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"I’ve still got to raise four dollars! That ain’t much when you’ve got it, but

an awful lot when you ain’t"

Donald Duck, 1952
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General Abstract

This thesis consists of two papers that investigate the aggregate and dis-

tributional implications of an expansionary monetary policy shock and the

introduction of a minimum wage, respectively. In particular, in this thesis

I place emphasis on the importance of featuring endogenous wealth distri-

butions in macroeconomic models. Despite I tackle two different research

questions in the two papers, a common theme emerges: distributional and

aggregate effects of a policy are closely linked, such that its cross-sectional

implications cannot be neglected by the policymakers.

In the first paper, I extend the literature that has investigated the ef-

fects of monetary policy shock on aggregate consumption and the net worth

distribution using heterogenous agent in continuous time models (see, e.g.,

the seminal Kaplan et al., 2018). Namely, I address an important limita-

tion of the existing literature, that is, it features an exogenous borrowing

constraint on the monetary balance. This setup makes debt opportunities

independent of net worth (i.e. liquid plus illiquid assets) with debatable im-

plications concerning the effects of an expansionary monetary policy shock

on marginal propensities to consume and private debt. For these reasons, in

this paper I assume a two-asset structure with a collateral-based borrowing

constraint, which allows us to reproduce the non-monotonicity of marginal

propensities to consume uncovered by the empirical literature (e.g. Crawley

and Kuckler, 2020) and the rise in private debt that was experienced during

the global financial crisis. The transition dynamics following an unexpected

cut in policy rates show a boost in aggregate consumption backed by an

increase in private debt and an increase in aggregate durable assets, which

sum up into a reduction in the net worth inequality (as captured by the re-

duction in the Gini Index of net worth distribution). Notably, the presence
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of an endogenous borrowing constraint has crucial implications for monetary

policy. In fact, compared to a framework where the borrowing limit is ex-

ogenous, the model presented in the first paper features a lower increase in

the aggregate consumption, a lower decrease in inequality, as measured by

the Gini coefficient and a higher increase in private debt following a tempo-

rary expansionary monetary policy shock. In addition, I show that, while

decreasing inequality because of a left shift in the net worth distribution, a

permanent expansionary monetary shock is unable to boost consumption; on

the contrary, it pushes the economy towards a lower aggregate consumption

equilibrium. Despite mostly qualitative in their nature, the results in this

paper should caution policymakers against the consequences of neglecting

the role played by a realistic, endogenous, collateral-based borrowing limit

in the transmission of monetary policy.

In the second paper, I adopt an heterogenous agent in continuous time

model to discuss the distributional and cross-sectional implications of a min-

imum wage policy. Because setting the minimum wage involves a trade-off

between reducing inequality and destroying unskilled jobs, the model con-

siders two different types of labour input (skilled and unskilled). Similar to

Galor and Zeira (1993), households may become skilled through an indivisible

human capital investment. As a borrowing constrain exists, the households

become skilled when the investment in human capital is both profitable and

affordable. In this way, the investment choice (and, therefore, individual

skills) depends on individual wealth. The model in this paper considers a

minimum wage setting similar to Dehez and Fitoussi (1996); in particular,

wage setting is strictly interconnected with fiscal policy because the Pub-

lic Sector subsidizes the representative firm in order to avoid the dismissal

of unskilled workers. A minimum wage policy succeeds in boosting aggre-
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gate consumption and reducing income inequality; however, the size of the

unskilled group increases and wealth inequality also increases because this

policy represents a disincentive to the human capital investment and thus it

fosters polarization among households. I show that, if a policymaker is inter-

ested in reducing wealth inequality, it is more effective to redistribute wealth

towards the unskilled individuals, because this will help their dynasties to

invest in human capital in the long run.

Overall, an important implication emerges from the joint reading of these

papers: policymakers need to consider the distributional effects of their mea-

sures since these actively determine the aggregate effects: endogenous distri-

butions need to receive more attention in theoretical models.
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Chapter 1

General Introduction

This thesis extends the Aiyagari (1994) model in two directions with the

goal of answering two relevant macroeconomic research questions. In the

first Chapter, I address some limitations of investigating monetary policy

implications with a model featuring an exogenous borrowing limit by propos-

ing instead a collateral-based borrowing constraint. In the second Chapter,

I introduce heterogeneity in the labour input (i.e. individual skills) to in-

vestigate the implications of setting a minimum wage on both inequality

and macroeconomic aggregates. In this introductory Chapter I review the

Aiyagari model, which remains a fundamental benchmark for both Chapters.

Then, I introduce the fundamental concepts of heterogeneous agent models

in continuous time. The continuous time framework, which represents our

modelling choice in both the Chapters, entails several computational advan-

tages, as I shall detail later in this Introduction. In this respect, I will also

describe the solution method in Achdou et al. (2021), which represents the

computational framework of reference.
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1.1 The Aiyagari Model

Many interesting questions in economics concern distributions and address-

ing such issues requires the introduction of heterogeneous agent models. In

particular, a benchmark model for distributional macroeconomics is the Aiya-

gari heterogeneous agent model (1994), which I summarize below. Time is

discrete (t = 0, 1, ...). There exists a continuum of infinitely lived households

with expected lifetime utility:

E0

∞∑
t=0

βt
c1−σ
t

1− σ

where β ∈ (0, 1) is the utility discount factor common across the agents, ct

is the consumption of the final good, and σ is the coefficient of relative risk

aversion. The households are endowed with an initial wealth a0 and inelas-

tically supply one unit of work, since leisure does not generate utility. The

wealth yields a return rt in period t. The households earn wtlt from working,

where wt is the wage rate and lt is labour productivity state, which follows

a Markov chain process such that each agent’s productivity is independent

of others’. There exists a continuum of firms which is characterized by the

following production technology:

Yt = Kα
t L

1−α
t

where Kt and Lt are capital and labour inputs, respectively. Because Y is a

constant return to scale (CRS) function, we can assume a single representa-

tive firm without loss of generality. Instead of solving the general problem,

Aiyagari focuses on the steady-state equilibrium, where the distributions of

agents and prices are stationary. It is worth emphasizing that “steady-state”

assumes a special meaning in this context: even though the distribution, the

aggregates and the equilibrium prices are constant over time, the individual
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agents are hit by idiosyncratic productivity shocks and shift from the right to

the left of the distribution and viceversa. There are two equilibrium prices in

the model: the interest and wage rates. These can be obtained as functions

of the capital stock K, given that the aggregate labour supply is constant

over time (the total number of agents can be normalized to one). Therefore,

it is only needed to find one among K, r or w to compute the steady state.

The recursive formulation of the agents’ problem is

V (at, lt) = maxc,at+1{u(c) + β
∑
lt+1

πlt,lt+1V (at+1, lt+1)}

ct + at+1 = wlt + (1 + r)at

ct ≥ 0, at ≥ −b

where πlt,lt+1 is the probability of switching the productivity state and b is

an exogenous borrowing limit. This can be fixed to the natural limit wlt
r

or to some smaller ad hoc value that gives rise to a tighter borrowing con-

straint. Solving the optimization problem gives the optimal decision rules

ct = gc(at, lt) and at+1 = ga(at, lt), which are shared by all households (ide-

ally with different at and lt). The steady state consists of the prices, the

value function, the optimal decision rules, the distribution of capital and the

aggregate inputs such that agents and firms are optimizing, and the markets

are cleared.

1.2 The Solution Method

In this section, in order to illustrate the solution method in Achdou et al.

(2021), I recast Aiyagari’s model in continuous time and show how the com-

putation applies. In fact, Achdou et al. (2021) developed a simple, efficient

and sufficiently portable algorithm to solve numerically heterogeneous agent
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models that feature endogenous distributions, such as the Aiyagari model.

They exploit the result that, in a continuous time formulation, every hetero-

geneous agent model reduces to a system of two coupled partial differential

equations (PDEs). The first is a Hamilton-Jacobi-Bellman (HJB) equation

that describes the optimal choices of an atomistic individual who takes the

evolution of the distribution (and hence prices) as given. The second is a

Kolmogorov Forward (KF) equation, which characterizes the evolution of

the distribution given individuals’ optimal choices. These two equations are

coupled since optimal choices depend on prices, and prices are determined

in equilibrium by the distribution. Assume that labour productivity lt fol-

lows a two-state Poisson process l ∈ {l1, l2}, l2 > l1, with intensities λ1 and

λ2. In this case, the steady state of Aiyagari’s model is characterized by the

following system of equations

ρvj(a) = max
c
u(c) + v′j(a)(wlj − c+ (1 + r)a) + λ(v−j(a)− vj)

0 = − d

da
(sj(a)gj(a))− λjgj(a) + λ−jg−j(a)

K =

∫ ∞
−b

(ag1(a) + ag2(a))da

where gj(a) is the wealth distribution of agents of type j (with j = 1, 2),

−j denotes a state other than j, and cj(a) = (U ′)−1(v′j(a)) and sj(a) =

wlj−cj(a)+(1−r)a are the optimal consumption and saving policy functions.

The prices (the interest and wage rates) are equal the marginal productivities

of capital and labour, respectively.

1.2.1 Derivation of the HJB Equation

Consider the discrete time general problem of maximizing consumption ct

subject to the evolution of wealth at. The length of the periods is ∆, the
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households have discount factor β = e−ρ∆, and the households of type j

maintain the same productivity with probability pj = e−λj∆ and switch to

state −j with probability (1− pj) = 1− e−λj∆. The Bellman equation is

vj(at) = max
c
u(c)∆ + β[pjvj(at+∆) + (1− pj)v−j(at+∆)]

when ∆→ 0, the following approximations hold:

β = e−ρ∆ ≈ 1− ρ∆

pj = e−λj∆ ≈ 1−∆λj

Therefore the Bellman equation becomes:

vj(at) = max
c
u(c)∆ + (1− ρ∆)[(1−∆λj)vj(at+∆) + ∆λjv−j(at+∆)]

Subtracting (1− ρ∆)vj(a) from both sides this can be rewritten as:

vj(at) = max
c
u(c)∆ + (1− ρ∆)[vj(at+∆)− vj(a) + ∆λj(v−j(at+∆)− vj(at))]

Exploiting the fact that

lim
∆→0

vj(at+∆)− vj(at)
∆

= lim
∆→0

vj(∆(wlj − c+ (1 + r)at)− vj(at)
∆

=

= v′j(wlj − c+ (1 + r)at)

The HJB equation can be restated as

ρvj(a) = max
c
u(c) + v′j(a)(wlj − c+ (1 + r)a) + λ(v−j(a)− vj(a))

1.2.2 Derivation of the KF Equation

The evolution of wealth is characterized by

dãt = sj(ãt, t)dt
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where the tilde denotes stochastic variables. Consider the discrete time ana-

logue. Individuals make their saving optimal decisions according to

ãt = ãt+∆ + ∆sj(ãt+∆)

After optimal decisions are made, the next period’s productivity is real-

ized. The fraction of people with productivity lj and wealth a is

Gj(a, t) = P (ãt ≤ a, l̃t = lj)

where G is the cumulative density function (CDF). The density gj satisfies

gj(a, t) = ∂Gj(a, t)

