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1 Introduction

There are many interesting superconformal field theories (SCFTs) in 3d, which can be
loosely categorized according to the scaling of their free energies in the planar limit. Fa-
mously, the free energy of the N'= 6 ABJM theories with holographic duals in M-theory
scales like N3/2 [1-3]. For N' = 2 Chern-Simons-matter theories with duals in massive
type IIA, the scaling is modified to N°/3 [4-6]. A large class of 3d SCFTs, denoted as
y [G], can be obtained by considering 4d N' = 4 SYM with gauge group G on an interval,
with boundary conditions specified by two Young tableaux p and ¢ and separated by an
S-duality wall [7]. For G = SU(N) these theories can also be described as IR fixed points



of 3d Yang-Mills-type quiver gauge theories. Holographic duals for these theories in Type
IIB supergravity were constructed in [8], building on earlier work in [9, 10], and the free
energies for certain theories in this class, including T'[SU(V)], were matched to holographic
results in [11]. Remarkably, the free energies were found to scale like N%1In N.

In this paper we revisit the 3d T7[SU(NV)] theories, with the motivation to better
understand their planar limit and the scaling of the free energies. From the perspective of
the supergravity duals, the N2 1n N scaling found in [11] is the result of a somewhat peculiar
limit in which certain brane sources run off and stretch out the internal space to produce
the logarithmic scaling. The O(N?) part is sensitive to higher-curvature corrections. From
the field theory perspective the scaling can be understood in a similar way: the 3d SCFTs
considered in [11] are the IR fixed points of quiver gauge theories with a large number of
nodes, with the ranks of the gauge groups of the same order as the length of the quivers.
The matrix models resulting from supersymmetric localization can be reformulated in a way
which is adapted to such long quiver gauge theories, following [12], which was discussed
for the T[SU(N)] theory in [13]. The N?In N scaling emerges in this formulation from
singular behavior of the localized partition function when evaluated on the large- N saddle
point, while the O(N?) part is sensitive to corrections.

In this work we discuss a limit of 3d long quiver gauge theories in which the supergravity
duals are free from runaway sources and the field theory computations do not lead to
singularities. We take a large number of nodes, L, and a large number of flavors at isolated
interior nodes. Unlike the limit considered in [11], we take the ranks of the gauge groups
to scale quadratically with L. These theories can be understood as Ty [SU(N)] with N =
O(L?) where p and o have O(L) rows with O(L) boxes each. We will show that the
free energies scale like L*, or N2, with coefficients given by trilogarithm functions whose
arguments depend on the data characterizing the quiver gauge theories, p and o. These
results will be produced both from field theory and supergravity, and we show that they
match precisely. We also discuss the topologically twisted index, and show that, in the
spirit of the “index theorem” of [14], this index agrees up to a universal overall factor
with the free energy on S3. From the perspective of the 4d N' = 4 SYM construction
of the 3d T7[SU(N)] theories, the L* scaling corresponds to the familiar N? scaling in
4d. The theories considered in [11] will be recovered as special limiting cases, in which
the trilogarithm functions appearing as coefficients of the leading N? terms reduce to
logarithms.

The quartic scaling of the free energy with the length of the quiver is a feature also
exhibited by a class of 5d SCFTs which arise as UV fixed points of long quiver gauge
theories [12, 15, 16]. The way the SCFTs relate to gauge theories in 3d and 5d differ: the
3d SCFTs arise as IR fixed points of UV-free gauge theories, while the 5d SCFTs arise as
UV fixed points of IR-free gauge theories. The scaling of the ranks of the gauge groups is
quadratic with the length of the quiver in 3d, but only linear in the 5d theories. Moreover,
the constraints that the gauge theories have to satisfy in order to obtain well-defined SCFTs
in 3d and 5d are inequalities constraining the numbers of flavors in opposite directions.
Nevertheless, the constraints overlap for balanced theories. For each 3d quiver gauge
theory with all nodes balanced, we discuss a 5d parent theory for which the matrix model



resulting from supersymmetric localization is related in a simple way and is dominated by
the same saddle point, leading to simple relations between BPS observables in the planar
limit.

The paper is organized as follows: in section 2 we introduce the 3d quiver gauge
theories whose IR fixed points we will study. We review their brane realization in type IIB
string theory and their supergravity duals. In section 3 we derive general formulae for the
free energies. We establish an “index theorem”, relating the topologically twisted index to
the free energy in section 4. In section 5 we present case studies, and derive explicit results
for a sample of concrete theories. In section 6 we discuss the relation to 5d long quiver
SCFEFTs. We conclude in section 7.

2 3d long quiver SCFTs

We start with a characterization of the SCF'Ts to be discussed in the following in terms
of their UV gauge theory descriptions. Brane constructions and supergravity duals will be
discussed afterwards. The theories of interest are 3d Yang-Mills-type N' = 4 supersym-
metric U(+) linear quiver gauge theories with L nodes labeled by ¢t = 1,..., L. The general
form is

U(N1) = U(N2) — ... = U(Ng—1) — U(NL)
\ | | \ (2.1)
[Fe1] [2] [kr—] kL]

The dashes between the gauge nodes denote hypermultiplets in the bifundamental repre-
sentation, and [k] denotes k; fundamental flavors. The theories in (2.1) are T [SU(N)]
theories,! which were classified into good, bad and ugly in [7]. The general quivers were
spelled out previously e.g. in [17]. We will focus on the good theories, for which the number
of flavors at each node is at least twice the number of colors.

We will be interested in the limit where the gauge theories have a large number of nodes,
L > 1. In that limit the nodes can be labeled by an effectively continuous coordinate z €
[0, 1] along the quiver, and the data {INVy, k;} is encoded in functions N(z), k(z) defined by
N(z) =N, k(z) =k, . (2.2)

2=7,
In the limit discussed in [11] the ranks of the gauge groups are O(L). A prime example
is the T[SU(N)] theory, (1) — (2) —... — (N — 1) — [N], which was cast in the above
language in [13]. This is also the scaling considered for 5d quiver theories in [12]. Here
we will consider a different scaling, in which the majority of nodes has rank N; of O(L?).
Concretely, we will take N(z) to be a continuous, piece-wise linear function of O(L?), and
we will also assume that the leading-order part of N(z) vanishes at the boundaries of the

"'We will use T7 [SU(N)] to refer to the IR SCFT and to the UV gauge theory, hoping that the distinction
will be clear from context.
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Figure 1. Brane construction for the quiver gauge theories in (2.1). The vertical lines represent D5-
branes oriented along the (012456) directions, the ellipses are NS5-branes oriented along (012789)
and the horizontal lines are D3-branes extending along (0123).

quiver. These assumptions will be relaxed and discussed in more detail later. For now we
assume

N(z) = O(L?), lim L72N(z)=0. (2.3)

z—{0,1}

Fundamental hypermultiplets will be attached to isolated nodes, such that their total num-
ber is O(L). The nodes where N(z) is linear, with no additional fundamentals attached,
are balanced. The kinks of N(z) may be convex (curving away from the real axis) or
concave (curving towards the real axis). The nodes at convex kinks have a flavor excess.
Concave kinks need additional fundamental hypermultiplets to bring the number of flavors
at least to twice the number of colors.

2.1 Brane construction

We now review the brane construction of the theories in (2.1), following [7, 18], and discuss
the limit in (2.3) from that perspective. Each U(N;) gauge node is represented by a stack of
N; D3-branes suspended between NS5 branes as in figure 1, and the D5-branes represented
by vertical lines in figure 1 add fundamental matter. The limit discussed in the previous
section amounts to taking a large number of NS5-branes, L + 1, with the numbers of D3-
branes, Ny, of O(L?) such that they fall off towards the boundary nodes. Having a total of
O(L) fundamental hypermultiplets distributed over the gauge nodes means that the total
number of D5-branes is O(L).

One can bring all D5-branes to one side and all NS5-branes to the other side using
Hanany-Witten transitions, as shown for an example in figure 2. The gauge theory data
is now encoded in two Young tableaux, both encoding partitions of the total number of
D3-branes stretched between the stack of D5-branes and the stack of NS5-branes. One of
them, p, encodes how the D3-branes end on the NS5-branes. The other one, o, encodes
how the D3-branes end on the D5-branes. Explicit expressions for the quiver gauge theory
data in terms of (p, o) can be found e.g. in [17, 19]. The constraints for having a ‘good’
theory amount to

pl >0, (2.4)

In words, the sum of the boxes in the first i rows of p! is strictly larger than the same
quantity for o. This has to hold for all 4 up to the number of rows in p’. It implies
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Figure 2. Moving all D5-branes to one side, for the quiver [2] — (1) — (2) — [3]. Each D5-brane
has as many D3-branes attached as it has crossed NS5-branes. The partitions are p = [4,2,2],
o =12,2,2,1,1]. The vertical positions of the D3-brane parametrize the Coulomb branch and do
not affect the IR SCFT.

that o has more rows than p’. The condition (2.4) is equivalent to o > p so that, when
satisfied, both T} [SU(N)] and TZ[SU(N)] are ‘good’ theories. They are related by mirror
symmetry [20] and expected to flow to the same SCFT in the infrared. From the brane
perspective, the exchange p <+ o can be understood as S-duality.

