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1 Introduction and results

Quiver quantum field theories are gauge theories with product gauge group and matter con-
tent in rank-2 representations, such as bifundamental and adjoint representations. Since
strings can end on two different branes, quivers are ubiquitous in string theory compact-
ifications. For this reason, quiver theories have been studied extensively during the past
three decades.

In this note we focus on 241 dimensional quivers with four supercharges, that is 3d
N = 2 supersymmetry [1-4]. 3d N' = 2 quivers have been recently studied, for instance,
in [5-16].

Theories with four supercharges, in 341 or less dimensions, enjoy Seiberg duali-
ties [4, b, 17-22], relating two different UV theories with a single gauge group which flow
to the same IR superconformal field theory. Applying Seiberg duality to a node of a quiver
gauge theory, one gets a new quiver theory with the same number of nodes.

We study examples of 3d N’ = 2 quiver dualities. In each case we work out the map of
chiral ring generators (in the algebraic sense) across the duality, i.e. from one theory and

a one obtained by dualizing a specific node in the quiver. It is quite easy to map mesonic



operators, which also exists in 3+1 dimensions. In 3d gauge theories, however, there are
also monopole operators [23, 24], that is local disorder operators which under duality can
map to standard operators polynomial in the elementary fields .

One of the main theme of this paper is the mapping of the monopole operators under
Seiberg duality inside a quiver. In the case of linear quivers with unitary gauge groups
such issue was important in a series of recent works [9-12, 14, 15]. The process of applying
a duality on a node of a quiver requires to take into account possible contact terms that
may become non-trivial BF couplings when the duality is applied inside a quiver [6, 25, 26]
(we will be more explicit about this in the main text).

We investigate various quivers with two gauge groups, studying in each example two
different duals. In the original model we take the superpotential to be vanishing. It is
possible to turn on superpotential or real mass deformations, even if we do not study such
deformed dualities in this paper.

The gauge groups we consider are a combination of classical groups U(N), Sp(V),
SO(N) and SU(N). Although we study quivers with only two nodes, the results allow
to find the general rule for the mapping of supersymmetric monopole operators under
Seiberg duality. The rule is valid for quivers with an arbitrary number of gauge groups
and generalizes the findings of [14, 15]. The quivers need not be linear, but let us state the
monopole mapping rule in the case of linear quivers, since it is simpler.

We denote monopoles in a linear quiver with the notation 9%%**: a 0 in the i*
position means that there is vanishing GNO flux for the i** gauge group, while a e in the

" position means that there is minimal GNO flux for the i'* gauge group. For unitary
gauge groups U(N) the o’s can be either all +’s or all —’s.

The monopoles which are chiral ring generators have minimal GNO fluxes for each
node, and the non-zero fluxes are turned on in a single connected group of nodes (of

arbitrary length), of the form 9)t-%0:%:%20.- " Dyalising node 4, the rule is as follows:

e a monopole with zero flux under ¢ — 1,%,7 + 1, stays the same:
ot 0i-1,00,0i4 15 g 991-+0i-1,00,0i4-1,..

e a monopole with flux under a neighbour of 4, but not flux ¢, “extends”, that is it
picks up flux under node i: My++*0::0 5 9hp-1®0i:00eee - 9xp-0,0is8500_y 310,000,

0,...

« a monopole with flux under i but not i + 1 or ¢ — 1, M%*:0 maps to a gauge

singlet operator flipping the monopole Dt-++0:#i:0:--

« a monopole with flux under ¢ and i +1 or 5 and i — 1,' “shortens”, that is it loses the
flux under node 3: 9T-* ,0:,0,. M e.0;,0,. 7 m...,O,oi,o,.‘. — gﬁ...,0,0i,o,...

e a monopole with flux under i — 1,4,7 + 1 stays the same: 2t %% - — Ni-*®>

'Notice that we do not consider 9t+~*%:® - This operator is not a chiral ring generator, its mapping

is obtained from the mapping of the two monopoles Mt+*:%::0 and Mp--+0:0:---



From the mapping of these basic monopoles, the mapping of generic dressed monopoles

follows.

Let us emphasize that the rule stated above is not enough to deal with baryonic
operators and baryon-monopoles, which are present when there is a gauge group defined
by the determinant = 1 condition (SU(N) or SO(N)), or when U(N) is present together
with O, Sp, SU, SO.? We study various examples of quivers with baryons and baryon-
monopoles, with two gauge groups. In these specific examples we are able to find the full
mapping of the chiral ring generators. One interesting observation (section 3.2) is that in
the case of SO — SO quivers a monopole operators with three magnetic fluxes (two non-zero
fluxes in one SO node and one non-zero flux in the other SO node) turned on is a chiral
ring generator. This is to be contrasted with the SO gauge theory, where the chiral ring

generators have at most one magnetic flux turned on.

We will present an application of the results in this note in two companion pa-
pers [33, 34]. In [33] we study the duals of a theory with a single gauge group and matter
in the a rank-2 representation, U(/V) with a single adjoint field and flavors, or Sp(/N) with
a single antisymmetric field and flavors. We produce a dual which is a quiver with N gauge
nodes, obtained by sequentially deconfining the rank-2 field. The process requires to use
many times a Seiberg-like duality inside a quiver, and at each step, in order to control the
superpotential, it is crucial to have the mapping of all the chiral ring operators, including

the monopoles.
The paper is organized as follows.

In section 2 we consider quivers with U(N) or Sp(N) gauge groups (so there are
no baryonic operators, and no monopoles dressed by baryonic operators). In each case
we study in detail a two-node quiver with flavors: we produce two different dual theories,
obtained by dualizing the left or the right node. We tried to make each subsection readable
independently from the other.

In section 3 we study quivers with baryons and baryon-monopoles, including SO and
SU gauge groups. We work out three examples, with gauge groups SO(Nj) x Sp(Na),
SO(N7) x SO(N2) and Sp(IN1) x SU(N3). In each example we are able to find the mapping

of all the chiral ring generators.

The main tool we employ to perform our analysis is the 3d supersymmetric index, that
can be computed as the partition function on S? x R [35-42], whose fundamental definitions

and properties we review in appendix A.

2Theories with alternating Sp/(S)O groups appears naturally in the context of 3d N = 4 theories via
their realization as gauge theories on the D3 branes on top of orientifold planes. A large class of such
theories is realized in the context of S-duality walls in N' = 4 SYM with real gauge groups [27]. Various
properties of such 3d theories with 8 supercharges have been widely discussed [28-31]. Applications to

theories with four supercharges are studied in [32].



2 Duality in quivers without baryons

In this section we study quivers with gauge groups U(N) and Sp(N). With this choice
of gauge groups, there are no baryonic operators, and no monopoles dressed by baryonic
operators (we consider examples with special gauge groups, SU(N) or SO(N), and hence
baryon and baryon-monopoles operators, in section 3).

In each case we study in detail a two node quiver with flavors: we produce two different
dual theories, obtained by dualizing the left or the right node. We discuss in great detail
the global symmetries of the supersymmetric monopole operators which are generators of
the chiral ring and we exhibit the map of the full set of chiral generators. This is enough
to find the general rule for the mapping of the chiral ring operators in arbitrary quivers,

which is the main goal of this paper.

2.1 Unitary gauge groups

Q

B
—
Ta: UMD U(N,) (2.1)
~_ —
B Q
W=0

We assume No > N otherwise the strongly coupled gauge dynamics of the left node breaks
supersymmetry (via a runaway potential).

Similar techniques of studying quiver theories through node by node dualisation using
Aharony and one-monopole duality [43] have been applied in order to get the dual of
U(N) with one flavour and adjoint [14] and the generalisation to k + 1 flavours [15]. The
goal of our analysis is to study the map of chiral ring generators across duality, with
particular focus on the monopole operators, including the dressed ones. For theories with
N = 4 supersymmetry this problem has been beautifully addressed in [44] using the Hilbert
series [45], while in the case of N/ = 2 theories the same tool has been applied to vector-like
theories [46] and to CS theories [47] to discuss the structure of the moduli space of vacua.

The continuos global symmetry group is SU(F') x SU(F) x U(1)p x U(1)7, x U(1)g X
U(1)7,, where U(1)p and U(1)g are the axial symmetries acting on B, B and Q,Q and
U(1)7, and U(1)7, are the topological symmetries for U(/N;) and U(V2) respectively.

The R-charge of monopole operators 9" reads

- 1 N1 Na 1 No
RG] =2 x o (1 —Rp) > |ma—mp| +2x SFa —Rq) > |ny|+
a=1b=1 b=1 (2.2)
- Z |ma1 - mCL2| - Z |nb1 - nb2|7
a1<az by <ba



Specialising this formula for the monopoles with minimal GNO flux 9*0, om0+ op++

we get

RNE") = No(1 — Rp) — (N1 — 1), (2.3)
RM%F] = Ni(1 — Rp) + F(1 — Rg) — (Ny — 1), (2.4)
RNTE] = (N 4+ Ny —2)(1 — Rp) + F(1 — Rg) — (N1 — 1) — (Ny — 1), (2.5)

The chiral ring generators include both mesons and monopole operators. The former ones
are represented by dressed mesons of the form Tr(Q;(BB)’ Qj) for J = 0,...,N; and
Tr ((B B )J ) with the same range for J. The monopole generating the chiral ring are ,‘Jﬁ%’i,
smj“ and {(Qﬁj’i)(BB)J}, with J = 0,1,..., N7, where {(Emi’i)(BB)J} is smji dressed
by powers of the meson BB.

In the following we discuss the two Aharony dual frames and discuss the map of chiral

ring generators.

First dual

Let us apply Aharony duality to the U(N7) node, we get:

oB

Te: U(N2— Ni) U(N2) (2.6)
~_

W = oEMEL + Tr(besb)

where ¢p is a traceful adjoint field. The R-charge of monopole operators Sﬁgl’ﬁ reads

o 1 No—Ni N 1 Ny
R[] =2 x 5(1 —Ry) > > |ma—mnp|+2x QF(l —RQ) Y I+
a=1 b=1 b=1
1
+2X§(1_R¢3) Z |ma1—ma2|— Z |ma1_ma2‘_ Z ‘nb1_nb2|'
a1 <ag a1 <az b1 <bs
(2.7)
The basic monopole operators have the following R-charges

RG] = No(1 — Ry) — (Na — Ny — 1), (2.8)

RIMY™] = (No — N1)(1 — Ry) + F(1 = Rg) + (No — 1)(1 = Rg,) — (N2 — 1), (2.9)

RIM5™] = (2N2 — Ny — 2)(1 — Ry) + F(1 — RQ) + (No — 1)(1 — Ry, )+
— (N3 — Ny —1) — (No — 1). (2.10)

The R-charges of fundamental fields can be mapped to the ones of theory T4 using that

BB & ¢35, (2.11)



and the superpotential term Tr(b¢pb), implying that
Ry, =1—- Rp, Ry, =2Rp. (2.12)

The mesonic part of the chiral ring is generated by dressed operators Tr(qzrﬁ]‘écjj ) and
Tr(¢%), for J = 0,..., No. The chiral ring generators also include dressed monopoles. In
detail, we have the singlets oﬁ flipping the monopoles im?‘) and the monopoles with flux
on both gauge nodes i)ﬁ?i. The monopoles Qﬁ%i are the ones that can be dressed with
the adjoint field ¢p5, and we get the tower {(Dﬁ%i)%} with J = 0,..., Na. Observe that
in theory Tp there is no dressed monopole of the form { (im?i)(bl;) s} since the F-term

equations of ¢p set to zero the matrix bb.

