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THE SMOOTH RIEMANNIAN EXTENSION PROBLEM
STEFANO PIGOLA AND GIONA VERONELLI

ABSTRACT. Given a metrically complete Riemannian manifold (M, g)
with smooth boundary M # @ and assuming that one of its curva-
tures is subject to a certain bound, we address the problem of whether
it is possibile to realize (M, g) as a domain inside a geodesically com-
plete Riemannian manifold (M, §) without boundary, by preserving the
same curvature bounds. In this direction we provide three kind of re-
sults: (1) a general existence theorem showing that it is always possible
to obtain a geodesically complete Riemannian extension without curva-
ture constraints; (2) various topological obstructions to the existence of
a complete Riemannian extension with prescribed sectional and Ricci
curvature bounds; (3) some existence results of complete Riemannian
extensions with sectional and Ricci curvature bounds, mostly in the
presence of a convexity condition on the boundary.
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INTRODUCTION

Let (M, g) be a given Riemannian manifold with smooth (possibly non-
compact) boundary M # (). This means that the Riemannian metric g
is a smooth, positive definite symmetric tensor up to the boundary points.
Assume that (M, g) is subject to some constraint on one of its Riemannian
invariants, such as a curvature (or a volume growth) bound. The general
problem we are interested in consists in understanding when, and to what
extent, the original manifold M can be prolonged past its boundary in or-
der to obtain a new smooth Riemannian manifold (M’, ¢’), this time without
boundary, such that one of the invariants alluded to above is kept controlled.
Clearly, the most interesting situation occurs when the extended metric can
be taken to be geodesically complete. In this case we can speak of (M’, ¢)
as a complete Riemannian extension of (M,g) with controlled Riemannian
invariants. First insights into the possibility of constructing a complete
prolongation were given by S. Alexander and R. Bishop in [AB]. Actually,
this paper is mostly focused on the prolongation of open manifolds without
boundary, but it contains useful information also in the boundary case. The
existence of a smooth extension, via gluing techniques, of compact mani-
folds with a strict Ricci curvature lower bound and a convexity condition
on the boundary follows from work by G. Perelman, [Pe, [Wal. See Section
below. Extensions of compact manifolds with non-negative scalar curva-
ture up to the mean convex boundary are contained in |[Re]. The extended
metric is just C2 but this is (abundantly) enough to get interesting rigid-
ity results based on the positive mass theorem. Very recently, [AMW], a
gluing technique in the spirit of [Pe] has been applied to prove that the
space of metrics with non-negative Ricci curvature and convex boundary on
the Euclidean three ball is path connected. In a somewhat different direc-
tion, gluing methods have been also employed by J. Wong, [Wo] in order
to obtain isometric extensions with totally geodesic boundary and a metric-
curvature lower bound in the sense of Alexandrov. This has applications to
Gromov-Hausdorff precompactness results and volume growth estimates.

In view of the well known relations between the topology of a com-
plete Riemannian manifold and the bounds on its curvatures, or its volume
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growth, we are naturally led to guess that some topological obstruction ap-
pears somewhere in the extension process. In this direction, it is important
to verify whether some of these obstructions are encoded in the original
piece with boundary and this requires, first, a phenomenological investi-
gation over concrete examples. For instance, a complete extension with
non-negative Ricci curvature should be forbidden in general. In this respect
note that the topology of a compact manifold with convex boundary and
positive Ricci curvature cannot be too much wide and this is compatible
with the positive results we have mentioned above; see Part [2l Topological
obstructions should also appear at the level of upper sectional curvature
bounds. Think for instance to the Cartan-Hadamard theorem, valid in the
setting of geodesic metric spaces. The possibility of extending a complete
simply connected manifold with boundary and negative curvature K < 0
to a complete manifold with sectional curvature controlled by K + € was
addressed by S. Alexander, D. Berg and R. Bishop, [ABB2, p. 705], during
their investigations on isoperimetric properties under the assumption that
the boundary has negative curvature on its concave sections. We are grate-
ful to S. Alexander for pointing out this reference. In sharp contrast, in view
of J. Lohkamp insights, [Lol], it is expected that an upper Ricci curvature
bound imposes no restrictions at all.

This very brief and informal discussion serves to outline a major project
concerning the systematic investigation around the Riemannian extension
problem.

Definition 0.1. Let (M, g) be a smooth m-dimensional Riemannian man-
ifold with possibly nonempty boundary. A Riemannian extension of (M,g)
is any smooth m-dimensional Riemannian manifold (M',g") with possibly
non-empty boundary such that M is isometrically embedded in M'.

Roughly speaking, this project could be articulated in the following prob-
lems that represent (some of ) the basic steps towards a suitable understand-
ing of the subject.

Problem 1 (completeness). Let (M, g) be a metrically complete Riemann-
ian manifold with smooth boundary OM # (). Does there exist a geodesically
complete Riemannian extension (M',g") of M with OM' = (¢

Problem 2 (curvature constraints). Let Curv denote either of the cur-
vatures Sect, Ric or Scal and let C € R. Let (M,g) be a smooth m-
dimensional, (non-nencessarily complete) Riemannian manifold with smooth
boundary OM # 0 satisfying Curvy, < C (resp. < C, > C or > C). Does
there exist a complete, m-dimensional Riemannian extension (M',q") with
OM' =0 and such that the same curvature constraint holds?

In the present paper we start the investigation along the lines of both
these problems by presenting positive answer and obstruction results. More
precisely:
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- In Part 1, we give a complete answer to Problem [1l by showing that every
complete Riemannian manifold with boundary can be extended to a geodesi-
cally complete Riemannian manifold without boundary by means of a very
general gluing procedure.

In Part 2 and Part 3 we attack Problem 2 by providing both topological

obstructions and existence theorems under various curvature bounds. More
precisely:
- In Part 2 we provide topological obstructions to the existence of complete
extensions satisfying Ric > C and Sect < 0. The former are based on Svarc-
Milnor and harmonic mappings arguments whereas the latter are obtained
using both homological and homotopical methods.

- Part 3 is devoted to the existence of complete extensions with Ric < C,
without any assumption on the boundary, the existence of complete exten-
sions with Sect < C? when the boundary is compact, and, in case of a
compact convex boundary, existence of complete extensions under the con-
ditions Ric > 0, Scal > 0 and Sect < 0.

Part 1. Existence of complete Riemannian extensions

The main result of the present part of the paper states that a complete
Riemannian extension can be always obtained with an amazing flexibility
on the diffeomorphic class of the added piece. This is the content of the
following very general theorem.

Theorem A. Let (M,gn) be an m-dimensional connected Riemannian
manifold with smooth boundary OM # (). Let Q be any smooth m-dimensional
differentiable manifold whose nonempty boundary 0Q is diffeomorphic to
OM. Then, there exists a Riemannian extension (N,gn) of (M, gn) such
that N \ M is diffeomorphic to the interior of Q. Moreover, if (M,gnr) is
complete, then the extension (N, gn) can be constructed to be complete.

In particular, by choosing ) = M in the previous statement, with the
trivial identification of the boundaries, we get

Corollary B. Let (M, gar) be a smooth complete, m-dimensional Riemann-
ian manifold with smooth nonempty boundary OM. Then, there exists a
geodesically complete Riemannian extension (N, gn) of (M, gnr) with ON =

0.

These results are then applied in several directions. First, we observe that
a given compact Riemannian manifold with boundary subject to strict curva-
ture bounds can be extended to a possibly incomplete Riemannian manifold
with the same curvature constraints (regardless of any restriction on the ge-
ometry of the boundary); see Corollary 2.1 Next, we prove a density result
a la Meyers-Serrin concerning first order Sobolev spaces on complete man-
ifolds with boundary; see Corollary 2.3l Finally, as a direct consequence
of Nash theorem, we observe that a complete Riemannian manifold with
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boundary has a proper isometric embedding into a Euclidean space; see
Corollary 2.5

1. THE GENERAL GLUING-DEFORMATION CONSTRUCTION

In this section we prove Theorem [Al The manifolds M and @ are glued
along the diffeomorphic boundaries and, using this ambient space, the origi-
nal metric of M is readily extended. At this point, the complete Riemannian
extension is obtained via a careful conformal deformation. The proof that
the deformed metric is actually complete relies on metric-space arguments.

1.1. Preliminaries on metric spaces. Given a metric space (X,d), a
continuous path v : [a,b] — X is rectifiable if

La(v) :=sup > _ d(y(ti—1),7(t:)) < +o0
=1

where the supremum is taken with respect to all the finite partitions g =
a<t; <---<t,=>of the interval [a,b]. In this case, the number L;(v) is
the metric-length of « and it is invariant by reparametrizations of the curve.
On the metric space (X, d) it is defined a length-distance given by

dr(x,y) = inf Ly(7)

the infimum being taken with respect to all rectifiable paths (if any) con-
necting = to y. Observe that Lipschitz paths are trivially rectifiable and,
conversely, every rectifiable path can be reparametrized to a constant speed,
hence Lipschitz, path [BBI, Proposition 2.5.9]. The metric space (X,d) is a
length metric space if d = df,.

Let (M, gn) be a smooth Riemannian manifold with (possibly empty)
boundary OM. Its intrinsic distance, which is defined as the infimum of the
Riemannian lengths of piecewise C'! paths connecting two given points, is
denoted by d(ps,q,,)- It is well known that the metric space (M, d(M,gar))
is a length metric space. The Riemannian manifold (M, gys) is said to be
complete if (M, d (s q,,)) is a complete metric space. Since M is locally com-
pact, the length-metric version of the Hopf-Rinow theorem, [BBI, Theorem
2.5.28] and Theorem below, implies that the metric completeness of M
is equivalent to the Heine-Borel property which, in turn, is equivalent to
the fact that a geodesic path v : [a,b) — M extends continuously to the
endpoint b. Here, by a geodesic, we mean a locally minimizing Lipschitz
path. It is well known that it is C' regular, [AAL [ABBI].

A further notion of completeness that turns out to be very useful in ap-
plications involves the length of divergent paths. This characterization will
be used to show that the glued manifold constructed in the next section is
complete.

Definition 1.1. Let (X,d) be a metric space (e.g. a Riemannian manifold
with possibily non-empty boundary with its intrinsic metric). A continuous
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path 7 : [a,b) — X is said to be a divergent path if, for every compact set
K C M, there exists a < T < b such that v(t) & K for every T <t < b.
The metric space (X, d) is called “divergent paths complete” (or complete
with respect to divergent paths) if every locally Lipschitz divergent path ~y :
[0,1) — X has infinite length where, clearly, Ly(7y) = lims_1 La(7lj0,5])-

It is well known that for a manifold without boundary, the notions of
metric (hence geodesic) completeness and of divergent paths completeness
are equivalent. Let us point out that a similar equivalence holds more gen-
erally on a locally compact length space hence, in particular, for manifolds
with smooth boundaries. Namely, we have the following

Theorem 1.2 (Hopf-Rinow). Let (X,d) be a locally compact length space.
The following assertions are equivalent.

(1) (X,d) is metrically complete, i.e. it is complete as a metric space.

(2) (X,d) satisfies the Heine-Borel property, i.e. every closed metric ball
m X is compact.

(3) (X,d) is geodesically complete, i.e. every constant speed geodesic
v :[0,a) = X can be extended to a continuous path 7 : [0,a] — X

(4) Ewvery Lipschitz path v : [0,a) — X can be extended to a continuous
path 7 : [0,a] = X

(5) (X,d) is divergent paths complete, i.e. every locally Lipschitz diver-
gent path v : [0,a) — X has infinite length.

Proof. Tt is proven in [BBI] that (1) < (2) < (3). Moreover, (4) = (3)
trivially.

We prove that (2) = (5). For n € N, consider the compact sets B; (7(0)).
Since ~y is divergent, there exists a sequence {t,}2°; C (0,a) such that

Y(tn) & Ef(’y(O)). In particular

La(y) > La(Yljo,t,1) = d(7(0),7(tn)) > n.