In order to derive a law of motion for G, it is necessary to determine

recursively what level of capital at a type j household had, given that she

has capital at+∆ at time t + ∆. Consider the fraction of households with

wealth below a at t+ ∆ and let us temporarily ignore productivity switches

and assume that individuals do not accumulate capital, i.e., sj(a) ≤ 0 (the

opposite case is symmetric). Then, the probability of being characterized by

a wealth below a at t+∆ is the sum of the probability of already being below

a at time t and the probability of falling below a in the period ∆

P (ãt+∆ ≤ a) = P (ãt ≤ a) + P (ãt ≤ a−∆sj(a)) = P (ãt ≤ a−∆sj(a))

Introducing probability switches, this becomes

P (ãt+∆ ≤ a, l̃t+∆ = lj) =

= (1−∆λj)P (ãt ≤ a−∆sj(a), l̃t = lj)+∆λ−jP (ãt ≤ a−∆s−j(a), l̃t = l−j)

Therefore, the CDF is

G(a, t+ ∆) = (1−∆λj)Gj(a−∆sj(a), t) + ∆λ−jG−j(n−∆s−j(a), t)
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Subtracting Gj(a, t) from both sides and dividing by ∆, I obtain

Gj(a, t+ ∆)−Gj(a, t)

∆
=

Gj(a−∆sj(a, t))−Gj(a, t)

∆
+λjGj(a−∆sj(a), t)−λ−jG−j(a−∆s−j(a), t)

which becomes

∂Gj(a, t) = −sj(a)∂aGj(a, t)− λjGj(a, t) + λ−jG−j(a, t)

when ∆→ 0. Differentiating with respect to wealth and given that gj(a, t) =

∂Gj(a, t) , I obtain the KF equation:

0 = − d

da
(sj(a)gj(a))− λjgj(a) + λ−jg−j(a)

1.2.3 Solution to the HJB Equation

In order to solve the HJB equation, the value function and the distribution

need to be approximated. The approach is to use a discretization method

that transforms these two PDEs into a system of matrix equations. The HJB

equation is solved through a finite difference method. First, the value func-

tion is approximated at J discrete points in the space (capital) dimension,

ai = 1, ..., I. Grids are equispaced and I denote by ∆a the distance between

grid points.

The derivative v′(a) is approximated with either a backward or a forward

approximation:

v′(ai) ≈
v(ai+1)− v(ai)

∆a

v′(ai) ≈
v(ai)− v(ai−1)

∆a

The choice between backward and forward approximation is governed

by an upwind scheme (similar to Candler, 1999), which approximates the
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derivative in the direction of the movement of the state (i.e., the forward ap-

proximation is used when saving is positive and the backward approximation

when saving is negative). Second, once the value function is approximated,

the HJB equation must be solved using an iterative (implicit) scheme because

of its non-linearity. One starts with an initial guess v0
j = (v0

i,j, ..., v
0
I,j), j = 1, 2

and then updates v0
a, a = 1, according to:

vn+1
i,j − vni,j

∆
+ ρvn+1

i,j = u(cni,j) + (vn+1
i,j )′(ȧ) + λj(v

n+1
i,−j − vn+1

i,j )

where ∆ is the step size (which can be chosen to be arbitrarily large in an

implicit scheme). Achdou et al. (2021) show that, combined with the upwind

scheme, this system of equations can be written in matrix notation as:

ρvn+1 = un + Anvn+1

where A is a lower tridiagonal matrix. Moreover, in order to be solved with

matrix routines, this system can be written as:

Bnvn+1 = bn

Bn = ρI − An

bn = un

1.2.4 Solution to the KF Equation

In contrast to the HJB equation, which is nonlinear in the value function,

the KF equation is linear in the density. Achdou et al. (2021) show that the

finite difference approximation of the KF equation takes the form

0 = A(v, p)Tg

The intuition for this matrix equation is that the KF equation is the

“transpose” problem of the HJB equation, i.e. the transition matrix in the

18



discretized KF equation is the adjoint of the transition matrix in the dis-

cretized HJB equation. Hence, the product of this discretization is the fol-

lowing system of matrix equations:

ρv = u(v) + A(v, p)v

The interesting and convenient feature of this system is that the dis-

cretized KF equation is the “transpose problem” of the discretized HJB equa-

tion. Then, the KF equation can be solved by inverting the A matrix.

1.2.5 The Algorithm for the Stationary Equilibrium

The stationary equilibrium is obtained by iterating on the equilibrium sys-

tem; namely, I use a bisectional algorithm on the stationary aggregate capital.

The iteration starts with an initial guess for K. Then, for i = 0, 1, ..., the

algorithm works as follows:

1. Given the initial guess, compute prices (r and w) from their equilibrium

equations;

2. Solve the HJB equation using a finite difference method and derive the

saving policy function sj,i(a);

3. Given the saving policy function, solve the KF equation for the density

gj,i(a) using a finite difference method;

4. Given the density, compute aggregate capital. Update K accordingly

to the sign in the difference between its value and the guess;

5. Stop when the updated aggregate capital is “close enough” to the guess.
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1.2.6 Computational Advantages of Continuous Time

A continuous time framework yields several advantages compared to a dis-

crete time one. In what follows I discuss the most important advantage when

solving the Aiyagari model (see Achdou et al. 2017 for a detailed discussion

of the other advantages), which concerns the handling of state constraints

such as at ≥ −b. Namely, Achdou et al. (2021) show that, in continuous

time formulations, the state constraint never binds in the interior of the state

space. Hence, the state constraint does not appear in the HJB equation and

gives rise to a state constraint boundary condition

v′j(−b) ≥ u′(wlj − c− b(1 + r))

Moreover, this boundary condition is easily imposed through the upwind

scheme used in the discretization of the HJB equation, i.e. the special struc-

ture of the upwind scheme itself will ensure that the state constraint is never

violated.

1.3 Results

In this section, I show the main features of Aiyagari’s model steady state

when solved using the computational framework in Achdou et al. (2021). In

steady state, the households consume and save depending on their rank in

the joint distribution of capital and labour productivity. Figures 1.1 and 1.2

show optimal consumption and saving.

The high productivity households choose a higher level of consumption

and savings with respect to the low productivity households; the high produc-

tivity households’ savings are positive regardless of their wealth, while the low

productivity households’ savings are negative regardless of their wealth. Op-

timal consumption (saving) increases (decreases) monotonically with wealth
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Figure 1.1: Aiyagari Model: Consumption Policy Function

Figure 1.2: Aiyagari Model: Saving Policy Function

for both households’ types. None of these features can be captured by a

representative agent model. Most importantly, the model generates hetero-

geneity in the marginal propensity to consume (as shown in Figure 1.3),

which is crucial in many macroeconomic applications.
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Figure 1.3: Aiyagari Model: Marginal Propensity to Consume

The households’ optimal consumption and saving policy functions pro-

duce, in equilibrium, the wealth distribution depicted in Figure 1.4.This

functional form features a log-normal distribution. The low productivity

households’ distribution features a Dirac point mass at the exogenous bor-

rowing constraint.
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Figure 1.4: Aiyagari Model: Wealth Distribution
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Abstract

This paper aims at assessing the aggregate and distributional effects of an ex-

pansionary monetary policy shock when the households are heterogenous in

wealth and labour productivity and face a collateral-based borrowing limit.

The households derive utility from consumption and durable assets. The

presence of a collateral-based borrowing constraint represents a key novelty

in the literature studying the effects of monetary policy under a heterogenous

agent framework. Notably, it not only adds reality to the model (consistently

with the role played by collateral during the financial crisis of 2007 – 2008),

but it also carries crucial implications for monetary policy. In fact, compared

to a framework where the borrowing limit is exogenous, the model presented

in this paper features a lower increase in the aggregate consumption, a lower

decrease in inequality, and a higher increase in private debt following a tem-

porary expansionary monetary policy shock.



2.1 Introduction

The Great Financial Crisis (henceforth, GFC) challenged the standard beliefs

held by macroeconomists and central bankers concerning the implications of

monetary policy shocks and their channels of transmission to the real econ-

omy. In fact, the sharp and prolonged decrease in the Effective Federal Funds

rate from 6.5% at the end of 2000 to 1% five years later did not have the

desired stimulating effect on the U.S. macroeconomy, as shown by a vast

empirical literature (see, e.g., Fitoussi and Saraceno, 2010; Rajan, 2010; Faz-

zari and Cynamon, 2013; Mian and Sufi, 2014). For instance, Fitoussi and

Saraceno (2010) report that the lax monetary policy that preceded the GFC

barely succeed in sustaining the aggregate demand. On the contrary, it led

to a large increase in private debt with the household debt as a share of dis-

posable income rising from around 90% in the early 2000s to a peak of more

than 120% in 2007. The strong trend in the aggregate household leverage

between the mid-1980s and 2007 ultimately undermined the overall stabil-

ity of the financial system, as emphasized by Fazzari and Cynamon (2013).

Moreover, the borrowing attitude of households had crucial implications in

terms of net worth inequality. For instance, Casiraghi et al. (2017) and Am-

pudia et al. (2018) show that an expansionary monetary policy compresses

income and wealth inequality, in line with standard theoretical predictions,

but the effects that they report are overall very modest.

In the attempt of reproducing those empirical facts, macroeconomists

have turned to models that feature the presence of households’ heterogeneity

(with two or more agents). These models offer strikingly different results

with respect to the representative agent models in terms of their monetary

policy implications. In fact, monetary policy transmission depends on the

marginal propensities to consume (MPCs) and the households’ response to
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changes in monetary conditions is heterogeneous with respect to income and

net worth (see, e.g., Voinea et al., 2017; Mian and Sufi, 2014). In particular,

Kaplan et al. (2018) showed that in the heterogeneous agent (HA) models

the indirect effects of an unexpected cut in policy rates, which work through

general equilibrium mechanisms, outweigh the direct effects such as intertem-

poral substitution; therefore, the effects of an expansionary monetary policy

shock on consumption are considerably smaller than usually predicted when

representative agent models are employed. My paper builds on this seminal

work to assess the aggregate and distributional effects of an expansionary

monetary policy shock when the agents face a collateral-based borrowing

constraint.

Notably, while Bilbiie (2018) argued that a qualitatively similar aggregate

consumption effects can be obtained using a two-agent (TA) model, in this

paper, I place emphasis on modelling the entire agents’ distribution. In fact,

despite acknowledging the importance of agents’ heterogeneity, TA literature

has generally focused on the effects of a monetary policy shock on the ag-

gregate demand (and, more precisely, on its major component, the aggregate

consumption). In contrast, this framework is not adequate to investigate

the other two important implications discussed above, namely, the effects in

terms of private debt and inequality, which are crucial for many macroeco-

nomic policies. In this respect, in contrast to the TA framework, the HA

models have the potential to allow for a joint discussion of the aggregate and

cross-sectional implications of monetary policy. In fact, the HA framework

assumes a full distribution of agents, thus allowing for a discussion of inequal-

ity in terms of both concentration indexes and quantile ratios; in addition, it

enables a proper characterization of the MPCs that is crucial for the descrip-

tion of the households’ borrowing attitude. As (qualitatively) replicating the
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huge increase in private debt due to the changes in the borrowing attitude

of the households that follows an expansionary monetary policy shock and

investigating the related implications in terms of net worth inequality consti-

tute the two central goals of this paper, HA models represent the framework

of election.

