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1-COMPLETE SEMIHOLOMORPHIC FOLIATIONS

SAMUELE MONGODI AND GIUSEPPE TOMASSINI

ABSTRACT. A semiholomorphic foliation of type (n,d) is a differentiable real
manifold X of dimension 2n + d, foliated by complex leaves of complex di-
mension n. In the present work, we introduce an appropriate notion of pseu-
doconverity (and consequently, g-completeness) for such spaces, given by the
interplay of the usual pseudoconvexity along the leaves, and the positivity of
the transversal bundle. For 1-complete real analytic semiholomorphic folia-
tions, we obtain a vanishing theorem for the CR cohomology, which we use
to show an extension result for CR functions on Levi flat hypersurfaces and
an embedding theorem in CV. In the compact case, we introduce a notion of
weak positivity for the transversal bundle, which allows us to construct a real
analytic embedding in CPY.
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1. INTRODUCTION

A semiholomorphic foliation of type (n,d), n > 1, d > 1, is a differentiable real
manifold X of dimension 2n + d, foliated by complex leaves of complex dimension
n. If X is of class C* we say that X is a a real analytic semiholomorphic foliation.
The aim of the present paper is to investigate the geometrical properties of such
spaces along the lines of the classical theory of complex spaces. Such spaces were
already studied in [10], to some extent, but some of the conclusions reached there
are spoiled by the lack of a necessary hypothesis in the statements, the positivity
of the transversal bundle mentioned below, which allows us not only to correctly
state and prove the results of [I0], but also to push further our investigation and
obtain new insights in the geometry of semiholomorphic foliations. Forstneri¢ and
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6272 S. MONGODI AND G. TOMASSINI

Laurent-Thiébaut moved in a similar direction, with their work in [7], where at-
tention was focused on the existence of a basis of Stein neighbourhoods for some
particular compacts of a Levi-flat hypersurface. We should also mention that, more
recently, El Kacimi and Sliméne studied the vanishing of the CR cohomology for
some particular kinds of semiholomorphic foliation in [5L6]. We are mainly con-
cerned with real analytic semiholomorphic foliations which satisfy some hypothesis
of pseudoconvexity. The pseudoconvexity we have in mind consists of two con-
ditions: 1-pseudoconvexity along the leaves of X, i.e. the existence of a smooth
exhaustion function ¢ : X — R which is strongly 1-plurisubharmonic along the
leaves, and positivity of the bundle Ny, transversal to the leaves of X (see Sec-
tion BI). Under these conditions we say that X is 1-complete. For 1-complete real
analytic semiholomorphic foliation of type (n,d) we can prove that

1) every sublevel set {¢ < ¢} has a basis of Stein neighbourhoods;
2) an approximation theorem for CR functions holds on X

(see Theorem B.3)).

Once these results are proved the methods of complex analysis apply, in order to
study the cohomology of the sheaf CR of germs of CR functions. We show that, for
1-complete real analytic semiholomorphic foliation of type (n, 1), the cohomology
groups H?(X,CR) vanish for ¢ > 1 (see Theorem F1]). This implies a vanishing
theorem for the sheaf of sections of a CR bundle, which we use in Section 4 to
get a tubular neighbourhood theorem and an extension theorem for CR functions
on Levi flat hypersurfaces (see Theorems [£.2] [£3] and Corollary [£4]). In Section
we sketch the proof that a 1-complete real analytic semiholomorphic foliation of
type (n,d) embeds in C?"+29+1 a5 a closed submanifold by a smooth CR map (see
Theorem [6.1)) and, as an application, we get that the groups H;(X;Z) vanish for
j>n+d+1 (see Theorem [6.3]). In the last section a notion of weak positivity is
given for the transversal bundle N;. on a compact real analytic semiholomorphic
foliation X of type (n,1) (see ([I8)) and we prove that, under this condition, X
embeds in CPY by a real analytic CR map (see Theorem [Z.Z). These results were
announced by the authors in [I3].

2. PRELIMINARIES

2.1. g-complete semiholomorphic foliations. We recall that a semiholomor-
phic foliation of type (n,d) is a (connected) smooth foliation X whose local models
are subdomains U; = V; x B; of C" x R? with transformations (z,t;) — (24,;)
of the form

(1) {Zj :fjk(zkvtk)v

ti = gin(tr),

where f;j1, g are smooth and f;;, is holomorphic with respect to z;. If we replace
R? by C? and we suppose that f and g are holomorphic, we get the notion of
holomorphic foliation of type (n,d).

Local coordinates zjl-, e 25 tjl-, ey t? satisfying () are called distinguished local
coordinates.

A continuous function f: X — Cis a CR function if and only it is holomorphic
along the leaves. Let CR = CRx denote the sheaf of germs of smooth CR functions
in X.
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Given a subset Y of X we denote by }/}CR( x) the envelope of Y with respect to
the algebra CR(X).

A morphism or CR map F : X — X' of semiholomorphic foliations is a smooth
map preserving the leaves and such that the restrictions to leaves are holomorphic.
By CR(X; X') we denote the space of all morphisms X — X’; this space is a closed
subspace in C*(X; X'), so it is a metric space.

A semiholomorphic foliation X is said to be tangentially q-complete if X carries
a smooth exhaustion function ¢ : X — RT which is g-plurisubharmonic along the
leaves (i.e. its Levi form has at least n — ¢ + 1 positive eigenvalues). In this case
we may assume that miny ¢ = 0 and M = {z € X : ¢(z) = 0} is a point (M is
compact; take a € M and a compactly supported nonnegative smooth function
such that {¢) = 0} N M = {a}. If € is positive and sufficiently small, the function
¢ + €1 has the required properties).

Remark 2.1. Let X be a semiholomorphic foliation of type (n,d) which carries
a function ¢ which is strongly plurisubharmonic along the leaves (not necessarily
exhaustive). Then

1) If D is a relatively compact domain in X and f: D — C is a CR function
continuous up to the boundary bD, we have

max |f] = max ||

Let M = {z €D : |f(z)] = max|f|} and assume, by a contradiction, that
D
MnbD = @. M is compact and let a € M be such that ¢(a) = max ¢.
D

If F, denotes the leaf through a, by the maximum principle F, C M and
¢, has a maximum at a so it is constant along F,. This is a contradiction
since, by hypothesis, the Levi form of ¢, is positive.
2) If f is a CR function and supp f is compact, then f = 0.
Let K = supp f and a € K be such that ¢(a) = max ¢. As above the

leaf F}, cannot be contained in ¢ < ¢(a) so, by the identity principle, f is
vanishing on F,. It follows that there exists a distinguished neighbourhood
U of a where f vanishes, i.e. supp f CK ~\ U N K, a contradiction.

