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Abstract

Two compressible immiscible fluids in 1D and in the isentropic approximation are considered.
The first fluid is surrounded and in contact with the second one. As the Mach number of the
first fluid vanishes, we prove the rigorous convergence for the fully non-linear compressible
to incompressible limit of the coupled dynamics of the two fluids. A key role is played by
a suitably refined wave front tracking algorithm, which yields precise BV, L' and weak*
convergence estimates, either uniform or explicitly dependent on the Mach number.
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1 Introduction

This paper is devoted to the compressible to incompressible limit in the equations of isentropic gas
dynamics, a widely studied subject in the literature, see for instance the well known results [12, 13,
141 [15], the more recent [I§], the review [16] with the references therein and the monograph [10]
for the Navier Stokes equations. For Euler equations, the usual setting considers regular solutions,
whose existence is proved only for a finite time, to the compressible equations in 2 or 3 space
dimensions. As the Mach number vanishes, these solutions are proved to converge to the solutions
to the incompressible Euler equations.
Consider for instance the isentropic Euler equations in the three dimensional space:

Op+V - (pu) =0 Plp)>0, P (p)>0,
O (pu) + V- (pu@u) +VP(p) =0,  (t,x) € [0,+00] x R®.

where p is the fluid density, u is its speed and P(p) is the pressure. For smooth solutions, this
system is equivalent to

10) u-V V-u=0

{ Vet (1.1)

Btu—I—u-Vu—i—%Vﬁ(p):O.

The Mach number is the ratio between the speed of the particles and the sound speed; it can be
introduced into the equations in at least two different ways [16].

First, following [I4], since the incompressible limit can be understood as the limit when the
Mach number tends to zero, one begins by rescaling the fluid velocity u — ku where k is a
small parameter that eventually converges to zero. In order to capture the motion of the particles
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traveling with a small speed of order of x one needs a space-time rescaling, ¥ — x 7, which allows
to obtain, in the rescaled variables, the system

Op+u-Vp+pV-u=0
(1.2)
6tu+u~Vu—|—%$V?(p):0.

Alternatively, the same system is considered in [I3], but motivated by the following approach,
see [I3], [15]. Consider fluids having equations of state P,(p), parametrized by k, such that the

speed of sound \/P;(p) — +ooas k — 0:

Op+u-Vp+pV-u=0
- (1.3)
8,5u—|—u-Vu—&—%VPN (p) =0.

The two approaches coincide if the one parameter family of pressure laws P, (p) satisfies

P = 57 (o), (1.4)

where P is the fixed pressure law as in .

In the incompressible limit, the density is constant in time and space so that the functional
dependence of the pressure on the density is lost. Therefore, it is convenient to use the pressure
instead of the density as unknown variable. Since ?; (p) > 0, we can take the inverse function

N1
R, (p) = (PN) (p) and rewrite (1.3)) using the pressure p as unknown:

R/
Rzgg [Oip+u-Vpl+V-u=0

6tu+u-Vu+ﬁ(p)Vp:0.

As k — 0, F; (p) = 400, therefore R (p) — 0, and R, (p) — p, where p is the constant density
at the incompressible limit. Formally, we get the incompressible equations

V-u=0

atu—l—u-Vu—&—%Vp:O.

In [12] 3] this limit is proved to hold for smooth solutions and small times. The heart of the
matter is finding energy estimates, uniform in the small parameter x.

Here, we obtain similar convergence results, in a 1D setting, for all times and within the
framework of merely BV weak entropy solutions, following the papers [0} [7, [8] [TT].

The next section describes the physical setting. Section [3| presents the key estimates and the
main convergence results. All technical details are deferred to Section [4]

2 Two Immiscible Fluids

In a 1D setting, an incompressible fluid behaves like a solid and its speed is constant in space.
Therefore, we consider two compressible immiscible fluids and let one of the two become incom-
pressible, yielding a singular limit for a free boundary problem. Below, we consider a volume of a
compressible inviscid fluid, say the liquid, that fills the segment [a(t), b(t)] and is surrounded by
another compressible fluid, say the gas, filling the rest of the real line (see Figure [1)). We assume
that the gas obeys a fixed pressure law P, (p), while for the liquid we assume a one parameter



Sy

Figure 1: The two immiscible fluids: the liquid is in the middle, while the gas fills the two sides.

family of pressure laws P, (p) such that ?; (p) = +0o0 as k — 0. The total mass of the liquid is

fixed: [ b(:) p (t,x) da = m. Since the two fluids are immiscible, the introduction of the Lagrangian

coordinate z and of the specific volume 7 is a natural choice [I7]:
¥ 1 - (1 — (1
z(t,z) = ()p(tvﬁ) d, =2, Py(r)=Py( =), Pu(r)=Ps(=). (21
a(t
In these coordinates, the liquid and gas phases become the fixed sets (see Figure

£ =10,m| and G=R\]0,m[.

Ny

By(7) Pi(7) By(7)

Figure 2: In Lagrangian coordinates, the boundaries separating the two fluids are fixed.

On P, (1) and P, (1), we require the usual hypotheses and the incompressible limit assumption:
Py (1), P (1) > 0; P; (1), P. (1) <0; P;/ (1), P/ (1) >0; P.(7) 20 . (2.2)
In the isentropic approximation, the dynamics of the two fluids is described by the p-system [9]

P,(r) forzel

8{7’ — 82’1) =0
2.3
{ P, (r) forzeg, (2.3)

where Py (z,7) =
o + 0, P; (2,7) =0,

v(t, z) being the speed of the fluids at time ¢ and at the Lagrangian coordinate z.
The Rankine-Hugoniot conditions for ([2.3)), applied at z = 0 and z = m, imply the following
interface conditions (conservation of mass and momentum) for a.e. ¢t > 0:

{ v (t,0-) = v(tO—i—) { v(t,m—) = v(tm+)
Py (1(t,0-)) = P (7 (t,04)) , Py (7 (t,m=)) = Py (1 (t,m+)).

In other words, the pressure and the velocity have to be continuous across the interfaces. Hence,
the pressure is a natural choice as unknown, rather than the specific volume. Therefore, we
introduce the inverse functions of the pressure laws

To0) =Pyl (), Tulp) =P (), Ti(p) “2%0, (2.4)

the last limit being a consequence of (2.2)). Rewrite system (2.3) with (p,v) as unknowns

Te(p) forzel (2.5)
Ty (p) forzeg.

nTs (z,0) —0,v =0
8{0 + azp = 07

where Ty (z,p) = {



The conditions at the interfaces become continuity requirements on the unknown functions:

{v (t,0-) = v (t,0+) {1} (t,m—) = v (t,m+)

p(t,0—-) =p(t,04) p(tm—) = p (£, m+) for a.e. t > 0. (2.6)

The choice of these unknowns significantly simplifies the study of the Riemann problem at the
interfaces.

Particular care is necessary to select the one parameter family of pressure laws, the main
constraint being the validity of for all k. Indeed, ensures that we recover the same
equations obtained through scaling and studied in [12, 13]. The family P, (p) = 5P (p) chosen
in [I2] diverges to 400 as k£ — 0. This is not a problem when studying only one fluid as in [12]
because the pressure enters the equations only through its gradient. In our case, the value of the
pressure is very relevant, since it enters the interface conditions . Therefore, we cannot allow
the pressure to grow nonphysically to +00. We fix the density p of the incompressible fluid in the
limit and impose that the pressure at that particular density p is a constant, independent of :

P.(p)=p, forallke]o,1]. (2.7)

Now, choose a fixed pressure law P = P(p) (for instance, an admissible choice is the usual y—law
P (p) = kp? with v > 1) and apply conditions (L.4) and (2.7) to get the following expression for
P, (p), with P (p) = p:

T _
Po(p)=p+— [P(p) - 5] . (2:8)
which, with the substitution p = %, becomes:
_ 1 _
PK(T):ZH'E[P(T)—Z?] (2.9)

Finally, in term of the inverse functions 7, = P;! and 7 = P~!, we have

1
L) =T (a2, ImT(p)=T0) == (2.10)
In [7, 111, is approximated linearly:
T(p+#2(0—5) =T B)+rT B) (0 —5) = 7+ KT (B) (0 - ) , (2.11)

so that the liquid phase turns out to be governed by a linear system. This approximation makes
all the estimates simpler. Here we study the Cauchy problem in the fully non linear case

7'(;154—112(17—;5)) for z € £

2.12
Tq (p) for z € G. (2.12)

{atﬁ (va) - azv =0 where 7; (Z,p) _ {
0w+ 0.p =0,
Colombo and Schleper in [8 Theorem 2.5] proved that for any fixed small k£ > 0, there exists a
Lipschitz semigroup of solutions to , but their estimates are not uniform with respect to .
Therefore, as k — 0 the Lipschitz constant of the semigroup could blow up and its domain could
shrink, becoming trivial. Here, we provide a full set of new estimates either uniform in x, or with
the dependence on k made explicit. To this aim, we substantially improve the wave front tracking
construction in [4] [§], devising and exploiting a different parametrization of the Lax curves.

