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Abstract

In this paper we investigate the property of engulfing for H-convex functions defined
on the Heisenberg group H". Starting from the horizontal sections introduced by
Capogna and Maldonado (Proc Am Math Soc 134:3191-3199, 2006) , we consider
a new notion of section, called H"-section, as well as a new condition of engulfing
associated to the H"-sections, for an H-convex function defined in H". These sections,
that arise as suitable unions of horizontal sections, are dimensionally larger; as a matter
of fact, the H"-sections, with their engulfing property, will lead to the definition of a
quasi-distance in H” in a way similar to Aimar et al. in the Euclidean case (J Fourier
Anal Appl 4:377-381, 1998). A key role is played by the property of round H -sections
for an H-convex function, and by its connection with the engulfing properties.
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1 Introduction

Given a convex function u# : R” — R, for every xg € R", p € du(xp), and s > 0, we
will denote by S, (xg, p, s) the section of u at xo with height s, defined as follows

Su(x0, p,s) ={x € R" : u(x) —u(xo) — p-(x —x0) <s}; (1.1)
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in case u is differentiable at xo, we will denote the section by S, (xo, s), for short. The
related notion of engulfing for convex functions, or, equivalently, for their sections,
is essentially a geometric property, and it is based on a regular mutual behaviour of
the sections of the function. We say that a convex function u satisfies the engulfing
property (shortly, u € E(R", K)) if there exists K > 1 such that for any x € R”",
p € du(x),ands > 0,if y € S, (x, p, s), then S, (x, p,s) C S,(y, g, Ks), for every
q € du(y).

The functions u in the class E(R", K) have been studied in connection with the
solution to the Monge-Ampére equation det D?u =y, where u is a Borel measure on
R”. In this framework, a C!: #-estimate for the strictly convex, generalized solutions to
the Monge-Ampere equation was proved by Caffarelli ([7,8]), under the assumption
that the measure p satisfies a suitable doubling property (see the exhaustive book by
Gutiérrez [19]). This doubling property is actually equivalent to the geometric property
of engulfing for the solution u.

Another issue is related to the properties enjoyed by the family of sections
{Su(x, $)}{xern, s>0), in case u is a convex differentiable function in E(R", K). In
[1], it is shown that, in this case, one can define a quasi-distance d on R”" as follows:

dx,y):=inf{s >0: x € S,(y,s), y € Su(x,s)}. (1.2)

In addition, if B;(x, r) is a d-ball of center x and radius r, then
Su (x, %) C By(x.r) C Sy(x.r). (1.3)

In the archetypal case u(x) = llx|I2, with x € R", one has S,(x, s) = BX'(x, J5),
and hence the family of sections of u consists of the usual balls in R".

In the case of convex functions defined in a Carnot group G, in [13] Capogna and
Maldonado introduced some appropriate geometric objects, that can be considered as
the sub-Riemmannian analogue of the classical sections, as well as a naturally related
notion of horizontal engulfing. Given a horizontally convex function ¢ : G — R,
& € G, p e R™ s > 0, the section Sf (&0, p, s) (H-sections, from now on, where
H stands for horizontal) is defined as follows:

S (&0, p.s) =1 oexpv: ve Vi, pEoexpv) — ) —v-p <sh (14)

where V| = R™! is the first layer of the stratification of the Lie algebra of G; in case
¢ is horizontally differentiable at &y, we will denote such H-section by Sg o, s),
for short. The mentioned authors say that a horizontally convex and differentiable
function ¢ satisfies the engulfing property if there exists K > 1 such that, for every
&, eGands > 0,if & € Sg(é, s), then & € Sg(é’, Ks). Let us stress that the
definition of H-section in (1.4) and the notion of engulfing are affected by the sub-
Riemannian structure exactly as the notion of horizontal convexity; more precisely,
they rely upon the behaviour of the function on the horizontal lines and planes. In [13]
it is proved that a strictly convex and everywhere differentiable function on a Carnot
group, satisfying this horizontal version of engulfing, belong to the Folland—Stein class
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[+1/K e, the horizontal derivatives X ;@ are 1/K-Holder continuous with respect
to any left-invariant and homogeneous pseudo-norm in the group. The key point in
their argument is a reduction of the general discussion to the one-dimensional case.
As a matter of fact, the “dimension” of the H-sections in (1.4) is the dimension of
the first layer of the stratification of the Lie algebra of the group; in particular, these
H -sections have empty interior. This fact prevents from building a quasi-distance as
in (1.2) starting from the family of sections associated to every point of the group.

In this paper we focus on horizontally convex functions ¢ (H-convex functions) on
the Heisenberg group H", that is the simplest Carnot group of step 2. Our main purpose
is to overcome the dimensional gap between the H-sections, defined in [13], and the
balls related to any quasi-distance in H", by introducing and studying a different notion
of section. Our idea takes inspiration from the notion of H-section in (1.4), together
with the property that any pair of points in H” can be joined by at most three consecutive
horizontal segments. These facts lead us to define full-dimensional sections that arise
as a sort of composition in three steps of “thin” H-sections. These new objects will be
called H"-section, and will be denoted by SEI" (&0, p, s) (for the precise definition of

SH(}" (&0, p, s), see Definition 5.1). For these H"-sections, we introduce the following
engulfing condition:

Definition 1.1 Let ¢ : H" — R be an H-convex function. We say that ¢ satisfies the
engulfing property E(H", K) if there exists K > 1 such that for any £ € H", p €
dg(&) and s > 0,if &' € ST (&, p. 5), then

Sy (€.p.5) CSy (&.q.Ks),

forevery g € dgg(&’).

It is obvious that a function which satisfies this engulfing property E (H", K), satisfies
the engulfing property introduced by Capogna and Maldonado.

The study of this new notion of engulfing for H" -sections of full dimension requires
a mix of tools and properties inherited by the Euclidean case R”, both for the simplest
casen = 1, and for the knotty case n > 1. Following the idea in [21] and, in particular,
the equivalence between iii. and iv in Theorem 7.1 below, we introduce and study a
horizontal notion of round sections for the H-sections (see Definition 3.1). We prove
that every H-convex function with round H-sections satisfies the engulfing property
E(H", K) in Definition 1.1.

Let us summarize our results as follows:

Theorem 1.1 Let ¢ : H" — R be an H-convex function with round H -sections, then

i. @ satisfiesthe engulfing property E(H", K); consequently, in the class of H-convex
functions with round H-sections, the engulfing for H-sections and the engulfing
Sfor H"-sections are equivalent properties;

ii. the function dy : H" x H" — [0, +00) defined by

do(6. &) =inf s > 0: & e S0, § e €. 9)
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is a quasi-distance in H"; moreover, for the dy-balls, an H" -version of the inclu-
sions in (1.3) holds true (see (6.10) below).

Here, the archetypal example in H of the H-convex function ¢(x, y, 1) = x2 +y?
gives SEI(S ,8) = B(&, \/s), that is, the family of H-sections of ¢ consists of the
B-balls of a left-invariant and homogeneous distance d (see (5.2) and Example 6.1).

The property of round H -sections is actually stronger than the horizontal engulfing;
we are able to provide an example of an H-convex function which satisfies the hori-
zontal engulfing property but does not have round H -sections, and this phenomenon
appears also in the Euclidean case, if n > 1. Nevertheless, the main issue of the
result above relies upon the dimensional gap between the assumptions, where a purely
horizontal property is required, and the final result, where full-dimensional sets are
involved.

The paper is organized as follows. In Sect. 2 we recall some results related to the
engulfing property for a function defined in R”, together with the structure of H"
and the notion of horizontal convexity. In Sect. 3 we introduce the H-sections, and
we show that round H-sections and controlled H-slope are equivalent property for
these H-sections (see Theorem 3.1). In Sect. 4 we characterize the functions with
the engulfing property E(H, K), and prove that the two properties introduced in the
previous section are sufficient conditions for a functiontobein E(H, K).In Sect. 5 we
move to the notion of H"-sections and the related engulfing property as in Definition
1.1, and we prove Theorem 1.1 i. In Sect. 6 we prove Theorem 1.1 ii. and provide a
concrete example. In the final section we list some open questions.

2 Preliminary Notions and Results

In the paper, we will deal with H-convex functions defined on the Heisenberg group
H". As we will see later, the notion of H-convexity requires that, for every point
& € H", one looks at the behaviour of the function under two points of view. The
first one is one-dimensional, since the restriction of the function to any horizontal line
{€ oexptv},er, With v € V1, is an ordinary convex function; the second one is 2n-
dimensional, according to the fact thatv € V| = R2" or, equivalently, the horizontal
lines through & span the 2n-dimensional horizontal plane Hg. For these reasons, the
first part of this section will be devoted to some results related to the engulfing property
of convex functions u : R” — R, both in the case n = 1, and in the case n > 2. In
the second part we will recall the notion of H-convexity, together with some related
results, for functions defined on the Heisenberg group H”.

2.1 The Engulfing Property for Convex Functions inR"

Let us concentrate, first, on the one-dimensional case, i.e. n = 1. The following
characterization holds (see Theorem 2 in [18], Theorem 5.1 in [14]):

Theorem 2.1 Let u : R — R be a strictly convex and differentiable function. The
following are equivalent:
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i. ue EQR, K), for some K > 1;
ii. there exists aconstant K' > 1suchthat, ifx,y € Rands > Overifyx € S,(y, s),
then 'y € S, (x, K's);
iil. there exists a constant K" > 1 such that, for any x, y € R,

K//+1
< (u(y) —u@x) —u'(x)(y —x)) < W'(x) —u'()(x —y)
< K"+ 1) (u(y) —u@x) —u'(x)(y —x)). 2.1

As a matter of fact, the assumption of differentiability in the theorem above can be
removed, as proved in [11]:

Theorem 2.2 Let u : R — R be a convex function, with bounded sections, satisfying
the engulfing property. Then, u is strictly convex and is in C' (R).