The same holds, in broader generality, if ¢ is g-plurisubharmonic along
the leaves with ¢ < n.

2.2. CR-bundles. Let G,, s be the group of matrices

A B
0o C
where A € GL(m;C), B € GL(m,s;C) and C € GL(s;R). We set Gno =

GL(m;C), Gos = GL(s;R). To each matrix M € G we associate the linear
transformation C™ x R* — C™ x R* given by

(z,t) — (Az + Bt,Ct),

(2,t) € C™ x R”.
Let X be a semiholomorphic foliation of type (n,d). A CR-bundle of type (m,s) is
a vector bundle 7w : E — X such that the cocycle of E determined by a trivializing
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6274 S. MONGODI AND G. TOMASSINI

distinguished covering {U,}; is a smooth CR map v, : U; N U = Gm s,

(A By
@) = (o).

where Cj, = Cjx(t) is a matrix with smooth entries and A;j, B, are matrices with
smooth CR entries. Thus F is foliated by complex leaves of dimension m + n and
real codimension d + s. If z;,¢; are distinguished coordinates on X and (j;,6; are
coordinates on C" x R?, then z;,(;,t;,0; are distinguished coordinates on £ with
transformations

zj = fir(zk, th),

G = Aji(zr: te)Ce + By (2k, tr) Ok,

tj = gjk(tr),

0; = Cjk(tk)ek.
In particular, 7 : F — X is a smooth CR map.

The inverse E~! of E is the CR-bundle E of type (m, s) whose cocycle is

-1 -1 -1
(3) ol = A~ A leijk .
ik 0 Cjy
Let X be a semiholomorphic foliation of type (n,d). Then
e the tangent bundle TX of X is a CR-bundle of type (n,d);
e the bundle Tr = T}T’OX of the holomorphic tangent vectors to the leaves of

X is a CR-bundle of type (n,0);
e the complexified CT'X of the tangent bundle is a complex vector bundle.

Remark 2.2. If X is embedded in a complex Z, its transverse TZ/TX is not a
Gms-bundle in general.

2.3. Complexification. A real analytic foliation of type (n,d) can be complex-
ified, essentially in a unique way: there exists a holomorphic foliation X of type
(n,d) with a closed real analytic CR embedding X < )?; in particular, X is a Levi
flat submanifold of X (cf. [I8, Theorem 5.1]).

In order to construct X we consider a covering by distinguished domains {U; =
Vj x B;j} and we complexify each B; in such a way to obtain domains ﬁj in C" x C<.
The domains ﬁj are patched together by the local holomorphic transformations

2 = Fi(zr, ),

(4) J - Ji
75 = Gjk(Th)

obtained by complexifying the (vector) variable ¢y by 74 =t + 16y in fjr and g

(cf. @)

Let z;, 7; distinguished holomorphic coordinates on Tj'j and 6; = Im7;. Then
02 = Img;r(7x), 1 < s <d, on U; N Uy, and consequently, since Img;z = 0 on X,

d
0= urier,
s=1

where 1, = (w;z) is an invertible d x d matrix whose entries are real analytic

functions on U; N Uy. Moreover, since g, is holomorphic and g;i x = g; is real,
we also have 95 x = 0gjr/0t.
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1-COMPLETE SEMIHOLOMORPHIC FOLIATIONS 6275

{®jr} is a cocycle of a CR-bundle of type (0, d) which extends Ny, on a neigh-
bourhood of X in X .

In [I0, Theorem 2] it is proved that if X is tangentially g-complete, then every
sublevel X, = {z € X : ¢ < ¢} has a fundamental system of neighbourhoods in X
which are (¢ 4 1)-complete complex manifolds.

Let X be the complexification of X. Then the cocycle of the (holomorphic)
transverse bundle Ny, (to the leaves of X) is

. st 0, (1)

6Tk _aTk o 8—7—5

3. COMPLETENESS

3.1. Tranversally complete foliations. Let X be a semiholomorphic foliation
of type (n,d), n > 1, d > 1, and Ny, the transverse bundle to the leaves of X. A
metric on the fibres of Ny, is an assignment of a distinguished covering {U;} of X
and for every j a smooth map /\? from U; to the space of symmetric positive d x d
matrices such that .
A0 = 99k Qagjk.
oty 7 Oty

Denoting & and 0 as the complex differentiation along the leaves of X, the local
tangential forms

)\958/\? - 25/\? A 8/\9
o

(6) w = 200 log )\? — dlog )\? A dlog )\? =

2290009 — 30A9 A OXY
(AD)?

(7) Q= 90log A?—glog )\?Aalog )\2:

actually give global tangential forms in X.

The foliation X is said to be tranversally q-complete (strongly tranversally q-
complete) if a metric on the fibres of Ny, can be chosen in such a way that the
hermitian form associated to w (€2) has at least n — g + 1 positive eigenvalues.

Remark 3.1. Assume d = 1 and that X is transversally 1-complete. Then, due
to the fact that the functions g;x do not depend on z, wy = {99 log )\g} and
n = {dlog /\9-} are global tangential forms on X. Moreover, since wy is positive and
wp = dn, it gives on each leaf wy a Kéhler metric whose Kahler form is exact. In
particular no positive dimension compact complex subspace can be present in X.

Example 3.1. Every domain D C X = C, x R, which projects over a bounded
domain Dy C C, is strongly transversally 1-complete. Indeed, it is enough to take
for A a function p~! o m where p is a positive superharmonic on Dy and 7 is the
natural projection C, x R, — C,.

Example 3.2. A real hyperplane X in C? (or in C") is not transversally 1-complete
(but clearly it is an increasing union of strongly transversally 1-complete domains).
Indeed, if X C C? is defined by v = 0, where z = z + iy, w = u + iv are holomorphic
coordinates, transverse 1-completeness of X amounts to the existence of a positive
smooth function A = A\(z,u), (z,u) € C2%, such that

M.z —2|\.]% > 0.
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6276 S. MONGODI AND G. TOMASSINI

This implies that
20017 — Az
-1 o z ZZ
(A )ﬁ‘f___YT___<O’
so, for every fixed u, the function A~! is positive and superharmonic on C.; hence
it is constant with respect to z, a contradiction.

Example 3.3. Let F' : C™ — C" be a holomorphic function and Y C C™ be a
real analytic manifold of real dimension k, consisting only of regular values for F.
Then, the set X = F~1(Y) can be given the structure of a mixed foliation of type
(m —n, k); moreover, as Y consists only of regular values of F, locally we have that
X 2Y x M with M = F~Y(y) for some yy € Y.

If we take F' to be a polynomial map, M embeds in a projective variety M -
CP™. Therefore, arguing as in the previous example, we have that X cannot
be transversally pseudoconvex, because this would amount to the existence of a
bounded from below plurisuperharmonic function on M.

