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Coulomb branch Hilbert series of SO(NV) gauge theories with Ny vector hypermultiplets. Our
improved prescription extends these methods by incorporating fugacities for discrete zero-form
symmetries — specifically charge conjugation and magnetic symmetries — and properly
treating background magnetic fluxes for the flavour symmetry. This refinement enables
calculations for various global forms (O(N)*,Spin(N),Pin(N)) and ensures consistency
with the Coulomb branch limit of the superconformal index and known dualities. The
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1 Introduction and conclusion

Three-dimensional gauge theories whose gauge group is based on the Lie algebra so(N) —
including SO(N), Spin(N), O(N)*, and Pin(N)! — exhibit rich global symmetry structures.
As a key example, consider the SO(N) gauge theory with an even Chern-Simons level 2k,
denoted SO(N)gx. This theory possesses a Z2,c zero-form charge conjugation symmetry and

a Z[Q(?} v zero-form magnetic (or topological) symmetry. These zero-form symmetries can be
coupled to background one-form gauge fields, denoted A{ and A respectively. Gauging
these symmetries (promoting the background fields to dynamical ones) transforms the SO(N)
theory into related theories with different global forms of the gauge group. In addition, the
theory typically possesses a Z[zl] one-form symmetry, which couples to a background two-form
gauge field AP. It was shown in [2] that, for even N = 2n, these global symmetries exhibit
a mixed 't Hooft anomaly. This anomaly is described by the following inflow action on a
four-manifold M4 bounding the 3d spacetime:

i [ AP U mAMUAM + kAT U AT + AG U AMY . (1.1)
My

'Throughout this paper, Pin(N) refers to the Pin™(N) group, following the notation of [1].



This mixed anomaly has far-reaching consequences. Following arguments in [3], it was
explicitly demonstrated in [4, 5] that, for k = 0, sequentially gauging these Zs symmetries
generates a web of symmetries whose structure is controlled by the dihedral group Dg of order
8. Specifically within this web, the PSO(2n) = SO(2n)/Zs gauge theory exhibits a finite
non-Abelian Dg zero-form global symmetry, while the Pin(2n) theory possesses non-invertible
symmetries characterised by the representations of Dg. These arguments and structures
generalise to other 3d theories with similar symmetries, such as variants of Aharony-Bergman-
Jafferis (ABJ) theories [6] involving s0(2V)ar x usp(2N)_j gauge algebra, which generically
possess N/ = 5 supersymmetry, as explored in [7, 8].

In this paper, we investigate the structure of generalised global symmetries, including
non-invertible symmetries, within 3d V' = 4 orthosymplectic quiver gauge theories.? Various
aspects of these theories, notably the structure of their moduli spaces and techniques involving
quiver manipulations, have been extensively studied in the literature (see, e.g., [12-25] for
recent work). Using the superconformal index [1, 26-32] as our primary analytic tool, we
demonstrate the emergence of a Dg categorical symmetry web in a class of 3d N' = 4 theories
with s0(2N) xusp(2N) gauge algebra (at zero Chern-Simons levels) coupled to n bifundamental
half-hypermultiplets, which share structural similarities with the ABJ-type models.

Furthermore, as a necessary tool for analysing the Coulomb branch moduli spaces of
these orthosymplectic quiver theories, we revisit and refine the prescription for computing
the associated Coulomb branch Hilbert series by focusing on SO(NN) gauge theories with
Ny vector hypermultiplets, thereby extending the method presented in [33]. Our refined
prescription incorporates two crucial extensions: (1) the inclusion of the fugacity x for
the zero-form charge conjugation symmetry (in addition to the standard fugacity ¢ for the
zero-form magnetic symmetry), and (2) the proper treatment of background magnetic fluxes
for the usp(2Ny) flavour symmetry. The refinement by both x and ¢ allows for the direct
computation of Coulomb branch Hilbert series for theories with different global forms of
the orthogonal gauge group, including O(N)*, Spin(N), and Pin(N). Simultaneously, the
proper inclusion of background magnetic fluxes ensures agreement between the Hilbert series
and the Coulomb branch limit of the superconformal index, and maintains consistency with
known dualities. This accurate treatment of background fluxes is especially critical for the
analysis of orthosymplectic quivers, where the original usp(2Ny) flavour symmetry is gauged,
becoming an internal node of the quiver diagram. We demonstrate this refined prescription
through several examples, verifying its consistency with superconformal index calculations
and known dualities, including three-dimensional mirror symmetry [34].

This paper is organised as follows. Section 2 reviews the computation of the supercon-
formal index for 3d AN/ = 4 SO(N) gauge theories, adopting the notation and conventions
of [1]. We emphasise the subtle phase factor arising from the adjoint chiral field within
the vector multiplet when the charge conjugation fugacity is x = —1. Section 3 discusses
dualities between 3d N = 3 and N' = 4 supersymmetric QCD theories with so(N,)-type
gauge groups. These dualities, derived by combining results from [35] and [1], have been
previously discussed in [7, section 4.1] and utilised extensively in the study of generalised
symmetries and anomalies in Chern-Simons-matter theories. Section 4 contains the anal-

2See also [7, 9-11] for related work on 3d N = 4 unitary quiver gauge theories.



ysis of variants of the theory with s0(2N) x usp(2N) gauge algebra with n bifundamental
half-hypermultiplets that possess the Dg categorical symmetry structure. Section 5 presents
our refined prescription for computing the Coulomb branch Hilbert series of SO(2N) and
SO(2N + 1) gauge theories with Ny vector hypermultiplets. This prescription incorporates
fugacities x and ( for charge conjugation and magnetic symmetries, respectively, as well as
background magnetic fluxes for the usp(2/Ny) flavour symmetry. We validate this prescription
through numerous examples, checking consistency against corresponding index limits and the
dualities discussed in section 3. We also analyse the mapping of these discrete symmetries
under mirror symmetry. In section 6, we examine the actions of charge conjugation and
magnetic symmetries associated with each orthogonal-type gauge group within the linear
quiver theories T[SO(N)] and T[USp(2N)] [36], analysing how these actions map across
mirror symmetry. Our results can be straightforwardly generalised to the T,[SO(N)] and
T,[USp(2N)] theories. Explicit expressions for various superconformal indices used through-
out the paper are collected in appendix A. Appendix B collects Coulomb branch Hilbert
series for theories mirror dual to T,[SO(2N + 1)] and T,[SO(2N)], computed for various
partitions p using the prescription developed in section 5. Finally, appendix C explores
discrete gaugings of the affine D5 quiver theory (5.68), and relates these results to the
orthosymplectic theory (5.67) discussed in section 5.2.4 and its mirror theory (5.66) described
by the USp(2) gauge theory with five flavours.

2 Index of the 3d N/ = 4 SO(IN) gauge theory

Let us consider the 3d N =4 SO(N) gauge theory with Ny hypermultiplets in the vector
representation, whose superconformal index can be computed as described in [1]. We
introduce the following fugacities and background magnetic fluxes associated with various
global symmetries: the fugacity a for the U(1) axial symmetry; the fugacities f; and the
magnetic fluxes n; (with i = 1,..., Ny) for the usp(2Ny) flavour symmetry; the fugacity
¢ = %1 for the Z[Q?] '\ zero-form magnetic symmetry; and the fugacity x = £1 for the Z[Q(?]C
zero-form charge conjugation symmetry. In the following, we write N = 2r + ¢, where

e € {0,1}. The index for the case y = +1 is given by

Zsovy, Ny (@3a; fim; G x = +1)

1 T _dz SO(N)
:W CE m _7{< 2mizy )Zvec (a:;z;m;x:—l—l)
(mh My ) ELT
€ (2.1)
X ZSO(N)(:L‘ a;z;m;x = +1) x H 11 { [ Clﬁ ani)}
i=1sp=%1
x H I1 24 GZ?fffssmeJranﬂ},
f=1s==%1
where the contribution of a chiral multiplet with R-charge R is
R 1-R-1 | /2 ) =1, m|+2—R+2j
. e - m
Zchir (f, % m) ( H mzx|m|+R+2] ) (22)



the vector multiplet contribution is

Z5OM) (23 z;my x = +1) [H [T a2 - (-1 )mezgxmd)]

{=1s==%1 (23)
X H H x—|81ma+szmb|/2(1 _ (_1)|s1ma+szmb\zs1ZEQm\s1ma+sgmb|) :
1<a<b<r si,s2==%1
and the contribution of the adjoint chiral field in the SO(N) vector multiplet is
€
SO
zZ (N )(wazmx +1) [H H Chlr Zg;Smg)]
(=1s==%1 (24)

r
[Zchlr ( €L _2; 0)} X H H ZChH‘ ( 221'31 Z;Q; s1m; + ng]’) :
1<i<j<r s1,s2==%1

For x = —1, the cases of odd and even N must be treated separately. For N = 2r + 1,
the O(2r + 1) holonomy can be put in the form (z1,2;%,..., 2,2, x = —1). The vector
multiplet contribution is therefore:

r
Z§£(2T+1)(x;z;m;x _ _1) — H H $—|m£|/2(1 _ (_1)meng$|me|)
{=1s==+1 (25)
% H H $7|s1ma+82mb|/2(1 o (_1)|51ma+52mb\ Z;zx\slma+32mb|)

1<a<b<r s1,s2==%1

However, the contribution from the adjoint chiral field within the SO(NN) vector multi-
plet acquires an additional phase factor (indicated in purple), the origin of which will be
discussed later:

Zjo(%ﬂ)(x;z;m;x =-1)= (-1 2= H H B (2 a2y 25 smy)

(=1s=%1 (2.6)
'
|:ZCh1r ( €T _270):| X H H Zchlr ( 221'1 jQ,Slmz +32m])

1<i<j<r s1,s2==%1

In summary, the index for the SO(2r + 1) gauge theory with x = —1 is

ISO(2T+1) Nf(x a; fim; G X__

1 Todz SO(2r+1
- CEW%< )Z Cr (2 2my x = 1)
s vec ’
rlor .. ’mT ez 2112y
(2.7)
ZSO(Qr—l—l)(x;a;z;m;X = -1) x H H l Cllﬁ (z;axf’;spn:)
i=1sp=%1

1/2 s
X H H ZC}{]I“ .’E azgfif;sm€+3fni)1 .
{=1s==%£1



For N = 2r, the holonomy of O(2r) can be put in the form (zl,zl_l, .. .,zr_l,zr__ll, 1,-1).
Therefore, the vector multiplet contributes as

20000 (@ zsmi x = —1) = | 250007 (a3 zmi x = +1)

zr=1, 2:1:,1 my=0

— H H g |s1matsamy|/2 (1 —(—1 )\Slma+52mb|281zgzx\mma—irszmbI)
1<a<b<r—1 s1,sp==%1 (2.8)
% H P \2mg| )2m422 |2mg|)( o (71)2m52f2x|2me\) .

The contribution of the adjoint chiral field in the SO(2r) vector multiplet also picks up an
extra phase, highlighted in purple:

200 (@ zms x = 1)
|:ZChII‘ ( x; _230)} 2’70h1r (LL'; _a_Q;O) X [(_1)Zjl " (29)
X H H ZE= (g 2zzlz82 slmz—l—stJ)}
1<i<j<r s1,s0==+1 zr=1, 27 ' =—1, m,=0
In summary, the index for the SO(2r) gauge theory with x = —1 is
Zso@r), N, (@305 fim5 ¢ x = —1)
) 1 Z CZ . 7{ <7~1 dzg )Zso(w)(x.z.m.x =-1)
_ r—1 vec 5 <y 3
(r—1)12 ()T 2mizy
(2.10)

x 25000 (@10 2:mix = —1) x H 11 [H [ 2@ azi £ smg + symi)
i=1s;=41 L t=1 s=+1

1/2 1/2
X Zc}{ir(x; af;f; anl) Zc}{ir(x; a'XfiSf;an’i):| .

In any case, the index of the SO(N) gauge theory with Ny flavours, refined with respect
to both ¢ and x, can be obtained as

Tsoen),n; (T3 a5 fim5 G x) Z Tsoen), N (T3 a; Fim Gx = s)(1+ sx) - (2.11)
s=+1

Crucially, the contribution from the adjoint chiral field includes the phase factor
(—I)Zj " when x = —1. This phase can be interpreted as the contribution of a mixed
Chern-Simons term between the background gauge field for charge conjugation symmetry and
the dynamical gauge field (see [1, Page 39]). Physically, this phase ensures that the minimal
monopole operator of SO(NN) with flux (1,0,...,0) is even under charge conjugation, making
it also the minimal monopole operator in the O(N)™ gauge theory (see also [1, section 2.4]).
This phase has been implicitly included in the literature when calculating indices for theories
with orthogonal gauge groups at zero Chern-Simons level (e.g., [37, 38]). This will also be



used throughout this article. As an example, let us consider N = 4 (r = 2,¢ = 0) and
(m1,m2) = (1,0). In this case:

230(4)(1';@; z1,22;m1 = 1,mg = 0;x = +1) = a4{1 +2 (a_Q - a2> r
+ (3074 + ([2,0]+[0,2] - 2) (—a 2+ a?) +a' — 4|2 + ... |, (2.12)
Zio(4)(x;a; zi;my =iy =—1) = a4[1 + 0z + (a_4 — a4) x4 .. } ,

where [a,b] denotes the character X[ (b])(Z]_,ZQ). If the phase in (2.9) were omitted, the
x = —1 sector contribution would be:

a4[—1+0x+(—a_4—|—a4>:v2+...}, (2.13)

where the term —1 indicates that the minimal monopole operator would be odd under charge
conjugation, contradicting the expected behaviour.

Furthermore, let Cy(a~?2P) be the coefficients of the terms a~?zP in the x =
+1 contribution given by (2.12), where the overall prefactor a* is removed. Then,
> 520 Cy (a™?PxP)t? = PE [2t*], which is the dressing factor in the Coulomb branch Hilbert
series of SO(4) with flux (1,0), as given in the third line of [33, table 6] (see also [39, ap-
pendix A] for the definition of the dressing factor). If we gauge the charge conjugation
symmetry by summing the contributions for y = +1 from (2.12) and dividing by two, then
33020 [Cy(a™?PaP) + C_(a=%aP)] t* = PE [t? + t*]. This corresponds to the dressing fac-
tor for the O(4) gauge group given in the third line of [33, table 7], and it is also equal to the
dressing factor for the SO(5) gauge group given in [39, (A.8)—(A.9)]. The presence of the
phase in (2.9) is essential to ensure that the Coulomb branch limit of the index® agrees with
the Coulomb branch Hilbert series for theories with orthogonal gauge groups [33, appendix A].

We can now mention how to adapt these results for the 3d N'= 3 SO(N); gauge theory
with Chern-Simons level £ and Ny flavours. The index is obtained from (2.1), (2.7), and (2.10)
SO(N)

via simple modifications. Specifically, the factor Z4 is omitted, as the adjoint chiral

field in the vector multiplet becomes massive for k # 0. Additionally, we make the following

. . . . . dzy dzy k’m/
replacement in the aforementioned expression of the index: (Hz 27rize) (Hz iz 2 )

Finally, we note that the indices for various variants of the orthogonal gauge group
can be computed as follows [1, (6.13)]:

Lo %[ sov) (G x = +1) + Zson) (¢ x = —1)} ;

Zspin(n) (X % [ISO(N) ¢ =+1;x) +Zsomw) (¢ = —1; X)} 214

Zomwy-( % [ som(Gx =1) +Isomw) (= x = —1)} ; |
Tpin(N) = % [ISpln( y(x = +1) + Zgpin(v) (X = 1)} ;

where, for conciseness, we omit the dependence on Ny, z, a, f and n in the above expressions.

3As pointed out in [40], the Coulomb branch limit of the index can be obtained as Z;O:O C(a™?PaP)t?P,

whereas the Higgs branch limit of the index is given by Z:O:O C(a*zP)t?", where C(a™?PzP) denote the

+2p

coefficients of the terms a=“*z? in the series expansion of the index.



3 Dualities in 3d N = 3 and N = 4 s0o(N) SQCD

The following duality between 3d N/ = 2 gauge theories was established in [1, section 5.3]: (a)
the SO(n¢)x (or O(ne); and Spin(n.))) gauge theory with ny flavors of chiral multiplets Q
in the vector representation and zero superpotential, and (b) the SO(n.)_x (or O(n,)*, and
O(n.,)—,) gauge theory, where n,, = ny + |k| — N, + 2, with ns flavors of chiral multiplets ¢ in
the vector representation, a collection of n¢(ny+1)/2 gauge singlets M, and the superpotential
W = Mgqq. By employing the same argument as in [35], we can obtain the following duality
between 3d N = 3 gauge theories:

(1) the SO(N)y, (or O(N); and Spin(N);) gauge theory
with Ny hypermultiplets in the vector representation, and
(2) the SO(N")_ (or O(N")*, and O(N!)~,) gauge theory, (3.1)
where N’ = 2Ny + |k| — N + 2, with Ny hypermultiplets
in the vector representation.
We remark that this duality was used extensively in [7] to study various mixed 't Hooft
anomalies in 3d /' = 3 Chern-Simons-matter theories.
As discussed in [35, section 2], the A/ = 3 duality (3.1) can be derived from the N = 2
duality by identifying n. = N, n f = 2Ny and perturbing the theory (a) in the latter with
the quartic superpotential

Wy = *2% tr(Q"JQ)?, (3.2)

where J is the 2Ny x 2Ny symplectic matrix, and by identifying the meson Q@' in theory
(a) with the singlets M in theory (b) as follows:

k
212 '

The perturbation (3.2) ensures that the theory flows to an N = 3 fixed point, and the specific

QQ' = M, with A=+ (3.3)

value of \ stated in (3.3) ensures that the quartic superpotential in the dual theory (b) is

27 k
Wiy = V2qMq' — ?AQ tr(JM)? = V2qMq' — o tr(JM)? -
3.
integrate out M 2?71' tI‘(qut)Z,
which is consistent with the duality.

Although the above argument is presented for the case of k& # 0, we note that, as can be
verified explicitly using the index, the duality (3.1) also holds for & = 0, where both theories
(1) and (2) have N = 4 supersymmetry. In this case, these theories are “good” in the sense
of Gaiotto-Witten [36] if and only if Ny > N —1 and Ny > N’ —1=2N; — N + 1, which is
equivalent to Ny = N — 1 and N = N’. This implies that the gauge groups of theories (1)
and (2) are both balanced. In particular, this result implies the following A" = 4 duality:

(I) the SO(N) (or O(N)™ and Spin(NNV)) gauge theory with

Ny = N — 1 hypermultiplets in the vector representation, and
(IT) the SO(N) (or O(N)" and O(N)™) gauge theory with

Ny = N — 1 hypermultiplets in the vector representation.

(3.5)



Note that, for the SO(N) gauge group, even though theories (I) and (II) seem to be the
same, the Zo charge conjugation symmetry of theory (II) is mapped under the duality to the
diagonal subgroup of the Zy charge conjugation symmetry and the Zs magnetic symmetry
of theory (I); see (3.7) below.

The indices of theories (1) and (2) in (3.1) can be matched in a manner similar to
that of [1, (6.12)] as follows:

Tsony, Ny (505 F315C5x) (H fifn )Iso N Ny (@503 Fi15GOX) - (3.6)

We emphasise that the fugacity of the charge conjugation symmetry of the dual theory
is identified with the product of the fugacities of the charge conjugation symmetry and
magnetic symmetry of the original theory. Specialising this to the case of £ = 0 as discussed
above, we have

Zsow), Ny = N —1(z5a; F;m5Gx) = Zsow), Ny = N —1(x503 F315GCX) - (3.7)

Summing over ( = £1 on each side of this equation and dividing the corresponding result by
two, we obtain the index for the Spin(/NV) gauge theory with Ny = N — 1 on the left-hand
side, and that for the O(N)~ gauge theory with Ny = N — 1 on the right-hand side. This
confirms the duality (3.5).

As an example, let us examine the SO(4) gauge theory with Ny = 3 flavours. The
index up to order z? reads

Isow), Ny =3(zia; fim =n2 = 03¢ x)
=1+ (Ca?+21a?) 2+ [(2+C+x+Cx)a (3.8)

+(21C + 14y + 14Cx) + 216a* — (21 + ¢ + 1)}x2 o,

where the blue terms denote the contributions of the usp(6)@®u(1)r¢Eu(1) 4 conserved currents,
where the Z[ZO] v magnetic symmetry gets enhanced to u(1)x in the infrared because the
SO(4) gauge group is balanced. The usp(6) representations that appear above are as follows:

1=1[0,0,0], 14=1[0,1,0], 21=[2,0,0], 216=[2,0,1]. (3.9)

Let C(a®?PxP) be the coefficients of the terms a*?PxP in the above index. The Higgs branch
limit Yo% C(a*PaP)t?P gives the Hilbert series of the closure of the orbit [2°] of usp(6) (see
e.g. [12, table 12, Page 37]), where upon setting f; = fo = 1 gives

(1—¢2)12 : (3.10)

> c(aszp)t”] _ QAT IS T4 S )
=0 hi=f=1

The Coulomb branch limit 3772, C (a=2P2P)t? | on the other hand, admits a simple closed
form, since the Coulomb branch is a complete intersection [39, section 5.4]:

Z Cla™#a?)% = PE [¢#2 + (1 4+ + x + OOt + (10 — 15— 112] | (3.11)



The Coulomb branch generators are listed explicitly in [39, (5.23)]. We now discuss these
generators and identify their contributions within the refined Coulomb branch Hilbert
series (3.11). The two Casimir operators of SO(4), built from the adjoint scalar ¢ in the
vector multiplet, are the Pfaffian Pf(p) ~ €128, ;. o;.; and the trace-squared tr(¢?) ~
52t it oo, . These correspond to the terms xt* and t* respectively in the plethystic
exponent of (3.11). The Pfaffian operator Pf(y), involving the epsilon tensor, is odd under
charge conjugation and therefore carries the fugacity xy. The remaining generators involve
the minimal monopole operator X(; ), which carries magnetic flux (1,0), dressed with
appropriate scalar fields. Recall that, in the presence of the monopole X(; ), the gauge
symmetry is broken to a residual U(1) x SO(2). Let 1 and @2 denote the scalar components
associated with the residual U(1) and SO(2) factors, respectively. Their contributions to
the Hilbert series (3.11) are identified as follows: the bare monopole X (1,0) contributes Ct?;
the dressed operators X o)1, X(Lo)ei”’?(goz)im, and X(LO)(,O% contribute (t*, ¢(xt?, and (9,
respectively. These operators account for all six generators contributing to the Coulomb
branch Hilbert series at these orders. Under the duality map (3.7), which transforms the
fugacities as (¢, x) — (¢,(x), the operator Pf() (contributing xt*) is exchanged with the
dressed monopole X1 0)€""2(2)i,4, (contributing (xt*). We reiterate that the phase factor
discussed in (2.6) and (2.9) is vital for this consistency. Without this phase, the minimal
monopole operator X gy would incorrectly appear to be odd under charge conjugation,
contradicting the operator mapping required by the duality (3.5).

