)(12) =
. . .

P Q

F

Y Z

(x, a, z) → (x2, a2, z2) (A.50)
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(A.2)1 =
. . .

P Q

F

Y Y Q

F

P

. . .
(A.51)

(A.2)(12) =
. . .

P Q

F

Y

(x, a) → (x2, a2) (A.52)

where we denote with (x, a, z)→ (x2, a2, z2) and (x, a)→ (x2, a2) the rescaling of the fugaci-
ties in the contribution of each red line and node. Using (A.11), (A.19), (A.26), (A.34), (A.45)
and (A.47), the corresponding indices are given explicitly by the following expressions.

• For (A.49), we have

I(A.49) = I(A.1)1(flr, mf
lr|wp,lr, np,lr|wq,lr, nq,lr|wy,lr, ny,lr|wz, nz|a, na;x)

= 1
(P !)2(Q!)2(Y !)2Z!

∑
mp

lr
∈Z2P

∑
mq

lr
∈Z2Q

∑
my

lr
∈Z2Y

∑
mz∈ZZ

∮
Ivec
(A.1)1 I

adj
(A.1)1 I

chir
(A.1)1 ,

(A.53)

where

Ivec
(A.1)1 =

 P∏
j=1

∏
d=l,r

dpj,d

2πipj,d
p

np,d

j,d w
mp

j,d

p,d

 ∏
d=l,r

ZU(P )
vec

(
pd;mp

d;x
)

×

 Q∏
j=1

∏
d=l,r

dqj,d

2πiqj,d
q

nq,d

j,d w
mq

j,d

q,d

 ∏
d=l,r

ZU(Q)
vec

(
qd;mq

d;x
)

×

 Y∏
j=1

∏
d=l,r

dyj,d

2πiyj,d
y

ny,d

j,d w
my

j,d

y,d

 ∏
d=l,r

ZU(Y )
vec

(
yd;my

d;x
)

×

 Z∏
j=1

dzj

2πizj
znz

j w
mz

j
z

ZU(Z)
vec (z;mz;x)× . . . ,

(A.54)

Iadj
(A.1)1 =

P∏
i,j=1

∏
d=l,r

Z1
χ

(
pi,dp−1

j,da−2;mp
i,d −mp

j,d − 2na;x
)

×
Q∏

i,j=1

∏
d=l,r

Z1
χ

(
qi,dq−1

j,d a−2;mq
i,d −mq

j,d − 2na;x
)

×
Y∏

i,j=1

∏
d=l,r

Z1
χ

(
yi,dy−1

j,d a−2;my
i,d −my

j,d − 2na;x
)

×
Z∏

i,j=1
Z1

χ

(
ziz

−1
j a−2;mz

i −mz
j − 2na;x

)
× . . . ,

(A.55)
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Ichir
(A.1)1 =

P∏
i=1

Q∏
j=1

∏
d=l,r

∏
s=±1

Z1/2
χ

(
ps

i,dq−s
j,da; smp

i,d − smq
j,d + na;x

)

×
Q∏

i=1

F∏
j=1

∏
d=l,r

∏
s=±1

Z1/2
χ

(
qs

i,df−s
j,d a; smq

i,d − smf
j,d + na;x

)

×
Q∏

i=1

Y∏
j=1

∏
d=l,r

∏
s=±1

Z1/2
χ

(
qs

i,dy−s
j,da; smq

i,d − smy
j,d + na;x

)

×
Y∏

i=1

Z∏
j=1

∏
d=l,r

∏
s=±1

Z1/2
χ

(
ys

i,dz−s
j a; smy

i,d − smz
j + na;x

)

×
P∏

i,j=1

∏
d=l,r

∏
s=±1

Z1/2
χ

(
ps

i,dp−s
j,da; smp

i,d − smp
j,d + na;x

)
× . . . .

(A.56)

• For (A.50), we have

I(A.50) = I(A.1)(12)(f , mf |wp, np|wq, nq|wy, ny|wz, nz|a, na;x)

= 1
P !Q!Y !Z!