On the other hand, let ¥ : A — C3 be a proper holomorphic embedding of the
unit disc A C C and F : C3 — C" be such that F~1(0) = 1 (A). There exists
e > 0 such that (¢,0,...) € C™ is a regular value for F, with ¢t € (—¢,¢); fix Y =
{(t,0,...) € C™ : t € (—¢,€)} and consider X = F~1(Y). Now, X 2 A x (—¢,¢)
and the function A = (1 — |[¢p=1(2)|?)~! shows that X is transversally 1-complete.

Example 3.4. Let X C C? x R, be the smooth family of n-balls of C}, z =
(21, 2n), w = u + iv, defined by

{U =0,
|2 = a(uw)? < b(u)?,

where a = a(u) is a smooth map R — C", b = b(u) is smooth from R to R and
la(u)|, |b(u)] — 400 as Ju| — 4o00. X is strongly transversally 1-complete with
function

1

b(u)? — |z — a(u)[?

and tangentially 1-complete with exhaustion function ¢ = .

Az, u) =

We want to prove the following

Theorem 3.1. Let X be a semiholomorphic foliation of type (n,d). Assume that
X is real analytic and strongly transversally 1-complete. Then there exist an open
neighbourhood U of X in the complexification X and a nonnegative smooth function
u : U — R with the following properties:

i) X ={xeU:u(z)=0};

ii) w is plurisubharmonic in U and strongly plurisubharmonic on U \ X.
If X is tranversally 1-complete, then property ii) is replaced by the following:

iii) the Levi form of the smooth hypersurfaces {u = const} is positive definite.

Proof. For the sake of simplicity we assume n = d = 1. Let {)\?} be a metric on

the fibres of Ni,. With the notations of Section let N  be the tranverse bundle
on X whose cocycle ¥, = gj, is defined by ({) and let {y;} be a smooth metric on
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1-COMPLETE SEMIHOLOMORPHIC FOLIATIONS 6277

the fibres of N;,Tl. On ﬁj N U, we have L = wjzkpj, and consequently, denoting /{?
as the restriction p1;|x, we have ,u?)\gil = u%)&il on U; NUy. Thus ¢¥ = {,u?)\?il}
is a smooth section of N, ® Nj-'', where N} is the dual of Ny,. Extend oy by a
smooth section o = {0} of Ni® J\N/';Tl. Then {\; = 0;7'u;} is a new metric on
the fibres of Np whose restriction to X is {A9}.

Now consider on X the smooth function u locally defined by /\j9§ (where 7; =

tj +0;); u is nonnegative on X and positive outside X. Drop the subscript and
compute the Levi form L(u) of u. We have

(8) L(u)(&,m) = AEE + 2Re (BET) + Oy
= Aj1z302£E + 2Re {()\jwz?GQ + z)\jﬁzﬂ)ﬁﬁ}
+ (/\j77—?92 + Z'/\j,Te — i)\jy;ﬁ + /\j/Z)Hﬁ
and
(9) AC — |B? = 0% (\j.z — 2|7, %) + 60,

where ¢ is a smooth function. The coefficient of 2 is nothing but that of the form
)\?Q (here we denote w and 2, respectively, the forms (@), (7)), where )\? is replaced
by A;), so if X is strongly transversally pseudoconvex, L(u) is positive definite near
each point of X and strictly positive away from X. It follows that there exists a
neighbourhood U of X such that « is plurisubharmonic on U.

Assume now that X is transversally 1-complete. The Levi form L(u) gr(s) of a
smooth hypersurface S = {u = const} is essentially determined by the function

(10) 01 { X 22N 70 + iN|* — 2Re (N .70 + i) (N -0 — iXj) Az

+ (N7 + i 20 — iXj 70 + X /2) |\ .7}

= 0" NNz — (3/2)[N.27) + 0%,
where p is a bounded function. The coefficient of #* is nothing but that of the form
)\?w, so if X is transversally pseudoconvex, L(u)|g7(s) is not vanishing near X. It

follows that there exists an open neighbourhood U of X such that the hypersurfaces
S = {u = const} contained in U \ X are strongly Levi convex.

In the general case A = A\, is a matrix and A\; = () ,s), so we consider the
d
function w = 3" A;,s0,-05. Then
r=1

n n d
(11) L)&n) = > A€ +2Re( 33 BurtoT)

o,f=1 a1 =1
+ Zdzl Crsn' 7,

where -

(12) Ay = znj ( Ed: gz:‘—g;;@WS)é“EB,

a,f=1 r,s=1
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6278 S. MONGODI AND G. TOMASSINI

n d 2
(13) Bar = (Z > gz a0 i Z a’\J o eh)ga—*
a=1h=1 _"¢7'T
d 82)\ hk hs . d (32 j,rh r—5
(14) Cs= <hz;137—3759h9k Z 8] oh _ Z 8;5 ot +>\j,m/2)n 7

O

Remark 3.2. In view of (), the Levi form L(u) at a point of X is positive in the
transversal direction 7.

Theorem 3.2. Let X be a semiholomorphic foliation of type (n,d). Assume that
X is real analytic and strongly 1-complete. Then for every compact subset K C X
there exist an open neighbourhood V' of K in )~(, a smooth strongly plurisubharmonic
function v : V — RY and a constant ¢ such that Ké{v<c}NXeVNX.

Proof. Let ¢ : X — RT be an exhaustion function, strongly plurisubharmonic along
the leaves and a sublevel X, of ¢ such that K C X.,. Consider U C)N(, u:U — RT
as in Theorem B] and let v = au + q~5, where 5 : U — RT is a smooth extension
of ¢ to U and a a positive constant. Then, in view of Remark 3.2 it is possible to
choose a in such a way to have L(v)(x) > 0 for every x in a neighbourhood V' of
X, o < c; this ends the proof. O

3.2. Stein bases and a density theorem.

Theorem 3.3. Let X be a semiholomorphic foliation of type (n,d). Assume that
X is real analytic and strongly 1-complete and let ¢ : X — RT be an exhaustive
smooth function strongly plurisubharmonic along the leaves. Then

i) X, is a Stein compact of )N(, i.e. it has a basis of Stein neighbourhoods in
X;

ii) every smooth CR function on a neighbourhood of X. can be approximated
in the C™ topology by smooth CR functions on X.

Proof. In view of Theorem B.I] we may suppose that X = {u = 0}, where w : X >
[0, +00) is plurisubharmonic and strongly plurisubharmonic on XX,

Let U be an open neighbourhood of X, in X. With K = X . we apply Theorem
there exist an open neighbourhood V € U of X. in X , a smooth strongly
plurisubharmonic function v : V — R* and a constant ¢ such that X. € {v <
ctNXeVnX. It follows that for € > 0 sufficiently small, W = {v < ¢} N {u <
e} €V U is a Stein neighbourhood of X .

