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Abstract. Let π be an irreducible unitary representation of a
finitely generated nonabelian free group Γ; suppose π is weakly
contained in the regular representation. In 2001 the first and third
authors conjectured that such a representation must be either odd
or monotonous or duplicitous. In 2004 they introduced the class
of multiplicative representations: this is a large class of representa-
tions obtained by looking at the action of Γ on its Cayley graph.
In the second paper of this series we showed that some of the mul-
tiplicative representations were monotonous. Here we show that
all the other multiplicative representations are either odd or du-
plicitous. The conjecture is therefore established for multiplicative
representations.

1. Introduction

Let Γ be a free group on a finite set of generators, Ω its Gromov
boundary and C(Ω) the C∗-algebra of complex continuous functions
on Ω. Given a unitary representation (π,H) of Γ, we say that ι is a
boundary realization of π if ι is an isometric Γ-inclusion of H into H′
where

• H′ is the representation space of a ΓnC(Ω)-representation π′,
• ι(H) is cyclic for the action of C(Ω) on H′.

Any representation space of Γ n C(Ω) can be seen as an L2 space
on Ω where C(ω) is acting by pointwise multiplication. Indeed, any
representation of C(Ω) can be so seen. This is one version of the
spectral theorem (see [?]). So the space could be L2(Ω, dν) for any
Borel measure ν. But the L2-space is not necessarily scalar valued. It
could also be L2(Ω, dν,H0) for any Hilbert space H0.
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There is the further complication that the space might be the direct
sum of such L2-spaces for disjoint measures dν and spaces H0 of dif-
ferent dimensions. This does not happen in any of our cases because
we work with irreducible representations of Γ n C(Ω). we refer to [21,
Chapter X, Theorem 3.8] for a complete description of representations
of Γ n C(Ω).

In the examples dealt with in this paper the dimension of H0 is
always finite, but can be arbitrarily large. The authors know of a
method to determine dim(H0) starting with the multiplicative system
which is used to define π′. The answer, not presented here, is not too
difficult, but neither is it entirely obvious. In particular, even when
the matrices of the multiplicative system are of high dimension, the
dimension of H0 can be 1.

The measure ν is necessarily Γ-quasiinvariant and is determined only
up to class. The class varies. For instance, for the representations from
[22] it is the class of a counting measure; for the representations from [7]
it is the class of the “obvious” measure on the boundary of the tree. The
authors do not know how the rather wide collection of measure classes
which can occur compares to other such collections. For instance, are
all these measures comparable to hitting probabilities of random walks
on Γ? As of now, the authors have no plans to study these questions,
so they are open to all.

For brevity we shall say that a representation is tempered if it is
weakly contained in the regular representation. Note that π has a
boundary realization if and only if it is tempered (see [10]). Observe
that ι is an isometry, but it needn’t be surjective! Call a boundary
realization ι : H → H′ perfect if ι is a unitary equivalence, i.e. a
bijection and not just an injection.

Fix a tempered irreducible unitary representation π of Γ. We say
that π satisfies monotony if

• Up to equivalence π has a single boundary realization.
• That realization is perfect.

π satisfies duplicity if

• Up to equivalence π has exactly two perfect boundary realiza-
tions, (ι1, π

′
1) and (ι2, π

′
2) where π′1 and π′2 are not equivalent

as Γ n C(Ω) representations.
• Let π′ acting on H′1 ⊕H′2 be the direct sum of π′1 and π′2. Up

to equivalence all the imperfect boundary realizations of π are
given by the maps v 7→ (t1ι1(v), t2ι2(v)) where t1, t2 > 0 and
t21 + t22 = 1.

π satisfies oddity if
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• Up to equivalence π has exactly one boundary realization,
(ι, π′) where π′ acts on H′.
• That realization is not perfect.

The principal series representations considered by Figà-Talamanca
and Picardello [7] and Figà-Talamanca and Steger [8] satisfy duplicity,
except for the two at the endpoints, which satisfy monotony. These
questions about duplicity are answered in [19]. That paper also uses
the Duplicity and Oddity theorems from [10]. It states them without
proof and then applies them. A very general proof that endpoints
representations satisfy monotony can be found in [1].

Here are a few known representations satisfying oddity: the non-
endpoint representations from [17] and [18] as described in Example 6.5
of [16]; the midpoint principal unitary representation from [7], upon
restriction to the subgroup of even elements of the free group.

In [16] the first and third authors constructed a class of multiplica-
tive representations. This class is large enough to contain more or less
all previously constructed tempered irreducible representations whose
construction uses the action of Γ on its Cayley graph: in Section 6 of
the same paper it is shown how multiplicative representations can cover
most of the above mentioned representations. In the same paper it was
proved that the representations constructed from our multiplicative
functions are irreducible as representations of Γ n C(Ω). The second
paper in this series [13] and the present third paper are devoted to the
study of irreducibility and inequivalence of multiplicative representa-
tions as representations of Γ.

It turns out that the growth of matrix coefficients plays a central
role both for the classification above conjectured and for the proof of
irreducibility.

In 1979 Haagerup [9] showed that tempered representations can be
characterized by the growth of their matrix coefficients, namely he
proved that for a representation π having a cyclic vector v the following
conditions are equivalent:

• π is tempered;
• The map φvε(x) = 〈v, π(x)v〉e−ε|x| is square integrable for every

positive ε;
•

(1)
∑
|x|=n

|〈v, π(x)v〉|2 ≤ (n+ 1)2‖v‖4.
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Haagerup’s inequality implies

(2) ‖φvε‖2
2 =

∑
x∈Γ

|〈v, π(x)v〉|2e−2ε|x| ≤ C‖v‖4

(
1

ε

)3

.

The problem of finding the correct asymptotic for
∑
|x|=n |〈v, π(x)v〉|2

is nontrivial and has been treated by many authors, not only for a free
group: see for example [1], [2], [3], [7], [8], [13].

In [13] it is shown if π is a multiplicative representation then ‖φvε‖2
2

can be explicitly calculated for v in a dense set of smooth vectors. It
turns out to be asymptotically proportional to either 1/ε or 1/ε2 or
1/ε3 as ε→ 0.

The exponent 3 for 1/ε in Haagerup’s inequality (2) is an upper
bound for the growth of the `2 norm of φvε which is attained only
in rather special cases: endpoint representations of the isotropic/an-
isotropic principal series of Figà-Talamanca and Picardello/Figà-Tala-
manca and Steger [7], [8] have these maximal asymptotics; likewise for
other multiplicative representations constructed from very special ma-
trix systems (see [13]). Recently Boyer and Garncarek [1] constructed
a huge family of irreducible representations with maximal asymptotics.

Every multiplicative representation provides a perfect boundary re-
alization of itself (see Proposition 2.6), but what happens when we re-
strict this representation to Γ? Is this representation still irreducible?
Are there other boundary realizations of this Γ-representation?

In [15] we conjectured that any irreducible unitary representation
of Γ weakly contained in the regular representation is monotonous, or
duplicitous, or odd.

In [13] we characterized, within the class of multiplicative represen-
tations, those which satisfy monotony: they are exactly those for which
either ‖φvε‖2

2 ' 1/ε2 or ‖φvε‖2
2 ' 1/ε3, as ε → 0. This paper is devoted

to the study of the case

‖φvε‖2
2 ' 1/ε .

We shall prove that in this case there are only two possibilities:

• Either the multiplicative Γ-representation is irreducible and
satisfies duplicity (Theorem 5.4);
• or the multiplicative Γ-representation decomposes into two in-

equivalent irreducible Γ-representations and each of them sat-
isfies oddity (Theorem 5.5).

We may conclude that our conjecture is true for the irreducible com-
ponents of multiplicative Γ-representations.
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The techniques used here are completely different from those of [13]:
we shall use the Duplicity and Oddity Theorems of [10] and new in-
vestigations into the eigenspace of 1 of the transition matrix used to
compute ‖φvε‖2

2.

