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We present the first fully analytic evaluation of the transition amplitude for the scattering of a massless
into a massive pair of fermions at the two-loop level in quantum electrodynamics. Our result is an essential
ingredient for the determination of the electromagnetic coupling within scattering reactions, beyond the
currently known accuracy, which has a crucial impact on the evaluation of the anomalous magnetic moment
of the muon. It will allow, in particular, for a precise determination of the leading hadronic contribution to
the ðg − 2Þμ in the MUonE experiment at CERN, and therefore can be used to shed light on the current
discrepancy between the standard model prediction and the experimental measurement for this important
physical observable.
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Introduction.—The Muon g − 2 Collaboration at
Fermilab has recently confirmed [1] that the observed
magnetic activity of the muon is compatible with the
earlier findings obtained at Brookhaven National Lab
[2–4]. The anomalous magnetic moment of the muon,
ðg − 2Þμ, shows a 4.2σ deviation from the prediction of the
standard model of elementary particles (SM) [5]. However,
the theoretical determination of this quantity, obtained via
dispersive techniques, might be affected by the improper
estimation of the hadronic corrections to the muon-photon
interaction, which could be responsible of such a discrep-
ancy. Alternative results obtained through lattice QCD
calculations point towards a possible mitigation of the
tension between theory and experiments [6].
Recently, a novel experiment, MUonE, has been pro-

posed at CERN, with the goal of measuring the running of
the effective electromagnetic coupling at low momentum

transfer in the spacelike region [7]. As proposed in Ref. [8],
this measurement would provide an independent determi-
nation of the leading hadronic contribution to the ðg − 2Þμ.
Such a measurement relies on the precise determination of
the angles of the outgoing particles emerging from the
elastic muon-electron scattering [7,9–11]. To extract the
running of the effective electromagnetic coupling from
the experimental data, the pure perturbative electromag-
netic contribution to the electron-muon cross section must
be controlled at least up to the second order in the fine-
structure constant [12].
The scattering of a muon μ off an electron e in quantum

electrodynamics (QED) is the simplest reaction among
fundamental leptons of different flavors, and represents a
paradigmatic case of charged particles interaction mediated
by a neutral gauge boson. The leading order (LO) process
has been known since the mid 1950s [13], while the next-
to-leading order (NLO) radiative corrections were com-
puted in Refs. [14–20], and more recently studied in
Ref. [21]. The two-loop diagrams contributing to the
next-to-next-to-leading order (NNLO) virtual corrections
were evaluated in Ref. [22] assuming purely massless
fermions. At the energies of the MUonE experiment, the
muon mass plays an important role for the description of
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the radiative pattern and cannot be neglected [12].
Nevertheless, the evaluation of Feynman integrals usually
becomes more demanding as the number of massive
particles present either in the loops or in the external states
increases.
NNLO QED corrections involve the two-loop amplitude

along with the real-virtual and the double-real emission
terms. While the matrix elements for the last two contri-
butions can be calculated without difficulties using stan-
dard techniques, their integration over the corresponding
phase spaces is complicated by the presence of infrared
(soft and collinear) singularities, as well as the presence of
masses in both the initial and final state of the scattering
process. In order to obtain predictions for fully differential
observables, it is necessary to adopt a subtraction pro-
cedure. The Abelian nature of the interaction leads us to
believe that the computational techniques already used for
other processes at the LHC can be successfully adapted to
this purpose [23,24]. Preliminary Monte Carlo simulations
for μe scattering have already been performed by including
parts of the NNLO corrections [25,26]. These simulations
account for a subset of the two-loop graphs, not yet inclu-
ding the four-point diagrams with complete dependence on
the lepton masses. The complete two-loop amplitude is
then a missing crucial ingredient for the computation of the
full NNLO QED corrections.
In this work, we present the first fully analytic evaluation

of the renormalized two-loop amplitude for four fermion
scattering in QED, f− þ fþ þ F− þ Fþ → 0, with f and F
representing a massless and a massive lepton, respectively.
In the past years, we have developed efficient mathematical
techniques for the evaluation of multiloop integrals in
dimensional regularization, such as the adaptive integrand
decomposition [27–29] and the Magnus exponential
method for differential equations [30,31]. The combination
of these techniques with the more traditional decomposi-
tion through integration-by-parts identities (IBPs) [32,33],
allowed us to obtain for the first time a complete analytic
formula for the renormalized two-loop amplitude of
a 2 → 2 process with a nonvanishing mass in internal
and external lines.
The one- and two-loop amplitudes presented in this

