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ABSTRACT: Mirror symmetry has proven to be a powerful tool to study several properties
of higher dimensional superconformal field theories upon compactification to three dimen-
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of such quiver theories are investigated. The fact that several of them flow to expected
theories also gives another strong support for the proposal. Utilising the mirror quiver
description, we discover a new supersymmetry enhancement renormalisation group flow.
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1 Introduction

Three dimensional mirror symmetry [1] is one of the most important infrared (IR) dual-

ity in supersymmetric quantum field theory. It relates a pair of theories with different

descriptions by exchanging the Higgs and Coulomb branches of the theories in question.

Mirror symmetry is a powerful tool to study a reduction of superconformal field theories

(SCFTs) with eight supercharges in four, five and six dimensions on a circle, a two-torus



and a three-torus, respectively, to three dimensions. In several cases, mirror theories of
these resulting three dimensional theories admit Lagrangian descriptions (see e.g. [2-17]).
The latter allows for the study of a number of important properties of those SCFTs in
higher dimensions, such as the (enhanced) flavour symmetry and the Higgs branch oper-
ators. For several 4d SCFTs, including theories of class S and a number of theories of
the Argyres-Douglas type [4, 18-20], quiver descriptions of the corresponding 3d mirrors
theories have been known for a long time [2-4, 21-23]. In [6, 24], for example, the precise
flavour symmetry of a number of 4d SCFTs was determined using the corresponding 3d
mirror theory. In 5d and 6d, SCFTs may arise at the infinite coupling points of certain
gauge theories [25-30]. It is possible to use 3d mirror descriptions of the reduced theory
to study extra massless degrees of freedom emerging at infinite coupling, in comparison to
those at finite coupling, of the higher dimensional SCFTs [8-15, 31]. In many cases, it is
possible to realise the quiver description of the 3d mirror theory from a magnetic phase of
the brane system. Such a description of the 3d mirror theory is referred to as a magnetic
quiver [13-15, 32].

In this paper we are interested in the S' reduction of 4d N/ = 2 theories of class
S involving twisted Aeven punctures. This type of 4d theories was proposed in [33, sec-
tion 7.2] and was further explored in [34]. In particular, the twisted SU(2N + 1) theory
associated with a sphere with one minimal untwisted punture (labelled by [2N,1]) and
two maximal twisted punctures (each of which is labelled by [12V];1), known as the Rgan
theory, was studied extensively in [34]. Each maximal twisted puncture gives rise to an
USp(2N) global symmetry, whereas the minimal puncture gives rise to a U(1) global sym-
metry. The USp(2N)? symmetry gets enhanced to USp(4N), and the Ry oy theory has a
global symmetry USp(4N) x U(1). In [35], it was pointed out that the USp(2N) global
symmetry carried by each maximal twisted puncture as well as the enhanced USp(4N)
flavour symmetry of the Ry on theory has a global Zy anomaly, introduced by Witten [36].
The latter was shown by turning on the mass term associated with the minimal untwisted
puncture of the class S description of the Ry theory. This flows to an IR free theory
that is described by the SO(2N + 1) gauge theory with 2N hypermultiplets in the vector
representation, where it is clear that USp(4N) flavour symmetry of this theory has a Wit-
ten anomaly. In this sense, the Ry on theory can be regarded as the ultraviolet completion
of the SO(2N + 1) gauge theory with 2N flavours. Let us briefly discuss the brane con-
figuration of the latter theory (see also [35, section 4]). This will turn out to be useful for
the construction of the theories studied in this paper.

The SO(2N + 1) gauge theory with 2N flavours admits the Type ITA brane realisa-
tion [37] involving an O4 plane, D4 branes and two half NS5 branes, with the following

'In this paper, we use the subscript ¢ to indicate a twisted puncture, which is labelled by a C-partition
of 2N. A C-partition of an even number m is an integer partition of m which satisfies the condition that
any odd part must appear an even number of times.
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There are N physical D4 branes stretched between two half NS5 branes on top of the O4
plane, and on each half NS5 brane N physical semi-infinite D4 brane on top of the O4
plane terminate. Note that the O4 plane changes sign every time it crosses a half-NS5
brane. The SO(2N + 1) gauge group is realised on the D4 brane segment on top of the
04 plane. The N flavours of hypermultiplets arise when two stacks of N physical D4
branes end on a half NS5-brane from opp051te sides. Indeed, the worldvolume of each set
of semi-infinite D4 branes on top of the 04 plane realises a 5d USp(2N) symmetry with
the discrete theta angle § = 7 controlled by 74(USp(2N)) = Zo [38], which also controls
the Witten anomaly on the 4d USp(2N) symmetry. Since there are in total 2N flavours of
hypermultiplets transforming under the vector representation of SO(2N + 1), the theory
has a USp(4N) flavour symmetry.

As pointed out in [35], when the two half-NS5 branes are on top of each other, the
coupling of the SO(2N + 1) gauge group become infinite and this brane system should
realise the Rpon theory. Indeed, the two half-NS5 branes becomes a full NS5 brane,
corresponding to the minimal untwisted puncture, and the two semi-infinite D4 branes on
top of E)VZJL+ on each side of the brane system corresponds to each maximal twisted puncture.
This picture provides a nice way of realising the Witten anomaly carried by the maximal
twisted puncture.

Our main interest is in the 3d mirror theories of the S! reductions of the twisted Aeyven
theories. We propose that they admit a quiver description that can be determined using
the method of [2], with a simple modification. Before discussing such a modification in
detail, let us first briefly review the method of [2] for the untwisted Ay _; theory associated
with a sphere with punctures p1, p2 and p3. The 3d mirror of the S! reduction of such a
theory can be described by a star-shaped quiver with 3 legs, where each leg is determined
by the T, (SU(N)), Tp,(SU(N)) and T),,(SU(N)) theories [39], whose quiver is depicted
in (A.6), with their U(N) flavour nodes being commonly gauged as a central node. In this
star-shaped quiver, an overall U(1) symmetry needs to be modded out and this can be
done at the central node; in which case the central node is taken to be U(N)/U(1). The
theory of our interest is the twisted Aoy theory associated with a sphere with untwisted
puncture p and twisted punctures o; and A;. Here p is a partition of 2N 4+ 1 and o and A
are C-partitions of 2N. We propose that the 3d mirror in question can obtained as follows:

2Throughout the paper, unless stated otherwise, we adopt the following notations. Each red node with
a label N denotes an SO(N) group, each blue node with an even label 2N denotes a USp(2N) group, and
each transparent node with a label m denotes a U(m) group. Each circular node denotes a gauge group
and each rectangular node denotes a flavour group.



1. We consider the following theories:
T,(SU(2N +1)), T,(USP' (2N)), T\(USp'(2N)) . (1.2)

The T,(SU(N)), as discussed in [39], has a brane configuration as a chain of NS5
branes joined by D3 branes such that there are semi-infinite D3 branes terminating
on one of the outermost NS5 branes at one end. Its quiver is depicted in (A.6). On
the other hand, the T, (USp'(2N)) is less-known in the literature. It was introduced
n [40] (see also [41]) and the corresponding brane configuration is similar to that
of T,(SU(N)), except that an O3 plane is put into the brane system such that the
semi-infinite D3 branes are on top of the (T’ﬁ plane. Note that the O3 plane changes
sign every time it crosses a half NS5 brane. As a result, the quiver of T, (USp'(2N))
contains alternating SO/USp gauge groups; it is depicted in (A.26).

2. The USp(2N) symmetry from the flavour symmetry of the theories listed in (1.2)
are then gauged. It plays the role of the central gauge node in the star-shaped
quiver as mentioned in [2]. Note that in doing this, the USp(2N) flavour node
of To(USP'(2N)) and TA(USp'(2N)) turns into a gauge node in the star-shaped
quiver in a straightforward manner. However, the flavour node of T,(SU(2N + 1))
is U(2N + 1) and we need to decompose the bifundamental hypermultiplet between
the U(2N + 1) flavour node and the gauge node next to it, say U(p), into

e one hypermultiplet under the U(p) gauge group, and
e the bifundamental hypermultiplet between U(p) x USp(2N).

The latter USp(2N) symmetry is then gauged.

3. The resulting 3d mirror quiver is an ‘almost’ star-shaped quiver with the central node
being USp(2N) and with one flavour of the fundamental hypermultiplet under the
unitary group U(p) located next to the central USp(2N) node.

We present an example of the 3d mirror theory of the S! reduction of the Ry theory,
which is also known as the CyU; theory, in (2.41). The corresponding mirror theory for
Ry on, for a general N, is given in (2.49). This can be easily generalised to other theories
of the same class, as demonstrated throughout the paper. A feature of such mirror theories
is that the quiver description contains unitary, symplectic and orthogonal gauge groups.
Let us briefly comment on the motivation for using the T, (USp'(2N)). We have seen
from the aforementioned brane realisation of the Rs2n theory that the Witten anomaly
carried by the maximal twisted puncture can be realised on semi-infinite D4 branes on top
of the O4 plane. Upon reduct10n on S', we expect that this corresponds to semi-infinite
D3 branes on top of the 03 plane. This indeed shows up in the brane configuration of the
T, (USpP'(2N)) as discussed above.® In this paper, we demonstrate this proposal through
a number of examples.

3In fact, we remark that the 3d N = 4 SO(2N + 1) gauge theory with 2N flavours can be written as



Recently there was an interesting proposal by Beem and Peelaers [42] in using twisted
Aoy theories of class S, associated with a sphere with only regular punctures, to a number
of 4d SCFTs whose Coulomb branch generators have non-integer scaling dimensions, i.e.
those of the Argyres-Douglas type. It had been believed that this type of the SCFTs
can only be described by theories of class S with irregular punctures. The results of [42]
allow us to make progress beyond the Ry oxn theory. In this paper, we extensively use such
results as a testing ground for our proposal for the 3d mirror theories of the S reduction
of twisted Aspn theories. In particular, we heavily rely on the observation that the Higgs
branch of the 4d SCFT should match with the Coulomb branch of the 3d mirror theory
of its S* reduction, and that the rank of the 4d SCFT (i.e. the complex dimension of
the Coulomb branch) should match with the quaternionic Higgs branch dimension of the
corresponding mirror theory. For the former, we match the Coulomb branch Hilbert series
of the 3d mirror theory with the Higgs branch Hilbert series of the 4d theory. We also
study the Higgs branch Hilbert series of the mirror theory in detail. In some cases, there
are more than one description of the mirror theory for a given 4d SCFT. The Hilbert series
between those mirror theories are matched and we conjecture that they are dual to each
other. In this way, we obtain new dual pairs between 3d N = 4 gauge theories that have
not be studied elsewhere in the literature. Moreover, we study deformations of some of the
proposed mirror theories by mass and Fayet-Iliopoulos (FI) terms. We find that several
theories flow to an expected theory and this provides a highly non-trivial check of our
proposal. We also discover a new supersymmetry enhancement renormalisation group flow
from the T3 theory [42] (or the ’7;8?2 theory [43]) to the SO(4) super-Yang-Mills utilising
the mirror description of the former.

The paper is organised as follows. In section 2, we study the mirror theories of the circle
reduction of the twisted Ao theories associated with a sphere with three punctures. The
derivation of the mirror theories and the Hilbert series calculations are spell out explicitly,
especially in the first two subsections. In section 3, deformations by mass and FI terms
of the mirrors of the circle reduction of some models studied in section 2. In section 4,
we discuss mirror theories associated with the 7'2 3 3 and 7}),27 33 theories, described by
twisted As theories with four punctures. In section 5, we discuss the generalisation of the
results for the As case to the Aoy case. We conclude the paper in section 6.

2 Twisted A, trinions

Let us begin by examining the circle reduction of the twisted As theories associated with
a sphere with three punctures.

2.1 Two copies of the (A;, D,) theory

The class S description of this theory was proposed in [42] and was referred to as Theory
5 in that reference. It can be constructed by compactifying 6d (2,0) theory of the type A
on a sphere with the following punctures:

[1°, 2], [2]: (2.1)



where the subscript t indicates the twisted puncture. Upon compactifying this theory on
S, it is expected that the 3d mirror of the resulting theory can be constructed by adapting
the prescription proposed in [2]. In particular, we conjecture that such a mirror theory
admits a ‘star-shaped’ quiver description constructed by ‘gluing’ together the following
theories:

Ths)(SUB)) = (U(1) = (U(2) - [UB)]

Ty (USP'(2)) = (SO(1)) — [USP(2)] (2.2)

Tipy(USP'(2)) : (SO(1)) — [USp(2)]
where these theories are discussed in appendix A. By gluing, we mean gauging the common
symmetry USp(2) of the above theories, whereby it is the central node of the star-shaped
quiver. Since U(1) is the commutant of USp(2) in U(3), we should split the part (U(2)) —
[U(3)] of Tj13(SU(3)) into [U(1)] — (U(2)) — [USp(2)]. Gluing together the above theory
along USp(2) results in the following mirror theory

T -

Note that each of the two red circular nodes denotes the SO(1) group, and so the corre-

sponding gauge symmetry is trivial. We can therefore rewrite this quiver as

O—@— @

where the rightmost red square node denotes the SO(2) flavour symmetry.

