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Abstract: An advanced wave-optical approach for simulating a 
monochromator-analyzer set-up in Bragg geometry with high accuracy is 
presented. The polychromaticity of the incident wave on the 
monochromator is accounted for by using a distribution of incoherent point 
sources along the surface of the crystal. The resulting diffracted amplitude is 
modified by the sample and can be well represented by a scalar 
representation of the optical field where the limitations of the usual ‘weak 
object’ approximation are removed. The subsequent diffraction mechanism 
on the analyzer is described by the convolution of the incoming wave with 
the Green-Riemann function of the analyzer. The free space propagation up 
to the detector position is well reproduced by a classical Fresnel-Kirchhoff 
integral. The preliminary results of this innovative approach show an 
excellent agreement with experimental data. 
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1. Introduction  

X-ray imaging is used for the visualization of internal structures of objects in a large number 
of fields such as materials science, condensed matter physics, biology and medicine. In 
absorption imaging, the contrast is generated by variations of the x-ray absorption coefficient 
arising from density differences and from changes in the thickness and composition of the 
specimens. The effectiveness of this technique is drastically decreased when the sample 
consists of elements with low atomic numbers, for which the differences in the hard x-ray 
absorption coefficients are tiny.  

Besides absorption, an x-ray beam traversing an object probes its refractive properties 
which can also be used as a source of contrast for displaying the internal structure of the 
sample. The behavior of x-rays as they travel through an object can be described in terms of 
the complex refraction index, n = 1-δ-iβ, where the real part δ corresponds to the phase shift 
due to refraction and the imaginary part β to absorption. These changes, which can originate 
from purely geometrical effects of the shape of the object or, e.g. from local inhomogeneities, 
cannot often be visualized via absorption imaging. Different techniques have been developed 
for detecting phase variations. This investigation is focused on the analyzer-based technique 
(also called "diffraction enhanced imaging"), which has recently been deployed successfully 
in medical imaging at synchrotron sources [1, 2]. 

All analyzer-based techniques in their various experimental implementations record the 
radiation transmitted through an object with the help of an analyzer crystal. The typical set-up 
consists of a monochromator crystal, a sample, another crystal (analyzer) placed between the 
sample and the detector, and the detector itself. Images of the diffracted radiation are detected 
at different angles of the analyzer close to the Bragg condition of the monochromator. The 
analyzer may be set up in Bragg (reflection) or in Laue (transmission) geometry. Since the 
refraction angles are of the order of microradians in the x-ray regime, a submicroradian 
resolution is accordingly needed for recording the refracted x-rays. Owing to that, high 
stability equipment and crystals with a large degree of perfection are experimentally required 
for visualizing the refraction contrast [3]. 

The analyzer in this study is set in Bragg geometry (Fig. 1) and plays a key role in the 
creation of interference images converting changes of the wave phase into amplitude changes 
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of the wave field in the analyzer itself and beyond it. This fact and the change of the 
analyzer’s angular position within the limits of its reflectivity curve are sufficient to change 
the image contrast and for appreciable object details to be viewed. The degree of contrast 
generated by a refracting object depends on the relative intensities of the waves, 
corresponding to the object and its background, which pass through the analyzer. Changing 
the orientation of the analyzer alters these proportions and thereby the contrast. The use of 
separately mounted crystals allows the limitation in the object size to be overcome, which is 
characteristic of interferometric techniques [4]. Until now experimental results have been 
either interpreted in terms of geometrical optics [5] or using wave-optical approaches under a 
certain number of limiting assumptions. It is clear that the geometrical optics description fails 
in various circumstances, in particular where the wave nature of the beam cannot be 
neglected. This is for instance the case in the vicinity of the borders of the object or when the 
details to be visualized are of the same order of magnitude as the FWHM of the point spread 
function of the analyzer. In terms of geometrical optics, the phase gradient of a wave passing 
through an object and taken along the wave front is equal to the local change of the direction 
of the X-ray propagation. In the case of highly coherent beams, it is possible to generate phase 
contrast images of small objects at sufficiently large distances after a simple propagation of 
the wave front even without using an analyzer. Wave-optical approaches are reported in Refs. 
[6-8], or more recently in Refs. [9-11]. In Ref. [6] a monochromatic plane wave is assumed, 
and theory is presented assuming the weak-object approximation. Results of their simulations 
encompassing an analyzer in Laue geometry are in fairly good agreement with experimental 
data. By working in the Fourier space, Ref. [7] used a more general approach to describe the 
image contrast from a simple phase object, always using a monochromatic plane wave as a 
primary source. Deviations of calculated patterns from experimental findings may originate 
from the plane-wave approximation, as shown by Refs. [12] and [13]. Similar assumptions are 
also reported in Ref. [8]. The weak-object approximation is introduced also in Refs. [9,10] 
and [14] to find solutions of the inverse problem (phase and amplitude retrieval) under some 
assumptions on the object composition. The effects related to the beam polychromaticity have 
been considered for the first time in Ref. [15] assuming partial coherence and applying the 
weak-object approximation constraint.  

