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Introduction

Quantum physical systems usually interact with an environment (a gas of particles, a
beam of photons, a heat bath, a measurement apparatus...). The entire system, con-
sisting of the initial quantum system plus the environment, is an isolated system and,
therefore, undergoes a reversible evolution, which is driven by a proper Hamiltonian,
but that can be quite hard to describe in practice. A possible approach to the prob-
lem is to focus on the dynamic of the system only, at the price of having to deal with
evolutions which are not reversible anymore.

We should then consider transformations allowing phenomena like decay, dissipa-
tion and decoherence, which are proper of open quantum systems. The reduced dy-
namic can be described by a one-parameter set of linear operators acting on the set of
quantum states, Φ∗ = (Φ∗t)t≥0; the Φ∗t’s are no longer bijective, nor satisfy a group
law, as instead usually happens for the reversible dynamic of an isolated system. The
linear map Φ∗t transforms the initial state of the system ρ into the state of the sys-
tem at time t, so it needs to preserve the set of quantum states, hence it must be trace
preserving and positive (actually the stronger condition of complete positivity will be
requested). Such a map Φ∗t is usually called a quantum channel.

When we deal with a memoryless evolution, we can assume that the family Φ∗ is a
semigroup of quantum channels, which additionally implies that

Φ∗t ◦ Φ∗s = Φ∗t+s, s, t ≥ 0. (1)

We recall that, by usual duality arguments, one can equivalently consider either
the evolution of the states of the system (Schrödinger picture) or of the observables
(Heisenberg picture), described by the dual family of maps Φ := (Φt)t≥0. Φ turns out
to be a semigroup of quantum Markov maps, i.e. (completely) positive and identity
preserving operators acting on the observables’ space. In our work we will consider
semigroups both in continuous and discrete time (where the time index belongs to the
set N instead than [0,+∞)). We shall give more details about the definition of states,
observables and semigroups of quantum channels or quantum Markov maps in Chapter
1.

From a purely mathematical perspective, semigroups of quantum Markov maps can
be seen as a noncommutative generalization of classical Markov semigroups, hence

1
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INTRODUCTION

a natural and successful approach to study such families of maps has been to extend
probabilistic ideas and tools introduced for classical Markov semigroups. Much work
has already been done in the study of accessibility properties and qualitative long-time
behaviour of semigroups of quantum Markov maps: fundamental notions like reducibil-
ity, recurrence and transience were introduced in the 70s (see [20, 26]) and have been
developed further up to more recent years ( [31,67]); however there are still some open
questions in this area and answering to some of them is the goal of part of this work.

Indeed, Chapter 2 is dedicated to the study of absorption problems, introducing the
quantum mathematical objects we need to describe the probability that a quantum evo-
lution is captured in an invariant domain, and then studying some naturally connected
questions.

Before proceeding further, we briefly recall the definition of absorption probabilities
for a classical discrete time homogeneous Markov chain (Xn)n≥0 with countable state
space E and transition matrix P = (pxy)x,y∈E . A set of states C ⊆ E is said to be
closed (or invariant) if it is not possible for the chain to escape from it and that happens
whenever one has pxy = 0 for all x ∈ C, y /∈ C; notice that in general C is not a
communication class, nor a set of recurrent states. When we consider such a closed set
C, we can define the corresponding absorption probabilities by introducing the bounded
function A(C) on E as

A(C)(x) = P

(⋃
n∈N

{Xn ∈ C}

∣∣∣∣∣X0 = x

)
, for x ∈ E,

so that, for any x ∈ E, A(C)(x) is equal to the probability that the Markov chain,
starting from x, is eventually absorbed in C.

Absorption probabilities have many remarkable properties: they are related to the
communication structure of the Markov chain, recurrence, harmonic functions and er-
godic theory. Nevertheless, a generalization of absorption probabilities in the noncom-
mutative context was still missing.

The aim of Chapter 2 is to introduce and study the notion of absorption opera-
tor associated to an enclosure (also called invariant domain, it is the noncommutative
equivalent of a closed set). It turns out that absorption operators share many remarkable
properties with their classical counterpart, and also seem promising for some applica-
tions (see for instance [19], where a similar object appeared in an embryonal stage to
be used for studying the stability of a quantum information process). We analyze the
structure of absorption operators and some basic properties, in particular in relation
with the notions of recurrence and transience; as a relevant byproduct, we are able to
show that the null recurrent space is an enclosure and to complete the decomposition of
semigroups of quantum Markov maps into their positive recurrent, null recurrent and
transient restrictions, which were issues left open in [67]. See in particular Theorems
2.2.1, 2.2.3 and 2.2.7.

Another application of absorption operators is in the description of the fixed points
set of the semigroup, that is

F(Φ) := {x ∈ B(h) : Φt(x) = x, ∀t ≥ 0}.

2
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The fixed points set is a fundamental object in ergodic theory. Moreover, whether or
not fixed points constitute an algebra is an issue that has raised attention in the phys-
ical community: it is related to some Noether theorem-type results in open quantum
systems (see [38] and references therein) and to the distinction between observables
which are not disturbed by a quantum channel and those which are compatible with it
( [2]); also, a necessary condition for environmental induced decoherence to take place
is that F(Φ) is an algebra. Absorption operators are fixed points of the semigroup and
Theorem 2.3.16 shows that F(Φ) is completely described by them whenever the recur-
rent space is absorbing: this result points out the relationship between fixed points and
absorption and accessibility features of the semigroup. In addition, it allows to deduce
some remarkable features of fixed points.

Indeed, little is known about fixed points of general semigroups ( [1, 37]), while
they have been intensively studied in the positive recurrent case, i.e. when there ex-
ists a faithful state ρ which is invariant under the action of Φ∗; under this assumption,
they are an algebra and their structure has been completely understood ( [13, 33]). The
study of the fixed points set has allowed to obtain for positive recurrent semigroups a
noncommutative analogue of the decomposition of positive recurrent states in commu-
nication classes; a natural question is to ask whether this still holds true for recurrent
semigroups, as in the case of Markov chains. We provide a negative answer, construct-
ing a noncommutative version of a symmetric random walk on Z (Example 2.3.7).

The last result of chapter 2 we want to mention is Theorem 2.3.23 and considerations
below: employing the seminal results in ergodic theory of quantum Markov semigroups
obtained by Frigerio, Verri and Łuczak in the 80s and 90s ( [36,49,50]), we are able to
generalize to the noncommutative context the mean ergodic theorem for Markov chains
( [52, Theorems 1.8.5 and 3.6.3]). The proof of Theorem 2.3.23 is functional analytic,
while in the classical case usually relies on coupling arguments, which are impossible
to carry to the noncommutative setting. We remark that, while some results are specific
to semigroups of quantum Markov maps acting on the whole algebra of bounded linear
operators on a Hilbert space, the proofs of many others can be easily carried to the
context of a semigroup acting on a generic W ∗-algebra (Chapter 1 recalls the definition
and some basic properties of W ∗-algebras).

Chapter 3 is devoted to the study of the asymptotic behaviour of quantum trajectories
associated to an open quantum random walk (OQRW); absorption operators turn out to
be a key instrument in extending the current knowledge on this mathematical model.
OQRWs are quantum channels which generalize classical random walks; they were
introduced in [4] and have been intensively studied in the last years: we refer to [62]
for a recent survey on the subject and e.g. to [5,51,60] for some applications. OQRWs
differ from unitary quantum random walks because they take into account the effect
of the interaction of the walker/particle with the environment (unitary quantum walks
are often of difficult physical implementation due to decoherence effects). The walker
moves on the set of vertices V with transition probabilities that depend on the initial
and arrival vertices and on some internal degrees of freedom; we focus our attention on
the case of homogeneous open quantum random walks (HOQRWs), in which V ⊂ Rd

is a locally finite lattice (the classical example is V = Zd), transitions are possible
only towards adjacent vertices and transition probabilities only depend on the shift
between the initial and the final vertex. The position process (Xn)n≥0 has been object

3
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of many investigations, and results as a strong law of large numbers, a central limit
theorem and a large deviations principle were proved under some technical assumptions
regarding the finite dimensional local Hilbert space of the system ( [3, 14, 44]). By
using reducibility structure, recurrence and absorption operators, we can generalize
the previous results removing all these additional assumptions, except for the finite
dimension of the local space (while the global Hilbert space of the system will anyway
be infinite dimensional).

• Theorem 3.5.2 shows that there exists a random variable X∞ that we are able to
completely characterize and such that almost surely

lim
n→+∞

Xn −X0

n
= X∞.

• We can prove (Theorem 3.3.4) that for n large enough, the law of Xn−X0√
n

is close
(with respect to every distance that metrizes the weak convergence) to a convex
combination of Gaussian random variables. The weights and the parameters of
the Gaussian measures are explicitly determined.

• Finally Theorem 3.4.3 provides some explicit large deviation upper an lower bounds
for Xn−X0

n
. While all the results presented so far are shown in full generality, we

have to impose some restrictions on the model in order to ensure that Xn−X0

n
sat-

isfies a large deviation principle (Theorem 3.4.4).

Before starting with the precise description of our results, we recall some facts and
results about noncommutative probability spaces and semigroups of quantum Markov
maps in Chapter 1.

The contents of Chapter 2 already appeared in [11, 40], while results in Chapter 3
are mainly collected in [12], which are partially in collaboration with Raffaella Carbone
and Anderson Melchor Hernandez.

Recent developments. While working at the project of this thesis, we could also
study some problems that we decided not to include in the final version of the thesis.

1. In collaboration with Anderson Melchor Hernandez, we could find a second proof
for the strong law of large numbers and the central limit type theorems for the
position process (Xn)n≥0 in Chapter 3. This other strategy takes inspiration from
the techniques introduced in [3], essentially based on the solution of the Poisson
equation and the use of limit theorems for martingales. We decided not to include
this part of our work in the thesis because these techniques did not allow us to
derive the large deviations bounds, but would have requested the introduction of
a considerable amount of new concepts and definitions. By now there are two
proofs of only part of the results, but we hope this second approach will reveal
useful to obtain progresses in different directions we are considering.

2. In a recent collaboration with Raffaella Carbone, Madalin Guţă and Merlijn van
Horssen, we proved a strong law of large numbers, a central limit theorem and a
large deviation principle for the atom counting process related to the single atom
maser, which is described by a quantum dynamical semigroup acting on an infinite

4
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dimensional state space ( [41]). Even if the mathematical objects and techniques
are similar to the ones introduced in this thesis, we did not include this part since it
is quite long, very recent and has no direct connections with absorption dynamics,
which are instead the central theme of this dissertation.
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CHAPTER1
Preliminaries

The aim of this chapter is to gather the main definitions and results that are used in the
next chapters and to introduce the notation used in this work. In Section 1.1 we recall
the definition of noncommutative probability space involving W ∗-algebras and normal
states and we gather some properties and results about this objects, while in Section 1.2
we deal with semigroups of quantum Markov maps and their main properties related
to the study of ergodic theory and long-time behaviour. Special attention is paid to the
case of semigroups acting on the bounded linear operators on a separable Hilbert space.

1.1 Noncommutative probability space

1.1.1 W ∗-algebras

The concept of W ∗-algebra (or Von Neumann algebra) captures the algebraic and topo-
logical properties that characterize some fundamental objects of both classical and non-
commutative probability. Let us give the precise abstract definition. Let us consider a
unital C-algebra A; A is called a Banach algebra if there exists a positive function
‖ ‖ : A → [0,+∞) such that for every x, y ∈ A, λ ∈ C

1. ‖x‖ = 0 if and only if x = 0, (positive definiteness)

2. ‖x+ y‖ ≤ ‖x‖+ ‖y‖, (triangular inequality)

3. ‖λx‖ = |λ|‖x‖, (homogeneity)

4. ‖xy‖ ≤ ‖x‖‖y‖ (product is jointly continuous)

and A is complete with respect to the norm ‖ ‖.
If there exists an involution ∗ : A → A such that for every x, y ∈ A, λ ∈ C

7
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Chapter 1. Preliminaries

1. (x+ y)∗ = x∗ + y∗ and (λx)∗ = λx∗ (antilinearity),

2. (xy)∗ = y∗x∗

thenA is called a ∗-algebra. For every Banach spaceX we denote byX? its topological
dual, that is

X? := {y : X → C s.t. y linear and continuous}.
X? is a Banach space endowed with the dual norm ‖y‖ := sup‖x‖=1 |y(x)|.

Definition 1.1.1. A Banach ∗-algebra A is a W ∗-algebra if

1. for every x ∈ A, ‖x∗x‖ = ‖x‖2,

2. there exists a Banach space A? such that (A?)? = A (we mean that they are
isomorphic as Banach spaces).

A first remark is that a Banach ∗-algebra with only property 1. of the definition is
called C∗-algebra; such a property implies that for every x ∈ A, ‖x‖ = ‖x∗‖ (∗ is an
antilinear isometry): indeed

‖x‖2 = ‖x∗x‖ ≤ ‖x‖‖x∗‖, (1.1)

hence ‖x‖ ≤ ‖x∗‖ and we conclude since x = (x∗)∗.
Since every W ∗-algebra is the dual of some Banach space, it is natural to consider

on it the w∗-topology, i.e. the topology induced by the family of seminorms of the type
|ω(·)| for some ω ∈ A?, where we identify ω ∈ A? with the element in A? acting in
the following way:

A 3 x 7→ x(ω) ∈ C.

A second important remark is that any w∗-closed subalgebra B ⊂ A is again a
W ∗-algebra with predual isomorphic to A?/B⊥ where B⊥ = {ω ∈ A? : ω(x) =
0,∀x ∈ B}. Moreover, given two W ∗-subalgebras B, C ⊂ A it is easy to see that their
intersection is again a W ∗-algebra, hence given any subset S ⊂ A we can safely define
the smallest W ∗-subalgebra containing S and we denote it by W ∗(S).

Let us see two important examples of W ∗-algebras.

Example 1.1.2. Let (E,E , µ) be a σ-finite measure space; for every nonnegative mea-
surable function f : E → [0,+∞) we can define its essential supremum as

ess sup(f) := inf{a ∈ [0,+∞) : µ(f−1(a,+∞)) = 0}.

If we identify the elements which are almost everywhere equal, the set of essentially
bounded functions

L∞(µ) := {f : E → C s.t. measurable, ess sup(|f |) < +∞}/ ∼,
f ∼ g if ess sup(|f − g|) = 0

is indeed a W ∗-algebra:

• it is a C-algebra with respect to pointwise sum and multiplication,

• it is a Banach algebra with respect to the norm ‖f‖∞ := ess sup(|f |);

8
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• the involution is given by pointwise complex conjugation f ∗ := f .

Moreover, the set of integrable functions (with suitable identifications)

L1(µ) :=

{
f : E → C s.t. measurable,

∫
E

|f |dµ < +∞
}/

∼,

f ∼ g if
∫
E

|f − g|dµ = 0

is a Banach space with respect to the usual integral norm ‖f‖1 :=
∫
E
|f |dµ and by

Radon-Nikodym’s theorem
L1(µ)? = L∞(µ)

in the sense that L∞ 3 f 7→
∫
E
f · dµ ∈ L1(µ)? is an isometric isomorphism.

Example 1.1.3. Let h be a Hilbert space and consider the set

B(h) := {x : h→ h s.t. x linear and continuous}.

It is a W ∗-algebra:

• it is a C-algebra with respect to pointwise sum and composition,

• it is a Banach algebra with respect to the uniform norm ‖x‖∞ := sup‖u‖=1‖xu‖,

• the involution is given by the adjunction: x∗ is the unique bounded operator such
that for every u, v ∈ h, 〈x∗u, v〉 = 〈u, xv〉.

There exists a subspace of operators L1(h) ⊂ B(h) such that L1(h)? = B(h), but
we will provide all the details in Section 1.1.2.

A fundamental difference between L∞(µ) and B(h) is that the first one is a com-
mutative W ∗-algebra, and it is indeed possible to prove that every commutative W ∗-
algebra is isomorphic to the set of essentially bounded functions on some measure
space, see for instance [58, Proposition 1.18.1]. In general the center of a W ∗-algebra
A, defined as

Z(A) := {x ∈ A : ∀y ∈ A, xy = yx},
is a proper W ∗-subalgebra of A. Thank to the involution ∗, we can define some natural
notions in the framework of W ∗-algebras: an element x ∈ A is said to be

• selfadjoint if x∗ = x,

• positive if there exists y ∈ A such that x = y∗y;

• a projection if it is selfadjoint and idempotent, i.e. x2 = x (we denote by P(A)
the set of projections in A).

In the case of Example 1.1.2, the concepts that we have just introduced coincide with
notions that should be familiar: a function f ∈ L∞(µ) is selfadjoint if it is real valued,
it is positive if f ≥ 0 (of course, both properties need to hold µ-almost everywhere);
the projections of L∞(µ) are the indicator functions of measurable sets.

Once we have introduced W ∗-algebras, it is natural to define W ∗-homomorphisms.

9
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Chapter 1. Preliminaries

Definition 1.1.4. A function π : A → B between W ∗-algebras is called a W ∗-
morphism if for every x, y ∈ A, α, β ∈ C

1. π(αx+ βy) = απ(x) + βπ(y),

2. π(xy) = π(x)π(y),

3. π(x∗) = π(x)∗,

4. π is w∗ − w∗-continuous.

The structure of C∗-algebras is rigid in the sense that a map π satisfying 1., 2. and 3.
is automatically a contraction and that, if it is injective, it is an isometry. Furthermore,
the image of a W ∗-homomorphism is always w∗-closed ( [58, Proposition 1.16.2]).
Given any W ∗-algebra, it is always possible to find a concrete representation (iso-
morphic W ∗-algebra) inside the bounded linear operators acting on a Hilbert space:
this is trivial in Example 1.1.3, while in Example 1.1.2 a natural isomorphism is
obtained noticing that f ∈ L∞(µ) acts as a multiplication operator Mf on L2(µ):
Mf : L2(µ) 3 g 7→ gf ∈ L2(µ).

Theorem 1.1.5 ( [58], Theorem 1.16.7). Let A be a W ∗-algebra; then there exist a
Hilbert space h and a injective W ∗-homomorphism π : A → B(h).

Hence it is not reductive to think of a W ∗-algebra as a w∗-closed, selfadjoint sub-
algebra of B(h) for some Hilbert space h; the concrete representation of a W ∗-algebra
as an operator algebra acting on some Hilbert space h allows to provide another re-
markable characterization of W ∗-algebras in purely algebraic terms. Given any sub-
set S ⊂ B of a W ∗-algebra B, we define its commutant with respect to B as the set
S ′ := {x ∈ B : xy = yx,∀y ∈ S}.

Theorem 1.1.6 (Von Neumann Bicommutant Theorem). Let A ⊂ B(h) be a ∗-
subalgebra containing the identity operator 1. Then the following are equivalent:

• A = A′′,

• A is w∗-closed.

Proof. See Theorem 1.20.3 and Proposition 1.15.1 in [58].

Theorem 1.1.6 characterizes as bicommutant sets only W ∗-algebras containing the
identity operator 1; however, for every w∗-closed subalgebraA ⊂ B(h), we can always
reduce to this situation considering its action on h =

(⋂
x∈A ker(x)

)⊥. The concrete
representation of aW ∗-algebra, allows to have a different characterization of the center:

Z(A) = A ∩A′.

Notice that, while the commutant depends on the bigger W ∗-algebra that we consider,
the center is an intrinsic object of A.
W ∗-algebras are the right objects to work with if one wants to extend probability to

the noncommutative setting for two main reasons: the first one is that if we consider a
bounded measurable function f : R → R and a selfadjoint element x ∈ A, there is a
way of defining f(x) and W ∗-algebras are the minimal topological-algebraic structure

10
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such that f(x) is still inA. The second one is thatW ∗-algebras are “rich of projections”
in the sense that any W ∗-algebra is the norm closure of the linear space generated by
its projections (see Proposition 1.1.9), hence we can carry to this setting many standard
techniques that rely on approximation of measurable functions with projections.

A rigorous meaning for a measurable function of a selfadjoint operator is provided
by Borel functional calculus. Let us consider a measurable space (E,E ), a resolution
of the identity (sometimes called projective valued measure) is a map e : E → P(A)
such that the following holds true:

• e(E) = 1,

• e(A ∩B) = e(A)e(B) for every A,B ∈ E ,

• E 3 A 7→ ω(e(A)) =: µe,ω(A) is a Borel measure for every ω ∈ A?.

Given a resolution of the identity e, for every f : E → [0,+∞) measurable function
we can define ess sup(f) = inf{a ∈ [0,+∞) : e(f−1(a,+∞)) = 0} and

L∞(e) = {f : E → C s.t. f measurable and ess sup(|f |) < +∞}/ ∼,
f ∼ g if ess sup(|f − g|) = 0.

Before stating the next result, we recall that the spectrum of any element x belonging to
theW ∗-algebraA is defined as the set Sp(x) := {z ∈ C : z1−x is not invertible in A};
if x is selfadjoint, then Sp(x) ⊆ R.

Theorem 1.1.7 (Borel functional calculus). Let A be a W ∗-algebra and x ∈ A a
selfadjoint element. There exists a unique resolution of the identity e defined on
B(Sp(x)) the Borel σ-field of Sp(x) and a unique isomorphism of W ∗-algebras
Ψx : L∞(e)→ W ∗({x}) such that for every polynomial p(t) ∈ C[t], Ψx(p) = p(x).

Remark 1.1.8. The last equality in the theorem states that the image via functional
calculus of a polynomial p(t) =

∑n
i=1 αit

i ∈ C[t] coincides with the expression∑n
i=1 αix

i, which makes perfect sense because A is a C-algebra.

Proof. First we show that for every resolution of the identity e on B(Sp(x)), L∞(e) can
be identified with L∞(µ) for some measure µ such that L1(µ)? = L∞(µ) and this turns
L∞(e) into a W ∗-algebra. Let us consider B := W ∗({e(A) : A ∈ B(Sp(x))}) ⊂ A
and (ωα)α a maximal family of normal states in B? with orthogonal supports (see Defi-
nition 1.2.1 for the definitions of normal state and support projection); by the definition
of resolution of the identity every ωα induces a Borel probability measure µωα on Sp(x)
and supp(µωα)∩ supp(µωα′) = ∅ for α 6= α′. If we consider the measure µ :=

⊕
α µα,

we have that L∞(µ) = L1(µ)? since it is the sum of a net of probability measures
with disjoint support (hence L∞(µ) is a W ∗-algebra). Moreover, by the maximality of
(ωα)α, for every A ∈ B(Sp(x))),

e(A) = 0⇔ ωα(e(A)) = 0 for every α
⇔ µα(A) = 0 for every α
⇔ µ(A) = 0.

We can, therefore, identify L∞(µ) and L∞(e).

11
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Chapter 1. Preliminaries

The proof of Borel functional calculus for (normal, hence also) selfadjoint bounded
operators can be found in [56, Section 12.24] and ensures that Ψx : L∞(e)→ W ∗({x})
is an isometric isomorphism of ∗-algebras, hence it is also a W ∗-isomorphism ( [23,
Corollary I.4.1].

Hence for every f : Sp(x) → C bounded and measurable, we can define f(x) :=
Ψx(f) and we know that ‖f(x)‖ ≤ supy∈E |f(y)|. Moreover notice that W ∗({x}) is
the smallest subset ofA closed under Borel funcrional calculus. We have the following
important corollary.

Proposition 1.1.9. Let A be a W ∗-algebra, then

A = spanP(A)
‖ ‖
.

Proof. Let us consider an arbitrary x ∈ A, then<(x) = x+x∗/2i and=(x) = x−x∗/2
are selfadjoint elements in A and x = <(x) + i=(x); hence without loss of generality
we can assume that x is selfadjoint. Since the identity function can be approximated on
Sp(x) uniformly by simple functions, by Theorem 1.1.7 we have the statement.

The last notion we need to introduce about W ∗-algebras is that of atomic W ∗-
algebra. Given two projections p, q ∈ P(A) we say that q ≤ p if pq = qp = q;
we say that a projection p is minimal if for every q ≤ p then either q = 0 or q = p.

Definition 1.1.10. A W ∗-algebra is said to be atomic if for every projection p, there
exists a minimal nonnull projection q such that q ≤ p.

Atomic W ∗-algebras can be characterized in the following ways.

Theorem 1.1.11 (Theorem 5, [66]). The following statements are equivalent:

1. A is atomic;

2. A is isomorphic to
⊕

α∈AB(hα) for some collection of Hilbert spaces {hα}α∈A;

3. suppose that A acts on h, then there exists a w∗-continuous projection of norm
one π : B(h)→ A.

Notice that by virtue of the characterization in point 2., ifA is an atomicW ∗-algebra
acting on a Hilbert space h, it is possible to find a decomposition of h into ranges of
orthogonal minimal projections of A.

1.1.2 Normal states

Having in mind Example 1.1.2, the following definition of normal state (which is the
noncommutative analogue of a probability density) is completely natural.

Definition 1.1.12. Any ϕ ∈ A? is said to be a normal state if

• it is positive, i.e. ϕ(x∗x) ≥ 0 for every x ∈ A,

• it is normalized, that is ϕ(1) = 1.

We denote by s(ϕ) the support projection of ϕ, which is the minimal projection p ∈ A
such that for every x ∈ A, ϕ(x) = ϕ(px) = ϕ(xp); ϕ is said to be faithful if s(ϕ) = 1.

12
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We are now in position of giving the definition of noncommutative probability space
that we consider in this thesis.

Definition 1.1.13. A noncommutative probability space is a pair (A, ϕ) where A is a
W ∗-algebra and ϕ ∈ A? is a normal state.

Although we introduced noncommutative probability spaces in whole generality and
we will meet in the present work more general W ∗-algebras, our object of study will
mainly be the probability space given by B(h) for some separable Hilbert space h and
a normal state ϕ ∈ B(h)?. At this point, it is convenient to recall a very concrete
representation of the predual of B(h). Given any operator x ∈ B(h) we can define
|x| := (x∗x)1/2 (for instance via Borel functional calculus); we introduce the set of
trace class operators as

L1(h) := {x ∈ B(h) : tr (|x|) < +∞}.

We recall some properties of L1(h) [53, Section I.9]:

• every x ∈ L1(h) is compact and L1(h) is a two-sided ideal of B(h).

• ‖x‖1 := tr (|x|) is a complete norm on L1(h).

• B(h)? = L1(h) identifying x ∈ L1(h) with tr (x·) (x is called the density operator
of tr (x·)).

• Normal states on B(h) correspond to trace class operators x ∈ L1(h) such that
x ≥ 0 and tr (x) = 1; this implies that there exists an orthonormal basis (ui) and
a sequence of positive numbers (λi),

∑
i λi = 1 such that x =

∑
i λi |ui〉 〈ui|.

• Every x ∈ L1(h) is a linear combination of four normal states, hence for every net
(xα) ⊂ B(h) and operator x ∈ B(h), the following are equivalent:

– limα tr (yxα) = tr (yx), ∀y ∈ L1(h),

– limα tr (yxα) = tr (yx), for all normal states y ∈ L1(h).

We will usually denote with greek letters operators in L1(h) intended as elements of
B(h)?.

The topological dual of B(h) admits a remarkable decomposition into disjoint sub-
spaces ( [65]): B(h)? = B(h)?⊕

`1
B(h)⊥?

1, where B(h)⊥? is the Banach space of singular

linear functionals, that is the linear space generated by those ϕ ∈ B(h)? such that

• ϕ(x∗x) ≥ 0 for every x ∈ B(h) (positivity),

• if there exists ψ ∈ B(h)?, such that ψ ≥ 0 and ψ(x∗x) ≤ ϕ(x∗x) for every
x ∈ B(h), then ψ = 0 (singularity).

If we want to make use of the language of classical measure theory, B(h)? is the set of
finite measures which are absolutely continuous with respect to the trace, while B(h)⊥?
corresponds to those finite measures which are singular with respect to the trace.

1It means that every element of x ∈ B(h)? can be written in a unique way as the sum of two elements x1 ∈ B(h)? and
x2B(h)⊥? and ‖x‖ = ‖x1‖+ ‖x2‖.

13
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We denote by C(h) the Banach space of compact operators; it is a two sided ideal of
B(h) and we have the isometric isomorphism of Banach spaces C(h)? = L1(h). Using
the results in [22], one can see that

C(h)⊥ := {ψ ∈ B(h)? : ψ(x) = 0,∀x ∈ C(h)} = B(h)⊥? .

Definition 1.1.14. A linear operator Ψ : B(h) → B(h) is said to be singular if for
every ψ ∈ B(h)?, ψ ◦Ψ ∈ B(h)⊥? .

1.2 Semigroups of quantum Markov maps

After introducing the noncommutative counterpart of functional spaces, we are inter-
ested in studying maps acting on them and generalizing the notions of transition matrix
and transition kernel. For this purpose we need to introduce the “correct” notion of
positivity for maps acting on W ∗-algebras.

Definition 1.2.1. Let A, B be W ∗-algebras; a linear map Φ : A → B is said to be

• positive if for every x ∈ A, Φ(x∗x) ≥ 0.

• completely positive if for every n ∈ N, Φ⊗IdMn(C) is positive, whereMn(C) stays
for the set of n× n matrices with complex entries.

In the following Propositions we recall some useful characterizations and properties
of completely positive maps (we refer to [27] and references therein for the proofs).

Proposition 1.2.2. Let h, g be Hilbert spaces, A a W ∗-algebra acting on h and con-
sider a linear map Φ : A → B(g). The following are equivalent:

1. Φ is completely positive;

2. for every n ∈ N, x1, . . . , xn ∈ A and y1, . . . , yn ∈ B(g)

n∑
i,j=1

y∗i Φ(x∗ixj)yj ≥ 0;

If, in addition, either A or W ∗(Φ(A)) is commutative, then the previous conditions
are equivalent to Φ being positive.

If the map Φ is w∗ − w∗-continuous, then 1. and 2. are also equivalent to the
following:

3. there exists a collection of bounded linear operators Vj : g → h such that∑+∞
j=1 V

∗
j Vj converges in the strong operator topology and for every x ∈ A

Φ(x) =
+∞∑
j=1

V ∗j xVj.