Second dual

T (2.13)

W = 0z + Tr(boeb) + Tr(bpg) + Tr(b3) + Tr(gMq)
The formula for the R-charge of a monopole with general fluxes is completely analogous
to (2.7), hence we do not repeat it here. We write down the R-charges of monopoles with
minimal GNO flux
RIME’) = (N1 — Na+ F)(1 — Ry) + (N1 — 1)(1 — Ry,) + F(1 — R,) — (N1 — 1), (2.14)
RIS = Ni(1 = Ry) + F(1 — Ry) — (N — No + F — 1), (2.15)

RIME™ ] = (2N1 — Na + F — 2)(1 — Ry) + (N1 — 1)(1 — Ry,) + F(1 — Ry)+
+F1—=R,) —(Ny—1) = (Ny — Ny + F — 1). (2.16)

The R-charges of fundamental fields can be mapped to the ones of theory T4 using the
map of mesons to singlets implied by Aharony duality

Tr(Q:Q7) > M},  Tr(BB) ¢ Tr(¢c), (2.17)

combining this piece of information to the superpotential terms in theory 7o we find
Ry =1- Rp, R, =1- Rgp, R, = Rp + Rq, Ry. = 2Rp. (2.18)
The chiral ring generators include the singlets Mj’ and aﬁ, the mesonic-like operators
Tr(¢)) and Tr(p;¢?p?) for J = 0,..., N;. The monopole operators generating the chiral

ring are similar to the ones discussed for Tp: we have the ones with flux on the gauge nodes
Dﬁg’i and the ones dressed with the adjoint field ¢¢: {(Sﬁg’o)¢g}.



Operator map

In order to discuss the map of chiral ring generators across the triality it is useful to write

down the map of the R-charges of the fundamental fields

e T — Ta:
Ry=1-r5, Ry, =2Rp. (2.19)

o« To — Ta:

Ry,=1-Rp, R,=1-Rg, R,=Rp+Ry Ry =2Rp  (2.20)

Using the R-charge map we have just summarised and the representation of the global
symmetry group under which the various operators transform we can study how the chiral

ring generators map across duality. The complete mapping is the following one

Ta T T
Tr(Q:Q7) Tr(giq’) M}
T ((BB)”) Tr(¢h) Tr(¢?)
Tr(Q:(BB)’QY) Tr(qidpd) Tr(pig! ') (2.21)
mE? 0% mE*
mo= mE= o

In the next section we will show the supersymmetric index for the triality just discussed

with a particular emphasis on the chiral ring generators.

Supersymmetric index

In this last section we compute the supersymmetric index for the three dual frames Ty,
Tp and To for Ny = 1, No = 2, F = 2 and with the choice of R-charges given by Rp =
1/5, Rg = 3/8:

wiw w 1 1
T=1+2 yf + 4242 + ooyl 42220 (24 2~ )4
YBYg YBYg YBYpwWiw2 YBYyw2

wiw w
+ 8x23/20y%y622 + 336/53/% + 229/20 [ X ;yB + 2';JB + QyB + 32/3 + 10:103/23/324-
Yo Yo Yowiwz  Ypwa

NPT I 1L e R Y | +x9/5<4w1w2 G 4, 4 >+
@ 9129 lezB YB B Ypwz2  Ypwiw2

3 3 3 3
4 237/20 w1w2lp + w2y p + YB 4 YB i 25x19/10y129y4 i 89539/203/%1;2
v vh o vhwiws  ydwe @ <

+22 (yi —10) + ... (2.22)



where yp and yg are the fugacities for the two axial symmetries. The charges of the

fundamental fields under these symmetries are assigned as follows:

Ul U(l)g

B,B 1 0
Q,Q 0 1
b,b  —1 0 (2.23)
q,q 0 1
b,b -1 0
q,q 0 —1

The topological symmetries map is straightforward in going from T4 to 7p, while in going
from Ty to 7¢ they mix non-trivially in a way that can be summarised in the following
fugacity map

1
wz—c — T wgc — w?“w;“‘, (2.24)
1

where the label 1 and 2 refers to the U(/V;) and U(V2) for 74 and U(N;) and U(N;—Na+F)
for Te. In (2.22) we highlighted in blue the various chiral ring generators already discussed
in the previous sections. For definiteness, let us take the generators in the frame 74 and

identify them with the various terms we find in the supersymmetric index

Tr(QiQ7) + 42y} (2.25)
Tr(BB) < 22/%% (2.26)
Tr(Qi(BB)QY) « 822yt y2 (2.27)
1
MEO oS (KL L 2.28
A %29 y,zgm ( )
1
MY o 20 F2 (2.29)
YBYQ YBYow2
1
MEE 5 g2/ (2 (2.30)
YBYq YBYWiw2
w1
(M5 g} < 20/20 (L1205 YD) (2.31)
Yo Yowiw2

2.2 Symplectic gauge groups
Consider a theory with two gauge groups and flavours

B
Ta - Sp(N1) ————— Sp(N\2) 9 (2.32)
W=20
We assume No > Nj + 1, otherwise the strongly coupled dynamics of the left node breaks
supersymmetry via a runaway superpotential [48]. It is possible to find two dual descrip-

tions of this theory by applying Aharony duality [4] to each gauge node.



The continuos global symmetry group of the theory is SU(2F) x U(1) g x U(1)q, where
the label in the Abelian symmetries denote on which chirals it is acting on. In order to
study the chiral ring generators it is useful to write down the R-charge of a monopole
operator with general magnetic fluxes. Denoting the most general monopole for T4 as

M7 jts R-charge is as follows

N1 N:
1 1 2

RN = (0= Rp) 30> > [(=1)7ma+ (=1)Tmy|+

a=1b=10,y=0,1

No
FSEE)1-RY)Y. 3 -1 ml+

b=10=0,1

(2.33)
N1 Nl
- Z (’mal - ma2| + ‘mal + maz‘) - Z |2ma‘
a1<az a=1
N2 N2
- Z (‘nbl - nb2| + ‘nbl + nb2|) - Z 124,
b1 <ba b=1

where the various contributions correspond respectively to the bifundamental B, the fun-
damentals () and the last two lines are the gauginos for the two gauge groups. In this
formula Rg and Rp gives the mixing coefficients of the UV R-symmetry with the axial
symmetries. The coefficients of Rg and Rp gives the charge under the corresponding axial
symmetry of the monopole under study. In particular, we may specialise (2.33) to the

monopoles with minimal flux:?

R[PN%%] = 2Ny(1 — Rp) — 2Ny, (2.34)
R[M%*] = 2N (1 — Rp) + 2F(1 — Rg) — 2No, (2.35)
R[M%*] = 2(Ny + No — 1)(1 — Rp) + 2F(1 — Rg) — 2Ny — 2Ns. (2.36)

Let us discuss the chiral ring generators of this theory. The mesonic generators comprise
Tr(Qi(BB)’Q;), Tr ((BB)J) for J =0,...,Ny. There are three types of monopole opera-
tors, depending on the fluxes under Sp(/N1) and Sp(NVa): sm;;o, i)ﬁ%" and M%°. These are
the bare monopole operators, however in general there are also dressed monopoles which
enters the chiral ring as generators. It is well known that, in the context of theories with
Sp(N) gauge theories with antisymmetric field ¢ and fundamental chirals, the chiral ring
is partly generated by Mys with J = 0,...,N [49]. 9M3* dressed with powers of the

bifundamental chirals (BB)”’. Thus, the monopoles generating the chiral ring are
e.0 0,e N )
My, My, {5 ) BBy} (2.37)

fOI“J:O,...,Nl.

3For an Sp(N) theory the monopole 9M™ with minimal flux has 7 = (1,0N 1),



First dual

Applying Aharony duality to the Sp(/N1) node in T4 to get theory 75 we get a dual of the

quiver
ob
b O Q 2.38
T - Sp(Na — Ni — 1) ————— Sp(Na) (2.38)

W = op My’ + Tr(bgyb)
where ¢y is a traceful antisymmetric field generated by the Aharony duality. The R-charge
of the monopole im’];“ﬁ reads

—N1—1 N>

R[N = 2(1—Rb) Z DD + (—1)"ng|+

a=1  b=10,y=0,1

2F (1-Rg) Z > = nb|+ (1-Ry,) Z D> (=1)np, + (—1)np, |

b=10=0,1 b1<bs 0,y=0,1
Na—N1—1 Ny—N1—1
- Z (’mm — Mgy | + [Ma, + ma2|) - Z 12my|
ai;<az a=1
No 2
- Z (|nb1 - nb2| + ‘nb1 + nb2|) - Z |2nb|'
b1 <bz
(2.39)
The dimensions of monopoles with minimal fluxes are given by
R[] = 2No(1 — Ry) — 2(Na — Ny — 1), (2.40)
0

RN = 2(Na — Ny —1)(1 — Rp) 4+ (2N2 — 2)(1 — Ry,) + 2F(1 — Rg) — 2Na,  (2.41)
RM%®] = 2(2N2 — Ny — 2)(1 — Ry) + (2N2 — 2)(1 — Ry,) + 2F(1 — Rg)

—2(Ny — N; — 1) — 2Ns. (2.42)

The global symmetry group is SU(2F) x U(1) x U(1). Observe that, even though we

have three sets of chiral fields b, ¢, and @ we only have two independent abelian global

symmetries due to the superpotential constraint Tr(bgyb). The R-charge map with respect

to theory 74 can be obtained by looking at the mesonic operators. The operator Tr(QQ) in
T4 maps to Tr(QQ) in Tp. Moreover, the singlet Tr(BB) in T4 maps to Tr(¢p), which gives

Ry, = 2Rp, Ry =1-Rp. (2.43)
The chiral ring generators include mesonic operators

Tr(QiQ;), Tr(¢f), Tr(QidyQ;), (2.44)

for J =1,..., No. The monopoles in the chiral ring include the bare ones E)JZO’°, My, while

917123’0 is removed from the chiral ring by the superpotential term op 9)?;3’0, leaving instead

~10 -



op as a generator. There are also dressed monopoles as discussed at length in the previous
sections. In this particular case we have {(9)1%") %f} with J =1,..., Ny. Unlike theory T4
there is no M%® dressed with bifundamental chiral b since the superpotential set to zero

the matrix bb on the chiral ring.

