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1 Introduction

In this work, we show that a broad class of 3d N = 2 Chern-Simons (CS) theories admit
a purely abelian and planar dual description.

These abelian-planar duals are generated by performing real mass deformations that
break N = 4 → N = 2, starting from known 3d N = 4 mirror pairs [1].

More precisely, we work in the N = 2∗ setup, with an abelian R-symmetry U(1)R =
U(1)C+H and a global symmetry U(1)τ = U(1)H−C , where U(1)C ⊂ SU(2)C and U(1)H ⊂
SU(2)H are the Cartan subgroups of the non-abelian N = 4 R-symmetry SU(2)C×SU(2)H [2].
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We then perform a real mass deformation [3] for the axial U(1)τ , thus breaking the R-symmetry
to U(1)R, hence supersymmetry from N = 4 → N = 2.

Naively, this deformation renders all fields massive. However, by combining it with
suitable vacuum expectation values (VEVs) for the real scalars in vector multiplets — i.e., by
moving along the Coulomb branch — we can reach vacua where some fields remain massless,
yielding a nontrivial infrared theory.

For instance, starting from 3d N = 4 U(N) SQCD with F hypermultiplets, one can
combine the U(1)τ real mass deformation with additional deformations to flow to a chiral
theory: N = 2 U(N) SQCD with F fundamental chirals and CS levels

(
−F

2 + N,−F
2

)
for

the SU(N) and U(1) components of the gauge groups.
We can then apply the same real mass deformation on the mirror dual side [4], shown

in the first line of figure 1. For SQCD, the mirror dual is a quiver with F − 1 gauge nodes,
meaning there are F − 1 vector multiplets that can acquire VEVs in various ways. This opens
up a multitude of possible directions on the Coulomb branch to explore, each potentially
leading to a nontrivial low-energy theory. As a result, identifying the vacuum corresponding
to the dual of the chiral SQCD becomes highly nontrivial.

In general, starting from a 3d N = 4 mirror pair of quivers and turning on a U(1)τ real
mass deformation to produce a chiral quiver on the electric side leads to the subtle and intricate
problem of identifying the correct dual theory — comparable to finding a needle in a haystack.

A powerful guiding principle emerges from the study of the S3
b partition function [5, 6].

As discussed in [7, 8], turning on real masses in the UV theory translates into taking certain
limits of the partition function where the mass parameters are sent to infinity.

In this limit, the partition function of the original theory flows to that of the interacting
IR theory, multiplied by a highly oscillatory phase. Crucially, this phase is sensitive to the
VEVs of the real scalars in vector multiplets — that is, it captures how we moved along the
Coulomb branch. Therefore, if we start from a known partition function identity between a
3d N = 4 mirror pair and perform the appropriate real mass limits on both sides, we can
match the resulting IR theories by identifying the terms with identical oscillatory phases.

This technique helps us pinpoint the correct dual of the chiral U(N) SQCD. Somewhat
surprisingly, we find that the mirror dual is a planar, abelian quiver, shown in the bottom
right corner of figure 1. An earlier account of part of our findings appeared in [9], where
we focused on the case of SU(N) SQCD with fundamental flavors.

In general, we find that if we deform an N = 4 mirror pair of quivers to produce a
chiral quiver on the electric side, in the dual vacuum, every U(k) gauge node in the N = 4
mirror is Higgsed down to U(1)k.

The chiral-planar mirror pair inherits various features from the parent N = 4 mirror pair.
In particular, mesonic symmetries are mapped to topological symmetries, and we observe
nontrivial IR enhancement of topological symmetries. This motivates the terminology:
chiral-planar mirror pairs.

While this deformation procedure is effective, it is also tedious and lacks clear intuition.
It is far from obvious, a priori, that one should search for a planar abelian dual. Indeed,
the idea of deriving N = 2 dualities via real mass deformations of N = 4 mirror pairs was
already anticipated in [2], where the N = 2∗ framework was introduced. At the time, such
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Figure 1. Schematic depiction of the N = 2 mirror-like duality (bottom row) observed between
U(N) SQCD with [F, 0] fundamental fields and a planar, abelian quiver gauge theory. The quivers
are depicted in the N = 2 notation. The labels in red denote CS levels while those in green denote
the level of mixed CS interaction. The superpotential in the planar quiver consist of mesonic and
monopole terms that we explain in detail below figure 3.

deformations appeared to lead to chiral-chiral dualities. However, we now find that, with
refined tools such as exact partition function techniques and a more systematic analysis of
Coulomb branch vacua, these flows can instead give rise to chiral-planar dualities.

What we ultimately seek is a more systematic and streamlined strategy for identifying
mirror planar duals of chiral quivers.

Recently, it has been shown that 3d N = 4 (and recently some N = 2) mirror dualities
can be derived via the mirror dualization algorithm [10, 11]. In this paper, we extend this
approach to the chiral-planar case.

Thanks to the algorithmic construction, we are able to generate the abelian planar duals
of chiral quiver theories across a broad range of ranks of the gauge groups and matter content,
with specific CS levels. For example, we provide the abelian planar dual of U(N) SQCD with
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high enough, but otherwise arbitrary number of fundamentals and antifundamentals, generic
N and specific CS levels. This is a significant generalization of the dualities proposed in [9]
by the same authors, where the abelian planar dual of SU(N) SQCD with only fundamental
matter was first proposed.

Combining this algorithmic approach with the direct analysis of real mass deformations
of N = 4 mirror pairs, we can find planar duals for an even larger family of theories.
For example, we can find a planar dual for N = 2 U(N)/SU(N) CS-SQCD with [nf , na]
fundamentals/antifundamentals and more general CS level, for more general linear chiral
quivers, for circular quivers, and for N = 2 USp(2N) CS-SQCD.

A natural question is whether every 3d N = 2 quiver theory admits a dual description in
terms of a planar, abelian quiver. The chiral-planar dualities we construct here emerge from a
specific class of theories — those obtainable via real mass deformations from 3d N = 4 mirror
pairs, possibly in combination with additional operations such as Aharony-like dualities and
Witten’s SL(2,Z) action [12]. However, it remains an open question to determine whether
this strategy can be extended, or generalized, to encompass arbitrary N = 2 gauge theories.

The mirror dualization algorithm was originally developed for N = 4 mirror dualities
with unitary gauge groups. 3d N = 4 theories can be engineered in Hanany-Witten brane
setups [4], and mirror symmetry arises as a consequence of type IIB S-duality, which swaps
NS and D5 branes.

The mirror algorithm is a field theory counterpart of the local S-dualization of 5-branes.
However, the algorithm has been extended to other situations where a brane realization is
either not known (as in the case of the 4d mirror pairs discussed in [13]) or only partially
known, as for the 3d N = 2 mirror pairs of generalized quivers discussed in [14]. The latter
are conjectured to be associated with brane setups preserving four supercharges, involving
NS, NS’, D5, and D5’ branes, for which no clear prescription exists to extract the correct
low-energy theory.

In this paper, we will focus on the field theory construction of an algorithm to dualize
chiral quivers into planar ones. The structure of the mirror dualization algorithm — rooted in
the logic of S-duality and the manipulation of local building blocks — hints at an underlying
brane realization for these chiral-planar dualities. This possibility is further supported by
the resemblance between the planar quivers and the dimer models discussed in [15, 16].
This resemblance may in fact provide the natural setting for a string-theoretic realization
via brane constructions.

In [11], the mirror dualization algorithm was extended to generate all the SL(2,Z) duals
of N = 4 unitary linear quiver theories. It would be interesting to study the effect of the
N = 4→ N = 2 breaking axial real mass deformations also across these duality frames.

Furthermore, by compactifying 3d N = 2 gauge theories on a circle, one flows to 2d
N = (2, 2) GLSMs. In this context, it is natural to ask whether every 2d non-abelian GLSM
admits an abelian-planar dual, in the sense described in this work.

Finally, a natural direction for generalization is the further breaking of supersymmetry.
Our construction crucially relies on N = 2 supersymmetry to control the RG flows and
establish dualities, but it is natural to ask whether non-supersymmetric analogs of chiral-planar
dualities exist. We address this question in our upcoming work [17].
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Organization of the paper. In section 2, we focus on the chiral-planar duality for SQCD
U(N)−F

2 +N,−F
2

with F fundamental chirals, as shown in figure 1. We discuss the global
symmetries and the operator map, and describe in detail how to derive this duality via real
mass deformation of the N = 4 SQCD duality, both at the level of the partition function
and through the semiclassical equations of motion (EOM). We also show how, starting from
the duality for U(N)−F

2 +N,−F
2

SQCD, one can obtain planar duals for SU(N)−F
2 +N and for

more general Chern-Simons levels of the form U(N)−F
2 +N,−F

2 +∆ℓN . As a consistency check,
we show that the planar dual of SU(2)0 with F = 4 sequentially s-confines to a WZ model.

In section 3, we discuss an interesting web of chiral-planar dualities originating from
the N = 4 FT [SU(N)] theory [18], which is self-dual under mirror symmetry. Starting from
this self-duality and performing a real mass deformation, we obtain a new N = 2 duality
between a chiral quiver and a planar quiver. Moreover, FT [SU(N)] admits an additional
duality frame known as the flip-flip dual frame [19]. Starting from the flip-flip duality and
performing real mass deformations, we derive two new N = 2 dualities: a chiral-chiral duality
relating two chiral quivers, and a planar-planar duality relating two planar quivers.

In section 4, after briefly reviewing the mirror dualization algorithm for N = 4 theories,
we extend it to the chiral-planar case by defining the chiral-planar S-wall and introducing
the basic duality moves.

In section 5, we use the chiral-planar algorithm to find the planar dual of SQCD
U(N)(−F1+F2

2 ,−F1+F2
2 −N

) with [F1 + N, F2 + N ] chirals. We also identify planar abelian
duals for various other chiral quivers, highlighting different patterns of topological symmetry
enhancement.

In section 6, we present further examples not covered by the current version of the
algorithm. While we leave the extension of the algorithm to these cases for future work,
we show that these examples can nonetheless be derived directly from N = 4 mirror pairs
using real mass deformations.

In appendix A, we review how to compute the R-charge, global and gauge charges of
monopole operators. Finally, in appendix B, we demonstrate how to derive the chiral-chiral
and planar-planar dualities via local dualization.

2 A planar abelian dual for CS-SQCD3 with fundamental matter

In this section, we explicitly derive the N = 2 mirror of U(N)(−F
2 +N,−F

2 ) SQCD with F

fundamental chiral multiplets by starting from the N = 4 mirror duality for the U(N)
SQCD with F flavors.

Our main tool is the S3
b partition function [5, 6] which allows us to follow the effect of

the real mass deformations efficiently. We verify these results by checking that the resulting
vacuum satisfies the F- and D-term equations [20].

2.1 The N = 4 mirror pair

We start from the mirror duality for the U(N) N = 4 SQCD:
To study possible deformation breaking supersymmetry from N = 4 to N = 2 we

work in the so-called N = 2∗ set-up [2] taking U(1)R = U(1)C+H as the R-symmetry
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Figure 2. Mirror duality for N = 4 SQCD with gauge group U(N) and F flavors. Notice that the
theories are depicted in the N = 2 notation. Round nodes denote gauge groups and square nodes
denote flavor groups, while arrows denote chiral multiplets charged under the nodes that they connect.
Black labels denote fugacities associated to flavor global symmetries while orange labels denote the FI
of the corresponding gauge group.

group, where U(1)C ∈ SU(2)C and U(1)H ∈ SU(2)H of the non-abelian N = 4 R-symmetry
SU(2)H × SU(2)C . The commutant of U(1)R, which is U(1)τ = U(1)C−H , is a global
symmetry from the point of view of the N = 2 theory.

However, we have the freedom to redefine U(1)R up to abelian flavor symmetries, meaning
that we can shift the R-charge by U(1)τ transformations. Using this freedom we pick a
convention in which we assign trial R-charge 1 and U(1)τ charge −1/2 to the fundamental
and anti-fundamental chiral fields while adjoint chiral fields have R-charge 0 and U(1)τ

charge 1. The charges of the fields under the symmetries of the theories are reported in
the tables below where we adopt an N = 2 notation denoting by Φ, Q, Q̃ the adjoint and
the fundamental/antifundamental chirals of the SQCD and on the mirror side denoting
respectively by ΦJ , bJ,J+1, b̃J+1,J , the adjoints and the bifundamental chirals and the left
and right flavors q, q̃ and p, p̃.

SU(F ) U(1)τ U(1)R U(1)η

Φ 1 1 0 0
Q □ −1

2 1 0
Q̃ □ −1

2 1 0

SU(F ) U(1)τ U(1)R U(1)η

ΦJ 1 −1 2 0
bJ,J+1, b̃J,J+1 1 1

2 0 0
q, q̃ 1 1

2 0 −1/ + 1
p, p̃ 1 1

2 0 0

(2.1)

Notice that the R-charges and the U(1)τ charges in the mirror theory are obtained from the
definitions given before, taking into account that mirror symmetry swaps SU(2)C ↔ SU(2)H .

2.1.1 Global symmetries and operator map

The global symmetry of the U(N) SQCD with F flavors, depicted on the l.h.s. of (2),
is SU(F ) × U(1)η × U(1)τ ,1 where U(1)η is the topological symmetry. On the other
hand, the manifest global symmetry of the mirror theory, depicted on the r.h.s. of (2),

1The actual faithful global symmetry of the theories is PSU(F ) × U(1)η × U(1)τ . We will not discuss the
features related to the discrete factors of the global symmetry group. Moreover, the U(1)η symmetry enhances
to SU(2) in the IR if F = 2N . Indeed in the mirror theory for F = 2N there is a manifest SU(2) flavor
symmetry instead of U(1). This will not have an effect in the computations that we will perform and we refer
to the topological symmetry of the SQCD as being generically U(1)η.

– 6 –
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is ∏F−1
j=1 U(1)Xj+1−Xj × U(1)η × U(1)τ , where the first term is the collection of topological

symmetries, while U(1)η is a flavor symmetry. In the IR this global symmetry enhances,
in particular all the topological symmetries combine to give an enhanced SU(F ) global
symmetry group. We therefore see that the IR global symmetries of the two theories are in
agreement and topological symmetries are mapped into flavor symmetries and vice-versa,
as expected in a mirror duality.

It is also instructive to see how the operators of the electric theory are mapped to
those of the mirror theory.

• The fundamental monopoles M± of the SQCD are mapped into the long mesons on the
mirror quiver side.

• The electric mesons, in the traceless adjoint of SU(F ), are mapped to a collection of
monopole operators in the mirror theory. The latter is a traceless adjoint matrix of SU(F )
constructed with the F −1 traces of the adjoints and with monopoles (M...,0,±1,0,...) with
flux ±1 under one of the F − 1 gauge nodes, (F − 2) monopoles (M...,±1,±1,0,...) carrying
GNO flux ±1 under two adjacent gauge nodes, (F − 3) monopoles (M...,±1,±1,±1,...)
carrying GNO flux +1 under three adjacent gauge nodes, and so on with the final
monopole operators carrying GNO flux ±1 under all F − 1 gauge nodes.

2.2 Real mass deformation to the N = 2 chiral-planar mirror pair

We now move on the SUSY-breaking deformation. We perform a real mass deformation for
the U(1)τ symmetry, meaning that we turn on a non-zero VEV for the real scalar component
of the background vector multiplet associated to the U(1)τ symmetry. The VEV induces a
mass term for every chiral superfield proportional to its charge under the symmetry. Recalling
that U(1)τ is a flavor subgroup of the N = 4 R-symmetry, the deformation performed has
the effect of breaking the R-symmetry from SU(2)C × SU(2)H → U(1)R, indeed this means
that supersymmetry is broken from N = 4 to N = 2.

As we shall discuss in depth, in the most generic vacua this deformation triggers a flow to
a TFT. However, we will try to suitably follow this deformation by moving on special points
of the Coulomb branch, so to reach an interacting vacua. Both the SQCD and its mirror can
have many possible interacting vacua that can be reached and the task of understanding how
these are mapped correctly among them is the problem we attempt to solve in the following
section. We will start by giving a qualitative description of the deformation of both the
SQCD and its mirror in the following subsection, discussing the features of the resulting
N = 2 mirror duality. In the following subsections we will show how this duality can be
derived from two perspectives: the S3

b partition function and the 1-loop corrected EOM.
Let us first discuss the SQCD side, on the l.h.s. of figure 2. As already commented, a

real mass for the U(1)τ symmetry naively renders every chiral field massive, and no massless
fields are left in the deep IR. We then choose to move on the Coulomb branch in such a way
to reach an interacting vacuum where all the fundamental chiral fields Q remain massless
while the adjoint Φ and the F anti-fundamental chiral fields Q̃ acquire a mass, negative and
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positive respectively, and are integrated out.2 The procedure of integrating out chiral fields
produces CS interactions due to fermionic modes becoming massive. The resulting theory
is the N = 2 U(N)−F

2 +N,−F
2

SQCD depicted on the l.h.s. of figure 3. Here, U(N)k,k+lN ,3
denotes a U(N) gauge group with CS terms:

−i
k

4π

∫
tr (A ∧ dA)− i

l

4π

∫
tr (A) ∧ tr (dA) + SUSY completion (2.2)

where A is the U(N) gauge field. Each massive antifundamental multiplet, with negative
mass, contributes as (−1

2 ,−1
2) to the CS level, and the massive adjoint chiral, with positive

mass, contributes as (N, 0). Notice in particular that we have l = −1.
We now discuss the result of the deformation in the mirror theory, depicted on the

r.h.s. of figure 2. As already pointed out, many possible interacting vacua can be reached
with the U(1)τ real mass, each lying at different points of the Coulomb branch. We claim
that the vacuum dual to the chiral SQCD theory described above is a special Coulomb branch
point where each gauge node U(k) of the original N = 4 mirror is Higgsed to its maximal
torus U(1)k. Also, some components of the chiral fields in the original theory remain massless.
The complete description of the theory is depicted as a quiver on the r.h.s. of figure 3.

A few comments regarding the planar dual on the r.h.s. of figure 3 are in order:

• There is a cubic superpotential term for every triangular loop. There is one term with
−1 (+1) coefficient for each clock-wise (anti-clock-wise) closed triangle. The cubic
terms in the superpotential are a remnant of the cubic N = 4 superpotential that
are preserved by the deformation. We denote these superpotential terms in short as
Wplanar. The diagonal/vertical chiral multiplets have R-charge 0/ + 2, compatible with
the superpotential.

• Wmonopole are the monopole terms in the superpotential generated by the Polyakov
mechanism [21] due to the Higgsing of a U(k) gauge symmetry to U(1)k. The exact
collection of terms can be obtained with the following schematic rule. For each vertical
arrow, there is a linear superpotential for the monopole with GNO flux −1 and +1
under the nodes connected by the arrow, from top to bottom. As a consequence of these
monopole superpotential terms, the topological symmetry is broken to U(1)F−1 which
is expected to enhance in the infrared to SU(F ), thus matching the global symmetry
on the electric side. The FI terms of the U(1) gauge nodes are compatible with the
monopole superpotential terms. With the choice of trial R-symmetry described above,
the αth gauge node in the Ith column of the planar quiver (α = 1, . . . , |G(I)|, and |G(I)|
is the rank of the corresponding gauge node in the N = 4 quiver, or equivalently, the
number of U(1) gauge nodes in the Ith column of the N = 2 quiver) has FI terms equal
to XI+1 −XI + iQ

4 (δα,1 − δα,|G(I)|). In figure 3 we only reported the XI -deopendent
part of the FIs.

2One can also consider different interacting vacua where a certain number of fundamental and antifunda-
mental fields remain massless. While this problem is tractable, we will tackle the case of SQCD theories with
more general matter content in a different, algorithmic way in section 5.

3We follow the standard notation for Chern-Simons levels: U(N)(k1,k2) = SU(N)k1×U(1)Nk2
ZN

. To avoid
anomalies k1 ∈ Z and the U(1) level must be of the form k2 = k1 + lN , with l ∈ Z.
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Figure 3. On the l.h.s. it is reported the N = 2 U(N)− F
2 +N,− F

2
SQCD with F fundamental fields

obtained from the real mass deformation of the N = 4 SQCD. On the r.h.s. it is reported the planar
mirror-like dual of the SQCD. Note that every gauge node has a CS level (red labels) 1 and there are
mixed CS terms (green labels) for every pair of nodes connected by a line, with level −1/ + 1 if the
line is diagonal/vertical. FI terms are indicated in orange. On the SQCD side we assign trial R-charge
1 to the fundamental chirals and on the planar side the diagonal chiral fields have trial R-charge 0
and the vertical ones 2. The diagonal chirals pointing from SE to NW connect N nodes, while the
diagonal chirals pointing from SW to NE connect F −N nodes.

• CS interactions are present. Self and mixed-interactions can be encoded in a matrix
kab such that:

−i
kab

4π

∫
Aa ∧ dAb + SUSY completion (2.3)

where Aa is the vector field of the a-th U(1) gauge field. Indeed, by construction kab

is symmetric. For the theory in figure 3 the rule is that each gauge node has (self)
CS interaction with level 1, denoted by the red labels in figure 3. Nodes connected by
diagonal/vertical lines have a mixed-CS interaction with level −1/ + 1, that is kab = ∓1

2 .
Mixed CS levels are denoted by the green labels along the corresponging line in figure 3.

2.2.1 Superconformal index, global symmetries and operator map

We now comment on the features of the duality described before, highlighting the tests
that this duality passes.
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N F r Index

2 4 1/5 1 + η x4/5 + η2 x8/5 − 16x2 + η3 x12/5 + η4 x16/5 + (η5 + 88)x4 + O(x21/5)
2 5 1/5 1 + ηx +

(
η2 − 25

)
x2 + η3x3 +

(
η4 + 250

)
x4 +

(
η5 − 100η

)
x5 + O

(
x6)

2 6 1/5 1 + ηx6/5 − 36x2 + η2x12/5 + η3x18/5 + 558x4 + η4x24/5 + O
(
x26/5

)
3 6 1/7

1 + ηx6/7 + η2x12/7 − 36x2 + η3x18/7 + η4x24/7 + 558x4

+η5x30/7 − 225ηx34/7 + O
(
x36/7

)
Table 1. Index of U(N)(− F

2 +N,− F
2 ) SQCD with F fundamental chiral multiplets. The chiral multiplets

are assigned trial R-charge 1− r. We checked that the indices match with the corresponding mirror
abelian quiver in figure 3.