In the following, we discuss about the Coulomb and Higgs branches of the mirror
theory (2.3) or (2.4). Since upon compactification on S! the Higgs branch of the 4d theory
is expected to be the same as that of the resulting 3d theory, it follows that the Coulomb
branch of the mirror theory should match with the Higgs branch of the 4d theory, namely
the product of two copies of the closure of the minimal nilpotent orbit mings(s) of SU(3).
Moreover, since the circle compactification of the (Aj, Dy4) theory is identified with 3d
N =4 U(1) gauge theory with 3 flavours (see e.g. [4] and [44]*), we expect that the Higgs
branch of the mirror theory (2.3) or (2.4) should be (C2/Z3)?.

Let us first comment on the enhanced Coulomb branch symmetry of quiver (2.4) along
the line of [39]. Observe that the U(1) and U(2) gauge nodes in (2.4) are balanced. As a
consequence, one expects an SU(3) enhanced symmetry in the IR. Since the USp(2) gauge
node is also balanced, according to [39, section 5.3], this SU(3) symmetry gets doubled
and so the symmetry of the Coulomb branch is expected to be SU(3) x SU(3). This is in

4This reference studied carefully dimensional reductions for various Argyres-Douglas theories, including
(A1, Dy4), by utilising the reduction of the index in [45].



agreement with the symmetry of (RSU@)); Subsequently we confirm such an enhanced
symmetry using the Coulomb branch Hilbert series.
The quaternionic dimension Coulomb branch of (2.3) or (2.4) is

dimgC[(2.3)or (24)]=1+2+1=4. (2.5)
This agrees with the dimension of the Higgs branch of the 4d N = 2 theory, given by
24(c—a) =24 (% — %) = 4, where a and c are the conformal anomalies given in (3.65)

of [42]. In particular, this is equal to the dimension of (ﬁSU@))Q. On the other hand,
the quaternionic dimension of the Higgs branch of (2.3) or (2.4) is

dimg H[(23)or (24)] =242 44+ J(2x2) — (1 +443)=2. (2.6)

This is in agreement with the fact that the S' compactification of two copies of rank-one
(A1, Dy) yields a 3d theory with two quaternionic dimensional Coulomb branch, whose
mirror theory has two quaternionic dimensional Higgs branch. In particular, this is equal
to the dimension of ((CQ/Zg)2

Let us now study the Coulomb and Higgs branches of the mirror theory in detail using
the Hilbert series. For the Coulomb branch, we present two methods in computing the
Hilbert series, namely the monopole formula [46] and the Hall-Littlewood formula [47, 48].
For the Higgs branch, the Hilbert series can be computed using the Molien integral in the
usual way [49] (see also [50]).

The Coulomb branch Hilbert series. The Coulomb branch Hilbert series computed
from the monopole formula [46] reads

HEM[(2.3) or (2.4)](t; w1, ws) =

> S A Py (tm) P (tn) Prspye) (t @) wiwh T

meZ ni>ng>—o0 a=0

(2.7)

where we denote by m, n = (n1,n2) and a the magnetic fluxes associated with the gauge
group U(1), U(2) and U Sp(2) respectively; the function A(m,n,a) is the dimension of the
monopole operator with magnetic fluxes (m,n,a)

2
1
A(m,n,a) = = Z []m —ni| + |ni| + (|ni + a| + |ni — al)
24
=1 (28)
1 1
55 Clal 2= al) = n = na| ~Ja — (~a)]
and the dressing factors are given by
Pyy(t;m) = (1 —3)7"
1 —¢2)~2 ifnl#ng
Pyg)(tin) = o1 o1
1—¢%)"H(1—1t%) if ng =no (2.9)



The variables w; and w9 are the topological fugacities associated with the U(1) and U(2)
gauge group, respectively. Note that we turn off the background magnetic flux for the
flavour symmetry in the above expression. Upon computing the summation, we may
rewrite (2.7) as®

2

HE[(2.3) or (24)](t w1, we) = [ X (wr,wa)t? | (2.10)
k=0

Note that the quantity in the square bracket is the Hilbert series of the closure of the mini-
mal nilpotent orbit mingg sy of SU(3) [50]. This result also agrees with the Hall-Littlewood
limit ¢ — 0 of the Macdonald index (3.66) of [42]. It can be seen that the topological sym-
metry U(1) x U(1), associated with the fugacities w; and wg, gets enhanced to SU(3).
Note, however, that this SU(3) symmetry can be identified as the diagonal subgroup of
SU(3) x SU(3), which is an isometry of the product (ﬁSU(?)))Q and is also full flavour
symmetry of the 4d N = 2 theory. Indeed, the mirror theory (2.3) or (2.4) only allows for
the refinement of such a diagonal subgroup in the Coulomb branch Hilbert series (2.7), and
the rest of the full symmetry is ‘hidden’ in the part of quiver (2.4) containing the USp(2)
gauge group in the same way as [51]. A similar observation was made in the context of
the punctures of the trinion in the class S description of the 4d theory; see the discussion
below (3.67) in [42].

Let us now discuss the Hall-Littlewood formula for computing the Coulomb branch
Hilbert series. It reads

HEL[(2.3) or (2.4)](t; 91, Y2, y3) =

e}

> #7200 Py (t ) x He[T)hs (SU(3))]( 91, 2, y3; a, 0, —a) (2.11)
a=0

He [Ty (USP'(2))](t; a) He[Ti (U SP'(2))](¢; )

where the expression for each of the above Coulomb branch Hilbert series is given in
appendix A. We find that

HEV[(2.3) or (2.4)](t;wy,wy b, 1) = HPOU[(2.3) or (2.4)](t;wy,we) = (2.10) . (2.12)

One of the advantages of the Hall-Littlewood formula (2.11) is that one only needs the
information about the partitions, corresponding to the punctures of the 4d theory of class
S, and not the detailed information about the quiver of the 3d mirror theory. Moreover,
this formula takes the same form as the TQFT’s structure constant of the Macdonald
index [52-57] of the 4d theory; see (2.9) of [42].

®In this notation, the adjoint representation of SU(3) is written as XiUl(]S)(wl,wQ) =24 w +w;' +

we +wy '+ wiwz + witwy . In the convention where the fundamental representation of SU(3) is written
as X[SlUOas)(xl, x2) = X1 +:E2:E1_1 —|—x2_1, this amounts to the change of variables w1 = xlx;2 and we = x2x1_2.



The Higgs branch Hilbert series. The Higgs branch Hilbert series reads
Hy[(2.4)](8; 2, y)

d d d d
_j{ 297{ 2‘%}[ 2?(1_2)?{ (10
|u|—1 iU | |_1 ™q |z|:1 T2 \v|:1 T

Hy[[u — [2]g,2](E5u, ¢, 2) Hu[[1]e = [2]g,2)(8 2, ¢, 2) % (2.13)
Hyul[2]q,2 — [USp(2)]u](t; ¢, 2,v) X

Hy[[USp(2)]y — [SO(2)]y](t; v, ) x

PE [-2t° — (2 + 1+ 27 )" — (v + 1+ 0 H)t?] |

where PE denotes the plethystic exponential;® x and y are fugacities for the U(1) and the
SO(2) flavour symmetries respectively; and

Hy[[1]y — [2]q,2)(t, u, ¢, 2) = PE [t(uq_l + u_lq)(z + Z_l)]
Hy[[2lg,. — [USp(2)]u)(t, 4, 2,0) = PE [t(g¢ ™" + q)(z + 27 ) (v +v71)] (2.14)
Hy[[USp(2)]s = [SO@)])(t,v,y) = PE [t(v + v )y +y™)] -

Evaluating the integrals, we obtain the Hilbert series of (C?/Z3)? as expected:

Hy[(2.4)|(t:2,y) = H[C?/Zs)(t; 2y) H[C? / Zs) (129 ") (2.15)
where H|[C?/Zs)(t;w) is the Hilbert series of C?/Z3 given by
H[C?/Z3](t;w) = PE [* + t3(w + w™!) — %] . (2.16)

We emphasise that the SO(2) symmetry in quiver (2.4) arises due to the proposal that
each red circular node in quiver (2.3) is in fact SO(1), and not O(1). This proposal is
justified by the above Higgs branch Hilbert series, since it reproduces the Hilbert series of
(C%/Z3)? correctly. Note that if each red circular node in quiver (2.3) were taken to be
O(1), the quantities that carry fugacity t3(zy~! + x71y), for example, are not invariant
under the O(1) gauge symmetry.” This is also a justification to take the red circular nodes
in quiver (A.26) to be of the special orthogonal type.

2.2 The (Aj, D4) theory with a free hypermultiplet

The class S description of this theory was proposed in [42] and was referred to as Theory
4 in that reference. It can be constructed by compactifying 6d (2,0) theory of the type As
on a sphere with the following punctures:

2,1, [, (2. (2.18)

5The plethystic exponential of a multivariate function f(¢1,...,t,) that vanishes at the origin is defined
as PE[f(t1,t2,...,tn)] = exp (X o, £ f(t}, - ,t)). For instance PE[nt™] = (1 — ™).

"In this case, we would have to replace the factor Hy[[USp(2)] — [SO(2)]](t, z,y) by the square of the
Higgs branch Hilbert series of [USp(2)] — (O(1)). The latter is the Hilbert series of C?/Zs; see (3.32) of [50]:

Hy[[USP(2)] — (O)(t;2) = PE[* (2 + 1+ 272) — '] . (2.17)

The result is no longer the Hilbert series of (C2/23)2. In particular, there is no generator of the Higgs
branch at order ¢°.



where the subscript ¢ denotes the twisted puncture. The mirror of the 3d theory arising
from compactifying such a 4d theory on a circle admits a ‘star-shaped’ quiver description
constructed by gauging the common U Sp(2) symmetry of the following theories [2]:

Tipy(SU(3)) = (U(1)) = [U(3)]
Ty (USH(2)) - (SO() - [USp(2)] (219)
Ty (USP'(2)) : (SO(1)) — [USp(2)]
where USp(2) plays the role of the central node of the star-shaped quiver. Since U(1) is

the commutant of USp(2) in U(3), we need to first rewrite the quiver for Tjy 1)(SU(3)) as
[U1)] — (U(1)) — [USp(2)] and then gauge the USp(2) group. The 3d mirror theory in

question is then
| o

As we have proposed and justified in the previous subsection, the rightmost red circular

(2.20)

node with the label 1 denotes the SO(1) group, and the corresponding gauge symmetry
is trivial. The line connecting it with the blue node thus denotes a half-hypermultiplet
in the fundamental representation of the USp(2) gauge group. In the following we study
the Coulomb and Higgs branches of (2.20). Since the Higgs branch of the 4d theory
is C? x ﬁswg), we expect that the Coulomb branch of the 3d mirror theory (2.20) is
isomorphic to this space also. Moreover, similarly to the previous subsection, we also expect
that the Higgs branch of (2.20) is isomorphic to C2?/Zs. Due to these properties of the
moduli space, we also conjecture that theory (2.20) is dual to the following quiver [58-60]:

(2.21)

Note that the mirror of this quiver is the well-known ADHM gauge theory for one SU(3)
instanton on C?, namely the U(1) gauge theory with one adjoint and three fundamental
hypermultiplets [58—60]:

‘0 (2.22)

The Coulomb branch of (2.20) is 1 + 1 + 1 = 3 quaternionic dimensional; this is in
agreement with that of C? x RSU@). On the other hand, the computation of the Higgs
branch dimension of (2.20) is more subtle than the previous subsection, since the SO(3)
gauge group is not completely broken at a generic point on the hypermultiplet moduli
space. In fact, it was argued in Footnote 7 of [40] that the Higgs branch of the theory
(SO(3)) — [USp(2)] is the equal to that of (O(1)) — [USp(2)]; the latter turns out to be
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C2/Zs, which is one quaternionic dimensional. The quaternionic Higgs branch dimension
of (2.20) is therefore (1 x 1)+ (1 x 2) 4+ 3(2 x 1)+ 1 — (14 3) = 1, which is equal to that of
C2/Z3. In the following we study both branches of the moduli space in more detail using
the Hilbert series.