Letter can be applied, for instance, to the case where the
light fermion is an electron, f ¼ e, and the heavy fermion is
a muon, F ¼ μ, and can be used in the elastic scattering
eμ → eμ, as well as in crossing related processes, such
eþe− → μþμ−. If the elastic scattering is the key process of
the MUonE experiment, the muon pair production in eþe−

annihilation is a key process for the center-of-mass energy
calibration at present and future eþe− colliders, such as
BESIII [34], BELLE-II [35], CEPC [36], and FCCee [37].
Therefore, a precise knowledge of the radiative effects
would improve the precision of the results obtainable at
these machines.

The structure of the infrared (IR) singularities of the
massless and massive gauge theory scattering amplitudes
has been studied in [38–53]. In this work, the determination
of the virtual NNLO corrections is complemented by the
investigation of the IR singularities of scattering amplitudes
in QED, which involve massive particles, and whose
universal structure can be determined within soft collinear
effective theory (SCET), along the lines of the method
presented in Refs. [46,53]. The agreement of the residual IR
poles coming from the direct diagrammatic calculus of the
renormalized amplitude with the IR poles predicted within
SCET is an important validation of the diagrammatic
calculation. We explicitly verify this agreement in the case
of f−fþ → F−Fþ process.
Additionally, let us observe that the two-loop diagrams

considered here, also appear in the (color stripped) Abelian
subset of graphs contributing to heavy-quark pair produc-
tion in quantum chromodynamics (QCD) [54–58]. The
similarities of the analytic structure of the two-loop ampli-
tude between qq̄ → tt̄ in QCD and f−fþ → F−Fþ in QED,
where q and f are treated as massless, is exploited to test
the structure of the singularities coming from QED dia-
grams through a tuned comparison to the Abelian part of
known results in QCD.
Recently, the evaluation of integrals coming from planar

diagrams [59–61] indicates that the computation of
four-fermion scattering amplitudes at two loops in QED,
by keeping full dependence on the masses of all the
involved leptons, might become the subject of near-future
investigation.
Scattering amplitude.—We consider the four-fermion

scattering process involving a massless and a massive
lepton pair,

f−ðp1Þ þ fþðp2Þ → F−ðp3Þ þ Fþðp4Þ; ð1Þ

with mf ¼ 0 and mF ¼ M ≠ 0. The Mandelstam invari-
ants, defined as s ¼ ðp1 þ p2Þ2, t ¼ ðp1 − p3Þ2, and
u ¼ ðp2 − p3Þ2, satisfy the condition sþ tþ u ¼ 2M2.
The four-point bare amplitude Ab admits a perturbative

expansion in the bare coupling constant αb ≡ e2b=4π,
which, up to the inclusion of the second-order corrections,
reads

AbðαbÞ ¼ 4παbSϵμ−2ϵ

×

�
Að0Þ

b þ
�
αb
π

�
Að1Þ

b þ
�
αb
π

�
2

Að2Þ
b

�
; ð2Þ

where AðnÞ
b indicates the n-loop bare amplitude, Sϵ ≡

ð4πe−γEÞϵ and μ is the ’t Hooft mass scale. The leading

order (LO) term Að0Þ
b , referred to as Born term, receives

contribution from a single tree-level Feynman diagram,
shown in the upper row of Fig. 1. The squared LO
amplitude, summed over the final spins and averaged over
the initial states, reads,
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Mð0Þ
b ¼ 1