To set the stage for the discussion of supergravity duals it will be useful to make the
partitions more explicit: suppose we have p groups of D5-branes, labeled by a = 1,...,p,
with Néa) D5-branes in the a'® group. Let the total number of D3-branes ending on the
a*™ group be N?Ea), with N?Ea) /N5(a) D3-branes ending on each individual D5-brane in that
group. Then

N(l) NSP)
o= [(N§/NEDYN (P NS (2.5)

where the exponent denotes how often an entry is repeated. One can similarly group the
NS5-branes according to the net number of D3-branes ending on each (number of branes
emerging to the left minus number of branes emerging to the right). Let there be p groups
of NS5-branes, labeled by b = 1,...,p, with Néb) NS5-branes in the b group. Let the
total number of D3-branes ending on the b group be ]\Aféb). Then

~ o (1) D ] (D) ) (B) D)
p= | (VDN (NP N (2.6)

The total number of D3-branes suspended between D5 and NS5 branes, corresponding to
N in TZ[SUN)], is N = ¥ N =50 N,
The scaling discussed around (2.3) can be characterized in terms of p and ¢ by having

N = O(L), N = o(L),
a (b
N = 0(L?), O = or?). (2.7)

That is, generically entries in p and o are O(L) and appear O(L) times. We also take p
and p to be O(1). The total number of gauge nodes is given by the number of NS5-branes
minus one, which is O(L). The total number of flavors along the quiver is given by the
total number of D5-branes, and also O(L). The D5-branes typically have a large number
of D3-branes ending on them, so they realize flavors at nodes well in the interior of the

quiver.



2.2 Supergravity duals

Holographic duals for the 3d T7[SU(V)] theories were constructed in [8], building on the
general local Type IIB supergravity solutions of [9]. The geometry is a warped product of
AdSy and two 2-spheres, S? and S, over a Riemann surface . The Einstein frame metric
and axio-dilaton are

Ny
0 = s, + S + F3dsly + A71deP, SN S

The 3-form and 5-form field strengths are
H(3) = VOIS% Adb1 , F(g) = VOlsg Adbs ,
Fis) = —4volags, Adji + 47 f3 f1 " volge Avolgs A(xadji), (2.9)

where x9 denotes Poincaré duality on Y. The solutions are parametrized by a pair of
harmonic functions hi, hs on Y. The metric functions are

g N W2 g NiNW?
Ny P T T

(2.10)

W = 00(h1ha), N; = 2h1ho|Oh)? — h2W . (2.11)

The quantities b1, bo, 71 appearing in the fluxes will not be needed here; they can be found
in [8].

For the holographic duals of the T [SU(N)] theories, ¥ is a strip, ¥ = {2|0 < Im(z) <
7}, and the harmonic functions are (section 4.1 of [11])

P - _
hy = — Z %Néa) In [tanh (T _z 5a)] +c.c.

a=1 2
P oo ) z— &
hy = — 1)2::1 ZN5 In |tanh > +c.c. (2.12)

On each boundary component of ¥ one of the two spheres collapses, closing off the internal
space smoothly: Sf shrinks at Im(z) = 0 and S3 at Im(z) = Z. The points Re(z) — o0
are regular. The parameters encode the brane configurations as in (2.5), (2.6). The p
D5-brane stacks with Néa) D5-branes in the a*® stack are at z = 6, + %’; the p NS5-brane
stacks with Néb) NS5-branes in the b*™ stack are at z = 31,. The locations ¢, and 3;, are
determined from the conditions

N = N zﬁ: 2 arctan %0 N = O Zp: N(a)g arctan e% 0 (2.13)

3 =4V 5 ) 3 =1V 5 : :
b=1 a=1

Summing the first set of conditions over a is equivalent to summing the second set of
conditions over b. This ensures that the total number of D3-branes agrees. With the



scaling in (2.7), the left hand sides of the equations, N?Ea) and N?Eb), are of O(L?), and so

are the coefficients Néa) V 5(b)

on the right hand sides. Thus, the arctane® % factors are
generically O(1): the brane sources are at finite locations on the upper/lower boundary of
the strip, and they are separated by finite amounts. With p and p of O(1) the solutions
have a finite number of brane sources.

The free energy can be obtained holographically from the on-shell action. The general

expression for the AdS; x S? x S3 x ¥ solutions (see (4.39) and (4.40) of [11]) reads

32

Fsu ra — SHB = T2 i
& w3/t

/ d* h1ha00(hihs) . (2.14)
b))

This will be used to discuss the free energies from the supergravity perspective in section 5.
A general evaluation of the free energies obtained from this expression can also be found
in [21].

3 Free energies from localization

The free energy on S3 for T[SU(N)] for general N (not necessarily large) was obtained
in [19, 22]. A formula for the more general TJ[SU(NV)] theories was proposed in [19],
and passed several consistency checks. Here we work directly in the planar limit and
derive explicit expressions for the free energies from the matrix models resulting from
supersymmetric localization.

We start by spelling out the continuum formulation of the matrix models for generic
long quiver theories of the form (2.1) on S3, following [12, 13]. The matrix models will be
formulated in N' = 2 language and we will allow for more general R-charge assignments than
would be allowed by N' = 4 supersymmetry. We then derive the saddle point equations,
with no assumption on the specific scaling of N(z) other than that it is large, and discuss
the general solution for balanced quivers. Differences to the 5d discussion in [12] arise for
theories with unbalanced nodes, reflecting the differences in the flavor bounds.

The localized partition function for 3d N/ = 2 gauge theories was derived in [23-25]
(for a review see [26]). For a theory with N chiral multiplets it is given by

Ny
z- L d\ T (2sinh(ra(n))? x J[ [J /0 rrties®) (3.1)
’W‘ Cartan a>0 =1 ps

where a > 0 are the positive roots of the gauge group, W is the Weyl group, py are
the weights of the representations of the chiral multiplets and ry is their R-charge. The
function /¢ is given by

l(z)=—2zIn (1 — ezmz) + % <71'22 + %Lig (62””)) — % . (3.2)

In specializing to the theories in (2.1) we note that an N = 4 vector multiplet consists of
an N = 2 vector and an N = 2 adjoint chiral multiplet, while the A/ = 4 hypermultiplets



correspond to pairs of N = 2 chiral and anti-chiral multiplets. Choosing a uniform R-
charge r for the bifundamental and fundamental fields fixes the R-charge of the adjoint
chiral multiplets to 7 = 2(1 — r). Thus,

Z= \Wl/[ﬁﬁdw]

t=1i=1
Nt " L—-1 Nt Nt+1 ¢ L Nt "
F=Y 3 A -2+ S B a8 23S kEr (A, (3.3)
t=1¢,m=1 t=1 =1 m=1 t=1/¢=1

where the N' = 4 vector and hypermultiplet contributions are collected in
1 . 19 1 . I
Fy(A) = —5n (4sinh?(mA)) — 5 [ =7 iX) + 1 =7 = iN)].
FgA\) = —0(1 —r+i\) — L1 —r —il\), (3.4)

with the first term in Fy understood to vanish for argument zero to implement the
product over positive roots in (3.1). For R-charge r = %, the functions simplify due
to €< + z)\) +/ (f — z)\) %ln (4 cosh2(7r)\)>. To pass to the continuum description
in (2.2), we introduce an eigenvalue density for each gauge node, p;()), and a fuction of
two effectively continuous variables p(z,\) = p.r(A). This allows to combine the contribu-
tions from the vector and bifundamental hypermultiplets to form derivatives along z. In

parallel to [12, 13], the integrand F becomes

F=L]| dz d/\d)\ﬁ—f ANAAN (2)2p(z, N p(z, N Frr (A — A)
[foic iy | H

i, /01 dz/d)\ N(2)p(z, Vk(2)Fir(\), (3.5)

where, with Fy(z) = (Fyu(z) + Fy(2))/(2r)?,

- 1 - -
£ = N(2)*p(z, Np(z. V@) Fo(A = X) = 5750:(N(2)p(2, M) 9= (N (2)p(2, A) Fur (A = ).
(3.6)

The free energy at large N is given by F evaluated on the dominant saddle point,
Fgs =—InZ ~ F| (3.7)

p=ps
In the following only the behavior of Fyy and Fpy for large real argument will be needed. It
is given by (see [13] for a detailed discussion)

Fy(x) = g(l —r)i(z), Fp(z) =2m(1 —7r)|z|. (3.8)

We can compare the expression for F in (3.5) to the analogous expression for a 5d SU(-)
quiver of the form (2.1), given in eq. (2.20) of [12] (ignoring the Chern-Simons terms). The
form of the first line in (3.5) is identical to the one in 5d, up to an overall factor of L.



However, the functions Fg and Fjy are different. In particular, compared to 5d the scaling
of Fy and Fp in (3.8) is reduced. The contribution of flavors in the second line of (3.5)
again takes the same general form as in 5d, up to the same factor L? that appeared in the
first line.