We propose a method which allows computation of the signal generated by an analyzer 
set-up in Bragg geometry, using as a source a polychromatic spherical wave, with no 
assumptions on the nature of the object. It also takes into account the combination of the 
analyzer-based and propagation-based phase contrast which occurs when a coherent beam is 
used and large distances are there between sample and detector. Numerical results are 
compared with experimental data and the results of a purely geometrical approach. 

2. Experimental 

The experimental set-up used for our experiments was mounted on the ID19 beamline at the 
ESRF, and includes a pre-monochromator (fixed-exit double crystal Si(111) in Laue 
geometry) reducing the incoming continuous energy spectrum to an energy resolution 
ΔE/E=Δλ/λ ≅ 5×10-4 (λ= 0.496 Ǻ), a symmetrically cut, 3 cm thick Si(111) Bragg 
monochromator and an identical analyzer (non dispersive setting) as shown in Fig.1. 
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Fig. 1. Schematic layout of the experimental set-up for analyzer-based imaging with 
synchrotron radiation. The premonochromator is not shown. x, x’, ξ and ξ’: coordinate 
directions (see text). 

 
The incident radiation on the Bragg monochromator is a polychromatic σ-polarized beam. 

The polychromaticity is accounted for in a straightforward way by using a distribution of 
incoherent point sources along the surface of the crystal, as it was shown in Refs. [12] and 
[16-17]. It should be underlined that this is not an approximation: when the polychromaticity 
of the incident beam is much larger than the wavelength acceptance of the diffracting crystal, 
which is typically the case at synchrotron facilities, the illumination on the entrance surface is 
completely incoherent. For the simulation it is assumed that both crystals, monochromator and 
analyzer, are perfect. The incoherence assumption implies that calculations can be performed 
independently for each point source along the surface of the monochromator (absorption is 
also taken into account). 

3. Theory 
In our set-up the longitudinal coherence length along the propagation direction is 2 /λ λΔ = 
0.1 µm. The projection along the crystal surface would imply an additional factor (cos(θBragg) 
= cos(4.5°)) which is very close to 1. As a consequence, partial coherence should be 
considered only for distances between points along the crystal surface smaller than 0.1 µm, 
which is the minimum calculation step used here. The incoherence assumption is thus fully 
justified [18].  

The amplitude diffracted from the monochromator is given by the Kato spherical wave 
solution, as derived from dynamical diffraction theory [19,20], which corresponds to the 
Green-Riemann function of the Takagi-Taupin (T-T) equations for perfect crystals [21,22]. 