∑
mp∈ZP

∑
mq∈ZQ

∑
my∈ZY

∑
mz∈ZZ

∮
Ivec
(A.1)(12)

Iadj
(A.1)(12)

Ichir
(A.1)(12)

,

(A.57)

where

Ivec
(A.1)(12)

=

 P∏
j=1

dpj

2πipj
p

np

j w
mp

j
p

ZU(P )
vec

(
p;mp;x2

)

×

 Q∏
j=1

dqj

2πiqj
q

nq

j w
mq

j
q

ZU(Q)
vec

(
q;mq;x2

)

×

 Y∏
j=1

dyj

2πiyj
y

ny

j w
my

j
y

ZU(Y )
vec

(
y;my;x2

)

×

 Z∏
j=1

dzj

2πizj
znz

j w
mz

j
z

CZU(Z)
vec (z;mz;x)× . . . ,

(A.58)

Iadj
(A.1)(12)

=
P∏

i,j=1
Z1

χ

(
pip

−1
j a−4;mp

i −mp
j − 4na;x2

)

×
Q∏

i,j=1
Z1

χ

(
qiq

−1
j a−4;mq

i −mq
j − 4na;x2

)

×
Y∏

i,j=1
Z1

χ

(
yiy

−1
j a−4;my

i −my
j − 4na;x2

)

×
Z∏

i,j=1
Z1

χ

(
ziz

−1
j a−2;mz

i −mz
j − 2na;x

)
× . . . ,

(A.59)
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Ichir
(A.1)(12)

=
P∏

i=1

Q∏
j=1

∏
s=±1

Z1/2
χ

(
ps

i q−s
j a2; smp

i − smq
j + 2na;x2

)

×
Q∏

i=1

F∏
j=1

∏
s=±1

Z1/2
χ

(
qs

i f−s
j a2; smq

i − smf
j + 2na;x2

)

×
Q∏

i=1

Y∏
j=1

∏
s=±1

Z1/2
χ

(
qs

i y−s
j a2; smq

i − smy
j + 2na;x2

)

×
Y∏

i=1

Z∏
j=1

∏
s=±1

Z1/2
χ

(
ys

i z−2s
j a2; smy

i − smz
j + 2na;x2

)

×
P∏

i,j=1

∏
s=±1

Z1/2
χ

(
ps

i p−s
j a2; smp

i − smp
j + 2na;x2

)
× . . . .

(A.60)

• For (A.51), we have

I(A.51) = I(A.2)1(flr, mf
lr|wp,lr, np,lr|wq,lr, nq,lr|wy,lr, ny,lr|a, na;x)

= 1
(P !)2(Q!)2(Y !)2

∑
mp

lr
∈Z2P

∑
mq

lr
∈Z2Q

∑
my

lr
∈Z2Y

∮
Ivec
(A.2)1 I

adj
(A.2)1 I

chir
(A.2)1 , (A.61)

where

Ivec
(A.2)1 =

 P∏
j=1

∏
d=l,r

dpj,d

2πipj,d
p

np,d

j,d w
mp

j,d

p,d

 ∏
d=l,r

ZU(P )
vec

(
pd;mp

d;x
)

×

 Q∏
j=1

∏
d=l,r

dqj,d

2πiqj,d
q

nq,d

j,d w
mq

j,d

q,d

 ∏
d=l,r

ZU(Q)
vec

(
qd;mq

d;x
)

×

 Y∏
j=1

∏
d=l,r

dyj,d

2πiyj,d
y

ny,d

j,d w
my

j,d

y,d

 ∏
d=l,r

ZU(Y )
vec

(
yd;my

d;x
)
× . . . ,

(A.62)

Iadj
(A.2)1 =

P∏
i,j=1

∏
d=l,r

Z1
χ

(
pi,dp−1

j,da−2;mp
i,d −mp

j,d − 2na;x
)

×
Q∏

i,j=1

∏
d=l,r

Z1
χ

(
qi,dq−1

j,d a−2;mq
i,d −mq

j,d − 2na;x
)