Crucially, the relation between Fg and Fy is identical in 3d and 5d, and in both cases
given by

8Fy(z) = Fli (). (3.9)

As a result, the scaling of the eigenvalues is identical: the scaling is determined by balancing
the two terms in £, for which the relation between Fg and Fj is crucial. The scaling of
N(z) does not enter, since both terms in £ are quadratic in N(z). The eigenvalues thus
scale linearly with L. We introduce new variables = of O(1), defined by

A=2rLx, (3.10)

where O(1) factors were included to simplify the dependence on 7. The properly normalized
density for x is defined by p(z,z)dx = p(z,A)d\. It is actually convenient to further
introduce

o(z,x) = N(2)p(z, x), (3.11)
which encodes the densities normalized to N(z). Then (3.5) with (3.6) simplifies to

> / dz/dmdyﬁ—fL Z /dmdyg z,x)o(z,y)Fu(x —y)

2T z€{0,1}

+ L? /01 dz {/dm o(z,x)k(z)Fr () + p(z) </ dro(z,z) — N(z))} , (3.12)

where a Lagrange multiplier has been added to enforce the correct normalization of g, and
1
L= Q(Za JI)Q(Z,y)Fo(J? - y) - 5 ZQ(Z7x)8ZQ(Zvy)FH(x - y) : (313)
The next step is to discuss the extremality conditions. The identical relation between
Fg and Fp in (3.9) implies that the local saddle point equation is identical to the one in
5d, and given by

1
183% o(z,x) + 9%0(z,2) + Li(x Zkt (z—2)=0. (3.14)

All three terms are of the same order for the scalings discussed around (2.3), i.e. for
N(z) = O(L?) and k; of O(L). The derivation of the boundary conditions at z = 0 and
z = 1 also proceeds in parallel to the 5d case and we refer to [12] for details. Assuming
that the number of flavors at the boundary nodes is of the same order as the rank of the
boundary gauge group, they are given by

o(zp,x) = N(zp)0(x), zp €40,1}. (3.15)

For the quivers described in section 2, N(z) is subleading at the boundary nodes compared
to generic z. For the leading-order results it is thus sufficient to impose vanishing Dirichlet
boundary conditions.



3.1 Junction conditions

The remaining ingredient are the junction conditions at unbalanced nodes, which differ
between 3d and 5d. The expression for F in terms of Fy and Fj is identical in 3d and 5d
(up to an overall factor L?). The boundary term at an interior unbalanced node z = z
resulting from variation of F is analogous to (2.46) of [12], and given by

OF = 2r/dac do(zt,x) [/ dy [0:0(z,9)/i22 ¢ Fr(x — y) + Lk Fp(x) + Lyg | . (3.16)

From the requirement for this variation to vanish we find the necessary junction condition
zZ=Zz € !

T(o) = [ dy 10:0(y) 23 Fue — ) + LiuFu(@) + Lpg 20, (3.17)

For large |z| the condition simplifies due to Fg(x —y) ~ Fpg(z), which grows linearly. The
integral over y can be performed in the leading term, and one finds that the condition
T(z) = 0 is consistent at large |z| only if [0.N(z)]2T¢ = —Lk,. This is precisely the
requirement for the node at z; to be balanced. If the node is not balanced, the support of

o needs to be constrained,
o(z,z) =0 forx ¢ (v_,z4). (3.18)

This goes along with the variations being constrained to (z_, x4 ) and only requires (3.17)
to be satisfied on that interval.

One way to evaluate the condition in (3.17) is to note that upon taking three derivatives
w.r.t. = the left hand side vanishes, 7"’ () = 0. This allows to express T'(z) as a polynomial
of degree 2 in z and leads to 3 conditions. The condition (3.17) takes the same general form
as in 5d; however, since F scales differently in 5d one obtains 5 conditions. This is to be
contrasted with only one less parameter in 3d, due to a missing Lagrange multiplier (since
the gauge nodes are U(-) in 3d as opposed to SU(-) in 5d). We show in appendix A that
the condition (3.17) merely fixes p;. However, the condition (3.17) in the interior of the
interval (z_, x4 ) is not in general sufficient for the variation (3.16) to vanish. Rather, (3.17)
has to be interpreted in a distributional sense — what has to vanish is T'(x) is integrated
against dp as in (3.16). As also derived explicitly in appendix A, this leads to an additional
requirement constraining the allowed singularities at the end points,

lim o(z,2)y/x —xzy =0. (3.19)

T+

This is a stronger requirement than in 5d, where the corresponding condition (see ap-
pendix A) is limg_,, (z — a:i)?’/ 20(2,) = 0 and square root singularities are allowed.
This adds a constraint in 3d compared to 5d and balances the counting. The differences in
the junction conditions reflect the different flavor bounds in 3d and 5d, as will be discussed
in more detail below.

3.2 Balanced quivers

The saddle points and free energies for generic quivers with all nodes balanced can be
obtained straightforwardly. The derivation proceeds in parallel to the discussion for 5d

~10 -



theories in section 3 of [12], leading up to the solution g4 encoding the saddle point eigen-
value densities given in (3.14) there. Assuming fundamental flavors at a finite number of
nodes z,

N(0) sin(7z) N N(1)sin(7z)
cosh(27x) — cos(mz) = cosh(2mz) + cos(7mz)

)
L s cosh(2mx) — cos (m(z — 2¢))
B tl (cosh(ch) —cos (m(z + zt))>

0s(z,x) =

(3.20)

t
thz.

This encodes the normalized densities for = defined in (3.10), ps(z,z), via os(z,z) =
N(z)ps(z, z).

Differences to the 5d discussion arise in the evaluation of the free energies, due to the
different scalings of Fy and F{y, which leads to subtleties at the boundary nodes. Evaluating
F in (3.5) using integration by parts in £ and the saddle point equation (3.14) leads to

L-1
]:|9 0s _T/daC 2)0204(2,2))22 Fu () +7’szt/dl’gs (2, 2)Fp(x). (3.21)

For the theories discussed in section 2 with the scalings as in (2.3), the first term in (3.21)
is O(L?) and subleading with respect to the second term, which is O(L%). Among the
contributions to s in (3.20), only the second line contributes to the leading-order result
for F, which evaluates to

]:|9=gs = _E Lzl Kok /dx Fi(z)In <Cosh(27rx) —cos (m(z¢ — zs)))

= cosh(2mx) — cos (7(z¢ + 25))

_ _757»‘)112 Lz_:l ki k. Re |:L13 (eiw(zs-l—zt)) — Lis (eiﬂ'(zs—Zt))} . (322)

7T s,t=2

Via (3.7) this yields the general free energy for balanced quivers of the form (2.1) with the
scaling (2.3). With the k; of O(L), F scales like L*, i.e. quartic in the length of the quiver
and quadratic in the ranks of the largest gauge nodes. The matrix models have O(L?)
integration variables, so the issue with the validity of the large- N approximation discussed
in [13] does not arise.

The logarithmic scaling found for the theories of [11] can also be understood from the
expressions above. The theories of [11] have large numbers of flavors at the boundary nodes,
and naively the two terms in (3.21) are of the same order. However, as discussed in [13] for

the T[SU(NN)] theory, the integral in the first term of (3.21) is actually divergent in that case.
2=1-1/L
z=1/L
which results in a logarithmic enhancement of the naive scaling with the leading term

The integral was regularized in [13] by introducing a cut-off replacing []>=) — [-]
independent of the precise choice of cut-off. It makes the first term in (3.21) the leading

contribution and reproduces the result of [11]. The results can also be recovered from the
expression in (3.22), as will be discussed in detail in section 5.4.
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4 Topologically twisted indices

Let us now consider the topologically twisted index, namely the partition function on
Ygx S ! with a topological twist on the Riemann surface >4, where g denotes the genus
of the surface. The topologically twisted index is expressed in terms of complex fugacities
y for the global symmetries and a set of integer magnetic fluxes n on Y, parametrizing
inequivalent twists. Using the localization results of [27-29], the index for a N > 2 theory
with gauge group G can be written as

8?log Z(\,y,m,n)\°
Z( 4.1
27{ Ay (d AT ’ “1)

mel

7 =
EgxSt ‘W|

where the sum is over magnetic fluxes in the co-root lattice I' of G. With A = e, we have

<)\p1/2 1/2>P1( )—nr+l-—g

4.2
1-— )\PIyI ( )

Z= 1] Gdu) [TA=2"]] 11

Cartan aeG I preRy

In this expression, « are the roots of G and I labels the chiral fields in the theory, trans-
forming in the representation R; of G which has weights p;. The integration contour
in (4.1) can be formulated in terms of Jeffrey-Kirwan residues [27-29]. We also choose the
parametrization for which, to each chiral field, we associate a fugacity y; and a flux nj.
More precisely, in terms of an assignment m/ for background global symmetries, we have
the relation

ny = m{ + (1 — g)n (4.3)

with r; the R-charge of the chiral field. Therefore, the requirement for the superpotential to
be invariant under the global symmetries and to have charge 2 under R-symmetry results in

Su=2(1-g), (4.4)
I

where the sum runs over each monomial term in the superpotential. Following [28, 29],
one can rewrite the index as

_1)rank G

0?log Z -
> Zlne 0<det = aw> , (4.5)

I e
! |W| saddle

where the sum is over the saddle points of the two-dimensional twisted superpotential
W, obtained by compactifying the theory on a finite-size circle. We will shortly review
the expression of W for the theories in (2.1). The formulation of the twisted index as a
sum over critical points of VW has been first derived in the context of the Gauge/Bethe
correspondence [30-34]. See also [35-38].

