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Abstract

In this paper we analyze the capacitary potential due to a charged body in order to deduce sharp analytic
and geometric inequalities, whose equality cases are saturated by domains with spherical symmetry. In
particular, for a regular bounded domain () — R”, n > 3, we prove that if the mean curvature H of the
boundary obeys the condition

1 n—2 H 1 n—2
— < < ,
[Cap(ﬂ)] n—1 [Cap(ﬂ)]
then Q) is a round ball.
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1 Introduction and statement of the main result

In this work we are interested in studying the analytic and geometric properties of a solution (€}, u) to the
following problem

Au

u

0 inRM\Q,
1 ondQ, (1.1)

u(x) -» 0 as|x| » +o0.

In classical potential theory, the bounded domain () is interpreted as a uniformly charged body and
the function u is the electrostatic (or capacitary) potential due to (). The basic properties of solutions
to (1.1), such as existence, uniqueness, regularity, validity of maximum and minimum principles as well as
asymptotic estimates, are of course very well known and for a systematic treatment, we refer the reader
to [ ]. However, for the statements which are more relevant to our work, we decided to include the
proofs in Appendix A, where other references are also given. In order to introduce our main results, we
specify our assumptions on the regularity of both the domain Q) and the function u with the following
definition.

1.1 Definition. A pair (Q), u) is said to be a regular solution to problem (1.1) if

* OO c R", n = 3, is a bounded open domain with smooth boundary. Without loss of generality, we also assume
that Q) contains the origin and R"\Q) is connected.

* The function u: R"™\Q — (0,1] is a solution to problem (1.1), it is C* in R"™\Q) and analytic in R"\Q.

Before proceeding, we point out that the assumption about the connectedness of R*\() is not restrictive. In
fact, since Q) is bounded, the set R"\() has one and only one unbounded connected component. The other
ones are then forced to be compact so that u has to be constant on them. In other words, these connected
components are completely irrelevant to the analysis of problem (1.1) and the above definition allows us to
simply ignore them.



In order to fix some notation as well as some convention, we recall that the electrostatic capacity associated
to the set () is defined by

Cap(Q)) = inf{ |Dwl|? dv

1 .
W - UJECCCD(]Rn), w = 11110} , (12)

where [S"~1] is the area of the unit sphere S"~! in R” and do is the hypersurface measure in R”. We refer

the reader to Appendix A for some comments about this definition, here we just observe that the capacity of
Q) can be represented in terms of the capacitary potential u as

1

We recall that if () is a round ball centered at the origin, then the capacitary potential u is radially symmetric
and it is given by the explicit formula u(x) = Cap(Q)|x|>~". For more general domains, u satisfies the
asymptotic expansions described in Proposition A.2.

To introduce our main result, we recall that in the recent work [ ] the authors define for p > 0 the

quantities
(=1 (n=1)

(n—2
01] 5 ¢ — Uy(t) = [CL(Q)] J Dul? do (14)
t {u=t}

and prove that for every p > 2 — 1/(n — 1) these functions are differentiable and monotonically nondecreas-
ing, namely Uj, > 0. Moreover, the monotonicity is strict unless both the function u and the domain Q) are
rotationally symmetric (see [ , Theorem 1.1]). On the other hand, by the asymptotic expansion of u

and |Du| at infinity, one can easily compute the limit
lim Uy(t) = [Cap(Q)]F(n—2)P|S"7!]. (1.5)

t—0+
Combining this fact with the monotonicity, the authors are able to prove the following sharp inequality

Du
n—2

S [Cap(@)]' T <

1 eq)

for every p = 2 —1/(n — 1). An interesting feature of the above inequality is that it comes together with a
rigidity statement. In fact, as soon as the equality is fulfilled, everything is rotationally symmetric. Finally,
letting p — 400, one deduces that

1 Du
Cap(Q))] "2 < .
(Cap(O)] 7 < max| 2%

However, a priori it is not clear if the rigidity statement holds true for this inequality. Our main result
answers in the affermative to this question.

1.2 Theorem. Let (Q), u) be a reqular solution to problem (1.1) in the sense of Definition 1.1. Then the following
1 Du

inequality holds
n—2
Cap(Q)) < (ng(a)x n—2 > ' (1.6)

Moreover, the equality is fulfilled if and only if () is a ball and u is rotationally symmetric.

The proof of a slightly extended version of Theorem 1.2 (see Theorem 2.6) will be presented in full details
in Section 6. However, before proceeding, it is important to remark that the new rigidity statement is
obtained by exploiting the peculiar geometric features of the new method (spherical ansatz), in contrast
with the method employed in [ 1 (cylindrical ansatz), for which this result was clearly out of reach. For
further comments about the way the rigidity is proven and for a more detailed comparison between the two
methods, we refer the reader to Section 2.

It is worth pointing out that in dimension n = 3, a proof of Theorem 1.2 has already been provided by
Payne and Philippin in [ , Formula (3.24)]. This 3-dimensional proof is based on [ , Theorem in
Section 2] and the well known Poincaré-Faber-Szegt inequality

0l < TiCap()P, 17)
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which holds on every bounded domain of RS, see | , Section 1.12]. The proof in [ ] can be extended
to any dimension n > 3 using a generalized version of (1.7) (see Theorem A.5 in the appendix)

n—=2

(\|]?”|\) ' < Cap(QY), (1.8)

where B" < IR" is the n-dimensional unit ball. This inequality has also been extended to conformally flat
manifolds in [ , Theorem 1]. However, this is not enough to generalize the approach of Payne and
Philippin beyond the Euclidean setting, since the computations in [ ] make use of integral identities
that exploits the peculiar structure of IR".

In contrast with this, we emphasize that the proof proposed in the present work is self-contained,
provides a clear geometric interpretation of the result (see Theorem 2.5), and does not depend heavily on the
structure of R". In view of these considerations, it is reasonable to believe that the method described in this
work could be successfully employed to study a much wider family of problems. For instance, the present
techniques can be adapted with minor changes to treat the exterior problem on a complete nonparabolic
Riemannian manifold with nonnegative Ricci tensor (here the nonparabolicity of the ends is needed in
order to guarantee the existence of an exterior solution to the analogue of system (1.1)). Another promising
direction of research would consist in using the spherical ansatz to investigate other types of elliptic problems.
As a relevant example, we recall that the cylindrical ansatz introduced in [ ] to study problem (1.1), has
been employed in [ ] to establish some relevant geometric inequalities in the context of static metrics
in general relativity. These and other natural questions will be the object of future investigations.

1.1 Analytic consequences - Sphere Theorem I

As a first implication of the above result we obtain the following sphere theorem, which roughly speaking
says that if the strength of the electric field | Du| measured on the surface of the uniformly charged body
is bounded above by the inverse of the so called surface radius (|0Q|/|S"~1)/("=1), then the charged body
must be rotationally symmetric.

1.3 Corollary (Sphere Theorem I). Let (), u) be a reqular solution to problem (1.1) in the sense of Definition 1.1,

and suppose that
|Sn71| ﬁ
( 50 ) on 0Q). (1.9)

Du
n—2
Then 0Q) is a sphere and u is rotationally symmetric.

Proof. Dividing both sides of (1.9) by |S"~1| and integrating over 0Q) gives

— ;f \Du|do < (5"”)”_1
(n—2)[5"1| Jaa =\ Jeq]

Combining this inequality with (1.6) and using again the hypothesis (1.9), we obtain the following chain of

inequalities
jsn=1\ i 1 w \"2 s\
< < <
( 20 ) Cap(0) <“%X n—z) < 0] )

In particular, the second inequality holds with the equality sign and the conclusion follows by the rlgldlty
statement of Theorem 1.2.

Cap(Q)

The above statement should be compared with [ , Theorem 2], where a similar sphere theorem is
proven. In terms of our notation, Reichel’s Theorem reads as follows:

1.4 Theorem (Reichel [ 1). Let (Q), u) be a regular solution to problem (1.1) in the sense of Definition 1.1 and

suppose that
|Du| = ¢ ondQ), (1.10)

for some positive constant ¢ > 0. Then 0Q) is a sphere and u is rotationally symmetric.



1.5 Remark. Reichel’s Theorem has been generalized in a number of directions. A different proof of Theorem 1.4
has appeared in [ 1, and similar results have been proved for other classes of elliptic inequalities [ 1, for
annulus-type domains [ ] and for the p-laplacian [ , 1. The case of a disconnected Q) —with possibly
different Dirichlet and Neumann condition on the different boundary components— is analyzed in [ 1. 1t seems
interesting to ask if our Corollary 1.3 admits similar generalizations. We just point out that our main result extends
without effort to the case in which Q) is not connected, but assuming that we have the same Dirichlet condition u = 1
on the whole 0€).

To understand the relationship between Reichel’s overdetermining assumption (1.10) and our assump-
tion (1.9) we observe that in virtue of our Theorem 1.2, the constant c that appears in Reichel’s hypothesis is
no longer allowed to be any positive constant, but it must obey the a priori constraint

Using again Reichel’s overdetermining condition (1.10), one can express the capacity of (2 as

c [0QY|
Cap() = 5 (|S'H\>

so that, up to some algebra, the above a priori constraint can be written as

|S"_1\ — c
< =
( |oQ)] ) S n-2

Having this in mind, we can rephrase our Corollary 1.3 as follows.

Du

p— on 0Q).

1.6 Corollary (Sphere Theorem I - Revisited). If (O, u) is a reqular solution to problem (1.1) in the sense of
Definition 1.1, and we suppose that its gradient |Du| at 0Q) is bounded from above by the least admissible constant
Neumann data in Reichel’s overdetermining prescription (1.10), then 0Q) is a sphere and u is rotationally symmetric.

1.2 Geometric consequences - Sphere Theorem II

In order to state some purely geometric consequence of Theorem 1.2, we recall from [ , formula (2.6)]
the inequality
Du H
1.11
0 n—2| S =1 (L.11)

which holds for regular solutions of (1.1). Here H is the mean curvature of the hypersurface 0Q) with respect
to the normal pointing towards the interior of () and the standard flat metric of R”. We precise that, in
our convention, the mean curvature H is defined as the sum of the principal curvatures. Combining (1.11)
with (1.6) we obtain a geometric inequality (see (1.12) below) involving only the capacity of () and the mean
curvature of its boundary, whose equality case is characterized in terms of the rotational symmetry of Q.

This latter rigidity statement answers to a question raised in [ ] as well as [ ]
1.7 Theorem. Let QO < IR" be a bounded domain with smooth boundary and n = 3. Then the following inequality
holds )
1 H \"~
e S — . 1.12
Cap(Q) (r%?)x n—1 ) (1.12)

Moreover, the equality is fulfilled if and only if Q) is a round ball.

In other words, Theorem 1.7 tells us that among regular bounded domains for which the maximum of
the mean curvature of the boundary is fixed, the capacity is minimized by spheres. As an immediate
corollary of Theorem 1.7, we obtain the following sphere theorem, that should be compared with the
classical Alexandrov Theorem for compact connected constant mean curvature hypersurfaces in Eucidean
space. Here we draw the same conclusion under a pointwise pinching assumption for the mean curvature.