Given a strictly convex differentiable function # : R — R, one can consider the
associated Monge-Ampere measure u, defined on any Borel set A C R by

[u(A) = |u'(A)],

where | - | denotes the Lebesgue measure. We say that the measure w,, has the (DC)-
doubling property if there exist constants & € (0, 1) and C > 1 such that

Mu(Su(x,8)) < Cuy(aSy(x,s)), (2.2)

for every section S,(x, s) (here oS, (x,s) is the open convex set obtained by «-
contraction of S, (x, s) with respect to its center of mass). In [20] and [17] it was
shown that the (DC)-doubling property of the measure p,, is equivalent to the engulf-
ing property for the function u; in particular, given « in E (R, K), the constants « and
C in (2.2) depend only on K. A Radon measure u is doubling if and only if there
exists a constant A such that

_ Q) _

A~ M(Qz)

for any congruent cubes Q1 and Q, with nonempty intersection (see, for example,
[22]). We recall that two subsets of R are called congruent if there exists an isometry
of R that maps one of them onto the other. Since every open and bounded interval in
R is a particular section for u, the (DC)-doubling property of u, is trivially equivalent
to the fact that u, is a doubling measure. In particular, the constant A depends only
on K. Now, noticing that , ((x, x +r)) = u’(x +r) — u’(x), by (2.1) we obtain

(2.3)

K//+1
K//
< rpa(e,x +1)) < (K" 4+ 1) (ulx +7) —u(x) —u'(0)r).

(ux+r) —u(x) —u'(x)r)

These arguments show the central role of the function (x, ) > u(x+r)—u(x)—u'(x)r
in our paper. More precisely in [14] (see Theorem 5.5) the authors prove the following:
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Theorem 2.3 Let u : R — R be a strictly convex and differentiable function. Then
u € ER, K) if and only if there exist two constants A1 > 1 and Ay > 1, both of
them depending on K _such that

1 - u(x +r) —ulx) —u' (x)r
Al T ulx—r)—ulx)+u'(x)r
1 - u(x +2r) —u(x) — u'(x)2r
Ay 7 ulx4+r)—ulx)—ux)r

<Ay, Vx eR, r > 0; 2.4

<A, VxeR,r>0. (2.5)

Condition (2.4) says that u is essentially symmetric around every point, and condition
(2.5) says that it satisfies the so-called Aj condition at each point in R.

Hence, the behaviour of the measure u, is related to the functions m,, M, :
R x RT — RT defined by

my(x,r) = min (u(z) —ux) —u'(x)(z —x))
{z: |z—x|=r}
. (2.6)
My(r,r) = max (1(2) = u(x) —u'(x)(z = x))

for every x € R, r € RT. These functions will be naturally extended to the n-
dimensional case and in H", and will play a crucial role in the investigation of the
engulfing for H-convex functions.

For every fixed x € R, denote by u, the function

S u(s) =ulx +5) —ulx) —u'(x)s. 2.7

Then, M, (x,r) € {u,(£r)}, and M,(x,2r) € {u,(£2r)}. Let us suppose, for
instance, that the following equalities hold true:
My (x,2r) = ux(2r), my(x,2r) = ux(=2r),

My(x,r) =ux(r), myu(x,r) =ux(-r).
Then, by (2.4) and (2.5), we obtain

M, (x, 27) = ux(2r) < AZMx(r) = AZMu(x, r)v
My (X, 2r) = uy (=2r) < Aquy(2r) < A1 Aguy (r) < A Asuy (—r) = AT Aymy (x, 1),
Mu(xv r) = Mx(}") < Al”x(_r) = Almu(xa l’).

The other possible combinations can be treated similarly, and we obtain the following
fundamental estimates:

Remark 2.1 Let u € E(R, K) be a strictly convex and differentiable function. Then,

M, (x,2r) < BiM,(x, r), VxeR, r>0 (2.8)
my(x,2r) < Bomy(x,r), VxeR, r>0 2.9)
M, (x,r) < Bzmy(x,r), VxeR, r>0 (2.10)
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where By, B> and B3z depend only on K (and B; > 1).

It is worthwhile to note that inequality (2.10) is false if n > 2, despite the engulfing
property holds; the function in (4.9), due to Wang, will provide a counterexample to
this phenomenon.

The next result provides another estimate for the function m,,:

Proposition 2.1 Let u € E(R, K) be a convex function with bounded sections. Then,
Bym, (x,r) < my,(x,2r), Vx eR, r >0, (2.11)

with B4 > 1 which depends only on K.

Proof Let us fix x € R. The function u, defined in (2.7) is strictly convex and differ-
entiable (see [11]), and belongs to E(R, K); moreover,

K// + 1

) Su Oy, Yy eR,
where K" depends only on K (for all the details, see Theorem 4 and its proof in [18]).
Hence, for every fixed » > 0, the Gronwall inequality gives

"

ux([y) = ux(r) <|i—|> T W=

"

Therefore, we obtain that u, (£2r) > ZTﬁux (£r). Let my,(x,r) = u,(r). Then,
Bymy(x,r) < uy(2r). Suppose that Bym, (x,r) > u,(—r). In this case, u,(—2r) >
Byu, (—r), and thus Bau, (—r) < Bgm,(x, r), a contradiction. Then, (2.11) follows.

O

Let us now move to the case n > 2. Given a differentiable function u : R" — R,
as in the one-dimensional case (2.6), the functions m,, M, : R* x Rt — RT are
defined by

)= min @) — i) = Val) - (= 0)

M,(x,r) = max (u(z) —u(x) — Vu(x) - (z — x)),

{z: llz—xll=r}

forevery x € R*, r ¢ RT.
Let us recall the following property, that will be critical when dealing with the
engulfing in H".

Definition 2.1 (see Definition 2.1 in [21]) Let u# : R” — R be a convex function. We
say that u has round sections if there exists a constant T € (0, 1) with the following
property: for every x € R”, p € du(x), and s > 0, there is R > 0 such that

B(x,TR) C S,(x, p,s) C B(x, R).
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In [21] (see Theorem 7.1 below) it is proved that a convex function u : R” — R has
round sections if and only if u is differentiable, but not affine, and has controlled slope,
i.e., there exists a constant H > 1 such that

M, (x,r) < Hmy,(x,r), Vx e R", r > 0. (2.12)

This equivalence is quantitative, in the sense that the constants involved in each state-
ment depend only on each other and n, but not on u. Furthermore, if u : R" — R
satisfies one of the two equivalent conditions above, then u € E(R", K), for a suitable
K > 1 (see Theorem 3.9 in [21]). Let us finally notice that condition (2.12) is the
n-dimensional version of condition (2.10): in the case n > 2, hence, the controlled
slope for a function, or, equivalently, the property of round sections, is only a sufficient
condition for a function to have the engulfing property.

2.2 Convexity in the Heisenberg Group H"

The Heisenberg group H" is the simplest Carnot group of step 2. We will recall some
of the notions and background results used in the sequel. We will focus only on those
geometric aspects that are relevant to our paper. For a general overview on the subject,
we refer to [6] and [12].

The Lie algebra h of H" admits a stratification h = V| & Vo with V| =
span{X;, Y;; 1 <i < n} being the first layer of the so-called horizontal vector fields,
and Vo = span{T} being the second layer which is one-dimensional. We assume
[Xi, Yi] = —4T and the remaining commutators of basis vectors vanish. The expo-
nential map exp : h — H" is defined in the usual way. By these commutator rules we
obtain, using the Baker-Campbell-Hausdorff formula, that H" can be identified with
R" x R" x R endowed with the non-commutative group law given by

Eol' =,y Doy, ) =+x,y+y, 041 +2(" y—x-y)),

where x, y, x’ and y’ are in R”, r and ¢ in R, and where ’- is the inner product in
R". Let us denote by e the neutral element in H". Transporting the basis vectors of
V1 from the origin to an arbitrary point of the group by a left-translation, we obtain
a system of left-invariant vector fields written as first order differential operators as
follows

X; =8xj+2yj81, Y; :E)yj —2x;0;, j=1,..,n. (2.13)

Via the exponential map exp : h — H we identify the vector Z;’: (o X +BiY) +
y T in b with the point («1, ..., &, B1, - - -, By, y) in H"; the inverse & : H" — § of
the exponential map has the unique decomposition & = (£1, &), with & : H" — V;,
and we identify V| with R>" when needed.

For every positive A, the non-isotropic Heisenberg dilation 8, : H®" — H" is
defined by 8;.(x, y, 1) = (Ax, Ay, A%1). Let N(x, v, 1) = ((|x]|> + [IyI>)? + tz)% be
the gauge norm in H". The function d : H" x H" — [0, +o00) defined by

de(8,8) =N 08)
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satisfies the triangle inequality, thereby defining a distance on H": this distance is
the so-called Kordnyi-Cygan distance which is left-invariant and homogeneous, i.e.
dg(5,(8), 8,.(§") = Adg(§, &) forevery A > 0, &, &' € H". We will set dy(e, &) =
€1l for every & € H". The Kordnyi-Cygan ball of center §y € H" and radius r > 0
is given by By (8o, ) = {£ € H : dy(£0, &) <r).

The horizontal structure relies on the notion of horizontal plane. Given &) € H",
the horizontal plane Hg, associated to &y = (xo, Yo, fo) is the plane in H" defined by

Hg, = {gz(x,y,t)eH": t=l‘0+2(y0'X—x0')’)}-

This is the plane spanned by the horizontal vector fields { X;, Y;}; at the point &y; note
that £’ € H; if and only if & € Hg. A horizontal segment is a convex subset of a
horizontal line, which is a line lying on a horizontal plane Hg and passing though the
point £ € H";if &' € He, with £’ # &, then He N Hy is a horizontal line.