Since n can be arbitrarily large, v has infinite length.

To conclude, we prove that (5) = (4). Let v : [0,a) — X be a Lipschitz
rectifiable path. Since v is defined on [0,a) and is Lipschitz, it has finite
length. Then it can not be divergent. Namely, there exists a compact set
K C X and a sequence {t,}°°; C (0,a) such that ¢, — a as n — oo and
v(tn) € K for all n. By compactness of K, up to passing to a subsequence,
v(tn) — x as n — oo for some limit point € K. Set v(a) = z. We are
going to show that 7 : [0,a] — X is continuous. Fix € > 0. Take N € N
large enough such that d(y(t,),z) < ¢/2 for all n > N and ty > a — GTont

where C, is the Lipschitz constant of v. Then for all ¢ € (ty,a),

d(y(t),z) < d(y(t),v(tn)) +d(y(tn), ) < Cyft —tn| +¢€/2 <e.
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We shall need to consider metric properties of curves into a manifold with
boundary with respect to both the original metric and to the extended one.
To this end, the following Lemma will be crucial.

Lemma 1.3. Let (N,gn) be a Riemannian extension of the manifold with
boundary (M, gyr) and let y : [0,1] — M be a fived curve. Then
(a) v is d(n,gy)-Lipschitz (resp. rectifiable) if and only if it is d(prg,,)-
Lipschitz (resp. rectifiable).
Moreover, in this case:
(b) LQM (7) = LgN (7)
(c) The speed vy of v, in the sense of [BBI|, is the same when computed
with respect to dyy g,y and d(n gy -

Proof. We preliminarily observe that d(y ) < d(ar,g,,) on M.

(a) It is enough to consider the Lipschitz property because, as we have
already recalled, every rectifiable path has a Lipschitz (constant speed)
reparametrization.

We assume that v is d(y g,)-Lipschitz and we prove that v is daz,g,,)-
Lipschitz, the other implication being trivial from the above observation. We
shall show that, for every ¢y € [0, 1], there exists a closed interval Iy C [0, 1]
containing ¢ in its interior such that |z, is d(nr1,gyr)-Lipschitz. We suppose
that y(tg) € OM, the other case being easier. Let o : Uy — B; be a
local coordinate charts of N centered at v(tg) and such that @o(Uy N M) =
B, the upper-half unit ball. Let V = ¢y 1B, /2) and choose Io such that
v(Io) C Vo. Note that the distances d(y 4, ) and d(y; g, are equivalent on Vg
and, similarly, d(yrg,,) and dynar,g,,) are equivalent on Vo N M. Moreover,
vo + (Vo,dvo gn)) = (B1/27d(B1/279Euc1)) and o = (Vo N M, dvonn ) —
(IB%IF/z, d(BIL/zv gEud)) are bi-Lipschitz. Since 7 is d(y 4, )-Lipschitz then ygo|r,
is dg, /2,gEud)—Lipschitz. Since pr is convex then g o 7|z, is d(Bf/gngucl)_
Lipschitz. Hence 7|, is d(psg,,)-Lipschitz.

(b) Using a partition of [0,1] by sufficiently small subintervals we can
apply [AAl Lemma 1 and Lemma 3].

(c) This follows from (b) and [BBI, Corollary 2.7.5]. O

1.2. The proof of Theorem [Al Let gg be any Riemannian metric on Q
and let n : OM — 0Q be a selected diffeomorphism. Let us consider the
smooth gluing N := M U, @ whose differentiable structure is obtained in a
standard way using collar neighborhoods of the manifolds involved. More
precisely, N is the topological manifold without boundary obtained from
M U Q identifying points x and n(z) for every x € OM. With a slight abuse
of notation, here and on we consider M and @ as subsets of IV such that
MNQ = 90M, and we identify objects on M and @ with their images on N
via the inclusions M — N and @ — N. Let Wy C M be an open tubular
neighborhood of OM and let pas : Wy — OM x (—1,0] be the corresponding
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smooth diffeomorphism, whose restriction pys|lgas : OM C Wy — OM x 0
is the identity map py(z) =  x 0. Similarly, let Wg C @ be a tubular
neighborhood of 0Q and let pg : Wgo — OM x [0,1) be the corresponding
smooth diffeomorphism, whose restriction pglaar : OM C Wg — OM x 0 is
the identity map pg(x) =z x 0.

Then pys and pg induce a homeomorphism p : W = Wy UWg C N —
OM x(—1,1). The differentiable structure on N is obtained by imposing that
the homeomorphism p is a smooth diffeomorphism and that the inclusions
Jjm : OM — N and jg : 0Q — N are smooth embeddings.

The proof of Theorem [Alis now achieved in three steps that we formulate
as the following Lemmas of independent interest.

Lemma C. Keeping the above notation, there exists a Riemannian metric
g on N such that g = gy on M, i.e., (N,g) is a Riemannian extension
of (M, gnr). Moreover, for every e > 0, there exists a tubular neighborhood
Xo CWq of OM in N\ M such that:
(a) P:=MUXg C N is a manifold with smooth boundary.
(b) there exists a (1 + €)-Lipschitz projection p : (P, g) — (M, gnr) such
that p|x, is a diffeomorphism.

In what follows, the value of € is irrelevant. Therefore, we will always
assume that e = 1.

Lemma D. Let (M,gy) and (P,gp = g|lp) be as above. If (M,gnr) is
complete then so is (P, gp).

Lemma E. Let (M,gy) be an m-dimensional Riemannian manifold with
non-empty boundary. Let (P, gp) be a complete Riemannian extension of M
with non-empty boundary. Let (N, §) be a Riemannian extension of (P, gp),
hence of (M, gnr). Then, there exists a Riemannian metric gy on N such
that (N, gn) is still a Riemannian extension of (M, gyr) and it is complete.

The rest of the section is entirely devoted to the proofs of these results.

Proof of Lemma[0. We proceed by steps.

Step 1. First, we construct a local extension of gas beyond M in N. Con-
sider on the cylinder 9M x (—1,1) a locally finite family of coordinate charts
{(Vs,4p) : B € B} such that

(i) UgepVp D OM x {0},

(i) ¢p(Vs) = Bu,
where By denotes the unit ball in the Euclidean space R™. Let S be the
space of symmetric m X m matrices and set

Ly ={(z1,...,2,) € By :a, <t}

In particular, Lo = B;, the lower-half unit ball. Fix 8 € B. The met-
ric gy on p~1(V3) N M is represented in local coordinates by a smooth
section sg : Ly — S, such that sg(x) is positive definite for all x € Ly.
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Extend smoothly sg to a section 55 : By — S§. By continuity we can
find a tg € (0,1] such that 55 is positive definite for all z € L;,. Define

‘75 =plo wﬁ_l(int L,). Repeating the construction for all 3 € B we have

obtained a family of local Riemannian metrics gg defined on ‘75 for all 5 € B,
such that gg = gar on Vs N M. Moreover UgegVs D OM x {0}.

Step 2. Next, we extend smoothly gy to a global metric g on N. The
collection of sets {intM,intQ, Vs : § € B} gives a locally finite covering of
N. Let {na,nq,ns : B € B} be a subordinated partition of unity. Then

§=nmgm +n09q + > nsds
BeB

is a positive definite smooth Riemannian metric on N. Moreover, for all
re M,

Gl = nugale + > nggle = gule.
BeB
Step 3. Finally, we show how to construct the neighborhood Xy and the
Lipschitz projection p.

For all x € OM, let v(x) be the outward normal vector to dM at the
point . The exponential map exp™(z, s) := exp,(sv(x)) is well defined for
any s small enough (depending on x), i.e. for s € [—so(x), so(z)] where we
can assume that so : OM — (0, 00) is smooth. Set

Xg = {exp*(z,8) : ©€0M,0<s< s},
Xy = {expt(z,5) : 2 €dM,0> 5> —s0}.

Define p : M U Xg — M as p(exp’(z,s)) = expt(z,—s) when s > 0 (i.e.
p reflects Xg onto X); with respect to Fermi coordinates) and p = id on
M. Let ||dp|(p) := SUPT, M\ {0} |dpp(v)|p(py/|v|p denotes the operator norm
of dpp. Tt is not difficult to see that ||dpl|(exp™(x,s)) — 1 as s — 0 for every
x € OM, therefore we can choose the function sg so small, depending on e,
that 90Xy is smooth and ||dp|| < 1+ € on P. This latter bound implies that
pis a (1 + e)-Lipschitz map. This amounts to show that, given a piecewise
Cl-curve v : [0,a] — P, it holds

(1) Ly(pory) <(1+€)Lu(7).

To this aim, we note that p is locally Lipschitz in P. The only delicate points
are those in the bi-collar neighborhood X;UXq. But, in this set, p is locally
Lipschitz with respect to the product metric inherited from oM x [—1,1]
and local Lipschitzianity does not depend on the ground metric. Now, the
image p o~y : [0,a] — M is locally Lipschitz and its length satisfies

Ly(pory) = /0 Upor (t)dt,
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where v,0, denotes the speed of the curve in the sense of [BBI]. In view of
(c) of Lemma [[.3] since

pory (8) < [ldpl|(7(2)) - v () < (1 + €)vy (2)
on the open and full measure subset of [0, al:
TP\ M) Uint([0,a] \ (P \ M))

then, by integration, we deduce the validity ().
O

Proof of Lemma[D. First, we claim that given a locally Lipschitz, divergent
path v : [0,1) — P its (locally Lipschitz) projection p o~y : [0,1) — M
is divergent. Indeed, if K C M is a compact set, then p~1(K) = K U
p|}é(K N X)) is compact in P. Therefore, there exists 0 < 7' < 1 such
that v(t) € p~'(K) for every T < t < 1. It follows that po(t) € K for
T <t < 1, proving the claim.

Now, by Theorem [[.2] (M, gps) is divergent paths complete and therefore
Lg,,(po~y) = +oo. Since p is 2-Lipschitz, we conclude that Ly, (y) = +oo,
as desired. (]

Proof of Lemmal[El Consider an exhaustion of N, i.e. a sequence {N;}22,
of compact manifolds with smooth boundary such that N; € N;4; C N for
all j > 0 and U2 N; = N. In the following, we use the convention N; = 0
whenever j < 0. Call:
e N;, any connected component of (N \intP)N(N;41 \ N;) fora € Aj;
° Aj7b any connected component of (N \ intP) N (Nj2 \ Nj—1) for
b € B;. Observe that #B; < #A; < oo for all j.
Finally, define
° ap]\A/vj,a = Nj,a NoP.
We have the following

Lemma 1.4. There exists a smooth Riemannian metric gy on N such that
(N,gn) is a Riemannian extension of (M, gyr) and, for all j € N, a € A;
and b € By, the following hold:
(a) Let x,y € Njq with x € ONj and y € ONj1. If v :[0,1] = Njq is
any Lipschitz path connecting x to y then Lgy (y) > 1.
(b) Letx,y € 8pNj7b. Ifv:]0,1] — Nj,b is any Lipschitz path connecting
x toy then Lyy(v) = dipgp)(T,y)-

Progf. For the ease of notation, given a subset C' of (IV, ) we shall denote
by d¢ the length metric on C induced by (N, g), namely,

do(e1, ca) = inf Ly(v)

where the infimum is taken over the Lipschitz path in C (if any) connecting
c1 with eg.
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For any j € N and a € Aj, define

Q{ﬂ = inf dJNj,a (‘Tu y)7
where the infimum is taken over all the x,y € N;, such that x € JN; and
y € ONj41. Since ON;j1 N (N \intP) and ON; N (N \ intP) are compact and
disjoint, ¢7"“ > 0.
For any j € N and b € B, define

. J V. ($7 y)
5‘77b($" y) = NJYb )
d(P,gp) (.Z', y)
and
J:b __ - f&j,b

q2 =1 (33‘, y)v
where the infimum is taken over all the z # y belonging to 8pNj7b. We
claim that q%’b > (0. Indeed, suppose q2’b = 0. Then, there exist sequences
of points {zx} and {yx} in dpN;, C OP such that 6/°(zy,yx) — 0. Since
de’b > d(N,g) on N;;, we deduce that

d(n.g)(Tk> k)
d(p,gp)(Tk; Yk)
Since x, yi, are in a compact subset of P then the denominator d( Pgr) (g, Yk)
is uniformly bounded. It follows that d(y 5 (zk, yr) — 0. Therefore, by com-
pactness of dpN;y, and up to passing to subsequences, we can assume that
{7k}, {yx} converge to a same point z € dpN;; with respect to the dy 4

metric. Since P is a manifold with smooth boundary,
d(n,g)(Tk; k) _dwg) (ki)
dpgp) @k Yk)  d(pg)(Tk, Yk)

— 1,
a contradiction.