1.8 Corollary (Sphere Theorem II). Let Q) < IR" be a bounded domain with smooth boundary and n > 3. Suppose
that

1

‘[%]g i1 < [Capl<o>]”_2'

Then 0Q) is a sphere.



1.9 Remark. This result was already provided in [ , Formula (3.29)] in dimension n = 3. In the case where ) is
convex and n = 3, an easier proof is available, see [ 1.

We observe that the relation between our Sphere Theorem II and the celebrated Alexandrov Theorem is
the perfect analogous of the one described in the previous subsection between our Sphere Theorem I and
Reichel’s result. In order to see this, let us rephrase the Alexandrov Theorem in our setting.

1.10 Theorem (Alexandrov [ D). Let QO < R" be a bounded domain with smooth boundary and n > 3.
Suppose that
H=c¢ onoQ), (1.13)

for some constant ¢ > 0. Then 0Q) is a sphere.

1.11 Remark. As for Reichel’s Theorem, also Alexandrov’s Theorem has been generalized in several ways. A similar

result for the k-mean curvature have been proved in [ , 1, and a quantitative version of Alexandrov’s
Theorem appeared in [ 1. Also, a characterization of the constant mean curvature hypersurfaces have been found
in other space-forms [ ] and in warped product manifolds (see [ , , ]). Corollary 1.8 follows yet

another direction, and can be interpreted as a rigidity result under a pinching condition on the mean curvature. Since
the technique used in this work does not seem to depend deeply on the structure of the Euclidean space, it is natural to
ask if also our result extends to other manifolds.

In the above statement we drop any attempt of writing the optimal regularity assumptions. Moreover, we
observe that by the compactness of 0() the assumption on the sign of the constant c is not restrictive. On the
other hand, in virtue of Theorem 1.7, the constant ¢ in (1.13) is a priori forced to obey the constraint

on 0Q).

1 n—2< c _
Cap(QY) S n-1 " |n-1

Hence, it is clear that our Corollary 1.8 can be rephrased as follows.

1.12 Corollary (Sphere Theorem II - Revisited). If a bounded domain Q0 < R" with smooth boundary and n = 3
is such that the absolute value of the mean curvature of its boundary is bounded from above by the least admissible
constant in (1.13), then 0Q) is a sphere.

We have already noticed that the proof of the above results does not depend on the Poincaré-Faber-

Szego inequality (1.8). However, (1.8) can be combined with the above results in order to deduce another

Sphere Theorem for starshaped domains. Raising to the square both sides of (1.11), multiplying them by

{x|v), where x is the position vector and v is the exterior unit-normal to 0}, and then integrating on 0}, we
Du

obtain )
H H
J — — J (x|v) do = n|Qmax | —

onln—2 1 20 o |n

Using formula (A.5) in the appendix, the term on the left hand side is seen to be equal to [S"~!| Cap(Q) =
n|B"| Cap(Q2). Using the Poincaré-Faber-Szeg6 inequality (1.8) to estimate Cap(Q2), with some easy algebra
we obtain the following result.

2 2

x|v) do < max
<|> \EQTZ

1.13 Corollary (Sphere Theorem for starshaped domains). Let Q) < R" be a bounded starshaped domain with
smooth boundary and n = 3. Suppose that

1 1
BNE  H (B
- < ~ .
(m\ 1S\ (114

where B" is the n-dimensional unit ball. Then 0C) is a sphere.

Recalling (1.8), we see that this corollary is a stronger version of Theorem 1.7. Unfortunately, our proof only
works for starshaped domain. It would be interesting to study if this hypotesis can be relaxed.

2 Geometric methods and strategy of the proof

In this section we outline the strategy of the proof of the previously mentioned results and we set up some
notations. This gives us the opportunity to describe in details the analogies and differences between our
method and the one introduced in [ , ], hoping that this comparison will be useful for further
applications.



2.1 Spherical ansatz vs cylindrical ansatz

The method presented in [ , ] relies on a geometric construction called cylindrical ansatz. One
starts from the simple observation that the Euclidean metric gr» can be written as

2

gre = dlx|@dlx| + |xPgsia =[x (x| 2dlx| @dlx| + gt ) = 122 geyt = g " geyt,

where g is the cylindrical metric on R"\{0} and we have denoted by u(x) = |x|2~" the rotationally
symmetric solution to problem (1.1) when () is a ball centered at the origin with radius 1. With this in mind,
given a generic solution ((, u) to problem (1.1), one is lead to consider the ansatz metric

2
g = Yyn-2 g]R” ,

and study under which conditions g is actually cylindrical. To proceed, one sets ¢ = log(u) and notices that,
when (Q), u) is a rotationally symmetric solution, then V ¢ represents the splitting direction of the cylinder.
For this reason, the strategy of the proof in [ , ] is to find suitable conditions under which some
splitting principle applies. When this is the case, one recovers the rotational symmetry of the solution (Q, u).

In this work, we introduce a different geometric construction, called spherical ansatz, and we aim to
investigate its consequences along the same lines as the ones just described for the cylindrical ansatz. The
main difference is that this time the rigidity statements will be deduced from a suitable sphere theorem instead
of a splitting principle. To be more concrete, we indicate with §" = {(z!,...,z"*1) e R**1 : |z|2 = 1} the
unit sphere sitting in the Euclidean space R"*+1 and with N its north pole (0,...,0,1). We let then 7 be
the stereographic projection that maps conformally S"\{N} onto the n-dimensional plane {(z!,...,z"*1) e
R**1 ¢ 271 =0}, Wesetz/ = (z},...,2") and recall the precise formulee:

m: S"\{N} — R" 71 R" — S™\{N}
/ 2
roon+ly z — 2x |x| -1
@) — 1w * (|x\2+1’|x|2+1 '

Pulling back the standard round metric gs» (i.e., the one induced by the Euclidean metric grs+1 on the unit
sphere 5") one obtains on R" the metric gspp, = (=1 *ggn, so that (R”, gsph) is isometric to a sphere, except
for a missing point. The explicit form of such metric is

2
_ 2\ 2

Soph = (1) *ggn = (m) SRr = 1ﬁ SR",

+

n—2
Ug

where we recall that ug(x) = |x|>~". Therefore, starting from a generic regular solution (2, %) to prob-
lem (1.1), we are lead to consider the ansatz metric

2
2
g = (_2) SR" - (21)
14+u n-2

In order to obtain rigidity statements, we need to investigate under which conditions the Riemannian
manifold (R"\(Q) is isometric to an hemisphere. This will imply in turns the rotational symmetry of both
O and u. As anticipated, sphere theorems will play here the same role as the splitting principles in the
cylindrical ansatz situation.

2.1 Remark. It should be noticed that if the domain Q) is actually a ball of radius p, then the solution u is rotationally
symmetric and it is explicitly given by u = p"~2|x|>~". On the other hand, by Proposition A.2, one has that

u = Cap(Q)[x*",

so that the radius p can be computed in terms of Q) according to the formula

1

p = [Cap()]"=.



In this case, formula (2.1) rewrites as

( 2
1+ [Cap(Q

2

2 2
[Cap())] = (ﬁ) CdF'@dAE + .. +d3"®dE" = [Cap(Q)]7 gopn,

oq
[

2
— ) cdrl@dxl+ .+ d'@dx" =
N a2

where in the second equality we have used the change of coordinates { = [Cap(Q))] 2 x, and in the last equality we
have used the definition of gspn. This means that, in general, in what concerns the rigidity statements, we expect the

manifold (IR"™\QY, g) to be isometric to a round hemisphere of radius p = [Cap(Q)]Y/("=2).

In the case under consideration, it seems reasonable to proceed in the direction of the classical Obata rigidity
theorem [ , Theorem A], according to which a necessary and sufficient condition for a closed manifold
to be isometric to a unit-radius sphere is to admit a function f satisfying the condition V2f = —fg. On the
standard sphere S”  R"*! such condition is verified by the restriction to the sphere itself of any coordinate
function of R"*1. So in our case it is natural to supplement the ansatz metric ¢ with a function f that is the
candidate to trigger the rigidity theorem. In order to find such a function, we turn ourselves again to the
model case and consider the function

CxP-1 ug " —1

fox) = (" H*2" ) (x) = 2" onl(x) = T =z (2.2)
ug "+ 1
Given a generic solution (Q, u) to (1.1), it will then sound reasonable to set
“ro1 1
f = u% = —tanh( ogu) (2.3)
u 241 n-2

and study the equations it solves. In light of the above formulee, and depending on the context, it will be
convenient to consider f either as a function of u or as a function of the point x, hopefully without confusing
the reader. Similarly we will possibly consider u as a function of either f or x, depending on the context.
In order to understand the domain of definition as well as the range of f, we observe that by the classical
strong maximum principle (see [ ] or Appendix A), when the point x varies in R™\(Q), the function u(x)
takes values in (0,1). On the other hand, it is clear by formula (2.3) that f is strictly decreasing as a function
of u. Moreover it is equal to 0 on 0(), tends to 1 as |x| — oo and takes values in (0,1) when its argument
is ranging in R"\Q). A consequence of this fact is that the level sets of both u and f are compact, which in
turn implies that the set of regular values is open in the codomain. By Sard’s lemma it is also a set of full
measure, so in particular it is dense. Also, by construction, f and u share the same level sets (although with
opposite choices of sublevel sets) and each of them is regular for either both or none of u and f.

As we will show in Section 3, the relation between the ansatz metric g and the Euclidean metric gr» can
be expressed in terms of f as

§=(1-f)grr,

so that the original problem (1.1) can be rewritten in terms of f and g as

aef = —n (1F) 1 in R\,
2 —
Ric = 422 v2f + "2/ <‘1V_f}'g) g inRMQ, o0
f=0 on 0Q),
flx) —>1 as |x| > +.

Before proceeding it is important to notice that the second equation in the above system, corresponds to the
identity Ricgps =0, that was hidden in the original formulation of problem (1.1). In order to simplify the
references for the forthcoming analysis, we observe that in the new conformal framework the counterpart
of Definition 1.1 is given by the following



2.2 Definition. A triple (Q, f, g) is said to be a regular solution to system (2.4) if

e OO c R", n = 3, is a bounded open domain. Without loss of generality, we also assume that Q) contains the
origin and R™\Q) is connected.

 The function f: R"™\Q — [0,1) and the Riemannian metric g defined on R"\Q) satisfy system (2.4). The
function f and the coefficients of the metric § —whenever the latter are expressed with respect to standard
Euclidean coordinates—are C* in R"\Q), and analytic in R™\Q.

In order to make the new formulation more familiar, we observe that taking the trace of the second equation
in (2.4) one finds that the scalar curvature R of g verifies

V£
1—f2°
As already noticed, when () is a ball, we have that g is the spherical metric, hence R is constant on the

whole R™\Q). This suggest that, when looking for rigidity results, it is natural to investigate under which
conditions one can conclude that the quantity

|Vf\§, o u_zg
1—f2

is constant. In fact, this quotient will play the role of what is called a P-function in the literature about
overdetermined boundary value problems.