4

X
spins

jAð0Þ
b j2

¼ 1

s2
½2ð1 − ϵÞs2 þ 4ðt −M2Þ2 þ 4st�; ð3Þ

for external states treated in d ¼ 4 − 2ϵ space-time dimen-
sions according to the conventional dimensional regulari-
zation (CDR) scheme [62], that we use throughout the
whole computation. The interferences of one- and two-loop
bare amplitudes with the Born amplitude read

MðnÞ
b ¼ 1

4

X
spins

2ReðAð0Þ�
b AðnÞ

b Þ; for n ¼ 1; 2: ð4Þ

Analytic evaluation.—The analytic evaluation of Mð1Þ
b

and Mð2Þ
b is completely automated, within an in-house

software, which can be applied to generic one- and two-
loop amplitudes. The Mathematica package FeynArts [63] is
used to generate Feynman diagrams contributing to the
one- and two-loop corrections to the scattering amplitudes
as well as the counterterm diagrams required for the
renormalization: 6 diagrams and 3 counterterm diagrams
at one loop; 69 diagrams (8 of which vanish because of
Furry’s theorem) and 55 counterterm diagrams at two
loops. Representative one- and two-loop diagrams are
shown in the second and third row of Fig. 1, respectively.
The spin sums and the algebraic manipulation to simplify
the Dirac-γ algebra are carried out by means of the FeynCalc

[64–66] package. Each n-loop graph G (interfered with the
Born amplitude) corresponds to an integrand written in
terms of scalar products between external pν

i and internal k
ν
i

momenta. Therefore, Eq. (4) can be generically written as

MðnÞ
b ¼ ðSϵÞn

Z Yn
i¼1

ddki
ð2πÞd

X
G

NGQ
σ∈GDσ

; ð5Þ

where NG ¼ NGðpi; kiÞ indicates the numerator, and Dσ ¼
Dσðpi; ki;MÞ are the denominators corresponding to the
internal lines of G.
Integrands are simplified by employing the adaptive

integrand decomposition method, implemented in the Aida

framework [29]. The intermediate results emerging from
the integrand decomposition can be further simplified by
means of the IBP identities [32,33]. Our software is
interfaced with the publicly available codes Reduze [67]
and Kira [68], and, for each diagram, it produces the files for
the automated generation of the IBP relations. After the
decomposition phase, the interference terms MðnÞ

b are
written as linear combination of a set of independent
integrals, say IðnÞ, called master integrals (MIs),

MðnÞ
b ¼ CðnÞ · IðnÞ; ð6Þ

where CðnÞ is a vector of coefficients, depending on ϵ

and the kinematic variables, s, t, M2. In particular, Mð1Þ
b

and Mð2Þ
b are conveniently expressed, in terms of 12 and

264 MIs, respectively, analytically computed: two- and
three-point functions have been known since long [69–71],
while planar and nonplanar four-point integrals were
computed in Refs. [72,73], using the differential equation
method via Magnus exponential, and independently in

Refs. [55,56,74]. The analytic expressions of MðnÞ
b can be

written as a Laurent series around d ¼ 4 space-time
dimensions (ϵ ¼ 0), with coefficients that contain gener-
alized polylogarithms (GPLs) [75], defined as iterated
integrals, through the recursive formula

Gðwn;…; w1; τÞ≡
Z

τ

0

dt
t − wn

Gðwn−1;…; w1; tÞ; ð7Þ

with Gðw1; tÞ≡ logð1 − t=w1Þ. The arguments wi are
known as letters, and their number, corresponding to the
number of nested integrations, is called weight. The two-
loop interference term contains 4063 GPLs with up to
weight four, whose arguments are written in terms of 18
letters, wi ¼ wiðx; y; zÞ, which depend on the Mandelstam
variables through the relations, −t=M2 ¼ x, −s=M2 ¼
ð1 − yÞ2=y, −ðu−M2Þ=ðt−M2Þ¼z2=y (see Refs. [72,73]
for more details).
Renormalization.—The one- and two-loop diagrams

contributing to Mð1Þ
b and Mð2Þ

b contain infrared (IR) and
ultraviolet (UV) divergences. To remove the UV divergen-
ces, the bare lepton fields (ψl, with l ¼ f, F, for massless
and massive leptons, respectively) and photon field (Aμ), as
well as the bare mass of the massive lepton are renorma-
lized as follows,