Vj’s in point 3. are called Kraus operators. Proposition 1.2.2 shows how complete
positivity is a strictly noncommutative feature.

14
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Proposition 1.2.3. Let Φ : A 7→ B be a completely positive map; then the following
hold true:

1. for every x ∈ A, Φ(x∗)Φ(x) ≤ ‖Φ(1)‖Φ(x∗x) (Kadison-Schwarz inequality);

2. ‖Φ‖ := sup‖x‖=1‖Φ(x)‖ = ‖Φ(1)‖.

We remark that the proof of Proposition 1.2.3 only requires Φ to be 2-positive, which
means that Φ⊗ IdM2(C) is positive.

Definition 1.2.4. Let A, B be two W ∗-algebras; a linear map Φ : A → B is said to be
a quantum Markov map if

1. it is completely positive;

2. it is w∗-w∗-continuous;

3. it is unital, i.e. Φ(1) = 1.

The map acting on the predual Φ∗ is called quantum channel and it is easy to see that
it preserves the set of normal states. If, instead of condition 3., we only have Φ(1) ≤ 1,
then Φ is said to be a quantum subMarkov map and Φ∗ is called quantum operation.

Definition 1.2.5. LetA be aW ∗-algebra, a semigroup of quantum Markov maps acting
on A is a collection of quantum Markov maps Φ := (Φt)t∈T indexed by a semigroup
(T,+, 0) such that

• Φ0 = IdA;

• ΦtΦs = Φs+t for every t, s ∈ T.

The predual semigroup is given by Φ∗ := (Φ∗t)t∈T.

We will consider two cases: T = N (discrete time case) and the semigroup is gen-
erated by the powers of the same quantum Markov map (Φn)n≥0, and T = [0,+∞)
(continuous time case). In this second case we require that the map t 7→ Φt is con-
tinuous in the w∗-pointwise topology (these are known in the literature as quantum
Markov semigroups). The following example shows that classical Markov semigroups
are quantum Markov semigroups acting on a commutative W ∗-algebra.

Example 1.2.6. Let us consider again L∞(µ), the set of essentially bounded functions
on a σ-finite measure space (E, E , µ), and a family of transition kernels p : T×E×E →
[0, 1] such that

1. E 3 x 7→ p(t, x, A) is E-measurable for every t ∈ T, A ∈ E ;

2. for µ-almost every x ∈ E, E 3 A 7→ p(t, x, A) is a probability measure for any
t ∈ T which coincides with δx for t = 0;

3. p(t+ s, x, A) =
∫
E
p(s, y, A)p(t, x, dy) for every t, s ∈ T, A ∈ E , µ-almost every

x ∈ E;

15
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Chapter 1. Preliminaries

4. in case T = [0,+∞), [0,+∞) 3 t 7→ p(t, x, A) is w∗-continuous for every
x ∈ E, A ∈ E . Then the semigroup (Φt)t∈T with

Φt : L∞(µ)→ L∞(µ)

f 7→ Φt(f)(x) :=

∫
E

f(y)p(t, x, dy)

falls into the definition of quantum Markov semigroups, which, therefore, includes
classical Markov semigroups. Moreover every quantum Markov semigroup acting
on a commutative W ∗-subalgebra of B(h) for some separable Hilbert space h is
of this form (it can be shown putting together [55, Remark 4] and [58, Proposition
1.18.1]).

Some remarkable work has been done in order to carry a number of relevant notions
belonging to the theory of classical Markov semigroups to the noncommutative setting
and this has provided an invaluable instrument in the study of qualitative long-time
behaviour of semigroups of quantum Markov maps. For the rest of the section we will
consider a semigroup of quantum Markov maps Φ acting on B(h) for some separable
Hilbert space.

1.2.1 Reducibility

The first important notion is the one of reducibility for a quantum Markov map and the
related concept of enclosure (which is sometimes called invariant domain), which trace
back to [20] and since then have been intensively studied and exploited.

Definition 1.2.7. A closed subspace V of h is an enclosure for a quantum Markov map
Φ if, for any normal state ρ,

supp(ρ) ⊆ V implies supp(Φ∗(ρ)) ⊆ V .

V is an enclosure for a semigroup Φ = (Φt)t≥0 when it is an enclosure for any map Φt

of the semigroup.
Φ or Φ are said to be irreducible if the only enclosures are the trivial ones, i.e. {0} and
h.

In discrete time, i.e. Φ = (Φn)n∈N, V is an enclosure for Φ if and only if it is an
enclosure for Φ and, consequently Φ is irreducible if and only if Φ is irreducible.

For every closed subspaceW ⊂ h we denote by pW the corresponding orthogonal
projection. Moreover we will often identify pWL

1(h)pW (pWB(h)pW) with L1(W)
(B(W)) when it will not create confusion.

The following ones are equivalent characterizations of the concept of enclosure (see
[16, Section 3] and [32, Proposition 5.1]):

• V is an enclosure for Φ,

• pV is a reducing or subharmonic projection for Φ, i.e. Φ(pV) ≥ pV

• pVL1(h)pV is hereditary for Φ∗, i.e. Φ∗(pVL
1(h)pV) ⊆ pVL

1(h)pV , i.e. a weak-
closed face preserved by Φ∗.

• p⊥VB(h)p⊥V is hereditary for Φ.

16
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For the previous alternative characterizations only positivity of Φ is necessary; if, fur-
thermore, Φ is completely positive and (Vi)i∈I is a choice of Kraus operators, the pre-
vious conditions are also equivalent to

• for every i ∈ I , VipV = pVVipV or equivalently Vi(V) ⊂ V .

Remark 1.2.8. Let us consider the case of a classical Markov semigroup as in Example
1.2.6; in this framework an enclosure corresponds to a set C ∈ E such that p(t, x, C) =
1 for every t ∈ T, µ-almost every x ∈ C. Such a set C is called a closed set.
When V is an enclosure, we can define the restricted quantum Markov maps ΦV and
ΦV
⊥ and the corresponding predual maps:

ΦV(pVxpV) := pVΦ(pVxpV)pV = pVΦ(x)pV ∀x ∈ B(h),

ΦV∗ (pVxpV) := pVΦ∗(pVxpV)pV = Φ∗(pVxpV) ∀x ∈ L1(h)
(1.2)

and

ΦV
⊥

(p⊥Vxp
⊥
V ) := p⊥VΦ(p⊥Vxp

⊥
V )p⊥V = Φ(p⊥Vxp

⊥
V ) ∀x ∈ B(h),

ΦV
⊥

∗ (p⊥Vxp
⊥
V ) := p⊥VΦ∗(p

⊥
Vxp

⊥
V )p⊥V = p⊥VΦ∗(x)p⊥V ∀x ∈ L1(h).

(1.3)

Thank to Equations (1.2) and (1.3), ΦV and ΦV
⊥

mantain the semigroup property. It is
well known that the set of all closed subspaces (equivalently projections) is a complete
lattice with respect to the following operations: given V andW closed subspaces of h
we define

V ∨W := span{V ,W}
‖ ‖
, V ∧W := V ∩W .

The set of all enclosures behaves well with respect to the lattice structure of closed
subspaces of an Hilbert space. We refer to [37, Theorem 3.10] and references therein
for the proof of the following result.

Theorem 1.2.9. The set of all enclosures is a complete sublattice of the lattice of the
closed subspaces.

Irreducibility is a fundamental notion in the Perron-Frobenius theory, which has
been carried to the setting of positive maps acting on matrix algebras. We denote the
spectral radius of a map Φ as r(Φ) := sup{|λ| : λ ∈ Sp(Φ)}, where Sp(Φ) is the
spectrum of Φ.

Theorem 1.2.10 ( [69, Theorems 6.4 and 6.5]). Let dim(h) < +∞ and let Φ be a
positive map acting on B(h); then r(Φ) is an eigenvalue and the corresponding eigen-
vector, called Perron-Frobenius vector, is positive. If in addition Φ is irreducible, then
r(Φ) is geometrically simple and the corresponding eigenvector is strictly positive.

When Φ is a quantum Markov map, one has ‖Φ‖ = r(Φ) = 1.

1.2.2 Period

Another relevant notion that draws from the classical theory of Markov processes and
which is related to the peripheral point spectrum of irreducible quantum Markov maps
is that of period, which was introduced already in [26] in the study of the peripheral
spectrum of completely positive maps on finite dimensional C∗-algebras.
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Definition 1.2.11. A resolution of the identity (qj)
d−1
j=0 for some d ≥ 1 is said to be

Φ-cyclic if
Φ(qj) = qj−1 j = 0, . . . , d− 1 (1.4)

where j − 1 has to be intended modulo d. The period of an irreducible positive unital
map Φ is defined as

d := sup{n ∈ N : ∃ a Φ-cyclic resolution with cardinality n}.

If d = 1, Φ is said to be aperiodic.

If Φ is completely positive and (Vi)i∈I is a choice of Kraus operators, it is not diffi-
cult to see that equation (1.4) is equivalent to

Viqj = qj+1Vi for every i ∈ I and j = 0, . . . , d− 1. (5′)

Moreover notice that if Φ acts on the bounded linear operators on a finite dimensional
Hilbert space, its period must be finite.

Proposition 1.2.12. [Proposition 3.10, [14] and Theorem 5.4, [28]] Let Φ a positive
irreducible unital map with period d, let (qj)

d−1
j=0 be a Φ-cyclic resolution of the identity

and let us denote by Qj = supp(qj). Then

1. (Qj)d−1
j=0 are orthogonal enclousures for Φd;

2. the restriction ΦdQj is irreducible and aperiodic.

There is an equivalent characterization of aperiodic maps in terms of their spectrum.

Proposition 1.2.13 (Proposition 3.12, [14]). Let Φ a positive irreducible unital map
acting on a finite dimensional Hilbert space h and let S1 ⊂ C be the unit circle; the
following statements are equivalent:

1. Φ is aperiodic;

2. Sp(Φ) ∩ S1 = {1}.

1.2.3 Recurrence and transience

A fundamental notion for the understanding of long time behaviour and other properties
of interest of semigroups of quantum Markov maps is that of invariant normal state.

Definition 1.2.14. A normal state ρ is said to be invariant for the semigroup Φ if
Φt∗(ρ) = ρ for every t ∈ T.

In analogy with the theory of classical Markov semigroups the following space is
called the positive recurrent space:

R+ := sup{supp(ρ) : ρ is a normal invariant state}. (1.5)

It is well known that R+ is an enclosure ( [15, Proposition 5.1] or [67]); a semigroup
Φ is said to be positive recurent if R+ = h; in general case, it is not difficult to see
that ΦR+ is positive recurrent (if R+ 6= {0}). A semigroup is positive recurrent if and
only if it admits a faithful normal invariant state: the separability of h always allows
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to construct an invariant state ρ such that s(ρ) = pR+ ( [67, Theorem 4]). While
the definition of the positive recurrent space for quantum Markov maps showed up
already in the 70s ( [26]), the notions of null recurrence and transience (also for infinite
dimensional quantum systems) where introduced only in [31,67] (to which we refer for
all the details).

For every positive x ∈ B(h), we call form-potential of x the quadratic form U(x)

U(x)[v] =

∫ ∞
0

〈v,Φt(x)v〉dm(t) =

∫ ∞
0

tr (Φ∗t(|v〉〈v|)x) dm(t), ∀ v ∈ D(U(x)),

where D(U(x)) =

{
v ∈ H :

∫ ∞
0

〈v,Φt(x)v〉dm(t) < +∞
}
.

m stays for the counting measure on N if the semigroup is in discrete time, otherwise
is the Lebesgue measure. Notice that U(x) is positive, symmetric and closed.

Definition 1.2.15. The set of integrable operators with respect to the semigroup Φ is
defined as

B(h)int := {x ∈ B(h) : U(x) is bounded}.
For x ∈ B(h)int, one can consider the corresponding selfadjoint bounded linear oper-
ator U(x) (the potential of x) representing the bounded form U(x).

The transient subspace T is defined as

T = sup{supp(U(x)), x ∈ B(h)int}. (1.6)

The recurrent space R := T ⊥ is given by the orthogonal complement of the transient
subspace. It can be proved that R is an enclosure and that, furthermore, R+ ⊂ R,
henceR0 = R⊥+ ∩R is a natural definition for the null recurrent space.
Remark 1.2.16. Every normal state ρ is a convex combination of pure states ρ =∑

i λi |ui〉 〈ui| for some orthonormal basis (ui) and a sequence of positive numbers
(λi),

∑
i λi = 1 (see subsection 1.1.2). Hence, for every positive x ∈ B(h), U(x)

induces a positive (possibly unbounded) affine functional Û(x) on the set of normal
states:

Û(x)[ρ] =
∑
i

λiU(x)[ui].

U(x) is bounded if and only if Û(x) is bounded (and it extends to the continuous linear
functional on L1(h) represented by U(x)).

In the case of a classical Markov semigroup, the form potential is a very intuitive
object: for any f ∈ L∞(µ), g ∈ L2(µ) such that ‖g‖L2(µ) = 1 (which means that |g|2
is a probability density), one has

U(f)[g] =

∫ +∞

0

∫
E

∫
E

f(y)p(t, x, dy)|g(x)|2dµ(x)dm(t)

and, if we denote by Xt the Markov process with transition probabilities given by
p(t, x, ·), we see that

U(f)[g] =

∫ +∞

0

E[f(Xt)|X0 ∼ |g|2]dm(t) = E
[∫ +∞

0

f(Xt)dm(t)

∣∣∣∣X0 ∼ |g|2
]
.
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Chapter 1. Preliminaries

If f is the characteristic function of any measurable set A ∈ E , then

U(1A)[g] = E
[∫ +∞

0

1A(Xt)dm(t)

∣∣∣∣X0 ∼ |g|2
]

is the expected time spent in A by Xt if X0 is distributed according to |g|2 and U(1A) is
bounded if the expected time spend in A by Xt is finite for every initial distribution of
the process. We remark that, as in the classical case the expected time spent in the set
of transient states does not need to be finite, also in the general case U(pT ) needs not to
be bounded.

We say that the semigroup Φ is null recurrent (resp. recurrent/transient) if h = R0

(resp. R, T ); in general, a semigroup Φ does not need to be of one of the above types,
but it can always be decomposed in its transient, positive and null recurrent restrictions
(see Theorem 2.2.3).

1.2.4 Multiplicativity properties and decoherence-free subalgebra

Point 1. of Proposition 1.2.3 tells us that for every quantum Markov map Φ and operator
x ∈ B(h), the inequalities Φ(x∗)Φ(x) ≤ Φ(x∗x) and Φ(x)Φ(x∗) ≤ Φ(xx∗) hold
true. It turns out that the set of operators that attains equalities has some remarkable
properties: let us define the multiplicative domain of Φ as

M(Φ) := {x ∈ B(h) : Φ(x∗)Φ(x) = Φ(x∗x), Φ(x)Φ(x∗) = Φ(xx∗)}. (1.7)

We have the following result (for the proof see [18, Theorem 3.1] and [13, Proposition
2]).

Theorem 1.2.17. M(Φ) is a W ∗-algebra and admits the following alternative chara-
terizations:

M(Φ) = {x ∈ B(h) : ∀y ∈ B(h),Φ(xy) = Φ(x)Φ(y), Φ(yx) = Φ(y)Φ(x)}. (1.8)

M(Φ) is the maximal W ∗-algebra on which Φ acts as a ∗-morphism. A projection p
belongs toM(Φ) if and only if Φ(p) is a projection.

We remark that [18, Theorem 3.1] is proved in the context of C∗-algebras: if Φ is
not w∗-continuous, we still get thatM(Φ) is the maximal C∗-algebra on which Φ acts
as a ∗-morphism and the characterization in equation (1.8).
In case we are considering a semigroup of quantum Markov maps Φ a natural object is
the following set, which is known as decoherence-free subalgebra:

N (Φ) :=
⋂
t∈T

M(Φt).

Theorem 1.2.17 easily implies the following.

Theorem 1.2.18. N (Φ) is a W ∗-algebra and we have the following alternative chara-
terizations:

1. N (Φ) = {x ∈ B(h) : ∀y ∈ B(h), ∀t ∈ T,Φt(xy) = Φt(x)Φt(y), Φt(yx) =
Φt(y)Φt(x)}.

2. N (Φ) is the maximal W ∗-algebra on which Φ acts as a semigroup of ∗-
morphisms. A projection p belongs to N (Φ) if and only if Φt(p) is a projection
for every t ∈ T.
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When we consider an enclosure (invariant domain) for a semigroup of quantum Markov
maps, i.e. a closed subspace which is invariant under the action of the evolution, it is
natural to wonder about the probability of being captured/absorbed in this domain.
Absorption operators help us to approach the problem in the noncommutative setting.

Definition 2.0.1. Let V be an enclosure for the semigroup of quantum Markov maps Φ.
We can define the absorption operator associated to V as

A(V) := w∗ − lim
t→∞

Φt(pV). (2.1)

While the limit in equation (2.1) is well defined for projections corresponding to
enclosures (see point 1. of Proposition 2.1.1), there is no need for it to exist if we
replace pV with an arbitrary bounded operator; nevertheless, we will show that this
feature is shared by a wider class of operators (see Theorem 2.3.16).

The notion of absorption operator is inspired by and generalizes the one of absorp-
tion probabilty. Let us consider (Xn)n≥0 a discrete time homogeneous Markov chain
on a countable state space E with transition matrix P = (pxy)x,y∈E . We recall that
the transition matrix acts as a bounded linear operator on the Banach space of finite
measures on E, that is `1(E) (every finite measure on a discrete space is univoquely
represented by its density with respect to the counting measure), and on its dual, which
is isomorphic to `∞(E), in the following way:

ν · P (x) =
∑
y∈E

ν(y)pyx = P(X1 = x|X0 ∼ ν), ν ∈ `1(E),

P · f(x) =
∑
y∈E

pxyf(y) = E[f(X1)|X0 = x], f ∈ `∞(E).
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Chapter 2. Absorption operators

As usual, for every n ∈ N we denote by P n the action of P applied n-times (P 0 = Id).
The Markov property implies that

ν · P n(x) = P(Xn = x|X0 ∼ ν), ν ∈ `1(E),

P n · f(x) = E[f(Xn)|X0 = x], f ∈ `∞(E).

As we already mentioned in the introduction, for every closed set C, the corresponding
absorption probability is the function defined as

A(C)(x) := P

(⋃
n∈N

{Xn ∈ C}|X0 = x

)
, x ∈ E.

The notion of closed set implies that {Xm ∈ C} ⊆ {Xn ∈ C}, hence

P({Xn ∈ C}|X0 = x) = P n · 1C(x)↗ A(C)(x), x ∈ E. (2.2)

The semigroup corresponding to the Markov chain (Xn)n≥0 can be thought of as the
diagonal restriction of a dilated quantum channel acting on B(`2(E)) and the closed
linear space of the functions in `2(E) supported on a closed set C ⊆ E turns out to be
an enclosure; hence, by equation (2.2), we see that the multiplication operator corre-
sponding to A(C) is the absorption operator corresponding to the enclosure associated
to C.

Absorption probabilities have important connections with communication structure,
recurrence, harmonic functions and ergodic theory; it turns out that absorption opera-
tors share some remarkable features with their commutative counterpart. In Section 2.1
we show some first properties of absorption operators: among the others, the relation-
ship between the spectral resolution of absorption operators and accessibility properties
of the semigroup and the characterization of absorption operators as solutions of linear
systems. We conclude the section with an example where we can compute explic-
itly absorption operators for a particular semigroup. The main result of Section 2.2 is
that the orthogonal complement of any recurrent enclosure inside the recurrent space is
again an enclosure; this reflects into the structure of absorption operators and has many
important consequences, the most relevant of which is that the null recurrent space is
an enclosure. The first motivation for us to introduce absorption operators was the de-
scription of fixed points of semigroups of quantum Markov maps and this is treated
in detail in Section 2.3: thanks to ergodic theory we are able to show that under the
hypothesis that the recurrent space is absorbing, absorption operators completely char-
acterize the set of the fixed points of the semigroup of quantum Markov maps. In the
same section we investigate the role played by absorption operators in ergodic theory
proving a quantum version of the mean ergodic theorem for classical Markov chains
(Theorem 2.3.23) and pointing out their connection to quantum trajectories. Moreover
we are able to exhibit an example showing that the quantum analogue of the existence
of a decomposition of recurrent states for Markov chains into communication classes,
which was proved to hold in case there exists a faithful invariant state, is no longer
true for generic semigroups. Finally, Section 2.4 contains some physical examples and
applications of the theory presented in this chapter; the examples are both in discrete
and continuous time, finite and infinite dimension.
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2.1 First properties

The parallel with classical Markov chains can suggest some expected properties of
absorption operators, provided one replaces bounded functions with bounded opera-
tors, complementary sets with orthogonal complement and so on; the first result that
we show is a connection between the spectral resolution of absorption operators and
accessibility properties of the semigroup of quantum Markov maps.

Proposition 2.1.1. Let V be an enclosure.

1. A(V) is a well defined bounded operator, it is a fixed point for the semigroup and
0 ≤ A(V) ≤ 1.

2. If λ is an eigenvalue of A(V) with norm one eigenvector v, then

λ = lim
t→+∞

tr (pVΦ∗t(|v〉〈v|)) .

In particular, the kernel of A(V) consists of all vectors v such that

Enc(v) := sup
t∈T
{supp(Φ∗t(|v〉 〈v|))} ⊆ V⊥.

3. The eigenspaces ofA(V) corresponding to the eigenvalues 0 and 1 are enclosures.

We briefly comment on the content of the previous proposition in order to clarify its
physical meaning; we can characterize the kernel of A(V) as the space generated by
those vectors v such that, if the system starts in the pure state |v〉 〈v|, zero probability is
given to the enclosure V along the whole evolution. The space Enc(v) introduced above
can be proved to be the smallest enclosure containing v (see [15]). Notice that, when
working in a non commutative context, some classical rules are missing, for instance
Enc(v) 6⊥ V is not a sufficiently strong condition to ensure that v is in the support of
A(V) and we cannot hope that V ⊆ Enc(v) holds for all v in the support of A(V).
For a counterexample to the latter fact, we can consider models for which there exist
enclosures which do not contain V and that are not orthogonal to it (see Examples 2.4.1
or 2.4.3).

Proof. 1. Notice that, since pV is subharmonic, (Φt(pV))t∈T is a bounded monotone
increasing net of positive operators, hence it admits a limit in the w∗-topology, which
is also its least upper bound ( [8, Lemma 2.4.19]). Moreover, since pV is a projection
and Φ is positivity and identity preserving,

0 ≤ pV ≤ 1 ⇒ 0 ≤ Φt(pV) ≤ 1 ∀t ∈ T

and passing to the w∗-limit, inequalities are preserved. Moreover A(V) is a fixed point
due to the w∗-continuity of the channels Φt:

Φt(A(V)) = Φt

(
w∗ − lim

s→+∞
Φs(pV)

)
= w∗ − lim

s→+∞
Φt+s(pV) = A(V).

2. When v is a norm one eigenvector pertaining λ, then we immediately deduce

λ = 〈v, A(V)v〉 = lim
t→+∞

tr (pVΦ∗t(|v〉〈v|) .
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Chapter 2. Absorption operators

In particular, when λ = 0, this implies that, for v in the kernel of A(V),

lim
t→+∞

tr (pVΦ∗t(|v〉〈v|)) = 0;

but, since V is an enclosure, tr (pVΦ∗t(|v〉〈v|)) is a positive non-decreasing function of
t, so that the previous gives

tr (pVΦ∗t(|v〉〈v|)) = 0 for all t ∈ T (2.3)

and the conclusion follows.
3. We first show that the kernel of A(V) is an enclosure. A(V) is positive and

harmonic, hence, for an arbitrary normal state ρ such that supp(ρ) ⊆ ker(A(V)), we
have that for all t ∈ T

tr (A(V)Φ∗t(ρ)) = tr (Φt(A(V))ρ) = tr (A(V)ρ) = 0,

hence supp(Φ∗t(ρ)) ⊆ ker(A(V)) and the kernel of A(V) is an enclosure.
We can repeat similar computations replacing A(V) with the operator x := 1 −

A(V), and prove that its kernel, which is exactly the eigenspace of A(V) corresponding
to the eigenvalue 1, is an enclosure.

Remark 2.1.2. The following simple example shows that there is no reason for the spec-
trum of A(V) to be discrete; however we remark that point 2. can be easily formulated
in a more general way through spectral projections.

Let h = L2([0, 1])⊕C2, let {e0, e1} be an orthonormal basis of C2 and consider the
following quantum Markov map: for every y ∈ B(h)

Φ(y) = 〈e0| y |e0〉 (x+ |e0〉 〈e0|) + 〈e1| y |e1〉 (pL2([0,1]) − x+ |e1〉 〈e1|)

where pL2([0,1]) is the orthogonal projection onto L2([0, 1]) and x is the bounded oper-
actor acting as x(f(t) + α0e0 + α1e1) = tf(t) for every f ∈ L2([0, 1]), α0, α1 ∈ C.
Notice that Φn(|e0〉 〈e0|) = x+ |e0〉 〈e0| for every n ≥ 1, hence |e0〉 〈e0| is subharmonic
and A(|e0〉 〈e0|) = x+ |e0〉 〈e0|, whose spectrum is the whole interval [0, 1].

Proposition 2.1.1 shows that every enclosure V induces a relevant decomposition
of the Hilbert space; let us denote V1 the eigenspace of A(V) corresponding to the
eigenvalue 1 and let us defineW = V1 ∩ V⊥, then we have

h = V ⊕W ⊕ supp(A(V)− pV1)⊕ ker(A(V)). (2.4)

We say that a state ρ reaches a linear space χ if there exists a time t ∈ T such that
tr (pχΦ∗t(ρ)) > 0. Given two linear spaces χ1 and χ2 we say that we can reach χ2

from χ1 if there exists a state ρ with supp(ρ) ⊆ χ1 such that ρ reaches χ2. Figure 2.1
highlights the reachability relations between the linear spaces in the decomposition in
equation (2.4).

In the sequel we shall repeatedly use the following well known property of positive
operators:

Lemma 2.1.3 (Lemma 1, [67]). Let y be a positive bounded operator and p an orthog-
onal projection such that pyp = 0; then py(1− p) = (1− p)yp = 0.

24



i
i

“thesis” — 2022/1/8 — 11:42 — page 25 — #31 i
i

i
i

i
i

2.1. First properties

V

W supp(A(V)− pV1)

ker(A(V))

h

Figure 2.1: Blue arrows represent accessibility relations in the decomposition in equation (2.4)

Lemma 2.1.4. For any enclosure V and for any t ∈ T,

pVΦt(pV)pV = pV and pVΦt(pV)pV⊥ = pV⊥Φt(pV)pV = 0,

or equivalently
Φt(pV) = pV + pV⊥Φt(pV)pV⊥ .

Moreover, for any enclosureW orthogonal to V ,

pWΦt(pV)pW = 0.

Proof. Since V is an enclosure, pV ≤ Φt(pV) ≤ 1, so pV = pVΦt(pV)pV . Moreover this
implies that, for any t ∈ T, Φt(pV) − pV is a positive operator such that pV(Φt(pV) −
pV)pV = 0, and by Lemma 2.1.3

pV(Φt(pV)− pV)pV⊥ = pV⊥(Φt(pV)− pV)pV = 0,

which immediately implies pVΦt(pV)pV⊥ = pV⊥Φt(pV)pV = 0.
For the last assertion, simply notice that 0 ≤ pV ≤ 1 − pW , so the positivity and

unitality of Φ give

0 ≤ pWΦt(pV)pW ≤ pWΦt(1− pW)pW = 0,

where the last equality follows from the application of the first part of the statement to
the enclosureW .

Proposition 2.1.5. 1. For any enclosure V

A(V) = pV + pV⊥A(V)pV⊥ .

2. pWA(V)pW = 0 for any enclosureW orthogonal to V . In fact the kernel of A(V)
is the maximal enclosure orthogonal to V .
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Chapter 2. Absorption operators

3. A(V) is the minimal fixed point x of the semigroup Φ such that

0 ≤ x ≤ 1 and pVxpV = pV . (2.5)

Proof. The first and second points are evident using the previous lemma and simply
passing to the limit. For the last assertion of point 2, also remember that we already
know that kerA(V) is an enclosure by Proposition 2.1.1.

Now consider a fixed point satisfying relations (2.5). Then, since 1− x is a positive
operator such that pV(1− x)pV = 0, by positivity,

pV(1− x)pV⊥ = pV⊥(1− x)pV = 0

so that

pVxpV⊥ = pV⊥xpV = 0 and x = pV + pV⊥xpV⊥ ≥ pV .

Applying the semigroup, we obtain for any t

0 ≤ Φt(x− pV) = x− Φt(pV)→ x− A(V).

This concludes the proof.

Example 2.1.6. As a first example, we consider a model simple enough to allow an
easy intuition and explicit calculations. It displays anyway interesting characteristics
of infinite dimensional systems with respect to absorption and fixed points and, even
if it seems to behave pretty much like in the classical case, with little variations, it can
present features which arise only in the non commutative setting, but we shall come
back to this later, in Section 2.4. The model we introduce belongs to the family of
homogeneous open quantum random walks (HOQRWs); we refer to Section 3.1 for the
definition. Let us consider the Hilbert space H := C3 ⊗ `2(Z); the quantum Markov
map we want to study is the following:

Φ : B(H)→ B(H)

x 7→
∑
k∈Z

∑
ε∈{+,−}

L∗ε ⊗ |k〉 〈k + ε1|xLε ⊗ |k + ε1〉 〈k|

and the local transition operators are given by

Lε =

 aε bε 0

0 cε 0

0 dε 1/
√

2

 , ε = −,+.

In order for the map to be Markov, we have the following constraints on the coefficients:

|a+|2 + |a−|2 = 1;
∑
ε=−,+

|bε|2 + |cε|2 + |dε|2 = 1; ā+b+ + ā−b− = 0; d+ = −d−.