×
Y∏

i,j=1

∏
d=l,r

Z1
χ

(
yi,dy−1

j,d a−2;my
i,d −my

j,d − 2na;x
)
× . . . ,

(A.63)
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Ichir
(A.2)1 =

P∏
i=1

Q∏
j=1

∏
d=l,r

∏
s=±1

Z1/2
χ

(
ps

i,dq−s
j,da; smp

i,d − smq
j,d + na;x

)

×
Q∏

i=1

F∏
j=1

∏
d=l,r

∏
s=±1

Z1/2
χ

(
qs

i,df−s
j,d a; smq

i,d − smf
j,d + na;x

)

×
Q∏

i=1

Y∏
j=1

∏
d=l,r

∏
s=±1

Z1/2
χ

(
qs

i,dy−s
j,da; smq

i,d − smy
j,d + na;x

)

×
Y∏

i,j=1

∏
s=±1

Z1/2
χ

(
ys

i,ly
−s
j,r a; smy

i,l − smy
j,r + na;x

)

×
P∏

i,j=1

∏
d=l,r

∏
s=±1

Z1/2
χ

(
ps

i,dp−s
j,da; smp

i,d − smp
j,d + na;x

)
× . . . .

(A.64)

• For (A.52), we have

I(A.52) = I(A.2)(12)(f , mf |wp, np|wq, nq|wy, ny|a, na;x)

= 1
P !Q!Y !Z!

∑
mp∈ZP

∑
mq∈ZQ

∑
my∈ZY

∮
Ivec
(A.2)(12)

Iadj
(A.2)(12)

Ichir
(A.2)(12)

,
(A.65)

where

Ivec
(A.2)(12)

=

 P∏
j=1

dpj

2πipj
p

np

j w
mp

j
p

ZU(P )
vec

(
p;mp;x2

)

×

 Q∏
j=1

dqj

2πiqj
q

nq

j w
mq

j
q

ZU(Q)
vec

(
q;mq;x2

)

×

 Y∏
j=1

dyj

2πiyj
y

ny

j w
my

j
y

ZU(Y )
vec

(
y;my;x2

)
× . . . ,

(A.66)

Iadj
(A.2)(12)

=
P∏

i,j=1
Z1

χ

(
pip

−1
j a−4;mp

i −mp
j − 4na;x2

)

×
Q∏

i,j=1
Z1

χ

(
qiq

−1
j a−4;mq

i −mq
j − 4na;x2

)

×
Y∏

i,j=1
Z1

χ

(
yiy

−1
j a−4;my

i −my
j − 4na;x2

)
× . . . ,

(A.67)
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Ichir
(A.2)(12)

=
P∏

i=1

Q∏
j=1

∏
s=±1

Z1/2
χ

(
ps

i q−s
j a2; smp

i − smq
j + 2na;x2

)

×
Q∏

i=1

F∏
j=1

∏
s=±1

Z1/2
χ

(
qs

i f−s
j a2; smq

i − smf
j + 2na;x2

)

×
Q∏

i=1

Y∏
j=1

∏
s=±1

Z1/2
χ

(
qs

i y−s
j a2; smq

i − smy
j + 2na;x2

)

×
Y∏

i,j=1
Z1/2

χ

(
yiy

−1
j a2; smy

i − smy
j + 2na;x2

)

×
P∏

i,j=1

∏
s=±1

Z1/2
χ

(
ps

i p−s
j a2; smp

i − smp
j + 2na;x2

)
× . . . .