For every j € N, a € Aj and b € By, let pjq,vjp € CO((N \ M) N Njio)
be such that 0 < pj,4,v5p, < 1,

lu’j7a|Nj,a = 17 Mj,a|Nj—1 = 07 Vj,b|]\7j’b = 17 Vj,b|Nj—2 =0.
We define the smooth Riemannian metric g5 on N as

g (z) = 62 2720 [ZaeAj max{0;— ln(qi'a)}ﬂj,a(w)‘l'Zbij max{o?—ln(qé'b)}’/j,b(w)] ().
Note that gy is well defined, since the sum is locally finite. Moreover the
conformal factor is everywhere greater or equal to 1, and it is greater or
equal to (¢7")~2 on Nj, and to (q%’b)_2 on Njp. So the metric gy satisfies
the claim of the lemma. O
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To conclude the proof of Lemma [E], we have to show that the metric gy
of N obtained in Lemma [[.4]is (divergent paths) complete. To this end, we
take a locally Lipschitz divergent path v : [0,1) — N and we distinguish
three different cases:

First case. The path ~ is definitely contained in N \ P. Without loss of
generality we can assume that the entire path ~ is contained in N\ P. Using
item (a) of Lemma [[.4] we easily deduce that Ly, (v) = +oo.

Second case. The path v is definitely contained in intP. As above, we can
assume that v is entirely in P. Then, by assumption, Lg,(y) = +00. On
the other hand, by definition of g5 we have that Ly, > L4, and, therefore,
Loy () = +5.

Third case. There exists a sequence of times t; — 1~ such that y(tox) €
N\ P and 7(tor+1) € intP for all k. By contradiction, let us assume that
Lyy(y) < +o0o. Then, up to starting from T close enough to 1 we can
assume that ¢ := Ly, (y) < 1 and that v(0) € P. We consider the natural
reparametrization of v and we assume that v : [0,¢) — N has unit speed;
[BBI, Proposition 2.5.9].

Consider the disjoint union

Y HIN\ P) = Upen(ay, By).

Then, by item (a) of Lemma[[.4] for each A there exist j) € N and by € B,
such that

~

Y((an; Br)) € Njy y-
By item (b) of Lemma [[4] for every A,
dp.gp)(Y(r), Y(Br)) < Loy (V(ax.1))-

Hence there exists a Lipschitz curve oy : [ay, 8x] — P with the same end-
points of v|q, 3,]; i-€-,

oxlar) =v(an),  oa(Br) =7(Br),
and such that
(2) LQP (U)\) S 2LgN (fY’(aA7B>\)) = 2(/8)\ - Oé)\).
We now construct a new path o : [0,¢) — P by setting

{0,\(75) if t € (ar, By), for some A € N

t) =
o(®) ~v(t)  otherwise.

Set A, := UY_g(ay, Bx). For every n € N we introduce the d(y z)-rectifiable
paths 7, : [0,¢) = N by

ox(t) ifteA,,
n(t) =
(t) {’y(t) otherwise.
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From (2)), item (b) of Lemma[l.3] and the fact that, by construction, lengths
with respect to ¢ are smaller than lenghts with respect to gn, we deduce
that for all n € N,

L) = Ly(vlo,ena,) + D La(0al(ay,60)
=0

= Li(Vo.onan) + O Lgr(0rlay,))
=0

< LgN (7‘ [O,Z)\An) + Z 2L9N (7‘(GA,5A))
=0
<Ly, (1) = 2.

By the semi-continuity of Lz we get that o is d(y g)-rectifiable, and
3) Lyp(0) = Ly(o) < 21.

Namely, for any fixed S € (0,¢) and for any finite partition 0 = sy <
51 < -+ < sg = S, there exists n € N such that v,(s;) = o(s;) for all
7=0,...,K, so that

K K
D divg(o(si—1),0(si) =D din.g) (i (si=1): (7)) < Lg(m) < 2.
j=1 Jj=1

Finally we show that o is divergent in (P, gp). This fact, together with (3])
will contradict the divergent paths completeness of (P, gp), thus concluding
the proof of Lemma [E]

To this purpose, fix a compact C C P and let j be large enough so
that C' C Nj. Since 7 is divergent in N, there exists 7' € [0,¢) such that
Y¥(t) & Nj4q for all t € (T, ). Set

T :={XeN : ay>T and 0)([ar, Br]) N N; # 0}.

If 7 is empty, there is nothing to prove. Otherwise note that, for every
Ae T, oxn(ay) € Njp1 and ox(By) € Njt1. Define

cj = min{d(y g (7,y) : = € ON; and y € N1},

which is well defined by compactness, and strictly positive since N; € N,i1.
Then
L
o7 < Lol _
26]'
Accordingly, we have that 5* := max)c7 by satisfies §* < ¢ and o([8*,¢)) C
N \ Nj CN \ C.
O
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2. SOME APPLICATIONS

According to Theorem [Al a Riemannian manifold with smooth boundary
can be always realized as a smooth, closed domain of a Riemannian mani-
fold without boundary. Moreover, the ambient manifold can be chosen to be
geodesically complete if the original manifold with boundary was metrically
complete (hence a closed domain). This viewpoint on manifolds with bound-
ary has two main consequences: on the one hand, open relations concerning
Riemannian quantities of local nature extend trivially past the boundary of
the manifold. On the other hand, by restriction, one can easily inherit basic
results and constructions from complete manifolds without boundary. We
shall provide examples of both these instances.

2.1. Local extensions with curvature constraints. Let (M, gys) be a
Riemannian manifold with boundary OM # () satisfying a strict curvature
condition like Curvy; > C or Curvy; < C for some constant C' € R. Here,
Curv denotes either the sectional, the Ricci or the scalar curvature of the
manifold at hand.

Consider any Riemannian extension (N, gn) of (M, gar). Since Curv > C
(resp. Curv < C') and Curvy; = Curvy on M, by continuity there exists a
neighborhood U C N of OM such that Curv > C' (resp. Curv < C) holds
onV=MUU.

Assume now that M is compact. We say that 0M is strictly convex (resp.
strictly concave) if, with respect to the outward pointing Gauss map v, the
eigenvalues A1,---,A\n_1 of the shape operator S(X) = — ¥Dyv satisfy
Aj < 0 (resp. > 0). We choose 0 < 6 < 1 in such a way that the normal
exponential map YNexpt : M x (—4,0) — V defines e diffeomorphism onto
its image and we can consider the corresponding family of (diffeomorphic)
parallel hypersurfaces

(OM); = Nexpt(OM x {t}).

Let S; denote the shape operator of (OM);. It is known that its eigenvalues
A1(t), -+, Am—1(t) evolve (for a.e. t) according to the Riccati equation

dA;
dt
where E;(t) € T(OM); is the eigenvector of S; corresponding to A;(t); see
e.g. [Gra]. From this equation, under curvature restrictions and using com-

parison arguments, one could obtain sign conclusions on suitable intervals.
Anyway, regardless of any curvature assumption, if

)\](O) = )\j <0

(t) = A3 (t) + Sectn (v A Ej(t))

(resp. > 0), by continuity we find 0 < € < § such that
)\j(t)<0, 0<1t<e
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(resp. > 0). Clearly, similar considerations hold for the mean curvature
function. Thus, by taking N := M U Yexp(OM x [0,€]), we have proved
the following result.

Corollary 2.1. Let (M, gr) be a Riemannian manifold with boundary OM #
0 and satisfying Curvyy > C (resp. Curvyy < C). Then, there exists a Rie-
mannian extension (N, gy) of M such that Curvy > C (resp. Curvy < C).
Moreover, assume that OM is compact. If OM is either strictly (mean) con-
vex or strictly (mean) concave, then N can be chosen so to have a boundary
ON with the same property.

Remark 2.2. The situation is significantly more difficult if either we re-
place the strict inequalities with their weak counterparts or if we insist that
the extended manifold is complete. In these cases, smooth extensions are
not allowed in general. Results and examples along the second mentioned
direction will be presented in Part [2 and Part [B] of the paper.

2.2. Sobolev spaces. In the geometric analysis on manifolds with bound-
ary, the theory of (first order) Sobolev spaces, and the corresponding density
results, are vital to carry out PDE’s constructions typical of the setting of
manifolds without boundary. By way of example, we can mention the trun-
cation method in order to obtain sub(super) solutions of Neumann problems
for the Laplace operator and its applications to potential theory; see [IPS].
In this respect, the Euclidean arguments work almost verbatim once we
consider the manifold with boundary as a domain inside an ambient man-
ifold without boundary. We are going to illustrate quickly this viewpoint
by recovering a classical density result & la Meyers-Serrin; see e.g. [IPS|
Appendix A].

Let (M, gar) be a (possibly non-compact and incomplete) Riemannian
manifold with boundary OM # (). Since intM is a smooth manifold without
boundary we can define, as usual, the space

WP(intM) = {u : intM — R : u € LP,Vu € LP},
where Vu is the distributional gradient of u, endowed with the norm
lllwre = (lullg, + 1[Valf,) .

Suppose now that (M, gys) is complete and let (INV,gn) be a geodesically
complete Riemannian extension without boundary. Fix a locally finite, rela-
tively compact, smooth atlas {(V},¢;)} of N such that either V;N M = 0 or
(V;NM, @j|ar) is a smooth chart of M. Without loss of generality, we can as-
sume that ¢;(V;) =By C R™ and (in case V; NOM # 0) ¢;(V; N M) = Bf.
We consider a partition of unity {xx} subordinated to the covering {Vj}
and, given a function u € lep(intM), we decompose it as u = >, uy
with up = v - xx. Now, for any fixed € > 0, applying in local coordinates
the standard approximation procedure, e.g. [Le, Theorem 10.29], we find
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v € C°(Uy) such that
€
luk — vkllwr.2 neary < oF"
Thus, the locally finite sum v = ), v; is a function in C*°(N) and gives
an e-approximation of u in the space W2(intM). This implies the partial
result:

(4) WP (intM) = Coo () Wi,

Finally, we have to approximate v|y; in WP (int M) with the restriction to
M of a function in C°(N). To this end take your favorite smooth function
pn N — Ryg satisfying py(c0) = +o0 and [|[Vpn| ey < L. It can
be obtained by regularizing the distance function by convolution methods;
[GW]. Moreover, choose ¢ : R — [0,1] to be any smooth function such
that ¥(t) = 1if t < 1 and ¥(t) = 0 if t < 2, and define the sequence
Y = Y(pn/k) € CX(N). Then, ¢y — 1, as k — +oo uniformly on
compact subsets of N, and ||V lpec(nyy — 0 as k — +oo. It is then
obvious, by dominated convergence, that the sequence

w =v- Y € CZ(N)

converges in W1P(N) to v. By restriction, wy|y € C°(M) converges to
v|ar in WHP(intM). We have thus obtained the stronger density result:

Corollary 2.3. Let (M, gnr) be a complete Riemannian manifold with (pos-
sibly empty) boundary OM. Then

(5) WP (intM) = Coo(M) Wi,

As a side product, observe that by taking py; = pn|ym we also obtain
the existence of a smooth, globally Lipschitz, exhaustion function on any
complete manifold with boundary.