The first test that we performed consists in the matching of the numerical expansion
of the Superconformal Index. This guarantees that a number of properties are correctly
reproduced by the dual theory such as: the presence of conserved currents associated to
the correct global symmetry, the properties of the operators in the chiral ring and more.
We performed this test for N = 2, F = 4, 5, 6 and N = 3 , F = 6, the resulting indices
are reported in table 1. Notice that in order to perform the matching it is important to
have the mirror theory parameterized as in figure 3. In particular the mixing between the
R-symmetry and the topological symmetries is crucial for the enhancement of the global
symmetry to be seen from the Superconformal Index.

We now proceed by describing the matching of the global symmetries and of the chiral
ring generators.

The global symmetry of the SQCD theory is, up to discrete factors, SU(F )×U(1)η. On
the mirror side we can match the rank of the global symmetry as follows. In the absence of
the monopole superpotential there is a U(1) topological symmetry for each U(1) gauge node.
The monopole superpotential breaks the topological symmetries associated to the nodes in a
column of the quiver to a diagonal U(1). Therefore there is a U(1)F−1 unbroken topological
symmetry associated to the F − 1 columns of the planar quiver. Furthermore there is a single
U(1)η flavor symmetry which is preserved by the planar superpotential. In total the rank
of the global symmetry if F , matching the SQCD side. The mirror-like duality implies that
the U(1)F symmetry of the quiver theory is enhanced to SU(F ) × U(1).

The chiral ring of the planar theory is generated by the meson built out of F diagonal
bifundamentals starting from the U(1)η flavor node and ending at the other flavor node, this
operator has trial R-charge 0 and U(1)η charge 1. There are many possible paths which are
all identified by the F-terms due to the planar superpotential Wplanar.

We expect this meson to be mapped to some monopole operator generating the SQCD
chiral ring, as observed from the Index. The bare monopole operators M±0...0 are gauge
variant but can be dressed to obtain gauge-invariant operators (as can be verified by following
the discussion on monopole charges in appendix A). We argue that the relevant operators are
dressed with the gaugino as follows. In a monopole background, i.e. when we turn on GNO
fluxes, the gauge group is effectively broken and the breaking pattern depends on the magnetic
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flux. In the case of fundamental monopoles the breaking pattern is U(N)→ U(1)×U(N − 1).
Consequently, all gauge variant operators decompose into representations of the residual group.
The branching rules for irreducible representations of U(N) ⊃ U(N−1)×U(1) are given below:

□N = (□N−1, 1)⊕ (1, 1−N)
□N ⊗□N = (□N−1 ⊗□N−1, 0)⊕ (□N−1, N)⊕ (□N−1,−N)⊕ (1, 0) (2.4)

where (□K) □K denotes the (anti-) fundamental representation of U(K) and (·, ·) denotes
the representation under the residual group U(N − 1)×U(1). We see, in particular, that the
gaugino of U(N) decomposes into the gaugino of U(N − 1), a singlet, a fundamental operator
and an anti-fundamental operator. In general, for a U(N) gauge theory with F fundamentals
and generic CS levels (k, k + lN) the bare monopoles M±,0,...,0 transform in a representaton of
U(N −1) with (N −1)-ality of ∓l(N −1) and with charge (−F

2 ∓k∓ l) of U(1) [22]. Dressing
with N−1 powers of the fundamental component of the gaugino compensates these charges to:

QU(1)(M±,0,...,0) = (N − 1)−
(

F

2 ± k ± l

)
. (2.5)

In the case studied in this section we have k = −F
2 +N and l = −1 and the monopole M+,0,...,0

can be dressed N−1 times with the gaugino components in the fundamental representation of
U(N −1) to obtain a gauge invariant operator.4 We expect that this operator is the generator
of the chiral ring of U(N) SQCD with levels

(
−F

2 + N,−F
2

)
and F fundamentals, and is

mapped on the planar side to the meson discussed above. To support this claim, we compute
the R-charge of this dressed monopole. The fundamental monopole M+,0,...,0 has R-charge:

R(M+,0,...,0) = (1−RQ)F

2 − (N − 1) = −(N − 1) , (2.6)

where RQ = 1 is the trial R-charge of the fundamental chirals. The factor −(N − 1) is the
contribution to the R-charge coming from the zero modes of the gaugini. Dressing N − 1
times with the gaugino contributes an additional factor of N − 1 to the R-charge:

R(M+,0,...,0λN−1) = 0 , (2.7)

thus matching the gauge invariant meson of the planar theory.
It is interesting to notice that by carefully analyzing the SQCD theory, it is possible

to find that there is also a monopole with high topological charge which is naturally gauge
invariant, without requiring any dressing. This monopole is M+,+,...,+, that has topological
charge N and trial R-charge 0. On the other hand in the theories discussed here, namely for
k = −F/2 + N and l = −1, we find that the dressed fundamental monopole M+,0,...,0λN−1

is in the chiral ring as well. While this is non-trivial to establish from the SQCD point of
view, the presence of this operator is manifest in the mirror dual where it is mapped to
the single mesonic operator with U(1)η charge 1. Then the monopole M+,+,...,+ is the N -th
power of the fundamental monopole in the chiral ring.

4If instead k = F
2 − N and l = 1 the M−,0,...,0 monopole dressed N − 1 times with the gaugino is

gauge invariant.
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2.2.2 The view from S3
b partition function

We now show how to derive the chiral-planar mirror duality for the SQCD, depicted in
figure 3, via an analysis of the S3

b partition function [5, 6] following the strategies of [7, 8].
We start from the S3

b partition functions of the two theories in figure 2. The partition
function of the SQCD is:

Z(X⃗, η, τ) =
∫ N∏

α=1
duα ∆(N)(u⃗, τ) e2πiη

∑N

α=1 uα

F∏
j=1

sb

(
τ

2 ± (uα −Xj)
)

; (2.8)

while that of its mirror is:

Ẑ(η, X⃗, τ) = e
2πiη

∑N

j=1 Xj

∫ F−1∏
I=1

( |G(I)|∏
α=1

dz(I)
α e2πiz

(I)
α (XI+1−XI)∆(|G(I)|)(z⃗(I), iQ− τ)

)
F−2∏
I=1

[ |G(I)|∏
α=1

|G(I+1)|∏
β=1

sb

(
iQ

2 −
τ

2 ± (z(I)
α − z

(I+1)
β )

)]
|G(N)|∏
α=1

sb

(
iQ

2 −
τ

2 ± (z(N)
α − η)

) |G(F−N)|∏
α=1

sb

(
iQ

2 −
τ

2 ± z(F−N)
α

)
;

(2.9)
where in the partition function of the mirror theory z⃗(I) denotes the fugacity of the Ith gauge
node whose rank is |G(I)|. We also use the short notation for a N = 4 vector multiplet:

∆(N)(z⃗, τ) = 1
N !

∏N
α,β=1 sb

(
iQ
2 − τ + zα − zβ

)
∏N

β<α sb

(
iQ
2 ± (zα − zβ)

) (2.10)

To write the S3
b we followed the conventions of [5, 6, 23], wherein a chiral field of R-charge r

and charge +1 under an abelian flavor symmetry U(1)x contributes to the partition function
as sb( iQ

2 (1 − r) − x), and Q = b + b−1 is the squashing parameter.
Indeed, since the SQCD and its mirror are IR-dual the two partition functions must

be equal:

Z(X⃗, η, τ) = Ẑ(η, X⃗, τ) . (2.11)

The two partition functions match as functions of the real mass parameters X⃗, τ, η. Here
X⃗ is the set of real mass associated to the SU(F ) flavor symmetry of the SQCD and they
thus satisfy ∑F

j=1 Xj = 0. From the mirror point of view the Xj masses parameterize the
F − 1 topological symmetries in a convenient way so that they reflect how the Cartan
subgroup of SU(F ) maps across the duality. Also, η is the real mass associated to the U(1)
topological/flavor symmetry of the SQCD/mirror.5 Finally, τ is the real mass of the U(1)
flavor subgroup of the N = 4 R-symmetry.

At the level of the partition function, the real mass deformation can be implemented
as follows [7, 8]: we perform the τ → +∞ limit combined with a suitable shift in gauge

5Indeed, for F = 2N the parameter η becomes the real mass of the SU(2) enhanced topological symmetry.
This subtlety does not spoil any of the analysis done in this section.
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fugacities. Let us start the analysis considering the SQCD. The gauge shift performed is:

u⃗→ u⃗ + τ

2 (2.12)

accompanied by a shift of the FI parameter:

η → η − F

2 τ . (2.13)

Performing the limit τ → +∞ takes us to the non-trivial Coulomb branch vacuum where the
fundamental chiral fields remain massless. The limit is implemented using the asymptotic
behavior of the double sine function:

lim
ξ→±∞

sb(x + ξ) ∼ e±
πi
2 (x+ξ)2

. (2.14)

In general, if x is a global parameter then the limit produces highly oscillating phases
as well as finite phases corresponding to background terms for global symmetries such as
BF couplings. If instead x is a gauge parameter, the limit produces CS interactions and
divergent FI parameters together with a highly oscillating phase. The redefinition of η is
chosen to cancel exactly every divergent FI parameter produced by the limit. In the end, we
obtain a highly oscillating phase eiΦ(τ,η) independent of the gauge fugacities which therefore
factorizes outside the integral:

Z(X⃗, η, τ)→ e
iπ
2 Φ(τ,η)Z(X⃗, η) , (2.15)

with
Φ(τ, η) = −N2τ2 + 2Nτ

(
η + iQ

2 N

)
, (2.16)

and:6

Z(X⃗, η) = e
−Nπi

2
∑F

j=1 X2
j

∫ N∏
α=1

duα
1∏

α<β sb

(
iQ
2 ± (uα − uβ)

)

e2πiη
∑

α
uα+πi

(∑N

α=1 uα

)2
+πi( F

2 −N)∑α
u2

α

F∏
j=1

sb

(
Xj − uα

)
.

(2.17)

The phase will be crucial in determining the mirror dual theory. Indeed, as explained
in [7, 8] the vacua related by duality under the deformation must have the same oscillating
phase. In general, different shifts in the gauge fugacities (corresponding to moving to different
points on the Coulomb branch) give different oscillating phases so there can be multiple
vacua on the electric and magnetic sides and the match of the phases is a necessary criterion
to map vacua related by duality.

6Our sign convention is as follows — a U(N) gauge node with FI parameter η and CS level (k1, k2)
contributes to the S3

b partition function as, with u⃗ denoting the gauge fugacity:

e
2πiη

∑
j

uj
e
−πik1

∑
j

u2
j e

− πi(k2−k1)
N

(∑
j

uj

)2

.

A mixed CS (BF) level kij contributes to the S3
b partition function as: e−πikij uiuj . If k1 = k2 ≡ κ, we specify

the CS level as (κ).
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We now move to the analysis of the partition function of the mirror theory.
We study the limit partition function of the mirror theory Ž(η, X⃗, τ) for large τ and

with η → −F
2 τ + η. There is a large number of possible z

(I)
α shifts that can be performed,

each corresponding to different points on the Coulomb branch and each producing (possibly)
a different highly oscillating phase times the partition function of an interacting theory
describing the vacuum. We look for a vacuum that reproduces the same oscillating prefactor
as the SQCD. Schematically this means that:

Z(X⃗, η, τ) = Ž(η, X⃗, τ) τ→+∞−−−−→ e
iπ
2 Φ(τ)Z(X⃗, η) = e

iπ
2 Φ(τ)Ž(η, X⃗) (2.18)

implying the equality of the partition function of the two N = 2 theories living in the vacua.
We found that the correct shift for the z

(I)
α is such that:

z(I)
α − z

(I)
α+1 → z(I)

α − z
(I)
α+1 − τ

z(I)
α − z(I+1)

α → z(I)
α − z(I+1)

α + τ

2 , I < F −N

z(I)
α − z(I+1)

α → z(I)
α − z(I+1)

α − τ

2 , I ≥ F −N

z
(N)
1 → z

(N)
1 − F − 1

2 τ .

(2.19)

As a result, each gauge node is fully Higgsed to a Cartan subgroup and the chiral
adjoint and bifundamentals decompose accordingly. Most of these fields are massive and are
integrated out, resulting in the N = 2 quiver gauge theory shown on the r.h.s. of figure 3.

Notice that when we performed the τ limit, the shift of the gauge fugacities in (2.19) is not
invariant under a Weyl transformation Sk associated to any gauge group U(k). Therefore if we
take a different shift by reshuffling the k gauge parameters associated to a gauge symmetry we
obtain the same result after the limit. Each of these k! possibilities represent a different point
of the Coulomb branch where the correct magnetic theory lives. One should then sum over
all these vacua, all reproducing the same highly oscillating prefactor, effectively producing a
k! factor that cancel that at the denominator in the definition of the ∆(N) measure in (2.10).

By taking the real mass limit on the partition function on the mirror side we obtain
the partition function of the quiver:

Ẑ(η,X⃗) =e2πiη
(
−(2N−1) iQ

4 +
∑N

i=1 Xi

)
e−

iπ
2 η2

∫ F−1∏
I=1

|G(I)|∏
α=1

dz(I)
α e2πiz

(I)
α (XI+1−XI)e−iπ(z(I)

α )2

F−1∏
I=1

∏
α

sb

(
− iQ

2 +z
(I)
α+1−z(I)

α

)
e−iπz

(I)
α z

(I)
α+1

N−1∏
I=1

∏
α

sb

(
iQ

2 +z(I)
α −z(I+1)

α

)
sb

(
iQ

2 −z(I)
α +z

(I+1)
α+1

)
eiπz

(I)
α z

(I+1)
α+1

F−1∏
I=N

∏
α

sb

(
iQ

2 −z(I)
α +z(I+1)

α

)
sb

(
iQ

2 +z(I)
α −z

(I+1)
α+1

)
eiπz

(I)
α z

(I+1)
α+1

sb

(
iQ

2 −η+z
(N)
1

)
sb

(
iQ

2 −z
(F−N)
N

)
eiπz

(N)
1 η

(2.20)

Where the products run over all the α such that the fugacities z in the corresponding double
sine functions are within the ranges described above. Notice that in the first line are encoded
the background terms, that are not included in the figure 3.
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2.2.3 The view from the semiclassical EOM

We now show that the flow from N = 4 to N = 2 mirror dualities described in subsection 2.2
is consistent with the equation of motion of the N = 4 theories. In particular, we show that
the vacua corresponding to the shifts in gauge fugacities satisfies the F-terms and D-terms
equations. Furthermore, we show that fluctuations around these vacua reproduce the EOM
of the resulting N = 2 theories. This proves to be an important check of our proposal.

We start our analysis by first considering the N = 4 U(N) SQCD with F flavors. Recall
that, as an N = 2 supersymmetric theory, it has F (anti-)fundamental fields Q (Q̃) and
an adjoint chiral multiplet Φ. Additionally, we also turn on a real FI parameter η. Upon
diagonalizing the real scalar σ in the vector multiplet, the equations for the F- and D-terms
are as follows (note that each field represents a matrix)7 [20]:

F∑
i=1

Qi
αQ̃β

i = 0 ,
N∑

α=1
Qi

αΦα
β = 0 ,

N∑
α=1

Φβ
αQ̃α

i = 0 ,

(σα −Xi − τ
2 )Qi

α = 0 , (Xi − σα − τ
2 )Q̃α

i = 0 , [σ, Φ]βα + τΦβ
α = 0 ,

[Φ, Φ†]βα +
F∑

i=1
(Qi,†

α Qi
β − Q̃α

i Q̃β,†
i ) = δβ

α

2π

[
− η + 1

2

F∑
i=1

(∣∣σα −Xi −
τ

2
∣∣− ∣∣Xi − σα −

τ

2
∣∣)

+ 1
2

N∑
γ=1

(|σα − σγ + τ | − |σγ − σα + τ |)
]

.

(2.21)
Where the values of Qi

α, Q̃α
i , Φα

β are the Vacuum Expectation Values (VEVs) of the (scalar
component of) chiral fields of the theory. σα is the VEV for the real scalar in the N = 2
vector multiplet, noting that in principle it is a matrix in the adjoint representation of the
U(N) gauge symmetry but we can always perform a gauge transformation such that it is
diagonal and we employ the single index notation for the diagonal components σβ

α = δβ
ασα.

Lastly, the real parameters Xi, τ, η are the real masses associated to the SU(F )/U(1)τ /U(1)η

global symmetries, i.e. VEVs of the real scalars in background N = 2 vector multiplets of the
global symmmetries. Since Xi parameterizes a SU(F ) symmetry they satisfy ∑F

i=1 Xi = 0.
The set of equations in (2.21) represent the following: in the first line the F-term constraint

imposed by the N = 4 superpotential W = ∑F
i=1

∑N
α,β=1 Qi

αΦα
βQ̃β

i ; in the second line the
mass term for the chiral fields; in the third and last line the 1-loop corrected D-term equation.

We now consider a mass deformation for the axial symmetry U(1)τ , which corresponds
to taking a positive large value of τ in (2.21). While it would be interesting to study the
most general solution to the vacuum equations under this deformation, we do not attempt to
solve this problem here. Instead, we look for a vacuum where the fundamental fields remain
massless. In order to do so we consider a large τ real mass, and set the real masses Xi to zero.

The effective mass of the field Qi
α is given by (σα − τ

2 ), therefore we set σα = τ
2 . The

first line of equations in (2.21) then requires that Q̃α
i = Φα

β = 0. Also, although the condition
σα = τ

2 is enough to solve the first equation in the first line, we also require Qi
α to be zero, in

order for these fields to not acquire any VEV and to therefore be light degrees of freedom
7N.B.: Latin letters i, j = 1, . . . , F run over flavor indices, and Greek letters α, β = 1, . . . , N run over gauge

indices. The sum over indices is never implied.

– 15 –



J
H
E
P
1
0
(
2
0
2
5
)
2
1
1

of the theory in the vacuum. The D-term equation therefore reads:

0 = 1
2π

[
− η − F

2 τ

]
−→ η = −F

2 τ (2.22)

Therefore, we are performing a real mass deformation for both the U(1)τ and U(1)η symmetries,
keeping fixed the combination F

2 U(1)τ +U(1)η. This corresponds to the deformation considered
in the previous subsection.

Now to conclude, we would like to study the theory that lives in the vacuum solution
that we found. To do so, we study small fluctuations around the solution:

Qi
α = Q̌i

α

Xi = X̌i

σα = τ
2 + σ̌α

η = −F

2 τ + η̌

(2.23)

Notice that the equations in the second line of (2.21) impose that the Q̃ and Φ fields do not
fluctuate, as expected since they do not describe light degrees of freedom in the chosen vacuum.

Expanding the equations in the light modes we get:
(σ̌α − X̌i)Q̌i

α = 0
F∑

i=1
Qi,†

α Qβ
i = δαβ

2π

[
− η̌︸︷︷︸

= ηeff

+
(
− F

2 + N

)
σ̌α −

N∑
γ=1

σ̌γ︸ ︷︷ ︸
CS interactions

+1
2

F∑
i=1
|σ̌α − X̌i|

]
(2.24)

Which can be interpreted as the EOM of a U(N) gauge theory with F massless fundamental
chirals and with CS level (−F

2 + N,−F
2 ) by comparing with the generic formula:

F∑
i=1

Qi,†
α Qβ

i = δαβ

2π

[
− ηeff + keffσα + leff

N∑
γ=1

σγ + 1
2

F∑
i=1
|σα − X̌i|

]
(2.25)

where the CS level is (k, k + lN).
We now turn to the mirror of the N = 4 U(N) SQCD theory in figure 2. Studying the

vacuum of this theory using the equations of motion is a highly non-trivial task and is not
attempted here. The difficulty of this task lies clearly in the high number of equations that
must be analysed. Another issue is that for the same problem, i.e. same values of the real mass
parameter in input, there can be multiple solutions and therefore multiple possible vacua.

Instead, we employ mirror duality to know how the real mass parameters are mapped
across the duality so that we can fix correctly the problem we attempt to study. The system
of equations for the mirror theory are:8

(σ(a)
i − σ

(a+1)
j + τ

2 )b(a,a+1)
i,j = 0 ; (−σ

(a)
i + σ

(a+1)
j + τ

2 )b̃(a,a+1)
i,j = 0

(σ(N)
i − η + τ

2 )qi = 0 ; (−σ
(N)
i + η + τ

2 )q̃i = 0

(σ(F−N)
i + τ

2 )pi = 0 ; (−σ
(F−N)
i + τ

2 )p̃i = 0

[σ(a), Φ(a)]ji − τΦ(a)j

i = 0

(2.26)

8The index between the round brackets labels the number of the gauge node. The latin indices are used for
gauge symmetries.
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All the σ’s are taken to be diagonal after an appropriate gauge fixing. Also, we have the set
of F-terms equations, that we do not attempt to report here since they will not be important
for the following discussion. And lastly we have the D-terms equations that are:

[Φ(a), Φ(a),†]i,j + . . . (sum over b(a,a+1)’s and eventual q, p) = δi,j

2π
F

(a)
i ,

F
(a)
i = Xa+1 −Xa +

a+1∑
k=1

(∣∣σ(a)
i − σ

(a+1)
k + τ

2
∣∣− ∣∣− σ

(a)
i + σ

(a+1)
k + τ

2
∣∣)

+
a−1∑
k=1

(
−
∣∣σ(a−1)

k − σ
(a)
i + τ

2
∣∣+ ∣∣− σ

(a−1)
k + σ

(a)
i + τ

2
∣∣)

+
a∑

k=1
(|σ(a)

i − σ
(a)
k − τ | − | − σ

(a)
i + σ

(a)
k − τ |) .