The Coulomb branch Hilbert series. Since the SO(3) gauge group in (2.20) has only
one flavour of the hypermultiplet transforming under the vector representation, this renders
quiver (2.20) a bad theory in the sense of [39]. In this case, the monopole formula diverges
due to the presence of the monopole operators whose dimension is zero. Nevertheless, it is
possible to compute the Coulomb branch Hilbert series using the Hall-Littlewood formula.
This reads

He[(2.20)](t; w1, 22,y) =
> 2 Prg 0y (8 a) x He[Tlo 1 (SU(3))](t 21, 225 0,0, —a) (2.23)
a=0

He[Tu2)(USP'(2))](t; y; a) He [T (USP'(2))](t; a)

where the expression for each of the above Coulomb branch Hilbert series is given in
appendix A, and the fugacities x1, zo have to satisfy the constraint (A.11):

wiry=1. (2.24)

Evaluating the summation, we obtain
He[(2:20)](t; — PE 1t SO ()2 2.25
cl(2:20))(t; 1, w2, 9) [(y+y )] X ZX[k,k] (u) (2.25)
k=0

where in this notation the character of the adjoint representation [1, 1] of SU(3) is written as

2 2
SU(3) ui Ul 1 ug U
o) = v A Y 2.26
X (w) wy ok S e (2.26)
with
131 _ 1
up = (125 1)3y, up = (] 1:62)33/ . (2.27)

The Hilbert series (2.25) is indeed that of C? x ESU@. Note that the free hypermul-
tiplet arises from the (SO(3)) — [USp(2)] part of the quiver. The can be seen from the
fact that the fugacity y associated with the SU(2) symmetry of C2, parametrised by the
expectation values of the free hypermultiplet, comes from the factor He[T};2)(USp'(2))] in
the Hall-Littlewood formula. It is worth pointing out that this SU(2) is not manifest in
the description T};2)(USp'(2)) : (SO(3)) — [USp(2)] but is enhanced in the IR; the reason
for this is that the theory is self-mirror and that its flavour symmetry is SU(2). Similarly,
the SU(3) symmetry of the space HSU@,) is also not manifest in quiver (2.20) and is
enhanced in the IR. As can be seen from (2.27), the generators of the Cartan subalgebra
of this SU(3) symmetry is a linear combination of the generator of the Cartan subalgebra
of SU(2), which is the symmetry of C2, and a generator of the U(1) topological symmetry
in (2.20).
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The Higgs branch Hilbert series. The Higgs branch Hilbert series can be computed

as follows:
w) = du dv 2
Hy|(2.20)) (1) = 7{4_1 sein 3
Hy[[1u — [Uw](t u, w) Hy[[1]w — [USP(2)]0](t; u, v) x 298
Hy[[USp@))s — (SO(3))](t0) % (2.28)
Hu[[USp(2)]y — (SO(1))](t;v) x
PE [—#* — (v + 1+ 0 %)t%]
where
Hy[[1u — [1w](t;u, w) = PE [(ww™" + v w)t]
Hul[Ua — [USp@))(t5u,v) = PE [(u+ ™) (o + 0711 020)
Hy[[USp(2)]w — (SO(3))(t;v) = H[C?/Zs)(t;v) = PE[t?(v? + 1 4+ v ) — ] .
Hy[[USP(2)]y — (SO(1))](t;v) = PE[(v + v~ )]

Note that, in the third line, we have used the fact, which has been discussed earlier, that
Higgs branch of the theory (SO(3)) — [USp(2)] is isomorphic to C?/Zy. Evaluating the
integrals, we obtain the Hilbert series of C%/Z3 as expected:

Hy[(2:20)](t;w) = H[C?/Zs)(t; w) = PE [t + t3(w + w™') — 5] . (2.30)

2.3 The rank-two SU(3) instanton SCFT

This 4d SCFT was studied extensively in [24], where it was dubbed Tx® (see also [61]).
The class S description of this theory was recently proposed in [42] and was referred to
as Theory 3 or ’7'5%)(3) in that reference. It can be constructed by compactifying 6d (2,0)
theory of the type As on a sphere with the following punctures:

[1%], [1%);, 2] - (2.31)

where the subscript ¢ denotes the twisted puncture. The mirror of the 3d theory arising
from compactifying such a 4d theory on a circle can constructed by gauging the common
USp(2) symmetry of the following theories:

Ths)(SUB)) = (U(1) = (UQ2) - [UB)]

T[12}(USp/(2))I (SO 2)] (2.32)
Tiy(USp(2)): (SO

8In fact, in [6, 24], the authors studied the 7;% theory, which flows to a free hypermultiplet and the
interacting SCFT called Tx. The Higgs branch of the 7y 3 theory is the full moduli space of two SU(3)
instantons on C2, which also includes the C? factor due to the centre of the instantons. Upon decoupling
the free hypermultiplet, the Higgs branch of the Tx theory is identified with the reduced instanton moduli
space.
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where USp(2) plays the role of the central node of the star-shaped quiver. Similarly to the
preceding subsections, the 3d mirror theory in question is then

1T -

In the following we study the Coulomb and Higgs branches of (2.33). The ADHM gauge
theory of the moduli space of two SU(3) instantons on C? is the U(2) gauge theory with

one adjoint and three fundamental hypermultiplets:

‘a (2.34)

The Higgs branch of (2.34) is C? x MQ’SU(3)7 where MVQ’SU(3) is the reduced (or centred)
moduli space of two SU(3) instantons on C?, and the Coulomb branch of (2.34) is the
second symmetric power of C?/Z3 [58, 62], denoted by Sym?(C?/Z3). We thus expect that
the Coulomb branch of theory (2.33) is isomorphic to MZ su(3) and that the Higgs branch
of (2.33) is isomorphic to Sym?(C?/Z3). Below we show that these are indeed the case.

The Coulomb branch of (2.33) is 1 + 2+ 1+ 1 = 5 quaternionic dimensional; this is
in agreement with that of ./f\\/l/27 su(3)- On the other hand, the computation of the Higgs
branch of (2.33) can be performed similarly to the previous subsection, i.e. by noting that
the Higgs branch of the theory (SO(3)) — [USp(2)] is the equal to C2/Zy [40, footnote 7],
which is one quaternionic dimensional. The quaternionic Higgs branch dimension of (2.33)
is therefore (1 x 2) 4+ (2x 1)+ (2x2)+2(2x 1) +1— (1 +4+ 3) = 2, which is equal
to that of Sym?(C2/Zs3). In the following we study both branches of the moduli space in
more detail using the Hilbert series.

We now discuss the Coulomb branch. Since the SO(3) gauge group has one flavour
transforming under its vector representation, the theory is ‘bad’. As a result, the monopole
formula diverges. However, as in the previous subsection, we can use the Hall-Littlewood
formula to compute the Coulomb branch Hilbert series

HC[(233)] (t? xX1,X2,T3, y) =

> 2D Prg o) (8 a) x He[T)s(SU(3))](t 21, 72, 73; 0,0, —a) (2.35)
a=0

He[Tu2)(USP'(2))](t; y; a) He [T (USP'(2))](t; a)

where the expression for each of the above Coulomb branch Hilbert series is given in
appendix A, and the fugacities x1, 9, z3 have to satisfy the constraint (A.11):

T1ToT3 =1 . (2.36)
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Evaluating the summation, we obtain the Hilbert series of /,\;I/Z’SU(?,) (see [62, (3.23)]):

He[(2.33)](t; w1, w2, 73, %)

(2.37)
=PE [(Xﬁ(]lgs)(m) + X;ﬁj@) (y)) 2 + (Xﬁ%?))(ac)xﬁgjm) (y)) B -t

Let us now turn to the Higgs branch. The Higgs branch Hilbert series is given by

Hy[(2. 33)]( )

d d
74 }[ - (1—z2)7§ Y (1 - %)%
|u| 1 27TZU lgl=1 27’qu |z|=1 2miz lv|=1 2miv

Hy[[1u — [2]q.2)(tu, 4, 2) Hy[[1]z — [2]g,2](t5 2, ¢, 2)
2]4.- — [USP(2)]y](t; ¢, 2,v) x

[
Hy[|
Hy[[USp(2)]w — (SO(3))](t; v)x
Hy|
PE [~

(2.38)

USp(2)]y — (SO(1))](t;v) x
1 — (2 + 1422 — (W +1+ U_Q)tQ] ,

where the notations are as described in (2.14) and (2.29). Evaluating the integrals, we find
that

Hul(239))(1:2) = 3 [(HICY/Zs)(1:0)) + HIC? /5] (% o) (239)

where the Hilbert series of C2/Z3 is given by (2.16). This is indeed the Hilbert series of
Sym?(C?/Z3).

2.4 The Ry theory

The class S description of the 4d Rp oy SCFT was proposed in [34]. This is a twisted Aan
theory associated with a sphere with punctures:

[2N7 1] ; [12N]t ) [12N]t : (2-40)

Let us first focus on the case of N = 1. This theory is also referred to as the CoU; theory
in the literature and it corresponds to Theory 2 in [42]. Following the procedures described
in the previous subsections, we obtain the following 3d mirror theory upon reducing this

i3s -

The Coulomb branch of (2.41) is 1+ 1+ 1+ 1 = 4 quaternionic dimensional, in agree-

theory on S*:

ment with the Higgs branch dlmensmn of the 4d theory which is equal to 24(c — a) =
24 (— — %) = 4, where a = 12 and ¢ = % are the conformal anomalies of the 4d the-
ory [34]. The quaternionic dimension of the Higgs branch of (2.41) is (1 x 1) + (1 x 2) +

14+1—(1+3) =1, which is in agreement with the fact that the CoU; theory is a rank-one
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4d theory. In the following, we use the Hilbert series to show that this Higgs branch is in
fact isomorphic to C?/Zg.

We remark that the S' reduction of the CoU; theory has recently been investigated
in [17] using a different approach. In that reference, the theory in question was studied
using the magnetic quiver with a non-simply laced edge depicted in [17, table 2]. We will
see that the Coulomb branch Hilbert series computed in that reference is in agreement
with ours.

The Coulomb branch Hilbert series. The Coulomb branch Hilbert series is given by
the following Hall-Littlewood formulas:

He[(2.41)](t; 21, 2, y, 2) =

> 72O Py g0 ( a) x He[Ti,1(SU(3)))(t 1, 223 0,0, —a) (2.42)

a=0

He[Tu2)(USP'(2))](t; y; a) He [Tz (USP'(2))](t; 25 a)

where the expression for each of the above Coulomb branch Hilbert series is given in
appendix A and the fugacities x1, x9 satisfy the relation (A.11):

ey =1. (2.43)

This Hilbert series can be written concisely in a closed form in terms of the highest weight
generating function (HWG) [63] as

HWG [He[(2.41)]] = PE [2(1 4 13) + t3(w + w™ V) + t1p3 — 193] . (2.44)

where, upon computing the power series of this expression in ¢, u}"b? denotes the repre-

sentation [pi, p2]|, whose character written in terms of y and z, of USp(4). Here w is the
fugacity for the U(1) symmetry which can be written in terms of x1, x2 as

w = zoxy ! . (2.45)

The highest weight generating function (2.44) is indeed in agreement with that presented
in [17, table 11, row 3 with n = 2].

As can be seen from the coefficient of the orer #2, the symmetry of the Coulomb branch
is indeed USp(4) x U(1). Note that, in this notation, the adjoint representation [2,0] of
USp(4) can be written as

2 .2 2
USp(4) uy | Uy 2, Uy | U2 1 1
w)= L+ Lt 2 2t 2 2.46
Xop () up w2 w2l P (2.46)

with u; = y and uz = yz. Recalling that the Tj;2)(USp'(2)) theory is self-mirror, we expect
the Coulomb branch symmetry of the two copies of it appearing in the quiver (2.41) to get
enhanced in the IR to SU(2) x SU(2), corresponding to the fugacities y and z. From the
above computation we see that this SU(2) x SU(2) symmetry is, in fact, further enhanced
to USp(4). Setting w = 1,y = 1,z = 1, we obtain the unrefined Hilbert series, as presented

~15 —



below eq. (3) in [34] with 7 = #2 and [17, table 3, row 3]. The plethystic logarithm of the
Hilbert series (2.42) can be obtain from the argument inside the PE in eq. (3.30) of [42]°
by taking the limit ¢ — 0 of that expression. The generators of the moduli space and their
relations were analysed in that reference.

The Higgs branch Hilbert series. The Higgs branch Hilbert series can be computed
as follows:

Hy[(2.41)](t;w0) = 7{ » 25:.6“ 7{|:1 2:Zvu —v?)x

HH[ o = [Huw](t;u, w) Hu[[1]u = [USp(2)]u](t; u, v) X

(2.47)

[

Hy[[USp(2)]y — (SO(3))](t; v) x

Hy[[USp(2)], — (SO(3))](t;v) x
PE [#* — (® + 1+ v )],

where the notations are as in (2.29). Evaluating the integrals, we obtain the Hilbert series
of (CQ/Z6:

Hy[(2.41)](t;w) = PE [¢* + (w + w™ )0 — t1%] = H[C?/Z)(t; w) . (2.48)

The appearance of C?/Zg can be understood by considering the S-fold realization of
the CoU; theory [64]: in the F-theory context this model arises by probing with a D3 brane
a background which is obtained by combining a 7-brane of type Hy with a Zy S-fold action
whose effect is to act as a sign flip on the Coulomb branch of the Hy (or (A, Dy4)) theory
resulting in a IV* geometry. Upon reduction to three dimensions the Coulomb branch of
the (A1, D4) theory becomes the hyperkahler singularity C2/Z3 as we have seen before. We
should then expect the Zy S-fold to act on this geometry, resulting therefore in a C?/Zg
singularity.

Mirror of the S reduction of the Ry >N theory. We propose that the 3d mirror
theory in question is

&S @

(2.49)

Note that the Coulomb branch of this quiver is 2N? + N + 1 quaternionic dimensional,
where we have used the fact that the Coulomb branch of Ty;g,(2n) is V 2 dimensional. This
is in agreement with the Higgs branch dimension of the 4d theory which can be computed
from 24(c — a) = 2N? + N + 1, where the conformal anomalies are a = 14]\72;# and
c= % [34]. On the other hand, the Higgs branch of quiver (2.49) is 2N? + 2N +

1— %(2N)(2N—|— 1)—1 = N, where we have used the fact that the Higgs branch of Ti;g, 2

9Note that the notation in [42] can be mapped to ours as follows: tihere = tim and a® = w.
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is also N? dimensional. This result is in agreement with the fact that the R3 9N theory has
rank N.

Again, we remark that there is an alternative description of the mirror theory in
terms of a non-simply-laced quiver. This, together with the corresponding highest weight
generating function, were given in [17, table 11, row 3|, with n = 2N.

