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VECTOR-VALUED MULTIPLICATIVE FUNCTIONS, III

M. GABRIELLA KUHN, SANDRA SALIANI, AND TIM STEGER

ABSTRACT. Let m be an irreducible unitary representation of a
finitely generated nonabelian free group I'; suppose 7w is weakly
contained in the regular representation. In 2001 the first and third
authors conjectured that such a representation must be either odd
or monotonous or duplicitous. In 2004 they introduced the class
of multiplicative representations: this is a large class of representa-
tions obtained by looking at the action of I' on its Cayley graph.
In the second paper of this series we showed that some of the mul-
tiplicative representations were monotonous. Here we show that
all the other multiplicative representations are either odd or du-
plicitous. The conjecture is therefore established for multiplicative
representations.

1. INTRODUCTION

Let T be a free group on a finite set of generators, €2 its Gromov
boundary and C(£2) the C*-algebra of complex continuous functions
on €. Given a unitary representation (7, H) of I', we say that ¢ is a
boundary realization of 7 if ¢ is an isometric I-inclusion of H into H’
where

e H'is the representation space of a I' x C'(€2)-representation 7',
e () is cyclic for the action of C'(2) on H'.

Any representation space of I' x C(f2) can be seen as an L? space
on ) where C(w) is acting by pointwise multiplication. Indeed, any
representation of C'(2) can be so seen. This is one version of the
spectral theorem (see [?]). So the space could be L*(Q,dv) for any
Borel measure v. But the L?-space is not necessarily scalar valued. It
could also be L*(2, dv, Hy) for any Hilbert space H,.
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There is the further complication that the space might be the direct
sum of such L2-spaces for disjoint measures dv and spaces H, of dif-
ferent dimensions. This does not happen in any of our cases because
we work with irreducible representations of I" x C'(€2). we refer to [21,
Chapter X, Theorem 3.8] for a complete description of representations
of ' x C(Q).

In the examples dealt with in this paper the dimension of H, is
always finite, but can be arbitrarily large. The authors know of a
method to determine dim(H,) starting with the multiplicative system
which is used to define #’. The answer, not presented here, is not too
difficult, but neither is it entirely obvious. In particular, even when
the matrices of the multiplicative system are of high dimension, the
dimension of Hy can be 1.

The measure v is necessarily ['-quasiinvariant and is determined only
up to class. The class varies. For instance, for the representations from
[22] it is the class of a counting measure; for the representations from 7]
it is the class of the “obvious” measure on the boundary of the tree. The
authors do not know how the rather wide collection of measure classes
which can occur compares to other such collections. For instance, are
all these measures comparable to hitting probabilities of random walks
on I'? As of now, the authors have no plans to study these questions,
so they are open to all.

For brevity we shall say that a representation is tempered if it is
weakly contained in the regular representation. Note that 7 has a
boundary realization if and only if it is tempered (see [10]). Observe
that ¢ is an isometry, but it needn’t be surjective! Call a boundary
realization ¢ : H — H' perfect if ¢ is a unitary equivalence, i.e. a
bijection and not just an injection.

Fix a tempered irreducible unitary representation 7w of I'.  We say
that 7 satisfies monotony if

e Up to equivalence 7 has a single boundary realization.
e That realization is perfect.
7 satisfies duplicity if

e Up to equivalence 7 has exactly two perfect boundary realiza-
tions, (¢1, 7)) and (1o, 7h) where 7} and 7} are not equivalent
as [' x C'(£2) representations.

e Let 7' acting on H & H, be the direct sum of 7} and 7. Up
to equivalence all the imperfect boundary realizations of 7w are
given by the maps v — (t1¢1(v), tato(v)) where t1,t, > 0 and
t2+t2=1.

7 satisfies oddity if
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e Up to equivalence 7 has exactly one boundary realization,
(¢, 7") where 7" acts on H'.
e That realization is not perfect.

The principal series representations considered by Figa-Talamanca
and Picardello [7] and Figa-Talamanca and Steger [8] satisfy duplicity,
except for the two at the endpoints, which satisfy monotony. These
questions about duplicity are answered in [19]. That paper also uses
the Duplicity and Oddity theorems from [10]. It states them without
proof and then applies them. A very general proof that endpoints
representations satisfy monotony can be found in [1].

Here are a few known representations satisfying oddity: the non-
endpoint representations from [17] and [18] as described in Example 6.5
of [16]; the midpoint principal unitary representation from [7], upon
restriction to the subgroup of even elements of the free group.

In [16] the first and third authors constructed a class of multiplica-
tive representations. This class is large enough to contain more or less
all previously constructed tempered irreducible representations whose
construction uses the action of I' on its Cayley graph: in Section 6 of
the same paper it is shown how multiplicative representations can cover
most of the above mentioned representations. In the same paper it was
proved that the representations constructed from our multiplicative
functions are irreducible as representations of I' x C'(£2). The second
paper in this series [13] and the present third paper are devoted to the
study of irreducibility and inequivalence of multiplicative representa-
tions as representations of T.

It turns out that the growth of matrix coefficients plays a central
role both for the classification above conjectured and for the proof of
irreducibility.

In 1979 Haagerup [9] showed that tempered representations can be
characterized by the growth of their matrix coefficients, namely he
proved that for a representation 7 having a cyclic vector v the following
conditions are equivalent:

e 7 is tempered;

e The map ¢¥(x) = (v, 7(z)v)e ¢ is square integrable for every
positive ¢;

[ ]

(1) > o m@)o)* < (n+ 1%l

|z|=n
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Haagerup’s inequality implies

3
@ 1B = Tle@oPe <ol (3)
zel
The problem of finding the correct asymptotic for >, _, [{v, 7(z)v)[?
is nontrivial and has been treated by many authors, not only for a free
group: see for example [1], [2], [3], [7], [8], [13].

In [13] it is shown if 7 is a multiplicative representation then ||¢?]|3
can be explicitly calculated for v in a dense set of smooth vectors. It
turns out to be asymptotically proportional to either 1/¢ or 1/&2 or
1/e% ase — 0.

The exponent 3 for 1/e in Haagerup’s inequality (2) is an upper
bound for the growth of the ¢2 norm of ¢’ which is attained only
in rather special cases: endpoint representations of the isotropic/an-
isotropic principal series of Figa-Talamanca and Picardello/Figa-Tala-
manca and Steger [7], [8] have these maximal asymptotics; likewise for
other multiplicative representations constructed from very special ma-
trix systems (see [13]). Recently Boyer and Garncarek [1] constructed
a huge family of irreducible representations with maximal asymptotics.

Every multiplicative representation provides a perfect boundary re-
alization of itself (see Proposition 2.6), but what happens when we re-
strict this representation to I'? Is this representation still irreducible?
Are there other boundary realizations of this I'-representation?

In [15] we conjectured that any irreducible unitary representation
of I weakly contained in the regular representation is monotonous, or
duplicitous, or odd.