It is also instructive to consider the effect of turning on a background magnetic flux for
the flavour symmetry, for example, n = (1,0,0). In this case, the index reads

Isow), Ny =3(zias fi=fo=1im =1,ny = ng = 0; (3 x)

3.12
Z(X+Cx)a_4x2+{(C+X+CX)G_6+(5C+10x+10C)<)a_2}$3+.... (3.12)

The first term ya ™%z

corresponds to the monopole operator V(g o.1,0,0) With SO(4) gauge
magnetic flux m = (0,0) and usp(6) background flavour magnetic flux n = (1,0,0). Similarly,
the term (ya *2? corresponds to the monopole operator V(1,0;1,0,0), carrying gauge flux
m = (1,0) and flavour flux n = (1,0,0).* We observe explicitly that these two leading-order
monopole operators, distinguished by their gauge flux and charge conjugation properties
(encoded in the x and (x factors), are exchanged under the duality (3.5), consistently with

its action on the fugacities (¢, x) — ({,Cx).

4 Non-invertible symmetry in 3d A/ = 4 gauge theories

Recent studies [7, 8] have shown that certain variants of the ABJ theory, specifically
those described by the s0(2N)o, x usp(2N)_j gauge theory with two bifundamental half-
hypermultiplets, possess non-invertible symmetries. In particular, the authors of [8] demon-
strated that the [SO(2N)q, x USp(2N)_] /Z2 theory has a dihedral group of order 8, i.e.
Ds, global symmetry, and that the Dg symmetry web [4, 5] can be reproduced by sequentially
gauging various Zso global symmetries of such a theory.

1Both V(0,0:1,0,0) and V(1 0;1,0,0) have R-charge 2, consistent with the z2 scaling.



In this section, we generalise this result to a theory with N = 4 supersymmetry, namely
the s0(2N) x usp(2N) gauge theory, with zero Chern-Simons level and n bifundamental
half-hypermultiplets. For the theory to be “good” in the sense of [36], the s0(2N) gauge
group must effectively couple to at least 2N — 1 vector flavours, and the usp(2N) gauge group
to at least 2N + 1 fundamental flavours. Since the n bifundamental half-hypermultiplets
provide flavours for both factors, we will take n > 3 in the following analysis.®

The continuous flavour symmetry of such a theory is s0(n), which rotates the n bifunda-
mental half-hypermultiplets. As discussed in [7, 8] (see also [41, 42]), the SO(2N) x USp(2N)
gauge theory possesses discrete zero-form symmetries originating from the SO(2N) factor: a

[0]

magnetic symmetry Z,",, and a charge conjugation symmetry Zz(? ¢- Additionally, there is a

Z[zu one-form symmetry, identified as the diagonal subgroup of the Zs X Zs centre symmetry
corresponding to the SO(2N) and USp(2/V) gauge factors. The reduction from Zs x Zy to a
single diagonal Zs one-form symmetry is due to screening by the bifundamental fields. As
pointed out in [2], the 't Hooft anomaly involving these finite symmetries is captured by the
following anomaly theory supported on a spin four-manifold Mj:

m/ (NAPuaMUAM + AP UM L AS) (4.1)
My

where AP is the two-form background field for the Z[Zl] one-form symmetry, and A and

A§ are the one-form background fields for the Z[Q(?] v and Z[zo,]c symmetries respectively. Note

that the Z[Ql} one-form symmetry itself is free of 't Hooft anomalies [2] and can therefore be
gauged. Gauging this Z[Ql] one-form symmetry leads to the [SO(2N) x USp(2N)] /Zs theory.
The manifest global symmetry of the gauged theory is so(n) x Z[QO]B X Z[QO} M X Z[Q?]c, where
Z[Q(?} g is the zero-form symmetry dual to the Z[Ql] one-form symmetry of the parent theory.
Based on the arguments in [8], it is expected that the Abelian group of finite zero-form

[0] ]

symmetries ZQ’ B X Z[Q(?] M X Z[zo’c enhances to the non-Abelian dihedral group Dg. We will

show this using the index.

The case of N = 2 and n = 3. For convenience in studying such a theory with the
index, we consider the case of N =2 and n = 3. For such values of N and n, the first term
of (4.1) vanishes modulo 27, leaving only the mixed anomaly ir [}, AB U AM U AT, We
thus consider the [SO(4) x USp(4)] /Z2 gauge theory. Its index, refined by the fugacities
for the manifest global symmetry SO(3) x ZQ? B X 2[207] M X Z[Q(j]c, is detailed in appendix A.
The explicit result is given by

Z{[SO(4) x USp(4)] /Z2}

:1+[2]x+{;[4(1+x)+g(1+<+x+§x)]a—4+[4](1+><)

+ [([8] +2[4] + 2) + ([8] + [4] +1)X}a4— (12] +1)}x2+... :

5For n = 2, the monopole operator that carries the minimal magnetic fluxes under both gauge factors has
zero R-charge, rendering the theory “bad”.
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where a is the fugacity for the U(1)4 axial symmetry; g, ¢, and x are the fugacities for Z[Q(?} B

Z[Q?} v and Z[Q(?]C respectively; and [x] denotes the character of the irreducible representation
[z] of SO(3). The terms highlighted in blue denote the contribution of the U(1)4 x SO(3)
conserved currents. For reference, specialising to unit SO(3) fugacity and expanding up to
order z3, the index takes the form

14 3ax + [C(a_4w2)a_4 + C(a®2?) + C(a4m2)a4} ?
+ [C(a*%g)afﬁ + C(a?2%)a™? + C(a*z®)a® + C(a6x3)a6} 3 (4.3)
+ [C(a_8x4)a_8 +.. .}ZLA +...,

where

1 A
Claa®)=2(1+x)+ 59 > X/, Cla’2") =145y,

i,j=0
1
C(a*2?) = 21 + 15y, ClaSa®) =x 1+ +g > ¢\,
wI=0 (4.4)
Cla?2%) = (3-x) + gZClX, C(a®z®) = 10x — 1,
1,7=0
1 .
C(a2?) = 97 + 75, Cla™®2*) =8+3¢C+6x+2(x+3g > ¥’

i.j=0

Let us examine the coefficient C'(a~%2?) of the term a~%22. The contributions of various
operators to this coefficient are listed below:

Term in C(a™*2?) Operator SO(4) x USp(4) magnetic flux
2 (%), t(9B) (0,0:0,0), (0,0:0,0)
2x Pf(¢p), V(0,0,1,0) (0,0;0,0), (0,0;1,0) (4.5)
391+ ) Va-3isd (b-14)
39(C+ ¢x) Vit (% 333 %)

where ¢p and ¢ denote the adjoint scalar fields in the SO(4) and USp(4) vector multiplets,
respectively. The notation Vi,, 4,:, b,) denotes the monopole operator carrying SO(4) x USp(4)
magnetic flux (ay, ag; b1, b2). The charge-conjugation oddness (x-dependence) of the monopole
operator V(g o.1,0) is consistent with the discussion surrounding (3.12). Let us now focus on
the last two rows of the table (4.5) involving fractional fluxes. The structure relates to how
charge conjugation acts on monopole operators. As explained in [1, Pages 8-9] for the SO(4)
gauge theory, the Z[z?]c symmetry exchanges monopole operators with fluxes (1,1) and (1, —1),
denoted Y1) and Y® in that reference. Neither monopole operator (Y1) or Y(?)) has a
definite charge conjugation parity. Instead, the linear combinations Y4 = Y1) + Y?) are the
monopole operators with definite (even/odd) parity under Z[O] Applying similar logic to the
fractional flux monopoles appearing in the [SO(4) x USp(4 )] / Zs theory, the factor (1 + x)
associated with V( 1 1

.1 1, (and similarly (¢ + ¢x) for V, 1y) reflects that these specific
29 ) 2 ( 9 )

1 1.
2°2)
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monopole operators in the quotient theory do not have a definite parity under the original
Z[zo,}c symmetry alone, but are projected in a way captured by these fugacity combinations.
The prefactor % in the term % g Zz{j:O ¢*x? in the coefficient of a~42? indicates that the
index is invalid upon turning on the fugacities g, ¢ and y simultaneously.® Note, however, that
among these fugacity, if we either set x =1 or ( =1, or { = x = 1, then the index becomes
well-defined. As pointed out in [7], setting a fugacity to one amounts to turning off the
background gauge field for the corresponding global symmetry. Therefore, this discussion is
consistent with the presence of the 't Hooft anomaly i7 [, ABUAMUAY in the SO(4) x USp(4)
gauge theory. Another way to see this anomaly is to gauge all of the symmetries associated
with AP, AM and A§ in the SO(4) x USp(4) gauge theory and see what goes wrong in the
resulting [Pin(4) x USp(4)] /Z2 gauge theory. From the perspective of the index (4.2), this
amounts to summing over ( = +1 and x = 1 and then dividing by four. The result is

Z{[Pin(4) x USp(4)] /Za}

=1+ [2]a’z + %(4+g)a_4+ [4] + (8] +2[4] +2)a® — (2] + 1) |22 + ... . (4.6)

This index is ill-defined even if we set ¢ = 1 due to the non-integral coefficient of the term

a a2 [O] [20] M X Z[Q(?]C symmetry

This confirms the obstruction to gauging the full Z,
simultaneously, signalling the ’t Hooft anomaly.

We now examine the superconformal indices for various global forms of the gauge group.
For presentational simplicity, we set the SO(3) flavour fugacities to unity, but turn on the
fugacities g, ¢, and x for the discrete zero-form symmetries. The index retains the general
structure shown in (4.3), but the specific coefficients C(a*2PxP) differ for each global form,

as reported below.

. [O(4)* x USp(4)] /Zs :

Cla™?) =24 Jg(1+Q),  Cla?) =1,

Cla'a?) =21 Cla™a) = 9(140), o
Cla%) =3 ggmo, Cla?a) = -

Cla®a®) = 97 Ola™a") = 8+ 39(1 4 ).

Note that this index yields integer coefficients if the fugacity ¢ is set to 1 (i.e., the Z[O]
background field is turned off). The presence of terms involving 2(1 +¢) Slgnals an
obstruction to gauging the Z[Q(?] v symmetry (which would involve summing over ¢ = +1
and dividing by 2), as this procedure would lead to the ill-defined index previously
identified for the [Pin(4) x USp(4)] /Zy theory (4.6).

5Tn fact, the terms % g(1+ ¢+ x + ¢x) correspond to the two-dimensional irreducible representation of Ds.
Each individual term 1, ¢, x and (x corresponds to the four one-dimensional irreducible representations. The
presence of the factor of % indicates that we cannot refine g, ¢ and x simultaneously, since the associated
global symmetries do not commute. Setting g = 1 does not yield the consistent terms in the index, since the
product group of Zz generated by ¢ and Za generated by x is not a subgroup of Ds. We thank the JHEP
referee for pointing out this interpretation.
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* [Spin(4) x USp(4)] /Z, :

1
Cla™a?) =2(1+x) + 591 +x), C(a"2?) =1+ 5x,
2
C(a'z?) =21 + 15y, Cla %) =x+g(1+x), (48)
. .
Cla™%2%) = (3—x) + 291 +x), C(a*a?®) =
C(ab23) = 97 + 75y, (a*8w4)—8+6x+3g(1+x)
Similarly, this index is well-defined if y = 1. The presence of terms involving %(1 + Xx)

[0]

indicates an obstruction to gauging the Z,'» symmetry (summing over y = £1), which
would again result in the ill-defined [Pin(4) x USp(4)] /Zs index.

o [O(4)” x USp(4)] /Zs :

Cla™la?) =2+ 39(1+Q),  Cla?) =
4.2\ 0 643) =
C(a$)—21,7 C( )=C+9(1+¢), (4.9)
Ca™2%) =3+ 5 g(14+¢), C(a*z?) =
C(aSa®) = 97, Cla™®z*) =8+2¢ +3g(1+().

This index yields integer coefficients if ( = 1. The presence of terms involving %(1 + ()
signals an obstruction to gauging the leftover Z[ZO] v Symmetry, which is still surviving

0 9. M X Z[ZO]C, which we denote by Z[Q?] vc> has been

after the diagonal subgroup of Z,
gauged.” Again, a valid transition to the [Pin(4) x USp(4)] /Zo theory via this route is

prevented.

[0]

We now perform the gauging of the Ly p symmetry for each of the theories considered
above. This corresponds to summing the respective index expressions over g = +1 and
dividing by two.

e SO(4) x USp(4) :

Cla*2®)=2(1+x), C(a"%) =1+5x,
C(a'a?) =21 +15x, Ca %) =x(1+(), (410)
Cla™%2%) =3 -y, C(a*z®) =10y — 1, '
C(ab23) =97+ 75x, C(a 8z%) =8+3C+6x +2(x.
« O(4)* x USp(4)
Cla*2?) =2, C(a’z%) =1,
C(a*z?) =21, C(a %23 =0,
, , (4.11)
C(a22%) =3, C(a*z?) = -1,

C(a®2%) =97, C(a 8z =8+3¢C.

"As manifest from (2.14), the index of the O(2N)~ gauge theory still depends on the fugacity ¢ associated
with the Z[;]M symmetry, whose gauging leads to the Pin(2N) theory (see [2, figure 3]).
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o Spin(4) x USp(4) :

Cla2?) =2(1+), C(a’z?) =1+ 5y,
C(a4x2) =21+15y, C(a%2%) =y,
C(a 21»3) =3 C(a2x3) — 10y -1, (412)
C(aﬁxg) =97 + 75X) C(CL—81§4) — 8+ 6X
. O(4) x USp(d)
C(a*2%) =2, C(a2?) =1,
Cla*z?) =21, C(a %% =¢,
Cla %% =3, C(a22?) = —1, (4.13)
C(a6x3) :97’ C’(aiga:‘l) :8+2C
(a*4x2) =2, C(a0x2) —1,
(a4x2) =921 C(G_G.’L‘g) _ 0’
Cla™ 1‘3) =3, C(a?z3) = -1, (4.14)
C(a%%) =97, C(a ®z") =38.

The pattern observed — namely the inconsistency encountered when attempting to simul-
taneously gauge combinations corresponding to the [Pin(4) x USp(4)] /Zy theory, as seen
n (4.6), contrasted with the well-defined indices obtained for the [O(4)" x USp(4)] /Z2 and
[Spin(4) x USp(4)] /Z2 forms — is the hallmark of the underlying non-Abelian Dg global
zero-form symmetry structure present in the initial [SO(4) x USp(4)] /Z2 theory. This allows
us to place these different global forms of the gauge group within the Dg symmetry web,
as depicted in figure 1.

It is worth noting that the [O(4)~ x USp(4)] /Za gauge theory is not contained in this Dg
symmetry web (neither in [8, figure 3], [4, figure 1], nor [5, figure 34]). Nevertheless, our index
calculation demonstrates that this theory is distinct from the [O(4)" x USp(4)] /Zs theory,
necessitating their differentiation. Our analysis confirms that the [O(4)” x USp(4)] /Z2
theory possesses the expected SO(3) continuous flavour symmetry. Furthermore, its Coulomb
branch limit yields the unrefined Hilbert series presented in (5.19), which exhibits properties
consistent with N = 4 supersymmetry, such as a palindromic numerator and the expected
pole order at t = 1. We will also provide a further check using the volume of the base of
the Coulomb branch, viewed as a hyperKéhler cone, in (5.21).

The case of N = 3 and n = 3. Let us now briefly discuss the s0(6) x usp(6) gauge theory
with three bifundamental half-hypermultiplets. When the global form of the gauge group
is SO(6) x USp(6), the mixed anomaly (4.1) takes the form

i |, AP U [Bock (41) + a{tu Af] (4.15)

where Bock is the obstruction to lifting A from a Zy gauge field to a Z4 gauge field. As
[0]

discussed in [2, Page 21], if we gauge Ly p4, the mixed anomaly forces the resulting one-form

! Similarly, if we gauge the Z[Ql] one-form symmetry,

(0]

global symmetry to be extended to Z[
the resulting zero-form symmetry is extended to Z;
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Zse

[0(4)" x USp(4)] /Zs
2-Rep|(Z} x 25}y, ) = 25|
index (4.7)

[SO(4) x USp(4)]/Zs
2-Vec(Dg)
index (4.2)

A,

Sl0] | [0]
%91 | Ly

SO(4) x USp(4)

2-Vec|Zh! x 2L\, < 25|

index (4.10)

[Spin(4) x USp(4)] /Z»
2—Rep[(Z[21] X Zgl]c) i Z[QO]M]
index (4.8)

O(4)* x USp(4)
2-Vee| (25! x Z8) » 2]
index (4.11)

(0]
Ly pmc

A

O(4)~ x USp(4)
2-Vee[Z{! % 2}
index (4.13)

\
0]

[0] | 71
Loy m | Zy
|

v

Spin(4) x USp(4)
2-Vee| (25! x 2, ) » 2]
index (4.12)

(0]
Z[U] ZQ.,VI
2,M

Pin(4) x USp(4)
2-Rep(Ds)
index (4.14)

Figure 1. The Dg symmetry web for variants of the so0(4) x usp(4) gauge theory with three
bifundamental half-hypermultiplets. Each arrow labelled by ZQOJ connecting two boxes denotes
the gauging of the zero-form symmetry ZQL. In each box, which is associated with a specific non-
anomalous global form of the theory, we report the corresponding symmetry category and the index.
Furthermore, observe that, from the anomaly theory (4.1), this diagram retains the same structure

for the so(4m) x usp(4m) gauge theory with n bifundamental half-hypermultiplets.

The index of the theory, whose expression can be derived as described in appendix A, can
be employed as a tool to detect the aforementioned mixed anomaly. Explicitly, let us consider
the [SO(6) x USp(6)]/Za theory with a discrete Z[Q?]B zero-form symmetry arising from gauging
the Z[Qu one-form symmetry, along with the Z[g/\/l and Z[;]C symmetries. Let us denote the asso-
ciated fugacities as g, ¢ and X, respectively. It follows that, if we denote with Vig, 4, a5:1,b0,63)
the monopole operator carrying SO(6) x USp(6) magnetic flux (a1, az, as;b1,be,bs), then
the operators V. = V(; 11,111, and V_ = (11 1111, contribute %g (1 +X)C%a_9 and

2°2°2°2°2°2 20207 2'2°2°2

%g (1+x) C%(fg to the index at order xg, respectively.®

8Note that such monopole operators do not carry a definite Z[QO]C charge, but the linear combinations
Vi +V_ do.
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[SO(6) x USp(6)]Z2

2-Vec(Dg)
0 0
zi, 0 Zye
£2.B
[0(6) x USp(6)] /Z2 SO(6) x USp(6) [0(6)~ x USp(6)] /Z2
Q-Rep[(Z[Ql] x Z[;]M) % Z[QO}C] 2-Vec {Z[Q” x 24 x Z[QO}C] Q-RepKZQ] x Z[Q”M) x ZQ]MC]
/ \
[0 “ 0 0 0 “ S
%98 | Z[Q]C Zg.M Zg,]Mc “ ‘/Jz”f)
\ /
h | 4 L4
O(6)* x USp(6) Spin(6) x USp(6) 0(6)~ x USp(6)
2-Vee| (23" x 25 x 2] 2-Vee|Z}! x 2§ 2-Vee| (25" x Z5he) % 28]
7
0 2,C 0
ZYy Ziy

Pin(6) x USp(6)
2-Rep(Ds)

Figure 2. The Dg symmetry web for variants of the s0(6) x usp(6) gauge theory with three
bifundamental half-hypermultiplets, where the notation for the arrows is as explained in figure 1.
Each box contains the specific global form of the gauge group, as well as the corresponding symmetry
category. Observe that this Dg symmetry web holds in general for the so(4m + 2) x usp(4m + 2)
gauge theory with n bifundamental half-hypermultiplets.

A clear manifestation of the anomaly comes from the prefactor %, which signals that we
cannot refine the index with respect to the fugacities g, ¢ and x simultaneously, whereas
the index is well-defined upon setting ( = 1 and/or x = 1.

Furthermore, notice that half-integer powers of the fugacity ( appear together with the
fugacity g. A first observation is that, upon gauging the Z[;?]B symmetry to land on the
SO(6) x USp(6) variant, whose index can be obtained from that of the [SO(6) x USp(6)]/Z2
theory by summing over g = 41 and dividing by two, such terms are projected out. However,
this also signals that we cannot gauge both Z[Ql] and Z[z?]/\/l in the SO(6) x USp(6) theory
to reach the [Spin(6) x USp(6)]/Zs variant, due to the mixed anomaly between such Zs
symmetries. As a consequence, the Z[20713 and Z[Q(?]M symmetries of the [SO(6) x USp(6)]/Za
[0] ]
4

fugacity d = g¢ %, with d* = 1, where the contributions coming from the monopole operators

theory are extended to a Z,  symmetry. This can be detected using the index by defining a ZLO
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V. and V_ now read %d?’ (1+x)a* and %d(l +x)a? at order IL‘%, respectively. Upon
gauging the ZLO] symmetry of the [SO(6) x USp(6)]/Zs theory, we land on the Spin(6) x USp(6)
variant, whose index can be obtained from that of the latter theory by summing the fugacity
d over the four fourth roots of unity, and dividing by four. Finally, by further gauging
the Z[Q?]c symmetry, we reach the Pin(6) x USp(6) theory, which possesses a non-invertible
2-Rep(Dg) symmetry.” The various global forms of the gauge group, giving rise to the Dg
symmetry web, are summarised in figure 2.

