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ABSTRACT
Recent evidence has revealed cross-frequency coupling
and, particularly, phase-amplitude coupling (PAC) as an important strategy for the brain to accomplish a variety of highlevel cognitive and sensory functions. However, decoding
PAC is still challenging. This contribution presents REPAC,
a reliable and robust algorithm for modeling and detecting
PAC events in EEG signals. First, we explain the synthesis of
PAC-like EEG signals, with special attention to the most critical parameters that characterize PAC, i.e., SNR, modulation
index, duration of coupling. Second, REPAC is introduced
in detail. We use computer simulations to generate a set of
random PAC-like EEG signals and test the performance of
REPAC with regard to a baseline method. REPAC is shown
to outperform the baseline method even with realistic values
of SNR, e.g., −10 dB. They both reach accuracy levels around
99%, but REPAC leads to a significant improvement of sensitivity, from 20.11% to 65.21%, with comparable specificity
(around 99%). REPAC is also applied to a real EEG signal
showing preliminary encouraging results.
Index Terms— phase-amplitude coupling, brain networks, REPAC, modulation, EEG

the troughs [1, 4, 5] or at the peaks [6] of the slower component, i.e., the lower frequency band. However, in most
cases, HFO bursts (i.e., shortly lasting) have been associated
with the troughs of the LFO band, when sensory processing,
decision-making and other cognitive functions are accomplished [5]. Several metrics have been already implemented
to estimate the strength of such interaction, i.e., the phaselocking value (PLV) [7], the mean vector length (MVL) [1]
and the Kullback-Leibler modulation index (MI) [4], linear
and non linear models [8, 9]. However, they typically choose
a too narrow LFO band, excluding potentially PAC-related
information from the estimation, and the HFO band is generally either defined a-priori, based on previous empirical field
knowledge, or kept as larger as possible. This approach might
have led to that variability of results in the current literature
that makes it difficult to compare different studies, even when
they use the same PAC metric. Therefore, this contribution
aims (i) to identify the main parameters involved in the coupling and provide a way to generate PAC-like synthetic EEG
signals, (ii) to present a robust estimation of phase-amplitude
coupling (REPAC), with a novel fully data-driven model of
the high frequency component, and (iii) to provide a discussion about its performance, as well as its current limitations.
2. METHODS