In [13] we characterized, within the class of multiplicative represen-
tations, those which satisfy monotony: they are exactly those for which
either ||¢Y||3 ~ 1/&? or ||¢?]|3 =~ 1/&3, as ¢ — 0. This paper is devoted
to the study of the case

lozll3 ~1/e.
We shall prove that in this case there are only two possibilities:

e Either the multiplicative ['-representation is irreducible and
satisfies duplicity (Theorem 5.4);

e or the multiplicative I'-representation decomposes into two in-
equivalent irreducible I'-representations and each of them sat-
isfies oddity (Theorem 5.5).

We may conclude that our conjecture is true for the irreducible com-
ponents of multiplicative I'-representations.
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The techniques used here are completely different from those of [13]:
we shall use the Duplicity and Oddity Theorems of [10] and new in-
vestigations into the eigenspace of 1 of the transition matrix used to
compute ||¢?||3.

2. PRELIMINARY

I’ will stand for a non-abelian free group on a finite set A of gen-
erators. We also let A = AT U A~ for the set of generators and their
inverses. Recall that the Cayley graph of I with respect to A is a tree
of degree ¢ + 1 = |A|, and that this tree has a standard compactifica-
tion which is obtained by adjoining a boundary, which we denote €2.
This boundary can be described as the space of ends of the tree; it also
coincides with the boundary of I' considered as a Gromov hyperbolic
group.

Concretely, if we identify I with the set of finite reduced words

{alaQ...an; Q; c A,Cljaj+1 §£ 1},
then we can identify 2 with the set of infinite reduced words
{a1a2a3 ceey Gy c A, Ajtji41 % 1}

For z € I' let I'(z) be the set of finite reduced words which start with
the reduced word for z; let Q(z) be the set of infinite reduced words
which start with the reduced word for z. A basis for the topology on
the compactification I' LI €2 is given by the singletons {z} and the sets
['(x) UQ(z), as x varies through I'. The left-action of I on I' extends
to a continuous action on the compactification.

Let a € A. For any directed edge (x,za) of the tree define

D(xz,za) ={y € '; d(y,za) < d(y,z)},

where d counts the number of the edges joining two vertices. Upon
removing that edge, the tree decomposes as I' = I'(x, za) I T'(za, x).

Suppose that the length |za| = |z| + 1, that is, suppose that a is the
last letter in the reduced word for za. Then I'(x, za) = I'(xa) (while if
|za| = |z| — 1, then I'(z,za) =T ~ ['(x)). If |y| < |za| = |z| + 1, then
also |yza| = |yx| + 1, and so

yI'(za) = yT'(z, za) = T'(yx, yza) = T'(yza)

yQ(za) = y(I(zxa) N Q) = yl'(xa) NQ =T(yza) N Q = Qyza) .

Considering, by contrast, the case y = (za)™!, one finds

(za) " 'T(za) = (va) 'T(z,2za) =T(a &) =T ~T(a).



6 M. GABRIELLA KUHN, SANDRA SALIANI, AND TIM STEGER

In order to construct a multiplicative representation as described in
[16] one needs:

e A matrix system (V,, Hy,): it consists of finite dimensional com-
plex vector spaces V,, for each a € A, and linear maps Hy, : V, — V,
for each pair a,b € A, where Hy,, = 0 whenever ba = e.

e A collection of positive definite sesquilinear forms (B,) on each
V., satisfying, for each a € A and v, € V, the following compatibility
condition:

(3) Ba<va7 Ua) = Z Bb(HbaUaa Hbava)-

beA

With these ingredients we are going to construct the (Hilbert) space
of multiplicative functions on which the multiplicative representation
will act by translation.

Definition 2.1. A multiplicative function is a function f : I' = U,ecaV,
satisfying the following condition: there exists N = N(f) such that for
every x € I with |z| > N

4 flza) € V, if |za| = |z| +1
(4) f(zab) = Hy, f(xza) if |zab| = |z| + 2

We declare that two multiplicative functions are equivalent if they dif-
fer only on a finite set. We shall denote by H* the space of equivalence
classes of multiplicative functions.

Definition 2.2. Let x € I' and a € A. An elementary multiplicative
function is defined as follows:

plz, za,va)(y) = 0, fory & I'(x, za),

plx, xa, v,)(za) = v,,

plx, xa, v,)(ybe) = Hyp plz, xa, v,](yb),

if yb,ybe € T'(x, za), and d(ybe, z) = d(y, x) + 2.

(5)

It is clear that every multiplicative function f is equivalent to a finite
linear combination of functions uly, yb, vp] for |y| > N(f) and |yb| =
ly| + 1.

Remark 2.3. Observe that in the above definition (5) we do not require
that |xa| = |z| + 1. For example, if £ = a;...a, is the reduced word

for  and a = a, !, then e € I'(x, za) and
-1
plz, xa, ™" v, -1)(€) = Hyy-1qp-1 .. Hy, ~14,-1Uq, -1 .

Note that yI'(z, za) = I'(yz, yra) and that
ple, a,va] (y ™) = plyz, yra, va)(-) -
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In the past literature the following notion of multiplicative function
has been considered by many Authors: say that h : I' — C is multi-
plicative if h(xy) = h(x)h(y) whenever |xy| = |z| + |y|. It was first
proved by Haagerup [9] that the function ¢=*1¢! is positive definite for
all positive X\. De Michele-Figa-Talamanca [6] generalized Haagerup’s
result to a wider class of multiplicative functions, while Pytlik and
Szwarc [20] gave, for all positive A, an explicit description of a repre-
sentation 7y having the function ¢~ as matrix coefficient. Since the
free group doesn’t admit any irreducible square integrable representa-
tion (see Cecchini-Figd-Talamanca [4]), every multiplicative function
in (?(T") corresponds to a reducible representation. Even if you consider
multiplicative functions in ¢27¢(T), (that is weakly associated with the
regular representation), you end up with a reducible I'-representation,
unless the number of generators is infinite (see [20] and [12]).

Our multiplicative functions are different from those considered in
the above mentioned papers, even in the scalar case. First of all we
allow a multiplicative function to be zero on a full set I'(z), second we
identify functions that differ on a finite set. One of our tools is to de-
fine a norm for multiplicative functions consistent with the equivalence
relation. This norm preserves the unitarity of the I'-action and allows
the possibility of obtaining an irreducible representation of I'.

Definition 2.4. Let u[x, za,v,] and uly, yb, vp] be two elementary mul-
tiplicative functios. Define

(e, 2a, v,), 1ly, yb, w)) = 0, if Tx, za) N T(y, yb) = 0,

(plz, za, vy, plr, ra,vl]) = Ba(ve,v)).

(6)

The compatibility condition (3) ensures that (-,-) is well defined and
can be extended by linearity to a scalar product in H™ (see [16] for
details).

Given all these ingredients one sets, for every y € I' and f € H™,

(w(y) f)(x) = fly 'x).

It can be shown that 7 is unitary with respect to ( -,- ) and hence
extends to ‘H, the completion of H*>, to a unitary representation that
we shall call multiplicative. We aware the reader that the multiplicative
representation hitherto constructed need not be irreducible, as it is
pointed out in [11]. In order to hope for an irreducible representation
of I' we need to impose the following irreducibility condition on the
matrix system:
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Definition 2.5. An invariant subsystem of (V,, Hy,) is a collection of
subspaces W, C V, such that Hy,(W,) C W}, for all a,b € A. The
system (V,, Hy,) is called irreducible if it is non-zero and there are no
invariant subsystems except for itself and the zero subsystem.