(A.68)

For compactness, given a generic fugacity F and magnetic flux M , we use the notation Flr ≡
(Fl, Fr), Mlr ≡ (Ml, Mr). In case there is a special unitary gauge/flavour node SU(S), with
gauge/flavour fugacities sj and corresponding magnetic fluxes ms

j , with j = 1, . . . , S, we set

sS =

S−1∏
j=1

sj

−1

, ms
S = −

S−1∑
j=1

ms
j . (A.69)

Upon setting the background magnetic fluxes associated with the flavour and topological
symmetries to zero, the indices of the wreathed quivers (A.1) and (A.2) are then given by

I(A.1)(f |wp|wq|wy|wz|a;x)

= 1
2
[
I(A.1)1(flr = f |wp,lr = wp|wq,lr = wq|wy,lr = wy|wz|a;x)

+I(A.1)(12)(f
2|w2

p|w2
q |w2

y|wz|a;x)
]

,

(A.70a)

I(A.2)(f |wp|wq|wy|a;x)

= 1
2
[
I(A.2)1(flr = f |wp,lr = wp|wq,lr = wq|wy,lr = wya;x)

+I(A.2)(12)(f
2|w2

p|w2
q |w2

y|a;x)
]

,

(A.70b)

where the notation Flr = F indicates that we set both figacities Fl and Fr to be equal to F .
Such a redefinition of the fugacities in (A.70a) and (A.70b) is employed in order to obtain
well-defined indices, whose series expansion does not contain half-integer coefficients in front of
the various fugacities, which might otherwise arise due to the presence of the overall factor 1/2.

A.2 Quivers wreathed by Sn and subgroups thereof

Let us now generalise the procedure presented in the previous subsection to analyse quivers
wreathed by (subgroups of) Sn. Our starting point is a 3d N = 4 quiver gauge theory Q,
with (special) unitary gauge and flavour nodes, consisting of n identical building blocks which
give rise to an Sn symmetry. A prototypical example is a star-shaped quiver with n identical
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legs glued together via a common gauge node

Z

Y
Y

Y

Y
Y

..
.

. . .

. . .

. .
.

..
.

n − 5 (A.71)

The natural generalisation of formulae (A.48a) and (A.48b) for the quiver Q wreathed by
H, with H ⊆ Sn, reads

Q/H = 1
|H|

|H|∑
j=1

Qhj
, (A.72)

where |H| is the order of H and hj are the elements of H . Given that a generic element of H

can be represented as a cycle or a product of disjoint cycles, let us focus on the element

[bu, cv, . . . , dr] ≡ (b1b2 . . . bu)(c1c2 . . . cv) . . . (d1d2 . . . dr) , (A.73)

with 0 ≤ u, v, . . . , r ≤ n and u + v + . . . + r = n, which is a product of p ≤ n cycles.
This corresponds to the contribution Q[bu,cv ,...,dr] appearing in the sum (A.72). Let us take
Q = (A.71), i.e. we want to study the contribution (A.71)[bu,cv ,...,dr], and proceed as we did
in the previous subsection by ungauging every node, analysing the subquivers consisting of
hypermultiplets connecting flavour nodes and, finally, restoring the original gauge nodes.

Bifundamental hypermultiplets contribution. Upon ungauging every node, we are
interested in the following quiver

Z

Y
Y

Y

Y
Y

..
.

. . .

. . .

. .
.

..
.

n − 5 (A.74)
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where we denote with yi,A the fugacities associated with the U(Y ) nodes, with i = 1, . . . , Y and
A = [bu, cv, . . . , dr], and with zj the fugacities associated with the common U(Z) node, with
j = 1, . . . , Z. We can therefore associate with the chiral fields in the (Y, Z) representation of
each U(Y )×U(Z) contribution the matrices ΥA, which are defined as (A.13) by substituting
yi,l with yi,A, and the generalisation of matrix (A.14) reads

Υ =



Υb1 . . . 0 0 . . . 0 . . . 0 . . . 0
...

. . .
...

...
. . .

...
. . .

...
. . .

...

0 . . . Υbu 0 . . . 0 . . . 0 . . . 0

0 . . . 0 Υc1 . . . 0 . . . 0 . . . 0
...

. . .
...

...
. . .

...
. . .

...
. . .

...

0 . . . 0 0 . . . Υcv . . . 0 . . . 0

...
. . .

...
...

. . .
...

. . .
...

. . .
...

0 . . . 0 0 . . . 0 . . . Υd1 . . . 0
...