1. INTRODUCTION
Cross-frequency coupling (CFC) generally labels the interaction between two components at different frequencies
in the brain [1]. Among the most common CFC mechanisms, the synchronization between the amplitude of high
frequency oscillations (HFO) and the phase of low frequency
oscillations (LFO), called phase-amplitude coupling (PAC),
has been found in many electrophysiological experiments,
both in humans and in animals, using invasive as well as
non-invasive signal acquisition methods [2, 3]. Depending
on the function to be accomplished, coupling can occur at
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This section introduces the synthetic model to simulate EEG
signals including some PAC events. Then, the newly proposed REPAC algorithm is presented.
2.1. Synthesis of a typical PAC-like EEG signal
As for the synthesis of a typical PAC embedded EEG signal,
we extend the model proposed by Miyakoshi and collaborators in [10]: a random number of PAC events (N ) are added to
a pink noise signal to achieve a specific signal-to-noise-ratio
(SN R). For the sake of simplicity, we assume that all frequency components involved in the PAC are pure sinusoids
(although they are actually, oscillations, i.e., narrow-band periodic fluctuations. A few cycles of a lower frequency sinusoid (usually in the order of a few Hz) are typically considered
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to simulate a PAC event; then, at each of its trough, a burst of
the higher frequency sinusoid (usually above 30 Hz) is embedded. This means that the highest frequency sinusoid oscillates during the duration of the trough and its amplitude is
modulated by the amplitude of the lower frequency sinusoid
[10]. As additional novelty compared to the current literature, we assume that the LFO - itself - is (very) slowly modulated in amplitude. This assumption is necessary in order to
have (periodic) PAC events in the signal, on the top of other
brain activities in the same LFO band. This results in a typical
PAC-like signal, as shown in Fig. 1. To note, its power spectral density (PSD) displays three main components: two in
the low frequency range and one (more complex) in the high
frequency range. The former reflect the presence of a low
frequency component that is modulated in amplitude during
the course of the time; the latter, instead, consists in a family
of peaks around the central frequency of the high frequency
component. Then, in the construction of the signal model,
three main parameters are considered: the SN R, the modulation index (m) and the length of the PAC event (L). Since
non-invasive EEG recordings are typically characterized by
very low SNRs [11, 12], in this contribution we consider the
values of −18, −10, −5, 0 dB for simulations. On the other
hand, m accounts for the strength of the coupling between
the low and the high frequency component. It takes values in
the range [0, 1]: the closer to 1, the higher the correlation between the amplitude of the low frequency sinusoid and that of
the high frequency one. Finally, the length of the PAC event,
namely L, has been rarely taken into account: here, values
between 1.5 s and 5 s are used. Nevertheless, this parameter
could strongly depend on the specific application or pathology under investigation.
2.2. REPAC: robust estimation of PAC
Let s[n] be a synthetic EEG signal, built as in Section 2.1
and including some PAC events (see Fig. 1). First, the trialand-error procedure, as implemented in PACT [10] (a Matlabbased toolbox included in EEGLAB [13]), is used to preliminarily define an LFO frequency band for the estimation of
the coupling. Also, a candidate HFO band is fixed, a-priori.
Here, however, a novel procedure is proposed to refine the selection of the LFO band: indeed, to ensure that the full LFO
band involved in the PAC mechanism is considered, a larger
LFO is identified as follows. The raw signal s[n] is filtered
in K different low frequency narrow bands to get the low
frequency signals {sLF O [n]}k with k = 1, 2, ..., K. Separately, s[n] is also filtered in HFO to get the high frequency
signal sHF O [n]. Then, the Hilbert transform is used to extract
the phase signals {φL [n]}k , with k = 1, 2, ..., K, from each
{sLF O [n]}k and the envelope signal AH [n] from sHF O [n].
Finally, at each time instant, n, and for each k, we form a
vector with length equal to AH [n] and with an angle equal to
φkL [n]. Then, the mean vector length (MVL) is computed as

the average through time (i.e., time instants n)[4]. The MVL
can be interpreted as the average amount of dependence between the phase and the amplitude signals, i.e., in other words
their coupling strength. Importantly, for each selection of k,
i.e., for each selection of the LFO band, we obtain an MVL
value. Then, the minimum and the maximum MVL values
(M V Lmin and M V Lmax ) are used to compute the difference: ∆M V L = M V Lmax −M V Lmin and a threshold value
M V Lth is defined as M V Lmax − 0.1 ∗ ∆M V L . Incidentally,
the coefficient 0.1 has been empirically selected. The frequency range where the averaged M V L takes values above
M V Lth is selected as refined LFO band. To note, the latter
could possibly include more than one narrow band (identified
by k). LF Obw represents the bandwidth of such frequency
range. Next, s[n] is filtered in the refined LFO band providing
an estimate of the low frequency signal, ŝLF O [n]. Given that
the phase of a sinusoid linearly increases with the frequency,
i.e., ψ[n] = 2πf n (in the ideal case), and that the LFO component is assumed to be modulated in amplitude, from the empirical measure of its phase, namely φ̂L [n], we can get an estimate of the main frequency fˆL . Therefore, the (unwrapped)
phase of ŝLF O [n] is taken by means of the Hilbert transform
m
and its slope mφ̂ is extracted providing: fˆL = 2πφ̂ . Finally,
according to the well-known AM theory [14], ŝLF O [n] is demodulated to find its slowly modulating signal ŝ1 [n]: specifically, the instantaneous power of ŝLF O [n] is computed and
an ideal low pass filter, with cut-off frequency equal to 2 Hz
is applied [15], giving the signal ŝ1 [n] (since ŝ1 [n] represents
the instantaneous power, it is always zero or positive valued).
Assuming that PAC events could be reasonably found during
intervals of time where the LFO component is at its largest
negative values (i.e., the troughs) [2, 16], the candidate PAC
periods are identified as the intervals of time where the signal ŝ1 [n] takes positive (non-zero) values. Thus, a number N
of PAC periods are identified and the raw signal s[n] is segmented into N segments, containing one PAC period each.
In order to extract the HFO component, the power spectrum
from every segment is computed and averaged to provide a
data-driven estimate of the power spectrum of the HFO component (similar to Fig. 1b). As expected, the average power
spectrum is a frequency comb [17] with a central peak at fˆH
and some side peaks, equally-spaced by fˆL . The number of
side peaks with non-negligible power is roughly 4. Therefore, HF Obw is set to 8 ∗ fˆL and the refined HFO band is
defined as: (fˆH − 4fˆL , fˆH + 4fˆL ). The raw signal s[n] is
thus filtered in this new HFO band, providing an estimate of
the high frequency PAC component, ŝHF O [n]. In order to get
a better estimation of fH , the (unwrapped) phase φ̂H [n] of
ŝHF O [n] is taken by means of the Hilbert transform. Finally,
the slope of φ̂H [n] is computed and used as estimate of fˆH .
The Hilbert transform is also used to extract the amplitude
ÂH [n] from ŝHF O [n]. Using ÂH [n] and φ̂L [n], a vector is
formed at each time point n, as explained above, and the final
MVL is computed as the average along time.
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(a)