2. Preliminary

Γ will stand for a non-abelian free group on a finite set A+ of gen-
erators. We also let A = A+ ∪ A− for the set of generators and their
inverses. Recall that the Cayley graph of Γ with respect to A is a tree
of degree q + 1 = |A|, and that this tree has a standard compactifica-
tion which is obtained by adjoining a boundary, which we denote Ω.
This boundary can be described as the space of ends of the tree; it also
coincides with the boundary of Γ considered as a Gromov hyperbolic
group.

Concretely, if we identify Γ with the set of finite reduced words

{a1a2 . . . an ; aj ∈ A, ajaj+1 6= 1},

then we can identify Ω with the set of infinite reduced words

{a1a2a3 . . . ; aj ∈ A, ajaj+1 6= 1}.

For x ∈ Γ let Γ(x) be the set of finite reduced words which start with
the reduced word for x; let Ω(x) be the set of infinite reduced words
which start with the reduced word for x. A basis for the topology on
the compactification Γ t Ω is given by the singletons {x} and the sets
Γ(x) t Ω(x), as x varies through Γ. The left-action of Γ on Γ extends
to a continuous action on the compactification.

Let a ∈ A. For any directed edge (x, xa) of the tree define

Γ(x, xa) = {y ∈ Γ ; d(y, xa) < d(y, x)},

where d counts the number of the edges joining two vertices. Upon
removing that edge, the tree decomposes as Γ = Γ(x, xa)q Γ(xa, x).

Suppose that the length |xa| = |x|+ 1, that is, suppose that a is the
last letter in the reduced word for xa. Then Γ(x, xa) = Γ(xa) (while if
|xa| = |x| − 1, then Γ(x, xa) = Γ ∼ Γ(x)). If |y| < |xa| = |x|+ 1, then
also |yxa| = |yx|+ 1, and so

yΓ(xa) = yΓ(x, xa) = Γ(yx, yxa) = Γ(yxa)

yΩ(xa) = y(Γ(xa) ∩ Ω) = yΓ(xa) ∩ Ω = Γ(yxa) ∩ Ω = Ω(yxa) .

Considering, by contrast, the case y = (xa)−1, one finds

(xa)−1Γ(xa) = (xa)−1Γ(x, xa) = Γ(a−1, e) = Γ ∼ Γ(a−1).
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In order to construct a multiplicative representation as described in
[16] one needs:
• A matrix system (Va, Hba): it consists of finite dimensional com-

plex vector spaces Va, for each a ∈ A, and linear maps Hba : Va → Vb
for each pair a, b ∈ A, where Hba = 0 whenever ba = e.
• A collection of positive definite sesquilinear forms (Ba) on each

Va satisfying, for each a ∈ A and va ∈ Va the following compatibility
condition:

(3) Ba(va, va) =
∑
b∈A

Bb(Hbava, Hbava).

With these ingredients we are going to construct the (Hilbert) space
of multiplicative functions on which the multiplicative representation
will act by translation.

Definition 2.1. A multiplicative function is a function f : Γ→ ta∈AVa
satisfying the following condition: there exists N = N(f) such that for
every x ∈ Γ with |x| ≥ N

(4)
f(xa) ∈ Va if |xa| = |x|+ 1
f(xab) = Hbaf(xa) if |xab| = |x|+ 2

We declare that two multiplicative functions are equivalent if they dif-
fer only on a finite set. We shall denote by H∞ the space of equivalence
classes of multiplicative functions.

Definition 2.2. Let x ∈ Γ and a ∈ A. An elementary multiplicative
function is defined as follows:

(5)


µ[x, xa, va](y) = 0, for y /∈ Γ(x, xa),
µ[x, xa, va](xa) = va,
µ[x, xa, va](ybc) = Hcb µ[x, xa, va](yb),
if yb, ybc ∈ Γ(x, xa), and d(ybc, x) = d(y, x) + 2.

It is clear that every multiplicative function f is equivalent to a finite
linear combination of functions µ[y, yb, vb] for |y| ≥ N(f) and |yb| =
|y|+ 1.

Remark 2.3. Observe that in the above definition (5) we do not require
that |xa| = |x| + 1. For example, if x = a1 . . . an is the reduced word
for x and a = an

−1, then e ∈ Γ(x, xa) and

µ[x, xan
−1, van−1 ](e) = Ha1−1a2−1 . . . Han−1

−1an−1van−1 .

Note that yΓ(x, xa) = Γ(yx, yxa) and that

µ[x, xa, va](y
−1·) = µ[yx, yxa, va](·) .
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In the past literature the following notion of multiplicative function
has been considered by many Authors: say that h : Γ → C is multi-
plicative if h(xy) = h(x)h(y) whenever |xy| = |x| + |y|. It was first
proved by Haagerup [9] that the function q−λ|x| is positive definite for
all positive λ. De Michele–Figá-Talamanca [6] generalized Haagerup’s
result to a wider class of multiplicative functions, while Pytlik and
Szwarc [20] gave, for all positive λ, an explicit description of a repre-
sentation πλ having the function q−λ|x| as matrix coefficient. Since the
free group doesn’t admit any irreducible square integrable representa-
tion (see Cecchini–Figá-Talamanca [4]), every multiplicative function
in `2(Γ) corresponds to a reducible representation. Even if you consider
multiplicative functions in `2+ε(Γ), (that is weakly associated with the
regular representation), you end up with a reducible Γ-representation,
unless the number of generators is infinite (see [20] and [12]).

Our multiplicative functions are different from those considered in
the above mentioned papers, even in the scalar case. First of all we
allow a multiplicative function to be zero on a full set Γ(x), second we
identify functions that differ on a finite set. One of our tools is to de-
fine a norm for multiplicative functions consistent with the equivalence
relation. This norm preserves the unitarity of the Γ-action and allows
the possibility of obtaining an irreducible representation of Γ.

Definition 2.4. Let µ[x, xa, va] and µ[y, yb, vb] be two elementary mul-
tiplicative functios. Define

(6)
〈µ[x, xa, va], µ[y, yb, vb]〉 = 0, if Γ(x, xa) ∩ Γ(y, yb) = ∅,
〈µ[x, xa, va], µ[x, xa, v′a]〉 = Ba(va, v

′
a).

The compatibility condition (3) ensures that 〈·, ·〉 is well defined and
can be extended by linearity to a scalar product in H∞ (see [16] for
details).

Given all these ingredients one sets, for every y ∈ Γ and f ∈ H∞,

(π(y)f)(x) = f(y−1x).

It can be shown that π is unitary with respect to 〈 ·, · 〉 and hence
extends to H, the completion of H∞, to a unitary representation that
we shall call multiplicative. We aware the reader that the multiplicative
representation hitherto constructed need not be irreducible, as it is
pointed out in [11]. In order to hope for an irreducible representation
of Γ we need to impose the following irreducibility condition on the
matrix system:
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Definition 2.5. An invariant subsystem of (Va, Hba) is a collection of
subspaces Wa ⊆ Va such that Hba(Wa) ⊆ Wb, for all a, b ∈ A. The
system (Va, Hba) is called irreducible if it is non-zero and there are no
invariant subsystems except for itself and the zero subsystem.

In [16] it is proved that any irreducible matrix system admits, up
to a normalization, a unique (up to scalar multiples) tuple of strictly
positive definite forms (Ba) satisfying (3).

From this point on we shall assume that all systems are irreducible
and normalized so that (3) holds for a given tuple (Ba) of positive
definite forms.

For brevity we shall call such systems (Va, Hba, Ba) matrix systems
with inner product.

Now we need to specify in which sense a multiplicative representation
gives raise to a Γ n C(Ω) representation.

Proposition 2.6. Let (π,H) be a multiplicative representation as de-
scribed above. Then (Id,H) is a perfect boundary realization of π.