In this respect, my main contribution is to overcome the limitations of

investigating monetary policy implications with a model that features an ex-

ogenous borrowing limit (which makes debt opportunities independent of net

worth), as it is common in the HA literature starting from Aiyagari (1994),

by introducing a borrowing constraint that is based on collateral assets. In

fact, the role played by collateral in the GFC was crucial because, following

the cut in policy rates, many households did not increase their consumption

but decided to collateralize their durable assets to increase their borrowing

(see, e.g., Mian and Sufi 2010). Therefore, to reproduce the large increase in

private debt that has been documented by the empirical literature and derive

its implication on inequality, I extend the Aiyagari model in two directions:

on the one hand, as discussed above, I replace the exogenous borrowing limit

with a collateral-based borrowing constraint; on the other hand, I assume

a two-asset structure where unproductive durable assets (which can be in-

terpreted as houses) are included in the households’ utility function, as it

is common in macroeconomic models featuring collateral assets, such as Ia-

coviello (2005).

The model is cast in continuous time to exploit the computationally con-

venient results in Achdou et al. (2021), who describe a simple and yet efficient

algorithm to solve numerically the HA models in the presence of borrowing

constraints. The economy in the model is populated by a continuum of

households, who are heterogeneous in net worth and labour productivity.
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The net worth is composed by monetary balance and durable assets and the

latter may be collateralized for borrowing purposes up to a certain fraction.

Households have preferences over consumption and durable assets and max-

imize their flow of utilities subject to the law of motion of net worth and the

collateral-based borrowing constraint. The firms’ sector is kept purposefully

simple and replicates the structure of the real business cycle (RBC) models.

Namely, there is a representative firm who produces using capital and labour

as inputs. The Monetary Authority controls the monetary balance rate and

ensures the equilibrium in the market by introducing (absorbing) the missing

(excess) liquidity. This mechanism replicates the one in Kaplan et al. (2018)

and assumes that monetary and fiscal policy are strictly interconnected. Al-

though this is a simplifying assumption, it is less unrealistic than one may

think, given the crucial role played by quantitative easing after the GFC.

It is crucial to emphasize that an exogenous borrowing constraint is not

consistent with reality, since borrowing opportunities actually depends on the

individual illiquid assets holdings. Moreover, an unexpected shock to policy

rates would not affect an exogenous borrowing limit, while in the presence

of a collateral-based borrowing constraint the agents (may) face an increase

(decrease) in the borrowing opportunities. In addition, the collateral-based

borrowing constraint, as well as the presence of the durable assets in the

households’ utility function, which represent the key innovations of my paper,

allow us to produce MPCs that are non-monotonic with respect to net worth,

as in Crawley and Kuchler (2020). When the durable assets are included

in the borrowing constraint as collateral, the model implies the existence

of a fraction of households who decides to increase borrowing to purchase

durable assets as a response to an expansionary monetary policy (subtracting

resources to the adjustment in consumption).
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Needless to say, this model carries relevant implications in terms of mon-

etary policy. In fact, in this setting, the transition dynamics following an

expansionary monetary policy shock feature a “hump-shaped” positive re-

sponse in the aggregate consumption that is backed by an increase in pri-

vate debt and aggregate capital. Overall, net worth inequality is reduced.

The importance of a collateral-based borrowing constraint is assessed by a

comparison with a simplified version of the model that relies on a simple

(exogenous) borrowing limit. In particular, the same expansionary mone-

tary policy shock leads to a smaller increase in aggregate consumption, a

higher increase in private debt and a smaller decrease in net worth inequal-

ity when the model features a collateral-based borrowing constraint. This

is crucial for a monetary authority, which needs to acknowledge that relying

on a model based on an exogenous constraint will lead to overestimating the

effects of an expansionary shock on aggregate consumption; in addition, the

presence of a collateral-based borrowing attitude amplifies the instability of

the financial system through an increase in the private debt, and mitigate

the reduction of net worth inequality. Overall, neglecting the presence of

the dynamics generated by a realistic collateral-based borrowing constraint

would lead policy-makers to overstating the effects of easing the stance of

the monetary policy both in terms of stimulating aggregate consumption

and reducing inequality; in addition, it would also lead to underestimating

the perverse effects of expansionary monetary policy on private debt.

In addition to considering the effects of a transitory monetary policy

shock, in section 2.3.7, I also discuss the results of a permanent change (de-

crease) in the rate set by the monetary authority. While the overall inequality,

as measured by the Gini index, will be lower in the new steady state than

before the permanent monetary shock, the aggregate consumption will be
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permanently reduced. This is due to the shift of the net worth distribution

to the left and represents an important warning for the monetary author-

ity: a permanent easing of the stance of the monetary policy may lead to

a permanent increase of private debt, pushing the economy towards a low-

consumption long run equilibrium. In other words, monetary policy cannot

produce a long run increase in the aggregate consumption.

The rest of this paper proceeds as follows. Section 2.2 describes the

model. Section 2.3 describes the results, both for the steady-state of the

model and the transition dynamics following an unexpected cut in the policy

rate. Section 2.4 concludes.

2.2 The Model

2.2.1 Households

The economy is populated by a continuum of infinitely lived households

of unit mass, indexed by their net worth n and their idiosyncratic labor

productivity z. Labour productivity follows a two-states Poisson process

z ∈ {z1, z2}, with z2 > z1. The process jumps from state 1 to state 2 with

intensity λ1 and from state 2 to state 1 with intensity λ2. The net worth

is composed by monetary balance b and durable assets a. Asset of type a

are illiquid, meaning that the households have to pay a cost to deposit into

(withdrawing from) their illiquid account. The household’s deposit rate is

denoted with dt (dt < 0 corresponds to withdrawals); this ensures that ra

(the return on durable assets) is higher than rb (the return on the monetary

balance) in equilibrium.

Durable assets are composed by a productive and an unproductive frac-

tion with returns ra and rh, respectively. The unproductive fraction, denoted
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by ω, can be used as collateral for borrowing. I assume that the consump-

tion good and durable assets can be exchanged at a constant and unitary

rate. In the same spirit of Kaplan et al. (2018), the unproductive durable

assets can be interpreted as housing services and rh as the service flow from

owner-occupied houses. Namely, rather than being an interest rate deter-

mined in equilibrium, rh should be interpreted as a convenience yield arising

from holding a property. The monetary balance yields a return rb and is

negative when the household is a net borrower (in which case rb represents

a cost).

The households have the following preferences:

E0

∫ ∞
0

e−ρtu(ct, ωat)dt

where ct is consumption, ρ ≥ 0 is the discount rate and the expectation is

taken over the realizations of the idiosyncratic productivity shocks. Because

ω is a constant fraction of durable assets, in the rest of the paper, we assume

without consequences u(ct, at). Individual assets evolve according to

ḃt = wtzt − ct + τt + rbtbt − dt (2.1)

ȧt = (rat (1− ω) + rhω)at + dt (2.2)

where wt is the wage rate and τt is an individual net transfer from the public

sector. The net worth’s evolution law, which represents the individual’s

budget constraint, can be obtained from (2.1) and (2.2) as follows:

ṅt = wtzt − ct + τt + rbtnt + (rmt − rbt )at

where

rmt = (rat (1− ω) + rhω)

is the weighted average return of durable assets.
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2.2.2 Borrowing Constraint

A household can borrow up to the unproductive fraction of the owned durable

assets plus a constant, H:

−bt ≤ ωat +H

which may be rearranged as

at ≤ φ(nt +H) (2.3)

with

φ =
1

1− ω
The set of admissible choices for durable assets is given by the borrowing

constraint (2.3) and a no short-selling condition a ≥ 0

A(n) = {a : 0 ≤ a ≤ φ(n+H)}

which implicitly defines the state constraint n ≥ nmin, with nmin = −H.

This maintains the model coherent with the mathematical and computational

framework of Achdou et al. (2021) ensuring that their results concerning the

existence and uniqueness of the steady state still hold, despite the intuition

on the borrowing constraint is different. In fact, differently from the case

of the exogenous borrowing constraint, in this formulation of the model, the

borrowing limit depends on illiquid asset holdings, such that individuals with

a larger net worth can borrow up to a larger amount, as depicted in Figure

2.1.

2.2.3 Firms

The firms’ sector is kept purposefully simple and follow the RBC structure.

Namely, firms use capital and labour with the following Cobb-Douglas con-
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Figure 2.1: Collateral based Borrowing Constraint

stant return to scale technology:

Yt = AKα
t L

(1−α)
t z̃(1−α)

where A is the technology parameter, Kt is the aggregate capital, Lt is the

aggregate labour; z̃ is the average households’ productivity, which implies

that there is no aggregate uncertainty in the output. In this model, house-

holds do not get disutility from labour, hence labour supply is anelastic and

fixed at 1. Therefore, firms’ technology reduces to:

Yt = AKα
t z̃

(1−α)

and capital and labour prices will be respectively:

rat = αAK
(α−1)
t z̃(1−α) − δ

wt = (1− α)AKα
t z̃

(1−α)

where δ is the depreciation rate.
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2.2.4 Monetary Policy and Public Sector

The monetary authority controls the monetary balances rate rb. In this

model, there is a unique value of rb which ensures endogenously the equilib-

rium in the monetary balance market; therefore, if the monetary authority

fixes a value for rb different from this equilibrium value, it will be required

to ensure the equilibrium by introducing (absorbing) the missing (excess)

liquidity. Following a common modelling choice in the literature (see, e.g.,

Kaplan et al. 2018), this model assumes that monetary and fiscal policies are

strictly interconnected; namely, the public sector will subsidize/tax house-

holds to ensure the monetary balance market equilibrium, which will take

the following form:

S =

∫ ∞
nmin

(b1(n)g1(n) + b2(n)g2(n))dn

where S represents the aggregate net transfer from the public sector to the

private sector, and gj(n) is the net worth distribution of productivity type

j = 1, 2. Therefore, a value of S higher (lower) than zero represents a

subsidy (a tax). In the baseline model, I assume this transfer to be equally

distributed among households. In section 2.3.6, I will also show the results

when the transfer is distributed among some specific categories of households.

2.2.5 Stationary Equilibrium

A stationary equilibrium is fully characterized by the following system of

equations. The first and the second are the HJB and KF equations; the

third and the fourth equations show how the aggregate capital and monetary

balance are determined in steady-state:

ρvj(n) = max
c,a∈A(n)

u(c, a)+v′j(n)(wzj−c+τ+rbn+(rm−rb)a)+λ(v−j(n)−vj(n))

36



0 = − d

dn
(sj(n)gj(n))− λjgj(n) + λ−jg−j(n)(

ra + δ

αA

) 1
α−1

z̃ = (1− ω)

∫ ∞
nmin

(a1(n)g1(n) + a2(n)g2(n))dn

S =

∫ ∞
nmin

(b1(n)g1(n) + b2(n)g2(n))dn

where cj(n) = (U ′)−1(v′j(n)), sj(n) = wzj−cj(n)+τ+rbn+(rm−rb)aj(n), aj(n)

and bj(n) = n − aj(n) are the optimal consumption, saving, durable assets

holding and monetary balance policy functions, gj(n) is the net worth dis-

tribution of type j, and −j is the opposite type of j. Assuming quasi-linear

utility u(c, a) = ũ(c + f(a)) and defining x = c + f(a), the HJB equation

becomes

ρvj(n) = max
x

ũ(x) + v′j(n)(wzj − x+ rbn+ f(n)) + λ(v−j(n)− vj(n))

f(n) = max
a∈A(n)

f(a) + (rm − rb)a

where f(n) is the pecuniary equivalent of the utility benefit of durable assets

net of return and cost. The quasi-linearity of u(c, a) is a simplifying assump-

tion that allows me to exploit the results of Achdou et al. (2021) about the

existence and uniqueness of the stationary equilibrium; in particular, Propo-

sitions 1 to 4 in their Appendix apply to the model in this paper with no

exceptions.