The N = 4 theories in (2.1) have R-symmetry SU(2)y x SU(2)¢, so that different
topological twists can be realized, with different choices of the N’ = 2 R-symmetry U(1).
They leave an additional global U(1) symmetry with an associated fugacity and a flux
(see [29] for a discussion). We will keep n; generic, without fixing the R-charge in (4.3),
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so that we do not restrict to a particular twist. More precisely our choice is to assign a
uniform flux n to each A/ = 2 chiral coming from the N = 4 hypermultiplets and a flux 1
to each adjoint chiral, constrained by

n+n=2(1-g). (4.6)

Similarly, we associate a uniform fugacity y = e’® to each chiral coming from the N = 4
hypermultiplets. Due to the NV = 4 superpotential this fixes the fugacity 7 for the adjoint
chirals:

vi=1, A +2A =2r, (4.7)

where we choose the phases such that 0 < A, A < 2r.

In principle, more general assignments of fugacities and fluxes are possible. For ex-
ample, we could associate fugacities y; and y} to the fundamentals and antifundamentals
appearing at nodes with flavors, together with fluxes ny and n’f. However, those contri-
butions would be subleading in the large N limit, due to the conditions yfy} = 1 and
ny = —n’ imposed by the superpotential.’

With these conventions, the twisted superpotential for the long quivers in (2.1) can be
written in a form analogous to the form found for the free energy on S® in (3.12). Indeed,
retracing the procedure discussed in section 3 and, performing the scaling

u=2iLAx, (4.8)

leads to [13]

1
% :./o dZ/dxdy {Q(zyw)@(z,y)‘/o(x —y) — %VH(Q: — y)azg(z,x)azg(z,y)]
(4.9)
—2 > [dwdyelz, et n) Vil — ) + 12 [ dz [ dwole, 2)k(:)Vin ()

z€{0,1}

with

Vo(z) = (1 - A) 5(x), Vir(z) = 2 (1 - A) 2. (4.10)

2 m ™

The expression for the twisted superpotential can be obtained from the expression (3.12)
for the free energy by the substitution » — A/7 as follows
i

. 4.11
r—A/7 ( )

Indeed, writing y; = e*47, yr = ¢"®F at each node, in the large N limit and for each pair of funda-

mental and anti-fundamental (see for example eq. (A.34) in [14]), the leading contribution to the twisted
superpotential is

et [ ool [5r+ 8] = [ dopaie 7 - a7 =0.

A similar argument holds for the contribution to the topologically twisted index, using the relation ny = —n}.
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Analogous relations between free energy and twisted superpotential have been found in [14,
39, 40]. The expression for W in (4.9) depends on A only through an overall factor, since
Vo and Vg have the same dependence on A. Similarly, F in (3.12) depends on r only
through an overall factor. Therefore, the saddle points of W and F are independent of r
and A, and identical

0sw(z, ) = 05, 7(2,2) = 0s(2, ) . (4.12)

The topologically twisted index can now be obtained from (4.5). The meaningful
quantity in the large IV limit is the logarithm of the absolute value of the index. Moreover,
the determinant in (4.5), for the theories we are considering, turns out to be subleading,
using the same argument as in [13]. So the expression for the index in the continuum limit
can be written, in a straightforward generalization of the results in [13], as

1 1
in|Zlsys0 = [ dz [ dody |o(z,0)0.(2.0) Z0(0 — )~ 50:0,( )00, 0) 2~ )

L

- = dxdy 0s(z,x)0s(z,y) Zg(x — L? [ dz k(2) | dz os(z,2)Zu(x

{ZO}/ y 0 0)eu(z ) Zuto —y) + L [ dz K2) [ do ou(20)Zu(@)
(4.13)

Zo(x) = 5 In(~2n +38) ~ A1 - ) 6(),  Zu(x) =28~ (1-g)s].  (414)

4.1 Index theorem

Evaluating the twisted index starting from (4.13) is, in general, not trivial. However, in
the spirit of [14], we can derive an “index theorem”, extending results obtained for other 3d
N > 2 theories [14, 39-42] to the theories considered here. This theorem relates In |Z |53y %51
to the twisted superpotential evaluated on the saddle point configuration (denoted by W) by

I |2y, s = (1 - g) <f:W(A) i (1 " - i) ngd . (4.15)

The argument of [14] is based on promoting, in W, the explicit factors of 7 to a formal
variable. The important observation for the theories in [14] is that, as a function of =
and the chemical potentials, WV is homogenous of degree 2. This is in general not true
for the theories considered here. But we can follow a similar approach to establish the
relation (4.15) for the theories discussed in section 2.

We start from the expressions (4.9) and (4.13), and define a “deformed” version of
the twisted superpotential (4.9), with a parameter a such that a = 1 corresponds to the
expression in (4.9),

1
W, = iA(ma—A) l/o dz/dxdy (;Q(z,:z)g(z,y)é(ac —y) — |z — y|8zg(z,a:)8zg(z,y))

—L drdy o(z,2)0(z,y)|x —y| +2L* | dz k(2) | dx (z,x)|a:|] :
ze%:,u/ y o(z x)o(2,y)lr —y / / 0
(4.16)
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The dependence on A and a has been isolated as an overall factor. The saddle point
configuration g, yy, is therefore independent of A and a (analogously to (4.12)). The
twisted superpotential W, evaluated on g, )y, thus is a homogeneous function of degree 2

in a and A, and satisfies

oW, ta oW,
0A da

With this relation in hand we move on to rescale x — x/2A, resulting in

A

=2W,. (4.17)

Wa 1 N N a 1 a N A
== / = [ dudy |0l 2)6( )V (o~ ) — SV o~ 9)0.0(,2)0.0(2.0)

]

- — Z /dxdygz:r zy)VIS)(x— —i—L/dz/dxgzx)k(z)Vlga)(a:)

ZE{O 1}
(4.18)
where 9(z, x) is the eigenvalue density in the new variables and
a A a A
Vi) (2) = wA2 (a _ ) 5(z) VO () = (a _ ) 2. (4.19)
T T

With the rescaling  — /2A the expression for In|Z|y, , g1 in (4.13) similarly becomes
1 . R N 1 4 . R
In[Z|g .51 =/0 dZ/dfrdy 0s(2,2)05(2,y) Zo(x —y) — 5 Zni (¢ — y)0:05(2, 2)0:05(2, )

~5 3 [ardyon(e ) ) Znte ) + 1 [ k(e) [ Zn(@)ouz,0)

ZG{O 1}
(4.20)

Zo(w) = [A(=27 + 3 — A21 —g)|6(x),  Zu(2)=(n—1+g)la[.  (421)

The functions Vo(a), VI(;) entering the twisted superpotential W, are related to the functions
Zo, Z entering the expression for In |Z|Eg><51 by

= Zosu(@). (4.22)

a=1

1y (" )3%(/}1

(1-9) T—a)

T Oa

so that on shell (namely, on the saddle point configuration)

; OW, . oW, ow o oW 0p
(1—9)(2 —|—z< n ) ) log‘Z‘E Xsl-i-l Q—H( e ) oo

m Oa 1—g/ 0A 06 Oa 1—g/) 00 0A
——
=0 on shell =0 on shell
(4.23)
Using, in the left hand side, eq. (4.17), we can finally write
20— R A\ OW
2]y, s = (1 g) (WW(A) n (1 - W) a) . (4.24)

~15 —



For T[SU(N)] this relation has been verified in [13]. Note that we did not use the explicit
form of the saddle point eigenvalue density. Finally, using (4.11) and (4.12), the index
theorem can be expressed in terms of the free energy. With the dependence of the free
energy on r explicitly indicated as Fgs = Fg3(r), the relation takes the form

2l = (1-0) (<Fs () - 3 (7 - 2) 250). a)

Moreover, as clear from the expression (3.12), the free energy only depends on r through
an overall factor r(1 — r). Hence, we can rewrite the relation (4.25) as

r(n(r—20)+ Al —g) . (A
AR Fas () | (4.26)

hl’Z’zngl = T

This general expression will be applied in further concrete theories in section 5. Note that
for a particular choice of A, n, the so-called universal twist

n—

2| D

(1-g), A:g, (4.27)

the relation between twisted index and the free energy simplifies to

A
In|Zly, g0 = (g~ 1)Fys (ﬂ) . (4.28)

This relation can be interpreted from the holographic perspective. Following the insight
of [43], the index is expected to account for the entropy of magnetically charged AdSy black
holes (see [44] for a review), while the S3 free energy corresponds to the action of a vanilla
AdSy solution. The two are related as in (4.28) for 3d SCFTs whose holographic duals
admit a consistent trunction to 4d gauged supergravity [42]. For the holographic duals of
the T7[SU(NN)] theories, a consistent truncation has not been constructed to our knowledge.
But we certainly expect it to exist, in line with the general conjecture of [45]. This would
allow to uplift the solutions of [46, 47] to asymptotically-AdSy black hole solutions of Type
IIB supergravity and the relation (4.28) would explain their entropy.