Proof. Let f ∈ H, x ∈ Γ and let 111x be the characteristic function of
the set Ω(x). Set

(π(111x)f)(y) =

{
f(y), if y ∈ Γ(x),

0, otherwise,

and extend this action by linearity and continuity to all of C(Ω).
Observe that one has

(7) π(x)π(G)π(x)−1 = π(λ(x)G), for x ∈ Γ and G ∈ C(Ω).

where λ : Γ→ Aut(C(Ω)) is given by (λ(x)G)(ω) = G(x−1ω). In fact,
a pair of actions which satisfy (7) fit together to give a representation
of the crossed-product C∗-algebra, denoted Γ n C(Ω).

Vice versa, any ΓnC(Ω)-representation comes from a pair of actions
which fit together as per (7). One can consult [5] for the definition of
the crossed-product. Hence (Id,H) is a boundary realization of π which
is obviously surjective. �

Hence any multiplicative representation provides a perfect boundary
realization of itself. Suppose π is irreducible and weakly contained in
the regular representation. How many different boundary realizations
does it have? To make this question precise, we need

Definition 2.7. Let π : Γ → U(H) be a unitary representation of Γ.
Two boundary realizations ιj : H → H′j are equivalent if there is a
unitary equivalence of Γ n C(Ω)-representations J : H′1 → H′2, such
that Jι1 = ι2.
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The above definition concerns equivalence of Γ n C(Ω) represen-
tations, while the next definition concerns the equivalence of matrix
systems:

Definition 2.8. A map from the system (Va, Hba) to (V ]
a , H

]
ba), is a

tuple (Ja), where Ja : Va → V ]
a , is a linear map and

H]
baJa = JbHba for all a, b ∈ A .

The tuple is called an equivalence if each Ja is a bijection. Two systems
are called equivalent if there is an equivalence between them.

In [16] it is proved that two multiplicative representations arising
from irreducible matrix systems are equivalent as ΓnC(Ω) representa-
tions if and only if the two systems are equivalent; hence for irreducible
ΓnC(Ω) representations the two definitions 2.7 and 2.8 are equivalent.
Obviously equivalent systems give raise to equivalent Γ-representations,
but the converse is no longer true as we shall see in Section 4.

3. Good Vectors and Boundary Realizations.

We begin with the following important

Definition 3.1. Given a representation (π,H), we say that a non-zero
vector w ∈ H is a good vector if it satisfies the Good Vector Bound,
namely if there exists a constant C, depending only on w, such that

(GVB)
∑
|x|=n

|〈v, π(x)w〉|2 ≤ C‖v‖2, for all n ∈ N, v ∈ H.

We observe that, if w is a good vector, then, for every v, as ε→ 0,∑
x∈Γ

|〈v, π(x)w〉|2e−ε|x| =
∞∑
n=0

∑
|x|=n

|〈v, π(x)w〉|2e−εn ≤ C
‖v‖2

1− e−ε
' 1

ε
.

The first key observation is that the existence of “good vectors” is
deeply related to the existence of imperfect boundary realizations, as
the following proposition shows:

Proposition 3.2. [15] If a representation (π,H) of Γ admits an im-
perfect boundary realization, then some non-zero vector w ∈ H satisfies
(GVB).

For an arbitrary representation it is really very hard to understand
whether there exists or not a good vector! See for example the paper of
Boyer and Garncareck [1] where the existence of good vectors is ruled
out!
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For a representation constructed from an irreducible matrix system
there is the possibility to calculate

(8)
∑
x∈Γ

|〈v, π(x)w〉|2e−ε|x|

explicitly at least for a dense set of vectors v and w. The calculations
in the following subsection are taken from [13].

3.1. The Twin of a System. Given a finite dimensional vector space
V , V will stand for its complex conjugate, V ′ for its dual, the space of

linear functionals, while V ∗ = V
′

will stand for the space of antilinear
functionals. We recall some identifications that will be used in this
paper. The space V1 ⊗ V2 will be identified with the space of linear
maps v1 ⊗ v2 : V ′2 → V1 given by (v1 ⊗ v2)(f) = f(v2) v1 = 〈v2, f〉 v1 .

It follows that, given T1 ∈ L (V1, V3) and T2 ∈ L (V2, V4), the map

T1 ⊗ T2 : V1 ⊗ V2 → V3 ⊗ V4

corresponds to the operator

L (V ′2 , V1)→ L (V ′4 , V3), S 7→ T1 S T
′
2.

So we shall write (T1 ⊗ T2)S = T1ST
′
2. The duality isomorphism

L : L (V, V ∗)→ L (V ∗, V )′

defines a bilinear form which can be written explicitly by means of the
trace function

B : L (V, V ∗)×L (V ∗, V )→ C,

(9) B(T, S) := (L(T ))(S) = tr(TS) = tr(ST ).

Positive definite sesquilinear forms Ba on Va are identified with maps
Ba ∈ L (Va, V

∗
a ); under this identification one also has B∗a = Ba.

The compatibility condition (3) may be rewritten as:

(10) (TB)a =
∑
b∈A

H∗baBbHba =
∑
b∈A

H∗ba ⊗H ′baBb = Ba.

The above equation says that the tuple (Ba) is a right eigenvector
for the matrix T = (H∗ba ⊗H ′ba)a,b corresponding to eigenvalue 1.

For every a ∈ A set V̂a := V ∗a−1 = V
′
a−1 .

A system of linear maps Hba : Va → Vb induces an obvious system of
maps H∗ba : V ∗b → V ∗a , by the rule H∗ba(f) = f ◦Hba, and also maps

Ĥba := H∗a−1b−1 : V̂a → V̂b.

Hence the matrix system (Va, Hba) induces another matrix system

(V̂a, Ĥba), which is irreducible if so is (Va, Hba).
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Proposition 3.3. [13] Assume that (Va, Hba, Ba) is a matrix system
with inner product. Then there exists a unique (up to multiple scalars)

positive definite tuple (B̂a), B̂a : V̂a → V̂ ∗a on V̂a such that the matrix

system (V̂a, Ĥba, B̂a) is a system with inner products.

Definition 3.4. The system (V̂a, Ĥba, B̂a) above constructed is called
the twin of the system (Va, Hba, Ba). Since the twin of the twin of a
system is the system itself, we shall briefly say that the two systems

(V̂a, Ĥba, B̂a) and (Va, Hba, Ba) are twin.

We shall see later that twin systems may not be equivalent as matrix
systems. Nontheless th twin of the system will play a central role in
the computation of (8). Let µ[e, a, va] and µ[e, b, vb] be elementary
multiplicative functions constructed from the system (Va, Hba, Ba) as

per (5) and let (V̂a, Ĥba, B̂a) be the twin system. For any a, b ∈ A, we

define maps Eab : Vb → V̂a by

Eab =
∑
c∈A

c6=a,b−1

H∗ca−1BcHcb =
∑
c∈A

c6=a,b−1

Ĥac−1BcHcb,

where Eab = 0 whenever ab = e.
The quantity

‖φva,vbε ‖2
2 =

∑
x∈Γ

|〈µ[e, a, va], π(x)µ[e, b, vb]〉|2e−ε|x|

can be calculated using the following block matrix: D = (Di,j)i,j=1,...,4

(11)

D =



(
Ĥab ⊗ Ĥab

)
a,b

(
Eab ⊗ Ĥab

)
a,b

(
Ĥab ⊗ Eab

)
a,b

(
Eab ⊗ Eab

)
a,b

0
(
Hab ⊗ Ĥab

)
a,b

0
(
Hab ⊗ Eab

)
a,b

0 0
(
Ĥab ⊗Hab

)
a,b

(
Eab ⊗Hab

)
a,b

0 0 0
(
Hab ⊗Hab

)
a,b


Indeed D is a transition matrix which allows to pass from∑

|x|=n

|〈µ[e, a, va], π(x)µ[e, b, vb]〉|2

to the same quantity summed on all |x| = n+ 1.
It can be shown that, under our assumptions, the spectral radius of

D is always one, [14]. Moreover
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A) If the two systems (Hba, Va, Ba) and (V̂a, Ĥba, B̂a) are not equi-
valent, 1 is an eigenvalue of multiplicity two;

B) If the two systems (Hba, Va, Ba) and (V̂a, Ĥba, B̂a) are equival-
ent, 1 is an eigenvalue of multiplicity four.