Let Q@ C H”" be an open set. The main idea of the analysis in the Heisenberg
group is that the regularity properties of functions defined in H”" can be expressed in
terms only of the horizontal vector fields (2.13). In particular, the appropriate notion
of gradient for a function is the so-called horizontal gradient, which is defined as the
2n-vector Vyo(€) = (X19(&), ..., Xpp(&), Y10(&), ..., Y,@(&)) for a function ¢ €
' (Q). Here, I'*(£2) denotes the Folland—Stein space of functions having continuous
derivatives up to order k with respect to the vector fields X; and Y;, i € {1, ..., n}. We
say that ¢ : Q — Ris H-differentiable at &, if there exists a mapping Dy : H* — R
which is H-linear, i.e. Dgo(x, y,t) = Dye(x,y,0) for every (x, y,t) € H", such
that p(§ 0 &) = (&) + Due(E’) + o(l€'|lg); the vector associated to Dy¢ with
respect to the fixed scalar product is the horizontal gradient V¢ (§).

For general non-smooth functions ¢ : Q — R, the horizontal subdifferential
agp(&o) of g at &y € Q is given by

dne(E0) = {p € B : 0(€) = 9(&0) + p - (Pri(§) — Pri(§0)), VE € QN Hy |

where Pr : H" — R?" is the projection defined by Pri(§) = Pri(x, y,t) = (x, y).
It is easy to see that if ¢ € r'(Q) and ogp(€) # 0, then dgp(&) = {Vue()}. A
function ¢ : 2 — R is called H —subdifferentiable on Q if dgp(§) # ¥ for every
£ e Q.

A central object of study within this paper is provided by the H-convex functions.
First of all, we recall that a set 2 C H" is said to be horizontally convex (H-convex)
if, forevery &1, &, € Q, with &) € Hg, and A € [0, 1], we have & oﬁk(éfl 0&) € Q.
It is clear that if  is convex (i.e. it is convex in the R2”+l-sense), then it is also
H-convex. Given a function ¢ : Q — R, where 2 is H-convex, there are several
equivalent ways to define the concept of H-convexity for ¢. The most intuitive one is
to require the classical convexity of the function when restricted to any horizontal line
within Q. The same definition can be rephrased by considering the group operation:
the function ¢ : 2 — R is said to be H-convex if, for every &1, &, € Q with &) € Hg,
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and A € [0, 1], we have that

P& 08, ' 0 £2)) < (1 = Vo) + Ap(&). (2.14)

If the strict inequality holds in (2.14), for every & # & and A € (0, 1), then ¢ is
said to be strictly H-convex. H-convex functions have been extensively studied in
the last few years; their characterizations, as well as their regularity properties, like
their continuity, for instance, will come into play through the paper, and we refer to
[5,9,15,23]. Let us recall, in particular, that ¢ : H* — R is H-convex if and only if ¢
is H-subdifferentiable.

3 H-Convex Functions with Round H-Sections and with Controlled
H-Slope

As already seen in the Introduction, a horizontal notion of section was given in [13]
for functions defined on a general Carnot group G. We will consider the particular
case G = H".

Let ¢ : H" — R be an H-convex function, and let us fix & € H", po € dg@(&y),
and s > 0. The H-section of ¢ at &y, po, with height s, is the set

S¢ (50, po, s) = {€ € Hg, = 9(§) — p(&0) — po - (Pri(§) — Pri(€0)) < s}. (3.1)

If ¢ is H-differentiable, then 9y ¢ (§0) = {VH@(0)}, and we simply write S(f (0, )
for the corresponding H-section. For every fixed (&g, po, s), the set Sf (&0, po, $)
is H-convex, and is contained in a horizontal plane; this dimensional gap between
H-sections and open sets in H" is a crucial difference with respect to the Euclidean
case.

In this section we essentially introduce the notions of round H-sections (see Defi-
nition 3.1) and controlled H-slope (see Definition 3.2), proving their equivalence (see
Theorem 3.1). Let us emphasize that these two properties for an H-convex function
are horizontal properties, i.e. they give information on the behaviour of the function
only when restricted to the horizontal planes, exactly as the notion of H-section,
H-convexity and H-subdifferential.

In the following of the paper, for every function ¢ : H" — R, and forevery &, € H",
po € dgp(§p) and vg € V1 \ {0}, we will consider the functions ¢z, ,, : H" — R and
©z5.00 - R — R defined by

©eo.po(6) == (&) — (&) — po - (Pr1(§) —Pri(&)), VE&eH", (3.2
Pro.00(@) = @(§0 o exp(avp)), Yo € R. (3.3)

If ¢ is H-differentiable, then we will set g v, 4(59) = @&,- The following result holds:

Proposition 3.1 Let ¢ : H* — R be a strictly H-convex function. Then, all its H -
sections are bounded sets.
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Proof For every & € H" and v € V; \ {0} let us consider the function @, , as in
(3.3). By contradiction, let us suppose that there exists a sequence {(vy, &,)},, with
v, € Vi, |lunll = 1, ay = 400, such that &y o exp(a,vy) € Sg(éo, Po, s). Clearly,
there exists a subsequence such that v, — vg € V.

Let us denote by g = sup {a >0: & oexp(avy) € Sé"(“g‘o, Do, s)} oy =
+00, then the section S@O,U (0, s) of the function @O,u is unbounded; this is impossible,
since @g,,» is strictly convex. Let so be finite, and let us consider the function g, ,,
in (3.2);theset A = {& e H" : ¢, p,(§) < s}is H-convex, since the function g, p,
is H-convex. Now, the previous arguments give

{“;‘ € Hg, : §=§poexp(avy), 0 <a < a,,} C A, Vn, and &'=£oexp(agvg) € JA.

This contradicts Theorem 1.4 in [3]. O

The next definition is related to a purely geometric property of the sections, and it
will play a crucial role in the following of the paper.

Definition 3.1 We say that an H-convex function ¢ : H* — R has round H-sections
if there exists a constant Ky € (0, 1) with the following property: for every & € H",
p € dgp(&) and s > 0, there exists R > 0 such that

By (&, KoR) N Hy C SY (€. p.5) C By(5, R) N He. (3.4)

In particular, (3.4) implies that every H-section of a function with round H-sections
is a bounded set. Clearly, Definition 3.1 is the H"-version of Definition 2.1; let us
stress that it relies upon the subriemannian structure of H" since, for every point &,
we restrict our attention only to the horizontal plane H.

Remark 3.1 Let ¢ : H" — R be H-convex, and consider the convex function @z, , :
R — R defined by (3.3). Then, if the nonempty convex set 9y ¢(&p) is not a singleton,
there exists v € Vj such that 8¢, ,, (0) is not a singleton. Indeed, suppose that p+21q €
app (&), for every A € [0, 1], with g # 0. Then, by taking v = g, we have that

Peo.q (@) = 9(%0 0 exp(@q)) = Pey.q(0) +a(p - q +Algl®), Vael0,1], « € R.

Hence p - g + Allq|* € 09%,4(0) for every A € [0, 1]. This implies that, if @, , is
differentiable at O for every v € Vi, then ¢ is H-differentiable at &.

In the previous remark and in the following result, the H -convexity plays a fundamental
role in order to obtain some regularity properties of the function involved.

Proposition 3.2 If ¢ : H" — R is an H-convex function with round H -sections, then
it is H-differentiable and strictly H-convex. Moreover; there exists a constant C such
that, for every & € H" and v € V|, we have

Pz, (50 0 exp(2v)) < Cog, (6o o expv), (3.5)

where the constant C depends only on Ky in (3.4).
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Proof First of all note that, for every & € H" and v € V; \ {0}, the function @, ,
defined in (3.3) is convex, with round sections (with constant K). Therefore, Lemma
3.21in [21] implies that it is differentiable and strictly convex. In particular, ¢ is strictly
H-convex. Letus first show that ¢ is H-differentiable at &y € H". Since ¢ is H-convex,
this is equivalent to prove that the nonempty convex set dg@(&p) is a singleton (see
Theorem 4.4, Prop. 5.1 in [9], Theorem 1.4 in [23]). Suppose, by contradiction, that
9 ¢(§o) is not a singleton; then, by Remark 3.1, there exists v € V) such that 3¢,  (0)
is not a singleton. This contradicts the fact that @, ., (0) is differentiable.

Finally, taking into account that the function @g, , is convex, differentiable and with
round sections with constant Kq , for every §y € H" and v € Vi, again, by Lemma
3.2 in [21], one has that there exists a constant C depending only on K¢ such that

@5, (50 0 2v) < Cog, (50 0 expv).
O

In the sequel, given an H -differentiable function ¢ : H* — R, we will deal with the
functions m(';l , M(/f’ :H" x Rt — R that will take the place in H" of the functions
my and M, in R". They are defined as follows:

mll (& r) = min  (pE) = @E) = Vue(©) - (Pri(E) — Pri(§)))
{§'eH;: dg(5,8))=r}
H o "y — . Ny —
My &, r) = {é/eHg:nc}?()é,S’):r} (0(E) — @& = Vue(©) - (Pr1(§) — Pri(5))),

forevery £ €e H", r > 0.
A simple exercise shows that, if ¢ : H" — R is an H-differentiable and strictly
H -convex function, then for every £ € H", and r > 0,

Sgl (&, mfl(§,r)) C By(5,r) N Hy C 8]/ (5, M) (5, 1)). (3.6)

The next definition, inherited from the corresponding one in R" (see (2.12)), pertains
to the mutual behaviour of m g and M(f , always from a horizontal point of view:

Definition 3.2 We say that an H-convex function ¢ : H" — R has controlled H-slope
if ¢ is H-differentiable, and there exists a constant K| > 0 such that, for every & € H”"
and r > 0,

M & r) < Kim[l (. r). 3.7)

Like in the Euclidean case (see Theorem 7.1) controlled H -slope and round H -sections
properties are strictly related:

Theorem 3.1 Let ¢ : H" — R be an H-convex function. The following conditions are
equivalent:

a. ¢ is an H-differentiable function, with bounded H -sections and controlled H -
slope;
b. ¢ has round H-sections.
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Moreover, the constants Ky and K1 in (3.4) and in (3.7) are related, and they depend
only on ¢.