(b)

Fig. 1. An example of 4 s PAC-like signal with fL = 5 Hz, fH = 80 Hz, m = 0.1, L = 1.5 s and SN R = −5 dB. (a) Time
course and (b) Power spectrum.

3. RESULTS
This section provides a comparison between REPAC and the
baseline method (i.e., PACT [10]), based on their ability to
identify and characterize PAC events. We considered the

Fig. 2. An example of detection of coupling mechanisms in
a synthetic EEG signal (black solid line), using REPAC (red
line) and the baseline method (blue line).
SN R values in {−18, −10, −5, 0} dB. For each of them,
we generated 10 PAC-like synthetic signals (see Section 2.1),
each including N = 200 PAC events, with random values for fL , fH , m and L, selected within the following
realistic ranges, respectively: fL ∈ {4, 5, 6, 7, 8} Hz, fH ∈
{80, 90, 100, 110, 120, 130, 140} Hz, m ∈ {0.1, 0.3, 0.5, 0.9},
L ∈ {1.5, 3, 5} s. The duration of each signal (d) was defined
as in [10] by: d = 10 × N × L × fs , with the sampling
frequency fs = 1000 Hz. For all signals, the LFO band was
initially set to (1, 30) Hz for REPAC and to (1, 15) Hz for
the baseline method, while the HFO band was initially set to
(60, 150) Hz for both methods. In order to evaluate the per-

formance of REPAC, a positive sample is defined as a sample
where coupling is occurring. Conversely, a negative sample is
a sample where no coupling is present. Thus, the groundtruth
is defined as a binary signal where positive samples are set
to 1 and negative samples are set to 0. Performance are
computed, for each synthetic signal, in terms of sensitivity or true positive rate (TPR), specificity or true negative
rate (TNR), and accuracy [18]. Fig. 2 shows the application of the two algorithms on a representative 20 s segment
extracted from the same signal of Fig. 1. In this particular
case, REPAC selects the refined LFO range as (3.1, 9.7) Hz,
HFO as (43.1, 122.9) Hz, fˆL = 5.7 Hz and fˆH = 75.6 Hz,
while the baseline method found LFO as (4.5, 6.1) Hz, HFO
as (60, 150) Hz (and no further information is given on the
estimation of fL and fH ). REPAC reaches a level of accuracy (99.49%) similar to the baseline method (99.61%).
However, the former outperformed the baseline method in
sensitivity (T P R = 65.21% with REPAC, T P R = 20.11%
with the baseline method), with a similar level of specificity
(T N R = 99.65% with REPAC, T N R = 100% with the
baseline method). Tab. 1 reports the average classification
performance across the 10 PAC-like signals. As it can be
seen, REPAC is similarily outperforming the baseline method
for other SN R values, even lower. Finally, Fig. 3 reports
the preliminary outcome from testing REPAC, in comparison
with the baseline method, on a real EEG segment from a
healthy subject.
4. DISCUSSION
REPAC allows extracting more precise information about
PAC compared to the baseline method and, particularly, more
precise estimates of fL , fH , the LFO component and the
HFO bursts (as seen in Fig. 2 and in Tab. 1). As mentioned in
section 2, the SNR, the event duration L and the modulation
index m are the three most critical parameters for character-
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SNR [dB]
−18
−10
−5
0