The main result of this paper states the rigorous convergence at the incompressible limit in



the liquid phase of the solutions to (2.12)) to solutions to

at,];(p) —-0.v=0 .

{8{0 +0:p=0 z€g £88;

b — p(tyo—);f(tmﬁ) liquid; (2.13)
v(t,0—-) = () immiscibility and mass
v(t,m+) = wv(t) conservation.

Note that the liquid speed v(t) is independent of the Lagrangian variable z. Therefore, we choose
a constant v in the liquid region at time ¢ = 0 before letting x — 0. In this very singular limit, the
sound speed in the liquid phase tends to 4+oc0; the density converges to a fixed reference value p;
the graph of the pressure law P, (7) becomes vertical and the eigenvectors of the Jacobian of the
flow tend to coalesce. Moreover, the pressure in the liquid wildly oscillates but, remarkably, we
are able to prove the weak* convergence of the pressure to the linear interpolation of the traces of
the pressure at the sides of the liquid region, as is to be expected based on physical considerations.
A linear example, where all the components of this singular limit can be explicitly computed, can
be found in [6].

Recall that problem , respectively , is well posed in L! globally in time, see [8]
Theorem 2.5], respectively [3, Theorem 3.6].

3 Main Result

Throughout, we require that the pressure law P, in the gas phase and the one parameter family
of pressure laws P, in the liquid phase, as defined in (2.9)), all satisfy the condition

(P): P e C3(]0, +00[;]0,400[), P' <0 and P" > 0.

The standard choice p(7) = k/77 satisfies this condition for all k¥ > 0 and y > 1.
As a starting point, we provide the rigorous definition of solutions to (2.5]), with reference to [4]
Chapter 4, Definition 4.3 and Admissibility Condition 2].

Definition 3.1. Fiz T > 0 and k > 0. By weak solution to (2.5) we mean a map
(p,v) € C° ([0,T); (Le N BV)(R;R* x R))

such that (2.5) holds in distributional sense. The weak solution u is a weak entropy solution
to (2.5) if both its restrictions to L and to G are weak entropy solutions in the sense of [4,
Definition 4.3].

Introduce the mathematical entropy flow ¢ = pv of (2.5)), the equalities (p, v)(¢,0—) = (p,v)(t, 04)
and (p,v)(t,m—) = (p,v)(t,m+) (consequences of the Rankine-Hugoniot conditions) imply that
the entropy flow is continuous and hence that the entropy is conserved across both interfaces.

In the case of (2.13)), we recall [2, Definition 2.5].

Definition 3.2. Fiz T > 0. By a solution to (2.13|) we mean a pair of maps

(v v) € C°((0.T]: (L NBV)(G:E' xB))
v € WU([0,T;R)

such that:

1. (p*,v*) is a weak entropy solution to { 0



2. for a.e. t €10,T], vy(t) = L (p*(t,0—) — p*(t,m+));

3. for a.e. t € [0,T], v*(t,0—) = v*(t,m+) = v ().
The existence of solutions to (2.12) follows from the next theorem, that also provides the basic
estimates for the subsequent compressible to incompressible limit. In this context, a natural re-

quirement is the smallness of the total variation of the initial datum. Aiming at the incompressible
limit, it is natural to introduce the weighted total variation

WTV, (p,v) =TV (p,R) + TV (v,G) + % TV (v, L) (3.1)

whose boundedness requires that the initial total variation of the particles speed in the liquid
vanishes with «.

Theorem 3.3. Fiz the total mass of the liguid m > 0 and a pressure p, > 0. Let P, P, satisfy (P),
define Ty as in (2.4) and Ty as in (2.10). Then, there exist positive 6, A, L, k. with k, <1 such
that for any k € |0, k[, for any initial datum (p,) € Li .(R;RT x R), under the assumptions

WTV,.(p,0) <6, ||p —po||LM(R;R) <4, 0(04+)=2(0) and o(m—)=10(m), (3.2)

problem (2.12)) with initial datum (p, ) admits a weak entropy solution (p®,v") in th e sense of Def-
inition defined for allt € RT. Moreover, since the specific volume is T(t, z) = Ty (z,p"(t, 2)),
for any t,t1,t5 >0

WTV,. ((p%,0")(t,) < A,
TV (p"(t,), L) < A, [, |p"(t2,2) — p*(t1,2)|dz < L L[ty — ta],
TV (v5(t,), L) < kA, [, |v5(ta, 2) —v"(t1,2)|dz < Lty — t1],
TV (75(t,-), L) < K2A, [ |75(t2, 2) — 7%(t1,2)| dz < KL |t2 — t4, (3.3)
TV (p"(t,-),G) < A, Ig |p™(t2,z) — p*(t1,2)|dz < Llta —t1],
TV (v5(t,),G) < A, [5|v"(t2,2) —v"(t1,2)|dz < Ltz —t]
TV (75(t,),6) < A, [ | (t2, 2) (t1,2)|de < Lty — i
forany z,z1,20 € L
TV (p(2),RT) < &, [ [p"(t,22) — p"(t,z1)|dt < Lz — 2],
TV (v7(-,2), RT) < A, [or [07(t, 20) — v"(t,21)| dt < KL |29 — 21, (3.4)
™V (T”(~, z),R*) <kKA, fR+ |T”(t, 29) — TH(t, zl)’ dt <KL |29 — 21];
for any z,21,20 € G
TV (p"(-,2),RT) <A, [or [p¥(t 22) — p™(t,21)| dt < L |20 — 2],
TV (v5(-,2),RT) <A, [o, |[v5(t, 22) — 0" (t, z1)| dt < L|zg — 2], (3.5)
TV (T“(~,z),R+) <A, fR+ \T"‘(t,zg) — T”(t,z1)| dt <L|zo — 21];
for any z,z1,20 € R
TV (p"(-, 2),RT) < %, Jar |p"(t,22) pe(t, 21 ’dt <L |20 — 21, 5

TV (U“(-,Z),]R"’) <A, e |v"(t,22) — v"“(t,zl)‘ dt < Llzg — 21].



The above existence result can be completed with uniqueness and Lipschitz continuous depen-
dence of the solutions on the data exploiting the results in [8 Theorem 2.5]. Note however that
the estimates provided therein, differently from the ones presented here, are not uniform in «.

We now pass to the key limit xk — 0.

Theorem 3.4. Fix the total mass of the liquid m > 0 and a pressure p, > 0. Let P, Py satisfy (P),
define Ty as in (2.4) and T as in (2.10). Let §, A, L and k. be as in Theorem . For any
v, € R and (p,0) € L ((R;RT x R) satisfying

loc

16 = Poll e gy <0, TVP)+TV(0)<é and 9(2)=v, Vzel[0,m], (3.7)

the Cauchy problem for (2.12|) with initial datum (p,0) admits for any k € |0, k*[ a weak entropy

solution (p",v"™) satisfying (3.3) — (3.4) — (3.5) — (3.6).

