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Abstract
A system of partial differential equations models the magneto-hydrodynamics of
an ideal fluid in a bounded time-space domain Q = (0, τ)×BR[~0] endowed with
EUCLIDean metric and having M=3 space dimensions. The equations describe
conservation of mass, conservation of momentum and magnetic induction. The
{mass, momentum} equations correspond to the {time, space} divergence (Div[·])
of a 4 × 4 tensor denoted AEULER, which is real valued, symmetric and positive
definite, provided the terms depending on the magnetic field, ~H , are moved to
the right side. By assuming the existence of a solution to some initial-boundary
value problem, a property known as the “higher integrability” of det[AEULER] is
investigated. Articles by D. SERRE from 2018 onwards [Divergence-free posi-
tive symmetric tensors and fluid dynamics. Ann. I. H. Poincaré - Analyse Non-
lin.. 2018;AN 35:1209-1234] motivated this work. Letting Φ := p + ρfϕ,
with p pressure, ρf density and ϕ (>0) the potential of external forces, one has
det[AEULER] = ΦMρf . If the entries of AEULER are in L1(Q), then higher inte-
grability consists of ρ1/Mf Φ ∈ L1(Q) and holds provided Div[AEULER] has finite
total mass in Q. Higher integrability thus affects p and ρf , leaving out velocity, ~u,
and ~H . If a solution {ρf , p, ~u, ~H} were known to exist and comply with a number
of requirements, then higher integrability would mean continuous dependence of
ρ
1/M
f Φ on ~H . In the absence of information about existence, the L1(Q)-estimate

is a qualitative result about the dynamical system: a property of the solution is
inferred from that of det[AEULER]. Many problems are still open, some of which
are stated.

Keywords. Positive definite symmetric tensors, tensor divergence, determinant, inte-
grability gain, magnetohydrodynamics, EUCLIDean metric, ideal fluid, quasi-neutral
fluid, induction equation, conservation laws.

1 Introduction
Motivation for this work has come from recent Articles by DENIS SERRE [1, 2, 3, 4]
about the higher integrability of determinants of symmetric, positive definite tensors.
∗(1) Department of Earth- and Environmental Sciences, University of Milan Bicocca, Piazza della

Scienza N .1 - 20126 MILAN, Lombardy, IT; e-mail: Giovanni Crosta@uml.edu; Lab. ph.: +39
02 6448 2724. (2) Biblioteca Quadrelli -Crosta , MILAN, Italy - 20156 and GALLARATE, Italy, 21013.
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An attempt is made herewith at investigating such property for a tensor, the diver-
gence of which provides the equations of classical (non-relativistic, non-quantum)
magneto-hydrodynamics. In a bounded, open, convex time-space domainQ the fluid is
isothermal, inviscid, barotropic, conductive, non magnetic and neutral (SECT. 4.1). In
three spatial dimensions (M = 3) there are seven scalar partial differential equations
(K = 7) for the physical observables. In particular, the four equations which describe
conservation of m, the mass and linear momentum four-vector (N = M + 1 = 4),
coincide with the four-divergence (Div[.]), in the EUCLIDean metric, of a symmetric,
positive definite tensor AEULER (SECT. 2.2). The focus herewith is on the determinant
det[AEULER] of said tensor, which is a function only of three observables: fluid density
ρf , pressure p and the potential of external forces ϕ. If suitable hypotheses are met
and if a solution to the magneto-hydrodynamic system exists in Q, then det[AEULER] is
shown to continuously depend, in L1(Q), on the magnetic field ~H (THM. 1) as well as
on the initial and boundary data. The contents of this work can be outlined as follows.

SECT.NS 2 and 3 present a paradigm which has a heuristic basis and consists of
rules which define independent variables, select the metric and represent observables
as N-vectors. The spatial divergence operator written in row form is extended to in-
clude differentiation with respect to time and becomes Div ≡ [ ∂∂t

∂
∂x1

∂
∂x2

∂
∂x3

]. The
reference example which allows to define all quantities of interest and describe the pro-
cedure is the EULER system of classical fluid dynamics (SECT. 2.2). Measure-valued
solutions and measures of finite “total mass” must be defined (SECT. 2.3) for later use.
The EULER system equations, which have zero right sides, are immediately interpreted
as the four-divergence of a 4× 4 symmetric, positive definite and divergence-free ten-
sor, AEULER. Attention is paid to det[AEULER], the properties of which imply “higher
integrability”. LEMMA 1 outlines some of S. MÜLLER’s [5, 6] results which, in the
present context at least, have historical relevance. SECT. 3.2 contains LEMMA 2, taken
from D. SERRE’s Articles [1, 2]. The proof is carried out for a tensor of non-zero di-
vergence and as such extends to LEMMA 3 and THM. 1 of SECT. 4. Application of
LEMMA 2 to the EULER system yields PROP. 1: integrability is “higher” because the
determinant, as a product, is shown to satisfy |det[AEULER]|1/M ∈ L1 notwithstanding
the entries of AEULER are themselves in L1(Q).