R=mnn-1) (2.5)

Du ?

n—2

2.2 Outline of the proof

We are now in the position to outline the analysis of the regular solutions of system (2.4), focussing on the
key points. This gives us the opportunity to present some intermediate results that we believe of some
independent interest. It is important to keep in mind that these results are based on Definition 2.2 and have
no “knowledge” of the original function u.

Combining the Bochner formula with the equations in (2.4), we prove in Section 4 that the vector field

S — 2_2 1 VAR
X = A=+ (V\Vﬂg nAngf) = (1+f)”—2v (1—f2 (2.6)

has nonnegative divergence. This fact admits two different interpretations, which we leverage to obtain
two different classes of results, one based on the divergence theorem and the other based on the strong
maximum principle.

Monotonicity via divergence theorem. On one hand, one can integrate dive X between two different level
sets of f and obtain by Stokes’ theorem that the quantity { (f=s} X \vg>g dog is monotonic. In turns, this fact

leads to the monotonicity of the function

1
[0,1) 55 —> B(s) = ﬁf |V £I3doy, (2.7)
(1—s2) 2 J{f=s}

which is the content of the following theorem (notice that the fact that ® is well defined is an easy conse-
quence of the analyticity of f and g, as we will prove in Section 5).

2.3 Theorem. Let (Q,f,g) be a regular solution to problem (2.4) in the sense of Definition 2.2. Then ® is
differentiable and, for any s € [0, 1), it holds

n+2

1-82) 7 &'(s) = — U{f }\Vf|§HgdUg+(n71)1_5752Lfi }Vf|§,dag] <0, 2.8)

where Hg is the mean curvature of the hypersurface {f = s} computed with respect to the normal pointing towards
{f = s} and the metric g. In fact, the left hand side is increasing in s and it tends to zero as s — 1. Moreover,
P’ (s) = 0 for some s € [0,1) if and only if (Y is a ball and f is rotationally symmetric.

Translating Theorem 2.3 back in terms of u# and gRr«, one obtains the following result.



2.4 Theorem. Let (Q), u) be a regular solution to problem (1.1) in the sense of Definition 1.1. Then, for all t € (0,1],

it holds o Dyl
Duz[ —7M] do = 0. 2.9
J;14=t}‘ | n—1 (nm—-2u 29)

Moreover, equality is fulfilled for some t € (0, 1] if and only if ) is a ball and u is rotationally symmetric.

The proof of formula (2.8) and its equivalence with (2.9) is treated in Section 5. The equality case is shown
to imply that divg X = 0, which in turn implies that V2f = Ag, for a certain function A € C**(M). This
can be used as the start to trigger a rigidity argument, which is fully discussed in Section 7. It should be
noticed that Theorem 2.4 is not a new result. The original proof appeared in [ ] as an application of the
cylindrical ansatz, and a second proof of the same result, based on some basic inequalities for symmetric
functions, is shown in [ ]. We also remark that Theorem 2.4 has been vastly extended in [ ]. In
fact, our function ®(s), rewritten in terms of 1 and gr», coincides, up to a constant, with the function
Us(t) defined as in (1.4). As stated in the introduction, in [ ] the cylindrical ansatz is used to prove the
monotonicity of an entire family of functions Uj(t) indexed on p > 2 —1/(n — 1), while it seems that the
spherical ansatz helps to recover the monotonicity only for p = 3.

Rigidity via strong maximum principle. On the other hand, the divergence of X can be seen as a positive
definite elliptic differential operator of the second order in divergence form, applied to the function

2
V£l R

1—f2  nn-1)"

More explicitly, recalling the definition of X given in (2.6), the inequality dive X > 0 translates in the
following elliptic inequality for the scalar curvature R of ¢

AR — (n—2)<%‘VR> > 0. (2.10)
8

This is the starting point of our second approach, that exploits a peculiar feature of the spherical ansatz,
namely the one point compactification. In fact, the present geometric construction allows one to compactify
the space R"\() adding the north pole N to its preimage via the stereographic projection. Before setting up
some notations, we recall from Remark 2.1 that, in the rigidity statements, we ultimately expect R"\() to be

an hemisphere of radius p = [Cap(Q)]l/ (1=2) ‘5o that it is natural to consider the stereographic projection

Z/
T SHINL— R (@) —
where S is the standard sphere of radius p = [Cap(Q)]l/("fz) and N = (0,...,0,p) € R"*! is its north
pole. The space
M = 7, (RNQ) U {N} < S} (2.11)
is now compact. On M we define the function ¢ : M — R and the metric 7 respectively as the pull-back of
f and g, suitably extended through the north pole. More precisely, we set

. -1 n * i o 4
= [ femw ityem ®0), - (758, iy emp (RUQ), 2.12)
oy . ly ~
1 ify=N, (gs;)‘ ify=N.
N

Using the asymptotic estimates on the function f and its derivative, it is easy to deduce (see Section 6) that
@ € C2(M), whereas the metric y has C? regularity in a neighborhood of the north pole. In particular, its
scalar curvature R, is well-defined and continuous on the whole M. It is then possible to extend the validity
of (2.10) at the north pole. In fact, we will show that R, satisfies the elliptic inequality

AR, — (n—z)<%‘vm> >0 (2.13)
v

in the W'2(M)-sense. This allows to invoke a strong maximum principle, which leads to the following
result.



2.5 Theorem. Let (O, f, g) be a regular solution to problem (2.4) in the sense of Definition 2.2, and let (M, 7y) be
defined by (2.11) and (2.12), respectively. Then, for every y € M, it holds

Ry (y) < maxR,. (2.14)
oM
Moreover, if the equality is fulfilled for some y € M\OM = 1 (R"\Q) U {N}, then (M, ) is isometric to an
hemisphere of radius [Cap(Q)]l/ (n=2),
Translating Theorem 2.5 in terms of u and gr», we obtain the following extended version of Theorem 1.2 in
the introduction.

2.6 Theorem. Let (), u) be a regular solution to problem (1.1) in the sense of Definition 1.1. Then, the following
two inequalities hold

1

—— < [ max Du
Cap(Q) ~ a0

n—2

n—2

D

) ad 2" < max|Dul, (2.15)
un—2 Q

for every x € R™\Q). Moreover, if the equality is fulfilled in either the first or the second inequality, for some x € R™\Q,
then Q) is a ball and u is rotationally symmetric.

The detailed proof of inequality (2.14) and its equivalence with formulae (2.15) in Theorem 2.6 can be found
in Section 6. Again, the equality case is shown to imply that V2f = Ag for a certain function A, and this fact
is used in Section 7 to prove the rigidity statements.

3 The conformally equivalent formulation

We will shortly detail the study of the conformally equivalent formulation of the problem that we proposed
above. Before that, let us recall a number of notational conventions.

Given Q2 ¢ R” bounded open set with smooth boundary and containing the origin, consider the unique
solution of system (1.1), then build the metric ¢ and the function f as in (2.1) and (2.3). In the following
we will use the same conventions as in [ ], using the symbols {:|-), |-|, D, D? and A respectively as
the scalar product, norm, covariant derivative, Hessian and Laplacian with respect to the metric gr» and
<~|->g, |'lg, V, V2 and A¢ as the same objects with respect to the metric g. For the metric ¢ we also define

Fi-‘j and Ricij to be the Christoffel symbols and the Ricci tensor, whose sign is chosen so that the standard
sphere has positive scalar curvature. The notations Du and V f will also denote the gradient vector of the
corresponding functions, i.e. the composition of the covariant derivative with the inverse of the metric.

Once the framework is set up, all we have to do is to compute the relationships between the geometric
objects built on gr» and u and those built on g and f, which we shall readily do. The reader wishing to read
interesting mathematical content is suggested to skip to the next section and come back here only to verify
formulee as they desire so.

Conformal change and derivation of system (2.4). From (2.3) we have that

2 1+f
n—2 = —
u T—f
Rewriting g in terms of f therefore gives
2
2 2
8= 1+f SR = (1 7f) SR", (31)
from which it is easy to compute the Christoffel symbols:
1 n
k k k kh
L= _ﬁ(Dif(sj +Difé; — thg]R,,gi-I]-{ )-

10



Formulee for Hessian and Laplacian of a smooth function w: R™\Q — R follow at once:
Vz w = D2 w— Fk Dkw

= D2w + — (D;fDjw + D;fDjw — (D f|Dw) gk )

1—f (
Aew = g’]VZij

1 n—2
Ta T a P

Computing the covariant derivatives of f (and recalling that Au = 0) we obtain

n

4 u n-2
Df = — . Du
n-2 (u_%—kl)2
1 n _n—4
- L a+Hia-p T pu
- (D) T a-m

n—2

D (3ot ) preno ity () T e

n 1 n—4 1
Af:(i'uf+ 2 '1—f>‘Df‘2
-(n—2-2f)|Df|?,

1
1-f2
for the Euclidean case and

V?jf:Df I Dkf

Dif +1 f(ZDiijf IDfPgi )
_ (1 n-4 1 g 1 1+f =
- <§"1+fJr 2 '1_f)thD]f—m(ﬁ) (1—f*)Dju
+%(2/tﬂ97’ IDfIPgi )
szfD;f j\Df\z ni2<%>7(142)p2u
4 205 S )
T (-2 (ufg 12 ”DfMDfu—ZL;’"TZH\Dqu}? —(n—z>upgju],
Dof = (17f)2Af+ (17f)3(2 n)|Df|
—(npyIPFE
-
\V4 2
- cuni 2k,

for the geometrical case (of course Vf = Df, as covariant derivation of functions does not actually depend
. ) . .

on the metric; I}owever \Vf|§ =(1 - ) 2|IDfI? fmd, in particular, |Vf|§ g =|Df? ger). In Corollary A.6

the above relations are used to derive asymptotic estimates for f. For future convenience, we also write

11



down the relation between the norm of the gradient of f and u

IVFE _ IDfP
1-f (A=f£20-f)
-1 (“‘f)nl |Du/?

(n—22 \1-f
2
-2(x=4) | Du
— n 2
u i (3.2)
from which the following estimate is obtained for |x| — co:
V1l _ (cap()=7 1001 3.3
I = [Cap(Q)] 72 +0(1). (33
Another equation that we need is the one that relates the Ricci tensor of the metric g with the hessian of
the function f. From [ , Theorem 1.159] (who uses the opposite convention as us for the sign of the

Laplacian) we have that the metric ¢ = ¢>?¢Rr» has Ricci tensor equal to

~(n—2) (D9~ De®Dg) + [~Ap — (1 —2)|Dgl?| grr.
In our case ¢ = log(1 — f), 50
Ric—n_; D2f+?inf§) Df®Df + 17— f AfgRre — ﬁmﬂzgm
== 7 f Af grr — ﬁlDﬂzgw
=i (ll’_ff'iz (557 )
ZT:;VZern;i;f 1Vf}lcz2

In particular, we have recovered system (2.4) stated in the introduction.