Proof Let a. be true. Let Sg (&0, s) be a bounded H-section, and let R =
max idg(é, &): £ € Sqf’(éo, s)]. Pick a point & such that dg(§',&) = R; then,

& e 855 (60, ) and &’ = & o exp v'. From the H-convexity of ¢g, on H", we have
that

N
_1

/ 1 1 /
@g (g oexp(v'/Ky)) < (1 - ?) vz, (60) + E%(S ) = X

1

where K is as in (3.7). Now, for every & € Hg, such that dy (&, &) = 1%, by (3.7)
we have

¢ ($)<MH<§0 —R)<K1mH(so —R)<<o E)<s
£ (5) = M, K )= s 'K, ) Sl =s
Hence,
R H

Suppose now that condition b. holds true. Proposition 3.2 entails that ¢ is H-
differentiable. Consider Ky as in (3.4), and fix £ € H" and r > 0: we have to prove
(3.7), where K is uniform, i.e. it does not depend on & and r. Set s = mg(é, r) and
define

R = |R’ >0: By(5. KoR') N H C SH(E.5) C By(5. R)N Hg] .
Since ¢ has round H-sections, R is not empty. Set R = min R; trivially, R = r, and
@ oexp(Kov)) — ¢(§) — Vue(§) - (Kov) <,
for every v € Vi, |lv|| = R. The two relations above imply that
M (& Kor) <m[l(&.r). (3.8)
Take o € N such that Ko > 27%, and note that relation (3.5) implies
M (& R) < CM[ (& R /2).

for every Ry > 0, where C depends only on K. By iterating this relation, we obtain

M€ ) <CME 27 < CPM[ (277
LS CUMIE27) < CYM) (&, Kor).

A
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This last inequality, together with (3.8), leads to the assertion, with K1 = C™¢ in
(3.7). O

H

i in order to shed

In the next result we investigate the properties of the function m
some light on a finer behaviour of the H-sections.

Proposition 3.3 Let ¢ : H* — R be an H-differentiable and strictly H-convex func-
tion. For every fixed & € H", the function r +— mg (&,r) is strictly increasing,
continuous, and it goes to +00, ifr — +00. Then, the function mg &, : [0, +00) —>
[0, +00) is one-to-one and onto, and its inverse is defined on [0, +00). A similar result
holds for the function M;f .

Proof Forevery § € H",r > O0and v € Vq, with |v]| = 1, set

ﬁg(&, v, r) = min{p(& o exprv), (& o exp(—r)v)}.

The function n’ig

H -convex; thus,

is continuous, and strictly increasing w.r.t. r, since ¢ is strictly

myE vr) <mp € v ), YO<r<r.

Hence, by the Berge Maximum Theorem (see, for instance, [2]) mg is continuous,
and

m(’Z(E,r)Smg(é,r/), vOo<r<r.
Let us show that the previous inequality is strict. The set {v € V| : |[v|| = 1} is com-

pact, and n’?f;’ (&, -, -) is continuous, then there exist v and v’ such that fﬁg (&, v,r) =
mg(f;, r) and r’ﬁg(é, vV, r) = mg(s, r’). This implies that

mf (&, r) =my & v,r) <mll &V, r) <mllE v, ) =mlE .

Let us show that mg (&, ) is unbounded, for every &. Suppose, by contradiction,
that there exists L = L(&) > 0 such that mg (&,7) < L for every r > 0. From the
continuity of the function v n’ig (&, v, r), for every r there exists v;, with ||v. || = 1,

such that m [ (¢, r) = mlI (&, v,, r). Letr, — +o0; then, there exists {vr,, ) such that
Ur,, — V. We have that

lim mH2E, v, 1) = lim w2 (E,7,r,,) = 400,
pom o & v, Tny) pm o & ne)

contradicting the assumption that mg &,r)= n’ig (&,v.,r) < Lforeveryr >0. O
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4 Engulfing Property for H-Sections of H-Convex Functions

This section is devoted to the study of the engulfing property E(H, K) for the H-
sections of an H-convex function. Our notion is different when compared with the
one introduced by Capogna and Maldonado, and it generalizes the usual notion in
the literature (see for example [19]); however, we will see that these notions are
equivalent (see Proposition 4.2). In the second part of the section we prove that a
sufficient condition for a function to satisfy the engulfing property E(H, K) is to have
the round H-sections property, or, equivalently, the controlled H-slope (see Theorem
3.1). Finally, we will show, with an example, that the previous mentioned condition is
only sufficient.
Let us start with our notion of engulfing for H-convex functions defined in H".

Definition 4.1 Let ¢ : H" — R be an H-convex function. We say that ¢ satisfies the
engulfing property E(H, K) (shortly, ¢ € E(H, K)) if there exists K > 1 such that,
forany £ e H" and s > 0, if &' € S(/If(é, p,s) with p € dgp(&), then

Sy (&, p.s) N Hyr C S;(E',q, Ks) N H,

for every g € dgp(&).

As a matter of fact, as mentioned previously, in [13] a slightly different definition of
engulfing is investigated in the framework of Carnot groups; if G = H", it can be
stated as follows:

JK > 1: forevery &, & e H" and s > 0,
(engy)

if & eSfl(€,5), then § € SI(E Ks)

(we will refer to (engy )k in case the constant K plays a role). Trivially, ¢ €
E(H, K) implies that ¢ satisfies (engg) ¢ . The condition (eng ) is essentially one-
dimensional, as proved in the next

Proposition 4.1 (see [13]). Let ¢ : H" — R be a strictly H-convex and H -
differentiable function. The function ¢ satisfies (engy) k if and only if for every & € H"
and v € V| the function ¢ , : R — R satisfies condition ii. in Theorem 2.1.

The following characterization provides an H”-version of the result in Theorem
2.1

Proposition 4.2 Let ¢ : H" — R be a strictly H-convex function. The following are
equivalent:

i. @ satisfies the engulfing property E(H, K), for some K > 1;
ii. ¢ satisfies condition (engy) g, for some K' > 1;
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iii. there exists a constant K" > 1 such that, for any & € H", &' € Hg, for any
p€0pp(§)andq € 0pp(§),

K" +1
o (€ — 0 — p (PRE) — Pr(©)

<(q—p)-PriE) = Pri(§))
< K"+ 1D (pE) —9@&) —p-(Pri(§) — Pri(§)).

In particular, if any of the conditions above holds, ¢ is H-differentiable.

Proof Trivially, i. implies ii., and one can take K’ = K. Let us show that ii. implies
i. Let & = & o expv be a point in S(f (&, p,s), and consider the convex function
@¢v : R — R defined in (3.3). Note that

Sg(&, p,S)NHg ={§oexpsv: s € S@VD(O, p-v, )},

and the function ¢ , satisfies condition ii. in Th. 2.1 with constant K’. From Theorem
1in [11], @’U e CHR). Since this holds for every &, v, from Remark 3.1 ¢ is H-
differentiable everywhere and ag¢(&) = {Vr¢(£€)}. Moreover, from Theorem 5.1 in
[14], the function @,U satisfies the engulfing condition with constant 2K'(K’ + 1).
This is equivalent to say that

{o €eR: @gv(@) — Pe0(0) — @ , (0 < 5}
CloeR: @po(@) — Peo(D) — @p (D@ — 1) < 2K'(K' + Ds}. (4.1)

From (4.1), we get that

{a e R: p(§ oexpav) —¢(§) — Vyo(§) - va < s}
ClaeeR: p(§oexpav) — @ oexpv) — Vye( oexpv) -v(e — 1) < 2K'(K' + 1)s},

ie,isin E(H,2K'(K' + 1)).

In order to prove that ii. implies iii., let & = & o exp v and consider the convex
function @ ,. Note that p - v € 3¢z (0) and g - v € 3¢ ,(1). Then, by applying
Proposition 2.1 in [11], we have that iii. holds with K” = K’. To conclude, let us
show that iii. implies ii. Take £’ = £ oexpv € Sf(s, p,s), where p € 0g¢(§), and
letg € 0y @(£'). Then,

"

@) —pEoexpv) —q - (—v) < (g—p)-v.

K"+ 1
The second inequality in iii. gives

(P—q) (—v) < (K" 4+ (@ oexpv) —@(§) — p-v) < (K" + Ds.
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Then,
@) —gpxoexpv) —q - (—v) < K's,

thus, £ € S(f (€ oexpv, q, K"s), i.e., condition (engy) g~ is fulfilled. ]

Let us recall that a set-valued map 7 : H" — P(V}) is said to be H-monotone if,
forallé e ", &' € He, p € T(§), g € T(§'), then

(g = p)- (Pri(§") = Pri(§)) = 0

(here V; = R2") In particular, if ¢ is an H-convex function, then the H-subdifferential
map dy ¢ is an H-monotone set-valued map (see [10]). The property iii. above requires,
in fact, a stronger control on the H-monotonicity, both from below and from above.

Let us now state the following crucial result, that provides a sufficient condition
for E(H, K) via the round H -sections property; the relationship between round H -
sections, or, equivalently, controlled H-slope, and the engulfing property corresponds
to the similar one in R”, for n > 2:

Theorem 4.1 If ¢ : H" — R is an H-convex function with round H -sections, then ¢
satisfies the engulfing property E(H, K), where K depends only on Ky in (3.4).