Second dual

Similarly to what has been done in the previous section, one may apply Aharony duality

to the Sp(IN2) node in T4 to get the following dual frame

Tc :

Pe @p(Nl) — Sp(Ni- Nt F 1) (2.45)

W =00 MG + Tr(bgeb) + Tr(bpg) + Tr(gMq)

In analogy to the case of theory Tp there are only two abelian symmetries because of the
superpotential terms, giving is SU(2F") x U(1) x U(1). The formula for the R-charge of a
monopole with general flux is completely analogous to (2.39), so we do not repeat it here.

Instead, we write the R-charges of the various minimal monopole operators:

RNl =2N1(1 — Rp) + 2F(1 — Ry) —2(N1 — No + F — 1), (2.47)
RN =2(2N1 — No+ F —2)(1 — Ry) + (2N1 — 2)(1 — Ry, )+
+2F(1 — Ry) +2F(1 — Ry) — 2Ny — 2(Ny — No + F — 1) — 2N. (2.48)

It is possible to get the R-charge map with respect to theory 74 by looking at mesonic
operators. The mesons Tr(Q;Q;) map to M;; so we get Ry = 2R that further gives,
from the superpotential term Tr(¢Mgq), R; = 1 — Rg. In a similar fashion, the operator
Tr(BB) maps to ¢. and gives Ry, = 2Rp, that is related, via the superpotential coupling
Tr(boed), to Ry, implying: Ry, = 1 — Rp. The last piece of information comes from the
interaction Tr(bpq), constraining the R-charge of p to be R, = Rp + Rq. The chiral ring
generators include the singlets M;; in the antisymmetric representation of the flavour group
SU(2F), the powers of the Sp(N;) antisymmetric Tr(¢?) for J = 1,..., Ny and Tr(p;¢!p;),
for J =0,..., N1. Furthermore, we have the singlet o, flipping the monopoles ?Jﬁ%". The
discussion on dressed monopoles is almost identical to the one in theory Tg: there are no
monopoles Mg* dressed with the bifundamental b because of F-term equations, but there
are Dﬁ%’ dressed with powers of ¢7: {(9.7180)¢g}, with J =0,..., N;.

- 11 -



Operator map

In the previous sections we discussed two dual Aharony-dual frames of the two node quiver
theory T4. At this point we are ready to study the map of chiral ring operators among the

three theories T4, Tp and T¢o. It is then useful to summarise the R-charge map between

T37 7;1 and 7’Ca 7?41

e Tp— Ta:
R, = Rg, Ry=1- Rp, Ry, = 2Rp. (2.49)

o Tc — Ta:
Ry,=1—-Rg, Ry=1-Rp, R,=Rp+Rg, R4 =2Rp. (2.50)

Using these maps and the transformation properties of the various operators under

the global symmetry it is possible to get the following chiral ring map

Ta Ts Tc
Tr(QiQ; Tr(Q:Q;) M;;
Tr(Qi(BB)’Q;)  Tr(Qi¢iQ;)  Tr(pigd!'pj)
T ((BB)’ Tr(4]) Tr(47) (2.51)
ms° oB me:®
mo ms;® oo

(O meyt A )y M)}

It is interesting to observe how the various (dressed) monopole operators map across the
two dual frames: apart from the usual monopole-singlet map coming from the application of
Aharony duality, e.g. 9)?:4’0 — op and 93?94" — o¢, we have monopoles that get “stretched”
across duality, for instance 931?4" — M%Z* and 93?:4’0 — 9)?8'. From the point of view of
dressed monopoles this implies that “long” monopoles dressed with the bifundamental in
theory 74 map to single-node flux monopoles dressed with antisymmetric fields, as can be
seen from the last line of (2.51).

Before closing this section, we need to comment the operator map in the following
sense. In theory T4, Tr ((BB)J ) gives algebraically independent operators on the chiral
ring for J = 1,..., N;. The same comment holds for Tr(¢;) in theory Tz, while for T¢
we have Tr(¢J) with J = 1,..., No. The reason of this apparent mismatch is that in
T the dressed operators for Ny < J < Ny (including monopoles dressed with them) are
composite. Their composite-ness, while evident in theory T4, is due to some quantum
relation in 7 and 7¢. A similar comment applies to quivers with unitary gauge nodes

studied in the previous section.
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Supersymmetric index

In this last section we compute the supersymmetric index for the three dual frames Ty,
Tp and T for Ny = 1, No = 3, F = 3 and with the choice of R-charges given by Rp =
2/5, Rg =2/T:

232/35 146/35 28;52/35
T =1+ 282" Ty} + a*Py) + —g—g + 4062 Tyh + ~o—p + 560"/ P yhyd +
ile YBYo YpYa
1 1 $64/35 28.’,5'66/35
+ 2% [y + 5 | + 2T 4060y% + 5 | + 5 56
Y0 YB YB Yo YBYQ
406272/35 4 T4/35
+ 119025y — 650° + —— g1 T
YBYQ YBYQ
28 2 3378/35 56
+ £76/3 563/1293/212 + ?6JB + 6.3 +a!7 { 31464y} + o BRI (2.52)
Yo YBYQ Y

where yp and yg are the fugacities for the two abelian symmetries. The charges of the

fundamental fields under these symmetries are assigned as follows:

U(l)B U(l)Q

B 1 0
Q 0 1
b -1 0 (2.53)
Q 0 1
b -1 0
q 0 -1

In (2.52) we highlighted in blue the various chiral ring generators already discussed in the
previous sections. For definiteness, let us take the generators in the frame 74 and identify

them with the various terms we obtain in the supersymmetric index

Tr(QiQ;) + 28z Ty% (2.54)
Tr(BB) + 2% (2.55)
Tr(Qi(BB)Q;) «» 5623 y2y2 (2.56)
8/5
my’ o T (2.57)
Yo
32/35
my o (2.58)
YBYQ
246/35
M & 2.59
274/35

{(M%*)B} < (2.60)

YRy
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3 Dualities in quivers with baryons and baryon-monopoles

In this section we study quivers with more general gauge groups, including SO and SU
gauge groups. We work out three examples, with gauge groups SO(N7) x Sp(Nz2), SO(N7) x
SO(N3) and Sp(N1) x SU(N2). In each example we are able to find the mapping of all the
chiral ring generators.

Unlike the cases discussed in section 2, for the examples in this section we do not have
a general rule for the mapping of the monopoles which can be extended to quivers with an

arbitrary number of gauge groups. We leave this issue to future work.

3.1 SO(Ni) x Sp(Nz2) theory

Let us consider the following theory:

Ta: SO(Ny) —2—— Sp(Na) (3.1)

W=0

with N7 + F even. In order to avoid runaway superpotential breaking supersymmetry to
be generated or confining dynamics, we assume 2Ny > Ny and Ny + F > 2Ng + 2.

The continuous global symmetries of the model are SU(F') x U(1)4 x U(1)r, where
U(1)4 acts on the bi-fundamental fields and U(1)r acts on the flavor fields. Moreover, two
discrete factors, the charge-conjugation ZS and the magnetic symmetry Z3"!, are associ-
ated to the orthogonal node. The charge-conjugation acts on flavor and bi-fundamental
chirals as an orthogonal reflection transformation and also possesses a non-trivial action
on monopoles; in particular, as reviewed in appendix B, two kind of monopoles can be
defined, whose fluxes are denoted by =+, i.e. their charge under C. The magnetic symme-
try M, instead, is related to the center of the orthogonal group and acts trivially on the
bi-fundamental and the fundamental fields, while it charges —1 all the monopoles with
minimal flux.

Let us study the chiral ring generators of this model. Because of the presence of an
SO(N;) gauge group, we have both mesonic and baryonic operators. The first kind consists
of traces involving both the bi-fundamental field B and the flavors @Q);:

T ((BB)Y), j=1,...,|N/2] ,
Tr(Qi(BB)JQj), J=0,...,2N; — 1. (32)

Observe that, since the orthogonal invariant form is symmetric and the symplectic one is
antisymmetric, it is not possible to construct a meson operator that is quadratic in the

bi-fundamental fields. The unique baryon operator is:

eBMQi = €ay .agrag, i (B® - B®) - (B®r1 - B0) (B4 Q) (3.3)
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where - denotes the contraction of the Sp(/N2) indices through the symplectic form and r =
| N1/2] is the rank of the orthogonal group. The term colored in red is only present when N;
is odd, in which case we need an extra flavor in order to obtain a gauge invariant operator:
this implies that when Nj is odd, such baryon transforms non-trivially under SU(F).*
As reviewed in appendix B, also the monopoles operators can be of non-baryonic and of
baryonic type. The non-baryonic monopoles are charge-conjugation even and consists of
937+’0, 931?4' and 93@". Sﬁjg". With minimal fluxes turned on for both the nodes, they
can be dressed with powers of bi-fundamental fields, (M3*)gpyi, j =0,..., [N1/2]. The
baryonic monopoles, instead, are charge-conjugation odd and always have non-trivial fluxes
turned on for the orthogonal group. They need to be dressed with N1 — 2 chiral fields in

the fundamental representation of SO(N7); in the case at hand we have two possibilities:

(mZ’O)BNr?@ ) (gﬁz.)BI‘ﬁ*QQl . (3.4)

As before, the Sp(N2) indices of the dressing factors are contracted with the symplectic
form and possibly with an extra chiral field Q; if Ny is odd; in this latter case, both the
baryon monopoles transform in the fundamental representation of SU(F'). The R-charges

of the various monopoles can be computed using the general formula:

R[fmfz’n] =
[N1/2] Ny
1—RB Z Z Z + (- )'ynb|+ 1—3322‘ ) 1)
alblo’yOl blw()l
(3.5)
F(1-Rq) Z Do)y - Z Y Iy, + 7nbz!—z:\?nler
b=1~=0,1 b1 <bg v=0,1 b=1
[N1/2] [N1/2]

Z Z [ma, + )7 Ma,| — Z Z ) Mg,
o=,0,1

a1<a2 o0=,0,1

where the red terms must be taken into account whenever N7 is odd. Specializing the
previous formula to the case of the monopoles with minimal fluxes, we obtain the following

result:
RIMTY) = 2Ny(1 — Rp) — (N1 —2),
RM%*) = F(1 - Rg) + Ni(1— Rp) — 2Ny, (3.6)
RNl = F(1 - Rg) + (2N2+ N1 —2)(1 — Rp) — (2Na+ Ny — 2).

Since RIMLY] = RON,°] and R[M*] = R[OMN,*], it is straightforward to obtain the

baryon-monopole R-charges taking into account the contribution of the dressings.