(2.6)
Let {ei}2

i=0 be the canonical basis for C3 and let Ei be the closed subspace generated
by {ei ⊗ |k〉}k∈Z for i = 0, 1, 2. E2 is a minimal enclosure and the reduced process is
essentially a symmetric random walk on Z. E0 is an enclosure too and the correspond-
ing reduced process is again a random walk. So it will be significant to compute the
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absorption operators A(E0) and A(E2). Since we are interested in a model showing
non trivial absorption dynamics, we assume that

b+d+b−d− 6= 0, (2.7)

which means that any state supported in E1 will have the possibility to flow both to
E0 and E2. Due to Proposition 2.1.5, we know that the absorption operators are fixed
points and have a block diagonal structure, A(Ek) = pEk + pE1A(Ek)pE1 , k = 0, 2. It
is immediate to compute explicitly

A(E0) = pE0 + qpE1 , A(E2) = pE2 + (1− q)pE1 ,

where q =
∑
ε=−,+ |bε|2∑

ε=−,+ |bε|2+|dε|2 ∈ (0, 1): for every n ≥ 1 by direct computation and
induction one obtains that

Φn(pE0) = pE0 +

( ∑
ε=−,+

|bε|2
)
·

n−1∑
k=0

( ∑
ε=−,+

|cε|2
)k
 pE1

and, using the definition of absorption operators, one gets

A(E0) = w∗ − lim
n→+∞

Φn(pE0) = pE0 +

∑
ε=−,+ |bε|2

1−
∑

ε=−,+ |cε|2
pE1 = pE0 + qpE1

where in the last equality we made use of equation (2.6). Computations for finding
A(E2) are very similar and we do not report them here.

We shall further consider this model at the end of the chapter.

Remark 2.1.7. All the properties in this section rely on the (simple) positivity of the
semigroup Φ. This can be significant to remark, because of discussions emerging in
the physicists’ community, even if the assumption of complete positivity remains surely
the most popular. However, if we use complete positivity, we can study how absorption
influences the structure of the Kraus operators of the Markov maps. Consider the case
Φ = (Φn)n∈N for some quantum Markov map Φ with Kraus operators (Vi)i∈I . We can
reformulate the accessibility relations implied by Proposition 2.1.1 in terms of the Vi’s.
Consider an enclosure V and let us define pK the projection onto ker(A(V)) and q the
range projection of A(V)− pV . Indeed we have that

• pVVipK = pKVipV = 0 for every i ∈ I;

• pVViq 6= 0 for some i ∈ I if q 6= 0.

In the continuous time setting, when we are treating a quantum dynamical semigroup
with a GKLS generator, similar relations can be obtained for the operators appearing in
the generator and this has essentially already been observed in [30].

2.2 Absorption operators and recurrence

In this section we study the relations of absorption operators with transience and re-
currence. We shall see how the classical relations can be generalized in a someway
expected manner, reflecting the classical situations in the case when the channel has
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Chapter 2. Absorption operators

only orthogonal minimal enclosures, and with appropriate variations when the channel
displays the typically quantum feature of non orthogonal minimal enclosures. Absorp-
tion operators A(V) turn out to have additional interesting properties in the case when
V is a minimal recurrent enclosure (i.e. the noncommutiative object corresponding to a
recurrent class, for a Markov chain). We study this in Theorem 2.2.7.

As a byproduct, absorption can enrich our knowledge about enclosures and tran-
sience and recurrence. In particular, we can prove that the orthogonal complement of
an enclosure in the recurrent space is again an enclosure (Theorem 2.2.1): this was
previously known only in the positive recurrent case and, apart from its intrinsic value,
it is usually considered a significant starting step in reduction problems ( [7,15] for the
finite and infinite dimensional cases respectively); however, as Example 2.3.7 shows,
the situation is more complicated without assuming the existence of a faithful normal
invariant state. In addition, a paramount consequence of Theorem 2.2.1 is that the null
recurrent subspace is an enclosure. The fact that positive recurrent configurations are
not accessible from null recurrent ones is indeed a well-known fact for classical Markov
chains, but still not proved for quantum chains.

Theorem 2.2.1. If V ,Z are increasing enclosures included in R, i.e. such that V ⊆
Z ⊆ R, then Z ∩ V⊥ is an enclosure.
In particularR∩ V⊥ is an enclosure and the null recurrent spaceR0 is an enclosure.

We divide the proof of the theorem in two steps; the first and central point, Lemma
2.2.2, proves that, if a pure state can take mass to an orthogonal enclosure, then the
corresponding vector is transient.

Lemma 2.2.2. Let V be an enclosure, w a norm one vector in V⊥. If there exist t̄ ∈ T
and ε > 0 such that Φt(pV) ≥ ε|w〉〈w|, then w ∈ T .

Proof. Let us call

λt(v) := tr (Φt(|w〉〈w|)|v〉〈v|) = 〈v,Φt(|w〉〈w|)v〉, t ∈ T, v ∈ h, ‖v‖ = 1,

so that U(|w〉〈w|)[v] =

∫ ∞
0

λt(v)dm(t).

By hypothesis we know that Φt(pV) ≥ ε|w〉〈w| and, since A(V) ≥ Φt(pV) by construc-
tion, w belongs to ker(A(V))⊥ and therefore to the space W := V⊥ ∩ (ker(A(V)))⊥

(w ∈ V⊥ by assumption). Recalling that V is contained in the range of A(V),
W⊥ := ker(A(V)) ⊕ V is an enclosure as sum of two orthogonal enclosures. Con-
sequently the projection on W , always denoted with the same symbol W below, is
superharmonic and we have, for t ≥ t,

at(v) := tr (Φ∗t(|v〉〈v|)pW) = tr (Φ∗t−t(|v〉〈v|)Φt(pW))

(W is superharmonic) = tr (pWΦ∗t−t(|v〉〈v|)pWΦt(pW))

≤ tr (Φ∗t−t(|v〉〈v|)(pW − pWΦt(pV)pW))

≤ at−t(v)− tr (Φ∗t−t(|v〉〈v|)ε|w〉〈w|) ≤ at−t(v)− ελt−t(v)

Thus, for s ≥ t, we get∫ s

0

λt(v) dm(t) ≤ ε−1

∫ s

0

(at(v)− at+t(v)) dm(t) ≤ ε−1

∫ t

0

at(v) dm(t) ≤ ε−1t̄.
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This guarantees that U(|w〉〈w|) is bounded and its support is contained in the transient
subspace, defined in (1.6). In order to conclude, we just have to remark that the support
of U(|w〉〈w|) contains w. Indeed,

u ∈ ker(U(|w〉〈w|))⇔
∫ +∞

0

〈u,Φt(|w〉〈w|)u〉dm(t) = 0

⇔ 〈u,Φt(|w〉〈w|)u〉 = 0 for m-a.e. t.
(2.8)

Hence, for any u ∈ ker(U(|w〉〈w|)), we get that 〈u,w〉 = 0 by taking t = 0 in the last
expression of equation (2.8) (in continuous time we recall that t 7→ 〈u,Φt(|w〉〈w|)u〉
is a continuous function). Therefore we have that w ∈ ker(U((|w〉〈w|))⊥ =
supp(U(|w〉〈w|)).

Proof of Theorem 2.2.1. We define the subspace W with corresponding projection
pW = pZ − pV ≤ pR. By previous lemma, we have, for any time t,

pWΦt(pV)pW = 0. (2.9)

Indeed, by contradiction, let us suppose that this is not true. So there would exist a time
t, a norm 1 vector w ∈ V⊥ \ W⊥ and ε > 0 such that Φt(pV) ≥ ε|w〉〈w|, by Lemma
2.1.4. Then, by Lemma 2.2.2, w ∈ T ⊥ R ⊃ W , which is a contradiction.

Now we know that V and Z are enclosures included in R, so, by Lemma 2.1.4, we
deduce

Φt(pW) = Φt(pZ)− Φt(pV)

= pZ + (1− pZ)Φt(pZ)(1− pZ)− pV − (1− pV)Φt(pV)(1− pV)

= pW + (1− pZ)Φt(pW)(1− pZ) +

−(1− pZ)Φt(pV)pW − pWΦt(pV)(1− pZ)− pWΦt(pV)pW︸ ︷︷ ︸
=0

≥ pW ,

and this guarantees thatW is an enclosure.
Now that the first statement is proven, the others easily follow using first only Z =

R and then also V = R+.

We remark that in the particular case when R = R+, the previous result reduces to
the second part of Proposition 5.2 in [15].

It was already shown thatR+ andR are enclosures (see for instance [26, Section 3]
and [67, Corollary 2]). Showing that R0 is an enclosure, Theorem 2.2.1 provides the
answer to two questions left open in [67]:

1. starting from a state supported in the slow recurrent subspace R0, the semigroup
cannot leaveR0;

2. the reduced semigroup ΦR can be decomposed into a slow recurrent ΦR0 and
a fast recurrent ΦR+ semigroups, completing the decomposition of quantum
Markov semigroups given in [67, Theorem 9]:

Theorem 2.2.3 (Decomposition of semigroups of quantum Markov maps). If Φ
is a semigroup of quantum Markov maps acting on B(h), then the restriction of
Φ to pTB(h)pT is a transient semigroup of quantum subMarkov maps, while ΦR
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Chapter 2. Absorption operators

is a recurrent semigroup of quantum Markov maps on pRB(h)PR which con-
tains the positive and null recurrent “sub”-semigroups ΦR+ and ΦR0 acting on
pR+B(h)pR+ and pR0B(h)pR0 , respectively.

In order to better understand the splitting of the recurrent restriction of the semi-
group into the positive and null restrictions, we recall the following result.

Lemma 2.2.4 (Point 3, Proposition 5.2, [15]). Let V andW two orthogonal enclo-
sures and consider a normal state ρ supported in V⊕W , then for p, q ∈ {pV , pW}

Φ∗t(pρq) = pΦ∗t(ρ)q ∀t ∈ T.

Hence we have that

Corollary 2.2.5. For every normal state ρ supported inR, for p, q ∈ {pR+ , pR0}

ΦR∗t(pρq) = pΦR∗t(ρ)q.

Notice that in the case Φ = (Φn)n∈N for some quantum Markov map Φ with
Kraus operators (Vi)i∈I , then it is easy to see that (pRVipR)i∈I is a choice of Kraus
operators for ΦR (whose powers generate ΦR) and

pRVipR = pR+VipR+ + pR0VipR0 .

Theorem 2.2.1 also highlights that the mass collected by an enclosure (not necessarily
a recurrent one) always comes from the transient subspace. This fact reflects in the
structure of absorption operators.

Corollary 2.2.6. For any enclosure V and any time t,

Φt(pV) = pV + pT ∩V⊥Φt(pV)pV⊥∩T . (2.10)

In particular, V is a recurrent enclosure for Φ if and only if the associated projection is
harmonic for the reduced semigroup ΦR.

Proof. We denote by St the space supp(pV⊥Φt(pV)pV⊥) = (suppΦt(pV)) ∩ V⊥. Then,
by Lemma 2.1.4, we have

Φt(pV) = pV + pV⊥Φt(pV)pV⊥ = pV + pStΦt(pV)pSt .

But, due to Lemma 2.2.2, St ⊆ T , and this implies relation (2.10).
Now, if V is a recurrent enclosure for Φ, then, by (2.10),

ΦRt (pV) = ΦRt (pRpVpR) = pRΦt(pV)pR = pRpVpR = pV ,

so pV is harmonic for ΦR. Conversely, if pV is a harmonic projection for ΦR, i.e. V ⊆ R
and pRΦt(pV)pR = pV , then

pR∩V⊥Φt(pV)pR∩V⊥ = 0 and so pR∩V⊥Φt(pV) = Φt(pV)pR∩V⊥ = 0

by positivity of Φt(pV). Furthermore, since ‖Φt(pV)‖ ≤ 1, if we consider any two norm
one vectors v in V and u in T and any ε ∈ C, we have

〈v+εu,Φt(pV)(v+εu)〉 = ‖v‖2+2Re(ε〈v,Φt(pV)u〉)+|ε|2〈u,Φt(pV)u〉 ≤ ‖v+εu‖2 = 1+|ε|2.
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2.2. Absorption operators and recurrence

If we pick ε ∈ R, we get that 〈u,1−Φt(pV)u〉ε2−2Re(〈v,Φt(pV)u〉)ε is a polynomial
in ε is always non-negative, hence Re(〈v,Φt(pV)u〉) must be 0. Analogously, if we
pick ε ∈ iR, we get that Im(〈v,Φt(pV)u〉) = 0 and so 〈v,Φt(pV)u〉 = 0. Therefore we
can conclude

Φt(pV) = pV + pT Φt(pV)pT ≥ pV

i.e. V is an enclosure for Φ.

Now we are able to improve Proposition 2.1.5 for absorption operators in relation
with transience and recurrence.

Theorem 2.2.7. Absorption operators.

1. For any V enclosure,

A(V) = pV+pTA(V)pT = pV+pT ∩V⊥A(V)pT ∩V⊥ and pR∩V⊥A(V)pR∩V⊥ = 0.

Further, x = A(V) − pV is a superharmonic operator supported in T and such
that Φt(x)↘ 0 in the w∗-topology.

2. Suppose that V is an enclosure included in the recurrent space R. Then A(V) is
the minimal fixed point x of the semigroup Φ such that 0 ≤ x ≤ 1, pVxpV = pV ,
pR∩V⊥xpR∩V⊥ = 0. It is the unique fixed point with such features when h is finite
dimensional or, more in general, when the recurrent projection pR is absorbing
(i.e. A(R) = 1).

Remark 2.2.8. If not immediately evident, we stress that this theorem proves the quan-
tum counterpart of well-known properties for classical absorption probabilities. In-
deed, for a classical Markov chain X , recovering the notations at the beginning of
Section 2.1, it is known that A(C) is the minimal bounded function on E such that
0 ≤ A(C)(x) ≤ 1 for every x ∈ E, verifying

A(C)(x) = 1 for x ∈ C,
A(C)(x) = 0 for a recurrent x outside C
A(C)(x) =

∑
y∈C pxy +

∑
y∈T pxyA(C)(y), x ∈ T

(2.11)

and the last equation, given the first two conditions, is equivalent to write A(C) =
P · A(C), i.e. the function A(C) is harmonic for P .

Proof. 1. The first part is obtained from equation (2.10) passing to the limit for t →
+∞. For the second part, notice that x is superharmonic being the difference of a
harmonic and a subharmonic operators. Hence (Φt(x))t∈T is a monotone decreasing net
of positive operators whose limit is 0 because of the definition of absorption operator.
2. Consider an operator x as in the statement, then x = pV + pT xpT = Φt(x) so
x = Φt(x) ≥ Φt(pV) for any t ∈ T and then passing to the limit we conclude x ≥ A(V).
Finally, we can also write

x− A(V) = w∗ − lim
t→+∞

Φt(x− pV) = w∗ − lim
t→+∞

Φt(pT xpT ) ≤ w∗ − lim
t→+∞

Φt(pT )

and the right hand side is null if and only ifR is absorbing.
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Chapter 2. Absorption operators

Remark 2.2.9. Since R is an enclosure, the absorption operator A(R) is well defined
and, proceeding according to a “probabilistic” approach, it is natural to read the opera-
tor

U := w∗ − lim
t→+∞

Φt(pT ) = 1− A(R).

as representing the probability for the evolution to remain forever in the transient sub-
space T . By point 2 of the previous theorem, used with V = R, the operator U is the
maximal harmonic operator y such that 0 ≤ y ≤ 1 and pT ypT = y.
Remark 2.2.10. Theorem 2.2.7 shows that Lemma 2.2.2 implies that for every enclosure
V , one has supp(A(V) − pV) ⊂ T . In fact, they are equivalent: indeed, for every non
null vector w in V⊥ such that there exist t̄ ∈ T and ε > 0 for which Φt(pV) ≥ ε|w〉〈w|,
then w ∈ supp(Φt(pV)− pV) ⊂ supp(A(V)− pV).

Another consequence of Theorem 2.2.1 is that every recurrent enclosure V ⊆ R is
diagonal in the block representation induced byR0 andR+.

Corollary 2.2.11. Every enclosure V ⊆ R is of the form V = (R+ ∩ V)⊕ (R0 ∩ V).

Proof. By contradiction, let V ⊆ R be an enclosure such that pR+pVpR0 6= 0. We can
assume that V ∩ R+ = {0}. Indeed, if this is not the case, we can replace it with the
space

V ′ = V ∩ (V ∩R+)⊥ = V ∩ (R∩ (V ∩R+)⊥),

which is an enclosure as intersection of the two enclosures V and (R ∩ (V ∩ R+)⊥)
(the latter by Theorem 2.2.1), and always included inR. Furthermore, V ′ ∩R+ = {0}
and pR+pV ′pR0 = pR+pVpR0 6= 0. Hence, by taking V ′ as V , we can assume that
V ∩R+ = {0}.
Now, since pR+pVpR0 6= 0, by the definition of R+, there exists an invariant state ρ
with supp(ρ) 6⊥ V , i.e. such that pVρpV 6= 0. For every t ∈ T, as ρ is invariant and
supported in R+ ⊆ R, we can call Ṽ = R ∩ V⊥ (which is an enclosure by Theorem
2.2.1), and write

ρ = pVρpV + pṼρpV + pVρpṼ + pṼρpṼ
= pVΦ∗t(ρ)pV + pṼΦ∗t(ρ)pV + pVΦ∗t(ρ)pṼ + pṼΦ∗t(ρ)pṼ = Φ∗t(ρ). (2.12)

V and Ṽ are orthogonal enclosures for the completely positive map Φt, hence (2.12),
together with Lemma 2.2.4, gives, for every t ∈ T,

Φ∗t(pρq) = pΦ∗t(ρ)q, p, q ∈ {pV , pṼ}

and in particular
Φ∗t(pVρpV) = pVΦ∗t(ρ)pV = pVρpV ;

so that
ρ̃ :=

pVρpV
tr (pVρpV)

6= 0

is an invariant state supported in V . This implies V ∩ R+ 6= {0} and we get to a
contradiction.

There are some features of absorption operators that can be interpreted in the poten-
tial theory framework of [31, 67]:
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1. a positive bounded operator y is said to be a potential if there exists x ∈ B(h)int

such that y = U(x). Together with the following characterization of potentials,
the first point of Theorem 2.2.7 shows that for every enclosure V , A(V)− pV is a
potential:

Theorem 2.2.12 (Theorem 4, [31])). A positive operator x is a potential if and
only if it is superharmonic and Φt(x)↘ 0 in the w∗-topology.

2. ker(A(V)) = {u ∈ D(U(pV)) : U(pV)[u] = 0}.

Proof. Proposition 2.1.1 shows that v ∈ ker(A(V)) if and only if

〈v,Φt(pV)v〉 = 0, ∀t ∈ T, (2.13)

so we need to show that
∫ +∞

0
〈v,Φt(pV)v〉 < +∞ is equivalent to equation (2.13).

This is true because since V is an enclosure, t 7→ 〈v,Φt(pV)v〉 is monotone non-
decreasing.

2.3 Absorption operators to describe fixed points

In this section, we are mainly concerned with the description of the fixed points of
a semigroup of quantum Markov maps. In order to have a full description, we shall
need to add the extra condition that the recurrent space is attractive for the evolution.
We recall that the set of fixed points (or harmonic operators) of the quantum Markov
semigroup Φ is defined as

F(Φ) = {x ∈ B(h) : Φt(x) = x, t ∈ T}.
The structure of the set F(Φ) is well known when there exists a faithful normal in-
variant state (i.e. the semigroup is positive recurrent): in such a case, it is an atomic
W ∗-algebra, since it is in the multiplicative domain and it is the range of a Φ-invariant
w∗-w∗-continuous conditional expectation (see for instance [34,35,48] and more recent
developments in [6, 13, 33]).

When we have no faithful invariant state, we do not have general results and the
problem becomes substantially different and more complicated, for instanceF(Φ) does
not need to be an algebra in general. Examples are easy to find, also in classical prob-
ability, just considering models with a transient state having access to more than one
recurrent class.

2.3.1 Recurrent semigroups

Abandoning the condition on the existence of a normal invariant faithful state means
considering non purely positive recurrent Markov evolutions. If we try to weaken this
condition, one natural first step can be assuming that the semigroup is recurrent, that
is R = h; notice that, in the case of a generic semigroup Φ, everything that we prove
holds true for the recurrent restriction ΦR. In the case of recurrent semigroups, F(Φ)
is tightly related to communication properties of the semigroup: every projection in
F(Φ) is by definition the projection onto an enclosure and vice versa by Corollary
2.2.6. Moreover, while in general F(Φ) is only a selfadjoint w∗-closed linear space,
the following result proves that the fixed points set of a recurrent semigroup is a W ∗-
algebra, hence it is completely determined by its projections.
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Chapter 2. Absorption operators

Proposition 2.3.1. If Φ is recurrent, then F(Φ) is a W ∗-algebra.

We remark that this fact was already known in case of positive recurrent semigroups,
i.e. when R = R+ (see [2, Theorem 2.3]). Before presenting the proof of Proposition
2.3.1, we need to recall the following result.

Lemma 2.3.2. The following are equivalent:

1. F(Φ) is an algebra,

2. F(Φ) is a W ∗-algebra,

3. if x ∈ F(Φ), then x∗x ∈ F(Φ),

4. F(Φ) ⊆ N (Φ).

Proof. 1.⇔ 2. It simply follows from the fact that F(Φ) is a w∗-closed, ∗-closed linear
subspace of B(h).
1.⇒ 3. It is a consequence of the fact that F(Φ) is closed under ∗.
3.⇒ 4. For every x ∈ F(Φ), we have that x∗ ∈ F(Φ) and by 3. we get that for every
t ≥ 0

Φt(x
∗x) = x∗x = Φt(x

∗)Φt(x) and Φt(xx
∗) = xx∗ = Φt(x)Φt(x

∗),

hence x ∈ N (Φ).
4.⇒ 1. Let us consider x ∈ F(Φ) ⊂ N (Φ); Theorem 1.2.18 states that for t ≥ 0 and
for every y ∈ F(Φ)

Φt(xy) = Φt(x)Φt(y) = xy,

which means that xy ∈ F(Φ) and that F(Φ) is an algebra.

Proof of Proposition 2.3.1. IfF(Φ) is not aW ∗-algebra, Lemma 2.3.2 shows that there
exists x ∈ F(Φ) such that x∗x 6∈ F(Φ). Kadison-Schwarz inequality implies that

Φt(x
∗x) ≥ Φt(x

∗)Φt(x) = x∗x for all t ≥ 0, (2.14)

which means that x∗x is subharmonic and (Φt(x
∗x)) is a bounded positive monotone

increasing net and we call y its least upper bound. y is a fixed point, since ∀s ∈ T

Φs(y) = Φs

(
w∗ − lim

t→+∞
Φt(x

∗x)

)
= lim

t→+∞
Φt+s(x

∗x) = y.

Notice that

• ∀t ∈ T, Φt(y − x∗x) = y − Φt(x
∗x) ≤ y − x∗x (superharmonic);

• Φt(y − x∗x)↘ 0.

Moreover y − x∗x 6= 0: since x∗x 6∈ F(Φ), there must be a time t̄ > 0 such that the
inequality in equation (2.14) is not an equality, hence

y − x∗x ≥ Φt̄(x
∗x)− x∗x ≥ 0 and Φt̄(x

∗x)− x∗x 6= 0.

By Theorem 2.2.12, there exists a non-null positive operator z such that U(z) = y−x∗x
is bounded, hence {0} 6= supp(U(z)) ⊆ T and the transient space is non trivial.
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Corollary 2.3.3. Let Φ be recurrent; then for every enclosure V , pV ∈ F(Φ) and

F(Φ) = span{pV : V enclosure}
‖ ‖
.

Proof. Corollary 2.2.6 shows that, if Φ is recurrent, a projection corresponds to an
enclosure if and only if it is harmonic, that is it is a fixed point for the semigroup;
since F(Φ) is a W ∗-algebra, it is the norm-closure of the linear span of its projections
(Corollary 1.1.9) and we obtain the statement.

Another immediate consequence is a nice diagonal structure of the elements in
F(Φ).

Corollary 2.3.4. Let Φ be a recurrent semigroup of quantum Markov maps. Then

F(Φ) = F(ΦR+)⊕F(ΦR0).

Proof. First we prove that every x ∈ F(Φ) has the following diagonal form:

x = pR+xpR+ + pR0xpR0 . (2.15)

By Corollary 2.3.3, it is enough to prove that equation (2.15) holds true for the projec-
tions corresponding to enclosures, hence the result follows from Corollary 2.2.11.
Since Φ is recurrent and bothR+ andR0 are enclosures, the corresponding projections
are harmonic by Corollary 2.3.3; moreover F(Φ) ⊆ N (Φ), which implies that for
every x ∈ B(h), for every t ≥ 0

Φt(pxq) = Φt(p)Φt(x)Φt(q) = pΦt(x)q p, q ∈ {pR+ , pR0}. (2.16)

If we apply equation (2.16) to x ∈ F(Φ), we get that pR+xpR+ ∈ F(ΦR+) and
pR0xpR0 ∈ F(ΦR0), i.e. F(Φ) ⊆ F(ΦR+)⊕F(ΦR0).
If we instead apply equation (2.16) to any element in F(ΦR+) ⊕ F(ΦR0), we get the
other inclusion.

We have already remarked that in the case of positive recurrent semigroup, F(Φ) is
an atomic W ∗-algebra. We briefly recall the results about fixed points set when there
is a faithful invariant state (the proof can be deduced from Lemma 2 and Theorem 2
in [13]); once again we remark that the same results hold for the positive recurrent
restriction ΦR+ of any semigroup of quantum Markov maps Φ.

Proposition 2.3.5. Let Φ be a positive recurrent semigroup, i.e. R+ = h; then there
exists a unique decomposition of the Hilbert space as a direct sum of orthogonal enclo-
sures

h = ⊕
α∈A

χα

and there exist Hilbert spaces h
(1)
α , h(2)

α and unitary operators Uα : h
(1)
α ⊗ h

(2)
α → χα

such that
F(Φ) =

⊕
α∈A

Uα

(
B(h(1)

α )⊗ 1
h

(2)
α

)
U∗α. (2.17)

Hence F(Φ) is an atomic W ∗-algebra and pχα are its central projections.
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Chapter 2. Absorption operators

Moreover, for any α ∈ A, there exists a (unique and faithful) normal state ρα on h
(2)
α

such that all the invariant normal states for Φ can be written in the form∑
α∈A

λαUα(ωα ⊗ ρα)U∗α, for some ωα normal state on h(1)
α , λα ≥ 0 with

∑
α∈A

λα = 1.

(2.18)
For every α ∈ A, the restriction of the semigroup acts in the following way

Φt(Uα(x⊗ y)U∗α) = Uα(x⊗Qαt (y))U∗α x ∈ B(h(1)
α ), y ∈ B(h(2)

α ). (2.19)

whereQαt is an irreducible positive recurrent semigroup acting on B(h
(2)
α ) with faithful

normal invariant state ρα.

Equation (2.17) tells us that for every α, χα is the range of a minimal central projec-
tion; when dim(h

(1)
α ) = 1, then χα is also a minimal enclosure, otherwise it admits an

infinite number of decompositions as direct sum of minimal orthogonal enclosures.
More precisely, in this case, for any complete orthonormal system {eαβ}β∈Iα for h(1)

α ,
Vα,β := Uα(Ceαβ ⊗ h

(2)
α ) is a minimal enclosure and χα = ⊕β∈IαVα,β . Furthermore,

for any pair of minimal enclosures Vα,β and Vα,β′ , for β 6= β′, we know that there exist

a partial isometry Qα,β,β′ := Uα

(
|eαβ〉 〈eαβ′| ⊗ 1

h
(2)
α

)
U∗α between them; this operator is

a fixed point for the fast recurrent semigroup and allows to express the action of the
semigroup restricted to Vα,β and the minimal invariant state supported on it in terms of
the dynamic restricted to Vα,β′ and the invariant state supported on it (see [15]). The
dynamic on Vα,β (and all the other isometric enclosures) is described by the semigroup
Qα (modulo Uα) and Uα(|eαβ〉 〈eαβ | ⊗ ρα)U∗α is the unique extremal invariant state with
support Vα,β .

We remark that Proposition 2.3.5 implies that every positive recurrent semigroup
admits a decomposition of the Hilbert space h into orthogonal minimal enclosures
(DOME). In the case of a recurrent semigroup, thanks to Corollary 2.3.3, the atom-
icity of F(Φ) is equivalent to the fact tha there exists a DOME and whether or not
a recurrent semigroup admits a DOME is a natural question, also because it is true
for classical Markov chains. However we are able to exhibit an example of a recur-
rent semigroup which does not admit a DOME, or equivalently, for which F(Φ) is not
atomic; before, we remark that any DOME ofR must be compatible withR+ andR0.

Lemma 2.3.6. Let (Vα) be a DOME ofR, then (Vα ∩R+) and (Vα ∩R0) are DOMEs
forR+ andR0, respectively.

Proof. Corollary 2.2.11 implies that every (sub)harmonic projection pV for Φ com-
mutes with pR+ , pR0 and, since R+ and R0 are enclosures and the intersection of two
enclosures is again an enclosure, V∩R+ and V∩R0 are enclosures. Therefore a DOME
ofR (Vα) induces DOMEs (Vα∩R+) and (Vα∩R0) forR+ andR0, respectively (since
Vα is minimal, Vα ∩R+ and Vα ∩R0 are either {0} or Vα).

We already know that there always exists a DOME of R+, hence the existence of a
DOME ofR andR0 are equivalent problems.
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Example 2.3.7 (Noncommutative symmetric random walk on Z). Let us consider the
group G with two generators a, b satisfying a2 = b2 = e (e is the identity element)
and the corresponding left and right representations defined on h = `2(G). For every
g ∈ G, λ(g) and ρ(g) are the unitary operators acting in the following way on the
canonical basis C = {δg : g ∈ G} of h:

λ(g)δh = δgh, ρ(g)δh = δhg−1 ∀g, h ∈ G.

Notice that λ(g)∗ = λ(g−1) and ρ(g)∗ = ρ(g−1) for every g ∈ G; the fact that a2 =
b2 = e implies that λ(a) and λ(b) are selfadjoint operators. We introduce the following
notation:

L(G) = {λ(g) : g ∈ G}′′ = {λ(a), λ(b)}′′, R(G) = {ρ(g) : g ∈ G}′′ = {ρ(a), ρ(b)}′′.