Lemma 2.4. Let (M, gar) be a complete Riemannian manifold with bound-
ary OM # (). Then, there exists a smooth function pyr - M — Rsq satisfying

(6) py(00) = +o0;  |IVpurllpeoary < L.

The proof of this fact is not completely obvious if we use the pure view-
point of manifolds with boundary. The mollification procedure used to regu-
larize a given Lipschitz function (e.g. the intrinsic distance function) requires
some care.

2.3. Proper Nash embedding. The classical formulation of the Nash em-
bedding theorem states that any Riemannian manifold (N, gy ) can be iso-
metrically embedded in some Euclidean space RY, where ¢ = ¢(dim N). In
the “survey” part of the paper [GR] it is claimed that the embedding can be
chosen to be proper if NV is geodesically complete and, moreover, that the
Nash embedding holds also for manifolds with boundary. An elementary,
but clever, proof of the first claim can be found in [Mil]. Here, we point
out that the second claim can be trivially deduced from the first one, by
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restricting to the manifold with boundary a proper isometric embedding of
a complete Riemannian extension. Alternatively, we can adapt the direct
argument in [Mii] to the case of non-trivial boundary.

Corollary 2.5. Let (M, gyr) be a complete Riemannian manifold with bound-
ary OM # (). Then, there exists a proper isometric embedding of M into
some Buclidean space R® where £ = £(dim M).

Proof. We preliminarly observe that any Riemannian manifold with bound-
ary has an isometric embeddings into some Euclidean space R™. This follows
by applying the usual Nash embedding to a Riemannian extension.

Now, let o : M — Rsq be the exhaustion function of Lemma 24l Up to
a dilation we can assume that |Vl < 1/2. Define on M the new Rie-
mannian metric § = g — do ® do. Then, there exists an isometric embedding
j:(M,g§) — R, for some n. It follows that i = (j, 0) : (M, g) < R"*is a
proper isometric embedding, as desired. O

Part 2. Nonexistence of complete extensions under curvature
conditions

This part is devoted to a phenomenological investigation concerning pos-
sibile obstructions to the existence of complete Riemannian extensions with
controlled curvature. We shall explore techniques of different nature that
are sensitive of the topology of the original piece with boundary and that
can be used to construct counterexamples to the extension problem. In this
direction it is appropriate to start with the simple observation that, unlike
the boundaryless case, compact manifolds with boundary always support
Riemannian metrics whose sectional curvature has a prescribed sign.

Lemma 2.6 (Gromov). Let M be a smooth, m > 2-dimensional manifold
with boundary OM # (). Then, there exists a Riemannian metric g, on M
such that Secty, > 0 and a Riemannian metric g satisfying Secty_ < 0.

Proof. Using Theorem [Al we enlarge M past its boundary so to obtain an
open Riemannian manifold N containing M as an isometric domain. Next,
we apply to N the classical existence theorem by Gromov, [Gro], and we
restrict the corresponding Riemannian metric to M. (]

A crucial point is that, with respect to the prescribed Riemannian metric,
the boundary could have a wild submanifold geometry. For instance, a
convexity condition would immediately force a control on the topology. In
all that follows we will make use of the following convention:

Definition 2.7. Let (M, g) be an m-dimensional Riemannian manifold with
boundary OM # 0 and outward pointing unit normal v. The second fun-
damental form of OM is the symmetric bilinear form on TOM given by
II(X,Y) =g(—Dxv,Y) and OM is said to be (strictly) convex if the eigen-
values of I1 are (strictly) negative. This condition is written as I < 0 (resp.
< 0), the inequality being understood in the sense of quadratic forms.
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A result by D. Gromoll, later extended in [Wal, states that a compact
manifold with strictly convex boundary and strictly positive sectional cur-
vature is diffeomorphic to a Euclidean ball, hence it is contractible. In the
Ricci curvature setting, we remark the following fact, see [RS], that can be
compared with the results of Section Bl and Section [

Proposition 2.8. Let (M, g) be a compact, m > 2-dimensional Riemannian
manifold with boundary OM # 0 and satisfying Ricy > 0 on M. If either

(a) II <0 on OM and Ricy > 0 at some x¢ € intM,
or
(b) I <0 on OM

then, the first singular homology group Hi(M,Z) is torsion. In particular,
the fundamental group mi (M) of M cannot contain ZF, k > 1, as a free or
(semi)direct factor.

Proof. There is an Hodge-de Rham theory for manifolds with boundary,
[Co], according to which each de Rham cohomology class of intM is rep-
resented by a harmonic form with Neumann conditions. This follows from
an energy minimization procedure in the homology class without boundary
restrictions. In particular, given [w] € H}g(intM), there exists a 1-form
¢ € [w] such that Agé = 0 and £(v) = 0, where Ay denotes the Hodge
Laplacian. By assuming that the boundary is (weakly) convex I < 0, an
extension of the Reilly formula to differential forms, [RS], shows that ¢ is
parallel. In fact, in case (b), necessarily £ = 0. The same conclusion holds
also in case (a) by using Bochner formula. Thus, by de Rham isomorphism,
the first real Betti number of intM vanishes. Since M has the same homo-
topy type of intM, the same holds for M and the conclusion follows from
the universal coefficient theorem and by recalling that the first singular ho-
mology group is the Abelianization of the fundamental group. O

The previous discussion leads to the following, a-posteriori obvious, con-
clusions:

i) if we are mainly interested in producing counterexamples to the ex-
istence of complete extensions with curvature controls on the base
of the topology of the original piece with boundary, it is natural to
forget the submanifold geometry of the boundary in order to have
much more flexibility.

ii) if we are interested in developing an existence theory involving the
topology of the manifold with boundary, the submanifold geometry
of the boundary must be taken under consideration and should play
a decisive role.
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3. NONEXISTENCE OF COMPLETE EXTENSIONS WITH Ric > C'

Topological obstructions to the existence of complete metrics with Ricci
curvature lower bounds are naturally related to the growth of the funda-
mental group of the space. Classical tools to detect these obstructions with
a nonnegative lower bound are represented by the Svarc-Milnor(-Anderson)
theory combined with the Bishop-Gromov volume comparison, and the split-
ting result by Cheeger-Gromoll. Actually, also the harmonic mapping theory
plays a relevant role in this context. On the other hand, as first pointed out
by Gromov, introducing the concept of entropy in the Svarc-Milnor pic-
ture allows one to get crucial information even in the case of negative lower
bounds. We are going to use these tools to show that, in general, the exis-
tence of a complete Riemannian extension with controlled Ricci curvature
is prevented by the too much large growth of the fundamental group of the
original (compact) manifold with boundary. Concrete examples will be pro-
vided for each theoretical result. As a bypass product we will obtain that,
in general, no reasonable Bishop-Gromov type estimates hold for manifolds
with bad boundary geometry, as already remarked for instance in [GM]. In
particular, these manifolds have no Ricci lower bounds in the sense of the
classical singular theory of metric measure spaces.

3.1. Nonexistence of Ric > 0 extensions. Recall that a Riemannian
manifold (M, g) with boundary OM # () is a length metric space with respect
to its intrinsic distance dy. Moreover, if (M, dg) is metrically complete then
it is a proper geodesic space, i.e., closed metric balls are compact and any
couple of points is connected by a minimizing geodesic. Consider the univer-
sal Riemannian covering P : (M,§) — (M,g) of (M,g). The Riemannian
projection map P gives rise to a metric local isometry (M,d;) — (M,d,).
Indeed, using that P preserves the Riemannian lengths, it is easy to see
that the length structure of (M, dj) is obtained precisely by lifting via P
the length structure of (M, d,). Since metric completeness lifts from the
base to the covering and conversely, it follows from the Hopf-Rinow theo-
rem that the locally compact length space (M, dj) is in fact a geodesic space
if and only if so is (M, dg).

In the following, we summarize some basic facts from the Svarc-Milnor
theory for geodesic metric spaces endowed with invariant measures. In par-
ticular, it applies to complete Riemannian manifolds with (possibly empty)
boundary.

Theorem 3.1. Let (X,d) be a proper, geodesic, metric space with finitely
generated fundamental group G = m(X). Let the universal covering space

X of X be endowed with the lifted length structure d that makes P : (X, d) —
(X,d) a metric local isometry. Then:

(a) G acts freely and properly by isometries on (X, d).
(b) Assume that fi is a reqular Borel measure on (X,d) such that the
metric balls have positive measure. If G acts by measure preserving
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isometries on the metric measure space (X, d, i), then, for any fized
To € X, there exist constants o, 8 > 1 such that

(7) BE()| < aji (Bip(av))

for every R > 1. Here, Bg(l) denotes the metric ball of G with
respect to a fixed finite set of generators.

(¢) If X is compact, then G is finitely generated and, once it is endowed
with the word metric w.r.t. a finite set of generators, it is quasi-
isometric to (X,d). Moreover ([Q)) is completed by the lower estimate

o't (B p(@0) ) < 18R ()

In the setting of Riemannian manifolds without(!) boundary, this result
has been sharpened by M. Anderson, [An], via a clever use of Dirichlet-
domains of the action. He showed that given a regular covering P : (M ,g) —
(M, g) with finitely generated deck transformation group G, if

VolBg[(io) < ARF and volB¥ (P(&0)) > BR"

then G grows at most polynomially of order k — h. Extending this result
to more general spaces (including complete manifolds with boundary) seems
nontrivial due to the lack (in general) of nice properties of Dirichlet domains.

A direct application of these results yields the next nonexistence criteria.

Theorem F. Let (M,g) be a complete, m-dimensional Riemannian mani-
fold with boundary OM # ). Its Riemannian universal covering is denoted
by (M,g). Let G be a finitely generated subgroup of m (M) such that G
grows at least polynomially of order k. Then the following hold.

(a) Assumek > m+1. Then, (M,§) cannot be extended to a geodesically
complete manifold (M, §') satisfying Ric g, > 0.
(b) Assume k > m+1. If OM is simply connected, then (M, g) itself has
no complete Riemannian extensions (M',g") satisfying Ricyy > 0.
(c) Assume k = m. If OM is simply connected then any Riemannian
extension (M', g") satisfying Ricpp > 0 must be compact. In particu-
lar, if Ricpr > 0 at some point then (M, g) has no complete extension
(M', ¢") with Ricpy > 0.
Proof. (a) Since G acts freely and properly by isometries on (M, §) we can
consider the (quotient) universal covering projection Q : M — N := M/G
where 71 (N) ~ G and the smooth manifold N with boundary N = Q (M)

is endowed with the complete metric h = Q.g. Now, by contradiction,
suppose that the extension (M’,§") exists. Observe that, having fixed a

point Zy € M, we have the inclusion of intrinsic metric balls Bf‘%’ (Zg) C
B% /(jo) N M. It follows from the Bishop-Gromov volume comparison that
VOIB% (Zg) < AR™. On the other hand, according to (7]) and recalling that
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G grows at least polynomially of order m+ 1, we have volBM (vg) > BR™*!
for every R > 1. Contradiction.

(b) By contradiction, suppose that (M’ ¢') is a complete Riemannian
extension of (M, g) with Ricy;s > 0. Using collars we can decompose M’ as
the union A U B where A, B are open sets with the homotopy type of M
and M'\ M respectively and, moreover, A N B has the homotopy type of
OM. Since OM is simply connected, the Seifert-Van Kampen theorem yields
that 1 (M’) ~ w1 (M)« H for some group H. In particular, 7 (M) contains
an isomorphic image of the finitely generated group G. This latter acts
by isometries on the universal covering space (M’,§') of (M’,¢') and gives
rise to the regular Riemannian covering projection Q : (M',§') — (N',h')
where N’ = M'/G and ' = Q.§. Since 7(N') = G is finitely generated
and grows at least polynomially of order m + 1, from () we know that
VolBl{\{[ "> AR™T!. But this contradicts Bishop-Gromov because Ricy; > 0.