In [16] it is proved that any irreducible matrix system admits, up
to a normalization, a unique (up to scalar multiples) tuple of strictly
positive definite forms (B,) satisfying (3).

From this point on we shall assume that all systems are irreducible
and normalized so that (3) holds for a given tuple (B,) of positive
definite forms.

For brevity we shall call such systems (V,, Hy,, B,) matriz systems
with inner product.

Now we need to specify in which sense a multiplicative representation
gives raise to a I' x C'(2) representation.

Proposition 2.6. Let (m,H) be a multiplicative representation as de-
scribed above. Then (Id,H) is a perfect boundary realization of m.

Proof. Let f € H, x € I" and let 1, be the characteristic function of
the set Q(x). Set

fly), ifyel(n),

otherwise,

and extend this action by linearity and continuity to all of C(£2).
Observe that one has

(7)) 7w(@)7n(G)n(x) ™ = 7(A2)G), forz € I"and G € C(Q).

where A : T' — Aut(C(Q)) is given by (A(7)G)(w) = G(z7'w). In fact,
a pair of actions which satisfy (7) fit together to give a representation
of the crossed-product C*-algebra, denoted I' x C(€2).

Vice versa, any ' x C'(£2)-representation comes from a pair of actions
which fit together as per (7). One can consult [5] for the definition of
the crossed-product. Hence (Id, H) is a boundary realization of 7 which
is obviously surjective. 0

Hence any multiplicative representation provides a perfect boundary
realization of itself. Suppose 7 is irreducible and weakly contained in
the regular representation. How many different boundary realizations
does it have? To make this question precise, we need

Definition 2.7. Let 7 : I' — U(H) be a unitary representation of I'.
Two boundary realizations ¢; : H — Hj are equivalent if there is a
unitary equivalence of I' x C'(§2)-representations J : ‘H} — H), such
that Ju; = 9.
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The above definition concerns equivalence of I' x C(2) represen-
tations, while the next definition concerns the equivalence of matriz
systems:

Definition 2.8. A map from the system (V,, Hy,) to (V£ HE ), is a
tuple (J,), where J, : V, — V* is a linear map and

H J, = JyH,, foralla,be A.

The tuple is called an equivalence if each J, is a bijection. Two systems
are called equivalent if there is an equivalence between them.

In [16] it is proved that two multiplicative representations arising
from irreducible matrix systems are equivalent as I" x C'(£2) representa-
tions if and only if the two systems are equivalent; hence for irreducible
' x C(Q2) representations the two definitions 2.7 and 2.8 are equivalent.
Obviously equivalent systems give raise to equivalent I'-representations,
but the converse is no longer true as we shall see in Section 4.

3. GoOoD VECTORS AND BOUNDARY REALIZATIONS.
We begin with the following important

Definition 3.1. Given a representation (m, H), we say that a non-zero
vector w € H is a good vector if it satisfies the Good Vector Bound,
namely if there exists a constant C, depending only on w, such that

(GVB) > o, w(@)w) < Clfv]?, forall n€NveH.

|z[=n

We observe that, if w is a good vector, then, for every v, as ¢ — 0,

2
1
2 —elz| _ 2 —en < C HUH ~
S (o r@ufe = 30 Y o n(pu e < o o 1

zel’ n=0 |z|=n

The first key observation is that the existence of “good vectors” is
deeply related to the existence of imperfect boundary realizations, as
the following proposition shows:

Proposition 3.2. [15] If a representation (m,H) of I' admits an im-
perfect boundary realization, then some non-zero vector w € H satisfies

(GVB).

For an arbitrary representation it is really very hard to understand
whether there exists or not a good vector! See for example the paper of
Boyer and Garncareck [1] where the existence of good vectors is ruled
out!



10 M. GABRIELLA KUHN, SANDRA SALIANI, AND TIM STEGER

For a representation constructed from an irreducible matrix system
there is the possibility to calculate

(8) Y o, m(@)w) el

zel’

explicitly at least for a dense set of vectors v and w. The calculations
in the following subsection are taken from [13].

3.1. The Twin of a System. Given a finite dimensional vector space
V., V will stand for its complex conjugate, V' for its dual, the space of
linear functionals, while V* = V' will stand for the space of antilinear
functionals. We recall some identifications that will be used in this
paper. The space V; ® V5 will be identified with the space of linear
maps v; ® vy 1 V3 — Vi given by (vi @ v2)(f) = f(v2) v1 = (v2, [) 1 .
It follows that, given T; € £ (V4, V3) and Ty € £ (V4, V), the map

T ViV, = V30V,

corresponds to the operator
Ly, V) = 2LV, V3), Sw—TST,.

So we shall write (77 ® T5)S = T1ST,. The duality isomorphism

L: LV, V=LV VY

defines a bilinear form which can be written explicitly by means of the
trace function
B: LV, V) x ZV*V)—C,
(9) B(T,S):= (L(T))(S) =tr(TS) = tr(ST).
Positive definite sesquilinear forms B, on V, are identified with maps

B, € Z(V,,V}); under this identification one also has B} = B,.
The compatibility condition (3) may be rewritten as:

(10) (TB)a =Y _H;,ByHy, = Y _H;, ® H;,B, = B,.
beA beA
The above equation says that the tuple (B,) is a right eigenvector
for the matrix T' = (H};, ® Hj},)a» corresponding to eigenvalue 1.

For every a € Aset V, := V", = %

a—1-
A system of linear maps Hy, : V, — V, induces an obvious system of
maps Hj, : V,* = V', by the rule H} (f) = f o Hp,, and also maps

Hba = ;71b71 . Va — %

Hence the matrix system (V,, Hy,) induces another matrix system
(Via, Hya), which is irreducible if so is (V,,, Hp,)-
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Proposition 3.3. [13] Assume that (V,, Hy,, B,) is a matriz system
with inner product. Then there exists a umque ( up to multiple scalars)
positive definite tuple (B,), B V — V* on V such that the matriz

system (Vy, Hypq, Ba) 18 a system with inner products.

Definition 3.4. The system (‘A/a, PA[ba, Ea) above constructed is called
the twin of the system (V,, Hp,, B,). Since the twin of the twin of a
system is the system itself, we shall briefly say that the two systems
(Va,Hba, Ba) and (V,, Hy,, B,) are twin.