ψb ¼
ffiffiffiffiffi
Z2

p
ψ ; Aμ

b ¼
ffiffiffiffiffi
Z3

p
Aμ; Mb ¼ ZMM; ð8Þ

where, to simplify the notation, the label l in the lepton
fields is understood and restored when required. The
renormalization of the QED interaction vertex,

Lint ¼ ebψ̄b=Abψb ¼ eZ1ψ̄=Aψ ; ð9Þ

FIG. 1. Representative diagrams for the process f−fþ →
F−Fþ: tree-level (top), one-loop graphs (middle), two-loop
graphs (bottom). Thin lines indicate a lepton f while thick lines
indicate a lepton F. Wavy lines are photons.
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can then be entirely fixed using the QED Ward identity,
that implies Z1 ¼ Z2. In particular, this leads to a simple
relation between the renormalized charge and the bare
charge [obtained by applying Eq. (8) to the bare interaction
term and comparing the two renormalized expressions)
eZ1 ¼ ebZ2

ffiffiffiffiffi
Z3

p
, therefore, one has e ¼ eb

ffiffiffiffiffi
Z3

p
. The

lepton wave functions and the mass of the massive lepton
are renormalized in the on-shell scheme, namely, Z2;f ¼
ZOS
2;f, Z2;F ¼ ZOS

2;F, ZM ¼ ZOS
M . The coupling constant is

renormalized in the MS scheme at the scale μ2,

αbSϵ ¼ αðμ2Þμ2ϵZMS
α ; ð10Þ

with ZMS
α ¼ 1=ZMS

3 . The renormalized amplitude is
obtained by multiplying the bare amplitude with a factorffiffiffiffiffiffiffiffi
Z2;l

p
for any external lepton l, hence,

A ¼ Z2;fZ2;FÂb; ð11Þ

where Âb ¼ Abðαb ¼ αbðαÞ;Mb ¼ MbðMÞÞ, namely
expressing the bare coupling and mass in terms of their
renormalized counterparts. Let us observe that A depends

on four renormalization constants, namely, ZMS
α , ZOS

2;f, Z
OS
2;F,

ZOS
M . To simplify the notation in the following, these are

simply indicated as Zj, with j ¼ fα; f; F;Mg, respectively.
The renormalization constants admit a perturbative expan-
sions in α,

Zj ¼ 1þ
�
α

π

�
δZð1Þ

j þ
�
α

π

�
2

δZð2Þ
j þOðα3Þ; ð12Þ

and their expressions can be obtained (either directly or
after abelianization) from Refs. [57,76–78]. After substi-
tuting in Eq. (11) the expansions of the bare amplitude,
given in Eq. (2), and the ones of the renormalization
constants, given in Eq. (12), the UV renormalized two-loop
amplitude reads

AðαÞ ¼ 4πα

�
Að0Þ þ

�
α

π

�
Að1Þ þ

�
α

π

�
2

Að2Þ
�
; ð13Þ

up to second order corrections in α. The n-loop coefficients
AðnÞ are given in terms of the ones appearing in the bare
amplitude as

Að0Þ ¼ Að0Þ
b ; ð14aÞ

Að1Þ ¼ Að1Þ
b þ ðδZð1Þ

α þ δZð1Þ
F ÞAð0Þ

b ; ð14bÞ

Að2Þ ¼ Að2Þ
b þ ð2δZð1Þ

α þ δZð1Þ
F ÞAð1Þ

b ;