2.5 The Tvg or ’7;5?2

This theory was proposed and studied in [42]. It also recently appeared in [43] where it
was called ’7;8)2. It has the class S description as a twisted Ay theory associated with the
sphere with punctures

[13], (1%, [1%]; . (2.50)

Following the procedure described in the previous subsections, we obtain the following
quiver description of the 3d mirror theory of the compactification of T3 on S':

O—® ®

(2.51)

The Coulomb branch of (2.51) is 1+2+ 1+ 1+ 1 = 6 quaternionic dimensional, in
agreement with the Higgs branch dimension of the 4d theory which is equal to 24(c —a) =
11 11

24 (3 — Z) = 6, where a = 7 and ¢ = 3 are the conformal anomalies of the 4d theory, as

given in (3.1) of [42]. On the other hand, the Higgs branch of (2.41) is (1x2)+(2x1)+(2x
2)+1+1—(144+3) = 2, which is in agreement with the claim in [42] that T5 is a rank-two
theory. Again, in this computation, we have used the fact that the SO(3) gauge theory
with one flavour has the Higgs branch isomorphic to C2?/Zs, which is one quaternionic
dimensional [40]. In the following, we investigate both branches in more detail using the
Hilbert series.

As in the previous subsection, the Coulomb branch Hilbert series can be computed

using the Hall-Littlewood formulas:
He[(2.50)](t; 1, x2, 23,9y, 2) =
i 720D Prg, o) (t a) x HelTys (SU(3)) (6 21, 22, 235 0, 0, —a) (2.52)
a=0
He[Ti2) (USSP (2))|(t; y; @) He [Tz (USP'(2))](t; 25.a)

where the expression for each of the above Coulomb branch Hilbert series is given in
appendix A and the fugacities x1, 9, z3 have to satisfy the constraint (A.11):

T1T9T3 =1 . (2.53)
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The highest weight generating function of the Coulomb branch Hilbert series up to ¢'2 is

PE [tQ (papz + V2 + 02) + t* (upavo + pips + 1)

+15 (Wvo + ppovo + ve + i + 113)

+ 8 (uivo + ,u%ya) — 10 (,u‘ll,ugya + ulugua) (2.54)

— Y2 (uiper?o? + pdusv?o® + pdudvio® + i psrto? + piusve

+ 2uipsvo + e + papd) + - }

p1, P2 7

where, upon computing the power series of this expression 1n t, py 0® denotes the

representation [p1, p2; r; s|, whose character can be written as X[ (pQ)] (w)x‘;g]m (y)XfS]U@) (2),

of SU(3) x SU(2) x SU(2). This is indeed the symmetry of the Coulomb branch of the
theory. The plethystic logarithm of the Hilbert series (2.52) can be obtain from the argu-
ment inside the PE in eq. (3.3) of [42] by taking the limit ¢ — 0 of that expression. The
generators of the moduli space and their relations were analysed in that reference.

Now let us examine the Higgs branch. The Hilbert series can be computed in a similar
way to the previous subsection; it is given by

du dq
Hy(2.52)|(t; :% - jg — X
( N(t:2) luj=1 2T Jjq=1 27iq

dz 9 dv 9
1 1
?{H omiz L 2 )ﬂ{,'l S LT VX

Hy[[1u = gl us g, 2) Hu[[1e — [2q,2](t5 2, ¢, 2) (2.55)
Hy|
Hy
Hy|

[1]

2]g.- = [USP(2)]o](t; ¢, 2,v) %

[USp(2)]y — (SO(3))](t; v) x

[USp(2)}y = (SO(3))](t; v) x

PE [-2t> — (2 + 1+ 27 )2 — (v + 1+ 0 )7,

where the notations are as described in (2.14) and (2.29). Here z is the fugacity of the
U(1) flavour symmetry. This can be evaluated and has the following closed form:

Hy[(2.51)](t; )
(1= 132)2(1 — 3z 1)2(1 + 32)2(1 4 3z~ 1)2
T+t2 42t 435 + 5+ 22 + 27 )8 4 (6 4 2% + 27 )0

(2.56)

+ (54 2% + 27 Ht'2 + ... (palindrome) ... + %

Setting © = 1, we obtain the following unrefined Hilbert series:

1—t2 4t 4266 4 ¢8 — 10 412
Hy[(250)) (2 = 1) = 5 5 (2.57)
(L=t 1+ )4 (1 —t+2)2 (1 + ¢ +2)
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where the order of the pole at t = 1 confirms that the Higgs branch is 4 complex dimen-
sional, or equivalently 2 quaternionic dimensional as expected. The plethystic logarithm'°
of the Hilbert series (2.56) is

2 1
PL [Hy[(2.51)](t; )] = ¢* + 1+ 1° <2:c2 5 1> + ¢ <x2 + 5+ 1)
12 (.2 1 14 9 2
—te et 5 4] -t (227 5 4 (2.58)
Xz X

1 1
— 16 (m + G+ ++2>+

3 Mass deformations and Fayet-Iliopoulos terms

In this section, we study the deformations by mass and Fayet-Iliopoulous (FI) terms of
certain theories discussed in the previous section and investigate the end point of the RG
flow. It will be seen that this provides a highly non-trivial test of the quiver descriptions
of the 3d mirror theories in this paper. As a byproduct we will predict that the ’f3 theory
can be mass-deformed to N/ =4 SYM with gauge group SO(4).

3.1 Mass deformation of the CyU; theory

A further test one can consider for the proposed 3d mirror (2.41) of the CoU; theory
is given by the analysis of mass deformations. We can activate a mass deformation for
the U(1) symmetry by turning on a FI parameter at the abelian node in the 3d mirror.
The equations of motion are satisfied by activating a vev for the U(1)gauge X U(1)gavour
bifundamental. This has the effect of breaking U(1)gauge X U(1)favour to a diagonal U(1)
global symmetry and quiver (2.41) therefore becomes

o ®

(3.1)

Let us examine this theory in detail. We start by noticing that the USp(2) flavour
can be interpreted as two half-hypermultiplets in the fundamental representation. We
can therefore interpret the theory as a USp(2) vector multiplet coupled to two identical
sectors; each one describing a USp(2) — SO(3) tail plus a single hypermultiplet charged
under USp(2) and neutral under SO(3). Since SO(3) ~ SU(2), we can interpret the two
above-mentioned sectors as SU(2) gauge theories with a triplet (or adjoint) and a singlet
and this theory is just a copy of the dimensional reduction of the 75 theory [65] with
the diagonal combination of two SU(2) gauged (see also [66, (2.3) and section 5.1]). Said

10The plethystic logarithm of a multi-variate function f(z1,...,z,) such that £(0,...,0) =1 is

oo
PL[f(z1,-..,2n)] Z u(k logfml,...,xﬁ).

k=1

| =



differently, this is the dimensional reduction of the untwisted A; theory of class S described
by a one-punctured torus.
We therefore conclude that

o ®

- @90 a® -

where we have put SU(2) in the red nodes on the right diagram in order to remind the
reader that these come from the SO(3) ~ SU(2) red nodes of left diagram. Here we denote
the circle reduction of the T5 theory [65] in grey. The theory on the right is the dimensional
reduction of the genus 2 class S theory without punctures, whose mirror dual is known to
be a U(2)/U(1) = SU(2)/Zs = SO(3) gauge theory with two hypermultiplets in the ad-
joint representation [2, 48]. Putting everything together, we find that the dimensional
reduction of the mass deformed CoU; theory is the SU(2) gauge theory with two adjoint
hypermuiltiplets, whose global symmetry is manifestly USp(4). This confirms that the FI
deformation we have considered corresponds to a mass deformation for the U(1) factor.
Finally, by turning on a mass for one of the adjoint hypermultiplets, we end up with N' =8
SU(2)/Zy = SO(3) super-Yang-Mills (SYM), in agreement with the four-dimensional ex-
pectation that upon mass deformation the CyU; model flows to a theory with sixteen
supercharges; see the third arrow in [67, (5.4)]. This represents a highly nontrivial consis-
tency check of our claim and in particular confirms that the tail Tj2)(USp’(2)) describing
the twisted puncture [1%]; should involve a SO(3), rather than O(3), gauge group.

This sequence of mass deformations is analogous to the flow from the Eg Minahan-
Nemeschansky theory to SU(2) SQCD with 4 flavours. Also in this case the rank of the
global symmetry is decreased by two. This flow can actually be divided into two steps: the
Eg theory first flows to SU(2) SQCD with 5 flavours,!! whose global symmetry is SO(10),
and then to SQCD with four flavours. Note that the intermediate theory, namely the
SU(2) gauge theory with 5 flavours, is not a SCFT in four dimensions but rather an IR
free gauge theory, The same happens for the CoU; theory, which first flows to the infrared
free SO(3) gauge theory with two adjoint hypermultiplets and then to the N'= 4 SO(3)
SYM.

3.2 Mass deformation for the (A;, D4) theory

We can perform a similar consistency check for other twisted As trinions. Let us consider
for example the three punctured sphere describing (A1, Dg) Argyres-Douglas theory plus a
decoupled hypermultiplet. Using again the observation that SO(3) — [USp(2)] plus a free
hypermultiplet is equivalent to the class S one punctured torus, we find

1This can be also be viewed as the S reduction of the mass deformation of the following 5d SCFTs:
E(; — E5 [25]
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1 @ : .Tz
3

(3.3)
We can again study the effect of a mass deformation for the four-dimensional theory by

activating a FI parameter at the U(1) node in (3.3). The effect is again to higgs the abelian
group and consequently the quiver on the right of (3.3) becomes

e @@
(3.4)

In order to interpret this quiver, it is convenient to look at the mirror dual. This is

more easily done by interpreting (3.4) as the mass deformation of

o @@
(3.5)

which is equivalent to the untwisted A; theory class S two-punctured torus; this was in

fact discussed in section 5.2 of [66]. Its mirror dual is therefore

(3.6)

In order to extract the mirror dual of (3.5) we should remove from (3.5) the SU(2) funda-
mental we have added by hand. This can be done directly in the quiver (3.6) by turning
on complex FI parameters A; 2 at the abelian nodes. Notice that they need to satisfy the
constraint Ay = —Ag. This deformation forces us to turn on a nonzero expectation value
for both U(1) x U(2) bifundamentals, which in turn break the U(1)? x U(2) gauge group
to U(1)*. At the quiver level we find

<:<z @D + Free Hypermultiplet (3 7)

where the U(1 ) bifundamentals arise from the off-diagonal components of the adjoint
hypermultlplet, Whereas the free hypermultiplet arises from the Cartan component of the
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adjoint representation of U(2). This result is perfectly consistent with the presence of a
decoupled hypermultiplet in the trinion. The interacting part of the theory is the self-
mirror U(1) theory with two flavors, which is known to be the dimensional reduction of
(A1, A3) AD theory. We therefore recover the well-known statement that (Aj, D4) can be
mass deformed to (Aj, A3) [19] (see also the fifth arrow in [67, (5.3)]), with the decoupled
hypermultiplet being a spectator.'?

3.3 Mass deformation from the C5C; theory to the CoU; theory

We can analogously study the mass deformation from the C3C; theory to CoU; at the level
of 3d mirrors. The C5C theory is described by a As twisted trinion. We remind the reader
that twisted As punctures are labelled by B-partitions'® of 5 and in the case of the C3C}
theory the punctures are

2,17], [22,1], 2%, 1], (3.8)

where this was discussed in row 2 of the bottom of Page 62 of [33].

More precisely, the trinion (3.8) is a mixed fixture describing the C3C; theory plus
a decoupled hypermultiplet charged under the SU(2) symmetry carried by the untwisted
puncture. Since we are going to turn on a mass term for that SU(2), the hypermultiplet
will become massive and therefore can be ignored. The quiver tails associated with As, 1
twisted punctures are the models T,(USp(2n)) [39] where p is the B-partition labelling
the puncture. The 3d mirror of the S* reduction of (3.8) is then

-2 @@

Ba (3.9)

where the red node labelled by 4 denotes the SO(4) gauge symmetry. Next to each line in
the quiver, we label the chiral mulitplets in the hypermultiplet or half-hypermultiplet that
we shall use in the subsequent analysis.

Notice that the dimension of the Coulomb branch is 1 +2+2+2+2 =148, in
agreement with the Higgs branch of the 4d theory which is 8 + 1 dimensional, where the
1 comes from the free hypermultiplet. The dimension of the Higgs branch of (3.9) is
24+484+4x4—-1—-4—-10—-5—5 =1, in agreement with the expectation that the 4d
theory has rank 1. Note that the SO(4) gauge nodes contribute —5 because the group can
be Higgsed at most to U(1) by activating a vev for the bifundamentals.