. . .
...

...
. . .

...
. . .

...
. . .

...

0 . . . 0 0 . . . 0 . . . 0 . . . Υdr



, (A.75)

from which we can also derive Υ−1. The two matrices Υ and Υ−1 describe the n hyper-
multiplets in the bifundamental representation of U(Y ) × U(Z) of quiver (A.74). We can
act on them with the matrix representation γ[bu,cv ,...,dr] of the group element [bu, cv, . . . , dr],
whose entries are

(
γ[bu,cv ,...,dr]

)
i,j

=

1 if [bu, cv, . . . , dr] exchanges i and j

0 otherwise
, (A.76)

where both 1 and 0 are of the same dimension of the matrices they act upon.31 This yields
the following Higgs branch Hilbert series

1
det

(
1− γ[bu,cv ,...,dr]Υt

)
det

(
1− γ[bu,cv ,...,dr]Υ−1t

)
= PE


 Y∑

i=1

bu∏
b=b1

yi,b

 Z∑
j=1

z−u
j +

 Y∑
i=1

bu∏
b=b1

y−1
i,b

 Z∑
j=1

zu
j

 tu

+


(

Y∑
i=1

cv∏
c=c1

yi,c

)
Z∑

j=1
z−v

j +
(

Y∑
i=1

cv∏
c=c1

y−1
i,c

)
Z∑

j=1
zv

j

 tv + . . .

+


 Y∑

i=1

dr∏
d=d1

yi,d

 Z∑
j=1

z−r
j +

 Y∑
i=1

dr∏
d=d1

y−1
i,d

 Z∑
j=1

zr
j

 tr

 ,

(A.77)

which coincides with the contribution coming from a star-shaped quiver consisting of a
common U(Z) node linked to p ≤ n U(Y ) nodes via bifundamental hypermultiplets. If we
denote each of the matter contributions connecting such U(Y ) nodes and the U(Z) node with

31In the present case, both 1 and 0 are Y Z × Y Z matrices, since ΥA are Y Z × Y Z matrices.

– 90 –



J
H
E
P
0
1
(
2
0
2
5
)
1
2
4

a subscript 1, 2, . . . , p, then the definition of the fugacities and the rescaling of the variable
t associated with each of them are as follows:

U(Y )1 : yi,1 ≡
bu∏

b=b1

yi,b , U(Z)1 : zu
j , t1 : t→ tu ,

U(Y )2 : yi,2 ≡
cv∏

c=c1
yi,c , U(Z)2 : zv

j , t2 : t→ tv ,

...

U(Y )p : yi,p ≡
dr∏

d=d1

yi,d , U(Z)p : zr
j , tp : t→ tr .

(A.78)

Note that, according to (2.38), rescaling the variable t into tm for some m is equivalent
to sending (x, a) → (xm, am). This observation, together with (A.78), leads us to identify
(A.74)[bu,cv ,...,dr] with

(A.74)[bu,cv ,...,dr] = Z

Y

y1

Yy2

Yyp

. . .

..
.

..
.

xu, au, zu

xv , av , zv

xr, ar, zr

p − 3 (A.79)

where we highlight in red, blue and violet the flavour fugacities and the modification to
the definition of the fugacities x and a associated with the first, second and p-th matter
contribution respectively. Consequently, the index of theory (A.74)[bu,cv ,...,dr] reads

I(A.74)[bu,cv,...,dr ](y1, my
1|y2, my

2| . . . |yp, my
p|z, mz|a, na;x)

=
Y∏

i=1

Z∏
j=1

∏
s=±1

Z1/2
χ

(
ys

i,1z
−us
j au; smy

i,1 − smz
j + una;xu

)

×
Y∏

i=1

Z∏
j=1

∏
s=±1

Z1/2
χ

(
ys

i,2z
−vs
j av; smy

i,2 − smz
j + vna;xv

)
× . . .