Moreover, there exist functions

p* € C°(RT;(Li,, NBV)(G;R")), m € LORT x LiRY),
v* € CO(RT;(LL,NBV)(R;RT)), vy € WLR(RTR),
such that (p*,vl*g) and v; solve (2.13)) with initial datum
0 0)0,2) = (,0)() ae 2€G
v(0) = v,

in the sense of Definition[5.4 Up to subsequences, as k — 0,
ve(t,) — vt () in L (R;R), t>0
(

v (z) = v (,2) in L. (RT;R), zeR

TV (0*(t,-),R) < A, [o|v*(ta,2) —v*(t1,2)[dz < Llta—ti], tt1,t2>0, (3.8)
TV (v*(-,2),R") < A, [or ’v*(t,zQ)—v*(t,z1)|dt < Llz—2], 221,22 €R,
v*(t,2) = v(t), ae (t,2) € RT x L.

pi(t,) = pr(t) in Li(GR), t=0

p°(,2z) — p*(,2) i LL. (R%R), z€g

TV (p*(t,-),G) < A, [5|p*(ta,2) =p*(t1,2)|dz < Llta—ti|, t,t1,t2 >0,

TV (p*(-,2),RT) < A, [o) }p*(t,zg)—p*(t,zl)‘dt < Llzm—2l, z2,2€6G, (39)
pi() = m(ye), in L®(Lx RTRY),

p(t,z) = (1=2)p*(t,0-)+ Zp*(t,m+), ae (t,2) ERT x L,

t
() — T, uniformly in L x RT.
where the specific volume is 7°(t,z) = Tx, (z’pﬂ(t’ z))

From the Eulerian coordinates’ point of view, the locations of the boundaries of the liquid phase
can be recovered through a time integration. Let x = a, be the initial location of the left interface
that we keep fixed with respect to k. Since in Theorem the initial pressure is chosen inde-
pendently of x, the initial specific volume in the liquid is given by 7%(z2) =T (}3 + K2 (ﬁ(z) — p)),
which may depend on k. The total mass m of the liquid is fixed. Hence, the initial location of
the right interface in general depends on k, say x = b%. Since 77(z) — T as kK — 0, we have
b% — b, = a, + m7. Note however that in the particular case of constant initial pressure p(z) = p
in the liquid, also b turns out to be independent of x.

Let a”*(t) and b"(t) be the locations of the interfaces (in Eulerian coordinates) at time ¢ for
positive , while a(t) and b(t) be the corresponding limits as x — 0. Then, we have:

a®(t) = a0+/0 v (£,0) d¢ a(t) = ao—f—/o v (&) d€

t t (310)
) = / o (6m) d b) = byt / o (€) de .



Using Theorem [3.4] we can see that the boundaries of the two phases are Lipschitz continuous
functions of ¢. Moreover, as k — 0, a® — a and b® — b uniformly on bounded time intervals. An
explicit expression for these boundaries and their limit in a linear framework can be found in [6].

4 Technical Details

Throughout, we suppose that P, P, in theorems satisfy condition (P) and denote by O(1)
a quantity that depends only on P, P; and on uniform bounds on the initial data.

We define 7,7, 74 as in , and collect below a few facts about the p-system in
Lagrangian coordinates using the (p,v) plane. Consider first the gas phase, where

1
M (p,v) = _F
- = T
{ gtlz;—&(—pg » %1(]) =0 with eigenvalues lg (p) (4.1)
i .p=0,
A3 (p,v) ——
’ T, (p)

so that the Lax shock and rarefaction curves are, see also [7],

vo—/p\/—’rf;(f)df P < Do

vo =\~ (T0) ~ To00)) 0 —po) 0> 10

VI (D posv0) =

(4.2)
) v =/~ () = T4(p)) (P—2.) P <D0
V3 (piposvo) = P -
Vo + _E(g)dg PZPm
Po
Similarly, in the liquid phase we have
1 1
AMpv) = —— -5~ -
OTp) —dw—0 o AT T ()
with eigenvalues (4.3)
atv"_azp:(). )\R( ) 1 1
, U = - - — —
2 s\ T (5+ K2 (0 — D))
and the Lax curves are
P
Uo_/ —7;'(5)(15 P < Do
VI (D posvo) = P
vo =\~ (Tal®) = Talpo) (0= p0) P2 po )
v\~ (o) ~Tawe)) 0 —p0) <10
V3 (p; oy v0) = P .
Vo + _7;;(5) d§ p > Do -
Po
Below we systematically use the parameterizations
0i = VI (Po+0iiposve)  and 0y = Vi(po + 035 po, Vo) (4.5)

of the i—Lax curve, o; being a pressure difference. Therefore, differently from the usual habit, we
have that

Lemma 4.1. Fiz L,l with L > 1> 0 and x € ]0,1]. The Lax curves (4.4]) admit the representation
Vf(l’;po, vo) = Vo — K (p - po) F (Hﬁ(p)? Hfi(po))

(4.6)
VED; Por Vo) = o+ K (p—1o) F (Ik(po), Mi(p))



1=1

1=2

o1 < 0 = rarefaction

o9 < 0 = shock

o1 > 0 = shock

o9 > 0 = rarefaction

Table 1: Types of waves and the signs of the corresponding parameters as in (4.2)), (4.4).

v
Figure 3: Lax curves (4.4) in the (p,v)-plane.
where
e(p) = p+r*(p—D),
1
/ \/—T’(ﬁx—l—(l—ﬁ)y)dﬁ r <y,
0
Py = § VT T
1
/ —T" (Yz + (1 —d)y) dv x>y
0
Moreover,

1. the function F is of class CY1([l, L)% R);

2. both restrictions Fw<y and F‘w>y are of class C2([l, L)*;R);

3. forxz,y €[l,L], F(z,y) € [\/—T’(L), \/—T’(Z)},

The proof follows from standard computations. A property that plays a key role in the sequel is

that the function F' above is independent of k.

(4.7)

Call F, the function obtained Replacing 7 with 7, in (4.7). Then, Lemma in the case
k = 1, yields a representation for the Lax curve (4.2)) in the gas phase.

Riemann Solvers. The wave front tracking algorithm below is, as usual, based on the (possibly,

approximate) solutions to Riemann problems.

Throughout, we fix a reference pressure p, > 0. By Galileian invariance, in the statements

below only speed differences will be relevant.



Lemma 4.2. There exists a positive § such that for all k € ]0,1] and for any couple of states
@', h), (p",v") with ‘pl — Do
(p™,v™) satisfying

+ [p" —po| < & and |v" —vl‘ < K9, there exists a unique state

Vlm(pm;prUl) = ’Um and ‘/QH(pT;pm’fUm) — 'UT .

Moreover,
+ L
K

‘pl —pm‘ +p™ =p" <0(1) ‘pl —p" (4.8)

A qualitative justification of (4.8) is provided in Figure |4} In the liquid region, the Lax curves
have a slope of order k (see Lemma[4.1)), hence a jump Aw in the velocity generates waves of order
Av/k.

t v 1,10 )
(',v") s
g1 ’>—
o) I G I
| 5 |
| | o
(pl,vl) (p",v") z | o1 P

Figure 4: Riemann problem in the liquid. Left, in the (¢, z) plane and, right, in the (p,v) plane:
1] + o2 = O(1) (|9t = p7| + 0! = 07|/

Proof. Let ¢ = (v —v')/k. We apply the Implicit Function Theorem to G(p™, p,p", ) = 0 where
G v, €) =€+ (0" = o) F (™), (@) = (0 = ™) F (ILe(p™), T ("))

to find p™ as a function of (p',p",¢), which is possible since the derivative Opm G evaluated at
pr=p =p =p,and { =0is

8pmG(p07p0;poa 0) =2F (Hn (po) aHm (po))
=2/~ (p+ 52 (po — 1)) = 2/~ T" (max {p.po}) > 0

Note also that, in a neighborhood of (p,, po, po,0), all second derivatives of G are bounded uni-
formly in &, hence the domain of the implicit function contains a neighborhood of (po, o, Po, 0)

independent of . Finally, v™ can be computed as v™ = v! — x (p™ — p') F (H,{ (p™), 1, (pl)), by

Lemma [4.1]
Finally, [.8) follows from G (pl,pl,pl,o) = G, p",p",0) = 0 and the Lipschitz continuity

of the implicit function. O

Note that Lemma [£:2]in the case k = 1 covers the case of Riemann problems in the gas phase
and slightly improves [4, Chapter 5].