We recall that L(G)′ = R(G) ( [63, Section V.7]). We define the quantum channel

Φ(x) =
1

2
λ(a)xλ(a) +

1

2
λ(b)xλ(b), x ∈ B(h)

and we consider the semigroup Φ := (Φn)n∈N.

Invariant commutative subalgebra and null recurrence. Consider the commu-
tative W*-subalgebra of operators which are diagonal in the canonical basis C and its
predual:

∆ = {x ∈ B(h) : x =
∑
g∈G

xg |δg〉 〈δg|} ' `∞(G),

∆∗ = {x ∈ L1(h) : x =
∑
g∈G

xg |δg〉 〈δg|} ' `1(G).

Since G is countable, we can relable its elements with integer numbers:

. . . aba 7→ −3 ba 7→ −2 a 7→ −1 e 7→ 0 b 7→ 1 ab 7→ 2 bab 7→ 3 . . .

and this provides isomorphisms between `α(G) and `α(Z) for α ∈ {1, 2,∞}.
λ(a), λ(b) act on C in the following way (for any g ∈ G, the label g stays for δg):

e b ab ...aba...

λ(a)

λ(a)

λ(b)

λ(b)

λ(a)

λ(a)

λ(b)

λ(b)

λ(a)

λ(a)

λ(b)

λ(b)

It is easy to see that Φ preserves ∆ and ∆∗ and its restriction corresponds via
the isomorphisms above to the transition matrix of a symmetric random walk on Z:
Φ(|δg〉 〈δg|) = 1

2
(|δag〉 〈δag| + |δbg〉 〈δbg|). The symmetric random walk on Z is null

recurrent and this implies that also Φ is null recurrent.

Proposition 2.3.8. Φ is null recurrent.
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Chapter 2. Absorption operators

Proof. 1. Consider a non-null positive operator x, then there must exists some g ∈ G
such that 〈δg, xδg〉 ≥ c > 0 for some positive constant c. By the symmetry of the
semigroup, we can assume g = e.

+∞ > U(x)[δe] =
+∞∑
k=0

tr
(
Φk
∗(|δe〉 〈δe|)x

)
≥

+∞∑
k=0

pk0,0〈δe, xδe〉 ≥ c
+∞∑
k=0

pk0,0 = +∞,

where pk0,0 is the probability that a symmetric random walk on Z that starts in 0 comes
back to 0 in k steps. Therefore U(x) is unbounded and hence T = {0}.
2. Suppose there exists an invariant state ρ; the action of ρ on ∆ is represented by a
state ρ̃ ∈ ∆∗, which must be invariant for the symmetric random walk on Z, but this is
again a contradiction, henceR+ = {0}.

F(Φ) has no minimal projections. When F(Φ) is an algebra (this is the case
by Proposition 2.3.1) and the semigroup is generated by a single quantum channel Φ,
Proposition 1 in [13] provides us a characterization ofF(Φ) in terms of Kraus operators
of Φ:

F(Φ) = {λ(a), λ(b)}′ = L(G)′ = R(G).

We will show something stronger than the fact that R(G) is not atomic: namely, we
will prove that it has no minimal projections. We denote by Z(G) := R(G)∩L(G) the
center of R(G); notice that (ρ(ab) + ρ(ba))/2 ∈ Z(G): it clearly belongs to R(G) and
it commutes with ρ(a) (by symmetry it commutes with ρ(b) too):

ρ(a)(ρ(ab) + ρ(ba)) = ρ(b) + ρ(aba) = (ρ(ab) + ρ(ba))ρ(a).

Let us focus on the action of ρ(ab) and ρ(ba) = ρ(ab)∗ on C :

e ba (ba)2 ...ab(ab)2...

ρ(ab)

ρ(ba)

ρ(ab)

ρ(ba)

ρ(ab)

ρ(ba)

ρ(ab)

ρ(ba)

ρ(ab)

ρ(ba)

ρ(ab)

ρ(ba)

a aba ...bbab...

ρ(ab)

ρ(ba)

ρ(ab)

ρ(ba)

ρ(ab)

ρ(ba)

ρ(ab)

ρ(ba)

ρ(ab)

ρ(ba)

Hence there exists a unitary operator U : `2(Z) ⊗ C2 → `2(G) such that U∗ρ(ab)U is
S ⊗ 1C2 , where S is the right shift operator. Consider the Fourier transform between
the one dimensional torus T and Z:

F : L2(T)→ `2(Z)

f(x) 7→ F (f)(k) :=
1

2π

∫
T
f(x)e−ikxdx.
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2.3. Absorption operators to describe fixed points

By the Fourier transform properties, it is easy to see that F−1SF is the multiplica-
tion operator Meix corresponding to the function eix. We have the following chain of
equalities

Mcos(x) ⊗ 1C2 =

(
Meix +Me−ix

2

)
⊗ 1C2 = F−1(S + S∗)F ⊗ 1C2 =

= (F−1 ⊗ 1C2)U∗
(
ρ(ab) + ρ(ba)

2

)
U(F ⊗ 1C2).

Therefore the W ∗-algebras generated by Mcos(x) and (ρ(ab)+ρ(ba))/2 are isomorphic.

Proposition 2.3.9. R(G) has no minimal projection.

Proof. Let us consider the following sequence of projections in the W ∗-algebra gen-
erated by Mcos(x): for any n ∈ N, j = 0, . . . , 2n+1 − 1 we define qj,n as the indicator
function of the set

cos−1
([
−1 + j2−n,−1 + (j + 1)2−n

])
;

we define pj,n := U(F ⊗ 1C2)(qj,n ⊗ 1C2)(F−1 ⊗ 1C2)U∗, which is the spectral pro-
jection of (ρ(ab) + ρ(ba))/2 corresponding to the same set and it is in Z(G). Notice
that by construction

1.
∑2n+1−1

j=0 pj,n = 1,

2. pj,npk,n = δjkpj,n for every n ∈ N, j = 0, . . . , 2n+1 − 1,

3. for every pj,n with n ≥ 1, there exists a unique k such that pj,npk,n−1 = pj,n.

Let f ∈ R(G) be a minimal projection; since (pj,n) ⊂ Z(G), for every n ∈ N and
j ∈ {0, . . . , n− 1}

fpj,nf = pj,nfpj,n

is a projection dominated by pj,n and f . The minimality of f implies that fpj,n is either
0 or f itself, and, by 1. and 2., for every n ∈ N, there exists a unique j ∈ {0, . . . , n−1},
which we call j(n), such that pj,nf = f . Hence f ≤ pj(n),n for every n ∈ N and
pj(n+1),n+1 ≤ pj(n),n for every n ∈ N and pj(n),n ↓ 0 (in the w∗-topology), hence
f = 0.

Remark 2.3.10. The following is the GKLS generator of a continuous time counterpart
of the same example:

L(x) =
1

2
(λ(a)xλ(a)− x) +

1

2
(λ(b)xλ(b)− x).

The analysis above can be carried out also in this case.

Moreover, in an analogous way it is possible to embed any symmetric random walk
on Zd: we only need to consider the group G generated by {ai, bi}di=1 such that a2

i =
b2
i = e and aibja−1

i b−1
j = aiaja

−1
i a−1

j = bibjb
−1
i b−1

j = e for i 6= j.
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Chapter 2. Absorption operators

Remark 2.3.11. The structure of the decoherence-free subalgebraN (Φ) of a semigroup
and wether it is atomic or not has been investigated in [13,33,59], especially in relation
to enviromental decoherence. In the present example, even N (Φ) has no minimal
projections. Indeed, by [13, Proposition 3], we have that

N (Φ) = {λ(ab), λ(ba)}′.

Let us consider H the subgroup of G generated by ab, ba and the corresponding parti-
tion of G into right cosets:

G =
⋃
s∈S

Hs, Hs := {hs : h ∈ H}

where S is a set of representatives of the quotient of G with respect to the equivalence
relation that identifies two elements x, y ∈ G if xy−1 ∈ H . Such a partition of G
induces a decomposition of the corresponding Hilbert space:

`2(G) =
⊕
s∈S

`2(Hs) ' `2(H)⊗ `2(S).

Notice thatN (Φ) is (L(H)⊗ 1`2(S))
′ = R(H)⊗B(`2(S)), hence its center is L(H)∩

R(H)⊗ 1`2(S) = {λ(ab), λ(ba)}′′ ∩{ρ(ab), ρ(ba)}′′. (ρ(ab) + ρ(ba))/2 is in the center
of N (Φ) too, hence we can repeat the same proof as for F(Φ).

Remark 2.3.12. We remark that the unitary group of F(Φ) is strictly smaller that the
group of symmetries of Φ, i.e. all the unitary operators U ∈ B(h) such that

Φ(U∗ · U) = U∗Φ(·)U.

For instance the following unitary operators are symmetries of the qunatum Markov
map, but they are not in F(Φ) = {λ(a), λ(b)}′:

1. U1 : δg 7→ δu1(g), where u1(g) is the word obtained from g changing a into b and
vice versa;

2. U2 : δg 7→ (−1)u2(g)δg, where u2(g) is the number of occurencies of the letter a in
g.

The first case switches the Kraus operators, that means U1λ(a) = λ(b)U1, while in the
second case U2λ(a) = −λ(a)U2.

2.3.2 Absorbing recurrent space

We now turn our attention to the fixed points set of semigroups with non trivial transient
part; in this case, subharmonic projections need not to be harmonic anymore, hence we
cannot hope that Corollary 2.3.3 still holds true. However, Proposition 2.1.1 shows that
absorption operators are fixed points of Φ and, since the set of fixed points is norm-
closed, we know that

span{A(V) : V enclosure}
‖ ‖
⊆ F(Φ).
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2.3. Absorption operators to describe fixed points

Therefore, a natural question is whether the reverse inclusion holds true and fixed points
are completely described by absorption operators. This is indeed the case when the
recurrent space is absorbing, that is

A(R) = w∗ − lim
t→+∞

Φt(pR) = 1. (H1)

It means that asymptotically the evolution gets absorbed in the recurrent space, which,
therefore, contains all relevant information regarding asymptotic quantities; an imme-
diate consequence is that the evolution passes a finite amount of time in the transient
subspace (U = 0 by Remark 2.2.9). It is not a too restrictive condition and in some
cases it is feasible to check if it holds (see Remark 2.3.22). An important tool that we
are going to use is the notion of ergodic projection (for the definition we follow [49]).

Definition 2.3.13 (Ergodic projection). A linear operator E : B(h) → B(h) is said to
be an ergodic projection for the semigroup Φ if the following hold true:

1. E(B(h)) ⊆ F(Φ), E2 = E ,

2. E ◦ Φt = Φt ◦ E = E for every t ∈ T,

3. E belongs to the w∗-closure of the convex hull of {Φt : t ∈ T}.

Point 3. immediately implies that E(B(h)) = F(Φ) and that E inherits complete
positivity from the semigroup Φ. Semigroups of quantum Markov maps always admit
an ergodic projection.

Theorem 2.3.14 (Theorem 2.4, [2]). Let Φ be a semigroup of quantum Markov maps.
There exists a completely positive projection E : B(h) → B(h) such that E(B(h)) =
F(Φ) and there exists a net of times (tα) ⊆ T such that

lim
tα→+∞

1

tα

∫ tα

0

Φsdm(s) = E

in the pointwise w∗-topology.

At least for all enclosures V , we know that {Φt(pV)}t∈T converges monotonically to
A(V), so the net of Cesaro’s means will have the same limit and E(pV) = A(V).

Under the assumption A(R) = 1, the set of fixed points of Φ is controlled by the
set of fixed points of the restricted semigroup ΦR.
The content of the following proposition partially appears also in [49, Theorem 3,
Corollary 4] and [37, Proposition 8.2, Theorem 8.3], under the stronger (see Remark
2.3.22) assumption that A(R+) = 1. Our proof is adapted to our setting and makes use
of the multiplicative domain of E .

Proposition 2.3.15. Suppose that A(R) = 1. Then

1. if y ∈ F(Φ) is such that pRypR = 0, then y = 0;

2. pRF(Φ)pR = F(ΦR);

3. F(Φ) and F(ΦR) are isomorphic as Banach spaces; the isomorphism is given by
the restriction Ẽ of E to F(ΦR) and E(pRxpR) = E(x) = x for any fixed point x.
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Chapter 2. Absorption operators

We remark that this result is true also for weaker positivity conditions on the semi-
group, that is assuming 2-positivity instead of complete positivity.

Proof. Let us consider the operators

pR · pR : F(Φ)→ B(h) Ẽ : F(ΦR)→ F(Φ) (2.20)
x 7→ pRxpR, x 7→ E(x).

Both of them are norm continuous and we shall prove that pRF(Φ)pR ⊆ F(ΦR)
and that pR · pR = Ẽ−1, in order to obtain statement 3.. First, for any fixed point y of
Φ, we have ΦRt (pRypR) = pRΦt(y)pR = pRypR; so pRypR is a fixed point for ΦR

and pRF(Φ)pR ⊆ F(ΦR).
E(pR) = A(R) = 1, hence pR ∈ M(E) (Theorem 1.2.17) and for any bounded

operator x
E(pRxpR) = E(pR)E(x)E(pR) = E(x).

When x is a fixed point for Φ, the previous implies that E(pRxpR) = E(x) = x, which
means that E ◦ (pR · pR) = IdF(Φ) and that pR · pR is injective (1. is proved).

Take now y = pRypR an element in F(ΦR), then

pRE(y)pR = w∗ − lim
tα→+∞

1

tα

∫ tα

0

pRΦs(y)pRdm(s) = y,

where we used the fact that pR · pR is w∗-continuous. Therefore we proved that (pR ·
pR) ◦ E = IdF(ΦR) and also in particular point 2.. This concludes the proof.

We can now give a characterization of the harmonic operators in terms of absorption
operators when the recurrent subspace is attractive and prove that the ergodic limit
exists for all the fixed points of the restricted semigroup.

Theorem 2.3.16. Suppose A(R) = 1. Then the following facts hold:

1. the fixed points are spanned by absorption operators, and more precisely

span{A(V)}
‖ ‖
{V⊆R enclosure} = F(Φ) = F(ΦR+)⊕F(ΦR0)⊕ pTF(Φ)pT ;

2. for every x ∈ F(ΦR), there exists the limit w∗ − limt→+∞Φt(x) = E(x).

3. A recurrent enclosureW is minimal if and only if for every x ∈ F(Φ) such that
0 ≤ x ≤ A(W), there exists λ ∈ [0, 1] such that x = λA(W).

We point out that, in the case when Φ is recurrent, for every enclosure V one has
A(V) = pV (pV is harmonic by Corollary 2.2.6) and T = {0}, hence Point 1. of
Theorem 2.3.16 becomes exactly Corollary 2.3.3 and Corollary 2.3.4.

Proof. 1. Since F(ΦR) is a W ∗-algebra, it is the norm-closure of the space spanned
by its projections (Corollary 1.1.9), which are exactly the projections onto the positive
recurrent enclosures of Φ by virtue of Corollary 2.2.6, so F(Φ) = Ẽ(F(ΦR)) is the
norm-closure of the space

span Ẽ{p ∈ F(ΦR), p projection} = span{A(V),V rec. enclosure}
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2.3. Absorption operators to describe fixed points

and this directly implies the first equality in the thesis. The second equality follows
from the diagonal structure of F(ΦR) proved in Corollary 2.3.4 and the block structure
of the absorption operators proven in Theorem 2.2.7.

2. It is enough to prove that the limit is well defined for positive elements of F(ΦR)
since it is a W ∗-algebra. Let us, then, consider a positive x ∈ F(ΦR), then x =
limK x

(K) (in operator norm), for some increasing sequence (x(K))K , with x(K) =∑
k∈JK xkpVk for some finite set of indices JK . Then

E(x(K)) =
∑
k∈JK

xkA(Vk) = w∗ − lim
t→+∞

Φt(x
(K)), and lim

K
E(x(K)) = E(x),

where the last equality is due to the boundedness of E . Then, for any operator σ in
L1(h) and for all K,

|tr (σ(Φt(x)− E(x))) | ≤ |tr
(
σ(Φt − E)(x(K)))

)
|+ |tr

(
σ(Φt − E)(x− x(K)))

)
|

≤ |tr
(
σ(Φt − E)(x(K)))

)
|+ 2‖σ‖1‖x− x(K)‖∞,

so we can easily conclude.
3. If the recurrent enclosure W is not minimal, then there exists another non-null

enclosure V ( W and A(V) is a fixed point, 0 ≤ A(V) ≤ A(W), but not proportional
to A(W), sinceW ∩ V⊥ is again a non-null enclosure, W ∩ V⊥ ⊆ ker(A(V)), while
pW∩V⊥A(W)pW∩V⊥ = pW∩V⊥ 6= 0.

On the other hand, letW be a minimal recurrent enclosure and suppose there exists
a fixed point x such that 0 ≤ x ≤ A(W); then either x = 0 or 0 < pRxpR =
pWxpW ≤ pW . Being ΦW recurrent and irreducible and pWxpW a fixed point of the
reduced semigroup, there must be a λ ∈ (0, 1] such that pWxpW = λpW . Hence
x = E(pWxpW) = λA(W).

In Corollary 2.2.11 we proved that in the recurrent case subharmonic projections
commute with the projections on fast and null recurrent subspaces; now we can improve
the result under the assumption A(R) = 1.

Proposition 2.3.17. Assume A(R) = 1 and let V be an enclosure, then

V = (R+ ∩ V)⊕ (R0 ∩ V)⊕ (T ∩ V)

whereR∩ V is a recurrent enclosure and pT ∩V ≤ A(R∩ V)− pR∩V .
Moreover, when V is minimal, it is either positive or null recurrent and A(V) is the
unique harmonic operator such that

pVA(V)pV = pV pR∩V⊥A(V)pR∩V⊥ = 0.

Proof. Consider the block decomposition of B(h) induced by R+, R0, T ; A(V) − pV
and A(V) are diagonal because of points 1 of Theorems 2.2.7 and 2.3.16 respectively;
therefore pV is diagonal too. Since V andR are enclosures,R∩ V is an enclosure too.
Notice that

A(R∩ V) = E(pRpVpR) = E(pR)E(pV)E(pR) = E(pV) = A(V)

and hence A(R ∩ V) = A(V) ≥ pV = pR∩V + pT ∩V . Therefore A(R ∩ V)− pR∩V ≥
pT ∩V and if V 6= {0},R∩ V cannot be {0}, otherwise 0 = A(R∩ V) = A(V) ≥ pV .
Hence, if V is minimal, it must be V = R∩V and the conclusion follows by point 2 of
Theorem 2.2.7.
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Chapter 2. Absorption operators

Remark 2.3.18. The second point in the previous proposition is particularly useful from
a computational viewpoint, especially when there is not an analytic way to compute the
limit defining absorption operators (see for instance Example 2.4.1). In the parallel
with the classical case, already described in Remark 2.2.8, we can now add that the
solution of the system (2.11) is unique. Even if it can be not immediate to recognize,
similar forms of this result for particular models already appeared in [19, Proposition
7] for finite dimensional quantum systems.

Moreover Proposition 2.3.15 shows that every fixed point x ∈ F(Φ) is completely
determined by its recurrent restriction pRxpR; in addition Theorem 2.3.16 proves that
x = pRxpR + pT xpT . It is therefore possible to express pT xpT , and consequently x,
as a function of pRxpR: there exists a superoperator

Ψ : F(ΦR)→ pTF(Φ)pT

such that, for every x ∈ F(Φ), we can write

pT xpT = Ψ(pRxpR). (2.21)

Since
pT xpT = E(pRxpR)− pRxpR = pT E(pRxpR)pT ,

we can find a first expression for Ψ:

Ψ(y) = Ẽ(y)− y, y ∈ F(ΦR).

As E is not commonly given in a model, it can be useful to find alternative expressions
for Ψ using directly the semigroup. If the semigroup is continuous time, we consider
the infinitesimal generator L, while, if it is discrete time, we replace it by Φ − IdB(h).
For any fixed point x, we know that pT xpT is the unique solution y ∈ pTB(h)pT of

L(y) = −pT L(pRxpR)pT ,

due to either Proposition 2.3.15 or 2.3.17. Then the operator L, though not invertible in
general, admits a unique inverse image if applied to the right hand side of the previous
equation and we can provide a further expression for Ψ,

Ψ(y) = −L−1(pT L(y)pT ), y ∈ F(ΦR),

which is the same already found in [1, Proposition 3] for the finite dimensional case.

2.3.3 The role of absorption operators in ergodic theory

Absorption operators, by construction, register features of the limit behavior of the
semigroup, therefore it is not surprising that they have some explicit relations with
ergodic theory. First we need to recall some further results about ergodic projections
(for the proofs see Theorem 1 and Theorem 2 in [50]).

Theorem 2.3.19. Let E be an ergodic projection for the semigroup of quantum Markov
maps Φ. Then there exists a unique decomposition E = En + Es that satisfies

1. En and Es are completely positive Φ-invariant projections;

2. En is w∗-w∗-continuous, Es is singular (see Definition 1.1.14);
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2.3. Absorption operators to describe fixed points

3. En ◦ Es = Es ◦ En = 0.

Moreover
F(Φ∗) = {ω ◦ En : ω ∈ L1(h)} (2.22)

and for any two ergodic projections E and E ′, it is true that En = E ′n.

The last fact of Theorem 2.3.19 allows us to denote En the unique w∗-w∗-continuous
ergodic projection. The following result highlights the relationship between En and
absorption operators; with the usual abuse of notation we identify B(R+) with
pR+B(h)pR+ .

Lemma 2.3.20. For every x ∈ F(ΦR+),

En(x) = E(x) = w∗ − lim
t→+∞

Φt(x).

In particular, for every positive recurrent enclosure V ⊆ R+, En(pV) = A(pV).

Proof. Corollary 2.3.4 applied to ΦR tells us that F(ΦR+) ⊆ F(ΦR) and we already
know by point 2. of Theorem 2.3.16 that for every x ∈ F(ΦR), the limit

w∗ − lim
t→+∞

Φt(x)

exists and is equal to E(x). Therefore, since En and E are norm-continuous and
F(ΦR+) is the norm-closure of the linear span of the projection corresponding to pos-
itive recurrent enclosures (apply Corollary 2.3.3 to ΦR+), we only need to prove that
for every positive recurrent enclosure V ⊆ R+, En(pV) = E(pV) = A(V).
En is w∗-w∗-continuous and Φ-invariant, hence we get

En(pV) = w∗ − lim
t→+∞

En ◦ Φt(pV) = En
(
w∗ − lim

t→+∞
Φt(pV)

)
= En(A(V)),

hence we need to show that En(A(V)) = A(V). Notice that, since A(V) ∈ F(Φ),

A(V) = E(A(V)) = En(A(V)) + Es(A(V)) (2.23)

and by the positivity of Es we have that En(A(V)) ≤ A(V).
The proof of [49, Theorem 5] shows that Es(1) ≤ 1− pR+ , hence

0 ≤ Es(A(V)) ≤ Es(1) ≤ 1− pR+ ≤ 1− pV ,

where the last inequality is due to the fact that V is positive recurrent. Using Lemma
2.1.3, we get that Es(A(V)) = pV⊥Es(A(V))pV⊥ . Together with equation (2.23) and
point 1. of Proposition 2.1.5, this implies that

pV + pV⊥A(V)pV⊥ = En(A(V)) + pV⊥Es(A(V))pV⊥ ,

which can be rewritten as

0 ≤ En(A(V)) = pV + pV⊥En(A(V))pV⊥ ,

hence En(A(V)) ≥ pV . Now recall that En is Φ-invariant and Φt is positive for every
t ∈ T, hence

En(A(V)) = Φt ◦ En(A(V)) ≥ Φt(pV), ∀t ∈ T

and we get that En(A(V)) ≥ A(V).

45



i
i

“thesis” — 2022/1/8 — 11:42 — page 46 — #52 i
i

i
i

i
i

Chapter 2. Absorption operators

An immediate consequence is a clean characterization of when En is the unique
ergodic projection in terms of the absorption operator of the positive recurrent subspace.

Corollary 2.3.21. En is is the unique ergodic projection if and only if A(R+) = 1.

Proof. Equation (2.22) and the definition of R+ imply that En(1) = En(pR+) (for
details see [50, Corollary 2]). For every ergodic projection E , thank to Lemma 2.3.20,
we get

1 = E(1) = A(R+) + Es(1).

Since Es is positive,

Es = 0 if and only if 0 = Es(1) = 1− A(R+)

and we are done.

Remark 2.3.22. Corollary 2.3.21 shows that assuming that the positive recurrent space
is absorbing, i.e.

A(R+) = w∗ − lim
t→+∞

Φt(pR+) = 1, (H2)

is a very natural hypothesis in the study of ergodic theory, and, in fact, it is quite popular
and it has been extensively used ( [36, 37]). Moreover it is not too restrictive: for
instance, it holds true if h is finite dimensional (see [67, Section 6]).

We point out some immediate consequences of condition (H2).

• There exists at least one invariant state, since R+ 6= 0 (otherwise we would have
A(R+) = 0).

• Similarly as in the commutative case, this assumption implies that there are no
null recurrent vectors i.e. R+ = R. Indeed, since R0 is an enclosure and, by
definition, R0 ⊆ R⊥+, for every t ∈ T, we have that Φt(pR0) ≤ Φt(pR⊥+) and
consequently

0 ≤ A(R0) = w∗ − lim
t→+∞

Φt(pR0) ≤ w∗ − lim
t→+∞

Φt(pR⊥+) = 1− A(R+) = 0,

which implies A(R0) = 0. SoR0 = 0 since 0 ≤ pR0 ≤ A(R0) = 0.
Notice that (H2) is equivalent to assuming that (H1) holds true andR0 = 0.

• R+ must be contained in any other attractive projection; indeed consider a closed
subspace Q, then En(pQ) = 1 if and only if Q contains R+ (i.e. R ⊆ Q). Notice
that Q is not necessarily an enclosure. One implication is obvious, for the other,
just notice that, if En(pQ) = 1, then, for any invariant density σ, we have σ =
En∗(σ) so

1 = tr (σ) = tr (σEn(pQ)) = tr (σQ) ;

and this implies that R+ ⊆ Q because R+ is the supremum of all supports of
invariant densities.

As pointed out already in [36], there is a wide class of quantum Markov semigroups
for which checking the validity of (H1) or (H2) reduces to an analogous problem for a
classical Markov chains.

46



i
i

“thesis” — 2022/1/8 — 11:42 — page 47 — #53 i
i

i
i

i
i
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We are ready to state an ergodic theorem that generalizes [36, Theorem 2.1] (for
semigroups acting on B(h)). We recall that L1(h) is isomorphic to the topological dual
of the Banach space of compact operators C(h), hence the w∗-topology on L1(h) is
the smallest topology with respect to which C(h) are continuous linear functionals on
L1(h) (it is weaker than the w-topology).

Theorem 2.3.23. Let Φ be a semigroup of quantum Markov maps; then we have that

w∗ − lim
t→+∞

1

t

∫ t

0

Φ∗s(ρ)dm(s)

exists for every normal state ρ ∈ L1(h) and it is equal to En∗(ρ). In general En∗(ρ) is
not a state and tr (En∗(ρ)) = tr (ρA(R+)).

The following are equivalent:

(i) A(R+) = 1;

(ii) En is the unique ergodic projection;

(iii) w − lim 1
t

∫ t
0

Φ∗s(φ)dm(s) exists for every φ ∈ L1(h).

If the above conditions are satisfied, then En is given by

En(x) := w∗ − lim
t→∞

1

t

∫ t

0

Φs(x) dm(s).

Proof. The net
(

1
t

∫ t
0

Φsdm(s)
)

is compact in the pointwise w∗-topology and every
accumulation point E is an ergodic projection (see [2, Theorem 2.4,]), hence, in order
to prove the first part of the theorem, it is enough to notice that E|C(h) = En|C(h), since
Es|C(h) = 0: indeed, for every x ∈ C(h), for every φ ∈ L1(h), by definition of singular
operator we have that

φ ◦ Es ∈ B(h)⊥? = C(h)⊥,

hence φ(Es(x)) = 0 and this implies that Es(x) = 0.
By Lemma 2.3.20, for every normal state ρ

tr (En∗(ρ)) = tr (ρEn(1)) = tr
(
ρEn(pR+)

)
= tr (ρA(R+)) .

The equivalence between (i) and (ii) is the content of Corollary 2.3.21, while the equiv-
alence between (i) and (iii) is proved in [36, Theorem 2.1].

Since for every normal state φ, En∗(φ) is an invariant positive functional for Φ, it
will be written in the form of equation (2.18), i.e.

En∗(φ) =
∑
α∈A

λα(φ)U∗α(ωα(φ)⊗ ρα)Uα,

for some ωα(φ) state on h
(1)
α , and real numbers λα(φ) ≥ 0 with

∑
α∈A λα(φ) =

tr (φA(R+)). The coefficients ωα(φ), λα(φ), α ∈ A, are immediately identified know-
ing absorption operators and the operators En(Qα,β,β′) = w∗ − limt→+∞Φt(Qα,β,β′).
Indeed the mass flowing to the enclosure χα (introduced in Proposition 2.3.5) is

λα(φ) = tr (En∗(φ)U∗αUα) = tr (En∗(φ)pχα) = tr (φA(χα))
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Chapter 2. Absorption operators

and, introducing as before an orthonormal basis {eαβ}β∈Iα for h(1)
α , we can represent

ωα(φ) =
∑

β,β′(ωα(φ))ββ′|eβ〉〈eβ′|, where

λα(φ)(ωα(φ))ββ′ = tr
(
φEn(U∗α(|eβ〉〈eβ′ | ⊗ 1

h
(2)
α

)Uα))
)

= tr (φEn(Qα,β,β′)) ;

since ωα(φ) is meaningful only when λα(φ) 6= 0, the previous completely identifies
ωα(φ).