Let us conclude with a final remark. As pointed out in [43, (3.63)] and [44, Footnote

1], when thinking of ZLO] as a non-trivial extension between the Z[QO}n normal subgroup and

the Z[Q?]q quotient group, it is useful to parametrise the fugacity d as
27 .
d = exp T(q—l—%) , with gq=0,1, n=0,1, (4.16)

where the variables n and q are associated with Z[;]n and Z[Q(?]q, respectively. The gauging

of Z[Q% (resp. Z[zo}q) can be implemented using the index by summing over n = 0,1 (resp.
q =0,1), and dividing by two. From (4.16), we see that the combination d + d®, hence the
contribution coming from V, and V_ at order x%, is projected out from the index of the
[SO(6) x USp(6)]/Zsy theory upon gauging Z[Z(?L. As described above, this is what happens
when the Z[Q(?}B symmetry is gauged to reach the SO(6) x USp(6) variant, leading to the
identification of Z[;?]B with Z[QO} . Since, by further gauging Zg?]q,

n we reach the theory with the
whole ZLO] symmetry gauged, whose gauge group is Spin(6) x USp(6), we conclude that we

can also identify Z[Q(?]q with the Z[QO,]M symmetry of the SO(6) x USp(6) theory.

5 Coulomb branch Hilbert series: an improved prescription

This section focuses on the Coulomb branch Hilbert series for quiver gauge theories involving
orthogonal gauge groups. We propose an improved prescription for computing the Coulomb
branch Hilbert series of the SO(V) gauge theory with Ny vector hypermultiplets, incorporating
background magnetic fluxes for the usp(2Ny) flavour symmetry. This extends the methods
presented in [33, appendix A]. Our improvements include:

1. A method for incorporating the fugacity x corresponding to the Z[zo]c charge conjugation
symmetry of the SO(N) gauge group.

2. The inclusion of a crucial phase factor when background magnetic fluxes for the usp(2./Vy)
flavour symmetry are non-zero. This phase factor ensures consistency between the
computed Hilbert series and the Coulomb branch limit of the superconformal index in
the presence of these background fluxes.

“Note that, due to the anomaly (4.15), the [Pin(6) x USp(6)]/Zz variant is anomalous. From the perspective
of the index, this can be understood as follows. First, if the Z[z(i]c symmetry of the [SO(6) x USp(6)]/Zz theory

is gauged by summing over x = *+1 and dividing by two, the total contribution to the index at order x?
coming from V, and V_ is %g (C% + (%) a®= % (d + d3) a~°%. Next, we would gauge the Z[QO,]M symmetry,
but this is forbidden by the half-integer powers of { appearing together with g.
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The first improvement (Point 1) is essential for directly calculating the Coulomb branch
Hilbert series for related gauge groups like O(N)*, O(N)~, and Pin(NV), bypassing the need
to first compute the full superconformal index and subsequently take its Coulomb branch
limit. The second improvement (Point 2) is particularly crucial in scenarios where the
usp(2Ny) flavour symmetry is gauged, such as in the orthosymplectic quiver gauge theories
discussed in subsequent sections.

5.1 Prescription for the so(2N) gauge algebra

A method for computing the Hilbert series for the O(2N)" gauge theory with Ny vector
hypermultiplets, with vanishing background magnetic fluxes, was proposed in [33, appendix A].
We begin by reviewing this prescription before presenting our generalisations.

Consider first the SO(2V) gauge theory with Ny vector hypermultiplets. The Coulomb
branch Hilbert series of this theory was discussed in detail in [39, section 5.4] and [45]:

N .
Hsonn, (t¢in) = > (Lim ™ £280m) Po oy (tm) (5.1)
my>mg>-->|m | )
my€EZ
Here, ( is the fugacity for the Z[Q(?] v Magnetic symmetry, m = (m1,...,my) denotes the

magnetic fluxes for the SO(2N) gauge group, n = (n1,...,ny,) represents the background
magnetic fluxes for the usp(2Ny) flavour symmetry, and A(m;n) is the conformal dimension
of the monopole operator characterised by these fluxes:

NfN

1
A(m;n) = 522 (Imi + njl + Imi — nj)
j=1i=1 (5.2)
— > (Imi4myl+|mi —my) .
1<i<j<N

The dressing factor Pso(2n)(t;m) (also known as the P-factor) represents the Hilbert series
counting of gauge-invariant operators constructed from the adjoint scalar field ¢ in the
residual gauge group preserved by the magnetic flux m. It is given by [39, (A.10)]:

. _ 7D U
Pson) (t:m) = Zgomy 11 24,y (5.3)
Jj=1
where #,(m) counts the number of times that = appears in (my,ma,...,my—_1,|my|), with
mp > my > -+ > |my|, my € Z, and
1 k=1 _1 ko1
gp—{rellicimm k2l gy hemm B2l

To compute the Hilbert series for the O(2N)* gauge theory with n = 0, the authors
of [33, appendix A] proposed to modify the summation range in (5.1). The magnetic
lattice is restricted to m1 > mo > --- > my > 0. This restriction arises because the

charge conjugation symmetry Z[QO}C, which is gauged in O(2N)™, identifies monopole fluxes

(my,ma,...,my) and (m1, ma,...,—my) when my # 0. Moreover, the Casimir invariant
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PE(p) ~ €iyig. igny P12 -+ - p2N-102N exists for SO(2N), but not for O(2N)T. Consequently,
the dressing factor Pyo(on) in (5.1) must be replaced. The appropriate factor for O(2N)*
corresponds to that of SO(2N + 1), which coincides with the dressing factor for USp(2N). In
summary, the authors of [33, appendix A] proposed the following formula for n = 0:

N e
Ho@ny+ N, (5 ¢m =0) = > (2im ™ 200 %) Pyspan (t;m) (5.5)
mi>ma>--2>mpy>0
where
. _ »C U
Puspan)(tm) = Z(m) 1;[1 235 (m) > (5.6)
i>
where #,(m) is now the multiplicity of = in the set {m1,ma,..., my} with the restricted

ordering m1 > mo > --- > my > 0, and Z,? is as defined before, while ch is:

k 1
F ol k>
Zg =t = (5.7)
1 k=0

We have verified that the result from (5.5) accurately matches the Coulomb branch limit
of the superconformal index (with y averaged) in numerous examples where n = 0. We
now describe our proposals for incorporating the charge conjugation fugacity x into (5.1)
and for correctly including non-zero background fluxes m in the formula for O(2N)" and
related groups, generalising (5.5).

The formula (5.1) correctly computes the x = +1 sector of the SO(2/V) Hilbert series:

N . .
Hsoenn, (6 CGx =+1Ln) = > (Dim {280 Poo oy (M) (5.8)
my>mg>-2|m | ’
myEZ
For x = —1, we propose that
N-1 NE o ~.
Hso@enn, (6 Gx =—Ln) = > (2imt My Do g2Amin)
mi1>me>-->mpy_1>0 (59)
X [QPUSp(zN) (t;m) — PSO(QN)(tV'Aﬁ)} ;
where m = (mq,ma,...,my—_1,0), which is simply m with the last entry set to zero. We
emphasise that, in the x = —1 sector, my is always set to zero. This restriction stems from
the fact that, for SO(2N), any gauge holonomy corresponding to x = —1 can be brought
to the form diag(z, zl_l, e, ZNZ1, z;ﬁl, 1, —1), effectively setting the associated magnetic
Ny
flux component my to zero; see [1, (6.9)]. The phase factor XZj:l "7 (written using y = —1)

highlighted in blue is crucial to ensure that the Z[zo’}c charge assignments for operators match
those obtained from the superconformal index when the background magnetic fluxes n are
activated. We will discuss this in detail shortly. The full Hilbert series for the SO(2N)
gauge group, refined by both ¢ and x and including background fluxes m, is obtained by

,19,



combining the y = +1 sectors:

Hgso@n),n, (5 ¢ xin)

1
= 5 [Hsoew.v, (1 Gx = +1:m) + Hson., (G x = 1))
! 5.10
+ 5 [Hsom v (6 x = +1im) = Hsopn,x, (16 x = —Lin)| x (5.10)

1
D) > Hsoenn, (66 x = s5n)(1+ sx) -
s=+1

Using this Hilbert series for SO(2/N), we can readily obtain the Hilbert series for other global
forms of the gauge group via appropriate projections, described in (2.14):

Ho@nyrn, (56 n) = 5 | Hsoen)n, (6 G x = +15n) + Hsoenn, (66 x = =1 n)} ,

Hspinanyn, (X6 1) = 5 [Hsoen)n, (¢ = +1x61) + Hsoenn, (6 ¢ = =15 x; n)] :

Ho@en)- N, (6 Gn) = _HSO(2N),Nf(t;C;X = 1;n) + Hsoen),n, (6 —Cx = —1371)} ;

N RN RN RN~

| Hspin(2n), Ny (tix = +1;n) + Hgpinan),n, (G x = —1; n)} :
(5.11)
Furthermore, the Coulomb branch Hilbert series computed using these prescriptions, including

Hpinany,N, (tim) =

non-zero background fluxes n, satisfies the N = 4 duality relation (3.5) in exactly the same

manner as the superconformal index identity (3.7):
Hson.), Ny = N — 186G xsm) = Hsow,), Ny = N —1(5 ¢ Q). (5.12)

5.2 Examples

We now illustrate the proposed prescription with several examples.

5.2.1 SO(4) gauge theory with three flavours

We first test our prescription against known results. Consider the SO(4) gauge theory
(N = 2) with Ny = 3 vector hypermultiplets. With vanishing background fluxes, n = 0,
formula (5.10) precisely reproduces the known result (3.11), previously obtained as a limit of
the index. This serves as a successful check on the incorporation of the charge conjugation
fugacity x via (5.9) and (5.10).

Next, let us turn on the background magnetic flux n = (1,0,0). Applying (5.10) with
this flux, the Coulomb branch Hilbert series up to order % is found to be:

Hsouyn,=3(t:Gxim = 1,ng =n3 =0) = (x + OO+ (C+x+ )t + .. (5.13)

The coefficients of #?7 in this expansion perfectly match the coefficients of a=?PzP in the

Coulomb branch limit of the superconformal index, previously given in (3.12).
N

.
Crucially, omitting the phase factor (—1)23':1 "I highlighted in (5.9), this would yield

L+ O+ 1 +C+O)E+... . (5.14)
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This result contradicts the Coulomb branch limit of the index (3.12). Furthermore, ex-
pression (5.14) is not invariant under the transformation x — (x, violating the duality
relation (5.12) which is a direct consequence of (3.5). This confirms the necessity of the
phase factor included in our prescription.

5.2.2 so0(4) X usp(4) gauge theory with n bifundamental half-hypers

Let us start by considering the [SO(4) x USp(4)]/Z2 gauge group. The Coulomb branch
Hilbert series can be computed similarly to the index, detailed in appendix A. The Hilbert
series for the xy = +1 sector is given by

H{30(4)xUSp(4))/Z2,n(t5 95 G X = +1)

1
_ Z ¢ Z Z ¢matme t2A(m;n)PSO(4) (t;ma, m2)PUSp(4) (t:n1,m2) (5.15)
e=0

m1>|mg| n1>ng>0
m;€Z+5 n,€Z+5

where
n 2
Almin) =3 3 (Imi+nl +mi=mgl) = 30 (Ima+myl + | = my)
ij=1 1<i<j<2
) (5.16)
— Ini +nj| + [ni —njl) —2) |ng.
Z ( J J
1<i<j<2 i=1
On the other hand, the Hilbert series for the y = —1 sector is given by
H{30(4)x USp(4)]/Z,n (£ G X = —1)
_ Z Z le (_1>n(n1+n2) tQA(m;n)PUSp(4) (t; na, n2)
m1€ZZO ni1>n9>0 (517)

n;EZL
X {2PUSp(4)(t§ m1,0) — Pso)(; m1,0)] :

Note that, in the x = —1 sector, the last flux mo of the SO(4) gauge group is set to zero. As
a consequence, there is no summation over half-integral fluxes, since otherwise these would
violate the Dirac quantisation condition, which imposes m; —n; € Z for all ¢, j. (The fact that
mg = 0 requires n; to be integers, which in turn requires m; to be an integer.) Moreover, we
emphasise that, for n odd, the phase (—1)”(”1+"2) is crucial, while it becomes trivial for even n.

The Hilbert series with the fugacities g, ( and x turned on can then be computed
as in (5.10):

His0(4)xUSp(4)]/Z2,n (t; 95 C; X)
1
= = Y Higo)xusp()]/zs,n(t; 9 G x = ) (1 + sx) -

2 s==+1

(5.18)

This result perfectly matches the Coulomb branch limit >°, C (a=2PzP)t?P obtained from the
coefficients of the superconformal index previously calculated in (4.3) and (4.4).

These formulae provide an efficient method for computing closed-form expressions for the
Coulomb branch Hilbert series. Such closed forms are valuable for verifying expected geometric
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properties of the Coulomb branch moduli space compatible with N’ = 4 supersymmetry.
As a specific example, the Hilbert series for the [O(4)~ x USp(4)]/Zs theory with n = 3,
setting fugacities to unity is:

Hio(4)- xUsp(4))/z2,n=3(t; g = 1;¢ = 1)

1
TP+ P 2L —t+ ) (1t + ) (1 + th)2
1
(1—t+2 =3+t (A +t+ 2+ 3 +t4)(1+19) (5.19)

x (1 — 22 4ot 478 — 3110 119412 4 20416 — 18 1 94420 | 4422
424424 _ 426 4 90p28 4 19432 _ 3434 | 7436 | 9410 _ 9pd2 t44)
=1+ 3t* + 3t + 165 + 23¢9 + 65¢12 + ... .

The numerator is indeed palindromic and the Hilbert series has a pole at ¢ = 1 of order eight.
This is as expected for a normal hyperKéhler variety of quaternionic dimension four. Let
us also provide further examples for other gauge groups:

Hig0(4)xUSp(4))/Za,n=3(t; g = ,{ = L x = 1)
1
(1 =881+ )31 +t2)*(1 —t +2)(1 +t +12)(1 + t4)
1
Ut B (It 2165114

+ 868 — 10 1 12412 1 241 1 16416 + 2¢'8 4 palindrome + t32)

x (1= 262 4t — (5.20a)

=1+ 6t* + 6t° + 315 + 46610 + 130t12 + ...,
Hgyo(4)xUsp(),n=3(t;¢ = Lix = 1)
1
(1—)8(1+6)8(1+2)* (1 —t+2) 1+t +t2)(1+t4)3(1 — 2 + t4)

1 2 4 6
O G R B Y R (136 7t 111 (5.20b)

+22t8 — 25¢10 4 42412 — 38414 + 63116 — 48¢18

+ 772 — 50422 4 7724 + palindrome + t44>
=1+ 4t + 216 + 1968 + 22410 72412 .

As a further consistency check, we can compute the relative volume of the base of the
Coulomb branch cone using the formula from [46, (1.17)] (see also [47] for applications
involving discrete gauging). For a Hilbert series H (t) corresponding to a cone Y of complex
dimension d, this relative volume Vol(Y') is proportional to lim; (1 — t)YH(t). Applying
this to our results (where d = 8):

Hisowxusp)/zan=s(tig = L =Lix=1
=1 Hgoayxusp),n=3(t; ¢ = Lix = 1) -
i 0@ xUsp@l/za =3ty =Li¢=1)
=1 Hso@)xusp(),n=3(t; ¢ = Lx = 1)

(5.21)

— 922 —



These ratios (2 for gauging Z[Ql} starting from SO(4) x USp(4), 1 for the O(4)~ case relative
to SO(4) x USp(4) after gauging) match the expected values based on the discrete gauging
procedure.

Finally, let us revisit the significance of the phase factor (—1)”‘2”‘1 in the y = —1
prescription (5.9). If this phase were omitted, the calculation for the [SO(4) x USp(4)]/Z2
theory (n = 3) would yield the following leading terms in the Hilbert series:

1 1
1+ 3+X+§g(1+x)+§g(C+CX) tr (5.22)

It is instructive to compare this with the operator contributions listed in table (4.5). The terms
proportional to g in (5.22) originate from the operators listed in the last two rows of table (4.5).
Omitting the phase effectively amounts to assigning charge conjugation parity in a different
way. For example, it would imply that the operator Vg o.1 ) is even under charge conjugation
(independent of x). As a result, the term 3 in (5.22) would correspond to tr(¢%), tr(¢Z) and
V0,01,0), and the term x in (5.22) would correspond to Pf(¢p). Moreover, in this case, the
Coulomb branch Hilbert series for the O(4)" x USp(4) gauge theory would be as follows:

> 7 280 Pug sy (8 my, me) Posp(ay (811, m2)
m1>ms>0 n1>n2>0 (5.23)

=1+3t* + 265+ 148 1 15¢10 147412 4 .

This result corresponds to a naive application of the prescription from [33, appendix A]
without the necessary phase correction needed when background fluxes (or dynamical fields
transforming under flavour symmetries that are gauged, like in the quiver) are present. As
this formula disagrees with the correct Coulomb branch limit obtained from the index (4.11),
it underscores the necessity of the proposed phase factor correction. We will not pursue
this further.

5.2.3 Quivers related to minso(6) and n.minso(5)

Let us consider the 3d N' = 4 USp(2) gauge theory with Ny = 3 flavours of fundamental
hypermultiplets. The Higgs branch of this theory is known to be the closure of the minimal
nilpotent orbit of the Lie algebra s0(6), denoted minso(6), while its Coulomb branch is the
orbifold C?/Z4. This theory can be represented by the following quiver diagrams:

O ] or equivalently ] O
USp(2) S0(6) SO(1) USp(2) SO(5) (5.24)

where X1, x2 represent fugacities for the charge conjugation symmetries associated with the
s0(1) and so(5) flavour symmetry factors, respectively. Henceforth, we denote these zero-form

. 0 0
symmetries as Z;,, and Z[2 ]XQ.
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The index of this theory is given by (see [48, (4.11)]):

L. 24)($'Z/1 Y25 X1, X2; 0)

dz
fz x1x2)? —zUS(2) (4: 2;1) H L (w7227 2sl)

ez 2miz 5=0,£1 (5.25)

2
1 1 ;
X H Zd{lr (x; ax1z8;sl)2d{1r(:v; ax22’; sl) x H H Zc}{lr(ﬂ“;azslyf;sll).
s==+1 i=1s1,50==+1

The phase factor (y1y>)", highlighted in brown, represents a potential modification to the
standard index formula which, to our knowledge, has not been explicitly considered previously
in the literature. We introduce a parameter 6 € {0,1} to control the inclusion (6 = 1) or
exclusion (§ = 0) of this phase. The case § = 0 corresponds to the index studied in [43, 48].
We will show that, while this phase does not alter the Higgs branch limit of the index, it
significantly impacts the Coulomb branch limit.

Expanding the index up to order 22 (and setting the so(5) Cartan fugacities y; = 1
for simplicity), we find:

Ti5.00) (259 = 1, X1, x2;0 = 0)
=1+ {X1X2a_2 + (6 +4x1 +4x2 + Xlxg)aﬂ x+ {(2 + x1x2)a™ 4 (5.26)
+ (29 + 20x1 + 20x2 + 15x1x2)a’ — (7 + 4x1 + 4x2 + 2X1X2)]$2 +.
Zis00)(z3yi = Lix1, X250 = 1)
=1+ {a_Q + (6 +4x1 + 4x2 + X1X2)CL2} T+ [3a_4 (5.27)

+ (29 4+ 20x1 + 20x2 4+ 15x1x2)a® — (8 + 4x1 + 4x2 + x1X2) }xQ +....

Observe the coefficient of the a~2z term, corresponding to the contribution from the minimal

monopole operator of the USp(2) gauge group. Its dependence on x1, x2 differs between the

-2

0 =0 and 6 = 1 cases. Specifically, for § = 1, this operator contributes a~“z, independent

of the charge conjugation fugacities xi, x2 in this formula (i.e. it is even under Z[2 ]x , and
Z[QO]XQ) In the subsequent analysis, we will investigate the consequences of gauging various
discrete symmetries, considering three primary scenarios:
1. Gauging Z[2071X1 (equivalent to gauging Z[2 ]xz)
: . . 0 0 0
2. Gauging the diagonal subgroup dlag(Z[2 ]Xl Z[2 ]X2) of Z[2 }Xl X Z[Q ]X2

3. Gauging diag(Z[zo] x 7 ) and another Z[QO} symmetry, which will be specified later.

X1 2,x2

Option 1: gauging Z[;:]Xl.

associated with the so(1) flavour factor in (5.24). This procedure effectively promotes the

[0]

We now consider gauging the Z; ), , charge conjugation symmetry

s0(1) flavour node to an O(1) gauge node, resulting in the following gauge theory:

O O [ ]
o) UK  sop) (5.28)
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At the level of the superconformal index, this gauging corresponds to averaging the index (5.25)
over xy1 = £1. With y; = 1, the results for § = 0 and § = 1 are:

Z(5.28) (w390 = 15 x2;6 = 0) (5.29)
=1+ (6+4x0) @’z + [207" + (294 20x0)a’ — (7 + 4x2) [2? + ...,
Z(5.08) (7590 = 15 x2;6 = 1) (5.30)

=1+ [a_Q + (6 + 4X2)a2} x+ {3a_4 + (29 + 20x2)a* — (8 + 4X2)}z2 +....
Setting the remaining charge conjugation fugacity x2 = 1 yields the unrefined indices:
Ts08)(x59i = 1ix2 = 1;0 = 0) = 1+ 10’z + (2a~* + 49a* — 11)2?
4+ (a7 —a™? - 93a® +165a%)2® + ... |

Lsos)(@syi=lixa=156=1)=1+ (a™2 4+ 10a?)z + (30~ 4 49a* — 12)2?
+ (3a7% — 2a7% — 93a® + 165a%)23 + ... .