The next Lemma refers to the Riemann problem between the gas, on the left, and the liquid,
on the right. The symmetric situation is entirely similar.

Lemma 4.3. There exits a positive § such that for all k € ]0,1] and for any couple of states

v" — | < 8, there exists a unique state (p™,v™)

(p',vh), (p",v") with ‘pl —po‘+|p7' —po| < 0 and
satisfying
VE(p™iph o) = o™ and V(TP 0™) ="

10



Moreover,

=] = o (sl -]+ o' - 7] (19)
" =" = O() (pr —pl‘ + 'vl — o’ ) (4.10)
% [0 =" = O(1) (pr —pl‘ + ’vl —" ) (4.11)

Proof. Let ¢ =v" —v!. We apply the Implicit Function Theorem to G(p™,p!,p", &) = 0 where
G p 0", &) =&+ (0™ =) Fy(p™.p') — s (p" — p™) F (I (p™), i (p"))

to find p™ as a function of (p!,p”, &), which is possible since the derivative 9, G evaluated at
pm:pl:pr:po andf:OiS

9pm G(Pos Pos Po, 0) = \/ _7;/(]90) +KF (Hn (po) , I, (pO)) 2 \/ _7;/(1)0) >0.

Note also that, in a neighborhood of (p,, po, po,0), all second derivatives of G are bounded uni-
formly in &, hence the domain of the implicit function contains a neighborhood of (p,, po, Po, 0
independent of . Moreover, v™ can be computed as v™ = v! —(p™ —p) F,(p™, p'), by Lemma

Concerning the latter estimates, use G(p™, p!, p",v" — v') = 0 to obtain

g = ol =" 4k (p" = p)F (I (p™), T (p"))
Fy(pm,p') + £ F (T (p™), I (p7)

T

which implies (4.9) and, together with the simple inequality [p™ — p"| < [p™ — pl‘ + ’pl —p

proves (4.10). Finally, the equality v" —v™ = k (p"—p™) F (H,i(pm), H,{(pr)), together with (4.10)),
proves (4.11]). O

‘ also

Definition of the Algorithm. We modify the standard construction of the wave front tracking
algorithm, see for instance [4, Chapter 4].

First, we identify the state u by means of the pair (p,v). Indeed, we choose to parametrize
the Lax curves as in 7 and, hence, the waves’ sizes are measured through the pressure
difference o between the two states on the sides of the wave.

Second, we introduce two strips around the two interfaces z = 0 and z = m, where all 1-waves
have speed —1 and all 2-waves have speed 1. This, together with [I, Lemma 2.5], allows to avoid
the introduction of non-physical waves, significantly simplifying the whole procedure.

We consider a representative of the initial datum u € (BVﬁLl) (R,R+ X R) such that
4(0+) = a(0), a(m—) = a(m). Fix ¢ > 0. We approximate the initial datum @ by a sequence °
of piecewise constant initial data with a finite number of discontinuities such that:

V() < TV(p), [lo* -l < e,
TV(©5;G) < TV(9;6), u(z) = a(0) for all z € [—2¢2,2¢?], (4.12)
TV(e5;, L) < TV(3; L), u?(z) = w(m) forall z € [m — 2%, m + 2¢?].

Observe that a possible jump at the interfaces z = 0 and z = m is assigned to the gas region.
At each point of jump in the approximate initial datum, we solve the corresponding Riemann
problem. As usual, see [4, Chapter 4], we approximate each rarefaction wave by a rarefaction fan
consisting of e-wavelets, each with strength less than ¢ and traveling with the characteristic speed
of the state to its left. On the other hand, each shock wave is assigned its exact Rankine-Hugoniot
speed. Similarly to what happens in the usual case, there exists a constant §, > 0 such that each
of the above Riemann problems has an approximate solution as long as TV (@) < d§,. We introduce
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two strips around the two interfaces z = 0 and z = m, where all 1-waves have speed —1 and all
2-waves have speed +1:

I: =[x RT  and I =[m—e%,m+e* xR,
Hence, assign to all 1-waves entering Z= UZ speed —1, while all 2-waves entering Z= UZ are
given speed +1, see Figure

Remark that the actual values attained by the approximate solution are not changed, only the
wave speeds are modified. When exiting these strips, every wave is given back its correct speed.
By this trick, no interaction among waves of the same family may take place in either of the two
strips. This construction can be extended up to the first time ¢; at which two waves interact, or
a wave hits one of the interfaces. At time ¢1, the so constructed approximate solution is piecewise
constant with a finite number of discontinuities. Any such interaction gives rise to a new Riemann
problem solved as at time ¢ = 0, if the interaction is in the interior of the two phases, or as
described in Lemma [4.3] whenever the interaction is along an interface.

Any rarefaction wave, once arisen, is not further split even if its strength exceeds the threshold ¢
after subsequent interactions, with other waves or with the phase boundaries. The new rarefaction
waves that may arise at the interfaces are split, if their strength exceeds €, when they exit the strips
TF, since inside the strips they all travel with the same speed. We can thus iterate the previous
construction at any subsequent interaction, provided suitable upper bounds on the total variation
of the approximate solutions are available. As it is usual in this context, see [4, Chapter 7], we
may assume that no more than 2 waves interact at any interaction point, or that no interaction
happens at the boundaries of the two strips, thanks to a small modification of the speed of waves
outside the strips, where necessary.

- + - +
Z e Z: Liquid phase Z

Liquid phase

v
v

Figure 5: Left, the dashed regions are the strips Z* surrounding the liquid phase. Right, modifi-
cation to the usual wave front tracking algorithm: waves in the strips Z_ and Z are assign speed
1, if belonging to the first family, and —1, if of the second family.

Interaction Estimates. We recall the classical Glimm interaction estimates, see [4, Chapter 7,
formulae (7.31)—(7.32)], which hold for any smooth parametrization of the Lax curves:

‘Uf - Jf‘ + ’a; -0y | < 01 ‘0{05‘ (Figure [6] left),
Uf‘ + ’0‘; — (o' +0")| < O(1)|o'o"| (Figure [6] middle), (4.13)
of — (o' + ") + ’a;' < 0) |0'0”| (Figure [6] right),

where we used the notation described in Figure [6]
Aiming at the convergence result, we need more careful interaction estimates in the liquid
phase. More precisely, we seek bounds on the constant O(1) above that allow to control its

12



O.IF 0';_ O—i" O'; O'Ir U;_
(p>< ’ >/ (Po K
oy oy o o o o'

Figure 6: Left, an interaction between waves of different families. Center, an interaction between
waves of the second family. Right, an interaction between waves of the first family.

dependence on k. Remark that the choice of parametrizing Lax curves by means of pressure
differences plays a key role in this improvement.

Lemma 4.4. There exists a 57> 0 such that if the interacting waves in Figure@ hit each other in
L and all have sizes less than §, then, the following estimates hold:

‘Jf—al ’4—‘02 oy | < 01 n2‘0f0;’
o7 ) + ‘02 (o' +0")] < 0Q)K?|o'd”| (4.14)
O.If— (U +0_// _|_‘0_2 < 1 2‘0_/ //|

Proof. Consider first the case of interacting waves of different families, see Figure [6] left. Then,
with straightforward computations, Lemma leads to

G(Jf,a?,af,a{) =0 (4.15)
where
Gi(of,03,07,05) = of +03 —oy —0y
Ga(of 0F,07,05) = of F (Te(po + 7). Te(po)) = 05 F (Ta(po + 07), Ta(po + o + o))
07 F (Ta(po+ 07 +03) (o + 03)) + 03 F (Tha(po), Mapo +07))

Note that by and in Lemma the function G is of class C? and since II,, (p) = k* one can
compute

HDZG(Uf,a;Uf,U;)H =0O(1) k2. (4.16)

Loe

Moreover, G(0,0,0,0) = (0,0) and by direct computations, the Jacobian Matrix of G with respect

to 0‘1+ and o; computed at (0,0,0,0) is

a(o_j—’a_;—)G(0,0, 0, O) =

VT (Me(po)) =4/ =T (Ik(po))

‘det () 0,070)‘ =2/~ (p+ 52 (po — p)) = 2¢/~T" (max {p.po}) > 0

Hence, the Implicit Function Theorem ensures that (4.15) uniquely defines a map X of class C?2
such that (4.15)) is equivalent to
(of ,03) =%"(o1,03)

13



for all (07,05 ) in a neighborhood of (0,0) which can be chosen independently of x. Moreover,

by (IT6).