5 T7[SU(N)] case studies

In this section we study a sample of concrete theories, including theories which have at
least one quiver gauge theory description with all nodes balanced, and theories in which
neither of the two mirror-dual gauge theory descriptions has all nodes balanced. When
there is a gauge theory description with all nodes balanced, the field theory results can be
taken from section 5.1. For theories with unbalanced nodes, where the difference in the
flavor bounds in 3d compared to 5d is crucial, we will illustrate how the differences are
reflected in the localization computations.
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5.1 General balanced quivers

Balanced quivers can be obtained by taking 7 [SU(NV)] with N = Rj R», and with p and
o partitions of N that are given by

p = [RI2], o=[th, ... 6], (5.1)

with t, < Ro for all a = 1,...¢. That is, there are Ro NS5-branes and each of them has a
net number of Ry D3-branes ending on it. There are £ groups of D5-branes, with k, D5-
branes in the a'® group on each of which a net number of t, D3-branes end. These brane
configurations generally realize balanced quivers.® If £ = 1 the mirror dual is balanced as
well; in general the mirror duals are not balanced. The limit (2.3) is realized by taking
R1, Ry and t,, k, all of the same order.

To avoid confusion with the notation for similar but not identical quantities in (2.1)
we have set (kq,ts) in a different font. The gauge theory for (5.1) can be characterized as
follows: the total number of nodes is Ry — 1. The nodes which have fundamental flavors,
in the notation as in (2.1), are at t = t,. There are k, flavors at the node with ¢t = t,. The
quiver takes the form

U(ika—[{l) e —UWVy) = = U(Ny) — .o .= U(V,) — ... — U(Ry)
a=1

| | a | (5.2)
[ki] [ka] - [ke]

Between the node with rank N, at ¢t = t, and the node with rank Ny, , at t = t,11, the
rank changes in increments of AN, with

l
ANy =-Ri+ Y ki. (5.3)
i=a+1

AN, can be positive or negative. Between the first node at ¢ = 1 and the node at t = t;
the rank changes by ANy with the definition above; between the node at ¢t = t; and the last
node it changes in increments of —R;. With the given assumptions the t, are generically
well in the interior of the quiver. However, one can allow for t; = 1 and t, = Ry — 1, i.e.

flavors at boundary nodes. The tails on the left and right of (5.2) are then absent.
The leading-order saddle point eigenvalue distribution, with the scalings assumed
in (2.3), i.e. no O(N?) flavors at the boundary nodes, is given by the second line of (3.20),

_ R ‘ i cosh(2mx) — cos (m(z — z4)) , _ta
0s(2,) = 27 agl al <cosh(27rx) —cos (m(z + za))) ’ ‘T Ry’ (5:4)

In the configuration as in figure 2b, there are (Rs — t)R; D3-branes between the t*" and (¢t + 1)*
NS5-branes, and each node considered in isolation would be balanced. Moving the D5-branes to the node
where they realize flavors does not change the flavor balance: if D5-branes pass a pair of NS5-branes, the
ranks of the node and its neighbors are reduced equally. If D5-branes end up between a pair of NS5-branes,
the rank of the neighboring node to one side is reduced, and a corresponding number of bifundamentals is
converted to fundamental flavors.
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The free energy is given by (3.22)
rR3 d , ;
Fos = =32 (1=71) 3 kaky Re [Lig (emEctzn)) — Lig (efm(z—n)) | (5.5)
a,b=1

With all k, of O(Rz), the free energy is O(R3), which is quartic in the length of the quiver.
In terms of the rank of the gauge group in the 4d A/ = 4 SYM theory on an interval, N,
the scaling of the free energy is quadratic. The topologically twisted index is obtained
from (4.25) as

In |Z|Eg><sl = 2R23 (A(1—g)+n(r—2A)) i koky Re [ng ( Z”(Za+2b)> (eiﬁ(za—Zb))] ]
a,b=1

(5.6)

It exhibits the same scaling and the same dependence on the flavor locations as the free
energy, and differs only in an overall factor.

5.1.1 Supergravity duals

The general supergravity duals for the T7[SU(V)] theories with at least one balanced quiver
description, as in (5.1), can be spelled out explicitly starting from (2.12). The solutions
involve one NS5-brane source on the real line, p = 1, and ¢ D5-brane sources, p = £, on
the second boundary component with Im(z) = 7/2. The appropriate brane charges are
realized for

Nél) = Ry, Ng(l) RiRy,
N =k, N = Kty a=1,...0. (5.7)

The regularity conditions in (2.13) are solved by

5 =0, 0o = Intan ;T}tg; . (5.8)
For t, and Ry of the same order, the J, are at finite locations. The functions hq, ho are
given by
o it z— 0, o z
hy = — ; ~kaln [tanh (4 - )] +ec., hy=—RyIntanh (2> +cc. (5.9)

The free energy obtained from (2.14) can be expressed as

z — 04
tanh
ank (7 - 25

With all brane sources at finite locations, i.e. d, finite, and the k, of O(Rs
is O(R3). The matching of this supergravity free energy to (5.5) for r =

R}
Fsugra:_ 2 Zkkb/dZXaaXb, X,=1In

In
3
81 abol

z
tanh —
an >

(5.10)

), the free energy
% amounts to

/ d% X,00X, = 27 Re [Li3 (e“f(Za“b)) ~ Lis (e”(Za—Zw)} : (5.11)
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with X, defined in (5.10) and z, in (5.4). The left hand side is a function of two variables,
ta/Ra,ty/R2 € (0,1), which one can evaluate numerically to compare to the right hand
side. This shows that the relation (5.11) is indeed satisfied.

We thus find that the supergravity free energy computed from (2.14) with hq and he
in (5.9) precisely matches the field theory free energy in (5.5), including the L* scaling
and the coefficient functions involving trilogarithms. More generally, with the scalings
assumed in (2.7), the functions h; and hy are O(L), so the free energy in (2.14) is O(L*).
Regarding the validity of supergravity approximation, we note that the residues of Oh;
at the brane singularities are O(L). So following the comments in section 4.5 of [11] we
expect corrections to the supergravity approximation of (’)(Lz). These corrections are
strongly subleading now.

5.2 Tgrmk[SU(N)] theories

The theories discussed in the previous section have at least one balanced quiver description.
In this section we take a special case of the theories in (5.1) and discuss the localization
computations for the unbalanced mirror dual. This will illustrate how the difference in
the flavor bounds in 3d compared to 5d is implemented in the localization computation
through the junction conditions.

A minimally non-trivial example, in the sense that the mirror dual has one unbalanced
node, is when o involves two groups of D5-branes with different numbers of D3-branes
ending on them. Take T[SU(NV)] with N = RkM (R; = R and Ry = kM in the notation
of (5.1)) and

p=[RH], o = [((k - 1)M)R, M. (5.12)

We consider the limit where R and M are homogeneously large while k is of order one.
For k = 2 the partitions become equal and the mirror is balanced as well. The constraint
pl = [(kM)T] > o is satisfied if k > 2, with p! — o large.

We will discuss the balanced quiver first, and the unbalanced one afterwards. The
balanced UV quiver is

U(R) —UQ2R) —...—U(MR) — ... — U(MR) — U((M — 1)R) — ... — U(R)

| |
[R] (1] (5.13)

Along the first ellipsis the rank increases in increments of R. Along the second ellipsis the
rank is constant, with a total of (kK — 2)M + 1 gauge nodes of rank M R. Along the third
ellipsis the rank decreases in steps of R.

For the theory in (5.13), the number of nodes is L = kM — 1. It has two flavor
contributions from z; = 1/k and zo = 1 — 1/k, with R flavors each. From (5.5), the free
energy is

(I—r)r

Fso = 272

(kMR)*Re (4 Liz (—¢ %) — 4Lig () +7¢(3)) (5.14)
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This shows the quartic scaling with the length of the quiver and the quadratic scaling
with N. For k € {2,3,4,6} the result can be expressed in terms of ((3), but in general
this is not possible. Applying the index theorem (4.25) for the theory in (5.13) yields the
topologically twisted index

(kMR)?

ID‘Z‘Zstl = 473

(n(2A — ) = (1 g)A) Re (4Lis (— % ) — 4Lis (e ) + 7¢(3))
(5.15)

We verified that this expression agrees with the result obtained by directly evaluating (4.13).
Before moving on to the mirror dual, we note that a quiver very similar to (5.13) has
been discussed in 5d in [48]: aside from the gauge nodes being U(-) instead of SU(-), the
quivers for the 5d 4y a7, theories take the same form. Concretely, (5.13) matches to
the 5d +n a7 jk quiver with NCD = RM, MOD = kp, j64) = 6D = M. Compared
to 5d, where the natural planar limit amounts to N©®% and M®% large and of the same
order while j®9 = k69 are O(1), the scaling we considered in 3d is different. This will be

discussed further in section 6.

5.2.1 Localization for mirror dual

We now turn to the mirror-dual theory, which is described by the UV quiver
uuM)-Uui@2M)—...—U(R-1)M)—-URM)—-U(R—-1)M)—...U(2M) - U(M)

|
[k M] (5.16)

The central node is not balanced for k£ > 2 and has a flavor excess, as appropriate for ‘good’
theories in the sense of [7]. The number of excess flavors is small compared to the rank of
the gauge group at the central node and the rank function is concave.