4Other baryonic-like operators can be obtained in principle contracting pairs of bi-fundamentals with

flavors rather that with the symplectic form; however, these are composite operators.
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First dual

Using the ASRW duality reviewed in appendix B, one can dualize the orthogonal node
n (3.1), obtaining the following dual frame:

S

Th - SO@Ns — N1 +2) —— 2 Sp(Na) (3.7)

W = o5 MG° + Tr(bSh)

where S is a symmetric (adjoint) field. As before, the chiral ring contains both non-baryonic
and baryonic operators. Among the possible traces, all the ones containing the symmetric

product bb are flipped while the traces involving the adjoint field
™(QiS’Qj), J=1,...2Ny — 1, TrS¥ | j=1,...No, (3.8)

are now part of the chiral ring. The unique baryon is instead 5(bN1Qi) where N; =
2N5 — Ny + 2. As usual, the operators Tr(BB)? and TrQ;Q; in T4 map to TrS? and
TrQ;Q; respectively in 7. From this map we immediately read the constraints on the
R-charges of b, S and @; in order for the duality to hold:

Rs/2 =1—R, = Rp. (3.9)

The spectrum of the conjugation-even monopole generators are 9)?;5’0, zmg‘ and {(S)ﬁ%") g7}
b, and (Mg g
of reasoning explained in the case of 74. The R-charge of such operators can be computed

The baryonic monopoles are instead (zmgo) following the same way

using the general formula:

R =

[N1/2] N,

1_Rb Z Z Z + (= )A/an‘ (1— Ry) ZZ\ 1)7ng)|
a=1 blcr,'y 0,1 b=1~=0,1

F(1 - Rq) Z > I(=1)"ny| — Z > e, + 7nbz\—ij\?nler
b=1~=0,1 by <bs 7=0,1 b—1 (3.10)
No

+ (1 - Rg) Z Y e+ (=1) T, | + (1= Rs) Y [2n|+
b1<b27 0,1 b=1

| N1 /2] | N1 /2]

Z Z |Ma, + (—1)7mg,| — Z Z [(=1)7mal,

ai<az 0=,0,1 a o=,0,1

In particular, the R-charges of the charge-conjugation even monopoles are:
RNl = 2Ny (1 — Ry) — (2No — Ny),
RMY] = F(1— Rg) + (2N2 — Ny 4+ 2)(1 — Ry) + 2Ny (1 — Rg) — 2Na, (3.11)
RIME®] = F (1 Rq) + (4N2 — N1)(1 — Ry) + 2No(1 — Rs) — (4N2 — N1).
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Second dual

This time we apply Aharony duality to the symplectic node in T4:

Tc :

A @0(1\71) . Sp (EEM — N, — 1) (3.12)

b

W = gc MG* + Tr(bAb) + Tr(bpg) + Tr(GM4)

where A transforms in the rank-two antisymmetric (adjoint) representation of SO(N7) and
M transforms in the rank-two antisymmetric representation of the SU(F') flavor group.
Because Tr(BB)? and Q:;Q; in T4 map to Tr A? and M;; respectively in T¢, the R-charges
of the chiral fields in this third frame read:

Ry = 2(1 _RB> = 2R, Ry = Q(I—Rq) = 2Rg, R, = Rp+Rg. (3.13)

Because of the constraints imposed by the superpotential, a unique baryon can be built

using A (and p whenever N; is odd) as follows:

eA"p; = eq,. (A% a2) ... (A%2r—ta2ry pierit (3.14)

- Q2 A2r4-1

where we remind r = |N;/2]| to be the rank of the orthogonal group. As in T4, one
can wonder whether more general baryons, built substituting one or more adjoint fields
with some antisymmetric combination p;p; in (3.14), are chiral ring generators. As we will
see, the mapping between T4 and To suggests that such baryonic-like objects are actually
composite operators that can be expressed as products of the baryon (3.14) and the meson
M;; due to quantum relations. Similarly, the baryonic-monopoles generators in such frame
are (93?5’0) Ar—1,, and (Mm*) ar—1,, The R-charges of the fundamental charge-conjugation

even monopoles are:

RG] = (F + Ny = 2N2 = 2)(1 = Bp) + (N1 = 2)(1 = Ra) + F(1 = R,) = (N1 - 2),
RNl = Ni(1 - Ry) + F(1 — Rg) — (F + Ny — 2Na — 2),,
RIM.* = —R; 2N1 + F — 2Ny —4) + F(2— R, — R) + (N1 — 2)(1 — Ry).

(3.15)

Operator map

In this section we present the mapping between the chiral ring generators in the three dual

frames. The proposal is supported by the agreement between the global charges of the
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various operators and further checked using the supersymmetric index. The map is:

Ta Ts Tc
om0 0B m;*
moe mhe oc
(M) ) ()5 (M) s
(M) prvi—2g), b1 (MG*) ar-,, (3.16)
My pmizg, M )mag,  Me)ary, ‘
eBMQ); (9372;’0)171\7172@[ eA"p;
QiQ; QiQ; M;;
Tr ((BB)Y) Tr (%) T (A%)

Tr(Q:(BB)’Q;) Tr(Q: S7 Q) Tr(pi A7~ pj)

As in the ARSW duality, the baryon monopole (—,0) is mapped to the baryon (and vice-
versa) when the orthogonal group is dualized. Also observe that the charge-conjugation
even monopoles still behave in agreement with the prescription presented in the introduc-
tion. The charge conjugation-odd monopoles behave in a way similar to the general rule
under Sp-duality: 910 extends while 9t~+* shortens.

Supersymmetric index

Let us compute a the supersymmetric index of the three dual theories in the particular
case of Ny = 3, No = 2 and F = 7. We fix the R-charges to be Rp = % and Rg = %;

moreover, the charges under the U(1) global symmetries are:

U(l)B U(l)Q

B 1 0

Q 0 1

b -1 0 (3.17)
Q 0 1

b -1 0

q 0 —1

while the charges of mesons and rank-two field are constrained by the form of the superpo-
tential. We denote with yp and yg the fugacities of U(1)p and U(1)g respectively, while
we denote with = the R-charge fugacity and with z; the SU(F') ones. With the mentioned
choices, the supersymmetric index reads:

£18/10  7/5 3/2

x -
T=1+42layd + s e + 2Py T 00y 4+ 28295y 2+
Yo Y Yp Yo Y

1 21 7 7 2192

+a?(231 g4 —50) + a0 [~ o Vo) 42125 4+—fQ +...
Yo¥s Yo Y Yp Yo Y Yp

(3.18)
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We highlighted in blue the generators of the chiral ring. Let us explicitly write down the

generators we read from the index:

Tr(QiQ;) + 21zl Tr(BB)? + %%y}
Tr(Qi(BB)Q;) « 28 /% y2 Yp EBNlQi o 7710 yngB
13/10 7/5
0,8 x +,0 T
My~ ——a My < —
Yo YB Yp
3/2 23/10
T T
gﬁJﬁ. < = (E)ﬁ 7.) BB) & —— =
A oy A BB T
7 £23/10 7 x12/5
_70 y —,®
(EIRA )BNl—ZQZ_ — 3 Q (mA )BN172Qi — 6 4
Yp Yo Y

(3.19)

3.2 SO(Np) x SO(Nz2) theory

Let us consider a theory involving orthogonal gauge groups only:

Ta SO(N) — 2 SO(N) (3.20)

W=0

We assume No > Nj and Ny + F' > Ny in order to avoid the generation of a runaway
superpotential or confining dynamics. The continuous global symmetry group is SU(F') x
U(1)p x U(1)g, where the labels of the two Abelian factors denote the field which they
act on. The theory also enjoys charge-conjugation symmetry Zg" and magnetic symmetry
Zéw for each node.

Let us understand the possible generators of the chiral ring. We first mention mesons

and baryons. The mesonic operators are as usual:

Tr(BB)!, J=1,...,N;

(3.21)
T(Q:(BB)’Q;), J=0,...,N;—1.
It is also possible to build three kind of baryons:
e182BNQNTN = g a2 BB aNl QbN o QZZQQ
e BYMQN = e4y ax, Byl Byt QUL+ Qﬁ.’gll , (3.22)

N. b bN
£2Q™ = ey by, @iy Qi

where ag, by and i are SO(Np), SO(N2) and SU(F) indices respectively. Under (Cq,C2),
the three baryon operators have charges (—, —), (—,+) and (4, —), respectively; they are
invariant, instead, with respect to both the magnetic symmetries. Observe that the (—, —)

)

baryon can be always built because by assumption F' > Ny — Nj. The (—,+) operator
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only exists if ' > N; while the last composite operator in (3.22) can be constructed
whenever F' > Ns.

The set of the monopole chiral-ring generators is more intricate in this case and it
can be arranged in terms of the charges under the C; symmetries. To be more precise,
we will consider the bare charge under charge-conjugation: for instance, a monopole such
as IMM%+ which at the bare level is even with respect to both charge conjugation symme-
tries, at the quantum level can transform non-trivially under C;, because of the dressing
with bi-fundamental fields. The even monopoles (at the bare level as just explained) are
om0, MmO+ and 9T, where the latter can be dressed with powers of BB. Using the
standard formulas introduced in the previous sections, the R-charges of the monopoles can

be easily computed:
R[m+’0] = Ng(l — RB) — (Nl — 2) s
RM"] = F(1 - Rg) + Ni(1 — Rp) — (N2 — 2), (3.23)
RN 1] = F(1 - Rg) + (N2 + N1 —2)(1 — Rp) — (N —2) — (N2 — 2).

As already anticipated, the set of baryonic monopole operators is much more involved. The

theory posses three different kinds of baryon monopoles, with bare conjugation charges
(_7 +)’ (+7 _) or (_’ _):

o Monopoles with charges (—,+) under (C1,C2) can be obtained appropriately dressing

MY or M+, The former can be dressed in two different ways. Schematically:

-0 —~ -0 1 b an;—2 ~bn;—2
(mA )BN172 QN172 ~ mA ’ 81(11)...(1]\71_2 (Bgll Q’lll) T (Blel_Q QlNll,Q)
-0 ) aq—>0 1 b1...bNy Ha an,—2 ~iN;—1 iN
(e2M47) prvi—2np -y 42 = Dy '6511)...aN1,25(2) By, "‘Blel,Q Qlel,l "'QbNQI :
(3.24)

The two dressings are possible only if ' > N; —2 and F' > Ny — N + 2 respectively,
because full antisymmetrizations of indices are needed. In the dressing of the second
operator in (3.24) the Levi-Civita tensor of the full SO(/N2) node appears, making
this monopole someway exotic: it behaves like a baryon with respect to the second
node. For this reason, we dub this operator dibaryon monopole. In the same way, we

can construct:

(M) g oNi-2 A el ,(By! 511) e (BaNliszNlig)- (3.25)

ai...an; — bny—2 Vin;—2

Observe that 91— cannot be dressed using the Levi-Civita tensor of the second
node. Indeed, when it gets a VEV, the non-trivial + flux causes the breaking of the
SO(N2) gauge group down to S(O(N2 —2) x O(2)) and the presence of the g(9) symbol

would make the operator not invariant with respect to the residual gauge group.

e In a similar fashion, we can consider monopoles which are, at the bare level, charge-

conjugation odd with respect to Cy only. These can be built appropriately dressing
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93??4’_ and ?)ﬁj’_. In the former case we can build

0,— ~ — b1 b, —2 INo_2
(SUIA )QN272 ~ mA (2 2= Q ...QbN2_2 ,
07* ~ 0,7 a N bl bN 2 bN1+1 bN2—2
(819)IA )BNl QNZ_N1_2 ~ 9:)/t,4 Sll) Bl()lll : ”Ble 2 QbN1+1 o .QbN2,2 b
(3.26)

The two baryon monopoles only exists if ' > No—2 and N7 < No—2 respectively. The
latter, in particular, is a dibaryon monopole in the notation introduced previously.