Proof Since ¢ has round H-sections, Proposition 3.2 implies that ¢ is strictly H-
convex and H -differentiable. Let &' € Sg (&, s) be such that & = & o exp(r'v) for

some v in Vi, with ||v]| = 1 and ' > 0; we will prove that & € Sg (&', Ks) where K
depends only on Ky in (3.4).
Let R be such that
By(&. KoR) N Hy C SJI(§.5) C Bg(€. R) N Hy. 4.2)

Since S(/fl (&, s) is bounded, let us consider
r? = max {r >0: &oexp(rv) € S(f(é, s)} , 53 =£ oexp(rav) € 855(5, s).

Hence,
KoR <r? <R, (4.3)

and 0 < ' < r?. From the H -monotonicity of the map & — dg¢(£) we have that

0= (Vig®) = Vig®) v = (Vao@E) = Vae®) v, (44)

Let us introduce the function ® : R — R defined by
P(@) = @ev(@), VaeR;
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this function is strictly convex, with ®(0) = ®’(0) = 0. Let us consider the function
IT: R — R defined by

M) = o0¢") + &)@ —r"), VaeR;

clearly, it represents the tangent to the graph of ® at (r?, ®(r?)) with ®(?) > 0 and
@' (r?) > 0; hence we have

(o) = ¢(& oexp(r’v)) — (&) — Vo) - vr’ +
+ (Vo (& 0 expr7v) = Vg () - vie = r)
= @(§ oexp(av)) — ¢(§) — Vap(§) - va +
— (¢t 0 exp(@v) — 9(& 0 exp(r')) = Vg (& 0 exp(r'v)) - vl — ™))

Since ¢ is H-convex, the previous equalities and (3.2) give

M@ = (VipE) = Vap®) - vie =), Va .5)
() < @ (§ oexp(av)), VYo 4.6)

From (4.4) and (4.5) we get

e
(Vg (&)~ Vag®) v = (Vg ~ Vip(®) v < (rar ).

The inequality above, together with (4.3) and (4.6), give

@z (& o exp(2riv))
KoR '

(Vao(E) — Ve®)) v <

The H-convexity of ¢ and (4.3) imply that ¢g (§ o exp(2r3v)) < @& (& o exp(2Rv));
hence we obtain

_ 9§ oexp(2Rv))

(Ve = Vue®)) v < KoR 4.7)

Let us consider @ € N such that Ko > 27¢. By iterating relation (3.5), we obtain

@ (& o exp(2Rv)) < Cog (£ o exp(Rv))
< C" e (£ 0 exp(R27v)) < C'¢¢ (£ o exp(KoRV)),

where C depends only on K. The previous inequality, and relations (4.2) and (4.7),
give
s

(Vao(E) — Vae®)) v < c““m. (4.8)
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At this point, since S[ (&, s) is open, there exists E =& oexp(Fv) € S (&, s) with
7 < 0. Taking into account that &’ € S(f (&,s) and § € S(f (&, s), and using (4.8) and
(4.2), we obtain

9€) — @) — VuoE) - (Pr(§) —Pri(§) =
=€) — @) — V() - (Pri(§) — Pri(§)) +
— (@) — @) — Vue(&) - (Pri(§)) — Pri(§)) +
—(VueE) = Vae(®)) - (Pr(€) — Pri(£)
<5+ (VaeE) = Vae(®) v’ =7

This implies that £ € Sgl(é’, Ks), with K = 1 + 2CKI:X: since & belongs to the

horizontal segment which joins € and &', and since S(z’ (&', Ks) is H-convex, then
£ e S(f (&', Ks). By Proposition 4.2 the assertion is proved. O

The following example is crucial in order to shed some light on the relationship
between round sections and engulfing; indeed, it shows that the converse of the previous
theorem fails. The idea is taken from an example due to Wang (see [24]) and set in
R?; we adapt his idea to the case of the first Heisenberg group H.

Example 4.1 Consider the following differentiable and strictly convex function u :
R? - R,
3y?
x5 vl < |xP?
u(x,y) = 2x 4.9)
SEER 217 Iyl > 1

The Monge-Ampere measure w, (we recall that u, is defined by u, (E) = |0u(E)|
for every Borel set E C R?) is absolutely continuous with respect to the Lebesgue
measure | - |, and it verifies the condition p, i.e. for any 61 € (0, 1) there exists
82 € (0, 1) such that: for every section S, (z, s), with z € R2, and for every Borel set
B C S,(z,s),

|B] Hu(B)
[Su(z, 8)| u(Su(z, 5))

(see Definition 3.7 in [21]). This condition i is stronger than the (DC)-doubling
property (see, for example, relation (3.1.1) in [19]), i.e., there exist constants & € (0, 1)
and C > 1 such that

Mu(Su(z,8)) < Cuy(aS,(z, s)),

for every z,s > 0 (here «S,(z,s) denotes the open convex set obtained by «-
contraction of S, (z, ) with respect to its center of mass). In [20] and [17] it was
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shown that the (DC)-doubling property of the measure p,, is equivalent to the engulf-
ing property of the function u. Therefore, u satisfies the engulfing property.

Since the second derivative of u w.r.t. x5 is unbounded near the origin, so is || D%u/|;
thus, u is not quasiuniformly convex (see Theorem 7.1-i. and [21] for further details).
However, a simpler argument can be advanced to prove that u is not quasiuniformly
convex, that is one can show that # has not controlled slope in (2.12): in order to do
that, we only remark that, taking into account that (0, 0) = 0 and Vu(0, 0) = (0, 0),
we have, for large r,

mu((O, 0), I‘) = min M(Z) < (p(O, r) — 2,,.4/3
(zeR2: ||z||=r}
M,((0,0),r) = max u(z) > ¢@r,0) =r

{zeR%: |z|l=r}

Now let us consider the function ¢ : Hl — R defined by ¢(x, y, ) = u(x, y), for all
(x, y,t) € H. This function ¢ is R3-convex, and hence H-convex. Since

m,((0,0),r) =m[((0,0,0),7),  M,((0,0),r) =M ((0,0,0),r).
¢ has not controlled H-slope, and hence has not round H -sections. However, since

(x,y) € Su((x0,0),8) & (x,y,0) € S ((x0, Y0, 10), ),

it is easy to see that ¢ enjoys the engulfing property.

5 H"-Sections of H-Convex Functions and Their Engulfing Properties

In this section we will present our new definition of section in H". First of all, we will
prove that these H"-sections are full-dimensional, i.e., they contain a Koranyi-Cygan
ball. This allows to construct a topology in H", as we will see in the next Sect. 6. In
the second part, we introduce the condition of engulfing E (H", K) for these new H"-
sections. It will not be a surprise that ¢ € E(H", K) implies that ¢ € E(H, K), while
the converse implication is very hard and mysterious (at least to us). In order to shed
some light on this, let us focus our attention on the functions having round H -sections,
or, equivalently, controlled H-slope. As we will see, some technical estimates allow
us to prove the first part of our main result in Theorem 1.1.
Let us start with our new notion of H"-section:

Definition 5.1 Let ¢ : H" — R be an H-convex function and let us fix & € H". For
a given s > 0, an H"-section of ¢ at height s, with pg € dgp(£p), is the set

Sy (€0, o, ) = U s¥&. pa.s). (5.1)

&1 € 81 (50, po. $), p1 € (&),
& € 8], pi,s), p2edng)
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In case ¢ is H-differentiable at &), we will denote the H"-section at &y with height s
by Sgﬂn (&0, s), for short.

Let us spend a few words on the definition above. Lemma 1.40 in the fundamental
book by Folland and Stein [16] guarantees that, in every stratified group (G, o) with
homogeneous norm || - ||g, there exists a constant C > 0 and an integer k¥ € N such
that any & € G can be expressed as §€ = & 0 & o ... 0 &, with & € exp(V}) and
l&ille < Cléllg, for every i. If G = H", the mentioned k is exactly 3, for every
n > 1. In other words, every point & € H”" can be reached from the origin e following
a path of three consecutive horizontal segments. The idea behind Definition 5.1 takes
inspiration from this result, in view of providing a family of sets with nonempty
interior. Let us define, for every £ € H" and r > O,

BE,r) = [¢ e H": & =& oexp(v1) o exp(v2) o exp(v3); v € Vi, [vill <r}.
5.2)
Clearly, 6, (B(e, r)) = B(e, Ar), and the associated distance d in H" is left-invariant
and homogeneous; hence, it is bi-Lipschitz equivalent to d, and to any other left-
invariant and homogeneous distance in H". Moreover, due to the Folland—Stein
Lemma, we have that, for every & € H" and r > 0,

B(&,r) C By(£,3r) C B(§,3Cr), (5.3)
where C is the constant in the mentioned lemma.

Letus prove the first fundamental property of the H"-sections, namely Sﬂjn (%0, po. s)
is full-dimensional.

Proposition 5.1 Let ¢ : H" — R be an H-convex function. Then, for every & €
H", po € 0ge(&y) and s > 0, there exists r > 0 such that

By(%0.7) C Sy (%0, po. 5).
Proof Without loss of generality, we set &y = e. Since the H -subdifferential map dy ¢

brings compact sets into compact sets (see, for instance, Proposition 2.1 in [4]), there
exists a positive constant R such that

dne(Be, 1)) c BE (0, R). (5.4)

Moreover, since ¢ is locally Lipschitz (see Theorem 1.2 in [5]), there exists a positive
constant L such that

(&) — 9] < Ldg(5,£), V& E € Ble, ). (5.5)

Set

r = min ;,l ,
{(L+R)C C}
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where C is the constant in the Folland—Stein Lemma. We will show that Bg (e, r) C
Sg (¢, po, ).