We shall see later that twin systems may not be equivalent as matrix
systems. Nontheless th twin of the system will play a central role in
the computation of (8). Let ule,a,v,] and ule, b, vy] be elementary
multiplicative functions constructed from the system (V,, Hy,, B,) as
per (5) and let (Va, Hba, B «) be the twin system. For any a,b € A, we
define maps E : Vj, — V by

Eab: Z Hcalechb: Z ﬁac—chcha

ceA ceA
c#a,b—1 c#a,b—1

where F,;, = 0 whenever ab = e.
The quantity

e 13 =3 [{ule, a,va], m(x)ule, b, vy])Pe e
zel
can be calculated using the following block matrix: D = (D; ;)i j=1..4
(11) B B
(ﬁab ® ﬁab) (Eab ® ﬁab) (ﬁ[ab ® Eab) b (Eab @ Eab)a b

0 (Hab ® Eab) 0 (Hab & Eab) ab
a,b ’
D =
0 0 (ﬁab ® Hab) > (Eab & Fab) ab
0 0 0 (Hay ® Hay),,

Indeed D is a transition matrix which allows to pass from
Z | 6 a, Ua (x):u[e’ b, Ub]>’2
|z[=n

to the same quantity summed on all |z| =n + 1.
It can be shown that, under our assumptions, the spectral radius of
D is always one, [14]. Moreover
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A) If the two systems (Hp,, Vi, B,) and (17@, PAIba, Ea) are not, equi-
valent, 1 is an eigenvalue of multiplicit)\f two;

B) If the two systems (Hp,, Va, B,) and (V,, Hy,, B,) are equival-
ent, 1 is an eigenvalue of multiplicity four.

Hence the growth of the quantity ||¢%*||3 depends on the eigenspace
of 1 of D. This space can have, in general, dimension 1, 2, 3 or 4,
depending on many facts.

The study for inequivalent systems has been done in [13] and it is
summarized in the following Theorem:

Theorem 3.5. If the two systems (V,, Hyy, Ba) and (Va,ﬁba,ga) are
not equivalent, then

AT The dimension of the eigenspace of 1 is 2 if and only if, for
every a,b, € A and v,, vy € V,, V,, one has

1
=z~ as 0.

In this case there exists a unique tuple of linear maps Qg :
V, = V, satisfying

(12) ﬁabe + Eab = QaHab; a, be A.

AII The dimension of the eigenspace of 1 is 1 if and only if for
every a,b, € A and v,, v, € V,,Vj,, one has

1
e

In this case no wvector in H satisﬁgs the good wvector bound
(GVB) and no system of Q, : Vo, — Vi, can satisfy (12).

3.2. Equivalent Systems. Now we pass to the study of equivalent
systems, therefore we shall assume, till the end of this section, that the
two systems (V,,, Hy,, B,) and (V,, Hy,, B,) are irreducible, normalized,
and equivalent.

We are interested in the case where the dimension of the eigenspace
of 1is 4, since this is linked to the growth 1/¢, as shown in the following

Theorem 3.6. [13, Theorem 1|Let D be the matriz constructed by
equivalent systems as in (11) and let d be the dimension of the eigenspace
of 1. Then d = 4 if and only if

1
=i~ as e 0.

and the result follows.
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Remark 3.7. Let (K,),, be an equivalence between the two systems
(13) K,:V, =V, HyK,=K,Hy,, foralla,be A
One can always assume K = K,-1. Indeed, passing to adjoint in
(13), we get
H5Y K = KfH*,, thatis Hy1,1K* = K} Hy1,-1.

Write a and b for a=! and b7', to see that the tuple K*_, gives
another valid system. Since

(Ka + K;—l) Z—(Ka — K:—1>
2 21 ’
anyone of the two addends will satisfy the required condition.

K, =

Lemma 3.8. The following tuples are, up to constants, the only right
eigenvectors corresponding to the eigenvalue 1 for the indicated subma-
trices of the main matriz (11)

(i) Uy = (Ba-1)q for Dus;

(11) U2 == (Ka_lBafl)a fOT DQQ;

(iti) Us = (B,-1K_))q for Dss;

(iv) Uy = (By-1)a = (K;'By1 K1)y for Da.

Proof. The result follows by the compatibility condition (3), the prop-
erty (13) of the equivalence (K,), and the identity K} = K,-1. O

Now, (10) shows that V' = (B,), is an eigenvector corresponding to
1 for the dual of Dy
Dl = ((Hap & Ha)as)' = (Hiy @ Hio)as.
Moreover, the space Ker((Dy4 — I)’) is one-dimensional and generated
by V. The equality Im(Dyy — I') = Ker((Dyy — I)')* therefore yields the
following property involving the trace (9), for any arbitrary X:

(14) Xelm(Dy—1I) & tr(XV)=tr(VX)=0.
Lemma 3.9. Under the hypotheses hitherto assumed on the matrix

systems, the following are equivalent:
a) The dimension of the eigenspace corresponding to the eigenva-
lue 1 of D 1s d > 3;
b) > tr(K, By By Hy, By) = 0.
a,beA

Proof. In case of equivalence of matrix systems, the equality (13) yields
a similarity between all elements in the main diagonal in D, indeed

Dy = S; Dy S;' i=1,2,3,
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where S; = diag(K, ® K,, a € A), S, = diag(Id®K,, a € A), and
S3 = diag(K, ® 1d, a € A).

Hence the full matrix will be similar to a matrix having all the diag-
onal elements equal to D = D, 4.

To analyze the dimension of the eigenspace corresponding to the
eigenvalue 1 of D means to find all solutions of DP = P, therefore we
can assume that D — [ is equal to

D—-1 A B C
0 D—-1 0 B
0 0 D—-1 A ’
0 0 0 D—-1

where A = S§1D34, and B = Sz_lD24.
Let Z = (Z,), denote a (normalized) eigenvector corresponding to
the eigenvalue 1 of D, (note that ZF = Z,); it verifies the equality

(AZ)s = (K 'EaZyHy) =Y HaZy(K; ' Ew)" = (B Z),.
b b

The eigenspace corresponding to the eigenvalue 1 of D has dimension
greater or equal to 3 if and only if there exist 2 linear independent
eigenvectors 0 # P = (P});=1,.. 4, not proportional to u = (§;12) =1, 4,
such that DP = P.

If b, =P, =P, =0, and DP = P then P, is either zero or pro-
portional to Z. Hence P not proportional to w means (P, P, Py) #
(0,0,0).

Observe that, for the discussion before (14), b) means tr(AZV) =0

~

or, equivalently, AZ € Im(D — I), where Z = (B,-1), and V = (B,),.
We now prove a) implies b). Assume d > 3.
Equality DP = P is verified by at least 2 linear independent vectors
not proportional to u. They verify

(D —I)P,+ AP, + BPs+ CP, =0
(D—I1)P,+ BP, =0

(D —I)P;+ AP, =0
(D—1)P; =0

-----

(15)

The last equation in (15) implies P, is either zero or proportional to
Z.

If P, = ¢Z, without loss of generality we can assume ¢ = 1. From
the third equation in (15) we get AZ € Im(D — I') which is equivalent,
by (14), to b).

If Py =0, the second and third equation in (15) imply both P, and
Py are either zero or proportional to Z, but in any case (P, P3) # (0,0).
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If (P, P;) = (0,2),(Z,0), from the first equation in (15), we get,
passing to adjoint if needed, that AZ € Im(D —I'), which is equivalent,
by (14), to b).

Finally, assume each solution of (15) verifies (P, P, Py) = (¢Z, Z,0)
for some 0 # ¢ € C, (we can always assume one of the constants is
equal to 1).

Since d > 3, there are at least two such solutions, say P and P’
With obvious meaning of symbols, by the first equation in (15)

(D —1I)(P, — P)) + (¢ — ¢)AZ = 0.