2.2.6 Optimal Durable Assets Choice

We choose the functional form of f(a) as:

f(a) =
γa1−β

1− β
where β is the coefficient of relative risk aversion and γ is a scale factor.

Then the optimal durable asset choice becomes

f(n) = max
a∈A(n)

(
γa1−β

1− β
+ (rm − rb)a

)
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Two cases must be distinguished. First, if rm ≥ rb, the household will

maximize f(n) choosing the highest possible value for a, which is defined by

the borrowing constraint (i.e., by the specific net worth level of the house-

hold). Second, if rm < rb the optimal durable assets choice is derived from

the following first order condition:

γa−β + rm − rb = 0

which gives

a∗ =

(
rb − rm

γ

)− 1
β

Note that if a∗ > φ(n+H) the households with n < n∗ will be borrowing

constrained, with:

n∗ =
a∗

φ
−H

2.2.7 Transition Dynamics

The transition dynamics following an expansionary monetary policy shock is

characterized by the following system of equations:

ρvj(n, t) = max
c,a∈A(n)

u(c, a)+∂av
′
j(n, t)(wzj−c(n, t)+rbn+(rm(t)−rb(t))a(n, t))

+ λ(v−j(n, t)− vj(n, t)) + ∂tvj(n, t)

∂agj(n, t) = −∂a(sj(n, t)gj(n, t))− λjgj(n, t) + λ−jg−j(n, t)(
ra(t) + δ

αA

) 1
α−1

z̃ = (1− ω)

∫ ∞
nmin

(a1(n, t)g1(n, t) + a2(n, t)g2(n, t))dn

S(t) =

∫ ∞
nmin

(b1(n, t)g1(n, t) + b2(n, t)g2(n, t))dn

where cj(n, t) = (U ′)−1)(∂avj(n, t)), aj(n, t), bj(n, t) = n−aj(n, t) and sj(n, t) =

wzj − cj(n, t) + τ + rb(t)n+ (rm(t)− rb(t))aj(n, t) are the optimal consump-

tion, durable asset holdings, monetary balance and saving policy functions.
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The density gj satisfies the initial condition:

gj(n, 0) = gj,0(n)

and the value function satisfies the terminal condition:

vj(n, T ) = vj,∞(n)

for T sufficiently large.

2.2.8 Parametrization

Table 2.1 reports the parameters’ value, which are mostly taken from Achdou

et al. (2021). The parameters affecting preferences and production take stan-

dard values. The coefficient of relative risk aversion is set to β = 0.5, while

the scalar factor is γ = 0.02. The representative firm’s total factor productiv-

ity is A = 0.1 and the capital elasticity is set to α = 0.33 (labour elasticity

is equal to 1 − α = 0.67). The Poisson process for labour productivity is

such that z ∈ {z1 = 1, z2 = 2} with switching probabilities λ1 = λ2 = 0.1.

Therefore, the average households’ productivity is equal to z̃ = 3. The de-

preciation rate is δ = 0.05. The monetary balance and housing returns, rb

and rh, are set equal to 0.045 and 0.015 respectively. The parameters affect-

ing the borrowing constraint are the unproductive fraction of capital that

is set to ω = 0.25 and the net worth limit that is nmin = −H = −0.75.

These are the parameters that may influence the most the key results in this

paper. Therefore in section 2.3.4, I will provide some robustness checks on

their values.
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Table 2.1: Parametrization

Parameter Value

z1 2

z2 4

λ1 0.1

λ2 0.1

rh 0.015

ω 0.25

rb 0.045

H 0.75

α 0.33

δ 0.05

A 0.1

z̃ 3

µ 0.2

β 0.5

γ 0.02

2.3 Results

2.3.1 Steady-State

In the steady state, households take optimal decisions depending on their

ranking in the joint distribution of net worth and productivity. Figure 2.2

and 2.3 represent consumption and saving optimal policy functions. The

high productivity households (i.e, those facing the high productivity shock,

z2) choose a higher level of consumption and savings with respect to the
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Figure 2.2: Consumption Policy Function

Figure 2.3: Saving Policy Function

low productivity households (i.e, those facing the low productivity shock z1);

the high productivity households’ savings are positive regardless of their net

worth, while low productivity households’ savings are negative regardless

of their net worth. The optimal consumption (savings) is increasing (are
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decreasing) in the net worth for both households’ types and is (are) charac-

terized by a kink in n∗, i.e., the net worth level below which households are

borrowing constrained. The model allows replicating the high heterogeneity

in marginal propensities to consume. I define the (instantaneous) MPC as

the derivative of the optimal consumption function with respect to the net

worth. Figure 2.4 and 2.5 show the instantaneous MPC as a function of net

worth and for quintiles of the net worth distribution, respectively.

Figure 2.4: Marginal Propensity to Consume

Figures 2.4 and 2.5 highlight a non-monotonic relationship and feature a

peak in n∗; in particular, the low productivity households MPC is charac-

terized by an absolute maximum at the net worth’s lower bound and a local

maximum at n∗, while the high productivity households’ MPC is maximized

at n∗. Hence, the model allows replicating qualitatively the most recent liter-

ature regarding consumption heterogeneity (see Crawley and Kuchler, 2020).

This result is driven by the introduction of a collateral-based borrowing con-

straint that improves the theoretical description of the borrowing attitude,
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Figure 2.5: Marginal Propensity to Consume, Quintiles

and implies that a fraction of households increases its borrowing to purchase

durable assets, thus subtracting resources to consumption.

Because of the assumption that durable assets are (partly) collateraliz-

able, the model returns the monetary balance policy function depicted in

Figure 2.6. Visibly, the model features a non-monotonic relation also be-

tween the monetary balance and the net worth, with the monetary balance

policy function displaying an absolute minimum at n∗. This entails that the

household with the lowest monetary balance is ranked in the middle of the

distribution and not at the bottom, as it would be the case with an exogenous

borrowing limit. The figure shows that households with the same net worth

are characterized by the same choices in terms of monetary balance notwith-

standing their level of productivity; namely, the households’ borrowing at-

titude does not depend on their idiosyncratic productivity. In equilibrium,

the households’ optimal consumption, saving and monetary balance policy

functions originate the net worth distribution plotted in Figure 2.7. Figure
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Figure 2.6: Monetary Balance Policy Function

2.8 distinguishes among the high and low productivity households. Their

Figure 2.7: Stationary Net Worth Distribution

functional form reproduces a log-normal distribution.

Table 2.2 summarizes the main cross-sectional results of this paper. The

20.03% of the households have a negative net worth (n < 0) and, intuitively,
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Figure 2.8: Stationary Net Worth Distribution, Low and High Productivity

Households

Table 2.2: Stationary Net Worth Distribution

n < 0 0 < n < n∗ Gini Index

Total 20.03% 6.91% 0.293

Low Prod. 13.95% 4.86% 0.317

High Prod. 6.08% 2.05% 0.269

the majority of these (13.95%) belongs to the low productivity group. More-

over, the model implies a relatively small fraction of borrowing constrained

households with a positive net worth (6.91%). Importantly, it must be noted

that these results may be obtained only within a framework that models

the full distribution, while the high majority of TA models (for instance the

rule-of-thumb consumer framework, see e.g., Galì et al., 2004) consider only

exogenous fractions of agents. The Gini index of the net worth distribu-
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tion is equal to 0.293; in particular, net worth is highly concentrated among

low productivity households (the Gini Index of the low productivity house-

holds’ distribution is equal to 0.317, while the Gini Index of high productivity

households’ distribution is equal to 0.269).

2.3.2 Transition Dynamics

The main goal of my application is to investigate the aggregate and distri-

butional effects of an expansionary monetary policy shock. In what follows,

I consider a negative shock to the monetary balance rate rb. The shock is

modeled as the deterministic version of the Ornstein-Uhlenbeck process (the

continuous time analogue of an AR(1) process).

2.3.3 IRF - Expansionary Monetary Policy

In this section, I consider a 10%, 20% and 30% reduction in the monetary

balance rate rb. Following an expansionary monetary policy shock (a cut

in the policy rate) the aggregate consumption jumps above its steady-state

value. The impulse response functions of aggregate consumption are plotted

in Figure 2.9.

The figure clearly shows that the IRFs are “hump-shaped”, i.e. the highest

response is reached only a few periods after the intervention, and then the

consumption reverts to the steady-state level showing some persistence. The

consumption response is supported by a decrease in the aggregate monetary

balance (i.e., an increase in private debt), as it can be easily seen from Figure

2.10.

Transition dynamics may be summarized as follows. An unexpected cut

in rb causes a disequilibrium in the monetary balance market. This must be

rebalanced through additional liquidity and therefore the net transfer from
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Figure 2.9: IRFs Aggregate Consumption

Figure 2.10: IRFs Aggregate Monetary Balance

the public sector needs to increase. This improves the households’ credit

conditions and, consequently, relax their borrowing constraint so that they

can obtain new loans and increase their consumption levels. Therefore, the

monetary policy shock has the ultimate effect of easing the credit conditions
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of the households. Moreover, these loans allow the households to purchase

durable assets and, as a result, the aggregate capital increases as displayed in

Figure 2.11. This increase in aggregate capital is also due to firms’ production

Figure 2.11: IRFs Aggregate Capital

choices. The increase in the demand of durable assets from the households,

in fact, puts upward pressure on their price; however, this model does not

feature an endogenous price for durable assets, so that this is reflected in a

downward pressure on the durable assets return, ra, as showed by Figure 2.12.

Figure 2.13 shows that, as ra is a cost for firms, they will substitute labour

with capital, reducing labour demand and putting upward pressure on the

wage rate since labour supply is anelastic. The model, therefore, succeeds in

reproducing the collateral-based dynamics that characterized the GFC, when

an expansionary monetary policy led to a modest increase in consumption

but a huge expansion of private debt because households contracted new

loans to buy durable assets (see, e.g., Mian and Sufi 2010).

Finally, as previously discussed, the characteristics of this model allow
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Figure 2.12: IRFs Durable Assets Return

Figure 2.13: IRFs Wage Rate

us to corroborate the aggregate analysis with the discussion of the cross-

sectional results, such that we can consider the effects of the shock on net

worth inequality. Figure 2.14 shows the impulse-response function of the

Gini Index of net worth distribution An expansionary monetary policy shock
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Figure 2.14: IRFs Gini Index

reduces the Gini Index, showing some persistence. This is similar to the

pattern showed by the aggregate consumption given that households’ opti-

mal choices depend on their specific net worth level. On the one side, the

households at the bottom of the distribution benefit from an improvement in

their financial conditions (a reduction in the monetary balance rate, which

is negative in their case) and borrowing opportunities so that they increase

consumption and durable assets purchases. On the other side, the house-

holds at the top of the distribution are worse off because of the reduction in

both asset types’ returns. Overall, the net worth inequality is temporarily

reduced.