Relevant geometric quantities on the level sets. We pass now to analyze the geometry of the level sets of
u and f. Let us start from the case in which our level set is regular, for either f or u (we have already noticed
that the two notions are equivalent). We define the normal vector fields v and Vg, second fundamental forms
h and hg and the mean curvatures H and Hg (already mentioned in the introduction) with respect to the two
metrics. The normal vectors are chosen to be directed outwards, namely, on a level set {u = t} = {f = s},
both v and v, point towards the exterior set {u < t} = {f > s}. The second fundamental forms are chosen
with respect to said normal vectors and stipulating that the standard sphere immersed in the Euclidean
space has positive mean curvature with respect to the normal pointing away from the origin. The exact
formulee are (in this case i and j only run along the tangential coordinates to the level set):

Du ij

" T Du]” hij = (Div|d) , H = gl
Vf _ o, , — ol

% = Al (g);j = (Vivgldp, , Hg = g"(hg),;

If {f = s} is a regular level set and p is one of its points, then the function f is a local coordinate, which can
be completed to a full set of local coordinates (f, x2,...,x") around p such that at any point of the level set
the vector fields 0, are tangent to the level set for k = 2,...,n and 6’f is orthogonal to it; the coordinates
can also be taken to be all orthogonal to each other at the single point p. The coordinates x?, ..., x" are first
chosen as the usual normal coordinates on {f = s} and then extended to a small open set around p through
the flow of the vector field V f. The following relationship is then valid at any point of {f = s}:

Vf = |Vf|g"/g= |Vf‘§'5f/ (3.4)

12



since 0y and V f are by construction parallel and

df(05) = 0¢(f) =
df(Vf) = (VfIV, = VSl
With this choice of coordinates, the metric can be locally written as
V£l 24f @df + gap(f, x)dx" @ dxP,
where Greek indices range over tangential coordinates. In particular
|Vflg-dvg =dog -df . (3.5)

where v, is the measure induced by ¢ on R"\() and 0y is the measure induced by ¢ on the level set {f = s}.
For a regular level set {f = s} we also have

I j
(1) = <Tivelap, = (¥ |Vf|g1a>g [T VIV + A A =

Af =TIV A -VAF A VEF(VE VS
Vil Vs IVl ViR

Hy = gij(hg)ij _ , (3.6)

SO

n
VEF(VE,Vf) = [Vfghgf —|VflgHg = == 7 IVl — IV fI3H; . (3.7)
The corresponding formula for gr», thanks to the harmonicity of u, simplifies to
D?u(Du, Du) = |Dul*H.

Let us now pass to the analysis of the nonregular level sets of u and f. First of all, since u is harmonic,

it follows from [ , Theorem 1.7] (see also [ ]) that the (n — 1)-dimensional Hausdorff measure
of the level sets of u (thus also of f) is locally finite. The properness of u and f then implies that all the
level sets of u, f have finite H"Ll-measure. Moreover, from [ , Theorem 1.17] we know that the

Minkowski dimension of the set of the critical points of u is bounded above by (1 — 2). In particular, also
the Hausdorff dimension is bounded by (7 — 2) (the bound on the Hausdorff dimension was proved before,
see for instance [ 1). This implies that, for all t € (0, 1], the normal v to the level set {u = t} is
defined H"1-almost everywhere on {u = t}, and, consequently, so are the second fundamental form / and
mean curvature H. Since the critical points of f are the same as the ones of u (as one deduces immediately
from (3.2)), the same is true for the normal vg, the second fundamental form 1, and the mean curvature Hy

with respect to g. In particular, formulee (3.5), (3.6) and (3.7) hold H" L almost everywhere on any level set
of f.
4 Pointwise identities via Bochner formula

In this section we will abstract completely from the original formulation of the problem (which is sys-
tem (1.1)) and work only with triples (€, f, g) satisfying system (2.4), that we recall here:

aef = —n (R) s inR"QY,
. n=2 o2 n—1—f [ |VfI} . =

Ric = 1=F V°f + == <17f§) g InRMQ, @1)
f=0 on 0Q),

flx) =1 as |x| — 4.
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We also recall that, in the spherical setting, we ultimately expect that the function

VR
1-f2
will be relevant in the rigidity statements, as we need to prove it is constant. Also, we expect the metric g
to be isometric to the north round half-sphere deprived of the north pole, where the function f plays the
role of the z" ! coordinate (consistently, it has value zero on 9Q), which will be the equator, and goes to 1 at
infinity, which will be the north pole).
We will make use of the well-known Bochner formula, that we repeat here for the convenience of the
reader: for any smooth function f on a Riemannian manifold there holds

*AgIVfIg [V2f[3 + Ric(Vf, Vf) + (VB fIV ), .

The formula is easy to prove rearranging and commuting derivatives, but see also [ , Proposition 4.15].
In our case, using (4.1) the Bochner formula rewrites as

(VL V) +

—1- \YiK
VIR = V2R + T 1S e wagsvp.

2
1-f 1—f 1-f2

We can exploit this formula to find a monotonic quantity for the function f. Let us consider the vector field
X which was defined in (2.6) and which we report here again for the reader’s convenience:

I 2 2 o Vf2
- (1-Ha+ " (V|Vf|g nAngf> = (1+f)n72V <1f2 . 4.2)

4.1 Lemma. Let (Q, f, g) be a regular solution to problem (4.1) in the sense of Definition 2.2, and let X be the vector
field defined by (4.2). Then divg X > 0, where dive denotes the divergence with respect to the metric g (in coordinates:

dive X = V;X"). Moreover, at any point, dive X = 0 if and only if V2f = Ag for some real number A.

Proof. As before, this is just a computation:

dngX(l_f)(llJrf)[ i Agf f%<VAgf|Vf>g
2 (1v - Sagr v Vf>g]
= e T - LTI
+111:f (Vf,VfH% l ffg+<VAgf|Vf>
e e =N R S W

To make computations easier to follow, we single out:

2
<VAgf|Vf>g=—n<V< vl ) f> [”f IVt L f2<V|Vf§|Vf>g]

(using again (4.1)) and:

<V|Vf\§|Vf>g = 8ij - Vi@ VifVef)  Vif = 28iigkeVif - Vof - Vif =2V*f(Vf,Vf).  (43)
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So we can conclude:
2

(1-Ha+pHr
1+ f? 4, 2 o
—(n-1) <(1f2)zvf|g+ 1_f2V f(Vf, V)
(n=2)f+n-2_, —@n+ )P+ n=2)f =1
T VA ) ¢ o V7
—nf+n—-2_, —-nf+n—-2  f 4
—ﬁv f(VE,Vf) - - P '1_f2\vf|g
2 202 _ 1 2]
=— |V ——(A = 0. (44)
i TR )
The last inequality follows from the arithmetic-quadratic mean inequality, since if A1, ... A, are the eigenval-
ues of V2f (i.e., the principal curvatures), then | V2 f |§ = Ai2 and (Agf )= > A2 In particular, when
equality is fulfilled all A; are identical and V2f = Ag. O

divg X = (17212 - Lo

We conclude this section showing that the inequality divy X can be rewritten as a second order elliptic
inequality for the scalar curvature R of g. To this end, recalling the definition of X given in (4.2) we compute

) 1 V£
s [(Hf)”‘zv (1—f2>]

1 IV£I3 vf IVSI3

Since we have already observed in (2.5) that the scalar curvature R is a multiple of |V f] §, /(1 = f?), the
inequality divg X can be rewritten as

divg X

AgR—(n—2)<% VR> > 0. (4.5)
8

Therefore, R satisfies a second order elliptic inequality, as anticipated. Inequality (4.5) is the starting point of
the maximum principle argument that will be discussed in Section 6.

5 Integral identities

In this section we will study the properties of the function ®, which was defined in Subsection 2.2 and

which we recall here: .

3
®(s) T f{f:s}\mgdgg. 5.1)
More precisely, we will show that @ is differentiable and monotonic for all s € [0,1). As a byproduct of this
analysis, we will prove inequality (2.8) and its equivalence with (2.9).

We point out that the proof of the results presented in the Introduction do not depend on the content of
this section. However, it is our opinion that the computations here should help the reader to compare the
spherical ansatz with the cylindrical ansatz, shading some lights on the advantages and disadvantages of both
methods.

Well-definedness and continuity. First of all, let us notice that ®(s) is indeed well-defined for all values
se[0,1).

5.1 Lemma. Let (Q, f,g) be a regular solution to problem (4.1) in the sense of Definition 2.2. Then the function
®: [0,1) — R introduced in (5.1) is well-defined and it holds lim sup,_,; ®(s) < +o0.
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Proof. We have already observed in Section 3 that, from the analyticity and properness of f, it follows that
the level sets of f have finite (n — 1)-dimensional Hausdorff measure. Moreover, from Corollary A.7, it
follows that |V f|g — 0 as |x| — o0. In particular, since |V f|¢ is smooth, it is uniformly bounded on R™\Q).
This proves that ®(s) is well-defined.

In order to prove that it is bounded as s — 1~, we use Corollaries A.6 and A.7 to write

D(s) < le

y }\x|”_1 dog < CZJ (175)_"51
=s

{f=s}

for 0 < s < 1 sufficiently close to 1 and for some constants 0 < C; < Cp. The bound on ®(s) ass — 1~ now
follows from estimate (A.21). O
We pass now to discuss the continuity of ®.

5.2 Lemma. Let (Q, f,g) be a regular solution to problem (4.1) in the sense of Definition 2.2. Then the function
D : [0,1) — R defined by (5.1) is continuous and, for all s € [0, 1), it holds

2 _ V2F(VE. V)
(1=s7)P(s) = J{f>s} 21 f2)} dog . (5.2)

Proof. We start with the following computation:

v CIVFRIYE), s di
de[afZgﬂ'vf}: G T N

2
_V f(vflvnf) , (5.3)
2(1-f2)2
where the cancellation is a consequence of the second formula in system (4.1). Now let0 < s < 1 be a

regular level set of f and lets < S < 1. It follows from Corollary A.6 that if we choose S large enough,
then necessarily the level set {f = S} is regular. Integrating formula (5.3) in {s < f < S}, and applying the

divergence theorem, we find
VHVLYS) VAR f\g
J-{s<f<5} 2(1— f2)2 dog = f{f s\ (1-f2)3 Vv gdag f{f g\ (A-F Vg gdUg
= (1-8H)D(S) — (1 —sH)D(s). (5.4)

VAR VFL
d do.
f{f s (1—f2)f R J{f g (1-1°%

Moreover, from Lemma 5.1, we know that @ is bounded for values sufficiently close to 1, thus, taking the
limit of (5.4) as S — 17, we obtain (5.2).