SECT. 4 applies the paradigm to a system of classical magneto-hydrodynamics.
The approximations needed to arrive at tractable constitutive equations for the fluid
are discussed in SECT. 4.1. The evolution equations are derived (PROP. 2). The first
four are the divergence of a 4 × 4-tensor which is still AEULER: the four-vector on the
right side is no longer zero. In order to arrive at the corresponding higher integrability
estimate, the “total mass” ||Div[AEULER]||Mb[Q] of Div[AEULER] (Sect. 4.3) must be fi-
nite. Accordingly, Sect. 4.5 provides the L1(Q)-estimate for the determinant (LEMMA
3). Application to det[AEULER] is covered by THM. 1, where INEQ. 52 is the final
result. For the latter to be attained, a solution to the initial-boundary value problem of
magneto-hydrodynamics must exist and comply with a number of requirements. If ~H
were known, then INEQ. 52 would state the continuous dependence of ρ1/M

f Φ on ~H .
In the absence of information about existence, the L1(Q)-estimate is part of the quali-
tative investigation of a dynamical system: a property of the solution is inferred from
the determinant of a 4× 4 tensor. The latter, in turn, is formed by the “antiderivatives”
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of four equations out of the system.

2 The paradigm: systems in divergence form

2.1 Heuristics: independent variables, metric, observables, N-vectors
and N-Divergence

In the time-space domain Q = [0, τ) × Ω, where τ > 0, possibly τ → +∞ and
Ω ⊆ RM , 1 ≤ M ≤ 3, there are N := 1 + M independent variables {t, ~x}, of which
t is time and the other, forming the M -vector ~x, are space-like. Hence

y =

(
t
~x

)
≡ [ t ~x ]Trs (1)

is the prototype of an N -vector, in spite of the questionable notation on the right side.
On a heuristic basis, one can endow Q with the EUCLIDean metric. The model of a
physical system may contain equations which formalise physical laws and contain K
(≥1) observables, the dependent variables. In general, there is no relation between K
and N . One begins with regarding time as a parameter and looking for M -vectors of
observables, the evolution laws of which are described by equations containing (partial)
time derivatives. In this context, to each point ~x in the space-like domain Ω ⊆ RM one
attaches the tangent space T~xΩ, to which the M -vector of velocity ~u belongs, as well
as linear momentum. Next, within the same heuristic scheme, one regards time as
an additional coordinate and one obtains the ordered N -tuple, or N -vector, y ∈ RN
of independent variables. In the corresponding TyQ one can introduce an N -vector
of observables: the prototype is formed e.g., by time derivatives according to u =
[1 ~u]Trs. For example, if M = 3 then, in classical (≡ neither quantum nor relativistic)
fluid dynamics, another four-vector is m = ρfu ≡ [ρf ρf~u]Trs, where ρf is density
of mass, ~u the fluid velocity and, therefore, ρf~u is the density of linear momentum.
According to the standards of conservation laws [7], the spatial divergence operator,
denoted herewith by∇~x · [.] and applied to a three-vector (giving rise to∇~x ·~u) or to a
3× 3 tensor (giving rise to∇~x ·T), is extended to include differentiation with respect
to time and, when applied to an N ×N -tensor is denoted by Div ≡ [ ∂∂t

∂
∂x1

∂
∂x2

∂
∂x3

].
Such extension is carried out by analogy with electromagnetism, where a four-vector
such as {electric charge, current} = [ cρe ~j ]Trs is formed. The difference is in the
metric: EUCLID’s applies to classical hydrodynamics, MINKOWSKI’s applies when
variables transform by the LORENTZ group.

2.2 Example: the EULER equations of classical fluid dynamics
If the N -vector of macroscopic observables complies with conservation laws which, if
written in local form, give rise to as many (N ) partial differential equations as there
are independent variables, then an N × N system of equations is obtained. Since
conservation laws are traditionally written in divergence form, then one asks: “is there
an N ×N tensor A, playing the role of antiderivative, such that Div[A] yields the N
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system equations?” More generally, if K(>N ) conservation laws are given, do N of
them correspond to Div[A] for some A as above ?

NOTATION.
• Throughout this work N = M + 1.
• TheN -divergence of anN -vector a is denoted by∇y ·a, that of anN×N -tensor
R by Div[R].
• The dyadic product operator of M -vectors is denoted by ⊗M .
• Even if the value of M is sometimes fixed (e.g. M = 3), the subscripts of 3× 3
tensors and of the dyadic product will still be M .
• The dyadic product of N -vectors a, b is denoted by a)(b; for example, the dyad
between large brackets (∇y)(∇y)[.] stands for the HESSian of a smooth function
of y(∈ RN ).
• The contracted product of N ×N tensors R, S is denoted by R : S; in particular
IN : S stands for the trace of S.
• The statements of a DEFINITION (DEF.), a LEMMA, a PROBLEM (PBM.), a
PROPOSITION (PROP.) and a THEOREM (THM.) are in italics.
• The text of a Proof is in a smaller font size; the end is marked by ./. The text of
a REMARK is italicised and indented.