HDQZH(U;,a;)H <O(1)K2. (4.17)

By construction, the following equalities are immediate:
ZK(Ul,O):(Ol,O), EK(O,UQ):(O,O'Q).

Using (4.17), compute now

1
Siera) —ai| = | [ om0

1
= / (80_2’{"(0{,190;)—80_2’{”(071902’))&9
0 2 2

01 03

1 1
= / 0> (W oy, Yoy ) dd dY
0 0

o) KQ‘Ul_ 02_‘ .

We now consider the second estimate in (4.14]), corresponding to the case of interacting waves
both belonging to the second family. With the notation in Figure [6] middle, we have
G(UT70;7O’/’U,/) =0 (418)

where now

/ 1 / 1
Gi(of,08,0",0") of +of —o' —d",

Galof,05.0".0") = of F (Wa(po +01),10u(po) = 05 F (Wa(po + 7). Ta(po + o + )
+0'F (I.(po), M (po + 0”)) + 0" F (I (po + 0 ), My (po + 0" + 0")) .

Note that by in Lemma the function G is of class C? and since I/, (p) = %% one can
compute again

HDQG(Uf—,O’;—,O’/,O’N) =0(1)K*. (4.19)

Loe

Moreover, G(0,0,0,0) = (0,0) and by direct computations, the Jacobian Matrix of G with respect

to o] and o) computed at (0,0,0,0) is, as before,

1 1
\/—T’ (T (po)) —\/—T’ (I (po))

Hence, as before, the Implicit Function Theorem ensures that (4.18) uniquely defines a map %"
of class C2 such that (4.18)) is equivalent to

D+ 4+)G(0,0,0,0) =

(01, 05) =%"(c",0")
for all (¢/,0") in a neighborhood of (0,0) which can be chosen independently of x. Moreover.

HZDZEN(O_/7 0”)

<O(1)kK?. (4.20)
LOO
By construction, the following equalities are immediate:

¥*(o’,0) = (0,0"), ¥(0,0") = (0,0").

14



so that, using
HZR(O’/,UH) _ (0’0_/ + U_/I)H
= [z, 6") = (0,0" + o)) = (2%(c",0) — (0,0")) H

1
= o / (0,55 (0", 90") — (0,1))
0

S / 1 (00 Z7(0" 90") = (0,1)) = (9 2"(0,90") = (0,1)) ) 4

/ / g O./IZH 0'17190'//) dd dﬁ/

/ l/|

//I

= 2|0’

completing the proof of the second estimate in (4.14]). The case of two interacting waves both
belonging to the first family in Figure [f] right, is entirely similar. O

The estimates on the waves’ sizes in the case of interactions involving the interfaces are as
follows.

Lemma 4.5. There exist positive d, ¢ and K, < 1 such that, if all the interacting waves in Figurelj
have strength less than &, then the following estimates hold:

‘Uf‘ < 0 m‘af‘ + (14+0(1) (k+9)) ’0‘ ‘ 21)
4.21
‘03“ < (1—cm)’af‘+ (2+0(1)6) ’02_’
uniformly for all k € )0, k[. Moreover:
=0 = |||l =]
0y 05 >0 and oy of <0.
of +of =0y +o0y and (4.22)
+ + | .-
e N A al
oy of >0and oy of >0.
Proof. In the present case, we have
G(Jf705rﬂ0;70;) =0 (4.23)
where
Gi(oy,05,01,0;,) = of +of —oy —0oy
GQ(UIF’U;’UfﬂUQ) = o0y Fy(po,po+0y) =Koy F (Hﬁ(po +oy +05),We(po + 05))

Jro'ii_ Fg(poJrO'ii—apo) - HU;_F (Hﬁ(pOJrUii—):Hn(poJrgr +‘7;—))

with G(0,0,0,0) = 0 and Jacobian matrix

0 G(0,0,0,0)
(Gl ,02) ( \/ po —Ry/ T/ po

15



oy Liquid phase 0;'

(poa Uo)

) 0y

Figure 7: Notation for the proof of Lemma o071 , coming from the liquid phase, and o5, coming
from the gas phase, hit against the phase boundary generating O’;_ in the liquid phase and Jf in
the gas phase.

Q0145 6(0.0.0.0)| = \/=Typ0) + /=T (L) = /=Ty >0

and moreover

DQG(Ul 70-;’0-1 09 ) 0(1)
uniformly in x, which allows to apply the Implicit Function Theorem in the same neighborhood

of radius ¢ for all small «, yielding a map X*(o; ,05 ) = (O’i‘—, o ) such that
D?YF (07,05 ) = O(1) (4.24)

locally in (07,05 ) and uniformly in k. Moreover,

DX%(0,0)
— [D(U+ +)G(0,0,0,0)Tl (o= 02 G(0,0,0,0)
= 1 \/ T/ ,@(po 1 !
~T o)/~ T (o)) ~T!(p,)  —1 H\/—T’ (L (po)) —\/—7;’(po)
. 1 25/ =T (T (po)) —\/—7;’(1)0)4—/4:\/—'7’ (I (po))
T o) +ry /T (T (o)) \/_7;/(]30) _ K\/_T/ (I (po)) 2/~ T!(po)

which shows that the following bound D¥*(0,0) = O(1) hold uniformly in x. This, together

with (4.24]), implies

DZH(U;,O';) = O(l) )
so that

S5 (07, 05) = O(1) (‘01‘ + ]02]) (4.25)

since ¥%(0,0) = 0. Solve now Ga(o) 05,07 ,05) = 0 for o}, use the bound (4.25) and the
a;‘ < § to obtain:

estimates ‘Uf

)

Fyporpo to3) . F(Iloo+ 07 +07).0ulpo + 7))

ol = - o
! ? Fg(po+0fapo)

Koy (4.26)
Fg(po+01+7po) !




F (Hn(po + 01 ), (po + 0f + 03))
Fy(po+ 01 po)
< (1+0(1)9) ‘g;‘ +O(1) /@‘Uf‘ +0(1) k (‘01‘ + ’UQD

+ Koy (4.27)

= 0(1) & )af‘ + (1+0(1) (k+9)) ’02_’

which gives the first estimate in (£.2I). To obtain the second one, use Gi(of 04,07 ,05) = 0
and (4.26)(4.27):
F (ILa(po +07). Ie(po + 0 + 7))

1+k
Fy(po+ 01 ,po)

oy (4.28)

F (He(po + 07 + 03 ), Ta(po +07) ) F ,
_ 1— s or + 1+ g(pmpo"'UQ) —

o5 (4.29)
Fy(po+ 07 ,p0) Fy(po+ 01 ,p0) ) °

which implies the second in (4.21)), since for a suitable ¢ > 0,

F (TLe(po + 07 ) Talpo + o + 7))
Fy(po+07,po)

F (Ta(po + 07 +03), Ts(po + 7))
Fy(po + 01, 1o)

Fy(Po:po +03) < 1+0(1)96.
Eq(po + Uii_vPO)

To prove ([4.22), note that in the case o; = 0, ([#.28)-(#.29) imply that of and o, have the
same sign. On the other hand, by (4.26)—(4.27)

O_i‘_ _ _F(povpo+02_)
F(Po+01+7po)

> c

¢,

+0(1) H) oy

so that Uf and o5 have different signs whenever & is sufficiently small, proving the first equality

on the right in (4.22)).
Assume now that o, = 0, so that o + 04 = oy . By [£.28)-(4.29), 0, and o5 have the same

sign for x small. The second inequality in ([4.21)) then ensures that |0y

has the same sign of o, and o . O

< |oy | and hence also o7

Remark that a wave refracted at the phase boundary remains of the same type, whereas the
reflected wave changes type when it comes from the liquid and remains of the same type when it
comes from the gas, see Table [1| and (4.22)).