In the case where the level set {f = s} is critical, the argument for the proof of (5.2) becomes slightly
more technical: for every € > 0, one lets

Ue = Be(Crit(f)) = | Be()

xeCrit(f)

be the e-neighborhood of the critical points, integrates (5.3) in {s < f < S}\U,, and then applies the
divergence theorem. Taking the limit as ¢ — 0, since the set of the critical points of f has Minkowski
dimension bounded above by (n — 2) (as observed in Section 3), the set U, shrinks fast enough and one
recovers (5.4). For a more careful explanation of the technical details, we address the interested reader to
the proof of [ , Proposition 4.1], which uses the same technique to deduce a similar integral identity.
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To conclude the proof, it is enough to show that the right hand side of (5.2) is continuous. To this end,
we first show that the integrand in (5.2) stays in L' (R"\Q2). Using Corollary A.6, we compute

f sz(vf,vf)'dvg < le |X|72 .‘x|—2ndv
{f>s}

21~ f2)%

e f 2|2 x| do, x|
{f>s}

<c2f x|~ dlx|,
{f>s}

for some constants 0 < C; < C,. Using again the estimates in Corollary A.6, we see that the domain of
integration {f > s} = {1 — f <1 — s} is contained in {C%|x\_2 <1-s}={x]>[C(1- s)]*%} for some
other constant C3. Hence, we get

J V2f(Vf. V)
(f>s}| 2(1—f2)2

where C4 is, yet again, another constant, possibly bigger than Cj, Cp, C3. This proves that the integrand
in (5.2) stays in L.
Now let ¢+, ¢~ be the positive and negative part of the integrand in (5.2), so that

VLD _
w-pi

and consider the two measures u ™, u~ on R"\(}, defined as

+0o0
dZ)g < sz

[C3 1—s ]

L x[Pdlx| < Cy(1-5) < Cy, (5.5)
2

wH(E) = fE gtdog,  p(E) = L o~ dog,

for every vg-measurable set E € R"\Q). Clearly ut,u are finite (because of the bound (5.5)) positive
measures, and they are absolutely continuous with respect to vg. In particular, since the Hausdorff dimension
of the level sets of f is bounded by (7 — 1) (as already noticed in Section 3), we have that the vo-measure
of the level sets of f is zero, hence also u* ({f = s}) = u~({f = s}) = 0 for all s € [0,1). It follows then
from [ , Proposition 2.6] that the functions s — ™ ({f > s}),s — u~ ({f > s}) are continuous for
all s € [0,1). This implies that

o) = MW= - ({f>s)

1—s2

is continuous, as wished. O

Differentiability and monotonicity. Before addressing the issue of the differentiability of &, it is useful to
prove the following intermediate result.

5.3 Lemma. Let (Q), f, g) be a reqular solution to problem (4.1) in the sense of Definition 2.2, and let X be the vector
field defined by (4.2). Then, for every s € [0,1), it holds

dive X dv =—J (X|vgy, do.
Lf>s} U gy TS

2 J 2 s 3
. — IV FI2H, do + (n— 1) f V] da].
(1—s)(1+s)" [ ff=sp T ETE 1-82 Jipmgy 788
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Proof. The second equality is just a computation: using (4.2), (4.3), (3.6) and (4.1) we have

1
— X d :—J ——X|Vf), d
Jo o o= = [ XI9g de

o 1 V3 (VS V) 2
S S szs} (27 nAgf|Vf\g) dor

1=s)1+s)"" Vg
-2 [ s n-1
S [J{f—s} |V flgHg dog + ( p ) J-{f:s} AofIVflg d(fg]

2 S
.z v2Hda+n—17f VP do, | .
(1-s)(1+s)""! U{fs}l FlsHgdeg + (=11 {f:s}| fls 4o

It remains to prove the identity

div, X dv :J X|vgy, dog. (5.6)
J{f>s} O gy TR

Again, as in the proof of Lemma 5.2, let us start from the case where s > 0 is a regular value, and let
s < S < 1be a value big enough so that the level set {f = S} is regular. As an application of the divergence
theorem, it holds

div, X dv =J X|vgy, do. —f X|vgy, dog . (5.7)
Ls<f<5} B8 oy TR TS Yoy TR TR

From Cauchy-Schwarz, we have

(X|vgy. do. <f |X| dog,
f{f:S} FETE T sy TR
and using Corollary A.7 and estimate (A.21), we conclude
lim X|vgy dog, = 0.
Jim | Xl doy

Therefore, taking the limit of identity (5.7), we obtain (5.6) for all the regular values 0 <s < 1.

If s is a critical value, one proceeds as in the proof of Lemma 5.2, that is, one integrates dive X on
{s < f < S}\U, where U, is the e-neighborhood of the critical points, and then takes the limit as e — 0 to
recover (5.6) (again, we refer to [ ] for the technical details). O

We are finally ready to prove the main result of this section.
5.4 Proposition. Let (), f, ) be a regular solution to problem (4.1) in the sense of Definition 2.2. Then the function
@ :[0,1) — R defined by (5.1) is differentiable and, for all s € [0,1), it holds

n+2

1-2)Fal(s) = 2 U{f }\Vf|§,Hgdag+(n—1)1_57S2Lf }Vf|§,dag} <o0. (5.8)
=S =S

In fact, the left hand side is increasing in s and it tends to zero as s — 1. Moreover, if ®(s) = 0 for some s € [0, 1),
then it holds V2 f = Ag on the whole R™\Q, for some A € C* (R™\Q).

Proof. Applying the coarea formula to (5.2), we obtain the following;:

1 2
(1—5%)D(s) = —f J VI v,,f) - dog | dt. (5.9)
s D=0 20-/22 VSl
The statement of the Riemannian coarea formula is in [ , Exercise I11.12, (d)]. The missing proof follows

from Fubini-Tonelli’s theorem and (3.5). By the fundamental theorem of calculus, we have that, if the

function
V2f(VF, V) 1
(f=ry 20— [Vflg

T +—

dog (5.10)
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is continuous, then @ is differentiable. To prove the continuity of (5.10), we first compute

VYLV 1 ~ <V|Vf\§|Vf>g. 1
J{f=r} 20122 |Vflg dog = Lfﬂ} 1-f2)2  |Vflg 405
(A=DO+pX+ 28fVF|VF)
B J{f=f} (1-f2)2 VA

- 1+£\2 - IV£l3
_J{fﬂ}{(lf) Klvg) 2f(1_f2)"7“ A0

n—2

1+7)\ 2 f .
= — div, Xdve — 2TP(7), 5.11
(1—T> T @ G

where in the last equality we have used Lemma 5.3. Since we have already proved the continuity of ® in
Lemma 5.2, it remains to discuss the continuity of the function

T dive X do,. (5.12)
ey 008

This can be done following the exact same scheme as in the proof of the continuity of ® in Lemma 5.2,
namely, one defines a positive finite measure y on R"\() as

u(E) = j dive X dog
E

and shows that T — u({f > t}) is continuous using [ , Proposition 2.6].
We have thus proved the differentiability of ®. Now, taking the derivative of (5.9), and using (5.11), we
obtain

(1—s2)®'(s) — 25BfsT = — G t z>T Lf>s} divg X dog — 25PfsT. (5.13)

Identity (5.8) follows from (5.13) and Lemma 5.3. The monotonicity of ® is a consequence of the nonnega-
tivity of the divergence of X, proved in Lemma 4.1.

Suppose now @’(s) = 0 for some s € [0,1). Comparing (5.8) and Lemma 5.3 we have that divg X = 0 on
{f > s}. Since g and f are analytic, so is divg X, hence, by unique continuation, it holds divy X = 0 on the
whole R™\(). The thesis then follows from Lemma 4.1. O

With Proposition 5.4, we have almost completed the proof of Theorem 2.3 stated in the introduction. It
only remains to show that the condition V2 f = Ag, A € C*(R"\Q), implies the spherical symmetry of the
solution. This will be the object of Section 7.

Theorem 2.3 implies Theorem 2.4. To conclude the section, we show that inequality (5.8), proved above, is
equivalent to inequality (2.9) in Theorem 2.4 (as pointed out above, the rigidity statements will be discussed
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later, in Section 7). This is a rather straightforward computation, using the formulae developed in Section 3.

VIVifVif (1= )TV DifDif

ST a-h g
- o[- o 1 (1) 0 B2
1Vl = Agf — W
} .
= ;'ZDf ’_ fofl‘vv}g]f
e (1)
_Z:;[ni2(1t§>n1(1+f)|Du|2+nl_1(1—~__j:);Di2iuW ,

dog = (1— )" do.

We are now able to rewrite the summands of (2.9) in terms of # on a level set {f = s} = {u = t}. The first
one is:

_2J{f:s}|Vf\§,Hg dorg
) 1— "1 = H~YDS| - |Vf|He d
J @A DA 9 gy de

14 —(n-1)+252+1
(—f) |Dul - |V fl¢Hg do

2 e
=51 =95)(1+5) 1f

" {f=sy \1—f
2 n
= 2N gyt [ ppul [ (1) DO g
(n—2)? {f=s) n—1 |Duf \1-f) n-2 (1_f)}

2(n—1)

- n— H [(1+f \Du| 1+f
__(”—2) 7=+ 1[{tt=t}|Du2’[n—1(1—f> < 1+f]d0

The second summand is:

.(n—l)sf 3
2 -2 {f:S}|Vf|gdag

2n—1) v f (1T 3
e et da et () T a- ot

(n—2) 1-f2 f
2n-1) n—1 (1+f)(nl)Jr T e 3
n_ 2)2(1 $)(1+s) Lf S f-|Dul®do
_ 2= n-1 (“f)z Duf?
(n—2)2 (I—-5s)(1+5s) f{u 5 7 f - |Dul|® do.
From (2.3) we see that 1*’; = u~ -2, therefore:

(n—1)s 3
—zf \Vf2Hydog —2- f V2 do,
sy CEETE 1= Jypmgy 808

2(n—1)

= _72(1—5)(14—5)”71[ Dul|?- (itfﬁ —@uﬂb) do,
(n—2) {u=t} n—1 n—2

which is (up to a positive factor) the quantity that appears in (2.9).
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6 Geometric inequalities via strong maximum principle

The aim of this section is to prove inequality (2.14) in Theorem 2.5 and to show how this is used to
recover (1.6) in Theorem 1.2.
Definition of 7y and regularity of R,. We start by recalling some notations that were anticipated in Section 2.