In order to prove ii) consider a smooth CR function f on a neighbourhood I of
X, in X, and take ¢/ > ¢ such that X CI. For every j € N define Fj = ch-j and
choose a Stein neighbourhod U; of B; such that B, has a fundamental system of
open neighbourhoods W; @ U414 N U; which are Runge domains in Uj;11. Since Uy
is Stein, the O(Up)-envelope of By coincides with its plurisubharmonic envelope (cf.
[12, Theorem 4.3.4]); hence it is a compact contained in X NUy, with By the zero set
of the plurisubharmonic function u. Thus we may assume that By is O(Up)-convex.

We have to prove that for every fixed C*-norm on By and € > 0 there exists a
smooth CR-function g : X — C such that ||g — fH%O) <e.
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In view of the approximation theorem of Freeman (cf. [8, Theorem 1.3]), given
€ > 0 there is f € O(Uy) such that ||f — f||%1) < e. Now, define Fyy = f, and for
every j > 1 take W; such that W; is a Runge domain in U;4; and a holomorphic
function F; € O(U;_1) satisfying

k i .
| = Filliy) <e/2%, 5=0,1,...;

then
—+oo
Fo+> (Fjp1— F))
3=0
defines a C'* function g on X such that ||g — fH(EkO) < 2e. O

Corollary 3.4. Let X be as in Theorem 3.3 and X, ¢>0. Then, X, is CR(X)-
convez, i.e. X. coincides with its CR(X)-envelope.

Proof. Set K = X .. In view of Theorem [B.1], X is the zero set of a plurisubharmonic
function defined in an open neighbourhood U of X in X. Let U, CU be a Stein
neighborhood of K and Psh(U,) the space of the plurisubharmonic in U,. Then
the envelopes I?@(UV) and IA(pSh(UV) of K coincide (cf. [12, Theorem 4.3.4]), so in
our situation we have

KC[?CR(X) CKO(UU) = I?Psh(U,,) cU,nNX.

We obtain the thesis by letting U, C U run in a Stein basis of X.. (]

4. COHOMOLOGY

In this section we want to prove the following two theorems.

Theorem 4.1. Let X be a semiholomorphic foliation of type (n,1). Assume that
X is real analytic and strongly 1-complete. Then
HY(X;CR)=0
for every g > 1.
Theorem 4.2. Let D be a connected Stein manifold and X C D a closed, orientable,
smooth Levi flat hypersurface. Then
HYX;CR)=0
for every g > 1.
We need some preliminary facts. Let Q be a domain in C* x R¥ and for every

t € R, and set Q; = {z€C" : (2,t) €Q}. Following [2] we say that {Q;},cpx is a
reqular family of domains of holomorphy if the following conditions are fulfilled:
a) € is a domain of holomorphy for all t € R¥;

b) for every to € R* there exist Iy = {|t — to| < ¢} and a domain U C C" such
that €, is Runge in U and Ute[0 Q. Cly xU.

In this situation it can be proved that the sheaf CR of Q is cohomologically trivial
(cf. [2 Corollaire, p. 213]).
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6280 S. MONGODI AND G. TOMASSINI

Lemma 4.3. Let X be a 1-complete semiholomorphic foliation of type (n,d), ¢ :
X — [0,+00) strongly plurisubharmonic along the leaves and ¢ > 0 a regular value
of ¢. Then there is € > 0 such that the homomorphism

HY(Xc1e;CR) = HY(X;CR)
is onto for q > 1. In particular, the homorphism
HY(X . ;CR) — HY(X.;CR)
is onto for ¢ > 1.

Proof. Since ¢ is strongly plurisubharmonic along the leaves the “bumps lemma”
method applies: given xg €bX,. there exist arbitrarily small neighbourhoods U 3 zg
and open sets B € X with the following properties:
i) BD X., B~ X, €U and B is given by {¢' < 0} with ¢’ smooth on a
neighbourhood of B and strictly plurisubharmonic along the leaves;
ii) V:=UnNB and VN X, are CR isomorphic to regular families of domains
of holomorphy of C™.
Write B = X, UV. Since HY(V;CR) = H(V N X.;CR) = 0 for ¢ > 1, from the
Mayer-Vietoris sequence

o= HY(X,UV;CR) = HY(X;;CR)® HY(V;CR)
— HY(X.NV;CR) = H"™ (X, UV;CR) — ---

we obtain that the homomorphism H?(B;CR) — H?(X.CR) is surjective for
q > 1. By iterating this procedure starting from B, in a finite number of steps we
find a neighbourhood W of X, such that HY(W;CR) — H%(X.;CR) is surjective
for every ¢ > 1. It is enough to take ¢ > 0 such that X., . CW. (]

Proof of Theorem Il We first prove that for every ¢ and ¢ > 1 the cohomology
groups H?(X,;CR) vanish, and for this that H¢(X.;CR) = 0 for every c and ¢ > 1
(see Lemma [43)).

Let X be the complexification of X. By Theorem there exists a Stein neigh-
bourhood U € X of X, which is divided by X into two connected components U, ,
U_ which are Stein domains. Let O, (O_) be the sheaf of germs of holomorphic
functions in Dy (D_) smooth on Uy UX (U-UX) and extend it on U by 0. Then
we have on U the exact sequence

(15) 0— 00— 0,00 “—CR——0,

where re is definined by re(f @ g) = fix — g;x. Let £ be a g-cocycle with values in
CR defined on X.. We may suppose that £ is defined on U N X. Since U is Stein
we derive that

HI(UL,UX;0.)e HI(U_UX;0_) — HY(X;CR)

is an isomorphism for ¢ > 1. In particular, £ = & — &_, where £ and £_ are
represented by two d-closed (0, q)-forms w; and w_ respectively, which are smooth
up to X. Now, given ¢ : U — R a strictly plurisubharmonic exhaustion function
and py, p— defining functions for Uy, U_ (i.e. Uy = {p+ < 0}, dp+ # 0 whenever
p+ = 0), we consider the function

pr = —(—pre tO)/2m
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Computing the Levi form of p4 in local coordinates and using the same estimates
as in [0, Lemma 2.1], we obtain that, for any given r € R large enough, we can
choose L, e and m so that py is strictly plurisubharmonic in {¢ < r+e}NUL NV
for some neighbourhood V. of the boundary of U..
From this, we obtain the following: there exist two bounded pseudoconvex do-

mains U/ ,eU , U’ €U satistying:

1) E;CU+ , U cU-;

2) X.CbU, NX, X .CbU_ NX.
By Kohn’s theorem (cf. [14]) Wiy = da, wo g = Oa_, with oy, a_ smooth up

to the boundary, and this shows that ¢ is a g-coboundary. Thus H%(X.;CR) =0
for every c and ¢ > 1.