(5.31)

The Higgs branch limit in both cases is the Hilbert series of the closure of the next to
minimal orbit of s0(5), donoted n.minso(5). The Coulomb branch of this theory, on the
other hand, depends on the value of 9:

C2/Dy, 6=0
Coulomb branch of (5.28) = . (5.32)
C2%/Zy, s=1
Note that, for the choice of 6 = 0, we have the following web of dualities:
dual
6=0: O O D — O (5.33)
O(1) USp(2) SO(5) 0(2) USp(4)
= o o o ]

where the double-headed red arrow denotes wreathing [49] (see also [43, 48, 50, 51]) with
respect to the vertical axis of symmetry (indicated by the blue dashed line), the index
computation for which was detailed in [43]. As pointed out in section 4.1 of this reference, the
two theories in the first line (related by duality) share the same index for § = 0. Furthermore,
this index matches that of the unitary wreathed quiver shown in the second line upon
exchanging a <> a~!, which is consistent with the expected mirror symmetry.

More generally, we can consider the theory

O O {]
O(1) USp(2)  so(2n+1) (5:34)
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The Higgs branch is isomorphic to n.minso(2n + 1), and the Coulomb branch depends on §:

C2/ Doy, §=0

py . (5.35)
C2/Dn+l ’ d=1

Coulomb branch of (5.34) = {

The reasoning for the differing Coulomb branches is as follows (see also the argument above [48,
(4.25)]). Consider first the USp(2) gauge theory with n + 1 flavours. For 6 = 1, the minimal

monopole operator M of the USp(2) gauge group is neutral under both Z[gx , and Z[Q(?]XZ.

Gauging Z[Q(T]X ,» which creates the O(1) node in (5.34), does not affect the Coulomb branch
moduli space; therefore, it remains C? / ﬁn+1. The three generators of C2 /ﬁn+1 are as
follows: (1) the Casimir operator tr(¢?) (order 4 in the convention of [52]), where ¢ is
the scalar in the USp(2) vector multiplet; (2) the monopole operator 9 (order 2n — 2);
and (3) the dressed monopole operator Ga, = M (order 2n). They satisfy the following

defining equation of C?/ ﬁn+1:
G, + M tr(p?) = [tr(?)]" (5.36)

In contrast, for § = 0, the contribution of 9t in the index carries the fugacity x1x2. Con-

[0]

sequently, when gauging 7Z the operators M and My are projected out as they are not

27X1’
invariant (they transform non-trivially under x1). However, 9M? and M2y are invariant.
Upon gauging Z[Q(?]X ,» the effective generators become tr(p?) and 92, along with a dressed

operator Gyy,_9 = 93?290. The defining relation transforms into:
G2, +MAtr(¢?) = [tr(p?)?" Y, with G = M2p. (5.37)

This is indeed the defining relation for C2?/ Doy,

[0] [0]
25X1 X Z27X2

X Z[QOPXQ. The corresponding index can be obtained as

Option 2: gauging the diagonal subgroup diag(Z
[0]
27X1

). We now gauge the

diagonal subgroup of Z

1

2

=1+ (a2 + 7%z + (3a™* + 44a* — 9)2° (5.38)
+(3a7% — 2072 — 85a® +148a%)2® 4. .. .

[1(5.24)(33;% =Lixi=x2=16)+ L (z9: = Lix1=x2 = —1;5)}

Note that the result is independent of §. In fact, (5.38) is the index of the following
gauge theory:

(5.39)
0(1) USp(2) SO(4)

This theory has an s0(2) @ so(4) continuous flavour symmetry, along with an so(2) magnetic
(topological) symmetry. The latter is present due to the fact that the USp(2) gauge group has
3 flavours of hypermultiplets in the fundamental representation and is therefore balanced [36,
section 5.1]. The Coulomb branch moduli space is C2/Z4. Note that the independence of §
of (5.38) is due to the presence of two bifundamental half-hypermultiplets under O(1) x USp(2)
in (5.39).
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x 7L ) and another Z[20] symmetry. Theory (5.39)

. . . 0
Option 3: gauging dlag(Z[ ] 2,2

2’X1
can also be rewritten as

SO(2)
SO(1)

(5.40)

SO(1)

X4

where we split the s0(4) flavour symmetry into an s0(2) and two so(1) sets, and we turn on
the charge conjugation fugacities x3 and x4 associated with the two so(1) flavour nodes. The
corresponding index can be derived by replacing the term in claret in (5.25) with

4

1/2 1/2
H H Zd{ir(x;axizs;sl) X H chir(x;azsly?;sll). (5.41)
=3 s==+1 s1,89==+1

We can now gauge the diagonal subgroup of the 70 7l symmetry. At the level of the

21X3 27X4
index, this is implemented by setting x3 = x4 = s, summing the index of theory (5.40) over

s = £1, and then dividing by two. Upon setting y; = 1, this yields
1+ (a2 +3a®)z + (3a=* + 24a* — 5)2? + (3¢~ — 2472 — 41a® + 72a%)23 + ..., (5.42)

where again this result is independent of d. This index is equal to that of the following
gauge theory:

SO(2)

(5.43)
O(1) USp(2) O(1)

This theory has an s0(2) @ s0(2) @ s0(2) continuous flavour symmetry, along with an so(2)
magnetic (topological) symmetry. The Coulomb branch moduli space is C?/Zy.

Mirror theory. Let us now discuss a mirror theory of (5.24) described by the following
quiver diagram (see e.g. [53], [33, table 2]):

T SO(2)
o o (5.44)

SO(2) Us;(z) SO(2)

C1,c1 (2, c2

Here ((1,¢1) and ({2,c2) denote the fugacities for the magnetic and charge conjugation
symmetries associated with the left and right SO(2) gauge groups, respectively. Initially
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setting the charge conjugation fugacities ¢; = ¢ = 1, the index of (5.44) is

Lis.44) (3 f3myp;5 1y Cos 01 —62—1)
1 dv
=5 > ]4 ey 2330 (25 2ms)
2 2miu 2mz 2miv
mu7m27mvEZ
X Zchlr _2 O H chlr _2 2Z 2£m2) ZChlI‘( _2 O) (545)
(=—1

1/2
X H [Zd{lr(a: au® z°2; symy, + sam.) Zd{lr(x av® 2%%; s1my, + soamy)
s1,520==+1

/2, . rs1_s2.
X Z o (xaf® 2% symy + Ssz)} ,

whose series expansion, setting f = 1 and my = 0, reads

Tsaay(z; f = Lmyp = 0;(1, (2501 = o = 1)
=1+ [(B+4¢ +4G +4GG)a % + 0| 2+ [(24+ 20G + 206 + 20G1Go)a ™ (5.46)

+3a* — (5+4¢ + 46 + 4(1C2)} "+

On the other hand, the index for (5.44) when ¢; = 1 and ¢p = —1 is

(.CC f mg; Cl,CQ,Cl =1 ,Co = 1)

Z(5.44
1 dv m. m USs
= — u UZ p( ) PN
2 Z meu o2miz 2miv vee (323 Mmz)
muymzez
mMy=0
x Zh(2:a72;0) H L (i a™222520m,) | 2L, (2 —a™2;0) (5.47)
=—1
X H [21/2(:C'auslzs?'s My, + )Z/ ( 51,52, +
chir \ s s 81My + som) 25 (@ av® 2°2; symy + sam;)
s1,89==*1

1
X ZC}{H(.%; afSleQ; S1my + ngz)} .
v=1,v"1=—1m,=0

The calculation can be straightforwardly adapted for the cases (c1,c2) = (—1,1) (by setting

my, = 0 and evaluating at u = 1,u~" = —1) and (¢, c2) = (=1, —1) (by setting m, = m, =0
and evaluating at u = v = 1,u™! = v = —1).10 Setting f = 1,ms = 0, the expansion
for any case where at least one ¢; = —1 yields

Ls.a0)(z; f = 1;myp = 05(1, (o501, ¢2)
=1+ (—a_2 + a2) T+ (4a_4 +3a* — 1) z? (5.48)

+ (—4a_6 +3a72-24%+ 3a6> >4+ , ifc;=—1and/or cg =—1.

ONote that, in the case (c1,c2) = (=1, —1), both contributions coming from the adjoint chiral fields in the
two SO(2) vector multiplets are given by 23, (z; —a™2;0).
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The index, refined with the charge conjugation fugacities c1,co, is obtained by summing
over the four sectors as follows:

Tis.a0y(m; f = L;myp = 0;(1, (2501, 02)

1
=7 > {1(5.44)(1‘# =1;my = 0;(1, (2501 = 51,02 = 82)
s1,520==%1

X (14 s1c1 + sgc2 + 81826102)} (5.49)

=1+ {C’(a‘%)a‘2 + aﬂ x + [C’(a—4x2)a_4 + C(a®z?%) + 3a4] -
+ [C(a_6m3)a_6 + C(a %2%)a™2 — 2a% + 3&6] R S
The Higgs branch limit, given by the coefficients of the term a?’zP, implies that the Higgs
branch of (5.44) is C2/Z,. Note that this is independent of (; or ¢;, and so does not change

upon gauging any charge conjugation or magnetic symmetry. Instead, the other coefficients
n (5.49) are given by

Clax) =G+ G+ G+ (a+etac)(l+0G+0G+0k),

C(a’z?) = {2 +C(a™ w)} ,
C(a™*2?) =9+ 5C(a %x), (5.50)
C(a™%2%) =15+ 19C(a2x),
C(a22%) = — [8 + 1lC(a*2m)} .

Let us now examine the gauging of the charge conjugation symmetries in this mirror theory.

Gauging Z[z(jl . X Z[O] Let us gauge the whole Z[O] X Z[QO,}CQ' The resulting index is
> Isan (@ f=Limy = 0;¢1, (i1, 02) . (5.51)
c1,co=%1

The index is given by (5.49), where now the coefficient C(a~2z) in (5.50) is changed to
(1 + (2 + (1(a, while the other coefficients take the same form. Setting (; = 1, we obtain

1+ Ba?2+a®)z+ (24a* + 3a* — 5)2% + (7247 % — 41a7% — 2a® + 3a%)23 + ..., (5.52)

which is equal to (5.42) upon exchanging a <> a~!. We thus conclude that

T SO(2) SO(2)
o . o (5.53)
02  USE 0@ o Uss@  o()
(5.43)

Gauging Z[2 ]C , or gauging the diagonal subgroup of Z[zo]c ) Z[zo]cz Let us now consider
gauging only Z[Q,]cl in (5.44). The resulting index is

1

3 > Tgag (@ f=1ymyp =0;(1,icr, ). (5.54)

c1==%1
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The index is still given by (5.49), with the coefficient C(a=2x) in (5.50) changed to (1 +
Co+ o+ ca (14 ¢+ Co+ ¢1¢2), while the other coefficients take the same form. Similarly,

gauging the diagonal subgroup of Z[Q?]CI X Z[Q?]CQ leads to the index

1
B > Isany(as f=1myp =0;¢1, G500 =ca =), (5.55)
s==+1

which can also be expressed as (5.49), with the coefficient C(a=2x) in (5.50) changed to

1+ 2(¢1 + ¢2 + ¢1¢2), while the other coefficients take the same form. In both cases, if we
set all the fugacities to unity, we obtain

1+ (Ta™2 + a®)z + (44a=* + 3a* — 9)2? + (148476 — 85472 — 2a% + 3a®)2x3 + ... . (5.56)
This agrees with (5.38) upon exchanging a — a~!. We thus conclude that

T SO(2) f SO(2)
dual
O O — O O

N\ N

0(2) USp(2) SO(2) [0(2) USp(2) 0(2)] (5.57)

mirror
<

O(1) Ug%?) SO(4)

where the notation [O(2), O(2)] denotes the theory that results from gauging the diagonal
subgroup of 709« 7

2,c1 2,co°

What about a mirror theory of (5.28)7 Let us return to the index (5.31) calculated
for theory (5.28). A candidate mirror dual to this theory must reproduce the index (5.31)
under the standard mirror map exchange a <> a~'. However, the structure of the coefficient
C(a~2%z) in the mirror quiver index (5.49) (before gauging c;) reveals that its dependence on
c1, C2 is such that gauging any combination of these Zy symmetries cannot yield the coefficient
10 required to match the a?z term in (5.31) (which maps to 10a2z under a <> a~!), since
the equation = + y(1 + ) = 10 does not admit any integer solutions such that 0 < x < 3
and 0 < y < 3.

Intriguingly, if one were to perform a calculation omitting the crucial phase factors
discussed earlier (analogous to the issue highlighted for the Hilbert series prescription (5.9)),
one might hypothetically calculate the Coulomb branch Hilbert series for quiver

T SO(2)
5 . (5.58)

N\

SO(2) USp(2) 0(2)
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as follows:1!

Z Z Z e 2ot (IsmzlFImatsma|+my +sms|)—2|2m. |

My EZ M, GZZO My EZZO

1 5.59
x 17PUSp(2) (t; mz)PUSp(2) (t;my) ( )

=1+ 10% + 49t* + 165t° 4 440® + 1001t° + ..., for G =G = 1.

This resulting series remarkably matches the Hilbert series of n.minso(5), which is indeed
the Higgs branch of theory (5.28). However, as previously established, omitting necessary
phase factors leads to results inconsistent with the superconformal index and known dualities,
rendering such calculations unreliable for establishing mirror symmetry.

This prompts a different question: can we ad hoc modify the index computation for the
mirror quiver (5.44) itself, by inserting a phase factor analogous to our proposed correction,
to achieve a better match? Specifically, let us tentatively modify the expression for the
ca = —1 sector, based on (5.47), by inserting a phase (—1)"=:

(ZL‘ fa mfa<1a<..27cl 1762 = _1)
d d dv
SN o Iy 20 ) (3 2m.)

omiu 2miz 2miv ) vee

My ,MzEL
my, =0

x Zh. (x;072;0)

Ch1r

H chir (3072275 20m.) | 2y (w05 —a”;0) (5.60)
=1

X H [Z;{ir(x au® 2°%; symy, + samy) Z, 1/2

chir

(x; av®12%2; symy, + samy)

s1,s2==+1

1/2 51,52,
X Z i (xyaf* 2% symy + som.) B ,
v=1,v71=—1,m,=0

while keeping the calculation for the ¢; = co = 1 sector (5.45) unchanged. The index
for (5.58) would then be

1 a2 4 4 2
51(5345) + (5.60)] o1 = 1+ (100> + @)z + (49a* + 34" — 10)a (5.61)

+ (165a_6 — 92072 — 54 +3a%)23 + ... .

Remarkably, the Coulomb branch limit and the Higgs branch limit of this modified index (5.61)
now match the Higgs branch and the Coulomb branch limits, given by n.min so(5) and C?/Z,
respectively, of the original theory index (5.31) with 6 = 1. Despite this agreement in the
limits, the full indices themselves are not related by the simple mirror map a <> a~. A
detailed comparison of the expansions of (5.61) and (5.31) (with § = 1) reveals the presence
of two additional marginal operators that are neither Higgs nor Coulomb branch operators.

"This calculation resembles a naive application of methods from [33, appendix A] without necessary phase
corrections, particularly relevant when dealing with background fluxes or gauged flavour symmetries.
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What about a mirror theory of the Z[Z(?]x L X Z[2(3]Xz gauging of (5.24)? Naively, one

would propose the candidate mirror theory to be as follows:

? SO(2)
- - (5.62)

N

0(2) USp(2) 0(2)

As before, if one were to perform a calculation omitting the crucial phase factors discussed
earlier, we would obtain

Z Z Z C{nucglv tzszil(|5mZ|+‘mu+st|+|mv+smz‘)—2|2m2‘
My €Lz >0 MzEL>g MyEL>q

5.63
X Pygp(2)(t; mu) Pusp(2) (t; m2) Pusp(2) (£ m0) (5.63)

=1+ 6t%429t* +89t5 +236t8 + 521410+ ... for (G = = 1.

This is in agreement with the Coulomb branch limits of (5.26) and (5.27) upon gauging
Z[Qoga X Z[QO’}XQ. Nevertheless, let us again emphasise that omitting such a crucial phase
factor leads to a result that is inconsistent with the index and known dualities. As before,
if we ad hoc modify the index computation by inserting a phase factor in a similar way

to (5.60) as follows:!?

% {(545) + (5.60) + [(5:60) s, mucsmo + [(GADumtum1=1mumo} » (5:64)

we would obtain

1+ (6a2+a®)z + (29a* + 3a* — 6)2?

5.65
+ (89a7% — 48472 — 5a% 4+ 3a%)2® + ... . (5.65)

Although the Coulomb branch limit of this index is in agreement with the Hilbert series (5.63),

1

the entire index is not equal to (5.26) and (5.27) upon exchanging a and a~*. This is in

contradiction with what should be expected from mirror symmetry.
5.2.4 Orthosymplectic quiver with an s0(10) global symmetry

In this section, we consider the USp(2) gauge theory with five flavours of fundamental
hypermultiplets, namely

O L] (5.66)

USp(2) SO(10)

and its mirror theory described by the following orthosymplectic quiver (see e.g. [17, (3.6)]):

U(1)
. ~ T ~ o 7 (5.67)
SO(2) USp(2) SO(4) USp(2) SO(2)

1211 the last term contributing to the sum (5.64), we also have to replace Z%,;,(x;a~?;0) appearing in (5.47)
with 24, (z; —a™2;0).
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where /Zs denotes the gauging of the Zs one-form symmetry that is present in the quiver
diagram. This gauging gives rise to a dual Zo zero-form symmetry, which we denote by Z[Q?]B.
It is worth noting that theory (5.66) is also known to be mirror dual to a theory based on
the affine D5 Dynkin diagram involving unitary gauge groups [34]:

1 1
/U(1) (5.68)

1 1

Here, we will focus primarily on the relationship between (5.66) and the orthosymplectic
quiver (5.67), deferring discussion of the affine D5 mirror (5.68) to appendix C.
The index of theory (5.67) is given by

L(5.67) (w5 a3 95 ¢ )
=14 [7T+10C +6x +6Cx + g (4+4C + 4y + 4¢xY)] a2z

5.69
+ {[120 +102¢ + 106 4+ 106¢x + g (84 + 84¢ + 84y + 84¢y)] a™* (5.69)

+a4—[8+10§+6X+6§x+g(4+4§+4X+4<X)]}x2+...,

where ¢ is the fugacity associated with Z[QO}B, whereas ¢ and x are the fugacities for the

Z[Q(?} v magnetic symmetry and the Z[Z?]C charge conjugation symmetry associated with the
SO(4) gauge group in quiver (5.67). Note that the index is invariant under the transforma-
tion (¢, x) — (¢, (x), consistent with the self-duality property (3.5) applied to the SO(4)
gauge node.

For simplicity in the following analysis, let us initially focus on the roles of the Z[Q?] A and

Z[QO}B symmetries (associated with fugacities ¢ and g, respectively). The theories resulting
from gauging various combinations of these discrete symmetries are summarised in table 1.
The table also reflects the duality (3.5) applied to the SO(4) node, indicating that the
global form involving Spin(4) is dual to the one involving O(4)~. Setting fugacities other
than a to unity, the unrefined index for each theory listed in the table takes the following
schematic form up to order z2:

14 aa®?z + {ﬁaﬂ +a™ = (a+ 1)} e (5.70)

where o and ( are given in the last column of table 1, and the sign choice £+ depends
on whether the quantity is computed from (5.66) or its mirror (5.67). From the mirror
symmetry perspective, the discrete symmetries Z[z?] v and Z[Q?]B of the quiver theory (5.67)
correspond to specific actions on the hypermultiplets of the mirror USp(2) theory (5.66).

This correspondence can be visualised as

? SO(4)
¢ I (5.71)

SO4)  USp(2)  SO(2)
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(a, B) in (5.70)

Variants of (5.67) Mirror theory Continuous symmetry
T (1)
o O /Iy o—{] (45,770)
SO(2)  USp(2)  SO(4)  USp(2)  SO(2) USp(2)  80(10) s0(10)
T u(1)
o o Jz
SO(2)  USp(2)  Spin(4) USp(2)  SO(2) ’ (21,394)
or O(4)” 50(6) & s0(4)
T U(1)
o o (29,434)
SO(2)  USp(2)  SO(4)  USp(2)  SO(2) 50(8) @ 50(2)
u(1)
f SO(4)
o o Zs /Z
SO(2)  USp(2)  Spin(4) USp(2)  SO(2) D/— (13,226)
or O(4)~ SO(4)  USp(2) S0(2) 50(4) @ 50(4) B 50(2)

Table 1. Variants of (5.67), the corresponding mirror theories, index coefficients, and continuous
global symmetries.

(0]

where ¢ and g denote the fugacities corresponding to Z,",, and Z[QO}

B respectively, acting on
specific hypermultiplets of the USp(2) gauge theory with five flavours.