þ ðδZð2Þ
α þ δZð2Þ

F þ δZð2Þ
f þ δZð1Þ

F δZð1Þ
α ÞAð0Þ

b

þ δZð1Þ
M Að1;mass CTÞ

b : ð14cÞ

The last term in Eq. (14c) contains the extra contribution of
one-loop diagrams having an insertion of the mass counter-
term in the massive propagators in all possible ways, as
depicted in Fig. 2.
The bare coupling αb and the bare amplitudes AðnÞ

b
(n ¼ 0, 1, 2), appearing in Eqs. (3) and (4), can be replaced
by the corresponding renormalized quantities α andAðnÞ, to
build the Born term, Mð0Þ, and the renormalized interfer-
ence terms, at one loop, Mð1Þ, and at two loops, Mð2Þ.
The latter two quantities constitute the main results of this
Letter.
Infrared structure.—The IR poles appearing in the two-

loop corrections after UV renormalization can independ-
ently be obtained starting from the tree-level and the one-
loop amplitudes, by following the same procedure
employed to study the infrared structure of QCD ampli-
tudes [46,53].
The structure of the IR poles is governed by an

anomalous dimension Γ that has the following structure,

Γ ¼ γcuspðαÞ ln
�
−

s
μ2

�
þ 2γcuspðαÞ ln

�
t −M2

u −M2

�

þ γcusp;Mðα; sÞ þ 2γhðαÞ þ 2γψðαÞ; ð15Þ

where the γi (i ∈ fcusp; cusp;M; h;ψg) coefficients up to
Oðα2Þ are extracted in analogy to the QCD case [46,53,79].
We compute the analytic expression of the two-loop
amplitude Mð2Þ for the process f−fþ → F−Fþ both in
the nonphysical region s < 0, t < 0 as well as directly in
the production region. In this physical region, the imagi-
nary part of the anomalous dimension in Eq. (15) is
computed by adding an infinitesimal positive imaginary
part to s. One can then introduce the IR renormalization
factor ZIR,

lnZIR ¼ α

4π

�
Γ0
0

4ϵ2
þ Γ0

2ϵ

�

þ
�
α

4π

�
2
�
−
3β0Γ0

0

16ϵ3
þ Γ0

1 − 4β0Γ0

16ϵ2
þ Γ1

4ϵ

�

þOðα3Þ; ð16Þ

where Γi, Γ0
i and βi are the coefficients of the expansion of

Γ, its derivative w.r.t. ln μ, and the QED beta function,
respectively. The IR poles of the nth-order term MðnÞ can
be calculated using ZIR and the lower order contributions,
Mð0Þ;…;Mðn−1Þ. In particular, the IR pole structures at
one and two loops are found to be

FIG. 2. Diagrams for mass renormalization. The “cross mark”
symbol represents the insertion of a mass counterterm.
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Mð1Þjpoles ¼
1

2
ZIR
1 Mð0Þjpoles; ð17aÞ

Mð2Þjpoles ¼
1

8
½ðZIR

2 − ðZIR
1 Þ2ÞMð0Þ

þ 2ZIR
1 Mð1Þ�jpoles: ð17bÞ

All functionsMðnÞ in the right-hand side of Eqs. (17) must
be evaluated in d ¼ 4 − 2ϵ space-time dimensions. The
factors ZIR

i are the coefficients of the series expansion of
ZIR in powers of α=ð4πÞ.
The IR poles structure in Eqs. (17), reconstructed starting

from the tree-level and one-loop amplitudes, is in perfect
agreement with the one obtained starting from Eq. (14c)
and directly calculating the two-loop diagrams. This
provides a nontrivial test of the complete two-loop
calculation.
Results.—The analytic results of the interference con-

tributions Mð1Þ and Mð2Þ are given as Laurent series in ϵ

Mð1Þ ¼ Mð1Þ
−2

ϵ2
þMð1Þ

−1
ϵ

þMð1Þ
0 þMð1Þ

1 ϵþOðϵ2Þ; ð18aÞ

Mð2Þ ¼ Mð2Þ
−4

ϵ4
þ � � � þMð2Þ

−1
ϵ

þMð2Þ
0 þOðϵÞ: ð18bÞ

The analytical expression of Mð1Þ is computed both in the
nonphysical region, and in the pair production region,
s > 4M2, t < 0. The latter is required to predict the IR
poles of Mð2Þ directly in the production region; the
analytical expression of Mð2Þ is computed in the non-
physical region, s < 0, t < 0, and its analytic continuation
is performed numerically. The renormalized one- and two-
loop interference terms are conveniently decomposed in
gauge-invariant components, labeled by the number of
massless (nl) and massive (nh) closed fermion loops