The vanishing of the groups H?(X;CR) for ¢ > 2 now easily follows by a standard
procedure.

The proof of H'(X;CR) = 0 requires approximation of CR functions. Let

+oo
X = L>Jl X, and || - H(XS) denote the C* norm, s € N. Let {U;} be an open covering

of X and {f;;} a 1-cocycle of {U;} with values in CR. Solve f;; = fi(l) — f;l) on a

neighbourhood of X; and analogously f;; = g§2) — gj@) on a neighbourhood of Xs.

Then the {gZ@) — fi(l)} defines a CR function on a neighbourhood of X; which can

be approximated in the norm || - H%) by a CR function i : X — C (see Theorem
1

B3); thus, defining fi(z) = gl@) — h we have f;; = fi(2) — f]@) on a neighbourhood of

72 and

(2) (1))(1)
12— FOIL <12

Thus, for every s we can find functions fi(s) solving fi; = fi(s) — f;s) on a neigh-
bourhood of X, and satisfying

LA = o701 < g2

This makes the series
“+oo
fi = fi(l) + Z (fi(s""l) _ fi(S))
s=1

convergent in CR(U;) to a function f;. On X, we have

fi= "4 io (FEHD = 1,

s=m+1
where the sum of the series is a CR function on X,, which is independent of i. It

follows thatf; — f; = fi(m) — f](m) = fij, i.e. {fi;} is a coboundary, and this ends
the proof of Theorem E.1] |

Observe that the proof of Theorem ] works under the hypothesis of Theorem
as well.

Clearly, under the hypothesis of Theorem 2] if {z,} is a discrete subset of X
and {c,} a sequence of complex numbers there exist a CR function f : X — C
such that f(z,) = ¢,, v = 1,2,.... This is actually true under the hypothesis of
Theorem [£.1]
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Theorem 4.4. Let X be a semiholomorphic foliation of type (n,1). Assume that X
is real analytic and strongly 1-complete. Let A = {x,} be a discrete set of distinct
points of X and {c,} a sequence of complex numbers. Then there exists a smooth
CR function f : X — C such that f(z,) = ¢,, v = 1,2,.... In particular, X is
CR(X)-convex.

Proof. Let I4 be the sheaf {f €CR : fi4 = 0}; then CR/I4 ~ [[C,,. We have

to show that H'(X;I4) = 0. As usual, we denote by X the complexification of
X, ¢ : X = R a smooth function displaying the tangential 1-completeness of X
and X. = {¢ < ¢}, c€R. In view of Theorem EI] we have H'(X.;CR) = 0 for
every ¢ € R. Moreover, since A, := X.N A is finite and X, has a Stein basis
of neighbourhoods in X, the map CR(X.) — [[,c4. C. is onto; from the exact
sequence of cohomology

o= HY(X5CR) = [ Co = H'(Xei1a) — H' (XCR) — -+
TEA,

it follows that H'(X.;I4) = 0. To conclude that H'(X;I4) = 0 we use the same
strategy as in Theorem [.]] taking into account the following: given x1,zs,..., Ty
in X,, every function f € CR(X,) vanishing on z1,22,...,2; can be approximate
by functions f €CR(X) vanishing on x1, za,. ..,z (see Theorem B3] ii)). O

Theorem 4.5. Let D be a connected Stein domain in C™ (or, more generally a con-
nected Stein manifold) and X C D a closed, orientable, smooth Levi flat hypersur-
face. Let ¢ : D — R be exhaustive, strictly plurisubharmonic and X. = {¢ < ¢}NX,
ceR. Then the image of the CR map CR(X) — CR(X.) is everywhere dense.

Proof. Consider B, U as in Lemma[£:3 Observe that, by the bump lemma proce-
dure applied to {¢ < ¢} we may suppose that B = B’ N X, where B’ € D is given
by {¢' < 0} with ¢’ smooth and strictly plurisubharmonic on a neighbourhood of
B. In particular, in view of Theorem 2] we have H?(B;CR) =0 for ¢ > 1. We
are going to prove that the image of CR(B) — CR(X.) is everywhere dense. Write
B =X.UV where V.=BNU. Let gp: CR(B) = CR(V N X_.); observe that the
image of p is everywhere dense. Let

0 :CR(X.)@CR(V) = CR(VNX,)

be the map f@g +— o(f)—0(g). In this situation, from the Mayer-Vietoris sequence
of Lemma (3] we deduce that the homomorphism o is onto. Let feCR(X,) and
o(f) €eCR(V N X,). Then, since the image of ¢ is everywhere dense, there exists
a sequence {g,} C CR(V) such that o(g,) — o(f) — 0. Moreover, in view of the
Banach theorem applied to o there are elements u, € CR(X.), v, € CR(V) with
the following properties: u, — 0, v, — 0 and o(u,) — o(v,) = o(f) — 0(g»). Then,
setting f, = g, — v, on V and f — u, on X, we define a sequence of CR functions
fv in B such that f, — f. Iterating this procedure starting from B in a finite
number of steps, we find a domain W > X with the property that CR(W) is dense
in CR(X.) and an € > 0 such that CR(X.4) is dense in CR(X.). Let I be the
set of ¢/ > ¢ with the property CR(X. ) is everywhere dense in CR(X.). Then, an
elementary lemma on Fréchet spaces shows that I is a closed interval, and moreover,
by what is preceding, it is also open. It follows that sup I = +o0 and (by the same
lemma) that CR(X) is everywhere dense in CR(X,). O
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A vanishing theorem for compact support cohomology H(X;CR) can be proved
in a more general situation. Precisely

Theorem 4.6. Let X be a tangentially 1-complete semiholomorphic foliation of
type (n,d). Then

HI(X;CR) =0
forj<n-1

Proof. Let ¢ : X — RT be a smooth function displaying the tangential 1-complete-
ness having only one minimum point z (see Section 2l), where ¢(a) = 0. The bumps
lemma method gives the following: if X, is a sublevel of ¢ and a’ > a is sufficiently
close to a, the homomorphism

H7(X4;CR) — HI(X4;CR)
is an isomorphism for 0 < 7 < n—1. Let I be the set of a’ > a with such a property.
Then sup I = +00, so for every a

HI(X,;CR) — HI(X;CR)

is an isomorphism for j < n—1. On the other hand, if a is close to 0 the sublevel X,
is CR isomorphic to a regular family of domains of holomorphy, so H(X,;CR) =0
for0<j<n-1 O

Corollary 4.7. Let X be a 1-complete semiholomorphic foliation of type (n,d) with
n > 2 and K a compact subset such that X \ K is connected. Then the homorphism
CR(X) > CR(X \NK)

18 surjective.
4.1. An interpretation. Let X be the complexification of X and W the sheaf
of germs of smooth functions on X which are d-flat on X. The restriction map

[ = fix is a surjective homomorphism re : W — CR (cf. [17]). Thus we have an
exact sequence

0 J W —5CR 0.
We have the following:

a) the germs of J are flat on X (cf. [3]) (this is actually true for a generic
submanifold of a complex manifold);
B) the sheaf J is acyclic, so for ¢ > 1

HIYX; W)~ HY(X;W/J) ~ HY(X;CR).