(2.27)

The solution that we are looking for have non-zero positive value of τ , the value of η is
fixed to −F

2 τ and Xa = 0. Notice that the value of the external parameters is fixed by
the analysis of the SQCD. We observe that there is a solution for the unknown vairiables
σ

(a)
i obtained by taking:

σ(a)
α − σ

(a)
α+1 = −τ

σ(a)
α − σ(a+1)

α = +τ

2 , a < F −N

σ(a)
α − σ(a+1)

α = −τ

2 , a ≥ F −N

σ
(N)
1 = −F − 1

2 τ

(2.28)

This corresponds to the vacuum considered in the previous section (2.19), where the VEVs
for σ’s indicate the pattern of Higgsing. The light DOFs can be found by computing the
masses of the various fields from the expression (2.26), which gives the same answer as the
analysis of the S3

b partition function. One can also try to perform a perturbative expansion
of the equation of motion, as we did for the SQCD, to find that this analysis reproduces
correctly all the properties of the chiral-planar mirror duality of figure 3, such as the self
and mixed-CS interactions. The planar superpotential are the F-term relations surviving
in the vacuum. On the other hand, the monopole superpotential can not be inferred easily
from the analysis of the EOM.

To summarize, we have shown that the vacua corresponding to the real mass flows
considered in the previous section satisfy the EOM of the N = 4 theory. This, combined with
the matching of the S3

b partition function and the Superconformal Index discussed above
provide a strong check of the chiral-planar mirror duality for N = 2 SQCD.

As a technical aside we would like to comment on the similarities and differences between
the analysis of the S3

b partition function and the EOM. It can be checked that, under a real
mass deformation τ , the requirement that the S3

b partition function factorizes into a divergent
phase and a finite integral is equivalent to solving the D-term equations up to orders O(τ0).
This is due to the fact that large shifts in the gauge fugacities appearing in the S3

b partition
function correspond to moving on the Coulomb branch far away from the origin. On the
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other hand, the S3
b partition function is not sensitive to motion on the Higgs branch, therefore

solving the other EOM provide an additional check of the deformation considered above.
When there are multiple vacua the analysis of the EOM does not provide a general prescription
to understand the mapping of vacua across the duality. The divergent phase coming from
the S3

b partition function is sensitive to the matter that becomes massive at a given vacuum,
and therefore can be leveraged to constrain the mapping of vacua across the duality.

As an example, both the N = 4 SQCD and its mirror have a chiral-like and a planar-like
vacuum under the axial mass deformation. In [2], where the N = 2∗ framework was introduced,
the axial mass deformation appeared to lead to chiral-chiral dualities. In the previous section
we showed that the chiral-like vacuum of one theory can be mapped to the planar-like vacuum
of the mirror theory because the divergent prefactors in the S3

b partition function cancel
between the two. Such a cancellation does not happen for pairs of chiral-like vacua or planar-
like vacua, showing that such a mapping of vacua is not consistent. Therefore, our results
represent an example where refined precision tools such as the computation of the S3

b partition
function can be leveraged to understand qualitative properties of dualities between QFTs.

2.3 A planar dual for SU(N)k and U(N)(k,k+ℓN) SQCD

In this paper, we primarily consider dualities involving U(N)(k,k−N) gauge theories (that
is, theories where the abelian CS level ℓ is −1). One can obtain an SU(N)k CS theory by
introducing a background BF term between the topological symmetry U(1)Y and a new
U(1)B and then gauging the topological symmetry. This operation is referred to as ungauging
of the diagonal U(1) ⊂ U(N). In the notation used throughout this paper, this ungauging
operation consists in

∫
dY e2πiY BN

N

F

(k, k + Nℓ)

ξ

Y + ∆Y

X⃗

=
N

F

k

(
ξ, ξ + F

(
Nk+N2ℓ−ξF

F 2

))
−∆Y N

F

⃗̃
X

, X̃a = Xa + B (2.29)

wherein the double circle denotes a SU(N) gauge symmetry. In the U(N) SQCD the flavor
symmetry is SU(F ) and thus ∑F

j=1 Xj = 0 and ξ is a possible background CS for the flavor
symmetry. In the SU(N) theory ∑F

j=1 X̃j = FB, where U(1)B is a baryonic symmetry.
Conversely, starting from SQCD with gauge group SU(N) one can gauge the baryonic

symmetry U(1)B to obtain a unitary gauge group:

∫
d(BN)e−2πiηBN

N

F

k

(ξ1, ξ1 + F ξ2)
−∆η N

F

⃗̃
X

=
N

F

(
k, k + N

(
F ξ1+F 2ξ2−Nk

N2

))

ξ1

η + ∆η

X⃗

, X̃a = Xa + B

(2.30)
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1
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1

1
2

−1

−1

1

X̃2-X̃1

X̃3-X̃2

X̃N+1-X̃N

X̃F -X̃F -1

−(2N − 1)
iQ
4

+
∑N

a=1 X̃a

W =Wplanar +Wmonopoles

Figure 4. The N = 2 planar mirror dual of SU(N)− F
2 +N SQCD with F fundamentl chiral multiplets.

Where ξ1 and ξ2 are possible background CS levels for the U(F ) global symmetry of the
SQCD on the r.h.s. and −∆η N

F is a background FI term. Consistently, one can check that by
performing both transformations (2.29) and (2.30), a theory is mapped back to itself.

We may apply the ungauging operation (2.29) to the chiral-planar mirror duality of
SQCD in figure 3. On the electric side we obtain the SU(N)−F/2+N SQCD. On the mirror
side, the topological symmetry corresponds to a flavor symmetry acting on the bottom flavor
node. Therefore, the operation described above corresponds to gauging the flavor node
itself. In order to correctly perform this gauging it is important to keep track of possible
background terms in the duality that are not provided in figure 3, but can be read from the
partition function given in (2.20). The resulting chiral-planar duality is given in figure 4
and was first presented in [9].9

By gauging the baryonic symmetry in figure 4, using the strategy in (2.30), we revert
to the duality for U(N)(k,k+N) SQCD. At this stage, we may also introduce a CS term at
level ∆ℓ for the baryonic symmetry prior to gauging, resulting in a U(N)(k,k+N(1+∆ℓ)) gauge
theory. The gauging/ungauging operations together with background CS terms correspond

9Notice that the new gauge node is a U(1)1/2 with one chiral and thus it can be confined. This results
in a chiral that is not charged under any gauge symmetry and it is coupled to the theory as a flipper of a
gauge invariant monopole. This does not trigger a sequential confinement except for the case of N = 2, see
subsubsection 2.3.1.
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XF -XF -1

−(2N − 1)
iQ
4

+
∑N
a=1 Xa

−η

W =Wplanar +Wmonopoles

Figure 5. The N = 2 planar mirror dual of U(N)(− F
2 +N,− F

2 +N∆ℓ) SQCD with F fundamental
chiral multiplets.

to Witten’s SL(2,Z) action [12] applied to the topological symmetry of U(N). On the mirror
side, this procedure introduces a new U(1)∆ℓ

gauge node coupled to the rest of the quiver
by a BF term, the result is the duality in figure 5.

For ∆ℓ = 0,±1 the quiver can be further simplified by explicitly integrating over the
additional gauge node. For ∆ℓ = 0 the integration results in a delta function which further
fixes the gauge field of the node on its right, which becomes a flavor node and we recover the
original mirror for U(N)−F/2+N,−F/2. For ∆ℓ = ±1 the additional gauge node is a U(1)±1
sector, which is almost trivial and its path integral can be performed exactly as [12, 24]:

1 1

λ1

±1

λ2

k2

k12

1

λ2∓λ1k12
2

k2 ∓ k212
4

· · · = · · · × e±iπλ
2
1

(2.31)

In particular, for ∆ℓ = 1 we obtain a planar abelian dual for U(N)(k,k). Integrating out
the additional node as above shifts the CS level of the node on its right by −1. Then the
bottom-most node is a U(1)−1/2 gauge node with one fundamental, which can be locally
dualized to a chiral field, resulting in the duality shown in figure 6.
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X2-X1

X3-X2
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XF -XF -1

η −∑N
a=1Xa

W =Wplanar +Wmonopoles

Figure 6. The N = 2 planar mirror dual of U(N)(−F/2+N,−F/2+N) SQCD with F fundamental chiral
multiplets. In the quiver we omitted the mixing of the topological symmetries with the R-symmetry,
in particular the bottom-most gauge node has FI parameter XN+1 −XN − iQ

8 . The bottom chiral
fundamental has trial R-charge −N + 1.

2.3.1 Consistency-check: S-confinement of SU(2)0 with 2 flavors

In the previous section we proposed the planar mirror dual for SU(N)(−F
2 +N) SQCD with

[F, 0] chiral multiplets. For N = 2 and F = 4 this theory is known to S-confine to a Wess-
Zumino model of 6 + 1 chiral fields, interacting through a cubic superpotential [3]. As a
further consistency check of our proposed dualities, we will show that indeed our planar
dual theory confines to the expected Wess-Zumino model by applying local Aharony-like
dualities [8, 25, 26]. More precisely we make use of the following s-confining dualities: U(1)1

2
with one fundamental s-confines into a free chiral and U(1)0 with one flavor is dual to the
XYZ model. Furthermore we use the following dualities: U(1)1 with one flavor is dual to
U(1)−1 with one flavor, modulo flippers and U(1)

−1
2

with [1, 2] flavors is dual to U(1)1
2

with [2, 1] flavors, modulo flippers.
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4 X⃗

W = 0
0

←→

1

1
1

1
1

1
1

1
1

1 1
2

−1

−1

1
−1

−1 −1

W =Wplanar + M

(
- 0

0 + 0

)

←→
7 chirals Y, Bi,j

W = Y Pfaf(B)

(2.32)

Below we give the local dualization sequence where at each step we highlight in blue
the gauge node that we dualize.

In the first step we use the confining duality for U(1)1/2 with one chiral, which confines
to a chiral field. Notice that because of background CS levels produced in the dualization the
CS level of the lower node is now 1

2 . We also produce a singlet flipping a monopole.

1

1
1

1
1

1
1

1
1

1 1
2

−1

−1

1
−1

−1 −1

W =Wplanar + M

(
- 0

0 + 0

)

−→

1

1
1

1
1

1 1
2

1
1

−1

1
−1

−1 −1

W =Wplanar + B12M

(
- 0

0 +

)

+ B12

−→ (2.33)

In the second step we use Giveon-Kutasov duality of U(1)1 with a flavor for the left node
which removes the vertical chiral and modifies the superpotential.
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−1

1 1
2

1
0

1
1

1 −1

1
−1

W =Wquartic +

+ B12M

(
- 0

0 0

)
M

(
0 0

0 +

)

+ B12
−→

1

1
− 1

2

1 1
2

1 1
2

1 −1
M

T−

0

W = B12T−M

(
-

0 0

)
+Wcubic + MT−B23

+B12, B23
−→ (2.34)

In the third step we use the confining duality for U(1)0 with a flavor to confine the
bottom node producing a singlet.

1

1 1
2

1
1

1
0

−1
M

T̃−

0

W = M

(
0

0 -

)(
B12M

(
+

+ +

)

− B13M

(
0

+ +

)
+ B23M

(
0

0 +

))

+B12, B23, B13

−→

1

1 1
2

1
1

−1

W = Y

(
− B13M

(
0

+

)

+ B12M

(
+

+

)
+ B23B14

)

+B12, B23, B13, B1,4, Y

−→

(2.35)

In the fourth step we use a flipped version of the duality (B.2) on the left node. This
removes the bifundamental chiral connnecting the right and the bottom nodes.

1

1 1
2

W = Y (−B13B24 + B12M
+ + B23B14)

+ B12, B23, B13, B14, B24, Y
−→

∏
i<j Bij + Y

W = Y Pfaf(Bij) (2.36)

In the fifth and sixth steps we use the confining duality for U(1)1/2 with one chiral, to
confine the quiver to a collection of singlets interacting with a superpotential.

The fields Bij in the last step are mapped to the 6 baryons of electric theory, while Y

is the (single) gauge-invariant monopole of the electric theory.
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3 A chiral-planar duality web

In this section we discuss an interesting web of chiral-planar dualities which originates from
the N = 4 FT [U(N)] theory.10

In subsection 3.1 starting from the mirror self-duality of the FT [U(N)] theory [19] and
performing a real mass deformation, we obtain an N = 2 duality relating a linear, chiral
quiver gauge theory to a planar abelian theory.

The FT [U(N)] theory is also know to have another self-dual frame (modulo flips), the
so called flip-flip dual frame [19]. In subsection 3.2 we start from this flip-flip duality and
performing real mass deformations, we obtain two N = 2 dualities: a chiral-chiral duality,
relating two chiral quivers and a planar-planar duality, relating two planar quivers.

Notice that starting from the flip-flip duality we don’t expect to find a chiral-planar
duality, since this is a peculiarity of mirror dualities exchanging flavor and topological
symmetries. As shown in [19] the flip-flip duality is not a mirror duality but is more akin to
an Aharony duality, and indeed it is possible to prove it by iterative local applications of
Aharony duality. In appendix B we discuss how the chiral-chrial and planar-planar dualities
can be similarly derived by iterative local applications of Given-Kutasov-like dualities.

We begin with a quick review of the FT [U(N)] theory. The FT [U(N)] theory is an
SCFT with global symmetry SU(N)X⃗ × SU(N)Y⃗ × U(1)τ .11 We denote this theory with
the compact notation:

N N
−

X⃗ Y⃗ (3.1)

Where X⃗, Y⃗ are fugacities for the global symmetries and the label “−” is included for later
convenience, see section 4. The FT [U(N)] theory has two operators in its spectrum AX⃗ and
AY⃗ , which transform in the adjoint representation of SU(N)X⃗ and SU(N)Y⃗ . The FT [U(N)]
SCFT admits a UV completion given by the following UV quiver theory:

1 2 3 . . . N−1 N ~X

τ
2

1−τ

W = WN=4

Y1−Y2 Y2−Y3 Y3−Y4 YN-1−YN YN

(3.2)

The UV global symmetry is SU(N)X⃗ ×
∏N−1

j=1 U(1)Yj−Yj+1 × U(1)τ , which enhances to
SU(N)X⃗ × SU(N)Y⃗ × U(1)τ in the IR. In this UV completion the operator AX⃗ coincides
with the traceless singlet matrix AX⃗ := aN . The other operator AY⃗ is instead constructed by
collecting the N(N − 1) gauge invariant monopoles with magnetic fluxes +1 (−1) under a

10This theory only differs from the T [SU(N)] theory introduced in [18] by the presence of a singlet field in
the adjoint of the SU(N) symmetry flipping the Higgs branch moment map.

11Note that we work in an off-shell parametrization wherein the manifest symmetry is U(N) and not SU(N),
as in [14].
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Figure 7. The FT [U(N)] quiver gauge theory is self-mirror under the exchange of the manifest and
topological symmetries. We also indicate the assignment of trial R-charges for the bifundamental and
adjoint chiral fields. Notice that the bifundamental fields have trial R-charge r and adjoint chiral
fields have trial R-charge 2− 2r on both sides of the duality. As a consequence, the two moment maps
AX⃗ , AY⃗ have both trial R-charge 2− r.

sequence of gauge nodes and the N − 1 traces Tr(ai). For example, for N = 4 we have:

AY⃗ =


Tr(a1) M+,0,0 M+,+,0 M+,+,+

M−,0,0 Tr(a2) M0,+,0 M0,+,+

M−,−,0 M0−,,0 Tr(a3) M0,0,+

M−,−,− M0,−,− M0,0,− −
∑3

i=1 Tr(ai)

 . (3.3)

The FT [U(N)] admits a second UV completion, as shown in figure 7. In each completion
only one of the two global SU(N) symmetries is realized manifestly as the flavor symmetry
rotating the last bifundamental. The second SU(N) global symmetry instead enhances
from the N − 1 topological symmetries due to all the nodes being balanced. The two UV
completions are related by mirror duality, in this case a self-duality.

The S3
b partition function of the first UV completion theory is defined recursively as

follows:

ZF T [U(N)],I(X⃗, Y⃗ , τ) := e
2πiYN

∑N

j
Xj

N∏
j,k=1

sb

(
τ− iQ

2 (1−2r)+Xj−Xk

)
∫ ∏N−1

α=1 duα e−2πiYN uα

(N−1)! ∏α<β sb

(
iQ
2 ±(uα−uβ)

) sb

(
iQ

2 (1−r)− τ

2±(uα−Xj)
)

ZF T [U(N−1)],I(u⃗,{Yi}N−1
i=1 , τ) .

(3.4)

with
ZF T [U(1)],I(X, Y, τ) := e2πiXY sb

(
τ − iQ

2 (1− 2r)
)

. (3.5)

The partition function of the second UV completion can be obtained by simply swapping
X⃗ ↔ Y⃗ .

ZF T [U(N)],II(X⃗, Y⃗ , τ) = ZF T [U(N)],I(Y⃗ , X⃗, τ) . (3.6)

Notice in the first UV completion the first slot FT [U(N)](· , · ; τ) is for the manifest U(N),
the second slot for emergent U(N). On the other hand in the second UV completion the
second slot is for the manifest and the first one for the emergent U(N).

– 25 –



J
H
E
P
1
0
(
2
0
2
5
)
2
1
1

Since both the UV completions describe the same SCFT, their partition functions are
equal and we can define:

ZF T [U(N)],I(X⃗, Y⃗ , τ) = ZF T [U(N)],II(Y⃗ , X⃗, τ) := ZF T [U(N)](X⃗, Y⃗ , τ) . (3.7)

Furthermore, the partition function satisfies:

ZF T [U(N)](X⃗, Y⃗ , τ) = ZF T [U(N)](−X⃗,−Y⃗ , τ) (3.8)

as can be seen through a redefinition of the gauge fields.
For the rest of the paper, we consider the FT [U(N)] theory with a U(N)X⃗×U(N)Y⃗ global

symmetry instead (in practice, this corresponds to relaxing the constraints ∑i Xi = ∑
i Yi = 0

on the fugacities in the S3
b partition function).

3.1 A chiral-planar mirror dual

Starting from the self-mirror pair relating the two UV completion of the FT [U(N)] SCFT
in figure 7, we will now consider a real mass deformation to produce a new duality relating
a chiral quiver to a planar quiver which is depicted in figure 8.

As in the previous section, if on the electric side we implement the real mass deformation
landing on a chiral non-abelian quiver theory, on the mirror dual side, the matching vacuum
we flow to, requires to move to a point on the Coulomb where all the gauge symmetries are
broken to their maximal torus subgroup. The chiral and the planar quivers on the bottom of
figure 8 are IR dual and can be regarded as two UV completions of a new SCFT which we name
G[U(N)] with U(1)N−1× SU(N) global symmetry, which we denote in compact form as:

G[X⃗, Y⃗ ] = N 1N

X⃗ Y⃗

−
(3.9)

We stress that in our notation the first argument of the G[· ; ·] theories corresponds
to fugacities for an SU(N) global symmetry, while the second argument corresponds to a
U(1)N−1 global symmetry.

We now describe in detail this deformation beginning from the first UV completion of
the FT [U(N)], the electric theory, where the U(N)X is manifest. We consider the real mass
deformation defined at the level of the fugacities by

{
YJ → YJ + τ

2 (2J −N − 1), J = 1, . . . , N

X⃗ → X⃗ + τ
2

, τ → +∞ (3.10)

In addition to this we also perform the following shifts in gauge fugacities:

u⃗(J) → u⃗(J) − τ

2 (N − 1− J). (3.11)
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Figure 8. On the top row the mirror self-duality relates the two UV completions of the FT [U(N)]
theory. The real mass deformation yield a new N = 2 mirror duality relating the two UV completions
of the G[U(N)] theory depicted in the second row.

Here u⃗(J) are the fugacities of the J-th gauge group, starting from the left. Integrating out
the massive fields we obtain the following N = 2 quiver gauge theory:

1 2 3 . . . N−1 N ~X
1 (0,2) (0,3) (0,N−1) (−N+1

2 ,N−1
2 )

−1 −1 −1

Y1−Y2+(r−1)
iQ
2

Y2−Y3+(r−1)
iQ
2 YN−(r−1)

(N−1)
4

iQ

W = 0 (3.12)

All the chirals in the theory have trial R-charge r which should be possible, in principle,
to fix by performing F-extremization to determine the superconformal R-charge. However,
we will not perform F-extremization in this paper and keep r to be generic. Notice also
that the FI parameters depend on the value of r. This is the first UV completion of the
G[U(N)] theory with UV symmetry U(1)N−1

Y × SU(N)X⃗ .
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The S3
b partition function in the τ → +∞ limit is given by:

lim
τ→+∞

ZF T [U(N)],I(X⃗, Y⃗ , τ) = lim
τ→+∞

e
πi
2 Hchiral(X⃗,Y⃗ ,τ)ZG[U(N)],I(X⃗, Y⃗ ) (3.13)

where ZG[U(N)],I(X⃗, Y⃗ ) is the partition function of the first UV completion of the G[U(N)]
theory in (3.12) and:

Hchiral(X⃗, Y⃗ , τ) = Hchiral
div (X⃗, Y⃗ , τ) + Hchiral

res (3.14)

Hchiral
div (X⃗, Y⃗ , τ) = τ2

4

(4
3N3 + 2N2 + 2

3N

)

+ τ

2

(
8

N∑
J=1

JYJ − 4
N∑

J=1
YJ − iQ(N + N2) + iQr

(2
3N3 + 2N2 + 4

3N

))
,

(3.15)

and Hchiral
res is a finite term independent on the global parameters X⃗ and Y⃗ , that only depends

on the squashing parameter Q.
We now consider the second UV completion of the FT [U(N)] theory, the mirorr theory.

As in the case of the planar mirror of the chiral SQCD discussed in the previous section,
here in addition to the real mass (3.10) to flow to the vacumm dual to the chiral quiver we
also need to perform the following shifts in gauge fugacity:

ω(J)
α → ω(J)

α + τ

(
α− J + 1

2

)
(3.16)

and take the τ → +∞ limit. Here ω
(J)
α is the α-th fugacity of the J-th gauge group, starting

from the left. The resulting N = 2x planar quiver theory in figure 9 is IR dual to the chiral
theory in figure (3.12), and provides the second UV completion of the G[U(N)] SCFT.