Take any & € Bg(e, r); then, § = exp(vy) oexp(vz) oexp(v3) for suitable {v,~}?:l C
V1 such that ||v;|| < C|&]l,, fori = 1,2, 3. Set

&1:=exp(v1), & :=§& oexp(v2), & =§&; =& oexp(v3).

Note that &; € §(e, r) fori = 1,2, 3. Then, for every p; € agp (&) (i = 1,2), by
(5.4) and (5.5) we have

p&) —2) — p2-vs < (L+ R)lvs]l <, (5.6)
and

p&) — @@ —pr-va < (L+R) vz <. (5.7)
Since ¢(&1) — ¢(e) — po - v1 < (L + R) ||v1]| < s, from (5.6) and (5.7) we get the
claim. O

Starting from these H”"-sections, we introduce the following engulfing property:

Definition 5.2 Let ¢ : H" — R be an H-convex function. We say that ¢ satisfies the
engulfing property E(H", K) if there exists K > 1 such that, for any £ € H", p €
dgpE)ands > 0,if &' € Sgn (&, p,s), then

Sy (€ p.s) CSy (&, q,Ks),

for every ¢ € dgp(&).

The engulfing property E(H, K) is related to this engulfing property E(H", K) as
well as condition (engy ) is related to the following condition:

{EIK >1: forevery £ ¢ H", p € dgp(£) and s > 0

if & ¢ Sgn(é, p,s), then & € Sgn(f;/,q, K's) forevery g € dgp(&’).
(engpn)

We will refer to (engp ) x in case we need to specify the constant K in the previous
condition.
It is clear that

Remark 5.1 If ¢ satisfies the engulfing property E(H", K), then condition (engy»)
holds.

The converse of the previous remark is a delicate question: the aim of this section is,
essentially, to prove that, under further conditions on ¢, the converse of Remark 5.1
holds.

The relationship between conditions (eng, ) and (engp.) is the following:
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Proposition 5.2 Let ¢ : H" — R be an H-convex function. Then ¢ satisfies condition
(engy ) if and only if ¢ satisfies condition (engyn) g

Proof If ¢ satisfies (engp) ¢, itis clear that (eng g ) x holds. Let us prove the converse.
Take any & € S]f}n (&, p,s),ie. & =& oexp(vy) o exp(vz) o exp(v3), with v; € Vj
and with

£l :=Eoexp(u) € S,/ (€, p,9),

£ =& oexp(vi) oexp(vy) € ;' (61, p1.s),  with py € dgg(&)),

£ e Sl (&, pa.s), with pa € dgo(&);

we have to show that £ € Sgn (&', q, K's), for every g € dy@(&’). The assumption
implies

£eSHE. pi.K's),  Vpi€dnp®),

£ €81 (&. p2. K's).  Vpr € 0no(&),

£ eSHE q.K's),  Vgeigp®).

Hence, for every ¢ € dg (&),

£e U S)E.pK's) =8, q.K's).
£ €S8/ q,K's), p2 € dnp(&),
& € Sl (&, p2, K's), p1 € dup(&1)

O

Clearly, if ¢ is a strictly H-convex function satisfying the engulfing property
E(H", K), then Remark 5.1, Proposition 5.2 and Proposition 4.2 imply that ¢ is
H -differentiable.

The next result will be crucial to our purposes:

Proposition 5.3 Let ¢ : H* — R be an H-differentiable and strictly H-convex func-
tion. Then, for every &€ € H", r > 0, we have

U st &.ml &.r) c Be.r) (5.8)
&re s mllEr)
& e SHELml&.r)
c U s &, M @&.r). (5.9)

g e SHE M)
& € SH (&, MU (&1, )

Let us emphasize that, despite its appearance, the first set in (5.8) is not an H"-

section, since mg (&1,r), for & € Sf (¢, mg(é, r)), and mg (&2, 1), for & €
S(f (&1, m g (&1, 1)), are not fixed values. A similar comment holds for the set in (5.9).
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Proof of Proposition 5.3 By the inclusions in (3.6), we easily have
U s &.mf &.r) ¢ | Bs(&2. 1) N He,
&1 GSf(S,mf(E,r)) &1 GSf(E,mg(g,r))
& e S, mll&,r) & e S, mll(&,r)
C |Be (2. 1) N He,
&1 € Bg(§,r) N He
& € By(§1,r) N Hg,
C s &, mf . 7))
§1 € Bg(§,r) N H
& € Bg(§1,1r) N Hg,
C U s & Ml &.r))
§1 € Sf(E,Mf(E,r))
& € S, M (&1, 1)
for every £ € H", r > 0. Hence the assertion holds. |

In order to prove our main result concerning the engulfing property of the H"-
sections, an extension to the Heisenberg case of the inequalities (2.8), (2.9) and (2.11)
turns out to be quite useful:

Proposition 5.4 Let ¢ be a strictly H-convex function in E(H, K). Then, for every
r > 0and & € H", we have

M} (E.2r) < BIM) (&), (5.10)
mll(&,2r) < Bym[l (5. 7). (5.11)
Bym[ (5, r) <mll (€, 2r), (5.12)

where By, By and By depend only on K, and B; > 1.

Proof Proposition 4.2 implies that ¢ is H-differentiable and, if we consider its restric-
tion to any horizontal segment, we obtain a strictly convex and differentiable function.
To be precise, for every £ € H" and v € V; with ||v|| = 1 the function ¢¢ , : R — R,
defined as in (3.3), satisfies condition ii. in Th. 2.1. By (2.8) in Remark 2.1 we obtain

Mg, ,(0,2r) < BiMg, ,(0,r),

where B; depends only on K. Hence we have

ma (¢(S oexpw) — @) — Vo) -w) <
{fweV: w= :|:2
< B {weV|n:13)X=irv} (9 oexpw) — @) — Vye(§) -w);
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taking the maximum w.r.t. to v, with ||v|| = 1, we obtain (5.10).
A similar proof, via inequality (2.9) in Remark 2.1 and inequality (2.11) in Propo-
sition 2.1, shows (5.11) and (5.12), respectively. O

In the final part of this section we will prove our main result concerning the rela-
tionship between round H -sections and the engulfing property of the H"-sections. The
proof will be quite technical, deserving a few previous estimates.

Let ¢ : H" — R be an H-convex function with round H -sections (with constant
Ko). Then, ¢ € E(H, K), and has controlled H-slope (with constant K1), where both
K, K1 depend on K. Denote by y any positive integer such that

Ky < BJ. (5.13)

Thus, from (3.7), and by iterating inequality (5.12), we obtain

K
MIE. ) < Kim[l () < B_Zlmg@’ 2'r) <mll (€. 2r).

Then, we have that
M & r) <mll(E.27r), (5.14)

forevery r > 0 and £ € H", where y > 1 depends only on Ky in (3.4).
The next proposition holds:

Proposition 5.5 Ler ¢ : H" — R be a function with round H -sections (with K as in
(3.4)). Then, there exists a constant C1 > 0 such that, if §' € S(f (&,5), then

mll(, r) < Cimll (& r),

forr such that s = mg (&, ). The constant Cy depends only on K.

Proof Since ¢ has round H-sections, it is strictly H-convex, H-differentiable and it
satisfies the engulfing property E(H, K), where K depends only on Ky. Let &' =
Eoexpuv € Sg(é, s), and set r such that s = mg(“;‘, r): clearly,

£ esEmllE ) cslE mlE ) csllE M)l E 2.
Moreover, since &' € SI (&, mll (£, 1)), by (3.6) we have that
&' o exp(£rv/|vll) € Bg(€.2r) N He C S (€. M (5, 2r)).
Furthermore, since ¢ € E(H, K), we have that &’ € S(/fl (&, M;I (&€, 2r)) gives
SiE Ml 2r) N Hy  SJE KM (E 2r) N HE.
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This implies &' o exp(£rv/|[v[) € S (&', KM[ (€, 2r)). Now, by (5.10) and (3.4),
we have

' oexp(Erv/[v) € S)/ (€, KM (5,2r) C S (€, KBIM, (€, 1))
c S KBiKom! (5, 1)),

where By depends only on K. Then,

ml (&', r) < o oexp(xrv/|lv]) — ¢E) — VueE) - (xrv/|v])
< KBiKom[ (€.1).

O

A result similar to Proposition 5.5, involving now the H"-sections Sgn (&, 5), holds,
but the proof is much more delicate:

Proposition 5.6 Let ¢ : H" — R be a function with round H-sections (with K as in
(3.4)). Then, there exists a constant Bs > 0 such that, if &' € Sgn (&, s), then

mJ (', r) < Bsmll(&,r), (5.15)

forr such that s = mg (&, r). The constant Bs depends only on K.

Proof Since ¢ has round H -sections, it belongs to E(H, K), where K depends only
on Ky, and for every r > 0 and & € H" the inequality (5.12) holds. In addition, by
Proposition 3.3, the function mg(;f, ) : [0, +00) — [0, +00) is invertible.

Take any & € S (50, 9), i.e. &1 € S (50, 9), & € SF (€1, 5) and & € S) (&, 5),
with s such that s = m[! (&, r). By Proposition 5.5 and & € S}/ (%, s), we have

-1 -1
(mf@.0) @ = (mfE)) ©w. (5.16)
Similarly, since & € S[ (&1, 5), we have

(mf e, ~>)7] @ = (m &, -))71 (C1s). (5.17)

Let us prove that there exists a constant C, which depends only on C| and B4, and
hence on K, such that

—1 -1
(mfE) @o=c(miE)) . veeH. (.18
Inequality (5.12) is equivalent to
-1 -1
(mf€.)  Bd) =2(mf €)@, V=0
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by choosing 8 € N such that C; < Bf , iterating the previous inequality and taking

. ~ -1 - . . . . .
into account that § (m g (&, -)) (5) is an increasing function we obtain

(m2 &) @) <2 (mle.0) (%) =2 (mll€.)) ©). 619

4
Hence, (5.18) holds with C = 2#; now, by (5.16), (5.19) and (5.17), we obtain
-1 -1
(mf&0.0) @ = (mflE.n) €
-1
=2 (mf@) ©
—1
=2 (mf @) ().