In a similar manner, starting from imj" we can build

- —  bi..by,— ; INo—
(m—iA_’ )QNQ*Q ~ mA7 . 6(;) Na—2 Qzll e szziz 9 (327)

As before, we cannot use £(1) in the dressing of M+ ~) because it would make the

dressed monopole transforming under the residual gauge group.

 Finally, the last monopole to consider, 91, ', can be dressed in a unique way:

_ b1 ...bN,— a %
(M) g - —2gNp-Ny R DM, 1(111) aN1725(;) " QBgll" bzlerlfz?Q bez 2 "
(3.28)

This monopole always exists because F' > No — N; by assumption.

As observed in [42], when studying the reduction of orthogonal gauge theories with
a single node from four to three dimensions, a second type of baryonic operators play
a relevant role. Such operators would correspond, in three dimensions, to non-minimal
monopoles, i.e. monopoles with magnetic fluxes m; = —mso = 1 for two different Cartan
generators of the gauge group turned on. In SO(NN) SQCD with F' flavors, such monopoles
are not actually chiral and do not map in a simple way across the duality. However, using
the supersymmetric index, one can observe that monopoles with three magnetic fluxes
turned on, that we will denote as 9™ and 9™, must be part of the chiral ring.® The

”

“symbol” “+” is used to remember which node has two fluxes turned on; when such a
monopole gets a VEV, the gauge group factor SO(N;) with two fluxes is broken down to
S(O(N; —4) x O(4)): with the choice of fluxes m; = 1 = —my, the monopole would not
be invariant under the residual gauge group and it needs to be dressed with N; — 4 chiral

fields contracted with the Levi-Civita symbol of the SO(N; — 4) residual group:

=, ~ =, b an,—4 ~bn,—
(mA +)BN1—4QN1—4 ~ SJJTA ik 55111) ANy — 1?11 211 e Bbfvvf,fQiﬁf_f ) (3 29)
- N = bi.bnya b b, — :
(MY ) grg—a m MY e 4%1 QT
Their R-charges are:
RIMLT] = (2N2 + N1 —4)(1 — Rp) + F(1 — Rp) — (N2 — 2) — (2N, = 6), (3.30

RIMI™] = (2N1 + No —4)(1 — Rp) + 2F(1 — Rp) — (N1 — 2) — (2N2 — 6).
®Observe that, consistently with the result in SO(N) SQCD, monopoles such as 9% and M are not

chiral.
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First dual

Using the ARSW duality on the left orthogonal node of 74 we obtain the following quiver
theory:

T : SO(Na = N1 +2) ——— SO(Na) (3.31)

W =op M50 + Tr(bSgb)

where Sp is a traceful symmetric field. As usual, using a Seiberg-like duality Tr(BB) maps
to Tr (Sp) and Q;Q; maps to Q;Q;, implying the following constraints on the R-charges:

Rs, = 2(1—R,) = 2Rp. (3.32)

The chiral ring generators consist of mesons, baryons and (baryonic) monopoles, built
in the same fashion we presented for 74. Because of the constraints imposed by the
superpotential, traces involving the bi-fundamental fields are set to zero and the chiral ring

actually contains

Tr(Q:S%'Q,), Te(SE), J=1,...,Ns. (3.33)

The theory again contains three baryons:
e1eab™M QNN et QM £y, (3.34)

where N7 = Ny — N; + 2. Observe that the bi-fundamental field b appears in the def-
inition of baryons since it is not traced but contracted with the Levi-Civita symbol.
The monopole generators which are charge-conjugation even at the bare level are Smg*
and {(SJT%JF)Sé} ,J =0,..., Ny — 2 while Sﬁg’o is flipped by the singlet op. Their R-

charges are:

RPNE®] = No(1 — Ry) — (No — Ny),
RMYT] = F(1 - Rg) + (N2 — Ny 4 2)(1 — Ry) + Na(1 — Rg) — (Ny — 2), (3.35)
RIMET] = F(1 - Rg) + (2N2 — N1)(1 — Rp) + Na(1 — Rg) — (2Na — Ny — 2).

The baryonic monopoles (minimal and non-minimal) are defined as in the dual frame T4
performing the substitution {B — b, Ny —>N1} For this reason, we will not write down

them again.
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Second dual

The last dual frame is obtained applying the ARSW duality to the SO(Nz2) node:

To -

Se @0(1\5) SO (F+Ni—N2+2) (3.36)
b

W = ocMET + Tr(bScb) + Tr(bpg) + Tr(GMq)

The usual map of the ARSW duality implies Tr(BB) — TrSc and Q;Q; — M;; fixing the
chiral field R-charges in the third frame:

Rs, =2(1-Ry) =2Rp, Rum=2(1-Ry)=2Rg, R, = Rp+Rg. (3.37)

Given the constraints imposed by the superpotential, the mesonic operators are Tr(piSépj)
and Tr(SZ), while the conjugation-even (dressed) monopoles are M+ and {(S)JT+7O) sJ };
the monopole MY+ is flipped by o¢ instead. Again, as in the other frames, there are three
different baryons:

511~)N1q~N2*N1 . ep™t, £2§N2 , (3.38)
where Ng = N1 + F — No + 2. Finally we have to define the baryon monopoles in this
duality frame. This time, they need some particular attention because there is no simple
rules to relate them to the ones in 74. There are two monopoles of charge (—,+) with

respect to (C1,C2) that are dressed using the chiral field p only:

M) =z, (M) vz, (3.39)

p p

while there are two baryon monopoles of charge (+, —) that are dressed using §:
0,— —
(DﬁC )qNQ—Q ’ (mg )qNQ—Q . (340)

Finally, there are three monopoles constructed using band G appropriately contracted with

Levi-Civita symbols:

e _70 0)_
(f)ﬁc >5N172 GN2a—N1 (52mc )5N1—26N27N1+2 s (619ﬁc )BNl GN2-N1 -2 - (3.41)

Observe, that the last two operators in the previous equation are the dibaryon monopole
pNi—4 and (Sﬁg’%)q%%. For def-

initeness, let us write the R-charges of the minimal fluxes in absence of any additional

of 7¢. Finally, the non-minimal monopoles are (Sﬁé*)
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dressing:

ng,o] =F+N —No+2)(1—-R;)+ Ni(1-Rs)+ F(1—-Rp,) —(N1—2),

RIMET) = Ni(1 - Ry) + F(1— Rg) — (F + Ny — Na),

RIMST] = (F+2N1—No)(1-R;) + F(2— R,— Rg) + Ni(1—Rg) — (F+2N1—No — 2).

(3.42)
Operator map
The operator map across the triality is quite intricate:
Ta T Tc
m-"A_’O OB mgﬂr
mft%,-‘r mgr‘r oo
+,+ 0,+ +,0
(T4 )(BB)J (Mg )sg,, (M, )Sé
R _7+ +’_
(mA )BNr2 QN2—Ny (QﬁB )bNr? QN172 (mc )qNQ—Q
_l’_7_ 07— T
(gﬁA )QN2—2 (gﬁB )QN2—2 (mc )BNl—Q qN2—N1
—+ - _
(mA ) pNi-2 QM —2 (SﬁB >b~1§’1—2 QN2-N1 (m ’0>pN172
(WZ70)3N1—2 QN1-2 £120bM1 QN2~ M1 (ma’Jr)le—z
(52mZ7O)BN1—2QN2—N1+2 g1bM QNl (Sﬁg’+)qﬁ2_4
(f)ﬁ%’_)QNQQ (m;’_)QA@fz e1bN1gNa—M (3.43)

(6193'(?4’7) BN1 QN2—N1—2 (fmgﬁ)bm%(gmﬂ 52QN2
(WZ’+)3N174QN174 (5127)?%’_) pN1 QN2— N1 -2 (m6+'7+>pN1*4
(93?}+)QN2—4 (m§+)QN2—4 (5293780)5%—2@1\724\/1%
e169BN1QN2~ M (fmgo)bﬁﬂ QF-2 (m%_)qﬁﬂ
5lBN1 QNI (52&7{;0)1,1\7172QN27N1+2 51PN1
£2Q™?2 £2Q™2 (Elfmg_) BV1 gNa—Np -2
Tr(Q:Q;) Tr(Q:Q;) M
Tr((BB)’) Tr(S%) Tr(SZ)
Tr(Qi(BB)’Qj) Tr(Q: S% Qj) Tr(p; &' pj)

Let us observe that the presence of the non-minimal monopole is crucial in order to have
a consistent map among the three frames. It is interesting to observe that, in order the
previous map to be consistent, the discrete charge-conjugation symmetries must be also

identified as follows across the duality:

o ¢ R S S ¢

3.44
g o cP.ck « Y. (3.44)

Supersymmetric index

In this section we present the supersymmetric index of the three dual theories with the
particular choice case of Ny = 3, No = 4 and F = 3. We fix the R-charges to be Rp = %
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and Rg = %; moreover, the charges under the U(1) global symmetries are fixed as in (3.17).
As before, we denote with yp and yg the fugacities of U(1)p and U(1)¢ respectively, while
we denote with = the R-charge fugacity and with z; the SU(F') ones.The supersymmetric

index reads:
T =

1 1 1
146223y + o (yh+— | + 2023y + 2% | 5 + 5 |+
Yp YoYs YQ¥b

3
Q
[ Q +12y n/e( 39 | g L 22 564510
Qy +x -l- yQyB +.I -l- + yB+ yQ
yB yB 3/
9 9 6 21y,
b0 ) h TP s+ T 160y vd
YQYs YQYp Yo YB Yh
2 19y 1 :
+x5/2<y3 g T 3.3 T 3Q T+ 199y | + ..
QYs YQUB YB Yo yB
(3.45)
We highlighted in blue the generators of the chiral ring and correspond to:
x
TI‘(QZ‘QJ‘) ~ 6x2/3y22 gﬁ-iA_’O <~ %
3/2
Tr(BB) < zy% mit o %
Yo Y
0+ 23/2 15/3 2
My™ < —— Tr(Qi(BB)Qj) + yQy
Yo Y
_ 3 11/6
61<€QBN1QN2_N1 > 3x11/6yngB (SIRAD)BleQQleQ > %
B
_ 3 13/6
To(BB)? ¢ a2y} (M ) gmyz ¢ o
YQ Yp
3.’1}13/6 n 3.’137/3
(Qﬁo’_) Ny—2 4+ (M ) gyi—20N—2 & —5—
A e Yo Ub A IpTTen 3 Ub
7/3 5/2
-0 3x 2x
(EQgﬁA7 )BN172QN27N1+2 & 5T (QJT:"F)(BB) & 53
Yo Y Yo Y
0 "4 NiON (y 5/2,3 3
(629ﬁA )BNl—QQNQ—N1+2 — T e1B™MQ — Yo YB
B
(3.46)

Let us observe that, for this choice of ranks of the gauge groups, not all the possible baryon
and baryon monopoles are present. In particular, there are no non-minimal monopoles for

T4 with the current choice.
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3.3 Mapping the orthogonal baryonic operators in general quivers

Using the operator maps (3.16) and (3.43) we can guess how baryons and baryon monopoles
are mapped across the duality in more general quivers. In the case of ortho-symplectic
quivers, we propose precise mapping rules based on the two-node experience. We propose

that, dualizing the i** node:

« if the node is symplectic, the general rule presented in the introduction still applies.