We now turn on the complex FI parameters ;o at the U(1) and U(2) nodes respec-
tively, imposing the constraint A; +2Xs = 0. As was mentioned before, this corresponds to
turning on a mass term for the SU(2) global symmetry carried by the untwisted puncture.
Let us now discuss the effect of the deformation. The equations of motion can be solved

12We recall that the original theory has a decoupled hypermultiplet.
13A B-partition of an odd integer m is an integer partition of m which satisfies the condition that any
even part must appear an even number of times.
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by setting

@ =% (1) - @ = V(L) (3.10)

and consequently the vev of @ and @ satisfy the relation

~ 01
(QQ) =X (1 0) , (3.11)

where the USp(4) indices are contracted in this expression. The Lagrangian includes the
coupling
Tr(Qyspa)QQ), (3.12)

where Tr denotes the trace over the fundamental representation of USp(4) and ®ygp(4) is
a 4 x 4 matrix in the adjoint representation of USp(4) which can be written as

ab a v
Pyspa) = ; Cel ja LBC (3.13)
e —b—d
Setting the vev of @ and C~2 to
01
<@>=¢£(;8(jg>; @=va|iol (3.14)
00

we can easily see that a USp(2) subgroup of USp(4) remains unbroken. Let us now look
at the mass term in detail. With the following notation for the fluctuation of Q and Q
around the vev

@11 @12

_ Qu Q2 Q13 Qua | . ~ Q21 Q22
Q=% <Q21 Q22 Q23 Q24> - Q=Vh @31 @32 ’ (3.15)

Q11 Qa2

we see that expanding (3.12) around the vev (3.14) we find (among others) the following
mass terms

L2 Q2+ Qu)v+ (Qaz — Quo)e + (Qa1 — Qua)b + (Qas + Qaz)e + ..., (3.16)

where we have absorbed As in the coefficients v, ¢, b, €, etc., in this expression.

If all the components in (3.13) were independent, or equivalently the blue gauge node
were U(4), all the @ and @ components appearing in (3.16) would acquire a mass. In
the case at hand instead only half of them receive a mass and can be integrated out.
The other four form a hypermultiplet doublet under the unbroken USp(2). They are also
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charged under the further U(1) subgroup'? of U(1) x U(2) x USp(4) left unbroken by
the vev. Upon considering the full expression of (3.16), we also find an extra massless
hypermultiplet charged under U(1), which becomes a flavour symmetry of (2.41). Finally,
from (3.14) we see that the F-terms with respect to the USp(4) gauge group provide the

constraint
0010

0000
1000 |’
0000

(B1B1) + (B2B2) = X2 (3.17)

and therefore (B1B;) and (B2Bs) (with the SO indices contracted) can both be chosen
nilpotent, resulting in the breaking pattern SO(4) — SO(3).1> Overall, we end up with the
3d mirror (2.41) of the CoU; theory, in agreement with the four dimensional expectation.

3.4 Mass deformation of the Tg theory

With similar techniques we can also study the mass deformation of the Tg theory. As we
will see, this theory can be deformed to SO(4) N' =4 SYM. Starting from the 3d mirror

(3.18)

we turn on a complex FI parameter A at the U(1) node on the left. The equations of
motion can be solved by giving vev to the U(1) x U(2) bifundamentals ¢, ¢ and p, p:

@ = (5) = VA (;) - )= () = VAL0). (3.19)

This vev breaks the U (1) xU(2) gauge group to U (1) and reduces the quiver to the following

CION ol

More explicitly, this is a combination of the U(1) gauge group, a U(1) subgroup of the U(2) gauge

form:

(3.20)

group, and the part of the USp(4) gauge group corresponding to d, 8, u, —d, left unbroken by the vev.
Fach USp(4) — SO(4) leg of (3.9) can be viewed as the A; theory of class S associated with a torus
with two punctures, whose global symmetry is USp(4). Upon giving the aforementioned nilpotent vev, a
puncture is closed and so we are left with a torus with one puncture. Recall that this can be viewed as
USp(2) — SO(3), which is a leg of (2.41). Indeed, SO(4) is broken to SO(3) due to such a nilpotent vev.
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where we have used the relation to the class S one-punctured torus. We claim that the
quiver on the right is mirror dual to

(o—@)|» - (® aa

where the quiver on the left represents an (SU(2) x SU(2))/Zy gauge theory with one
adjoint hypermultiplet for each SU(2) node and a bifundamental hypermultiplet, which is
equivalent to the SO(4) gauge theory with one adjoint hypermultiplet and a hypermultiplet
in the vector representation on the right.

In the following, we compute the Coulomb and Higgs branch Hilbert series of (3.20)
and verify that they coincide with the Higgs and Coulomb branch Hilbert series of (3.21)
respectively. Since the Coulomb branch Hilbert series is sensitive to the Zg discrete action
in (3.21), this provide a highly non-trivial test to the claim. Below we also sketch the
argument for the mirror pair (3.20) and (3.21).

From the SO(4) gauge theory with one adjoint and one hypermultiplet in the vector
representation of (3.21), we can turn on a further mass deformation for the vector, flowing
to 3d A = 8 SO(4) SYM. This leads us to conclude that the 4d N = 2 Tj theory can be
mass-deformed to the 4d N’ =4 SO(4) SYM. This is a new prediction of our construction.

Let us make some comments regarding the above prediction. First of all, a similar
technique was used by the authors of [68, 69] to study various supersymmetry enhancement
RG flows from theories with 16 supercharges to those with 32 supercharges. It was shown
in [69] that this type of RG flows is generic in a certain class (known as type III in the
nomenclature of [4]) of the 4d N = 2 theories. Secondly, as pointed out in [68], one could
be more cautious about the above conclusion whether the 4d theory in question needs to
be N =4 SYM.!® To be accurate, there could be a more ‘exotic’ 4d N = 4 SCFT, which is
not a SYM and is not known to date, that reduces on a circle to the same aforementioned
3d N =8 SYM. It would be nice to confirm the above prediction in the future.

Sketch of argument for the mirror pair (3.20) and (3.21). Let us first consider
the right hand side of (3.20) without (USp(2)) — (U(1)). As is well-known from [2], the
mirror of the reduction of the A; theory of class S associated with a Riemann surface
with genus 2 without a puncture is a U(2)/U(1) = SU(2)/Z2 gauge theory with 2 adjoint
hypermultiplets.

Let us now add one flavour of the fundamental hypermultiplet to the blue USp(2)
node of the right hand side of (3.20) (i.e. ungauging the U(1) for now). According to the
prescription in [3, section 6], at the level of the mirror theory, we should split the gauge node
in the aforementioned theory into two gauge group, where each gauge group has an adjoint
hypermultiplet charge under it and the two gauge groups are connected by a bifundamental
hypermultiplet. Now let us gauge the U(1l) symmetry in the original description, i.e.

16We thank Matthew Buican for pointing this out to us after the first version of this article has appeared
on the arXiv.
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theory (3.20). This corresponds to ungauging a U(1) symmetry from the aforementioned
mirror theory. It is expected that the gauge algebra for the end result is su(2) x su(2), with a
bifundamental hyermultiplet and an adjoint hypermultiplet transforming under each factor.
This is depicted in the square brackets in the left hand side of (3.21). The prescription of [3],
however, does not allow us to fix the global structure of the gauge group. We determine
the latter using the Coulomb branch Hilbert series (see below). It turns out that there is
a Zso action on the SU(2) x SU(2) gauge symmetry. Since SO(4) = (SU(2) x SU(2))/Za,
the left diagram in (3.21) can be rewritten as the right one.

The Hilbert series of (3.20) and (3.21). The Coulomb branch Hilbert series of (3.20)
can be computed from the quiver description on the left side similarly to what we did in
subsection 2.5 for the original T3 theory

HC[(3'2O)LHS](t;xayaz) =

S S sk laltmab i (mbeltim=alym b (1m) Pygy (a)x (3.22)

m=—00 a=0

He[T2)(USY'(2))|(ty; @) He [Tz (USP'(2))](t; 25.a)

This should be compared with the Higgs branch Hilbert series of (3.21) which, using the
description in terms of the quiver on the left side, can be written as

(320 sl ,2) = § (1 - ) ;lf W (1—v?)x

ul=1 2TU v|=1 2T

Hy[[2]u = [2](6 w, v, ) Ha[[31] (& v, y) Ha[[3)u] (£ 6, 2) %
PE [—(u2 +14+u )2 - (P +1+ v_2)t2} ,
(3.23)
where
Hy[[2]u — [2)(t;u,0,2) =PE [t(z + 2 (v + v ) (z +271)]
Hy[[3]u)(t;0,y) = PE [t(v* + 1+ v7?)(y +y7)] (3.24)
Hy[[3]u](t;u, z) = PE [t(u2 +14+uH(z+ 2_1)] .

Evaluating these two Hilbert series, we find

PL [He[(3.20)](t; 22, y, 2)] = PL [Hy[(3.21)](t; z, y, 2)]
= (22 + [2]y + [2)8% + (2 + [2]o[1), [1] )¢
— (2 % [202[1y[1]): + [y [1]2)¢° + (3 x [2]a[1]y [1].+
2 x [1y[1]: — 4]z — [2)2[2]y — [2]y[2]s — [20a(20)6% + ... .

(3.25)

The Higgs branch Hilbert series of (3.20) can be computed either from the quiver
description on the left side using the standard Molien integral or from the description
involving two class S theories on a one-punctured torus. The Higgs branch Hilbert series
of the latter theory has been computed in [66, (5.8)] and we shall denote it by

H%Zl,n:l(t; w) _ (1 _ t4) PE [[l]wt + [Q]th] ’ (326)
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where g = 1 is the genus and n = 1 is the number of punctures of the Riemann surface,
while w is the fugacity for the SU(2) global symmetry of the puncture. The Higgs branch
Hilbert series of (3.20) can then be written as

(G asl) = § g —ut) S

lw|=1 27w 1 2miq

HIZ 1 (00) Ha[[1], — [2]u] (t 0, w) % (3.27)

PE [-(1+w®+1+w ?)t?] .
This should be compared with the Coulomb branch Hilbert series of (3.21) which can be

computed using the monopole formula [46]. For the quiver on the right hand side of (3.21),
we have

He[(3:21)gpusl(t) = > > #AmI2mlpgs ) (tma, my) (3.28)
ma2=—0o0 m1:|m2\
where
(1 —t2)72 if mq 7'&7712

(3.29)
(1—t4H)=2 it mp =mg .

Psoa(t;m1,ma) = {

For the quiver on the left hand side of (3.21), we have

Hc[(3.21)LHS](t) _ Z Z t2|a+b|+2|a—b|PUSp(2)(a)PUsp(g) (b) , (3.30)

ac %ZZO bEZZO

where it should be noted that ¢ is summed over %sz not Zxq, because of the Zy action.
Evaluating these series, we find

PL [Hy/[(3.20)](t)] = PL {HC[(3.21)LHS’RHS](15)} =246t -3 —6t54 ... . (3.31)

4 Twisted A, theories with four punctures

In this section, we discuss the mirror theories associated with the 7, s s and 75, 3 s theo-
b 2 b 2 <y 2 b 2
ries, described by twisted As theories with four punctures.

4.1 The 7,3 s theory: a sphere with punctures [2,1], [2,1], [2];, [2]¢
1999

The4d N = 2 7'2%% SCFT was studied in [6] as an SU (2) gauge theory coupled to a doublet
of hypermultiplets and two copies of the (A, D4) theory, where an SU(2) subgroup of the
SU(3) global symmetry of each copy is gauged. In that reference, it was proposed that
this theory is dual to another 4d ' = 2 SCFT known as the Iy 4 or (As, A3) theory [4].
Upon compactifying the latter on S!, the 3d mirror theory was proposed in [70, figure 8]
(see also [71] for a derivation) to be

Qvﬁ »
QAﬂ
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where an overall U(1) needs to be decoupled from this quiver. Upon doing so, one obtains
the following equivalent description of the above mirror theory [6, (3.3)]:

)] 2
This quiver has two interesting properties:

1. It is self-mirror.

2. Both Higgs and Coulomb branches are isomorphic to the moduli space of one SU(3)
instanton!” on C2?/Z3 with the holonomy at infinity such that SU(3) is broken to
U1)?/Uu(1) = U((1)%

The first property can be understood from the Type IIB Hanany-Witten brane construc-
tion [72] involving one complete D3 brane wrapping a circle and stretching between three
NS5 brane, with one D5 brane within each NS5 brane interval. The mirror symmetry
can be realised by an action that involves interchanging the NS5 and D5 branes, and this
leaves the brane system invariant. We thus conclude that (4.2) is self-mirror. The second
property follows from [58, 59, 73-82].

On the other hand, the class S description, without an irregular puncture, of the ’7'2% 3
theory has recently been proposed in [42, (5.3)]. It is a twisted Ay theory associated with
the sphere with punctures

[2a 1] ) [2a 1] ) [2]t ) [Q]t . (4'3)

Following the procedure described in the preceding section, we obtain the 3d mirror of this
theory compactified on S! as

1]

(4.4)

1"Strictly speaking, this should be called a PU(3) = PSU(3) instanton.
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Since the red circular node with the label 1 denotes SO(1), this quiver can be rewritten as

1] @ B (4.5)

Indeed, we conjecture that theory (4.2) is dual to theory (4.5). It is thus expected that
the two properties discussed above also hold for theory (4.5). In the following we provide

some non-trivial checks for these statements.