×
Y∏

i=1

Z∏
j=1

∏
s=±1

Z1/2
χ

(
ys

i,pz−rs
j ar; smy

i,p − smz
j + rna;xr

)
,

(A.80)

where the magnetic fluxes mz
j do not get rescaled, even if the associated fugacities zj are

rescaled. The reason for this is that, when we restore the original U(Z) node in the middle,
this is not affected by wreathing, as already expalained below (A.19) and (A.47).
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Restoring the original gauge nodes. Next, we can restore the original gauge nodes of
quiver (A.71) and we can analyse how the element [bu, cv, . . . , dr] acts on the adjoint chiral
fields appearing in the n identical 3d N = 4 vector multiplets and on the Haar measure. For
our purpose, in order to emphasise the action of the group element, let us consider a string
of u + v + . . . + r = n U(Y ) gauge nodes grouped into p ≤ n sets containing u, v, . . . , r nodes


Y Y

. . .
u − 3

Y


1


Y Y

. . .
v − 3

Y


2

. . .


Y Y

. . .
r − 3

Y


p

(A.81)

where each round bracket with a subscript m contains the nodes belonging to the m-th
set, with m = 1, . . . , p.

Let us deal with the adjoint chiral multiplets first, whose contribution is encoded in
the matrix

Φ =



Φb1 . . . 0 0 . . . 0 . . . 0 . . . 0
...

. . .
...

...
. . .

...
. . .

...
. . .

...

0 . . . Φbu 0 . . . 0 . . . 0 . . . 0

0 . . . 0 Φc1 . . . 0 . . . 0 . . . 0
...

. . .
...

...
. . .

...
. . .

...
. . .

...

0 . . . 0 0 . . . Φcv . . . 0 . . . 0

...
. . .

...
...

. . .
...

. . .
...

. . .
...

0 . . . 0 0 . . . 0 . . . Φd1 . . . 0
...

. . .
...

...
. . .

...
. . .

...
. . .

...

0 . . . 0 0 . . . 0 . . . 0 . . . Φdr



, (A.82)

which generalises (A.29), where the matrices ΦA, with A = [bu, cv, . . . , dr], are defined
as (A.28) by substituting pi,l with yi,A. We can then act on Φ with the matrix representation
of element [bu, cv, . . . , dr], defined in (A.76), and obtain the following contribution to the
Higgs branch Hilbert series:

det
(
1− γ[bu,cv ,...,dr]Φt2

)
= PE

−


Y∑
i,j=1

yi,1y
−1
j,1

 t2u −


Y∑

i,j=1
yi,2y

−1
j,2

 t2v − . . .−


Y∑

i,j=1
yi,py−1

j,p

 t2r

 .
(A.83)

We recognise (A.83) to be the contribution coming from p U(Y ) adjoint chiral fields, whose
associated gauge fugacities yi,1, yi,2, . . . , yi,p are defined as in (A.78), with t2 rescaled into
t2m, with m = u, v, r, . . ., meaning that we have to send (x, a) into (xm, am).

Finally, let us study the action of element [bu, cv, . . . , dr] on the Haar measure for
the U(Y ) gauge groups in quiver (A.71). Let us take the matrices µA, which are defined
as (A.39) by substituting yi,l with yi,A, and combine them into a single matrix µ, which
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generalises (A.40), given by

µ =



µb1 . . . 0 0 . . . 0 . . . 0 . . . 0
...

. . .
...

...
. . .

...
. . .

...
. . .

...

0 . . . µbu 0 . . . 0 . . . 0 . . . 0

0 . . . 0 µc1 . . . 0 . . . 0 . . . 0
...

. . .
...

...
. . .

...
. . .

...
. . .

...

0 . . . 0 0 . . . µcv . . . 0 . . . 0

...
. . .

...
...

. . .
...

. . .
...

. . .
...

0 . . . 0 0 . . . 0 . . . µd1 . . . 0
...

. . .
...

...
. . .

...
. . .

...
. . .

...