If ¢ # ¢, the latter implies b).

On the other hand ¢ = ¢ is impossible. On the contrary, if ¢ = ¢
we get Pl = P, + aZ, a € C. In other words, up to constant, there is
only one other vector not proportional to u in a basis of Ker(D — I),
in contradiction with d > 3.

We now show that b) implies a).

As already noted, b) means that AZ € Im(D — I), and passing to
adjoint, BZ € Im(D — I), too. Therefore there are vectors Wy =
(Waa)a, and Wy = (W3 4)a, such that Wy, = Wy, and

(16) (D—I)Wo+BZ=0, (D—1DWs+AZ=0.

It follows that (W3, Z,0,0)" and (W>,0,2,0)" are in Ker(D — I),
and together with u they form a set of three linear independent vectors.
Hence dim Ker(D — I) > 3. O

Lemma 3.10. Assume that the dimension of the eigenspace corre-
sponding to the eigenvalue 1 of D is d > 3.

Then there exist linear maps Qy : Vi, — Vi, b € A, such that the
vector

(By1 Q)
(Qv By-1)s
(Bp-1)s

is a (right) eigenvector corresponding to the eigenvalue 1 of the the
principal submatriz Dy of D, obtained by deleting the rows and columns

Of D171.

Proof. Following the notation of Lemma 3.9, set S, = diag(Id ® K,, a €
A), and Sy = diag(K, ®1d, a € A).
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Since d > 3, from the proof of Lemma 3.9, we get that there are
vectors Wo = (Wa4)a, and W3 = (W3 4)a, such that Wy, = Wy, and

(DQQ - ])SQWQ + D24Z = O
(D33 - I)SgWg + D34Z - O
(D44 - [)Z - O,

where Z is an eigenvector corresponding to the eigenvalue 1 for Dy,

and, without loss of generality we can assume Z = U, = (B\(fl)a, see
Lemma 3.8. Also note that

(S3W3)b = KbW;),’b : ‘72;71 = ‘/27* — ‘7;;

Since qu is strictly positive definite, it is invertible as a linear map
By-1 : V' = V,. Hence the map

Qv = K, Way B : Vi = Vi,
is well defined and linear. It follows K, W, = Q, By—1 and
(S2Wa)y = Wap Ky = (K, Way)" = By Q-
O
Theorem 3.11. Under the hypotheses hitherto assumed on the matriz

systems, the dimension of the eigenspace corresponding to the eigenva-
lue 1 of D is d =4 if and only if the following conditions hold

1) > tr(Ha By K\ E}, By) = 0;
a,beA
2) Given the linear maps Qy : 'V, — V,, provided by Lemma 3.10,
the following identity holds:
HauQy + Eap = QuHay,  for alla,b € A,

Proof. Condition 1) is equivalent to d > 3 by Lemma 3.9. Condition
2) is equivalent, by the same argument used in [13, Theorem 5.13] to

0= tr(By Eay By Q} Hy, + Bo Hay Qy By B}y + By Ea By )

a,be A

. (Z B S (BB Qi + B 5y + EabﬁblEZbD ,

acA beA
meaning that the vector
(Byr @3y
W= Wj)j=zza= | (QoBp1)
(Bp-1)n
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is such that DLQWQ + D173W3 + D174W4 S Im(D11 — I)

Hence conditions 1) and 2) are equivalent to the existence of a fourth
linear independent vector W = (W;),=1,... 4 in (the basis of) Ker(D—1)
besides those provided in the proof of Lemma 3.9. O]

We summarize the results for equivalent systems in the following
Theorem:

Theorem 3.12. If the two systems (V,, Hy,, B,) and (Va,ﬁba, Ea) are
equivalent, then 1 is an eigenvalue of multiplicity four for D and the
dimension of the eigenspace of 1 is two, three or four. In particular

BI The dimension of the eigenspace of 1 is 4 if and only if, for
every a,b, € A and v,, vy € V,,V},, one has

1
(17) |pv=™ |3~ =, as &—0.
£

As well as in the case AI there exists a tuple of linear maps
Q. : Vo, — V, satisfying (12)

ﬁabe + Eab = QaHaba a, be Aa

but in this case the tuple is not unique.
BII The dimension of the eigenspace of 1 is 2 (respectively 3) if
and only if

1 1
[l pvee |5 ~ = (respectively g), as € — 0.

In both cases no wvector in H satisﬁfs the good wvector bound
(GVB) and no system of Q, : Vo, — Vi, can satisfy (12).

Proof. The only thing to prove is that the dimension of the eigenspace
of 1 cannot be 1. If this were the case one should have a cycle of length
four in the generalized eigenspace of 1. This implies that the growth
of the quantity is

Z [(ple, a, v, m(z) ple, b, vy)) [2e eIl ~ p3e=n

|z|=n
which contradicts Haagerup’s inequality (1). O

In [13] we proved that all the representations arising from AII satisfy
monotony. The calculation and the techniques presented in [13] can be
carried out virtually unchanged to prove that also the representations
arising from BII satisfy monotony.

This paper is devoted to the study of cases AI, BI.
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4. EQUIVALENT MULTIPLICATIVE ['-REPRESENTATIONS

In this section the reigning hypotheses are as follows:

e 1 and 7 are multiplicative representations built up from irre-
ducible twin systems (V,, Hy,, B,) and (Vj, Hye, B): this implies that
7 and 7 are irreducible as representations of I' x C'(2) [16, Theorem
5.3];

e For every a,b,€ A and v,,v, € V,,Vp, one has (17) and hence

there exists a tuple of linear maps @, : V, — V, satisfying:
(18) HauQo + Eap = QuHap, a,b € A,
We begin with the following

Lemma 4.1. The maps Q, : V, — Vv, appearing in (18) also satisfy
Qr+Qu-1=0, ac A
Proof. Take the adjoint in f[abe + B, = QuHyp, and write b~ for a

and a~ ! for b:
szlHl;kflafl -+ nglafl - Hgflalezfl-

Remember that E;_, _; = Ey and write

HabQZ—l - Q:—l ab T Eab
Habe + Eab = QaHab
Adding up to the two equations gives

Hop(Qy+ Q1) = (Qu+ Q') Hap, a,b € A

If the two systems are inequivalent (Q,+@Q?_,) must be zero by Remark
3.4 in [16]. If the two systems are equivalent one can replace @, by

Qu = %(Qa_QZ—l)- ]

Theorem 4.2. Assume the existence of a tuple of linear maps @), :
V., — V, satisfying (18).

Then there exists a linear bijection J : H™ — H™ that intertwines
T to 7.