At the central node of the theory in (5.16) the junction conditions for the saddle point
eigenvalue densities corresponding to z > 1/2 and z < 1/2 are dictated by (3.16). The
large-|z| behavior of the terms in the square brackets of (3.16) for & > 2 requires the
support of the eigenvalue density at z = 1/2 to be constrained. The problem is symmetric
in x — —x. For a saddle point we therefore seek a function ps(z,z) satisfying the bulk
saddle point equation (3.14) with the appropriate sources and the condition p5(1/2,2) =0
for |x| > z1, for some z; to be determined, along with (3.19). It is convenient to map the
strip {(z,x) € [0, 1] x R} to the complex plane with coordinate v as follows,

4mxy

ue +1 )

V= u = etrrtlmiz, (5.17)
U+ e*T

In the v coordinate g5 has to vanish on the positive real axis, and there is a source at v = —1.
It is convenient to unfold this, by considering the upper half plane with coordinate i/—v,
and vanishing Dirichlet boundary condition on the entire real axis. This leads to the general
expression (cf. (3.13) in [12])

u—"v 2

L—1
0s = —%L Z kG (iv/—v, i/ —vy) G(u,v) = 1 In
t=2

™

(5.18)

u—"uv
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For the theory in (5.16), with v as defined in (5.17),

0s = —RMEG(iv/—v,i) = _ RMRK In

™

1—+v=v
1++-v

This p, satisfies the saddle point equation and the constraint in (3.19). The value of x;

. (5.19)

is fixed by normalization. One can only find acceptable solutions for k > 2, which is the
localization manifestation of the 3d flavor bound. For k > 2,

T oo
2 =1 -4+ —. 2
Ty ntan<4 +2k> (5.20)

For k = 2 the quiver is balanced and x1 = +o00. With this choice g5 satisfies the junction
condition (3.17) with

HR = _MDQ <z cot (Z)) , (5.21)

™

where Ds(z) = Im(Liz(2) 4+ In(1 — z) In|z|) is the Bloch-Wigner function.
The free energy is obtained by evaluating F in (3.12) on the saddle point gs. Using
integration by parts in £, one obtains

F=2 [dvoze) | [dys 0021 Fule — o) + iaFu(o)| . (522

Using further the junction condition, this can be simplified to

F = r/dxgs (;,x) [LkrFy(x) — Lug| = T‘LkR/dI‘QS (;,x) Fy(x) —rLN (1> IR -

2
(5.23)
With pp in (5.21) one finally obtains
E2M?R?(1 —r)r , 2in . [ 2im
Fgs = o (4ReLis (—e %) —4ReLiz () +7¢(3)) (5.24)

This is identical to the result for the mirror-dual in (5.14), as it should be, thus validating
the discussion of the saddle point conditions in section 3 also for unbalanced theories.
The supergravity dual for the mirror theory is given by an S-duality transformation of
the solution for the theory in (5.13), which is a special case of the solutions discussed in
section 5.1.1.

The computation shown above highlights the differences to the 5d case, which we
discuss briefly. The theory in (5.16) has a flavor excess which is small compared to the
rank of the gauge group at the central node. This may be compared to the 5d X theory,
which has a small flavor deficit at the central node and otherwise a rank function of similar
shape. The free energy for the 5d Xy theory was derived in appendix A of [49]. The
eigenvalue density ansatz for the 5d X theory is

_ a(l —v)

O0Xy = +c.c., (5.25)
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with real a. This px, satisfies the saddle point equation (3.14) with no sources. It would
thus seem that px, could be added to g5 in (5.19), giving a flat direction: the normalization
constraint would now fix x1 in terms of a, and allow for x1 to move further inwards at the
expense of increasing the admixture of px,. However, this is not correct; the free energy
would depend on a and there is no flat direction. The key is the constraint in (3.19), which,
as discussed below (3.19), is more restrictive than in 5d. It is not satisfied by ox, , forcing
its coefficient to zero for a saddle point in 3d. In turn, in 5d the junction condition (3.17)
is stronger than in 3d and prevents a flavor excess.

5.3 Unbalanced quiver pairs

As a further application we consider theories in which both of the mirror-dual gauge theories
include unbalanced nodes. In particular, we consider the subclass of T [SU(V)] defined by

p =R}, R, o= [MFs, M), (5.26)

with Ry,...,R4 and My,..., M, homogeneously large and RiMy + RoMo; = R3zMs +
R4M, = N. As explained in section 2.1, in order to have a good theory we need ol >
p, with

of = [(Rs + Ra)™Ms, BB (5.27)

The partitions (5.26) correspond to a quiver of length L = M + M — 1, with an unbal-
anced node at ¢ = M; and fundamental flavors which in the notation of (2.1) correspond
to kar, = R3, ka, = R4. In the notation of section 5.1, the flavors correspond to

ki = R4 at 21:M4/L7

(5.28)
ko = R3 at zo = Ms/L.

The relative positions of the unbalanced node and the flavored nodes depend on the choice
of parameters. The rank of the gauge group for ¢ < M;j 34, is Ny = (Rs + R4 — Ry)t.
Along the other tail of the quiver, identified by ¢ > M; 3 4, the rank decreases with rate
AN = — Ry until reaching the boundary rank Nj = Ra. Since general interior nodes have
rank of O(N), boundary terms are subleading in the free energy. The general structure of
the mirror dual, obtained by swapping p and o, is completely analogous. In particular the
mirror dual has an unbalanced node at ¢t = Rj.

In order to find a solution of the saddle point equation which, at the unbalanced node,
vanishes outside of an interval (—z1,x1), we follow the procedure of the previous section.
Denoting by Z = M; /L the position of the unbalanced node, we perform the change of
variables

4y
ue +1 )
p= — ' = ° = 647T£B+27‘('Z’u) w(z) _

u+647rx1 ’ ’

z(1—2)
Z2+zZ—2z2Z

(5.29)

where we chose w in such a way that w(0) = 0,w(1) = 1 and w(Z) = 1/2. Now the problem
is analogous to the one solved in section 5.2.1 but with sources at

ua647rx1 + 1

Uqg + 64ﬂ'961

, uq = emi(za) (5.30)

Vg =
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and z, given in equation (5.28). As before, it is then convenient to consider the half upper
plane, using the coordinate iy/—v, and to read off the density from (5.18)

2
(M1 + M) I/ —U — i/~
= ko In v 5.31
& 2 ae{zm} 1/ —U + 13/ =04 ( )

The parameter z; can be fixed by considering the derivative of the rank function on
the left end of the quiver, which is

= L(Rg + Ry — Rl) . (5.32)

0N (2)|s—o= / dz 0.04(2,7)
2=0

Solving this integral, one obtains a relation fixing the value of x;

1 —2) i/ —Ug + €27 )
E ke In ( - = 7T(R3 + Ry — Rl) . (5.33)
2rx —
o) 14 e /—v,

Since v, is a function of z1 (see eq. (5.30)) this equation can be complicated, and we will

provide an explicit solution in particular cases.*

Once x; is fixed, the Lagrange multiplier p can by determined from the junction
condition, as explained in the appendix, and we can compute the free energy via the

expression

F = 2r/dxdy gs(i,x)% 0,05(2, )= Fy(a — )+7’L2/dz k(z)/dm 0s(z,x)Fy(x).
(5.34)

5.3.1 A mirror pair of unbalanced theories

To apply the results just obtained in an example, we consider the theory defined by the

[ G [ )] e

In this case the theory is symmetric with respect to the central node zZ = %, which is

partitions

unbalanced. There are R flavors at z; = 1/4 and z2 = 3/4 so that the quiver is

2R MR MR MR 2R
v(3) - v () - () - () - o (B)
| |
[R] [R] (5.36)
Along the first ellipsis the rank of the group increases in steps of 2R/3, along the second

ellipsis it decreases in steps of R/3. The other ellipses follow by symmetry. Equation (5.33)
is solved by

Ty = %m (1+v2). (5.37)

4We note that upon substituting the data of the theory in section 5.2.1, eq. (5.33) is correctly solved
by (5.20).
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The free energy obtained from (5.34) is given by
Fgs = 7“(12;27")321\42 (1625 (14 V=1) = 8L (V=1) +16L3(V=1v/3) + 8Ls((2 + V3)i)
+8Ls(V=1(2+ V3)) — 2L3(7 + 4V3) - 5¢(3)], (5.38)

with the single-valued trilogarithm £3(z) =Re {Lig (2)—In|z| Liz(2)— 5 In?|z| In(1 —z)} [50].

Similarly, the mirror dual theory, obtained by exchanging p and o, has an unbalanced
node at zZ = % The quiver is again symmetric with respect to the unbalanced central node.
There are M flavors at z = 1/3 and at z = 2/3, so that we have

() e (MY g (MY (M) ()

Along the first ellipses the rank increases in steps of M /2 until reaching z = 1/3; then it
decreases in steps of —M /2. Equation (5.33) is now solved choosing

21 = i n(2+3), (5.40)

and computing the free energy via (5.34) reproduces (5.38).
The supergravity duals for these theories can be obtained from the formulas in sec-
tion 2.2. The brane charges are

3 1
Ny = CMR, Ny = JMR, N = N = R,
. 4 . 1 . )
NV = MR, NP = SME, W NP =M. (5.41)
The regularity conditions in (2.13) are solved by
6 =0y =In (V3 -+?2), 0 = —dy =In (1+V2). (5.42)

With these parameters and the functions k1, hy in (2.12), the expression for the supergravity
free energy in (2.14) matches the field theory free energy in (5.38) for r = 1/2.

