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1 Introduction and conclusion

The space generated by exactly marginal deformations, also known as the conformal mani-
fold, has been a long-standing subject of study in quantum field theories. In superconformal
field theories (SCFTs), conformal manifolds have several rich structures. For example, as
demonstrated in [1–3], conformal manifolds of 4d N = 1 and 3d N = 2 SCFTs can be
described by a symplectic quotient of the space of marginal couplings by the complexi-
fied continuous global symmetry group.1 Moreover, for 4d N = 2 SCFTs, as shown by
several recent findings e.g. [5–7], the study of conformal manifolds has led to a number
of intriguing dualities; these include 4d N = 1 weakly coupled Lagrangian descriptions of
several strongly coupled 4d N = 2 SCFTs. These provide motivation for studying exactly
marginal operators in the SCFTs in this paper.

The main goal is to investigate the operators associated with the N = 2 preserving
exactly marginal deformations2 in a large class of 3d SCFTs with at least N = 3 supersym-
metry, known as the 3d S-fold theories [9–18]. Let us first discuss the pure S-fold theories.
These theories can be realised on D3 branes wrapping a circle with the presence of SL(2,Z)
duality walls [19–21], each of which gives rise to a local SL(2,Z) action to the worldvol-
ume theory of D3 branes. For a duality wall associated with the element Jk = −ST k of
SL(2,Z), where S and T are the generators of SL(2,Z) such that S2 = −1 and (ST )3 = 1,
the corresponding theory can be described by the gauging the diagonal U(N) global sym-
metry of the T (U(N)) theory [19] with Chern-Simons (CS) level k [9–14].3 As a result
of this gauging along with the presence of the CS level, the description possesses N = 3
supersymmetry. However, at the infrared (IR) fixed point, it was shown that for k ≥ 3
supersymmetry gets enhanced to N = 4 in the case of N = 2 [13, 17] and in the large N
limit [14]. This result can be generalised to the S-fold theories associated with multiple
duality walls whose description can be written in terms of a ‘quiver diagram’ with multiple
U(N) gauge nodes, possibly with CS levels, connected by T (U(N)) links [14]. In addition
to the pure S-fold theories, we may couple hypermultiplets to U(N) gauge groups in the
former. In terms of the brane configuration, this could be viewed as adding D5 and/or
NS5 branes to the aforementioned brane system in the same way as described in [22]. The
resulting theories were investigated in [14] for vanishing CS levels, where they were dubbed
the S-flip theories, and in [17] for general CS levels. Some of the latter were shown to
exhibit supersymmetry enhancement (even up to N = 5) and have interesting dualities
that can be regarded a generalisation of 3d mirror symmetry, discovered in [23]. We shall
henceforth refer to the pure S-fold theories, constructed as described above, and those
coupled to hypermultiplets collectively as S-fold theories with T (U(N)) building block.

1See also [4] for the conformal manifold of 3d N = 2 Chern-Simons-matter theories.
2It should be noted that, for any 3d N = 3 SCFT, there is no N = 3 preserving marginal deformation [8].

This statement also holds for N ≥ 3.
3We emphasise that the S-fold theories considered in [9, 11–13] were constructed by gauging the diagonal

SU(N) global symmetry of the T (SU(N)) theory. These theories were studied in the context of 3d-3d
correspondence. However, the gauge groups of the theories studied in [14] were taken to be of the unitary
type. Without any further hypermultiplets added to the theory, it was shown in [17] that the index of these
two families of theories are equal. In this paper, we take the gauge groups to be of the unitary type.
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We also extend our study to cover the case of the T [2,12]
[2,12] (SU(4)) building block. The

T
[2,12]
[2,12] (SU(4)) theory is a 3d N = 4 SCFT with a G × G global symmetry, where G =

(U(2) × U(1))/U(1) ∼= U(2), that admits a Lagrangian description in terms of a linear
quiver [19]. Similar to the T (U(N)) theory, the T [2,12]

[2,12] (SU(4)) is also self-mirror. We can

form an S-fold theory by gauging the diagonal symmetry G of T [2,12]
[2,12] (SU(4)), possibly

with a CS level. As before, we may also couple hypermultiplets to the diagonal symmetry
G. In principle, this construction can be applied to a more general T ρρ (SU(N)) theory.
However, due to various technicalities in the computation, we restrict ourselves to N = 4
and ρ = [2, 12]. We shall henceforth refer to these theories collectively as S-fold theories
with the T [2,12]

[2,12] (SU(4)) building block.
One of the important by-products of the detailed study of the exactly marginal oper-

ators in S-fold theories is that we can extract the information of the conserved currents,
which include N = 3 flavour currents and N = 3 extra SUSY-currents. From the latter,
we can determine whether supersymmetry gets enhanced at the fixed point, and if so we
can also deduce the amount of supersymmetry of the SCFT. This heavily relies on the
superconformal index [24–31] of the S-fold theory in question. Let us explain this point in
more detail. It is useful to list the N = 2 multiplets that can non-trivially contribute to the
quantity (1−x2)(index−1) at order xp for p ≤ 2 [32] (see also [33] for the 4d counterpart).
In the following, we follow the notation adopted by [34].

Multiplet Contribution to (1− x2)(index− 1) Type

A2B1[0](1/2)
1/2 +x1/2 free fields

B1A2[0](−1/2)
1/2 −x3/2 free fields

LB1[0](1)
1 +x relevant operators

LB1[0](2)
2 +x2 marginal operators

A2A2[0](0)
1 −x2 conserved currents

(1.1)

It can be seen that the order x2 of the index corresponds to the marginal operators minus
the conserved currents. However, since the S-fold theory has at least N = 3 supersymme-
try, we consider the contribution from N = 3 multiplets to the N = 2 index. In particular,
the relevant N = 3 current multiplets and their decomposition to N = 2 multiplets are

Type N = 3 multiplet Decomposition into N = 2 multiplets

Flavour current B1[0](2)
1 LB1[0](1)

1 +B1L[0](1)
−1 +A2A2[0](0)

1

Extra SUSY-current A2[0](0)
1 A2A2[0](0)

1 +A1A1[1](0)
3/2

Stress tensor A1[1](0)
3/2 A1A1[1](0)

3/2 +A1A1[2](0)
2

(1.2)

where it should be noted that the multiplets A1A1[1](0)
3/2 and A1A1[2](0)

2 contribute to (1−
x2)(index − 1) as +x3 and −x4 respectively [32, table 2]. From these two tables, we see

– 2 –



J
H
E
P
1
2
(
2
0
2
0
)
0
1
7

that orders x and x2 of the index contain the following information:

Order x: N = 3 flavour currents ;
Order x2: (N = 2 preserving exactly marginal operators)

− (N = 3 flavour currents)− (N = 3 extra SUSY-currents) .
(1.3)

This instructs us to study the operators of the S-fold theories with R-charge up to 2.
Those with R-charge 1 are in correspondence with the N = 3 flavour currents. Since the
index of the S-fold theory can be computed independently using the formula that follows
from localisation (see appendix A), the information of the N = 2 marginal operators leads
to the precise information of the N = 3 extra SUSY-current and, hence, the amount of
(enhanced) supersymmetry of the corresponding SCFT. We emphasise that the detailed
analysis of marginal operators in this paper has led us to obtain results on supersymmetry
enhancement beyond the scope of our previous work [17].

It should be remarked that the problem of enumerating all marginal operators becomes
more complicated as the number of the operators with R-charges up to 2 increases. This
is partly due to the fact that not all gauge invariant quantities that one can possibly write
down are independent from each other. They may be subject to various relations. Some
of these relations can actually be derived from the effective superpotential of the theory.
However, as we shall see in the subsequent sections, several S-fold theories contain gauge
invariant monopole operators and dressed monopole operators in the spectrum, whose
existence is indicated by the index. There can also be relations between these operators that
cannot be obtained from the effective superpotential. In this case, we conjecture the form
of such relations based on the index and in analogue of those known in the 3d N = 4 gauge
theories presented in appendix C. In this regard, the S-fold theories with the T [2,12]

[2,12] (SU(4))
building block are much more complicated than those with the T (U(N)) building block.
We only present preliminary results for the former theories in this paper. It would be nice
to verify the conjectures using other approaches and complete the understanding of the
S-fold theories with the T [2,12]

[2,12] (SU(4)) building block in the future.
The paper is organised as follows. In section 2, we discuss S-fold theories with

the T (U(N)) building block. We briefly discuss some properties of the operators in the
T (U(N)) theory in section 2.1. The pure S-fold theories are studied in section 2.2 and those
coupled to hypermultiplets are studied in sections 2.3 and 2.4. In section 3, S-fold theories
with the T [2,12]

[2,12] (SU(4)) building block are discussed. We briefly review the T [2,12]
[2,12] (SU(4))

theory in section 3.1. The pure S-fold theories and those coupled to hypermultiplets are
considered in sections 3.2 and 3.3, respectively.

2 S-fold theories with the T (U(N)) building block

In this section, we consider S-folds theories whose building block is the T (U(N)) theory.
The T (U(N)) theory is briefly reviewed in section 2.1 and appendix A.1. In the subse-
quent subsections, we investigate S-fold theories constructed by commonly gauging the
Higgs and Coulomb branch symmetries of T (U(N)). We may also couple such a theory to

– 3 –
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hypermultiplet matter. In fact, several aspects of a number of such theories with N = 2
were studied in [17]. In this paper, we focus on the cases of N = 2 and N = 3 (except in
subsection 2.3.3 where we discuss only the case of N = 2) and analyse the operators with
R-charge up to two in detail.

An important outcome of such an analysis is the precise knowledge of the N = 2
preserving marginal operators, which contribute as the positive terms at order x2 of the
index. Since the index can be computed using the formulae given in appendix A.2, we
know precisely the negative terms, which are the contribution of the N = 3 conserved
currents. The latter consist of N = 3 flavour currents and N = 3 extra SUSY-currents.
The contribution of the former appear at order x of the index. Hence, in this way, we
manage to extract the contribution of extra-SUSY currents and determine whether the IR
fixed point of a given S-fold theory has enhanced supersymmetry (beyond the scope of [17]).
If this is the case, this method also allows us to determine the amount of supersymmetry
of the corresponding SCFT.

Of course, when there are many operators up to R-charge 2, the above analysis can
get very complicated due to the relations between them. Some relations follow from the
F -terms and algebraic identities but there are also quantum relations, especially between
monopole operators. We establish the latter with the aid of the index and by comparison
to the 3d N = 4 gauge theories studied in appendix C.

2.1 The T (U(N)) theory

We briefly discuss some important aspects of the T (U(N)) theory in appendix A.1. The
indices for N = 2, 3 can be obtained from (A.9) and the result is as follows:

N = 2 : 1 + x
(
d2χ

SU(2)
[2] (ω) + d−2χ

SU(2)
[2] (f)

)
+ x2

[
d4χ

SU(2)
[4] (ω) + d−4χ

SU(2)
[4] (f)

−
(
χ

SU(2)
[2] (ω) + χ

SU(2)
[2] (f)

)
−1
]

+ . . .

N ≥ 3 : 1 + x
(
d2χ

SU(N)
[1,0,...,0,1](ω) + d−2χ

SU(N)
[1,0,...,0,1](f)

)
+ x2

[
d4χ

SU(N)
[2,0,...,0,2](ω)

+ d4χ
SU(N)
[0,1,0,...,0,1,0](ω) + d4χ

SU(N)
[1,0,...,0,1](ω) + (d→ d−1,ω → f)

+ χ
SU(N)
[1,0,...,0,1](ω)χSU(N)

[1,0,...,0,1](f)

−
(
χ

SU(N)
[1,0,...,0,1](ω) + χ

SU(N)
[1,0,...,0,1](f)

)
−1
]

+ . . .

(2.1)

where the term −1 highlighted in brown is the contribution of the axial U(1)d symme-
try, which can be identified as U(1)C − U(1)H , where U(1)C and U(1)H are the Cartan
subalgebras of SU(2)C and SU(2)H of the N = 4 R-symmetry SU(2)C × SU(2)H .

Since we shall make extensive use of N = 3 supersymmetry in subsequent discussion,
it is instructive to view the result from the perspective of the N = 3 index, where d is
set to unity. The terms at order x are the contribution of the N = 3 SU(N) × SU(N)
flavour currents and these terms appear again as negative terms at order x2 and the term
−1 highlighted in brown is the contribution of the N = 3 extra SUSY-current. This is as
expected since the theory has N = 4 supersymmetry. We also point out the absence of the
term χ

SU(2)
[2] (ω)χSU(2)

[2] (f) at order x2 for N = 2.

– 4 –
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The operators with R-charge 1 are the Higgs and Coulomb branch moment maps of
T (U(N)):

(µH)ij , (µC)i′j′ . (2.2)

They are subject to the nilpotent conditions (see [19, below (3.6)]):

µNH = µNC = 0 . (2.3)

These imply that all eigenvalues of µH and µC are zero and so

tr(µpH) = tr(µpC) = 0 , 1 ≤ p ≤ N . (2.4)

There are two types of marginal operators, namely the pure Higgs or Coulomb branch
operators and the mixed branch operators. The pure Higgs or Coulomb branch marginal
operators transform in a subrepresentation of

Sym2[1, 0, . . . , 0, 1] = [2, 0, . . . , 0, 2] + [1, 0, . . . , 0, 1]
+ [0, 1, 0, . . . , 0, 1, 0] + [0, . . . , 0]

(2.5)

of each SU(N). Such operators are

(µH)ij(µH)kl , (µC)i′j′(µC)k′l′ (2.6)

Since tr(µ2
H) = tr(µ2

C) = 0, the singlet [0, . . . , 0] in (2.5) vanishes. Thus, each of these oper-
ators transform under the representation [2, 0, . . . , 0, 2] + [1, 0, . . . , 0, 1] + [0, 1, 0, . . . , 0, 1, 0]
of each SU(N) for N ≥ 3.4 For N = 2, we have stronger conditions, namely µ2

H = µ2
C = 0,

and so each operator in (2.6) transforms under [4] of each SU(2).
Next, we consider the marginal mixed branch operators. In the case of N = 2, we have

(µH)ij(µC)i′j′ = 0 , for N = 2 (2.7)

for the following reason. The F -terms with respect to the chiral multiplets Q and Q̃ give
Qiϕ = 0 and Q̃iϕ = 0, and so (µH)ijϕ = QiQ̃iϕ = 0. Since (V+, ϕ, V−) transform in a triplet
of an unbroken SU(2) global symmetry, we have (µH)ijV± = 0 and so (µH)ij(µC)i′j′ = 0.
This explains the absence of the term χ

SU(2)
[2] (ω)χSU(2)

[2] (f) at order x2 in the index (2.1) for
N = 2. Note, however, that for N ≥ 3 the operators

(µH)ij(µC)i′j′ (2.8)

do not vanish.

2.2 U(N)k gauge group and zero flavour

Let us commonly gauge the Higgs and Coulomb branch symmetries of the T (U(N)) theory
and obtain the following theory

Nk

T (U(N))

(2.9)

4For N = 3, such a representation reduces to [2, 2] + [1, 1].