Mð1Þ ¼ Að1Þ þ nlB
ð1Þ
l þ nhC

ð1Þ
h ; ð19aÞ

Mð2Þ ¼ Að2Þ þ nlB
ð2Þ
l þ nhC

ð2Þ
h þ n2l D

ð2Þ
l

þ nhnlE
ð2Þ
hl þ n2hF

ð2Þ
h : ð19bÞ

In Fig. 3, we plot the finite part of one- and two-loop

renormalized amplitudes MðiÞ
0 , i ¼ 1, 2 in the physical

region. The threshold singularity is clearly visible and well
reproduced up to very small center of mass energy, showing
full control of the numerical stability. The complete
formula for the analytic expression of the renormalized
two-loop amplitude is rather large (∼60 MB) and cannot be
reported here. The figures are obtained by evaluating this
formula with high precision on 10500 evenly spaced grid
points, by employing HandyG [80] and Ginac [81] (via the
package PolyLogtools [82]) for the numerical evaluation of

GPLs. Each evaluation required from seconds CPU time in
the almost flat region to up about 1500s CPU time for the
configurations approaching the threshold singularity. These
grids are available from the authors upon request.
Other tests.—The master integrals for the Abelian dia-

grams in QED can be employed to construct the analytic
expressions of some gauge-invariant contributions to the
two-loop amplitude of the process qq̄ → tt̄ in QCD
[54–57]: in particular, our results (evaluated in the region
of heavy-lepton pair production, and properly accounting
for the color factors) agree with the numerical coefficients
Eq
l , Eq

h, Fq
l , Fq

lh, Fq
h provided in the Table 1 of

Refs. [54,55,57], which receive contributions from
Abelian diagrams only; the agreement on the poles of
the above mentioned color coefficients, at other phase-
space points, has been verified using the formula for the IR
poles of two-loop amplitudes in QCD, given in Ref. [83].
Conclusion.—We presented the first fully analytic evalu-

ation of the amplitude for the scattering of four fermions in
quantum electrodynamics, involving two different types of
leptons, one of which is treated as massless, up to the
second order corrections in the electromagnetic coupling
constant. The calculations were carried out within the
dimensional regularization scheme, and the infrared pole
structure of the renormalized amplitude is found to obey the
universal behavior predicted by the soft collinear effective
theory. Our result constitutes the first example of a
complete scattering amplitude for 2 → 2 processes, with
massless and massive particles in the loops as well as in the
external states, involving planar and nonplanar diagrams at
two loops, analytically evaluated.
Our analytic results can be directly applied to the study,

at NNLO accuracy, of massive lepton pair production in
massless lepton annihilation, and, upon analytic continu-
ation, to the study of the elastic scattering of massive and
massless fermions in QED and QCD. Notably, the virtual
corrections presented here are relevant for the recently
proposed MUonE experiment at CERN. This experiment is
devoted to extraction of the hadronic contribution to the
ðg − 2Þμ from the μe scattering. The MUonE experiment
analysis relies on the knowledge of the pure NNLO QED
correction to the μe scattering process, which will be the
subject of a dedicated study in the near future.

FIG. 3. Three-dimensional plots of the finite terms MðiÞ
0 ,

i ¼ 1, 2 of the renormalized one- and two-loop amplitudes, in
Eqs. (18a), (18b), where nl¼1, nh¼1. Here, η¼s=ð4M2Þ−1,ϕ ¼
−ðt −M2Þ=s.
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