A few comments regarding the superpotential of the quiver in figure 9 are in order:

• There is a cubic superpotential term for every closed triangle. This superpotential
originates from the cubic N = 4 interactions that are not broken by the real mass
deformation. We denote these superpotential terms as Wplanar. The assignment of trial
R-charges is r for each diagonal chiral field and 2− r for each vertical one. Indeed this
assigment of R-charges is compatible with the planar superpotential. Notice also that
the FI parameters depend on the value of r, encoding a mixing between the topological
and R-symemtries as described in subsection 2.2.

• Due to adjoint Higgsing of the gauge nodes, there are monopole terms in the superpo-
tential [21]. There is a linear monopole superpotential for each monopole with charges
+1/− 1 under the upper/lower gauge nodes connected by a vertical line. We denote
these linear monopole superpotential terms as Wmonopole. These are essential for the
topological symmetry to correctly enhance to SU(N), as we will comment later.

• In the planar theory there are self and mixed CS interactions. They are such that each
gauge node has CS level +1 and each pair of gauge nodes connected by a diagonal/vertical
line have a mixed CS interaction with level −1/ + 1. All these interactions arise from
the integrated fermionic modes that became massive upon real mass deformation.
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Figure 9. The N = 2 planar mirror dual of the G[U(N)] theory. CS levels are indicated in red and
the level of mixed CS interactions is indicated in green. On top of each column we indicate in orange
the FIs of all the gauge nodes of the column, up to shifts that are discussed in the text.

• The are shifts in the FIs associated to the mixing of the topological symmetry of the
various nodes and the R-symmetry. The FIs of the gauge nodes in the J-th colum from
the right are:

FIs: XJ −XJ+1 −
iQr

4 , XJ −XJ+1, . . . , XJ −XJ+1 + iQr

4 (3.17)

from top to bottom, while the background FIs for the j-th flavor node associated to Yj

are:
FIs: XN + iQr

2 (2j −N − 1) + δj,1
iQ

2 − δj,N
iQ

2 (3.18)

where j = 1 corresponds to the top flavor node in figure 9 and j = N corresponds to the
bottom node. In figure 9 we suppressed these shifts and only report the contribution to
the FIs that depends on Xi.

The S3
b partition function in the τ → +∞ limit is given by:

lim
τ→∞

ZF T [U(N)],II(X⃗, Y⃗ , τ) = lim
τ→∞

e
πi
2 Hplanar(X⃗,Y⃗ ,τ)ZG[U(N)],II(X⃗, Y⃗ ) (3.19)

where ZG[U(N)],II(X⃗, Y⃗ ) is the partition function of the second UV completion of the G[U(N)]
theory in (9) and:

Hplanar(X⃗, Y⃗ , τ) = Hplanar
div (X⃗, Y⃗ , τ) + Hplanar

res (3.20)

– 29 –



J
H
E
P
1
0
(
2
0
2
5
)
2
1
1

Here Hplanar
res is a constant phase independent of the global parameters X⃗ and Y⃗ , that only

depends on the squashing parameter Q. Hplanar
div is a divergent phase that is equal to Hchiral

div
and therefore it cancels against the chiral dual theory, providing a strong check that the
theories in 9 and (3.12) are dual. We found also that Hplanar

res = Hchir
res , therefore taking

the limit τ + ∞ we find:

ZG[U(N)],I(X⃗, Y⃗ ) = ZG[U(N)],II(X⃗, Y⃗ ) (3.21)

3.1.1 Global symmetries and operator map

We now comment on the duality map between global symmetries and the chiral rings of
the two theories.

Let us start from the global symmetries. As already stated at the beginning of the
section, the G[U(N)] SQCFT has a U(1)N−1 × SU(N) global symmetry. In the chiral UV
completion (3.12), the two global symmetries are realized manifestly in the UV. SU(N) is the
flavor symmetry while U(1)N−1 are the topological symmetries of the N − 1 nodes. In the
planar UV completion, in figure 9, instead the U(1)N−1 is realized as the flavor symmetry that
is unbroken by the planar superpotential and up to gauge transformations. The SU(N) global
symmetry is instead obtained from the enhancement of the N − 1 topological symmetries.
We recall that the presence of Wmonopole has the effect of breaking the U(1)k topological
symmetries in a colum with k gauge nodes down to a diagonal U(1), such that effectively
each column of gauge nodes contributes with a single U(1) topological symmetry.

Let us now move to the operator map. The chiral ring of the planar G[U(N)] theory in
figure 9 is generated by the N − 1 vertical bifundamental fields connecting adjacent vertical
flavor nodes. These can be taken as the only indpendent chiral ring generators up to F-term
relations imposed by Wplanar.

We expect these operators to be mapped to monopole operators in the chiral G[U(N)]
theory (3.12). This is the case, but the fundamental monopoles are gauge variant and must
be appropriately dressed by appropriate powers of fundamental chiral multiplets. Focusing
on a section of the chiral G[U(N)] quiver:

k−1

(0, k−1) (0, k) (0, k+1)

k k+1
−1

Q P

−1

(3.22)

we notice that the fundamental monopole of the U(k) node can be dressed with Qk−1 to
ensure gauge invariance of the resulting operators. The N −1 dressed fundamental monopoles
of the chiral G[U(N)] theory generate the chiral ring of the theory. We can also calculate
that they have the correct charges to be mapped to the N − 1 vertical bifundamental chirals
connecting adjacent vertical flavor nodes in the mirror, which can be verified also via the
superconformal index Assume that each bifundamental in the electric theory (Q, P . . . )
has trial R-charge r. Consequently, the vertical bifundamental chirals connecting adjacent
vertical flavor nodes in the mirror planar theory, that the monopoles map to, have R-charge
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1 2 3 . . . N

W =WN=4

Y1−Y2 ... YN

r

2−2r

~X flip-flip←→ 1 2 3 . . . N

YN−YN−1 ... Y1

W =WN=4 +OY A~Y

1−r
2r

~X

Figure 10. The flip-flip duality for the FT[U(N)] theory. On the electric side the bifundamentals
have U(1)τ charge 1

2 and trial R-charge r, while on the magnetic side the bifundamentals have U(1)τ

charge − 1
2 and trial R-charge 1− r, as enphasized by the labels in black.

2 − 2r. By using eq. (A.2) dressed monopole of the k-th gauge node in the chiral theory
tr(Qk−1M0,...,0,−,0,...,0) has R-charge:

R(Qk−1M0,...,0,−,0,...,0) =−(r−1)+ 1
2(k−1)(1−r)+ 1

2(k+1)(1−r)−(k−1)+(k−1)r

= (1−r)+k(1−r)−(k−1)+(k−1)r
= 2−2r

(3.23)

where the first factor comes from the mixing between the topological symmetry and the
R-symmetry,12 while the second and third terms in (3.23) are the bifundamental fermions
contributions, the −(k−1) is the contribution from the gaugini, and (k−1)r is the contribution
from the dressing with Qk−1. So the N − 1 fundamental dressed monopoles map to the
N − 1 vertical bifundamental chirals connecting adjacent vertical flavor nodes in the mirror.
In the rest of the paper we denote the gauge-invariant dressed monopoles as Md, and we
omit the dressing fields.

3.2 Flip-flip chiral-chiral and planar-planar dualities

The FT [U(N)] theory enjoys another UV completion known as the Flip-Flip dual [19]. The
Flip-Flip dual quiver ffFT [U(N)] is obtained starting from the FT [U(N)] theory with two
extra sets of singlets which flip the operators AX , AY :

WffF T =WF T + OXAX⃗ + OY AY⃗ (3.24)

Since in the FT [U(N)] theory the meson matrix is already flipped by the singlet aN , this
further flip give mass to aN . As a result the spectrum of the Flip-Flip theory consist in a
the adjoint SU(N)X matrix is realised as the meson matrix while adjoint matrix SU(N)Y

coincides with the monopole flip matrix OY .
The Flip-Flip duality is represented by the following equality of S3

b partition functions:

ZffF T [U(N)](X⃗, Y⃗ , τ) =
N∏

j,k=1
sb

(
iQ

2 (2r−1)+τ +Xj−Xk

)
sb

(
iQ

2 (2r−1)+τ +Yj−Yk

)
ZF T [U(N)](X⃗, Y⃗ ,−τ)

∣∣∣
r→1−r

(3.25)
12The mixing can be extracted as the coefficient of iQ

2 in the FI of the k-th node: Yk − Yk+1 + iQ
2 (r − 1).

The contribution to the charge is then obtained by multiplying it by the topological charge.
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As shown in [13] it is possible to prove the flip-flip duality by iterative applications of the
Aharony duality. The idea of the proof is the following. Starting from the left-most U(1)
node in the FT [U(N)] theory (whose adjoint chiral is just a singlet) we apply Aharony
duality [25] which leaves the rank invariant but gives mass to the adjoint chiral field of the
adjacent U(2), hence we can apply again the Aharony duality on it. This will remain a U(2)
node but the dualization will alaso give mass to the adjoint chiral field of the adjacent U(3)
node. We continue applying iteratively the Aharony duality until we reach the last U(N − 1)
node. Notice that since every U(k) node sees 2k flavors, ranks do not change when we apply
the Aharony duality. We then perform another sequence of dualizations starting from the
leftmost U(1) node and stopping at the second last node U(N − 2). In the third sequence of
dualization we start again from the U(1) node and proceed along the tail stopping at the
U(N−3) node. We iterate this procedure for a total of N−1 times, applying Aharony duality
N(N − 1)/2 times. The singlet fields flipping the mesons and the monopoles appearing in the
Aharony duality reconstruct the singlet matrix OY and give mass to the singlet matrix OX .

We will now show that we can derive similar self-dualities (modulo flips) for the two
G[U(N)] UV completions. In analogy with the N = 4 case we denote these dualities as
flip-flip dualities. These dualities map chiral theories to chiral theories and planar theories
to planar theories, in contrast to the mirror-like dualities described in section 3. This is
expected because the N = 4 flip-flip does not exchange flavor and topological symmetries,
therefore in the N = 2 case the SU(N) and U(1)N−1 factors of the global symmetries of
G[U(N)] will not be exchanged.

3.2.1 Chiral-chiral flip-flip duality

Starting from the flip-flip duality in figure 10, we take the real mass deformation (3.10)
that takes the FT [U(N)] on the l.h.s. to the first UV completion of G[U(N)], the chiral
UV completion.

Contrary to the case discussed in the previous section, where we started from the two UV
completions related by mirror duality, now the same deformation can be taken on the dual
side in figure 10. Indeed in this case we find that in the dual vacuum is again a chiral quiver,
so we obtain the following new chiral-chiral duality relating the first chiral UV completion
of the G[U(N)] theory (3.12):

1 2 3 . . . N−1 N ~X
1 (0,2) (0,3) (0,N−1) (−N+1

2 ,N−1
2 )

−1 −1 −1

Y1−Y2+(r−1)
iQ
2

Y2−Y3+(r−1)
iQ
2 YN−(r−1)

(N−1)
4

iQ

W = 0 (3.26)
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to its flip-flip chiral dual:

1 2 3 . . . N−1 N X⃗
−1 (0,−2) (0,−3) (0,−N+1) (−N−1

2 ,−N−1
2 )

+1 +1 +1

YN−YN−1−r
iQ
2

YN−1−YN−2−r
iQ
2 Y1+r

(N−1)
4

iQ

W = t1M
−,0,...,0
d + t2M

0,−,0,...,0
d + . . . (3.27)

Notice that in the flip-flip dual theory there is a superpotential containing flippers ti for
all the dressed monopoles M0,...,−,...,0

d with negative GNO flux under a single gauge node. In
addition all the arrows and CS coupling signs are flipped and the FIs are reshuffled. The
bifundamental fields in the flip-flip theory have trial R-charge 1− r. On the flip-flip side there
is also a background CS term at level −1

2 for each U(1) factor in the U(1)N−1
Y symmetry group.

Under the duality map the dressed monopoles with negative charge under the topological
symmetries of the electric theory map to the set of singlets ti in the flip-flip dual.

Also in this case, similarly as for the FT [U(N)] theory, the duality can be demonstrated
by iterative applications of local dualities as shown in appendix B.2. Now at each step we
need a to locally apply the ciral Giveon-Kutasov duality for U(N)1,1 with [N − 1, N + 1]
flavors [8, 26, 27].

3.2.2 Planar-planar flip-flip duality

Let’s start again from the duality in figure 10. Now we take the real mass deformation that
takes the FT [U(N)] on the l.h.s. to the second UV completion of G[U(N)], the planar UV
completion. So we perform the real mass deformation:{

XJ → XJ + τ
2 (2J −N − 1), J = 1, . . . , N

Y⃗ → Y⃗ + τ
2 N

, τ → +∞ (3.28)

and we also perform the following shifts in gauge parameters:

ω(J)
α → ω(J)

α + τ

(
α− J + 1

2

)
(3.29)

Also in this case we can implement the same deformation on the dual side and we land
on a pair of dual planar abelian quivers given in figure 11.

Notice that in the flip-flip dual theory all the arrows are flipped and the FIs are reshuffled.
Furthermore, CS and mixed CS levels have opposite sign with respect to the electric theory and
the trial R-charge of the chirals is 1−r. To avoid clutter here we set r = 0, therefore the electric
diagonal bifundamentals have trial R-charge 0 and the magnetic diagonal bifundamentals
have trial R-charge 1. On the r.h.s. there is also a background CS term at level −N for the
emergent SU(N)Y symmetry, as well as shifts for the FIs. On the flip-flip side the FIs for
the gauge node of the J-th column from the right are:

FI: YJ − YJ−1 + iQ

4 , YJ − YJ−1, . . . , YJ − YJ−1, YJ − YJ−1 −
iQ

4 (3.30)

from top to bottom. In figure 11 we only reported the Y -dependent part of the FIs.
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Figure 11. Self-duality modulo flips displayed by the planar G[U(N)] theory. The background
CS terms for the flavor symmetry are different on the two sides of the duality, furthermore on the
r.h.s. there is a background CS term at level −N for the emergent SU(N)Y global symmetry. Flowing
from the N = 4 flip-flip this is generated from integrating out the monopole flippers OY in figure 10.
On the r.h.s. there are also shifts in the FI terms, discussed in the main text, which are not reported
in the figure.

The operator map is very simple: the vertical string of N − 1 singlets in the last column
of the electric theory maps to the N − 1 mesons of the flip-flip theory constructed along the
shortest path connecting two adjacent U(1) flavor nodes.

Also in this case the duality can be demonstrated by iterative applications of local
Aharony-like dualities, as discussed in appendix B.1.

4 Towards an algorithmic approach: S−walls, QFT building blocks, and
basic duality moves

Starting from the N = 4 U(N) SQCD with F ≥ 2N hypers we can also consider a more
general real mass deformation, w.r.t. the one discussed in the previous section, where we
partially break the SU(F ) global symmetry to obtain an N = 2 U(N) SQCD with nf

fundamental and na anti-fundamental chiral multiplets on the electric side:

N = 4 U(N)
F hypermultiplets

→
N = 2 U(N)−F

2 +N,−F
2

[nf , na] chiral fields, F = nf + na

(4.1)
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Here we consider flows that preserve the maximum amount of chiral matter multiplets
F = nf + na, while giving mass to the adjoint chiral field. Therefore, the number of (anti-)
fundamentals nf and na satisfy F = nf + na but are otherwise unconstrained and depend on
the specific mass deformation that we consider. On the other hand, the choice of CS levels is
not arbitrary and is fixed by the parent N = 4 theory: each massive (anti)fundamental
multiple contributes as (−1

2 ,−1
2) to the CS level and the massive adjoint chiral contributes

as (N, 0). In the CS-level notation: (k, k + lN), this corresponds to k = −F
2 + N and l = −1.

One can generalize to arbitrary values of l by applying Witten’s SL(2,Z) action on both
sides of the duality as discussed in subsection 2.3.

We can also turn more general real masses and integrate out more chirals to access a
more general range of CS levels. Notice that this can also be achieved by first performing
the real mass deformation that preserves the maximum number of chirals, discussed here,
and then performing additional real masses for the resulting N = 2 theories. We will address
this generalization in future work [28].

One can then consider the same limit on the mirror side and try to identify the dual
vacuum. In general, this is a non-trivial exercise as there are multiple potential vacua
corresponding to possible ways of moving on the Coulomb branch of the N = 4 mirror (which,
in turn, match how we shift gauge fugacities in the S3

b partition function).
More generally, one can start on the electric side with a linear unitary N = 4 quiver

with gauge group ∏Ni
U(Ni). We consider a real mass deformation, paired with a VEV for

the scalar in the N = 2 vector multiplets, such that the adjoint chiral fields and only one
of the N = 2 chiral multiplets in each matter hypermultiplet acquires a real mass. Such
a deformation preserves the maximum total amount of chiral fields. Integrating out the
massive field we obtain a chiral linear quiver:

Ni-1 Ni Ni+1

Fi-1 Fi Fi+1

Real mass

Ni-1

(ki-1, ki-1−Ni-1) (ki, ki−Ni) (ki+1, ki+1−Ni+1)

Ni Ni+1

fi-1 fi fi+1Fi-1-fi-1 Fi-fi Fi+1-fi+1

(4.2)

where fi ≤ Fi is the number of fundamental flavors for the i-th node, and Fi − fi is the
number of antifundamental flavors. The CS levels of the i-th gauge node ki are fixed by
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the parent theory:

ki = −Ni−1 + Ni+1 + Fi

2 + Ni . (4.3)

One can also consider more general real mass flows such that in the resulting N = 2
quiver some of the bifundamental chiral fields point to the left. As before, one can implement
the same limit in the mirror dual quiver theory to reach the dual vacuum. This remains
a non-trivial exercise.

Clearly, it is desirable to have a more systematic way to determine the planar mirror
dual of a generic flavored N = 2 quiver without the need to resort to S3

b partition functions.
We do so by adapting the idea of the local dualization algorithm of [10, 11] which we
quickly review now.

4.1 Lightning recap: the N = 4 dualization algorithm

The dualization algorithm for N = 4 linear quiver theories provides a purely field-theoretical
proof of mirror duality assuming only basic Seiberg-like dualities.

It is well known that N = 4 linear quiver theories can be realized on Hanany-Witten
brane set-ups and inherit mirror dualities from the S-duality of Type IIB set-ups [4]. The
idea of the algorithm originates from the observation [18, 29, 30] that on linear or circular
brane setups, S−duality can act locally on each 5-brane creating an S−duality wall on its
right and an S−1-duality wall on its left: D5 = S ·NS5·S−1 and NS5 = S ·D5·S−1. The
dualization algorithm implements this local action of S-duality in field theory.

In this subsection we briefly review result presented in [10, 11, 31], the reader can look
at them for a more comprehensive discussion.

Following [32], we identify the S-duality wall with the FT [U(N)] theory:13

SN=4-wall : SN=4[X⃗, Y⃗ ] := FT [X⃗,−Y⃗ ] = N N

X⃗ Y⃗

+

S−1
N=4-wall : S−N=4[X⃗, Y⃗ ] := FT [X⃗, Y⃗ ] = N N

X⃗ Y⃗

− (4.4)

As discussed in section 3.1, the FT [U(N)] theory admits a Lagrangian UV completion
figure (3.2) and is self-mirror under the exchange of emergent and manifest U(N) symmetries.

The S-wall satisfies the fusion to identity encoded in a partition function identity [31]:∫
dW⃗∆(N)(W⃗ ; τ)Z(N)

SN=4
(X⃗, W⃗ ; τ)Z(N)

S−1
N=4

(W⃗ , Y⃗ ; τ) =X⃗ IY⃗ (τ) , (4.5)

13The F T [U(N)] theory differs from the T [U(N)] theory introduced in [32] for the presence of an extra set
of singlets flipping the Higgs branch moment map.
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interpretable as SS−1 = 1, where the identity operator on the r.h.s. can be thought of as
the identity element, with:

X⃗IY⃗ (τ) = 1
N !∆(N)(X⃗, τ)

∑
σ∈SN

N∏
j=1

δ(Xj − Yσ(j)) , (4.6)

and the N = 4 measure is defined in (2.10).
This identity can pictorially be represented as follows:

N N N
+ −

X⃗ Y⃗

a

←→
X⃗IY⃗ (τ)

(4.7)

The adjoint chiral a couples to the moment map operators AL and AR of the left and right
walls as W = a(AL + AR).

We then identify the QFT blocks associated to the different 5-brane configurations:

...

N D3 ⊗D5

...

N D3

:
N

1

X⃗ ~XI~Y

; ...

N D3
NS5

...

N D3
:

X⃗ Y⃗

N N

(4.8)

which are denoted the flavor block and the bifundamental block respectively.
We can now define the action of the S-duality wall on the basic QFT blocks:

1. The first basic move consists in the S-dualization of a bifundamental block into a
fundamental flavor block (the field-theoretic counterpart of S·D5·S−1 = NS5):

N N N

1

X⃗ Y⃗

η

a

f

+ −

W = a(AL +AR) + f̃(AL −AR)f

τ
2

←→ N N

1− τ
2

−η +η

X⃗ Y⃗

W = 0 (4.9)

wherein we have explicitly reported the trial R-charge and the U(1)τ charge of the
various fields in the theory. On the r.h.s. the orange fugacities denote the background
FIs for the flavor nodes. This corresponds to the partition function identity:∫

dW⃗∆(N)(W⃗ , τ) Z
(N)
SN=4

(X⃗, W⃗ , τ) Z
(N)
S−1
N=4

(W⃗ , Y⃗ , τ)
N∏

α=1
sb

(
iQ

2 −
τ

2 ± (Wα − η)
)

= e
−2πiη

∑N

j=1(Xj−Yj)
N∏

j,k=1
sb

(
τ

2 ± (Xj − Yk)
)

.

(4.10)

– 37 –



J
H
E
P
1
0
(
2
0
2
5
)
2
1
1

2. The inverse basic move consists of the S-dualization of a fundamental block into a
bifundamental block (which is the field-theoretic counterpart of S·NS5·S−1 = D5)

N N N N
+ −

X⃗

+η −η

Y⃗

τ
2

←→ N

X⃗

1 η

1− τ
2

~XI~Y (τ)

(4.11)

Notice that the gluing on the l.s.h. does not include the addition of U(N) adjoint
multiplets coupling linearly to the moment map of the S-walls. This inverse basic move
is encoded in the following partition function identity:

N∏
j=1

sb

(
τ

2 ± (Xj − η)
)

X⃗IY⃗ (τ)

=
∫

dU⃗dV⃗
e2πiη

∑N

a=1(Ua−Va)∏N
j,k=1
j<k

sb

(
iQ
2 ± (Uj − Uk)

)
sb

(
iQ
2 ± (Vj − Vk)

)
Z

(N)
SN=4

(X⃗, U⃗ ; τ)Z(N)
S−1
N=4

(V⃗ , Y⃗ ; τ)
N∏

a,b=1
sb

(
iQ

2 −
τ

2 ± (Ua − Vb)
)

.