Proof. We shall first define J for functions u[z, za, v,| with |za| = |z|+1.
Recall that the tree decomposes as the disjoint union of the sets

['(z,za) and T'(za,x). Write plra,z,v,-1] for p[ra,zaa™ v,—1] and

observe that the maps plz, za,v,| and plra, x,v,-1] are orthogonal.
For all a € A and v, € V, define

~

(19) J(pl[z, xa,v,]) = iz, xa, —Q.v4] + filra, x, Byv,
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where f is the multiplicative function constructed from the system
(Va, Hab, B .) according to (5). Note that Q,v, € Va, B, € VI = V 1.
Since 7(y)p[x, xa,v,] = plyz, yxra, v,] regardless of Whether Yy or xa
are reduced or not, it is clear that J will intertwine 7 to 7.
To see that J is well defined write

,u[e, a, Ua] - Z ,u[a, CLb, Hbava]
b#a—1
and compute

J( Z ,u[a, CLb, Hbava]) = Z (//Z[a7 ab7 _Qbeava] + ﬂ[ab, a, BbeaUa])-
b#a—1 b#a—1

We need
(20) J(M[ev a7 Ua]) = IL/I[G, a’7 _Qava] + //I[(l, 67 Bava]
(21) = " (fila, ab, ~Qy Hyqva) + filab, a, ByHyqva))

b#a—1

Compute (20) at x = e to get B,v,, while (21) evaluated at e gives

> Hyy1ByHygva = Y Hi,ByHyava,
b#a—1 b#a—1

they are equal since (B,) is a right eigenvector of the matrix (H;, ® H},)ap

Proceed now to compute (20) at 2 = ac: we get —HoaQqv, while (21)
gives
_QCHcava+ Z ﬁcb_leHbaUa~
b#c,a~1
Equality holds if and only if
Qcha = AcaQa + Z ﬁcb—leHbau
b#c,a— 1t

which is (18) where we wrote a for ¢, b for a and ¢ for b.
We shall now provide the expression for J(ula, e, v,-1]). Observe that

J(r(a e, ayul) = F(a ) Iple,a,u,
= ﬁ[a—l’ €, _Qava] + ]I[e, a’_la BGU(IL

L we get

write now a for a~
Jula, e, v,—1] = file, a, By—1v,-1] + [ila, €, —Qu-1Ug-1].

Identify V, & V,-1 with the space of multiplicative functions of the
form ple, a,v,] + pla™, e, v,4-1].
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With this identification we may think of J as acting on each V,®V,-1
via the matrix

_Qa Ba*1 . > >
(22) ( B, _Qa*1 Va®d Ve = Vo @ Vo )

where \A/a &) \//\;71 is identified with the space of functions of the form
file, a,vy)+1ila™t, e, v,-1]. Moreover, the matrix (22) has as right inverse

(23)
_B(;lQZ(BtF1 + QCLBJIQ:)il (Ba + Qa*lBa_—llQZfl)il

(Ba*1 + QaBngZ)_l —B;}le,l (Ba + Qa—lB(:}1 C2;‘:71)_1

Indeed, a simple multiplication and Lemma 4.1 show that it suffices
to prove that the matrix (23) is well defined, i.e. B, + Q,-1 B;_ll Qs
is invertible. But the latter is positive definite, hence invertible.

Extend now J by linearity to H*> by (?7?).

We shall now prove that J is invertible from H> — Hoe.

To prove surjectivity is sufficient, by linearity and the intertwin-
ing property, to check that all the functions of the type file, a, ,] +
fa, e, v,-1] are in the image of J.

By (23) we know that, given 0, € V, and 9,1 € V-1, there exist
Wy € V,, w,—1 € V,—1 such that

_Qa Ba*1 W, _ @a
B, _Qa*1 Wq-1 B Vg1 ’

J(M[€7 a, wa] + :u[av ¢, wa_l]) = //Z[ea a, @a] + ﬁ[a, €, @a—l] .

and so

We proof that .J is injective as follows. For any n € N let W,, be the
finite dimensional subspace of H> consisting of multiplicative functions

of the form
f = Z Z M[ZE,JIG, f(xa)]

jal=n _a€A
|zal=|z|+1

Let J, be tll\e restriction of J on this subspace. It is easy to see that
Jn + W, — W, is onto, therefore .J, is also one-to-one. Now, let Jf =0
for some multiplicative function f. By (?7?) there exists n such that
feW, and J,f =0, therefore f =0 and the theorem is proved. [

Incidentally we have proved the following
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Proposition 4.3. Any intertwiner T between 7 and T which sends
functions of the form ple,a,v,] + pla™t, e, v,-1] into functions of the
same type lying in H™, must be given by a matrix

X, Y,
Y, X,
where X, : V, — ‘A/a, Y,:V, — I7a_1, must be chosen so that
Y, = AB, for some A € C,

XaHab + >\Eab = ﬁabXb .
In particular the maps —X, must satisfy (18) with respect to the
choice of AB, .

Proof. Assume that J(ule, a,v,]) = file, a, Xov4] + fia, e, Y,v,] and pro-
ceed as in the proof of Theorem 4.2 to see that
‘](/'L[e7 a, Ua]) = ﬁ[@, a, Xava] + ﬁ[aa €, Yava]

must be equal to

Z (it]a, ab, Xy Hyqv,) + f1]ab, a, Yy Hpavg)) -
b#a—1
The two expressions will be equal if and only if Y, is a multiple of By,
say AB,, and the maps —X,, satisfy (18) with respect to the choice of
AB,.
If the two systems (V,, Hye, By) and (V,, Hy,, B,) are not equivalent
then there is only one possibility for the maps ), and hence the matrix

for T will be
—AQs AB,-1
\B, Q)

If the two systems (V,, Hy,, B,) and (Va,ﬁba,ﬁa) are equivalent
then there exists a tuple of linear maps K, : V, — V, so that

KaHab = ﬁabe
and this will increase the possibilities for the @),. Having in mind that
we want to keep the condition @} + Q),-1 = 0, observe that we may
always assume that K = K,-1 (see Remark 3.7).
In this case, for a fixed given choice of AB, all the possible choices
for X, satisfying X} + X,-1 = 0 are of the form

X, =—-MQ, + icK, for real c,

and the matrix for T will be

—\Q, +icK, AB, 1
\B, —\Q: + icK?
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We are now ready to prove the following

Theorem 4.4. Assume the existence of a tuple of linear maps @), :
V., — V, satisfying (18).

Let J be as in (19). Then J : H>® — Hoo preserves the inner product
and hence it extends to a unitary equivalence between w and 7.

Proof. Let @, be a tuple of maps satisfying (18). Construct J as in
Theorem 4.2 and let
_Qa Ba—l
( B, _Qa—l )

be the matrix representing it.

At the algebraic level we know that J is invertible and intertwines
to 7, from H*> to H>. Since the twin of the twin system is the original
system and J~! : H® — H*> intertwines the representations as well,
Proposition 4.3 applied to the twin system, says that the matrix (23)
for J=! must be of the form

(24) ( —Qa B )
By,  —Qu
where B, is a right eigenvector of the matrix (H;, ® H] )a, and the
maps @, : V, — V, satisfy
(25) Hab@b + Eab = @aﬁaln a, b S A7

with Eab the analogue of E,;, with respect to the twin system.
Hence

J M (file, a, 0a]) = ple, a, —Qata] + pila, e, Byda).

Remember that (24) is also a left inverse for the matrix (22) and use
Lemma 4.1 to get

(26) QuQa + Bi-1B, =1d
(27) Ea@a = _Q\oﬁlBa
(28) Qa—léa = _Ba@\a

Now we prove that J preserves the inner product in H> defined in (6).