2.3.4 Robustness Checks

This section presents some robustness checks about the implications of a 20%

reduction in the monetary balance rate rb under the assumption of different

values of ω and H, that are the collateralizable fraction of the durable assets
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and the net worth limit. I only report the IRFs concerning the key results of

the paper, which I show to be robust to different parametrization choices, as

their functional forms do not vary when I change ω and H. Figure 2.15 and

2.16 show the IRFs of the aggregate consumption and the Gini Index of the

wealth distributions, respectively, for ω ∈ {0.20, 0.25, 0.3}.

Figure 2.15: Robustness Check ω, IRF Aggregate Consumption

Intuitively, different values of ω affect the stationary values of all the vari-

ables of interest; in particular, a higher value of ω implies a lower stationary

aggregate consumption and a higher value for the Gini Index of the station-

ary net worth distribution. The implications of a reduction in the monetary

balance rate rb are qualitatively unchanged: the aggregate consumption is

boosted and the highest response is only reached a few periods after the in-

tervention, then the consumption reverts to the steady-state level showing

some persistence. The consumption response is still accompanied by a de-

crease in the aggregate monetary balance and an increase in the aggregate

capital. Wealth inequality is mitigated. Then, the results in this paper are
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Figure 2.16: Robustness Check ω, IRF Gini Index

robust to different parametrization choices for ω. Figure 2.17 and 2.18 show

the IRFs of the aggregate consumption and the Gini Index of the wealth

distributions, respectively, for H ∈ {0.7, 0.75, 0.8}:

Figure 2.17: Robustness Check H, IRF Aggregate Consumption

As in the case of ω, different values of H affect the stationary values of
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Figure 2.18: Robustness Check H, IRF Gini Index

all the variables of interest; in particular, a higher value for H implies a lower

stationary aggregate consumption and a lower value for the Gini Index of

the stationary net worth distribution. The implications of a reduction in the

monetary balance rate rb do not vary, as in the case of changes in the value of

ω, then the results in this paper are also robust to different parametrization

choices for H.

2.3.5 Contribution of the Collateral-based Borrowing

Constraint

This paragraph assesses the relevance of a collateral-based borrowing con-

straint by a comparison with a simplified version of the model that features

an exogenous borrowing limit (similar to Kaplan et al., 2018). We compute

the steady state of the simplified version of the model and then the IRFs

for all the variables of interest and compare the dynamics following an ex-

pansionary monetary policy shock. Unreported results show that the steady
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state of this simplified model is characterized by lower aggregate consump-

tion, higher private debt, higher aggregate capital and higher inequality. We

interpret these results as the consequence of “switching-off” the collateraliza-

tion mechanism, which entails an increase in the borrowing opportunities to

acquire new durable assets for households with zero (or close to) collateral

assets. This generates a higher private debt and aggregate capital. This

economy is more indebted than the one where the collateralization process is

at work and constrains the borrowing opportunities. The MPCs are mono-

tonic with respect to the net worth, meaning that the fraction of households

who increases borrowing to purchase durable assets will be irrelevant for the

evaluation of an expansionary monetary policy. For these reasons, we expect

that an expansionary monetary policy shock in this simplified model has a

smaller effect on private debt because it does not boost borrowing opportu-

nities as in the model with the collateral-based constraint.

Table 2.3 compares the effects of a cut in the monetary balance policy rate

for both models (with and without the collateralized borrowing constraint).

As expected, the increase in private debt is significantly lower in the simplified

Table 2.3: Contribution of the collateral based borrowing constraint

Consumption Aggregate Capital Private Debt Gini Index

Collateral 0.5% 21.4% 53.0% −2.9%

No Collateral 0.8% 20.0% 32.1% −3.5%

version of the model; moreover, the increase in consumption and the decrease

in the Gini Index are stronger. This means that a monetary policy application

that ignores the collateralization mechanism may lead to an overestimation
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of the effects on consumption and inequality, and an underestimation of the

effects on private debt that leads to an amplification of the instability of the

financial system. The monetary policy authority must take into account these

effects when evaluating their policies as their actions may be less effective

than expected in terms of stimulating consumption and reducing inequality

and potentially detrimental to the financial sector.

2.3.6 Redistribution and Monetary Policy

In the previous sections, I showed how the aggregates and the distribution

are affected by an expansionary monetary policy shock. Namely, the shock

boosts aggregates and reduces inequality, and this is directly linked to het-

erogeneity in households’ behavior. In fact, a the reduction of inequality

that implies a shift of net worth from low-MPCs households to high-MPCs

households amplifies monetary policy transmission. In this respect, in this

section, I further investigates this phenomenon considering two alternative

model specifications; namely, while in the baseline model I assumed the

net transfer to be equally distributed among the households, in this sec-

tion, I consider what would happen if the net transfer was to be distributed

among low-productivity (“poor-friendly” model) or high-productivity house-

holds (“rich-friendly” model).

Table 2.4 reports the (maximum) percentage variations of aggregate con-

sumption, Gini Index, aggregate monetary balance and aggregate capital

following the same expansionary monetary policy shock for the baseline and

the two alternative versions of the model. The results are very interesting

and can be interpreted along three dimensions. First, monetary policy trans-

mission on the aggregate consumption is more effective in the “Poor-friendly”

version and less effective in the “Rich-friendly” version of the model. Second,

55



Table 2.4: Redistributional effects of Monetary Policy

Poor-Friendly Baseline Rich-Friendly

Consumption 1.14% 0.55% 0.31%

Gini Index −4.26% −2.99% −2.44%

Monetary Balance −21.63% −52.88% −92.32%

Capital 16.82% 20.01% 20.34%

the highest inequality reduction is obtained in the “Poor-friendly” version,

and the lowest inequality reduction is in the “Rich-friendly” version. Third,

the highest response in the aggregate consumption is coupled with the high-

est reduction in net worth inequality. Overall, this is an important message

for monetary policy design: within this model, targeting net worth inequality

improves monetary policy transmission.

2.3.7 Transitory Vs. Permanent Shock

The high decrease in the aggregate monetary balance (i.e., the increase in

private debt) following an expansionary monetary policy shock should be

a warning for monetary policy authorities given the role of private debt in

financial crises. Transition dynamics after a transitory monetary policy shock

is mitigated since households expect the change in the policy rate to be

temporary (i.e., they have perfect knowledge of the shock) and anticipate

that they will need to cut consumption in the future in order to repay their

debts. However, the empirical literature reported a permanent increase in

private debt and a permanent decrease in aggregate consumption following

the increase in money supply before the financial crisis (see, e.g., Rajan

2010, Marzinotto 2016). For these reasons, I compare the aggregate and
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cross-sectional results of the baseline model with an alternative version of

the model that features a one basis point permanent decrease in rb. Table

2.5 summarizes the results.

Table 2.5: Permanent Monetary Policy Shock

% Change

Consumption −3.18%

Gini Index 1.39%

Monetary Balance −45.4%

Capital −1.9%

After a permanent change in rb, the economy is in a different steady

state that is characterized by a lower aggregate consumption level, while the

aggregate capital is higher. The aggregate monetary balance is strikingly

lower than in the baseline model and the net worth inequality is reduced.

Therefore, despite the huge decrease in the monetary balance, the aggregate

consumption will be permanently decreased. This happens mainly because

of a shift of net worth distribution to the left as depicted in Figure 2.19.

In other words, even though the Gini Index is reduced, the households’

sector is characterized by a lower net worth level and, given the shape of the

consumption policy function, this results in a permanent fall of aggregate

consumption. This is an important warning for macroeconomic policy: a

permanent monetary policy action may lead to a permanent increase in pri-

vate debt (both at the individual and the aggregate level) and, consequently,

push the economy towards a low-consumption long run equilibrium. That is,

monetary policy cannot foster the aggregate consumption in the long run.
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Figure 2.19: Permament shock, Net Worth Distribution

2.4 Conclusion

A proper characterization of the households’ heterogeneity in their marginal

propensities to consume, and in their borrowing attitude is crucial for macroe-

conomic policy design. On the one hand, it allows us to better understand

the transmission of monetary policy shocks to the aggregate consumption;

on the other hand, it is crucial to acknowledge the huge implications in terms

of private debt and on net worth inequality. While the transmission channels

have been largely explored by the most recent theoretical macroeconomic lit-

erature, the increase in private debt and the effects on inequality have been

so far largely neglected. In this respect, I present a heterogeneous agent

model with a collateral-based borrowing constraint, which provides an ideal

framework to jointly investigate these issues. Notably, given the emphasis

that I pose on understanding the consequences of a monetary shock on the

net worth distribution the HA framework represents the obvious modelling

choice. Therefore, I employ the Heterogeneous Agent Models in Continuous
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Time framework developed by Achdou et al. 2021, who introduced a simple,

efficient and sufficiently portable algorithm to solve numerically heteroge-

neous agent models that feature endogenous distributions. This algorithm

is appropriate for handling borrowing constraints, which is crucial given the

objective of introducing a collateral-based borrowing constraint in the model.

This collateral-based constraint constitutes a key novelty with respect to the

exogenous borrowing limit employed in most of the monetary policy applica-

tions featuring heterogeneous agents, and allows us to improve the description

of individuals’ MPCs as well as their debt profiles. In fact, this feature al-

lows us to qualitatively replicate the empirical results in Crawley and Kuchler

(2020); namely, if durable assets are included in the computation, the rela-

tionship between MPC and the net worth is non-monotonic. Moreover, the

introduction of a collateral-based borrowing constraint allows catching up

with the empirical literature, which emphasized the role of inequality in the

vast increase in private debt before the GFC (see, e.g., Fitoussi and Saraceno,

2010; Rajan, 2010; Fazzari and Cynamon, 2013; Mian and Sufi, 2014). The

attention that I pose to the distributional consequences of monetary policy,

considered jointly with the ability to replicate the key empirical facts about

the agents’ MPC, represent an important contribution to the evaluation of

the effects of a monetary policy shock. The transition dynamics following a

cut in policy rates features a “hump-shaped” response in consumption, i.e.,

the highest consumption response is reached only a few periods following the

intervention, and then reverts back to the steady-state level showing some

persistence. The consumption response is backed by an increase in private

debt and in aggregate durable assets, which sums up into a reduction in the

net worth inequality (the Gini Index of net worth distribution). The rele-

vance of a collateral-based borrowing constraint is assessed by a comparison
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with a simplified version of the model that relies on an exogenous borrow-

ing limit. In particular, the same expansionary monetary policy shock leads

to a smaller increase in aggregate consumption, a higher increase in private

debt and a smaller decrease in net worth inequality when the model fea-

tures a collateral-based borrowing constraint. This is crucial to understand

for a monetary policy authority because, on the one hand, a model based

on an exogenous constraint will overestimate the effects of the shock on ag-

gregate consumption; on the other hand, the existence of a collateral-based

borrowing attitude amplifies the instability of the financial sector through an

increase in the aggregate private debt, and mitigate the positive effects on

net worth inequality. The model offers additional, interesting results when

exploited for two applications. The first links monetary policy redistribu-

tive effects with the efficiency in its transmission to aggregates, showing that

the highest response in consumption is achieved when also the redistribution

is maximized. The second focuses on the effects of a permanent reduction

in the policy rates, showing that this may lead to a permanent increase in

private debt (both at the individual and aggregate level) and, consequently,

carry the economy towards a lower consumption long run equilibrium. My

analysis remains mostly qualitative because of some simplifying assumptions

in the model, such as the firms’ sector and the interconnectedness between

monetary and fiscal policy. However, I show that a framework that intro-

duces a collateral-based borrowing constraint succeeds in achieving a proper

characterization for private debt profiles and monetary policy’s effects on in-

equality, in line with the empirical findings. Therefore, this work represents

an interesting starting point for future quantitative research.
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Abstract

In this paper, I use a heterogenous agents in continuous time model to an-

alyze the aggregate and distributional implications of the introduction of

a minimum wage policy. In particular, I introduce an economy in which

households differ for wealth and income and they can provide either skilled

or unskilled work. Each household can become a skilled worker (and earn

the higher skilled wage) through a fixed and indivisible investment in human

capital; since the model features a borrowing limit, the households become

skilled when the investment is both profitable and affordable. The govern-

ment introduces a minimum wage and subsidizes the firms by taxing the

households to restore the equilibrium in the labour market such that there

is no unemployment. This policy is effective in boosting consumption and

decreasing income inequality. However, it disincentives the investment in

human capital and foster polarization among the households, thus increasing

wealth inequality. Conversely, I show that an initial redistribution of wealth

is more effective in reducing both wealth and income inequality, while also

boosting aggregate consumption.