(4.12)

We consider the case of N = 4 U(N) SQCD with 2N + F flavors to show how the algorithm
works in figure 12.14 When decomposing the theory into QFT blocks, it is important to
keep in mind that each block effectively plays the role of a matrix element, with two sets
of indices corresponding to the two N -dimensional vectors of parameters associated with
the two U(N) global symmetries. In particular, note that flavor blocks are accompanied
by an identity wall, reflecting this matrix structure.

In this quick review, we have only discussed QFT blocks and Identity-walls with constant
rank N . We can, for example, have quivers with non-constant ranks which are chopped into
U(N)×U(M) asymmetric bifundamental blocks. The dualization of such blocks requires the
introduction of asymmetric Identity-walls. The algorithm in this case includes an addition
step, a sequence of Hanany-Witten duality moves to remove all the asymmetric walls. For
the analysis of these more general cases we refer the reader to [11].

In [14] the local dualization algorithm approach has been extended to a class of generalized
N = 2 quiver theories that can be realized in set-ups involving NS, NS′, D5, D5 branes
preserving four supercharges. Unlike the N = 4 case where brane setups directly inform the
structure of the low-energy field theory, here the situation is reversed: the algorithmic field
theory approach yields an exact dual description, while the corresponding brane configurations
are difficult to interpret directly. This inversion of logic highlights the power of the algorithmic
method — not only does it provide precise duals, but it also offers a new lens through which

14Here we use a short-cut, by treating 2N fundamental hypers as two sets of “frozen” bifundamentals. We
could have also proceeded as in [11] by chopping all the F + 2N flavors into fundamental blocks and adding a
(0, N) and an (N, 0) bifundamental block.
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N

F + 2N

=
∫

N N ∆(N)

F︷ ︸︸ ︷

N

1

I(N)∆(N) . . . N

1

I(N)∆(N) N N =

=
∫

N N N

1

+ − ∆(N)

F︷ ︸︸ ︷

N N N N
+ − ∆(N) . . . N N N N

+ − ∆(N) N N N

1

+ − =

= N N
+

1

N . . . N

1

N
−

F

Figure 12. Applying the N = 4 dualization to the N = 4 U(N) SQCD with F + 2N fundamental
hypermultiplets proceeds as follows — in the first line the quiver is chopped into QFT blocks. In the
second line each block is dualized using the basic moves. In the last line we used the fusion to Identity
property of the S-wall to obtain the known mirror dual theory. Notice that the two tails of gauge
nodes with increasing ranks are condesed in the S-wall notation. By carefully performing each step,
it is also possible to keep track of all the parameters to find that we land precisely on the duality
in figure 2. We have also explicitly kept the integrals and integration measures to emphasize that
gauging or ungauging nodes must be performed with the appropriate measure.

to understand and possibly reconstruct the brane setups themselves. Motivated by this, our
aim is now to develop a similar algorithm tailored to chiral-planar N = 2 theories.

The algorithm will allow us to construct mirror duals of N = 2 SQCD theories with both
fundamentals and antifundamental chirals, as well as for chiral-planar quiver theories as we
will show in section 5. We provide a realization of the N = 2 S-wall operator in section 4.2 and
construct the basic QFT building blocks and the corresponding duality moves in section 4.3.

4.2 The chiral-planar S-wall, fusion to identity and gluing rules

In this section we propose, in analogy N = 4 algorithm, to identify G[U(N)] as the “chiral-
planar S-wall” and prove its fusion to Identity properties.

More precisely we define:

S-wall : S[X⃗, Y⃗ ] = G[−X⃗, Y⃗ ] = N 1N

X⃗ Y⃗

+

S−1-wall : S−[X⃗, Y⃗ ] = G[X⃗, Y⃗ ] = N 1N

X⃗ Y⃗

− (4.13)

Both theories admit (at least) two UV completions whose difference lies in the direction
of the arrows and the sign of FIs. For convenience the UV completions of both theories
are reported in figures 13 and 14.
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S[ ~X; ~Y ] := N

~X ~Y

1N
+

=

1 2 3 . . . N

1 (0,2) (0,3) (−N+1
2 ,N−1

2 )

−1 −1

Y2−Y1+
iQ
2 Y3−Y2+

iQ
2 −YN−(N−1) iQ

4

~X

1

1

1

. .
.

. . .

1

...

1

...

1

1

...

1

1

−1

−1

+1

+1

+1

+1

+1

+1

+1

+1

+1

+1

0

0

0

0

X2-X1

X3-X2

XN -XN-1

−XN

YN

YN-1

Y2

Y1

Figure 13. The planar and chiral UV completions of the N = 2 chiral-planar S-wall coinciding
with G[−X⃗; Y⃗ ] are shown here. Mixed CS interactions have been suppressed for brevity. Here, the
trial R-charge r is set to 0. Therefore, in the chiral completion, on top, each bifundamental has trial
R-charge 0. In the planar completion the vertical/diagonal chirals have trial R-charge 2/0.

Notice that in the chiral UV completion of S the arrow direction is inverted w.r.t. S−,
where it emanates from the manifest U(N), and the FI at each node are opposite: Yi+1 − Yi.
In the planar UV completion of S the FI’s associated to each string are Xi+1 −Xi rather
than Xi − Xi+1 as in S−.

In our notation the first argument of the ZS± [· ; ·] theories corresponds to fugacities for an
U(N) global symmetry, while the second argument corresponds to a U(1)N−1 global symmetry.

We will now prove the fusion to identity properties of the N = 2 S-wall.

4.2.1 Planar fusion to identity

Our starting point is the N = 4 fusion to identity (4.7) where we consider the UV completion
where we gauge the left and right SN=4-wall by gauging their manifest U(N) symmetries.

We consider the large mass deformation:Xj → Xj + N τ
2 ,

Yj → Yj + N τ
2 ,

j = 1, . . . , N (4.14)

– 40 –



J
H
E
P
1
0
(
2
0
2
5
)
2
1
1

S−[ ~X; ~Y ] := N

~X ~Y

1N
−

=

1 2 3 . . . N

1 (0,2) (0,3) (−N+1
2 ,N−1

2 )

−1 −1

Y1−Y2− iQ
2 Y2−Y3− iQ

2 YN+(N−1) iQ
4

~X

1

1

1

. .
.

. . .

1

...

1

...

1

1

...

1

1

−1

−1

+1

+1

+1

+1

+1

+1

+1

+1

+1

+1

0

0

0

0

X1-X2

X2-X3

XN-1-XN

XN

YN

YN-1

Y2

Y1

Figure 14. The planar and chiral UV completions of the N = 2 S-wall coinciding with G[−X⃗; Y⃗ ]
are shown here. Mixed CS interactions have been suppressed for brevity. Here, the trial R-charge r is
set to 0 and the trial R-charges of the chiral fields can be read as in the previous figure.

which preserves both the (emergent) U(N)X,Y global symmetries. We also perform the
following shifts in gauge fugacities:u

(I)
α → u

(I)
α + τ

2 (2α− I − 1) , for I = 1, . . . , N

u
(I)
α → u

(I)
α + τ

2 (2α + I − 2N − 1) , for I = N + 1, . . . , 2N − 1
(4.15)

with τ →∞, where u
(I)
α are the gauge fugacities for the I-th gauge node in the quiver (starting

from the left), while α = 1, . . . , |G(I)| with |G(I)| being the rank of the I-th gauge node.
This triggers a flow to the N = 2 planar fusion to identity depicted in figure 15. On

the l.h.s. we glue two S-walls in their planar abelian UV completion by gauging a diagonal
U(1)N symmetry. On the r.h.s. we find an Identity-wall identifying the U(N)X and U(N)Y

manifest symmetries.
We encode the fusion to identity in the following partition function identity:∫

dZ⃗∆[1N ]
(
Z⃗
)

ZS(X⃗, Z⃗)ZS−(Y⃗ , Z⃗) = 1
N !∆[N ]

(
X⃗
) ∑

σ∈SN

δ
(
Xi − Yσ(i)

)
≡X⃗ I[N ]

Y⃗
. (4.16)

On the l.h.s. we integrate over the abelian set of fugacities Z⃗ entering the second slot of
ZS± [· ; ·]. The Planar Measure ∆[1N ]

(
Z⃗
)

in (4.16) is defined as a limit of the N = 4
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1

...

1

... . .
.

1

1

1

1
−1

−1

1

1
2

1
2

1

1
X2−X1

X3−X2

YN −XN +
iQ
4

(δα,1 − δα,N )

Y1−Y2

W =Wplanar +Wmonopole

←→ ~XI[N ]
~Y

Figure 15. The planar fusion to identity observed upon gluing a S and S− wall. Note that the
δα,j

iQ
4 indicates the jth node of the middle column has a shifted FI term, counting from below.

gluing measure ∆(N)(Z⃗, τ) (2.10):

lim
τ→+∞

∆(N)(Z⃗, τ)
∣∣∣
Zi→Zi+ τ

2 (2i−N−1)
= ∆[1N ]

(
Z⃗
)
× (divergent phase) . (4.17)

Notice the shift on the gauge variables is consistent with eq. (4.15) for Z⃗ = u⃗(I=N). We obtain:

∆[1N ]
(
Z⃗
)

= eiπH[1N ](Z⃗)
N−1∏
i=1

sb

(
iQ

2 − Zi + Zi+1

)
(4.18)

with

H [1N ](Z⃗) := iQ

2 (Z1 − ZN )− 1
2(Z2

1 + Z2
N )−

N−1∑
i=2

Z2
i +

N−1∑
j=1

ZjZj+1 . (4.19)

Note that the contribution from the vector multiplet of U(N) has disappeared, as expected
from Higgsing the gauge group down to its maximal torus U(1)N . The limit for the U(N)
adjoint gives rise to a string of vertical chiral multiplets connecting adjacent U(1)N nodes
and flowing upward. This string of vertical chiral fields couples to the vertical chiral fields
(flowing downward) connecting the U(1)N nodes of the left and right S-walls. As a result two
strings of vertical bifundamental (flowing in opposite directions) give mass to each other and
we are left with a single string of vertical bifundamentals in the middle flowing downward.
This is obviously the planar version of the N = 4 gluing a(AL + AR) present in (4.7).

The quadratic form H [1N ](Z⃗) encodes the CS levels and the BF couplings and FI shifts
for the middle column of U(1)N gauge nodes.
On the r.h.s. of the identity (4.16), we identify the N = 2 Chiral Identity-wall:

X⃗I[N ]
Y⃗
≡ 1

N !∆[N ]
(
X⃗
) ∑

σ∈SN

δ(Xi − Yσ(i)) (4.20)

– 42 –



J
H
E
P
1
0
(
2
0
2
5
)
2
1
1

identifying the U(N)X and U(N)Y global symmetries. The Chiral Measure ∆[N ]
(
X⃗
)

is defined by starting again from the definition of the N = 4 gluing measure ∆(N)(X⃗, τ)
in (2.10), then shifting the flavor fugacities X⃗ as in (4.14) and taking the limit τ → +∞.
We obtain (again after suppressing the diverging prefactor):

∆[N ]
(
X⃗
)

= eiπH[N ](X⃗)
N∏

α=1

∏
β<α

1
sb

(
iQ
2 ± (Xα −Xβ)

) ; (4.21)

with

H [N ](X⃗) := −(N − 1)
(

N∑
i=1

X2
i

)
+ 2

N∑
i<j

XiXj

= −N
N∑

i=1
X2

i +
(

N∑
i=1

Xi

)2

,

(4.22)

which corresponds to a CS coupling at level (N, 0).
Observe that in the integrand on the l.h.s. of (4.16) appears the Planar Measure ∆[1N ]

(
Z⃗
)
,

while at the denominator of the r.h.s. of the same identity appears the Chiral Measure
∆[N ]

(
X⃗
)
. This is consistent with our claim that mirror symmetry sends the N = 2 chiral

deformation of an N = 4 theory into the N = 2 planar deformation of its N = 4 mirror
dual and vice versa, and so the same happens for the basic moves.

Although we suppressed the divergent contributions to avoid clutter, we have checked that
the divergent pre-factors on l.h.s. and r.h.s. of the partition function identity and cancel-out.

We schematically depict this planar fusion to identity as:

N 1N N

+ −

X⃗ Y⃗


1
2
1
...
1
1
2


←→

X⃗IY⃗
[N ]

(4.23)

Where the vector in red indicates the CS levels for the middle column of U(1)N nodes
in (15). Remember however that there also BF couplings and FI shitfs given by the planar
measure (4.19).

4.2.2 The Chiral Fusion to Identity

Starting again from the N = 4 fusion to identity (4.7) where we glue the left and right
SN=4-wall by gauging their manifest U(N) symmetries, we perform a large mass deformations
that breaks the U(N)X,Y global symmetries to their Cartan. This is encoded in the following
shift in fugacities: 

u⃗(I) → u⃗(I) − τ
2 I , for I = 1, . . . , 2N − 1

Xj → Xj + τ
2 (2j −N) , for j = 1, . . . , N

Yj → Yj + τ
2 (2j −N) , for j = 1, . . . , N

(4.24)
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With this limit we flow to the N = 2 operator identity which admits the following Lagrangian
UV completion:

1 2 N 2 1. . . . . .

1 1(0,2) (0,2)(−1,N−1)

X2−X1+
iQ
2 Y1−Y2− iQ

2
YN−XN

←→ ~XI[1
N ]

~Y

(4.25)

The associated partition function identity reads:
∫

dZ⃗∆[N ]
(
Z⃗
)

ZS(Z⃗, X⃗)ZS−(Z⃗, Y⃗ ) = 1
∆[1N ]

(
X⃗
) N∏

i=1
δ(Xi − Yi) ≡X⃗ I[1N ]

Y⃗
, (4.26)

where we integrate over the first slot of ZS corresponding to the non-abelian symmetry. On
the l.h.s. we have the chiral integration measure ∆[N ]

(
Z⃗
)

defined in (4.21) which carries the
factor H [N ](Z⃗) contributing a CS coupling at level (N, 0). The left and right S-walls also
carry a background (now becoming dynamical) CS level (−(N +1)/2, (N −1)/2) so the overal
CS level of the middle U(N) node is (−1, N − 1) in the Lagrangian UV completion (4.25).
On the r.h.s. of the identity we identify the N = 2 Planar Identity-wall:

X⃗I[1N ]
Y⃗
≡ 1

∆[1N ]
(
X⃗
) N∏

i=1
δ(Xi − Yi) , (4.27)

identifying the two sets of U(1)N global symmetries of the left and right S-walls.
Although we suppressed the divergent contributions to avoid clutter, we checked that

the divergent pre-factors on l.h.s. and r.h.s. of the partition function identity cancel out.
We schematically depict this chiral fusion to identity as:

1N N 1N

+ −

(−1,N−1)
X⃗ Y⃗

←→
X⃗IY⃗

[1N ]

(4.28)

The two dualities schematically depicted in (4.23) and (4.28) can be interpreted as the
field theory equivalent of the multiplication between two operators S and S−1 giving an
identity as a result.

4.3 Basic dualities moves

The two dualities schematically depicted in (4.23) and (4.28) can be interpreted as the field
theory equivalent of the multiplication between two operators S and S−1 giving an identity
as a result. This statement is analogous to that for the SN = 4 theory. To extend further the
idea that the S-wall theory is an oporator we need to define on which object it acts and how.
The objects will be N = 2 QFT blocks, that are simple WZ models that can be glued together
to form generic N = 2 theories. As we will show in a moment, it is possible to define an
action of the S-wall theory on QFT-blocks. We refer to these identities as basic duality moves.
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To derive the N = 2 duality moves we start from the N = 4 basic moves which we
repeat below for convenience in their Lagrangian form:

1 2 · · · N-1 N N-1 · · · 2 1

1

X2−X1 X3−X2 XN−XN−1 −XN+YN YN−1−YN Y2−Y3 Y1−Y2

η

τ
2

2−τ
←→ N N

−η η

~X ~Y

1− τ
2

1 2 · · · N-1 N N N-1 · · · 2 1

X2−X1 X3−X2 XN−XN−1 −XN−1+η −η+YN YN−1−YN Y2−Y3 Y2−Y1

η

τ
2

2−τ
←→ N

1

~X

η

1− τ
2

~XI~Y (τ)

(4.29)

4.3.1 Chiral bifundamental S-dualization

Our starting point is the N = 4 basic move in the first line of (4.29). We perform the real
mass deformations specified by the following shifts of fugacities, on both sides:

X⃗ → X⃗ + N τ
2

Y⃗ → Y⃗ + (N + 1) τ
2

u
(I)
α → u

(I)
α + τ

2 (2α− I − 1), for I = 1, . . . , N

u
(I)
α → u

(I)
α + τ

2 (2α + I − 2N − 1), for I = N + 1, . . . , 2N − 1
η → η − N

2 τ

(4.30)

where X⃗ and Y⃗ are fugacities of the two U(N) global symmetries (which are preserved by
the deformations), u⃗(I) are gauge fugacities for the I-th gauge node in the quiver (where
we start to count from the left), and η is the fugacity for the flavor. The flow generated by
these deformations yields the duality in figure 16. We interpret this duality as a basic move
relating a chiral bifundamental to a planar flavor sandwiched between two S-walls.

We define the left-pointing chiral bifundamental block with trial R-charge r as:

Z
[N ]
bif, left(

~X, ~Y , η; r) := N N

~X ~Y

−η − N(1 − r)
iQ
4

η + N(1 − r)
iQ
4

(−N
2 ,−N

2 ) (−N
2 ,−N

2 )

1

(4.31)

whose S3
b partition function is given by:

Z
[N ]
bif, left(X⃗, Y⃗ , η; r) := e

2πi
∑

j
Xj(−η−N(1−r)iQ)

e
2πi
∑

j
Yj(η+N(1−r)iQ)

e
Nπi

2
∑

j
(X2

j +Y 2
j )−πi

∑
j,k

XjYk

N∏
j,k=1

sb

(
iQ

2 (1− r) + Xk − Yj

)
.

(4.32)
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X2−X1

X3−X2

YN −XN +
iQ
4

(2 − δα,1)

Y1−Y2

−(2N−1)
iQ
4

η

W =Wplanar +Wmonopole

←→ N N

~X ~Y

−η η

(−N
2 ,−N

2 ) (−N
2 ,−N

2 )

1

W = 0

Figure 16. A chiral bifundamental on the r.h.s. is S-dualized into planar flavor sandwiched between
two S-walls. As usual, on the planar side the FIs in orange are those of all the nodes in the
corresponding column below. The term δα,1 indicates that there is a shift valid only for the 1-st node
in the middle column, counting from below.

Then on the r.h.s. of figure 16 we identify the chiral bifundamental block15

Z
(N)
bif, left(X⃗, Y⃗ , η; 1), and the duality in figure 16 corresponds to the following identity be-

tween partition functions:

Z
[N ]
bif, left(X⃗, Y⃗ , η; 1) =

∫
dZ⃗∆[1N ]

(
Z⃗
)

e
− iπ

2

(
η2−2ηZ1+Z2

1 +iQ

[
(2N−1)η−Z1−2

∑N

j=2 Zj

])
ZS(X⃗, Z⃗)sb

(
iQ

2 + Z1 − η

)
ZS−(Y⃗ , Z⃗) . (4.33)

On the r.h.s. the two S-walls are glued as in the case of the planar fusion to identity in (4.23)
except for the CS level of the bottom node being 1 instead of 1/2 and different FI terms.

We write the move depicted in figure 16 in compact form as:

N 1N

1

N

+ −
~X ~Y

η

←→

−(2N−1) iQ
4




1
2
1
.
.
.
1




−1

1
2

N N~X ~Y

(−N
2 ,−N

2 ) (−N
2 ,−N

2 )

1

−η η

(4.34)
15Recall that in this section we assign trial R-charge 0 to the diagonal bifundamentals of the S-wall theory,

which in turn fixed the trial R-charge of the bifundamental on the r.h.s. of figure 16 to 1.
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Where in the figure above we specify the shift of the CS levels of the N U(1) nodes in the
middle column by a red column vector.

Similarly, we can define a right-pointing bifundamental block, whose S3
b partition function

is given by:

Z
[N ]
bif, right(X⃗, Y⃗ , η; r) := Z

[N ]
bif, left(−X⃗,−Y⃗ ,−η; r) . (4.35)

Also, an equivalent definition is:

Z
[N ]
bif, right(X⃗, Y⃗ , η; r) := Z

[N ]
bif, left(Y⃗ , X⃗,−η; r) , (4.36)

whose basic move in short notation is:

N 1N

1

N

+ −
~X ~Y

η

←→

−(2N−1) iQ
4




1
.
.
.
1
1
2




−1

1
2

N N~X ~Y

(−N
2 ,−N

2 ) (−N
2 ,−N

2 )

1

−η η

(4.37)

Where in this notation it is meant that the fundamental chiral is connected to the topmost
node of the cental column of gauge nodes, instead of the bottom one as in figure 16. The
corresponding partition function identity is:

Z
[N ]
bif, right(X⃗, Y⃗ , η; 1) =

∫
dZ⃗∆[1N ]

(
Z⃗
)

e
− iπ

2

(
η2−2ηZN +Z2

N +iQ

[
−(2N−1)η+Z1+2

∑N

j=2 Zj

])
ZS(X⃗, Z⃗)sb

(
iQ

2 − ZN + η

)
ZS−(Y⃗ , Z⃗) (4.38)

4.3.2 Planar bifundamental S-dualization

Starting again from the first N = 4 basic move in (4.29), we perform the real mass deformation
specified by the following shift of fugacities:



Xj → Xj + (2j −N) τ
2

Yj → Yj + τ
2 (2j −N + 1)

u⃗(I) → u⃗(I) − τ
2 I, for I = 1, . . . , 2N − 1

η → η − N+1
2 τ .