(c) Let (M',4¢’) be a complete Riemannian extension of (M, g) such that
Ricp > 0 on M’. As in the previous case, 7 (M’) contains G as a finitely
generated subgroup and G has polynomial growth of order m = dim M.
Consider the Riemannian universal covering projection @ : (M g —
(N’,h’) where N’ = M’/G. Then, both (M’,§') and (N’,h') are com-
plete Riemannian manifolds with nonnegative Ricci curvature. Moreover
m1(N') =~ G. We claim that M’ is compact. Indeed, suppose the contrary.
Since G is a subgroup of 71 (M’), there exists a (possibly not regular) cov-
ering projection N’ — M’. Therefore N’ must be noncompact as well. Fix
Fo € M’ and the corresponding zg = Q(iy) € N’. By the Calabi-Yau lower
volume estimate we have

volBY (z0) > C1R

for every R > 1 and for some constant C; = Cj(xg) > 0. On the other
hand, by Bishop-Gromov,

volBM (&) < CoR™ = CoRM—D+1

for every R > 0 and for some dimensional constant Co = Co(m) > 0. It
follows from the Anderson improvement of the Svarc-Milnor growth esti-
mate that G grows at most polynomially of order m — 1. Contradiction.
Therefore M is compact and, hence, M’ contains a line. It follows from the
Cheeger-Gromoll splitting theorem that M’ splits isometrically as M’ x R,
contradicting the fact that Ricp;s > 0 at some point. O

Remark 3.2. As a matter of fact, in the assumption of (¢), any Riemannian
extension (M’',¢") of (M,g) satisfying Ricpyy > 0 must be compact and
Ricci flat. This follows directly from [CGIl, Theorem 4]. In particular, if
Sectps # 0, there exists no Riemannian extension satisfying Ricp;s > 0.
We have decided to state point (c) solely in terms of Ricci and to provide
a Svarc-Milnor oriented proof for two reasons: (i) this section is mainly
focused on Ricci curvature constraints related to Svarc-Milnor theory; (ii)
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the arguments have the merit to work even in situations where the the
volume bounds follow from assumptions not directly related to Ric > 0.

Example 3.3. Let (X = T2\ D, gx) be a flat 2-torus with a small disc
removed and let (N = R™/T",gn) be any closed flat manifold. Then, the
Riemannian product (M = X X N, gy = gs + gn) is a compact, (m + 2)-
dimensional, flat manifold with boundary M = S! x N and fundamental
group m (M) ~ (Z«Z) x T'. Since 71 (M) grows exponentially, by Theorem
[F] (a), the Riemannian universal covering P : (M, §) — (M, g) is a complete,
flat, Riemannian manifold with boundary M = P~ (dM) # () and without
any complete Riemannian extension (M ', §') satisfying Ricg > 0.

Remark 3.4. Observe that, by Theorem B (b), the volume growth of
the intrinsic balls of the metrically complete, simply connected Riemannian
manifold (M ’,§") with boundary is exponential regardless of the fact that
it is a flat manifold. This shows that there is no reasonable volume growth
comparison for manifolds with uncontrolled boundary geometry. Similar
considerations hold for the next two examples: the Riemannian universal
coverings of the compact manifolds we are going to construct are metrically
complete manifolds with boundary, with sectional curvature > C' > 0 and
with polynomial volume growth. In particular, these manifolds are non-
compact.

Example 3.5. Let Hf% be the 3-dimensional Heisenberg group realised as
the space of lower triangular matrixes

1 00
a 1 0
b ¢ 1

with a, b, c € R and let H% be its natural integral lattice. Then, Z = Hﬂ‘z/H%
is a compact 3-dimensional smooth (Nil)manifold. Its fundamental group
m1(Z) is isomorphic to H% and, therefore, growths polynomially of order
4; [deH]. By Seifert-Van Kampen, the same growth property holds for the
compact manifold with boundary Z \ D, where D C Z denotes a smooth
disk. Now, we construct a 6-dimensional compact manifold by taking the
product

M= (Z\D)x Z.
Note that

OM ~S? x Z,

therefore OM is not simply connected. On the other hand,

(M) ~ Hy x H}

has polynomial growth of order 8 > 6 = dim M. According to Lemma
we endow M with a Riemannian metric g of positive sectional curvature
Sectpsr > 0. By Theorem [F] (a) we conclude that the universal covering
(M, §) of (M, g) cannot be extended to a complete Riemannian manifold of
nonnegative Ricci curvature.
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Example 3.6. Let M = Z \ D where Z is the compact (Nil)manifold
constructed in the previous example and D is a smooth disk. Endow M
with a metric g satisfying Ricp; > 0. Since OM ~ S? is simply connected
and (M) ~ H3 has polymonial growth of order 4, by Theorem [[] (b) we
conclude that (M, g) cannot be extended to a complete Riemannian manifold
of non-negative Ricci curvature.

Example 3.7. Let m > 3 and consider the m-dimensional compact man-
ifold M with smooth simply connected boundary OM ~ S™~! obtained
by removing from the “flat” torus R™/Z™ a small smooth disk. By the
Seifert-Van Kampen theorem, m (M) ~ m1(R™/T") ~ Z™, therefore 71 (M)
has polynomial growth of order m. According to Lemma we endow M
with a metric g of positive sectional curvature Sectp; > 0. Then, by (c)
of Theorem [E], (M, g) cannot be extended to a complete manifold (M, ¢')
satisfying Ricy; > 0.

3.2. A measure of Ric_ of complete extensions. A compact Riemann-
ian manifold M with simply connected boundary OM # () and fundamental
group isomorphic to the fundamental group of a flat manifold could have
no complete extensions with Ric > 0; see Example B7l By using some
harmonic mapping theory & la Schoen-Yau, [ES| Harl, [SY], [PRS| [PV1], we
can obtain some more precise information on the negative part of the Ricci
curvature of any complete Riemannian extension.

Notation 3.8. Given a Schridinger operator L = —Ap — a(z) on the
Riemannian manifold (M, g) we denote by A1 (L) the bottom of its spectrum,
i.e.,
M) = g AulVePra@e
peCee (M)\{0} Jar #?
Moreover, given a real number 6 € R we introduce the modified Schrédinger
operator

Ls=—Ayn — da(z).
Finally, we use the notation a_ = —min(a,0) € R>g, for any a € R.

We say that the Riemannian manifold (M, g) is d-stable, 6 > 0, with respect
to the Schréedinger operator L = —Ay — a(x) if A\(Ls) > 0.

With this terminology in mind, we state the following somewhat quanti-
tative result.

Theorem G. Let (M,g) be a compact, m > 3-dimensional Riemannian
manifold with boundary OM # (). Assume also that the following topological
properties are satisfied:

(a) OM is simply connected.

(b) there exists a non-trivial homomorphism o : w1 (M) — T, where T
is the fundamental group of a compact Riemannian manifold (N, h)
with Secty, < 0.
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Consider any geodesically complete, noncompact Riemannian extension (M',g")
of (M,g) and set

a(z) = inf{Ricyy (v,v) : v € T,M', ¢'(v,v) = 1}.

Then (M',q') is 6-unstable with respect to L = —App — a—(x), for every
d>(m—1)/m.

The same conclusion holds if we replace the assumption that M’ is noncom-
pact with the assumption that Ricpy > 0 at some point.

As alluded to above, the proof is an easy consequence of the harmonic
mapping theory developed in [ES| [SY] and of the vanishing theorems from
[PRS, [PV1]. We sketch the arguments for the sake of completeness.

Proof (of Theorem[Gl). Fix a geodesically complete Riemannian extension
(M',q") of (M, g). Since, by the Cartan-Hadamard theorem, N is aspherical
(i.e. its universal covering is contractible), the homomorphism p is induced
(up to conjugation) by a continuous map f : M — N and, since OM is
simply connected, f can be extended by a constant to all of M’. If follows
from [SY] that there exists a harmonic map u : M’ — N with finite energy
|du| € L?>(M") in the homotopy class of f. In particular, u and f induce the
same homomorphism between fundamental groups.

Now, by contradiction, suppose that Ricy; > a(z)g’ with
M(=Ayp —da_(x)) >0

for some 0 > (m —1)/m.

Using the vanishing results in [PRS| [PV1] we deduce that |du| = const
and either a(z) = 0, i.e., Ricy > 0 or u = const. The second possibility
cannot occur because, otherwise, the original homomorphism ¢ would be
trivial. Therefore Ricy;s > 0. If we assume that M’ is non-compact then,
by the Calabi-Yau lower volume estimate, we have that vol(M’) = +o0 and,
therefore, the constant function |du| cannot be in L?(M’). Contradiction.
On the other hand, if M’ is compact and Ricy > 0 at some point, the
Weitzenbock formula implies that |du| = 0 and «w = const. Again, this is a
contradiction. O

Example 3.9. Let M be the compact, m > 3-dimensional manifold with
simply connected boundary OM ~ S™~! obtained by removing a smooth
small disk D from a compact flat manifold R /T", with I" a crystallographic
group. Suppose that M is endowed with a Riemannian metric g such that
Ricys > 0. Since w1 (M) ~ w1 (R™/T') ~ T and N = R™/T has a flat metric,
we can take the obvious isomorphism ¢ = id : m(M) — I and conclude
the validity of the following property: if (M, g) is extended to a gedesically
complete Riemannian manifold (M’, ¢') with Ricyy > —a(z), a(z) > 0, and
(M’ ¢') is §-stable with respect to L = —A —a(x), for some § > m/(m—1),
then M’ must be a compact, Ricci-flat manifold.
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3.3. Nonexistence of Ric > —C? extensions. Let (M,g) be a com-
pact Riemannian manifold with (possibly empty) boundary OM and let
P :(M,3) — (M,g) be its Riemannian universal covering. The entropy of
(M, g) is the number

M ~
h(M,g) = %Igfg w,

well defined independently of the choice of the base point Zy. Similarly,
one introduces a notion of entropy in the class of finitely generated groups
in order to measure the degree of exponential growth. Let G be a finitely
generated group with finite set of generators S. Then, the entropy of (G, S)
is the number .

G ) = g <)
where, we recall, B%(1) is the metric ball of G with respect to the word
metric induced by the set of generators S. Although a change of the finite
set of generators produces quasi-isometric distances, the entropy is not a
quasi-isometry invariant and, therefore, it makes sense to define the minimal
entropy of the group G as

hG) = inf (G, S).

It is a contribution of Gromov to the Svarc-Milnor theory that the entropy
of a compact manifold is related to the minimal entropy of its fundamental
group via the diameter of the space. Although the result is originally stated
for a compact manifold without boundary, the proof still works even in the
presence of a boundary; see [Gro3, Theorem 5.16].

Theorem 3.10. Let (M,g) be a compact manifold with (possibly empty)
boundary OM. Then

h(mi(M)) < 2diam(M, g)h(M, g).

Combining Theorem B.10] with Bishop-Gromov volume comparison we get
the following

Proposition H. Let (M, g) be a compact, m-dimensional Riemqnnian man-
ifold with boundary OM +# 0. Then, the universal covering (M, g) has no
complete Riemannian extensions (M',§') satisfying Ric > —(m — 1)C? for
any constant

h(mi(M))

(8) 0<C< 2(m — 1)diam(M, g)

Proof. By contradiction, assume that such an extension (M ', §') exists. Then,
by Bishop-Gromov, having fixed o € M C M’, and using the fact that
BM(#0) € BM' (&), we have

h(M,g) < (m—1)C.
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Using this information into Theorem B.I0l we conclude
h(m (M)) < 2(m — 1)diam(M, g)C
and this contradicts (g)). O

Proposition [Hlsuggests that, in general, one can not hope to extend a given
manifold with boundary preserving a lower Ricci curvature bound. This is
the content of the following (class of) examples, which are flexible enough
to prove that also lower Sectional curvature bounds can not be preserved.

Of course, the situation is different if some further condition on the bound-
ary is prescribed (see for instance Section [5.).