3.1 Introduction

The minimum wage policies have been subject to an intense debate both

among academics and politicians. Nowadays, 22 out of the 28 states in

the European Union (EU) have minimum wage laws and institutions, while

the others (Austria, Cipro, Denmark, Finland, Sweden, and Italy) rely on

collective bargaining and labour unions. The latter is problematic whenever

some unregulated professions, such as riders, become a relevant part of the

labour force: there is no collective bargaining and unions for this category

of workers, which are generally at the bottom of the income and wealth

distribution, so that setting a national minimum wage may be an alternative

to reduce inequality and regulate the labour market.

However, there is an eternal debate about this issue that dates back to

George Stigler’s (1946) pioneering essay: in his framework, a wage floor im-

plies a reduction in labour demand leading to unemployment. Intuitively, the

minimum wage affects labour market equilibrium generating a wedge between

supply and demand; in particular, it may cause the workers whose productiv-

ity is the smallest to be permanently unemployed. However, Stigler’s analysis

focuses on the effects of introducing a minimum wage in a single industry; in

addition, the effects of the introduction of a minimum wage on the employ-

ment have been found to be at best small by part of the empirical literature

in labour economics (see, e.g., Belman and Wolfson, 2016).

Given the ambiguity in the theory’s predictions, the economists turned

their attention to empirical studies but, as pointed out by Adams (1987), the

impact of a minimum wage can only be understood in a macroeconomic theo-

retical framework. However, so far the literature investigating the effects of a

minimum wage policy on macroeconomic aggregates has been rather scarce.

Moreover, even less attention has been devoted by the theoretical literature
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to the cross-sectional effects of setting a minimum wage, notwithstanding the

fact that the empirical literature has found evidence that higher minimum

wages can help to reduce income inequality (see, e.g., Jaumotte and Buitron

2015). The effects of setting a minimum wage call for a proper theoretical

investigation. I believe that the Heterogeneous Agent (HA) models repre-

sent a proper framework to investigate the implications of a minimum wage

policy as they allow for a joint discussion of its aggregate and cross-sectional

implications. In fact, a HA framework entails a full distribution of agents

thus allowing for the discussion of inequality in terms of both concentration

indexes and distributional ratios; in addition, it enables a proper characteri-

zation of the households’ skill profile, which is crucial for the description of

the minimum wage implications on the skilled and unskilled workers.

In this respect, the main contribution of this paper is to propose a HA

framework to investigate the effects of the introduction of a minimum wage;

this framework overcomes the obvious limitations of representative agent

models and allows for the discussion of both the aggregate and the cross-

sectional implications of the wage policy. More specifically, my goal is not

only to understand whether a minimum wage policy is able to boost aggre-

gate consumption, but also to shed light on its implication on the agents’

skill profiles and its effects on income and wealth inequality. To this scope,

I extend the Aiyagari (1994) model in two directions: on the one hand,

households may offer skilled or unskilled work; each household may decide

to become skilled through an indivisible human capital investment, similar

to Galor and Zeira (1993); on the other hand, the Public Sector pursues a

minimum wage policy that is strongly interconnected with fiscal policy. More

precisely, when setting the minimum wage, the Public Sector subsidizes the

firms’ sector to enforce the equilibrium in the labour market and avoid un-
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employment in the low productivity sectors, similar to Dehez and Fitoussi

(1996). In other words, the Public Sector taxes the households and uses the

proceeds to pay to the firm sector the difference between the equilibrium

and the minimum wage. The model is cast in continuous time to exploit

the results in Achdou et al. (2021), who describe a simple and yet efficient

algorithm to solve numerically the HA models.

The economy in the model is populated by a continuum of dynasties that

are heterogeneous in wealth and income (i.e., they face either high or low

income shocks). Each dynasty consists of a single household for each instant

of time. As discussed above, households are divided into two groups, skilled

and unskilled workers, and become skilled through an indivisible and fixed

human capital investment. Households invest in human capital if this choice

is both profitable and affordable. In fact, some households may need to bor-

row additional wealth to afford the human capital investment and, because

there is a wedge between the borrowing and the lending rates, it could be

the case that the investment is detrimental for their wealth. Moreover, some

human capital investments may not be undertaken because of the presence of

a borrowing limit. In this setting the households decide to invest in human

capital if their individual wealth is above some specific threshold (which de-

pends on the skilled and unskilled wages as well as the borrowing and lending

rates), such that the size of the skilled and unskilled groups is endogenous.

Households have preferences over consumption and maximize their flow of

utilities subject to the law of motion of wealth and the borrowing constraint.

The firms’ sector is kept purposely simple and it is populated by a repre-

sentative firm that produces output using both skilled and unskilled labour.

The Public Sector sets the minimum wage above the equilibrium unskilled

wage rate. In this case, the representative firm should reduce the unskilled
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workforce in order to restore the equilibrium in the unskilled labour market.

However, in this paper I assume that the Public Sector, in order to avoid the

dismissals of part of the unskilled households, subsidizes the representative

firm and taxes the households’ sector. The model in section 3.2 assumes that

the aggregate tax is equally distributed among the households; however, in

section 3.3.6, I show the implications of setting a minimum wage when the

tax is paid by some specific categories of households.

Setting the minimum wage generates an upward pressure on the skilled

wage since it represents a disincentive to invest in human capital and there-

fore reduces the size of the skilled households’ group. In fact, as a conse-

quence of this policy the human capital investment became less profitable.

Overall, the average wage rate in the economy increases, which boosts the ag-

gregate consumption and reduces the Gini index of the income distribution.

However, the disincentive to invest in human capital investment represents a

crucial problem for a minimum wage policy, because it negatively affects the

aggregate wealth and the Gini Index of the wealth distribution. Therefore,

in this framework, setting the minimum wage do not succeed in reducing

wealth inequality and, on the contrary, sharpen polarization among “rich”

and “poor” households. The results remain qualitatively the same for differ-

ent specifications of the fiscal policy, where the subsidy to the representative

firm is financed by taxing a specific group of households; however, when the

tax is paid only by the high income households, the positive effects on the

aggregate consumption is stronger and the detrimental effects on the wealth

inequality are mitigated.

Nevertheless, if the goal of the policymaker is to reduce wealth inequal-

ity, then a different policy should be implemented; in section 3.3.7 of this

paper, I offer an alternative strategy. Namely, I investigate the effects of
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an initial redistribution of wealth in the model without the minimum wage

policy, which I obtain by computing the stationary (steady state) wealth dis-

tribution two times starting from two different initial wealth distributions.

This exercise exploits the fact that the model features multiple equilibria to

disentangle the effects of redistribution on the aggregates and the income

and wealth inequality. The reduction in the Gini Index of the initial distri-

bution generates a downward pressure on the skilled wage, in contrast with

the minimum wage policy, and an upward pressure on the unskilled wage

because it shifts some of the unskilled workers to the skilled workers’ group.

In this setting, the Gini Index decreases both for the income and wealth dis-

tribution. Therefore, the initial redistribution represents a proper alternative

for a policymaker interested in reducing wealth inequality and stimulating

the aggregate demand. The rest of this paper proceeds as follows. Section

3.2 describes the model. Section 3.3 discusses the implications of setting

the minimum wage and compares them to the implications of an alternative

policy. Section 3.4 concludes.

3.2 The Model

3.2.1 Households

The economy is populated by a continuum of dynasties indexed by their

wealth a and an income shock z. This shock follows a two-states Poisson

process z ∈ {z1, z2}, z2 > z1, with intensities λ1 and λ2. Each dynasty con-

sists of a single household for each instant t. Households are divided in

two groups, skilled and unskilled: in particular, each household may become

skilled through an indivisible human capital investment ā. The decision of

becoming skilled if unskilled has two main drivers: profitability and afford-
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ability. On the one hand, a household will only decide to become skilled if

this choice increases her wealth. On the other hand, households must have

enough wealth to afford the payment of the indivisible amount ā; some of

them may be able to borrow up to ā while others will just be unable to become

skilled. Therefore, three different types of households exist in this economy

depending on their wealth level: the unskilled savers (USK, S), the skilled

borrowers (SK,B) and the skilled savers (SK, S). The unskilled savers gain

the unskilled wage wUSK and save their entire wealth earning a rate r; the

skilled borrowers gain the skilled wage wSK and borrow the difference be-

tween their wealth and the amount ā at the rate i > r; the skilled savers gain

the skilled wage wSK and save the difference between their wealth and the

amount ā earning the rate r. In summary, the tree types of households earn:

USK, S : wUSK + ra

SK,B : wSK + i(a− ā), a < −ā

SK, S : wSK + r(a− ā), a ≥ ā

The borrowing rate i is greater than the saving rate r to compensate

the lender of the monitoring cost caused by the presence of a moral hazard

issue (similar to Galor and Zeira, 1993). Households consider profitable to

become skilled if this choice will increase her wealth. Since the third equation

dominates the second for a ≥ ā, the sufficient condition for the human capital

investment to be profitable is given by wSK + i(a − ā) > wUSK + ra, which

yields:

a > h ≡ (wSK − wUSK)− iā
r − i
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where h is the minimum wealth threshold above which the household will

invest in human capital.

However, this choice needs also to be affordable. This is because the model

features a borrowing limit at ≥ amin = 0, meaning that at each period in time

wealth should be positive. In particular, the unskilled borrower households

actually can become skilled if:

a+ (a− ā) ≥ amin

where (a−ā) is the wealth amount they need to borrow. Therefore, becoming

skilled is affordable if

a ≥ f =
ā+ amin

2

where f is the threshold above which the investment in human capital is

affordable. The relationship between the two thresholds h and f depends

upon the model calibration. More precisely, two distinct cases are possible.

In the first case, h > f , which implies that, when the investment in human

capital is profitable, it is also affordable, as showed in Figure 3.1. In this

Figure 3.1: Human Capital Investment, h > f

case, households choose to become skilled if their individual wealth is greater

or equal than h such that the three groups are as in Table 3.1. Then, skilled

and unskilled labour offers are defined by:

LSK =

∫ ∞
h

(g1(a) + g2(a))da

LSK + LUSK = 1
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Table 3.1: Households’ group, first case

Individual Wealth Category

a ≥ ā Skilled Savers

h ≤ a < ā Skilled Borrowers

a < h Unskilled Savers

where gj(a) is the wealth distribution of the households with income type

j = 1, 2.