(4.39)

The flow generated by these mass deformations break the emergent U(N)X,Y symmetries
and yelds the duality depicted in figure 17. We define the left-pointing planar bifundamental
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1 1(0,2) (0,2)(− 1
2 ,

2N−1
2 )

X2−X1+
iQ
2 Y1−Y2− iQ

2YN−XN+ iQ
4

− iQ
4

N

−1 −1
−1

W = 0

←→

1

1

1

1

1

1

1

1

1

1

− 1
2

−1

−1

− 1
2

−1

−1

X1

YN−1

XN

Y1

X2

YN

−η +η

. . .

N
2

Figure 17. A planar bifundamental on the r.h.s. is S-dualized into a flavor sandwiched between two
S-walls. As usual, on the planar side the background FIs in orange are those of all the nodes in the
column below.

block with trial R-charge r as:

Z
[1N ]
bif, left(

~X, ~Y , η; r) :=

1

1

1

1

1

1

+1

− 1
2

−1

−1

− 1
2

−1

−1

X1

YN−1

XN

Y1

X2

YN

−η

η

+(r − 1)
(
N

iQ
2

− iQ
4

)

+(r − 1)(N − 2)
iQ
2

−(r − 1)(N − 2)
iQ
2

−(r − 1)(N − 2)
iQ
2

+(r − 1)(N − 2)
iQ
2

−(r − 1)
(
N

iQ
2

− iQ
4

)

. . .

:=

1N

1N~X

~Y

η

−η




− 1
2−1
.
.
.

−1







−1
.
.
.

−1

− 1
2




+1

(4.40)

In the second line we introduced a short notation wherein we suppressed the specific shift in
the background FI of each single node, leaving only the common η dependence manifest. Also
the background mixed-CS interaction in green is meant to be present for each bifundamental
linking two U(1) symmetries while the background CS levels are given as a colum in red.
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The contribution to the S3
b partition function is given below:

Z
[1N ]
bif, left(X⃗, Y⃗ , η; r) := e

πi
2 (X2

1 +Y 2
N ) e

πi

(∑N

j=2 X2
j +
∑N−1

j=1 Y 2
j

)
e

2πiη
∑

j
(Yj−Xj)

e
−πi

∑
j

Yj(Xj+Xj+1)

e2πi
∑

J
XJ (r−1)(N+2−2J) iQ

2 e−2πi
∑

J
YJ (r−1)(N−2J) iQ

2 e2πi(YN
iQ
4 −X1

iQ
4 )

N∏
j=1

sb

(
iQ

2 − r
iQ

2 + Xj − Yj

) N−1∏
j=1

sb

(
iQ

2 − r
iQ

2 + Yj −Xj+1

)
.

(4.41)

On the r.h.s. of figure 17 we recognize the left-pointing chiral bifundamental block16

Z
[1N ]
bif, left(X⃗, Y⃗ , η; 1).

The S3
b partition function identity corrresponding to the duality in figure 17 is:

Z
[1N ]
bif, left(X⃗, Y⃗ , η; 1) =

∫
dZ⃗∆[N ]

(
Z⃗
)

e
− iπ

2

[
Nη2+iQ

(
Nη−

∑N

j=1 Zj

)
+
∑N

j=1(Z2
j −2ηZj)

]

ZS(Z⃗, X⃗)
N∏

j=1
sb

(
iQ

2 + Zj − η

)
ZS−(Z⃗, Y⃗ ) . (4.42)

On the r.h.s. the two S-walls are glued as in the case of the chiral fusion to identity in (4.25).
There is only a slight modification for the CS level of the middle U(N) node to which the
flavor is attached, which has now CS level (−1/2, (2N − 1)/2) and a shifted FI.

We can write the move in figure 17 in compact form as:

1N N

(− 1
2 ,

2N−1
2 )

1

1N
+ −

N
2

−1

η

~X ~Y ←→

1N

1N




− 1
2−1
.
.
.

−1







−1
.
.
.

−1

− 1
2




+1
~X

~Y

−η

η

(4.43)

Similarly, we can define a right-pointing planar bifundamental block, whose S3
b partition

function is given by:

Z
[1N ]
bif, right(X⃗, Y⃗ , η; r) := Z

[1N ]
bif, left(Y⃗ , X⃗,−η; r) (4.44)

and whose basic move in short notation is:

1N N

(− 1
2 ,

2N−1
2 )

1

1N
+ −

N
2

−1

η

~X ~Y ←→ 1N

1N




− 1
2−1
.
.
.

−1







−1
.
.
.

−1

− 1
2




+1

~X

~Y
−η

η

(4.45)
16Recall that in this section we assign trial R-charge 0 to the bifundamentals of the S-wall theory, which in

turn fixed the trial R-charge of the bifundamental on the r.h.s. of figure 17 to 1.
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Notice that in short form the right-pointing planar bifundamental has opposite slope. The
corresponding partition function identity is:

Z
[1N ]
bif, right(X⃗, Y⃗ , η; 1) =

∫
dZ⃗∆[N ]

(
Z⃗
)

e
− iπ

2

[
Nη2+iQ

(
−Nη+

∑N

j=1 Zj

)
+
∑N

j=1(Z2
j −2ηZj)

]

ZS(Z⃗, X⃗)
N∏

j=1
sb

(
iQ

2 − Zj + η

)
ZS−(Z⃗, Y⃗ ) . (4.46)

4.3.3 Chiral fundamental S-dualization

We now discuss the inverse basic moves. A possible way to obatain them is by “multiplying”
an S and S−1-wall respectively on the right and left sides of the basic moves in figures 16
and 17 and using the appropriate fusion to identity properties.

However, we will follow a different route which is to start back from the inverse N = 4
basic move in the second line of (4.29) and perform a suitable mass deformation.

Let us start from the basic move for a chiral fundamental. Starting from (4.29) we
take the real mass deformation

Xj , Yj → Xj , Yj

u
(I)
α → u

(I)
α + τ

2 (2α− I), for I = 1, . . . , N

u
(I)
α → u

(I)
α + τ

2 (2α + I − 2N − 2), for I = N + 1, . . . , 2N

η → η + τ
2

(4.47)

where again u
(m)
α represents the set of parameters for the m-th gauge node in the quiver

(starting from the left), Xj , Yj are the parameters for the global U(N) symmetries (unbroken
by the deformation) and η is the FI parameter. The resulting basic move is shown in figure 18.
On the l.h.s. we identify the chiral Flavor Block consisting of a single chiral in the
anti-fundamental of U(N), equipped with a chiral identity wall. Together with this block
we can also define an analogous fundamental chiral flavor block. The two blocks can be
defined graphycally as:

Z
[N ]
flavor,fund(

~X; η) := N~X

1η
−N

2

1

(− 1
2 ,− 1

2 )

~XI[N ]
~Y

Z
[N ]
flavor,antif(

~X; η) := N~X

1η
−N

2

1

(− 1
2 ,− 1

2 )

~XI[N ]
~Y

(4.48)

The contribution to the S3
b partition function is given below:17

Z
[N ]
flavor,fund(X⃗, η) = e

iπ
2

[
Nη2+

∑N

j=1(X2
j −2ηXj)

]
N∏

j=1
sb (η −Xj)X⃗ I[N ]

Y⃗
(4.49)

Z
[N ]
flavor,antif(X⃗, η) = e

iπ
2

[
Nη2+

∑N

j=1(X2
j −2ηXj)

]
N∏

j=1
sb (−η + Xj)X⃗ I[N ]

Y⃗
(4.50)

17The CS contact term indicated for the global U(N) symmetry in the S3
b partition function has been

calculated by including the contribution from the identity wall as well.
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N~X

1η
−N

2

1

(− 1
2 ,− 1

2 )

~XI[N ]
~Y

←→ 1

1

1

. .
.

. . .

1

1

...

1

...

1

1

...

...

1

. . .

1

. .
.1

1

1
−1

−1

1

1
2

1

−1

1

1

1

1
2

1

X2−X1

X3−X2

−XN + η +
iQ
4

(2 − δα,N )

YN − η − iQ
4

(2 − δα,1)

Y1−Y2

W =Wplanar +Wmonopole

Figure 18. The planar mirror dual of the chiral anti-fundamental flavor block is shown here. Mixed
CS interactions have been suppressed for brevity. Notice that w.r.t. the fusion to identity property
in figure 15, altough being very similar, in the basic move the planar quiver has an extra column of
height N in the middle. As usual, on the planar side we give the FI parameter of all the nodes in
a colum on top of it. The term δα,i implies a shift in the FI of the i-th gauge node in the column,
counting from below.

We emphasize the CS level for the U(N)X⃗ symmetry in (4.48) refers to the contribution
coming from the single chiral that has been integrated out. The overall background CS level
for this symmetry has to take into account also the shift (−N, 0) encoded in the identity wall,
as previously mentioned so that the total CS level for the chiral block is (−N − 1

2 ,−1
2).

In the duality in figure 18 we recognize a chiral flavor block on the l.h.s. and the
corresponding S3

b partition function identity is:

Z
[N ]
flavor,fund(X⃗, η) =

∫
dZ⃗ dW⃗ ZS(X⃗, Z⃗) Z

[1N ]
bif, right(Z⃗, W⃗ ,−η; 0) ZS−(Y⃗ , W⃗ ) . (4.51)

Where on the r.h.s. we recognize a planar bifundamental sandwiched between two S-walls.
In short notation the duality in figure 18 can be depicted as:

N~X

1η
−N

2

1

(− 1
2 ,− 1

2 )

~XI~Y
[N ] ←→ N 1N

1N N−1
η

−η




1
.
.
.
1
1
2







1
2
1
.
.
.
1




+

−

~X

~Y

(4.52)

– 51 –



J
H
E
P
1
0
(
2
0
2
5
)
2
1
1

1

1

1

...

1

1

1

1

∏N
i=1 δ(Xi − Yi)

− 1
2

−1

−1

− 1
2

η

XN

X1

− iQ
4

0

iQ
4

←→ 1 2 N N 2 1. . . . . .

1 1(0,2) (0,2)(− 1
2
, N − 1

2
) (− 1

2
, N − 1

2
)

−1 −1 −1

X2−X1+
iQ
2 Y1−Y2− iQ

4−XN+η+ iQ
2 YN−η− iQ

4

Figure 19. The planar mirror dual of the chiral anti-fundamental flavor block is shown here.

There is also a variant of this move, corresponding to the S-dualization of a chiral
anti-fundamental.

N~X

1η
−N

2

1

(− 1
2 ,− 1

2 )

~XI~Y
[N ] ←→

N 1N

1N N

−1

η

−η


1
2
1
.
.
.
1







1
.
.
.
1
1
2




+

−
~X

~Y

(4.53)

Which corresponds to the S3
b partition function identity:

Z
[N ]
flavor,antif(X⃗, η) =

∫
dZ⃗ dW⃗ ZS(X⃗, Z⃗) Z

[1N ]
bif, left(Z⃗, W⃗ ,−η; 0) ZS−(Y⃗ , W⃗ ) . (4.54)

4.3.4 Planar fundamental S-dualization

Starting again from the N = 4 basic move in the second line of (4.29), we perform the mass
deformation defined by the following deformation breaking the U(N)X,Y symmetries:



Xj → Xj − (2N − 2j + 1) τ
2

Yj → Yj − (2N − 2j + 1) τ
2

u⃗(I) → u⃗(I) + (2N − I + 1) τ
2 , for I = 1, . . . , 2N

η → η

(4.55)

This limit yelds the duality in figure 19. On the l.h.s. we identify the anti-fundamental
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Planar flavor block for which we introduce the compact notation:

Z
[1N ]
flavor,antif(

~X, η) :=

1N

1

~X

η

:=
1

1

1

1

...

1

1

1

1

~XI[1
N ]

~Y

− 1
2

−1

−1

− 1
2

η

XN

X1

iQ
4

0

− iQ
4

∏N
i=1 δ (Xi − Yi)

(4.56)

Notice that all the arrows point downward. Similarly we define the planar fundamental
block as:

Z
[1N ]
flavor,fund(

~X; η) :=

1N

1

~X

η

:=
1

1

1

1

...

1

1

1

1

~XI[1
N ]

~Y

− 1
2

− 1
2

−1

−1

η

XN

X1

0

iQ
4

0

− iQ
4

∏N
i=1 δ (Xi − Yi)

(4.57)

Notice that for the fundamental planar block the chiral is attached to the bottom of the
string of chirals belonging to the Identity-wall. The contribution to the S3

b partition function
is given below:

Z
[1N ]
flavor,fund(X⃗; η) = e

iπ
2 (η2−2ηX1+X2

1 ) sb (η −X1)X⃗ I[1N ]
Y⃗

(4.58)

Z
[1N ]
flavor,antif(X⃗; η) = e

iπ
2 (η2−2ηXN +X2

N ) sb (XN − η)X⃗ I[1N ]
Y⃗

(4.59)

The duality in figure 19 corresponds to the S3
b partition function identity:

Z
[1N ]
flavor,antif(X⃗; η) =

∫
dZ⃗ dW⃗ ZS [Z⃗; X⃗] Z

[N ]
bif, left(Z⃗; W⃗ ;−η; 0) ZS− [W⃗ ; Y⃗ ] (4.60)

We represent the previous move in compact form as:

1N

1η
− 1

2

~X

1

~XI~Y
[1N ] ←→ 1N N N 1N

(− 1
2 ,

2N−1
2 ) (− 1

2 ,
2N−1

2 )

+ −−1

~X ~Y

η −η

(4.61)
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There is also a variant of this move that is the S-dual of a planar fundamental block.

1N

1η
− 1

2

~X

1

~XI~Y
[1N ] ←→ 1N N N 1N

(− 1
2 ,

2N−1
2 ) (− 1

2 ,
2N−1

2 )

+ −−1

~X ~Y

η −η

(4.62)

Which corresponds to the following identity between partition functions:

Z
[1N ]
flavor,fund(X⃗; η) =

∫
dZ⃗ dW⃗ ZS [Z⃗; X⃗] Z

[N ]
bif, right(Z⃗; W⃗ ;−η; 0) ZS− [W⃗ ; Y⃗ ] . (4.63)

5 The chiral-planar dualization algorithm at work

In this section we use the algorithm introduced in the previous section to produce new
examples of the chiral-planar N = 2 mirror dualities.

Along the lines of [11], we define the steps of the algorithmic dualization of a non-abelian
chiral N = 2 quiver to the be the following:

• Step 1. The quiver is chopped into its basic QFT blocks that can be either bifun-
damentals or (anti-)fundamental chiral fields. This step is performed by freezing the
gauge interactions that will be reintroduced later.

• Step 2. Each QFT block is dualized via the basic duality moves described in section 4.3.
These identities, or basic moves are summarized for reference in table 2.

• Step 3. The dualized blocks are glued back together by turning back on the gauge
interactions frozen at the first step. The pairs S−1S fuse to Identity-walls as described
in section 4.2.

Each of these steps will be illustrated in more detail in the following sections with explicit
examples.

We will use the algorithm to dualize chiral N = 2 quivers into abelian-planar quivers.
Although the same algorithm can be applied in reverse — starting from a planar abelian
quiver to obtain its chiral dual — we do not discuss this case in the present work.

The current version of the algorithm has some limitations that we list below.

• We can dualize chiral quivers with fixed CS levels. A U(N) node with F chirals will have
CS level (k, k + lN) with k = −F

2 + N and l = −1. Moreover, each pair of gauge nodes
connected by a bifundamental chiral will be also coupled via a mixed-CS interaction.

• We can dualize only chiral quivers with constant ranks U(N). To algorithmically dualize
quivers with non-constant ranks we would need to introduce asymmetric blocks and
the chiral-planar version of the Hanany-Witten duality moves derived in [11].
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QFT block S-dualization S3
b p.f. identity

N N

(- N
2 ,- N

2 ) (- N
2 ,- N

2 )

+1 N 1N N

1

+ −
Figure 16,
eq. (4.33)

N N

(- N
2 ,- N

2 ) (- N
2 ,- N

2 )

+1

N 1N N

1

+ − Eq. (4.38)

N

1

(- 1
2 ,- 1

2 )

I[N ]

N 1N

1N N

+

−
Figure 18,
eq. (4.51)

N

1

(- 1
2 ,- 1

2 )

I[N ]
N 1N

1N N

+

−

Eq. (4.54)

Table 2. Summary of the basic moves that are relevant to run the algorithm. In the first column
are given the basic QFT blocks, in the second column their S-duals. In the last column we give the
reference to the S3

b partition function identity and to the extended quiver form. We avoided to give
all the CS-interactions and FI terms, we only provided those that are dynamical either in the starting
chiral theory or in the reulting planar theory. Notice that in order to keep track of all the details
more information are needed, see section 4 for a complete discussion.

• We also limit ourselves to cases where each gauge node sees [nf , na] chirals, where
F = nf + na with

[nf , na] =


[N + F1, N + F2]
[2N + F1, F2]
[F1, 2N + F2]

F1, F2 ≥ 0 (5.1)

The algorithm can be further extended to overcome the current limitations, but we
leave this for future work.

Despite these limitations, we can extend the algorithm’s reach by applying the strategies
outlined in sections 2 and 3, as we will demonstrate in section 6.
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Additionally, starting from the dualities generated by the algorithm, one can overcome
the limitations by performing suitable massive deformations; we leave a detailed study of
this direction for future work.

It is important to emphasize that, even within its current scope, the algorithm already
produces a rich variety of examples that capture essential features of the new type of mirror
duality proposed in this paper. These will be discussed in detail in the following sections.

5.1 Chern-Simons SQCD with fundamental and anti-fundamental matter

As a first example of the application of the algorithm, we consider the case of SQCD with
[nf , na] flavors, where F = nf +na satisfying the constraint in eq. (5.1). The second and third
cases are analogous, therefore we explicitly present only the first and second case in eq. (5.1).

5.1.1 U(N) CS-SQCD with [F1 + N, F2 + N ] chiral multiplets

We start from the first case in (5.1), therefore we consider U(N)(−F1+F2
2 ,−F1+F2

2 −N) SQCD
with [F1 + N, F2 + N ] chiral multiplets, depicted in short as:

F1+N F2+N

N

~X ~Y

(−F1+F2
2 ,−F1+F2

2 −N)
η (5.2)

To apply our algorithm we begin by chopping the theory into chiral QFT blocks using the
basic ingredients defined in section 4. We do so by considering F1 chiral fundamental blocks,
F2 chiral anti-fundamental blocks and two chiral bifundamental blocks, in complete analogy
with the N = 4 SQCD case done in figure 12, where the two bifundamentals account effetively
for 2N flavors. The QFT block decomposition is schematically depicted below.
F1+N F2+N

N

(−F1+F2
2 ,−F1+F2

2 −N)

=
∫

N N

(-N2 ,-N2 ) (-N2 ,-N2 )

∆[N ] N

1

(- 12 ,-
1
2 )

I[N ] ∆[N ] . . . N

1

(- 12 ,-
1
2 )

I[N ] ∆[N ] N

1

(- 12 ,-
1
2 )

I[N ] ∆[N ] . . . N

1

(- 12 ,-
1
2 )

I[N ] ∆[N ] N N

(-N2 ,-N2 ) (-N2 ,-N2 )

(5.3)
In this schematic picture the act of multiplication between two consecutive blocks is understood.
The measure of integration between two blocks is given by a U(N) vector field ∆[N ] which
is precisely the measure defined in (4.21). To avoid cluttering we suppressed the labeling
of global symmetry parameters.

Let’s first check that gluing back the QFT blocks we recover the U(N)(−F1+F2
2 ,−F1+F2

2 −N)
SQCD. The gluing procedure consist in identifying and gauging two U(N) global symmetries,
one coming from each of the two blocks glued together. This means that there must be a
total of (#QFT blocks− 1) integrations to account for the gluing. Taking into account the
presence of F1 + F2 Identity-walls coming from flavor blocks, each freezing an integration, we
are left with a single dynamical, i.e. non-frozen, U(N) gauge symmetry.

We recall that each QFT block, Identity-wall and measure of integration comes together
with CS interactions. In the schematic figure we give explictly only those coming from the
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QFT-blocks and leave the remaning implicit. The resulting CS level upon gauging and
implementing the Identity-walls can be computed as follows. Each factor of ∆[N ] contributes
as (N, 0) to the CS level. Each flavor block consists of a (anti-)fundamental chiral field,
with a CS level (−1

2 ,−1
2), and an identity, contributing as (N, 0), for a total contribution

of (−N − 1
2 ,−1

2). Lastly, a bifundamental chiral contributes with a CS level of (−N
2 ,−N

2 ).
Therefore the total CS level is:

2
(
−N

2 ,−N

2

)
︸ ︷︷ ︸

bifundamental blocks

+ (F1 + F2)
(
−N − 1

2 ,−1
2

)
︸ ︷︷ ︸

flavor blocks

+ (F1 + F2 + 1)(N, 0)︸ ︷︷ ︸
chiral measure

=
(
−F1+F2

2 ,−F1+F2
2 −N

)
(5.4)

which matches the CS level of the SQCD theory we are considering.
Now we dualize each QFT block in the decomposition in (5.3) by exploiting the basic

moves derived in section 4 and summarized in table 2, we obtain:

∫
N 1N N

1

+ −
∆[N ]

N 1N

1N N

+

−
∆[N ] . . .

N 1N

1N N

+

−
∆[N ]×

× N 1N

1N N

+

−
∆[N ] . . . N 1N

1N N

+

−
∆[N ] N 1N N

1

+ −

(5.5)
Now we can use the chiral fusion to identity (4.25) to remove pairs of S-walls glued through
their U(N) symmetry. Schematically this operation can be represented as:

. . . 1N N 1N
+ − . . . → . . . 1N . . . (5.6)

This allows us to remove all but the first and last S-walls. The resulting generalized quiver
in short notation is:

N 1N

1N

. .
.

1N

1N

1N

. . .