Note that the quivers in the second column, representing actions on the USp(2) theory,
can also be redrawn equivalently by replacing the “/Zy” action on the hypermultiplets
connected to the SO(2k) flavour node with k& bifundamental half-hypermultiplets connecting

SO(6) f S0(6)
/22 _
—] = f@@

to an O(1) gauge node:

USp(2) SO(4) USp(2) o)
SO(8) SO(8)
f o= (5.72)
USp(2) SO(2) USp(2) o)
s0(4)T SO(4)
/Z Zs _
SO(4) USp(2) SOE(L) a o(1) USp(2) 0(1)

Let us now focus on the charge conjugation symmetry Z[QO]C associated with the SO(4)

gauge group in quiver (5.67). Across the mirror duality, this Z[Z(?]C symmetry maps to a
combination of actions on the USp(2) theory (5.66). It acts on the hypermultiplet associated
with the violet edge (carrying ¢) in diagram (5.73) below, and it also induces an exchange
(wreathing) between the flavour subgroups associated with the violet edge and the black edge
(the uncoloured SO(4) flavour node). The wreathing action, studied in [43, 49], is denoted by
the double-headed blue arrow below. We depict the action of these symmetries (y for Zg?]c,
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(¢ for Zg?] Ao g for Z[207} ) on the flavour nodes of the USp(2) theory as follows:

SO(4)

X ¢ p (5.73)

(]
SO(4) USp(2) SO(2)

Quantitatively, the index of (5.73), for x = +1, is given by

L5y (a5 fr, .05 f559: ¢ x = +1)

1 ?{ dz _usp(2 —2 2
= g Zvecp( ) (x;2z;my) I | ZChlr xya” 2% 20my)
2 2miz =1

X H [ch}ﬁ(xa gaz® 1523 S1mM, + ngfl)

s1,50==+1 (574)

5 S1 £52,
X | I Zchlr z; xCaz™ f25 s1m, + samy;)
1/2
| I chir (T3 @2t f25 81m, + samy,)

On the other hand, for y = —1, the index is given by
I(5.73)(w;a; fiofo, faig=1:¢Gx = —1)

- Z %27112 ZUSe@) (g 2:m,) H 2L (z:a722%; 20m,,)
(=—1

(5.75)

X H [chlr(x; ga’Z$1 fis2a S1My + Smel)
s1,52==%1

. 2_2s1 £82.
X HZChlr ,XCCL < fj 3 S1My +52m?) ’

where the squares of fugacities z, a and z in the last line are due to wreathing, as explained
n [43], and we can set the fugacity g to unity since it acts trivially in (5.75).'% In the

3The fact that the fugacity g drops out of the index (5.75) is consistent with the absence of the fugacity g in
the index corresponding to the x = —1 sector in the mirror theory (5.67). Indeed, in the mirror quiver (5.67),
the fugacity g is associated with the Zg?B symmetry arising from gauging the Zs one-form symmetry. At
the level of the index, such gauging procedure is implemented by summing also over half-integral fluxes, i.e.
21 V9 Zm-eZJr%' However, in the x = —1 sector, we set the last flux of the SO(4) gauge group to zero and,
in order for the Dirac quantisation condition to be satisfied, there is no summation over half-integral fluxes,
see the discussions below (5.17) and below (A.2).
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following, we will set f; = 1 and f; = 1. The index of (5.73) is therefore

1
Lisaz)(wsa; fi = 159;Cx) = 3 211(5.73)(1‘; fi=19;¢Gx = s)(1+ sx)

— 14 [7+10§+6><+6<x+g(4+4C+4X+4<X)‘L2} "’3
+{a" 4+ [120 4+ 102¢ + 106y + 1060 + g (84 + 84¢ + 8dx + 84¢x)] a*

f[8+10C+6x+64x+g(4+4§+4x+4§x)a2”x2+...

(5.76)

=Ti.on(za ' 9:GX) -

This is precisely equal to the index of theory (5.67) upon exchanging a <+ a~!, which confirms
that (5.67) is mirror dual to (5.73).

Inconsistency of the theory with the O(4)* gauge group. Observe from (5.74) that
Z[Q(?} v acts non-trivially on the hypermultiplet with fugacities f2 3, but acts trivially on those
with fi5. Turning on ¢ therefore obstructs wreathing, whose action identifies these two
sets of the hypermultiplets. Recalling that the wreathing action corresponds to the Z[;]C
charge conjugation symmetry, this obstruction implies a mixed t Hooft anomaly between the
magnetic symmetry Z[g v and the charge conjugation symmetry Zg?]c in the theory (5.67).

This is characterised by the anomaly theory

i [ AU AS U AS, (5.77)

My
where A2 is the background gauge field associated with the one-form magnetic symmetry of
the theory whose central gauge node is Spin(4), i.e. those in the second and fourth rows of
table 1. This anomaly implies that we cannot gauge the one-form magnetic symmetry, together
with the Z[Q(?]C charge conjugation symmetry, in the theory with the Spin(4) gauge group.
Since gauging the one-form magnetic symmetry results in the theory with the SO(4) gauge

[0]
2

group, it follows that we cannot gauge the Z "¢ charge conjugation symmetry in the latter

theory, which turns SO(4) into O(4)". In other words, the following theory is inconsistent:!4

T u(1)
o o /Z (5.78)
SO(2)  USp(2)  O@)*  TUSp(2)  SO(2)

The unrefined index of this theory takes the form (5.70) with («, 8) = (25,390), where the
continuous global symmetry is su(5) @ u(1). Since (5.78) arises from gauging Z20,c associated
with SO(4) in (5.67), the operators of the former theory transform under representations
of the subalgebra su(5) @ u(1) embedded within the original so(10) global symmetry. In
particular, the moment maps operators of (5.78) can be derived from those of (5.67) using
the branching rule

45 — (10)(4)® (24)(0) ® (1)(0) ® (10)(—4), (5.79)

4Note that, on the other hand, the theory with Spin(4) gauge group is consistent, since Z[;] v is gauged
and so we cannot turn on ( in the index.
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where we denote in orange the representations projected out by gauging Zg?]c, identified
here as those carrying u(1) charges +4. Next, we consider the Coulomb branch marginal
operator in the representation 770 of (5.67):

770 — (50)(8) D (ﬁ)(JI) ®(10)(4) ® (200)(0) D (75)(0) D (24)(0)
8 50

(5.80)
& (1)(0) ® (175)(—4) @ (10)(—4) & (50)(-8).

The total dimension of the representations with u(1) charge 0 is 300, and that of those with
u(1) charges +8 is 100. We see that there is no way, using the above representations with
direct sums, we can form a representation of dimension 390 in which the Coulomb branch
marginal operators of (5.78) transform. This is a manifestation of the inconsistency of the
theory with the O(4)* gauge group.'® A similar inconsistency argument applies to the parent
theory without the overall Zs gauging:

T u(1)
O O (582)
SO(2) USp(2) O4)* USp(2) SO(2)

whose unrefined index of this theory takes the form (5.70) with (o, §) = (17,222), where
the continuous global symmetry is s0(6) ® s0(2) @ s0(2).

Let us briefly comment further on the inconsistency related to gauging charge conjugation,
as discussed previously. We concur with the observation related to [17, (3.6)], suggesting that
the U(1) gauge node in quiver (5.67) should not be simply regarded as SO(2), but rather
viewed as a U(1) subgroup of a larger USp(2) symmetry. Following this line of reasoning,
we observe that if one were to formally treat such a U(1) node as SO(2) and attempt to
gauge its charge conjugation symmetry, formally transitioning to O(2), the resulting index
calculation leads to inconsistencies. Specifically, the coefficients of low-order terms violate
expected constraints. For instance, the inferred contribution from conserved currents at order
x? is inconsistent with the flavour symmetry currents contributing at order z.

Symmetry extensions. An implication of the anomaly (5.77) is as follows. Gauging the
Z[ZO,}C symmetry in the theory with the Spin(4) gauge group results in a dual Zs one-form
symmetry, and turns Spin(4) into Pin(4). The anomaly indicates that this dual symmetry
and the Zy one-form magnetic symmetry participate in a non-trivial extension, leading to

(1]
4

an enhanced Z; ' one-form symmetry in the theory with the Pin(4) gauge group. By the

same token, the Z[Q?]C and Z[QO} v Symmetries in the theory with the SO(4) gauge group form

'5We can perform a similar analysis for the case of Spin(4) gauge group, say the second row of table 1. We
consider the branching rules between s0(10) and su(2) @ su(2) @ so(6) as follows:

45 — (3,1,1)®(1,3,1) ® (1,1,15) & (2,2,6)
770 — (5,1,1) ©(3,3,20) @ (3,3,1) © (3,1,15) @ (1,5,1) & (1,3,15) @ (1,1,84) (5.81)
®(1,1,20) @ (1,1,1) ® (4,2,6) & (2,4,6) @ (2,2,64) & (2,2,6),
where gauging Z[;]M projects out the terms containing even dimensional representations of su(2). Observe

that the total dimension of the representations denoted in black in the second branching rule is 394, in perfect
agreement with the value of § in the second row of table 1.
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[0]

a non-trivial extension to a Z, " zero-form symmetry. To see the latter from the index, we

[0

write d = (x and treat d as Z4] fugacity. The following analysis is completely analogous
to [43, (3.63), (3.64)]. We write x = d( = ¢*¢, and view Z[20,}M (whose fugacity is () as a
(0]

normal subgroup of Z; . Here ¢ is the fugacity associated with the quotient group ZLO} / Z[QO] M

The index of the following theory

T u(1)
o o /Z (5.83)
SO(2)  USp(2) Pin(4)  USp(2)  SO(2)

can be computed as in [43, (3.63), (3.64)]:

*Z 2156795@9Ca —q Z 21(567 (w505 955 x)

q=1,1 (==%1 X +1 (==+1
=1+ (T+4g9)a 2z + {(120 +84g)at +a* — (8 + 49)} z?
+ [(1004 + 8969) a=® — (236 + 1969) a =% + a®| 2 + ... .

(5.84)

The unrefined index of this theory takes the form (5.70) with (a, 8) = (11,204), where the
continuous global symmetry is s0(5) @ so(2). Gauging 2207 3, we obtain the theory

T U(n)
O o) (585)
SO(2) USp(2) Pin(4) USp(2) SO(2)

whose unrefined index takes the form (5.70) with (a, 8) = (7,120), where the continuous
global symmetry is so(4) @ so(2).

5.3 Prescription for the so(2IN + 1) gauge algebra

We now turn our attention to the SO(2N + 1) gauge theory with Ny vector hypermultiplets.
The computation of the Coulomb branch Hilbert series for this theory, in the case of vanishing
background flavour magnetic fluxes and without refinement by the charge conjugation fugacity,
was detailed in [39, section 5.3]. Methods for incorporating non-zero background flavour
magnetic fluxes were subsequently described in [33, 45].

Here, we propose a method to incorporate the charge conjugation fugacity x into the
Hilbert series calculation, including the effects of background flavour fluxes. Motivated by
the structure observed in related index calculations, particularly the phase factor involving §
n (5.25), we propose the following formula for the y-refined Coulomb branch Hilbert series
of the SO(2N + 1) theory with Ny vector hypermultiplets:

Hso@n+1),n, (8 G xsns0)
= Z X(l 5 Z] 1 CZ mthA m; n)PUSp(2N) (t, m) .

m1>mg>-->mpy>0

(5.86)
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Here, A(m;n) is the conformal dimension of the monopole operator with gauge magnetic
fluxes m = (m1,...,my) and background flavour fluxes n = (n1,...,ny,):

1 Ny N N
A(m;n):§ [Z (|nj|+ Z Z|ma_5nj|)] _Z‘ma|
j=1 s=+1a=1 a=1 (587)

— Z (Img — mp| + |ma + 1) -
1<a<b<N

The dressing factor (P-factor) of the SO(2N + 1) gauge group is equal to that of the USp(2NV)
gauge group, namely Pys,an)(t;m) given previously in (5.6). As usual, ¢ is the fugacity
for the zero-form magnetic (topological) symmetry, and x is the fugacity for the zero-form

charge conjugation symmetry. Note the crucial phase factor X(l_(s) Z;'V:fl " The parameter
d € {0,1} functions similarly to its appearance in the index (5.25), controlling the presence of
this y-dependent phase, although here it appears with (1 — §) in the exponent. Our proposal
implies a specific interplay between the phase factor in the Hilbert series and a similar phase
in the superconformal index. When § = 0, the phase XZ "i appears in the Hilbert series
formula (5.86), but is absent in the corresponding index. Conversely, when § = 1, the phase
is absent in the Hilbert series, but present in the index. This inverse relationship between
the presence of the phase in the Hilbert series versus the index, governed by (1 — §), is a key
feature of our proposal. This was actually observed and explained around (5.59) and (5.60).
As a result, if the background flavour fluxes are set to zero or if § = 1, the proposed Coulomb
branch Hilbert series (5.86) becomes independent of the charge conjugation fugacity x.'¢ In
the subsequent discussion, we will primarily focus on the case § = 0.

To see how the x-dependence appears in the Hilbert series according to our prescription,
let us consider theory (5.24), namely

[] O (]
SO(1) USp(2) SO(5) (5.88)

and apply (5.86). In this case, there is no gauge magnetic flux for SO(1). The Coulomb
branch Hilbert series becomes

D (xaxg) O g2l =2l g o) (£ m)
n>0

PE[x1x2t? + (1 + x1x2)t* — t°]

5.89
_ =14 x1xet? + (2 + xaxa)t* + (14 2xax)ts + ... d=0 (5-89)
PE[t2 4 2t4 — 8] ’
=14+t24+3t* + 30+ ... §=1

where n is the USp(2) gauge magnetic flux. This Hilbert series result perfectly matches
the Coulomb branch limits (coefficients of a=2P2P) extracted from the corresponding index
calculations (5.26) (for 6 = 0) and (5.27) (for § = 1), respectively. Averaging these results over

16T he result for the case of § = 1 can be obtained from that of § = 0 by simply setting x = 1.
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X1 = %1 yields the Hilbert series for theory (5.28). For § = 1, the result is trivially PE[t? +
2t* — 8] (the Hilbert Series for C?/Z4). For § = 0, the average yields PE[2t* + 6 — ¢12] (the
Hilbert Series for C2/ 134). These precisely match the Coulomb branch geometries identified
for theory (5.28) in (5.32) for the respective values of §. This successful matching provides
support for the proposed y-dependent phase structure in our Hilbert series prescription.
Let us now examine another theory:
O O [ ]

SO(3) USp(4) S0(7) (5.90)

X

where y is the charge conjugation symmetry associated with the SO(3) gauge group. The
Coulomb branch Hilbert series, where we turn off the background fluxes for the so(7) flavour
symmetry and set § = 0, is

H5.90)(t; ¢ x50 = 0)

=3 > ymtmegmeAlmnim) pug o) (8 m) Puspy (tn1,m2) | (5-91)
m>0n1>n2>0
where
LS (i X 'S
A(mini,ng) = o ;| + [m +sng| | + 5> |nil
23 s—+1 2.3 (5.92)

— [m| = (In1 = na| + [n1 + na| + [2n1] + [2n2]) .
The Coulomb branch of this theory is known to be a complete intersection, allowing its
Hilbert series to be expressed in the following closed form:

H5.90)(t; ¢ x50 = 0) (5.93)
=PE[(C+x+ 02 + 2+ C+x+ Ot — 15 —112] . '

Using this result, we can obtain the Coulomb branch Hilbert series for theories involving
other global forms of the SO(3) group. For example, the Hilbert series for theory

O O { ]
0(3)* USp(4) SO(7) (5.94)

is obtained by averaging (5.93) over xy = +1:

H(5.94)(t;¢;0 = 0)
2P (=) (L) (1= 2 Y [1— 202 + (3+ O)t* — 216 + 48] (5.95)
N (L= 1) (1 +8) (1= ¢ (14¢t2)° (1 = ¢4 (1 4 ¢tY) '

=14+ P+ (520 + A+ 7O+ (20 13083 + ... .

We can verify the result (5.93) by computing the Higgs branch Hilbert series of the mirror
dual theory, given in the third row of [33, table 9] as:

f SO(3)

5.96
O O O O O ( )
SO(2) USp(2) SO(4) USp(4) SO(3)
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The linear chain

O O O L]
S02)  USH®  SO()  uUspW) (5.97)

within this mirror quiver corresponds to the T[USp(4)] theory. The Higgs branch Hilbert
series of the latter is given by the Coulomb branch Hilbert series of the T[SO(5)] theory
Hrpsoes) (t; 71, 2z2;m = 0) given by [45, (4.34)] with the background flux m = 0, where
x = (w1, 2) are the USp(4) fugacities.!” The Higgs branch Hilbert series of (5.96) is given by

dr1 dry dz B
x PE { t? EQU}( x) — 2z + 1+ 2_1)] x Hpsoesy (t; z;m = 0) (5.98)

x PE [t(z + 1+ 27 x4 (@)] PE[t(¢+x+ QOxGy (@)

where, crucially, the fugacities ¢, x from the original Coulomb branch Hilbert series (5.93) are
mapped under mirror symmetry to flavour fugacities for the final SO(3) flavour symmetry of
the mirror quiver (5.96). In particular, the combination ¢ 4+ x 4+ (x that appear in (5.93) is
mapped to the character of the SO(3) flavour symmetry that appears in the last term in (5.98).
The characters of the fundamental and adjoint representations of USp(4) are as follows:

X[1 o] Z sz ) X[Qo] ) =2+ Z 2 4 22 + (z120)° +($1x51)5]. (5.99)
s==x1i=1 s==+1

Evaluating the integrals in (5.98) yields a result that precisely matches the proposed closed
form (5.93) for the Coulomb branch Hilbert series of the original theory, thus verifying the
mirror duality and the Coulomb branch Hilbert series calculation.

6 Charge conjugation symmetry in linear quivers

In this section, we examine the action of the charge conjugation symmetry, as well as the
topological symmetry, associated with special orthogonal gauge groups in linear quivers.
In particular, we focus on the T'[SO(2N)] and T[USp(2N)] quivers of [36] and discuss how
their global symmetry is affected by gauging such Zs symmetries. Importantly, our analysis
allows us to understand how the action of charge conjugation and topological symmetries
can be mapped in the mirror theories.

6.1 The T[SO(2N)] theory and its mirror

Let us consider the T[SO(2N)] theory introduced in [36]. This theory arises as the infrared
(IR) fixed point of a 3d N = 4 linear quiver gauge theory composed of alternating SO(2k) and
USp(2k) gauge groups (for k =1,..., N — 1), terminated by an SO(2N) flavour symmetry
group connected to the final USp(2N — 2) gauge node. A key property of the T[SO(2N)]
theory is that it is self-mirror.

'"Note that one needs to replace ¢ in [45, (4.34)] by ¢? in order to conform with the convention of this paper.
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This theory has an s0(2N)p flavour symmetry, an s0(2N) zero-form magnetic (topo-
logical) symmetry, and a u(1)4 axial symmetry. The so(2N)p flavour symmetry is manifest
in the ultraviolet (UV) description via the quiver diagram, whereas the s0(2N) 4 topological
symmetry is emergent in the IR. Note that the manifest topological symmetry in the quiver
diagram is U(1)a, x [10 5 Z[Q(?}Mk, where U(1)aq, is the topological symmetry associated
with the SO(2) gauge group and each Z[Q(?/Vlk factor arises from the SO(2k) gauge group,

with k = 2,...,N — 1.

The effect of gauging a Z[Q(?]Mk topological symmetry, associated with a specific SO(2k)
gauge node within the T'[SO(2N)] quiver, was discussed in [11]. Gauging Z[20,}Mk changes the
corresponding SO(2k) gauge group to Spin(2k) within the quiver description. This gauging
operation affects the Coulomb branch of the theory, while leaving the Higgs branch invariant.
Under the self-mirror symmetry of T[SO(2N)], this operation maps to a modification that
affects the Higgs branch, but preserves the Coulomb branch of the mirror description. As
shown in [11], this mirror operation corresponds to gauging a specific discrete Zg subgroup

of the s0(2N)p flavour symmetry in the mirror quiver.

[0]

Here, we extend the analysis of [11, section 2.5] to include the Ly ¢, charge conjugation
symmetries also associated with each SO(2k) gauge node. Consider an SO(2k) gauge
node within the T[SO(2N)] quiver. It possesses both a topological symmetry Z[20,}Mk
and a charge conjugation symmetry Z[20,}Ck7 with associated fugacities denoted by (i and
Xk, respectively. A natural question arises: how do these discrete symmetries map
onto operations or symmetries in the mirror description? Let T[SO(2N)Y] represent the
mirror theory framework. We note that when the Z[Q(?}Mk and Z[z?]ck symmetry actions are
disregarded (i.e. all ( = 1,xx = 1), T[SO(2N)V] is described by the same quiver diagram
as T[SO(2N)] due to self-mirror symmetry.

We propose that the actions of Zg?]Mk and Z[Q(?]Ck under mirror symmetry can be understood
via the mapping depicted in diagram (6.1). In the mirror description T[SO(2N)V], the original
Z[ng symmetry (with fugacity () maps to an action, here denoted by the fugacity 3x, on
the hypermultiplets transforming under the so(2N)p flavour symmetry. In particular, the
ones denoted by red and violet edges transform non-trivially under 3. Similarly, the original
Z[Q(?}Ck symmetry (with fugacity x;) maps to an action denoted by ¢, under which the
hypermultiplets denoted by blue and violet edges transform non-trivially. The combined
action 3ic; affects the hypermultiplets denoted by the violet edge. These actions effectively
break the manifest s0(2N)p flavour symmetry of the mirror quiver T[SO(2N)V] into the
subgroups s0(2k — 1) @ so(1) @ so(1) @ s0(2N — 2k — 1) indicated in the diagram, with
different factors transforming under 35 and c¢x. Note that a residual so(2N — 2k — 1) subgroup
of the original s0(2N)p flavour symmetry remains uncharged under both mirror actions
3r and ¢x. The mirror duality relating the two descriptions holds when the fugacities are
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identified as (x = 31 and xx = cC.

USp(2) USp(2N —2)
O O e — O O D
SO(2) SO(2k) SO(2N)
Chs Xk

SO(2k — 1)
g Ce=3k
g xk=ck
(6.1)
USp(2)
O O O
SO(2k) SO(2)

SO(2N — 2k — 1)

T[SO(2N)] theory. We now analyse the action of the discrete topological (Z[QO}Mk) and

charge conjugation (Z[QO]Ck) symmetries, associated with the SO(2k) gauge nodes, on the
Coulomb branch operators of the T[SO(2N)] theory.