The A which one is looking for can be determined from the equations which de-
scribe the motion of a non-relativistic, isothermal, inviscid fluid subject to external,
conservative forces i.e., by the EULER system. By letting M = 3, the system in Q
reads {

∂tρf +∇~x · (ρf~u) = 0

∂t(ρf~u) +∇~x · (ρf~u⊗M ~u) +∇~x(p+ ρfϕ) = ~0
. (2)

Here p is the fluid pressure, ϕ the known scalar potential of external, ~x-dependent
forces (such as weight, which gives rise to e.g., ϕ = gx3). If one introduces the tensor
AEULER ∈M[4, 4], written in block form according to

AEULER :=

[
ρf ρf (~u)Trs

ρf~u ρf~u⊗M ~u+ (p+ ρfϕ)IM

]
, (3)

then the system of EQ.NS 2 is rewritten as

Div[AEULER] = 0 . (4)

Before stating some initial-boundary value problem for EQ.NS 2, the positivity con-
straints

ρf ≥ ρf,min > 0 and p > 0 ,∀ y ∈ Q (5)

must be added. Since

det[AEULER] = (p+ ρfϕ)Mρf := ΦMρf , (6)

if the potential is strictly positive,

ϕ > 0 in Ω , (7)
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then AEULER besides having real-valued entries and being symmetric, is positive defi-
nite in Q. The corresponding notation is [1]

AEULER ∈ Sym+
N . (8)

In this example, the AEULER of (3) has resulted from the heuristic assembly of columns
(≡ rows, because of symmetry) regarded as four-vectors in the extended TyQ. The
difference in physical dimensions of the time component with respect to the spatial ones
has been deliberately neglected. In summary, the heuristic procedure in EUCLIDean
metric has been “copied and pasted” from the one defined in R4 endowed with the
MINKOWSKI metric.

2.3 Measure-valued solutions: general
Herewith 1 ≤M ≤ 3.

DEF. 1. (Dual pairing ≡ expected value.) Let µ be a map from Q ⊂ RN to the space
of nonnegative RADON measures over the tangent bundle T RN with unit mass:

µ : Q → Prob(T RN ) ⊂ T ∗RN
y 7→ µy

; (9)

moreover, let g ∈ C0[T RN ] be a real-valued, continuous function of the observables
m (e.g., when M = 3, m = [ρf ρf~u ]Trs ). Then the dual pairing of µy and g i.e., the
value of g expected from µ at fixed y, is defined by

T ∗RN

〈
µy

∣∣g〉T RN :=

∫
T RN

g[m[y]]dµy . (10)

With reference to a lower dimensional setting, where M = 1 and y = [t x]Trs ∈
R+ × R, m becomes a pair of scalars. If a conservation law of the form

∂tu+ ∂xg[u] = 0 (11)

holds, then one identifies m = [u g[u]]Trs, EQ.11 can be rewritten as (∂t ∂x) ·m = 0
and one can define measure-valued solutions ([7], p. 225).

DEF. 2. (Measure-valued solution in the distribution sense.) By letting Q = R+ × R,
a measure-valued solution µ to EQ. 11 is a map complying with EQ. 9 which gives rise
to

∂t〈µy|u〉+ ∂x〈µy|g[u]〉 = 0 (12)

in the sense of distributions on Q. This means:∫
R+

∫
R

(
〈µy|u〉∂tψ + 〈µy|g[u]〉∂xψ

)
dtdx = 0 , ∀ψ ∈ C1

0(Q) . (13)

This last relation can be rewritten as∫
R+

∫
R
〈µy|m · ∇yψ〉dy = 0 , ∀ψ ∈ C1

0(Q) . (14)
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DEF. 3. (Space of measures with finite total mass [8].) Let Q ⊂ RN be bounded.
The spaceMb[Q] of bounded RADON measures, also called the space of measures with
finite total mass, or the space of measures with finite total variation, is the space of
those RADON measures µ ∈M[Q] for which there is a constant C giving rise to

Mb[Q]

〈
µ
∣∣ϕ〉C00(Q,RN )

≤ C||ϕ||∞ ,∀ϕ ∈ C0
0(Q,RN ) . (15)

In analogy with EQ.10, the dual pairing of EQ.15 is betweenMb[Q], which is being
defined at the same time, and C0

0(Q,RN ). As a consequence Mb[Q] is a BANACH
space with norm

||µ||Mb[Q] := sup

{
|〈µ|ϕ〉|, sup

C00(Q,RN )

|ϕ| ≤ 1

}
. (16)

3 The paradigm: higher integrability of determinants

3.1 STEFAN MÜLLER’s result
Let Ω ⊂ RM , M ≥ 2, be filled with some material medium. If ~w describes displace-
ment of the material, the displacement tensor is ∇~x ⊗M ~w. A quantity of interest is
det[∇~x ⊗M ~w]. The following result holds.