For instance:

(D)’tu-,gi—ly'i,gi+l7--~) — (m~--,0'i—17'i,0'i+17--~)’ (m-~~70i—1,.i701+17~--) — (gjt~~,0i—1,0¢,0i+1,m)
(3.47)

and so on, where o; = +£1.

o If the node is special-orthogonal and the monopole is conjugation-even with respect
to C;, the flux is turned on or turned off following the same rules as the symplectic
nodes. For instance (9t ~i-1:0i:0i+ 1) 5 (991 ~i-1+3:0i+1) and so on.

« If the node is special-orthogonal and the monopole is of the type (900 Vi-1:7i 041,10y
it maps to a baryon of the type ;- -.

o If the node is special-orthogonal and the monopole is of baryonic type with respect
to C;, a monopole (M-wi-1>—iwitl) with at least one between w;;1 and w;_1 non
vanishing, the operator is mapped to another baryon monopole with the same string

of fluxes.

Observe that in the case the monopole is baryonic, we do not indicate how the dressing
transforms across the duality, such task can be easily addressed matching the quantum
numbers between the frames. The knowledge of the mapped string of fluxes is the crucial
guideline in order to do so.

When the quiver is purely special-orthogonal, instead, the situation is much more
intricate and we do not really have a general prescription but we conjecture some general
guideline to follow and that should simplify the task of matching the chiral ring operators.
The higher intricacy is mostly due to the fact that we do not know in general which strings
of fluxes are admitted, in particular for the monopoles of non-minimal or dybarion type.
Let us consider a monopole of the form 9t~ «i-1@i%i+1 - where w; = 0,1, —1 denotes the
bare charges of the monopole with respect to the charge conjugation symmetry of the j-th
node; the operators will be assumed to be not dibaryons or non-minimal unless explicitly

stated. Let us assume to apply an ARSW duality to the i** node. We conjecture that:

e if o; = +,0 the monopole keeps on transforming as explained in the introduction
for quivers without baryons. For instance, the monopole 9t 0T «i+1 maps to a

monopole of the form Mt~ O0wit1,
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« Monopoles of the form 90 0i-1:=i:0i+1-.0 ;map to baryons.

o If w; = —1 and at least one between w;41 differs from zero, M “i-1L7%i+1,"" maps

to a monopole with w;+1 — —w;+1.

« We conjecture that a non-minimal monopole to be of the form (90 0i+1FiFi-1.m)
and it gets mapped to a dibaryon monopole of the form (g;90t%0i+1.0:=i-1,) and

viceversa.

It would be interesting in the future to further investigate the precise content of the chiral
ring in longer orthogonal quivers in order to make the previous conjectured prescription

more precise.

3.4 Sp(N1) x SU(N2) theory

In the spirit of studying dualities in two-node quivers, let us consider a theory with Sp(/Vy) x

SU(2N3) gauge group:

Ta - Sp(V1) P SU(2NG) — 2 (3.48)

WwW=20 Q2

where the SU(2N2) gauge node has the same number of fundamental and anti-fundamental
chirals, hence it is non-chiral. The global symmetry is SU(2F") x SU(2F +2N;) x U(1)p x
U(1)g, x U(1)g,, where the three U(1)’s act on the three sets of chirals B, Q1 and Q2 as
indicated by the corresponding label.

The R-charge of monopole operators 9™ 7} being the magnetic charges for the
Sp(N1) node and 7 the ones for SU(2N3),5

L Ny 2N, 1 2N,
R[] = 5(1 —rp) Z Z Z [(=1)mg, — np| + §2F(1 - rQ,) Z ||
a=10=0,1b=1 b=1
1 2No
+ 5(2F+2J\71)(1 —1Qy) D Il — Y |ne, — nu| (3.49)
b=1 b1 <bs
Ny
- Z (Imay — ma,| + Imay + May|) — Z |2maq|
a1 <az a=1

SRecall that the minimal monopole for an SU(N) gauge theory has magnetic charges m = (1,0V =2, —1)
breaking the gauge group down to SU(N — 2) x U(1) x U(1).
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In particular, the monopoles with minimal GNO fluxes have R-charges

R[M%%) = 2No(1 — rg) — 2N, (3.50)
RIMG*) = 2N, (1 — rg) + 2F(1 — rg,) + (2F + 2N1)(1 — 1g,) — 2(2Na — 1) (3.51)
RIS = 2F (1 — rg,) + (2F + 2N1)(1 — rg,)

+ (2N1 4 2Ny — 2)(1 — rg) — 2Ny — 2(2N; — 1) (3.52)

The monopole with flux both on the Sp(/N;) and on SU(NV;) deserves particular attention
and will be discussed at length in the following.

The chiral ring generators include mesons, baryons and dressed monopoles. We can
construct a tower of baryonic operators with an even number of bifundamental fields B
and the appropriate number of @Q;’s, using the SU(2/V2) epsilon tensor

k

Ball . Ba22k Ql 2k+1 Ql 2N2 Qa1a2 e Qa2k7102k6’i1~-i2N2’ (353)

where the i’s are SU(2N3)-indices, while the a’s are Sp(N;)-indices and are contracted using
the symplectic form 2. For simplicity we suppress the indices of the flavor symmetry. These
operators transform in the rank-(2N; — 2k) antisymmetric representation of the SU(2F)
global symmetry, the antisymmetry being induced by the contraction with the epsilon
tensor. As for mesonic operators, on top the usual Tr(Q1Q2), one can construct a mesonic-

like operator using B and @Qs:
lelB(lzzg (QQ)il (Q2)i29a1a2‘ (3‘54)

First dual

Let us apply Aharony duality to Sp(IN1). We obtain the following dual theory

A

b o @ 3.55

T Sp(N2 — N1 — 1) ——— SU(2N,) (3.55)
W = oMy’ + Tr(bAb) Q-

where A is an antisymmetric field. Standard Aharony duality would imply the map
Tr(BB) < A; however, being the flavour symmetry of the Sp(/V1) gauged in this case,
A is not a gauge invariant operator, so we have to look at Tr(BBQ1Q1) <+ Tr(AQ1Q1),
implying Ry = 2Rp. From the superpotential we also get Ry =1 — Rp. The R-charge of
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monopole operator 9" reads

L 1 —N;—1 2No 2N2
Rimp"] = S(1 - R Z > 1(=1)7ma — | + 2F<1 = Rg,) > Imil
a=1 o=0,1 b=1 b=1
1 2N 1
+5@F+2N)(1 - Ro,) Z o] + 5 (1 = Ra) > Inw, + |
b1 <ba
No—N;—1
- Z ’nb1 _nb2|_ Z (|ma1 _ma2|+|ma1 +ma2|)_ Z |2ma|'
b1 <bg a1<az a=1
(3.56)
The minimal flux monopoles have R-charges
R[N’ = 2No(1 — Ry) — 2(Ny — Ny — 1), (3.57)
R[N = (2Ny — 2N, — 2)(1 — Ry) + 2F(1 — Rg,) + (2F + 2N1)(1 — Rg,)
+ (2N — 2)(1 — Ra) — 2(2N, — 1), (3.58)
RIM%®] = (4N2 — 2N7 — 4)(1 — Ry) + 2F(1 — Rg,) + (2F 4+ 2N1)(1 — Rg,)
+ (2N3 — 2)(1 — R4) — 2(Ny — Ny — 1) — 2(2N, — 1), (3.59)

This theory has interesting dressed monopoles generating the chiral ring that needs to be
discussed. The interesting part of the discussion comes from the presence of the antisym-
metric field A for the SU(2N3) group.

Dressed monopoles in a SU(2N) theory with an antisymmetric field. The
SU(2N) theory with an antisymmetric field, and in particular its dressed monopoles, has
been discussed in [50]. We will closely follow this reference to review the construction of
the dressed monopoles. For the moment we generalize the set-up of [50] by taking into
account an SU(2N) gauge theory with Ny fundamentals @, N ¢ anti-fundamentals, N4
antisymmetric and N4 conjugate antisymmetric. As already observed, a monopole with
minimal GNO flux for SU(2N) breaks the gauge group to SU(2N — 2) x U(1); x U(1)2,
where 1 and 2 attached to the U(1)’s are just labels. It turns out that there is a mixed CS

term between these two U(1)’s:
kg Y2 = (2N — 2)(N — 2)(Na — Na) + (N — 1)(Nf — Ny). (3.60)
This mixed CS term induces a gauge charge under U(1); for the bare monopole [51] given by
U(1)g[m] = k5002, (3.61)

Therefore, to construct gauge invariant monopoles we need to consider a dressing. To this

end, we have to look at the decomposition of the matter fields under the residual gauge
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group SU(2N —2) x U(1); x U(1)a:

asym — asymg _o + fundy y—2 +fund_q y—2 + singw(N_l)
asym — asymo,—2 + fund_; _(y_g) + fund; _(v_9) + singy _oy_1)
fund — fundg -1 +sing; y_; +sing_; y_4

fund — fundo +sing_; _(y_1) +sing; _(nv_1) (3.62)

Now we may adapt the set-up to our theory 7z, hence we take Ny = 1, Ny = 0, Ny =
2F, Nf = 2F + 2Ny — 2. The gauge charge of the bare monopole is then given by

U(1)2[M] = 2N — 2. (3.63)