In the second case, h < f , such that when the wealth is between h and

f the investment is profitable but not affordable, as depicted in Figure 3.2.

In this case, households choose to become skilled if their individual wealth is

Figure 3.2: Human Capital Investment, h < f

greater or equal than f , as in Table 3.2. Then, skilled and unskilled labour

Table 3.2: Households’ group, second case

Individual Wealth Category

a ≥ ā Skilled Savers

f ≤ a < ā Skilled Borrowers

a < f Unskilled Savers

offers are defined by

LSK =

∫ ∞
f

(g1(a) + g2(a))da
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LSK + LUSK = 1

Section 3.3 will discuss the results of the model for the case h > f . The

residual case of h < f will be treated as a robustness check to show that

the main implications of my paper do not depend on the specific calibration

choices.

Households are characterized by rational expectations and have prefer-

ences over consumption ct:

E0

∫ ∞
0

e−ρtu(ct)dt

where u(ct) is a strictly increasing and strictly concave utility function and

ρ ≥ 0 is the intertemporal rate of substitution. Wealth evolves according to:

ȧt = wi,tzt − ct +R(at) (3.1)

where

wi = wUSK , R(at) = rat, (3.2)

wi = wSK , R(at) = i(at − ā), (3.3)

wi = wSK , R(at) = r(at − ā), (3.4)

3.2.2 Firms

The firms’ sector is kept purposefully simple. Namely, a representative firm

uses both skilled and unskilled labour according to the following technology:

Yt = ALαSK,tL
1−α
USK,t

where A is the total factor productivity and LSK and LUSK are the skilled

and unskilled labour offers as defined above. Inputs’ markets are perfectly
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competitive; therefore, when the minimum wage is not set, the wage rates

are equal to the marginal productivities:

wSK = Y ′SK(.)

wUSK = Y ′USK(.)

3.2.3 Public Sector

The Public Sector sets the minimum wage wmin > wUSK ; when a minimum

wage is set, the equations of the model apply with wmin instead of wUSK . Set-

ting wmin generates a disequilibrium in the unskilled labour market, because

wmin is greater than the unskilled labour productivity, i.e.,

wmin > Y ′USK(.)

In this case, the representative firm should reduce LUSK to restore the equi-

librium or, alternatively it bears the inefficiency costs Ct:

Ct = (wmin − wUSK)LUSK

In this model, I assume that, when the Public Sector sets a value wmin >

wUSK , it also restores the equilibrium in the unskilled labour market in order

to avoid dismissals in the unskilled sector by subsidizing the representative

firm with Ct and taxing the households’ sector of the same amount, equally

divided among households (the individual tax is τt). In this case, equation

(3.1) becomes:

ȧt = wi,tzt − ct + τt +R(at)

In Section 3.3.6, I show how the main results are affected when the transfer

is paid by some specific categories of households.
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3.2.4 Stationary Equilibrium

A stationary equilibrium is fully characterized by the following system of

equations:

vj(a) = max
c
u(c) + v′j(a)(wizj − c+ τ +R(a)) + λj(v−j(a)− vj(a))

0 = − d

da
(sj(a)gj(a))− λjgj(a) + λ−jg−j(a)

St =

∫ ∞
amin

(a1g1(a) + a2g2(a))da

where cj(a) = (U ′)−1(v′j(a)) and sj(a) = wizj−cj(a)+τ +ra are the optimal

consumption and savings, gj is the wealth distribution of type j, and −j is

the opposite type of j. The wage rate wi is defined by equations (3.2), (3.3)

and (3.4). We define the functional form of u(ct) as:

u(ct) =
c1−σ
t

1− σ

3.2.5 The Algorithm for the Stationary Equilibrium

The stationary equilibrium is computed iterating on the equilibrium system;

the iteration starts defining an initial density g(a, z) and a guess for the

wage rates wUSK,i and wSK,i. Then, for i = 0, 1, 2, ..., the algorithm works as

follows:

1. Set the minimum wage wmin > wUSK,i;

2. Given wmin and wSK,i, compute the thresholds h and f ;

3. Given g(a, z) and the thresholds, compute LUSK and LSK ;

4. Given wmin,wUSK,i, and LUSK , compute the inefficiency costs Ci;

5. Given Ci, compute τi;
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6. Given wSK,i, wmin and τi solve the HJB equation using a finite difference

method and derive the saving policy function sj,i(a);

7. Given the saving policy function, solve the KF equation for the density

gi(a, z) using a finite difference method;

8. Given the density, compute LUSK and LSK ;

9. Given LUSK and LSK , compute the optimal wage rates wUSK and wSK ;

10. Update wUSK,i and wSK,i in the direction of the optimal wage rates;

11. Stop when wSK,i+1 is “close enough” to wSK,i.

The existence of a wealth threshold entails that the model is characterized

by history dependence as in poverty trap models (see, e.g., Galor and Zeira

1993), and symmetry breaking models (see, e.g., Matsuyama 2004). This

means that the stationary (steady state) wealth distribution depends on the

initial wealth distribution (the initial state). In Section 3.3.3, I compute the

steady state starting from two different specifications for the initial wealth

distribution to show that the model features multiple equilibria.

3.2.6 Parametrization

Table 3.1 reports the parameters’ value, which are mostly taken from the

paper of Achdou et al. (2021). The Poisson process for the income shock

is such that z ∈ {z1 = 1, z2 = 1.5} with switching probabilities λ1 = 0.2

and λ2 = 0.2. The parameters affecting preferences and production take

standard values. The coefficient of relative risk aversion is set to β = 0.5.

The representative firm’s total factor productivity is A = 0.1 and the skilled

labour elasticity is set to α = 0.33 (the unskilled labour elasticity is equal to
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1−α = 0.67). The saving and borrowing rates are set equal to 0.04 and 0.1,

respectively. As discussed above, the wealth limit is set to amin = 0 and the

indivisible human capital investment is ā = 2. This parametrization implies

Table 3.3: Parametrization

Parameter Value

z1 1

z2 1.5

λ1 0.2

λ2 0.2

ā 2

amin 0

r 0.04

i 0.1

α 0.33

A 0.1

ρ 0.05

that h > f , as discussed above. Section 3.3.5 will present some robustness

checks on the parametrization that imply h < f .

3.3 Results

3.3.1 Consumption and Saving Policy Functions

In the steady-state, households take their optimal decisions depending on

their rank in the joint distribution of wealth and income shock. Figures 3.3
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and 3.4 plot the consumption and saving optimal policy functions.

Figure 3.3: Consumption Policy Function

Figure 3.4: Saving Policy Function

Optimal consumption and saving policies have the typical features of

problems with non-convexities: for each income type, there is a threshold
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level, which is commonly known in literature as the Skiba point, below which

individuals decumulate wealth and decrease consumption; in Figure 3.4, this

point is where the saving policy function intersects zero while being upward

sloping. The Skiba point is strictly to the left of the non-convexity point

h. In this model, the existence of the Skiba point has a crucial economic

interpretation: the wealth threshold h separates the unskilled households

from the skilled ones; therefore, households with individual wealth slightly

below h choose to reduce consumption and save more to move to the right

of the threshold in the long run and leave the unskilled group. Figure 3.5

represents the corresponding value functions.

Figure 3.5: Value Function

Importantly, they feature convex kinks both at the Skiba point and at

the non-convexity point h. There are no discontinuities.

3.3.2 Stationary Wealth Distribution

Figure 3.6 represents the stationary wealth distribution of the model. One
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Figure 3.6: Stationary Wealth Distribution

crucial characteristic of this wealth distribution is that it is bimodal, so that

the model features polarization as in the poverty trap and symmetry breaking

models (see, e.g., Galor and Zeira 1993, and Matsuyama 2004). This feature

is due to the non-convexity in the model; in particular, the threshold h sep-

arates the households into two groups: the unskilled group and the skilled

one. Distributions have a Dirac point mass at the borrowing (wealth) limit:

some individuals hit the limit in finite time after a long enough sequence

of low-income shocks. This means that a huge mass of individuals will be

characterized by wealth equal to amin in steady-state. Distributions usually

have an upper bound (see, e.g., Aiyagari 1994); because the model features

a two-state Poisson process for the income shock, which is bounded, there

exists a wealth level amax such that savings are negative for both low and

high income individuals for any a ≥ amax. Individuals hit the upper bound

after a long enough sequence of high-income shocks, meaning that wealth ac-

cumulation requires both time and luck. The model in this paper reproduces
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these results both for the unskilled and skilled group, so that there exist a

Dirac point mass and an upper bound for each of the groups; namely, the

wealth distribution will feature two Dirac point mass at amin and ā, and two

upper bounds.

Table 3.4 summarizes the main cross-sectional results of the model. The

Table 3.4: Stationary Wealth Distribution

USK,S SK,B SK,S

Total 42% 5.9% 52, 1%

Low Income 42.1% 10.7% 47.2%

High Income 39.9% 1.1% 59.0%

42% of the households are unskilled savers, meaning that they do not invest in

human capital; the remaining part (58%) invests in human capital, becoming

skilled, of which 5,9% of households have to borrow to afford the amount ā.

Intuitively, the majority of the skilled borrowers are low income households,

while the skilled savers are mostly represented by high income households.

The Gini Index of the wealth distribution is equal to 0.424; in particular,

the aggregate wealth is highly concentrated among low income households

because the Gini Index of low income households’ distribution is equal to

0.428, while the Gini Index of high income households’ distribution is equal

to 0.417).

3.3.3 Multiple Equilibria

Because the model may feature convex kinks in the thresholds h and f , sim-

ilarly to what happens in the macroeconomic poverty trap literature, there
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can be multiple stationary wealth distributions. In this section, I numerically

compute the steady-state wealth distribution starting from different specifi-

cations for the initial wealth distribution. In particular, I consider uniform

initial wealth distributions with different supports such that, by construction,

the change in the support reduces the Gini Index. Figure 3.7 plots two among

the possible stationary wealth distributions. The dashed line represent the

Figure 3.7: Stationary Wealth Distribution, Multiple Equilibria

stationary wealth distribution that is reached starting from the initial wealth

distribution with the highest Gini Index. This means that if I change the

support of the initial wealth distribution, reducing the respective Gini In-

dex, some of the unskilled households shift to the skilled group such that the

stationary wealth distribution will be characterized by a lower Gini Index.