– 5 –
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In the following discussion in this paragraph, we assume that N ≥ 2 and k 6= 0. The
case of N = 1 is discussed in appendix B. The superpotential is (see also [35] and [13, (31)])

W = − k

4π tr(ϕ2) + tr ((µC + µH)ϕ) , (2.10)

where µH and µC are the Higgs and Coulomb branch moment maps of T (U(N)). For
k 6= 0, we can integrate out ϕ using the F -terms with respect to ϕ:

ϕab = 2π
k

(µH + µC)ab . (2.11)

Using (2.4), we obtain the effective superpotential

Weff = 2π
k

tr(µCµH) . (2.12)

Since µC and µH carry the axial U(1)d charges +2 and −2 respectively, the effective super-
potential preserves the axial symmetry U(1)d in this case. This observation was actually
pointed out in [13]. In fact, from the perspective of N = 3 supersymmetry, the U(1)d sym-
metry plays a role as the extra SUSY-current. Indeed, U(1)d commutes with the N = 3
R-symmetry Spin(3); the former combines with the latter to become Spin(4) R-symmetry
of the enhanced N = 4 supersymmetry. We shall also see this from the perspective of the
index, which is given by (A.11).

Let us consider the case of |k| ≥ 3. The indices for N = 2 are as follows:

N = 2, |k| = 3 : 1 + 0x− 2x2 + 2(d2 + d−2)x3 + . . . .

N = 2, |k| ≥ 4 : 1 + 0x− x2 + (d2 + d−2)x3 + . . . .
(2.13)

The case of |k| = 3 was studied in [13], where it was pointed out that the theory in the IR
is a product to two copies of the N = 4 SCFTs described by 3d N = 2 U(1) gauge theory
with CS level −3/2 and one chiral multiplet with charge +1, whose supersymmetry gets
enhanced to N = 4 in the IR. The indices for the cases of |k| ≥ 4 were studied in [17],
where it was pointed out that supersymmetry gets enhanced to N = 4 in the IR. For
N = 3, the indices for |k| ≥ 3 read

N = 3, |k| ≥ 3 : 1 + 0x+ 0x2 − 2x3 + . . . . (2.14)

The operators up to R-charge 2 are as follows. Since trµH = trµC = 0, there is no
operator with R-charge 1. The N = 3 flavour symmetry of this theory therefore is empty.
Let us now discuss about the marginal operators. From (2.4), we have

tr(µ2
H) = tr(µ2

C) = (trµH)2 = (trµC)2 = 0 . (2.15)

Furthermore, for N = 2, we also have tr(µHµC) = 0 due to the relation (2.7); thus the
theory with N = 2 and |k| ≥ 3 has no marginal operator. In this case, we are able to
see clearly the contribution of the extra SUSY current at order x2 of the indices (2.13),
since there is no cancellation between the contribution of the conserved currents and that

– 6 –
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of the marginal operators. For N = 2 and |k| ≥ 4, from the perspective of the N = 2
index −x2 is the contribution of the U(1)d symmetry, whereas from the perspective of the
N = 3 index this is the contribution of the extra SUSY-current. Indeed, we conclude that
N = 3 supersymmetry gets enhanced to N = 4 for N = 2 and |k| ≥ 4 [17]. For N = 2 and
|k| = 3, there are two extra SUSY conserved currents and this is due to the fact that the
theory flows to a product of two N = 4 SCFTs5 [13].

For N = 3, on the other hand, there is precisely one marginal operator, namely
tr(µHµC), which cancels the contribution of the U(1)d symmetry in the index; this explains
the term (1 − 1)x2 = 0x2 in (2.14). Again, we identify the U(1)d conserved current with
the N = 3 extra SUSY conserved current. We thus conclude that supersymmetry also gets
enhanced to N = 4 for all |k| ≥ 3. Although we demonstrated this explicitly for N = 2
and N = 3, we conjecture that this statement holds for all N ≥ 2.

For |k| = 2, we find that the index of the theory diverges and the theory is ‘bad’ in
the sense of [19]. In fact, as we shall discuss in more detail in the next subsection, when
n flavours of fundamental hypermultiplets are coupled to the theory with k = 2, there are
gauge invariant monopole operators with R-charge n/2. In the special case of n = 0, these
monopole operators with R-charge 0 render the theory ‘bad’.

For |k| = 1 and k = 0, we find that the index is equal to unity, and it is expected that
the theory flows to a topological theory or an empty theory.

2.3 U(N)k gauge group with k 6= 0 and n ≥ 1 flavours

We can add n flavours of the hypermultiplets in the fundamental representation of U(N)
to theory (2.9) and obtain

Nk n

T (U(N))

(2.16)

We propose that the superpotential for this theory is

W = − k

4π tr(ϕ2) + tr ((µC + µH)ϕ) + Q̃ibϕ
b
aQ

a
i

= − k

4π tr(ϕ2) + tr ((µC + µH + µQ)ϕ) ,
(2.17)

where we define
M i
j := Q̃iaQ

a
i , (µQ)ab = Q̃ibQ

a
i (2.18)

5For N = 2 and |k| ≥ 3, there is no relevant, no marginal and no operator with R-charge 3, since
tr(µ3

H,C) = tr(µ2
HµC) = tr(µHµ2

C) = 0, etc. It is thus simple to consider the contribution of the conserved
currents at order x3 of index (2.13) with d = 1. From table (1.2) and the remark below, we see that each of
the N = 3 extra SUSY-current multiplet A2[0](0)

1 and the N = 3 stress tensor multiplet A1[1](0)
3/2 contributes

+x3 to (1 − x2)(index − 1). For N = 2 and |k| = 3, we have (1 − x2)(index − 1) = −2x2 + 4x3 + . . .; the
term +4x3 is indeed in agreement with the claim that there are two N = 3 extra SUSY-currents and two
N = 3 stress tensors, since the theory is the product of two N = 4 SCFTs. For N = 2 and |k| ≥ 4, we
have (1 − x2)(index − 1) = −x2 + 2x3 + . . .; the term +2x3 is indeed in agreement with the claim that
there are one N = 3 extra SUSY-current and one N = 3 stress tensor. Unfortunately, when there are
relevant and marginal operators in the theory, the analysis of the index at order xp, with p ≥ 3, becomes
very complicated. In the rest of the paper, we focus only on the operators with R-charges up to 2.

– 7 –
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for convenience. The following relations that follow respectively from the F -terms with
respect to Q̃bi , Qia and ϕ:

ϕabQ
i
a = 0 , ϕab Q̃

b
i = 0 , ϕab = 2π

k
(µH + µC + µQ)ab , (2.19)

We discuss the consequences of these F -term on gauge invariant quantities in appendix D.
Using the last equality, we can integrate out ϕ and obtain the effective superpotential

Weff = π

k
tr (µC + µH + µQ)2 . (2.20)

From this effective superpotential, the F -terms with respect to Q̃bi , Qia are

(trµQ)Qib = 0 , (trµQ)Q̃ai = 0 . (2.21)

These imply that

(trµQ)µQ = 0 , (trµQ)2 = 0 . (2.22)

Let us define
M̂ i
j = M i

j −
1
n

(Mk
k )δij = M i

j −
1
n

(trµQ)δij . (2.23)

From (D.10) and (2.22), we obtain

(M̂2)ij = −(µH + µC)baQ̃ibQaj −
2
n
M̂ i
j(trµQ)

(M̂2)ii = − tr [(µH + µC)µQ] .
(2.24)

Apart from the gauge invariant quantities discussed above, there could possibly be
gauge invariant monopole operators for some special values of k. Subsequently, we perform
case by case analyses, with the aid of the index.

2.3.1 The case of |k| ≥ 3, with n ≥ 1

For |k| ≥ 3, with n ≥ 1, the indices can be computed from (A.14) and the results are as
follows.

n ≥ 3 : 1 + x
(
1 + χ

SU(n)
[1,0,...,0,1](f)

)
+ x2

[
χ

SU(n)
[2,0,...,0,2](f) + χ

SU(n)
[0,1,0,...,0,1,0](f)+

+ 3χSU(n)
[1,0,...,0,1](f) + s−

(
1 + χ

SU(n)
[1,0,...,0,1](f)

)]
+ . . . ,

n = 2 : 1 + x
(
1 + χ

SU(2)
[2] (f)

)
+ x2

[
χ

SU(2)
[4] (f) + 2χSU(2)

[2] (f) + s

−
(
1 + χ

SU(2)
[2] (f)

)]
+ . . . ,

n = 1 : 1 + 1x+ (s′−1)x2 + . . .

(2.25)

where

s =

2 N = 2
3 N = 3

s′ =

1 N = 2
2 N = 3

(2.26)
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Let us now analyse the operators with R-charge up to 2 for n ≥ 2. The operators with
R-charge 1 are

Mk
k = trµQ , M̂ i

j (2.27)

and so the flavour symmetry of the theory is U(1)× SU(n).
The marginal operators are as follows. For n ≥ 3, the marginal operators contributing

3χSU(n)
[1,0,...,0,1](f) to the index (2.25) are

M̂ i
j(trµQ) = M̂ i

j(Mk
k ) , (AH)ij , (AC)ij , (2.28)

where we define (AH)ij and (AC)ij as in (D.13):

(AH)ij := (µH)ab Q̃iaQbj −
1
n

tr(µHµQ)δij ,

(AC)ij := (µC)ab Q̃iaQbj −
1
n

tr(µCµQ)δij .
(2.29)

However, for n = 2, we have an extra relation, namely (D.15):

(AH)ij + (AC)ij = −M̂ i
j(trµQ) = −M̂ i

j(Mk
k ) , for n = 2 . (2.30)

and so there are only two independent quantities of this type. The marginal operators that
contribute to the term χ

SU(n)
[0,1,0,...,0,1,0](f) are

εi1i2...inεj1j2...jnM̂
j1
i1
M̂ j2
i2
. (2.31)

Those that contribute to the term χ
SU(n)
[2,0,...,0,2](f) are

Rikjl (2.32)

which is a linear combination M̂ i
jM̂

k
l and other quantities such that any contraction be-

tween an upper index and a lower index yields zero; for example, for n = 2, where M̂2

satisfies (D.9), the marginal operators in the representation [4]f are

Rikjl := M̂ i
jM̂

k
l + 1

6(M̂2)ppδijδkl −
1
3(M̂2)ppδilδkj , for n = 2 . (2.33)

The marginal operators in the singlet of SU(n) are

tr(µQµH) = (µH)ab Q̃iaQbi , tr(µQµC) = (µC)ab Q̃iaQbi , tr(µHµC) . (2.34)

Thus, there are 3 independent quantities of this type for N ≥ 3, but for N = 2 we have
tr(µHµC) = 0 due to (2.7) and so we have only 2 independent quantities of this type.
Explicitly, the order x2 of the indices in (2.25) for n ≥ 2 can be written as

N = 2 : . . .+ x2
[
. . .+ 2−

(
1 + χ

SU(n)
[1,0,...,0,1](f)

)]
+ . . .

N = 3 : . . .+ x2
[
. . .+ 3−

(
1 + χ

SU(n)
[1,0,...,0,1](f)

)]
+ . . .

(2.35)
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We do not see the presence of an extra SUSY-current. We thus conclude that, for n ≥ 2,
the theory has N = 3 supersymmetry. Although we have shown this explicitly for the cases
of N = 2 and N = 3, we conjecture that this statement holds for any N ≥ 2. We point
out that, in the above analysis, there is also a symmetry that exchange the quantities with
subscripts H and C. We shall shortly see that this symmetry is not present, for example,
in the case of k = 2 and n = 2.

The above analysis also applies for n = 1 with the following extra conditions:

M̂ = AH = AC = 0 . (2.36)

Moreover, due to (2.22), M is a nilpotent operator satisfying

M2 = 0 . (2.37)

It then follows from (2.24) that

tr(µHµQ) = − tr(µCµQ) (2.38)

The operator with R-charge 1 is

M = trµQ . (2.39)

The N = 3 flavour symmetry of the theory is therefore U(1). For N = 2, there is one
marginal operator, given by (2.38), contributing +1x2 to the index. For N = 3, in addi-
tion to (2.38), there is another marginal operator tr(µHµC); these two marginal operators
contribute +2x2 to the index. We do not see the presence of an extra SUSY-current for
both N = 2 and N = 3. Thus, we conclude that the theory has N = 3 supersymmetry.

2.3.2 The case of k = 2 and n ≥ 2

For k = 2, there are gauge invariant monopole operators with fluxes (±1, 0, . . . , 0), denoted
by X± := X(±1,0,...,0), carrying R-charge n/2 and topological fugacity ω±1. These operators
contribute with the terms (ω + ω−1)xn2 to the index. The presence of these operators is
analogous to the T (U(1)) case presented in appendix B, where the mixed CS term of
T (U(1)) after self-gluing cancels with the bare CS level k = 2.

For n ≥ 5, the index up to order x2 is the same as the case of |k| ≥ 3 and n ≥ 3 in (2.25),
and so we expect that the operators up to R-charge 2 are as described in (2.27)–(2.34). For
n = 4, there are additional terms (ω + ω−1)x2 to the first two lines of (2.25), and so the
monopole operators X± contribute as the additional marginal operators to those described
above. For n = 3, there are additional terms (ω + ω−1)x 3

2 to the first two lines of (2.25),
and so X± contribute as the addition operators with R-charge 3/2 to those describe above.

The case of k = 2 and n = 2. Let us now analyse in detail the case of k = 2 and
n = 2. From (A.14), the indices for N = 2 and N = 3 read

1 + x
(
χ

SU(2)
[2] (ω) + χ

SU(2)
[2] (f)

)
+ x2

[(
2χSU(2)

[4] (ω) + χ
SU(2)
[4] (f)

+ χ
SU(2)
[2] (ω)χSU(2)

[2] (f) + χ
SU(2)
[2] (f) + s′

)
−
(
χ

SU(2)
[2] (ω) + χ

SU(2)
[2] (f)

)]
+ . . . ,

(2.40)
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where w = ω2 and we highlight the contribution of the N = 3 flavour symmetry in blue
and

s′ =

1 N = 2 ,
2 N = 3 .

(2.41)

Note that the index for N = 2 was computed in (4.25) of [17]. Let us discuss about the
operators with R-charge up to 2. The operators with R-charge 1 are

[2]ω : X+ , Mk
k = trµQ , X−

[2]f : M̂ i
j

(2.42)

and so the N = 3 flavour symmetry is SU(2)× SU(2).
Let us now discuss the marginal operators, corresponding to order x2 in the index.

The character 2χSU(2)
[4] (ω) contains the terms 2ω±4. These imply that there are two pairs

of marginal operators such that each pair carries topological charges ±2. One of such pairs
is X2

± and we propose that the other pair consists of the monopole operators with fluxes
±(1, 1, 0, . . . , 0), denoted by X++ := X(1,1,0,...,0) and X−− := X(−1,−1,0,...,0), each carrying
R-charge 2. This proposal is analogous to (C.10) of the 3d N = 4 U(2) gauge theory with
one adjoint and one fundamental hypermultiplet. Moreover, the character 2χSU(2)

[4] (ω) at
order x2 in the index contains the terms 2ω±2. These imply the existence of two pairs of
marginal operators such that each pair carries topological charges ±1. One pair can be
immediately identified with X±(Mk

k ) and we propose that the other pair corresponds to
the ‘dressed monopole operators’ X±;(0,1), defined in a similar way to (C.23) (see [36]):

X(±1,0);(r,s) = (±1, 0)mr
1m

s
2 + (0,±1)mr

2m
s
1 , (2.43)

where µQ is diagonalised as diag(m1,m2).6 This proposal is analogous to (C.22) of the
3d N = 4 U(2) gauge theory with 4 flavours. In summary, the marginal operators that
correspond to the terms 2χSU(2)

[4] (ω) + χ
SU(2)
[2] (ω)χSU(2)

[2] (f) are

[4]ω : X2
+ , X+(Mk

k ) , X+X− , X−(Mk
k ) , X2

−

[4]ω : X++ , X+;(0,1) , (M̂2)ii X−;(0,1) , X−−

[2]ω[2]f : X+M̂
i
j M̂ i

j(Mk
k ) X−M̂

i
j

(2.44)

The marginal operators that correspond to χSU(2)
[4] (f) are given in (2.33). Noting the

relation (D.15), we see that the marginal operators corresponding to the term χ
SU(2)
[2] (f)

can be taken to be either (AH)ij or (AC)ij . Picking any of these choices necessarily breaks
the symmetry that exchanges H and C.