We begin by examining the case k = 1, where the relevant gauge group is SO(2). The
fundamental monopole operators X(41,,., carrying 1 unit of SO(2) magnetic flux and
zero flux for all other gauge groups, are odd under the topological symmetry Z[Q(?]Ml, but
do not have a definite parity under the charge conjugation Z[Q?]Cl' Following [1, (2.14)], it
is convenient to define the linear combinations

W(%;O;...) = X(l;o;n.) + X(—I;O;...) ) (62)

which are even (+) and odd (—) under Z[Q(?]Cl respectively. Similar arguments apply to the
2(2N — 3) dressed monopole operators denoted by

‘/(:tl;Ui;OQN—S—i) 3 (63)

with U = (1,0,...,0) and 0 = (0,...,0). Here, the notation signifies a monopole operator
with magnetic flux +1 for the first gauge node (i.e. the SO(2) node). For the subsequent
nodes from the second (namely, the USp(2) node) up to the (i + 1)-th gauge group (where
i=1,...,2N —3), the magnetic flux is represented by U = (1,0,...,0). The magnetic fluxes
for the remaining gauge groups beyond node (i + 1) are zero, denoted by 02V =3~%. Like
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Operators Multiplicity Zg?]/\/ll 2[2?](,’1

W(Jlr;O;m) L v *
- W(_l;O;---) 1 v d
W(J{;Ui;ongafi) 2N =3 v X
/\(I;Ui;02N737i) 2N -3 4 v
-‘/v(O;Ui;OQNfiffi) 2N -3 X v

€124y 1 X v

Table 2. Coulomb branch moment map operators of the T[SO(2N)] theory which are charged under
Z[20,]/v11 and/or Z[Q(?]Cl, where the conventions are as stated in the main text. We put either a v or a X
to indicate whether an operator is either charged or uncharged respectively under a Zs symmetry.

the fundamental monopoles X4, ), the monopole operators (6.3) are odd under Z[QO]Ml

and lack definite Z[QO]C1 parity. The combinations

W(:fl:l;Ui;OQN—if—i) = Viquisoen-3-i) £ V_uij0en-3-i) (6.4)
are even (+) and odd (—) under Z[Q(?}Cl, respectively.'® Finally, there exist 2N — 3 monopole
operators Vg.i,gen—s—iy (with i = 1,...,2N — 3) carrying zero SO(2) flux, along with the
operator €1"2¢; ;, constructed from the SO(2) adjoint scalar ¢. These operators are even
under Z[QO,]Mp but odd under Z[Q(?}Cr

The transformation properties of the operators contributing to the s0(2N )¢ Coulomb
branch symmetry currents under Z[Q[?]Ml and Zg?]cl are summarised in table 2. Based on
these charges, gauging either Z[Q?]Ml or Z[20,}C1 projects out exactly 4N — 4 operators from the
original £(2N)(2N — 1) generators. This leaves 3(2N — 2)(2N — 3) + 1 surviving operators.
Consequently, the s0(2N) ¢ Coulomb branch symmetry is broken down to so(2/N — 2) & s0(2)
in either gauging scenario (k = 1).

For k > 1, a generalisation of the discussion below (3.11) reveals that the following
Coulomb branch moment map operators are odd under Z[Q?]Mk:

‘/'(0;020@71)71—1';[]1‘; U ;Uj;02(N—k—l)+17j) y (65&)

‘/(:t]_;U2(k—1)71;[];Uj;02(N—k—1)+1fj) , (6.5b)

where i = 0,...,2(k—1)—1and j =0,...,2(N —k —1) + 1. Both types of monopole
operators (6.5a) and (6.5b) have one unit of SO(2k) magnetic flux (denoted by U and
highlighted in orange), while the fluxes for the other gauge groups are taken as follows. On
the right-hand side of the SO(2k) node, according to the quiver on top in (6.1), there are
J gauge nodes, starting with USp(2k), with one unit of magnetic flux, while the remaining
2(N — k—1) 41— j gauge nodes, ending with the USp(2N — 2) node, possess zero magnetic
flux. On the left-hand side of the SO(2k) gauge node, there are ¢ gauge nodes, starting from
the USp(2k — 2) node, possessing a unit of magnetic flux, followed by a chain of 2(k—1)—1—1i

18 At the level of the index, the contribution of the monopole operators X(+10,...) and Viq1,pi,02n-3-iy at

yeen

order z is given by 2a=2¢1 (14 x1).
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Operators Multiplicity Z[Q(?]Mk Z[Qo,ljk
(6.5a) and (6.5b) 1+2k—-1)+12(N—-k—-1)+1] v X
withi=j=0or bothi,j >0 | =4k(N — k) —2N + 2
(6.5a) and (6.5b) 24+2k—-1) =1+ [2(N—-k—1)+1] v v
withi=0,7>00r¢>0,j=0|=2(N—-1)
(6.6a) and (6.6b) 24 2k-1) =1+ [2(N—-k—-1)+1] X v
withi=0,7>00ri>0,j=0 | =2(N—-1)

Table 3. Coulomb branch moment map operators of the T[SO(2N)] theory which are charged under
Z[Q(?]Mk and/or Z[Q(z]ck, where the conventions regarding v/ and X are the same as in table 2.

gauge nodes with zero flux, ending with the USp(2) node. The SO(2) gauge flux can be either
zero, as in (6.5a), or £1, as in (6.5b), that is when ¢ = 2(k — 1) — 1. Moreover, if either ¢
and j are both equal to zero or both of them are larger than zero, then the operators (6.5a)
and (6.5b) are even under Z[Q?]Ck. On the other hand, of either i or j is equal to zero, whereas

the other is larger than zero, such monopole operators are odd under Z[QO’]C]C.
Additionally, there are the Coulomb branch moment map operators with zero SO(2k)
flux (denoted 0) which are even under Z[QO]M}“, but odd under Z[QO]Ck:

‘/'(0;02(1@71)7171';[11‘; 0;U3;02(N—k=1)+1-j) 5 (6.6a)
‘/(il;UQ(k—l)fl; 0;U7;02(N—k=1)+1-5) 5 (6.6b)

where the notation for fluxes other than at the SO(2k) node is as in (6.5a) and (6.5b). The
only difference is that, in both (6.6a) and (6.6b), one of 7 and j is equal to zero and the
other is larger than zero.

Counting the operators listed in table 3 based on their charges allows us to determine the
effect of gauging. Among the %(2]\7 )(2N — 1) operators in the adjoint representation of the
50(2N) pq symmetry, the table indicates that 4k(N —k) operators (sum of multiplicities in rows
1 and 2) are projected out upon gauging Z[z?]/vlk' Similarly, upon gauging the diagonal subgroup

of Z[g/\/lk X Z[;]Ck. (which we will denote by Z[QO,]/\/lka)’ 4k(N — k) operators (sum of multiplicities

in rows 1 and 3) are projected out. Gauging Z[;]Mk turns the SO(2k) gauge group into Spin(2k);
gauging the diagonal ZQ]MM turns it into O(2k)~. In either of these cases, the number of
surviving operators is 2(2N)(2N —1) —4k(N —k) = $(2k)(2k — 1)+ 1 (2N —2k)(2N — 2k — 1).
This corresponds precisely to the dimension of s0(2k) @ so(2N — 2k), indicating that the
50(2N) A symmetry is broken to so(2k) @ so(2N — 2k) upon gauging.
On the other hand, gauging Z[Q(?}Ck (which transforms the SO(2k) node into O(2k)™)
[0]

projects out operators which are odd under Z, o which are those in rows 2 and 3, totalling

4(N —1). In this case, the number of remaining moment map operators is 3(2N)(2N — 1) —

4(N —1) = $(2N — 2)(2N — 3) + 1. This matches the dimension of s0(2N — 2) & s0(2).
In conclusion, the $0(2N) ¢ symmetry of the T[SO(2N)] theory breaks as follows upon
modifying the SO(2k) node:

. Gauging Zy, , i.e. SO(2k) — Spin(2k): 50(2N)aq — 50(2k) ® s0(2N — 2k).
. Gauging Zi\, o, i.e. SO(2k) — O(2k)™: 50(2N)aq — 50(2k) & 50(2N — 2k).
. Gauging Zy, , ie. SO(2k) — O(2k)": 50(2N)pq — 50(2N — 2) @ 50(2).
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Mesons Multiplicity Zg?]Mk Z[QO}Ck
AJB 2k —1 X 4
AJC 2k -1 v 4
AJD | (2k—1)(2N —2k—1) 4 X
BJC 1 4 X
BJD 2N -2k —1 4 4
CJD 2N — 2k —1 X 4

Table 4. Higgs branch moment map operators of the T[SO(2N)V] theory which are charged under

the mirror actions corresponding to Z[20]Mk and/or Z[;]Ckv where the conventions regarding v and X

are the same as in table 2.

Observe that the resulting global symmetry is the same when the SO(2k) node is turned
into Spin(2k) or O(2k)~, which is consistent with the duality (3.5) applied locally at that
node. Moreover, when the SO(2k) node is turned into O(2k)™, the resulting Coulomb branch
global symmetry is independent of k.

Mirror theory T[SO(2N)V]: symmetry actions on the Higgs branch. Let us now
analyse the action of the discrete symmetries on the mirror theory T[SO(2N)V]. Recall
from (6.1) that the actions corresponding to the original Z[zo,]/\/lk and Zgﬁzk symmetries (rep-
resented by fugacities 3 = (x and ¢, = xj in the mirror description) break the s0(2N)p
flavour symmetry. We label the fundamental half-hypermultiplets transforming under the

USp(2N — 2) gauge group according to their charges under these mirror actions:

A: half-hypermultiplets transforming under USp(2N — 2) x SO(2k — 1), charged only
under the 3 action (<> Z[QO]Mk)

B: half-hypermultiplets transforming under USp(2N — 2) x SO(1), charged under both

3% and ¢ actions (<> Z[Q?]Mk X Z[Qo}ck)

C'" half-hypermultiplets transforming under USp(2N — 2) x SO(1), charged only under
the ¢ action (+» Z[20]ck)

D: half-hypermultiplets transforming under USp(2N — 2) x SO(2N — 2k — 1), uncharged
under both 3 and ¢ actions.

From these fundamental fields A, B,C, D (which are doublets under the USp(2N — 2)
gauge group), we can construct the Higgs branch moment map operators, which are gauge
invariant mesons of the form Q;JQ2, where Q1,Q2 € {A, B,C, D} and J is the USp(2N —2)
invariant tensor (J = 1y_; ® i03). The transformation properties of these mesons under
the mirror discrete actions (i, ¢;) are summarized in table 4.

From table 4, we can count the mesonic operators based on their charges under the
mirror actions 3 (<> Z[20]Mk) and ¢ (< Z[Qolck) The operators charged only under 3; (types
AJD,BJC) sum to multiplicity (2k—1)(2N —2k—1)+1. Those charged only under ¢, (types
AJB,CJD) sum to 2(N —1). Those charged under both (types AJC, BJD) sum to 2(N —1).
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0]

Therefore, gauging the symmetry corresponding to 3; (mirror to Z[Z Mk) projects out
operators odd under this action (types AJC, AJD, BJC, BJD), removing a total of 4k(N —k)
operators contributing to the s0(2N)r currents. The surviving k(2k — 1) + (N — k)(2N —
2k — 1) operators generate the residual flavour symmetry so(2k) @ so(2N — 2k). Conversely,
gauging the symmetry corresponding to ¢j (mirror to Zéo]ck) projects out operators odd under
this action (types AJB,AJC,BJD,CJD), removing 4(N — 1) operators. The remaining
(N —1)(2N — 3) + 1 operators generate the residual flavour symmetry so(2N — 2) & s0(2).

Comparing these Higgs branch symmetry breaking patterns (under gauging 3 or cg)
with the Coulomb branch symmetry breaking patterns found previously for the T[SO(2N)]
theory (under gauging Z[z(?]/\/lk or 70 }c respectively), we find perfect agreement. This supports
the mirror duality map (6.1) with the identification ( = 3; and x; = ¢x. Furthermore, the
mapping extends to the operators themselves. The Coulomb branch moment map operators of
T[SO(2N)] and Higgs branch moment map operators of T[SO(2N)"] transforming identically
under the corresponding discrete symmetries can be matched as follows:

k = 1 : {W(J'l_,O, ) W(J'l_ Ul 02N 3— 1)}
k>1: {(6.5a), (6.5b)} < {AJD, BJC}
with ¢ = j =0 or both i, >0

k=1: W (1:05.. (1U102N3')}
k>1: {(6.5&) (6.5b)} «— {AJC, BJD}. (6.7)
withi=0,7>00ri>0,j=0
k=1: {‘/(O;Ui;OQN—3—i)’ EZliQQPiliQ}
k>1: {(6.6a), (6.6b)} «— {AJB, CJD}
withi=0,7>00ri>0,j=0

The index. The mirror duality (6.1) can be checked explicitly using the index. The index
of the T[SO(2N)] theory with x(n_1) = (x1,--->,X~N-1) = +1(v_1) = (+1,...,+1), namely
the charge conjugation fugacities associated with every SO(2k) gauge group are set to +1,

can be written recursively as

Z{T[SO2N)]} (w5 a; £, {n—1); X(N-1) = +1(n-1))
1
(N —1)12N-2 * (N — 1)12V—1

.Y > e (Nﬁl dzv-na__dup-1s )

2wz N_ 2miun—
mn_1)ELNT n(y_y)€ZN 1 B=1 (N=1),a (N-1),8

x ZEQCNTD) (s 2 v 1y mv_1yi xv-1 = +1) 2PN (2w vy n(v-1))
6.8
x 250N 2)($;G;Z(Nf1); M(N_1); XN—1 = +1) 2PN (g5 UN_1); (N-1)) (68)

1/2
X H H 2'7CI{11"<m a'z(s]l\f 1),a (N 1), ,3’ S1MY(N-1),a + 82n(N_1)75)
a,f=1s1,s2==*1

N N-1

1/2
X H H H ZC}{H(T afslu‘*]QV 1), g3 S1li + san(v— 1),8)
i=1 =1 s1,52==%1

x T{T[SO(2N — 2)]} (x; a; 2(n—1); M(Nn-1); {(N—2); X(N—2) = +1(n_2)) ,
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where {y_1y = (C1,-..,(n-1) are the topological fugacities associated with the
SO(2),...,50(2N — 2) gauge nodes. Moreover, 2y = (2(r)15---s2(k)k) and mg) =
(Mk),15- - - M(r)1) are the fugacities and magnetic fluxes associated with the SO(2k) gauge
node, wy = (Uk),1-- > Uk k) a0d Ty = (M) 15+ N(k)k) are those associated with the
USp(2k) gauge node, whereas f = (f1,...,fn) and I = (I1,...,Ix) are the fugacities and
background fluxes associated with the so(2N)r flavour symmetry. The expression (6.8) can
be defined starting from the index of the T[SO(4)] theory, that is

I{T[SO(4)]} (z3a; f54;Cixa = +1)

dzay1  dug)1 Luspe
Z > (o o 208 (25 u1),13 01 ,1)
m(l 1EZ TL(l) 1€Z 27“-22( )71 27rlu(1)71 “

x 2500 (a; a; 2(1),1; M(1),15 X1 = +1) 2P (250 U(1y,13 (1)) (6.9)

X H Zch/lr(‘r Cszll) uff),l; S1MMY(1),1 + 82”(1),1)
s1,89==*1

2
<11 I 2det afituify o351l + sanq)) -

i=1s1,520=+1

The index of the T[SO(2N)] theory with the charge conjugation fugacity associated with

the SO(2k) gauge group xj = —1 can be obtained from (6.8) by replacing Z_ c}A)(X =+1)

with Zfeczgc) (xx = —1) as defined in (2.8) and (2.9), and by setting z(y)1 = 1, 245 " = —1
and m ), = 0. The index of the T[SO(2N)] theory refined with respect to the fugacities (j,

and Xy, with the other fugacities (j»; and x;.x set to one, can then be obtained as

{T [SO(QN)]} (3 a; Cis Xk)

= Z Z{T[SO2N)]} (z;a; Gi xi = 5) (14 sxk)
s==%1

(6.10)

where, for compactness, we drop the dependence of the flavour fugacities f and of the
corresponding background fluxes .

The index of the mirror theory is given by (6.8), where the topological and charge
conjugation fugacities associated with each special orthogonal gauge node are set to one, and

— 48 —



the term in claret is replaced by the expression ZoZpZcZp, where

k—1N—1
1/2
Ia= H H chfir(x; affluf?v_nﬁ?)k; s1li + sanv_1),3)
i=1 B=1 s1,s2==*1
N-1
2 (@ au ; 6.11
X ehie (T3 QU{N _1) g3K3 STU(N—1),8) » (6.11a)
B=1 s==%1
N-1
Ip = Z (s au ; 6.11b
B = chir(ﬂfaau(zvq),gékck,Sn(N—1),/3), (6.11b)
B=1 s==1
N-1
Io = 2l m(w; au] ; 6.11
¢ = H chir(xvau(Nfl),Bckv Sn(N—l),B)v (6.11c¢)
B=1 s==*1
N—k—1N-1 2
Ip = H Zchir(i’?%afisluf?v,l)ﬁ; s1li + san(v-1),5)
i=1 [B=1 s1,s0==%1
N-1
X z1/2 (x; auf ;sn ) (6.11d)
chir \**s PN -1),8: 2"TH(N-1),8) - .
B=1 s==%1

Upon performing this substitution and using the same convention as in (6.10), the following
equality between the indices of the two mirror theories holds:

ZA{T[SO(2N)} (x5 a; ks xx) = Z{T[SO(2N)"]} (; a Ve = CGor = k) - (6.12)

Example: the T[SO(6)] theory. As an explicit example, we now examine the T[SO(6)]
theory, corresponding to N = 3. This theory involves gauge nodes SO(2) (k = 1) and
SO4) (k = 2).

Let us first focus on the topological (¢1) and charge conjugation (x1) symmetries associated
with the SO(2) gauge node. In this case, the general mirror map (6.1) specialises (for
N = 3,k = 1) as follows:

SO(1)
31
SO(1)
USp(2) USp(4) - icror 5 USp(4) USp(2) (6.13)
O 9 ) 9 D E— 14 U 9 O .

SO(2) SO(4) SO(6) y SO(4) SO(2)
C1yx1 SO(l)

SO(3)

where we identify the fugacities as 31 = (4 and ¢; = x1 across the duality. The index of
the T[SO(6)] theory, refined by the fugacities (1, x1 associated with the SO(2) node (and
keeping (» = x2 = 1), expanded up to order x?, reads:

ZA{T[SO(6)]} (z5a;¢5x1) =1+ [C’ <a*2x) a %+ 15a2} x
+{C (a%2?) ™ +15C (a2%2) + (84 + 20/ + 15) " (6.14)

—[C(a_Q:r)+15+1}}:L‘2+...,
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with coefficients depending on the discrete fugacities:
¢ (a’%) =3+4G +4x1 +4Gx1,

C (a_4x2> = 35+ 28(; +2 (6.15)
= 1+ 28x1 + 28C1x1,

and the terms contributing to C (a~2z) above correspond to the following operators:

3+ {V0.011,0:00) V000,010 Vioosn0i100 )
4G AW ({00000 W(1,0,000) Wa;l;l,o;o,o)j W(J{;l;Lo;l,o)} (6.16)
dx1 {V(o;l;o,o;o,o)a V/(g;l;l,o;o,o), ‘/(9;\1;1,0;1,0)7 GW/Q\SOm‘g} 7 .
AGixa {W(I;o;o,o;o,oy W(_1;1;0,0;0,0)’ W(I;1;1,0;0,0)7 W(_1;1;1,o;1,0)}
where we use the same convention as in table 2. The su(4) representations for the flavour
symmetry appearing in (6.14) are as follows:

15 =11,0,1], 20" =1[0,2,0], 84=]2,0,2]. (6.17)

Observe that such representations are uncharged under the Z, centre symmetry of su(4), in
agreement with the global form PSO(6)r of the flavour symmetry. Furthermore, analysing
the representations contributing to the Coulomb branch limit when {; = x; = 1 confirms
the global form PSO(6) for the topological symmetry (as only representations invariant
under the appropriate centre symmetry appear).

[0]

Let us now discuss how this PSO(6) ¢ symmetry is broken by gauging Z2,C1 or 7Y

27X1 '
Gauging corresponds to averaging the index over the respective fugacity. The coefficients

Ly o) h Y el
C1==%1 x1==%1

% Z C (a_4w2) st % Z C (a_4x2> “='g3.
Ci=+1 xi==1

These coefficients can be reached starting from the 15 and the 84 + 20’ + 15 representation

become:

(6.18)

of the s0(6),¢ symmetry, by exploiting the following branching rules from so(6) = su(4)
to su(2) @ su(2) @ u(l):

15 — (2,2)(2)®(3,1)(0) @ (1,3)(0) @ (1,1)(0) & (2,2)(—2)

200 — (1,1)(4) @ (2,2)(2) ® (3,3)(0) ® (1,1)(0) ® J(—2) @ (1,1)(—4)

84 — (3,3)(41)® (4,2)(2) @ (2,4)(2) @ (2,2)(2) (6.19)
® (5,1)(0) @ (3,3)(0) ® (3,1)(0) @ (1,5)(0) & (1,3)(0) & (1,1)(0)
®©(4,2)(-2) ®(2,4)(-2) & (2,2)(-2) & (3,3)(—4),

[0]
27X1 :
Note that the surviving operators, denoted in black, are invariant under the Zs centre of

where the terms highlighted in orange are projected out upon gauging either Z[&l or Z

each su(2) factor and possess u(1) charge zero (modulo four).
We observe that, upon gauging either Z[QO}C1 or Z[Z(?}Xl? the topological symmetry s0(6)
of the T[SO(6)] theory gets reduced to su(2) @ su(2) ® u(1) = so(4) @ s0(2). On the mirror

side, the index perfectly matches with (6.14) as follows:
Z{T[SO(6)"]} (w5051 = G561 = x1) = Z{T[SO(6)]} (w;a; (15 x1) (6.20)
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where, upon gauging the symmetry which, under mirror symmetry, maps to either Z[Q?]Ml or

Z[Q(?}Cl, the flavour symmetry s0(6)r gets reduced to so(4) @ so0(2), whereas the topological
symmetry remains §0(6) .