The crucial point is now to use matter fields in the residual gauge theory that may be used
to cancel this gauge charge. The residual antisymmetric field asym; _, is a good candidate
to do this job. However we need to take N — 1 copies of it, so the U(1)q charge is cancelled
and there is no U(1); charge brought by the dressing. In the end, the gauge invariant
monopole has the form

{Myn-1}, (3.64)

where AV~! is contracted using the epsilon tensor of the residual SU(2N — 2)
A2 AlN-teNe Lo (3.65)

This construction may be generalised to get a tower of dressed monopoles. The fundamental
field in the residual theory can be used in a way similar to the antisymmetric. Since the
U(1)2 charge is —1 and not —2 as the antisymmetric, every time we “remove” one A from
{M 4~n-1} we put two fundamentals @’s. In the end, the tower of dressed monopoles that
we get has the form

{9 yn—1-kgar } fork=0,...,N —1. (3.66)

We can now go back to our quiver gauge theory. The presence of a tower of
dressed monopoles reflects the fact that the chiral ring of 75 includes the monopoles
{(931%‘) ANz —1-k 2K }. Furthermore, the chiral ring includes the singlet o5 and the monopole
with flux on both gauge nodes E)JIJ'B". The mesonic part of the chiral ring generators is given
by the mesons Tr(@Q1Q2) and Tr(AQ2Q2). One may also construct baryonic operators.
First, we have 6Q§N2, but we can also form baryons using the antisymmetric A and the

fundamental chirals (J1. In detail, we get a tower of baryons:
Aitiz | piok-1izk Qil?’cﬂ ... Qilzm €i.inny (3.67)

where again we suppressed the flavor indices of (J1. Again, due to the anti-symmetrization,
the baryonic operators that we denote schematically as 6AkQ%N272k transform in the rank-

(2N3 — k) antisymmetric representation of the SU(2F).
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Let us also comment on the monopole with both fluxes on the Sp(No—N;—1) and on the
SU(2N2). In this case also the symplectic gauge node is broken down as Sp(No— N1 —1) —
Sp(N2 — N1 —2) x SU(2). Hence, if we want to compute the U(1)2 charge of the monopole
M** we need to take into account that the contribution from the bifundamental fields b
is now reduced to 2(Ny — Ny — 2). In detail, applying (3.60) with Ng =1, No =0, Ny =
2F, Ny = (2F 4+ 2Ny) + (2N2 — 2N7 — 4) we find U(1)2[9**] = 0. So the monopole IMN**

is gauge invariant, and is a generator of the chiral ring.

Second dual

In order to dualize the SU node we use the ARSW duality.

ARSW duality SU <> U. The duality that we need in order to dualize the SU(2N3)
gauge node has been discussed in [41] as the reduction of the original SU(NN) Seiberg
duality [17]. Before going into the details of the second dual frame of theory Ty it is worth
to review the original duality.

The electric theory is an SU(NN) gauge theory with F' flavours @, Q and superpotential
Wy = 0. The global symmetry is SU(F') x SU(F) x U(1)4 x U(1)p, where the baryonic
symmetry U(1) g gives charges +1 to @ and —1 to (). The gauge invariant operators are the
mesons QQ, the baryons QV and antibaryons Q~. Moreover, we have the bare monopole
operator I 4.

The magnetic theory is an U(F — N) gauge theory with F flavours ¢, §, two fields b, b
charged only under the U(1) C U(F — N) with charge £(F — N), a matrix of F' x F singlets

M, and a singlet Y. The superpotential interactions are as follows
Wpg = Mqq + Ybb+ MG + M. (3.68)

Let us discuss the global symmetry of this theory. The non-abelian part is SU(F') x SU(F),
while the abelian part in principle comprises the topological symmetry U(1)7 apart from
six independent U(1)’s acting on the chirals M, q, ¢, Y, b, b. Observe that being the gauge
group U and not SU one combination of these U(1)’s is gauged; moreover the superpotential
breaks four extra combinations, leaving only two abelian symmetries. Without going into
the detail of the precise combination of the abelian symmetries, we just show the mapping

of the gauge invariant operators that will be useful in the upcoming analysis

Electric Magnetic

QQ M

QY g" b (3.69)
QN qFfNB

M4 Y

where QY = €.y Q" ---Q™, and similarly for QN for simplicity we are suppressing
flavour indices. Observe that the linear monopole superpotential in the magnetic theory

just removes from the chiral ring the monopoles for the U(F — N) gauge theory.
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Having discussed the duality involving an SU(V) gauge theory we now come back to

theory T4 and analyze the third dual frame:

To Sp(N1) — U2F +2N1 — 27y) —2 (3.70)

W = MQ1QQ =+ NC(]Q —+ ng-‘r DJTO’+ + 93?0’_

Let us turn to the discussion on the chiral ring generators. We can start from the singlets
flipping the mesons ¢1¢2 and cqe, namely M and N. However, N is charged under the
Sp(IV7) gauge node, hence we need to take the gauge invariant combination N? where the
indices of Sp(IV1) are contracted using the symplectic tensor. Then, we have the singlet Y
that flips bb. The chiral ring also includes baryonic generators. The obvious one we can
construct is using ¢s and b: q%F 2N 2N 2, where as explained in the previous section the
presence of b is necessary to balance the U(1) gauge charge. This operator transforms in
the rank-(2Ny) antisymmetric representation of SU(2F + 2Nj) global symmetry. There
is another baryon we may construct, this time using three chirals: ¢i, ¢, b contracted as
2N 2R (2N =2k ) and transforms in the rank-(2Ny — 2k) antisymmetric of SU(2F). The
monopoles with flux only on the U(2F 42N; —2N3) enters linearly in the superpotential and
are removed from the chiral ring. The monopole operators of the form SUIBO needs a detailed
discussion. Usually, if we take a Sp(/N) gauge theory with 2F fundamental chirals, the basic
monopole operator is charged under the axial symmetry (in particular it has charge —2F.)
In theory 7¢ this axial symmetry is gauged because of the U(2F + 2N; — 2N3) gauge node,
hence the basic Sp(NN1) monopole operator is not gauge invariant. To construct a gauge
invariant operator out of the Sp(/V;) monopole it is possible to dress it using the fields
with the fields ¢; and ¢, which have the correct U(1) gauge charge to cancel the one of the
monopole. The reason is the following: the axial charge of SDIBO, which is —(2F+2N;—2Ny),
has opposite sign with respect to the U(1) charge of ¢, that we take to be +1. Moreover,
we see from the quiver 7o that ¢; has the same U(1) charge as ¢. Thus, the U(1) gauge
charge of the bare 93?80 is cancelled if we dress with a total of 2F + 2N — 2Ny fields,
being either ¢ or ¢q;. Recall that we need to make the dressed monopole gauge invariant
also under Sp(N;) and SU(2F + 2N; — 2N3) C U(2F + 2N; — 2N3): this is achieved by
taking an even number of c¢ fields and contracting everything with the epsilon tensor of

U(2F 4+ 2N; — 2N3). The tower of dressed monopoles constructed in this way is as follows

{(mao)qTFJr?Nl*?]\b*%CQk}7 (3'71)

2F+2N1—2No—2k CZ]C

where ¢ is a schematic expression denoting the baryonic operator

(q1)i, -+ (Q1)i2F+2N1—2N2—2k Cigpyang —2Ny—2k+1 " Ciarian, —2n, (3.72)
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Operator map

Finally we are ready to discuss the map of chiral ring generators across the three dual
frames of the SU — Sp gauge theory we studied. As we have done in the other sections, it

is useful to have at hand the R-charge map that allows to go from 74 to 7T and T¢:

U 7}3 — TA:
Ry=1-Rp, R4 =2Rp. (3.73)
o To — Ta:
2N>(Rg, — 1)+ N1(2+ R —2Rg, — Rg,) — F(Rg, + Rg, — 2)
Ry = (3.74)
2F +2N7 — 2Ny
2N3(Rg, — 1) — Ni(—=2+ Rp + Rg,) — F(Rg, + Rg, — 2)
Ry, = (3.75)
2F +2N; — 2N,
Ry = Ry = 2Na + Ni(Rp + Rg, — 2) + F(RQl + Rg, — 2) (3.76)
R — 2N2(RB — 1) + F(2 —2Rp + RQ1 - RQz) — Nl(RQQ + Rp — 2) (3 77)
¢ 2F +2N; — 2N, '
The operator map is as follows
Ta Ts Tc
B*Q3 AQ2Q2 N?
Q2Q1 Q2Q1 M
BZRQ%N2—21€ AkQ%Nz—Qk q%F—2N2+2k 02N172k b
2No 2No 2F+2N1—2N2l; (378)
2 2 42
0, .0
My my Y
m*° oB (om0 b}

(N 0,0 0.0
{(gﬁA )Q§k32(1\/2*1*k)} {(DﬁB )Q%’“ANQ*F’C} {(E)ﬁc )qfu:'*k)CQ(k-&-Nl—Ng)}

Observe the last two lines of the table which involves dressed monopoles. The Sp(N;)
monopole fm;{o, mapping to the usual Aharony singlet op in 7p, maps to a dressed
monopole in theory 7¢: {zm;;o b}. The last line of the table is similar to the mapping
of the monopole with flux on two nodes in the case of Sp — Sp gauge theory, the difference
is that now we have non trivial dressing making the monopoles transforming in the rank-2k

antisymmetric representation of the SU(2F') global symmetry group.

Supersymmetric index

We compute the supersymmetric index for the triality at hand in the case of Ny =1, Ny =
2, F = 2 with the choice of R-charges given by Rp = 1/5, Rg, = 3/8, Rg, = 4/7. For

theory Tp we did not manage to perform the index computation due to machine limitations,
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so we limited ourselves to the explicit computation for 74 and 7¢ theories.

6/5
=4 x =4
B
107/70 62:263/140
3/2, 4 € 45/28 2 2 12/7, 4 x 3.79
+x/yQ1+72 T 1+ 300z / leyQ2+15x /yQ2+ T 7 6 ( )
YBY,Y0s YBY0.YQ:

+ 144x547/280y]23y%1yQ2 — 5322 + ...

Finally we can identify the various generators in the index

Tr(B*Qs?) « 152*/%y2y2 (3.80)
Tr(Q2Q1) <+ 242™/%0yq yo, (3.81)
Tr(QY) « x3/2yé§1 (3.82)
Tr(B%Q1?) 6x23/20y%yé1 (3.83)
Tr(Q?) 15x12/7yé2 (3.84)
1
MmO® oy 107/70 (3.85)
4 YBY6, Y,
o 1
my’ o 80— (3.86)
Yp
: 6
e U0, Vs
(3.88)

4 Conclusion and open questions

In this note we discussed Seiberg-like dualities for two-node quiver theories with various
gauge groups, paying particular attention to the mapping of monopole operators across
the duality. We may identify two different class of theories: one class without baryonic
operators, such as quivers involving two unitary or symplectic groups, and one class with
baryons and baryon-monopoles, such as various combination of special orthogonal, special
unitary and symplectic groups. Even though we explicitly studied only two-node quivers,
for the first class we find a simple rule to map all chiral ring generators (mesons and
monopoles) in a quiver with an arbitrary number of nodes. We were not able to find such a
general rule for the second class of theories. In this case there are subtle issues, especially
for orthogonal groups, that do not appear for unitary or symplectic quivers that makes
finding such a general map a hard task. Nonetheless, the chiral-ring in the presence of
baryons and baryon-monopoles is much richer and involves interesting operators that are
not present when discussing single node quivers.