0 . . . 0 0 . . . 0 . . . 0 . . . µdr



. (A.84)

If we consider the determinant

det
(
1− γ[bu,cv ,...,dr]µ

)
=

Y∏
i<j

(
1− yi,1y

−1
j,1

) (
1− yi,2y

−1
j,2

)
× . . .×

(
1− yi,py−1

j,p

)
, (A.85)

we observe that this coincides with the contribution entering in the Haar measure of p U(Y )
gauge groups, with gauge fugacities yi,1, yi,2, . . . , yi,p.

Taking into account both (A.83) and (A.85), it follows that (A.81)[bu,cv ,...,dr] can be
depicted as

(A.81)[bu,cv ,...,dr] =
Y

y1

xu, a−2u

Y

y2

xv , a−2v

. . .
p − 3

Y

yp

xr, a−2r

(A.86)

where we highlight in red, blue and violet the gauge fugacities and the rescaling of the
fugacities x and a associated with the gauge contributions coming from the first, second and
p-th set of nodes in (A.81) respectively.32 The associated index reads

I(A.81)[bu,cv,...,dr ](wy,1, ny,1|wy,2, ny,2| . . . |wy,p, ny,p|a, na;x)

= 1
(Y !)p

∑
(my

1 ,my
2 ,...,my

p)∈Zl

∮  Y∏
j=1

dyj,1
2πiyj,1

y
ny,1
j,1 w

my
j,1

y,1

ZU(Y )
vec (y1;my

1;xu)

×

 Y∏
j=1

dyj,2
2πiyj,2

y
ny,2
j,2 w

my
j,2

y,2

ZU(Y )
vec (y2;my

2;xv)× . . .

×

 Y∏
j=1

dyj,p

2πiyj,p
y

ny,p

j,p w
my

j,p
y,p

ZU(Y )
vec

(
yp;my

p;xr
)

×
Y∏

i,j=1
Z1

χ

(
yi,1y

−1
j,1a−2u;my

i,1 −my
j,1 − 2una;xu

)
32Recall that the adjoint chiral belonging to the 3d N = 4 vector multiplet has charge 2 under the U(1)

axial symmetry, see Footnote 30. Hence, if we send a → am, the adjoint chirals in (A.86) are refined with
fugacity a−2m.
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×
Y∏

i,j=1
Z1

χ

(
yi,2y

−1
j,2a−2v;my

i,2 −my
j,2 − 2vna;xv

)
× . . .

×
Y∏

i,j=1
Z1

χ

(
yi,py−1

j,p a−2r;my
i,p −my

j,p − 2rna;xr
)

, (A.87)

where (wy,1, ny,1), (wy,2, ny,2), . . . , (wy,p, ny,p) are the fugacities and background fluxes asso-
ciated with the topological symmetries of the p U(Y ) gauge nodes appearing in (A.86). In
particular, if we denote with wj,m the topological fugacities of the U(Y ) nodes in (A.81),
with m = 1, . . . , p and j = 1, . . . l(m) ≡ number of U(Y ) nodes in the m-th set, then we
define wy,m ≡

∏l(m)
j=1 wj,m.

On the other hand, the 3d N = 4 vector multiplet associated with the U(Z) node
in (A.71) is not affected by the action of the element [bu, cv, . . . , dr] and its contribution to
the index is the usual one for a vector multiplet, namely it is given by (A.47).

In conclusion, taking into account (A.79) and (A.86), we find that the contribution
coming from the action of the group element [bu, cv, . . . , dr] on the star-shaped quiver (A.71)
can be depicted as

(A.71)[bu,cv ,...,dr] = Z
Y

y1

Yy2

Yyp

. . .

..
.

..
.

(x, a, z) → (xu, au, zu)

(x, a, z) → (xv , av , zv)

(x, a, z) → (xr, ar, zr)

p − 3 (A.88)

where the wreathed quiver (A.71)/H can be obtained from equation (A.72) by summing over all
possible contributions of the form (A.88) corresponding to elements of H . Using (A.47), (A.80)
and (A.87), the index of (A.88) reads

I(A.88) = I(A.71)[bu,cv,...,dr ](wy,1, ny,1|wy,2, ny,2| . . . |wy,p, ny,p|wz, nz|a, na;x)

= 1
(Y !)pZ!