Let us now move on to discuss the case k = 2, focusing on the fugacities (5 and x»
associated with the SO(4) node of the T[SO(6)] theory. In this case, the mirror map (6.1)
specialises (for N = 3,k = 2) as follows:

SO(3)
32
SO(1)
USp(2) USp(4) O mirror ) USp(4)  USp(2) (6.21)
O ) O ) 2¢2 ) ) O .
SO(2) SO(4) S0(6) y SO(4) SO(2)
(2, X2 SO(I)
SO(1)

where we identify 32 = (2 and ¢ = x2. The index of the T[SO(6)] can then be refined with
respect to the fugacities (2 and yo, yielding the same expansion given by (6.14), where ¢; and

x1 are replaced by (2 and xs respectively. In particular, the following operators contribute
to the term C(a2z) in the index:

3 {V1:0:0,00,0) V(=1:0:0,0:0,0)5 €2 0iyiy }
46 {V(030:1,0:0,0)> V(0:131,051,0)5 V(1;151,051,0)5 V(=1:131,051,0) } (6.22)
dxe  {V(0:1;0,0:0,0) V(151:0,0:0,0)» V(=1:1,0,0:0,0)> V(0:0:0,0:1,0)} '
4¢ax2 + {V(0;1:1,0:0,0)» V(151,1,0:0,0)> V(=13151,0:0,0)» V(0;0:1,0:1,0) }

where we use the same notation as in (6.5a)—(6.6b). By the same arguments provided in case
k =1, it follows that, upon gauging either Z[z(?]@ or Zg?]xz’ the topological symmetry s0(6)
of the T[SO(6)] theory gets reduced to s0(4) @ s0(2), whereas the flavour symmetry s0(6)p
remains unaltered. On the other hand, in the mirror theory, upon gauging the symmetry
which is mapped to either Z[;]sz or Z[Q(?]Cz’ the topological symmetry is still s0(6) ¢, while the
50(6)F flavour symmetry of the T[SO(6)Y] theory gets reduced to so(4) @ s0(2). Consistently,

the indices of the two mirror theories match as follows:
Z{T[SO(6)"]} (w50 "5 52 = Caica = x2) = Z{T[SO(6)]} (w; a; (25 x2) - (6.23)

6.2 T[USp(2N)] and T[SO(2N + 1)] theories

Let us move on to consider the T[USp(2N)] theory introduced in [36]. The UV description
of this SCFT consists of a 3d N = 4 quiver gauge theory with alternating SO(2k) and
USp(2l) gauge groups (with k = 1,...,N and [ = 1,..., N — 1), where the final SO(2N)
gauge node is connected to a USp(2N) flavour node. Similarly to the T[SO(2N)] case, among
the continuos global symmetries of the theory, in addition to the u(1)4 axial symmetry and
to the usp(2N)p flavour symmetry, which is manifest in the UV quiver description, there is
also an enhanced s0(2N + 1) o topological symmetry in the IR. The latter arises from the
product U(1)nq, x [TA, Zg?]/\/tk of the U(1) oq, topological symmetry associated with the SO(2)
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gauge node, together with the Z[Q?]Mk topological symmetries associated with every SO(2k)

gauge node, where k = 2,..., N. We also take into account the effect of the Z[ﬂzk charge
conjugation symmetry associated with every SO(2k) gauge node within the T[USp(2N)]

quiver. In particular, recall that gauging Z[QO}Mk turns an SO(2k) gauge group into Spin(2k),

whereas gauging Z[QO}C]C turns an SO(2k) gauge group into O(2k)™. Both operations affect the

Coulomb branch of the T[USp(2N)] theory, while leaving the Higgs branch invariant.

As pointed out in [36], the T[USp(2NV)] theory possesses a mirror description, known as
the T[SO(2N + 1)] theory, with usp(2N)}Y. = s0(2N + 1) flavour symmetry and so(2N +
1)}, = usp(2N) ¢ topological symmetry. In contrast to the T[SO(2N)] and T[USp(2N)]
theories, there is no “good” UV quiver description flowing to the T[SO(2N + 1)] theory in the
IR. Nevertheless, the latter theory admits a “bad” quiver description consisting of alternating
O(2k — 1)* and USp(2k) gauge groups (with k = 1,..., N), where the final USp(2N) gauge
node is attached to an SO(2N + 1) flavour node.'

Here, we proceed with the analysis initiated in the previous subsection by examining
the action of the Z[;]Mk topological symmetry and the Z[Q(j]ck charge conjugation symmetry
associated with each SO(2k) gauge node in the T'[USp(2N)| quiver, and map such actions
under mirror symmetry. Specifically, given an SO(2k) gauge node in the T[USp(2N)] quiver,
with Z[;]Mk and Z[Q(?}Ck topological and charge conjugation symmetries, where, as in the
previous subsection, we denote the associated fugacities by (i and yj respectively, we aim to
understand how such discrete symmetries are mapped in the mirror T[SO(2N + 1)] theory.

Analogously to the mirror duality depicted in (6.1), we propose that the action of the Zg N

and Z[Q?]Ck symmetries of the T[USp(2N)] theory is mapped according to (6.25) in the mirror
description. Here, the actions of the fugacities 3x and ¢ in the T[SO(2N + 1)] quiver is the
same as explained above (6.1), where the mirror duality between the two quiver descriptions
holds when we set (; = 3 and x = ¢x. Observe that, for {; = xx = 1, (6.25) reduces to the

Under the proposition that the T[SO(3)] and T[SU(2)] are the same interacting superconformal field
theory [36, section 5.2.2], we see that the one-form symmetry associated with the O(1) gauge group in the
quiver description of T'[SO(3)]

(6.24)

acts trivially on the Wilson line in the interacting SCFT. Upon flowing to the infrared, there could be a
decoupled topological field theory that supports this one-form symmetry. We expect that this statement
continues to hold for the one-form symmetry associated with O(2k 4+ 1) in the quiver description of the
T[SO(2N + 1)] theory.
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known mirror duality between the T[USp(2N)] and T[SO(2N + 1)] theories.

USp(2) SO(2N)
O O e —(O—— e O D
SO(2) SO(2k) USp(2N)
Chs Xk
SO(2k — 1)
é Ck=3k
‘B xk=ck
(6.25)
USp(2)
o —0O O O
O@2N - 1)T  0@B3)* 0(1)

SO(2N — 2k)

T[USp(2N)] theory. The analysis of the action of the topological Z[Z(?}Mk and charge

conjugation Z[z?]ck symmetries associated with an SO(2k) gauge node inside the T[USp(2N)]
quiver proceeds in the same way as in the case of the T[SO(2N)] theory, which was discussed
in the previous subsection. Upon examining the Coulomb branch moment map operators and
counting their multiplicities, one has to pay attention to the fact that there is one additional
SO(2N) gauge node here with respect to the T[SO(2N)] quiver.

Let us start by considering the case k = 1, i.e. we are interested in the Z[;]Ml and Z[QO}Cl
symmetries associated with the SO(2) gauge node. In addition to the W(f;o;...) operators
defined in (6.2), which are even (4) and odd (—) under Z[Q?]Cl, with both of them being odd

under Z[20,}Ml’ there are also 2(2N — 2) dressed monopole operators denoted by
‘/(ilgUi;OQN—Q—i) ) (626)

with U = (1,0,...,0) and 0 = (0,...,0). The notation is as described below (6.3), where now

the index ¢ runs from 1 to 2N — 2, due to the presence of the extra SO(2N) gauge group with
(0]

respect to the T[SO(2N)] case. Given that such monopole operators are odd under Z,
and lack definite Z[;]cl parity, in analogy with (6.4), we can define the 2(2N —2) combinations
W(:il;Ui;OQN_Q_,-) = ‘/v(+1;Ui;02N—2—i) + ‘/(,1;Ui;02N727i) , (6.27)

which are even (4) and odd (—) under Z[QO,}Cl. Finally, the 2N — 2 monopole operators
Vio;ui;02n-2-4) and the operator €120, ;. with ¢ being the adjoint scalar in the SO(2) vector
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Operators Multiplicity Zg?]/\/ll 2[2?](,’1
W(Jlr;O;m) L v *
W(_I;O;---) 1 v d
I//[\/(JLUZ';OQN*Q*Z') 2N =2 Y ¥
I//[\/(I;UZ';OQJ\’*Q”) 2N =2 d ’
‘/v(O;Ui;OZN—Z—i) 2N -2 X v

€124y 1 X v

Table 5. Coulomb branch moment map operators of the T[USp(2N)] theory which are charged under
Z[20,]/v11 and/or Z[zo,]cu where the conventions are as explained in the main text and we use the notations
v and X as in table 2.

[0]

multiplet, are even under Z,,,, and odd under Z[z(?]cl- The Coulomb branch moment map
operators which are charged under Zgo]Ml and/or Z[QO}cl are summarised in table 5, from which

it can be observed that, upon gauging either Z[;]Ml or Z[Q(?}Cl, there are 4N — 2 operators
that are charged under such discrete symmetry and are thus projected out. Since the
number of surviving Coulomb branch moment map operators is (2N + 1)(2N) — (4N —
2) = 1(2N — 1)(2N — 2) + 1, the s0(2N + 1) o4 Coulomb branch symmetry is broken down
to s0(2N — 1) @ u(1).

For k > 1, the operators (6.5a) and (6.5b) are replaced by

‘/(0;02(k—1)—1—11;Ui;U;Uj;02(N—k)—j) ; (628&)

‘/(:tl;UQ(k—l)—l;[];Uj;02(N—k')—j) , (6.28Db)

where i =0,...,2(k—1)—1and j =0,...,2(N — k). Such monopole operators have one
unit of SO(2k) magnetic flux, denoted by U/, and the notation for the other magnetic fluxes,
as well as their parity under Z[Q(?]Mk and Z[Q(?}Ck, is as explained below (6.5a) and (6.5b). The
only difference concerns the number of nodes on the right-hand side of SO(2k). Explicitly,
there are j gauge nodes, starting with USp(2k), with one unit of magnetic flux, while the
remaining 2(N — k) — j gauge nodes, ending with SO(2/N), possess zero magnetic flux.

Finally, the following monopole operators, which are even under Z2O v, and odd under
5 k
Z[Q%k, play the same role as (6.6a) and (6.6b):

‘/v(o;()Q(kfl)flfi;Ui;O;Uj;02(N7k)7j) ; (6293)

‘/(il;UQ(k—l)—I;O UT502(N-k)—3) 5 (6.29D)

where both types of operators possess zero SO(2k) flux, denoted by 0. Moreover, either
1=20,7 >0o0r¢>0,5 =0. We summarise the Coulomb branch moment map operators
with non-trivial charge under Z[;]Mk and /or Z[QO’}C]C in table 6, along with their multiplicity.
We can then study how the global symmetry of the theory is affected upon gauging the
discrete topological and charge conjugation symmetries associated with the SO(2k) node.
In particular, among the %(2N + 1)(2N) operators in the adjoint representation of the

$50(2N + 1)p¢ symmetry, 2k(2N — 2k + 1) of them are projected out upon gauging either
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Operators Multiplicity Z[;]Mk Z[Q(?]Ck
(6.28a) and (6.28Db) 14+ 2(k—1)+ 1) [2(N — k)] v X
withi=j=0orbothi,j >0 | =22k—1)(N—k)+1
(6.28a) and (6.28b) 24 2(k—1) = 1]+ [2(N — k)] v v
withi=0,7>00ri>0,j=0| =2N -1
(6.29a) and (6.29b) 24 2(k—1)=1] 4+ [2(N — k)] X v
withi=0,7>00r¢>0,j=0| =2N -1

Table 6. Coulomb branch moment map operators of the T[USp(2N)] theory which are charged under
Z[Q(?]Mk and/or Z[Q(z]ck, with & > 1. The conventions regarding v and X are the same as in table 2.

Z[zo,}/\/lk (sum of multiplicities in rows 1 and 2) or ZQ]Mkck (sum of multiplicities in rows 1 and 3).
These two operations convert the SO(2k) gauge group into Spin(2k) and O(2k) ™, respectively.
In both cases, 3(2N +1)(2N) — 2k(2N — 2k + 1) = 3[(2k)(2k — 1) + (2N — 2k + 1)(2N — 2k)]
Coulomb branch moment map operators survive, signalling that the s0(2N + 1) o4 symmetry
is broken to s0(2k) @ so(2N — 2k + 1). Indeed, upon applying duality (3.5) locally at the
SO(2k) node, we expect the two T[USp(2N)] theories with the SO(2k) gauge node turned
into Spin(2k) and O(2k)~ to be dual, hence their global symmetry coincides.

If the Z[z(?}ck symmetry is gauged instead, we observe from rows 2 and 3 of table 6 that
4N — 2 Coulomb branch moment map operators are projected out. The number of surviving
operators is thus 1(2N + 1)(2N) — (4N —2) = 1(2N — 1)(2N — 2) + 1, which coincides with
the dimension of s0(2N — 1) @ s0(2). This indicates that the so(2N + 1) symmetry is
broken to s0(2N — 1) @ s0(2) upon gauging Z[Qo}ck. Note that the resulting global symmetry
does not depend on k.

In summary, upon changing the global form of the SO(2k) gauge node in the T[USp(2N)]
quiver, its 50(2N + 1) symmetry gets modified as follows:

o Gauging Z[;]Mk’ i.e. SO(2k) — Spin(2k): so(2N + 1)y — s0(2k) © s0(2N — 2k + 1).

. Gauging Zi\, o, i.e. SO(2k) — O(2k)~: 50(2N + 1) pq — 50(2k) © 50(2N — 2k + 1).

« Gauging Z}, , L.e. SO(2k) = O(2k)*: 50(2N + 1) — 50(2N — 1) @ 50(2).
Mirror theory T[SO(2N + 1)]: symmetry actions on the Higgs branch. Let us
now examine how the discrete symmetries corresponding to Z[20,}Mk and Z[z(?}ck affect the Higgs
branch of the mirror theory T[SO(2N +1)]. As depicted in the quiver at the bottom of (6.25),
such Zg symmetries alter the s0(2/N + 1) flavour symmetry of the mirror, where their action
is represented by the fugacities 31, = (x and ¢, = xg. As for the T[SO(2N)V] case, let us
denote the half-hypermultiplets connecting the USp(2/N) gauge node of the T[SO(2N + 1)]
quiver with the flavour nodes corresponding to the red, violet, blue and black edges as
A, B, C and D, respectively. From such fields, the gauge invariant mesons (Q1JQ2, with
Q1,Q2 € {A, B,C, D} can be constructed, whose multiplicities and charges under the actions
of 3 and cg, mirror to Z[Q(?]Mk and Z[Q(?]Ck respectively, are summarised in table 7. We see
that there are (2k — 1)(2N — 2k) + 1 operators charged only under 3, (AJD,BJC) and
2N — 1 operators which are charged either under only ¢, (AJB,CJD) or under both 3; and
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Mesons Multiplicity Z[QO]Mk Z[QO}Ck
AJB 2k —1 X v
AJC 2k -1 v v
AJD | (2k—1)(2N — 2k) 4 X
BJC 1 4 X
BJD 2N — 2k 4 4
CJD 2N — 2k X 4

Table 7. Higgs branch moment map operators of the T[SO(2N + 1)] theory which are charged under
the action of 3 (+» Z[QO}Mk) and/or ¢ (< Z[QO]ck) The conventions regarding v and X are the same as

in table 2.

¢x (AJC,BJD). Hence, upon gauging the symmetry corresponding to 3x (mirror to Z[Q?]Mk),
2k(2N — 2k + 1) operators are projected out and the s0(2N + 1)r symmetry is broken to
s0(2k) @ s0(2N — 2k + 1), whose dimension is exactly 3[(2k)(2k —1) + (2N — 2k + 1)(2N —
2k)] = (2N +1)(2N) —2k(2N — 2k +1). On the other hand, if the symmetry associated with
¢, (mirror to Z[Qolck) is gauged, 4N — 2 Higgs branch moment map operators are projected out,
implying that (2N +1)(2N) — (4N —2) = 2(2N —1)(2N — 2) + 1 mesonic operators survive,
indicating that the s0(2N + 1) symmetry is broken to s0(2N — 1) @ s0(2). These symmetry
breaking patterns are in perfect agreement with the results previously obtained upon gauging
the Z[Q?]/\dk and Z[Q?]Ck symmetries in the T[USp(2N)] theory. Similarly to (6.7), we can establish
the mapping between the Coulomb branch moment map operators of the T[USp(2N)] theory
and the Higgs branch moment map operators of the mirror T[SO(2N + 1)] theory as follows:

k = 1 . {W(J{;O;m), W(Y;Ui;O2N727i)}
k>1: {(6.28a), (6.28b)} = {AJD, BJC}
with ¢ = j =0 or both 7,5 > 0
k = ]. . {W(_l;();...)7 W(_I;Ui;02N—27i)}
k>1: {(6.284), (6.28b)} <~  {A4JC, BJD}. (6.30)
withi=0,7>00r¢>0,j=0
k=1: {‘/v(O;Ui;02N727i), €i1i290i12‘2}
k>1: {(6.29a), (6.29b)} — {AJB, CJD}
withi=0,7>00r¢>0,7=0

The Hilbert series. Since the quiver description of the T'[SO(2N + 1)] theory is “bad”,
its index diverges and cannot be used to check the validity of the mirror duality (6.25).
Nevertheless, instead of comparing the full indices, it is sufficient to match the Coulomb
branch Hilbert series of the T'[USp(2N)] theory with the Higgs branch Hilbert series of the
T[SO(2N + 1)] theory to establish (6.25). This follows from the observation that the Z[zo,}/\/lk

and Z[Q?]Ck symmetries associated with an SO(2k) gauge node act trivially on the Higgs branch
of the T[USp(2N)] theory, whereas, in the mirror description, the corresponding discrete
symmetries act trivially on the Coulomb branch of the T[SO(2N + 1)] theory.
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The Coulomb branch Hilbert series of the T[USp(2NV)] theory can be defined in terms
of that of the T[SO(2N)] theory, namely

Hrpwspeny G Svy X(v) = +1 ;1)

—_ Z (];1 M(N),i tQA(m(N”l)PSO(QN)(t; m(N)) (6.31)
my)
x Hpsoen) (t Cv1); X(v—1) = +L(v=1); M) 5

where we set the charge conjugation fugacity associated with each SO(2k) gauge group to
be equal to 4+1, and we use the same conventions for the fugacities and magnetic fluxes as
n (6.8). The conformal dimension A(m ;1) is defined as in (5.2), the range of summation
over an SO(2k) flux is

Do o mpyn = mgne > > mag sl (6.32)

M (k)

and the Coulomb branch Hilbert series of the T'[SO(2N)] theory appearing in (6.31) can
be expressed recursively as

Hrysoen) (G Cv_1); X(N—1) = +1(n-1);1)
= Z Z C]%;ilm“v_l)” 2 (m(N—1);n(N—1))+A(l§n(N—1))]
M(N-1) T(N-1) (6.33)

X Pso@n—2)(t; mv-1)) Puspen—2)(t; mv-1))

X Hrso2n—-2)] (t; Cv—2)i X(N-2) = +1(n_2); m(N—l))'

In the expression above, the range of summation over a USp(2k) flux is

Dot iz nme > = w20, (6.34)

(k)

and the Coulomb branch Hilbert series of the T[SO(4)] theory is given by

Hrysow) (¢ x = +11)
— Z Z ¢ t2[A(m(1),1§n(1),1)+A(l3n(l),1)]

m(1),1€2 1(1),120

(6.35)

X Pso2)(t;m(1),1) Pusp(2)(t na),1) -

If the fugacity xj associated with the SO(2k) gauge group is equal to —1, then, in the
expression (6.31), following the prescription described around (5.9), we have to replace
myy with my,) (which is obtained by setting m), = 0 in my)) and Psogar) (t;m 1))

with 2Pygpeer)(t; muy) — Psogar) (t;m 1)), and finally we have to add a phase factor

szin<k71>’i+zj "® " The Coulomb branch Hilbert series of the T[USp(2N)] theory can

then be refined with the fugacities (; and xj as follows:

Hyuspen) (t Ces X3 ) Z Hrywspen) (G xe = ) (14 sxk) , (6.36)
s==+1
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where the other discrete fugacities (jx, and x;xx are set to one and, for a compactness, we
drop the dependence of the background fluxes I for the flavour symmetry.