LEMMA 1. (Higher integrability of a determinant [5, 6].) If

~w ∈W 1,M (Ω;RM ) and det[∇~x ⊗M ~w] > 0 (17)

and det[∇~x⊗M ~w] ln(2+det[∇~x⊗M ~w]) is denoted byG[~w], then ∀ compactD ⊂ Ω

G[~w] ∈ L1(D) (18)

and
||G[~w]||L1(D) ≤ C[D; ||~w||W 1,M (Ω;RM )]. (19)

REM. 1. Positivity of det[∇~x ⊗M ~w] means the displacement field preserves ori-
entation. The obvious property of the determinant is det[∇~x ⊗M ~w] ∈ L1(Ω). Its
strict positivity implies the higher integrability property of EQ. 18. Such property
has been applied to nonlinear elasticity and to characterise minimisers [9, 10].

3.2 Integrability gain for determinants related to conservation laws
If the model of a physical system belongs to some symmetry group and is described
by a system of partial differential equations (e.g., EQ.NS 2) derived from a symmetric,
divergence-free tensor (e.g., EQ. 3), then the determinant of such tensor is equivariant
with respect to the symmetry group of the physical model [3]. One aims at compar-
ing the integrability of the determinant with that of the tensor entries. D. SERRE, in a
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geometric measure-theoretic context different from that of SECT. 3.1 above, finds re-
lations between concave functions and determinants which yield a higher integrability
(a.k.a. “integrability gain”) property of determinants: he then applies such property to
the original systems of partial differential equations in divergence form [1].

The short account given herewith begins with the properties of a symmetric, posi-
tive definite, divergence-free N ×N tensor A in an open bounded space-time domain
Q ⊂ RN with Ω convex and with a sufficiently smooth boundary ∂Ω. Tensors with
non-zero divergence will be covered by SECT.NS 4.4 to 4.5. The prefixes “DSA-”,
“DSJ-” and “DSM-” to a statement- or part number refer to the respective articles
[1, 2, 4].

DEF. 4. (Integrable normal trace of a tensor: §DSA-2.2.) Let ν̂ be the outward normal
to ∂Q and γν̂ be the corresponding “normal trace operator.” A sufficiently smooth
vector field ~w complying with ∇~y · ~w = 0 has an integrable normal trace whenever
γν̂ [.] applied to ~w returns a scalar

γν̂ ~w = ~w · ν̂|∂Q (20)

which is integrable on ∂Q.

Next, let A be a symmetric, positive, divergence free tensor with entries in LN (Q).
Its normal trace is obtained by applying γν̂ [.] row-wise, which returns an N -vector
of scalars like those of EQ.20. The resulting array is denoted by Aν̂ and is made of
vectors γν̂ ~An complying with

γν̂ ~An ∈W−1/N,N (∂Q) , 1 ≤ n ≤ N. (21)

Below, normal traces of tensors with non-zero divergence will be also met.

LEMMA 2. (Plain integrability and integrability gain for a divergence-free tensor.)
Let Q ⊂ RN be bounded, open and convex. Let |SM | denote the area of the unit
sphere in RN .
• (Plain integrability.) If A is symmetric, positive, divergence-free with entries in
LN/M (Q) and has integrable normal trace Aν̂, then

(det[A])1/M ∈ L1(Q) . (22)

• (Integrability gain.) If the integrability requirement A ∈ LN/M (Q,RN×N ) is
weakened according to

A ∈ L1(Q,RN×N ) , (23)

then one still has EQ. 22.

Proof of LEMMA 2. The account provided herewith, derived in part from §§DSA-2.2 and
DSA-4.1 [1] an in part from the beginning of § DSJ-2.2 [2], attempts at expanding some of the
steps in the original proofs. Also, it focusses on integrability gain. The condition Div[A] = 0 is
introduced only at the end, hence the proof will apply to LEMMA 3 and to THM. 1 below as well.
All entries of y ∈ RN are dealt equally, as implied by the EUCLIDean metric. Accordingly, one
introduces an arbitrary smooth function f > 0 in Q which serves as the right side in a MONGE-
AMPÈRE equation of “elliptic” type, det[∇y)(∇yθ] = f . The existence of a convex and smooth
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solution θ to the latter equation is proved by references which, for the sake of conciseness, are not
listed. By letting Br[0] denote the ball of radius r centered at the origin, the gradient flow ∇yθ
derived from θ transports the measure f [y]dy to the measure dy and conserves “total mass”:{

∇yθ : {Q, f [y]dy} 7→ {Br[0],dy}
subject to

∫
Q
fdy = rN

N
|SM | . (24)

The radius r is determined from the latter constraint. Moreover Q and its boundary transform
respectively according to

(∇yθ)[Q] = Br[0] and (∇yθ)[∂Q] = Sr ⊂ RM . (25)

In the known tensor identity

∇y · (A · ∇yθ) = A : (∇y)(∇yθ) + Div[A] · ∇yθ (26)

the symmetry of A is a necessary condition for the contracted product on the right to be replaced
by the trace of the product matrix A · ∇y)(∇yθ

A : (∇y)(∇yθ) = IN : (A · ∇y)(∇yθ) . (27)

Next, the geometric mean-arithmetic mean inequality is recalled to estimate a determinant by
means of a trace:

(fdet[A])1/N = det1/N [A · ∇y)(∇yθ] ≤
1

N
IN : (A · ∇y)(∇yθ) . (28)