Now let us consider the marginal operators that transform as singlets under SU(n).
Taking into account of (2.24), we can take two of out of three of (M̂2)ii, tr(µQµH) and
tr(µQµC) to be independent operators, but since (M̂2)ii has already been listed above, we

6We dress the bare monopole operators with the components of µQ instead of those of ϕ, because for
k 6= 0 we have integrated out ϕ but µQ remains massless.
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are left with either tr(µQµH) or tr(µQµC). Hence, for N ≥ 3, we see that the marginal
operators in the singlet of SU(n) are similar to (2.34), namely

either tr(µQµH) or tr(µQµC) , tr(µHµC) , (2.45)

and so there are two operators of this type in this case. For N = 2, tr(µHµC) = 0 due
to (2.7) and so we have one operators of this type, namely tr(µQµH) or tr(µQµC). We can
rewrite the indices for N = 2 and N = 3 as

N = 2 : . . .+ x2
[
. . .+ 1−

(
χ

SU(2)
[2] (ω) + χ

SU(2)
[2] (f)

)]
+ . . .

N = 3 : . . .+ x2
[
. . .+ 2−

(
χ

SU(2)
[2] (ω) + χ

SU(2)
[2] (f)

)]
+ . . .

(2.46)

Again we do not see the presence of the extra SUSY-current. We thus conclude that the
theory has N = 3 supersymmetry. Although we have shown this explicitly for the cases of
N = 2 and N = 3, we conjecture that this statement holds for any N ≥ 2.

2.3.3 The case of k = 2 and n = 1

Here we focus only on the case of N = 2 and postpone the discussion of N = 3 to future
work. This is due to the complication of the computation of the index in the latter case.
For k = 2 and n = 1, the index for N = 2 can be computed from (A.14) and the result is
(see also [17, (4.20)]):

1 + x
1
2

(
ω + 1

ω

)
+ x

(
2ω2 + 2

ω2 + 2
)

+ x
3
2

(
2ω3 + 2

ω3 + 2ω + 2
ω

)
+ x2

(
3ω4 + 3

ω4 + 2ω2 + 2
ω2 + 1

)
+ . . .

= 1 + x
1
2χ

SU(2)
[1] (ω) + 2xχSU(2)

[2] (ω) + x
3
2
[
2χSU(2)

[3] (ω) + χ
SU(2)
[1] (ω)− χSU(2)

[1] (ω)
]

+ x2
[
3χSU(2)

[4] (ω) + χ
SU(2)
[2] (ω)− 2χSU(2)

[2] (ω)−1
]

+ . . .

= Ifree(x;ω)×
[
1 + xχ

SU(2)
[2] (ω) + x2

(
χ

SU(2)
[4] (ω)− χSU(2)

[2] (ω)−1
)

+ . . .
]

(2.47)

where the monopole operators X± with fluxes (±1, 0, . . . , 0) have R-charge 1/2 and decou-
ple as a free hypermultiplet, which contribute to the index as

Ifree(x;ω) = (x2− 1
2ω;x2)∞

(x 1
2ω−1;x2)∞

(x2− 1
2ω−1;x2)∞

(x 1
2ω;x2)∞

= 1 + χ
SU(2)
[1] (ω)x

1
2 + χ

SU(2)
[2] (ω)x+

[
χ

SU(2)
[3] (ω)

− χSU(2)
[1] (ω)

]
x

3
2 +

[
χ

SU(2)
[4] (ω)− χSU(2)

[2] (ω)− 1
]
x2 + . . . .

(2.48)

Note also that M̂ = 0 in this case.
We now analyse the operators up to R-charge 2. The operators with R-charge 1/2 are

X+ , X− , (2.49)
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where X± denote monopole with fluxes ±(1, 0, . . . , 0). The operators with R-charge 1 are

[2]ω : X++ , M = trµQ , X−− ,

[2]ω : X2
+ , X+X− , X2

− ,
(2.50)

where X++ and X−− denote monopole with fluxes ±(1, 1, 0, . . . , 0). Upon decoupling the
free hypermultiplet containing X±, we are left with only the first line, and indeed we see
that the N = 3 flavour symmetry of the interacting SCFT is SU(2).

For N = 2, the operators with R-charge 3/2 are

[3]ω : X3
+ , X2

+X− , X+X
2
− , X3

−

[3]ω : X++X+ , X++X− , X−−X+ , X−−X−

[1]ω : X+M , X−M

(2.51)

where, in the index (2.47), the contribution of the operators in the representation [1]ω
gets cancelled by the same terms with an opposite sign due to the contribution of the free
hypermultiplets; see the first term in the last line of (2.48). It is worth pointing out the
similarity between (2.51) and (C.11). Note that, upon decoupling the free hypermultiplet,
we no longer have an operator at order x 3

2 .
For N = 2, the marginal operators are similar to those presented in (C.12). It should

be noted again that, due to (2.22) and (2.24), we have

M2 = 0 , tr(µHµQ) = − tr(µCµQ) . (2.52)

Here is the list of the marginal operators:

[4]ω : X2
++ , X++M , X++X−− = tr(µHµQ) = − tr(µCµQ) ,

X−−M , X2
−−

[4]ω : X4
+ , X3

+X− , X2
+X

2
− ,

X+X
3
− , X4

−

[4]ω : X++X
2
+ , X++(X+X−) , X++X

2
− = X2

+X−−

X−−(X+X−) , X−−X
2
−

[2]ω : X2
+M , X+X−M , X2

−M

(2.53)

where the relation
X++X−− = tr(µHµQ) = − tr(µCµQ) (2.54)

is analogous to (C.13), where the quantities on the left and right hand sides both have
magnetic flux (0, 0). Note that, upon decoupling the free hypermultiplet, we are left with
only the operators in the first two lines of (2.53). Due to the quantities as listed in (2.53),
we write the index as in (2.47), with the contribution of the extra SUSY conserved current
indicated in brown. This leads us to conclude that supersymmetry gets enhanced from
N = 3 to N = 4. This conclusion has in fact been already discussed in [17].
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2.3.4 Comments on the case of k = −2

From (A.14) with nf = 0, we see that the index up to order x2 for k = −2 and n ≥ 3 is
equal to that described in (2.25), and the index for k = −2 and n = 2 reads

1 + x
(
1 + χ

SU(2)
[2] (f)

)
+ x2

[(
χ

SU(2)
[4] (f) + 2χSU(2)

[2] (f) + s′ + 2
)

−
(
1 + χ

SU(2)
[2] (f)

)]
+ . . . ,

(2.55)

where

s′ =

1 N = 2 ,
2 N = 3 .

(2.56)

Let us interpret this result. The monopole operators (X+, X−) and (X++, X−−),
discussed in the case of k = 2, are no longer gauge invariant. However, the above index
suggests that quantities like X+X− and X++X−− are gauge invariant. This can be seen
from the observation that the index of the case of k = −2 can be obtained from that
of k = 2 by removing the terms involving ωp with p 6= 0; one can compare (2.55) for
k = −2, n = 2 with (2.40) for k = 2, n = 2.

We focus on the case of k = −2 and n = 2. The operators with R-charge 1 are (2.27).
The N = 3 flavour symmetry is SU(2) × U(1). The marginal operators are as follows.
Those in [4]f are (3.57). Those in 2[2]f are either (AH)ij or (AC)ij , and M̂ i

j(Mk
k ). Those

contribute s′ are either tr(µQµH) or tr(µQµC), and tr(µHµC), which is present for N = 3
and absent for N = 2. Finally, those contribute +2 are X+X− and (M̂2)ii. We do not see
the presence of the extra SUSY-current.

Let us now turn to the case of k = −2 and n = 1. From (A.14), the index is

N = 2 : 1 + 2x+ x2 (4−2−1) + . . .

N = 3 : 1 + 2x+ x2 (5−2−1) + . . .
(2.57)

This, again, can be obtain from (2.47) with ωp (p 6= 0) removed. We propose that the
operators with R-charge 1 are M = trµQ and X+X−. The N = 3 flavour symmetry
is therefore U(1)2. The four marginal operators of the case of N = 2 are as follows:
X++X−− = tr(µHµQ) = − tr(µCµQ), X2

+X
2
−, X++X

2
− = X2

+X−− and X+X−M . For
N = 3, there is an additional marginal operator tr(µHµC). There is one extra SUSY-
current, indicated in brown. Hence supersymmetry gets enhanced to N = 4.

2.3.5 The case of k = 1 and n = 1

Here we focus only on the case of N = 2 and postpone the discussion of N = 3 to future
work, due to the technicality of the index in the latter case. From (A.14), the index is

N = 2 : 1 + 1x+ (1−1−ωq−1 − ω−1q)x2 − (ωq−1 + ω−1q)x3 + . . . (2.58)

This case was in fact studied in [17, section 4.3]. In the following we discuss the operators
with R-charge up to 2. In this case, the operator with R-charge 1 corresponds to

M = trµQ . (2.59)
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The N = 3 flavour symmetry is therefore U(1). We indicate the contribution of the flavour
current to the index (2.58) in blue. Due to (2.22), M is a nilpotent operator satisfying
M2 = 0. From the relation (2.24), namely M2 = − tr(µHµQ)− tr(µCµQ), we have

tr(µHµQ) = − tr(µCµQ) . (2.60)

This is precisely the marginal operator that contributes to the positive term +1 at order
x2 in (2.58).

As can be seen from the brown terms in (2.58), there are two extra SUSY conserved cur-
rents. This leads to the conclusion that supersymmetry gets enhanced from N = 3 toN = 5
in the IR [17]. Note that (2.58) also satisfies all of the necessary conditions for the enhanced
N = 5 supersymmetry discussed in [37], including that the coefficient of x must be 1.

In fact, if we view (2.58) as an N = 2 index, we see that the negative terms at order x2

indicate that the theory has an SU(2) ∼= Spin(3) global symmetry, whose character of the
adjoint representation is 1+ωq−1 +ω−1q. This Spin(3) symmetry is indeed the commutant
of the N = 2 R-symmetry U(1) ∼= Spin(2) in the N = 5 R-symmetry Spin(5).

2.4 U(N)0 gauge group and n flavour

This is also known as the S-flip theory [14]. For n ≥ 3, from (A.14), the indices for N = 2
and N = 3 read

n ≥ 3 : 1 + x
(
1 + χ

SU(n)
[1,0,...,0,1](f)

)
+ x2

[
χ

SU(n)
[2,0,...,0,2](f) + χ

SU(n)
[0,1,0...,0,1,0](f)

+ 3χSU(n)
[1,0,...,0,1](f) + s−

(
1 + χ

SU(n)
[1,0,...,0,1](f)

)]
+
(
ωχ

SU(n)
[0,...,2] + ω−1χ

SU(n)
[2,0,...,0]

)
x1+n

2 + . . . .

(2.61)

where we highlight the contribution of the N = 3 flavour currents in blue and s is defined as

s =

2 N = 2
3 N = 3 .

(2.62)

On the other hand, for n = 2, the indices are

(N = 2,n= 2) : 1+x
(
1+χ

SU(2)
[2] (f)

)
+x2

[
χ

SU(2)
[4] (f)+(2+ω+ω−1)χSU(2)

[2] (f)

+2−
(
1+χ

SU(2)
[2] (f)

)]
+ . . .

(N = 3,n= 2) : 1+x
(
1+χ

SU(2)
[2] (f)

)
+x2

[
χ

SU(2)
[4] (f)+(2+ω+ω−1)χSU(2)

[2] (f)

+3+(ω+ω−1)−
(
1+χ

SU(2)
[2] (f)

)]
+ . . . .

(2.63)

Note that indices (2.61) have the same expressions up to order x2 as the cases of n ≥ 3
of (2.25), except that there are additional terms ωχSU(n)

[0,...,0,2] + ω−1χ
SU(n)
[2,0,...,0] at order x1+n

2 .
The latter indicate the presence of the gauge invariant dressed monopole operators with
R-charge 1 + n

2 . Note that they become marginal for n = 2.
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For n ≥ 2, the operators up to R-charge 2 are therefore as described in (2.27)–(2.34),7
together with the aforementioned monopole operators in the case of n = 2. We do not
see the presence of the extra SUSY-current. We thus conclude that the theory has N = 3
supersymmetry.

The special case of n = 1. Let us write down explicitly the indices for N = 2 and
N = 3, which can be computed from (A.14):

1 + 1x+ (ωq−2 + ω−1q2)x
3
2 + (s′−1)x2 + . . . (2.64)

where

s′ =

1 N = 2
2 N = 3

(2.65)

Note that this is similar to the case of n = 1 in (2.25), but with additional terms (ωq−2 +
ω−1q2) at order x 3

2 . Thus, the N = 3 flavour symmetry in each case is U(1). The
operators up to R-charge 2 are therefore as described in (2.39) and below, together with
the aforementioned dressed monopole operators. We do not see the presence of the extra
SUSY-current. We thus conclude that the theory has N = 3 supersymmetry, in agreement
with the findings in [14, section 3.1].

3 S-fold theories with the T [2,12]
[2,12] (SU(4)) building block:

preliminary results

The purpose of this section is to generalise the previous results on the S-fold theories with
the T (U(N)) building block to those with the T ρρ (SU(N)) building block. The Tσρ (SU(N))
theories were introduced in [19]. They form a large class of 3d N = 4 SCFTs that ad-
mits Lagrangian descriptions in terms of linear quivers. They can also be realised using
Type IIB brane configurations, involving D3, D5 and NS5 branes [22]. When σ = ρ the
theory is self-mirror. We therefore can construct S-fold theories by commonly gauging
the Higgs and Coulomb branch symmetries of T ρρ (SU(N)) in the same way as we did for
T (U(N)). Due to the technicality of the index computation, we shall restrict ourselves to
the T [2,12]

[2,12] (SU(4)) theory.

We briefly review important details of the T [2,12]
[2,12] (SU(4)) theory in section 3.1 and

appendix A.3. We then construct S-fold theories in the subsequent subsections. As we
shall see in sections 3.2.2 and 3.2.3, for some values of CS levels, the theory contains gauge
invariant monopole operators in the spectrum. Although we try to study the chiral ring
of such operators using the index and other known theories as a guide, we do not have a
full understanding of such a chiral ring. The results for the S-fold theories of this section
should therefore be taken as preliminary and we shall not study all possible cases as for
the T (U(N)) case. We hope to revisit this problem in the future.