In the present case the expression of the diffracted Kato spherical wave as a function of the 
x' coordinate along the entrance surface is [23]: 

( ) ( ) ( )0 2', ' '
sin sinh h h hh h

B B

kC kC
R x S i Ck J x S J x S

π ππ χ χ χ χ χ
θ θ

⎡ ⎤⎛ ⎞ ⎛ ⎞
= − − + −⎢ ⎥⎜ ⎟ ⎜ ⎟

⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦
                       (1) 

where hχ and hχ are the Fourier components of the dielectric susceptibility associated with 

the reciprocal lattice vector h, C is the polarization factor (=1 for σ-polarization), k=1/λ (λ is 
the x-ray wavelength and J0 and J2 are the zero-th and second order Bessel function, 
respectively. The point S referred to in (1) is shown in Fig. 1. Indicating the deviation from 
unity of the complex refractive index n of the object as: 

 ( ) ( ) ( )1 , , ,n x z x z i x zδ β− = +                                         (2) 

the complex phase modulation introduced by the object is: 

 
( ) ( ) ( )( )2

, ,x x z i x z dz
π δ β
λ

Φ = +∫
                                    (3) 
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Its transmission function A(x) can be expressed as:  

 ( ) ( ) ( ) ( )
0

i x i xA x e A x e ϕΦ= =                                         (4) 

where ( )0A x describes the absorption and ( )xϕ  the associated real phase modulation. 

Using (3) we can write: 

 ( ) ( )2
,

0 e
x z dz

A x
π β
λ

−
= ∫

                                                        (5) 

 ( ) ( )2
,x x z dz

πϕ δ
λ

= ∫                                                              (6) 

The integral in (4) is computed numerically without resorting to the usual weak-object 
approximation: eiφ(x)

≈ 1 + iφ(x), which is not needed for our simulation purposes. In a scalar 
representation of the optical field [24] the spherical wave emitted by the first crystal is 
modified by the transmission function of the object. Downstream from the latter, the wave 
complex amplitude along the transverse direction x is given by: 

 ( ) ( ), ( , )hx S R x S A xψ =                                                       (7) 

This is the incident wave on the analyzer. The diffraction mechanism of this wave on the 
analyzer is described by its convolution with Eq. 1 [21,25]: 

 ( ) ( ) ( )', , ' ,hS S R S dξ ψ τ ξ τ τϒ = −∫                              (8) 

where ξ’ is the coordinate along the analyzer surface (Fig. 1). 
In paraxial approximation, the free space propagation after the analyzer is described by a 

Fresnel-Kirchhoff convolution integral. In particular, the amplitude at the detector position 
due to an individual point source S along the monochromator is given by:  

 ( ) ( )
( )2

, ,
i k

LS S e d
π ξ τ

ξ τ τ
−

−
Ψ = ϒ∫                                    (9) 

where ξ is the coordinate along the detector surface. In (9) terms not essential for the 
calculation of the intensity have been omitted. 

Making use of the commutative properties of convolution integrals, it is easy to verify in 
Fourier space that the only relevant distance is the total distance L between object and 
detector. Finally, the total intensity recorded by the detector is the incoherent sum over S of 
individual point-source contributions: 

 ( ) ( )
2

,I S dSξ ξ= Ψ∫                                                            (10) 

4. Comparisons with experimental results and conclusion 

Equations (1)-(10) have been used in the numerical simulation of the set-up in Fig. 1. The 
results are shown in Figs. 2 to 5, where experimental results and theoretical predictions of the 
intensity patterns by both the geometrical [5] and the current wave-optical approach are 
compared. 

For the experimental results reported in Fig. 2 and Fig. 3, the detector used was a CCD 
camera (pixel size 7 x 7 µm2), the x-ray energy 25 keV, the samples two cylindrical fibers, 
one of Kevlar and one of nylon with radii 50 µm and 175 µm, respectively; two values of the 
sample-to-detector-distance L were chosen, i.e. 0.5 and 5.5 m. The angular offset θa of the 
analyzer was also varied during the measurements, and data are showed for θa=0 and θa=-11.7 
µrad. The point-spread function of the detector with a FWHM of 10 µm has been taken into 
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account. It should be noted that the agreement of either approach with the experimental data is 
good for L=0.5 m but the geometrical model fails at L = 5.5 m.  
 

 
Fig. 2. (a). Intensity pattern (a. u.): experimental (red), geometrical (blue) wave-optical (dashed 
green): Si(111) reflection, θa = 0 μrad, nylon, R = 175 μm, L = 0.5 m; (b) Intensity pattern 
(a.u.); experimental (red), geometrical (blue) wave-optical (dashed green): Si(111) reflection, 
θa = -11.7 μrad, nylon, R = 175 μm, L = 0.5 m. 