Denote by F(©:9) the sheaf of germs of smooth (0, ¢)-forms in X modulo those which
are flat on X. Then

(16) 0 W/ T FO0 2 . 9 rOntd 0

is an acyclic resolution of W/J: given a local (0, q)-form u which is d-flat on X
there is a local form (0,q — 1)-form v such that u — dv is flat on X. This can be
proved by a direct argument using convolution with the Cauchy kernel. Indeed, we
can prove something apparently stronger: given a local d-closed (0, q)-form u, ¢ > 2,
flat on {Imz, = 0}, then we can solve the equation dn = u with a (0,q — 1)-form
v, again flat on the same set.

Licensed to Politecnico di Milano. Prepared on Wed Mar 27 10:21:41 EDT 2019 for download from IP 131.175.161.12.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



6284 S. MONGODI AND G. TOMASSINI

Let u be a local (0, n)-form in C”, flat on {Imz, = 0}. Then
WZUngl/\.../\dfn

and we may assume that ug is compact support. If we set
1 _
nN=ugx1 —dzZa N...NdZzZ,
mZ1

(where %1 denotes the convolution with respect to the variable z1) we obtain a
(0, — 1)-form, which is again flat on {Imz, = 0}, such that dn = u. Now, suppose
we can solve the problem for (0,¢ + 1)-forms by taking convolutions only in the
variables z1,...,z,—1. Then given a (0,¢)-form u in C", flat on {Imz, = 0}, we
consider a = u A dz,,. We have

Oa=0uNndz, =0

and « is flat on {Imz,, = 0}, so there is a form 8 = Sy A dz,, flat on the same set,
such that

0By Ndz, =0 =a=uNdz, .

We set v = u — 9f; we have that y A dZ, = 0, so v = 7o A dZ,; moreover
0= 0v =0y Adz, = 0 A dZz,, if we denote by @' the 0 operator in C"~!, with
respect to variables zi,...,2,_1. S0, we can solve 9'¢p = o, because q > 2, by
taking convolutions with respect to z1,...,2,_1 and treating z, as a parameter.
Therefore, ¢ is again flat on {Imz, = 0}. In conclusion, we have

u=08By+ 0(¢ Adz,) = 0n ,

with v a (0,¢ — 1)-form flat on {Imz, = 0}.

Returning to the original problem: given a local (0, q)-form u which is 0-flat
on X, we can solve the equation Jvy = du with a flat (0,q)-form ; therefore
O(u — 1) = 0 and consequently u — 1) = dv for some (0, q — 1)-form v.

A more general result valid for differential operators with constant coefficients
was proved by Nacinovich (cf. [I5, Proposition 5]). Theorem Bl and ) together
now imply the following

Corollary 4.8. Let D be a connected Stein manifold and X C D a closed, ori-
entable, smooth Levi flat hypersurface. Then
i) for every (0, q)-formu, ¢ > 1 which is 0-flat on X, there is a (0,q—1)-form
v such that v — Ov is flat on X ;
ii) for every (0,q)-form u, q > 2 which is O-closed and flat on X, there is a
(0,q — 1)-form v flat on X and such that u = Ov.

Proof. Denote £(%9)(D) as the space of the (0,¢)-forms in D. In view of 3), (IG)
and Theorem 2] we have

{ue e®9(D)}
1 H(X;CR) ~ — e
(17) (X;CR) {9v+1:v e 0a-1 (D), yfaton X} o

then i) follows. In order to prove ii) let u € 0D (D), ¢ > 2, flat on X and J-closed.
Since D is Stein, u = Ji. Then, 0v is flat on X; therefore, by i), we can write
1 = On + v, where v is flat on X. It follows that u = dv, i.e. ii). |
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5. APPLICATIONS
5.1. A vanishing theorem for CR-bundles.

Proposition 5.1. Let X be a real analytic semiholomorphic foliation of type (n,1)
and 7 : E — X a real analytic CR-bundle of type (n,0). Then
i) if X is 1-complete E is 1-complete;
ii) if X is transversally 1-complete (strongly transversally 1-complete) E is
transversally 1-complete (strongly transversally 1-complete).

Proof. FE is foliated by complex leaves of dimension m 4 n and real codimension 1
(see Section [2)). If z;,t; are distinguished coordinates on X and (; is a coordinate
on C™, then z;,(;,t; are distinguished coordinates on E with transformations

zj = Jik(zrs th),

G = Ajr(zk, tr)Crs

tj = gjk(tr)-
Part ii) of the statement is immediate since the transversal bundles of X and F
respectively have the same cocycle. In order to prove part i) let u : X — R be a
smooth function displaying the tangential 1-completeness of X and ~;; : U; NUy, —
Gm,o the cocycle of E with respect to a trivializing distinguished covering {U,};
such that U; € X. Let us consider a hermitian metric {h;} on the fibres of E. Then
on U; NUy

hi Zt%khgﬁjk;

denoting by ¢; the fibre coordinate on 7~ 1(U;), the family {¢je"h; ‘fj }; of local

functions defines a smooth function ¥ on E. We drop the subscript j and compute
the Levi form £(¢) of 1 on 7=(U;). One has

m
L)) = e [ChTL@m + D hgn™ T+ Fn),
a,B=1
where b = (h,5), n = (M1, s Mat1s -+, ntm) and F(n) is a hermitian form
whose coefficients are proportional to ||. Arguing as in [ Theorem 7] it is shown
that the function u can be chosen in such a way that v is plurisubharmonic on F
and strictly plurisubharmonic away from the 0-section. Moreover, on the O-section
the Levi form £(1)) equals the form 37" 5, h gn**" 771", which is strictly positive
in the direction of the fibre. It follows that the function ¢ = u o 7w + 9 is strictly
plurisubharmonic everywhere on E. This ends the proof of Proposition .11 O

Theorem 5.2. Let X be a real analytic semiholomorphic foliation of type (n,1),
m: E — X a real analytic CR bundle of type (m,0) and Ecgr the sheaf of germs of
smooth CR-sections of E. Assume that X is strongly 1-complete. Then