A similar argument proves that &3 € S(SI (&2, s) implies

(mf ) @) =27 (mll&5.) " (Cis).
Now, recalling that s = m g (&0, 1), the previous inequality gives
m (83,27 r) < Cim]! (%o, r). (5.20)
Finally, (5.11) and (5.20) implies
ml &5, r) < By Cimf (&3,1) < By Ciml (&, 1),
and the proof in finished. O

In order to introduce and prove the main result of the section, we need the following

Lemma5.1 Let ¢ : H* — R be an H-convex function with round H -sections.

a If¢ e Sg(é, mg(g, r)) for some r > 0, then
ml & r)y <mf & 2"7r), (5.21)

with y asin (5.13);
b. if¢ € S(/fl(é, M(/f’(é, r)) for some r > 0, then

MJIE ) <mll(& 22Ty, (5.22)
with y as in (5.27) which depends only on K.
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Proof Let us consider §’ = & o expv € S/ (5, m[/ (§,7)): by (3.6) we have
vl <. (5.23)
The H-convexity of ¢ and the H-monotonicity of V¢ give

@) —@(E oexpv) — Vuo(§ o eXp v)-v=0 (5:24)

(V9§ cexpv) = VEe(§)) - vﬂ— 0; (5.25)

Again the H-convexity of ¢ and (5.23)-(5.25) give

mi & r) <o (&oexp — (&) — Vg - (-
|| || ||vI|
<o (g o exp (—mr>> — @ oexpv)

—VaeE oexpv) - (—UL — v)
vl

<M (& 2r).

Therefore (5.21) follows from (5.14).

Let us prove b. Take any &' € S(f(?;, M(/I;I(E, r)); since ¢ € E(H, K), with K
depending on K¢ only (see Theorem 4.1), then & Sg (&', KM(;[ (&, 7)). From (5.14)
we have &' € SH (&, M[I (&, r)) c SJ(& mE(&,27r)), and (5.21) implies that

KMJ'(&.r) < Km[l(§,27r) < Km[l (€', 27 H1r). (5.26)

Now, let y € N be such that i
K < BJ. (5.27)

By iterating inequality (5.12) and (5.14), inequality (5.26) gives

K )
KM & r) < kml &2 1) < _];mg@,’ Q14247 1y
By
< mll & 2147y, (5.28)

Hence, & € Sj;’ & KMl r) c SHE, mg (€', 2'%2v+7 1)), Finally, the inequal-
ities (5.14) and (5.21) imply

MEE ) < ml .20 < mll 2T ) < w6 200 ),
O

We are now in the position to prove the first part of our main result in Theorem 1.1:
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Proof of Theorem 1.1i Let ¢ : H" — R be an H-convex function with round H-
sections. Let us prove that ¢ satisfies the engulfing property E(H", K). Fix § € H"
and s > 0. Let us suppose that & € S]gn (&, s): we have to prove that S]gn &,s) C

Sg" (&', Ks), where K is a constant which depends only on Ky in (3.4).
Let r be such that s = mg (&, r). By definition,

Sy (5.5) = U si&. mll & . (5.29)

& e SHE ml e r)
& e SH(EL ml (1)

For every &) € S(f (&, mg(s, r)), by applying a. in Lemma 5.1, we get
mfl (&, r) <ml & .27 (5.30)

and, by (5.29), we get

Sy (.9) C U sf&. mllE ). (5.31)

g eSHE mlEr)
& € SH(EL ml (51,2177 7))

For every & € SH (&1, mf (&1,2'17r)) with & € S (€, m (&, 7)), viaa. in Lemma
5.1 we get
mf (1,277 r) < mfl (&, 277 r). (5.32)

Using now (5.30) and (5.32), relation (5.31) becomes

S (&.5) C U sf&.ml &. 2272 r)).

g1 e SH(E mll £ )
& e SH(E, mb (5,277 7))

Since y > 0, we have the following inclusions:

Sy (€.8) C U s & mf &, 22"
£ € S mb (5,227 r))
& e Sf (&1, ml &, 221 r)

C B(£,2%p), (5.33)
where the last inclusion comes from (5.8). Then, using the inclusions in (5.3), we get

SE' (8,5) C B(E,277r) C By(£.327 7 r)n
C Bo(&',32%%%r) C B(¢/,3C23 % p), (5.34)
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where C is the constant in the Folland—Stein Lemma. Inclusions (5.9) and (5.34) give

Sy (€.9) C U sl MP &, 3¢2° 7).
&€ S, (€, M, 362127 )
& € S, (&, M) (&,3C232 1))

Now, applying twice (5.22) in Lemma 5.1, we have, by the previous inclusion,

Sy (&) C U SJ &, M) (&,3¢2°77 7))

& e SIE M) (E,3C2°27 )
& € SJ (&, MJ (&,3C27 2 r))

C U s (&0, My (63,3C277 7))
& €S, (€ M) (E,3C2T )
& € S}l (&, M (&,3C27 1))

C U sf. Ml @ 3c278 20
& € S, (E M) (E,3C2T )
£y € SH(&s, MH (&', 3C27H8r+27y))

C U sfe Ml @ 3027827y
& € S, (€ M) (5, 3C2TH3 2 r)
£y € S[ (&, MJI (&, 3C27H8Y T2V r))

_ Sﬂjn (f/7 Mf(é?/, 3C27+8y+2)7r)> _ (5.35)

Set C = 3C27+87+27 and take any § € N such that C < 2%; clearly, both C and &
they depend only on K. Hence, we have the following inclusions:

sy €0 sy (¢ Ml (8. Cr))
c sy (g’, B MY (s’, éZ_Sr)) (by 5.10))
sy (g BIMl (€'.r))
c sE (5/, KiBim# (¢, r)) (by (3.7))
sy (&, BsKiBimf! ¢.1) (by (5.15))
c Sy (€. BsK1B{s).

O
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6 Balls and Quasi-distances via the H"-Sections of H-Convex
Functions

It is known that there is a deep connection between the existence of a quasi-distance d
on a given set X and the existence of a family of subsets {S(x, 5)}{xex, s>0} €njoying
the following properties

(P1) (=0 S(x,s) = {x}, forevery x € X;

(P2) U S(x,s) = X, forevery x € X;

(P3) foreachx € X, s — S(x, s) is a non decreasing map;
(Py4) there exists a constant H such that, for all y € S(x, s),

S(x,s) C S(y, Hs), (6.1)
S(y,s) C S(x, Hs). (6.2)

As a matter of fact, the following result holds:

Lemma 6.1 (see Lemma 1 in [1]) Let X be a set and S : X x Rt — P(X) be a
set-valued map such that the family {S(x, s)} has the properties (P1)-(Ps). Then, the
functiond : X x X — [0, +00) defined by

dx,y)=1inf{s: x € S(y,s), y € S(x, )}

is a quasi-distance. On the other hand, given a quasi-distance d defined on X, the
family of the d-balls in X satisfies the properties (P1)-(Py).

In particular, in [1] the authors prove that the sections S, (x, r) of a convex function
u : R — R satisfying the engulfing property, generate a quasi-distance.

Let us now consider an H-convex function ¢ : H” — R with round H-sections; by
taking all s > 0 and £ € H" = R*"*! we obtain a family of sets {S]};I (&, 9)}gemr, s>0
(the H"-sections) for which conditions (P;)-(P3) trivially hold; moreover, due to
Theorem 1.1, such family satisfies the engulfing property E(H", K), i.e. condition
(6.1).

The next result shows that the family of H"-sections satisfies condition (6.2) too:

Theorem 6.1 Let ¢ : H" — R be an H-convex function with round H -sections. Then,
there exists a constant K, which depends only on K, such that, if §' € S]gn (&, ),

then SE' (€', 5) C SE' (£, K).
Proof The proof follows the ideas in the proof of Theorem 1.1. Fix § € H" s > 0
and &' € SH(/;H" (&, 5); let r be such that s = mg (&', r). Theorem 1.1 guarantees that

@ satisfies the engulfing property E(H", K), where K depends only on K¢. Hence,
IS Sgn (&', Ks). Proposition 5.6 implies that

mf (§,7) < Bsm[l (&', 7),

@ Springer



The Engulfing Property for Sections of Convex Functions... 10367

for 7 such that Ks = mg (&',7) (the constant Bs depends only on Kj). Since, by
Proposition 3.3, the function r — m 51 (&, r) is an increasing function, we obtain

m (§,r) < Bsm[l(§',7) = BsKs. (6.3)

By definition,
Sy (§.5) = U st &.ml @& .. (6.4)
greSHE . mlE )
& e Sg(él,mg(é",r))

Using exactly the same arguments as in the proof of Theorem 1.1, that allow us to
pass from (5.29) to (5.33) (essentially, by exchanging the role of & and &), we obtain

SEPZ (5/, S) c E(E/y 22+2Vr) C Bg(é/a 322+2V}’). (65)

Now, taking into account the definition of y in (5.27) and iterating inequality (5.12),
we get

K . ;
Ks=Kmll (& r)<—mllE . 27r) <mll (& 2'r). (6.6)
8]

Since & € S]g" (&', Ks), we obtain

S, (6.Ks) C s & ml @ 27r)). 6.7)
§1 € S E my (¢'.27r)
£ e S &, ml (&, 27r)

Using exactly the same arguments that allow us to pass from (6.4) to (6.5) (essentially,
by exchanging the role of r with 27 r), we obtain