Example 3.11. For any real constants K, A and for any dimension m > 2
there exists an m-dimensional Riemannian manifold with boundary (M, g)
with constant sectional curvature Secty = K such that no extension (M, g')
of (M, g) satisfies Ric, > A.

Proof. Clearly, it is enough to give examples when A < 0. Accordingly, we
set A = —(m — 1)C? for some C > 0.

Let N = N(C,K) be a positive integer to be specified later. Define N
points {a;}Y; C R? by a; := (%, 0) and define the set

Sy =UN,0B% (a;) C R2.
4N

Moreover, let T be the (1/16N)-neighborhood of Sy in R™, more precisely

BR’!?L‘
16N} <5

By approximation, T can be homotopically deformed to a submanifold
Ty C BY" with smooth boundary. Endow B}" with a metric g of con-
stant curvature K and let (My = T, g) be the (noncompact) universal
Riemannian covering of (T, gx|ry )- It is clear by construction that we can
suppose that

9) diamg, (Ty) < ¢

for some constants 6 > 0 depending on K, but independent of V.

By construction there is a deformation retraction of T onto Sy. In
particular the (equivalence classes of the) loops ~; : [0,1] — T defined by
7i(t) = 4% (1 + cos(2mt), sin(2mt)) x {Ogm-2} are a family of generators for
I' = m(Tn,0). Moreover 71(Tn,0) is exactly the free group generated by
the S = {[}Y,.

As observed by Gromov, [Gro3l Example 5.13], the minimal entropy of
the free group with N generator is given by A(I") = h(m(Tn)) = log(2N —1).
Hence, according to Proposition [H] recalling also (@), we get that (My,g)
admits no Riemannian extensions satisfying Ric > —(m — 1)C? provided

T]/V = {iU S Rm : dRm(fE, (SN X {OR’!?LfQ})) <

1 1
N - - 2(771—1)(50‘
> 5 + 26
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O

Remark 3.12. All the fundamental groups of the manifolds T involved
in the previous example have exponential growths. As a matter of fact, for
positive lower curvature bounds, similar techniques permit to construct ex-
amples given by coverings of manifolds whose fundamental group has poly-
nomial growth. A simple example in this sense is given by the universal
covering of the sphere strip {(x,y,2) € R® : 22 +y?+22 =1 and 2 < 1/2}
which has sectional curvature 1, but is non-compact and hence it does not
admit any extension of positively lower bounded curvature (once again by
Bishop-Gromov). By the way, taking suitable coverings of large enough
finite index, also compact examples can be constructed.

4. NONEXISTENCE OF COMPLETE EXTENSIONS WITH Sect < 0

Recall that a topological space X is said to be k-connected, k € NU{oo}, if
its homotopy groups satisfy 7;(X) = 0 for every j = 0,--- , k. The connected
space X is called aspherical if the vanishing condition 7;(X) = 0 holds for
every j > 2. A classical theorem of J.C. Whitehead implies that, in the
setting of C'W-complexes, co-connected spaces are contractible. Since the
universal covering projection X — X induces isomorphisms 7;(X) ~ 7;(X)
for every j > 2, then aspherical CW-complexes are characterised by the
property that their universal covering spaces are contractible. This equiva-
lence, in particular, holds at the smooth manifold level. It then follows from
the Cartan-Hadamard theorem that every complete Riemannian manifold
of non-positive curvature must be aspherical. Since every compact manifold
with boundary can be endowed with a (complete) metric of negative cur-
vature, we are naturally led to detect a (sufficiently large) class of smooth
compact manifolds with boundary that cannot be realized as a domain inside
an aspherical manifold.

We propose two criteria of non-extendibility: one is homological (hence,
in principle, easier to apply) and requires that the manifold is simply con-
nected. The other one is homotopical and requires that the sufficiently
connected boundary can be capped by a contractible space. According to
this program, let us begin by pointing out the following simple obstruction
result.

Proposition I. Let (M, g) be a complete, m(> 4)-dimensional Riemannian
manifold with boundary OM # (). Assume that, for some 2 < k < m — 2,
the following topological conditions on M and OM are satisfied:

(a) M is simply connected and Hy(M;Z) # 0;

(b) H;(OM;Z)=0,i=Fk—1,k.
Then, (M, g) has no complete Riemannian extension (M’, g') without bound-
ary and satisfying Sectp; < 0.

Remark 4.1. We stress that M must be non-convex. Otherwise, using
some harmonic mapping theory for manifolds with boundary, [Ham], we
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would get that the compact, simply connected manifold M of nonpositive
curvature is necessarily contractible. Indeed, every element in my (M), k > 2,
is represented by a harmonic map in its homotopy class. Since (M, g) has
non-positive curvature and S* has a metric of positive curvature, standard
vanishing results based on the Weitzenbock formula yield that the harmonic
map is constant. Whence, we conclude that m;(M) = 0, for every j >
0 and, hence, M is contractible. More generally, the sectional curvature
Sectgpr of M with respect to the induced metric must satisfy Sectgps > 0
at some point where M is non-convex. Otherwise, as observed by Gromov,
[Gro2], and according to the main result in [ABB2|], M has non-positive
curvature in the sense of Alexandrov. Hence, the Gromov version of the
Cartan-Hadamard theorem applies, [AB2|, proving that once again M is
contractible.

Remark 4.2. It would be interesting to obtain homological obstructions to
a non-positively curved extension of M when this latter space is non-simply
connected (maybe with simply connected boundary). In this respect, recall
that by passing to the universal covering does not preserve homology groups.

Proof. By contradiction, suppose that there exists a complete Riemannian
extension (M’',g') of (M,g) satisfying Sectpy < 0. Let P : (M',§) —
(M’,¢') be its Riemannian universal covering and consider the Riemannian
manifold (M, §) = (P~H(M), d'| p-1(ar)) with boundary OM = P~YOM).
Clearly, (M’,§) is a complete Riemannian extension of (M, §) satisfying
Sect 7, < 0. In particular, by the Cartan-Hadamard theorem, M’ is con-
tractible. Now, the restricted map P|; : (M, §) — (M, g) is still a covering
projections and since M is simply connected then M is a disjoint union of
isometric copies of M. We still denote with (M , ) one of these components.
It follows that we can identify M ~ M and &M ~ dM. Using collars, we
decompose M’ as the union of open sets AU B, where A has the same ho-
motopy type of M and AN B has the same homotopy type of 9M. Applying
the Mayer-Vietoris sequence

— H,(OM;Z) — H,(M;Z) & Hy(B;Z) — Hy(M';Z) — Hy_1(OM;Z) —

and using the topological assumptions (a), (b) we conclude that there exists
an injective homomorphism

0 # Hyp(M;Z) — Hy(M'; Z).
This contradicts the fact that M’ is contractible. O
Example 4.3. Let Z be the m(> 4)-dimensional smooth manifold given by
Z = (§™ X ST (™ x §™),

with m;,n; > 2 and Zzzl m; +n; = m. We remove from Z a smooth
m-~dimensional contractible disk D so to obtain the m-dimensional compact
manifold

M=Z\D
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with smooth boundary OM ~ S™~!. Next, using Lemma [2.6] we endow
M with a Riemannian metric g of negative sectional curvature. We claim
that M satisfies the topological assumptions of Proposition [l and, hence,
(M, g) cannot be extended to a complete Riemannian manifold of nonpositve
curvature. This follows from the next observations.

e Take the connected sum Q = Mi#Msy with My, My smooth compact
manifolds of dimension m > 3. Topologically, () is obtained from M; and
M> by removing an m-dimensional disk D" from each of these manifolds
and identifying their S™~!-boundaries.

e Applying twice the Seifert-Van Kampen theorem we deduce that both
m(M;) ~ 7 (M;\D™) and 71(Q) ~ 71 (M1 \ D™)*mi(Mz\ D™). Therefore,
@ is simply connected provided both M; and M> are simply connected.
e Similarly, we see that @ \ D™ is simply connected provided both M; and
M> are simply connected.
e Using twice the Mayer-Vietoris sequence and that H;(S™ 1;Z) = 0 for
1 # 0,m — 1 we deduce, for every k =2,--- ,;m — 2,

Hy(M;;Z) ~ H,(M; \ D™, 7Z)

Hy(Q;Z) ~ Hy(My \ D™ Z) & Hy(Mz \ D™ Z).
Therefore, Hy(Q;7Z) # 0 for some 2 < k < m—2 provided either Hy(Mi;Z) #
0 or Hy(Ma2;Z) # 0.

e To conclude that M satisfies the assumptions of Proposition [[, we com-
bine the previous observations with the Kiinneth formula in the absence of
torsion:

Hy(M;Z) ~ Hi(Z;7) ~ ®}_{Hi(S™ x S";Z)
~ @7_ Batv=t Ha(S™;Z) @ Hy(S™; Z).
This shows that Hp(M;Z) # 0 for 2 < k =m;,n; <m — 2.

Example 4.4. Another family of examples in dimension m = n+5 > 8 can
be obtained by taking the product

M™ = (N°\ D% xS", n>3

where N? is any of the closed simply connected 5-manifolds with Hy(N%;Z) #
0 constructed by D. Barden in [Ba), and D® is a small 5-disk inside N®. Thus,
M™ is a simply connected, compact manifold with boundary

OM™ ~ S* x S™.

Using again the Kiinneth formula, and recalling also that Tor(-,Z) = 0, we
see that

Hy(M™;7) ~ Ho(N®\ D% Z) ® Z ~ Hy(N®;Z) @ Z = Hy(N°;Z) # 0.

and
H(OM™;7Z) = Hy(OM™;7Z) = 0.
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Therefore, Proposition [l applies and gives that M™ is not a domain into a
complete Riemannian manifold of nonpositive sectional curvature.

Now we consider obstructions of homotopical nature.

Theorem J. Let (M,g) be a complete, m-dimensional Riemannian mani-
fold with boundary OM # 0. Assume that M can be embedded as a domain
inside a smooth m-dimensional manifold N without boundary such that:
(a) B= N\ M is contractible;
(b) OM = 9B is (n — 2)-connected, for some n > 3

(c) m(N) #0 for some2 <k <n-—1;
Then (M, g) has no complete Riemannian extension (M',g") without bound-
ary and satisfying Sectyyr < 0.

We shall use the following intuitive fact.

Lemma 4.5. Let N be a connected m-dimensional manifold given by the
union of connected m-dimensional manifolds M and B with boundary OM =
OB. Assume that B is (n — 1)-connected and that OM = OB is (n — 2)-
connected, for some n > 3. Then, the inclusion i : M < N induces iso-
morphisms iy, : mp(M) — 7 (N), for h = 0,--- ,n — 2 and a surjective
homomorphism iy, | : 1 (M) — m,—1(N). In particular, if 7,—1(N) # 0
then iy, , is a nontrivial homomorphism.

Proof. Choose a triangulation of 0M = 0B and extend it to a triangulation
of N. In this way, we can consider M, B as CW-subcomplexes of the CW -
complex N and OM = 0B = M N B as a CW subcomplex of both M and
B. Let us choose once and for all a point xyp € BN M and assume this is
the base point in all the homotopical considerations that will follow.

From the long exact homotopy sequence of the pair (B, dB):

— mx(B) = m(B,0B) — m,_1(0B) — m—1(B) —
since B is (n — 1)-connected we get
x(B,0B) ~ mp_1(0B), k=0,--- ,n—1

and since dB is (n — 2)-connected, we deduce that (B,0B) is (n — 1)-
connected. Obviously the pair (M,0M) is O-connected. It follows from
the homotopy excision theorem, [Hat, Theorem 4.23], that the inclusion
j:(B,0B) — (N, M) induces the isomorphisms

0=mk(B,0B) = (N, M), k=0,--- ,n—2
and a surjective homomorphism
0= 7Tn—1+0(B7 aB) — 7Tn—1+0(N7 M)7

proving that (N, M) is (n — 1)-connected. Using this information into the
long exact homotopy sequence of the pair (N, M):

= (N, M) = 11 (M) = 7mp_1(N) = 1 (N, M) —
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we conclude that the inclusion map ¢ : M — N induces the isomorphisms
ig, (M) = mR(N), h=0,--- ,n—2,

and the surjective homomorphism 4 _,. This completes the proof of the
lemma. (]

Proof. We take a closed collar neighborhood W ~ dM x [—1,0] of M in
M and we set My = M \W. Then By = N \ My is contractible because
it is a deformation retract of B. It follows that there exists a homotopy
H : By x [0,1] — By between H(-,0) =idp, and H(:,1) = ¢, the constant
map at g € B.