Given a regular solution (), u) of problem (1.1), we set p = [Cap(Q)]l/ ("=2) ' We have already noticed that,
in the case where Q) is a ball, then p is equal to its radius. We denote by S§ the sphere of radius p with its

standard embedding in R"*?!, and we define the stereographic projection

Z/
T SINY— R, ()

Let f and g be defined by (2.3) and (2.1), respectively. As anticipated in the introduction, we consider the
compact space
M := 1, {(R"\Q) U {N} S
endowed with the metric
(¥ g)‘y ify e m, ' (RM\Q),

8s),, ify=N.
N

v, = (6.1)

We observe that the metric 7y can be seen as a conformal modification of the standard metric 8si- In fact,

recalling the definition of the spherical metric gspn = (1 — f0)?gre on R, where fj is as in (2.2), we compute

" 2 1—fo7Tp 2 " 1—fo7‘cp 2 —2
s = (= fommisn = (1opos ) s = (T h oo ) [Cap(@] g
In particular, using Corollary A.6 we see that the conformal factor in the rightmost hand side tends to 1 at
the north pole N, so that the metric -y is in fact continuous at N (and of course it is smooth on M\{N}). In
order to show that v is also C? in a neighborhood of N, it is sufficient to prove that the conformal factor has
the same regularity. Again, this readily follows from Corollary A.6. Since 1 is C?, its scalar curvature R is
well-defined and continuous on the whole M. Moreover, R, is clearly C* in M\{N}. The following lemma
tells us more about the regularity of R, at the north pole.

6.1 Lemma. Let (Q, f, g) be a regular solution to problem (4.1) in the sense of Definition 2.2. Consider the compact
domain M = 11, LRMQ) U {N} Sy equipped with the metric vy defined in (6.1). Then the scalar curvature Ry of
the metric « belongs to WV2(M) n CO(M).

Proof. Since R, is continuous and M is compact, clearly R, € L?(M). We want to show that also its gradient
VR, belongs to L2(M). Since R, is smooth on M\{N} and M is compact, it is enough to prove that the
function VR,, belongs to L? near the north pole. We observe that, from (2.5) and (4.2), we have

VRy(y) = n(n—1)(1+ )" 2X(7(y))

for all y € M\{N}. In particular, it holds \VRW\%(y) = n?(n—1)2(1 +f)2("*2)|X|§,(7rp(y)), and using
Corollary A.7:
VR, [5(y) = |7 (y)[* - 0(1),

as y — N (or equivalently, as |7, (y)| — ). Thus, for all T > 0, we obtain:

|VR7|g’ do, |x[o(1) - |x| 72" dv

JIR"m{|x\>T}

o) | 22 o
R*~{|x|>T}

JMﬂ{\ﬂp(y)bT}

0
—o(1)- [ Ixf 7"l
T

= o0(1)-T>".
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Since n > 3, this last term goes to zero as T goes to infinity.
Now it only remains to prove that VR, is the weak derivative of R,, that is, we want to show

J- YV Ry dv, = fJ R,Vipdo,, forallp e CX(M), i=1,...,n. 6.2)
M M

Fix € C°(M). For all T > 0, we can write ¢ = at + B, where at, B are functions with support contained
in {|mp(y)| > T} 2 N and {|7m,(y)| < 2T }, respectively. It is important to notice that, from the estimates on
g in Corollary A.7, it easily follows that the distance between the sets R" n {|x| < T} and R" n {|x| > 2T} is
O(T~1) as T — +o0. Pulling back on the sphere, we have that also the distance between M n { |7, (y)| < T'}
and M n { |7, (y)| > 2T } is O(T~ ') as T — +o0. From this follows that we can choose the function at in
such a way that it holds

‘V!Xﬂy < CT

on the whole M, for some constant C > 0.
Notice that the support of B does not contain the north pole, hence, from the smoothness of R, in
M\{N}, it immediately follows

f BrViR, dv, = —f R,V,Brdo,.
M M

Therefore, in order to prove (6.2), it is enough to show that both §,, «rV;R, dv, and §,, R,V a7 dv, go to
zero as T — +00. Using again \VR”%(y) = |7,(y)[* - 0(1), we obtain, for all T > 0:

’J DCTVI'R«,dU«, < max|sz| . ‘VR'Y|'YdU’Y
M M

Mo{|m, (y)|>T}

= |70 (y)| - 0(1) do
an{\m(y)w} f !

J |x] - o(1) dvg
R*~{|x|>T}

where in the last equality we have pulled back the integral on R”. Recalling the relation between the
densities dv and dvg shown in Corollary A.7, we compute

U ar VR, dv, SJ |x| 721 0(1) do
M R*~{|x|>T}
- | 2 o(1) " do,
R*~{|x|>T}
+0
= om)- | x|l
T
= o(1)-T'™ 7,

hence this integral goes to zero as T — +co0.
The estimate of the second integral is done in a similar fashion. Recalling |Var|, < CT for some
constant C, and using again Corollary A.7:

U RyVardo,| < max(R7)~J [Var|ydoy
M M Mo{|m ()| >T}
< ClTJ dZJg
R*~{|x|>T}
<ar| x|~ do
R" ~{|x|>T}
-ar| x[727 x| dor, ]
R*~{|x|>T}
< GT o,
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where 0 < C; < C; < C3 are constants and we have used the fact that R, is bounded on M (because R is
continuous and M is compact). Therefore also this goes to zero as T — 4-c0. This proves that VR, is indeed
the weak derivative of Ry in M. O

Elliptic inequality for R, and maximum principle. Pulling back the quantities in formula (4.5), we find
that the scalar curvature R, satisfies the following second order elliptic inequality

AR, — (n—2)< 1V+"’(P VR7> >0 6.3)
v

pointwise on M\{N}, where we have denoted by ¢ the completion of the pull-back of f. Namely, ¢ : M — R
is defined by

3 fomply) ifyem, (]R”\Q)
oly) =
1 ify=N.

Notice that ¢ is smooth in M\{N}, and it is also C? near N, as it can be easily deduced from Corollary A.6.
Having this in mind, we are going to prove that the differential inequality (6.3) holds in a weak sense on the
whole M. Combining this with a weak version of the strong maximum principle, we deduce the following
theorem.

6.2 Proposition. Let (Q, f, g) be a regular solution to problem (4.1) in the sense of Definition 2.2. Consider the
domain M = ngl(R”\Q) v {N} < S, equipped with the metric vy defined by (6.1). Then, for any y € M, it holds

R R 4
7(y) < maxRy. (6.4)

Moreover, the equality is fulfilled for some y € M\OM = 71, LR™MQ) U {N}, ifand only if V2f = Ag on the whole
R™\Q, for some A € C*(R"\Q)).

Proof. The strategy of the proof consists in showing that inequality (6.3) holds in the weak sense on the
whole M, so that we can use a strong maximum principle (see for example [ , Theorem 8.19]) to deduce
the thesis. This amounts to prove that for every nonnegative i € C°(M) it holds

f [<V¢|VR7> +( zp< VR7> ] do, < 0. 65)

Fix a nonnegative i € C(M). As in the proof of Lemma 6.1, for all T > 0 we write ¢ = ar + fr,
where at, BT are nonnegative functions with support contained in { |77,(y)| > T} 3 N and { |m,(y)| < 2T},
respectively. As already noticed in the proof of Lemma 6.1, the function a1 can be chosen in such a way that
|Var|, < CT, for some constant C > 0. Furthermore, it holds |VRW\%(y) = |7 (y)|? - 0(1) as y approaches
the north pole. We also observe that |[V¢|, = |m,(y)| - (1 4 0(1)), as it follows from Corollary A.7.

Since the support of B does not contains the north pole, and R is smooth in M\{N}, we immediately
have the following estimate

JM [(V[ST|VR7>7+( )5T< o ‘VR7>7] dv, =
Vg

- ARy — (n—2 VR dv, <0, (6.6
JMm{np(y)dT}ﬁr[ Ry = ( )<1+€0 7>J v (6.6)

where in the last inequality we have used formula (6.3), that holds outside of N.
The right-hand side of (6.6) being independent of T, in order to prove (6.5) it is enough to show that

: Vo _
TEIEOO o [<V0¢T|VI{7>ny +(n—2)ar <m ‘ VR7>J dv, = 0. (6.7)
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Converting as usual to IR” with the metric g, from Corollary A.6 and Corollary A.7 we obtain:

Ve
Var|VR +(n—2)u <7‘VR> do, | <
lewﬂ}% VR, + (=2 (| VR, ) | o,

l
Var|y + (n=2)|at| - |——|| |VR, |, dv
meuwm[ rhy =2l 5 || 19R | o,

Tlff W)| + I ()?) -o(1) do
JM (m@isty * P Ll !

|70 (y)? - 0(1) doy

JMﬁ{lﬂp(y)bT}

-| o(1) - |x| 7" do
"m{|x\>T}
o) | 22 o,
R*~{|x|>T} s
= T?>7".0(1). (6.8)

Inequalities (6.6) and (6.8) are true for any T > 0 and n > 3, hence (6.5) is proved and R,, indeed solves (4.5)
in the W12(M)-sense.

We are now in the position to apply [ , Theorem 8.19]. The version that we need of this result states
that, if a continuous W2 function satisfies an elliptic inequality of the second order in the W12_sense
(with some standard hypoteses on the coefficients, that are trivially satisfied in our case), then the strong
maximum principle applies. We have already proved that the function R, belongs to C°(M) n W'2(M)
and that it satisfies the elliptic inequality (6.3) in the weak sense, hence we have R, < maxgps R, as wished.
Moreover, if equality holds in (6.4), then R is constant on M. Therefore, from (2.5) and (4.2) we deduce that
the field X is everywhere vanishing, and so is its divergence. We can now conclude using Lemma 4.1. O

In order to conclude the proof of Theorem 2.5, it only remains to show that the identity V2 f = Ag forces Q)
and f to be rotationally symmetric (the fact that (M, ) is isometric to a sphere follows easily). This will be
the subject of Section 7.

Theorem 2.5 implies Theorem 2.6. We conclude this section showing that inequality (6.4) implies for-
mulee (2.15). Evaluating (6.4) at y = N and recalling from (2.5), (3.3) that

Vol? Vol? — 2
Ry =n(n— )1 g d W(N) = [Cap(Q)]" "2, (6.9)
we obtain ,
= Vol?
[ ! ] i < m | ol . (6.10)
Cap(Q)) v @2
Since ¢ = fomp, IM = 7'[51(6()), f =00n 00, u =1on 0, using formula (3.2) we find
a vol; < IVf2 = max u[* (6.11)
oM 1—¢2 = a0 8§ o0 n—2 '

Comparing formulee (6.10), (6.11), we obtain the first inequality in (2.15). In order to prove the second
inequality in (2.15), we evaluate (6.4) at a pointy € 71, (IR"\Q) Recalling (6.11) and (6.9), we have

Du |?

Vol
) < p—

max
1—-¢2 = o0

Since ¢ = f o 7y, calling x = 77, (y) and using (3.2), we obtain
" 2(!1 1)

for all x € R*\Q.. An easy algebraic manipulation of this inequality leads to the second formula in (2.15).

2

() < g

Du 2

n—2

7

n—2
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7 Proof of the rigidity statements

In the two previous sections we obtained the equation V2f = Ag, A € C*(R"\Q)), as a byproduct of the
equality case. Such condition is very strong, and in this section we show that it induces a very rigid
geometric structure on the problem.