At any fixed positive time ¢, the approximate solution is a piecewise constant function u®(t) =
Do Ua Xoo ol If ¢t is not an interaction time, we denote by o, the size of the wave supported
asfa+1l

at z, and introduce the potentials

Vg, = Z |oa| VG, = Z |oal Ve = Z |oal

a€Gin a€Gout ace”

Qg = Z ’Ua0ﬁ| Ql) = Z |Ua Uﬁ| (430)

(a,B)€Ag (a,B)EAL
T =Kin Vg, + Voo + Ke Ve + Hg Qg +v* He Qp
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where K, K, Hg and H, are constants independent of k to be precisely defined below. Above,

we denoted
Gin  2-waves supported in |—oo, 0] and 1-waves supported in |m, +ool.

Gout  1-waves supported in |—oo, 0] and 2-waves supported in |m, 4o0].

% all waves supported in the liquid phase L.

Ag  pairs of approaching waves supported in the gas phase.

A, pairs of approaching waves supported in the liquid phase.
Here, we define as approaching two waves both supported in the same interval |—oo, 0[, |0, m[ or
Jm, +o0], either of the same family and when one of the two is a shock, or of different families
with the one of the first family on the right.

Lemma 4.6. There exist weights K;n, Kz, Hg and Hp, all greater than 1, k. € ]0,1] and a
positive § such that, for all k € 0, k.[ and piecewise constant initial data i with the corresponding
approzimate solution u® constructed by the algorithm above satisfying Y (uf(0+)) < &, the function
t— 7T (u8 (t)) is non increasing. Moreover, calling 04,03 the waves interacting at time t and point
Z, with o, coming from the left, the following estimates hold:

zZeg AT < —‘aaaﬁe’

z=0 AT < —log| -k |og|

zeLl AT < —k%|o, 05| (4.31)
zZ=m AT < —klog| —|os].

Proof. Denote by C, with C' > 1, a positive constant bounding from above all O(1) appearing
in (£.13), (#.14) and (4.21)). Choose § > 0 such that 6 < 1/(2C), and @ such that T (u®(0+)) < 4.

Suppose that at time ¢ there is an interaction and that Y (u®({—)) < 6. Consider the dif-
ferent interactions separately. Begin with an interaction in G, as in Figure |§|, using (4.13) and

definitions (4.30):

AVg,, < Clogos AQg < C ’Ua 0ﬁ|5— {Ua 05’ < —% ’Ua 05|
AVg,.,, < Clogos AQ, = 0
AV, = 0 AT < (CKZ'”‘FC*%HQHO'O[U[;’.

Consider an interaction in the liquid phase, as in Figure @ using (4.14) and definitions (|4.30):

AVg, = 0 AQs = 0
Avgout =0 AQ,C S (C HQ 0 — 1)|O—o¢ op < -1 ’004 0B|
AV, < Cli2|0'a0',3| AT < g2 (CKL—%Hg) craoﬁj

Consider now the case Z = 0, the case Z = m being entirely analogous. By (4.21), for x + 5
sufficiently small so that C'(k 4 ¢) < 1, it follows, using definitions (4.30)), that:

AVg,, < —lod AQg < 2§|0a|+g“5’05|
AVg,.. < 2loa|+Cklog] AQr < 36|oal+ 0|04l .
AVy < 3o 7Cl€|05| AT < [Q*Km + 3K, + (2Hg +3/€2H/;)5} |oa]

+r [C —cKz + (CHg + kH)d| |os)
To complete the proof, observe that choosing
1. Ky sothat C —cK, < —2;
2. K;y, so that 2 — K;,, + 3K, < —2;
Hg so that C(1+ K;,) — 3 Hg < —1;
H; < -1

Ll

H, so that C Ky —

1
2

5. 0 so that (C Hg + Hz)d <1 and (2Hg + 3H)é < 1.
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ensures that (4.31)) holds. The proof is concluded by induction on the interaction times. O

Lemma 4.7. With the algorithm defined above, if the piecewise constant initial datum u® is chosen
so that T (u(04)) < 6, with § as in Lemma (us(t) being the approzimate solution constructed
above) then there exists no cluster point of interaction points.

Proof. By contradiction, call ¢, the first time at which a cluster point (¢, z.) of interaction points
appears.

First, assume that z, # 0 and z, # m. Call U a neighborhood of (t,, z,) not intersecting the
interfaces z € {0, m}. The interactions where there are more than one outgoing waves of the same
family are those where

e two waves of the same family hit against each other originating a rarefaction fan of the other
family of total size bigger than ; and

e a wave hits an interface, resulting in a new reflected rarefaction larger than e which is
eventually split as it reaches the boundary of the strip.

Because of the estimates (4.13)), (4.14)), (4.21) and (4.31)), at any of these interactions AT < —Ze.
Hence, these interactions may take place only a finite number of times. An application of [T}
Lemma 2.5] contradicts the existence of (¢, zy).

Assume now z, = 0, the case z, = m being entirely equivalent. For a small positive 7, choose
a trapezoid N, contained in Z_ of the form

N, = {(t,z) €Tt €te —n,ts and ‘tit_z—*n’ SQ}.

By construction, finitely many waves cross the lower side of \;, and no wave may enter A, along the
two sides. Inside N, any wave can generate another wave at most once, when it hits the interface
z = z,. Inside NV,, waves propagate with speed either 1 or —1 and at interactions between waves
with different speeds, no new wave is produced. Hence, the total number of interaction points
inside NV, is finite. This contradicts the existence of a cluster point of interaction points. O

To ensure that the value of the functional at t = 0+ is sufficiently small in order that all the
above interaction estimates hold true, we need some conditions on the total variation of the initial
data. The standard estimates on the solution of the Riemann problem (see [4, Chapter 5]) imply
that, in the gas, it is sufficient that the initial datum has sufficiently small total variation. On the
other hand, in the liquid, the estimates on the Riemann problem depend on the small parameter
K, as shown in , see also Figure All this justifies the introduction of the weighted total

variation ((3.1)).

Lemma 4.8. Consider ¢ as defined in Lemma and let (p,0°) = R — Rt xR be piecewise
constant, continuous at z = 0 and z = m such that ||p° — pol|lp < 0. If u® is the approzimate
solution constructed above, then, there exists a positive C, which can be chosen bounding from

above all O(1) appearing in , and , such that
1
c WTV,.(2°) < T(u®(0+)) < C WTV,(a)

with WTV, defined as in (3.1) and Y as in (4.30) with the weights K, Ko, Hg and H; chosen
as in Lemma[{.6

Proof. Let o, be the sizes of the waves in u®(0+) and z, be their locations. Consider the estimate
on the left. The strength of a wave is the absolute value of the pressure difference between the
states on its sides, therefore, because of the weights’ choice in Lemma (they are all greater
than 1), we have

TV(5°) < TV(p*(04)) = ) loal < T(u*(0+)).

[
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The slopes of Lax curves in the gas do not depend on & (4.2)), hence, along a Lax curve, the jump
in the speed is uniformly controlled by the jump in the pressure:

TV(5%6) < TV(E(04):6) < 0(1) 3 ol < O(1) T(uf (04))

Finally, in the liquid we use (4.6) which shows that along a Lax curve in the liquid, the jump in
the speed is controlled by k times the jump in the pressure:

TV(5% £) < TV(v"(0+); £ HZ\%KO KT (u(0+)).

This concludes the proof of the left estimate.

Passing to the right inequality, recall the usual bound Y (u®(0+)) < O(1) >, || which clearly
holds also for T as defined in . Proceed using the classical estimate for the solutions to the
Riemann problems in the gas and in the liquid:

T (0+) = O(1)) loal

= 0() Z ool + Z |oal

zQ€é Za €L

= o) | Y (17 (at) =5 (a)| + [0 (2a) = 5 (20 )

~e ~ 1 ~c ~e
+ 2. (\p (Za+) =" (2a=)| + —|0%(2a+) = <za—)\)
= 0() WIV,(),
completing the proof. O

Proposition 4.9. Fiz a positive pressure p, and let P9, P satisfy (P). There exist constants
0, A, L k. > 0, with k. < 1, such that, for any x € ]0,k[, for any piecewise constant ini-
tial datum @ = (p,0), continuous at the points z = 0, z = m, satisfying WIV(a) < 6 and
ID — poll < 0, the wave front tracking approximate solution u'* = (p™°,v™°) to the Cauchy
problem for can be constructed for all times t > 0. Moreover, given the specific volume as
T (t,2) = Tw (z,p”’e (t, z)), the following estimates hold.