Now, we define a continuous function F': M = My UW — N by

_ Jid(p) p € My
Fp) = {H(m,t+1) p=(z,t) €W.

Observe that
F(p) =q, on OM.
Therefore, if (M, g) admits a complete Riemannian extension (M’,g') sat-

isfying Sectyr < 0 we can extend F' to a continuous map F' : M’ — N by
setting

- F(p) peM
q pe M\ M.

In particular, F = id on M. With this preparation, and according to
Lemma 5], we take a representative o : S¥ — My of a non-trivial class in
7x(N). Since M’ is aspherical, « is homotopically trivial in M’. But then
F o o = o is homotopically trivial in N. Contradiction. O

Example 4.6. The assumptions of Theorem [Jl are satisfied by any compact
m(> 3)-dimensional manifold M which is obtained by removing a smooth
disk D™ from a compact manifold N satisfying m;(/N) # 0 for some 2 <
k < m — 1. For instance, let N = S™ x §™2 with mq,mg > 1, mq + mg =
m > 3, and define the manifold with smooth boundary M = N\ D™. Then,
OM =~ S™1is (m — 2)-connected and 7;(N) ~ m;(S™) x 7;(S™2) # 0 for
2 < j = max(my,mg) < m — 1. According to Lemma [2.6] we endow M
with a metric g satisfying Secty; < 0. Therefore, Theorem [J| applies and
gives that (M, g) cannot be extended to a complete Riemannian manifold
of non-positive sectional curvature.

Part 3. Existence of complete extensions under curvature
conditions

5. EXTENDING COMPLETE MANIFOLDS WITH COMPACT CONVEX
BOUNDARY

As alluded to in the previous parts of the paper, the presence of a convex-
ity condition on the boundary implies a control on the topology and helps
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the existence of a complete Riemannian extension where a given curvature
bound is preserved. We are going to illustrate this claim by constructing
complete Riemannian extensions both under a lower Ricci or scalar curva-
ture bound and with negative sectional curvature.

Recall that, according to our convention, the boundary OM # () of (M, g)
is (strictly) convex if, with respect to the outward pointing unit normal v
the second fundamental form at each point of OM satisfies II < 0 (resp.
< 0) in the sense of quadratic forms.

A first natural question to ask is whether an intrinsic convexity of a
manifold M with boundary, i.e. (strictly) convexity of its boundary, implies
that the manifold (M, g) at hand can be seen as a convex piece of one of its
complete extensions (M, ¢'). In order to answer this question, let us collect
here below some extrinsic notions of convexity. It is worthwhile to recall
that several other sligthly different notions of convexity can be found in the
literature.

Definition 5.1. The complete Riemannian manifold (M, g) with boundary
OM # 0 is said to be:

e strongly convex if, for every p,q € M, any geodesic of M connect-
ing p with q is contained in intM with the possible exception of the
endpoints.

e domain-strongly-convex if there exists a complete Riemannian exten-
sion (M',q") of M such that M is a strongly convex domain. This
means that for every p,q € M, any geodesic of M’ connecting p with
q is contained in int M with the possible exception of the endpoints.

We then have the following implications.

Lemma 5.2. Let (M, g) be a complete Riemannian manifold with compact
boundary OM # (). Then,

(a) If OM is strictly convex, then M is domain-strongly-convex;
(b) If M is domain-strongly-convex, then it is strongly convez.
(¢) If M is strongly convez, then OM is conver.

Remark 5.3. Some of the reverse implications fail. More precisely:
(i) The converse of (a) is not true: M = {(x1,...,z,) € R": S 2} =1}
is domain-strogly-convex, but M is not strictly convex.
(ii) The converse of (c) is not true: M = [0,1] x T"! is not strongly
convex, but dM is convex.
(iii) We do not know if the converse of (b) holds or not.

Proof. (a) By Corollary [Bl, we can always consider a complete Riemannian
extension (N,h) of (M,g) so that ¥y = OM is a compact embedded hy-
persurface of N with second fundamental form II with respect to the unit
normal v. For S small enough, the normal exponential map exp™(sv(r))
is a smooth diffeomorphism on (—S5,5) x ¥y and, within the normal tubu-
lar neighborhood U = expy((—95,S) x Xp), the s-coordinate represents the



THE SMOOTH RIEMANNIAN EXTENSION PROBLEM 33

smooth, signed distance function from 3. In particular, because of our
choice of v, we have s(p) < 0 for every p € int M NU. Moreover, the second
fundamental form of the parallel hypersurface
Ys={zel:s(z)=35}
is given by
IIs, (X, X) = — Hess(s)(X, X),

and, up to take a smaller S, Iy, is strictly negative except for the radial
direction.

We are going to adapt the construction of [PV2, Theorem 4.1] so to
obtain a complete Riemannian extension (M’,¢’) of (M, g) such that the

signed distance function s : M — R is smooth and strictly convex on
M’ \ intM (except for the radial direction Vs). To this end, note that on

(=S,8) x OM = (expé)_1 (U) the pulled-back metric writes

<exp§>* h(s,z) = ds® + hg(x)

for some metric hy on 0M which depends on s. For k& > 0, consider the
family of metrics j*) on M defined as

7 W (s, ) == k1% sinh(Vks) (gonr) (),

where ggps is the Riemannian metric induced by g on OM. Consider a
smooth partition of unity ¢;, ¢, € C*°((0,400)) such that

0<on(t) <1, dnlos/ =1, onlis/ze0) =0, ¢, <0
and
(Zﬁj(t) + gbh(t) =1, Vte (0, +00).
Let
o(5,7) = dn(s)hs(x) + ¢;(s)i M (s, 2),
and define the metric ¢’ on

M’ := M U ((0, +00) x OM)

, g on M,
g:

as

ds® 4+ o(s,z) on (=S, +o0) x OM.

Note that (M’,¢') is a well defined n-dimensional Riemannian manifold.
Reasoning as in [PV2], and adapting Lemma 4.2 therein to this setting, we
get that for k large enough the signed distance function s : (=S5, +00)x0M C
M' — R is smooth and Hess(s)(X,X) > 0 whenever X is not parallel to
Vs, whereas Hess(s)(Vs, Vs) = 0.

Now, let 2,y € M and let v : [0,1] — M’ be any constant speed geodesic
of M’ connecting = and y. Consider the function f : [0,1] — R given by

F(t) = 5 0(0).
Observe that



34 STEFANO PIGOLA AND GIONA VERONELLI

(i) f € C([0,1]) is well defined;
(i) £(0) <0, f(1) <0;
(i) /(1) = 9 (Vs(r(1)). 5(0);
(iv) f7(t) = Hess(s)(¥(t),¥(t

s S) and f”(t) > 0 whenever
l9(4(t), Vis(v ()))’ [F@IVs(y(@))]

In particular f(¢) <0 forall ¢ € [0,1], i.e. 7 :[0,1] — M is also a geodesic of
M. Suppose f(t) = 0. In this case g(Vs(y(0)),5(0)) = 0, which in turn im-
plies f”(0) > 0, giving a contradiction. Then f(ty) < 0 for some ¢y € (0, 1).
Since f is convex and f(0), f(1) <0, then f(¢) < 0 for all ¢ € (0, 1).

(b) Suppose by contradiction that there exists a geodesic v of M touching
the boundary in a non-extremal point. Namely, since geodesics are locally
minimizing, we can suppose that there exists an ¢ > 0 and a (unit speed)
geodesic v : [—€, €] — M such that v(0) € OM and ~ realizes the distance in
M between v(—¢) and y(e). Let M’ be the extension given by the domain-
strong-convexity of M. Let 4 : [—¢€,é] — M’ be any (unit speed) geodesic of
M’ such that

(1) 7(—€) = (=€) and 5(€) = 7(e),

(2) 4 realizes the distance in M’ between v(—¢) and v(e).
By assumption, J([—¢,€]) € M and L(¥) < L(v). Now, if L(3) < L(7),
then v is not locally minimizing in M, contradicting our assumption. Then
L(%) = L(v), which means that ~ is also a geodesic of M’, thus contradicting
the domain-strongly-convexity of M.

(¢) Suppose by contradiction that for some point x € IM and vector
v € T,OM we have Ilgp(v,v) > 0. Let v : [-1,1] — N be the constant
speed geodesic of N such that v(0) = = and 4(0) = v. Consider the function
f = s o~ which is well-defined and smooth on [—e¢, €] for some 0 < € < 1.
Computing as in the previous implication, we get that f(0) =0 and f'(0) =
0. Moreover

f"(0) = Hess(s)(%(0),%(0)) = Hess(s)(v,v) < 0,

so that f”(t) < 0on [—€¢,€]\{0} for some 0 < € <e. Thusy: [—€¢, ] - M
is a geodesic of NV, hence of M, with endpoints in intM and touching OM.
Contradiction. O

5.1. Existence of complete extensions with Ric > 0. Let (M, g) be a
complete Riemannian manifold with compact and strictly convex boundary
OM # (). Assume that Ricy; > 0. Using Corollary 2.1l we construct a
complete Riemannian extension (M’, ¢") of (M, g) such that Ricy;s > 0 and
OM’ is still compact and strictly convex. Now, a result by Perelman, [Pe,
Wal, states that the Lip-metric induced by g’ on the double N = M’ Uiq,, ,
M’ can be smoothen out in an arbitrarily small neighborhood of OM’' C N
so to obtain a smooth metric h satisfying Ricy > 0. Clearly, we can always
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assume that the perturbed neighborhood of 9M’ C N is so small that (N, h)
is a Riemannian extension of (M, g). Finally, since the boundary of M’ is
compact, (N, h) is obviously complete. We have thus obtained the validity
of the following result.

Theorem K. Let (M,g) be a compact Riemannian manifold with strictly
conver boundary OM # O and satisfying Ricyy > 0. Then, there exists
a complete Riemannian extension (N, h) of (M,g) without boundary and
satisfying Ricy > 0.

Remark 5.4. A direct application of Theorem [K] yields a Bonnet-Myers
type result for complete manifolds with compact convex boundary and Ricci
curvature Ric > k > 0. Actually, using the second variation formula, it is
proved in [Li] and |Ge] that a sharp diameter bound can be obtained when
Ric > k, k € R, under the assumption that M is compact and strictly
mean convex. This is a very interesting boundary effect.

5.2. Existence of complete extensions with Scal > 0. Since the scalar
curvature contains less information than the Ricci or the sectional curva-
tures, it is natural to expect that Riemannian extensions of manifolds with
boundary preserving the positivity of the scalar curvature can be guaranteed
under weaker assumptions. In particular, the full strict convexity of OM is
not necessary, as shown by the following result, due to Gromov and Lawson;
see |[GL, Theorem 5.7 and Remark 5.8].

Theorem L. Let (M, g) be a compact Riemannian manifold with boundary
satisfying Scal, > 0. Suppose that OM s (strictly) mean-convex, i.e. its
mean curvature satisfies H = trll < 0 at each point of OM. Then, there
exists a complete Riemannian extension (N, h) of (M,g) without boundary
and satisfying Scalg > 0.

As above the extension is constructed on the (differential) double of M.
The idea of the proof is to consider a tubular e-neighborood of M in M’ x
(—1,1), where M’ is a local extension of M. Using the mean-convexity of
the boundary, Gromov and Lawson proved that the (smoothed) surface of
this e-neighborhood, endowed with its natural hypersurface metric, still has
positive scalar curvature when € is small enough.