1N

1N N

1 1

+ −

F1 F2

(5.7)

The generalized quiver in (5.7) can finally be written in the explicit Lagrangian form by
using the planar UV completion of the S-walls and the definition of the planar bifundamental
and fundamental blocks. The result is depicted in figure 20.
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F1+N F2+N

N

(−F1+F2
2 ,−F1+F2

2 −N)

W = 0

←→

1

1

1

. .
.

. . .

1

...

...

1

. .
.

. .
.

1 1
2

η

∑N
a=1 Xa

1

1

1

1
−1

−1

X2-X1

X3-X2

XN -XN-1

. .
.

. .
.

1

...

...

1

XN+F1
-XN+F1-1

1

...

...

1

1
2

3
2

YF2+N -XF1+N

1

...

...

1

...

YN+F2
-YN+F2-1

. . .

. . .

1

...

...

1

1

. . .

. .
.

1

1

1

Y1−Y2

W =Wplanar + Wmonopole

N

F1

F2 N

Figure 20. The N = 2 planar mirror dual of U(N)(− F1+F2
2 ,− F1+F2

2 −N) SQCD with [F1 + N, F2 + N ]
chiral multiplets. The superpotential terms and (mixed) Chern-Simons interactions are as described
in section 2.

Let us comment some of the details of the duality in figure 20.
The global symmetry of the SQCD theory is, in general, S[U(F1 +N)×U(F2 +N)]×U(1),

where the first factor is the flavor symmetry while the second one is the topological symmetry.18

In the mirror dual the U(1) symmetry is the only flavor symmetry, taking into account gauge
transformations and superpotential constraints.

The Wmonopole superpotential contains a term that is linear in the monopole with −1/+1
magnetic flux under two nodes connected by a vertical line, which reduce to a single U(1) the
topological symmetry of each column. So the UV topological symmetry is U(1)F1+F2+N−1

which enhances in the IR to S[U(F1 + N) × U(F2 + N)], so that the global symmetry of
the mirror quiver matches that of the SQCD.

In the SCQD the chiral ring is generated by mesonic operators constructed from the
fundamentals Qi and antifundamentals Q̃j that form a bifundamental representation of
SU(F1 +N)×SU(F2 +N). These are mapped to monopole operators that are gauge invariant

18For special cases, namely F1 = F2 = 0 the topological symmetry enhances to SU(2). This can also be
understood by considering the Aharony-like dual for the theory [33], which is an abelian gauge theory, and
then taking the mirror dual to that theory [2]. We will comment on this feature later in section 5.2.1 and
study other chiral theories exhibiting enhancement of the topological symmetry.
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in the planar theory. For example the meson QF1+N Q̃F2+N is mapped to the monopole with
flux +1 under the topmost gauge node of the abelian dual. The other mesons are mapped to
monopoles with two strings of +1 fluxes starting at the topmost node and propagating along
the two upper diagonals of the planar quiver. There are (F1 + N)(F2 + N) such monopoles
which reproduce the bifundamental representation of the enhanced SU(F1 + N)×SU(F2 + N)
global symmetry.

Notice that in this case, the planar dual never exhibits a mesonic chiral ring generator.
This predicts that, for all values of F1 and F2, there are no dressed gauge-invariant monopoles
in the SQCD theory that would parametrize a non-compact moduli space.

5.1.2 U(N) CS-SQCD with [F1 + 2N, F2] chiral multiplets

We now consider the second case in (5.1) (which is analogous to the third one), the
U(N)(−F1+F2

2 ,−F1+F2
2 −N) SQCD with [F1 + 2N, F2] chiral multiplets:

F1+2N F2

N

~X ~Y

(−F1+F2
2 ,−F1+F2

2 −N)
η (5.8)

We decompose this theory into fundamental blocks according to the rules described in the
previous section:

F1+2N F2

N

(−F1+F2
2 ,−F1+F2

2 −N)

=
∫

N N

(-N2 ,-N2 ) (-N2 ,-N2 )

∆[N ] N

1

(- 12 ,-
1
2 )

I[N ] ∆[N ] . . . N

1

(- 12 ,-
1
2 )

I[N ] ∆[N ] N

1

(- 12 ,-
1
2 )

I[N ] ∆[N ] . . . N

1

(- 12 ,-
1
2 )

I[N ] ∆[N ] N N

(-N2 ,-N2 ) (-N2 ,-N2 )

(5.9)
where the diagonal gauging of adjacent U(N) fugacities is understood. The difference
w.r.t. (5.3) is that the last bifundamental is right-pointing, so that it contributes as N

extra fundamentals instead of anti-fundamentals. We dualize each block using the basic
moves in table 2:

∫
N 1N N

1

+ −
∆[N ]

N 1N

1N N

+

−
∆[N ] . . .

N 1N

1N N

+

−
∆[N ]×

× N 1N

1N N

+

−
∆[N ] . . . N 1N

1N N

+

−
∆[N ] N 1N N

1

+ −

(5.10)
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Figure 21. The N = 2 planar mirror dual of U(N)(− F1+F2
2 ,− F1+F2

2 −N) SQCD with [F1 + 2N, F2]
chiral multiplets. The superpotential terms and (mixed) Chern-Simons interactions are as described
in section 2.

The dualized QFT blocks can be glued back reintroducing gauge interactions with ∆[N ]

measure, we also implement Identity-walls and obtain:

N 1N

1N

. .
.

1N

1N

1N

. . .

1N

1N N

1

1

+ −

F1 F2

(5.11)

This quiver can be written explicitly in Lagrangian form using the definitions of the planar
blocks, the result in depicted in figure 21.
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The features of this duality are very similar w.r.t. the duality in figure 20, so that the
map between global symmetries and chiral ring generators works similarly as that explained
at the end of section 5.1.1.19

However, in this case there can be an extra chiral ring generator which is a mesonic
operator from the point of view of the planar dual. It is possible to deduce that such
operator exists only if F2 < N . This operator maps to a gauge invariant (dressed) monopole
operator with positive magnetic charge of the SQCD. It is possible to verify, for example
through a Superconformal Index expansion, that in the SQCD this operator exists for the
same range of F2.

To summarize, the duals of the SQCD theories considered in this section can be schemat-
ically depicted as:

F1+N F2+N

N
(−F1+F2

2 ,−F1+F2
2 −N)

↔

1

1

F1

F2

N

N

(5.12)

F1+2N F2

N
(−F1+F2

2 ,−F1+F2
2 −N)

↔

1

1
F1

F2

N

N

(5.13)

F1 F2+2N

N
(−F1+F2

2 ,−F1+F2
2 −N)

↔

1

1

F1

F2

N

N (5.14)

Notice that for high enough number of fundamentals and antifundamentals an SQCD theory
can admit multiple mirror duals among the ones presented above. As an example, U(N)

19In this case there can not be any enhancement of the topological symmetry for special values of F1 and
F2 differently from the case of the SQCD with [F1 + N, F2 + N ] flavors.
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SQCD with nf ≥ 2N fundamentals and na ≥ N antifundamentals admits two inequivalent
abelian planar duals, schematically (5.12) and (5.13). It would be interesting to understand
whether these two duals, in the range of nf and na mentioned above, can be connected by
performing local Aharony-like dualities, in the spirit of the analysis performed in appendix B
for the case of the flip-flip duality, but we leave this to future work.

It is possible to derive planar abelian duals for SQCD theories with SU(N) gauge group
or with U(N) gauge group and CS levels (k, k + lN) for any l by applying Witten’s SL(2,Z)
action [12] on both sides of the dualities described above. This was described in detail for the
case of SQCD with only fundamental chirals in section 2.3, the generalization to SQCD with
both fundamentals and antifundamentals is analogous and we do not carry it out explicitly.

5.2 Topological symmetry enhancement in chiral quivers

5.2.1 A “local” balancing condition

We now move to an example of a quiver theory to show an interesting pattern of topological
symmetry enhancement.

We consider the following quiver:

N N

F1

N

F2

N

F3

N

(-
F1
2 ,-

F1
2 -N) (-

F2
2 ,-

F2
2 -N) (-

F3
2 ,-

F3
2 -N)

1 1

(5.15)

Notice that, as emphasized before, the CS levels for each gauge group are not arbitrary and
are fixed by the amount of matter fields that each node sees following (4.3). The quiver
presented here serves as a specific example, but it is straightforward to modify many of its
properties. For instance, the directions of the bifundamental arrows can be flipped, and
the flavor content can be generalized by considering different numbers of fundamentals and
anti-fundamentals. However, for the sake of concreteness, we focus on this particular choice
in the current discussion.

The mirror theory can be obtained by applying the algorithmic procedure described
above, resulting in the following planar quiver. Here we only report the compact notation
for the mirror quiver for ease of readability:

N 1N

1

. . .

1N

1

. .
.

1N

1

. . .

1N

1

N

F1+1 F2+1

F3+1

(5.16)
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Therefore the planar quiver has the following structure:

1

1

1

1

N

F1

F2

F3

N

(5.17)

If we slightly modify the starting quiver in (5.15) — for instance, by reversing the direction
of a bifundamental arrow or swapping a fundamental flavor with an anti-fundamental —
the resulting quiver in (5.16) changes accordingly. For example changing the arrow of a
bifundamental changes a fundamental flavor attached to the top node of a column, with an
anti-fundamental attached to the bottom node of the same column. Or also, changing a
flavor from fundamental to anti-fundamental changes the slope of a planar bifundamental.

It is interesting to consider the special case where each gauge group has exactly 2N

chiral (anti-)fundamentals, that is the case of F1 = F2 = F3 = 0. In this case the mirror
planar quiver does not have sequences of planar bifundamentals, and all the flavor nodes
are attached to the central column. The result is depicted in the first line of figure 22.
This leads to the flavor symmetry of the planar mirror theory to increse, in this case from
U(1)4/U(1) to SU(3) × U(1).

Changing the orientation of the arrow produces different dualities whith possibly different
enhancements of the global symmetry. Some other possibilities are depicted in figure 22.
This, as far as we know, is a non-trivial prediction regarding the enhancement of topological
symmetries in N = 2 quiver theories.

This suggests us that a rule to predict the enhancement of global symmetries. Whenever
a U(N) gauge node sees exactly [N, N ] flavors the topological symmetry enhances to at
least SU(2). When in a quiver more than one gauge node satisfied this condition then the
enhancement is bigger. For example in figure 22, it is shown a collection of linear quivers with
n = 3 nodes of rank N , with NR bifundamental chirals pointing to the right and NL pointing
to the left, with NR + NL = n + 1. Then the chiral-planar mirror duality predicts that the
U(1)n topological symmetry enhances to S[U(Nr) × U(Nℓ)]. The limiting case with n = 1
corresponds to SQCD with U(N)(0,−N) gauge group and [N, N ] flavors, where the topological
symmetry enhances from U(1) to SU(2). This is a special case of the dualities already
discussed in Subsubection 5.1.1. It is important to notice that the enhancement occurs for any
quiver with the same values of NR and NL, regardless of the ordering of the bifundamentals
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Figure 22. Chiral-Planar mirror dualities for a quiver with three gauge nodes. The planar dual
of each chiral quiver makes the enhancement of the topological symmetry manifest. In general, the
topological symmetry enhances to S[U(NL) × U(NR)], where NL and NR are the numbers of left-
and right-pointing bifundamentals, respectively. This enhancement occurs independently of whether
bifundamentals with the same orientation are consecutive. Furthermore, examining the last two
dualities, we observe that all theories with the same values of NL and NR are dual to each other.

since the planar mirror dual is invariant under this choice. This fact implies a duality among
all the quivers with the same value of NL and NR, one such example is provided in figure 22.

5.2.2 A “non-local” balancing condition

In section 2, we started from the N = 4 mirror pair of the U(N) SQCD and considered the
real mass deformation leading to the N = 2 mirror duality relating the chiral U(N) SQCD
to its planar quiver dual pair, depicted in figure 3.

It is interesting to consider the alternative situation where instead we take the chiral
limit of the quiver on the dual side, which results in a planar limit for the SQCD. This
can indeed be studied using the same strategies outlined in section 2; however, here we
will instead use the algorithm to generate the example. We begin with the chiral limit of
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the mirror of SQCD, namely:

1 2 N-1 N N N-1

1 1

2 1−1 −1 −1 −1

X2 − X1 XF+2N − XF+2N−1

η

∑N
a=1 Xa

F + 1

. . . . . . . . .

1 (0,2) (0,N−1) (0,N) (0,N) (0,N−1) (0,2) 1

(5.18)

We decompose this theory into fundamental blocks according to the rules described in the
previous section, dualize each of them and then glue-back the result implementing the
Identity-walls. These steps are depicted in the following figure:

∫
1N N ∆[N ] N

1

(- 12 ,-
1
2 )

I[N ] ∆[N ] N N

(-N2 ,-N2 ) (-N2 ,-N2 )

∆[N ] . . . N N

(-N2 ,-N2 ) (-N2 ,-N2 )

∆[N ] N

1

(- 12 ,-
1
2 )

I[N ] ∆[N ] N 1N =

= 1N N ∆[N ]

N 1N

1N N

+

−

∆[N ]

N 1N N

1

+ − ∆[N ] . . . ×

×
N 1N N

1

+ − ∆[N ]

N 1N

1N N

+

− ∆[N ] N 1N =

=

1N

1N

1N

1 1. . .

(5.19)
Notice that the quiver considered in (5.18) actually does not follow the rule prescribed at
the beginning of the section since it contains two tails built with asymmetric U(N)×U(M)
bifundamentals. However we can bypass the problem of dualizing asymmetric bifundamental
blocks by noticing that the two tails can be thought simply as a S and S−1-walls. These
walls do not need to be dualized and in the last step they fuse to Identity-walls with two
other walls coming from the dualization of the flavor blocks.

The resulting quiver can be then written explicitly in Lagrangian form, providing the
planar mirror description for the original linear quiver gauge theory (5.18), as shown in
figure 23.

Interestingly, in the planar dual, the flavor symmetry is not the naive U(1)F +2N /U(1),
but is instead enhanced to S[U(F −1)×U(2)N ], as shown in (5.18). This reveals an intriguing
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X2,F+2N−1
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Figure 23. On the top, the mirror dual of the planar limit of the N = 4 SQCD, reported from (5.18).
On the bottom, the planar limit of the N = 4 SQCD. We have suppressed the FI parameters and all
the background terms for brevity. The FI terms for the gauge nodes are η + iQ

4 ((F − 1)δ1,α − δN,α).
On the r.h.s. it is depicted the same theory but after recognizing the manifest flavor symmetry
S[U(F − 1)×U(2)N ] and writing it explicitly.

pattern of topological symmetry enhancement. The appearance of the U(F − 1) factor
can be understood using the rule proposed in the previous section: the central part of the
quiver consists of a sequence of U(N) nodes, each with [N, N ] flavors and bifundamentals
oriented in the same direction. However, the emergence of the multiple U(2) factors is a
new feature specific to this duality. Notably, this latter enhancement involves topological
symmetries associated with non-adjacent nodes — that is, it is non-local — in contrast to
the local structure underlying the U(F − 1) enhancement. Nonetheless, both enhancements
are manifest in the planar dual.

6 Further examples and conclusions

In section 5 we used the dualization algorithm introduced in section 4 to construct a series of
examples to illustrate interesting features of the chiral-planar N = 2 mirror duality.

However, as discussed in detail at the beginning of section 5, the algorithm does have a
few limitations. Nevertheless, with the present work, we aim to argue that a much larger
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class of — if not all — N = 2 quiver theories admit a planar abelian dual. Although we do
not offer a formal proof of this statement, our claim is supported by the observation that
the strategies outlined in section 2 can be applied to any pair of N = 4 mirror theories,
and we expect the outcome to consistently take the form of a N = 2 chiral-planar mirror
duality.20 Therefore we expect that the assumptions needed to apply the algorithm, for
example in the cases analyzed in section 5, are mostly technical and can be overcome by either
performing directly a real mass limit, similar to the anlysis in section 2 or by developing a
more sophisticated algorithm. Here we focus on the former possibility, discussing how the
limitations of the analysis described in section 5 can be overcome:

• So far we considered U(N) gauge nodes with [nf , na] flavors satisfying the condition
in eq. (5.1). In subsection 6.1 we provide an example of a U(N) SQCD with flavors
outside the range (5.1).

• For quiver theories we always assume that the gauge nodes have the same rank. We
already relaxed this condition by considering an example of a quiver with sequences of
gauge nodes U(1)−U(2)− · · · − U(N). In subsection 6.2 we provide an example of a
more generic quiver.

• Although we developed the algorithm for linear quivers, we do not expect the chiral-
planar duality to be restricted to N = 2 theories with linear topology. In subsection 6.3,
we present examples involving a circular quiver.

• We developed the algorithm for quivers with U(N) gauge groups, however N = 4 mirror
dualities are known for theories with different gauge group. In subsection 6.4 we provide
the planar mirror of a USp(2N) SQCD as an example of a non unitary N = 2 theory.

• So far, we have considered quivers with U(N) gauge groups and CS levels (k, k + lN),
where k = −F

2 + N and F denotes the total number of flavors coupled to the gauge
group. The current version of the algorithm applies to quivers with l = −1, but we
already argued that it is possible to generalize l using Witten’s SL(2,Z) action [12].
We can clearly find planar duals also for quivers with more general values of k. In
subsection 6.5 we provide an example of an SQCD with k ̸= −F

2 + N .

All the examples provided are computed starting from known Lagrangian N = 4 mirror
dualities and using the techniques of section 2. Indeed, it is possible to think of many more
generalizations. We leave those possibilities fo a future work.

To conclude, we point out that some of these limitations of the algorithm could be
overcome by extending it with new moves that are already known in the N = 4 case, we
would only need to perform the SUSY-breaking deformation of these moves to generalize
further the algorithm.

20Indeed this argument assumes that the 3d N = 4 mirror theories are Lagrangian. This is not the case
for many interesting N = 4 theories and in this case the strategy of section 2 can not be applied since the
partition function and the EOM might not be known.
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6.1 U(2) SQCD with [3, 1] flavors

Let us consider the U(2) SQCD. There is only one combination not included in eq. (5.1) that
is nf = 3 and na = 1 (and equivalently nf = 1 and na = 3). Using the methods outlined
in section 2 we find the following chiral-planar mirror duality:

2

3 1

(0,−2)
η

~X Y

W = 0

←→ 1

1

1

1

1

1

-1

-1

1

-1

1

1

1

1
2

X2-X1

X3-X2

Y -X3+
3iQ
4

W =Wplanar +Wmonopole (6.1)

As usual, on the planar side we write the FI of all the gauge nodes in a column on top of it.

Notice that on the planar side there is a mesonic chiral ring generator given by the
shortest path connecting the flavors nodes (modulo F-terms). This predicts that in the SQCD
there is a gauge invariant monopole operator that maps to it, which is indeed the case.

6.2 Quiver with non-constant ranks

Let’s now consider a chiral-planar duality involving a chiral quiver with non-constant ranks.

For example we start from the following 3d N = 4 mirror duality among two linear quivers:

2 4

6

←→ 2 4 3 2 1

3

(6.2)

Here we are drawing N = 4 quivers in N = 4 notation where each line represents a
hypermultiplet and circles include the full N = 4 vector multiplet. We then apply the
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strategies outlined in section 2 to derive the following chiral-planar mirror duality:

2 4

6

(0,−2) (0,−4)

Y1−Y2 Y2−Y3

X⃗

W = 0

←→

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

-1

-1

1

Y1

Y2

Y3

1

1

1

X2-X1

X3-X2

X4-X3

X5-X4

X6-X5

W =Wplanar +Wmonopole (6.3)

The label on top of the column indicates that all the gauge node in the same column have
the same FI. Also, the superpotential Wmonopole contains, in addition to the usual monopoles
following the rules described in section 2, the additional monopole:

Wmonopole ⊃M


0

- 0
- 0

0 0
+ 0

+ 0
0


(6.4)

Which is compatible with being in the superpotential since it has R-charge 2, is gauge
invariant and compatible with the global symmetry of the resulting theory.

6.3 Circular quivers

We now consider an example of N = 4 mirror circular quivers (see for example [34] and
references therein) and perform the real mass deformation to find a chiral-planar circular
mirror pair.

To perform these steps following the strategies of section 2, it is obviously necessary
to have an exact (fully refined) S3

b partition function identity for N = 2∗ mirror dualities
between circular quivers. This will be provided in the upcoming work [35], authored by one
of us, where the N = 4 dualization algorithm will be extended to circular quivers. Relying
on those results, we are then able to obtain the circular chiral-planar mirror pairs.
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As an example we consider the following N = 4 mirror duality:

N

NN

F1

F2F3

W =WN=4

←→

N

N

...

N

N

. . .

N

N

. . .

N

1

1

1

F
1

F2

F3

W =WN=4

(6.5)
Where the braces labelled by Fi indicate that the gauge nodes are connected by Fi bifun-
damental hypermultiplets.

Performing a real mass deformation leads to the following chiral-planar mirror duality:

N

NN

F1

F2F3

W = 0

←→

(-
F1
2 ,-

F1
2 -N)

(-
F2
2 ,-

F2
2 -N)(-

F3
2 ,-

F3
2 -N)

11

1

1N

1N

...

1N

1N

. . .

1N

1N

. . .

1N

1

1

1

F
1

F2

F3

W =Wmirror

(6.6)
For the planar dual we provide only the short notation for brevity. This can be expanded in
a complete Lagrangian description of the theory using the definition of the short notation
for the planar blocks.
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6.3.1 Adjoint U(N) SQCD

As a limiting case of circular N = 4 mirror dualities we consider the duality for the adjoint
U(N) SQCD which is:

N

F

←→

N

N

. . .

N

1

(6.7)

Where the arch denotes the presence of an extra adjoint hypermultiplet. If we perform the
SUSY-breaking deformation we obtain the following chiral-planar mirror duality:

N

F

(−F
2 ,−F

2 )

←→

1N

1N

. . .

1N

1

(6.8)

Note that in the N = 4 adjoint SQCD there is an SU(2) global symmetry rotating the two
adjoint chirals in the hypermultiplet. The real mass parameter associated to this symmetry
partecipates in the SUSY-breaking real mass deformation and it is in fact tuned so that
one of the two adjoint chiral multiplets remain massless, while the other acquires a real
mass. Due to the integration of the adjoint chiral we obtain an extra shift in the resulting
CS-level of (−N, 0). therefore we land on the adjoint U(N) SQCD with CS level (−F

2 ,−F
2 ),

thus with equal SU(N) and U(1) levels.
On the r.h.s. we have the planar dual of the N = 2 adjoint SQCD, showing that the

planar mirror duality is a feature that might be extended also to theories with tensor matter.