Table 1. Performance comparison between REPAC and the baseline method.
Accuracy (± SD) [%]
TPR (± SD) [%]
TNR (± SD) [%]
REPAC
Baseline
REPAC
Baseline
REPAC
Baseline
99.47 ± 0.01 99.43 ± 0.01 1.72 ± 0.97
1.27 ± 0.74 99.94 ± 0.01 99.91 ± 0
99.49 ± 0.09
99.61 ± 0
65.21 ± 9.22 20.11 ± 0.34 99.65 ± 0.13 100.0 ± 0
99.18 ± 0.17
99.62 ± 0
82.07 ± 2.86 20.68 ± 0.21 99.27 ± 0.18 100.0 ± 0
99.09 ± 0.18
99.62 ± 0
84.66 ± 3.01 20.68 ± 0.21 99.16 ± 0.19 100.0 ± 0

(a)

(b)

Fig. 3. An example of detection of PAC in a real EEG signal, using (a) REPAC, and (b) the baseline method. In each panel are
displayed the raw EEG signal (grey solid line), the estimated LFO component (blue line) and the estimated HFO samples (red
spots) for each method, respectively.

izing PAC [10, 19, 20, 21]. The SNR is typically very low
in EEG, e.g., −10 dB. However, the most previous literature
usually set the SNR to much higher values, e.g., above 0 dB,
or it does not even mention it. Only a few studies have reported SN Rs of −3 dB [10], −5 dB [21], and −10 dB [10].
In line with [20], we highlight that the frequency content of
LFO is not limited to the carrier frequency fL , but its band
should include side-peaks due to its AM modulation. In the
frequency domain, the widening of the LFO frequency band
is roughly proportional to L1 (depending also on the window
shape) with L standing for the window duration. According
to these new considerations, REPAC could outperform the
baseline method in the estimation of fˆL . On the other hand,
the HFO band is widely chosen by visual inspection or based
on a-priori empirical field knowledge. However, here for the
first time (as far as the author knows), the HFO is recognized
as a frequency comb [17]. As such, HFO can be properly decoded by REPAC, as described in section 2. This is also clear
from Fig. 2 and Fig. 3, where REPAC is shown to outperform
the baseline method in a PAC-like synthetic signal and in a
real one, respectively.

5. CONCLUSIONS AND FUTURE WORKS
PAC mechanisms are recently getting increasing attention,
given their potential role in shedding light on the entanglement and disentanglement of important brain networks, e.g.,
the fronto-parietal network, enabler of the working memory and other sensory functions. This contribution presents
REPAC, a reliable and robust algorithm to identify and characterize PAC events. Some limitations still deserve further
investigations: e.g., making REPAC decode the HFO bursts
embedded into the LFO peaks should be included, as some
recent works explained this coupling mechanism with the
functioning of the fronto-posterior network during working
memory tasks [16]. Moreover, phase precession can be considered in the synthetic PAC model [22]. Finally, investigating non-sinusoidal waveforms driving the PAC (i.e., further
approaching the real EEG case) could help understanding
how the brain accomplishes other complex tasks [23]. Then,
a more extensive campaign of tests on simulated and real signals should be performed to confirm the preliminary results
reported in this contribution. Given its increased detection
performance, REPAC paves the road to a more efficient modeling of the PAC that could provide new significant insights
for the explanation of brain mechanisms in many different
conditions [24, 25, 26], both healthy and pathological.
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