7Curiously, for (N = 3, n = 2), the index seems to indicate the presence of extra marginal gauge invariant
monopole operators with topological fugacities ω±1. These should be identified with the monopole operators
X(±1,0,0) with fluxes (±1, 0, 0). For n ≥ 3, these operators (if exist) should carry R-charge greater than 2
and is beyond the scope of our analysis. It would be nice to understand these operators better in the future.
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3.1 The T [2,12]
[2,12] (SU(4)) theory

This theory admits the following quiver description [19]:

1 1

1 2

1 1

1 2

X

X̃
L̃ L R R̃

ϕ1 ϕ2

W = Lϕ1L̃+ X̃ϕ1X −Xϕ2X̃ + R̃ϕ2R

(3.1)

where the left diagram is in the 3d N = 4 notation whereas the right diagram is in the 3d
N = 2 notation.

The Higgs and Coulomb branch moment maps. The Higgs branch moment map
can be written in terms of the chiral fields in (3.1) as

(µH)ij = R̃iRj , (3.2)

where i, j = 1, 2 are the indices of U(2)f . The F -terms with respect to ϕ1,2 imply

tr(µH) = R̃iRi = XX̃ = −LL̃ . (3.3)

As a result, µH satisfies the following conditions

rank(µH) ≤ 1 , (µ2
H)ij = (µH)ij tr(µH) , tr(µ2

H) = (trµH)2 . (3.4)

The Coulomb branch moment map can be written as

µC =
(

ϕ1 V(1;0)
V(−1;0) ϕ2

)
, (3.5)

where V(m;n) denotes the monopole operator carrying flux m under the left U(1) gauge
group in (3.1) and flux n under the right U(1) gauge group in (3.1). Since T [2,12]

[2,12] (SU(4))
is self-mirror, the Coulomb branch moment map also satisfies the same conditions as (3.4)
with H replaced by C:

rank(µC) ≤ 1 , (µ2
C)i′j′ = (µC)i′j′ tr(µC) , tr(µ2

C) = (trµC)2 , (3.6)

where i′, j′ = 1, 2 are the U(2)w indices. It then follows that

V(1;0)V(−1;0) = ϕ1ϕ2 . (3.7)

Moreover, from the superpotential (3.1), the F -terms with respect to L̃, L, R̃ and R give

Lϕ1 = 0 , L̃ϕ1 = 0 , Riϕ2 = 0 , R̃iϕ2 = 0 . (3.8)

– 17 –



J
H
E
P
1
2
(
2
0
2
0
)
0
1
7

It then follows that

0 = R̃iRjϕ2 = (µH)ijϕ2 , 0 = −(LL̃)ϕ1
(3.3)= (trµH)ϕ1 . (3.9)

We can rewrite the Coulomb branch symmetry algebra as SU(2)×U(1), where the SU(2)
factor corresponds to the (enhanced) topological symmetry of the left gauge group in (3.1)
and the U(1) factor corresponds to that of the right one. Indeed, the superpartners of the
SU(2) current are the triplet (V(1;0), ϕ1, V(−1;0)), each of which can be constructed from the
fields in the vector multiplet of the left gauge group in (3.1) in the UV. On the other hand,
the field ϕ2 is the superpartner of the aforementioned U(1) symmetry current. Since V(1;0),
V(−1;0) and ϕ1 transform in the adjoint representation of an unbroken SU(2) symmetry, it
follows that the second equality of (3.9) has to hold also for V(±1;0), namely:

(trµH)V(1,0) = 0 , (trµH)V(−1,0) = 0 . (3.10)

We will see that these quantum relations are also consistent with the index.
Contracting the indices i and j in the first equation of (3.9), we have (trµH)ϕ2 = 0.

Combining this result with (3.10), we obtain

(trµH)(µC)i′j′ = 0 . (3.11)

Using mirror symmetry and the fact that the theory is self-mirror, we also have

(trµC)(µH)ij = 0 . (3.12)

Contracting the indices i and j we obtain8

(trµH)(trµC) = 0 . (3.13)

The relevant and marginal operators. The index of the T [2,12]
[2,12] (SU(4)) theory can be

written as (see appendix A.3 for more details)

1 + x
[
d2
(
1 + χ

SU(2)
[2] (u)

)
+ d−2

(
1 + χ

SU(2)
[2] (h)

)]
+ x

3
2
[
d3(b+ b−1)χSU(2)

[1] (u) + d−3(q + q−1)χSU(2)
[1] (h)

]
+ x2

[
d4
(
1 + χ

SU(2)
[2] (u) + χ

SU(2)
[4] (u)

)
+ d−4

(
1 + χ

SU(2)
[2] (h) + χ

SU(2)
[4] (h)

)
+ χ

SU(2)
[2] (u)χSU(2)

[2] (h)−
(
χ

SU(2)
[2] (h) + 1

)
−
(
χ

SU(2)
[2] (u) + 1

)
− 1

]
+ . . . .

(3.14)

Let us analyse the operators that contribute to the index up to order x2. It is convenient
to split the Higgs and Coulomb branch moment maps into the trace and the traceless part,
where the latter is denoted by

(µ̂H,C)ij := (µH,C)ij −
1
2(trµH,C)δij . (3.15)

8This result can also be obtained by contracting the indices i and j in the first equation of (3.9) and
then summing it with the second equation in (3.9), where we have used the fact that trµC = ϕ1 + ϕ2.
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Since the rank of µH,C is at most one, we have

tr(µ̂2
H,C) = 1

2(trµH,C)2 . (3.16)

The coefficient of order x of the index corresponds to the following operators:

d2
(
1 + χ

SU(2)
[2] (u)

)
: tr(µC) , (µ̂C)i′j′

d−2
(
1 + χ

SU(2)
[2] (h)

)
: tr(µH) , (µ̂H)ij

(3.17)

The coefficient of order x 3
2 of the index corresponds to the following operators:

d3bχ
SU(2)
[1] (u) : U i′ := (V(1,1), V(0,1))i

′

d3b−1χ
SU(2)
[1] (u) : Ũi′ := (V(−1,−1), V(0,−1))i′

d−3qχ
SU(2)
[1] (h) : Hi := R̃iX̃L̃

d−3q−1χ
SU(2)
[1] (h) : H̃i := LXRi .

(3.18)

The terms at order x2 with positive sign correspond to the following marginal operators:

d4, d−4 : tr(µ̂2
C) = 1

2(trµC)2 , tr(µ̂2
H) = 1

2(trµH)2

d4χ
SU(2)
[2] (u), d−4χ

SU(2)
[2] (f) : (µ̂C)i′j′(trµC) , (µ̂H)ij(trµH)

d4χ
SU(2)
[4] (u), d−4χ

SU(2)
[4] (f) : (µ̂C)i′j′(µ̂C)k′l′ , (µ̂H)ij(µ̂H)kl

χ
SU(2)
[2] (u)χSU(2)

[2] (h) : (µ̂C)i′j′(µ̂H)ij

(3.19)

The terms with minus sign confirms that the theory indeed has a U(1)b × SU(2)u ×
U(1)q × SU(2)h ×U(1)d global symmetry, as expected. Note that the terms +d0χ

SU(2)
[2] (u),

+d0χ
SU(2)
[2] (h) and +d0χ

SU(2)
[0] (u)χSU(2)

[0] (h) do not appear at order x2. The absence of such
terms confirms the relations (3.11), (3.12), (3.13), and thus also (3.10).

3.2 U(2)k gauge group with zero flavour

We consider the following theory

2k

T
[2,12]
[2,12] (SU(4))

(3.20)

The superpotential for (3.20) can be written as [13, 35]

W = − k

4π tr(ϕ2) + tr ((µC + µH)ϕ) (3.21)

where ϕ is a complex scalar in the vector multiplet of the U(2) gauge group, and µC and
µH are the Coulomb branch and Higgs branch moment maps of the T [2,12]

[2,12] (SU(4)) SCFT.
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Let us assume in the following analysis that k 6= 0. We can integrate out ϕ. The
F -terms with respect to ϕ give

ϕ = 2π
k

(µC + µH) . (3.22)

Substituting this back to (3.21), we obtain the effective superpotential after integrating
out ϕ to be

Weff = π

k
tr(µC + µH)2

= π

k

[
tr(µ2

C) + tr(µ2
H) + 2 tr(µCµH)

]
= π

k

[
(trµC)2 + (trµH)2 + 2 tr(µCµH)

]
.

(3.23)

where in the last line we have used (3.4) and (3.6). It should be noted that, on the contrary
to the effective superpotential (2.12) of the S-fold theory with the T (U(N)) building block,
the U(1)d axial symmetry is broken in this case.9 The index of this theory is given by (A.30).

3.2.1 The case of |k| ≥ 3

Evaluating (A.30), we obtain the indices for |k| ≥ 3:

I(3.20)(|k| ≥ 3; {w, n = 0}) = 1 + 2x+ 0x2 + 0x3 + . . . , (3.24)

where, for each k such that |k| ≥ 3, the indices differ at order of x greater than 3. For
example,

k = 3 : 1 + 2x− 2(w + w−1)x
7
2 + 5x4 + . . .

k ≤ −3, k ≥ 4 : 1 + 2x+ 5x4 + . . . .
(3.25)

The coefficient of x indicates that the theory has a U(1) × U(1) global symmetry.
Due to (3.22), we can write ϕ in terms of µH and µC . As a result, there are only two
independent operators with R-charge 1, namely

tr(µH) , tr(µC) , (3.26)

corresponding to the term 2x in the index.
Let us now consider the marginal operators. Taking into account of (3.22), (3.4)

and (3.6), we can rewrite any marginal operators in terms of a linear combination of the
following quantities: (trµH)2, (trµC)2, (trµH)(trµC) and tr(µHµC). However, this set of
quantities can be reduced further. Due to (3.13), we have (trµH)(trµC) = 0. Hence, there
are three independent marginal operators, which can be taken as

(trµH)2 , (trµC)2 , tr(µHµC) . (3.27)

Since the coefficient of x2 in the index is equal to the number of marginal operators
minus conserved currents and we have 0x2 in (3.24), it follows that there are three conserved

9Recall that under the U(1)d symmetry, µC carries charge +2 and µH carries charge −2.
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currents that precisely cancel the contribution of the three marginal operators in (3.27).
Two of the conserved currents are identified with the U(1)2 flavour currents, as can be seen
from order x of the index, and the other one is the extra SUSY current. We thus conclude
that N = 3 supersymmetry of theory (3.20), with k ≥ 3, is enhanced to N = 4 in the IR.

Finally, let us point out that there is a symmetry that exchanges µH and µC for |k| ≥ 3.
As we shall discuss shortly, this symmetry is absent for k = 2 and k = 1.

3.2.2 The case of k = 2

Evaluating (A.30), we obtain the index for k = 2:

I(3.20)(k = 2; {w, n = 0})

= 1 + x

(
2 + w + 1

w

)
+ x2

(
w2 + 1

w2

)
+ . . .

= 1 + x
[
1 + χ

SU(2)
[2] (ω)

]
+ x2

[(
1 + χ

SU(2)
[4] (ω)

)
−
(
1 + χ

SU(2)
[2] (ω)

)]
+ . . .

(3.28)

where ω = w
1
2 and we highlighted the contribution of the flavour currents in blue.

From the coefficient of x we see that, in addition to the operators listed in (3.26),
there are two gauge invariant monopole operators with R-charge 1 that carry topological
fugacities w±1 = ω±2, denoted by X±. Hence the operators with R-charge 1 are

1, ω2, 1, ω−2 : tr(µH) , X+ , tr(µC) , X− . (3.29)

The N = 3 flavour symmetry of the SCFT is therefore SU(2) × U(1). Note that this is
larger than that of the case of |k| ≥ 3, due to the presence of the monopole operators
X± with R-charge 1. Here we have to make a choice whether to take (X+, (trµH), X−)
or (X+, (trµC), X−) to be a moment map of SU(2). Whatever choice we make will break
the symmetry that exchanges µH and µC . This is a crucial difference between this case
and the previously discussed case of |k| ≥ 3. For definiteness, let us take the triplet
(X+, (trµC), X−) to be the moment map of SU(2) and (trµH) to be that of U(1).10

Let us consider the marginal operators. These contribute to order x2 in the index.
We first examine those in the representation [4] of SU(2), whose character is χSU(2)

[4] (ω) =
ω4 + ω2 + 1 + ω−2 + ω−4. The terms ω±4 should correspond to the operators X2

±. In
contrast to (2.44), there is no gauge invariant monopole operator X++ or X−− with fluxes
(1, 1) or (−1,−1). It is also interesting to contrast to the 3d N = 4 U(2) gauge theory
with four flavours of fundamental hypermultiplets (C.22) that there are no operators in
the representation [2] of SU(2) in this case. The candidates for the operators that carry
fugacities ω±2 are X±(trµH) and X±(trµC). However, we argue that the former vanishes
for the following reason. Since from (3.13) we have (trµH)(trµC) = 0, we must also have

(trµH)X± = 0 , (3.30)

due to the fact that (X+, (trµC), X−) transform in the adjoint representation of an un-
broken SU(2) flavour symmetry. We thus conclude that the marginal operators carrying

10Of course, we may as well take (X+, (trµH), X−) to be the moment map of SU(2) and (trµC) to be
that of U(1). The arguments below still hold with H interchanged with C.
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fugacities ω±2 are X±(trµC). At this point, it is also worth comment that, in contrast
to (C.22) and to (2.44), there is no dressed monopole operators, like X(±1,0);(0,1), in this
case. Finally, let us discuss the marginal operators that carry zero charge under the topo-
logical symmetry, i.e. those with ω0. The candidates for these are as follows:

(trµH)2 , (trµC)2 , tr(µHµC) , X+X− . (3.31)

From order x2 in the index, there are the following possibilities:

1. Among (3.31), there are only two independent operators. There is no N = 3 extra
SUSY-current.

2. Among (3.31), there are three independent operators. There is one N = 3 extra
SUSY-current.

3. All of the four operators in (3.31) are independent from each other. There are two
N = 3 extra SUSY-currents.

Let us discuss each of these possibilities in more detail.
Possibility 1 is the most unlikely. This is because we do not have two relations that

reduce four quantities in (3.31) to two independent quantities.
Possibility 2 is possible if we postulate a relation like

X+X− = (trµC)2 . (3.32)

We will shortly comment on the validity of this assumption. As a result, the marginal
operators transforming under the representation [4] of SU(2) are

X2
+ , X+(trµC) , X+X− = (trµC)2 , X−(trµC) , X2

− , (3.33)

whereas those transforming as singlets are

(trµH)2 , tr(µHµC) . (3.34)

In this possibility, the terms at order x2 should be rewritten as

x2
[(

2 + χ
SU(2)
[4] (ω)

)
−
(
1 + χ

SU(2)
[2] (ω)

)
−1
]

(3.35)

where the term −1, highlighted in purple, indicates the presence of an extra SUSY-current.
If this were true, we would conclude that the theory flows to an SCFT with enhanced
N = 4 supersymmetry. We emphasise again that this conclusion relies heavily on assump-
tion (3.32). It may be argued that this cannot be true because if X± correspond to the
monopole operators with fluxes (±1, 0), then X+X− carries flux (1,−1),11 and not (0, 0);
hence it should not be equated to (trµC)2. Indeed, the relation of type (3.32) does not

11After applying the Weyl symmetry, the flux (m,n) of the monopole operator X(m,n) should be written
such that m ≥ n > −∞. The flux of X− should thus be written as (0,−1). Since X+ has flux (+1, 0), it
follows that X+X− has flux (1,−1).
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hold for the 3d N = 4 U(2) gauge theory with 4 flavours; see (C.22). It would hold if we
had an abelian gauge group, like 3d N = 4 U(1) gauge theory with 2 flavours.