For any t,t1,to > 0

WTV, (u5(t,)) < A,

TV (p™e(t,), L) < A, [.|p™(ta, 2) — p™=(t1, 2)|dz < LL |ty — t4,

TV (v%(t,), L) < kA, [, |[v"F(t2,2) —v™(t1,2)|dz < Lty — ta],

TV (775(t,-), £) <wK2A, [, |75 (t2, 2) — 7%5(t1, 2)| dz < KL [ta — 1], (4.32)
TV (pe(t,),G) < A, [q[p™=(te,2) —p™=(t1,2)|dz < Lita —t],

TV (v5(t,-),G) < A, [g|v™=(t2,2) —v™=(t1,2)|dz < Lty —ta],

TV (r%°(t,-),G) < A, [; |77 (t2, 2) — T (t1, 2)| d2 < Lt — ta].
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5

vV (me(,, Z)vRJr) < %’ f]R+ |pn’5(t’ 22) _pme(tv Zl)| dt< L ‘22 - Zl‘ )

TV (v™e(, 2), RT) < A, for [075(t, 22) — v™e(t, 21)|dt < KL |2 — 2], (4.33)
)

TV (T"‘*E(-, z),RT) <kA,  [or ‘T’“’s(t, z9) — THE(t, z1)| dt <K?L |29 — 21] .
For any z,2z1,20 € G

TV (pe(2), RY) <A, fou [p0(t 22) = p™°(t, 21) | dt < L2z — 2],

A
TV (0%2(-, 2), RT) <A, [or [058(E, 22) — v™e(t, 21) | dE < L |20 — 24, (4.34)
A

TV (7%(-, 2),RT) <A, [or ’T”"’E(t,zg) - T”’E(t,zl)‘ dt < Llzg — 2] .

For any z,21,20 € R

vV (pn,e(.7 Z)7R+> < %7 f]R+ ‘pms(tv Z2) _p"ivf(t’ Z1)| dt < % |22 - Zl| ;
(4.35)
TV (v"’s(-, z),R*) <A, e |v“’5(t, 29) — v“’e(t,zl)} dt < L|zg — 21].

Moreover, the maximal size of rarefaction waves is uniformly bounded by a constant, independent
of k, times €.

Proof. Choose ¢ as in Lemma and k, as in Lemma Define § = 6/C, with C as in
Lemma[4.8] Using the piecewise constant initial data @, we use the previously described algorithm
and call u* the piecewise constant approximate solution so obtained. By Lemma we have
T (u™°(04)) < C-WTV, (@) < §. By Lemma the map ¢ — T (u*(t)) is not increasing so
that T (u™°(t)) < 4 for all positive times. Lemma [4.7| ensures that u™¢ can be constructed for all
times t > 0. Again, Lemma [4.§] implies the estimate

WTV,, (u™(t)) <CY (u™(t)) <CY (u™(04)) < C*WTV, (@) < C*§ = Co.

The estimates on the total variation of p™¢ and v in (4.32) immediately follow. To obtain
the bounds on the total variation of the specific volume in the liquid, use (2.10). The Lipschitz
continuity estimates in (4.32)) are now a standard consequence, see e.g. [4, Section 7.4], since the

wave propagation speed in the gas is uniformly bounded independently of x and in the liquid (also
in ZF) is bounded by O(1) /x.

Pass to (4.33]). Observe first that from the proof of Lemma it follows that
6035 <1 and C>1. (4.36)
As usual, we call g, the size of the wave supported at z,. For z € L, define

3C

T, (t) = W, (t) + Vz(t) + 7 T(t)

Wo(t) = Y [Ap(r.2)]
T€[0,t]

V.(t) = Y loal
a€l,(t)

L) = a: zZy € L and the wave at z, is of the first famlly.and Za > %

second family and z, < 2
() T (u™5(t))

Note that the sum defining W, is actually a finite sum, since the total number of waves is finite

by Lemma We claim that ¢ — T, (t) is non increasing. Indeed, Y, () may change its value at
a time ¢ when:
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1. A wave with size o4 crosses z and no other interaction occurs. Then, AW, (t) = ’Ap(t, z)| =
loal, AV,(t) = —|oa| and AY(t) = 0. Hence, AY,(t) = 0.

2. An interaction in G occurs and no wave crosses z. Then, AW,(t) = 0, AV,(t) = 0 and
ATY(t) <0. Hence, AY,(t) <O0.

3. An interaction in £ occurs and no wave crosses z. Then, AW, (t) = 0; calling 04, 03 the sizes
of the interacting waves, AV, (t) < Cmﬂaa 05| by (4.14) and AY(t) < —n2’0a05| by (4.31).
Hence, AY.(t) < C (1—2) n2|0a05| <0.

4. A 2-wave with size 04, coming from G, and a 1-wave with size o5, coming from L, interact at
z = 0. Then, AW, (t) = 0; by Lemma[d.5| AV (t) < (1—cr)|os|+(2+C0)|oq|; by Lemma

AT (t) < —|oa| — K|os|. Hence, AT.(t) < (1 — cx — 3C) |og| + (2 L5 %) 0] < 0.
5. Two waves interact at z = m: the same procedure as above applies.

The remaining times where Y, may change value consist in the superposition of two or more of the
cases considered above and can be dealt superimposing the corresponding inequalities. Therefore,

TV (pl{’g(" Z)) = Ssup TV (pm,e(., Z); [07 T]) sSup W, (T) < sup T, (T)
T>0 T>0 T>0
< T.(04) = V.(0+)+357(0+) < 2

provided A > 24, completing the proof of the first estimate on the total variation in (4.33). The
remaining total variation bounds in (4.33) follow from the estimates

|Av(t, 2)] <O1)k |Ap(t,z)| and |AT(t,z)| < O(1) K> |Ap(t, z)|

which hold along Lax curves by Lemma and . The Lipschitz continuity estimates in
are now a standard consequence, see e.g. [4, Section 7.4], since the wave propagation speed in
L\ ([-€%,e2]Um — %, m +€?]) is of order 1/k.

The proof of the estimates is obtained from that of completed above, formally
setting k = 1 and with obvious modifications to the definition of T,.

The estimates on all the real line are obtained choosing a common upper bound on the
total variation and a common lower bound on the wave speeds in the liquid, in the gas and in the
two strips ZF and observing that z +— u* (¢, 2) is continuous at z = 0, z = m for every ¢t > 0 in
which no wave interacts with the interfaces. Observe that a similar Lipschitz estimate does not
hold for the specific volume 7, since at z = 0 and z = m it is not continuous.

Finally, the estimate on the maximal size of rarefaction waves follows the lines in [4, Section 7.3,
Step 5]. Indeed, call &(t) the size at time ¢ of a rarefaction wave in the wave front tracking
approximation. We claim that, if in the interval [t,, 7] the wave does not leave the phase in which
it is found at time t, and does not disappear due to possible interactions with shocks of the same
family, then |5(7)| < 6|5 (t,)|-

Indeed, consider the liquid phase, let Z(¢) be the location of the wave at time ¢ and define

sit) = |a(t)|[1+6C?k*Vy(t) +24C3 kY (1)]
Vi(t) = a€l(t) |0a
I;(t) = {a:z, €L, the wave at z, is approaching the wave at z}.