5.4 Theories with N?1n N scaling

We close this part with a more detailed discussion of how the general results of [11] for
the theories with N2?1In N scaling can be obtained as a limiting case of the free energy for
balanced quivers in (5.5). We start with the T[SU(NN)] theory, corresponding to

p=o=[1"]. (5.43)

The total number of D3-branes suspended between the D5 and NS5 branes is N, and the
gauge theory reads

[N| - (N—=1)— (N =2)—...—(1). (5.44)
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This theory can be seen as special case of (5.1) with Ry =1, Rg = N and / =1, t; = 1 and
ki = N. The scaling of the rank function is not of the form (2.3), but the free energy can
nevertheless be recovered from the general expression in (5.5) as a limiting case. Namely,
by setting z; = 1/N and expanding Lis for small argument. For small real z,

Re [Lis(e™)| = ¢(3) + %xQ Ina? + O(2?) . (5.45)

With this expansion the expression in (5.5) leads to

FTISU)]

1
5 = 5N2 InN, (5.46)

in agreement with the result of [11]. This result was recovered in [13] by introducing a
cut-off on the quiver coordinate (see the comments at the end of section 3.2). The way the
result is recovered here may be seen as an alternative regularization procedure, in which
the logarithmic enhancement arises as the flavors approach the boundary node.

In the supergravity duals spelled out in section 5.1.1, there is one D5-brane source at
z = 01, whose location is fixed by the regularity conditions to d; = Intan(w/(2N)). As
N becomes large, 1 — —oo. In the large-N limit the brane source approaches the point
where the two boundary components, on which different S? collapse, connect. The volume
of the internal space contributes a factor In N in that limit, leading to the enhanced scaling
also in the holographic result.

The more general theories considered in [11] can be discussed accordingly. They are
T7[SU(N)] theories with

p =10, o = [(NFADYN' 0 (VR E)N e (5.47)

where 0 < kK, < 1 foralla =1,...,¢ and lAfAy =1=>, oA @ In the limit considered
in [11], N is taken large and the other quantities are finite. These theories can be obtained
by the following replacements and scalings in the partitions (5.1)

Ry — 1, Ry — N#, t, — NFa)(@) kg — Nt oy, . (5.48)

The free energies for the theories in (5.47) can again be recovered from the general result
for balanced quivers in (5.5). The crucial point for the scaling is that the quiver description
of (5.47), in the notation of (2.1), has k, = N(1=%a)~, flavors at nodes z, with

2y = N~ IN@] (5.49)

Since Kk, < 1, all z, approach zero in the large- N limit, although at different rates dictated
by kq. That is, all flavors accumulate at one end of the quiver. The free energies can be
recovered from (5.5) by expanding the trilogarithm functions using (5.45). This leads to

1—r)(N4)? &
r( —r)(V4)” 3" kaks ((Za +2)* In |24 + 25| — (20 — 25)* In |24 — Zb|) , (5:50)

a,b=1

F53:—
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where (z, — z)? In |z, — 23| is understood to be zero if a = b. With the substitutions (5.48)
and (5.49), and using that 3, 7,A(® = 1, one arrives at

)4
Fgs =2r(1 —r)N?In N (1 > (1A W)k — 2 Z(%,\(@%A(”U%) : (5.51)
a=1 a<b

For r = 1/2 this is exactly the result given in (3.30) of [11]. If all k,, are zero one recovers
the T[SU(N)] theory.

In the supergravity solutions spelled out in section 5.1.1, the replacement (5.48) leads
to the locations of the D5-brane sources at z = d, with

A\(@)

0q = Intan (N"/”“_lTrA> . (5.52)
2y

The position of the sources thus depends on N. For k, < 1 all sources accumulate at z =

—o00, which again is the cause of the logarithmic scaling from the supergravity perspective.

6 Comparison to 5d

In this section we summarize and discuss relations between long quiver theories with all
nodes balanced in 3d and 5d, first at the level of the matrix models and then of their
supergravity duals.

The 5d theories discussed in [12] are the strong-coupling limits of linear quiver gauge
theories with SU(-) nodes and possibly Chern-Simons terms, whose levels are denoted ¢,
of the form

5d : SU(N)e, — SU(N3)ey — ... — SU(NL_1)e,_, — SU(NL)e,

| | | | (6.1)
[F1 ] (2] [fr-1] [k

The flavor excess compared to a balanced node with 2N; flavors is captured by Npi1 —
Ni_1 4+ ki — 2N;. While non-negative for ‘good’ theories in 3d, this quantity is bounded
from above in 5d, with the bound depending on the Chern-Simons level.® Theories with no
Chern-Simons terms and all nodes balanced are admissible in 3d and in 5d, and we focus
on these in the following.

For the planar limit in 5d the rank function N©®%(z) was O(L) in [12], with order-one
flavor numbers at interior nodes and up to O(L) flavors at boundary nodes. For the 3d
theories, on the other hand, we took NG9 (z) of O(L?) with O(L) flavors at interior nodes
(other scalings will be discussed below). For each balanced 3d theory a 5d partner can thus
be identified by

NG () = LNGD(z), KB (2) = LEGCD(2). (6.2)

®The bounds of [51] make the flavor excess non-positive. However, these bounds can be relaxed (see
e.g. [52]).
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The matrix models for these theories take an identical general form (compare (3.12) in 3d
to (2.27) of [12] for 5d theories), with different Fjy and F but with the same relation (3.9).
The saddle point eigenvalue densities are obtained from the same electrostatics problem,
and are both encoded in (3.20). Many observables are thus related between the 3d and
5d theories, in particular quantities which depend on the eigenvalues only, like expectation
values of Wilson loops.”

The free energies for 3d theories with no large flavor numbers at boundary nodes are
given by (3.22); for the corresponding 5d theories they can be obtained from (3.17) of [12]:

PO _ L2 S5 ok Re [Lip (im0 — Ly (eimtes
58 4ﬂ25§:1t5 [ 3( ) 3( ﬂ’

The flavors at interior nodes are O(L) in 3d and O(1) in 5d, so the scaling is O(L*) for
both. The free energies are thus related by a rescaling and an adjustment of the weights
of the polylogarithms, resulting from the different scalings of the functions Fj and Fy in
the matrix models. This relation extends to the topologically twisted indices, since these
are related to the free energy in the planar limit in both cases, as shown for 3d in section 4
and for a sample of 5d theories in [53].

3d theories with large flavor numbers at the boundary nodes, like T[SU(V)], are also
related to 5d theories. The discussion of the saddle points proceeds as before, and the free
energies can be understood from the expressions in (6.3): for flavors at boundary nodes,
e.g. non-zero k; such that z; is O(1/L), one can expand the corresponding terms in (6.3)
accordingly. For a 5d theory with O(L) boundary flavors this leads to a combination of Lis,
Lis and Liz terms contributing at the same order (cf. (3.17) in [12]). In 3d, the expansion
of Liz produces a logarithmically enhanced contribution, as discussed in section 5.4 (the
subleading term in (5.45) is enhanced compared to the analogous term in Lis). Thus, terms
corresponding to large flavor numbers at boundary nodes dominate the free energy in 3d,
leading to expressions in terms of logarithms only.

The relation between SCFT and gauge theory description is different in 3d and 5d:
in 3d the SCFT arises as IR fixed point and in 5d as UV fixed point. In 3d the Yang-
Mills terms are exact and Fgs is constant along the flow, while in 5d Fgs grows towards
the UV and takes the form given in (6.3) at the fixed points. The relations between the
gauge theory matrix models imply relations between the SCFTs for quantities that can
be computed from the zero-instanton matrix models, such as the planar free energies and
topologically twisted indices. For such relations it is sufficient for one of the perhaps
multiple (S-dual) gauge theory descriptions in 5d and mirror-dual descriptions in 3d to be
balanced. From other perspectives, however, different pairings between 3d and 5d theories
are more natural. For example, the relations discussed above connect the gauge theory

SWilson loops in 5d were discussed in [49]. The example theories considered there have no flavors at
interior nodes; they include the 5d T theories and are related to 3d theories with N2In N scaling like the
T[SU(N)] theory.

_97
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Nps D5

v

L+1NS5 l |

(2) (b) (c)

Figure 3. Left: junction of L + 1 NS5-branes, L + 1 (p,1) 5-branes, and Nps D5-branes ending
on K D7-branes as specified by p in (6.4). Center: gauge theory for p = [32,2,12] and p = 2, after
moving D7-branes into the web (the dashed lines show the branch cuts). Right: 5d T theory,
corresponding to p = [1V].

description of the 3d T[SU(N)] theory with SU(N)? global symmetry to the gauge theory
description of the 5d Ty theory with SU(N)? global symmetry, while we have not discussed
the star-shaped quiver for the 3d T theory with SU(N)? symmetry [54].