Passing to the Heisenberg picture and considering x ∈ B(h), we shall similarly
obtain an expression for En of the form

En(x) =
∑
α∈A

∑
β,β′

tr
(
U∗α(|eαβ〉 〈eαβ′| ⊗ ρα)UαpR+xpR+

)
En(Qα,β,β′)

(once again it is evident that En(x) depends only on pR+xpR+). In the easiest case,
when there is a unique decomposition in orthogonal minimal enclosures of the fast re-
current subspace, the isometries Uα are trivial and the invariant states are convex com-
binations of the invariant states ρα supported in the minimal enclosures, with weights
tr (φA(χα)); thus we have

En∗(φ) =
∑
α∈A

tr (φA(χα)) ρα.

Remark 2.3.24. Theorem 2.3.23 is a generalization of the following well known fact
for classical Markov chains on a discrete state space E (we recover the same notation
we used in the introduction and at the beginning of Section 2.1): consider the unique
decomposition of the set of positive recurrent states into communication classesR+ =⋃
α∈ACα and denote by πα the unique invariant density supported on Cα. Then for

every probability density ν ∈ `1(E) and for every state x ∈ E,

lim
n→+∞

{ν · P n(x) = P(Xn = x|X0 ∼ ν)} = π(ν)(x) (2.24)

where π(ν) =
∑

α∈A Eν [A(Cα)]πα and Eν [A(Cα)] :=
∑

y∈E ν(y)A(Cα)y. Moreover
the following limit

lim
n→+∞

E[f(Xn)|X0 ∼ ν]

exists for every ν ∈ `1(E) and f ∈ `∞(E) if and only if π(ν) is a probability measure
for every intial probability density ν.

The Banach space corresponding to C(h) in the commutative setting is c(E) ⊂
`∞(E), defined as the closure with respect to the uniform norm of the set of the bounded
functions which are different from zero only on finitely many elements of E and one
has

c(E)? ' `1(E).

Therefore, the previous result can be rephrased in a functional analytical flavour that
brings it in a form closer to Theorem 2.3.23: for every probability density ν ∈ `1(E),

w∗ − lim
n→+∞

ν · P n = π(ν).

Moreover the following limit
w − lim

n→+∞
ν · P n
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2.3. Absorption operators to describe fixed points

exists for every ν ∈ `1(E) if and only if π(ν) is a probability measure for every intial
probability density ν.

Quantum trajectories. If we look at quantum trajectories and at the pathwise ver-
sions of the ergodic theorems ( [47]), we shall obtain similar relations, but absorption
operators register a someway “mean” behavior anyway. For simplicity, assume here the
time set to be discrete, i.e. T = N, and the semigroup to be generated by a quantum
channel Φ. The same ideas will work for the continuous time case. We consider an
associated state valued stochastic process (Θn)n which is a homogeneous Markov pro-
cess describing the quantum trajectories (we follow the same notations as in [47]). Once
chosen a set of Kraus operators {Vi}i∈I for Φ, every initial state φ ∈ L1(h) uniquely
determines a probability measure on the set Ω = I∞ through the condition

Pφ({ω ∈ Ω : w1 = i1, ω2 = i2, . . . , ωn = in}) = tr
(
Vin · · ·Vi1φV ∗i1 · · ·V

∗
in

)
.

The Markov chain (Θn) is defined in the following way:

Θ0 = φ, Θn(ω) =
Vωn · · ·Vω1φV

∗
ω1
· · ·V ∗ωn

tr
(
Vωn · · ·Vω1φV

∗
ω1
· · ·V ∗ωn

) ,
and it verifies by construction that, for every n < m, n,m ∈ N, Eφ[Θm|Fn] =
Φm−n
∗ (Θn), where (Fn)n∈N is the filtration generated by the coordinate process. If

h is finite dimensional (hence A(R+) = 1), Kummerer and Maassen proved that

lim
N→+∞

1

N

N−1∑
k=0

Θk = Θ∞ Pφ a. s.

where Θ∞ is a random equilibrium state such that Eφ[Θ∞] =

limN→+∞
1
N

∑N−1
k=0 Φk

∗(Θ0). So, for any enclosure V and state φ ∈ L1(h) we
have

tr (φA(V)) = tr

(
lim

N→+∞

1

N

N−1∑
k=0

∫
Ω

Θk(ω)dPφ(ω)V

)
= Eφ[tr (Θ∞V)]. (2.25)

Being a random invariant state for Φ, Θ∞ is of the form∑
α∈A

λαU
∗
α(ωα ⊗ ρα)Uα,

with λα and ωα random variables such that λα ≥ 0,
∑

α∈A λα = 1 and ωα ∈ L1(h
(1)
α ).

Moreover computations as in 2.25 show that

tr (φA(χα)) = Eφ[λα], tr (φEn∗(Qα,β,β′)) = Eφ[λα(ωα)ββ′ ]

where again (ωα)ββ′ are the matrix entries of ωα.

2.3.4 Multiplicative properties of fixed points

If the fixed points space F(Φ) is an algebra, there are some constraints on absorption
operators which have a nice probabilistic interpretation.
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Proposition 2.3.25. If F(Φ) is an algebra, the following facts hold true:

1. for every enclosure V , A(V) is a projection;

2. for every pair of orthogonal enclosures V andW , the supports ofA(V) andA(W)
are two orthogonal enclosures.

By the second point, we can informally say that, when F(Φ) is an algebra, no
transient state can reach two different orthogonal enclosures.

Proof. 1. Since F(Φ) is a W ∗-algebra, q := 1{1}(A(V))1 is a fixed point too. Notice
that 0 ≤ q ≤ A(V) ≤ 1 and that pVqpV = pV , therefore, by point 3 in Proposition
2.1.5, q = A(V) and A(V) is a projection.

2. If V andW are orthogonal enclosures, then A(V) + A(W) = A(V +W), which
are projections by point 1. If the sum of two projections is again a projection, they must
be orthogonal. Since A(V) is a projection, supp(A(V)) coincides with the eigenspace
corresponding to the eigenvalue 1 and is an enclosure by Proposition 2.1.1. The same
will hold for A(W).

The proof of Proposition 2.3.25 points out that 1. implies 2.; if assumption (H1)
holds true, we can also prove that 1. and 2. are equivalent and each one of them implies
that F(Φ) is an algebra. However, in general, we cannot hope to get the same result,
since we can easily find an example even in the commutative case where 2. holds, but
1. does not (and hence F(Φ) is not an algebra).

Example 2.3.26. Consider the Markov chain on N ∪ {ai}ki=0 for some k ∈ N with the
following transition probabilities:

p(ai, ai) = 1 for 0 ≤ i ≤ k, p(n, a0) =
1

2n+2
, p(n, n+ 1) = 1− 1

2n+2
, n ∈ N.

The only non trivial enclosures are the singletons {ai} for 0 ≤ i ≤ k ; A({ai}) = 1{ai}
for i > 0, while supp(A({a0})) = {a0} ∪ N, hence 2. holds true. However A({a0}) is
not a projection; denoting with f = 1{a0}, it is easy to see that for N ≥ 1:

0 ≤ PN · f(0) =
N∑
k=1

Πk−1
i=1

(
1− 1

2i+1

)
1

2k+1
≤

N∑
k=1

1

2k+1
≤ 1

2
.

Proposition 2.3.27. Assume thatA(R) = 1. If, for every pair of orthogonal enclosures
V ,W ⊆ R, it is true that A(V)A(W) = 0, then F(Φ) is an algebra and Ẽ is an
isomorphism of W ∗-algebras.

Proof. For every enclosure V ⊆ R, A(V)2 = A(V)(A(R) − A(R − V)) = A(V),
thus A(V) is a projection. In particular it is a harmonic projection, hence it is in the
dechoerence-free subalgebra N (Φ). N (Φ) is a W ∗-algebra, so it is w∗-closed and,
since by Theorem 2.3.16, F(Φ) is the w∗-closure of the linear span of the absorption
operators, F(Φ) ⊆ N (Φ). Hence fixed points enjoy the multiplication property (see
Theorem 1.2.18), Φt(x

∗
1x2) = Φt(x

∗
1)Φt(x2) = x∗1x2 for x1, x2 ∈ F(Φ), and thus

11{1}(A(V)) has to be inteded in the sense of functional calculus.
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F(Φ) is a ∗-algebra. Moreover, always for x1, x2 ∈ F(Φ), by Proposition 2.3.15 and
Theorem 2.3.16, xi = pRxipR + pT xipT = Ẽ(pRxipR) for i = 1, 2, and we have

Ẽ((pRx1pR)(pRx2pR)) = Ẽ(pRx1x2pR) = Ẽ(pR)Ẽ(x1x2)Ẽ(pR)

(∗)
= x1x2 = Ẽ(pRx1pR)Ẽ(pRx2pR)

((∗) because x1x2 is a fixed point too). Therefore Ẽ preserves multiplication and is an
isomorphism of W ∗-algebras.

Remark 2.3.28. The example in Subsection 2.4.3 shows that when the decomposition in
orthogonal minimal enclosures of the fast recurrent space is non-unique, it is not enough
to check that the absorption operators are projections only for a chosen decomposition
to ensure that the fixed points set is an algebra.
Remark 2.3.29. We remark that in [17] some results of the present section were proved
for a specific class of quantum Markov semigroups (sometimes called generic semi-
groups) under the stronger hypotesis that the semigroup is ergodic and not only mean
ergodic. The techniques used there are quite different and rely on a link between this
special family of quantum models and the associated classical Markov chains, which
allows to use classical probability tools.

Proposition 2.3.5 points out that, in the case of a positive recurrent semigroup, the
dynamic of some minimal enclosures is strictly related by symmetries of the semigroup
Φ encoded in the structure of F(Φ); the following result shows that, if assumption
A(R+) = 1 holds and F(Φ) is an algebra, the symmetries of the reduced positive
recurrent dynamic extend to the whole semigroup Φ.

Proposition 2.3.30. If A(R+) = 1 and F(Φ) is an algebra then

1. F(Φ) is atomic and it is isomorphic as a W ∗-algebra to F(ΦR);

2. its central projections are the absorption operators corresponding to the central
projections of F(ΦR);

3. letK be a minimal central projection ofF(Φ), then there exist Hilbert spaces h(1),
h(2) and a unitary transformation U : h(1) ⊗ h(2) → K such that the restriction of
the semigroup ΦK acts in the following way:

ΦKt (U(A⊗B)U∗) = U(A⊗Qt(B))U∗ A ∈ B(h(1)), B ∈ B(h(2))

where Q is a quantum Markov semigroup acting on B(h(2)) with a unique invari-
ant state ρ ∈ L1(h(2)) and such that w∗ − limt→+∞Qt(supp(ρ)) = 1h(2) .

With an abuse of notation, we use the same symbol supp(ρ) for the space and for the
corresponding projection.

In general F(ΦR+) and F(Φ) are not spatially isomorphic.

Proof. 1. F(ΦR) is an atomic W ∗-algebra and it can be proved to be isomorphic to
F(Φ) as in the proof of Proposition 2.3.27.
2. Central projections are preserved by isomorphism of W ∗-algebras and we showed
that the isomorphism maps projections of F(ΦR) into the corresponding absorption
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operators.
3. pKF(Φ)pK is a type I factor, hence there exist Hilbert spaces h(1), h(2) and a unitary
operator U : h(1) ⊗ h(2) → K such that

pKF(Φ)pK = U(B(h(1))⊗ 1h(2))U∗.

For every t ∈ T, A ∈ B(h(1)) and B ∈ B(h(2)),

Φt(U(A⊗B)U∗) = U(A⊗1h(2))U∗Φt(U(1h(2)⊗B)U∗) = Φt(U(1h(2)⊗B)U∗)U(A⊗1h(2))U∗.

It implies that Φt(1h(1)⊗B) ∈ B(h(1))⊗ 1h(2)

′
= 1h(1)⊗B(h(2)) and so ΦKt = idh(1)⊗

Qt with Q quantum Markov semigroup acting on B(h(2)). Since F(Φ) is the range
of a w∗-w∗-continuous conditional expectation from a type I factor, Q admits a unique
invariant state ρ ∈ L1(h(2)) (see Lemma 2 in [13]) and it is easy to see that V =
U(h(1) ⊗ supp(ρ)), where pV is the central projection of F(ΦR) such that pK = A(V).
Therefore

1h(1) ⊗Qt(supp(ρ)) = U∗Φt(pV)U →t→+∞ U∗A(V)U = 1h(1) ⊗ 1h(2)

and this concludes the proof.

Remark 2.3.31. For every pK minimal central projection of F(Φ), consider h(1), h(2) as
in point 3 of Proposition 2.3.30. For every w, v ∈ h(1), Qw,v = U∗(|w〉 〈v| ⊗ 1h(2))U is
a symmetry of the semigroup Φ, i.e.

Φt(Q
∗
w,vxQw,v) = Q∗w,vΦt(x)Qw,v ∀t ∈ T, ∀x ∈ B(h).

If we drop the hypothesis that F(Φ) is an algebra, many easy examples show that in
general the symmetries of the reduced positive recurrent dynamic do not extend to the
whole semigroup Φ and, consequently, that it is not possible to recover A(Vα,β) from
A(Vα,β′) (see examples in Section 2.4).

Nevertheless the following result holds. Recall that by definition Qα,β,β coincides
with the projection pVα,β .

Proposition 2.3.32. Assume that A(R+) = 1 and consider the decomposition in
equation (2.17) and, for any orthonormal system {eαβ}β∈Iα for h

(1)
α , define Qα,β,β′ :=

Uα(|eαβ〉 〈eαβ′| ⊗ 1
h

(2)
α

)U∗α as before. Then

F(Φ) = span{E(Qα,β,β′) : α ∈ A, β, β′ ∈ Iα}
w∗

.

In particular, ifW is a positive recurrent minimal enclosure, then pW = Uα(|f〉 〈f | ⊗
1
h

(2)
α

)U∗α for some index j and for some f in h
(1)
α and

A(W) = E(W)
(w∗)
=
∑
i,k

〈f, eαβ〉〈f, e
α
β′〉E(Qα,β,β′).

Proof. The first part easily follows from the normality of Ẽ and from the fact that the
space spanned by {|eαβ〉 〈eαβ′ |}β,β′∈Iα is w∗-dense in B(h

(1)
α ) for any α ∈ A.

Every positive recurrent minimal enclosure W is contained in a subspace of h
(1)
α

for some index α ∈ A, hence we can drop the index α for simplicity. W is then
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trivially of the form U(|f〉 〈f | ⊗ 1h(2))U∗ for some f ∈ h(1) and |f〉 〈f | ⊗ 1h(2)

(w∗)
=∑

β,β′ 〈f, eαβ〉〈f, eαβ′〉 |eαβ〉 〈eαβ′| ⊗ 1h(2) . The second statement follows again by linearity
and w∗- continuity of Ẽ .

Remark 2.3.33. Many results in this chapter can be extended to the case when Φ acts
on more generalW ∗- algebras. This is not true anyway for instance for Theorem 2.3.23
and for Propositions 2.3.32 and 2.3.30 because the proofs rely on the fact that F(ΦR+)
is atomic, which is a consequence of the existence of a w∗-w∗-continuous conditional
expectation E from a type I factor onto F(ΦR+) (see the proof of [66, Theorem 5]).

2.4 Examples and applications

In this section we have collected some models where absorption operators can be stud-
ied. We searched for processes with various characteristics: continuous or discrete time,
finite and infinite dimensional system spaces, different situations for the existence and
structure of the positive recurrent projection.

2.4.1 Excitation transport in a unitary quantum walk

The physical model discussed in [68] describes the coherent transport of excitation
along a finite ring of coupled quantum systems with a sink located at one vertex of the
ring which absorbes the excitation; it presents both a non trivial transient subspace and
multiple recurrent enclosures, hence it is an interesting example for studying absorption
dynamic. Although the simple structure, we shall see that the explicit expression for
absorption operators is not easy to write.

The state space h = hP ⊗ hC is the tensor product of the position space hP =
span{em : m = −N, . . . , N}, for some N = 1, 2, 3, . . . , and the internal state or coin
space hC = span{u0, u1}. The graph on which the excitation moves is a finite line with
two sinks in N and −N . The evolution of the system can be described by the quantum
channel

Φ : B(h)→ B(h), Φ(x) =
2∑
j=1

V ∗j xVj,

where V1 = (|e−N〉 〈e−N | + |eN〉 〈eN |) ⊗ 1C and V2 = S(1P ⊗ C) is the composition
of the change of position

S =
N−1∑

m=1−N

|em−1〉 〈em| ⊗ |u0〉 〈u0|+ |em+1〉 〈em| ⊗ |u1〉 〈u1|

and the coin toss, which in the basis {u0, u1} is represented by the following matrix:

C =

(
ρ ρ̃

ρ̃ −ρ

)
, ρ ∈ (0, 1), ρ̃ =

√
1− ρ2.

The model described in [68] really specifies only the Kraus operator V2 (the action on
the transient space), while the choice of V1 is not uniquely determined.

We can roughly say that, if the system starts from the pure state u0 ⊗ ek [resp.ly
u1 ⊗ ek], k 6= ±N , it will move to the left [right] with probability 1. ρ2 represents the
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probability of keeping the same direction of the previous step, while ρ̃2 is the probability
of changing direction with respect to the previous shift on the lattice.

First, we remark that the recurrent space R coincides with the subspace W :=
span{e−N , eN} ⊗ hC . Indeed, by direct computation, we have that, for ψ ∈ W ,

Φn
∗ (|ψ〉〈ψ|) = |ψ〉〈ψ|, for all n,

and this proves both that ψ is recurrent and that span{ψ} is an enclosure. ThenW is
an enclosure too and it is contained inR.

Moreover, if ψ is instead inW⊥ = span{e−N+1, ..., eN−1} ⊗ hC , then

pWΦn
∗ (|ψ〉〈ψ|)pW ≥ pW |V n

2 ψ〉〈V n
2 ψ|pW , for all n, (2.26)

and the last operator is non null for n big enough. This proves that R = W: indeed,
if we had thatW ( R, then Theorem 2.2.1 would imply that R ∩W⊥ is an enclosure
and for any ψ ∈ R ∩W⊥, ψ 6= 0 we would have that pWΦn

∗ (|ψ〉〈ψ|)pW = 0 for every
n ∈ N, which contradicts equation (2.26).

Since the model is finite dimensional, there is no null recurrent subspace and the
(fast) recurrent space is attractive, i.e. A(R+) = 1. As mentioned above, the action of
the quantum channel on R is trivial, hence any one dimensional subspace of R is an
enclosure. These are the only minimal enclosures of the channel (but not the only non
trivial enclosures).

In this physical model an explicit formula for the absorption operators for every
dimension and every enclosure of the chain seems hard to be found. However, there
is a general way of computing them: given an enclosure V , we know that A(V) =
A(R ∩ V) = pRpVpR + pTA(V)pT is the only fixed point of the channel with this
structure (Theorem2.2.7) so, recalling Remark 2.3.18, pTA(V)pT is the unique solution
x ∈ B(T ) of the linear system

x− pT V ∗2 xV2pT = pT V
∗

2 pVV2pT . (2.27)

Notice that the latter is a discrete Lyapunov equation and that the operator V2 is a
“sparse matrix”.

For some particular enclosures, determining the absorption operators is immediate.
Indeed, we can easily see that

A(|e−N〉 〈e−N | ⊗ |u1〉 〈u1|) = |e−N〉 〈e−N | ⊗ |u1〉 〈u1| and
A(|eN〉 〈eN | ⊗ |u0〉 〈u0|) = |eN〉 〈eN | ⊗ |u0〉 〈u0| ,

hence such enclosures do not collect any mass coming from the transient space.
In general, equation 2.27 gives us an easy inductive procedure to find the solution,

but, as we wrote before, giving the precise formula of the absorption operators is com-
plicated. It is anyway immediate to see that, if we consider enclosures which are not
contained in span{eN−1 ⊗ Cu1, e1−N ⊗ Cu0}, then the support of the corresponding
absorption operator will spread all over the ring.

In particular, we can also show that some absorption operators have eigenspaces
corresponding to the eigenvalue 1 which are bigger than the associated recurrent enclo-
sure:

BN = span{eN−1 ⊗ Cu1, eN ⊗ u1}, B−N = span{e1−N ⊗ Cu0, e−N ⊗ u0}.
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are the eigenspaces corresponding to the eigenvalue 1 of A(|eN〉 〈eN | ⊗ |u1〉 〈u1|) and
A(|e−N〉 〈e−N | ⊗ |u0〉 〈u0|) respectively (recall that BN and B−N will be enclosures,
by Proposition 2.1.1).

Already in the simplest case N = 1 it is anyway evident that symmetries
among minimal enclosures of the recurrent dynamic do not extend to the whole
channel Φ; for instance there is no way of reconstructing A(|eN ⊗ u1〉 〈eN ⊗ u1|)
from A(|eN ⊗ u0〉 〈eN ⊗ u0|) knowing only the action of the quantum channel on
the recurrent space: changing the value of ρ, C varies accordingly and so does
A(|eN ⊗ u1〉 〈eN ⊗ u1|), while A(|eN ⊗ u0〉 〈eN ⊗ u0|) and ΦR stay the same.

2.4.2 A homogeneous Open Quantum Random Walk

We reconsider the model in Example 2.1.6. Now that we have recalled transience and
recurrence, we can discuss more properties of this model. E2 is always a minimal slow
recurrent enclosure, but, according to the different choices of the involved parameters,
the situations and the possible communication and so absorption phenomena can sig-
nificantly change. E0, for instance, will be always an enclosure, as already written, but
it is not necessarily minimal (only if a−, a+ 6= 0) and it will be slow recurrent when
|a+|2 = |a−|2, otherwise it is transient. As for E1, in general, under the mentioned
conditions (2.7), it is not an enclosure, but it could be when all the parameters bε and dε
are null, and in that case, it will not necessarily be minimal. So, this simple model, can
really be instructive to understand what happens for different reduction of the space,
because it offers examples of both transient and recurrent minimal enclosures, situa-
tions with a more complex structure of the recurrent subspace. Different absorption
operators can then be considered. In particular, it is anyway never true that A(R+) = 1
and A(R) = 1 if and only if |a+|2 = |a−|2.

Whenever a−, a+ 6= 0 and (2.7) hold, it is easy to show that absorption operators
are able to completely describe the fixed points set of the quantum channel: even when
the recurrent space is not attractive, and so the hypotheses of Theorem 2.3.16 are not
satisfied, the conclusion holds true and the fixed points set coincides with the closure
of the set of absorption operators A(V), for V enclosure. In particular, we have the
following result.

Proposition 2.4.1. If a+ = eiθ/
√

2 and a− = e−iθ/
√

2 with θ ∈ [0, 2π), the recur-
rent restriction of the quantum channel has infinitely many non orthogonal minimal
enclosures and the fixed points set of the restricted channel is isomorphic to M2×2(C).

For all the other values of a±, E0 and E2 are the only minimal enclosures and the
corresponding absorption operators generate the fixed points.

Proof. Step 1. Let V be an enclosure, then by [16, Proposition 6.1] there exists an en-
closure V ′ ⊂ V which is diagonal with respect to the position observable, i.e. commutes
with the projections (1h ⊗ |i〉 〈i|)i∈Zd). We will show that, in the case

a+a− =
1

2
⇐⇒ a+ =

eiθ√
2

and a− =
e−iθ√

2
for some θ ∈ [0, 2π), (∗)

the only minimal enclosures are E0 and E1, otherwise they are the linear space Cu for
u = (α, 0, γ), with α and γ which are not both 0. Let us consider a generic non-null
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vector u = (α, β, γ) ∈ C3 \ {e0, e2} and suppose that u ⊗ |i〉 〈i| ∈ V ′. We have to
consider several cases.

1. If β = 0, then L−L+u = L+L−u = (a−a+α, 0, 1/2β), hence, if hypothesis
(∗) holds true, L−L+u and u are linearly independent and also e0 ⊗ |i〉 〈i| and
e2 ⊗ |i〉 〈i| are in V ′, which means that E0 ∨E1 ⊆ V ′. Otherwise Cu is a minimal
enclosure.

2. If β 6= 0, we want to show that u cannot be an eigenvector of A := L−L+ and
B := L+L− simultaneously. This implies that the enclosure containing u is at
least of dimension 2 and, hence, has a non trivial intersection (which is again an
enclosure) with span{e0, e2}. We already know that A and B have as common
eigenvectors e0 and e2 with corresponding eigenvalues a+a− and 1/2, respec-
tively. By explicit computations one can see that the third eigenvalue is c+c−
and to find the corresponding eigenvectors we need to compute the kernel of the
following matrices:

A− c+c− =

a+a− − c+c− a−b+ + b−c+ 0

0 0 0

0 d−c+ + 1√
2
d+

1
2
− c+c−


B − c+c− =

a+a− − c+c− a+b− + b+c− 0

0 0 0

0 d+c− + 1√
2
d−

1
2
− c+c−

 .

Before proceeding, we make the following remarks:

(a) c+c− 6= 1
2
, since |c|2 := |c+|2 + |c−|2 < 1 (equation (2.6));

(b) a−b+ + b−c+ 6= a+b− + b+c−: if equality was true instead, we would have
a−b+ − a+b− = b+c− − b−c+; however by (2.6), we know that b+ = a−b−

a+
,

hence we get

|a−b+ − a+b−|2 =

∣∣∣∣ |a−|2b−a+

+ a+b−

∣∣∣∣2 =
|b−|2

|a+|2

and

|b+c−−b−c+|2 ≤ (|b+|2+|b−|2)|c|2 =

(
|a−|2|b−|2

|a+|2
+ |b−|2

)
|c|2 =

|b−|2

|a+|2
|c|2 < |b−|

2

|a+|2
,

hence we proved that a−b+ + b−c+ and a+b− + b+c− must be different.

We consider three cases:

(a) if a+a− = c+c− and a−b+ +b−c+ = 0 6= a+b−+b+c−, we get that for x ∈ R,
y ∈ R

ker(A− c+c−) =


x

y

z = −
d−c++ 1√

2
d+

1
2
−c+c−

y

 , ker(B − c+c−) = Ce0
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and their intersection is Ce0. We arrive to the same conclusion if a−b+ +
b−c+ 6= 0 = a+b− + b+c−.

(b) if a+a− = c+c− and a−b+ + b−c+ 6= 0 6= a+b− + b+c−, then

ker(A− c+c−) = ker(B − c+c−) = Ce0.

(c) if a+a− 6= c+c−, then

ker(A−c+c−) = C


a−b++b−c+
a+a−−c+c−

1

−
d−c++ 1√

2
d+

1
2
−c+c−

 , ker(B−c+c−) = C


a+b−+b+c−
a+a−−c+c−

1

−
d+c−+ 1√

2
d−

1
2
−c+c−

 ,

hence ker(A− c+c−) ∩ ker(B − c+c−) = {0}.

Step 2. Since A(E0 ∨ E1) = 1, we can apply the same reasoning as in Proposition
2.3.15 and, if we denote by q the projection onto E0 ∨ E1, we get that for every x ∈
F(Φ) we have

x = E(x) = E(qxq).

Hence in the case where |a+| = |a−| = 1√
2

and both E0 and E1 are recurrent, we can
apply Theorem 2.3.16 to characterize the fixed points set. For all the other choices
of parameters, we will prove that the only fixed points of Φ restricted to E0 ∨ E1 are
CpE0 + CpE1 , hence F(Φ) = E(CpE0 + CpE1) = CA(E0) + CA(E1): let us consider
such a fixed point x =

∑
i∈Z x

(i) ⊗ |i〉 〈i|. The sequences x(i)
11 and x(i)

22 are fixed points
for the asymmetric and symmetric ramdom walks, respectively, hence they are constant
sequences. The relations the non-diagonal parts must satisfy are the following:

x
(i)
21 =

a+√
2
x

(i+1)
21 +

a−√
2
x

(i−1)
21 , x

(i)
12 =

a+√
2
x

(i+1)
12 +

a−√
2
x

(i−1)
12 .

Hence, if we show that (x
(i)
21 ) must be zero, we are done. Without loss of generality, we

can assume that |a+| > 1√
2
> |a−|. If p, q ∈ C are the solutions of z2−

√
2

a−
z+ a+

a−
(since

the equation is symmetric in p and q, we can pick q such that |q| ≥ |p|; notice that we
have |q| > 1, since |qp| > 1), we can rewrite the condition for the (x

(i)
21 ) as

x
(i−1)
21 = qx

(i)
21 + p(x

(i)
21 − qx

(i+1)
21 ) or x(i+1)

21 =
1

p
x

(i)
21 +

1

q

(
x

(i)
21 −

1

p
x

(i−1)
21

)
. (2.28)

If we call α := qx
(1)
21 and β = x

(0)
21 − qx

(1)
21 , we can show by induction that for n ≥ 0

x
(−n)
21 = qn

(
α + β

n∑
k=0

(
p

q

)k)
. (2.29)

Let us study the situation case by case:

1. if |q| = |p|, then p/q = eiθ for θ ∈ [0, 2π), hence

|x(−n)
21 | =

|q|
n|α + (n+ 1)β| if θ = 0,

|q|n
∣∣∣α + 1−ei(n+1)θ

1−eiθ β
∣∣∣ if θ 6= 0

and in both cases |x(−n)
21 | is unbounded unless α = β = 0.
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2. if |q| > |p|, then |x(−n)
21 | = |q|n

∣∣∣α + (1− (p/q)n+1) q
q−pβ

∣∣∣, which explodes un-
less α + q

q−pβ = 0. Let us consider this instance: we introduce the following
parameters:

γ :=
1

p
x

(0)
21 =

α + β

p
=
β

p

(
1− q

q − p

)
= − β

q − p
,

δ := x
(1)
21 −

1

p
x

(0)
21 =

α

q
+

β

q − p
=

β

q − p
(1− 1) = 0.

By equation (2.28), we get for any n ∈ N

|x(1)
21 | =

∣∣∣∣1p
∣∣∣∣n |γ|

which, if |p| < 1, diverges unless γ = 0, which means that α = β = 0. Let us
show that |p| 6= 1, i.e. it cannot be of the form p = e−iθ θ ∈ [0, 2π). In this case,
since x(i)

21 satisfies equation (2.28), we get that

1

pn
=
a+√

2

1

pn+1
+
a−√

2

1

pn−1
, ⇐⇒ 1 =

a+√
2
eiθ +

a−√
2
eiθ.

Let us introduce b1 = a+e
iθ, b2 = a−e

−iθ, which satisfy{
b1 + b2 =

√
2,

|b1|2 + |b2|2 = 1.