The function ¢t — s(t) is non increasing in the interval [¢,, 7]. Indeed, s(t) may change its value at
the following times:
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1. At time ¢t a wave o, interacts with the wave at z(¢) and no other interaction occurs. Then,
by (LT3 A |5(t)] < C? |6(t—)on]; AVi(t) = — |oal; AT(2) < 0. Hence, by (E30),
As(t) = A fa(t)] [1+6C2k2Va (t+) + 24C3KT (1) + |5 (1-)| [6C2K2AVL (1) + 240 R AT (1)
< CK?|o(t—)oa| {1 +6C?*K20 + 24C3/$5} — 6C%k? | (t—)] |oal
< Cr? [o(t=)ou] [1 4+ 602425 + 24C%k6 - 6C |
< Cr?|o(t=)oa|[1+1+4-6C] <0.
2. At time ¢, an interaction in G occurs and no wave crosses z(t). Then, A |&(t)’ =0,AVs(t) =0
and AY(¢) < 0. Hence, As(t) <0.

calling o,

3. At time ¢, an interaction in £ occurs and no wave crosses z(t). Then, A |5 (t)| = 0;
< —Ii2‘0'a0'5’

o the sizes of the interacting waves, AVy(t) < Ck?|o, 05‘ by (4.14)) and AY (¢
by (4.31)). Hence,

As(t) < |a(t)| [6C3H4 |oaos| — 24C°K° |oaogﬂ < |6(t)]|oacs|6C%K*(k —4) < 0.

4. At time ¢, an interaction occurs at z = 0 and no wave crosses z(t). Call o, the size of the
wave coming from G, and og the size of the wave coming from £. Then, A |5(t)| = 0. By
Lemma AV,(t) < (1 = cr)|og| + (2+ Cd)|oa|; by Lemma AY(t) < —|oa| — Klog].
Hence,

As(t) < | (t)] [60252 ((1 —cr)|os| + 2+ 05)|aa|) — 2403 (\aa\ + n|aﬁ|)}

< 6C% |a(t)] {,{ ((1 —cr)|og| + 2+ 05)\%0 —4C (\0a| + n|05|>}
< 6C2%k |6 (t)] [n 05| (1= cr — 4C) + |ou| (2 + Crd — 40)] <0

5. Two waves interact at z = m: the same procedure as above applies.

The remaining times where s(¢) may change value consist in the superposition of two or more of
the cases considered above and can be dealt superimposing the corresponding inequalities proved
above. Therefore s(7) < s(t,) which implies

1+ 6C%k2V,(t,) + 24C3KY (t,)
14 6C?R2V,(1) 4+ 24C3KY (1)

lo(1)| < |a(t)] < [146025 +240%] [ (k)] < 6 |o(t)]
This proves the claim in the liquid. In the case of a wave in the gas, the argument is similar: it is
sufficient to set x = 1 in the definition of s(¢) and make the obvious modifications to the map V.
Finally, we observe now that when a wave crosses the interfaces, the refracted wave has a
strength given by the strength of the incoming wave times a constant bounded uniformly with
respect to k, for instance we can choose 3C (see Lemma . Moreover, when a rarefaction is
born, its strength is less than € and it can cross at most an interface once. Therefore, also the last
claim of the Proposition is proved with the constant 1944 C2¢. O

Proof of Theorem Use 6,A,L,k, > 0 as defined in Proposition [£.9) and choose any
k € ]0,k*[. Fix a suitable sequence ¢, strictly decreasing to 0. Approximate the initial datum
4 = (p,0) with an approximate, piecewise constant initial datum @~ satisfying , so that
WTV/{ (,&E,,) < WTVH (ﬂ) < 67 ||ﬁ8y —Po”Loc < d.

Proposition ensures that it is possible to construct a wave front tracking e,—approximate
solution (p™v, v ) that satisfies all properties stated therein.
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Using (4.32)) and (4.35]), a repeated application of Helly Theorem [4, Theorem 2.4], ensures the
convergence of a suitable subsequence, which we still denote by u"°v, to a function u" = (p*, v"*)
in the following sense

VEI}}OO ||(pN’EV7UK7€V)(t5 ) - (pli7vlﬂ)(t7 )HLl( —M M]']RJFXR) = O? fOI' any 3 2 07 M > 0
VEIEOOH(p“’Eﬁv”"E”)( z) — (p~,v" HLl([o MErxr = O for any z e R, M >0

(P, v )(07 ) (", 0%) ().

Passing to the limit in (4.32), (4.33), (4.34)), (4.35]), we obtain (3.3)), (3.4)), (3.5) and (3.6]).

Since the bounds on the total variation are uniform in € and since the strength of rarefactions
is uniformly bounded by a constant times e, standard techniques in wave front tracking [4, Section
7.4] can be used to show that the limit u” is a weak entropy solution to in the open regions
2<0,0<2z<m, z>m. By , we have that the map z — u”(-, z) is continuous in L1,
in particular it is continuous across z = 0 and z = m. Therefore, u” trivially satisfies there the
Rankine-Hugoniot conditions and the entropy (in)equality. Hence, u” is a weak entropy solution

to (2.12) in all R* x R. O

Proof of Theorem By (3.7), WTV (@) < 0 so that Theorem applies, ensuring the

existence of a solution u” = (p”, v") to satlsfymg , ., 13.5) and .
Since x < 1, from (3.3)) and (3.6) we have for v"

Tv(v(,.),R) < A, [ ot 2) —vR(t,2)|[dz < Lite —ta],  tt1,t2 >0,
( “(-,2),R ) < A, fR+|v tZQ)—v tzl|dt < Ll|zg—2z1|, z,21,22€ R

(4.37)

Helly Theorem [4, Theorem 2.4] implies the existence of a subsequence (that we call again v")
converging to a limit v* in the sense of . From the bound in on the total variation of
v* or from the Lipschitz estimate in for v in the liquid, it is straightforward to obtain that
v*(t,z) = v(t) for all z € £ and ¢ > 0, where v;(t) is a function which depends on time only,
completing the proof of and of 3. in Definition

The same procedure can be carried out for the pressure in the gas region, proving the first four
lines in . Observe that for the pressure, we cannot apply Helly Theorem in the liquid since
there the estimates blow up as k — 0. Because of the strong convergence in the gas region of both
the velocity and the pressure, the limit u* = (p*,v*) satisfies 1. in Definition and the initial
condition u*(0, z) = 4(z) a.e. z € G.

The uniform convergence of 77 in the liquid is a straightforward consequence of and of
the uniform bound on the L norm of p*.

Since the pressure is uniformly bounded, we have a weak* convergence (possibly passing to
further subsequences) p*=p* in L>® (R+ x R, R) [5, Section 4.3 Point C.]. If we define p; = pl*]R+ “r
we get the fifth line in .

By and , the second equation in can be written in integral form in [t1,t2] X L:

m m ta ta
/ v (t1,2) dz — / V" (t2,2) dz + / p* (¢,0) dt — / p* (t,m) dt = 0. (4.38)
0 0 t1 t1

Now, we use the strong convergence of both p® and v" in the gas region and the fact that in L,
v* is constant to obtain

m o (t2) ~u(®)] = [ 9 (00) de— [y (tm) a.

t1 t1

Setting t; = 0 and ¢ = ¢ in the last expression above,

v (t) = vy ( m / p*(s,m)] ds =1, (0) + %/O [p* (5,0—) — p* (s,m+)] ds
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which means that v; is Lipschitz continuous and satisfies 2. in Definition [3.2]
Observe that the non linear term 7y (z,p") converges strongly to

7 (t2) = T for z € L,
e ﬂ(p*(t,z)) for z € G,

hence we can pass to the limit in (2.12)) in distributional sense to obtain

{a’” —00" =0 R xR (4.39)

ov* + 0,p* =0,

Since in the liquid region v* (¢, z) = v;(t) with v; Lipschitz continuous, the second equation in (4.39))
becomes
0.p*(t, z) = —iy(t) in RT x L.

Therefore there exists a measurable function 5(t) such that the function
pi(t, z) = —zu(t) + B(t)

can be chosen as a representative of the limit pressure p* restricted to the liquid. This implies the
existence of the two limits

lim pi(t,2) = B(t), lim pi(t, 2) = B(t) — z0u(2).

z—07t z—m~—

The fourth line in (3.9 ensures the existence of the corresponding limits from the gas region:

lim p*(t,2) = p*(t,0), lim+ p*(t,z) =p* (t,m), ae. t € RT,

z—0~ z—m

hence Rankine-Hugoniot conditions for (4.39)) applied along z = 0 and z = m imply that the right
and the left limit of the pressure must coincide along z = 0 and z = m for a.e. t > 0. Therefore,

we have
*(t,0) = B(t
p*(, ) B() for a.e. t >0,
p*(t,m) = —miy(t) + B(t)
which implies the remaining equality to be proved in (3.9)). O
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