6.4 USp(2N) SQCD

Throughout the paper we only focused on gauge theories with U(N) gauge group. However,
we can try to perform the same analysis on theories with different gauge group, whenever
a suitable N = 4 mirror duality is accessible.
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As an example, we consider the N = 4 mirror dualilty for the USp(2N) SQCD [36–38]:21

USp(2N)

F

←→ 1 2 . . . 2N 2N . . . 2N

N

N

1

(6.9)

Also in this case to implement the strategies of section 2 we need the exact S3
b partition

function identity and this will be provided in the upcoming work [40], authored by two of
us, where the N = 4 dualization algorithm will be extended to USp theories. Building on
these results, we perform a real mass deformation leading to a chiral-planar mirror duality
for the N = 2 USp(2N) SQCD. For clarity we now report the result in the special case
N = 2 and F = 9.

USp(4)

9 X⃗

−3

←→

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

-1

-1

1

1

1

1

1

1
2

X2-X1

X3-X2

X4-X3

X5-X4

X6-X5

X7-X6

X8-X7

−X8-X9+
3iQ
4

X8-X9

−X8-X9+iQ

X8-X9

(6.10)

21The N = 4 USp(2N) SQCD also enjoys a mirror dual which has orto-symplectic gauge groups [39] on top
of the unitary mirror dual that we consider here. It would be interesting to perform the same analysis in this
case to understand how the planarization limit might affect an orto-symplectic theory. However, we leave this
analysis for a future work.
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In general, the real mass has the effect of breaking the flavor SO(2F ) global symmetry
down to U(F ) and also generates a CS level of (2N + 2− F ), where the integration of the
fundamentals provide a contribution of −F and the adjoint chiral of 2 + 2N .

The superpotential Wmonopole contains, in addition to the usual monopoles following the
rules described in section 2, the two additional monopoles:

Wmonopole ⊃M



-
-

0 0
+

0 +
· · · 0

0 0
0

0


+ M



0
0

0 -
-

0 0
· · · +

0 +
0

0


(6.11)

Taking into account the monopole superpotential, each column contributes as a single U(1)
UV topological symmetry, except for the last column which contributes as two U(1) topological
symmetries. Together all the U(1) topological symmetries enhance in the IR to U(F ).

From the planar mirror dual we observe that there is no mesonic chiral ring generator
and then we can conclude that also in the USp SQCD there is no gauge invariant monopole
generating a chiral ring.

In conclusion, let us mention that the mirror dual depicted in (6.10) can be generalized to
any N and for F > 2N + 1. It is interesting to notice that in the case F = 2N + 1 the N = 4
theory exibit a global symmetry enhancement where a U(1) magnetic symmetry emerges in
the IR. We do not attept this analysis which is made more complicated by the fact that now
we have an emergent symmetry for which we can perform a real mass deformation, whose
Cartan’s subgroup is not even visible in the UV SQCD decription.

6.5 Further real mass deformations

Starting from any of the duality presented in this paper one may try to perform further
real mass deformations to flow to theories with more generic CS level. As an example let us
consider the chiral-planar mirror dual for the U(2) SQCD with 5 fundamental flavors:

2

5

(− 1
2 ,− 5

2 )η

~X

W = 0

←→ 1

1

1

1

1

1

1

1

-1

-1

1
1

1

1

X2-X1

X3-X2

X4-X3

X5-X4

W =Wplanar +Wmonopole (6.12)
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If we give a negative mass to a fundamental chiral on the l.h.s. we flow to a U(2) SQCD
with 4 fundamental flavors and with CS level (−1,−3) outside the range of values considered
so far: (k, k + lN) with k = −F

2 + N and l = −1.22 By using the same strategies as in
section 2 we can study the effect of the real mass deformation in the planar mirror dual.
We discover that the resulting duality is:

2

4

(−1,−3)
η

X⃗

W = 0

←→ 1

1

1

1

1

1

1

-1

-1

1

-1

-1

-1

1
-2

1

1

1

2

1
2

1
X2-X1

X3-X2

X3-X2

X4-X3

X4-X3− iQ
4

iQ
2 -X4

W =Wplanar +Wmonopole (6.13)

On the planar side the effect of the real mass is to give a positive/negative mass to the pair
of chirals connecting the third column to the rightmost node, and also a positive mass to the
top flavor. This has the effect of shifting the level of some self and mixed-CS interactions
and some of the FI parameters.

We can further simplify the quiver theory by noticing that the U(1)1 gauge node on the
r.h.s. can be confined causing only a shift in the CS-level of the top node which is coupled to
it by a mixed-CS interaction (see (2.31)). The resulting duality is then:

2

4

(−1,−3)
η

X⃗

W = 0

←→ 1

1

1

1

1

1

-1

-1

1

-1

-1

-1

1

1

1

1

1

1
2

X2-X1

X3-X2

X3-X2

-X3+
iQ
2

X4-X3− iQ
4

W =Wplanar +Wmonopole (6.14)

From the planar mirror dual we see that there is no chiral ring in the two theories since
no mesonic operator is present in the planar theory.

22If instead we perform a positive real mass deformation, we obtain a U(2) SQCD with four fundamental
flavors and Chern-Simons levels (0,−2), which lies within the range. It is therefore a non-trivial consistency
check to verify that the planar dual correctly reduces to the F = 4, N = 2 case of the general result depicted
in figure 3. This turns out to be the case, although we do not provide a complete account of the analysis here.
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Generalizations of this strategy give rise to new chiral-planar dualities beyond those
presented in this paper, including cases with more general Chern-Simons levels. This
direction will be explored in the upcoming work [28].
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A Charges of monopoles

In this appendix we rapidly review how to compute the R-charge, the charges under global
symmetries and the representation under gauge symmetries.

We first consider the case of a generic U(N)(k,k+lN) gauge theory with nf fundamental
and na anti-fundamental chiral fields:

N AF
(k,k+lN)

Y⃗ X⃗

u⃗

(A.1)

where X⃗ and Y⃗ are fugacities related to the S[U(A) × U(F )] global symmetry, and u⃗ are
the gauge fugacities. The R-charge of a monopole operator with generic magnetic flux m⃗

is [3, 22, 42]:

R[Mm⃗] = Λ
N∑

i=1
mi −

1
2

[∑
i ̸=j

|mi −mj |+ nf (rf − 1)
N∑

i=1
|mi|+ na(ra − 1)

N∑
i=1
|mi|

]
(A.2)

where Λ is the value of the mixing between the R-symmetry and the topological symmetry.
Also rf/a is the R-charge of the fundamentals and anti-fundamentals. The representation of
the monopole under the gauge symmetry can be obtained instead computing the following
quantity:

Qgauge[Mm⃗] = −
N∑

i=1

kZi + l
N∑

j=1
Zj

mi +
N∑

i=1
(nf − na)Zi|mi| (A.3)

which gives the highest weight of the representation of the bare monopole. Notice that one
has also to take into account that the magnetic flux m⃗ generically breaks the U(N) gauge
symmetry. The unbroken gauge symmetry is in general ∏L

k=1 U(Mk), with ∑L
k=1 ML = N

generate by a magnetic flux where the first M1 entries are equal, then the following M2 are
equal and so on. In this analogy the parameters associated to the Cartans are the Z1,...,M1

for U(M1), then ZM1+1,...,M1+M2 and so on.
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In the present paper, a crucial role is also played by quiver abelian gauge theories with
mixed CS interactions and matter in bifudnamental representation of pairs of gauge groups.
We are thus interested in the charges of monopoles in such quiver theories. We will consider
monopoles with non-vanishing magnetic fluxes for multiple gauge groups and vanishing flux
under global symmetries. In general, given an abelian quiver theory with the following data:

• ng abelian gauge nodes with gauge parameters ui, i = 1, . . . , ng

• nf flavor nodes

• Global symmetry U(1)r, not including topological symmetries (this may be the Cartan
of a larger non-abelian symmetry). We denote as ya, a = 1, . . . , r the corresponding
parameters.

• CS levels ki, BF levels kij and FI parameters λi, as described in section 2.

• Bifundamental chirals αij , which is in the antifundamental representation (charge −1)
under the i-th node and fundamental representation (charge +1) under the j-th node

• Antifundamentals β̃ia and fundamentals βai

we consider a monopole with gauge fluxes m⃗ = (m1, . . . , mng ). The charges of the monopole
under the gauge and global symmetries can be encoded in a polynomial of the fugacities
given by:

M(m⃗) =− 1
2

(∑
αij

|mi −mj |
(

(R[αij ]− 1) iQ

2 − ui + uj +
r∑

m=1
Qm[αij ]ym

)

+
∑
β̃ia

|mi|
(

(R[β̃ia]− 1) iQ

2 − ui +
r∑

m=1
Qm[β̃ia]ym

)

+
∑
βia

|mi|
(

(R[βia]− 1) iQ

2 + ui +
r∑

m=1
Qm[βia]ym

))

−
ng∑
i=1

kimiui +
ng∑
i=1

λimi −
1
2
∑
i<j

kij(miuj + mjui)

(A.4)

where Qm is the charge under a global symmetry U(1)m ⊂ U(1)r and r[α] is the R-charge of
the fermion in the chiral multiplet α. The first line in (A.4) corresponds to the contribution
coming from the bifundamentals, the second and third lines correspond to fundamentals and
antifundamentals, respectively, and the last line corresponds to the contributions from CS
terms, FI terms and BF terms. The term λi is the mixing parameter between the topological
symmetry and the R-symmetry. The charges of the monopoles under the various symmetries
are given by the corresponding parameters’ coefficients, where the R-symmetry is instead
the pure number obtained, i.e. the one that does not multiply any parameter.
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B Flip-flip duality from local BCC-like dualities

In this appendix we derive the flip-flip dualities for the G[U(N)] theory by repeated application
of local Aharony-like dualities [8, 25–27, 44], that we denote BCC-like dualities after [8].
These dualities are well established and can be derived from Aharony duality via real mass
deformations [8]. As an example here we review the derivation of the following duality
between U(1) gauge theories with chiral matter:

U(1) 1
2

with [2, 1]

W = 0,
↔

U(1)− 1
2

with [1, 2]

W =WSeiberg + t−M̃−,
(B.1)

where on the r.h.s. there are two singlets flipping the mesons via WSeiberg and one singlet t−

flipping the monopole M̃−, the monopole of the magnetic theory with GNO flux −1. On the
r.h.s. there are also background CS and mixed CS terms, discussed below. It is convenient for
our purposes to present the relevant dualities in quiver notation, in line with the main body
of this paper. We also introduce BF terms between the gauge group and the flavor groups,
as well as background CS and mixed CS terms. The duality (B.1) can be written as:

1 1
2

1
0

1
0

1
0

−1

1 −1

1

0

η

W = 0

←→
1

− 1
2

1
− 1

2

1
1

1
− 1

2

1

−1 1

0

0

t−

−η − iQ
4

W =WSeiberg + t−M̃−

× eπi η2
2 (B.2)

where WSeiberg is the usual Seiberg-like cubic superpotential involving the dual quarks and
the mesons. Additionally, on the r.h.s. there is a background CS term for the topological
symmetry at level −1

2 in the magnetic phase as well as background FIs for flavor symmetries
discussed below.

The duality (B.2) can be derived from Aharony duality for U(1) gauge group with 2
flavors by giving a large real mass to one fundamental chiral multiplet. This procedure is
well established in the literature, but we report it here for the sake of completeness. Aharony
duality relates a U(1)0 gauge theory with two flavors and vanishing superpotential to another
U(1)0 gauge theory with two flavors, four singlets flipping the mesons and two singlets flipping
the monopoles. The corresponding S3

b partition function identity is the following:

Z [2,2]
U(1)0

(−X⃗, Y⃗ , η) = Z [2,2]
U(1)0

(
iQ

2 − Y⃗ ,
iQ

2 + X⃗,−η

)
×

2∑
a,b=2

sb

(
iQ

2 − Ya + Xb

)
sb

(
iQ

2 + 1
2(Y1 + Y2 −X1 −X2)± η

)
× e−πiη(X1+X2+Y1+Y2)

(B.3)

where −X⃗ and Y⃗ are the fugacities associated to the fundamentals and fundamentals of the
electric theory, η is the FI term and the S3

b partition function of U(1)0 with two flavors is:

Z [2,2]
U(1)0

(−X⃗, Y⃗ , η) =
∫

du e2πiuη
2∑

a=1
sb

(
iQ

2 − u + Xa

)
sb

(
iQ

2 + u− Ya

)
(B.4)
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The identity (B.3) is equivalent to Theorem 5.1.11 of [52]. In order to introduce mixed CS
terms kG,Xa , kG,Ya between the gauge group and the flavor nodes we shift the FI parameter
as follows:

η → η̃ = η − 1
2(kG,X1X1 + kG,X2X2 + kG,Y1Y1 + kG,Y2Y2) + iQ

4 (B.5)

In particular we have kG,X1 = kG,Y1 = −1, kG,X2 = 1 and kG,Y2 = 0. We now introduce a
large real mass in order to integrate out one of the fundamentals. At the level of the flavor
fugacities this corresponds to the following limit:

X1 → X1 − s

X2 → X2 − s

Y1 → Y1 − s

Y2 → s

η̃ → η̃ − s

(B.6)

Which is paired with the shift of gauge fugacities:{
u→ u− s

w → w − s
(B.7)

where u and w are the gauge fugacities for the electric and magnetic gauge groups, respectively.
We now take the s→ +∞ limit. One can check that the divergent phases cancel between
the electric and magnetic sides and one obtains an identity corresponding to chiral Giveon-
Kutasov duality for U(1) 1

2
with 2 fundamentals and 1 antifundamental (B.2). The identity

between S3
b partition functions is given by:

Z [2,1]
U(1)− 1

2
(−X1, Y⃗ , η) = Z [1,2]

U(1) 1
2

(
iQ

2 − Y1,
iQ

2 + X⃗,−η − iQ

4

)

×
2∑

a=2
sb

(
iQ

2 − Y1 + Xa

)
sb

(
iQ

2 + 1
2(Y1 −X1 −X2) + η̃

)
× e

πi
2 ϕ

(B.8)

The phase ϕ encodes shifts in the background CS and BF levels for the flavor symmetries,
as well as background FIs for the flavor symmetries:

ϕ = X2
1 − 2X2

2 + Y 2
1 + 2X1Y1 + λ2 + 2λY1 + 4λX1 + 2λX2

+ 3iλQ

2 + iQX1 −
1
2 iQX2 + 1

2 iQY1 + f(iQ)
(B.9)

where f(iQ) includes terms independent on the flavor fugacities which are not relevant for
our discussion. Notice in particular that the mopole flipper t−, contributing as:

sb

(
iQ

2 + 1
2(Y1 −X1 −X2) + η̃

)
= sb

(
− iQ

4 −X2 + Y1 + η

)
(B.10)

is charged with charge ±1 under two of the flavor groups, and it is therefore depicted as a
bifundamental field connecting two flavor nodes in the quiver representation (B.2).
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B.1 Planar-planar flip-flip dual via local dualization

In this section we show that as in the N = 4 case the planar-planar flip-flip duality can be
demonstrated by iterative applications of local Aharony-like dualities. However the local
dualization now involves dualizing a column of U(1) gauge nodes. Therefore, we consider
the following duality for a U(1)N gauge theory:
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W =Wplanar +Wmonopole

(B.11)

on the r.h.s. there is a background CS term for the topological symmetry at level 1. The
superpotential Wplanar includes cubic and quartic terms associated with the corresponding
quiver’s triangles and squares. The superpotential Wmonopole is:

Wmonopole = M−
1 M

+
2 + M−

2 M
+
3 + · · ·+ M−

N−1M
+
N (B.12)

where M±
j is the monopole operators with GNO flux ±1 under the j-th gauge group U(1).

The monopole operators M−
1 , M+

n and M±
j , j = 2, . . . , N − 1 are gauge invariant since there

are no BF couplings between adjacent gauge nodes. The monopole superpotential (B.12)
is equivalent to the monopole superpotentials considered in the main body of the paper,
because the monopoles with GNO flux −1 under the j-th node an +1 and the (j + 1)-th node
factorize into the product M−

j M
+
j+1. The monopole superpotential breaks all the topological

symmetries to a diagonal U(1).
We dualize the top node now using the duality (B.2). Then we can dualize the second

node from the top using Aharony duality for U(1) gauge group with 2 flavors. In the presence
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of BF terms involving the gauge and flavor symmetries this duality is given by:

1
0

1
0

1
0

1
0

1
0

−1

1

1

−1

0

1

0

0

η

W = 0

←→ 1
0

1
1
2

1
− 1

2

1
1
2

1
− 1

2

1

−1

−1

1

0

0

0

1

t+

t−

−η

W =WSeiberg + t−M̃− + t+M̃+

(B.13)

After the local dualization of the second node, two of the meson flippers and two of the
monopole flippers take masses pairwise due to the planar and monopole superpotentials of
the original theory. After integrating out these fields, we obtain the theory:
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1
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1
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2

...
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(B.14)

where:
Mmonopole = M̃+

1 M̃
−
2 + t−2 M̃

−
2 + t−2 M

+
3 + M−

3 M
+
4 + · · ·+ M−

n−1M
+
n (B.15)

We continue to dualize the other nodes from top to bottom using the duality (B.13),
producing additional singlets. Some mesons and monopole flippers acquire a mass at each
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Figure 24. The resulting dual frame obtained by locally dualizing each column of the planar UV
completion of the G[U(N)] theory once. Notice in particular that there are no vertical bifundamentals
in the last two columns and the CS levels change accordingly.

step and can be integrated out. The bottom node can be dualized by a duality analogous
to (B.2), producing an additional CS term for the topological symmetry at level 1

2 . The
result of dualizing every gauge node is the theory on the r.h.s. of (B.11), therefore the
sequence of dualities described above provides a derivation of the duality (B.11) in terms
of local Aharony-like dualities.

Similarly, we can use the duality (B.11) to derive the flip-flip duality of the G[U(N)]
theory. Starting from the leftmost node we locally apply the duality (B.11) to the columns of
the planar UV completion of the G[U(N)] theory (9). One can verify at each step the relevant
column has the correct CS and BF levels so that (B.11) can be applied. After dualizing
every column the resulting theory is shown in figure 24.
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We now repeat the same procedure, dualizing the columns of (24) from left to right,
stopping at the second to last column. We repeat this procedure, each time dualizing one
less column than the last time. In total we apply the duality (B.11) N(N − 1)/2 times.
The resulting theory corresponds to the flip-flip dual of the G[U(N)] theory, depicted on
the r.h.s. of (11). Therefore this procedure provides a derivation of the flip-flip (11) in
terms of local Aharony-like dualities.

B.2 Chiral-chiral flip-flip dual via local dualization

Similarly, it is possible to prove the chiral flip-flip duality via local dualization. The local
dualities that we employ are well-establish Aharony-like dualities for chiral SQCD theories [8,
27, 44], which can be written in quiver notation as:

1
1

2
(0, 2)

−1

W = 0
↔ 1

−1
2

(1, 1)

1

W = tM−
(B.16)

and:

N
(1,1)

N−1
(-1,-1)

N +1
(0,N+1)

1 −1

W = 0

↔
N

(-1,-1)
N−1

(0,N-1)

N +1
(1,1)

−1 1

W = 0

(B.17)

on the r.h.s. there are also background CS and FI terms for the flavor symmetries, in
particular on the r.h.s. of (B.16) there is a background CS term at level −1

2 for the
topological symmetry.

We start from the chiral UV completion of the G[U(N)] theory (3.12):

1 2 N−2. . . N−1 N
(0, N − 2) (0, N − 1) (− N+1

2 , N−1
2 )

−1 −1 −1−1 −1

1 (0, 2)

W = 0

(B.18)

We locally dualize the first node with the Aharony-like duality (B.16). In the dual
frame the gauge invariant monopole M(−,0... ) is flipped by a gauge singlet denoted as
tN−1. Furthermore, the second node has CS level (1, 1) and we may dualize it with the
basic duality (B.17). Doing so does not produce additional singlets but has the effect of
“lengthening” the monopole of the first gauge node to M(−,−,0,... ), which must be dressed
appropriately [51]. Therefore the singlet tN−1 now flips M(−,−,0,... ). The third gauge node
now has CS level (1, 1) and we may dualize it with (B.17). From left to right, we continue
this dualization procedure for all gauge nodes. Each dualization step further lengthens the
monopole flipped by tN−1, resulting in:

1 2 N−2. . . N−1 N
(0, N − 2) (0,-(N-1))

−
(

N−1
2 , N−1

2

)−1 −1 1−1 −1

1 (0,2)

W = tN−1M
(−,−,...,−)

(B.19)
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We may now dualize the first node again using (B.16), producing an additional singlet
tN−2 flipping the monopole of the first node. Furthermore the long monopole M(−,−,...,−) is
shortened to M(0,−,...,−). We continue to dualize the other nodes using (B.17), from left to
right, stopping at the second to last gauge node. Each duality shortens the monopole flipped by
tN−1 and lengthens the monopole flipped by tN−2. This second set of dualizations results in:

1 2 N−2. . . N−1 N
(0, -(N-2)) (0,-(N-1))

−
(

N−1
2 , N−1

2

)−1 1 1−1 −1

1 (0, 2)

W = tN−2M
(−,...,−,0) + tN−1M

(0,...,0,−)
d

(B.20)

We continue this procedure, each time dualizing one less node that the last time. Each
time we dualize the first gauge node we generate an additional singlet. At the end of this
sequence of dualizations we obtain the flip-flip dual of (3.12), namely:

1 2 N−2. . . N−1 N
(0,-(N-2)) (0,-(N-1))

−
(

N−1
2 , N−1

2

)1 1 11 1

−1 (0, −2)

W = t1M
(−,0,...,0) + t2M

(0,−,...,0)
d + · · ·+ tN−1M

(0,...,0,−)
d

(B.21)
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