£ e B, 2272 r) C By(&, 3221217y, (6.8)
Now, taking into account that y > 0, relations (6.5) and (6.8) give

Sy (8'.5) C Bg(§',3272r) C By(§,32%7 ™V r) C B(£,3C2™ 1), (6.9)

where C in the previous inclusions is the constant in the Folland—Stein Lemma. Using
the same arguments that allow us to pass from (5.34) to (5.35) (essentially, by replacing
3C2312Y r with 3C23127 47 1), we obtain

Sﬂjﬂ (S/, S) c Sg[n (%_’ M(/])-[(%,’ 3C27+8y+3)7r)> ]
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Set C = 3C27+87+37 and take § € N such that C < 23; clearly, C and :S\depend only
on K. We have the following inclusions:

sy’ (6s) S} (6. MY (5.Cr))

c s¥ (g BiMY (5,62*5;»)) (by 5.10))
sy (e BIMf &)
c sy (e KiBim{l €.1)) (by 3.7))
c " (& BsK K1 Bs) (by (6.3))
which concludes the proof. O

We are now in the position to prove the second part of our main result in Theorem
1.1:

Proof of Theorem 1.1ii. Let ¢ : H" — R be an H-convex function with round H-
sections. The previous arguments, together with Lemma 6.1 and Lemma 2 in [1], give
that

do(6, &) =inf{s > 0: £ eSJ" (&9, & eSF (6,9

is a quasi-distance in H". Moreover, if B, (&, r) denotes the d,-ball of center § € H"
and radius r > 0, we have that there exists H which depends only on Ky in (3.4) such

that
SE' (6,57 ) € Bo&.r) S 6.1 (6.10)

37)
O

The definition of H"-sections via subsequent constructions of H-sections makes
hard its description in terms of functional inequalities. However, in the very simple
case of the function ¢ : H — R defined by ¢(x, y, 1) = x> + y2, we are able to fully
describe the set SEI (e, r) by providing explicitly the equation of its boundary. While in
the Euclidean case the function u(x) = ||x||2, with x € R”, gives rise to the sections
S, (xo,8) = BR" (x0, 4/5), i.e., the usual balls in R", in the case of the first Heisenberg
group H and with the mentioned function ¢ we obtain SEI(SO, s) = B (&0, +/), and

the family of H-sections of ¢ consists of the B-balls in (5.2).
Example 6.1 Let us consider ¢ : H — R defined by ¢(x, y,7) = x> + y2. This

function is R3-convex, and hence H-convex. Since oge(x,y,t) = {2(x,y)}, the
horizontal section S(ff (&0, 5) is given by

Sg (50, 8) = 1€ = (x,y,1) € Hgy : (x —x0)” + (y — y0)* < s},
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for &y = (xo, y0. tp) and s > 0. Hence, for this particular ¢, we have that
SH (%0, 5) = Bg(£0. +/5) N Hey, (6.11)
and, therefore,
SE(&.5) = B, v/5).

Since, from the definition of H-section, Sﬂj o,5) =&y o Sg(e, s), we will focus on
the particular case £y = e. We claim that, for every r > 0,

Sii(e.r) = B(e, /)

= {5 =(x,y,1): |t] < \/3V + 201, WINVF = 11 I (Vr + ||(x,y)||)}-
6.12)

Let us try to give the idea of its construction. Fix » > 0. First of all, note that

° E (e, +/r) is radial with respect to the ¢-axis;

e B(e, \/r) is symmetric with respect to the xy-plane.
In particular, it is sufficient to identify the points of the set 9B (e, /r)inHN{t > 0}.
To this purpose, for every 6 € [—2m/3, 0] let us consider the points

;79 = (\/7 0, 0) o (\/7005 0, \/rsiné, 0) o (ﬁcos(29), /1 sin(20), 0) , (6.13)

Trivially, n° = (3/7,0,0) € 3B(e, +/r). Let us motivate our choice in (6.13). Let
v, eV = R2, fori = 1, 2, 3, and consider the point

n=(x,y, t) =exp(vy) oexp(va) oexp(vs); (6.14)

we have (x, y) = v; 4+ v + v3, and [t|/4 is equal to the area of the polygon P =
co{(0,0), vy, vi+v2, V1 +Vv2+v3} C R2, where “co” denotes the convex hull (for
details on this application of Stokes” Theorem, see, for example, Section 2.3 in [12]).
In order to construct 8§(e, ) N {(x,y,t) € H: ¢t > 0} we restrict our attention to
the points 7 in (6.14) with the following features:

o |vill = /r;

e the angles vy, v; and vy, v3 are equal to 6

(this choice will be explained later on). Due to the symmetries of B (e, A/T), we set
v1 = /r(1,0), vy =4+/r(cos,sinf), v3 = +/r(cos(20),sin(20)). (6.15)
With this choice, from (6.13) one simply gets that

n’ = (x(0). y(0),1(0))
= (ﬁ(l + cos 6 + cos(20)), +/7 (sin 6 + sin(20)) , —4r sin (1 + cos 9)) .
(6.16)
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Clearly, () > 0 for 8 € [—m,0]. In the case § = —2x/3, P turns out to be an
equilateral trlangle and 7n —21/3 — (O 0, \/_r) in the case 0 € [—m, —27/3), we
have that r} is an interior point of B(e /7). Therefore, we restrict our attention to
the points 1” as in (6.13). Simple computations give that, for 8 € [—27/3, 0],

d(9) := [|(x(0), yO)Il = V/r(1 4 2cos6)
t(0) =4r/1 —cos6(1 + cosb).

Note that, if 8 = —m /3, the function #(6) reaches its maximum 34/3r and, in this
case, d(—m/3) = 2./r. Consider the change of variable z = /7 (1 42 cos 6); due to
the symmetry of B(e, /), we obtain that

(z, 0,/3r + 224/r — 22 (ﬁ+z)) € dB(e,vr), forz e[0,3rl,

and thus we get the expression in (6.12).

T (2r,0,3(3r)

(0,0,{3r)
(3,0.0)

The profile in the plane (x,0,t) of the H-section S%(e, r) of the function ¢ : H — R defined by
o(x,y,0)= x>+ y*, forr=1.

Finally, let us explain briefly the restrictions imposed in (6.15) to obtain (6.12).

First, it is easy to see that, 1f in (6.14) we set vl = f/ with 0 < ' < r, we
obtain that » in (6.14) is in 8B(e NN B(e \/r); a similar argument holds for 7
in (6.14), with the choice |Jv; || < /7.

Secondly, let us motivate the restriction v1, v5 = v, v3 = 6 in (6.16). Fix 6 €
(=27 /3, 0), consider v; as in (6.15) and the mentioned polygon P; using (6.16), the
area of P is exactly —sin0(1 + cos 0). If one looks for the triplet of vectors v;, with
lvill = &/r fori = 1,2, 3, such that v; + va + v3 = (x(0), y(9)) and such that
the area of the associated polygon P is the biggest one, then one obtains exactly the
vectors v; in (6.15). This proves that n? belongs to the boundary of our H-section. We
leave the details and their tedious calculations to the interested reader.

@ Springer



The Engulfing Property for Sections of Convex Functions... 10371

7 Final Remarks and Open Questions

Question 1 The assumption of the round H-sections property for an H-convex func-
tion ¢ is a sufficient condition in order to guarantee that ¢ satisfies the engulfing
property E(H", K). It would be nice to weaken this assumption and prove that a func-
tion with the engulfing property E (H, K) satisfies the engulfing property E(H", K).

Question 2 In [13] the authors study the engulfing property for convex functions in
a generic Carnot group G; as a matter of fact, in this more general framework, the
related definition of G-sections (as in Definition 5.1) would be affected by the different
geometry of the group G, by the number of the steps and, especially, by the number
of consecutive horizontal segments needed to connect any pair of points. Moreover,
in a Carnot group with step greater than 2, a so-called horizontal line, i.e., a set
{€ oexp sv}ser, is not a line in the Euclidean sense, as well as a horizontal plane is not
a hyperplane in the Euclidean sense. This leads us to think that the G-sections may
have a very peculiar shape.

Question 3 By Theorem 3.3.10 in [19], the engulfing property for a convex function
¢ : R" — R implies the existence of C > 0 and p > 1 such that for every 0 < r <
s<1,x €R" t>0,and x € S,(x9, rt) we have the inclusion

Sp(x, C(s —r)Pt) C Sy(xo, s1);

note that, under the assumptions above, the function ¢ is differentiable (see [11]).
Under any suitable version of the engulfing property in H", can a similar inclusion be
proved in H"?

Question 4 In [21] the authors prove, among other things, that the notion of round
sections in Definition 2.1, controlled slope in (2.12), quasi uniform convexity, and
quasiconformity are strictly related properties. To be precise, the next result holds (see
Theorem 3.1 in [21]):

Theorem 7.1 Letn > 2, and let u : R" — R be a convex function. The following are
equivalent:

i. u is quasiuniformly convex function, i.e. u is not affine, u € W, O’C" and there exists
a constant K > 1 such that

IV2u@)||" < KdetViu(x), ae.x € R"; (7.1)
ii. uisdifferentiableandVu : R" — R" is quasiconformal, recalling that an injective
map F : R" — R" is quasiconformal if F € Wllo’: and there exists a constant

K > 1 such that

IVF()|" < KdetVF(x), ae.xeR" (7.2)

iii. u is differentiable, but not affine, and has controlled slope;
iv. u has round sections.
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On the other hand, it is well known that the notion of quasiconformal map on H"
has been introduced and intensively studied (see for example [12]). In this paper we
introduce the notion of H-controlled slope and round H-sections for an H-convex
function but, at least to our knowledge, a horizontal notion of quasiuniform convexity
for H-convex function does not exist in the literature. Our future aim will be to
investigate a horizontal version of Theorem 7.1.
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