Hence the growth of the quantity ‖φva,vbε ‖2
2 depends on the eigenspace

of 1 of D. This space can have, in general, dimension 1, 2, 3 or 4,
depending on many facts.

The study for inequivalent systems has been done in [13] and it is
summarized in the following Theorem:

Theorem 3.5. If the two systems (Va, Hba, Ba) and (V̂a, Ĥba, B̂a) are
not equivalent, then

AI The dimension of the eigenspace of 1 is 2 if and only if, for
every a, b,∈ A and va, vb ∈ Va, Vb, one has

‖φva,vbε ‖2
2 '

1

ε
, as ε→ 0.

In this case there exists a unique tuple of linear maps Qa :

Va → V̂a satisfying

(12) ĤabQb + Eab = QaHab, a, b ∈ A.

AII The dimension of the eigenspace of 1 is 1 if and only if for
every a, b,∈ A and va, vb ∈ Va, Vb, one has

‖φva,vbε ‖2
2 '

1

ε2
, as ε→ 0.

In this case no vector in H satisfies the good vector bound

(GVB) and no system of Qa : Va → V̂a can satisfy (12).

3.2. Equivalent Systems. Now we pass to the study of equivalent
systems, therefore we shall assume, till the end of this section, that the

two systems (Va, Hba, Ba) and (V̂a, Ĥba, B̂a) are irreducible, normalized,
and equivalent.

We are interested in the case where the dimension of the eigenspace
of 1 is 4, since this is linked to the growth 1/ε, as shown in the following

Theorem 3.6. [13, Theorem 1]Let D be the matrix constructed by
equivalent systems as in (11) and let d be the dimension of the eigenspace
of 1 . Then d = 4 if and only if

‖φva,vbε ‖2
2 '

1

ε
, as ε→ 0.

and the result follows.
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Remark 3.7. Let (Ka)a, be an equivalence between the two systems

(13) Ka : Va → V̂a, ĤabKb = KaHab, for all a, b ∈ A.
One can always assume K∗a = Ka−1 . Indeed, passing to adjoint in

(13), we get

H∗abK
∗
a = K∗b Ĥ

∗
ab, that is Ĥb−1a−1K∗a = K∗bHb−1a−1 .

Write a and b for a−1 and b−1, to see that the tuple K∗a−1 gives
another valid system. Since

Ka =
(Ka +K∗a−1)

2
+ i

(Ka −K∗a−1)

2i
,

anyone of the two addends will satisfy the required condition.

Lemma 3.8. The following tuples are, up to constants, the only right
eigenvectors corresponding to the eigenvalue 1 for the indicated subma-
trices of the main matrix (11)

(i) U1 = (Ba−1)a for D11;
(ii) U2 = (K−1

a Ba−1)a for D22;
(iii) U3 = (Ba−1K−1

a−1)a for D33;

(iv) U4 = (B̂a−1)a = (K−1
a Ba−1K−1

a−1)a for D44.

Proof. The result follows by the compatibility condition (3), the prop-
erty (13) of the equivalence (Ka), and the identity K∗a = Ka−1 . �

Now, (10) shows that V = (Ba)a is an eigenvector corresponding to
1 for the dual of D44

D′44 =
(
(Hab ⊗Hab)a,b

)′
= (H∗ba ⊗H ′ba)a,b.

Moreover, the space Ker((D44 − I)′) is one-dimensional and generated
by V. The equality Im(D44− I) = Ker((D44− I)′)⊥ therefore yields the
following property involving the trace (9), for any arbitrary X:

(14) X ∈ Im(D44 − I)⇔ tr(XV ) = tr(V X) = 0.

Lemma 3.9. Under the hypotheses hitherto assumed on the matrix
systems, the following are equivalent:

a) The dimension of the eigenspace corresponding to the eigenva-
lue 1 of D is d ≥ 3;

b)
∑
a,b∈A

tr(K−1
a Eab B̂b−1H∗abBa) = 0.

Proof. In case of equivalence of matrix systems, the equality (13) yields
a similarity between all elements in the main diagonal in D, indeed

Dii = SiD44 S
−1
i i = 1, 2, 3,
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where S1 = diag(Ka ⊗Ka, a ∈ A), S2 = diag(Id⊗Ka, a ∈ A), and
S3 = diag(Ka ⊗ Id, a ∈ A).

Hence the full matrix will be similar to a matrix having all the diag-
onal elements equal to D = D4,4.

To analyze the dimension of the eigenspace corresponding to the
eigenvalue 1 of D means to find all solutions of DP = P, therefore we
can assume that D − I is equal to

D − I A B C
0 D − I 0 B
0 0 D − I A
0 0 0 D − I

 ,

where A = S−1
3 D34, and B = S−1

2 D24.
Let Z = (Za)a denote a (normalized) eigenvector corresponding to

the eigenvalue 1 of D, (note that Z∗a = Za); it verifies the equality

(AZ)∗a =
∑
b

(K−1
a EabZbH

∗
ab)
∗ =

∑
b

HabZb(K
−1
a Eab)

∗ = (B Z)a.

The eigenspace corresponding to the eigenvalue 1 of D has dimension
greater or equal to 3 if and only if there exist 2 linear independent
eigenvectors 0 6= P = (Pj)j=1,...,4, not proportional to u = (δj1Z)j=1,...,4,
such that DP = P .

If P2 = P3 = P4 = 0, and DP = P then P1 is either zero or pro-
portional to Z. Hence P not proportional to u means (P2, P3, P4) 6=
(0, 0, 0).

Observe that, for the discussion before (14), b) means tr(AZV ) = 0

or, equivalently, AZ ∈ Im(D − I), where Z = (B̂a−1)a and V = (Ba)a.
We now prove a) implies b). Assume d ≥ 3.
Equality DP = P is verified by at least 2 linear independent vectors

not proportional to u. They verify

(15)


(D − I)P1 + AP2 +BP3 + CP4 = 0
(D − I)P2 +BP4 = 0
(D − I)P3 + AP4 = 0
(D − I)P4 = 0

The last equation in (15) implies P4 is either zero or proportional to
Z.

If P4 = cZ, without loss of generality we can assume c = 1. From
the third equation in (15) we get AZ ∈ Im(D− I) which is equivalent,
by (14), to b).

If P4 = 0, the second and third equation in (15) imply both P2 and
P3 are either zero or proportional to Z, but in any case (P2, P3) 6= (0, 0).
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If (P2, P3) = (0, Z), (Z, 0), from the first equation in (15), we get,
passing to adjoint if needed, that AZ ∈ Im(D−I), which is equivalent,
by (14), to b).

Finally, assume each solution of (15) verifies (P2, P3, P4) = (cZ, Z, 0)
for some 0 6= c ∈ C, (we can always assume one of the constants is
equal to 1).

Since d ≥ 3, there are at least two such solutions, say P and P ′.
With obvious meaning of symbols, by the first equation in (15)

(D − I)(P ′1 − P1) + (c′ − c)AZ = 0.

If c′ 6= c, the latter implies b).
On the other hand c′ = c is impossible. On the contrary, if c′ = c

we get P ′1 = P1 + αZ, α ∈ C. In other words, up to constant, there is
only one other vector not proportional to u in a basis of Ker(D − I),
in contradiction with d ≥ 3.

We now show that b) implies a).
As already noted, b) means that AZ ∈ Im(D − I), and passing to

adjoint, BZ ∈ Im(D − I), too. Therefore there are vectors W2 =
(W2,a)a, and W3 = (W3,a)a, such that W2,a = W ∗

3,a, and

(16) (D − I)W2 +BZ = 0, (D − I)W3 + AZ = 0.

It follows that (W3, Z, 0, 0)> and (W2, 0, Z, 0)> are in Ker(D − I),
and together with u they form a set of three linear independent vectors.
Hence dim Ker(D − I) ≥ 3. �

Lemma 3.10. Assume that the dimension of the eigenspace corre-
sponding to the eigenvalue 1 of D is d ≥ 3.