Due to the structure of multiplicative functions, by linearity and
sesquilinearity, since 7 and 7 are unitary representations intertwined
by J and J~!, it is sufficient to show that

(Jf,Jg) =(f,9)
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when either f = pl[z,za,v,] and g = plz, za,w,] or f = play, e, wy,-1]
and g = plz, xa,v,], where a; is the first letter of x, and xa is reduced.
In the first case one has

(29) (u[:v,a:a,va],u[x,xa,wa]) - Ba(”aawa)
while
(30) Julz, xa,v,], Jplz, za, w,])

{
= (jile,a, —Qqv4] + fila, e, Bava), file, a, —Quw,] + fila, e, Bawg])
= Byt (Bava, Bawa) + Ba(Quva, Qutta) -
Hence (29) will be equal to (30) if and only if
By = BBy By + Qi BuQu = BaBar1 By + BuQuQu,

(after an application of (27) and Lemma 4.1), which is true by (26).
In the second case, since play, e, wafl] and plz, ra, v,] are orthogonal,

we need to prove (J f, Jg) = 0. Let us suppose that xa = a; ... a,a,.1 is
reduced. We have, again by orthogonality and since a; 'za = ay . . .an41,

(1, 79) = (Jplar, e,w, 1], Tyl za,v,])

— (jile, a7, ~Qu 1w, ), 70 - ann) files 7Ly, By V)
+(ule, a1, Bal_lwal_l]7 T(ar ... an) e, a1, —Qapiy Vayis )
+(file, a1, Byorw,], w(an - . - ananr) file, i1y BanirVania)-

Each of the above quantities have been already calculated in the proof
of [13, Lemma 5.5] and are respectively equal to
—B1(Qprrwgrr, Hyrgor o Hy ‘ilBan+1Uan+1)

: an " a,
~
H

-B nt1an * * HazalBal_lwal_l ) Qan+lvan+l)

an+1(

nil ~ ~ ~ ~ ~
+§ :E‘lj+2aj+1(Haj+1aj' : 'Ha2a1Baf1waf1’ Ha;jza].j}3' : ‘Hagla;ilBan+lvan+l)‘
=0

Therefore, after an application of (27), (28), and Lemma 4.1, every-
thing is proved if we show that, for every n > 1,

~ ~ ~ ~
(31) Han+1an s Ha2a1 Qa1 - Qan+1 Han+1fm cee Hazal
—1
n AN e A~
+3  Hepran - Hay sy s0 By a0y Hay oo, - - Hugar = 0.
Jj=0

The latter can be easily proved by induction on n > 1, by means of
(25). We omit the details, just note that if n = 1, (31) is indeed

HagalQal - Qa2Ha2a1 + E(IQ(II = 0
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O

Theorem 4.5. Assume the reigning hypotheses of this Section. If the
two systems (Vy, Hpa, Ba) and (V,, Hye, Ba) are equivalent then w splits
into the sum of two I'-representations.

Remark 4.6. It will be proved in the next Section that these two I'-
representations are indeed irreducible and inequivalent.

Proof. Let (K,) be an equivalence between the two systems. By Lemma
5.2 of [16] we may assume that K, : V, — V, is a A-tuple of unitary
operators satisfying, by Remark 3.7, K,-1 = K. Fix a system of @),
satisfying (18). Normalize the B, so that

_ _Qa Bafl -1 _ _Q\a B\afl
(e %) =05 %)

K, 0
K= ( 0 K, ) ’
Consider the operator KJ 1K : H>® — H>. We may assume that J is
unitary as well, so that CJ 'K is also unitary and, by Theorem 4.2,
intertwines the two I'-representations 7w and 7. By Proposition 4.3 it
must be of the form
—AQ, + icK, AB,-1
A\B, —\Q: +icK}
We pass to calculate the product of the three matrices. Since the
term K,-1B,K, = K} B,K, is positive, the same must be true for AB,,

so that A must be positive. Hence KJ 1K must satisfy the following
equation:

and set

KJ K = AT +ick
for some positive A and real c. Multiply both sides by X~ 1JK™! to get
the equation:
Id = ANK'I)? +ic(K1)).

Hence the unitary operator (K~!J) has two complex eigenvalues, say
Ax, which are distinct since (KX7!J) is not a scalar. Some elementary
algebra shows that A must be 1 and A\ = %@. Hence the I'-
representation splits into the direct sum of two representations each
corresponding to an eigenspace of (K~1J). O

Remark 4.7. We remark that if we replace J by

2 i
a3

S = 9
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we still obtain a valid non trivial intertwiner for 7 and 7, but this choice
of J will lead to the unitary operator

J=(KNHJ

having the simpler eigenvalues +1 and —1.

5. I'\IRREDUCIBILITY OF MULTIPLICATIVE REPRESENTATIONS

We begin this section by recalling the Duplicity and the Oddity The-
orems from [10]. Denote by ||-||zs the Hilbert-Schmidt norm of an
operator.

Duplicity Theorem 5.1. Let 7 : I' — U(H) be a unitary representa-
tion of I'. Suppose
e (m!y,H!) are two irreducible I'x C'(Q2)-representations, inequiv-
alent as I x C'(2)-representations.
e 1y : H — H/, are two perfect boundary realizations of 7.
e The following Finite Trace Condition holds

(FTC) (5 m” (L)) (i’ () eq)||as < 00, a,be A a#b.
Then

e 7 is irreducible as a I'-representation.

e Up to equivalence, ¢, and ¢_ are the only perfect boundary
realizations of .

e Any imperfect boundary realization of 7 is equivalent to
Vigey @ Vi o H — H @& H. for constants t,,t_ > 0
witht, +t_ = 1.

Oddity Theorem 5.2. Let 7 : I' — U(#H) be a unitary representation
of I'. Suppose

o (7', H') is an irreducible I' x C'(Q2)-representation.
e . : H — H'is an imperfect realization of 7.
e The following Finite Trace Condition holds

(FTC) (7' (L0)e) (7' (1)) ||s < o0,  a,b € Aya#b.
Then

e 7 is irreducible as a I'-representation.

e Up to equivalence, ¢ is the only boundary realization of .
Observe that the unitary I'-action which «’ gives on H' stabilizes H; =
t(H), so it also stabilizes the orthogonal complement Hy = H & H,;.
Let mo : I' — U(H2) denote the I-action on Hs. One can also conclude:

e T, is irreducible.

e T, is inequivalent to 7.
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In order to use the above cited Theorems we need to investigate the
Finite Trace Condition (FTC) for multiplicative representations.
We have the fundamental

Lemma 5.3. Let (V,, Hy,, Ba) be a normalized irreducible system and
consider its twin (17,1, ]/-\Iba, éa) Assume the existence of a tuple of linear
maps Qg : V, — Vv, satisfying (18).

Let J be the intertwining operator defined in (19). Then, for every
a#be A, the operator ©(1,)Jw(1,) has finite rank.

Proof. We claim that, for fixed a # b, 7(1;) J m(1,) maps H* in a sub-
space of H* of finite dimension. Since finite dimensional subspaces are
closed, this implies that 7(1y) J 7(1,) has finite rank. More precisely,

let Sb be the subspace of H> generated by the set of (equivalence class
of) multiplicative functions {fi[e, b, T3], vy € V}}.