The second equation and the concavity of f(x) =
√
x imply that

|b1|+ |b2|
2

≤
√
|b1|2 + |b2|2

2
≤ 1√

2
.

Therefore we have
√

2 = b1+b2 = |b1+b2| ≤ |b1|+|b2| ≤
√

2, hence |a+|+|a−| =√
2, which implies that |a+| = |a−| = 1/

√
2, which is a choice of parameters that

we excluded.

In the example considered above, pR+ , pR0 and pT belong to the W ∗-algebra of the
operators which are diagonal with respect to the position observable, i.e.

∆ :=

{
x =

∑
i∈Zd

x(i)⊗ |i〉 〈i| , x(i) ∈ B(h)

}
where we denote by h the Hilbert space corresponding to the internal degrees of free-
dom of the walker. The following Proposition shows that this is always the case for a
generic OQRWs on an arbitrary countable set of vertices V ⊂ Rd (which is not required
to be a lattice anymore), which is a quantum Markov map of this form

Φ : B(H)→ B(H)

x 7→
∑
i,j∈V

L∗i,j ⊗ |i〉 〈j|xLi,j ⊗ |j〉 〈i|
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where H = h ⊗ `2(V ) for some separable Hilbert space h, {|i〉}i∈V is an orthonormal
basis of `2(V ) and the operators Li,j : h → h satisfy

∑
j∈V L

∗
i,jLi,j = 1h for every

i ∈ V (see [4, 16] for more details); OQRWs are a wider family of quantum Markov
maps than include HOQRWs and which describe the evolution of a walker that moves
on an arbitrary set of vertices and such that the transition between any two vertices is a
priori possible (not only between nearest neighbours).

Proposition 2.4.2. Let Φ be a OQRW; then pR+ , pR0 , pT belong to ∆.

Proof. Every normal invariant state belongs to ∆ and if an operator belongs to ∆, then
also its support projection does, hence by definition pR+ ∈ ∆. Considering any pair of
vertices in V , by path from i to j we mean a finite sequence (i1, . . . , in) of vertices such
that Lik,ik+1

6= 0 for k = 1, . . . , n − 1 and i1 = i, in = j; if π(i, j) = (i1, . . . , in) is a
path from i to j, we denote Lπ(i,j) = Lin−1,in · · ·Li1,i2 . Let us define q as the orthogonal
projection onto⊕

j∈V

span{Lπ(i,j)u : u ∈ supp(pR0), π(i, j) is any path from i to j , i ∈ V };

by the definition it is clear that q ∈ ∆, it is again subharmonic and it is such that
q ≤ pR0 . We are going to prove that q = pR0 . Assume there exists u in supp(pR0) and
such that qu = 0, then consider U[|u〉 〈u|](u): since for every k > 0, Φk

∗(|u〉 〈u|) ≤ q,
U(|u〉 〈u|)[u] = ‖u‖2, hence, by the definition of recurrence, u = 0.

Hence ΦR+ , ΦR0 and ΦT are again OQRW on the same set of vertices V , but with
smaller internal space h. Now let us come back to the particular case of HOQRWs on
Zd; for this class of OQRW one can show that pR+ = 0 (and so ΦR+ = 0): indeed,
suppose there exists a unique normal invariant state ρ (we do not lose in generality,
since, if R+ 6= {0}, we can always consider the restriction of the HOQRW to an
irreducible positive recurrent enclosure), then it is of the form ρ =

∑
i∈Zd ρ(i)⊗ |i〉 〈i|

and it must be traslational invariant, i.e. for every i, j ∈ Zd, ρ(i) = ρ(j) and so
tr (ρ) < +∞ implies that ρ = 0, which is a contradiction. Hence HOQRWs, reflecting
the situation of classical random walks, represents very natural examples where we
have non trivial transient and null recurrent spaces and where the positive recurrent
space is null.

We can consider the decomposition of the local space h into the transient T̃ and
recurrent space R̃ with respect to the action of the local map L(·) =

∑2d
s=1 L

∗
s · Ls

(we refer to the next chapter for more details) and a natural question is what is their
relationship with T andR0; we have the following inclusion.

Proposition 2.4.3. T̃ ⊗ `2(Zd) ⊆ T .

Proof. If T̃ = {0} we are done, otherwise consider a nonnull integrable positive opera-
tor x ∈ B(h) and the associated operator x⊗1`2(Zd). It is an immediate calculation that
shows that it is integrable too and hence supp(x⊗ 1`2(Zd)) = supp(x)⊗ `2(Zd) ≤ pT :

+∞∑
k=0

Φn(x⊗ 1`2(Zd)) =
+∞∑
k=0

Ln(x)⊗ 1`2(Zd) = U(x)⊗ 1`2(Zd).
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However, in general we do not have the reverse set inclusion, as one can see consid-
ering a HOQRW on Z with one dimensional local space h = C and with local operators
equal to L1 = p and L−1 = 1−p, for p 6= 1/2 (which is a dilation of the nonsymmetric
random walk on the integer line): the local map is positive recurrent, but the HOQRW
is transient.

2.4.3 A continuous time model: 2-photons absorption

We describe here an infinite dimensional model, with a not uniquely reducible attractive
fast recurrent space, but for which we can explicitly compute any absorption operator
relative to a fast recurrent enclosure. We consider the Hilbert space h = l2(N) with
orthonormal basis (en)n≥0 and denote the creation and annihilation operators by a† and
a respectively,

aen =
√
nen−1, a†en =

√
n+ 1en+1, n ≥ 0.

The 2-photons absorption model described in [29] can be represented with the Lindblad
generator L, defined on a dense subspace of B(h) by

L(x) = iω
[
a†2a2, x

]
− µ2

2

(
a†2a2x− 2a†2xa2 + xa+2a2

)
, (2.30)

where ω is a real constant and µ2 is the absorption rate. Such a master equation arises
as the weak coupling limit of a one-mode electromagnetic field with a Bosonic Gaus-
sian zero-temperature reservoir of two-photon absorbing atoms ( [29, 39]). In order to
have an intuition about some properties of this model, it can be useful to recall that
the diagonal restriction of the generator L coincides with the generator of a classical
continuous time Markov chains with values in N for which the only possible jumps are
the ones from k to k − 2 for all k ≥ 2. More precisely, using (2.30) for a diagonal x,
x =

∑
k≥0 fk|ek〉〈ek| in the domain of L, we have

L

(∑
k≥0

fk|ek〉〈ek|

)
= µ2

∑
k≥2

k(k − 1)|ek〉〈ek|(fk−2 − fk))

This tells that the diagonal restriction of L is a classical generator Q with transition
rates

q(k, k − 2) = µ2k(k − 1) = −q(k, k) for k ≥ 2, q(k, j) = 0 otherwise.

Many properties of this model have been deeply investigated in [29], so we know that
the normal invariant states of this generator consist of all the density operators with
support included in the positive recurrent space R+ = span{e0, e1}. It is immediate to
see that any vertex k is accessible from all vertices k + 2j with j ≥ 0 and this implies
that all the ek are transient for k ≥ 2. Moreover, it is an easy exercise on classical
processes to verify that the Markov chain X with generator Q is absorbed in {0, 1} and
consequently

A(R+) = lim
t→∞

∑
k

(etQ(e0 + e1))k|ek〉〈ek| = 1;
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in particular

A(|e0〉〈e0|) =
∑
k

|e2k〉〈e2k| =: pe, A(|e1〉〈e1|) =
∑
k

|e2k+1〉〈e2k+1| =: po.

(2.31)
Really we know even more, because due to [29, Proposition 3.2 and Corollary 7.3], we
have

Proposition 2.4.4. The invariant states of this generator are all the density operators
of the form

ρα,z = α|e0〉〈e0|+ (1− α)|e1〉〈e1|+ z|e0〉〈e1|+ z̄|e1〉〈e0|

with α ∈ [0, 1], |z|2 ≤ α(1− α).
For any state σ =

∑
k,l≥0 σkl|ek〉〈el|, we denote

α(σ) =
∑
k

σ2k,2k, z(σ) =
∑
k

ckσ2k,2k+1,

where ck = 2−2k
√

2k + 1 (2k)!
k!

∏k
j=1(j − iω

µ2 )−1. The attraction domain of ρα,z is given
by

D(ρα,z) :=

{
σ state s.t. lim

t→+∞
〈ei,Φ∗t(σ)ej〉 = 〈ei, ρα,zej〉,∀i, j ∈ N

}
= {σ state s.t. α = α(σ), z = z(σ)} .

For any minimal enclosure V in R+, V is spanned by a vector u which is linear
combination of e0 and e1, u = u0e0 + u1e1, and the previous proposition allows us to
conclude that, for any state σ,

tr (σA(|u〉〈u|)) = lim
t→+∞

tr (Φ∗t(σ)(|u〉〈u|)) = tr
(
ρα(σ),z(σ)(|u〉〈u|)

)
= α(σ)|u0|2 + (1− α(σ))|u1|2 + 2Re{z(σ)ū0u1}

so that

A(|u〉〈u|) =
∑
k

(|u0|2|e2k〉〈e2k|+ |u1|2|e2k+1〉〈e2k+1|)

+
∑
k

cku0ū1|e2k〉〈e2k+1|+ c̄kū0u1|e2k+1〉〈e2k|.

It is immediate to see some properties of absorption operators.

• The operator A(|u〉〈u|) is a projection if and only if u is proportional to e0 or e1

(2.31). When u is not proportional to e0 or to e1, i.e. when u0u1 6= 0, the precise
spectral representation of A(|u〉〈u|) is easy to write explicitly and its support con-
tains the entire transient space in this case. Indeed, for u as before with u0u1 6= 0,
A(|u〉〈u|) has eigenvalues 0 and 1, which are simple: u is eigenvector for 1 and
u⊥ := ū1e0 − ū0e1 generates the kernel. While, when λ 6= 0, 1, v =

∑
j vjej , we

trivially have

A(|u〉〈u|)v = λv ⇔

{
v2k+1 = (λ−|u0|2)

cku0ū1
v2k

((|u1|2 − λ)(λ− |u0|2) + |c̄kū0u1|2)v2k = 0
for all k,

61



i
i

“thesis” — 2022/1/8 — 11:42 — page 62 — #68 i
i

i
i

i
i

Chapter 2. Absorption operators

which gives A(|u〉〈u|) =
∑
k

λk|wk〉〈wk|, where

- λ2k, λ2k+1 are the two distinct solutions of equations

λ2 − λ+ |u0u1|2(1− |ck|2) = 0

- and the pertaining eigenvectors are such that w2k and w2k+1 are orthogonal norm
one vectors in span{e2k, e2k+1} completely determined by the previous linear sys-
tem.

• (A(|u〉〈u|))2 is not a fixed point when u0u1 6= 0 (direct computation), so the fixed
points do not form an algebra.

• A(R+) = 1, so R0 = {0} and all results of Section 2.3 for semigroups with ab-
sorbing recurrent space can be applied to this model and in particular the structure
of fixed points is described by Theorem 2.3.16.

• Since A(|e0〉〈e0|) and A(|e1〉〈e1|) are projections, the set of fixed points for the
classical diagonal process is instead an algebra.

• As we already remarked in previous sections and as in Example 2.4.1, when the
decomposition in minimal enclosures is not unique, the behaviour of the absorp-
tion operators related to different minimal enclosures cannot be controlled by
the absorption operators associated with a generating basis, as A(|e0〉〈e0|) and
A(|e1〉〈e1|) here.

2.4.4 Dissipation-Induced Decomposition

The definition of absorption operators recalls the Dissipation-Induced Decomposition
(DID) introduced in [19, 64] for finite dimensional quantum Markov semigroups in
order to takle the problem of establishing whether an invariant subspace is attractive
(which is a relevant issue for instance for initializing a quantum system in a certain
state). In [19], for instance, the authors consider a single quantum channel Φ; given an
enclosure V , they provide an algorithm that, using a choice of Kraus operators for Φ,
decomposes the state space

h = V ⊕
N⊕
n=1

hn ⊕ hR

for some finite N ∈ N. DID highlights the one-step accessibility relations: starting
from a state supported in hn, V is reached in exactly n-steps, while hR does not have
access to V . Then, exploiting the obvious relations

supp(Φm(V)) = V ⊕
m⊕
n=1

hn for m = 1, . . . , N − 1,

supp(Φm(V)) = supp(A(V)) = V ⊕
N⊕
n=1

hn for m ≥ N,

we could rewrite the previous decomposition in our notations as

hm = supp(Φm(V)) ∩Ker(Φm−1(V)) for m = 1, . . . , N,

hR = ker(A(V)).
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2.4. Examples and applications

Notice that, since the dimension of the state space is finite,

V is attractive, i.e. A(V) = 1⇔ supp(A(V)) = h⇔ hR = {0} in the DID.
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CHAPTER3
Asymptotics of the position process associated to

an homogeneous open quantum random walk

We start this chapter by defining the object of our study, namely homogeneous open
quantum random walks (HOQRWs). Let V ⊆ Rd denote the locally finite lattice on
which the particle moves; without loss of generality we assume that it contains 0, and
is positively generated by a set S = {s1, . . . , sv} 6= {0} for some v ∈ N, hence V =
{
∑v

i=1 αisi : αi ∈ N}. The canonical example is V = Zd and S = {±e1, . . . ,±ed}
where (e1, . . . , ed) is the canonical basis of Rd. We denote by `2(V ) the Hilbert space of
square summable sequences indexed by V , describing the position of the particle in the
quantum evolution, and we introduce a finite-dimensional Hilbert space h describing
the internal degrees of freedom of the particle. We fix {|k〉}k∈V an orthonormal basis
for `2(V ). We consider a quantum system described by the separable complex Hilbert
space H = h ⊗ `2(V ), which takes into account both the internal degrees of freedom
of the particle and its position.

A HOQRW ( [4, 14]) M is a particular quantum Markov map acting on B(H) in
such a way that, at each time step, the position of the evolution can go only to nearest
neighbors and also the change in the local state only depends on the position shift. More
precisely, M is defined through its Kraus form as

M : B(H)→ B(H)

ω 7→
∑
k∈V

v∑
i=1

(L∗i ⊗ |k〉 〈k + si|)ω (Li ⊗ |k + si〉 〈k|),
(3.1)

where {Li}vi=1 are operators in B(h) such that
∑v

i=1 L
∗
iLi = 1h. The auxiliary (or
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Chapter 3. Asymptotics of the position process associated to an homogeneous open
quantum random walk

local) map is the quantum channel L on the space L1(h) defined by

L : L1(h)→ L1(h), L(σ) =
v∑
i=1

LiσL
∗
i .

We shall see that this auxiliary map is of primary importance in our study: it completely
characterizes M and so it contains all essential information. In this chapter we will
mainly work in the Schrödinger picture, hence, in order to keep the notation as simple
as possible, we make the choice to denote by L the quantum channel acting on L1(h)
and by L∗ the dual map; the same will be done regarding any other quantum channel
acting on trace class operators on the local space h.

Notice that, no matter what is the initial state ρ, the evolved state after one time
step M∗(ρ) commutes with the projections corresponding to the position measure-
ment (1h ⊗ |k〉 〈k|)k∈V and it only depends on the “diagonal elements” of ρ: ρ(k) =
tr`2(V )(1h ⊗ |k〉 〈k| ρ1h ⊗ |k〉 〈k|), for k ∈ V ; without loss of generality, then, we can
assume that the initial state is of the form ρ =

∑
k∈V ρ(k)⊗|k〉 〈k| (even more so since

we are interested in the behaviour of the system for long times).
Given the open quantum random walk M, we can then fix an initial state ρ, and,

following the usual construction for quantum trajectories, we can introduce the process
(Xn, ρn)n≥0, keeping track of the position Xn, valued in V , and of the internal state
ρn of the particle (a positive unit-trace operator in L1(h)). See Section 3.1 for more
precise definitions.

In Section 3.2, we determine a family of probability measures under which the posi-
tion process verifies a central limit theorem (the techinque of the proof, inspired by [14],
uses spectral and deformation tecniques in order to apply Bryc’s Theorem). These
probability measures are absolutely continuous with respect to the standard measure
Pρ, induced by the initial state ρ of the evolution, and are naturally associated with the
recurrent enclosures of the local map. The densities of these measures and the param-
eters of the limit Gaussian are explicitly written in terms of the initial state and of the
particular enclosure.

Then, in Section 3.3, we shall go to the general case using the decomposition of the
space h already introduced in Proposition 2.3.5 and deducing an expression of Pρ as
convex combinations of probability measures described in the previous section. The
main result of the section is the “generalized CLT” for the law of the position process
(Theorem 3.3.4).

In Section 3.4 we study large deviations of Xn−X0

n
and we can prove a large deviation

principle in the case the local channel is positive recurrent (Theorem 3.4.4), while,
when there is a non trivial transient subspace, we can only find upper and lower bounds
through Gärtner-Ellis’ theorem (Theorem 3.4.3). In both cases we can explicitly write
the rate functions using the same ingredients as for the “generalized CLT”.

Section 3.5 we show that Xn−X0

n
converges Pρ-almost surely; in order to describe

the limit random variable, we introduce a further decomposition of the recurrent space
induced by the local map R+ =

⊕
γ∈CWγ which is such that there exists a C-valued

random variable Γ and Pρ-almost surely the process ρn gets absorbed in WΓ. Condi-
tioned to the event that ρn is absorbed inWγ , Xn−X0

n
converges to a fixed value mγ or,
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3.1. Quantum trajectories

in other words, Pρ-almost surely

lim
n→+∞

Xn −X0

n
= mΓ.

mγ is related to the action of the local map restricted toWγ .
Finally, we discuss some examples and numerical simulations in Section 3.6.

3.1 Quantum trajectories

Quantum trajectories associated to M are the realizations of the stochastic process ob-
tained measuring at every time step the position of a particle on the lattice, knowing that
the state of the particle between every time step undergoes an evolution described by
M. The position measurement corresponds to the following resolution of the identity

e : P(V )→ P(B(H))

{k} 7→ 1h ⊗ |k〉 〈k| ,

where P(V ) stays for the power set of V (since V is denumerable, e is completely
determined by its action on singletons). Hence, if the particle starts in the state ρ =∑

k∈V ρ(k) ⊗ |k〉 〈k|, at time 0 we find the particle in the position k with probability
tr (1h ⊗ |k〉 〈k| ρ1h ⊗ |k〉 〈k|) = tr (ρ(k)) and after the measurement the new state of
the particle is ρ(k)

tr(ρ(k))
⊗ |k〉 〈k|. Then the state evolves according to M and it becomes∑

s∈S(Lsρ(k)L∗s) ⊗ |k + s〉 〈k + s| and the position measurement gives the outcome
k + s with probability tr (Lsρ(k)L∗s) and so on. Hence the stochastic process is given
by a sequence of random variables of the form ρn⊗ |Xn〉 〈Xn|, where ρn is the internal
state of the particle and Xn is the position of the particle on the lattice, both at time n.
It is an easy computation to see that the expected value of ρn ⊗ |Xn〉 〈Xn| is given by
Mn
∗ (ρ); moreover we remark that ρn⊗ |Xn〉 〈Xn| is completely determined by the pair

(Xn, ρn) taking values in V and the convex set of states on h, respectively, so we will
consider this other process instead.

Let us formally define the stochastic process of interest. The stochastic evolution
of the system depends on the initial state ρ and we shall denote by Pρ the associated
probability measure. Let us first define the probability space. We denote by J =
{1, . . . , v} the set of indices for all possible shifts in S = {s1, . . . , sv} and we choose
the sample set Ω = V × JN. On V and J we consider the σ-algebras of the power
sets, and on Ω we then consider the σ-algebra F generated by cylindrical sets. If F0 is
the power set of V and Fn is the σ-algebra generated by the projections on the first n
components of Ω for n ≥ 1, notice that (Fn)n≥0 is a filtration and F = σ

(⋃
n≥0Fn

)
.

We define a family of compatible finite dimensional laws which univoquely deter-
mines a measure Pρ on (Ω,F) by Kolmogorov extension theorem: for all k ∈ V , n ≥ 1,
j = (j1, . . . , jn) ∈ Jn,

Pρ({k} × JN) = tr (ρ(k)) ,

Pρ({(k, j)} × JN) = tr
(
Ljn · · ·Lj1ρL∗j1 · · ·L

∗
jn

)
.

The quantum trajectory is the process (Xn, ρn)n≥0 defined, for ω = (k, j1, . . . ), as

X0(ω) = k, ρ0(ω) =
ρ(k)

tr (ρ(k))
,
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Chapter 3. Asymptotics of the position process associated to an homogeneous open
quantum random walk

Xn+1(ω) = Xn(ω) + sjn+1 , ρn+1(ω) =
Ljn+1ρn(ω)L∗jn+1

tr
(
Ljn+1ρn(ω)L∗jn+1

) ∀n ≥ 0.

(Xn, ρn)n≥0 is a Markov process on the filtered probability space (Ω,F ,Fn≥0,Pρ),
with initial law given by

Pρ
{

(X0, ρ0) =

(
k,

ρ(k)

tr (ρ(k))

)}
= tr (ρ(k)) , k ∈ V

and transition probabilities

Pρ

(
Xn+1 = Xn + sj, ρn+1 =

LjρnL
∗
j

tr
(
LjρnL∗j

)∣∣∣∣Xn, ρn

)
= tr

(
LjρnL

∗
j

)
, j ∈ J, n ≥ 1.

Notice that (Fn)n coincides with the natural filtration of (Xn, ρn)n≥0 and that the the
average behaviour of (ρn) is completely determined by the auxiliary map L, since we
have Eρ[ρn] =

∑
k∈V Ln(ρ(k)).

In order to fix some ideas about the definition of OQRW and on the behavior of the
related position process, we introduce two simple examples, both on the lattice V = Z,
for which we provide the simulated trajectories of the rescaled position process in the
next figures. In this case (V = Z), the HOQRW has two possible movements at each
time step, i.e. v=2, and the walk is completely determined once we fix the two Kraus
operators L1, L2 describing the action on the internal state when moving to the right or
to the left. For convenience, we shall call them R and L respectively.

Example 3.1.1. Let us consider a HOQRW on V = Z with local space h = C2 (we
denote by {e0, e1} the canonical basis) and the following local operators:

L =


√

1
2

0

−
√

2
3

√
1
3

 , R =


√

1
6

0

1
3

√
2
3


corresponding to going to the left and the right respectively. In this case the local map
L(·) = L · L∗ + R · R∗ admits a unique invariant state τ0 = |e1〉〈e1|. For every initial
state ρ, simulations show that, for increasing values of n, the law of Xn−X0√

n
becomes

approximately Gaussian, with fixed variance, and mean growing as
√
n (see Figure

3.1). Moreover, if we look at the trajectories of Xn−X0

n
they tend to a fixed constant

(equal to the mean of the Gaussian divided by
√
n), as it is shown in Figure 3.2.

Example 3.1.2. Consider now always V = Z, but local space h = C4 and local Kraus
operators

L =



1
2
√

2
0 0 0

0 1√
2

0 0

0 0 1√
2

0

−
√

1
6

0 0
√

2
3

 , R =



√
3
8

0 0 0

0 1√
2

0 0

0 0 1√
2

0

1√
3

0 0 1√
3


.
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3.2. Selecting a single Gaussian

(a) ρ = τ0 ⊗ |0〉〈0|

(b) ρ = |e0〉〈e0| ⊗ |0〉〈0|

Figure 3.1: Panels (a)-(b) show the apperance of the same Gaussian distribution for two different initial
states in the model introduced in Example 3.1.1. We used N = 5 × 104 samples of Xn√

n
for n =

50, 150, 600 in order to draw its profile. The vertical red line corresponds to the mean value of the
Gaussian.

The invariant states of the local map are of the following form: xσ + (1 − x)|e3〉〈e3|
where σ is any state supported in span{e1, e2} and x ∈ [0, 1]. In this case simulations
show that, as n increases, the law of Xn−X0√

n
can approach either a Gaussian or the

mixture of two Gaussians, whose parameters will be easy to compute using the results
of next sections (N (0, 1) and N (−

√
n/3, 8/9)). Figure 3.3 shows that the profile of

such a mixture (especially the weights of the mixture) strongly depends on the initial
state. As Figure 3.4 shows, the trajectories of Xn−X0

n
have now two limit values to which

they tend in proportions which are equal to the weights of the two limit Gaussians.
We shall recover this example in the last section, considering a slightly more general

family of Kraus operators.

3.2 Selecting a single Gaussian

In this section, we shall concentrate on a single minimal enclosure V of the local chan-
nel L and we shall introduce a proper associated probability measure P′ρ, which is
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Chapter 3. Asymptotics of the position process associated to an homogeneous open
quantum random walk

(a) ρ = τ0 ⊗ |0〉〈0|

(b) ρ = |e0〉〈e0| ⊗ |0〉〈0|

Figure 3.2: Panels (a)-(b) show the first n = 500 steps of N = 5 trajectories of Xn

n evolving according
to the system described in Example 3.1.1; notice that they concentrate around the red line. The
difference between the two pictures is the initial state; notice how in panel (b) the convergence is
slower.

absolutely continuous with respect to Pρ, with a relative density which assigns weights
according to the absorption in V . We shall prove that the position process (Xn)n always
satisfies a central limit theorem under this measure (Theorem 3.2.5). Previous CLT re-
sults can be seen as a consequence of the case of a single enclosure (see Remark 3.2.6
below).

According to the notations introduced in the previous chapter, we shall call A(V) =
limn→+∞ L∗n(pV) the absorption operator of the enclosure V for L and we denote by
p̃V the support projection of A(V).

Lemma 3.2.1. Let (Yn)n≥0 be the process defined by Yn = tr (A(V)ρn) for any n ≥ 0.

1. Then (Yn)n≥0 is a positive and bounded Pρ-martingale, converging (almost surely
and L1) to a random variable Y∞ valued in [0, 1].

2. If Eρ[Y0] = Eρ[tr (A(V)ρ0)] > 0, we can define a new probability measure P′ρ
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3.2. Selecting a single Gaussian

(a) ρ = 1
3
(|e1〉〈e1|+ |e2〉〈e2|+ |e3〉〈e3|)⊗ |0〉〈0|

(b) ρ = |e0〉〈e0| ⊗ |0〉〈0|

Figure 3.3: Panel (a) shows a mixture of two Gaussian distributions for a particular choice of the initial
state, while panel (b) shows a single Gaussian for another initial state for the model considered in
Example 3.1.2. We used N = 5 × 104 samples of Xn√

n
for n = 50, 150, 600 in order to draw their

profile. The vertical red lines correspond to the mean values of the Gaussians.
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Chapter 3. Asymptotics of the position process associated to an homogeneous open
quantum random walk

(a) ρ = 1
3
(|e1〉〈e1|+ |e2〉〈e2|+ |e3〉〈e3|)⊗ |0〉〈0|

(b) ρ = |e0〉〈e0| ⊗ |0〉〈0|

Figure 3.4: Panel (a) shows the convergence of the trajectories of Xn

n to two different values for a
particular choice of the initial state, while panel (b) shows how picking a different initial state,
trajectories converge to only one of the two limit values. We used N = 5 samples of Xn

n followed
along n = 500 steps and evolving according to the model considered in Example 3.1.2. Red lines
correspond to the mean values of the Gaussians divided by

√
n.
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3.2. Selecting a single Gaussian

such that
dP′ρ
dPρ

=
Y∞

Eρ[Y0]
,

dP′ρ
dPρ

∣∣∣∣
Fn

=
Yn

Eρ[Y0]
.

Moreover the density dP′ρ
dPρ is valued in [0,Eρ[Y0]−1] and{

dP′ρ
dPρ

=
1

Eρ[Y0]

}
=

{
lim

n→+∞
‖pVρnpV − ρn‖ = 0

}
,{

dP′ρ
dPρ

= 0

}
=

{
lim

n→+∞
‖p̃⊥V ρnp̃⊥V − ρn‖ = 0

}
.

(3.2)

We remark that, for this lemma, it is not necessary for V to be minimal. The last
sentence of the statement gives a mathematical meaning to the intuition that, given any
enclosure V , the corresponding P′ρ encodes the notion of conditioning to the “absorption
in V”. Nevertheless, Y∞ is not a Bernoulli random variable in general, hence there does
not need to exist any measurable set B ∈ F such that P′ρ(·) = Pρ(·|B), even if it can
happen in some cases (see Example 3.6.2 and in particular the simulations in Figure
3.7); we will treat the random variable Y∞ in more in detail in Section 3.5.

Proof. Yn is trivially positive and bounded and

Eρ[Yn+1|Fn] =
v∑
i=1

tr (LiρnL
∗
i )

tr (A(V)LiρnL
∗
i )

tr (LiρnL∗i )
= tr (L∗(A(V))ρn) = tr (A(V)ρn) = Yn.

Since (Yn) is a positive and bounded martingale, it converges almost surely and
in L1 := L1(Ω,Pρ) to a positive random variable Y∞. When V and ρ are such that
Eρ[tr (A(V)ρ0)] =

∑
k∈V tr (A(V)ρ(k)) > 0, we can introduce the random variables

0 ≤ Zn :=
Yn

Eρ[tr (A(V)ρ0)]
,

and the sequence (Zn) is a Pρ-martingale with expected value equal to 1 and converges
almost surely to

0 ≤ Z∞ :=
Y∞

Eρ[tr (A(V)ρ0)]
. (3.3)

Note that Z∞ ∈ L1. Therefore we can consider the new measure P′ρ which has density
Z∞ with respect to Pρ, so that

dP′ρ
dPρ

= Z∞,
dP′ρ
dPρ

∣∣∣∣
Fn

= Zn.

The range of dP′ρ
dPρ trivially follows from the fact that 0 ≤ Y∞ ≤ 1.

The only thing left is the proof of Equation (3.2); first notice the following set equiva-
lence: {

dP′ρ
dPρ

=
1

Eρ[Y0]

}
= {Y∞ = 1} ,

{
dP′ρ
dPρ

= 0

}
= {Y∞ = 0} .