A very useful tool in our analysis is the superconformal index, whose explicit expression

(as a function of the fugacities for the abelian global symmetries, turning on fugacities for
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non-abelian symmetries is computationally hard and not necessary for our purposes) allows
for a check that the proposed list of chiral ring generators is complete.

One application of the techniques developed in this paper is the study of the “decon-
finement” of rank-2 matter. Ref. [33] studies the cases of an adjoint of U(N) and the rank-
2 anti-symmetric of Sp(N) (aspects of the latter theory have been discussed in [49, 52]).
Ref. [34] considers adjoints of symplectic and orthogonal groups, leading to ortho-simplectic
deconfined quivers.

Finally, let us mention some open questions.

There are some two-node quivers which we did not discuss, for instance Sp(Nj) x
U(N32) and SU(N;) x U(Ng) with flavors. It would be interesting to study these cases,
understanding the complete chiral-ring map across dualities.

It would also be interesting to analyze theories with chiral matter content. Dualities
for chiral theories are quite intricate already for single node models [22, 53-56].

All the developments we mentioned up to now involve theories with four supercharges.
However, another interesting line of research is related to theories with minimal amount of
supersymmetry, N' =1 in 2+1 dimensions. Some previous works on the dynamics of such
theories can be found in [57-68]. To the best of our knowledge there is no analysis for the

IR dynamics of N’ =1 quivers and it would be worth studying it.
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A 3d supersymmetric index

The 3d supersymmetric index is a powerful tool allowing to analize various properties
and dualities for theories with at least four supercharges. Its power lies on being an RG-
invariant quantity, thus one can study the properties of a strongly coupled fixed point via
the weak coupling description of the theory under study. As usual for the Witten index,
the definition involves a trace over the Hilbert space of the theory on S% x R [35-40], (we
use the definitions of [41, 42]):

Z(x, i) = Tr (—1)J3xA+J3H,uii , (A.1)

where the various quantities in the formula represents

« A: is the energy whose scale is set by the radius of S2,
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o Js: is the Cartan generator for the SO(3) isometry of the S,
e U, q;: respectively the fugacities and charges of the global non- R symmetries.

The only non trivial contributions that enter the index comes from states annihilated by

two supercharges and satisfy the following condition
A =R+ Js, (A.2)

R being the R-charge.
It is not so easy to employ the definition (A.1) to perform an explicit computation
of the index; here the localization techniques come at rescue. Indeed, the index can be

computed as the partition function on S? x S! given by the following expression
ey Zvec Zmat s A3
Z |W ’ Imiz cl ec “mat ( )

where the integral is taken over the Cartan torus of the gauge group whose fugacities are z,
|[W| is the dimension of the Weyl group that is left unbroken by the monopole background
specified by the GNO magnetic fluxes m. Localization implies that the only non trivial
contribution to (A.3) from non-exact term in the classical action and from 1-loop terms.

The various terms Zg|, Zyec, Zmat have the following expressions

e Z.: the classical terms includes only CS couplings and, more generally, BF terms.
Take a gauge group whose rank is rkG. Denoting the fugacity for the topological

with w and the associated flux as n, and given a level k CS term we have

rkG
g = H Wi zlk mi+n (A.4)
i=1

o Zyec: the contribution for an N = 2 vector multiplet reads

Lyec = H x_la(;n)l (1 - (71)a(m)zax|a(m)\) (A5)

acg

o Zmat: the contribution of an N/ = 2 chiral multiplet with R-charge r transforming in
the representations R and R under the gauge and flavour group, whose weights we

denote as p, pp, is

lp(m) (n)|
Zaw= 11 TI (Purrar—hy= 452 (A.6)

PER prERF
((fl)p(m)ﬂm (”)Z—pﬂ—prQ—THp(m)erF(n)| %) o

((—1)P(m)+PF(n)Z—pu—pp$r+|p(m)+pF(n)|; x2)oo (A?)
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B Monopoles and dualities for orthogonal gauge groups

In this section we will review the current knowledge about the monopole operators in
theories involving orthogonal gauge groups and the related Seiberg-like dualities proposed
in [21, 42].
Let us start considering an SO(N) theory with F' flavors ). The global symmetry
group of this model is:
Gnr = (U(F) x Z§ x Zy")/Zs (B.1)

where the Abelian factor in U(F') is the U(1)g axial symmetry acting on the chiral fields; the
discrete Z§ factor is the charge conjugation symmetry, whose non-trivial element consists
of the orthogonal transformation (in O(/N)) with determinant equal to —1, i.e. a reflection;
the magnetic discrete symmetry ZQA, instead, acts on the Coulomb branch coordinates
charging —1 the fundamental monopole operators.” As usual, on the Coulomb branch the
gauge group is broken to the Cartan U(1)"™ with rx = [N/2]. Semi-classically, the basic

monopole operators can be written as:
i(ﬂ+‘¢> )
Vi me \ &) (B.2)

where we denoted with «; and ¢; the dual photon and adjoint scalar respectively for
the " Abelian vector multiplet in U(1)"~. Charge conjugation acts non-trivially on the
two monopoles Vi swapping them, so that it is useful to define the even and odd Zg

combinations

mE =V, £V, (B.3)

Observe that both the monopoles breaks the gauge group down to S(O(N — 2) x O(2)),
including the transformation with —1 determinant in both the O(/N — 2) and the O(2)
factors. In particular, in order for the monopole to be gauge invariant, it must be invariant
under charge conjugation in the O(2) factor; following the previous discussion, only 9™
has this property, while 91~ is not gauge invariant on its own.

However, we can still build a gauge invariant object dressing the monopole with an

operator that is odd with respect to the charge conjugation in SO(N — 2):
(mi)QN72 ~ M - Eii_._iN72Qi1 . QiN—2 <B4)

where the chiral fields are contracted using the Levi-Civita symbol of the residual SO(N —2)
factor, €. This monopole operator is usually called baryon monopole: let us observe that it
only exists for F > N — 2, it has non-trivial charge under both Z§ and Z$' and transforms

in the rank-(N — 2) antisymmetric representation of SU(F).

"The two discrete factors ZS’M and the element e‘™ of U(1)g are not really independent but they actually

satisfy the relation efj - C"v - M¥ =1 [42]; this is the reason why a common Z factor is mod out in (B.1).
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Another type of operator is relevant for us, having non-trivial magnetic fluxes with

respect to two different Abelian factors in U(1)". Semi-classically, it can be written as:

mﬁ'%emp<ai;a2+i@1—¢ﬂ). (B.5)
where the two lined up bullets denote the fact that two different fluxes are turned on. Such
monopole breaks the SO(N) gauge group down to S(O(N —4) x O(4)),® and it is not gauge
invariant unless dressed with a conjugation-odd operator in SO(N — 4). This can be done
defining the gauge invariant operator 89)?5 ~_1,) existing only for ' > N — 4. In theories
with only one gauge group factor, 9™ is not really a chiral operator; however, it plays a
crucial role in dualities between orthogonal quiver theories discussed in this paper.

In the theory under consideration, the last operator that deserve to be mentioned is

the usual baryon:
B =ci.iyQ" - QN. (B.6)

In the main text, different baryon-like operators can appear; in that case, we will denote
them by an ¢ followed by the fields contracted with the Levi-Civita symbol: for instance,
the baryon in (B.6) could be also denoted by eQ".

Once we have understood which kind of operators can be part of the chiral ring in 3d
SQCD with orthogonal groups, we can easily discuss the Seiberg-like duality proposed by
Aharony, Razamat, Seiberg and Willett (ARSW) in [42]. The theory dual of T4, SO(N)
SQCD with F flavors Q, W, = 0, is Tp, SO(F' — N + 2) gauge theory with F' flavors
q, F(F 4 1)/2 singlets M;; transforming in the symmetric representation of SU(F') and
superpotential:

Wr, = oM + My, Tr(¢'¢’). (B.7)

The map of the chiral ring generators is the following:

Ta T
Tr(QiQ;) M;;
m+ o (B.8)
(m_)QN—z 6qN—F—l-Q
€QN (m_)quF

Observe that baryons and baryon-monopoles are mapped to each other.

B.1 O(N)i, Pin(/V) and Spin(NV)

Different gaugings of charge conjugation and the magnetic Z3"! discrete symmetry leads to
different gauge groups, enjoying the same algebra as SO(N) but differing in their global

properties; in particular, the spectrum of chiral operators will be different.

8 Actually, the SO(4) factors is further broken to U(2).
9The N — 4 chiral fields dressing the monopoles are contracted with the Levi-Civita symbol of the

SO(N — 4) residual group.
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« The gauge group O(N), is obtained gauging Z$, i.e. the orthogonal reflection. Such
O(N) group is the most common in literature: the gauging of charge conjugation
makes the baryon and the baryon-monopole not gauge invariant and they are not

part of the chiral ring anymore.

« If we gauge the diagonal combination (Z§ x Z{')/Zs, the less common O(N)_ group
is obtained; in this theory, only operators which are even (odd) under both charge
conjugation and Z}! symmetry are gauge invariant: for this reason the monopole
9T and the baryon B are both projected out, while the baryon-monopole (DJT*)szfz
survives. However, the monopole usually denoted as zmgpin, having twice the minimal

flux, survives.

e Spin(N) theories are built gauging Zé\’l. The (baryon-)monopole is projected out but

+

the monopoles with double fluxes, MG in and (mgpin)QN_z, are still chiral operators

on the Coulomb branch.

e Finally, Pin(N),'Y theories are obtained gauging both the discrete global symme-

Jr

tries; the Coulomb branch is parametrized by Dﬁspin while all baryonic-like operators

(including monopoles) are projected out.

All such theories enjoy Seiberg-Like duality similar to the ARSW duality [21, 42].
O(N)4+ SQCD with F flavors is dual to O(F—N+2) SQCD with F' flavors, N(N+1)/2 M;;
singlets duals of the meson TrQ;Q;, the singlet o dual of M™ and the usual superpotential
W = oI 4 Tr(¢*M;;¢°); an analogous duality holds for Pin(N) SQCD. Finally, O(N)_
SQCD is dual to Spin(F — N + 2) SQCD (with singlets and appropriate superpotential):
further details about the chiral ring mapping can be found in [42].

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.
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