It is clear that gb is itself a finite dimensional space. We are going
to show that

(32) 7(Ly) J (1) (H™) C &

By linearity and modulo the equivalence relation, it is sufficient to
prove (32) for functions like p[z, zc,v.] with |zc| = |z| + 1.
If x ¢ I'(a), we have 1pq)plz, zc,v,] = 0, therefore

(1) J 7(1a)(plz, we,ve]) = 7(1p) J (Lo plz, zc,v]) = 0.

If x € T'(a), we have 1pq)pulz, vc, v.] = plx, xc, v, and, since a # b,

T(1p) J m(Lo)(plz, we, ve]) = 7(Lo) J (plz, ze,ve))
= 1F(b) (Z/:[ZE, e, _chc] + ﬁ[l’c, Z, Bcvc]) = ]-F(b)(ﬂ[xg T, Bcvc])'

It is easy to show by induction on |z| that x € I'(a) implies, for all

we V1, 1) (flxe, z,w]) € &,
Indeed, if |z| = 1, then x = a, and since ac is reduced

1rw) (Hlac, a, w]) = 11“(1;)(2 fila, ad’, Hyow))
a'#c
- 1F(b) (ZZ[G” 2 Haflcflw]) = 1F(b)(z ﬁ[eu CL/, Ha’aleaflcflw])
a'#a
- 1F(b) (ﬁ[e’ b’ ﬁba_lﬁ[a_lc_lw]) = //I[e7 b7 ﬁba_lj—\[a—lc—lw] € é\b

Next we suppose the statement is true for |x| = N —1 and we consider
|z| = N,z = x;1...xy. Repeating twice the previous argument, we have
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if |xc| = |z| 4+ 1, by the induction hypothesis
1F(b) (//j\/[IC, T, 'LU]) = 1F(b) (ﬁ['ra xx]i\flv H;v;,lcflwb

~ o~

= 1p(b)(,u[x1 o IN=-1, L1 .. - TN—2, Hxxll_lxXIlexllc—lw]) € gb-

O
We shall now consider the case of inequivalent twin systems:

Theorem 5.4. Let (V,, Hpa, Ba) be a normalized irreducible system
and let (Va,f[ba,ﬁa) be its twin. Assume that the two systems are
not equivalent. Assume moreover that the I'-representations ™ and 7
arising from (V,, Hp,, By) and (%,Elba,éa) are equivalent. Then
satisfies duplicity. In particular m is irreducible as I'-representation.

Proof. Let v, =1d : H — H, and ¢ = IdoJ : H — H where J : H —
H is as in (19). Tt is clear that ¢, is perfect and, since J is a bijection,
the same is true for ¢ (see Proposition 2.6). Since both ¢_ and ¢, are
unitary operators the Finite Trace Condition becomes simply:

17 (Lp)e—tim(La) | ms < 400,

for a,b € A, a # b. Since ¢_7} is nothing but J the result follows from
Lemma 5.3 and the Duplicity Theorem 5.1. U

Let us turn now to equivalent twin systems:

Theorem 5.5. Let (V,, Hpa, Ba) be a normalized irreducible system

and let (‘Z,ﬁba,ﬁa) be its twin. Assume that the two systems are
equivalent.  Then 7 splits into the direct sum of two irreducible T'-
representations both satisfying oddity.

Proof. Let, as in Remark 4.7,

~ 2 ic

J m(J 5 K)
where J is the intertwining operator defined in 19. It is more convenient
to work with

J=K"J

since its eigenvalues are £1. Let H;, Hs, be the eigenspaces correspond-
ing to 1 and —1. One has H = H; & H,. Let m be the restriction
of m to H;y. It is obvious that the inclusion map ¢ : H; — H gives
an imperfect realization for m;. We shall prove that m; satisfies the
hypothesis of the Oddity Theorem 5.2. For every a # b we need to
compute

("7 (La)ee" 7 (L) o) | s -
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Observe that «.* is the projection onto #H;, which is equal to (Id +7)/2.
Since 7(1,)7(1,) = 0 we have

runa) = ot (M52 xt) = x(1,) (5 ) st

(33) = %w(la)Kljw(lb) :

The operator in the last line (33) is a scalar multiple of
m(1,) (Klj — %Id) m(1) = m(L,) (K~'J) 7(1s).

Since K intertwines 7 to 7™ we have
(1) (lelJ) (1) = K '7(1,) J7(1,) .

By Lemma 5.3, 7'(1,)J7’(1,) is a finite rank operator, and the same
is true for each of the operators appearing at every step, up to the
operator (*7'(1,)w*n’'(1p)e, so that its Hilbert—Schmidt norm is finite.
Apply now Theorem 5.2. U

Remark 5.6. The other representation arising from the eigenspace of
—1 of J also satisfies the hypothesis of the Oddity Theorem: one
can consult [10] or can calculate directly the FTC condition since the
projection onto the other eigenspace is (Id —J)/2.

Theorem 5.7. Assume that w1 and 7w are multiplicative representa-
tions built up from two irreducible inequivalent systems (V. H.  Bl)
and (V2 HZ,, B?). Assume that my and w5 are equivalent as T'-repres-
entations. Then the two systems are twin.

Proof. Assume first that at least one of the two systems, let us say
(V1 HL , Bl), is not equivalent to its twin.

As per Proposition 2.6 each 7; (i = 1,2) provides a perfect realization
of itself. Assume that T : H; — H, intertwines m; to mo.

Define 1 : Hi = H1 ® Ha by ¢ = \%(Id@IdT) and ™ =7 © my.

Let H' be the closure in H; @ Hy of the image of ©'(C(Q))[7'(H1)].

It follows that ¢ is a boundary realization for m;. Moreover (7/,H’)
will be perfect if and only if the operator 7', which intertwines m; to
Ty intertwines also the two actions of C(2) on H; and H,. Since this
is impossible because 7, and 7y are inequivalent as I" x C'(Q2) represen-
tations, Proposition 3.2 applied to m; ensures that H; contains some
nonzero vector satisfying (GVB).

On the other hand we know from Theorem 3.5 that in this case there
exists a tuple of linear maps @, : V,} — V1, satisfying (18).
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By Theorem 4.2 7; and m are equivalent, by Lemma 5.3 they also
satisfy (FTC).

By Theorem 5.1 (Id, ;) and (Id J, H,) are the only perfect boundary
realizations, hence the latter must be equivalent to (Id 7', H,).

Assume now that both systems (V!', H}  B}) and (V2 HZ,, B?) are
equivalent to their twin: we shall see that this is impossible.

If (V! HL, Bl) is equivalent to its twin by Theorem 5.5, m; splits
-

into the direct sum of two irreducible inequivalent ['-representations 7
and the same is true for m. Since 7 and 7y are equivalent, one of the
addends of 7, say 7} is equivalent to one of the addends of 7y, say 7 .
By the Oddity Theorem 5.2 7, and 75 admit exactly one boundary
realization, and this implies that (V!, H} K Bl) and (V2 HZ,, B?) are

a
equivalent: a contradiction. 0
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