Integrating the 1st and 3rd terms of INEQ. 28 over Q and taking EQ.NS 26 and 27 into account
one obtains ∫

Q

(fdet[A])1/N dy ≤ 1

N

∫
Q

IN : (A · ∇y)(∇yθ)dy =

=
1

N

∫
Q

∇y · (A · ∇yθ)dy −
1

N

∫
Q

Div[A] · ∇yθdy . (29)

The divergence theorem and the requirement for A to have integrable normal trace on ∂Q imply

1

N

∫
Q

∇y · (A · ∇yθ) =
1

N

∫
∂Q

(A · ∇yθ) · ν̂ds[y] =
1

N

∫
∂Q

(Aν̂ · ∇yθ)ds[y] , (30)

where ds[y] is the surface element. By means of properties of the gradient flow, which are not
described herewith, one can then estimate the absolute values from above∣∣∣∣∫

∂Q

(Aν̂ · ∇yθ)ds[y]−
∫
Q

Div[A] · ∇yθdy

∣∣∣∣ ≤ (∫
∂Q

|Aν̂| ds[y]+||DivA||Mb[Q]

)
r.

(31)
Here ||DivA||Mb[Q] is the total mass of DivA according to DEF. 3, which is zero by the
present hypotheses. However, it will be relevant to LEMMA 3 and THM. 1 below. Back to the
leftmost term of INEQ. 29, f1/N (det[A])1/N is rewritten as φ det1/N [A]. Thus, in order to
maximise the integrability of det1/N [A] one must require the least of f , i.e., f ∈ L1(Q) which
corresponds to f1/N = φ ∈ LN (Q). By applying more properties of the domain geometry and
of the solution θ one obtains∫

Q

φ det1/N [A]dy ≤ 1

N

(
N

|SM |

)1/N (∫
∂Q

|Aν̂| ds[y]+||DivA||Mb[Q]

)
||φ||LN (Q) .

(32)
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From INEQ. 32 one deduces det1/N [A] ∈ LN/M (Q), the space conjugate to LN (Q). EQ.22
follows (even without letting DivA = 0). In fact, the open, bounded domain Q ⊂ RN need not
be convex (§DSJ-2.2.1). ./

At this point one can apply LEMMA 2 to AEULER of EQ.3 in a time-space, bounded
and convex domain. Let

M = 3 , Q = (0, τ)×BR[~0] , (33)

where BR[~0] is the ball of fixed radius R centered at the origin of RM . As a conse-
quence

∂Q = ({0} ×BR[~0]) ∪ ((0, τ)× SMR ) ∪ ({τ} ×BR[~0]). (34)

PROP. 1. (Estimate for det[AEULER] in the divergence-free case.) Assume
1) INEQ. 7 holds;
2) a suitable initial-boundary value problem for EQ.NS 2 has a solution {ρf , p, ~u} inQ;
3) said solution complies with INEQ.S 5;
4) the corresponding AEULER of EQ. 3 complies with EQ. 23 and has integrable normal
trace.

Then
Φρ

1/M
f ∈ L1(Q) . (35)

REM. 2. (About LEMMA 2 and PROP. 1.) The Q of EQ. 33 is a special case of
bounded, convex Q of LEMMA 2. In a few words, plain integrability follows by the
rule of thumb: given a scalar function g ∈ LN/M with N > M then |g|N/M ∈ L1;
since det[A] ≈ |g|N , then det[A]1/M ∈ L1 too. The phrase “integrability gain”
is justified, because there is no way to deduce EQ. 22 directly from the hypothesis
Ank ∈ L1(Q), 1≤ n, k ≤N , which would correspond to g ∈ L1 in the previous
sentence.

4 The application: magneto-hydrodynamics

4.1 Constitutive equations for the barotropic, inviscid, conductive
fluid

Let the CGS system of units be chosen and M = 3. In Q of EQ.33 the fluid has a
constant temperature T and is barotropic:

T = const.(> 0) , p = p[ρf ] , (36)

with p[ρf ] invertible. Other properties of the fluid, holding ∀y ∈ Q, are described by
the following scalar coefficients:

η = 0, ζ = 0, σ = const.(> 0), µ = 1 , (37)

where η is the 1st viscosity coefficient, ζ the 2nd one (as they appear in the viscous
stress tensor [σ′ik] à la LANDAU-LIFCHITZ ([11] p. 64), σ is electric conductivity and
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µ magnetic permeability. Dielectric permittivity does not need to be specified, because
the fluid is assumed to be “quasi-neutral”: free electric charge density, ρe, is neglegible
i.e., |ρe| ' 0 or, in terms of the electric field,

∇~x · ~E ' 0 . (38)

REM. 3. (On the electric conductivity of the fluid.) Electric conductivity can, in
principle, depend on ρf (hence on p), on ~u and on the magnetic field ~H . For sure
the dependence of σ on T is not relevant, because the latter is assumed constant.
The role of each observable on σ has to be assessed. The process by which the
magnitude of ~H can induce “ordering” in the conducting fluid is through circle
motion of charge carriers at the LARMOR frequency

fLARMOR :=
eH

2πmc
(39)