Then there exist linear maps Qb : Vb → V̂b, b ∈ A, such that the
vector  (B̂b−1 Q∗b)b

(Qb B̂b−1)b
(B̂b−1)b


is a (right) eigenvector corresponding to the eigenvalue 1 of the the
principal submatrix D1 of D, obtained by deleting the rows and columns
of D1,1.

Proof. Following the notation of Lemma 3.9, set S2 = diag(Id⊗Ka, a ∈
A), and S2 = diag(Ka ⊗ Id, a ∈ A).
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Since d ≥ 3, from the proof of Lemma 3.9, we get that there are
vectors W2 = (W2,a)a, and W3 = (W3,a)a, such that W2,a = W ∗

3,a and (D22 − I)S2W2 +D24Z = 0
(D33 − I)S3W3 +D34Z = 0
(D44 − I)Z = 0,

where Z is an eigenvector corresponding to the eigenvalue 1 for D44,

and, without loss of generality we can assume Z = U4 = (B̂a−1)a, see
Lemma 3.8. Also note that

(S3W3)b = KbW3,b : V̂b−1 = V ∗b → V̂b.

Since B̂b−1 is strictly positive definite, it is invertible as a linear map

B̂b−1 : V ∗b → Vb. Hence the map

Qb = KbW3,b B̂
−1
b−1 : Vb → V̂b,

is well defined and linear. It follows KbW3,b = Qb B̂b−1 and

(S2W2)b = W2,bK
∗
b = (KbW3,b)

∗ = B̂b−1 Q∗b .

�

Theorem 3.11. Under the hypotheses hitherto assumed on the matrix
systems, the dimension of the eigenspace corresponding to the eigenva-
lue 1 of D is d = 4 if and only if the following conditions hold

1)
∑
a,b∈A

tr(ĤabBb−1 K−1
b−1 E

∗
ab B̂a) = 0;

2) Given the linear maps Qb : Vb → V̂b, provided by Lemma 3.10,
the following identity holds:

ĤabQb + Eab = QaHab, for all a, b ∈ A.

Proof. Condition 1) is equivalent to d ≥ 3 by Lemma 3.9. Condition
2) is equivalent, by the same argument used in [13, Theorem 5.13] to

0 =
∑
a,b∈A

tr(B̂aEab B̂b−1 Q∗b Ĥ
∗
ab + B̂a ĤabQb B̂b−1 E∗ab + B̂aEab B̂b−1 E∗ab)

= tr

(∑
a∈A

B̂a

∑
b∈A

[
EabB̂b−1Q∗bĤ

∗
ab + ĤabQbB̂b−1E∗ab + EabB̂b−1E∗ab

])
,

meaning that the vector

W = (Wj)j=2,3,4 =

 (B̂b−1 Q∗b)b
(Qb B̂b−1)b

(B̂b−1)b
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is such that D1,2W2 +D1,3W3 +D1,4W4 ∈ Im(D11 − I).
Hence conditions 1) and 2) are equivalent to the existence of a fourth

linear independent vector W = (Wj)j=1,...,4 in (the basis of) Ker(D−I)
besides those provided in the proof of Lemma 3.9. �

We summarize the results for equivalent systems in the following
Theorem:

Theorem 3.12. If the two systems (Va, Hba, Ba) and (V̂a, Ĥba, B̂a) are
equivalent, then 1 is an eigenvalue of multiplicity four for D and the
dimension of the eigenspace of 1 is two, three or four. In particular

BI The dimension of the eigenspace of 1 is 4 if and only if, for
every a, b,∈ A and va, vb ∈ Va, Vb, one has

(17) ‖φva,vbε ‖2
2 '

1

ε
, as ε→ 0.

As well as in the case AI there exists a tuple of linear maps

Qa : Va → V̂a satisfying (12)

ĤabQb + Eab = QaHab, a, b ∈ A,

but in this case the tuple is not unique.
BII The dimension of the eigenspace of 1 is 2 (respectively 3) if

and only if

‖φva,vbε ‖2
2 '

1

ε3
(respectively

1

ε2
), as ε→ 0.

In both cases no vector in H satisfies the good vector bound

(GVB) and no system of Qa : Va → V̂a can satisfy (12).

Proof. The only thing to prove is that the dimension of the eigenspace
of 1 cannot be 1. If this were the case one should have a cycle of length
four in the generalized eigenspace of 1. This implies that the growth
of the quantity is∑

|x|=n

|〈µ[e, a, va], π(x)µ[e, b, vb]〉|2e−ε|x| ' n3e−εn

which contradicts Haagerup’s inequality (1). �

In [13] we proved that all the representations arising from AII satisfy
monotony. The calculation and the techniques presented in [13] can be
carried out virtually unchanged to prove that also the representations
arising from BII satisfy monotony.

This paper is devoted to the study of cases AI, BI.
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4. Equivalent multiplicative Γ-representations

In this section the reigning hypotheses are as follows:
• π and π̂ are multiplicative representations built up from irre-

ducible twin systems (Va, Hba, Ba) and (V̂a, Ĥba, B̂a): this implies that
π and π̂ are irreducible as representations of Γ n C(Ω) [16, Theorem
5.3];
• For every a, b,∈ A and va, vb ∈ Va, Vb, one has (17) and hence

there exists a tuple of linear maps Qa : Va → V̂a satisfying:

(18) ĤabQb + Eab = QaHab, a, b ∈ A.

We begin with the following

Lemma 4.1. The maps Qa : Va → V̂a appearing in (18) also satisfy

Q∗a +Qa−1 = 0, a ∈ A

Proof. Take the adjoint in ĤabQb + Eab = QaHab, and write b−1 for a
and a−1 for b:

Q∗a−1Ĥ∗b−1a−1 + E∗b−1a−1 = H∗b−1a−1Q∗b−1 .

Remember that E∗b−1a−1 = Eab and write

ĤabQ
∗
b−1 = Q∗a−1Hab + Eab

ĤabQb + Eab = QaHab

Adding up to the two equations gives

Ĥab(Qb +Q∗b−1) = (Qa +Q∗a−1)Hab, a, b ∈ A.

If the two systems are inequivalent (Qa+Q∗a−1) must be zero by Remark
3.4 in [16]. If the two systems are equivalent one can replace Qa by
Q̃a = 1

2
(Qa −Q∗a−1). �

Theorem 4.2. Assume the existence of a tuple of linear maps Qa :

Va → V̂a satisfying (18).

Then there exists a linear bijection J : H∞ → Ĥ∞ that intertwines
π to π̂.

Proof. We shall first define J for functions µ[x, xa, va] with |xa|= |x|+1.
Recall that the tree decomposes as the disjoint union of the sets

Γ(x, xa) and Γ(xa, x). Write µ[xa, x, va−1 ] for µ[xa, xaa−1, va−1 ] and
observe that the maps µ[x, xa, va] and µ[xa, x, va−1 ] are orthogonal.

For all a ∈ A and va ∈ Va define

(19) J(µ[x, xa, va]) = µ̂[x, xa,−Qava] + µ̂[xa, x,Bava],
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where µ̂ is the multiplicative function constructed from the system

(V̂a, Ĥab, B̂a) according to (5). Note that Qava ∈ V̂a, Bava ∈ V ∗a = V̂a−1 .
Since π(y)µ[x, xa, va] = µ[yx, yxa, va] regardless of whether yx or xa

are reduced or not, it is clear that J will intertwine π to π̂.
To see that J is well defined write

µ[e, a, va] =
∑
b6=a−1

µ[a, ab,Hbava]

and compute

J(
∑
b 6=a−1

µ[a, ab,Hbava]) =
∑
b 6=a−1

(µ̂[a, ab,−QbHbava] + µ̂[ab, a, BbHbava]).

We need

(20) J(µ[e, a, va]) = µ̂[e, a,−Qava] + µ̂[a, e, Bava]

(21) =
∑
b 6=a−1

(µ̂[a, ab,−QbHbava] + µ̂[ab, a, BbHbava]) .