Table 3.5 summarizes these results considering five different specifications

for the initial wealth distribution. It can be noted that the stationary Gini

Index monotonically decreases with the initial Gini Index. This interesting

result will be exploited in Section 3.3.7.
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Table 3.5: Multiple Equilibria

Initial Gini Index 0.332 0.320 0.308 0.296 0.284

Stationary Gini Index 0.419 0.416 0.408 0.404 0.400

3.3.4 Setting the Minimum Wage

Table 3.6 summarizes the long-run effects of setting the minimum wage

through a comparison between the steady-state of the model with (MW) and

without (B) the minimum wage. The introduction of the minimum wage de-

Table 3.6: Minimum Wage Effects, Aggregates

Variable MW vs. B

wmin,MW > wUSK,B 5%

wSK,MW > wSK,B 0.9%

hMW > hB 1.5%

SKMW < SKB −1.7%

CMW > CB 2.9%

SMW < SB −2.4%

GiniIncome,MW < GiniIncome,B −1.9%

GiniWealth,MW > GiniWealth,B 1.8%

termines an increase in the skilled wage since it represents a disincentive to

invest in human capital: in fact, this policy causes a shift to the right of the

wealth threshold h, meaning that the investment becomes less profitable. As

a result, the percentage of skilled workers will decrease. Overall, the increase

in the average wage rate boosts aggregate consumption and a causes a reduc-
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tion in the Gini index of the income distribution. The fact that the minimum

wage represents a disincentive to human capital investment is a crucial is-

sue for this policy, because it negatively affects the aggregate wealth and

the Gini Index of the wealth distribution. Table 3.7 summarizes the main

cross-sectional implications of the minimum wage policy.

Table 3.7: Minimum Wage Effects, Cross Sectional

USK,S SK,B SK,S

Total +5% +1.7% −3.9%

Low Income +1.9% +1.9% −1.2%

High Income +0.75% +0.9% −0.5%

The unskilled savers’ group becomes larger in the case of both the low and

the high income households; the same holds for the skilled borrowers. This

happens at the expense of the skilled savers’ group, which shrinks. These

effects are more pronounced for the low income households, notwithstanding

the group to which they belong. These implications are crucial for inter-

preting the effects of setting a minimum wage in the model: on the one

hand, the minimum wage policy succeeds in effectively stimulating the ag-

gregate demand and reducing income inequality; however, on the other hand,

it strengthens wealth inequality and the polarization among social groups. If

the objective of the policymaker is to reduce wealth inequality, the policy ac-

tion discussed in this section is not effective; therefore section 3.3.7 discusses

potential alternatives.
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3.3.5 Robustness Check

The parameter choices assumed so far imply that h > f , as discussed above.

This section discusses a set of robustness checks on the parametrization such

that h < f to show that the implications of setting a minimum wage do

not differ qualitatively also in this scenario. Table 3.8 summarizes the long-

run effects of setting the minimum wage through a comparison between the

steady-state of the model with (MW) and without (B) the minimum wage,

for this new parametrization.

Table 3.8: Robustness Check, Different Parametrization

Variable MW vs. B

wmin,MW > wUSK,B 5%

wSK,MW > wSK,B 1.4%

hMW > hB 1.89%

SKMW < SKB −2.6%

CMW > CB 3.67%

SMW < SB −1.8%

GiniIncome,MW < GiniIncome,B −1.74%

GiniWealth,MW > GiniWealth,B 4.3%

As anticipated, setting the minimum wage has the same qualitative im-

plications in both of the cases, h > f and h < f , as the variations in the

variables of interest maintain their sign. Overall, the effects are amplified in

the case of h < f .
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3.3.6 Alternative Specifications for the Minimum Wage

Policy

This section further investigates the implications of setting the minimum

wage considering two alternative model specifications; namely, while the re-

sults in section 3.3.4 are derived under the assumption that the tax is equally

distributed among the households, in this section I consider the effects of a

net tax distributed among low-income (“Poor-friendly” model) or high-income

households (“Rich-friendly” model). Table 3.9 reports the percentage varia-

tions of the variables of interest following the introduction of the minimum

wage.

Table 3.9: Minimum Wage Effects, Different Specifications

Variable Poor Friendly Neutral Rich Friendly

wmin 5% 5% 5%

wSK 0.87% 0.9% 1.01%

h 1.45% 1.5% 1.71%

SK −1.6% −1.7% −1.78%

C 3.3% 2.9% 2.65%

S −2.25% −2.4% −2.61%

GiniIncome −1.95% −1.9% −1.7%

GiniWealth 1.22% 1.8% 2.35%

The main implications of setting the minimum wage still hold in both

the alternative specifications for the net tax distribution . In any case the

minimum wage policy represents a disincentive to invest in human capital

and the skilled workforce is reduced. The aggregate consumption is boosted
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at the cost of a reduction in the aggregate wealth; the income inequality is

reduced but the wealth inequality increases.

However, this application leads to further considerations in terms of the

design of the minimum wage policy. On the one hand, in the previous sec-

tion, I showed that the distributional effects are stronger for the low income

households. On the other hand, this paper assumes that the minimum wage

policy is backed by a subsidy to the representative firm that is paid by the

households through taxes. Therefore, it is expected that, when the tax is

paid by the high income households, the detrimental effects of a minimum

wage on the aggregate wealth and the wealth inequality may be reduced, as

it is actually the case. In fact, Table 3.9 shows that introducing the mini-

mum wage in a “Poor-friendly” specification of the model leads to a larger

increase in consumption, a smaller reduction in the aggregate wealth and,

most importantly, a more modest increase in wealth inequality. The oppo-

site happens in the “Rich-friendly” specification of the model. Overall, this is

an important message for a policymaker designing a minimum wage policy:

the disincentive to invest in human capital may be reduced if distributional

issues are taken into account.

3.3.7 Initial Wealth Redistribution

As already stated, the existence of a kink in the value function means that the

model is characterized by history dependence as in poverty trap and symme-

try breaking models; this implies that the initial state (i.e., the initial wealth

distribution) determines the steady state, namely, the stationary wealth dis-

tribution. Therefore, a policymaker interested in reducing wealth inequality

may act through an initial redistribution. This application considers a model

without the minimum wage; the stationary wealth distribution is computed
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two times starting from two different initial wealth distributions. Namely, I

consider two uniform initial wealth distributions with different supports such

that, by construction, the change in the support shifts some of the unskilled

households to the skilled group, thus reducing the Gini Index. Table 3.10

summarizes the long-run (steady state) effects of the reduction in the Gini

Index. A reduction in the initial Gini Index determines a reduction in the

Table 3.10: Initial Redistribution Effects, Aggregates

Variable MW vs. Benchmark

wUSK,IR > wUSK,B 5.3%

wSK,IR > wSK,B −1.2%

hIR > hB 4.6%

SKIR < SKB 3.3%

CIR > CB 3.9%

SIR < SB 1.9%

GiniIncome,IR < GiniIncome,B −3.6%

GiniWealth,IR > GiniWealth,B −7.5%

skilled wage wSK and an increase in the unskilled wage wUSK because the

change in the support of the uniform distribution shifts some of the unskilled

workers to the skilled workers’ group. As a result, the profitability threshold

h is also shifted to the right. However, the stationary aggregate consumption

is greater because the average wage rate increases, and inequality decrease

both in terms of income and wealth distributions.

Table 3.11 summarizes the main cross-sectional implications. The initial

redistribution pushes a fraction of the household to acquire skills, therefore

succeeding in escaping the poverty trap and decreasing the size of the un-

90



Table 3.11: Initial Redistribution effects, Cross Sectional

USK,S SK,B SK,S

Total −2.4% +2.7% +1.3%

Low Income −1% +1.9% +0.2%

High Income −3.5% +0.9% +2.2%

skilled savers’ group. The skilled savers’ group becomes larger both in terms

of low and high income households; the same holds true for the skilled bor-

rowers. These effects are more visible for the high income households, except

for the skilled borrowers’ group. In conclusion, the initial redistribution nat-

urally leads to an increase in the unskilled wage and to an overall increase in

the skilled workforce, successfully reducing both income and wealth inequal-

ity. Moreover, aggregate consumption and savings are boosted more than in

the minimum wage policy. Therefore, the initial redistribution represents a

proper alternative for a policymaker interested in reducing wealth inequality.

3.4 Conclusion

The implications of setting a minimum wage on the skill profile of the house-

holds and on the income and wealth distributions are crucial to understand

for labour policy design. On the one hand, a minimum wage policy is a

welfare measure for the households at the bottom of the wealth distribution

that has the potential to reduce income inequality and boost the aggregate

consumption; on the other hand, it represents a disincentive for the unskilled

households to invest in their skill profile and therefore it may increase wealth

inequality and reduce the aggregate wealth.
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In this respect, I propose a heterogeneous agent model to jointly investi-

gate the aggregate and the cross-sectional effects of a minimum wage policy.

Given the emphasis that I pose on understanding the distributional implica-

tions of this policy, this represents the obvious modelling choice. More specif-

ically, I cast the model in continuous time to exploit the results in Achdou

et al. (2021), who introduced a simple, efficient and sufficiently portable

algorithm to numerically solve HA models with endogenous distributions.

Investigating the effects of minimum wage policies on macroeconomic aggre-

gates and distributions is a key novelty. In fact, since the Stigler’s pioneering

paper (1946), macroeconomic theorists have devoted limited attention to

minimum wage policies and most of the theoretical literature has focused on

unemployment rather than cross-sectional effects. In contrast, most of the

empirical literature on the minimum wage policies showed small and am-

biguous effects on unemployment, but relevant effects on income inequality

(see, e.g., Jaumotte and Buitron, 2015). Therefore, the lack of investigation

of the distributional effects of minimum wage policies in the macroeconomic

theoretical literature represents an important gap that my paper aims at fill-

ing. Besides, the attention that I pose to the distributional consequences of

setting the minimum wage, as well as the description of its implications on

the households’ skill profile, its key for the discussion among policymakers.

In this model, the introduction of the minimum wage triggers an increase in

the skilled wage because it represents a disincentive to investing in skills. In

fact, this policy causes human capital investment to become not profitable

for the households at the bottom of the wealth distribution. Therefore, the

percentage of skilled workers decreases.

Overall, the minimum wage policy boosts the aggregate consumption and

reduces the Gini index of the income distribution. However, the minimum

92



wage also reduces the aggregate wealth and the Gini Index of the wealth dis-

tribution as it sharpens the polarization among households’ groups. The ro-

bustness of these implications is tested under alternative specifications where

some specific households’ categories are targeted; in particular, I discuss the

implications of fiscal policies that specifically redistribute resources towards

the low income or high income households. Also under these different speci-

fications, the minimum wage policy still represents a disincentive to invest in

human capital and the size of the skilled workforce is reduced. The aggregate

consumption is boosted at the cost of a reduction in the aggregate wealth; the

income inequality is reduced but the wealth inequality increases. However,

when the minimum wage is supported by a fiscal policy that redistributes to-

wards the low income households, it implies a higher boost in consumption,

a smaller reduction in the aggregate wealth and, most importantly, a smaller

increase in wealth inequality.

Therefore, while the disincentive to invest in skills may be reduced if dis-

tributional issues are taken into account, the wealth inequality still increases

following the introduction of the minimum wage. If the goal of the policy-

maker is to reduce wealth inequality, a different approach is needed. To this

purpose, I propose a potential alternative, which exploits the characteristics

of the model, which features multiple equilibria. In this respect, I compute

the stationary wealth distribution starting from two different wealth distri-

butions, to mimic an initial redistribution that shifts some of the unskilled

households to the skilled group, reducing the Gini Index of the wealth distri-

bution. The results show that this initial redistribution naturally leads to an

increase in the unskilled wage and an increase in the skilled workforce, suc-

cessfully reducing both income and wealth inequality. Moreover, aggregate

consumption and savings increase more than in the minimum wage policy.
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Therefore, the initial redistribution represents a proper alternative measure

for a policymaker interested in reducing wealth inequality.
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