([12], pp. 246 and 280-281). The onset of such “ordering”, which may make σ
depend on ~H , is hampered by charge carrier collisions within the fluid. Intuitively,
if ρf is large enough, the mean collision time τC is short and, if | ~H| is “nowhere
too large” then

1

fLARMOR
� τC . (40)

Another condition which has to be met, but is not discussed herewith, affects the
time dependence of ~H: the latter shall change “significantly” within a time inter-
val τH much longer than τC . What matters is the existence of a set of conditions
which justify the assumption, in EQ. 37, “σ has the zero frequency conductivity
value and is constant in Q.” The role turbulence can play [13] in altering the
validity of all approximations is also left for separate treatment. More generally,
when dealing with the electrodynamics of a continuum medium, the angular fre-
quency (ω) dependence of all material parameters such as magnetic permeability
and dielectric permittivity

ε[~x, ω] = ε1[~x, ω] + i
σ[~x, ω]

ω
, (41)

(where σ appears in the imaginary part) must be taken into account. Real and
imaginary parts appear in dispersion relations, which translate causality from the
time- into the ω-domain and as such must be properly addressed [14].

4.2 Balance equations
Fluid velocity ~u is assumed to be divergence free:

∇~x · ~u = 0 . (42)

Moreover
∇~x · (µ ~H) = 0 ≡ ∇~x · ~H = 0 . (43)
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PROP. 2. (Evolution equations.) Let EQ.NS 36 to 38, 42 and 43 hold and displacement
current be neglegible as compared to conduction current, ~j∣∣∣∣∣∂ ~E∂t

∣∣∣∣∣� 4π|~j| . (44)

Then (by temporarily writing ⊗ instead of ⊗M ) conservation of fluid mass, conserva-
tion of momentum and magnetic induction in Q are described by

∂tρf +∇~x · (ρf~u) = 0

∂t(ρf~u)+∇~xΦ+∇~x · (ρf~u⊗ ~u) = − 1
8π∇~x| ~H|

2+ 1
4π∇~x · ( ~H ⊗ ~H)

∂t ~H+∇~x · (~u⊗ ~H− ~H ⊗ ~u− c2

4πσ∇~x ~H) = ~0M
(45)

supplemented by suitable initial and boundary conditions.

Proof of PROP.2. Due to EQ.42 the 1st of EQ.NS 45 should read (∂t + ~u · ∇~x)ρf = 0,
but it is left unchanged in view of obtaining EQ.50 below. The difference between the second of
EQ.NS 45 and the momentum balance in the EULER system of SECT. 2.2 sits in the force density
of magnetic origin, ~fmag. From ~fmag = 1

c
~j × ~H , by recalling∇~x × ~H = 4π

c
~j (because INEQ.

44 holds), chaining some vector identities ([12], pp. 281 ff.) one obtains

1

4π
(∇~x × ~H)× ~H = − 1

8π
∇~x| ~H|2 +

1

4π
( ~H · ∇~x) ~H . (46)

The rightmost term is an ~H-advection derivative: by EQ.43 it becomes∇~x · ( ~H ⊗M ~H). Hence

~fmag = − 1

8π
∇~x| ~H|2 +

1

4π
∇~x · ( ~H ⊗M ~H) . (47)

The motion of a conductor of velocity ~u, under the assumptions of SECT. 4.1 and of REM.3,
gives rise to the so-called “induction equation” ([12], §49)

∂t ~H = ∇~x × (~u× ~H) +
c2

4πσ
∆~x

~H . (48)

In turn, because of vanishing divergencies in EQ.NS 42 and 43, ∇~x × (~u × ~H) is split into the
difference of ~H- and ~u-advection derivatives: ( ~H · ∇~x)~u− (~u · ∇~x) ~H . The latter, by means of
another identity, becomes the difference of two dyadic products: ∇~x · (~u ⊗M ~H − ~H ⊗M ~u).
The three summands under∇~x · (·) in the third of EQ.NS 45 are thus obtained. ./

4.3 Measure-valued solutions: an application
The extension of DEF. 2 to the system of EQ.NS 45 requires extra work, which is not
carried out herewith. Very briefly, in theQ of EQ.NS 33 one is dealing with a conserva-
tion law which, unlike EQ.12, has non-zero right side. Existence of the measure-valued
solution means finiteness and equality of two integrals in analogy with EQ.14. The one
on the left side of EQ.NS 45 depends on {ρf , p, ~u}: it is obtained when EQ.11 is re-
placed by the left sides of the first two lines in EQ.NS 45 (four scalar equations total)
and the corresponding dual pairings 〈.|.〉 are formed. The integral on the right side of
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EQ.NS 45, instead, depends on ~H: it consists of dual pairings with the components of
the four-vector

h :=

(
0

- 1
8π∇~x| ~H|

2+ 1
4π∇~x · ( ~H ⊗M ~H)

)
. (49)

If Div[AEULER] is known, from existence results, to be a bounded measure, then the
total mass (DEF. 3) of Div[AEULER], denoted by ||Div[AEULER]||Mb[Q], complies with
||Div[AEULER]||Mb[Q] = ||h||Mb[Q], with h of EQ.49.