Compute (20) at x = e to get Bava, while (21) evaluated at e gives∑
b6=a−1

Ĥa−1b−1BbHbava =
∑
b6=a−1

H∗baBbHbava,

they are equal since (Ba) is a right eigenvector of the matrix (H∗ba ⊗H ′ba)a,b.
Proceed now to compute (20) at x = ac: we get −ĤcaQava while (21)
gives

−QcHcava +
∑

b 6=c,a−1

Ĥcb−1BbHbava .

Equality holds if and only if

QcHca = ĤcaQa +
∑

b 6=c,a−1

Ĥcb−1BbHba,

which is (18) where we wrote a for c, b for a and c for b.
We shall now provide the expression for J(µ[a, e, va−1 ]). Observe that

J(π(a−1)µ[e, a, va]) = π̂(a−1)Jµ[e, a, va]

= µ̂[a−1, e,−Qava] + µ̂[e, a−1, Bava],

write now a for a−1: we get

Jµ[a, e, va−1 ] = µ̂[e, a, Ba−1va−1 ] + µ̂[a, e,−Qa−1va−1 ].

Identify Va ⊕ Va−1 with the space of multiplicative functions of the
form µ[e, a, va] + µ[a−1, e, va−1 ].
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With this identification we may think of J as acting on each Va⊕Va−1

via the matrix

(22)

(
−Qa Ba−1

Ba −Qa−1

)
: Va ⊕ Va−1 → V̂a ⊕ V̂a−1 ,

where V̂a ⊕ V̂a−1 is identified with the space of functions of the form
µ̂[e, a, va]+µ̂[a−1, e, va−1 ]. Moreover, the matrix (22) has as right inverse

(23)−B−1
a Q∗a(Ba−1 +QaB

−1
a Q∗a)

−1 (Ba +Qa−1B−1
a−1Q

∗
a−1)−1

(Ba−1 +QaB
−1
a Q∗a)

−1 −B−1
a−1Q

∗
a−1(Ba +Qa−1B−1

a−1Q
∗
a−1)−1

.
Indeed, a simple multiplication and Lemma 4.1 show that it suffices

to prove that the matrix (23) is well defined, i.e. Ba + Qa−1B−1
a−1Q

∗
a−1

is invertible. But the latter is positive definite, hence invertible.
Extend now J by linearity to H∞ by (??).

We shall now prove that J is invertible from H∞ → Ĥ∞.
To prove surjectivity is sufficient, by linearity and the intertwin-

ing property, to check that all the functions of the type µ̂[e, a, v̂a] +
µ̂[a, e, v̂a−1 ] are in the image of J .

By (23) we know that, given v̂a ∈ V̂a and v̂a−1 ∈ V̂a−1 , there exist
wa ∈ Va, wa−1 ∈ Va−1 such that(

−Qa Ba−1

Ba −Qa−1

)(
wa
wa−1

)
=

(
v̂a
v̂a−1

)
,

and so

J(µ[e, a, wa] + µ[a, e, wa−1 ]) = µ̂[e, a, v̂a] + µ̂[a, e, v̂a−1 ] .

We proof that J is injective as follows. For any n ∈ N let Wn be the
finite dimensional subspace ofH∞ consisting of multiplicative functions
of the form

f =
∑
|x|=n

∑
a∈A

|xa|=|x|+1

µ[x, xa, f(xa)].

Let Jn be the restriction of J on this subspace. It is easy to see that

Jn : Wn → Ŵn is onto, therefore Jn is also one-to-one. Now, let Jf = 0
for some multiplicative function f . By (??) there exists n such that
f ∈ Wn and Jnf = 0, therefore f = 0 and the theorem is proved. �

Incidentally we have proved the following
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Proposition 4.3. Any intertwiner T between π and π̂ which sends
functions of the form µ[e, a, va] + µ[a−1, e, va−1 ] into functions of the

same type lying in Ĥ∞, must be given by a matrix(
Xa Ya−1

Ya Xa−1

)
where Xa : Va → V̂a, Ya : Va → V̂a−1 , must be chosen so that

Ya = λBa for some λ ∈ C,
XaHab + λEab = ĤabXb .

In particular the maps −Xa must satisfy (18) with respect to the
choice of λBa .

Proof. Assume that J(µ[e, a, va]) = µ̂[e, a,Xava]+ µ̂[a, e, Yava] and pro-
ceed as in the proof of Theorem 4.2 to see that

J(µ[e, a, va]) = µ̂[e, a,Xava] + µ̂[a, e, Yava]

must be equal to∑
b 6=a−1

(µ̂[a, ab,XbHbava] + µ̂[ab, a, YbHbava]) .

The two expressions will be equal if and only if Ya is a multiple of Ba,
say λBa, and the maps −Xa satisfy (18) with respect to the choice of
λBa.

If the two systems (Va, Hba, Ba) and (V̂a, Ĥba, B̂a) are not equivalent
then there is only one possibility for the maps Qa and hence the matrix
for T will be (

−λQa λBa−1

λBa −λQ∗a

)
.

If the two systems (Va, Hba, Ba) and (V̂a, Ĥba, B̂a) are equivalent

then there exists a tuple of linear maps Ka : Va → V̂a so that

KaHab = ĤabKb

and this will increase the possibilities for the Qa. Having in mind that
we want to keep the condition Q∗a + Qa−1 = 0, observe that we may
always assume that K∗a = Ka−1 (see Remark 3.7).

In this case, for a fixed given choice of λBa all the possible choices
for Xa satisfying X∗a +Xa−1 = 0 are of the form

Xa = −λQa + icKa for real c,

and the matrix for T will be(
−λQa + icKa λBa−1

λBa −λQ∗a + icK∗a

)
.



22 M. GABRIELLA KUHN, SANDRA SALIANI, AND TIM STEGER

�

We are now ready to prove the following

Theorem 4.4. Assume the existence of a tuple of linear maps Qa :

Va → V̂a satisfying (18).

Let J be as in (19). Then J : H∞ → Ĥ∞ preserves the inner product
and hence it extends to a unitary equivalence between π and π̂.

Proof. Let Qa be a tuple of maps satisfying (18). Construct J as in
Theorem 4.2 and let (

−Qa Ba−1

Ba −Qa−1

)
be the matrix representing it.

At the algebraic level we know that J is invertible and intertwines π

to π̂, from H∞ to Ĥ∞. Since the twin of the twin system is the original

system and J−1 : Ĥ∞ → H∞ intertwines the representations as well,
Proposition 4.3 applied to the twin system, says that the matrix (23)
for J−1 must be of the form

(24)

(
−Q̂a B̂a−1

B̂a −Q̂a−1

)
where B̂a is a right eigenvector of the matrix (Ĥ∗ba ⊗ Ĥ ′ba)a,b and the

maps Q̂a : V̂a → Va satisfy

(25) HabQ̂b + Êab = Q̂aĤab, a, b ∈ A,

with Êab the analogue of Eab with respect to the twin system.
Hence

J−1(µ̂[e, a, v̂a]) = µ[e, a,−Q̂av̂a] + µ[a, e, B̂av̂a].

Remember that (24) is also a left inverse for the matrix (22) and use
Lemma 4.1 to get

Q̂aQa + B̂a−1Ba = Id(26)

B̂aQa = −Q̂a−1Ba(27)

Qa−1B̂a = −BaQ̂a(28)

Now we prove that J preserves the inner product in H∞ defined in (6).
Due to the structure of multiplicative functions, by linearity and

sesquilinearity, since π and π̂ are unitary representations intertwined
by J and J−1, it is sufficient to show that

〈Jf, Jg〉 = 〈f, g〉
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when either f = µ[x, xa, va] and g = µ[x, xa, wa] or f = µ[a1, e, wa1−1 ]
and g = µ[x, xa, va], where a1 is the first letter of x, and xa is reduced.
In the first case one has

(29) 〈µ[x, xa, va], µ[x, xa, wa]〉 = Ba(va, wa)

while

〈Jµ[x, xa, va], Jµ[x, xa, wa]〉(30)

= 〈µ̂[e, a,−Qava] + µ̂[a, e, Bava], µ̂[e, a,−Qawa] + µ̂[a, e, Bawa]〉
= B̂a−1(Bava, Bawa) + B̂a(Qava, Qawa) .