Let us denote by q the orthogonal projection onto the eigenspace corresponding to the
eigenvaule 1 of A(V); since 0 ≤ A(V) ≤ 1h, Y∞ = 0 (Y∞ = 1) if and only if
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limn→+∞‖p̃⊥V ρnp̃⊥V −ρn‖ = 0 (limn→+∞ qρnq−ρn‖ = 0). By Theorem 2.2.7, we know
that q−pV ≤ pT , hence to conclude we only need to show that limn→+∞‖pT ρnpT ‖ = 0.
Since pT is superharmonic, Tn := tr (pT ρn) is a supermartingale:

Eρ[Tn+1|Fn] =
v∑
i=1

tr (LiρnL
∗
i )

tr (pT LiρnL
∗
i )

tr (LiρnL∗i )
= tr (L∗(pT )ρn) ≤ tr (pT ρn) = Tn.

Furthermore 0 ≤ Tn ≤ 1, hence Tn converges Pρ-a.s. to a certain limit T∞. Notice that
Eρ[T∞] = limn→+∞ Eρ[Tn] = limn→+∞ L∗n(pT ) = 0, hence T∞ = 0, which implies
that limn→+∞‖pT ρnpT ‖ = 0.

We shall use spectral analysis and deformation techniques in order to prove the
central limit theorem for the position process (Xn)n≥0 under the measure P′ρ. For all
u ∈ Rd, let us define the following operators:

L
(u)
i = e

u·si
2 Li, L̃

(u)
i = e

u·si
2 p̃VLip̃V , i = 1, . . . , v

and we call Lu and L̃u the analytic perturbations of L and L̃ = L̃0 respectively, defined
as the completely positive operators

Lu(σ) =
v∑
i=1

L
(u)
i σL

(u)∗
i , L̃u(σ) =

v∑
i=1

L̃
(u)
i σL̃

(u)∗
i .

We denote by λu the spectral radius of L̃u, that is λu = r(L̃u). Theorem 1.2.10 ensures
that λu ∈ Sp(L̃u) with corresponding positive eigenvector τu. Notice that λ0 = 1

and τ0 is the unique minimal invariant state supported on V . Moreover, Lu and L̃u
can be extended for complex values of u and form two analytic families of matrices:
Lu(σ) =

∑v
i=1 eu·siLiσL

∗
i and L̃u(σ) =

∑v
i=1 eu·si p̃VLip̃Vσp̃VL

∗
ip̃V . In Lemma 3.2.2

we shall prove that also the perturbed eigenvalue λu and eigenvector τu are analytic at
least in a neighborhood of the origin.

Notice that all previous mathematical objects depend on the enclosure V , so it would
be more precise to highlight this and denote them L̃

(u,V)
i , L̃Vu , ...,P

′(V)
ρ . Since the nota-

tions are already quite heavy, we drop the dependence on V in this section, since we
shall use only one enclosure and we shall recover it when necessary, treating the general
case. Moreover, given any map Φ acting on L1(h) and any closed subspaceW ⊂ h, in
order to avoid confusion with the other indices, in the rest of this chapter we denote by
Φ|W(·) the restriction pWΦ(pW · pW)pW .

Lemma 3.2.2. Let V be a minimal enclosure. The operators L̃ and L̃|V = L|V have the
same peripheral eigenvalues and eigenvectors with the same multiplicities.

Moreover in a complex neighborhood of the origin the following hold true:

1. u 7→ λu and u 7→ τu are analytic;

2. supp(τu) ⊂ V .

Hence λu and τu coincide with the analogous quantities for the restricted deformation
L̃u|V = Lu|V (i.e. λu := r(Lu|V),Lu|V(τu) = λuτu).
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Proof. Let θ ∈ [0, 2π) and σ ∈ L1(h) such that

L̃(σ) = eiθσ. (3.4)

In order to prove that the peripheral eigenvectors and eigenvalues of L̃ are the same
as those of L̃|V we need to prove that σ = pVσpV . Let us consider the orthogonal
decomposition supp(A(V)) = V ⊕ W; by definition W = supp(A(V) − pV) and,
since dim(h) < +∞, we know that there exists a constant γ > 0 such that pW ≤
γ(A(V)− pV), hence by Theorem 2.2.7 we have that

L̃∗n(pW) = p̃VL
∗n(pW)p̃V ≤ γp̃VL

∗n(A(V)− pV)p̃V → 0.

This implies that limn→+∞‖L̃n(σ) − pVL̃
n(σ)pV‖ = 0, which, together with equa-

tion 3.4, implies that σ = pVσpV . If we consider σ as above and ξ is such that
L̃(ξ) = eiθξ+σ, with the same reasoning as before we can deduce that also ξ = pVξpV
and hence the algebraic multiplicity of eiθ is the same for L̃ and L̃|V .
1. By perturbation theory of linear matrices (see [42]), we only need to show that
λ0 = 1 is an algebraically simple eigenvalue of L̃, which, by virtue of point 1, is equiv-
alent to prove it for L̃|V = L|V and this follows for instance from [69, Proposition 6.2].
2. Notice that by definition L̃u preserves the set pVL1(h̃)pV and eigenvalues and eigen-
vectors of L̃u|V are also eigenvalues and eigenvectors of L̃u. Let λVu be the perturbation
of 1 for L̃|V ; by [42, Theorem VII.1.7] and the proof of point 2 in the present Lemma,
for small values of u, λu is the unique eigenvalue of L̃u in a neighborhood of 1 and
it is algebraically simple, however λVu is another eigenvalue of L̃u and λV0 = 1 too,
hence they must coincide in a neighborhood of the origin (remember that u 7→ λVu is
continuous, see [42, Theorem 5.1]). Therefore we have that supp(τu) ⊂ V .

In Theorem 3.2.5 below, we shall apply Bryc’s theorem to prove the central limit
theorem for the position process. We quote it for the reader’s convenience:

Theorem 3.2.3 (Bryc, [10, Proposition 1]). Let (Tn)n≥0 be a sequence of random vari-
ables defined on the probability spaces (Ωn,Fn,Pn), Tn : Ωn → Rd and suppose there
exists ε > 0 such that

h(u) = lim
n→+∞

1

n
log(En[eu·Tn ])

exists for every complex u with |u| < ε. Then

(Tn − En[Tn])√
n

−→N (0, D) (in law),

whereN (0, D) denotes a centered Gaussian measure with covarianceD = H(h)(0) ≥
0 ( H is the hessian of h at u = 0), and

lim
n→+∞

En[Tn]

n
= ∇h(0).

The gradient and the hessian of the limit function hwill then describe the asymptotic
mean and covariance matrix and the following lemma proves that they are related to the
spectral radius of the perturbed operator restricted to the minimal enclosure V .
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Lemma 3.2.4. The function c : Rd 3 u 7→ log(λu) is infinitely differentiable in 0. For
every u ∈ Rd, we introduce the operators L′|V,u and L′′|V,u by

L′|V,u,L
′′
|V,u : L1(V) −→ L1(V)

L′|V,u(σ) =
v∑
i=1

u · siLiσL∗i , L′′|V,u(σ) =
v∑
i=1

(u · si)2LiσL
∗
i .

Denoting λ′u = dλtu
dt

∣∣
t=0

, λ′′u = d2λtu
dt2

∣∣
t=0

, we have

λ′u = tr
(
L′|V,u(τ0)

)
, λ′′u = tr

(
L′′|V,u(τ0)

)
+ 2tr

(
L′|V,u(ηu)

)
where ηu ∈ L1(V) is the unique solution with zero trace of the equation

(Id− L|V)(ηu) = L′|V,u(τ0)− tr
(
L′|V,u(τ0)

)
τ0.

This implies immediately that

dc(0)(u) = λ′u, d2c(0)(u) = λ′′u − λ′u
2
,

where we denote by dc(0) the differential of c in 0 and by d2c(0) the bilinear form
induced by the Hessian of c in 0.

Proof. Notice that

L′|V,u(σ) =
v∑
i=1

u · si{pVLipV}σ{pVL∗i pV},

due to the fact that V is an enclosure (and similarly for L′′|V,u(σ)). This fact, together
with Lemma 3.2.2, allows us to reduce the analysis to the irreducible channel L|V and
the proof is the same as in [14, Corollary 5.9], which we report below.
If we consider equation

L|V,tu(τtu) = λtuτtu

and we differentiate it once in t and we evaluate it at t = 0, we obtain

L′|V,u(τ0) + L|V(ηu) = λ′uτ0 + ηu, (3.5)

where ηu = dτtu
dt

∣∣
t=0

. If we differentiate once more, we get

L′′|V,u(τ0) + 2L′|V,u(ηu) + L|V(σu) = λ′′uτ0 + 2λ′uηu + σu (3.6)

and σu = dηtu
dt

∣∣
t=0

. Remember that tr (τu) = 1, hence tr (ηu) = tr (σu) = 0 and that
L|V is trace preserving, hence if we trace equation (3.5) we obtain

tr
(
L′|V,u(τ0)

)
= λ′u.

Substituting this new expression for λ′u into equation (3.5) we see that ηu is the unique
(dim(Id− ker(L|V)) = 1) traceless solution of

(Id− L|V)(ηu) = L′|V,u(τ0)− tr
(
L′|V,u(τ0)

)
τ0.

Finally, tracing out also equation (3.6) we obtain

λ′′u = tr
(
L′′|V,u(τ0)

)
+ 2tr

(
L′|V,u(ηu)

)
.
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Theorem 3.2.5. Consider a minimal enclosure V , and τ0 and λu defined as before. We
introduce the vector

m =
v∑
i=1

tr (Liτ0L
∗
i ) si

and the matrix D which is the unique matrix satisfying the following formula for every
u ∈ Rd:

〈u,Du〉 = λ′′u − λ′u
2
.

Then, under P′ρ,
(Xn −X0)− nm√

n
→ N (0, D) (3.7)

where the convergence is in law. Moreover∣∣∣∣E′ρ[Xn −X0]

n
−m

∣∣∣∣ = O

(
1

n

)
,

where E′ρ[·] stays for the expected value with respect to P′ρ.

Remark 3.2.6. We point out that, when there is a unique minimal enclosure V , then
A(V) = 1h, P′ρ = Pρ, and Theorem 3.2.5 is the central limit theorem for the position
process (see [3, Theorem 5.2] and [14, Theorem 5.12]).

Notice that m is the mean shift if the particle starts in the unique invariant state τ0

supported in V , while the covariance matrix D is the sum of the covariance matrix of
the shift (always starting in τ0) plus another term taking into account the fact that the
shifts are not independent one from the other.

Proof. With some calculation we get the expression for the moment generating function
of the process (Xn −X0) for every u ∈ Cd:

E′ρ[eu·(Xn−X0)] =
1

Eρ[tr (A(V)ρ0)]

∑
k∈V

∑
sj1 ,...,sjn

eu·
∑n
k=1 sjk tr

(
A(V)L̃jn · · · L̃j1ρ(k)L̃∗j1 · · · L̃

∗
jn

)
=

=
∑
k∈V

tr
(
A(V)L̃nu(ρ(k))

)
Eρ[tr (A(V)ρ0)]

.

We are interested in the functions of the form

hn(u) =
1

n
log(E′ρ[e〈u,Xn−X0〉]).

In order to apply Bryc’s theorem (Theorem 3.2.3), we need to show the existence of
limn→+∞ hn(u) for u in a complex neighborhood of 0. Let us first consider the case
where L̃|V is aperiodic. In this case we have

δ = sup{|λ| : λ ∈ Sp(L̃) \ {1}} < 1

and so, considering the Jordan form of L̃, there exists ε > 0 such that δ+ ε < 1 and for
u in a neighbourhood of 0, for n ∈ N we have

L̃nu(·) = λnu(ϕu(·)τu +O((δ + ε)n))
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where ϕu is a linear form on L1(h), analytic in u in the considered neighbourhood of
the origin and O is with respect to any norm (remember that in finite dimension all the
operator norms are equivalent). Therefore

hn(u) = log(λu)

+
1

n

− log(Eρ[tr (A(V)ρ0)]) + log

∑
k∈V

ϕu(ρ(k))tr (A(V)τu) +O((δ + ε)n


→ log(λu).

From the proof of Theorem 3.2.3 we know that all hn are analytic in a neighborhood
of the origin. Further, these functions converge uniformly on compact sets to h and
supu∈K |hn(u)− log(λu)| = O(1/n) whereK is a compact set in the considered neigh-
borhood of the origin. Hence, by Cauchy integral formula we can deduce, since

E′ρ[Xn −X0]

n
= ∇hn(0) and m = ∇h(0)

that ∣∣∣∣E′ρ[Xn −X0]

n
−m

∣∣∣∣ = O

(
1

n

)
and this allows us to put nm instead of E′ρ[Xn −X0] in equation (3.7).

On the other hand, if L|V has period l > 1 with cyclic resolution p0, . . . , pl−1, we
can write for n = ql + r and 0 ≤ r < l

E′ρ[eu·(Xn−X0)] =
l−1∑
j=0

∑
z∈V

tr (A(pj)ρ(z))

Eρ[tr (A(V)ρ0)]︸ ︷︷ ︸
wj

∑
k∈V

tr
(
A(pj)L̃

n
u(ρ(k))

)
∑

z∈V tr (A(pj)ρ(z))︸ ︷︷ ︸
II

.

We can safely define A(pj) using L̃l, for which p0, . . . , pl−1 are minimal enclosures
(see Proposition 1.2.12). Furthermore we can express II as

II =
∑
k∈V

tr
(
A(pj)L̃

lq
u (L̃ru(ρ(k)))

)
∑

z∈V tr (A(pj)ρ(z))
.

The support projection of A(pj), which we call Pj , is superharmonic for L̃l, hence, if
we consider L̃lj,u := PjL̃

l(Pj · Pj)Pj , we can write

tr
(
A(pj)L̃

lq
u (L̃ru(ρ(k)))

)
= tr

(
A(pj)L̃

lq
j,u(PjL̃

r
u(ρ(k))Pj)

)
and we are back to the aperiodic case. Furthermore the perturbation of 1 for every
reduction L̃lj,u is the same as the one of L̃lu since PjτuPj is an eigenvector of L̃lj,u for
the eigenvalue λlu:

L̃lj,u(PjτuPj) = PjL̃
l
u(τu)Pj = λluPjτuPj.

Therefore we can again prove the statement.
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3.3 General case: mixture of Gaussians

In order to tackle the general case, we now need to consider different enclosures and
to handle the simultaneous appearance of different Gaussians. The description of the
general context is tightly related to the decomposition of h provided by Proposition
2.3.5, which is the noncommutative counterpart of the decomposition in communica-
tion classes for classical Markov chains. Such a splitting of the Hilbert space will in-
duce a decomposition of the measure Pρ in terms of measures of the form P′ρ as defined
in Lemma 3.2.1. Below we shall briefly recall some notation and the main properties
related to the decomposition of h, since we will need them in the present section.

Decomposition of the local Hilbert space and of the recurrent subspace.
Since we are working under the assumption that h is finite dimensional, there is no

null recurrent space and the positive recurrent space is non trivial and absorbing, i.e.
we can write

h = R⊕ T , A(R) = 1h − lim
n→+∞

L∗n(pT ) = 1h.

Moreover any minimal enclosure is included in R and is the support of a unique ex-
tremal invariant state. L induces a unique decomposition ofR of the form

R = ⊕
α∈A

χα, (3.8)

where (χα)α∈A is a finite set of mutually orthogonal enclosures and every χα is minimal
in the set of enclosures verifying the property:

for any minimal enclosureW eitherW ⊥ χα orW ⊂ χα.
Every χα either is a minimal enclosure or can be further decomposed (but not in a

unique way!) as the sum of mutually orthogonal isomorphic minimal enclosures, i.e.

χα = ⊕
β∈Iα
Vα,β, R = ⊕

α∈A
χα = ⊕

α∈A
⊕
β∈Iα
Vα,β, (3.9)

for some finite set Vα,β, β ∈ Iα of minimal enclosures and, if we fix a particular β̄ ∈ Iα,
there exists a unitary transformation Uα such that

Uα : C|Iα| ⊗ Vα,β̄ → χα. (3.10)

Moreover one can define an irreducible quantum channel ψ on B(Vα,β̄) which com-
pletely describes the restriction of the channel to χα

L∗|R(Uα(a⊗ b)U∗α) = Uα(a⊗ ψ(b))U∗α a ∈ B(C|Iα|), b ∈ B(Vα,β̄). (3.11)

Remark 3.3.1. χα is a minimal enclosure if and only if |Iα| = 1. Otherwise, it is not
minimal and it admits infinite possible decompositions in orthogonal minimal enclo-
sures of the form Uα(Cv ⊗ Vα,β) for v ∈ C|Iα|. In this case, however, a rigid structure
of the channel essentially reduces the action on any minimal enclosure inside χα to be
the same up to a unitary transform.

Lemma 3.3.2. The parameters m = m(V) and D = D(V) introduced in Theorem
3.2.5 are independent of the particular minimal enclosure V in χα. Then we define

mα :=
v∑
i=1

tr
(
Liτ

V
0 L
∗
i

)
si, 〈u,Dαu〉 = λ′′u − λ′u

2
,
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where λ′u, λ
′′
u are defined as in Lemma 3.2.4 for L|V .

Proof. Let us consider two minimal enclosures V andW contained in a same χα. We
just have to prove that the parameters m and D are equal for the two enclosures.

Relations (3.10) and (3.11) imply that there exist two vectors v, w in C|Iα| such that

V = Uα((Cv)⊗ Vα,β̄)U∗α, W = Uα((Cw)⊗ Vα,β̄)U∗α, (3.12)

and we can define a partial isometry Q = Uα((|w〉〈v|)⊗ 1Vα,β̄)U∗α, from V toW , such
that

Q∗Q = pV , QQ∗ = pW and L∗|V(x) = Q∗L∗|W(QxQ∗)Q ∀x ∈ B(V),

(3.13)

where L|V and L|W are the restrictions of L to V and W respectively, following the
notations introduced before. Due to relation (3.11), Q (and Q∗) is also a fixed point
for the dual channel L∗, so that it commutes with the Kraus operators Li, L∗i for all i
(see for instance [13], in particular Proposition 1 applied to the fast recurrent channel
L restricted to χα).

Moreover, since V andW are minimal, they are the support of two invariant states,
that we can denote by τV0 and τW0 and will verify

τV0 = Q∗τW0 Q.

Then we have

tr
(
Liτ

W
0 L∗i

)
= tr

(
LiQτ

V
0 Q

∗L∗i
)

= tr
(
QLiτ

V
0 L
∗
iQ
∗) = tr

(
pVLiτ

V
0 L
∗
i

)
= tr

(
Liτ

V
0 L
∗
i

)
so that

m(W) =
∑
i

tr
(
Liτ

W
0 L∗i

)
si =

∑
i

tr
(
Liτ

V
0 L
∗
i

)
si = m(V).

Similarly we deduce, for any u ∈ Rd,

L′|V,u(Q
∗ ·Q) = Q∗L′|W,u(·)Q, L′′|V,u(Q

∗ ·Q) = Q∗L′′|W,u(·)Q.
Therefore

tr
(
L′|V,u(τ

V
0 )
)

= tr
(
L′|W,u(τ

W
0 )
)

and tr
(
L′′|V,u(τ

V
0 )
)

= tr
(
L′′|W,u(τ

W
0 )
)
.

By the same arguments, for all u ∈ Rd,

ηVu = Q∗ηWu Q and tr
(
L′|V,u(η

V
u )
)

= tr
(
L′|W,u(η

W)
)

and we can conclude that D(V) = D(W).

Decomposition of the measure Pρ.
In Lemma 3.2.1, we fixed an enclosure V and we introduced the probability measure

denoted by P′ρ. Now we need to handle different enclosures, the ones appearing in the
decomposition of R given in relations (3.9). We need to highlight the dependence on
the enclosure and we shall denote from now on by Pα (resp.ly Pα,β) the measure P′ρ
obtained with V = χα (resp.ly V = Vα,β), i.e. with densities

dPαρ
dPρ

∣∣∣∣
Fn

=
tr (A(χα)ρn)

Eρ[tr (A(χα)ρ0)]
,

dPα,βρ
dPρ

∣∣∣∣
Fn

=
tr (A(Vα,β)ρn)

Eρ[tr (A(Vα,β)ρ0)]
. (3.14)

We can then decompose Pρ into a mixture of Pαρ and Pα,βρ .
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Lemma 3.3.3. For any α ∈ A, β ∈ Iα let us define

aα(ρ) := Eρ[Y α
0 ] = Eρ[tr (A(χα)ρ0)] =

∑
k∈V

tr (A(χα)ρ(k))

and aα,β(ρ) := Eρ[Y α,β
0 ] = Eρ[tr (A(Vα,β)ρ0)] =

∑
k∈V

tr (A(Vα,β)ρ(k)) .

Then we can write Pρ as convex combination

Pρ =
∑
α∈A

aα(ρ)Pαρ =
∑
α∈A

∑
β∈Iα

aα,β(ρ)Pα,βρ . (3.15)

Proof. Indeed, for every k ∈ V , n ≥ 0, j ∈ Jn

Pρ({(k, j)} × JN) = tr
(
Ljρ(k)L∗j

)
=
∑
α∈A

tr
(
A(χα)Ljρ(k)L∗j

)

=
∑
α∈A

aα(ρ) · tr
(
Ljρ(k)L∗j

) 1

Eρ[tr (A(χα)ρ0)]
tr

A(χα)
Ljρ(k)L∗j

tr
(
Ljρ(k)L∗j

)


=
∑
α∈A

aα(ρ)Pαρ ({(k, j)} × JN).

where the second equality follows because
∑

α∈AA(χα) = 1h. Similarly one
can further decompose the probability measure in Pα,βρ because for every α ∈ A,∑

β∈BαA(Vα,β) = A(χα). Equation (3.15) is then true because sets of the form
{(k, j)} × JN generate F .

Generalized Central Limit Theorem
The convergence in law is metrizable by different distances. On this subject, we

refer for instance to [24]. Among them, we choose the Fortet-Mourier metric, but the
convergence results keep holding true also with a different choice. Let us denote by BL
the set of bounded Lipschitz functions on Rd equipped with the norm

‖f‖BL = sup
x∈Rd
|f(x)|+ sup

x6=y

|f(x)− f(y)|
|x− y|

;

we introduce the Fortet-Mourier distance between two probability laws P,Q on Rd,

dist(P,Q) := sup

{∣∣∣ ∫
Rd
fdP −

∫
Rd
fdQ

∣∣∣ : f ∈ BL, ‖f‖BL ≤ 1

}
.

We recall that [24, Theorem 11.3.3], for Pn, P probability measures on Rd, the follow-
ing fact holds

Pn → P in law if and only if dist(Pn, P )→ 0.

We are now in a position to state the “generalized Central Limit Theorem”.
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Theorem 3.3.4. Convergence to mixture of Gaussians.
Take mα and Dα as in Lemma 3.3.2 and let Pρ,n be the law of the process Xn−X0√

n
under

Pρ. Then

lim
n→+∞

dist

(
Pρ,n,

∑
α∈A

aα(ρ)N (
√
nmα, Dα)

)
= 0,

where aα(ρ) = Eρ[tr (A(χα)ρ0)] and N (
√
nmα, Dα) denotes the Gaussian measure

with mean
√
nmα and covariance matrix Dα.

Proof. By Theorem 3.2.5, we know that the process Xn−X0−nmα√
n

converges in law to
a centered normal distribution with covariance matrix Dα under the measure Pα,βρ , so
that we can write

lim
n→+∞

dist

(
Pα,βρ

(
Xn −X0 − nmα√

n

)
,N (0, Dα)

)
= 0.

By definition, the Fortet-Mourier distance is invariant with respect to translations and
consequently we deduce

dist

(
Pα,βρ

(
Xn −X0√

n

)
,N (
√
nmα, Dα)

)
−→ 0, as n→ +∞.

Now, since this limit does not depend on β and, by equation (3.15) Pαρ =∑
β∈Iα aα,β(ρ)Pα,βρ (we denote by Nα the law N (

√
nmα, Dα) to shorten the expres-

sions in this proof),

dist

(
Pαρ
(
Xn −X0√

n

)
,Nα

)
=

= sup

{∣∣∣ ∫
Rd
f

(
Xn −X0√

n

)
dPαρ −

∫
Rd
fdNα

∣∣∣ : f ∈ BL, ‖f‖BL ≤ 1

}
≤
∑
β∈Iα

aα,β(ρ) sup

{∣∣∣ ∫
Rd
f

(
Xn −X0√

n

)
dPα,βρ −

∫
Rd
fdNα

∣∣∣ : f ∈ BL, ‖f‖BL ≤ 1

}
=
∑
β∈Iα

aα,β(ρ)dist

(
Pα,βρ

(
Xn −X0√

n

)
,Nα

)
−→ 0, as n→ +∞.

Similarly, always by relation (3.15), Pρ =
∑

α∈A aα(ρ)Pαρ and by triangular inequality
for any f in BL, we can call νn =

∑
α∈A aα(ρ)Nα and write∣∣∣ ∫

Rd
f

(
Xn −X0√

n

)
dPρ−

∫
Rd
fdνn

∣∣∣ ≤∑
α∈A

aα(ρ)
∣∣∣ ∫

Rd
f

(
Xn −X0√

n

)
dPαρ−

∫
Rd
fdNα

∣∣∣
and we then conclude

dist (Pρ,n, νn) ≤
∑
α∈A

aα(ρ)dist
(
Pαρ,n,Nα

)
,

which converges to 0 as n→ +∞.
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Notice that, while the weights aα(ρ) depend on the initial state and on the transient
part of L, the parameters of the Gaussian measures only depend on the restriction to
the fast recurrent part. Theorem 3.3.4 has the following direct consequence on the
convergence of the empirical means.

Corollary 3.3.5. Let P̂ρ,n the law of the process Xn−X0

n
under Pρ, then

lim
n→+∞

dist

(
P̂ρ,n,

∑
α∈A

aα(ρ)δmα

)
= 0,

where aα(ρ) are defined as in previous theorem and δmα denotes the Dirac measure
concentrated in mα.

Remark 3.3.6. Possible Extensions. As for previous versions of central limit theorems
for HOQRWs, we can extend our results to more general cases.

1. There is an immediate generalization of HOQRW obtained considering a change
in the local state after a shift si given by a quantum operation Lj with more than one
Kraus operator, which is the case we considered (Lj(·) = Lj ·L∗j ). In this case it suffices
to change the notation in the proof of Theorem 3.3.4 to see that it still holds true.

2. Open quantum random walks have been defined also in continuous time ( [54])
and the central limit theorem for the position process has already been proved in [9],
under the assumption of irreducibility of R. Theorem 3.3.4 can be carried with some
technical adaptations to the continuous time case.

Remark 3.3.7. Comparison with previous results. The first CLT for HOQRWs ap-
peared in [3] where the authors proved it by the use of Poisson equation and martingale
techniques in the case R irreducible. Indeed, in [3, Theorem 7.3] they showed the
convergence to different Gaussian measures under proper conditional probabilities and
under assumptions which can be translated in our language to be
- T = {0},
- χα is minimal for every α ∈ A,
- mα 6= mα′ if α 6= α′.

These techniques revealed to be successful to treat also other walks and in particular
have recently been exploited also in [43] to obtain a CLT for the so-called lazy OQWs.
Successively, in [14], an alternative proof of the central limit theorem for an irreducible
fast recurrent local channel L could be deduced from a large deviation principle, proved
by deformation techniques. Finally the results in [44–46] (which are formulated in the
setting of homogeneous open quantum walks on crystal lattices) state a kind of conver-
gence to a mixture of Gaussian measures, under some conditions, always essentially
implying that the local channel is fast recurrent.

Here, with Theorem 3.3.4, we can find an improvement of all these previous results
since we can drop any condition about recurrence or transience or reducibility of the
local channel and we can specify the form of convergence to the mixture of Gaussians
introducing a metric on the set of probability measures. Moreover we can specify the
weights of the limit mixture in terms of the initial state and of the decomposition of the
local space.

We refer the reader to [62] for other hints on the existing literature until 2019 and
to [9, 54, 57] for CLT results for different families of open walks.
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3.4 Large Deviations

We start this section recalling the basic notions about large deviations that we will need.
If we consider a Rd -valued stochastic process (Zn), it is said to satisfy a large deviation
principle with good rate function if there exists a function Λ : Rd → [0,+∞] (the rate
function) with compact sublevel sets and such that for every Borel set B ⊂ Rd the
following holds true

− inf
x∈B̊

Λ(x) ≤ lim inf
n→+∞

1

n
log(P(Zn ∈ B)) ≤ lim sup

n→+∞

1

n
log(P(Zn ∈ B)) ≤ − inf

x∈B
Λ(x),

where B̊ denotes the interior andB is the closure ofB. Gärtner-Ellis’ theorem provides
a powerful tool in order to get explicit asymptotic upper and lower bounds on the laws
of Zn and, in some cases, a proof of the large deviation principle. Before recalling the
statement of the theorem, we need to provide a definition.

Definition 3.4.1 (Exposing hyperplane). Let Λ : Rd → [0,+∞] be a convex function,
then y ∈ Rd is an exposed point of Λ if for some η ∈ Rd and all x 6= y

〈η, y〉 − Λ(y) > 〈η, x〉 − Λ(x).

η is called an exposing hyperplane.

The geometric meaning of the previous condition is that the hyperplane orthogo-
nal to η and passing by (y,Λ(y)) layes below the graph of Λ and touches it only in
(y,Λ(y)).

Theorem 3.4.2 (Gärtner-Ellis, Theorem 2.3.6, [21]). Let (Zn)n∈N be a Rd-valued
stochastic process. Suppose that the (limiting) logarithmic moment generating func-
tion

λ(u) = lim
n→∞

1

n
logE

[
enu·Zn

]
, u ∈ Rd

exists as an extended real number and is finite in a neighbourhood of the origin, and
let Λ denote the Fenchel-Legendre transform of λ, given by

Λ(x) = sup
u∈Rd
{ 〈x, u〉 − λ(u) } .

Then for any measurable B ∈ B(Rd)

(a) lim supn→+∞
1
n

log(P(Zn ∈ B)) ≤ − infx∈B Λ(x),

(b) lim infn→+∞
1
n

log(P(Zn ∈ B)) ≥ − infx∈B̊∩S Λ(x), where S is the set of exposed
points of Λ whose exposing hyperplane belongs to the domain of λ.