HY(X,Ecr) =0
forq>1.
Proof. Let p : E* — X be the CR-dual of . If v : U NU,r — G is the
cocycle of E with respect to a distinguished trivializing open covering U = {U;};
of X, tw;,cl :U;j NU, — Gmy is a cocycle of E*. By Proposition 5] E* is strongly
lI-complete. Set CR* = CRp- and for each domain U C X let CR*(p~1(U)),., r > 0,
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denote the space of the CR functions on p~!(U) which vanish on U of order at least
r. We obtain a filtration

CR*(p~ (U)o 2CR* (™ (U))1 >+ - -

If U is a trivializing distinguished coordinate domain and ¢ = ({3,...,(y) is the
fibre coordinate, then f € CR*(p~(U)), if and only if

a"f
Dif)y = =t =0
PP = gem—ag ,
for 11 + -+ + 7, < r. Moreover, if U C U; N Uy, and ¢ = (Cf,...,(ﬁ;l), ¢k =
(¢k,...,¢k) are fibre coordinates on Uj, Uy, respectively, we have

(D& fw = Vj(;) (Dée o,

where {%(71;)} denotes the cocycle of S(")(E), the 7" symmetric power of E.
Conversely, if U = (U, U; and {0, ..., }, "1 + -+ +7m =7, is a smooth CR~
section of S(")(E), then the local functions

Do () (G
rite T, =r
define a function f € CR*(p~1(U)),_1.
Thus, for every r > 0 we obtain an isomorphism

S(E)SR(U) = CR* (p~ (U)) -1 /CR* (p~ 1 (U)),

where S(E)g})% denotes the sheaf of germs of smooth CR-sections of S(")(E). Let
U* = {p=Y(U;)};. U* is an acyclic covering of E*, and from the previous discussion
we derive that each cohomology group H4(U*,CR*) has a filtration

HY U, CR*)DHY(U*,CR*)gDHI(U*,CR*)1 D~
with associated graded group isomorphic to
Go@H U SE)R).
r>0
for some group G. Consequently, by the Leray theorem on acyclic coverings we

have a filtration on each group HY(E*,CR*) with the associated graded group
isomorphic to

P (X S(B)ER).

r>0
Since, by Proposition Bl E* is strongly 1-complete, Theorem [£1] applies giving
HY(E*,CR*) = 0 for every ¢ > 1, whence H‘I(X,S(E)gj)%) = 0 for every ¢ > 1,
r > 0. In particular, for r = 0 we obtain H%(X,Ecgr) = 0 for every ¢ > 1. |

5.2. CR tubular neighbourhood theorem and extension of CR functions.
Let M be a real analytic Levi flat hypersurface in C**!, n > 1. In view of [18, The-
orem 5.1], there exist a neighbourhood U C C"*! of M and a unique holomorphic
foliation F on U extending the foliation F. A natural problem is the following:
given a smooth CR function f : M — C extend it on a neighbourhood W CU by a
smooth function fholomorphic along the leaves of F. In the sequel we answer this
question.
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The key point for the proof is the following “CR tubular neighbourhood theo-

7

rem :

Theorem 5.3. Let M be a real analytic Levi flat hypersurface in C**1, n > 1;
assume that M is strongly transversally 1-complete. Then there exist an open neigh-
bourhood W CU of M and a smooth map q : W — M with the properties:

i) q is a morphism ]T"W — F;
Proof. Clearly, M is strongly 1-complete. Let p : N — M the normal bundle of
the embedding of M in C"**. Since F extends on U, there is a distinguished
open covering {U;} of U with holomorphic coordinates (21, ...,2J,7{) such that if
V; :=U;NM # @, then {V}} is a distinguished open covering of M with coordinates
(21,...,2),Rer{). In particular, if ¢ denotes the imaginary part of 77, the bundle
Ny, is generated by the vector field

0
o067 v~
It is easy to check that IV is a G 1-bundle.
We have the following exact sequence of CR-bundles,

0 TM TCiF ——= N ——0,
and, passing to the sheaves of germs of CR morphisms, the exact sequence

0 —— Hom(N,TM) —— Hom(N, TC[}}*) —— Hom(N,N) —— 0.

Theorem now implies that the homomorphism
(M, Hom(N,TC %)) — T'(M, Hom(N, N))
is onto.
Let ¢ : N — T(C‘”]\J/;1 be a CR morphism inducing the identity N — N. Then,

d(€) = (p(€),%(£)) € M x C"1 where € — (€) is a smooth CR map N — C"*!
which is of maximal rank along p~!(x) for every x € M.

Then & +— p(€) +1(€) defines a smooth CR map o : N — C"*! which is locally
of maximal rank on M, inducing a smooth CR equivalence from a neighbourhood
of M in N and a neighbourhood W of M in C"*+1,

We define ¢ = poo~1. O

Corollary 5.4. Let M be a real analytic Levi flat hypersurface in C"t1, n > 1,
F the Levi foliation on M, and F the holomorphic foliation extending F on a
neighbourood of M. Then every smooth CR function f : M — C extends to a
smooth function f on a neighbourhood of M, holomorphic along the leaves of F.

Proof. Take f: fogq. |
6. AN EMBEDDING THEOREM
We want to prove the following

Theorem 6.1. Let X be a real analytic semiholomorphic foliation of type (n,d).
Assume that X is strongly 1-complete. Then X embeds in C*"H29+1 g5 a closed
submanifold by a CR map.
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First of all let us give the notion of CR polyehedron. Let X be a semiholomorphic
foliation of type (n,d). A CR polyhedron of order N of X is an open subset P € X
of the form

P={zeX:|fj(z) <1, feCR(X),1<j<N}.
With the notations of Corollary B4 we have the following

Lemma 6.2. Let X be a real analytic semiholomorphic foliation of type (n,d)
strongly 1-complete. Let ¢ : X — RT be a smooth function displaying the tangential
1-completeness of X and X., Xo, ¢ < ¢, sublevels of ¢. Then there exists a CR
polyhedron P of order 2n + 2d + 1 such that X.CPC X .