The Coulomb branch of (4.5) is 1+ 1+ 1 = 3 quaternionic dimensional. The Higgs
branch of (4.5) isalso 1 +2+ 2(2x2)+2+1— (143 +1) = 3 quatenionic dimensional.
These are also equal to the corresponding quantities of (4.2). The equality of the Higgs and
Coulomb branch dimensions is as expected from the property that the theory is self-mirror.
We now study both branches in more detail using the Hilbert series

We first consider the Higgs branch Hilbert series of (4.5). This is given by

o ] o
luj=1 270U Jiyp)=1 270w J}y=1 2miv

Hy[[1u = (1] (& w, 2) Hy[[1]u — [USp(2)]0] (8 u, v) % (4.6)
Hy[[Uow = [1y)(8 w, 2) Ha[[Hw = [USP(2)]0](t; w, v) %

Hy[[USp(2)] — [SO2)]g](t; 0, )%

PE [72t2 (V2 4+1+0v" )t2]

where the notations are as in (2.14) and (2.29). Here, z, y, q are the fugacities for each of
the U(1) in the U(1)? flavour symmetry of the theory. Evaluating the integrals, this can
be written as

1 T 1
:PE{3t2+t3<qx+q+++qy+q++y)
z x y qy q

1 1
+tH P+ 5+ + +I4
(q Y Yy :cy) (4.7)

1 1
—2t6<q+ +acy+y+ ++2>
¢ vy ay

— 3 <qm+q+1+x+qy++1+y) +o ]
r qr q Yy qy g
The closed form for the unrefined Higgs branch Hilbert series, whereby x =y =¢ =1, is
Hy[(45)](tz=1y=1,9=1)
1204362 4263 — 21+ 205 + 316 — 207 + 48 (4.8)
B (1—1)8(141)2 (1 +2) (14t + 2)* '
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The order of the pole at t = 1, which is 6, is indeed the complex dimension of the Higgs
branch, and the numerator is palindromic as it should be for a Calabi-Yau variety. Indeed
it can be checked using the method described in [80, 82] that this is indeed the Hilbert
series of the moduli space of instanton mentioned below (4.2).

We now focus on the Coulomb branch. Since theory (4.5) is ‘good’ in the sense of [39],
the Coulomb branch Hilbert series can be computed using either the monopole formula or
the Hall-Littlewood formula. Here we present the latter:

He[(4.4) or (4.5)](t; 21, zo; Y1, yo) =

D T Pygym) (t ) x
a=0

(4.9)
HC [T[Q,l] (SU(3))] (ta Z1,X2;a, 07 —CL) HC [ﬂ&l] (‘S’U(s))] (t7 Y1, Y2; a, Oa —CL) X
He [Ty (USP'(2))(t; a) He[Tig(USP'(2))](t; a) -
where the fugacities x1,x2 and y1,y2 are subject to the conditions:
Pry=1, Pyp=1. (4.10)

After imposing these conditions, we see only two U(1) fugacities appear in formula (4.9).
They are associated with the two U(1) topological symmetries associated with each U(1)
gauge node in quiver (4.5). From description (4.2) and the Higgs branch computation
we expect, however, that there should be three U(1) global symmetries. The other U(1)
symmetry is indeed ‘hidden’ in the above Coulomb branch computation, in a similar way
as described in [51]. In order to match (4.7) with (4.9), we need to unrefine one fugacity
in the former:

Hy[(4.5)](t;27, 43,9 = 1) = He[(4.4) or (4.5)](t; 1,21 %5 01,57 ) - (4.11)

It is also interesting to compare these results with the Higgs branch Hilbert series of
the 4d 7, s s theory. Recall that the Higgs branch of the (A1, Dy) theory is the closure of
7272
the minimal nilpotent orbit of SU(3), whose Hilbert series is [50]

Himinggr)(tw) = Y xpo (Wi, (4.12)
p=0

where u = (u1,u2) are the fugacities of SU(3) such that the character of the fundamen-

tal representation [1,0] is written as uj + ugu; ’ + us .

We now take two copies of the
(A1, Dy) theory, gauge a common SU(2) symmetry and then couple it to one flavour of
the fundamental hypermultiplets. For each copy, we need to decompose representations
of SU(3) into those of the SU(2) x U(1) subgroup. This amounts to using the following

fugacity map:

u = z3z, ug =2~ 3z, (4.13)
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where z is the SU(2) fugacity, « is the U(1) fugacity, and the power 1/3 is the normalisation
of the U(1) charge such that we have the following decomposition: [1,0] — [1]1 4 [0]2. The
3 3
Higgs branch Hilbert series of the 7, s s theory is then
bl 2 bl 2

HH[E,%,%](L xz, y?Q)

N f{u Qijz(l — %) PE |~ @ ()| PE[(z+ 27 (q + 7)1 x (4.14)

H{mingy(s)(t; 2Pz, 273 2) Hmingy )| (y"/*2,y7/%2)

where z is the SU(2) gauge fugacity, and each of z, y and ¢ is the U(1) fugacity. Evaluating
the integral, we find that

Hy[Ty s o]t 2y, 9) = Hu[(4.5)](8 2,9, 9) (4.15)
which is given by (4.7).

4.2 The 7;,3 s theory: a sphere with punctures [13], [2,1], [2]¢, [2]¢

1272
The 4d N' = 2 T3, 33 SCFT was studied in [6] (see also [24]). It admits two known
descriptions: (1) an SU3 ( ) gauge theory coupled to two (Aj, Dy) theories with three flavours
of fundamental hypermultiplets, and (2) an SU(2) gauge theory coupled to the (A1, Dy)
theory and the 75 3 theory,'® where the Higgs branch of the latter is the full moduli space
of two SU(3) instantons on C2. These two descriptions are related by the Argyres-Seiberg
duality [83]. In [6], it was proposed that the Ty, 5.8 theory is dual to another 4d N = 2

SCFT known as the III?’X[Q’Q’L”
mirror theory can be obtam using the method described in [4] and the result was presented

n [6, (4.3)]:
(4.16)
QQ

where an overall U(1) needs to be decoupled from this quiver. Doing so from one of the

theory. Upon compactifying the latter on S', the 3d

U(1) gauge node, we obtain the following equivalent quiver:

[1] (2) (2) 1] (4.17)

8Equivalently, this is an SU(2) gauge theory coupled to the (A1, D4) theory and the 7—5((21)<3) theory (see

section 2.3), with a half-hypermultiplet in the doublet of the SU(2) gauge group.
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The class S description of the 75, s s theory has recently been proposed in [42, (5.1),
1< 2 b 2
(5.2)]. It is a twisted Ag theory associated with the sphere with punctures

[13] ’ [27 1] ) [2]15 ) [2]15 . (4-18)

Following the procedure described in the preceding sections, we obtain the 3d mirror of

(1)
© ®
I (4.19)
O

Since the red circular node denotes SO(1), this quiver can be rewritten as

I A

We conjecture that theories (4.17) and (4.20) are dual to each other. In the following we

this theory compactified on S' as

provide number of non-trivial checks.

The Coulomb branch of (4.20) is 1+ 2+ 1+ 1 = 5 quaternionic dimensional. The
Higgs branch of (4.20) is also 24+2+4+ (2% 2) +2+41— (1 +4+ 3+ 1) = 4 quatenionic
dimensional, in agreement with the fact that the 4d 7:’3,27 33 theory is a rank-four theory.
Note that these are also equal to the corresponding quantities of (4.17). We now study
both branches in more detail using the Hilbert series

As in the previous subsection, the theory is ‘good’ and so we can compute the Coulomb
branch Hilbert series of (4.20) using either the monopole formula or the Hall-Littlewood
formula. The latter reads

He[(4.20))(t; z1, 22, 3591, y2) =

Zt A=l Py g )t a) He[T3(SU(3))](t; w1, 22, 23; , 0, —a)

(4.21)
Hel[T1 1 (SU3))](t; y1, y25 0,0, —a) X
He [Ty (USP'(2)))(t; a) He[Ti(USP'(2))](t;a) -
with the following conditions on the fugacities due to (A.11):
T1I2x3 = 1, y%yg =1. (4.22)
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Upon evaluating the summation, the result of (4.21) can be summarised as the highest
weight generating function up to order t® as follows:

HWG [He[(4.20)]]

1
=PE [(muz +1) 82+ (b + b) £+ (2mpe + 1)t

1 (4.23)
+ <b + b> p piotd + (2,u“;’ + pgpiy + 25 — 1) t6

1
(04 g) ) ot = 2o i) ],
where, upon computing the power series of this expression in ¢, u}"b? denotes the repre-
sentation [p1, p2], whose character written in terms of xy,x9,z3, of SU(3). Here b is the

fugacity for the U(1) symmetry which can be written in terms of y, y2 as
b=yay; " . (4.24)

As can be seen from the order #2, the Coulomb branch symmetry of this theory is U(3).
This is in agreement with that of theory (4.20) and the flavour symmetry of the 4d theory.
The Higgs branch Hilbert series is

Hy[(4.20))(t; x, vy, b) =

oz i 1,
luj=1 27U w| 1 2miw Jig=1 2mq

2))(
7{4 1 oz ! 7{4 ! sric! (4.25)

HyallUu — 2]t 4,0, 2) Hnl[1]s — [21g2)(6 3, 2)x
Hy[[2]q,2 — [USP(2)]u](t: ¢, 2,v) Hy[[1]w — [USP(2)]] (8w, v) %
Hy[[1w — [Uy)(4 w, y) Hu[[USp(2)]e — [SO2)]](t; v, b) x
PE [-3t — (* + 1+ v )" — (2 + 1+ 27 2)¢°] |
where the notations are as in (2.14) and (2.29). Evaluating the integrals, we obtain

Hy[(4.20)](t; =, y, b)

b 1 b 1
r bxr b y by b
1 1 (4.26)
+t4(62+ Q—i-xy—l—y—l-x—I——i-l)
b xr oy xy

b 1 T
5 el i
+t (bx—l—x—l-bx—i-b) ]

The order ¢? indicates that the Higgs branch symmetry is U(1)3. Setting z =y = b = 1,
we obtain the closed form of the unrefined Hilbert series as
Hy[(4.20)](t;z=1,y=1,b=1)
1
(I=t)FA+) (A +2)2(1 -t +¢3) (1 +t+¢2)° [
— 2t 4+ 6t° + 3t5 — 27 + 12t — 2t° + ... (palindrome) ... + ¢

1— 2t +3t2 + 27 (4.27)

This Higgs branch Hilbert series is in agreement with that for (4.17).
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5 Twisted AN theories with IV > 1

In this section, we discuss the generalisation of our results for the twisted Ao theories to
the case of Ay with NV > 1.

5.1 The Dy[SU(2N + 1)] theory with N free hypermultiplets

The class S description (without an irregular puncture) was proposed in [42, (6.3)]. It is a
twisted Aoy theory associated with a sphere with punctures

[N +1,N], 12V, [2N]; . (5.1)

For N = 1, this was discussed in section 2.2, where the low energy theory is the (A, Dy)
SCFT with a free hypermultiplet. For a general N, the 3d mirror theory of the reduction
of the 4d theory in question on a circle admits the following quiver description:

[3O9

The Coulomb branch of (5.2) is N + Z Y 12j = N?+ 2N quaternionic dimension. This is
in agreement with the Higgs branch of the 4d theory: the Higgs branch of Ds[SU (2N +1)]
is N(N +1) quaternionic dimensional (see appendix B), and the Higgs branch of the theory

(5.2)

of N free hypermultiplets is N quaternionic dimensional; in total we have N2 +2N quater-
nionic dimensions. The Higgs branch of (5.2) is N + 2N? + N + dimyg H[T(USp'(2N))] —
N? — 2(2N)(2N +1) = N, where we have used the fact that dimg H[T'(USp'(2N))] = N2.
This is in agreement with the fact that Do[SU(2N + 1)] is a rank N theory.

The Coulomb branch Hilbert series of (5.2) can be computed using the Hall-Littlewood
formula as follows:

Hel(5.2)](t; 1, 2, Y1, Y2, - - -, YUN) =

Z t—2[2§\’:1 |2nj|+21§i<jgN(|m'—nj|+\ni+njI)]pUSp(ZN) (ting,...,nN)X
ni>nz>ny >0
He[Tin41,5(SU@N +1))|(t; 71, 22501, 12, - - -, N, 0, =N, —MN 1, .. ., —N1) X (5.3)
Hc[ﬂ12N}(USpI(2N))](t; YL, Y2,y ooy YN R, N2, « oy N ) X
He[Ton(USP'(2N))](t;na, ... nn)
where
NN =1, (5.4)
Evaluating the summations, we obtain
Hel(5.2)](tx1, 22,91, 92, - -+, YN)
(5.5)

N
=PE Z Y; +y] X H[D2[SU(2N+1)]](x17x27y1>ayN)a
7j=1
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where the first factor is the Hilbert series of HY 22 C*V and the second factor is as described
in appendix B. We have tested this expression for N = 1,2,3. This confirms that the
moduli space of the Coulomb branch is a product of HV and that of the Higgs branch fo
the Do[SU(2N + 1)] theory, as expected from the 4d theory.

The Higgs branch Hilbert series, on the other hand, can be computed as follows:

Hy[(5.2)](t:2) = / dyir o (2) / Ayt o) () x
Hyl[Ls — [N]s] Hu[[N]: — [USp(2N)]u]x
Hel[Tpan (USP/ (2N))](£5;0,0, ..., 0) Hy[[SO(1)] — (USp(2N))o]x  (5.6)

N
_ USp(2N
PE |- Z zizjl t2—X[2’01?.(“70])(v)t2 ,
ij=1

where we have used the fact that Tj2x(USp'(2N)) is self-mirror and so the Higgs branch
Hilbert series of such a theory can be computed from the Coulomb branch one. Here

N N
Hy[[l]; = [N =PE | [ 271+ > 27| ¢
7=1 j=1

N N N N
Hy[[N]. = [USp2N)]y] =PE | [ Y 2+ > 2t (Z vet Y U,;1> t
j=1 j=1 k=1 k=1
5 N
USp(2N - 1 - _ _
X[Q,OZ,?.(..,O])(U) =N + (vj2 +v; %)+ Z (vivj +v; lvj Ly viv; Lo t))
j=1 1<i<j<N
N
dnospomy @) = [[o7' 0=} T] (1= wwy)(1 = )
j=1 1<i<j<N
N
duy(ny(z) = H z H (1 -2z 1) .
j=1 1<i<j<N
(5.7)
In the case of N = 2, for example, we have
Hy[(5.2) h_ol(t;
#1(5-2) y—o| (t; ) (5.8)

=PE[+ (z+2 NP +t'+ @+ NP -2 -0+ . ] .