∑
(my

1 ,...,my
p)∈ZpY

∑
mz∈ZZ

Ivec
(A.71)[bu,cv,...,dr ]

Iadj
(A.71)[bu,cv,...,dr ]

Ichir
(A.71)[bu,cv,...,dr ]

,
(A.89)
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where

Ivec
(A.71)[bu,cv,...,dr ]

=

 Y∏
j=1

dyj,1
2πiyj,1

y
ny,1
j,1 w

my
j,1

y,1

ZU(Y )
vec (y1;my

1;xu)

×

 Y∏
j=1

dyj,2
2πiyj,2

y
ny,2
j,2 w

my
j,2

y,2

ZU(Y )
vec (y2;my

2;xv)× . . .

×

 Y∏
j=1

dyj,p

2πiyj,p
y

ny,p

j,p w
my

j,p
y,p

ZU(Y )
vec

(
yp;my

p;xr
)

×

 Z∏
j=1

dzj

2πizj
znz

j w
mz

j
z

ZU(Z)
vec (z;mz;x)× . . . ,

(A.90)

Iadj
(A.71)[bu,cv,...,dr ]

=
Y∏

i,j=1
Z1

χ

(
yi,1y

−1
j,1a−2u;my

i,1 −my
j,1 − 2una;xu

)

×
Y∏

i,j=1
Z1

χ

(
yi,2y

−1
j,2a−2v;my

i,2 −my
j,2 − 2vna;xv

)
× . . .

×
Y∏

i,j=1
Z1

χ

(
yi,py−1

j,p a−2r;my
i,p −my

j,p − 2rna;xr
)

×
Z∏

i,j=1
Z1

χ

(
ziz

−1
j a−2;mz

i −mz
j − 2na;x

)
× . . . ,

(A.91)

Ichir
(A.71)[bu,cv,...,dr ]

=
Y∏

i=1

Z∏
j=1

∏
s=±1

Z1/2
χ

(
ys

i,1z
−us
j au; smy

i,1 − smz
j + una;xu

)

×
Y∏

i=1

Z∏
j=1

∏
s=±1

Z1/2
χ

(
ys

i,2z
−vs
j av; smy

i,2 − smz
j + vna;xv

)
× . . .

×
Y∏

i=1

Z∏
j=1

∏
s=±1

Z1/2
χ

(
ys

i,pz−rs
j ar; smy

i,p − smz
j + rna;xr

)
× . . . .

(A.92)

In case there are special unitary nodes, we have to set the corresponding fugacities and
magnetic fluxes as specified in (A.69). Upon setting the background magnetic fluxes associated
with the topological symmetries to zero, the index of the wreathed quiver (A.71)/H can
then be obtained by summing over the indices of all possible contributions corresponding
to elements of H and dividing by the order of H:

I(A.71)/H(w|wz|a;x)

= 1
|H|

∑
[bu,cv ,...,dr]∈H

I(A.71)[bu,cv,...,dr ](wy,1=w
l(1)
bi
|wy,2=wl(2)

cj
| . . . |wy,p =w

l(p)
dk
|wz|a;x) ,

(A.93)

where we denote with l(m) the length of the m-th cycle appearing in the group element
[bu, cv, . . . , dr], with m = 1, . . . , p, and with bi, cj , . . . , dk generic entries of the m-th cycle
of such element, as specified by (A.73). In order to obtain a well-defined index, we have
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to set wm = wm′ whenever, throughout the sum over all the elements of H, two different
group elements act on the same U(Y ) node of quiver (A.71) via two distinct cycles m and m′,
namely the same U(Y ) node appears in two different sets labelled by subscripts m and m′

in (A.81).33 This observation generalises the comment below (A.70b) and ensures that the
series expansion of the index does not contain half-integer coefficients, which might otherwise
arise due to the presence of the overall factor 1/|H|.
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