Possibility 3 is the most likely. In this possibility, the marginal operators transforming
under the representation [4] of SU(2) are

X2
+ , X+(trµC) , X+X− , X−(trµC) , X2

− , (3.36)

whereas those transforming as singlets are

(trµH)2 , (trµC)2 , tr(µHµC) . (3.37)

The terms at order x2 should then be rewritten as

x2
[(

3 + χ
SU(2)
[4] (ω)

)
−
(
1 + χ

SU(2)
[2] (ω)

)
−2
]

(3.38)

where the term −2, highlighted in purple, indicates the two N = 3 extra SUSY-currents.
Note that supersymmetry cannot get enhanced to N = 5, since this would violate a nec-
essary condition for N = 5 supersymmetry which states that the coefficient of x has to be
1 [37]. We are obliged to conclude that the theory flows to a product of two SCFTs, each
with N = 4 supersymmetry. This situation is similar to that studied in [13]. It would be
interesting to verify this conclusion using other methods and, if it were true, it would be
also nice to identify such N = 4 SCFTs. We leave this for future work.

3.2.3 The case of k = 1

Evaluating (A.30), we obtain the index for k = 1 as

I(3.20)(k = 1; {w, n = 0})

= 1 + x

(
2 + w2 + 1

w2

)
+ x2

(
−1 + w4 + 1

w4

)
+ x

5
2

(
−2w − 2

w

)
+ . . .

= 1 + x
[
1 + χ

SU(2)
[2] (w)

]
+ x2

[
χ

SU(2)
[4] (w)−

(
1 + χ

SU(2)
[2] (w)

)]
− 2x

5
2χ

SU(2)
[1] (w) + . . . .

(3.39)

We propose that the gauge invariant operators with R-charge 1 that carry fugacities
w±2 are the monopole operators with fluxes ±(1, 1), denoted by X++ := X(1,1) and X−− :=
X(−1,−1). It is interesting to point out that there is no gauge invariant monopole operator
with fluxes ±(1, 0) in this theory, since there are no terms w±1 at order x. The operators
with R-charge 1 are

1, w2, 1, w−2 : tr(µH) , X++ , tr(µC) , X−− , (3.40)

corresponding to the coefficient of x. The N = 3 flavour symmetry of the SCFT is therefore
SU(2) × U(1). Similarly to the case of k = 2, we have to make a choice whether to
take (X++, (trµC), X−−) or (X++, (trµH), X−−) to be a moment map of SU(2). Picking
any of these choices amounts to breaking the symmetry that exchanges µH and µC . For
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definiteness, we take the triplet (X++, (trµC), X−−) to be the moment map of SU(2) and
(trµH) to be that of U(1).12

Let us now examine the marginal operators of this theory. It is convenient to start
from those in the representation [4] of SU(2). Those carrying fugacities w±4 are X2

++ and
X2
−−. Those carrying fugacities w±2 are X++(trµC) and X−−(trµC). It should be noted

that X++(trµH) and X−−(trµH) vanish due to the following argument (very similar to
that of the case of k = 2). Since (trµC)(trµH) = 0 due to (3.13) and (X++, (trµC), X−−)
transforms as a triplet under an unbroken SU(2) flavour symmetry, we have

X++(trµH) = X−−(trµH) = 0 . (3.41)

The marginal operators carrying fugacity w0 are

(trµH)2 , (trµC)2 , tr(µHµC) , X++X−− . (3.42)

Analogously to (C.13) of the U(2) gauge theory with one adjoint and one fundamental
hypermultiplet, we propose that X++X−− satisfies a quantum relation:

X++X−− = (trµC)2 . (3.43)

Note that both left and right hand sides of this equation have magnetic flux (0, 0). In
summary, the marginal operators in the representation [4] of SU(2) are

X2
++ , X++(trµC) , X++X−− = (trµC)2 , X−−(trµC) , X2

−− , (3.44)

and those transforming as singlets under SU(2) are

(trµH)2 , tr(µHµC) . (3.45)

These operators contribute to the terms
(
2 + χ

SU(2)
[4] (w)

)
at order x2 in the index. As a

result, the x2 term in (3.39) should be rewritten as

x2
[(

2 + χ
SU(2)
[4] (w)

)
−
(
1 + χ

SU(2)
[2] (w)

)
−2
]
. (3.46)

The extra −2, highlighted in purple, indicates the presence of two extra SUSY-currents.
The same remark for the case of k = 2 applies here. Supersymmetry cannot get enhanced
to N = 5, since it would violate a necessary condition for N = 5 supersymmetry which
states that the coefficient of x has to be 1 [37]. We are again obliged to conclude that the
theory flows to a product of two SCFTs, each with N = 4 supersymmetry, similarly to the
situation encountered in [13]. It would be interesting to verify this conclusion using other
methods and, if it were true, it would be also nice to identify such N = 4 SCFTs. We leave
this for future work.

12Similarly to footnote 10, we may as well take (X++, (trµH), X−−) to be the moment map of SU(2) and
(trµC) to be that of U(1). The arguments below still hold with H interchanged with C.
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3.3 U(2)k gauge group with n flavour

Let us now couple to theory (3.20) n flavours of hypermultiplets in the fundamental rep-
resentation of U(2) and obtain

2k n

T
[2,12]
[2,12] (SU(4))

(3.47)

We propose that the superpotential for this theory is the same as (2.17), namely

W = − k

4π tr(ϕ2) + tr ((µC + µH)ϕ) + Q̃ibϕ
b
aQ

a
i

= − k

4π tr(ϕ2) + tr ((µC + µH + µQ)ϕ) ,
(3.48)

The F -terms are the same as (2.19) and the consequences of them are as analysed in
appendix D. The index of this theory is discussed in appendix A.4.

3.3.1 The case of n ≥ 2

We focus on the cases of (n ≥ 3, |k| ≥ 1) and (n = 2, |k| ≥ 3). Evaluating (A.31) with
the background fluxes for the flavour symmetry being set to zero, nf = 0, we obtain the
indices, up to order x2, as follows:

(n ≥ 3, |k| ≥ 1) : 1 + x
[
3 + χ

SU(n)
[1,0,...,0,1](f)

]
+ x2

[
2qχSU(n)

[1,0,...,0](f) + 2q−1χ
SU(n)
[0,...,0,1](f)

+ χ
SU(n)
[2,0,...,0,2](f) + 5χSU(n)

[1,0,...,0,1](f) + χ
SU(n)
[0,1,0,...,0,1,0](f) + 7

−
(
3 + χ

SU(3)
[1,0,...,0,1](f)

)]
+ . . .

(3.49)

(n = 2, |k| ≥ 3) : 1 + x
[
3 + χ

SU(2)
[2] (f)

]
+ x2

[
2qχSU(2)

[1] (f) + 2q−1χ
SU(2)
[1] (f)

+ χ
SU(2)
[4] (f) + 4χSU(2)

[2] (f) + 7

−
(
3 + χ

SU(2)
[2] (f)

)]
+ . . .

(3.50)

where we highlight the contribution of the U(1)3×SU(n) flavour symmetry current in blue.
Let us now analyse the operators with R-charges 1 and 2.

The operators with R-charge 1 are

trµH , trµC , Mk
k = trµQ , M̂ i

j (3.51)

where we remark that M̂ i
j transforms in the adjoint representation [1, 0, . . . , 0, 1] of SU(n),

and that we can always rewrite ϕ in terms of µH , µC and µQ due to (2.19).
Let us now discuss about the marginal operators. These contribute to positive terms

at order x2 of the index. The terms 2qχSU(n)
[1,0,...,0](f) and 2q−1χ

SU(n)
[0,...,0,1](f) correspond to the

gauge invariant combinations constructed by “dressing” Q or Q̃ to the operators in (3.18):

2qχSU(n)
[1,0,...,0](f) : Qai H̃a , Qai Ũa ,

2q−1χ
SU(n)
[0,...,0,1](f) : Q̃iaHa , Q̃iaUa .

(3.52)
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The term 5χSU(n)
[1,0,...,0,1](f) corresponds to

M̂ i
j(trµH) , M̂ i

j(trµC) , M̂ i
j(trµQ) = M̂ i

j(Mk
k ) ,

(AH)ij , (AC)ij ,
(3.53)

where we have defined M̂2 in (D.11) and AH,C in (D.13). It should be noted that,
from (D.12), the quantity (M̂2)ij can be written in terms of a linear combination of (AH)ij ,
(AC)ij and M̂ i

j(Mk
k ) = M̂ i

j(trµQ). For the special case of n = 2, we have an extra rela-
tion (D.15):

(AH)ij + (AC)ij = −M̂ i
j(trµQ) = −M̂ i

j(Mk
k ) (for n = 2) (3.54)

and so we have only four independent quantities, which correspond to the term 4χSU(2)
[2] (f)

in the index. The term χ
SU(n)
[0,1,0,...,0,1,0](f) corresponds to

εi1i2...inεj1j2...jnM̂
j1
i1
M̂ j2
i2
. (3.55)

The term χ
SU(n)
[2,0,...,0,2](f) corresponds to the quantity

Rikjl (3.56)

which is a linear combination M̂ i
jM̂

k
l and other quantities such that any contraction be-

tween an upper index and a lower index yields zero; for example, for n = 2, where M̂2

satisfies (D.9), the marginal operators in [4] are

Rikjl := M̂ i
jM̂

k
l + 1

6(M̂2)ppδijδkl −
1
3(M̂2)ppδilδkj , for n = 2 . (3.57)

Finally the candidates for the marginal operators that do not carry q and f fugacities are

tr(µ2
H) = (trµH)2 , tr(µ2

C) = (trµC)2 ,

tr(µQµH) = (µH)ab Q̃iaQbi , (trµQ)(trµH) ,
tr(µQµC) = (µC)ab Q̃iaQbi , (trµQ)(trµC) ,
(M̂2)ii = M̂ i

jM̂
j
i , (trµQ)2 = (Mk

k )2

tr(µHµC) , (trµH)(trµC) (3.13)= 0 .

(3.58)

where we recall from (D.6) that tr(µ2
Q) is not independent from the above quantities, since

it can be written as

tr(µ2
Q) = M i

jM
j
i = M̂ i

jM̂
j
i + 1

n
(trµQ)2 = − tr(µQµH)− tr(µQµC) . (3.59)

However, the quantities in (3.58) are not all independent from each other. Let us try to
reduce them into a smaller set as follows. From (3.13), we see that (trµH)(trµC) vanishes.
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From (D.10), we see that (trµQ)2 is a linear combination of tr(µQµH) and tr(µQµC) and
(M̂2)ii. In summary, we have eight of such marginal operators:

tr(µ2
H) = (trµH)2 , tr(µ2

C) = (trµC)2 ,

tr(µQµH) = (µH)ab Q̃iaQbi , (trµQ)(trµH) ,
tr(µQµC) = (µC)ab Q̃iaQbi , (trµQ)(trµC) ,
(M̂2)ii = M̂ i

jM̂
j
i , tr(µHµC)

(3.60)

As a result, the x2 term in (3.49) and (3.50) should be rewritten as

x2
[
. . .+ 8−

(
3 + χ

SU(3)
[1,0,...,0,1](f)

)
−1
]
. (3.61)

where the term −1, highlighted in brown, indicates the presence of an extra SUSY-current.
We conclude that supersymmetry gets enhanced to N = 4.

We also observe that, for k = 2, the coefficient of xn2 +1 in the index contains the terms
w + w−1. Similarly, for k = 1, the coefficient of xn+1 in the index contains the terms
w2 + w−2. These indicate that

• for k = 2, there are gauge invariant monopole operators X± with topological charges
±1 with R-charge n

2 + 1; and

• for k = 1, there are gauge invariant monopole operators X++ and X−− with topo-
logical charges ±2 with R-charge n+ 1.

In fact, we have encountered such monopole operators for the case of zero flavour (n = 0)
in sections 3.2.2 and 3.2.3. The above statements generalise the previous results to any n.
In particular, for (n = 2, k = 2), the gauge invariant monopole operator X± are marginal
operators. This can be seen from the index that can be computed from (A.31) with nf = 0:

(n = 2, k = 2) : 1 + x
[
3 + χ

SU(2)
[2] (f)

]
+ x2

[
2qχSU(2)

[1] (f) + 2q−1χ
SU(2)
[1] (f)

+ χ
SU(2)
[4] (f) + 4χSU(2)

[2] (f) + w + w−1 + 7

−
(
3 + χ

SU(2)
[3] (f)

)]
+ . . . ,

(3.62)

where there are extra terms w + w−1 at order x2 in comparison to (3.50).

3.3.2 The case of n = 1

In this subsection, we discuss the special case of n = 1. The operators are as discussed
in the previous subsection, but with the flavour indices i, j, k = 1, and so they can be
dropped. As a result, we have

M̂ = 0 , AH = 0 , AC = 0 . (3.63)
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The cases of |k| ≥ 3. For |k| ≥ 3, the index can be computed from (A.31) with n = 1
and nf1 = 0:

1 + 3x+
(
3 + 2q + 2q−1

)
x2 − x3 + . . .

= 1 + 3x+
(
6 + 2q + 2q−1 − 3

)
x2 − x3 + . . . ,

(3.64)

where we highlight the contribution of the flavour currents in blue, and rewrite the fugacity
f1 as q.

From (3.51) and (3.63), we see that the three independent operators with R-charge 1 are

trµH , trµC , M = trµQ . (3.65)

The flavour symmetry of this theory is therefore U(1)3.
Let us now discuss the marginal operators. The terms 2q + 2q−1 in (3.64) correspond

to the operators in (3.52), namely

2q : QaH̃a , QaŨa ,
2q−1 : Q̃aHa , Q̃aUa .

(3.66)

Note that all of the operators in (3.53) vanish identically for n = 1, due to (3.63) and the
fact that the flavour indices can be dropped. The marginal operators that do not carry
fugacity q are as listed in (3.60); since M̂ = 0, there are 7 independent quantities:

tr(µ2
H) = (trµH)2 , tr(µ2

C) = (trµC)2 ,

tr(µQµH) , (trµQ)(trµH) ,
tr(µQµC) , (trµQ)(trµC) ,
tr(µHµC)

(3.67)

These operators, together with (3.66), contribute 7+2q+2q−1 to order x2 in the index. The
x2 term of the index should then be rewritten as (7 + 2q+ 2q−1)−3−1, where the term −1
indicates the presence of the extra SUSY-current. Hence we conclude that supersymmetry
gets enhanced to N = 4.

The cases of k = 2. The index in this case can be computed from (A.31) with k = 2,
n = 1 and nf1 = 0:

1 + 3x+ (w + w−1)x
3
2 +

(
7 + 2q + 2q−1 − 3− 1

)
x2

+ (w + w−1)x
5
2 + (−1 + w2 + w−2)x3 . . . .