(c) If λ is smooth, then the large deviation principle holds with good rate function Λ.

When the central limit theorem is approached by Bryc’s theorem, it is often treated
together with large deviations, and this was indeed the idea in [14], where the proof of
the central limit theorem in the particular case of an irreducible fast recurrent subspace
was a byproduct of the large deviation principle. Similarly, it is here natural to wonder
whether a large deviation principle can hold in general for the position process of a
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HOQRW, always under the measure Pρ induced by the initial state ρ. We shall prove
that Gärtner-Ellis’ theorem can be applied and thus large deviations hold when the local
map is recurrent. Moreover, the rate function is related to the spectrum of the deformed
map Lu. When instead there is a non trivial transient subspace for the local channel L,
the limit of the moment generating functions is not smooth in general, as [14, Example
7.3] shows, and Gärtner-Ellis’ theorem will simply provide lower and upper bounds.

As for the results in the previous section, only the minimal enclosures in the decom-
position of R that are “reachable” by a initial state ρ will play a role in the large devi-
ations results. For this reason, it is useful to remember the definition of the quantities
aα(ρ), aα,β(ρ) (introduced in Lemma 3.3.3), which are a kind of quantum absorption
probabilities of the evolution in the enclosures χα, or Vα,β respectively, when the initial
state is ρ. Differently from the central limit type results, here also the index β, and so
the particular enclosures Vα,β selected inside χα are important, and this is related to the
fact that the evolution on the transient subspace affects large deviations results.

Since we need to define restrictions of the channel L which take into account only
proper subspaces reachable by the local initial states ρ(k), we define the subspace

E(ρ) := span{supp(Ln(ρ(k))), k ∈ V, n ≥ 0} ⊂ h,

which is an enclosure due to [15, Propositions 4.1 and 4.2].
We recall that by P̂ρ,n we denote the law of Xn−X0

n
under Pρ and, given any enclosure

V , p̃V is the orthogonal projection onto supp(A(V)).

Theorem 3.4.3. Large deviation principle. Suppose that the local map L is recurrent,
i.e. R = h. Then (P̂ρ,n)n≥1 satisfies a large deviation principle with good rate function

Λρ(x) = min
α : aα(ρ) 6=0

Λα(x),

where Λα is the Fenchel-Legendre transform of the logarithm of the spectral radius λα,u
of L|χα,u, i.e.

λα,u = r(L|χα,u), Λα(x) = sup
u∈Rd
{〈u, x〉 − log(λα,u)} x ∈ Rd.

Theorem 3.4.4. Large deviations upper and lower bounds. For any measurable
B ∈ B(Rd)

• lim supn→+∞
1
n

log(P̂ρ,n(B)) ≤ − infx∈B minα,β : aα,β(ρ) 6=0 Λρ
α,β(x),

• lim infn→+∞
1
n

log(P̂ρ,n(B)) ≥ −minα,β : aα,β(ρ)6=0 infx∈B̊∩Sα,β Λρ
α,β(x)

where

• λρα,β,u = r(L|Qρα,β ,u) for Qρα,β := p̃Vα,βE(ρ),

• Λρ
α,β(x) = supu∈Rd{〈u, x〉 − log(λρα,β,u)} is the Fenchel-Legendre transform of

log(λρα,β,u),

• Sα,β = Rd if λρα,β,u is smooth, otherwise Sα,β is the set of exposed points of Λρ
α,β .
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Remark 3.4.5. We remark that, whenever aα,β(ρ) 6= 0, Qρα,β is non trivial and

Qρα,β = Vα,β ⊕ (T ∩ Qρα,β) ⊂ supp(A(Vα,β))

(see the first step in the proof of Theorem 3.4.4).
We shall prove the two theorems in inverse order. The proof will request different

steps and we shall proceed similarly as we did for central limit theorems, first con-
sidering the measure P′ρ associated with the absorption in a single minimal enclosure
(Lemma 3.2.1), and then generalizing using the expression of Pρ as a convex combina-
tion given in Lemma 3.3.3.

Proof of Theorem 3.4.4. Step 1. We fix the initial state ρ and a minimal enclo-
sure V , whose corresponding absorption operator is denoted as usual by A(V). If
Eρ[tr (A(V)ρ0)] > 0, we introduce the measure P′ρ as previously in Lemma 3.2.1. This
first step consists in proving large deviations bounds for the position process under the
measure P′ρ.

We need to consider a restriction of the channel L which takes into account only the
subspace of suppA(V) which is someway reachable by the local initial states ρ(k). To
this aim we use the enclosure E(ρ) and define the subspace

Q = p̃VE(ρ).

1. Q⊕ (E(ρ)⊥ ∩ supp(A(V))) = supp(A(V)).
Indeed, v ∈ Q⊥ ∩ supp(A(V)) if and only if

v ∈ supp(A(V)) and, ∀w ∈ E(ρ), 0 = 〈v, p̃V(w)〉 = 〈p̃V(v), w〉 = 〈v, w〉,

i.e. v ∈ supp(A(V)) ∩ E(ρ)⊥.

2. Eρ[tr (A(V)ρ0)] = 0 if and only if Q = {0}.
Since tr (A(V)ρ0) is a non negative random variable, it has zero mean if and only
if it is almost surely null, that is

⇔ 0 = tr (A(V)ρ(k)) = tr (A(V)Ln(ρ(k))) ∀k ∈ V
(since L∗(A(V)) = A(V)) ⇔ tr (A(V)Ln(ρ(k))) = 0 ∀k ∈ V, n ≥ 0

⇔ p̃V(supp(Ln(ρ(k))) = {0} ∀k, n

3. Otherwise Eρ[tr (A(V)ρ0)] > 0 and V ⊂ Q.
By using the same ideas as before, if Eρ[tr (A(V)ρ0)] > 0, Q is non trivial and
there exist some k ∈ V, n ≥ 0 such that tr (pVL

n(ρ(k))) 6= 0 and this implies

{0} 6= pV(E(ρ)) = pV(pR(E(ρ))) = pV(R∩ E(ρ))

where the last equality follows from Proposition 2.3.17. So (R∩E(ρ)) is a non null
positive recurrent enclosure (as intersection of enclosures) and it is non orthogonal
to V , hence it contains a minimal enclosureW which is in the same χα as V and
is not orthogonal to V . Then, by using the representation of V andW given by the
partial isometry Uα as in relation (3.12), we deduce that

V = pV(W) ⊂ p̃V(E(ρ)) = Q.
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We call Φ the restriction of L to the subspace Q, Φ(σ) = pQL(pQσpQ)pQ and Φu

its deformation. Q and consequently Φ obviously depend on the enclosure V and on
the initial state ρ, but we do not need to highlight this in the notations.

Lemma 3.4.6. Suppose Eρ[tr (A(V)ρ0)] > 0. For any measurable B ∈ B(Rd)

• lim supn→+∞
1
n

log(P̂′ρ,n(B)) ≤ − infx∈B Λ(x);

• lim infn→+∞
1
n

log(P̂′ρ,n(B)) ≥ − infx∈B̊∩S Λ(x)

where

• Λ is the Fenchel-Legendre transform of log(λρu),

• λρu is the spectral radius of Φu ,

• S = Rd if λρu is smooth, otherwise it corresponds to the set of exposed points of Λ.

Proof. In order to apply Theorem 3.4.2, we need to prove that for every u ∈ Rd we
have

lim
n→+∞

1

n
log(E′ρ[eu·(Xn−X0)]) = log(λρu).

Notice that we computed the same limit in the proof of Theorem 3.2.5, but for u in a
complex neighborhood of the origin.

For any n ∈ N, by construction Φn
u(ρ(k)) = L̃nu(ρ(k)) for all k and u, so we can

write

Eρ[tr (A(V)ρ0)] · E′ρ[eu·(Xn−X0)] =
∑
k∈V

tr
(
A(V)L̃nu(ρ(k))

)
=
∑
k∈V

tr (A(V)Φn
u(ρ(k)))

=
∑
k∈V

tr (ρ(k)Φ∗nu (A(V)))

≤ ‖
∑
k∈V

ρ(k)‖L1 ‖Φ∗nu (A(V)))‖∞ ≤ ‖Φ∗nu ‖∞.

Because of Gelfand formula, we get

lim sup
n→+∞

1

n
log(E′ρ[eu·(Xn−X0)]) ≤ log

(
lim

n→+∞
‖Φ∗nu ‖1/n

∞

)
= log(λρu).

Now consider wu ∈ B(h) the Perron-Frobenius eigenvector for Φ∗u, i.e. such that
Φ∗u(wu) = λρuwu. wu is a non null positive operator supported in Q, so there exist
N ∈ N and k̂ in V such that tr

(
L̃N(ρ(k̂))wu

)
6= 0. Therefore tr

(
ΦN
u (ρ(k̂))wu

)
=

tr
(
L̃Nu (ρ(k̂))wu

)
6= 0.

SinceQ is finite dimensional, there exists a constant M > 0 such that pQA(V)pQ ≥
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Mwu, hence for every n ≥ N we have

Eρ[tr (A(V)ρ0)] · E′ρ[eu·(Xn−X0)] =
∑
k∈V

tr
(
A(V)L̃nu(ρ(k))

)
≥ tr

(
A(V)L̃nu(ρ(k̂))

)
= tr

(
A(V)Φn

u(ρ(k̂))
)

≥Mtr
(

ΦN
u (ρ(k̂))Φ∗(n−N)

u (wu)
)

= Mtr
(

ΦN
u (ρ(k̂))wu

)
(λρu)

n−N .

Therefore
lim inf
n→+∞

1

n
log(E′ρ[eu·(Xn−X0)]) ≥ log(λρu).

This allows to compute the desired limit and the statement follows by direct application
of the Gärtner-Ellis’ theorem. Notice that we do not have to worry about the domain
of log(λρu) since it is easy to see that λρu is a strictly positive real number for every
u ∈ Rd.

Step 2. We complete the proof of the statement of the theorem by using the expres-
sion of Pρ as convex combinations of the Pα,βρ deduced in relation (3.15). This implies
that a similar decomposition holds for P̂ρ,n in terms of (P̂α,βρ,n )α,β , i.e.

P̂ρ,n =
∑
α∈A

∑
β∈Iα

aα,β(ρ)P̂α,βρ,n . =
∑
j∈Jρ

aj(ρ)P̂jρ,n,

where Jρ := {(α, β) : α ∈ A, β ∈ Iα : aα,β(ρ) > 0} .

Since, for any j ∈ Jρ and B ∈ B(Rd), P̂ρ,n(B) ≥ aαP̂jρ,n(B), we trivially have

lim inf
n→+∞

1

n
log(P̂ρ,n(B)) ≥ max

j∈Jρ
lim inf
n→+∞

1

n
log(P̂jρ,n(B)),

lim sup
n→+∞

1

n
log(P̂ρ,n(B)) ≥ max

j∈Jρ
lim sup
n→+∞

1

n
log(P̂jρ,n(B)).

Then we have

lim sup
n→+∞

1

n
log(P̂ρ,n(B)) ≤ lim sup

n→+∞

1

n
log(|Jρ|)︸ ︷︷ ︸

=0

+ lim sup
n→+∞

1

n
log

(
max
j∈Jρ

P̂jρ,n(B)

)

= max
j∈Jρ

lim sup
n→+∞

1

n
log(P̂jρ,n(B))

and we are done.

Proof of Theorem 3.4.3. Under the hypothesis h = R, we have that A(Vα,β) = pVα,β ,
which implies Qα,β = Vα,β and L̃α,β,u = L|Vα,β ,u.
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Since L|Vα,β is irreducible, λα,β,u is an analytic function of u ∈ Rd ( [14, Lemma
5.3]) and consequently Sα,β = Rd.

Moreover recall (equation (3.11)) that L∗|χα is unitarily equivalent to IdB(C|Iα|) ⊗ ψ
where ψ is equal to L∗|Vα,β , hence L|χα and L|Vα,β have the same spectral radius.

Therefore the following equality holds:

min
(α,β)∈Jρ

Λα,β = min
α:aα(ρ) 6=0

Λα.

Theorem 3.4.4 ensures that for any measurable B ∈ B(Rd)

• lim supn→+∞
1
n

log(P̂ρ,n(B)) ≤ − infx∈B minα:aα(ρ)6=0 Λα(x),

• lim infn→+∞
1
n

log(P̂ρ,n(B)) ≥ − infx∈B̊ minα:aα(ρ)6=0 Λα(x),

which is exactly the definition of large deviation principle with rate function Λρ(x) :=
minα:aα(ρ)6=0 Λα(x), x ∈ Rd. Note that Λρ has compact sublevel sets because every Λα

does (it is a consequence of Gärtner-Ellis’ theorem).

Consider a minimal enclosure V such that Eρ[tr (A(V)ρ0)] 6= 0; taking the notations
of the first step in the proof of Theorem 3.4.4, the following proposition states that λρu
can be seen as the result of two contributions: one depending on the recurrent dynamic
on V and the other one on the transient dynamic on its orthogonal complement in Q,
which we denote byW := Q∩ T .

Proposition 3.4.7. Let λVu and λWu be the spectral radii of Φ|V,u and Φ|W,u respectively.
Then λρu = r(L̃u) = max{λVu , λWu }.

Proof. We only need to prove that if λρu > λVu , then λρu = λWu . Theorem 1.2.10 tells us
that there exists a positive ωu ∈ L1(Q) such that Φu(ωu) = λρuωu; since λρu > λVu , it
must be true that pWωupW 6= 0 and we have the following:

pWΦu(pWωupW)pW = pWΦu(ωu)pW = λupWωupW .

The first equality follows from the fact that for any ρ ∈ L1(h)

Φu(pVρ) = pQLu(pVρpQ)pQ
(V is an enclosure)

= pVLu(pVρpQ)pQ = pVΦu(pVρ)

and analogously Φu(ρpV) = Φ(ρpV)pV .

3.5 Strong Law of Large Numbers

The main result of this section is the proof of the almost sure convergence of Xn−X0

n
to a

limit random variableX∞, which can be explicitly described. As a first step, we need to
introduce a coarser (with respect to the one presented in equation (3.8)) decomposition
of the positive recurrent space, in which we group together all the χα with the same
value of mα. More precisely, let us consider on A the equivalent relation that identifies
α, α′ ∈ A if mα = mα′ and let us denote by [α] the equivalence class containing α,
m[α] the corresponding value of the asymptotic mean and by C a set of representatives
of the equivalence classes, i.e.
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• C ⊆ A,

• mγ 6= mγ′ (hence [γ] 6= [γ′]) for γ, γ′ ∈ C, γ 6= γ′,

• for every α ∈ A, there exists γ ∈ C such that α ∈ [γ].

The partition in equivalence classes of A induces a decomposition in enclosures of the
recurrent space for the local map:

R =
⊕
γ∈C

W[γ], W[γ] =
⊕
α∈[γ]

χα. (3.16)

We remark that, being the sum of orthogonal enclosures, W[γ] is an enclosure for ev-
ery γ ∈ C, hence we can consider the corresponding absorption operator A(W[γ])

and the measure P[γ]
ρ , whose Radon-Nikodym derivative with respect to Pρ is given

by Z
[γ]
∞ = Y

[γ]
∞

Eρ[tr(A(W[γ])ρ0)]
, where Y

[γ]
∞ is the Pρ-almost sure limit of the sequence

Y
[γ]
n = tr

(
A(W[γ])ρn

)
(we assume that Eρ[tr

(
A(W[γ])ρ0

)
] > 0). As in Lemma 3.3.3,

one can see that

Pρ =
∑
γ∈C

a[γ](ρ)P[γ]
ρ , P[γ]

ρ =
1

a[γ](ρ)

∑
α∈[γ]

aα(ρ)Pαρ =
1

a[γ](ρ)

∑
α∈[γ]

∑
β∈Iα

aα,β(ρ)Pα,βρ ,

(3.17)
where a[γ](ρ) := Eρ[tr

(
A(W[γ])ρ0

)
], aα(ρ) = Eρ[tr (A(χα)ρ0)] and aα,β(ρ) =

Eρ[tr (A(Vα,β)ρ0)].
Lemma 3.4.6 allows us to derive the following law of large numbers under the mea-

sure P[γ]
ρ .

Corollary 3.5.1. For every γ ∈ C,

lim
n→+∞

Xn −X0

n
= mγ P[γ]

ρ − a. s..

Proof. Since by equation (3.17)we know that

P[γ]
ρ =

1

a[γ](ρ)

∑
α∈[γ]

∑
β∈Iα

aα,β(ρ)Pα,βρ ,

if we prove that for every α ∈ [γ] and β ∈ Iα,

lim
n→+∞

Xn −X0

n
= mα = m[γ] Pα,βρ -a.s., (3.18)

we are done. Standard theory ( [25, Theorem II.6.3 and Theorem II.6.4] shows
that the convergence in equation (3.18) can be proved using the regularity of
limn→+∞

1
n

log(Eα,βρ [eu·(Xn−X0)]) in u = 0 (which follows from the proof of Theorem
3.2.5) and the properties of the rate function Λρ

α,β and the upper bound

lim sup
n→+∞

1

n
log(P̂α,βρ,n (B)) ≤ − inf

x∈B
Λρ
α,β(x), B ∈ B(Rd),

which follow from Lemma 3.4.6.
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We remark that Corollary 3.5.1 could be reformulated without making use of the
decomposition in equation (3.16), since it is equivalent to say that for every α ∈ A, for
every β ∈ Iα

lim
n→+∞

Xn −X0

n
= mα Pα,βρ − a. s..

The following theorem explains the reason why (P[γ]
ρ )γ∈C is a natural family of proba-

bility measures to consider when studying the almost sure convergence of (Xn−X0)/n.
Theorem 3.5.2 is a generalization of Theorem 7.3 in [3]: the proof shares the same
ideas, but the result is obtained in full generality.

Theorem 3.5.2. Let us define E[γ] =
{

limn→+∞‖ρn − pW[γ]
ρnpW[γ]

‖ = 0
}

for every
γ ∈ C. Then

1. (E[γ]) is a partition of Ω, modulo Pρ-null sets;

2. Y [γ]
∞ = 1E[γ]

;

3. limn→+∞
Xn−X0

n
= X∞ Pρ-a.s. and X∞ =

∑
γ∈Cm[γ]Y

[γ]
∞ ;

4. limn→+∞‖ρn −
∑

γ∈C Y
[γ]
∞ pW[γ]

ρnpW[γ]
‖ = 0 Pρ-a.s..

We remark that point 2 shows that P[γ]
ρ is indeed obtained from Pρ conditioning on

the event E[γ], which is the event that ρn gets absorbed in W[γ]. In general this is not
true for an arbitrary enclosure, as Example 3.6.2 shows.

Proof. Let us define Ẽ[γ] :=
{

limn→+∞
Xn−X0

n
= m[γ]

}
; we will prove points 1. and 2.

with Ẽ[γ] instead of E[γ] and the conclusion will follow by the fact that {Y [γ]
∞ = 1} =

E[γ] (equation (3.2)).
1. Since, by construction, m[γ] 6= m[γ′] for γ 6= γ′, we have that E[γ] ∩ E[γ′] = ∅.

Corollary 3.5.1 implies that P[γ]
ρ (EC

[γ]) = 0 for every γ ∈ C, hence

Pρ

(⋃
γ∈C

E[γ]

)C
 = Pρ

(⋂
γ∈C

EC
[γ]

)
=
∑
γ′∈C

a[γ′](ρ)P[γ′]
ρ

(⋂
γ∈C

EC
[γ]

)
≤
∑
γ′∈C

a[γ′](ρ)P[γ′]
ρ

(
EC

[γ′]

)
= 0.

2. As we have done before, we use the notation Z [γ]
∞ =

dP[γ]
ρ

dPρ . By Corollary 3.5.1 we
have that

1 = P[γ]
ρ (E[γ]) =

∫
E[γ]

Z [γ]
∞ dPρ,

hence 0 = Pρ
(

supp(Z
[γ]
∞ ) ∩ EC

[γ]

)
≥ Pρ

(
supp(Z

[γ]
∞ ) ∩ E[γ′]

)
for γ 6= γ′. By the fact

that Pρ is a convex combination of P[γ]
ρ , one can deduce that Pρ

(⋃
γ∈C supp(Z

[γ]
∞ )
)

= 1

and so

Pρ(E[γ]) =
∑
γ′∈C

Pρ

(⋃
γ′∈C

E[γ] ∩ supp(Z [γ′

∞ ])

)
= Pρ(E[γ] ∩ supp(Z [γ]

∞ )),
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hence Pρ(E[γ] ∆ supp(Z
[γ′
∞ ])) = 0, where ∆ stays for the symmetric difference between

sets. Since supp(Z
[γ]
∞ ) = supp(Y

[γ]
∞ ) and

∑
γ∈C Y

[γ]
∞ = limn→+∞

∑
γ∈C Y

[γ]
n = 1, we

can conclude that Y [γ]
∞ = 1E[γ]

and we are done.
3. and 4. They follow directly from points 1. and 2..

3.6 Examples and numerical simulations

3.6.1 Commuting normal local Kraus operators

As a first family of examples, we consider some HOQRWs studied in [61]: take V = Zd
and a local channel with normal commuting Kraus operators {Lj}2d

j=1. In this case,
there exists an orthonormal basis {φi}hi=1 that simultaneously diagonalizes the Kraus
operators and we can write Lj =

∑h
i=1 ζi,j |φi〉 〈φi|. The normalization condition for

the operators Lj given by equation (3.1) implies that
∑2d

j=1 |ζi,j|2 = 1 for any i =
1, . . . , h.

It is easy to verify by direct computation that, for every i = 1, . . . , h, ωi = |φi〉 〈φi|
is a minimal invariant state for L, and consequently Vi := span{φi} is a minimal
recurrent enclosure. Hence L is positive recurrent and h = ⊕iVi is a decomposition of
the local space h in minimal orthogonal enclosures.

However, for our study, we are interested in a decomposition of the form described
in (3.9) and in particular we should identify the enclosures χα, which will be given by
the direct sum of some of the Vi’; indeed, we can see that Vi and Vl are in the same χα
if and only if for every j = 1, . . . , 2d, ζi,j = ζl,j =: ζα,j . This reflects on the structure
of the Kraus operators, that will also be written as Lj =

∑
α∈A ζα,jpχα , j = 1, . . . , 2d.

In this simple example, the probability law of the shift Xn −X0 is a convex combi-
nation of |A|multinomial distributions with parameters (|ζα,1|2, . . . , |ζα,2d|2): for every
n ≥ 1

Pρ(X1 −X0 = ej1 , . . . , Xn −Xn−1 = ejn) =

|A|∑
α=1

∑
k∈Zd

tr (pχαρ(k))

︸ ︷︷ ︸
=:aα(ρ)

n∏
k=1

|ζα,jk |2,

where e1, . . . , ed is the canonical basis of Rd and e2j = −ej for j = 1, . . . , d. Applying
the central limit theorem for the mean of i.i.d. random variables, we see that

lim
n→+∞

dist

Pρ,n,
|A|∑
α=1

aα(ρ)N
(√

nmα, Dα

) = 0 (3.19)

where mα =
∑2d

j=1 |ζα,j|2ej and Dα =
∑d

j=1(|ζα,j|2 + |ζα,2j|2) |ej〉 〈ej|.
Similarly, if we apply Theorem 3.3.4, we find again relation (3.19) (in this case

computations for the asymptotic means and covariance matrices are very easy).
Also, by applying Theorem 3.4.3, we can state that a large deviations’ principle

holds for the process Xn−X0

n
and the rate function is given by

Λρ(x) := min
α:aα(ρ)6=0

Λα(x), x ∈ Rd
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where Λα(x) = supu∈Rd{〈u, x〉 − log(λα,u)} and λα,u =
∑2d

j=1 |ζα,j|2eu·ej .

3.6.2 An example with non trivial transient space

(a) ρ = 1
3
(|e1〉〈e1|+ |e2〉〈e2|+ |e3〉〈e3|).

(b) ρ = |e0〉 〈e0|.

Figure 3.5: Panels (a)-(b) report the plots of the empirical cumulative function of (Xn −X0)/
√
n and

the cumulative function of the mixture of Gaussians for n = 50, 150, 600 (we chose p3 = 1/2) for two
different choices of initial state. Below the graphs we reported the maximum difference in modulus
of the values of the two functions.

We consider a family of HOQRW with local Hilbert space h = C4, including the
walk defined in Example 3.1.2. We introduce the parameters p1, p2, p3 ≥ 0 such that∑3

i=1 pi = 1
2

and define left and right Kraus operators

L =



1
2
√

2
0 0 0√

p1

2
1√
2

0 0√
p2

2
0 1√

2
0

−
√

p3

3
0 0 2√

3


, R =



√
3
8

0 0 0

−
√

p1

2
1√
2

0 0

−
√

p2

2
0 1√

2
0√

2p3

3
0 0 1√

3


.

Notice that Example 3.1.2 corresponds to the case p1 = p2 = 0, p3 = 1/2.
This family of local channels revealed to be very useful since, though with a low

dimensional local Hilbert space, it can display already a more sophisticated structure
of the decomposition of the local space. Indeed, the transient subspace is non trivial
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and the recurrent subspace is reducible as a sum of two χα, one which is a minimal
enclosure and one which is not.

Let {ei}3
i=0 be the canonical basis of h. It is immediate to see, for instance by

computing explicitly the invariant states of the corresponding local channel L, that
T = span{e0}, R = span{e1, e2, e3} and the decomposition of the recurrent space is
the following:

R = span{e1, e2}︸ ︷︷ ︸
χ2

⊕ span{e3}︸ ︷︷ ︸
χ1

.

With simple direct computations one can find the parameters of the limit Gaussians:
for the enclosure χ2 it has mean m2 = 0 and variance D2 = 1, while for χ1 it has
parameters m1 = −1

3
and D1 = 8

9
.

For this walk, depending on the different choice of the initial state ρ, we can observe
either only one of the two Gaussians or various mixtures of the two Gaussians. When
the ρ(k)’s are all contained in a same χα, then we shall see only the Gaussian associated
with the same χα, α = 1, 2.

In order to consider the asymptotic behavior, we need the following absorption op-
erators:

A(χ1) = 2p3 |e0〉 〈e0|+ |e3〉 〈e3| , A(χ2) = 1h − A(χ1).

We can take for simplicity X0 = 0 and it will be particularly interesting to consider
an initial state ρ supported in the transient subspace, and so of the form ρ = ρ0⊗|0〉 〈0|,
with ρ0 = (ρ0(i, j))i,j=0,...3 a non negative unit-trace matrix in M4(C). Then we can
explicitly compute the weights of the Gaussian mixture appearing in the generalized
CLT, which will be given by the quantum absorption probabilities

a1(ρ) = 2p3ρ0(0, 0) + ρ0(3, 3),

a2(ρ) = 1− a1(ρ) = 2(p1 + p2)ρ0(0, 0) + ρ0(1, 1) + ρ0(2, 2).

We illustrate our result also by numerical simulations. We used N = 5 × 104 samples
of Xn√

n
for n = 50, 150, 600 in order to estimate their probability distribution and we

compared it with the expected convex combination of Gaussian measures. Figures 3.1
and 3.3 show the histograms of Xn−X0√

n
at the three different times (n = 50, 150, 600)

for the choice p3 = 1
2

and for two different choices of the local initial state ρ0. In Figure
3.5 we reported the empirical and the expected cumulative function. The same plots for
the choice p3 = 1

6
are reported in Figure 3.6. Once again we remark that, tuning initial

state and absorption rates the Gaussian laws in the mixture do not change, but only their
weights.

Finally, numerical simulations can also help us to have a better intuition of the
behavior of the processes (Yn)n used to introduce the laws of the family P′ρ (recall
Lemma 3.2.1). In this example, since m1 6= m2, the decompositions of the recur-
rent space in equation (3.8) and in equation (3.17) coincide. For the enclosure χ1,
for instance, the corresponding process Y 1

n = tr (χ1ρn) helps us to select the trajecto-
ries absorbed in χ1. In Figure 3.7 we trace the trajectories of (Y 1

n )n along 800 steps,
which show how Y 1

∞ is a Bernoulli random variable with parameter Eρ[tr (A(χ1)ρ0)];
hence in this case P1

ρ(·) (defined as in relation (3.14)) is equal to Pρ(·|E1) where
E1 = {Y 1

∞ = 1} = {limn→+∞‖ρn − pχ1ρnpχ1‖ = 0} and it represents the proba-
bility obtained conditioning Pρ to the event of “being absorbed in χ1”.
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Figure 3.6: We consider the trajectories obtained choosing p3 = 1
6 and starting in the state ρ0 =

1
8 |e0〉 〈e0| +

7
8 |e3〉 〈e3|. Panel (a) reports the histograms of (Xn − X0)/n for n = 50, 150, 600

(red lines correspond to the meas of the Gaussians in the mixture). Panel (b) shows the empirical
cumulative function of (Xn−X0)/n and the cumulative function of the mixture of Gaussians; under
the plots we report the maximum difference in modulus between these functions.

(a) The graph represents N = 104 trajectories of Y 1
n along 800 steps (ρ0 = |e0〉〈e0| and

p3 = 1
6

).

(b) The graph represents N = 5 among the previous trajectories.

Figure 3.7: The behavior of Y 1
n .
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Note that the frequence of trajectories such that Y 1
800 > 0.99 is equal to 0.3388, and

the frequence of trajectories for which Y 1
800 < 0.01 is 0.6612. This is in agreement with

a1(ρ) = Eρ[tr (A(χ1)ρ0)] = 1
3
. On the other hand, if we consider the enclosure V :=

span{e1, e3}, it is easy to see that the corresponding measure P′ρ cannot be obtained

from Pρ conditioning on some event, since its density is dP′ρ
dPρ = 3

2
1E1 + 3

4
1EC1 : Figure 3.8

shows the trajectories of Yn up to n = 800 which converge to 1 on E1 (in a percentage
of 0.3355) and to 1/2 otherwise.

(a) The graph represents N = 104 trajectories of Yn along 800 steps (ρ0 = |e0〉〈e0| and
p1 = p2 = p3 = 1

6
).

(b) The graph represents N = 5 among the previous trajectories.

Figure 3.8: The behavior of Yn.
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