In order to simplify the formulee, throughout this section we will assume Cap(Q)) = 1. The case of a general
capacity can be addressed following the exact same strategy, at the cost of slightly more cumbersome
computations. Alternatively, one can always reduce himself to study the case Cap(Q2) = 1 via an homothety
of (), and an appropriate rescaling of u so that the boundary condition in (1.1) remains satisfied. It is easy
to check that the new f, g, obtained from the rescaled u via (2.3), (2.1), still satisfy V2f = Ag, for some
(possibly different) function A.

7.1 Proposition. Let (Q), f, ) be a reqular solution to problem (4.1) in the sense of Definition 2.2, with Cap(€)) = 1.
Suppose that the equation V2 f = Mg is satisfied on R"™\Q), where A € C*(R™\QY). Then:

e The function f is reqular everywhere and in particular |V f |§ =1-f2#00n R"\Q.
* The region R"\Q) is isometric to [0, 5) x 0Q with the warped product metric

dr@dr + COSZ(T’) gf? Cdx* @ dxP,

where gi? is the restriction of the metric g to 0Q).

 The above isometry sends the level sets of f to level sets of r; in particular, it sends {f = s} to {r = arcsins} for
T

all s € [0,1). This implies that a point tends to co in R" if and only if its image have r — 5.

Proof. Lets € [0,1) be a regular value for f and take a vector field Y tangent to {f = s} at a point p. Then
Vy|VfI2 = 2V2£(Y, V) = 22X |V ), =0,

so |V f|g is locally constant on every regular level set of f. In particular it can be locally written as a function
of f. Let us define S to be the supremum of all s € [0,1) such that [V f|; # 0 on the region {f < s}. By
Hopf’s lemma (see [ , Lemma 10.55]), 0 is a regular value of f and since the set of regular values is
always open this implies that S > 0. All the computations from now on will be done in the region {f < S}.
By standard Morse theory (see for example [ , Theorem 2.2]) the region {f < S} is diffeomorphic to
[0,1) x {f =0} =[0,1) x 0Q), so local coordinates on dQ) can be extended, together with f, on the whole
region {f < S}.

On the region {f < S}, the function |V f|¢(f) is well-defined and it does not vanish, so we can use it to
define the function r(f) given by the ordinary differential equation:

dr _ 1
af = L for0< f<S,
r(0) =0

It is easy to see that r can be used as a local coordinate instead of f and that the metric can be written as
g = dr@dr + gup(r, x)dx" @ dxP.

From now on we use Greek letters for indices that must range over tangential directions. We denote by
f' and f” the derivatives of f with respect to the new variable r. From the definition of r we have that

fl= % = |V flg. The Christoffel symbols of g have the following form:
r Y r r 1 Y 1 %)
Ly =Tn =Tg =0, ra[;’ = _iargaﬁr Loy = 78 Or8us-

Computing the Hessian with these coordinates:

V2f = fldr@dr + f'V?r = f'dr @dr + %f’a,g,x,3 dx* @ dxP.
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Since V2f = Ag we obtain by comparison:
"= (7.1)
1
5/ 0r8up = Agup-

In particular 0, loggaﬁ =20, log f/, so

7 2
) = | 553 | sap0)

(at least if g,p(x,0) > 0; if it is negative we can use the same argument for —g,g; if it is zero, then it remains
identically zero; in any case, the formula above holds). In other words, g is a warped metric defined over
the base space {f = 0}.

Let us now recall that f satisfies by hypothesis the system (2.4), so it must hold

IVSIZ
A=— .
f]. _f2
2 /
Expanding in (7.1), we have " = —f % = —fl(%f);. This implies that

Lo | 4| _Frra=-As U _ U
20r|1-f2 (1 2)? (12 ’

and confronting with estimate (3.3), we deduce (f’ )2 = (1— f?) on the whole R™\Q. It follows that the
equation for f can be rewritten as

fr=—f

£(0)

f(0) =

whose solution is f(r) = sin(r). This implies that f is defined and regular for r € [0, 5 ), which coincides

with the region f € [0,1). This proves that S = 1, and the construction above gives an isometry of the whole
space R"\Q) with [0, §) x Q). The proposition is therefore established. O

0/
1/

These results are expected in view of the thesis we are aiming to, according to which the metric g is an
hemisphere and the hypersurface {f = 0} is its equator. In order to conclude, it is enough to show that
the metric on the base space 0() is isometric to a round sphere (so far we have not even proved it is
homeomorphic to a sphere).

The last key clue lies in the fact that, as seen in (6.1) and in the following discussion, if the end of R”" is
compactified by adding the point at infinity, then the metric g can be extended at the infinity and becomes
isometric to v, which is also C! at infinity. The warped structure of g then converts to a set of normal
coordinates for <y at the north pole, allowing us to trigger the following lemma taken from [ , Claim
4 at page 133].

7.2 Lemma. Let (M",) be a complete Riemannian manifold and N a point in its interior, such that the metric
7 is smooth on M\{N} and C' at N; call r: M — Rx the distance function from N. Suppose there exists
e > 0, a function w: [0,¢) — R and a closed Riemannian manifold (X", g5 ) such that the punctured ball
{xe M |0 < r(x) < e} is isometric to the manifold ((0,€) x X, g), where

g(r,0) = dr@dr + w*(r)gx(6), re(0,e),0 €L, (7.2)

and that the isometry sends geodesic spheres on X slices. Suppose moreover that w(0) = 0 and w’(0) # 0. Then
(X, g) is isometric to the standard round sphere S"~ with its canonical metric, up to a constant factor.

We mention the proof in [ ] for completeness.
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Proof. Since 7 is C! at N, Christoffel coefficients are well defined and the regular machinery to have local
existence of geodesics works. We can therefore consider normal coordinates x1, ..., x" around N; the metric
can thus be written locally as

g(x) = [(57] + (Tij(x)]dxl ®dx],
with gj; = o(|x]) as [x| — 0. This implies, in particular, that sufficiently small geodesic spheres are actually
diffeomorphic to S§"=1 0¥ is as well.
In order to compare this with (7.2), we switch to polar coordinates. Let 0, ..., 0" 1 be coordinates on
S$"=1. then we can write: . 4
X = rgo’(()l, . ..,9”_1).

Computation gives:

- 0 00l 0
(5. N ij jYY (P « i (F B 209" (f « B
gx) = ((5,]-1-(71]) (go(p dr@dr +re 267 do* @dr +rg ﬁdr®d9 +r 267 Gﬁdg ®do

. o)
= (1+0ij9'¢)) -dr@dr + raij<p] o9’ a0* @ dr + raij<p’aidr®d95+

6% 00P
e og' 0
+ <r2g§ﬁ et rzaifazlxa;g> 6" ® deP.
Comparing with (7.2) we have that

(?4)’ 64)7

2 2 sl 2
w(r)g=(0) =7 Sap T azj(r 9) 26% 208"

Dividing by r? and passing to the limit r — 0:

gn— 1

[/ (0)g=(6) = 855 0

The proof of the rigidity statement is thus complete.

A Well-known facts and asymptotic estimates

In this section we collect some general and widely known results about the regularity and the asymptotic
behavior of solutions of system (1.1). The first result justifies the assumptions made in Definition 1.1 on the
regularity of the electrostatic potential u.

A.1 Proposition. Let OO < R”, n > 3, be a bounded open domain containing the origin, with smooth boundary and
such that R"\Q) is connected. Then there is a unique function u that solves system (1.1). Moreover, u is C*(R™\Q}),
is analytic in R™\Q), and u(R™\Q) = (0, 1).

Proof. By [ , Lemma 6.3.15] the infimum of the superharmonic functions on R™\() that take values
not smaller than 1 on 0Q) and not smaller than 0 at infinity coincides with the supremum of subharmonic
functions on the same domain that take values not larger than 1 on Q2 and not larger than 0 at infinity. This
common value must be a solution of (1.1) and it is at least continuous.

By [ , Corollary 2.5.10], u satisfies the (strong) maximum and minimum principles, where the
definition of the boundary of the domain must be extended to include the point at infinity. This implies that
the solution is unique (because the difference of two solutions must be zero) and proves the given range.

Higher regularity is now a completely local fact. Using [ , Theorem 6.14] we prove that u €
C>*(R™Q)). Let us now consider a partial derivative of u

u(x + he;) — u(x)

-
v 6x,- hl—% h
By linearity the difference quotient on the right is harmonic in x, so by [ , Theorem 2.8] also v is. So

we also have v € C**(R™\Q)). The same procedure can be repeated for all derivatives of any order, so
smoothness of u is proved.
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The analyticity of u can be recovered by proving that the Taylor series of 1 converges at every point of
R™Q. This can be done using the mean-value property of harmonic functions in order to find appropriate
bounds for the derivatives of u. We do not give the details, that can be found, for instance, in [ ,
Theorem 10 of Chapter 2]. O

Now we pass to prove the asymptotic estimates widely used for u and f. The asymptotic estimates for u are
well-known, but their complete proof is rarely explictly cited: here we fill this gap.
A.2 Proposition. Let (), u) be a reqular solution to problem (1.1) in the sense of Definition 1.1, and let Cap(C) be
defined by (1.3). Then the following estimates hold for |x| — oo:
u = Cap(Q)|x|>"- (1+0(1))
Dju = —(n—2) Cap(Q)[x|7"x; - (1 +0(1))
Dfu = (n—2) Cap(Q)|x[ 727" (nx;x; — [x*gly ) - (1+0(1)).

A.3 Remark. By the uniqueness of solutions, () is a round ball if and only if the errors in the three formula vanish.

Proof. Suppose that u is extended to assume the value 1 inside (), therefore being defined on the whole R".
The resulting function, called again u, is Lipschitz continuous and superharmonic (according to [ ’
Definition 3.3.3]), because it is harmonic on R"\() and all the remaining points are maximum points. We
want to use the Riesz decomposition theorem stated in [ , Theorem 4.5.11]: IR" is Greenian by [ ,
Theorem 4.2.11] and its Green function is |x — y|>~" (compare with | , Definition 4.2.3 and the end of
Section 2.3]). It follows that there are a measure y supported on a compact set K < R” and an harmonic
function i: R" — R such that

u(x) —h(x) = U(x) := J]Rn |x —y|> " du(y) vx e R".

By tracking down the construction of the measure p, and in particular looking at the proof of [ ,
Lemma 4.5.9], we can see that, in the distributional sense,
= ! Auz=0 (A1)
SR ‘

Since both 1 and U go to zero at infinity, & does the same, so by harmonicity it must be identically zero.
Thus:

u(x) = fRn | =y dp(y)
= 2-n n _ 12— _ |y|2—n
P R+ [ (=g ) duty) (A2)

From (A.1) we know that y is supported on 0€), therefore y ranges on a compact set. This implies that
|x — y|>~" — |x[>~" = o(|x|>™") for |x| — oo. In order to prove the estimate for u we then just need to show
that #(IR") = Cap(Q2). We can choose a sequence of smooth functions u; converging to u in the Lipschitz

norm and such that # and uj coincide, when j > e~ 1 out of the set
Qe :={xeR"|JyedQst [x—y| <e}.