It can be checked that this is in agreement with the Higgs branch Hilbert series of (B.1),
with N = 2. This is indeed the Coulomb branch Hilbert series of the S' reduction of the
Dy[SU(2N + 1)] theory.

5.2 Two copies of the D3[SU(2N + 1)] theory

The class S description (without an irregular puncture) was proposed in [42, (6.4)]. It is a
twisted Aoy theory associated with a sphere with punctures

[12N+1) [2N];, [2N]; . (5.9)
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The 3d mirror of the reduction of this 4d theory on S' can be described by the following
quiver:

) ) . oy (o) )
2)
(5.10)

Since the red circular node is SO(1), this quiver can be rewritten as

O—0— ()@=

For N = 1, we recover quiver (2.4). The Coulomb branch of (5.11) is 231:\71 j+N =2N(N+
1), in agreement with the Higgs branch dimension of a product of two Do[SU(2N+1)]. The
Higgs branch of (5.11) is 377 ' j(j +1) + 2N +4N? 4+ 2N — 32N 52— N(2N +1) = 2N,
in agreement with the fact that Do[SU(2N + 1)] is a rank N theory.

Similarly to the case of quiver (2.4), we can see the enhanced Coulomb branch symme-

(5.11)

try of quiver (5.11) using the observation of [39]. Since all of the U(s) gauge nodes, with
s=1,...,2N, in (5.11) are all balanced, one expects an SU(2N + 1) enhanced symmetry
in the IR. Moreover, since the USp(2N) gauge node is also balanced, according to [39,
section 5.3], this SU(2N + 1) symmetry gets doubled and so the symmetry of the Coulomb
branch is expected to be SU(2N + 1) x SU(2N + 1). This is in agreement with the Higgs
branch symmetry of a product of two D[SU(2N + 1)]. Shortly we confirm this using the
Coulomb branch Hilbert series.

The Coulomb branch Hilbert series of (5.11) can be computed using either the monopole
formula or the Hall-Littlewood formula. The latter reads

He[(5.10)])(t; 21, - - ., xan+1) =

N
Z t*Z[Z]‘ﬁ |2"j|+Z1§i<]’§N(\"z‘*”j|+|”z‘+”j|)]pUSp(2N) (t;ny,...,nN)x
ni>n2>ny >0
He[Than e (SURN + )| 21, - -+ 2N 11511512, -, N, 0, —NN, —NN—1, .00 —T01) X

Hc[T[QN](USp/(QN))Kt; Ny, ... ,TLN) Hc[T[QN](USpI(QN))](t; nNyy... ,nN) 5

(5.12)
where
L1XQ***TIN+1 — 1. (5.13)
Evaluating the summations, we obtain
Hel(5.11)[(t; 1, - ..y xan41) = [Hy[D2[SU2N + 1)]|(x1, . .. ,$2N+1)]2 , (5.14)

where the Higgs branch Hilbert series Hy[D2[SU (2N + 1)]] of D3[SU(2N + 1)] is given
in appendix B. We have tested this expression for N = 1,2,3. Similarly to the remark
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below (2.10), the full Coulomb branch symmetry is expected to be SU(2N + 1)%; however,
it is possible to see only the diagonal subgroup SU (2N + 1), corresponding to the fugacities
Z1,...,Ton+1 in the Hilbert series.

The Higgs branch Hilbert series, on the other hand, can be computed as follows:

Hy[(5.11))(t; 2, y) = /dMU(zN)(Z) /dMUsp(zN)(U)X

Hy[Tyy2)(SU(N))] (1 2) x
Hy[[1]. — [2N]:] Hy[[2N]: — [USp(2N o]

(5.15)
Hy[(USp(2N))» — [SO(2)]y] %
X USp(2N
_ 2
PE |- Z ziZ; T2 — X[2,01,D.(..,0])(v)t2 ,
ij=1
where the Higgs branch Hilbert series of Tj;an)(SU(2N)) is given by [84, (3.4)]
2N 2N
Hy[Tpyan (SU@N)(t 2) = PE |2 ziz ' | (1= %) . (5.16)
ij=1 p=1

For example, in the case of N = 2, we obtain

Hy[(5.11) y o) (.2, y) = Hu[(5.2) o (6 2y) Hu[(5.2) y o) (B 2y ™) (5.17)
where Hy[(5.2) y_5](t; ), which is the Coulomb branch Hilbert series of the S! reduction
of the D3[SU(2N + 1)] theory, is given by (5.8).

5.3 A sphere with punctures [N + 1, N|, [N + 1, N|, [2N];, [2N];

We study a USp(2N) gauge theory coupled to one flavour of the fundamental hypermul-
tiplets and two copies of the Do[SU(2N + 1)] theory, where a USp(2N) subgroup of the
SU(2N + 1) global symmetry of each copy is gauged. The class S description (without an
irregular puncture) was proposed in [42, (6.5)]. It is a twisted Aan theory associated with
a sphere with punctures

[IN+1,N], [N+1,N], [2N];, [2N],. (5.18)

The case of N = 1 was studied in section 4.1. The 3d mirror of the reduction of this 4d
theory on S' can be described by the following quiver:

1]

™)

(5.19)
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Since the red circular node denotes SO(1), this quiver can be rewritten as

(5.20)

The quaternionic dimension of the Higgs branch dimension of the 4d theory is 2N (N +
1) 4+ 2N — $(2N)(2N + 1) = 3N, where N(N + 1) is the Higgs branch dimension of
the D3[SU(2N + 1)] theory. The Coulomb branch of quiver (5.20) is N + N + N = 3N
quaternionic dimensional, in agreement with that of the Higgs branch of the 4d theory. The
Higgs branch of quiver (5.20) is N+2N2+2N24+ N+2N —[N? + N2 + L2N)(2N + 1)] =
3N. This is in agreement with the fact that each copy of the Do[SU(2N + 1)] theory is of
rank N and the USp(2N) gauge group has rank N, and so in total we have 3N dimensional
Coulomb branch as expect. Observe that the Coulomb and Higgs branches of (5.20) have
the same dimension. Indeed, as we shall discuss below, theory (4.20) is self-mirror for
any N, where the case of N = 1 was indeed self-mirror as shown in section 4.1.

Let us first examine the Higgs branch. The Higgs branch Hilbert series of (5.20) is
given by

Hy[(5.20)](t; 2,9, q) =

/dMU N) /dMU(N (w) dMUSp 2N)( V)X
Hy[[N]u — (e (t; w, @) Hy[[N]u — [USP(2)]o] (£ u, v) x
Hy[[Nlw — [1y] (¢ w, @) Hy[[N]w — [USP(2)]0](t; w, v) x (5.21)
[Us

Hy[[USp(2)] — [SO2)]g](t; v, )%

_ _ USp(2N
Z Uit N - Z wiw; H - X[Q,oj?.(..,o])("’)752 )

ij=1 i,j=1
Let us compute the integrals in the case of N = 2, we obtain

Y

1 T 1
PE[3t2+t3<qa;+q+++qy+q++>
x o oqr g vy ay g

1 Yy 1
+t' {5+ + 5+ +++>
< K g VT y zy (5.22)

1 T 1
+2t5<qm+q+++qy+q++y>
T v @y g

1 1
+t6<3+q +—+:cy+y+ + )+}
y oy
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On the other hand, the Higgs branch Hilbert series of the 4d theory is given by
Hy,[4d theory](t;2,y,q) =

| s (21 P [ P [ e+ 7]
Hy[Do[SU@N + 1V)]J(t25 (21, ..., 25), 25 (27 _1y 3

s 2N
2N

HH[DQ[SU(2N+ 1)]](t7y%(z177ZN)7y%(Zl_laaz]:71)7y 3 )7

(5.23)

where each of z,y,q is a U(1) fugacity and z = (z1,...,2n) are the USp(2N) gauge
fugacity. The expression for Hy[D2[SU(2N + 1)]] is given in appendix B. Here, under the
decomposition SU(2N + 1) D SU(2N) x U(1) D USp(2N) x U(1), we have

SU(2N +1) — USp(2N) x U(1)
[1,0,...,0] — [1,0,...,0]%+[0,...,0]2N.

3

(5.24)

If we write the character of the fundamental representation [1,0,...,0] of SU(2N + 1) as
fof ! u; (with Hfff ! uj = 1) and that of the fundamental representation [1,0,...,0] of

USp(2N) as Z;V:l(vj + v;l), then a fugacity map is

q%’l}k, k:1,2,...,N
we=1qgiv 'y, k=N+1,N+2... 2N (5.25)
q%, kE=2N+1,

where ¢ is the fugacity for the U(1) symmetry. Since theory (5.20) is self-mirror, its Higgs
branch Hilbert series can be equated to that of the 4d theory as follows:

Hy[4d theory](t; x,y,q) = Hy[(5.20)](¢; 2,9, q) - (5.26)

The Coulomb branch Hilbert series of (5.20) can be computed using either the monopole
formula or the Hall-Littlewood formula. The latter reads

HC [(520)] (t7 T1,T2,Y1, y2) —

Z t*Q[Z;Vﬂ |2”j|+21§i<j§1\7(\”i*”j|+|"¢+"j\)]PUSp(2N) (t;n1,. .., nN)X
ni>nz>ny >0
(5.27)
HC[T[N+1,N](SU(2N + 1)|(t; 21, x25m1,n2, ..., N, 0, —NN, —IN 1, ..., —T1) X
HC[T[N+LN](SU(2N + 1))](t7 Yi,Yy2;ny,n2,..., NN, O) —NN, NN—-15---, _nl)x
HC[T[ZN}(USPI(QN))](tv N1y..vy nN) HC[T[QN](USp/(2N))](ta ni, ... ,7’LN) )
where
oy Pl =y Ty =1 (5.28)

Taking into account these constraints on the fugacities, we see that there are only two
U(1) fugacities that are manifest in the Hilbert series (5.27), whereas the full Coulomb
branch symmetry is U(1)3. This phenomenon is similar to what we have encountered in
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section 4.1. In order to match (5.21) with (5.27), we need to unrefine one fugacity in the
former:

He[(5.27))(t; 2™, 2= V=1 y N,y =)
= Hy[(5.20)](t; 2"+, 2NV g = 1) (5.29)
= Hy[4d theory](t; &2V +L 2N+ 4 =1),

where we have checked this relation for N =1, 2.

6 Conclusion

In this paper we propose a description of the 3d mirror theories of the S' reduction of
twisted Aoy theories of class S. This is the ‘almost’ star-shaped quiver with the central
gauge node being USp(2N) and with one flavour of the fundamental hypermultiplet under
the unitary group located next to the central USp(2N) node. In general, the quiver
contains unitary, symplectic and special orthogonal gauge groups. We use the 4d theories
recently proposed by Beem and Peelaers [42] as a testing ground of our proposal. Using the
Hilbert series, we show that the Higgs branch of the 4d SCFT matches with the Coulomb
branch of the corresponding 3d mirror theory. Furthermore, we study the Higgs branch of
such mirror theories; its quaternionic dimension matches with the rank of the 4d SCFT.
In many cases, there are more than one description of the mirror theory, where one is
constructed using the proposal of this paper and the other involves only unitary gauge
groups. We conjecture that these theories are dual to each other and this can be tested
by matching the Hilbert series. One of the important features of these dualities is that
in many cases not all Coulomb branch symmetries of the unitary-orthosymplectic quiver
is manifest in the quiver; in other word, one cannot turn on in the Hilbert series all of
the fugacities associated with the full symmetry of the SCFT in the IR. The full Coulomb
branch symmetry can be seen as an enhanced topological symmetry in the quiver containing
only unitary gauge groups. Moreover, we study deformations of proposed mirror theories
by mass and FI terms. Several of them flow to expected theories in the IR, providing
a highly non-trivial check of our proposal. Making use of the mirror quiver description,
we find a new supersymmetry enhancement RG flow from the Ts theory to the SO(4)
super- Yang-Mills.

Let us discuss some of the open questions that arise from the findings of this paper.
First of all, some of the quiver descriptions that we proposed are ‘bad’ theories in the sense
of [39]. Even though we manage to use such a description to compute various quantities,
such as the Coulomb branch dimension and the Higgs branch Hilbert series, and to study
various deformations, it would be nice to come up with a ‘good’ description for such theories.
Secondly, it would be nice to understand better the dualities between different descriptions
of the mirror theory of the S* reduction of the same 4d SCFT, such that as how to ‘derive’
one description from the others. Finally, as pointed out in [85, (3.8)], the Ry oy SCFT can
be obtained from a compactification of the 6d (Dan 3, Dan43) minimal conformal matter
theory [86] on T2 with non-trivial Stiefel-Whitney classes. One description of the mirror
theory associated with Ryon is given by (2.49). However, there is another description
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of such a theory in terms of a quiver with a non-simply-laced edge [17]. It would be
interesting to find out whether the other mirror theories discussed in this paper also admit
non-simply-laced quiver descriptions.
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A A brief review of T7(SU(N)) and T (U Sp'(2N))

In this appendix we briefly review the crucial results on the T, (SU(N)) and T, (U Sp'(2N))
theories that are important for the discussion in the main text.