Hence (29) will be equal to (30) if and only if

Ba = B∗aB̂a−1Ba +Q∗aB̂aQa = BaB̂a−1Ba +BaQ̂aQa,

(after an application of (27) and Lemma 4.1), which is true by (26).
In the second case, since µ[a1, e, wa−1

1
] and µ[x, xa, va] are orthogonal,

we need to prove 〈Jf, Jg〉 = 0. Let us suppose that xa = a1 . . . anan+1 is
reduced. We have, again by orthogonality and since a−1

1 xa = a2 . . .an+1,

〈Jf, Jg〉= 〈Jµ[a1, e, wa−1
1

], Jµ[x, xa, va]〉
= 〈µ̂[e, a−1

1 ,−Qa−1
1
wa−1

1
], π̂(a2 . . . anan+1) µ̂[e, a−1

n+1, Ban+1van+1 ]〉
+〈µ̂[e, a1, Ba−1

1
wa−1

1
], π̂(a1 . . . an) µ̂[e, an+1,−Qan+1van+1 ]〉

+〈µ̂[e, a1, Ba−1
1
wa−1

1
], π̂(a1 . . . anan+1) µ̂[e, a−1

n+1, Ban+1van+1 ]〉.
Each of the above quantities have been already calculated in the proof
of [13, Lemma 5.5] and are respectively equal to

−B̂a−1
1

(Qa−1
1
wa−1

1
, Ĥa−1

1 a−1
2
. . . Ĥa−1

n a−1
n+1
Ban+1van+1)

−B̂an+1(Ĥan+1an . . . Ĥa2a1Ba−1
1
wa−1

1
, Qan+1van+1)

+
n−1∑
j=0

Êaj+2aj+1
(Ĥaj+1aj . . .Ĥa2a1Ba−1

1
wa−1

1
, Ĥa−1

j+2a
−1
j+3
. . .Ĥa−1

n a−1
n+1
Ban+1van+1).

Therefore, after an application of (27), (28), and Lemma 4.1, every-
thing is proved if we show that, for every n ≥ 1,

Han+1an . . . Ha2a1Q̂a1 − Q̂an+1Ĥan+1an . . . Ĥa2a1(31)

+
n−1∑
j=0

Han+1an . . . Haj+3aj+2
Êaj+2aj+1

Ĥaj+1aj . . . Ĥa2a1 = 0.

The latter can be easily proved by induction on n ≥ 1, by means of
(25). We omit the details, just note that if n = 1, (31) is indeed

Ha2a1Q̂a1 − Q̂a2Ĥa2a1 + Êa2a1 = 0.
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�

Theorem 4.5. Assume the reigning hypotheses of this Section. If the

two systems (Va, Hba, Ba) and (V̂a, Ĥba, B̂a) are equivalent then π splits
into the sum of two Γ-representations.

Remark 4.6. It will be proved in the next Section that these two Γ-
representations are indeed irreducible and inequivalent.

Proof. Let (Ka) be an equivalence between the two systems. By Lemma

5.2 of [16] we may assume that Ka : Va → V̂a is a A-tuple of unitary
operators satisfying, by Remark 3.7, Ka−1 = K∗a . Fix a system of Qa

satisfying (18). Normalize the B̂a so that

J =

(
−Qa Ba−1

Ba −Q∗a

)
J−1 =

(
−Q̂a B̂a−1

B̂a −Q̂∗a

)
and set

K =

(
Ka 0
0 Ka−1

)
.

Consider the operator KJ−1K : H∞ → Ĥ∞. We may assume that J is
unitary as well, so that KJ−1K is also unitary and, by Theorem 4.2,
intertwines the two Γ-representations π and π̂. By Proposition 4.3 it
must be of the form(

−λQa + icKa λBa−1

λBa −λQ∗a + icK∗a

)
.

We pass to calculate the product of the three matrices. Since the

term Ka−1B̂aKa = K∗aB̂aKa is positive, the same must be true for λBa,
so that λ must be positive. Hence KJ−1K must satisfy the following
equation:

KJ−1K = λJ + icK
for some positive λ and real c. Multiply both sides by K−1JK−1 to get
the equation:

Id = λ(K−1J)2 + ic(K−1J).

Hence the unitary operator (K−1J) has two complex eigenvalues, say
λ±, which are distinct since (K−1J) is not a scalar. Some elementary

algebra shows that λ must be 1 and λ± = −ic±
√

4−c2
2

. Hence the Γ-
representation splits into the direct sum of two representations each
corresponding to an eigenspace of (K−1J). �

Remark 4.7. We remark that if we replace J by

J̃ =
2√

4− c2
(J − ic

2
K)
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we still obtain a valid non trivial intertwiner for π and π̂, but this choice
of J̃ will lead to the unitary operator

J = (K−1)J̃

having the simpler eigenvalues +1 and −1.

5. Γ-irreducibility of multiplicative representations

We begin this section by recalling the Duplicity and the Oddity The-
orems from [10]. Denote by ‖·‖HS the Hilbert-Schmidt norm of an
operator.

Duplicity Theorem 5.1. Let π : Γ→ U(H) be a unitary representa-
tion of Γ. Suppose

• (π′±,H′±) are two irreducible ΓnC(Ω)-representations, inequiv-
alent as Γ n C(Ω)-representations.
• ι± : H → H′± are two perfect boundary realizations of π.
• The following Finite Trace Condition holds

(FTC) ‖(ι∗−π′−(111a)ι−)(ι∗+π
′
+(111b)ι+)‖HS <∞, a, b ∈ A, a 6= b.

Then

• π is irreducible as a Γ-representation.
• Up to equivalence, ι+ and ι− are the only perfect boundary

realizations of π.
• Any imperfect boundary realization of π is equivalent to√

t+ ι+ ⊕
√
t− ι− : H → H′+ ⊕ H′− for constants t+, t− > 0

with t+ + t− = 1.

Oddity Theorem 5.2. Let π : Γ→ U(H) be a unitary representation
of Γ. Suppose

• (π′,H′) is an irreducible Γ n C(Ω)-representation.
• ι : H → H′ is an imperfect realization of π.
• The following Finite Trace Condition holds

(FTC) ‖(ι∗π′(111a)ι)(ι∗π′(111b)ι)‖HS <∞, a, b ∈ A, a 6= b.

Then

• π is irreducible as a Γ-representation.
• Up to equivalence, ι is the only boundary realization of π.

Observe that the unitary Γ-action which π′ gives on H′ stabilizes H1 =
ι(H), so it also stabilizes the orthogonal complement H2 = H 	 H1.
Let π2 : Γ→ U(H2) denote the Γ-action on H2. One can also conclude:

• π2 is irreducible.
• π2 is inequivalent to π.
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In order to use the above cited Theorems we need to investigate the
Finite Trace Condition (FTC) for multiplicative representations.

We have the fundamental

Lemma 5.3. Let (Va, Hba, Ba) be a normalized irreducible system and

consider its twin (V̂a, Ĥba, B̂a). Assume the existence of a tuple of linear

maps Qa : Va → V̂a satisfying (18).
Let J be the intertwining operator defined in (19). Then, for every

a 6= b ∈ A, the operator π̂(111b)Jπ(111a) has finite rank.

Proof. We claim that, for fixed a 6= b, π̂(1b) J π(1a) maps H∞ in a sub-

space of Ĥ∞ of finite dimension. Since finite dimensional subspaces are
closed, this implies that π̂(1b) J π(1a) has finite rank. More precisely,

let Êb be the subspace of Ĥ∞ generated by the set of (equivalence class

of) multiplicative functions {µ̂[e, b, v̂b], vb ∈ V̂b}.
It is clear that Êb is itself a finite dimensional space. We are going

to show that

(32) π̂(1b) J π(1a)(H∞) ⊂ Êb.