The expression (6.36) can be matched with the Higgs branch Hilbert series of the mirror
theory, which takes the form

HS {HB of T[SO(2N + 1)} (¢;3k; ks f)

(6.37)
. 30 Cs fr €
=0 ¢;==%1

where we denote with € = (g, €1,

2N Z > HS{HB of T[SO(2N + 1)} (t; 3x; ci: fi€)

.,€én—1) the charge conjugation symmetries associated
with the SO(2k + 1) gauge groups, with £ =0

N —1. In (6.37), we define
HS {HB of T[SO(2N + 1)} (t; 3x; ks f; €)
N-1

=1

N
Z/ I duso@mr1)(amy: em) x T divspean (uq)
=1
N—1
« [ PE [_tQXiO(2m+1)
m=1

=z

N
Omy; €m ] 1:[1 [ 2 USp(2l)(u(l))]
I (6.38)
xHPE[(ell—FH Hv )H H l)ﬁ}
=1 a=1s1=+1 B=1so==%

-1 l
(+ 111 vas,a) 11 Uff)ﬁ]
a=1s1=*%1 B=1s2==%1

HS4 x HSg x HS¢ x HSp

X
=

~

1

where

i E—1 N
HS, = PE |t3, (1+H 11 f;‘l) 1T 11 uffv)ﬁ] , (6.39a)
L i=1 s1=*%1 B=1s2==%1
i N
HSp = PE |tarer [[ 1] w{n)s] - (6.39b)
L B=1s==%1
[N
HSc = PE [ter [T T winy | - (6.39¢)
B=1s==%£1
[ N—k N
HSp = PE |t 11 i g (6.39d)
| =1 B=1s1,s0==%1 ’
the Haar measures are given by
d'Uz S
/d'uso 2 (V5 €) ?{H 2miv; (1= evi) x (1<'H H ! Uivj) ’
<i<j<m s==%1 (6 40)
du;
/duUSp2l fHZT(‘ZU 1—’LL)X( H Hl—uzuj>v
1<i<y<l s==%1
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and the characters of the adjoint representations are as follows:

m
KE0CmED (4 ) — DD > v,

i=1s==+1 1<i<j<m s1,s9==+1

I
XESp(ﬂ)(u) 1+ Y w Y > uituf? .

i=1s=+1 1<i<j<l s1,82==+1

(6.41)

Upon dropping the dependence of the flavour fugacities f, which do not appear manifestly
in the Coulomb branch Hilbert series (6.31), the mirror duality (6.25) is reflected in the
following equality:

Hruspen) (t; Ces xk) = HS {HB of T[SO(2N + 1)} (t; 3k = Cks ¢k = Xx) - (6.42)

For reference, let us report the explicit Hilbert series computation in the case N = 3, namely
we consider the mirror pair T[USp(6)] <> T[SO(7)]. We consider the cases k = 1,2,3, i.e.
we turn on the topological and charge conjugation fugacities associated with the SO(2),
SO(4) and SO(6) gauge nodes inside the T[USp(6)] quiver. The Hilbert series results for
these three cases are listed below, where we also tabulate how the s0(7) A symmetry of the
T[USp(6)] theory, or equivalently the so(7)r symmetry of the T[SO(7)] theory, gets broken

after gauging Z[;]Mkv Z[Z(?]Ck or Z[;]Mkck'

k Hilbert series Global symmetry

1|14 (6+5¢ +5x1 +5C1x1)t? gauge Z[ngz s0(5) @ so(2)
+ (65 + 55¢1 + 55x1 + 55¢C1x1) t4 gauge Z[QO,]Cl: s50(5) @ so(2)
+ (445 + 4351 + 435x1 + 435¢1x1) € + ... | gauge Zhh o,: 50(5) @ s0(2)

2 | 1+ (4+7¢ + bx2 + 5Caxa) t2 gauge Z[Q(?]MQ: s0(4) @ so0(3) 13
+ (67 + 53 + 55x2 + 55Cox2) t gauge Zyhq,: 50(5) @ 50(2) (643)
+ (423 + 457C, + 4352 + 435Cox2) 16 + ... | gauge ZL) . . : s0(4) @ s0(3)

3| 14 (104 ¢34 5x3 + 5Caxa) t2 gauge Z[zo,}M?,i 50(6)
+ (85 + 35C3 + 553 + 55C3x3) t4 gauge Zy)\,.: 50(5) & s0(2)
+ (545 + 3353 + 4353 + 435C3x3) 16 + ... gauge Z)\ ;. c.: 50(6)
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A Indices of the theories in section 4

In this appendix, we discuss the indices of variants of the s0(2N) x usp(2N) gauge theory
with n bifundamental half-hypermultiplets. For simplicity, we first consider the [SO(2N) x
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USp(2N)]/Z2 gauge theory with x = +1, whose index is
Z{[SO(2N) x USp(2N)] /Za} (x;a; f; 9; G x = +1)

1 1 |
= N8 X NN 2}96 > > o
e—

(M) €(Z4 ) (n1,nn)€(Z45)"

N
dze du

ZSO(QN) (

Tia;z;m; Y = +1)ZESP(2N) (z;a;u;m)

N
1/2
X H H H Zd(lr(x; afizzlu?; $1Mq + S2n3) ,
i=1 a,f=1s1,52==%1

where the contributions of the USp(2N) vector multiplet and the adjoint chiral field in

such a multiplet are

Z\%EP(QN .Z' u; n Hm [2n¢| H 23ngu23 |2n¢|)
s==+1
X H H g 1s1mats2mp|/2 (1 (— )\sma+sznb|u81uzzx\sma+sznb\)’
1<a<b<N s1,52==%1
ZESp(zN (z;u;m) H H zZIEN (a0 2u2;2sny) (A.2)
f=1s==1
—2 N —2,.51,,8
[Zchlr ( €Tia 70):| X H H ZChlI‘ ra U, 1u % 81n1+$2n])
1<i<j<N s1,s2==%1
For x = —1, we replace ZveC§AN) (x;a;z;m;x = +1) in (A.1) by ZfeocﬁiN)(x; a; z;m;x = —1),
and set zy =1, 2y N = —1 and my = 0. As a consequence of the latter, there is no summation

over half-integral fluxes, since otherwise these would violate Dirac quantisation condition,
which imposes mq +ng € Z for all a, 5 =1,..., N. (The fact that my = 0 requires ng to be
integers, which in turn requires m,, to be integers, for all « = 1,..., N —1.) We therefore have

Z{[SO(2N) x USp(2N)] /Zs} (z; a; f; ¢ x = —1)

=Z[SO(2N) x USp(2N)] (z;a; f; ¢ x = —1)

B 1 1 S g

= VoD S Wy 2.

(m1,...,mnN)ELN (n1,...nN)ELN

N
dzo dug SO(2N (A3)
X B ) ZSO@N) (0 ey = —1)ZUSPEN) (4. 4y .
j{(]/;ll 27T’iZa 27TZUB> vee (JZ‘,Z,TTL’X ) vec ($7u7n)

o ZSO(QN)(HT;CL;Z;’I’TL;X _ )ZUSp(2N)(w;a; )

N
IIIL T 242w afied utssima + sang)
et ssemH ZN:LZ;rl:—LmN:O

Finally, we note that the indices for the other forms of the gauge group can be computed
using (2.14).
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B Nilpotent orbits

Explicit examples of 3d N/ = 4 quiver gauge theories where the specific global form of so(N)-
type gauge groups is determined are relatively scarce in the literature. However, detailed
examples arise in the context of quiver theories whose moduli spaces correspond to nilpotent
orbit closures. In [14, 33], the distinction between using an O(N)* or SO(N) gauge group
for certain nodes in these quivers was made based on the prescription outlined in [33]. In
particular, Reference [14] identified specific quivers, labelled by partitions associated with
conjectured nilpotent orbit closures on their Coulomb branch, which feature an O(N)* gauge
group at certain nodes instead of SO(N).

In this section, we revisit these specific examples related to nilpotent orbits. Using the
refined Hilbert series prescription developed in section 5 of this paper, which distinguishes
between different global forms via the refinement with respect to ¢ and y fugacities, we
determine the precise global structure expected at the relevant node, assigning it to SO(N),
O(N)¥, Spin(N), or Pin(N). Our results for quivers associated with nilpotent orbits of Lie
algebras of type Bs, D4, By, and D5 are presented in tables 8, 9, and 10.

A consistent observation across these examples is that the Hilbert series computed for
the O(N)~ case always coincides with that computed for the Spin(/V) case. This finding
aligns with expectations based on the duality (3.5), which relates these two global forms,
particularly given that the relevant orthogonal (so(N)-type) gauge nodes in these quiver
examples are always balanced.

Another interesting observation arises for quivers associated with specific nilpotent orbits
of SO(N), for example, those labelled by partitions [32,12] (D4, N = 8), [5,3,12] (B4, N = 9),
and [32,1%] (D5, N = 10). In these instances, our calculations reveal that the Hilbert series
for the O(N)* and Spin(NV) global forms are identical. A common structural feature of
the quiver diagrams corresponding to these specific partitions is that the orthogonal gauge
node under consideration is situated directly between two adjacent symplectic gauge nodes.
Whenever the quiver exhibits this “sandwiched” structure, we observe that the coefficients
of ¢, x and (x in the Coulomb branch Hilbert series are equal. As a result, using (5.11),
we see that the Hilbert series for the cases of O(N)* and Spin(N) are all equal. From the
mirror symmetry perspective, this equality implies a specific pattern of the so(N) flavour
symmetry breaking in the mirror theory. When the orthogonal node is “sandwiched” between
two symplectic nodes, the mirror actions of charge conjugation and magnetic symmetries
leave at most one non-Abelian so(m) factor (with m > 3) within the original so(N) flavor
group, with the remaining factors being SO(1) nodes, including the one that is uncharged
under such actions. We illustrate this phenomenon with the examples below.

Example: the [32,12] orbit of D4. The relevant mirror dual pair is depicted below.
The moduli space corresponding to the closure of the [3%,12] nilpotent orbit of D, arises
as the Higgs branch of the left quiver and, by mirror symmetry, as the Coulomb branch
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of the right quiver.

SO(5) S0(2) S0(2)
SO(1) mirror T T
Rad O (B.1)
SO(1) 3=, e=x SO(2) USp(2) SO(4) USp(4) SO(4) USp(2)
[§9%
SO(1)

where we identify the fugacities as 3 = ( and ¢ = x across the duality. The Higgs branch
Hilbert series of the left quiver, which by mirror symmetry equals the Coulomb branch
Hilbert series of the right quiver (computed using our prescription from section 5), is given
by the expansion:

14 (10 + 6¢ + 6x + 6¢x)t2 + (127 + 102¢ + 102x + 102¢x)t!

B.2
+ (1206 + 1140¢ + 1140y + 114008 + . ... . (B-2)

This result is in agreement with the corresponding entry in table 8 after applying the
projections (5.11) to obtain results for specific global forms. Observe that the SO(4) gauge
node in the right quiver of (B.1) is indeed “sandwiched” between USp(4) and USp(2) nodes.
As predicted by the structural argument, the coefficients multiplying (, x, and (x in the
Hilbert series expansion (B.2) are equal at each order in ¢ (e.g., all are 6 for the ¢? term, 102
for t*, 1140 for %, etc.). As a consequence, the Hilbert series for the variants with O(4)*
and Spin(4) gauge groups at this node are identical.

The contributions of the moment map operators to the coefficient (10 + 6¢ + 6x + 6(x)
of the t? term in the Hilbert series can be symbolically understood by examining the mesonic
operators constructed from the fields

A(so(5),3), B(so(1),3¢c), C(so(1),¢), D(so0(1),1) (B.3)

of the left quiver (B.1). Schematically: the constant term 10 relates to mesons involving only
A fields (in the adjoint representation of the so(5) flavour symmetry); the 6¢ term relates
to mesons combining A with D (5 terms) and B with C' (1 term); the 6x term relates to
mesons combining A with B (5 terms) and C' with D (1 term); and the 6¢x term relates
to mesons combining A with C' (5 terms) and B with D (1 term), reflecting how the 3 = ¢
and ¢ = x actions combine.

Example: the [5,12] orbit of Bs. The relevant mirror dual pair is depicted below. Notice
that the left quiver features O(1) and SO(3) gauge groups. The moduli space corresponding
to the closure of the [5,1?] nilpotent orbit of B3 arises as the Higgs branch of the left quiver
and as the Coulomb branch of the right quiver.

SO(5) D\ SO(4) USp(2)
)
. USp(4) USp(2) i T f
so(1) [ Y ‘ I o Ernd o (B.4)
G X
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where, as before, we identify 3 = ( and ¢ = x across the duality. By mirror symmetry, the
Higgs branch Hilbert series of the left quiver equals the Coulomb branch Hilbert series of the
right quiver. Computing the latter using our prescription (section 5) yields:

(1= ¢t)1(1 + ¢)'o(1 - 2t2)(1 — xt?)°(1 — (xt?)°

X (1= 2P+ )21+ 22 4 (24 5¢ + x + O + (2= 50 = x — COt°
=8+ 4¢ — Ax — 400 + (2 - 5C — x — X))t

24 5¢ 4 x + OO+ 1 4 1]

=1+ (104 ¢ + 5x + 5Cx)E2 + (85 4 40¢ + 56 + 56 )t + ... .

o (B.5)
+ (

This result precisely matches the corresponding entry in table 8 after applying the projec-
tions (5.11). In this case, the SO(4) gauge node in the right quiver is not “sandwiched”
between two symplectic groups in the same manner as the previous example. Correspondingly,
we observe that the coefficients multiplying ¢, x, and (x in the Hilbert series expansion (B.5)
are distinct (e.g., 1,5,5 for 2; 40,56,56 for t*). As expected from the projection formu-
lae (5.11) when these coefficients differ, the Hilbert series for the O(4)" variant is distinct
from those for the O(4)~ and Spin(4) variants (though the latter two still coincide due to
duality). The moment map operators contributing to the coefficient of ¢? can be obtained
in a similar way as in the previous example, except that there is no field labelled by D in
the left quiver of (B.4) in comparison to (B.3).

Comment on the prescription and nilpotent orbits. A comparison between the
prescription previously used [33] and the refined prescription proposed in this work warrants
discussion, particularly concerning applications to nilpotent orbits. The prescription from [33],
without appropriately accounting for the effects of background flavour magnetic fluxes, was
widely adopted partly because computations based upon it, such as those in [14] for quiver
theories related to nilpotent orbits, appeared to reproduce the expected Hilbert series for
the corresponding orbit closures. Conversely, calculations using our refined prescription
generally yield results inconsistent with the Hilbert series expected for the full nilpotent
orbit closures. As shown in our tables (tables 8-10), applying our method to different global
forms (O(N)*, Spin(N), Pin(N)) for an so(N)-type node typically results in Hilbert series
exhibiting manifest global symmetries that are subgroups of the expected symmetry G of
the nilpotent orbit closure of type GG. Therefore, our refined prescription suggests that for
the quiver theories studied, none of the aforementioned choices for the global form of the
50(NN)-type node results in a Coulomb branch Hilbert series manifesting the full expected
symmetry G of the corresponding nilpotent orbit closure. However, we contend that the
apparent agreement reported in [14], based on the older prescription, might also not represent
the definitive Hilbert series of the nilpotent orbit closure. The reason is that those results were
compared against Higgs branch Hilbert series calculations from [12]. That work conjectured
that the Higgs branches of certain 7),(G) quivers (for G of BCD type) correspond to the
nilpotent orbit closures associated with partition p, under the specific assumption that all
relevant so(NV) gauge groups within the quiver should be taken as O(N)*. We argue, however,
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that this conjecture involving the specific O(N)" choice may require further scrutiny or
refinement. A definitive determination of the nilpotent orbit closure’s Hilbert series requires an
independent calculation based on its algebraic definition (generators and relations), potentially
using computational algebra software like Macaulay2. To our knowledge, such first-principles
Hilbert series computations for the specific nilpotent orbits relevant to tables 8, 9, and 10
have not appeared in the literature. Consequently, the previous agreement between results
from the older prescription and the conjectured results of [12] does not definitively establish
that either calculation yields the true Hilbert series for the nilpotent orbit closure.

C Affine Dj5 quiver

In this appendix, we examine the following affine D5 quiver with unitary gauge groups and
discrete gauging thereof.

(C.1)

75 x 73

For convenience, we choose to perform the quotient of an overall U(1) from the two U(2)
gauge groups in the middle. In this case, they can be written as

U(2) x U(2) ., SU(2) x SU(2) x U(1)
i Zxz

(C.2)

where one of the Zy factors (denoted by Zg) in the denominator is generated by the element
(—1,—1,1) of the Zy x Zs x U(1) centre of SU(2) x SU(2) x U(1), and the other Zs factor
(denoted by Z3) is generated by the element (1, —1,—1) of the Zg x Zg x U(1) centre. This
choice is depicted in the right diagram of (C.1). The index of (C.1) can be computed as

I(cn(x‘a'whm ws; g; C)

IR SR D S e

2mizy 2mizg 2min
alazo may €Z+F moy€Z+F+Z mu€Z+P ! 2

2
x ZL (2;072%0) H ZUSp(2) (4 253MM;) H (@323 2;2£mzj)] (C.3)
j=1 =1

1/2 51,82, 8.
x H Zopie (T3 0271 25° U7 1Mz, + Samz, + Sy)

S,81,82==%1
4

X H Trisue)] (w5 a5 21, Mz 5 Wa ) H Irisu() (@5 a; 22, mzy; wg) -
£=3

where g and ( are the fugacities of the two Zs zero-form symmetries, denoted by Z[ } and

Z[QO}C, which arise from the quotient in (C.2), and the index for the U(1) gauge theory with
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(a, B) in (5.70)

Variants of (5.67) Unitary quiver Continuous symmetry
u(1) u(1)

TU(l)
0 I i i N, (45, 770)
SO(2)  USp(2)  SO(4)  USp(2)  SO(2) @ 7573 @ 50(10)

TU(U
O O /Z
SO(2)  USp(2)  Spin(4) USp(2)  SO(2) ’ (21,394)

or O(4)~

50(6) @ so0(4)

TU(U
o O

SO(2)  USp(2)  SO(4)  USp2)  SO@2)

TU(l)
o o)

S0O(2) USp(2) Spin(4) USp(2) S0(2)
or O(4)~

(29, 434)
50(8) @ s0(2)

(13,226)
50(4) @ so(4) dso(2)

Table 11. Variants of (5.67), the corresponding unitary quiver, index coefficients, and continuous
global symmetries.

two hypermultiplets of charge one is

du _
Irsu) (@ e fimpw) = ) wmuf{%zclhir(l‘;a %:0)
" (C.4)
x I Zda(eafou simp + smy).

s1,89==+1

Explicitly, if we set w; = 1, the above index is equal to (5.69) with y = +1.

Zicay(@sa;w; = 1;9;¢) = L5 67y (23059, G X = +1)
:1+U3+ux+g@+80m%+{w4+p%+2%§+gu%+4%oﬁ# (C.5)

—[14416¢ + g (8 +80)] fa? + ... .

We summarise the correspondence between various discrete gaugings of the Dj affine
quiver (C.1) and the variants of the orthosymplectic quiver (5.67) in table 11.

At present, we do not manage to turn on the analogue of the charge conjugation symmetry
fugacity in (5.69) for the unitary affine D5 quiver. We leave as an open question for future
work to investigate whether this is possible at all. In the following, we instead examine
another Zo symmetry that acts on the affine D5 quiver by wreathing.
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C.1 Wreathing by Z, generated by a single transposition

Let us consider the Zgs wreathing that acts on (C.1) by identifying the upper left and lower
left legs, denoted by ng below:

u(1)
A
> (C.6)
u(1)
The resulting index can be derived as
I(C.l)/ng) (l’, a; ﬂja w3, W4, Ws; g, C)
1 _
= B) {I(C‘l)(x;m w1 = wy = W, w3 ..., Wws; g; C) (C.7)

+ Z(0.1) 1 (¥ 40, w3, w4, w55 95 ()} ;

where the second term appearing in the sum above is given by (C.3), in which the term
in claret is replaced by

Trisu)(@7; a%; 23, mzy; © HITSU (w5 a; 22, mzy; wg) . (C.8)

Setting w = w345 = 1, we obtain
I(C.l)/Zgu) (xﬂ a; ﬁj = w; = 17 g; C)
=1+[10+12¢+g(6+8()]a 2z + { [161 + 140¢ + g (118 + 120¢)] a™* (C.9)
+at = [11+120+ g (6+80)] Ja? + ...

We can also refine the index of theory (C.1) with respect to the zero-form symmetry associated
with the Zy wreathing (i.e. associated with ZSQ’), denoted by Z[Q(?]E, with the corresponding

fugacity =. The index for = = +1 is given by

Ten(ryaw; =159;,GE = +1) = (C.5), (C.10)

—_

whereas that for = = —1 can be computed from

Tieny(zaw =1;9;GE = —1)

=2X T ) pon (@a;w = Lw = 1g:¢) = Lo (@ aw = 1g: GE=+1).

(C.11)

We can thus compute the index for (C.1) with refinement with respect to Z as follows:

T a;w; = 1;9;(E) = 2101 (z;a;w; = 1;9;GGE = 5)(1 + sB)
s=+1

+[10+ 32 +12¢ + 4(E + g (6 4+ 22 + 8()] a2z

(C.12)
+ { [161 + 655 + 140C + 68CE + ¢ (118 + 50= + 120¢ + 48¢=)] a~*

+at = [11+3Z+ 120+ 4CZ + g (6 + 22 +80)] Ja? + ... .
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In terms of the mirror theory of (C.1), namely the USp(2) gauge theory with five flavours,
the Z[(?}E , Z[QO’}Q and Z[QO]C symmetries act as follows:

SO(1)
¢ ) g
[ ] (C.13)
SO(4) USp(2)  S0(2)
SO(3)

where = can also be identified with the charge conjugation symmetry associated with the
SO(1) group. Gauging such a symmetry turns it into the O(1) gauge group. Therefore, we
see that the mirror theory of the wreathed quiver (C.6) is

O(1)
(c6) W — S (C.14)
SO(4) USp(2)  S0(2)
SO(3)

Comparing (C.14) with (5.73), we see that the action of Z[Q(?]: in the above quiver is different

from that of Z}), , but Z). and Z}"

2,y 9,9 act in the same way.

C.2 Wreathing by Z; generated by a double transposition

Let us now consider the Zy wreathing that acts on (C.1) by identifying the upper left and

lower left legs and simultaneously identifying the upper right and lower right legs, denoted
(12)(34) :

by Z, below:

(C.15)
The resulting index is
L .1y 25200 (@5 a3 W1, W3, ws3 g5 C)
1 11 o ~ ~
=5 {I(c.l)(x;a; W1, Wy, Ws, W3, ws; g; C) 10

+ Z(C.1) (1 0y (£5 05 W1, W3, W55 G5 C)} ,

where the second term appearing in the sum above can be obtained from (C.3) by replacing
the term in claret with

Irisu))(@7; 6% 21, may; ©F) Drigu)) (@7 a%; 25, me,; ©3) . (C.17)
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Upon setting wy = ws = ws = 1, the index (C.16) reads

Loy

=1+ [T+10C+ g (6+60)] a2z + { [132 + 114¢ + g (94 4 94¢)] ™" (C.18)

12)30) (T3 a3 W = W3 = w5 = 159, ¢)

+a4—[8+10g+g(6+6g)]}x2+....

Let us denote the zero-form symmetry associated with wreathing (i.e. corresponding to
Z(212)(34)) by Z[20]1“> with the corresponding fugacity I'. Similarly to (C.12), the index for (C.1)
refined with respect to I' is as follows:

Zicay(z;a;w; = 1;9,¢,E)
=14 [74 6 + 10¢ + 6T¢C + g (6 + 2T + 6¢ + 2I')] o %z

+ { (132 + 94T + 114¢ + 94T°C + g (94 + 74T + 94¢ 4 74T¢)] a4 (C.19)

+a4—[8+6F+10C+6FC+g(6+2F+6C+2F§)]}932+....

In terms of the mirror theory of (C.1), namely the USp(2) gauge theory with five flavours,

the Z[QO}F, 79 and Z[Q?]C symmetries act as follows:

2,9
SO(1) SO(1)
INGE
¢ g
[ ] (C.20)
SO(3) USp(2) s0(2)
SO(3)

For example, if we gauge Z[QO]F in (C.20) and set ¢ = ¢ = 1, we obtain the following theory
which is mirror dual to the wreathed quiver (C.15):

O —O0— | (C.21)

O(1)  USp(2) s0(8)

On the other hand, if we gauge Z[Q(?]F and Z[2(3}g in (C.20) and set ¢ = 1, we obtain the
following theory

o(1)
(C.22)

O(1)  USp(2) sO(6)

Data Availability Statement. This article has no associated data or the data will not
be deposited.
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