(3.68)

where we rewrite the fugacity f1 as q.
As can be seen from order x, the N = 3 flavour symmetry of the theory is U(1)3. The

operators with R-charge 1 are (3.65). In this case, there are also gauge invariant monopole
operators X±, carrying topological fugacities w±1, with R-charge 3/2. (This is consistent
with the observation that the theory with k = 2 and n flavours, there are gauge invariant
monopole operators with R-charge 1

2n + 1; see section 3.3). The marginal operators are
listed in (3.66) and (3.67). Again, the term −1 at order x2 of the index indicates the
presence of the extra SUSY-current, and we conclude that supersymmetry gets enhanced
to N = 4.
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The cases of k = 1. The index can be computed from (A.31) with k = 1, n = 1 and
nf1 = 0:

1 + 3x+ x2
(
7 + 2q + 2q−1 + w2 + w−2−3−1

)
− x3

[
2
(
q + q−1

) (
w + w−1

)
+ 4

(
w + w−1

)
+ 2

]
+ . . . .

(3.69)

with the fugacity f1 being rewritten as q.
The N = 3 flavour symmetry of this theory is U(1)3, and the operators with R-charge 1

are (3.65). The marginal operators are (3.66) and (3.67), together with the gauge invariant
monopole operators X++ and X−−, carrying topological fugacities w±2. (This is consistent
with the observation that in the theory with k = 1 and n flavours there are gauge invariant
monopole operators with topological charges ±2 and R-charge n+ 1; see section 3.3). The
term −1 at order x2 of the index indicates the presence of the extra SUSY-current, and we
conclude that supersymmetry gets enhanced to N = 4.
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A Expressions of superconformal indices

In this section, we summarise the expressions of the superconformal indices of the theories
discussed in this paper. We follow the convention adopted in [30, 31].

A.1 The T (SU(N)) and T (U(N)) theories

Let us start by discussing the T (SU(N)) theory. It admits the quiver description

1 2 · · · N − 1 N (A.1)

The index is given by

IT (SU(N))({(u1 . . . , uN ), (nu1 , . . . , nuN )}, {(h1 . . . , hN ), (nh1 , . . . , nhN )}, d)

=
∑

m
(1)
1 ∈Z

∑
m

(2)
1 ,m

(2)
2 ∈Z

· · ·
∑

m
(N−1)
1 ,...,m

(N−1)
N−1 ∈Z

N−1∏
j=1

1
j!

j∏
k=1

∮
dz

(j)
k

2πiz(j)
k

u
m

(j)
k

j

(
z

(j)
k

)nuj ×
N−1∏
j=1

Z(j)−(j+1)({z(j),m(j)}, {z(j+1),m(j+1)}, d) Zϕj ({z(j),m(j)}, d)×

Z(N−1)−(N)({z(N−1),m(N−1)}, {(h1 . . . , hN ), (nh1 , . . . , nhN )}, d)×
N∏
j=1

Zvec; U(j)({z(j),m(j)}) ,

(A.2)
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where {(u1 . . . , uN ), (nu1 , . . . , nuN )} are the fugacities for the (enhanced) SU(N) topological
fugacities and the corresponding fluxes, {(h1 . . . , hN ), (nh1 , . . . , nhN )} are the fugacities for
the SU(N) flavour symmetries and the corresponding background fluxes. We also use the
shorthand notation:

{z(j),m(j)} =
{(
z

(j)
1 , · · · , z(j)

j

)
,
(
m

(j)
1 , · · · ,m(j)

j

)}
. (A.3)

They are subject to the conditions

N∏
i=1

ui =
N∏
i=1

hi = 1 ,
N∑
i=1

nui =
N∑
i=1

nhi = 0 . (A.4)

The fugacity d is that corresponds to the axial symmetry U(1)C − U(1)H , where U(1)C
and U(1)H are the Cartan subalgebras of SU(2)C and SU(2)H of the R-symmetry of the
N = 4 R-symmetry SU(2)C × SU(2)H . For convenience, we shall henceforth refer to the
axial symmetry as U(1)d. Here we do not turn on the background magnetic flux for U(1)d.
The contributions of the chiral fields in the theory are as follows:

Z(j)−(j+1)({z(j),m(j)}, {z(j+1),m(j+1)}, d)

= Zχ
(
{z(j),m(j)}, {z(j+1),m(j+1)}, d−1; 1

2

)
×
(
z

(l)
i ↔ 1/z(l)

i , m
(l)
i ↔ −m

(l)
i

)
Zϕj ({z(j),m(j)}, d) = Zχ

(
{z(j),m(j)}, {z(j),m(j)}, d2; 1

) (A.5)

where we define

Zχ({(a1, . . . , a`1), (m1, . . . ,m`1)}, {(b1, . . . , b`2), (n1, . . . , n`2)}, d; r)

=
`1∏
i=1

`2∏
j=1

[
(aib−1

j xr−1d)−
1
2 (|mi−nj |) ((−1)mi−nja−1

i bjx
2−r+|mi−nj |d−1;x2)

((−1)mi−njaib−1
j xr+|mi−nj |d;x2)

]
.

(A.6)

The contribution from the vector multiplet of the U(r) gauge group is given by

Zvec; U(r)({(z1, . . . , zr), (m1, . . . ,mr)})

=
∏

1≤i 6=j≤r
x−

1
2 |mi−mj |

[
1− (−1)mi−mj (ziz−1

j )x|mi−mj |
]
. (A.7)

It is interesting to point out that the index of T (SU(N)) satisfies the following property

IT (SU(N))({h,nh}, {u,nu}, d)

= u
nh1 +···+nhN
N (h1 · · ·hN )nuN
h
nu1 +···+nuN
N (u1 · · ·uN )nhN

× IT (SU(N))({u,nu}, {h,nh}, d−1)
(A.8)

where, upon imposing the conditions (A.4), the prefactor indicated in red is equal to unity.
The index of the T (U(N)) theory is defined as follows:

IT (U(N))({(u1 . . . , uN ), (nu1 , . . . , nuN )}, {(h1 . . . , hN ), (nh1 , . . . , nhN )}, d)

= u
nh1 +···+nhN
N (h1 · · ·hN )nuN × IT (SU(N))({u,nu}, {h,nh}, d)

(A.9)
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where we do not impose the conditions (A.4) in this definition. Since T (U(N)) is a product
of T (SU(N)) and T (U(1)) [19], where T (U(1)) contains only the mixed Chern-Simons term,
we regard the blue factor as the index of the T (U(1)) theory.13 It follows from (A.8) that
the index of T (U(N)) satisfies

IT (U(N))({h,nh}, {u,nu}, d) = IT (U(N))({u,nu}, {h,nh}, d−1) . (A.10)

Upon setting the background fluxes to zero, nu = nh = 0, the indices of T (U(N)) and
T (SU(N)) are equal. In the main text, we are interested in the power series of such indices
up to order x2. The explicit expressions for N = 2 and N = 3 are given in (2.1).

A.2 S-fold theories with the T (U(N)) building block

We now examine the index of theory (2.9) formed by gauging the diagonal subgroup of the
Higgs and Coulomb branch symmetries of T (U(N)):

I(2.9);k,N ({ω, n}, d) =
∑

m1,m2...,mN∈Z

1
N !

N∏
j=1

∮
dzj

2πizj
ωmjz

kmj+n
j ×

Zvec; U(N)({(z1, z2, . . . , zN ), (m1,m2, . . . ,mN )})×
IT (U(N))({(z1, z2 . . . , zN ), (m1,m2, . . . ,mN )},

{(z−1
1 , z−1

2 . . . , z−1
N ), (−m1,−m2, . . . ,−mN )}, d) ,

(A.11)

where ω is the topological symmetry. Here n is the background magnetic flux for the
topological symmetry which we turn off (i.e. by setting n = 0) in the main text. Note
the convention that we gauge the Higgs and Coulomb branch symmetries of the T (U(N))
theory; they come in opposite way zj and z−1

j (also mj and −mj) for j = 1, . . . , N . In the
notation of [14], this corresponds to the U(N)− = diag(U(N)×U(N)†) choice of gauging the
Higgs and Coulomb branch symmetries of T (U(N)). Another choice of gauging corresponds
to the index

Î(2.9);k,N ({ω, n}, d) =
∑

m1,m2...,mN∈Z

1
N !

N∏
j=1

∮
dzj

2πizj
ωmjz

kmj+n
j ×

Zvec; U(N)({(z1, z2, . . . , zN ), (m1,m2, . . . ,mN )})×
IT (U(N))({(z1, z2 . . . , zN ), (m1,m2, . . . ,mN )},

{(z1, z2 . . . , zN ), (m1,m2, . . . ,mN )}, d) ,

(A.12)

where in the notation of [14], this choice corresponds to the U(N)+ = diag(U(N)×U(N))
type of gauging. It follows from (A.9) and from the fact that the index of T (SU(N)) is
invariant under inversion of the SU(N) fugacities because of the Weyl group of SU(N),
that the indices corresponding to these two types of gauging are related by the flipping of
the sign of k together with the sign of the background topological flux n up to the change
of variables zi → z−1

i :

I(2.9);k,N ({ω, n}, d) = Î(2.9);−k,N ({ω,−n}, d) . (A.13)
13The importance of this contact term for the T (U(N)) theory at the level of the S3

b partition function
was already noticed in [38, (3.26)] and in [39, (4.6)].
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For definiteness, we use the convention of (A.11), namely the U(N)− type of gauging,
throughout the paper.

Let us now examine the S-fold theory with n flavours, namely theory (2.16), whose
index is

I(2.16);k,N,n(ω;nf ) =
∑

m1,m2...,mN∈Z

1
N !

N∏
j=1

∮
dzj

2πizj
ωmjz

kmj
j ×

Zvec;U(N)({(z1,z2, . . . ,zN ),(m1,m2, . . . ,mN )})×
IT (U(N))({(z1,z2 . . . ,zN ),(m1,m2, . . . ,mN )},

{(z−1
1 ,z−1

2 . . . ,z−1
N ),(−m1,−m2, . . . ,−mN )},d= 1)×

Zfund({(z1,z2 . . . ,zN ),(m1,m2, . . . ,mN )},
{(f1,f2, . . . ,fn),(nf1 ,nf2 , . . . ,nfn)}) .

(A.14)

Note that the axial U(1)d symmetry is broken by the fundamental hypermultiplets, as can
be seen from effective superpotential (2.20), and so we set d = 1 in the index of T (U(N)).
In the above expression, we also turn off the background flux for the topological symmetry.
The contribution of the fundamental hypermultiplets is given by

Zfund({z,m}, {f ,nf}) = Zχ
(
{z,m}, {f ,nf}, d = 1; 1

2

)
×(

zi ↔ 1/zi, mi ↔ −mi, fj ↔ f−1
j , nfj ↔ −nfj

)
.

(A.15)

In the main text, we set the background flavour magnetic fluxes to zero, nf = 0.

A.3 The T [2,12]
[2,12] (SU(4)) theory

The index of this theory can be computed from the quiver description (3.1) as

Î(3.1)({v1, nv1}, {v2, nv2}, {a, na}, {(b1, b2), (nb1 , nb2)}, d)

=
∑

m1,m2∈Z

∮
dz1

2πz1

∮
dz2

2πiz2
vm1

1 z
nv1
1 vm2

2 z
nv2
2 ×

Z
L,L̃

({z1,m1}, {a, na}, d)Z
R,R̃

({z2,m2}, {b,nb}, d)×

Z
X,X̃

({z1,m1}, {z2,m2}, d)Zϕ1({z1,m1}, d)Zϕ2({z2,m2}, d) ,

(A.16)

where {v1, nv1}, {v2, nv2} are the topological fugacities and the corresponding fluxes for
each U(1) gauge group, {z1,m1}, {z2,m2} are gauge fugacities and fluxes for each U(1)
gauge group. The fugacities and the corresponding background fluxes for the U(1) and U(2)
flavour symmetries are denoted by {a, na} and {(b1, b2), (nb1 , nb2)} = {b,nb} respectively.
The fugacity d corresponds to the axial symmetry, as described above. The contributions
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of the chiral fields in the theory are as follows:

Z
L,L̃

({z1,m1}, {a, na}, d) = Zχ
(
{z1,m1}, {a, na}, d−1; 1

2

)
× (z1 ↔ z−1

1 , a↔ a−1)

Z
R,R̃

({z2,m2}, {b,nb}, d) = Zχ
(
{z2,m2}, {(b1, b2), (nb1 , nb2)}, d−1; 1

2

)
× (z2 ↔ z−1

2 , b1,2 ↔ b−1
1,2)

Z
X,X̃

({z1,m1}, {z2,m2}, d) = Zχ
(
{z1,m1}, {z2,m2}, d−1; 1

2

)
× (z1,2 ↔ z−1

1,2) ,

Zϕ1({z1,m1}, d) = Zχ
(
{z1,m1}, {z1,m1}, d2; 1

)
Zϕ2({z2,m2}, d) = Zχ

(
{z2,m2}, {z2,m2}, d2; 1

)

(A.17)

Setting the background magnetic fluxes to zero, nv1 = nv2 = na = nb1 = nb2 = 0, and
setting d = 1, we obtain the following series expansion of Î(3.1) in x:

Î(3.1)({v1, 0}, {v2, 0}, {a, 0}, {(b1, b2), (0, 0)}, d = 1)

= 1 + x

(
b1
b2

+ b2
b1

+ v1 + 1
v1

+ 4
)

+ x
3
2

(
a

b1
+ a

b2
+ b1
a

+ b2
a

+ v1v2 + v2 + 1
v2

+ 1
v1v2

)
+ x2

(b1v1
b2

+ b1
b2v1

+ b2
b1v1

+ b2v1
b1

+ b2
1
b2

2
+ 2b1

b2
+ b2

2
b2

1
+ 2b2

b1
+ v2

1 + 2v1 + 2
v1

+ 1
v2

1
+ 2

)
+ . . . .

(A.18)

Since the T [2,12]
[2,12] (SU(4)) theory is self-mirror, the Higgs and Coulomb branch symme-

tries are equal, each of which is
(

U(2)×U(1)
U(1)

)
. We rewrite Î(3.1) in such a way that the

fugacities and the correponding background fluxes of such symmetries appear on equal
footing. For this purpose, we make the following reparametrisation:

v1 = w1w
−1
2 , v2 = w2 , b1 = af1 , b2 = af2

nv1 = nw1 − nw2 , nv2 = nw2 , nb1 = na + nf1 , nb2 = na + nf2 .
(A.19)

Let us also define

I(3.1)({w,nw}, {f ,nf}, {a, na}, d)
:= Î(3.1)({w1w

−1
2 , nw1 − nw2}, {w2, nw2}, {a, na},

{(af1, af2), (na + nf1 , na + nf2)}, d) .
(A.20)

The function I(3.1) has the following properties:

I(3.1)({w,nw}, {f ,nf}, {a, na}, d)
= wna1 anw1I(3.1)({w,nw}, {f ,nf}, {1, 0}, d) .

(A.21)
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and

I(3.1)({w,nw}, {f ,nf}, {a, na}, d)

=
(
wna1 anw1

fna1 anf1

)
I(3.1)({f ,nf}, {w,nw}, {a, na}, d−1) .