A1 TS(SU(N))

Let p = (p1,...,pr) and o = (01,...,0¢) be two partitions of N:

01> ...20>0, pL> .2 pp >0, ZUi:Zpi:N. (Al)

The quiver diagram for 75 (SU(N)) is depicted in (A.2) [39], where each circular node
denotes a gauge group and each rectangular node denotes a flavour group. The label m
at each node denotes a U(m) group and ¢ is the length of the partition p. This type of
quivers has first appeared in [87].

M, M, My _o My
(A.2)
The flavour symmetries U(M;), with 1 < j < ¢ — 1, are determined from the transpose
ol =G4,..., 07), with 71 > ... > 5;> 0, of o as follows:
M; =6 — 541, with (A.3)
G;i=0, foralli>0+1. (A.4)
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Observe that M; = 0 for ¢ > 7+ 1 so that there are at most ¢ flavour groups. The gauge
symmetries U(N;), with 1 < j < /¢ —1, are given by

I 7
Nj= > pr— >, 0i. (A.5)

k=j+1 1=j+1

Note that the theories T (SU(N)) are defined only for al < p.
In this paper, we focus on the case in which o = [1?V] and the theory in question is
denoted by T,(SU(N)). The corresponding quiver reduces to

where the number of gauge groups is d = ¢/ — 1. In the main text, we mainly consider the
following two examples of T,,(SU(2N + 1)).

The partition p = [12V*1].  We denote the theory in this case by T(SU(2N + 1)) and
the corresponding quiver is

@ @ @ @ ON + 1 (A7)

This is a self-mirror theory whose Higgs and Coulomb branches are isomorphic to the

nilpotent cone of SU(2N + 1) [39], whose quaternionic dimension is

(2N +1)>— (2N +1)] =2N(2N +1) . (A.8)

N | =

The partition p = [N + 1, N]. The corresponding quiver is

® (A9)

The Coulomb branch Hilbert series. For a partition p of N, the Coulomb branch
Hilbert series of the T,(SU(N)) theory can be computed from its quiver description using
the monopole formula, described in [46]. Alternatively, one can compute this quantity using
the Hall-Littlewood formula [47], without using the quiver description. In the following,
let us review the latter.

The Hall-Littlewood formula for the Coulomb branch Hilbert series of the T,,(SU(N))
theory reads

H[TP(SU(N))](t;xl, ey d415My - - ,nN)

U(N)

A.10
_ tciU(N)(n)(l o tQ)NKp (:12; t)\IlZ(N) (wtwp; t) , ( )

where the notations are as follows:

1. The integer d + 1 is the length of the partition p. It turns out that d is also equal to
the number of gauge group in quiver (A.6).
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. The Coulomb branch symmetry of the T,,(SU(N)) theory is [[[, U(rx)] /U(1), where
71, is the number of times that part k appears in the partition p and d+1 =), 7.

The fugacities associated to this symmetry are x1, x3, ..., T441 subject to the con-
straint:
d+1
[ =1. (A.11)
i=1

. The power of t in the prefactor is

N

=> (N+1-2j)n (A.12)
7j=1

. The Hall-Littlewood polynomial associated with the group U(N) is given by
1

n n 1 twa ) U( )
V(i) = S e et [ T (A
oE€SN 1<i<j<N +  To@@)Tol(j)

. w, denotes the weights of the SU(2) representation of dimension 7:

w,=(r—-1,r-3,...,3—r,1—71). (A.14)
Hence the notation ¢~ represents the vector
fwr = (¢ r=3) o (r=3) ==y (A.15)
We abbreviate
WPy (120 ) = W™ (g 000 o2, g0 ) (A.16)

. The prefactor Kg(N) (x;t) is given by [52]

length(p) T

Kp M@= T Tl 7= (A.17)

=1 jkjl

where p? denotes the transpose of the partition p and

aé-:xj e i=1,...,p;
i — plppe—itl 1 (A.18)

L= . i=1

For example:
(a) For p = [1V], we have p? = [N] and so
U(N 1 U(N
K@= ] = PE[2Xa4) (@)] - (A.19)
1<jk<n - BTk

(b) For the partition p = [N + 1, N] of 2N + 1, we have p” = [2V,1] and so
N N
K[UN(-Q&-];[;L\%)( 1) = PE | 2N*2 ¢ (21250 + z027)) Zt2j+1 I Qthz
j=1 =1
(A.20)
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A.2 TJ(USp'(2N))
The T5(USp'(2N)) theory was studied in [40] (see also [41]). From the string theory

perspectlve it can be realised on the worldvolume of N D3 branes parallel to an orientifold
O3 plane and ending on systems of half D5 branes and of half NS5 branes. Similar to
the theories discussed in [39], the partitions o and p determine how the D3 branes end on
the half D5 branes and on the half NS5 branes respectively. In this case both o and p are
C-partitions of USp(2N), of lengths ¢ and ¢’ respectively.

The quiver diagram for T (USp'(2N)) consists of alternating (S5)O/USp groups de-
picted in (A.21), where each red node with a label N denotes an O(NN) or SO(N) group
and each blue node with an even label 2N denotes a USp(2N) group.

N, (%) Ny

3

(A.21)
We defined
-1 ! is even
L= (A.22)
A /" is odd

and if both Ny, and M, are zero, the nodes are removed from the quiver and the length of
quiver (A.21) is L — 1.
The labels M;, with 1 < j < L, for the flavour symmetries are determined from the

transpose o’ = (71, .. ., 07), with 71 > ... > 5;> 0, of o as follows:
M] 3J 6'\j+1, with (A.23)
G;i=0, foralli>0+1. (A.24)

On the other hand, the labels N, with 1 < 5 < L, for the gauge symmetries are given by

1+ Zk —it1 pk} (Zf:j—&-l Ef}-) for the O/SO node, if ¢ is even,

N, = :Zk i1 pk} ( i=ji10 > for the USp node, if ¢/ is even (425
horm pk} — (X018 forthe 0/SOmode, if ¢'is odd,
:Zk:j » pk} ( L0 ) for the USp node, if ¢ is odd .

In this paper, we focus on the case in which o = [1?"] and the theory in question is

denoted by T,(USp'(2N)). The corresponding quiver reduces to

[2v] @ . @ @ (A.26)

As we justify in the main text, the red circular node with a label N in this quiver should be
taken as the special orthogonal SO(N) gauge group. We mainly consider the following

two examples.
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The partition p = [12V]. We denote the theory in this case by T(USp'(2N)) and the
corresponding quiver is

@0 ©® 0 ) m o

We remark this quiver is a ‘bad’ theory in the sense of [39]. Nevertheless, one can use

this description to compute many quantities, such as the Coulomb branch dimension and
the Higgs branch Hilbert series. Moreover, we can bypass the ‘badness’ of the quiver and
computing the Coulomb branch Hilbert series using the Hall-Littlewood formula as will be
explained below. Since p = o = [12V], the theory is indeed self-mirror in this case. In
fact, both Higgs and Coulomb branches of this theory is isomorphic to the nilpotent cone

of USp(2N), whose quaternionic dimension is

% B(QN)@N +1) — N] =N?. (A.28)

The partition p = [2N]. The corresponding quiver is

@_- (A.29)

where the red circular node denotes the SO(1) group, and so the gauge symmetry is trivial
in this case. This is simply a theory of free 2N half-hypermultiplets.

The Coulomb branch Hilbert series. It is possible to compute the Coulomb branch
Hilbert series from the quiver description using the monopole formula [46], provided that
the quiver is not a ‘bad’ theory in the sense of [39]. Alternatively, for a given C-partition
p of 2N, one can directly compute the Coulomb branch Hilbert series of T,(USp'(2N))
using the Hall-Littlewood formula [47], without using the quiver and regardless whether
the quiver is ‘bad’ or not. Although the Hall-Littlewood formula for the Coulomb branch
Hilbert series T,,(USp’(2N)) was not discussed in [47], the following simple modification of
(4.9) of [47] yields the required formula for the Coulomb branch Hilbert series in question:

He|T,(USY' (2N))|(t; ,n4, ..., nN)

= t%on (M (1 — )N KN (2, )08 (alt, ),1), (4.30)
where the notations are as follows:
1. The power of t in the prefactor is
N
Soy(n) =) (2N +2—2j)n (A.31)
j=1

2. The function \IféN(:D,t) is the Hall-Littlewood polynomial associated with the Cx
algebra and the partition A is subject to Ay > Ao > ... > Ay > 0, with all \;



integers. It is given by

N 12725
\Ifé«N(.’El,...,J}N;t): Z Z (H 02)1_1-2‘:3> X

S$1,..,sN=*x1 oc€SN =1 (@)

42,75 —S8i .55
I R R Dt
1<i<j<N 1= mo(isxoj(j) L wa(sil)xo(;)

3. The argument a(t,x), which shall be abbreviated as a, of the Hall-Littlewood poly-
nomial can be determined by considering the decomposition

N
SU(2
Tama(@) =Y _(a; +af fo nd (T X[,,k( 1)] (t), (A.32)
J=1

where the group G,, depends on the part k of the partition p that appears ry times
and is defined as

US if k is odd
= p(rK) if kis o (A.33)
SO(ry) if k& is even .
For example, for p = [12V], we have a; = z; for j = 1,..., N, and for p = [2N], we

have aj:tQj_l forj=1,...,N.

4. The prefactor KEN (z,t) can be determined in two steps. First of all, we need to
identify the representations R; of the group

Gp=[[Go = [] USp(re) x ] SO(r) (A.34)
k

k odd k even

from the following decomposition:

G SU(2
Xg%(a) = Z XR;(wj)X[Qj]( )(t) : (A.35)

.j:Ov%vlv%v"-

Once R; are determined, the prefactor in question is then given by
KSV(@,t) =PE | > 900 (x;)] . (A.36)
7=0,3.1,5...
For example, for p = [12V], we have
C C
K3 (@,1) = PE [\G(@)¢?] (A.37)
and for p = [2N], we have

K5 (@) = PE [t 4+ 5 4.+ V] . (A.38)
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For a given partition p, the Coulomb branch symmetry of T,(USp'(2N)) is G, determined
by (A.34). In the Coulomb branch Hilbert series (A.30), the fugacities « are those associ-
ated with the symmetry G, and ny,...,ny are the background magnetic fluxes associated
with the flavour symmetry USp(2N) of the theory.

Note that in the special case of p = [2N], the Hall-Littlewood polynomial is

VR (1, wy;t) = £ D GV =2 PRINGZ gt 8 ] (A.39)

and so the Hilbert series (A.30) becomes
He[Ton)(USP 2N))](t 2, n1, ... ny) = M FmerFna (A.40)
This is indeed the Coulomb branch Hilbert series of the theory of free 2N half-hyper-

multiplets, as described in (A.29).

B Reduction of the D,[SU (2N + 1)] theory on S*

The 4d N' = 2 Dy[SU(2N + 1)] theory was first studied in [88, 89]. For N = 1, the
D5 [SU(3)] theory is simply the (A1, Dy) Argyres-Douglas theory. Upon reduction on S*
to 3d, the mirror theory is described by the following quiver |7, figure 3]:

(B.1

1)
The quaternionic dimension of the Coulomb branch of (B.1) is 225.\[:1 j=N(N+1),in
agreement with the dimension of the Higgs branch of the 4d Do(SU(N + 1)) theory, which
is given by

dimgz H[Da(SUN + 1))] = 24(c — a)
Y %N(N +1) - %N(N +1) (B.2)
— N(N+1),

where a = 2—74N(N +1) and ¢ = $N(N + 1) are the conformal anomalies [89]. The Higgs
branch of (B.1) is 2 E;V:jl j(G+1)+ N2 42N -2 Zjvzl 42 = N quaternionic dimensional;
this is in agreement with the fact that the Dy[SU (2N + 1)] theory is a rank N theory.
The Coulomb branch and Higgs branch Hilbert series can be computed as described in
the main text. The Coulomb branch symmetry is SU(2N + 1), whereas the Higgs branch
symmetry is U(1). In this paper we focus mainly on the case of N = 1,2. The case of
N =1 was discussed in the main text in the context of the (Aj, Dy4) theory. For N = 2, the
highest weight generating function of the Coulomb branch Hilbert series of theory (B.1)

admits the following simple closed form:
HWG [He[(B-1) y_,]] = HWG[Hy [Do[SU(5)]]]

(B.3)
= PE [t*p1pa + t*pops] -
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If we set the fugacities in the SU(5) characters to unity, we obtain the closed form for the
following unrefined Coulomb branch Hilbert series for N = 2:

1+ 1262 + 53t* + 8816 4 5318 + 12¢10 4 112
(1—t)2(1+1)t2 '

Observe that the order of the pole at ¢ = 1 is 12, equal to the complex dimension of the

(B.4)

Coulomb branch.
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any medium, provided the original author(s) and source are credited.
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