By linearity and modulo the equivalence relation, it is sufficient to
prove (32) for functions like µ[x, xc, vc] with |xc| = |x|+ 1.

If x /∈ Γ(a), we have 1Γ(a)µ[x, xc, vc] = 0, therefore

π̂(1b) J π(1a)(µ[x, xc, vc]) = π̂(1b) J (1Γ(a)µ[x, xc, vc]) = 0.

If x ∈ Γ(a), we have 1Γ(a)µ[x, xc, vc] = µ[x, xc, vc], and, since a 6= b,

π̂(1b) J π(1a)(µ[x, xc, vc]) = π̂(1b) J (µ[x, xc, vc])

= 1Γ(b)(µ̂[x, xc,−Qcvc] + µ̂[xc, x,Bcvc]) = 1Γ(b)(µ̂[xc, x,Bcvc]).

It is easy to show by induction on |x| that x ∈ Γ(a) implies, for all

w ∈ V̂c−1 , 1Γ(b)(µ̂[xc, x, w]) ∈ Êb.
Indeed, if |x| = 1, then x = a, and since ac is reduced

1Γ(b)(µ̂[ac, a, w]) = 1Γ(b)(
∑
a′ 6=c

µ̂[a, aa′, Ĥa′c−1w])

= 1Γ(b)(µ̂[a, e, Ĥa−1c−1w]) = 1Γ(b)(
∑
a′ 6=a

µ̂[e, a′, Ĥa′a−1Ĥa−1c−1w])

= 1Γ(b)(µ̂[e, b, Ĥba−1Ĥa−1c−1w]) = µ̂[e, b, Ĥba−1Ĥa−1c−1w] ∈ Êb.

Next we suppose the statement is true for |x| = N−1 and we consider
|x| = N, x = x1 . . . xN . Repeating twice the previous argument, we have



VECTOR-VALUED MULTIPLICATIVE FUNCTIONS, III 27

if |xc| = |x|+ 1, by the induction hypothesis

1Γ(b)(µ̂[xc, x, w]) = 1Γ(b)(µ̂[x, xx−1
N , Ĥx−1

N c−1w])

= 1Γ(b)(µ̂[x1 . . . xN−1, x1 . . . xN−2, Ĥx−1
N−1x

−1
N
Ĥx−1

N c−1w]) ∈ Êb.

�

We shall now consider the case of inequivalent twin systems:

Theorem 5.4. Let (Va, Hba, Ba) be a normalized irreducible system

and let (V̂a, Ĥba, B̂a) be its twin. Assume that the two systems are
not equivalent. Assume moreover that the Γ-representations π and π̂

arising from (Va, Hba, Ba) and (V̂a, Ĥba, B̂a) are equivalent. Then π
satisfies duplicity. In particular π is irreducible as Γ-representation.

Proof. Let ι+ = Id : H → H, and ι− = Id ◦J : H → Ĥ where J : H →
Ĥ is as in (19). It is clear that ι+ is perfect and, since J is a bijection,
the same is true for ι− (see Proposition 2.6). Since both ι− and ι+ are
unitary operators the Finite Trace Condition becomes simply:

‖π̂(1b)ι−ι
∗
+π(1a)‖HS < +∞ ,

for a, b ∈ A, a 6= b. Since ι−ι
∗
+ is nothing but J the result follows from

Lemma 5.3 and the Duplicity Theorem 5.1. �

Let us turn now to equivalent twin systems:

Theorem 5.5. Let (Va, Hba, Ba) be a normalized irreducible system

and let (V̂a, Ĥba, B̂a) be its twin. Assume that the two systems are
equivalent. Then π splits into the direct sum of two irreducible Γ-
representations both satisfying oddity.

Proof. Let, as in Remark 4.7,

J̃ =
2√

4− c2
(J − ic

2
K)

where J is the intertwining operator defined in 19. It is more convenient
to work with

J = K−1J̃

since its eigenvalues are±1. LetH1,H2, be the eigenspaces correspond-
ing to 1 and −1. One has H = H1 ⊕ H2. Let π1 be the restriction
of π to H1. It is obvious that the inclusion map ι : H1 ↪→ H gives
an imperfect realization for π1. We shall prove that π1 satisfies the
hypothesis of the Oddity Theorem 5.2. For every a 6= b we need to
compute

‖(ι∗π(111a)ιι
∗π(111b)ι)‖HS .
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Observe that ιι∗ is the projection ontoH1, which is equal to (Id +J )/2.
Since π(111a)π(111b) = 0 we have

π(111a)ιι
∗π(111b)ι) = π(111a)

(
Id +J

2

)
π(111b) = π(111a)

(
J
2

)
π(111b)

=
1

2
π(111a)K−1J̃π(111b) .(33)

The operator in the last line (33) is a scalar multiple of

π(111a)

(
K−1J − ic

2
Id

)
π(111b) = π(111a)

(
K−1J

)
π(111b).

Since K intertwines π to π̂ we have

π(111a)
(
K−1J

)
π(111b) = K−1π̂(111a)Jπ(111b) .

By Lemma 5.3, π̂′(111a)Jπ
′(111b) is a finite rank operator, and the same

is true for each of the operators appearing at every step, up to the
operator ι∗π′(111a)ιι

∗π′(111b)ι, so that its Hilbert–Schmidt norm is finite.
Apply now Theorem 5.2. �

Remark 5.6. The other representation arising from the eigenspace of
−1 of J also satisfies the hypothesis of the Oddity Theorem: one
can consult [10] or can calculate directly the FTC condition since the
projection onto the other eigenspace is (Id−J )/2.

Theorem 5.7. Assume that π1 and π2 are multiplicative representa-
tions built up from two irreducible inequivalent systems (V 1

a , H
1
ba, B

1
a)

and (V 2
a , H

2
ba, B

2
a). Assume that π1 and π2 are equivalent as Γ-repres-

entations. Then the two systems are twin.

Proof. Assume first that at least one of the two systems, let us say
(V 1

a , H
1
ba, B

1
a), is not equivalent to its twin.

As per Proposition 2.6 each πi (i = 1, 2) provides a perfect realization
of itself. Assume that T : H1 → H2 intertwines π1 to π2.

Define ι : H1 → H1 ⊕H2 by ι = 1√
2
(Id⊕ IdT ) and π′ = π1 ⊕ π2.

Let H′ be the closure in H1 ⊕H2 of the image of π′(C(Ω))[π′(H1)].
It follows that ι is a boundary realization for π1. Moreover (π′,H′)

will be perfect if and only if the operator T , which intertwines π1 to
π2 intertwines also the two actions of C(Ω) on H1 and H2. Since this
is impossible because π1 and π2 are inequivalent as ΓnC(Ω) represen-
tations, Proposition 3.2 applied to π1 ensures that H1 contains some
nonzero vector satisfying (GVB).

On the other hand we know from Theorem 3.5 that in this case there
exists a tuple of linear maps Qa : V 1

a → V̂ 1
a satisfying (18).
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By Theorem 4.2 π1 and π̂1 are equivalent, by Lemma 5.3 they also
satisfy (FTC).

By Theorem 5.1 (Id,H1) and (Id J, Ĥ1) are the only perfect boundary
realizations, hence the latter must be equivalent to (IdT,H2).

Assume now that both systems (V 1
a , H

1
ba, B

1
a) and (V 2

a , H
2
ba, B

2
a) are

equivalent to their twin: we shall see that this is impossible.
If (V 1

a , H
1
ba, B

1
a) is equivalent to its twin by Theorem 5.5, π1 splits

into the direct sum of two irreducible inequivalent Γ-representations π±1
and the same is true for π2. Since π1 and π2 are equivalent, one of the
addends of π1, say π+

1 is equivalent to one of the addends of π2, say π+
2 .

By the Oddity Theorem 5.2 π+
1 and π+

2 admit exactly one boundary
realization, and this implies that (V 1

a , H
1
ba, B

1
a) and (V 2

a , H
2
ba, B

2
a) are

equivalent: a contradiction. �
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