(A.22)

If we define

Î(3.1)({w,nw}, {f ,nf}, {a, na}, d)
:= fna1 anf1 × I(3.1)({w,nw}, {f ,nf}, {a, na}, d) ,

(A.23)

then the identity (A.22) implies that, the index Î(3.1) satisfies the following condition

Î(3.1)({w,nw}, {f ,nf}, {a, na}, d) = Î(3.1)({f ,nf}, {w,nw}, {a, na}, d−1) . (A.24)

Note that the prefactor indicated in blue in (A.23) indicates a mixed Chern-Simons term,
similarly to the T (U(N)) theory.14

For simplicity, in the main text, we focus on the case {a, na} = {1, 0} and define

I(3.1)({w,nw}, {f ,nf}, d) := Î(3.1)({w,nw}, {f ,nf}, {1, 0}, d) , (A.25)

and so it satisfies the following property:

I(3.1)({w,nw}, {f ,nf}, d) = I(3.1)({f ,nf}, {w,nw}, d−1) . (A.26)

The series expansion of I(3.1) in x when nw = nf = (0, 0) is as follows:

I(3.1)({w,0}, {f ,0}, d)

= 1 + x

[
d−2

(
f1
f2

+ f2
f1

+ 2
)

+ d2
(
w2
w1

+ w1
w2

+ 2
)]

+

+ x3/2
[
d−3

(
f1 + f2 + 1

f2
+ 1
f1

)
+ d3

(
w1 + w2 + 1

w1
+ 1
w2

)]

+ x2
[
f1w2
f2w1

+ f1w1
f2w2

+ f2w2
f1w1

+ f2w1
f1w2

+ d−4
(
f2

1
f2

2
+ f2

2
f2

1
+ 2f1

f2
+ 2f2

f1
+ 3

)

+ d4
(
w2

1
w2

2
+ w2

2
w2

1
+ 2w1

w2
+ 2w2

w1
+ 3

)
− 4

]
+ . . . .

(A.27)

Setting {a, na} = {1, 0} amounts to modding out the U(1) factor in the numerator of the
symmetry U(2)×U(1)

U(1) by the U(1) in the denominator; the result is then identified with the
U(2) symmetry for the Higgs or the Coulomb branch.

It is convenient to rewrite the index (A.27) by setting

w1 = bu , w2 = bu−1 , f1 = qh , f2 = qh−1 (A.28)
14The importance of contact terms for the T σρ [SU(N)] theory at the level of the S3

b partition function was
noticed in [40], see for example equation (2.56) of that reference for the case of σ = [2, 12] and ρ = [14].
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so that
I(3.1)({(bu, bu−1),0}, {(qh, qh−1),0}, d)

= 1 + x
[
d2
(
1 + χ

SU(2)
[2] (u)

)
+ d−2

(
1 + χ

SU(2)
[2] (h)

)]
+ x

3
2
[
d3(b+ b−1)χSU(2)

[1] (u) + d−3(q + q−1)χSU(2)
[1] (h)

]
+ x2

[
d4
(
1 + χ

SU(2)
[2] (u) + χ

SU(2)
[4] (u)

)
+ d−4

(
1 + χ

SU(2)
[2] (h) + χ

SU(2)
[4] (h)

)
+ χ

SU(2)
[2] (u)χSU(2)

[2] (h)−
(
χ

SU(2)
[2] (h) + 1

)
−
(
χ

SU(2)
[2] (u) + 1

)
−1
]

+ . . .

(A.29)

where the blue terms denote the contribution of the U(2) × U(2) global symmetry of the
theory and the brown term −1 denotes the contribution of the U(1)d axial symmetry.

A.4 S-fold theories with the T [2,12]
[2,12] (SU(4)) building block

We now examine the index of theory (3.20) formed by gauging the diagonal subgroup of
the Higgs and Coulomb branch symmetries of T [2,12]

[2,12] (SU(4)):

I(3.20)(k; {w, n}) =
∑

m1,m2∈Z

1
2!

 2∏
j=1

∮
dzj

2πizj
wmjz

kmj+n
j

Zvec; U(2)({(z1, z2), (m1,m2)})×

I(3.1)({(z1, z2), (m1,m2)}, {(z−1
1 , z−1

2 ), (−m1,−m2)}, d = 1) , (A.30)

where ω is the topological symmetry and the contribution Zvec; U(2) of the U(2) vector
multiplet is given by (A.7). Here n is the background magnetic flux for the topological
symmetry which we turn off (i.e. by setting n = 0) in the main text. Due to the effective
superpotential (3.23), the axial symmetry U(1)d is broken and so we set d = 1 in the above
expression.

Similarly to the case of T (U(N)), we can couple n flavours of the fundamental hyper-
multiplets to the U(2) gauge group of theory (3.20). This results in theory (3.47), whose
index is

I(3.20)(n, k;w, {h,nh})

=
∑

m1,m2∈Z

1
2!

 2∏
j=1

∮
dzj

2πizj
wmjz

kmj
j

Zvec; U(2)({(z1, z2), (m1,m2)})×

I(3.1)({(z1, z2), (m1,m2)}, {(z−1
1 , z−1

2 ), (−m1,−m2)}, d = 1)×
Zfund({(z1, z2), (m1,m2)}{(h1, h2, . . . , hn), (nh1 , nh2 , . . . , nhn)}) .

(A.31)

where the contribution Zfund of the fundamental hypermultiplet is given by (A.15). We
also turn off the background magnetic flux for the topological symmetry in the above
expression. In the main text, we also set the background fluxes for the flavour symmetries
to zero, nh = 0, and use the fugacity map:

h1 = qf1, h2 = qf2f
−1
1 , h3 = qf3f

−1
2 , . . . , hn = qf−1

n−1 , (A.32)

where f1, . . . , fn are the fugacities of the SU(n) flavour symmetry and q is the fugacity for
the U(1) flavour symmetry.
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B S-fold theories with T (U(1)): U(1)k−2 gauge theory

In this section, we briefly review S-fold theories with the T (U(1)) building block. Although
it turns out that these theories are simply ordinary 3d N = 3 Chern-Simons matter the-
ories,15 they are useful for comparing and contrasting with those constructed using the
T (U(N)) theory with N > 1.

The T (U(1)) theory is an almost trivial theory with a recipe for coupling external
abelian vector multiplets containing gauge fields A1 and A2 [19]. Such a coupling is the
supersymmetric completion of the following Chern-Simons term:

− 1
2π

∫
A1 ∧ dA2 . (B.1)

In an S-fold theory, the U(N) × U(N) symmetry of the T (U(N)) theory is commonly
gauged, say with a Chern-Simons level k. For N = 1, the term (B.1) gives rise to a Chern-
Simons level −2 to the U(1) gauge group. After combining with the Chern-Simons level k,
we see that the S-fold theory in question is nothing but the U(1)k−2 gauge theory.

From the perspective of the index, the mixed Chern-Simons term in T (U(N)) con-
tributes unh1 +···+nhN

N (h1 · · ·hN )nuN , where (u1, . . . , uN ;nu1 , . . . , nuN ) are the U(N) topo-
logical fugacities and the associated background fluxes and (h1, . . . , hN ;nh1 , . . . , nhN ) are
the U(N) flavour fugacities and the associated background fluxes. When both U(N) are
commonly gauged, we set hi = zi, ui = z−1

i , nhi = mi, nui = −mi, for i = 1, . . . , N ,
where zi are the gauge fugacities and mi are the corresponding gauge fluxes. This results
in (z1 · · · zN )−mN z−m1−...−mN

N . In the case of N = 1, this is simply z−2m1
1 , which is the

contribution of the U(1) gauge group with Chern-Simons level −2. Together with the term
zkm1

1 due to Chern-Simons level k of the U(1) gauge group, we have z(k−2)m1
1 , which is the

contribution of the U(1) gauge group with Chern-Simons level k − 2, as expected.
The superpotential for the 3d N = 3 U(1)k−2 pure gauge theory is

W = −k − 2
4π ϕ2 . (B.2)

For k 6= 2, ϕ can be integrated out, and we are left with a topological field theory. For
k = 2, we have the theory of a free N = 4 abelian vector multiplet.

We can also couple n flavours of hypermultiplets to this theory and obtain the 3d
N = 3 U(1)k−2 gauge theory with n flavours, whose superpotential is

W = −k − 2
4π ϕ2 + Q̃iϕQi , (B.3)

with i = 1, . . . , n. Note that, for k = 2, this is in fact the 3d N = 4 U(1) gauge theory
with n flavours.

15In fact, the pure S-fold theories (i.e. those without hypermultiplet matter) of this type were considered
in [10, 18]. These are simply pure abelian Chern-Simons theories with several U(1) gauge groups, with
mixed Chern-Simons couplings between them.
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The case of n ≥ 3. Let us focus on the case of n ≥ 3 for the moment. The index of
this theory, for n ≥ 3, is

k = 2 : 1 + x
(
1 + χ

SU(n)
[1,0,...,0,1](f)

)
+ x2

[
χ

SU(n)
[2,0,...,0,2](f)−

(
1 + χ

SU(n)
[1,0,...,0,1](f)

)]
+ . . .+ (ω + ω−1)x

n
2 + . . .

k 6= 2 : 1 + x
(
1 + χ

SU(n)
[1,0,...,0,1](f)

)
+ x2

[
χ

SU(n)
[2,0,...,0,2](f)−

(
1 + χ

SU(n)
[1,0,...,0,1](f)

)]
+ . . .

(B.4)

We remark that the crucial difference between the cases of k = 2 and k 6= 2 are the terms
(ω + ω−1)xn2 due to the presence of the gauge invariant monopole operators X± with R-
charge n

2 . For n = 3, 4, these monopole operators contribute with the terms at order x 3
2

and x2 respectively. For n ≥ 5, the index up to order x2 of these cases are equal. Despite
this equality, we emphasise that the operators in the cases of k = 2 and k 6= 2 are different.
We will shortly describe these in detail.

For k = 2, the term tr(ϕ2) in (B.3) is absent and the F -terms are

Q̃iϕ = 0 , ϕQi = 0 , Q̃iQi = 0 . (B.5)

Due to the last equality, the mesons M i
j = Q̃iQj satisfy

M i
i = 0 , (M2)ij = M i

kM
k
j = 0 . (B.6)

Moreover, we have

ϕM i
j = 0 . (B.7)

The operators with R-charge 1 are

ϕ , M i
j (B.8)

contributing 1 + χ
SU(n)
[1,0,...,0,1](f) at order x. The operators at order x2 that contribute

χ
SU(n)
[2,0,...,0,2](f) are

M i
jM

k
l (B.9)

satisfying (B.6). There is, however, another marginal operator, namely

ϕ2 . (B.10)

The order x2 of the index in the first line of (B.4) should be rewritten as

. . .+ x2
[
1 + χ

SU(n)
[2,0,...,0,2](f)−

(
1 + χ

SU(n)
[1,0,...,0,1](f)

)
−1
]

+ . . . (B.11)
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where the contribution from the N = 3 extra SUSY-current is highlighted in brown.16 Due
to the presence of this current, the corresponding IR SCFT has N = 4 supersymmetry, as
expected.

Let us now assume that k 6= 2. The F -terms are

ϕQi = 0 , Q̃iϕ = 0 , ϕ = 2π
k − 2Q̃

iQi . (B.12)

The meson matrix M i
j = Q̃iQj thus satisfies the conditions

ϕM i
j = 0 , ϕ = 2π

k − 2M
i
i . (B.13)

Note that ϕ can be integrated out using the last equality, after which the effective super-
potential is

Weff = π

k − 2(Q̃iQi)2 = π

k − 2(M i
i )2 . (B.14)

Multiplying M j
k to both sides of the second equation of (B.13) and using the first equation

of (B.13), we obtain

(M i
i )M

j
k = 0 . (B.15)

Contracting the indices j and k, we see that M i
i is nilpotent:

(M i
i )2 = 0 . (B.16)

The operators with R-charge 1 are

M i
i , M̂ i

j := M i
j −

1
n

(Mk
k )δij . (B.17)

Using the identity

(M̂2)ij = (M2)ij −
2
n

(Mk
k )M i

j + 1
n2 (Mk

k )2δij , (B.18)

and the conditions (B.15) and (B.16), we obtain

(M̂2)ij = (M2)ij = Q̃iQkQ̃
kQj = (Mk

k )M i
j

(B.15)= 0 . (B.19)

Thus, the marginal operators are

M̂ i
j M̂

k
l (B.20)

satisfying (B.19). These contribute the term χ
SU(n)
[2,0,...,0,2](f) at order x2 in the index. In this

case, we do not see the presence of an extra SUSY-current. The corresponding IR SCFT
thus has N = 3 supersymmetry.

16From the perspective of the N = 2 index, this −1 can be viewed as the contribution of the axial
symmetry, denoted by U(1)d in the main text, under which ϕ carries charge +2 and each of Qi, Q̃j carries
charge −1. Note that this symmetry is broken when k 6= 2.
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The case of n = 2. The case of k = 2 is simply the 3d N = 4 U(1) gauge theory with
2 flavours or the T (SU(2)) theory, whose index is

1 + x
(
χ

SU(2)
[2] (ω) + χ

SU(2)
[2] (f)

)
+ x2

[(
χ

SU(2)
[4] (ω) + χ

SU(2)
[4] (f)

−
(
χ

SU(2)
[2] (ω) + χ

SU(2)
[2] (f)

)
−1
]

+ . . . ,
(B.21)

where we set the topological fugacity w to w = ω2. The operators with R-charge 1 are M i
j ,

satisfying (B.6), together with

C =
(
ϕ X+
X− −ϕ

)
, (B.22)

satisfying (C2)i′j′ = Ci
′
k′C

k′
j′ = 0. Due to (B.7), we also have

Ci
′
j′M

i
j = 0 . (B.23)

The marginal operators are

Ci
′
j′C

k′
l′ , M i

jM
k
l . (B.24)

The contribution of the N = 3 extra SUSY-current is highlighted above in brown.
The index for the case of k 6= 2 is simply (B.4) with n = 2:

1 + x
(
1 + χ

SU(2)
[2] (f)

)
+ x2

[
χ

SU(2)
[4] (f)−

(
1 + χ

SU(2)
[2] (f)

)]
. (B.25)

The operators with R-charges up to 2 are as described previously.

The case of n = 1. For k = 2, we have the 3d N = 4 U(1) gauge theory with 1 flavour,
which flows to the theory of a free hypermultiplet.

For k 6= 2, the operator with R-charge 1 is M , satisfying M2 = 0 due to (B.16). There
is no marginal operator in this case. The indices are

k 6= 1, 2, 3 : 1 + 1x−1x2 + 2x3 + . . .

k = 1 : 1 + 1x+ (−1−ωq−1 − ω−1q)x2 + (2 + ωq−1 + ω−1q)x3 + . . .

k = 3 : 1 + 1x+ (−1−ωq − ω−1q−1)x2 + (2 + ωq + ω−1q−1)x3 + . . .

(B.26)

For k 6= 1, 2, 3, we don’t see the presence of an extra SUSY-current, and so we conclude
that the theory has N = 3 supersymmetry. On the other hand, for k = 1, 3, where the
theory is simply the U(1)±1 gauge theory with 1 flavours, we found two N = 3 extra
SUSY-currents, and so we conclude that the theory has enhanced N = 5 supersymmetry,
as proposed in [17]. From the perspective of the N = 2 index, the negative terms at
order x2 correspond to the conserved current, which indicates that the theory has an
SU(2) ∼= Spin(3) global symmetry. This is a commutant of the Spin(2) R-symmetry of
N = 2 supersymmetry in the Spin(5) R-symmetry of N = 5 supersymmetry.
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C Monopole operators in some 3d N = 4 gauge theories

In this section, we analyse the Coulomb branch operators of two 3d N = 4 gauge theories,
namely the U(N) gauge theory (with N = 2, 3) with one adjoint and one fundamental hy-
permultiplets and the U(2) gauge theory with four flavours, using the indices and Coulomb
branch Hilbert series. The aim is to write down explicitly the Coulomb branch operators
with R-charges up to 2 and their relations. These turn out to be extremely useful in
drawing an analogy with operators in the S-fold theories discussed in the main text.