4.4 The system in divergence form
Under the hypotheses of PROP. 2, the 1st and 2nd of EQ.NS 45 are replaced by

Div[AEULER] = h , (50)

with AEULER defined by EQ.3, whereas the 3rd of EQ.NS 45 remains unaffected.

REM. 4. (About EQ. 50.)
• (Properties of Div[AEULER].) The AEULER of EQ. 50 has non-zero divergence. Im-
plications and consequences are addressed in SECT. 4.5.
• (Tangent bundle coordinates.) The magnetic force density does not contain ~u, as
the 2nd of EQ.NS 45 show, and can be moved to the right side. As a consequence,
the first two of EQ.NS 45 allow to form the same 4-vector, m = [ρf ρf~u ]Trs, of
tangent bundle coordinates (≡ observables) as in SECT. 2. The related 4×4 tensor
is still AEULER and EQ. 50 can be arrived at.
• (Again on EQ. 50.) The right side of EQ. 50 derives from the hypotheses on the
material medium which include the choice of σ=constant in Q as briefly discussed
in REM. 3, and from INEQ. 44. Such hypotheses would need independent verification,
for example by assessing the a posteriori consistency with EQ. 38 and with electro-
magnetic induction, ∇~x × ~E = −∂t ~B. This task must be included in the checklist
during the existence proof for the given initial-boundary value problem: the whole
issue is definitely beyond the scope of this work.
• (Number of unknown observables.) Whereas EQ.NS 2 could be entirely translated
into EQ. 4 because conservation laws pertained to u and such unique four-vector
in Ty(R×Ω) was induced by the four-vector y of independent variables, not all of
EQ.NS 45 are amenable to divergence form. Namely, there is no way of assimilating
the 3rd of EQ.NS 45 (equivalent to three scalar equations): the magnetic field ~H
increases the number of unknown scalar observables in EQ.NS 45 to K = 7.

REM. 5. (A rule to to selectN observables; the place for “closure relations”.) The
last item in REM. 4 raises the more general problem of how to form theN×N tensor.
Let a domain Q ⊆ RN , spanned by N independent variables (≡ coordinates) and
endowed with a metric tensor, be assigned. Let the tangent bundle T Q be defined
accordingly. If K > N observables are given, a rule is needed to form, or select,
anN -vector of observables (≡ dependent variables) i.e. the coordinates of TyQ as
y spans Q. With the exception of §DSJ-4.1 [2] which addresses the wave equation,
the theory has been worked out so far in relation to the {mass, momentum} N -
vector [1, 2, 4]. As a consequence, all relations, algebraic or differential, in excess
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of the selected N , are regarded as necessary to “close the model” as stated in
§DSM-2.2 [4].

4.5 Dealing with a non-zero divergence tensor
LEMMA 3. (Integrability gain for a tensor with nonzero divergence in a bounded Q.)
Let the same hypotheses of LEMMA 2 hold, with one difference: Div[A] is a bounded
measure (SECT. 4.3). Let ||Div[A]||Mb[Q] be its total mass, then EQ. 22 holds. Moreover

||(det[A])1/N ||LN/M (Q) ≤
1

N

(
N

|SM |

)1/N (∫
∂Q

|Aν̂|ds[y]+||DivA||Mb[Q]

)
.

(51)

The result is obtained by the procedure presented in SECT. 3.2 while proving LEMMA
2. In particular, INEQ. 51 follows from INEQ. 32.

The next (and final) results state how integrability gain may affect the determinant
of interest to the magneto-hydrodynamic system.

THM. 1. (Integrability gain for the determinant of a non-zero divergence tensor.) In
Q of EQ. 33 let the following hold.
1) INEQ. 7 is met.
2) A solution {ρf , p, ~u, ~H} exists to the initial-boundary value problem for EQ.NS 45.
3) Such solution complies with INEQ.S 5.
4) Such solution allows for AEULER of EQ. 3 to comply with EQ. 23, have integrable
normal trace and divergence of finite total mass ||h||Mb[Q].

Then one has the estimate for the L1(Q)-norm of (det[AEULER])1/M :∫ τ

0

dt

∫
BR

(det[AEULER])1/Mdx ≤ 1

N
N

√
N

|SM |
(
||AEULERν̂||L1(∂Q)+||h||Mb[Q]

)
.

(52)

COR. 1. (Integrability of a product of powers.) INEQ. 52 implies the general statement

ρ
1/M
f Φ ∈ L1(Q). (53)

INEQ. 52 is an instance of INEQ. 51. In the present setting, since the extension of DEF.
3 to an unbounded domain such as “the slab” (0, τ) × RM is not straightforward, the
Q of THM. 1 cannot be changed. Indeed, THM. DSJ-2.3 [2] for integrability gain in
the slab is stated for a divergence-free A.