 

 
Fig. 3. (a). Intensity pattern (a.u.); experimental (red), geometrical (blue) wave-optical (dashed 
green): Si(111) reflection, θa = 0 μrad, Kevlar, R = 50 μm, L = 5.5 m;  (b) Intensity pattern 
(a.u.); experimental (red), geometrical (blue) wave-optical (dashed green): Si(111) reflection, 
θa = -11.7 μrad, Kevlar, R = 50 μm, L = 5.5 m. 

 
This is not surprising because when free-space propagation occurs over larger distances, 

interference effects, which can be taken into account only by the wave-optical model, play an 
essential role [11, 26]. The slight differences (smaller than 5%) between experiment and 
wave-optical theory, noticeable especially in the case of θa=0 for both fibers, are possibly due 
to the simplifying assumption that the crystals are perfect. Considering the (slightly broader) 
experimental reflectivity profile instead would not help improve the accuracy of the 
simulation, since in this case the information about the associated phase is missing. The 
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asymmetry of both the experimental and the theoretical peaks for θa=0 is a signature of the 
slight asymmetry of the crystal reflectivity curves with respect to their exact Bragg positions. 
The amount of asymmetry is strongly dependent on the shape of the resulting transfer function 
of the monochromator-analyzer subsystem, the angular change being of opposite sign on the 
two sides of the curve. In particular, this change is weighted by the curve flank slopes which 
appear to be the steepest when the two crystals are perfectly aligned. The slope variations of 
the monochromator-analyzer transfer function are less dramatic for θa≠0, as it was shown by 
[15]. This fact is reflected in the smoother behavior of the corresponding intensity profiles 
[Figs 2(b) and 3(b)], though the intensities are higher since the contrast in the image strongly 
depends on the deviation of the analyzer from the exact Bragg position. 

Two more samples were imaged using a taper optics CCD camera (pixel size 47 x 47 µm2) 
[27] placed at 2.2 m from them and at an X-ray energy of 51.5 keV. The first sample is a 
triangular plexiglas wedge [see Fig. 4(a)], while the second one is a trapezoidal wedge of the 
same material and is depicted in Fig 4(b). The angle θa was also varied during the 
measurements. The data shown in Fig. 5(a) and Fig. 5(b) refer to θa=3.4 µrad and θa=-3.4 
µrad, respectively. 

Differently from the previous ones, these samples are large and thick. The agreement 
between the simulations and the experimental data is as good as 99 %.  
This highlights the added value of the presented approach and substantiates its capability to 
cope with sizeable samples far away from the limit imposed by the usual weak object 
approximation. 
 

 

Fig. 4. (a). Triangular plexiglas wedge; a=3 mm, b=2.6 mm, c=1.5 mm, α= 30°, β= 60°.; (b) 
Trapezoidal plexiglas wedge; a=b=1.5 mm, c= 2 mm, d= 4.12 mm, α= 45°, β= 135°. The 
arrows indicate the incident X-ray beam direction. 
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Fig. 5. (a). Intensity pattern (a.u.): experimental (red) and wave-optical (dashed green) for the 
triangular wedge as in Fig. 4(a), Si(111) reflection, θa = 3.404 μrad, L=2.2 m; (b) Intensity 
pattern (a.u.): experimental (red) and wave-optical (dashed green) for the trapezoidal wedge as 
in Fig. 4(b), Si(111) reflection, θa = -3.404 μrad, L=2.2 m. 

 
Summarizing, the excellent agreement between simulation and data gives a high level of 

confidence in the presented wave-optical approach, which will be used prospectively for other 
samples with more complex shapes and for higher order reflections. More importantly, it is 
foreseen to include the modeling of crystal systems in dispersive configurations. Once 
validated entirely, this method might be routinely integrated into parametric studies for optical 
design optimization of analyzer-based phase contrast imaging set-ups. 
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