C.1 U(2) and U(3) gauge theories with one adjoint and one fundamental
hypermultiplets

Let us first consider the U(2) gauge group. The index of this theory is

1 + x
1
2 (d[1]w + d−1[1]c) + x(2d2[2]w + 2[1]w[1]c + 2d−2[2]c)

+ x
3
2
[
d3(2[3]w + [1]w) + 3d[2]w[1]c + 3d−1[2]c[1]w + d−3(2[3]c + [1]c)

]
+ x2

[
d4(3[4]w + [2]w + 1) + 4d2[3]w[1]c + (d→ d−1, w ↔ c) + 5[2]w[2]c

− [2]c − [2]w − 2
]

+ . . .

(C.1)

The terms at order x 1
2 indicate that the theory contains two free hypermultiplets, and so

the above expression can be rewritten as

Ifree(x; cd−1) Ifree(x; c−1d−1) Ifree(x;wd) Ifree(x;w−1d)

×
[
1 + x

(
d2[2]w + [1]w[1]c + d−2[2]c

)
+ x2

(
d4[4]w + d2[3]w[1]c+

+ d−4[4]c + d−2[3]c[1]w + [2]w[2]c

− d2[1]w[1]c − d−2[1]w[1]c − [2]w − [2]c − 1
)

+ . . .
]

(C.2)

where Ifree(x;ω) is defined in (2.48). In fact, this index can be rewritten in terms of
characters of SU(4) representations as

Ifree(x; cd−1) Ifree(x; c−1d−1) Ifree(x;wd) Ifree(x;w−1d)

×
[
1 + [2, 0, 0]x+

(
[4, 0, 0]− [1, 0, 1]

)
x2 + . . .

]
,

(C.3)

where we have used the following decompositions of representations of SU(4) into SU(2)w×
SU(2)c ×U(1)d:

[2, 0, 0] −→ [2; 0]+2 + [1; 1]0 + [0; 2]−2

[4, 0, 0] −→ [4; 0]+4 + [3; 1]+2 + [2; 2]0 + [1; 3]−2 + [0; 4]−4

[1, 0, 1] −→ [1; 1]+2 + [2; 0]0 + [0; 0]0 + [0; 2]0 + [1; 1]−2 .

(C.4)

Let us discuss (C.2) from the perspective of the N = 3 index, in which case we have
to set d = 1. The index can then be rewritten in terms of characters of USp(4) ∼= Spin(5)
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representations as follows:

Ifree(x; c) Ifree(x; c−1) Ifree(x;w) Ifree(x;w−1)

×
[
1 + [0, 2]x+ x2 ([0, 4]−[0, 2]−[1, 0]) + . . .

]
.

(C.5)

The N = 3 flavour current is in the adjoint representation [0, 2] of Spin(5). We indicate its
contribution to the index in blue. The brown negative term at order x2 in (C.2) implies that
there are five extra SUSY conserved currents in the vector representation [1, 0] of Spin(5).
We thus conclude that the interacting SCFT part of this theory has N = 3+5 = 8 enhanced
supersymmetry, in agreement with [41, section 5.1]. Indeed, the symmetry Spin(5) is the
commutant of the N = 3 R-symmetry Spin(3) in the N = 8 R-symmetry Spin(8). Another
way to see this is to view (C.3) as an N = 2 index, in which the SU(4) ∼= Spin(6) global
symmetry is manifest. This is actually the commutant of the N = 2 R-symmetry Spin(2)
in Spin(8), which is the R-symmetry of an N = 8 SCFT.

We remark that, in (C.1), we include the contribution from the free hypermultiplets.
In particular they contribute negative terms −(d[1]w + d−1[1]c) at order x3/2 and −([2]w +
d2[1]w[1]c + d−2[1]w[1]c + [2]c + 2) at order x2; see (2.48). These can combine with the
contribution of the interacting SCFT part and cancel that of the operators constructed
from products with the aforementioned free fields.

We denote the monopole operator with flux (m,n) by X(m,n), which carries topological
charge m+n and R-charge 1

2(|m|+ |n|). Note that one can always use the Weyl symmetry
of U(2) to arrange the flux into the form m ≥ n > −∞. As in the main text, we use the
following shorthand notations below:

X± := X(±1,0) , X++ := X(1,1) , X−− := X(−1,−1) . (C.6)

In the following analysis we focus on the Coulomb branch operators. Up to order x2,
these correspond to the terms with the highest power of d in (C.1). Another convenient way
is to compute a quantity that counts such operators, known as Coulomb branch Hilbert
series, which can be regarded as a limit of the index (see (3.41) of [42]). For the theory in
question, the Hilbert series is computed in section 4.1 of [36]:∑

m≥n>−∞
x

1
2 (|m|+|n|)PU(2)(x;m,n)wm+n

= PE
[
x

1
2 [1]w + x[2]w − x2

]
= 1 + x

1
2 [1]w + 2x[2]w + x

3
2 (2[3]w + [1]w) + x2(3[4]w + [2]w + 1) + . . . ,

(C.7)

with

PU(2)(x;m,n) =

(1− x)−2 , m 6= n

(1− x)−1(1− x2)−1 , m = n
(C.8)

The second line of (C.7) indicates that the Coulomb branch is isomorphic to C2× (C2/Z2).
The Coulomb branch operators that carry R-charge 1/2 are the monopole operators

with fluxes (±1, 0)
[1]w : X+ , X− (C.9)
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They parametrise the C2 factor of the Coulomb branch and decouple as a free hypermul-
tiplet. These correspond to the term x

1
2 [1]w inside the PE in (C.7).

The Coulomb branch operators with R-charge 1 are

[2]w : X++ , (trϕ) , X−−

[2]w : X2
+ , X+X− , X2

− .
(C.10)

It should be noted that X+X− = X(1,0)X(−1,0) = X(1,0)X(0,−1) is not subject to any
relation and is an independent operator; it can be identified with the monopole operator
with flux (1,−1). The quantities in the first line are generators of the Coulomb branch,
corresponding to the term x[2]w inside the PE in (C.7).

The Coulomb branch operators with R-charge 3/2 are

[3]w : X3
+ , X2

+X− , X+X
2
− , X3

−

[3]w : X++X+ , X++X− , X−−X+ , X−−X−

[1]w : X+(trϕ) , X−(trϕ) .
(C.11)

The Coulomb branch operators with R-charge 2 are

[4]w : X4
+ , X3

+X− , X2
+X

2
− ,

X+X
3
− , X4

−

[4]w : X2
++ , X++(trϕ) , X++X−− = (trϕ)2 ,

X−−(trϕ) , X2
−−

[4]w : X++X
2
+ , X++(X+X−) , X++X

2
− = X2

+X−−

X−−(X+X−) , X−−X
2
−

[2]w : X2
+(trϕ) , X+X−(trϕ) , X2

−(trϕ)
[0]w : tr(ϕ2)

(C.12)

where the relation
X++X−− = (trϕ)2 (C.13)

is the defining equation of the factor C2/Z2 of the Coulomb branch. Notice that the left
hand side X++X−− = X(1,1)X(−1,−1) occupies the point (0, 0) on the magnetic lattice and
so as the right hand side. This relation corresponds to the term −x2 inside the PE in (C.7).
Moreover, the relation

X++X
2
− = X2

+X−− (C.14)

follows from the fact that the monopole operators on the left and right hand sides of the
equation occupy the same point (1,−1) in the magnetic lattice.

In the case of the U(3) gauge group, the Coulomb branch Hilbert series reads

PE
[
x

1
2 [1]w + x[2]w + x

3
2 [3]w − x

5
2 [1]w − x3[2]w + . . .

]
= 1 + x

1
2 [1]w + 2x[2]w + x

3
2 (3[3]w + [1]w) + x2(4[4]w + 2[2]w + 2) + . . . .

(C.15)

– 42 –



J
H
E
P
1
2
(
2
0
2
0
)
0
1
7

The notations need to be slightly modified as follows:

X± := X(±1,0,0) , X±± := X±(1,1,0) , X±±± := X±(1,1,1) . (C.16)

As we can see from the above Hilbert series, the generators of the Coulomb branch are
the same as for N = 2, except that there are additional ones with R-charge 3/2 in the
representation [3]w:

[3]w : X+++ , X+;(0,1) , X−;(0,1) , X−−− . (C.17)

The dressed monopole operators X±;(0,1) are as discussed in (5.4) of [36]:

X±;(r,s) := X(±1,0,0);(r,s) = (±1, 0, 0)φr1(φs2 + φs3) + permutations , (C.18)

where along the Coulomb branch ϕ can be diagonalised as diag(φ1, φ2, φ3).

C.2 U(2) gauge theory with four flavours of fundamental hypermultiplets

The index of this theory reads

1 + x
(
d2[2]w + d−2[1, 0, 1]f

)
+ x2

[
d4([4]w + [2]w + 1) + [2]w[1, 0, 1]f

+ d−4([2, 0, 2]f + [0, 2, 0]f )− [2]w − [1, 0, 1]f − 1
]

+ . . . .
(C.19)

The monopole operator X(m,n) with flux (m,n) carries the topological charge m + n and
R-charge 2(|m|+ |n|)−|m−n|. The Coulomb branch operators are captured by the highest
powers of d at each order of x in the index. The information about the Coulomb branch
chiral ring is contained in the Hilbert series, which was discussed in (5.6) of [36]:∑

m≥n>−∞
x2(|m|+|n|)−|m−n|PU(2)(x;m,n)w2(m+n)

= PE
[
x[2]w + x2[2]w − x3 − x4

]
= 1 + x[2]w + x2([4]w + [2]w + 1) + . . . .

(C.20)

The Coulomb branch operators with R-charge 1 are

[2]w : X(1,0) , (trϕ) , X(−1,0) . (C.21)

These correspond to the term x[2]w in the PE in (C.20).
The Coulomb branch operators with R-charge 2 are

[4]w : X2
(1,0) , X(1,0)(trϕ) , X(1,0)X(−1,0) , X(−1,0)(trϕ) , X2

(−1,0)

[2]w : X(1,0);(0,1) , tr(ϕ2) , X(−1,0);(0,1)

[0]w : (trϕ)2

(C.22)

The second line contains the dressed monopole operators, as discussed in (5.4) of [36]:

X(±1,0);(r,s) = (±1, 0)φr1φs2 + (0,±1)φr2φs1 , (C.23)
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where along the Coulomb branch ϕ can be diagonalised as diag(φ1, φ2). The quantities in
the second line correspond to the term x2[2]w inside the PE in (C.20). The quantities in
the first and third lines of (C.22) correspond to the symmetric product Sym2[2] = [4] + [0].

In order to understand the relations at order x3 and x4, as indicated by the Hilbert
series (C.20), it is convenient to define the following traceless matrices, containing the
generators of the Coulomb branch:

X1 :=
(

trϕ X(1,0)
X(−1,0) − trϕ

)
, X2 :=

(
tr(ϕ2) X(1,0);(0,1)

X(−1,0);(0,1) − tr(ϕ2)

)
, (C.24)

each of which transforms in the adjoint representation of SU(2). Similarly to (4.19) and
(4.20) of [43], the relations at order x3 and x4 can be written respectively as

x3 : tr(X1X2) = 0
⇔ X(1,0)X(−1,0);(0,1) +X(−1,0)X(1,0);(0,1) + 2(trϕ) tr(ϕ2) = 0 ,

x4 : tr(X 2
2 ) + α(trX 2

1 )2 = 0
⇔ X(1,0);(0,1)X(−1,0);(0,1) + [tr(ϕ2)]2

+ 2α[X(1,0)X(−1,0) + (trϕ)2]2 = 0 ,

(C.25)

where α is a non-zero constant, which can be absorbed by a redefinition of X1 or X2.

D Consequences of the F -term equations (2.19)

In this appendix, we discuss consequences of the F -term equations (2.19) on gauge invariant
quantities. It is convenient to define

M i
j := Q̃iaQ

a
j , (µQ)ab = Q̃ibQ

a
i (D.1)

so that we have
M i
i = trµQ . (D.2)

It then follows that

QbjM
j
i

(D.1)= Qai (µQ)ba
(2.19)= Qai

(
k

2πϕ− µC − µH
)b
a

(2.19)= −Qai (µC + µH)ba ,

Q̃jbM
i
j

(D.1)= Q̃ia(µQ)ab
(2.19)= Q̃ia

(
k

2πϕ− µC − µH
)a
b

(2.19)= −Q̃ia(µC + µH)ab ,
(D.3)

or, equivalently,

Qaj

[
(µH + µC)baδ

j
i +M j

i δ
b
a

]
= 0 , Q̃ja

[
(µH + µC)abδij +M i

jδ
a
b

]
= 0 . (D.4)

Multiplying Q̃kb to both sides of the first equation in (D.4), we obtain

Mk
jM

j
i = (M2)ki = −(µH + µC)baQ̃kbQai . (D.5)

Contracting the indices k and i, we obtain

(M2)ll = tr(µ2
Q) = −(µH + µC)ab Q̃laQbl = − tr [(µH + µC)µQ] . (D.6)
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For n ≥ 2, it is convenient to define

M̂ i
j = M i

j −
1
n

(Mk
k )δij = M i

j −
1
n

(trµQ)δij . (D.7)

It satisfies the following identifies:

(M̂2)ij = (M2)ij −
2
n

(Mk
k )M i

j + 1
n2 (Mk

k )2δij ,

(M̂2)ii = (M2)jj −
1
n

(Mk
k )2 .

(D.8)

In the special case of n = 2, due to the Hamilton-Cayley theorem,17 we also have

(M̂2)ij = 1
2(M̂2)kk δij , for n = 2 . (D.9)

Using (D.2), (D.5), (D.6) and (D.8), we obtain

(M̂2)ij = −(µH + µC)baQ̃ibQaj −
2
n
M̂ i
j(trµQ)− 1

n2 (trµQ)2δij ,

(M̂2)ii = − tr [(µH + µC)µQ]− 1
n

(trµQ)2 .
(D.10)

It is also convenient to define

(M̂2)ij := (M̂2)ij −
1
n

(M̂2)kkδij . (D.11)

Then, from (D.10), we have

(M̂2)ij = −(µH + µC)ab Q̃iaQbj + 1
n

tr(µHµQ + µCµQ)δij −
2
n
M̂ i
j(trµQ)

= −(AH)ij − (AC)ij −
2
n
M̂ i
j(trµQ) ,

(D.12)

where we define

(AH)ij := (µH)ab Q̃iaQbj −
1
n

tr(µHµQ)δij ,

(AC)ij := (µC)ab Q̃iaQbj −
1
n

tr(µCµQ)δij .
(D.13)

Using (D.9), we also have
(M̂2)ij = 0 , for n = 2 , (D.14)

and so it follows from (D.12) that

(AH)ij + (AC)ij = −M̂ i
j(trµQ) = −M̂ i

j(Mk
k ) , for n = 2 . (D.15)

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

17For a 2× 2 matrix A, it satisfies A2 − (trA)A+ 1
2

[
(trA)2 − tr(A2)

]
12×2 = 0.
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