5.3. Existence of complete extensions with Sect < C2. In this sec-
tion, using a suitable conformal deformation of a local extension, we prove
that manifolds with a a compact convex boundary and a nonnegative up-
per bound of the sectional curvature admit extensions satisfying the same
curvature bound.

Theorem M. Let (M, g) be an m-dimensional complete Riemannian man-
ifold with smooth compact boundary OM # 0. Assume that Secty < C' on
M, for some constant C > 0, and that OM 1is strictly convex. Then (M, g)
has a complete Riemannian extension (M',g") without boundary satisfying
Secty < 0.
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Proof. By (the proof of) Lemma [5.2] there exists a Riemannian extension
(M’ h) of (M, g) satisfying the following conditions:
(a) M'\ M = (0,s,) x OM and the metric h on M’ \ M writes

(10) h(s,x) = ds® + hs(z),

hs being a metric on M which varies with s.
(b) The signed distance function s : M’ — R from dM is smooth and
strictly convex, except for the radial direction.
(c) Sectpr <0
Let ¢ : (—00, s+) = R>0 be a smooth function such that
(i) ¢ =0 on (—o0,0];

(ii) ¢'(t) >0, " (t) > 0;
(iii) @(t) — +oo as t — s, and e? € L1([0, s,)).

For instance we could choose ¢ = etan(m(s/s:=1/2))
We define the smooth function ¢ : M’ — R by

¢(x):{0’ if 2 € M,

on (0, s4).

o(s(x)), ifze M\ M.

and we consider the corresponding conformally deformed metric on M’:

g = e*h.

We claim that (M’,¢') is complete. For integers n > 2, set t, = s,(1 — %)
and consider the smooth, relatively compact exhaustion {M] } of M’ given
by
M ={zxe M :s(x)<t,}
By (@),
disth(aM,’W 8MT/L+1) =tp+1 — tn,
so that
: oM (tn) L ottn) L™ o
disty (OM,,,0M,, 1) > e?"") (typ1—tn) > ge“” tp—tn—1) > 3 e’ dt.
tn—1

We conclude that, for any divergent path ~ : [0,1) — M’,
ly(y) >3 disty (OM],, OM}, ;) = +oc,

so that (M’,¢') is complete (see also Theorem [L.2)).
Now, we recall the transformation law of the Riemann tensor under con-
formal changes of the metric, [Bel:

Ry(X,Y)Z = Rp(X,Y)Z + h(X, Z)VyVé — h(Y, Z)Vx Vo
+h(Z,VXV)Y — h(Z,Vy V)X — (ZO)[(XP)Y — (Y)X]
+ (XY, Z) — (YO)MX, Z)|Vé
+ h(Ve, V) (WX, Z)Y — h(Y,Z)X),
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which implies
(11)  Secty (X AY) =e 2 Sectp (X AY) +e 2| X ANY [ 2An(X,Y),
where
Ap(X,Y) =2h(X,Y)Hess ¢(X,Y)
— |Y|* Hess ¢(X, X) — | X|* Hess ¢(Y, Y')
+HI(XQ)Y — (Vo)X [P — (XPIY ] - 9(X,Y)?) Vol
Here, V,Hess and | - | are computed with respect to h. Take any point

x € M'\ M, consider the vector field W; = Vs at x, and chose a local frame
{Wi}ir, such that at

h(Wi, Wj) = di;
Note that Vo(z) = ¢'(s(x))Vs(x), so that Wy¢ = 0 for all k > 2. Moreover
Hess ¢ = ¢"(s)ds @ ds + ¢'(s)Dds > 0
in the sense of quadratic forms. Accordingly we compute, at x,
Ap(W;, Wi,) =2h(W;, Wy,) Hess o(W;, W)
— Wil Hess (W, W;) — [W;[* Hess ¢(Wi, W)
HWio) Wi — (W)W > = (IW; P Wil? = g(Wj, Wi)?) [V
< — Hess ¢(W;, W;) — Hess ¢(Wy,, W) <0,
if 2 < j <k <m. Similarly,
Ap(Vs, W) =2h(Vs, Wy,) Hess ¢(Vs, Wy)
—|Wy|?* Hess ¢(Vs, Vs) — |Vs|? Hess ¢o(Wy, W)
+H(V8)9) Wi — (Wid) Vs> — (I Vs [Wi|* = g(Vs, Wy,)?) Vo[
<h(Vs,V$)* — Vo[> =0

for all k =2,...,m. Using these inequalities into (I1]) completes the proof.
O

Remark 5.5. Observe that, actually,

limsup  Secty < 0.
z—00 in M'\M

Observe also that M’ \ M has the diffeomorphic type of the cylinder 9M’ x
(0, 4+00). This latter condition, as well as the convexity of the boundary, is
intrinsically needed for the construction to work. One may wonder if both
the convexity of the boundary and the constraint on the topology of the
extended part in Theorem [M| are really needed in order to get a complete
extension with Sect < C, C' > 0. Some indications are contained in the next
section.
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6. EXISTENCE OF COMPLETE EXTENSIONS WITH DECAYING Sect AND
GENERAL TOPOLOGY OF THE EXTENDED PART

A well known existence result by R. Greene, |Gre], shows that on ev-
ery noncompact differentiable manifold, regardless of its topological type,
there exists a complete Riemannian metric whose sectional curvature and
its derivatives decays to zero at infinity. We are going to use this result to
show that a complete manifold with compact boundary can be extended by
adding a manifold with (possibly) general topology along which the curva-
ture tensor (and its derivatives) decay to 0. To begin with, we record the
original statement by Greene.

Theorem 6.1 (Theorem 1 in [Gre]). If {K;}32, is a relatively compact
exhaustion of a noncompact manifold N, {s;}32, is a sequence of nonnegative
integers and {€;}32, a sequence of positive numbers, then there is a complete
Riemannian metric h on N whose Riemann tensor Ry, satisfies

ID*Rp|ln(p) < €
for all nonnegative integers s < s; and for allp € K; \ K;_1, i > 1.

To prove this result, without loss of generality, it is assumed that each
0K; is a smooth, compact hypersurfaces so that it has a bicollar neigh-
borhood W; C N of the form 0K; x (—1/4,1/4). The manifold N is
endowed with a Riemannian metric hg which is the product metric on
OK; x [—1/8,1/8] C W;. This can be done using a partition of unity argu-
ment that leave unchanged the original metric on any given domain Q € K3
but can introduce a large amount of curvature on K; \ Q and K; \ K;_1,
i > 2. Then, it is performed a stretching of hg on each K;\ K; 1 with a
constant large enough depending on ¢ so to obtain a Riemannian metric h;
with small curvature away from 0K;. Finally, in product coordinates of W,
hy is deformed along the “radial direction” in a neighborhood of 9K;. All
of these deformations are performed by keeping the distance between 0K
and JK; at most 1, for every i. Whence the completeness of the final metric
follows trivially.

We point out that, once the metric on the domain 2 is prescribed, the
above construction can be carry out without changes in the weaker assump-
tion that K7 \ Q and K; \ K;_ 1 are compact, i > 2.

In view of the above arguments, joint with the fact that a Riemannian
metric g on a smooth domain 2 C N can be always extended slighlty past
09 in N, the validity of following extension result is now clear.

Theorem N. Let (M, g) be an n-dimensional complete Riemannian mani-
fold with smooth compact boundary OM # 0. Let Q be any smooth manifold
with boundary 0Q # 0 diffeomorphic to OM wvia a selected map 1 : OM — 9Q
and define the smooth manifold M' = M U, Q. Then, there exists a complete
Riemannian metric ¢ on M’ such that (M',q') is a Riemannian extension
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of (M,g) and, for every s € N,

li D*R,/||(p) — 0.
s 801 Bt I )

7. EXISTENCE OF COMPLETE EXTENSIONS WITH Ric < C OR Scal < C

Lohkamp proved in [Loll, [Lo2] that every differentiable manifold with
empty boundary admits, for any given C' € R, a Riemannian metric g with
Ricy < C. In view of this remarkable result, one expects that a lower Ricci
curvature bound is less restrictive than other curvature conditions even in
the presence of a nontrivial boundary. It turns out that the method used
by Lohkamp goes through local deformations of the metric, and can thus be
adapted to lower the Ricci curvature of a given Riemannian metric outside a
fixed domain. This idea, together with Corollary [Bl permits in fact to prove
the following

Theorem O. Let (M,g) be an n-dimensional complete Riemannian mani-
fold with smooth nonempty boundary OM. Suppose that Ric, < C, for some
real constant C. Then M admits an extension (M',q") satisfying Ric’g < C.

Proof. In case M is compact, the result follows directly from [Loll, Theorem
E ], while for M non compact we follow [Lo2, Proposition 2.1].

Let (M’ h) be any complete extension of the noncompact manifold with
boundary (M, g), whose existence is guaranteed by Corollary [Bl Since Ricy <
C on M, then there exists an open collar neighborhood M CC W C M’ such
that Ricp, < C' in W. For the easiness of notation, throughout this proof
for r > 0 we set B, = BX"(0). Using the paracompactness of M’, we find a
countable family of diffeomorphisms f; : Bs — M'\ M such that {f;(Bs)}°,
is locally finite, {f;(B4)}2, covers M’ \ W and f;(B2) C fi+1(Bs\ Bs). In
particular M’ \ W C U2, fi(By \ Ba).

Let x € C*(R,[0,1]) be a cut-off function such that x|_o 1] = 0 and
Xlj2,00) = 1, and set

() — e _ d; if || £71
{Fl(Z)—SZeXp( 5—||f;1<z>||x(||f;1(z>||>>’ il @ <5

0 otherwise,

with positive constants d;, s; to be chosen later. Define inductively both the
metrics

o =h
RUFD = 2Fip@) 4 > 0.
and the constants s; and d; as follows. Suppose s;,d; are given for j =

1,...,i. In particular the metric h(¥) is given. By [Lo2, Lemma 2.2 ] there
exists a d;41 large enough such that

Ricyien (X, X)  Ricym (X, X) {0 on fis1(Bs \ Ba)

R+ (X, X) (X, X) —siy1e %+ on fiy1(By\ By)
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holds for all s;41 > 0 and for all nonnull vector X with base point in f;1(Bs)\
Bs). So we can chose s;41 large enough to make
Ric, i+ (X, X) < CRUHD (X, X)

for all X € T,y M’ \ {0} with p/ € fi11(B4\ Ba), hence p’ € Uit! f5(By \ By).
Thus the limit metric (> satisfies the following properties:

- it is well-defined, since the induction process is locally finite;

- it has Ricj ) < C by construction;

- it is complete because it is obtained by a conformal deformation of

a complete metric with a conformal factor greater than 1.

This completes the construction of the desired complete Riemannian exten-
sion. O

Remark 7.1. Theorem E in [Lol] can be applied directly also in the non-
compact case to get a negatively Ricci curved metric, which however could
be incomplete.

Remark 7.2. Using Theorem [A]instead of Corollary [Blin the proof of The-
orem [O] one get that for any smooth m-dimensional differentiable manifold
(@ whose nonempty boundary 9@ is diffeomorphic to OM, there exists a
complete Riemannian extension (M’,¢") of (M, g) such that Ricy < C and
M’ \ M is diffeomorphic to the interior of Q.

The technique used in the above proof permits to locally lower the Ricci
curvature, hence the scalar curvature, of a given manifold. Accordingly, as a
bypass of the proof we get also existence of Riemannian extension preserving
an upper scalar curvature bound. Note that a-priori the following result is
not a direct consequence of Theorem

Theorem P. Let (M,g) be an n-dimensional complete Riemannian mani-
fold with smooth nonempty boundary OM . Suppose that Scal, < C, for some
real constant C'. Then M admits an extension (M',g") satisfying Scal’g < C.
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