5 Integrability gain in the realm of qualitative theory

5.1 Expected benefits

(Wherefrom the continuous dependence on ~H ?) If ~H were known, in fact if its function
space of belonging were known, then INEQ. 52 would state the continuous dependence
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of ρ1/M
f Φ on ~H through the h of EQ.49. It remains to be seen if such property would

be brought in only by integrability gain or could be derived from a “standard” existence
result. (Something which is unlikely to occur.)
(What about the dynamics ?) The appearance of the four-dimensional Div[.] in EQ.50
and INEQ. 52 seems to mask the dynamics: time derivatives are no longer singled out
of the respective four-vectors. This is a consequence of forcibly dealing with time-
and space-like variables on the same footing in EUCLIDean metrics. Accordingly, an
elliptic (f>0) MONGE-AMPÈRE equation has been used in the proof of LEMMA 2.
Nonetheless, by addressing the Div[.] of a 4 × 4-tensor one gains insight into a qual-
itative property of the system which, to the best of this author’s knowledge, could not
have been derived otherwise. This is the gist of looking for integrability gain through
determinants of N ×N tensors.

5.2 Existence issues
When investigating the systems of hydro- and gasdynamics, although some existence
results are indeed available [15], one may well leave existence properties aside and
focus on higher integrability of determinants as a source of information. Existence of a
solution and compliance with constraints such as those of SECT. 4.2, because of their
general complexity, may then be addressed independently at a later stage.

In general terms, integrability gain is an instance of information about the solution
obtained from the very structure of the dynamical system, which does not require an
initial-boundary value problem to be solved. In particular, INEQ.S 52 and 53 link the
L1(Q) estimate of ρ1/M

f Φ to the L1(∂Q) norm of AEULERν̂ and to the total mass of
Div[AEULER]: the latter only depends on ~H . For this reason, integrability gain may
provide feedback on existence proofs ([1], p. 1222) and play a role in those conver-
gence proofs which need information about powers of solutions [16]. As already stated
above, this work has not addressed existence of a K-tuple {ρf , p, ~u, ~H} which solves
the magneto-hydrodynamic system and has the proper behaviour both in Q and on ∂Q
as requested by e.g. INEQ. 52.

5.3 Powers and products of solutions
When looking for a K-tuple which solves a given initial-boundary-value problem for
a system of partial differential equations, in addition to determing the space to which
each function belongs, one often needs estimates of powers or products in suitable
norms. Examples of such powers and products are:
• {∂t(ρf~u), ∂t(ρ

5/2
f ~u) and √ρf} pertaining to viscous quantum hydrodynamic

equations with M = 1 ([17], THMS. 1 and 2),
• {1/ρf ,√ρf~u and√ρf |∇~u|} pertaining to higher dimensional quantum NAVIER-

STOKES-POISSON equations ([18], THM. 1.1).
Herewith, in view of EQ.36, the p of EQ.53 is a function of ρf : by taking INEQS. 5

into account, EQ.53 becomes an integrability property for ρf alone. Instead, products
of powers containing components of ~u are not affected by integrability gain because
~u-terms cancel out by symmetry when det[AEULER] is computed. The absence of ~u
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from determinant-based estimates seems to be the major limitation of the method, a
limitation which is not specific for magneto-hydrodynamics but is inherited from clas-
sical as well as relativistic ([1], §DSA-3.3) fluid dynamics. Thus far, all products of
powers which contain ~u and are needed in applications [17, 18] have to be estimated
by different procedures.

6 Discussion and conclusion
Intrinsic limitations of the procedure have just been mentioned (SECT.NS 5.2 and 5.3).
Limitations originated from model approximations are mentioned below. Since they
are interconnected, if any one of the open problems below (SECT. 6.2) is solved, some
of the original limitations may be lifted.

6.1 Physical limitations
Both the EULER system of EQ.NS 2 and the one for magneto-hydrodynamics, EQ.NS
45, derive from an approximate description of the fluid and of the related physical
processes, where viscosity and free electric charge are neglected and a priori restric-
tions are imposed on ~H; the latter aim at neglecting displacement current and assum-
ing frequency- and ~H-independent electric conductivity σ. The consistency of such
assumptions rarely undergoes verification a posteriori, in case an existence result is
obtained.

6.2 Open problems
PBM. 1. (Non-uniqueness of AEULER.) Since a positive, symmetric tensor A through
which a system can be rewritten in divergence form is not unique [3], construct the
algebra of such tensors.

PBM. 2. (Non-positive determinants.) In the system of EQ.NS 45 allow, if at all possi-
ble, for determinants which vanish or change sign in Q, provided their negative part,
det−A, a priori complies with [6]

|det−A|ln(2 + |det−A|) ∈ L1(Q) . (54)

This attempt would require one to leave D. SERRE’s measure-geometric context and try
to reproduce his results in S. MÜLLER’s [5, 6, 10] setting. The related “concentration”
phenomena [5, 6, 19, 20] would then have to be properly addressed.

PBM. 3. (NÖTHER currents in A.) Given K(>N) balance equations and using EQ. 3
as a template, form two or more N × N tensors, A0, A1 ..., the rows of which are
N -tuples of {NÖTHER charge, NÖTHER current}.
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