Proof. Let X be the complexification of X. By the proof of Theorem B.3] part
ii), there exist two Stein domains U, V with the following properties: X. C U,
X CV and X has a fundamental system of Stein domains W €U NV which are
Runge in V. Then take such a W and consider the O(W)-envelope Y of X.. By a
theorem of Bishop there exists an analytic polyhedron Q CW of order 2n + 2d + 1
such that X.C Q (cf. [[2, Lemma 5.3.8]). Since W is Runge in V we can assume
that Q is defined by functions fi, fa,..., font2d+1 € O(V). Then, P = QN X is
a CR polyhedron of order 2n + 2d 4 1 containing X, defined by CR functions in
V N X DX.. We conclude the proof by approximation (see Theorem [33] ii)). O

Proof of Theorem (Sketch). Let ¢ : X — RT be a smooth function displaying
the tangential 1-completeness of X and X be a complexification of X. Then X is
the union of the increasing sequence of domains X, = {¢ < v} and, by Theorem

B3 for every v € N, X, is a Stein compact and CR(X) is everywhere dense in
CR(X,). For every v, let

F, = {f eCR (X; (C2"+2d+1) : f is not injective and regular on X, }

Clearly, each F,, is a closed subset of the Fréchet space CR (X ; C*"24+1) - Moreover,
since X, is a Stein compact and CR(X) is everywhere dense in CR(X,), F, is
a proper subset C’R(X;(CQ"HdH). Arguing as in [I2, Lemma 5.3.5] one proves
that no F), has interior points. By Baire’s theorem Uj:i F, is a proper subset of
CR(X;C?+2d+1); in particular there exists g€ CR(X; C**24+1) which is regular
and one-to-one.

It remains to prove that in CR (X ; (C2”+2d+1) there exists a map which is regular,
one-to-one and proper.

Following [12 Theorem 5.3.9] it is sufficient to construct a function f €
CR(X;C?*+2d+1) guch that

{zeX : /()] < k+ o)} €X

for every keN.
The construction of such an f is similar to that given in [12, Theorem 5.3.9],
taking into account Remark 2.1 Theorem B.3] Corollary B.4] and Lemma O

Remark 6.1. Example shows that the converse is not true, namely a real an-
alytic semiholomorphic foliation embedded in CV is not necessarily transversally
1-complete.
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As an application, we get the following

Theorem 6.3. Let X be a real analytic semiholomorphic foliation of type (n,d).
Assume that X is 1-complete. Then

H;(X;Z)=0
forj>n+d+1 and H,yq4(X;Z) has no torsion.
Proof. Embed X in CV, N = 2n + 2d + 1, by a CR map f and choose a€ CN \ X
in such a way that v = |f — al? is a Morse function [1]. In view of the Morse

theorem we have to show that no critical points of ¢ exist with index larger than
n + d. The Hessian form H(1))(p) of ¢ at a point p€ X is

I3 2o
j=1 a=1 8Za
N d
+2 Rez { ] az 82 wawﬁ + ZAka,
J=1 a,f=1 k=1
where Ag, 1 < k < d, is a linear form in wy,...,w,,w,...,w,. The restriction
of H(¢y)(p) to the linear space 71 = --- = 74 = 0 is the sum of a positive form
and the real part of a quadratic form in the complex variables w1, ..., w,, so the
eigenvalues occur in pairs with opposite sign. It follows that H(1)(p) has at most
n + d negative eigenvalues. ]

Remark 6.2. In particular, the statement holds for smooth semiholomorphic folia-
tions of type (n,d) embedded in some CV.

Corollary 6.4. Let X C CPV be a closed, oriented, semiholomorphic foliation of
type (n,d) and V be a nonsingular algebraic hypersurface which does not contain
X. Then the homomorphism

HI(X\V;Z) — H(X;Z)

induced by VN X — X is is bijective for j < n — 1 and injective for j = n — 1.
Moreover, the quotient group

H YV NX;Z)/H"(X;2)
has no torsion.

Proof. By the Veronese map we may suppose that V is a hyperplane. We have the
exact cohomology sequence

= HI(X\V;Z) = H (X;Z) - H (X NV;Z)
— HITH X \V;Z) — HITY(X;Z) —

By Poincaré duality
HI(X \NV;Z) ~ Hopyaj(X N V;Z).

Since X \ V is embedded in CV, we conclude the proof by applying Theorem
and Remark O
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7. THE COMPACT CASE

Let X be a compact real analytic semiholomorphic foliation of type (n,1). With
the notation of Section 3 let {¢5;} be the cocycle of the CR-bundle of type (0,1)

on the complex1ﬁcat10n X which extends N¢r. The local smooth functions h; on X
satisfying h; = w -h; define a metric on the fibres of N;,. We say that Ny, is weakly
positive if a smooth metric {h} can be chosen in such a way that the (1, 1)-form

or; /\({57_7€

(18) 100 log ¢ = 100 log hy, + 2i CETAE

is positive, i0dlog ¢ > 0, near X, on the complement of X.

Lemma 7.1. Let Ny, be weakly positive and ¢ the function on X locally defined by
hﬂ/}?j Then ¢ is plurisubharmonic on a neighbourhood of X and its Levi form has
one positive eigenvalue in the transversal direction 7. In particular, for ¢ > 0 small
enough, the sublevels X’C of ¢ are weakly complete manifolds and give a fundamental
system of neighbourhoods of X.

Proof. Clearly, ¢ > 0 near X and ¢ > 0 away from X. By hypothesis, 100 log ¢ > 0
and

996 = ¢ 9Blog b + 8"52%

moreover, locally on X,
200¢ = hOT A OT,

where h = hy, 7 = 73,. The thesis follows since h > 0 and 07 A OF is a positive
(1,1)-form. O

Remark 7.1. Observe that the form (8] is nonnegative near X in the complement
of X if X admits a space of parameters.

A CR-bundle L — X of type (1,0) is said to positive along the leaves, i.e there
is a smooth metric {hy} (on the fibres of) L such that

(19) Z m§a£‘ﬁ >0,

knzk
<o B<n 820/92[3

where (2%, t*) are distinguished coordinates.
From Lemma [Tl we have the following

Theorem 7.2. Let X be a compact real analytic semiholomorphic foliation of type
(n,1). Suppose that there exists on X an analytic CR-bundle L of type (1,0) and
positive along the leaves. Then X embeds in CPY, for some N, by a real analytic
CR map.

Proof. Extends L on a neighbourhood of X to a holomorphic line bundle L and the
metric {h} to a smooth metric {hy} preserving condition (I9) near X. For every

positive C' € R consider the new metric {hy c = ec‘j’ﬁk} where ¢ is the function
defined in Lemma [ZT and set ¢; = ¢F,..., ¢ = 28, Gy = 7F.
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At a point of X we have

9% log hy,.c 5 ¢ _3
— = =C =1
Z a(aaCﬁ Z aCa aCﬁ

1<a,f<n+1 1<a,B<n+1

9%logh
1<a,B<n+1 Ca0Gs

Near X the form Ly is positive for |n,41| small enough, say |n,+1] < &; in view
of Lemma [Tl £, is nonegative and £1 > 0 for |n,41| > 0. It follows that for
large enough C' the hermitian form £ 4+ L5 is positive on a neigbourhood of X, say
{¢ < ¢} for ¢ small enough.

In this situation a theorem of Hironaka [I6, Theorem 4] applies to embed {¢ < c}
in some CPY by a locally closed holomorphic embedding. In particular, X itself
embeds in CPY by a CR-embedding. ]
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