6.1 Supergravity duals

We now spell out a brane construction for balanced SU(+) quiver gauge theories in 5d and
briefly discuss the relation to 3d from the holographic perspective. 5d quiver gauge theories
can be engineered by (p,q) 5-brane webs [55, 56]. We take the (p, ¢) 5-branes to span the
(01234) directions and a line in the (56) plane determined by Axs + iAzg = p +iq. (p,q)
5-branes may end on [p,¢] 7-branes spanning the (01234789) directions, and if multiple
5-branes end on the same 7-brane their junctions with other 5-branes are constrained by
the s-rule [57, 58].

Balanced 5d quiver gauge theories with no Chern-Simons terms can be engineered
by 5-brane junctions of the form shown in figure 3a, where the gray disc schematically
represents the internal structure of the web. The junction involves L 4+ 1 NS5-branes and
L+1 (p,1) 5-branes which are unconstrained by the s-rule, and a number Nps of D5-branes
whose distribution over K D7-branes is specified by a Young tableau p. For a balanced
quiver of the form (6.1), let

L
p= [LkL,...,2k2,1’“], Nps =Y th. (6.4)
t=1
That is, there are L groups of D7-branes (some of which may be empty), with k; D7-branes
in the t'" group and with ¢ D5-branes ending on each D7-brane. The charge p of the (p,1)
5-branes is

Nps L
= = N, E ke — Npyq. 6.5
P=p =t Lo (6.5)

The first expression follows from overall charge conservation in figure 3a, the second from
considering sub-webs for individual gauge nodes. Due to the balancing condition Nyy1 +
Ny_1 — 2Ny — ky = 0 the second expression is independent of ¢.
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Figure 4. Left: the junction shown in figure 3a after moving p D7-branes to the right and rotating
their branch cuts accordingly. Right: the gauge theory of figure 3b. The broken lines are avoided
intersections due to the s-rule. The closed (gauge theory) faces are shaded.

Similarly to the discussion for 3d theories in section 2.1, one can move the D7-branes
into the brane web, to faces where they have no D5-branes attached and describe flavors at
the corresponding gauge node. An example is shown in figure 3b, for a gauge theory with
L =4 and (Nl,kl) = (3,2), (NQ,kQ) = (4, 1), (Ng, kg) = (4, 2), (N4,k4) = (2,0) Figure 3c
shows the gauge theory deformation of the 5d Ty theory, [N|-SU(N —1)—...—SU(2)—[2]
(see [59]).

The brane web in figure 3a can be brought into the form shown in figure 4a by moving
p of the D7-branes from the left to the right, while rotating their branch cuts clockwise
from pointing West to pointing East. A D7-brane which initially has ¢t D5-branes attached
from the right ends up with L 4+ 1 —¢ D5-branes attached from the left, while rotating the
branch cuts turns the (p, 1) 5-branes into NS5-branes.

In the form in figure 4 the relation between 5d balanced gauge theories and 3d balanced
T7[SU(N)] gauge theories amounts to replacing (D7, D5, NS5) branes by (D5, D3, NS5)
branes, which can be achieved by T-dualizing two of the (01234) directions. Upon taking
appropriate scaling limits this relates the brane constructions for 3d and 5d theories with
related matrix models as discussed above. Relating fixed-point theories with identical
global symmetries is more involved. For the 5d T theory with SU(N)? global symmetry,
for example, the 3d version was identified in [54], by separately treating the three ‘arms’
of the Ty 5-brane junction with SL(2,7Z) and T-duality, leading to a T[SU(N)] theory for
each arm, joined to form a star-shaped quiver. This picture extends to the supergravity
duals. Supergravity solutions for 5-brane webs that are unconstrained by the s-rule were
constructed in [60-62], and solutions for 5-brane webs with mutually local 7-branes in [63].
The latter include general junctions of the form in figure 3a and 4a (some examples were
discussed in [48, 64]). The supergravity duals represent the features of the SCFTs e.g.
regarding the global symmetries, and have qualitative differences in 3d and 5d. But certain
quantities, like on-shell actions and black hole entropies, can be related between the duals
for 3d SCFTs and 5d SCFTs arising as fixed points of gauge theories that have related
(planar) matrix models.
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7 Discussion

We discussed a planar limit of the 3d T7[SU(V)] theories in which the free energy shows
polynomial scaling. It is the standard N? scaling from the perspective of the A’ =4 SYM
theory on an interval from which these theories can be derived, and a quartic scaling in
terms of the length of their 3d quiver gauge theory description. This scaling arises naturally
in the supergravity duals, in which the brane sources remain fixed and well separated in
the planar limit, and we have shown for a sample of (classes of) theories that the free
energies match perfectly. For the topologically twisted index we have shown that the
leading-order expression is related in a universal way to the sphere free energy, in line
with the ‘index theorem’ of [14] and the recent discussion in [65]. For theories with all
nodes balanced we discussed relations to 5d gauge theories, which relate certain quantities
between SCFTs obtained as IR fixed points in 3d and as UV fixed points in 5d, and connect
their supergravity duals. We have not considered squashed spheres, but certainly expect
a universal dependence of the free energy on squashing parameters, much like for the 5d
theories in [12]. This would imply that the central charge Cr, which can be obtained from
the squashed-sphere free energy [66], is also related to Fgs in a universal way.

We close with a discussion of future directions. It would be interesting to extend the
localization computations to circular quivers, for which holographic duals were constructed
in [67]. Similarly, it would be interesting to discuss theories with Chern-Simons terms, for
which the discussion in [68] may be a good starting point, or generalizations of the S-fold
theories of [69]. More general supergravity solutions may be constructed by incorporating
orientifold planes, e.g. to realize T7[SO(NV)] and T} [Sp(NN)] theories. More generally, long
quivers are studied in other dimensions, e.g. [70-80], and it would be interesting to apply
similar localization methods to gain further insights.

A different class of 3d theories with quartic scaling of the free energies are the theories of
class F obtained by compactifying 5d SCFTs engineered by (p, ¢) 5-brane webs on Riemann
surfaces. Their holographic duals can be obtained by uplifting the 6d AdSy x ¥ solution
of [81] to Type IIB solutions based on [60-63], using the uplifts of [82, 83]. It would be
interesting to develop a detailed field theory understanding of these theories (and of the
black holes constructed recently in [84]).
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A  Junction condition

In this appendix we discuss the junction condition (3.16) for unbalanced nodes. The matrix
models are invariant under A — —A\ (individually for each node), so we can assume the
same for the saddle point.
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Consider an unbalanced node z; with k; flavors. We first show that the condition (3.17)
is solved by fixing p;. With 29 = 24+ Feand z4 = 2 L ¢,
z=z 5 %+
/ dy [0.0(z,9).=." Fu(z —y) = /é dy/ dz Frr(z — y)0%0(2,y)

1

Cay [ i Fute - 9ete)
(A1)

where the bulk saddle point equation has been used for the second line. Successive inte-
grations by parts in the last term lead to

zq Z4 9
/E dy/ dz Fy(x —y)0,0(z,y) =

/fdz([me)ayg(z,y)Fh(x Vel + [ ay Fe - et y>)

(A.2)

Using that in the definition of T'(z) gives
Z4 —
T(s) = Lyo+ dy [Firla —9)0-0(= 3 — 5 / = [Firlw = )d,e( )]st
yER\(CBi,aji) Z_
1 [+ )
+1/ dz | [F(z—y)o(z / dy Fii(z —y)e(zy)
(A.3)

Now assume that 2 <z < 2. Using o(z,y) = o(z, —y),

oo Z4
T(a) = Ly +4n(1 = 1) [ dyyl.e( )T —m(l=n)a [ dz0,0(,9)lys

£ 20 [Tz otz a)  ola,a). (A4)

Only the last term in the second line depends on x, and it is O(€). Thus, T'(x) is a constant,
and the junction condition T'(z) = 0 is solved by fixing .

We now discuss the allowed behavior of o(z¢,z) at the end points of the interval on
which ¢ has support, 1. Assume that p satisfies the bulk saddle point equation, so T'(x)
vanishes for x € (x_,x1). Assume that, near the end points,

o(zg,x) ~ (x —xy). (A.5)

To allow variations of the end points 00 ~ Oy, o should be allowed as variation. Thus,
we have to allow for dp ~ (z — 24)* " in (3.16). To avoid a J-function contribution from
T = 4+ we need

5F = / dx S0z, ) / d (2 — 22)" T (x) (A.6)
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to be continuous across the end points. With the assumed behavior of ¢ we find, for x
approaching the end points from outside of (z_,zy),

T"(x) = 27(1 — 1) [0,0(2, )27 ~ (2 — 24)* L. (A7)

Z=Zt—€

This leads to T(x) ~ (x — x+)*"!, and to avoid a d-function contribution in (A.6) we need
a>—1/2.

The constraint on the behavior near x4 is different in 5d: due to the steeper scaling of
Fy in 5d, we have T () ~ [0, 0(2, 2)]?=7 "¢, leading to T'(z) ~ (z—x4)*"3 and a > —3/2.

zZ=zt—€)
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