We also define the (possibly signed) measures y; having density —WAM]' with respect to the

Lebesgue measure; by (A.1) it holds y; — p as j — o0 in the distributional sense.
For sufficiently small values of ¢, the boundary of ), is smooth and it does not intersect 0Q). Therefore
we decompose it in an internal and an external part:

00 = 010 L0~ Q1= (20:\Q) L (00 N Q).

By construction u, and therefore u;, are harmonic out of Q). Thus, calling v the exterior unit-normal to 0Q),
we have

(n—2)|s" | ui(R") = —J}Rn Aujdo = J;) Aujdo = L+Q (Dujlv) do +W
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where the cancelled term is zero because u; coincides with u (which is constant) on the integration do-

main. For j — +00, the left hand side tends to (n —2)|S"~!| - u(R"), while the right hand side tends to
So+q, (Dulv) do. For e — 0, this integral goes to

(=[5 p(R") = | <Dulyy do = [ _|Duldo = (n~2)[5"|- Cap(@),

using (1.3) and the fact that v = Du/|Du| on 0Q). The result for u is thus established.

Estimates for Du and D?u follow using the same pattern, differentiating under the integral sign in (A.2).
A proof for exchanging derivation and integration over a general measure is [ , Lemma 2.5.5], whose
hypotheses are easy to verify. O

As a first consequence of Proposition A.2, we have that, for any & > 0 sufficiently small, the set { u = €} is
regular and diffeomorphic to a sphere. Moreover, one easily computes

Diu Xi

TDu| = o (1+0(1)).

Therefore, the level sets of u tend to coincide with the level sets of |x| as |x| — +co. In particular, for small
¢’s, the level set {u = €} can be radially projected to

.- {i - [S2] 7,

and the push-forward of the measure o of {u = ¢} on S, tends to coincide with the spherical measure as ¢
goes to 0. From this we deduce

AN

n—

L do = [7Cap(0)] s o) (A3)

€
ase— 0.
Finally, we discuss some alternative definitions for the capacity of a set (2 and we prove their equivalence.

A.4 Proposition. Let (Q), u) be a reqular solution to problem (1.1) in the sense of Definition 1.1, and let Cap(C) be
the capacity of Q), defined by (1.2). Then the following two formulee hold

1

1 2

11 Jaa

Du

n—2

Cap(Q)) = (x|v) do, (A5)

where x is the position vector in R™.

Proof. Let Q) be our bounded domain, and consider the functional

—1; ) 1 2
F:{weCP(R"), w=1in0} — R, Fiw —> =25 IR"|Dw| dv.

First of all, we show that the functional F is strictly convex. An easy computation shows that, for every
wy, wy € CP(R") withwy =wy; =1o0n (),

wy+wy\ 1 1 ;
]—'< 5 ) = 4F(w1)+4f(wz)+2(1172)'5”_1'L{n (Dw1|Dwy) dv
_ F(w) + Fwp) 1 J ) -
- 2 4(n —2)|5" 1] Jgs (IDwi[2 + [Das 2 = 2(Dawy | D)) do
< w o
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where in the last step we have used the Cauchy-Schwartz inequality. Moreover, if the equality holds in (A.6),
then wy = wy + ¢, with c constant. But w; = w; on (), hence w; = wy everywhere. This proves that F is
strictly convex.
Now let u be the solution of system (1.1). We want to prove that u is the minimum of 7. To this end,
since F is strictly convex, it is enough to prove that u is a critical point of F, that is, we want to show
F(u+ew) — F(u)

lim =0,
e—0t €

for every w € C° (R™\Q)). This is an easy computation

. Flutew)—Fu) . 1 5
Jm, . = Dm e fw (2¢DwlDu) + el Dol ) do

=2 )

= Dw|Du) dv
(1= 257 1] Jgnia PHIPW

o () J

= — [ - wAudv + u{Dwlv) |, A7

<n—z>|sn—1|( N 0 '>> (A7)
where v = —Du/|Du| is the unit normal to 0Q) and in the latter equality we have integrated by parts. Since u

is harmonic and w € C (R™\Q)), the limit in (A.7) is zero. Therefore, the function u is indeed the minimum
of F, and, from (1.2) we obtain

1
Cap(Q) = —————— | |Duf*do. A8
Identity (A.4) now follows immediately integrating by parts and using the harmonicity of u.
In order to prove (A.5), we consider the tensor

| Duf?
5 SR" -

T =du®du—

An easy computation shows that T has zero divergence
. 1 1

divT = AuDu + ED\Du| - ED\Du| =0.

Integrating by parts, for all vector fields X on R""\() we obtain

0— f (div T|X) do — —J T(x,v)da—J (TIDX) do, (A9)
R™\Q o0 R™\Q
where v = —Du/|Du|, as usual. If we choose X as the position vector, that is X |, =X, we obtain
i Dul? -2
(T|Dx)y = Tyl = puf — Pul 2”' = ——”2 \Dul?,
Du Du |Du|? Du |Du/?
T = T(x, —=—=) = —(Dulx)-(D = .
) = =1 (s ) = = ul (a5 )+ 5 (el g = R
Substituting in (A.9), we find
(n—Z)J |Du|?dv = j |Du|? (x|v) do,
R™\Q o0
and using (A.8), we obtain (A.5). O

Now that the different definitions of capacity have been discussed, we pass to the proof of a well known
isoperimetric inequality, referred to as the Poincaré-Faber-Szegt inequality. This inequality has been proved
in [ , Section 1.12] for the 3-dimensional case, while the proof in the n-dimensional case has been
summarized in [ ].
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A.5 Theorem. Let Q) < R" bounded domain with smooth boundary 0Q). Then it holds

(”;H )T< Cap(Q)). (A.10)

Moreover, if the equality holds, then () is a ball.

Proof. Let u be the solution of problem (1.1) corresponding to the domain (), and, for all ¢ € (0,1], set
%t = {u = t} < R"\Q). We have already remarked that u is analytic, hence, by the results in [ ], we
have that the critical values of u are discrete. In particular, for almost all ¢ € (0, 1], the set 2 is a smooth
hypersurface. Moreover, using the results in [ , ] we have that the (n — 1)-dimensional Hausdorff
measure of Y; is finite for all . We also observe that, using the coarea formula, the capacity of () can be
written as

1 1 1
S — Dul?dv = 7J (J Du da) dt, A1l
(n— 2)|S”71| R\Q | | (n— 2)|S"71| 0 b | | ! ( )

where 0} is the measure induced on %;. Fix now a regular value f € (0,1], so that |Du| # 0 on X;. Our aim is
to prove that Sz, |Du|doy > Sst |Dw| ds;, where w is the symmetrization of u (see the definition below) and in
fact its level sets S;’s are geodesic spheres bounding geodesic balls having the same volumes as the regions
enclosed by the ¥’s. Using Cauchy-Schwartz, we compute

(.
(L )
(.
(.

Cap(Q2)

)2

N

1 1 % 2
|Du\d(7t <£:t |DM‘ d0t> }
1
Du| do; J )
| ‘ t) ( P ‘D |

for every t regular value of u. Therefore, for regular values, the following estimate holds for the integrand
in formula (A.11)

! 2
J |Du|doy > % . (A.12)
P SZ[ W dU't
Now, let us call Oy = Q U {t < u < 1}. In particular, we have 0Q); = Xy and
1 1
Q| = Q—i—J (J —da)ds. A.13
| t| | ‘ ; ZS |Du| S ( )

Consider the function ¢ — |}, defined from (0, 1] to [|Q2|, +c0). We prove now that t — |()| is continuous
for all t. To do that, it is sufficient to show the continuity of the repartition function

E(t) = |{u > t}] = Lm} do - Ll (L‘Dl—wdar) dr.

Since the measure on R"\() is locally finite and positive, from [ , Proposition 2.6] it follows that, for
any value fj € (0,1], it holds

lim F(t) = F(ty),  lim F(t) = F(to) + |{u = to}|.

t—td t—ty

On the other hand, [{u = fp}| = |Z¢,| = 0, because we have already observed that the Hausdorff dimension
of X4 is (n — 1). Therefore F is continuous and so is t — ||

Moreover, the function t — |()| is clearly monotonic and strictly decreasing in t, and it is differentiable
for all regular values f of u (hence, it is differentiable almost everywhere, because the critical values of u
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are discrete). At a point where t — |()]| is differentiable, from (A.13) and the Fundamental Theorem of
Calculus, we deduce

)| J 1
=— — . Al4
) . i doy (A.14)
Moreover, from the isoperimetric inequality we have
U\ (] )
) < ()T A5
() < (o .
Using formulee (A.14) and (A.15) to estimate the right hand side of (A.12) we obtain
f Duldoy > —|sn—1p (14 S (A.16)
ro B/ ol '

We define now the function R : (0,1] — [R(1), +0) as

1
1O\ "
R(t) = .
= (i3
Since t — |()] is continuous, so is t — R(t). Moreover, R is strictly decreasing, differentiable when t — |}
is differentiable, and in that case it holds

d]Q|
dt

where we have denoted by R’(t) the derivative of R(t) with respect to ¢ (Where it exists). Formula (A.16)
can be rewritten in terms of R as

(1) = n|B"|R""H(OR'(1) = [S" IR (HR'(D),

R1-1(¢)
0)

J |Du|doy > —|S" 1
M

t

(A.17)

Let (r,0) € R} x S"~! be the polar coordinates on R” and let B(0, ) be the ball of radius  centered at the
origin. Define w : R"\B(0,R(1)) — (0,1] as

w(r,0) = R™'(r), Vo e 5" 1,

where R~1 is the inverse of R. When t is a regular value, we have

ow 1 ow
aROO =m0
so that
1 1
|[Dw|(R(t),0) = RO~ RO

In particular, | Dw| is independent of 6, and integrating it on the sphere of radius R(t) centered at the origin,
thatis S; = 0B(0, R(t)), we obtain

1 R"™1(t)
Dw|ds; = —|S¢| —— = —|5""! ,
Lt ‘ | t ‘ t| Rl(t) | | R/(t)

where we have denoted by s; the measure induced on S;. Therefore, from formula (A.17) we deduce the
following inequality

J |Du| doy >J |Dw| ds; . (A.18)
b S

We remark that formula (A.18) holds only for regular values t of u. However, we have already observed
that the critical values of u are discrete, hence formula (A.18) holds for almost every ¢ € (0, 1]. Integrating in
t and recalling inequality (A.11), we obtain

1 1 1
Cap(Q) >7J U Dwds)dt=7J Dw|>du,
P() (n—2)|s"1] Jo s,| |5 (n—2)|5"—1] ”\B(O,R(l))| e
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where in the rightmost equality we have used the coarea formula. From the definition of capacity, it follows
that
Cap(Q)) = Cap(B(0,R(1))). (A19)

The capacity of a ball is easily computed, and recalling the definition of R we find

n—2

cap(0,R) = Ry~ = (1)

Substituting in (A.19), we obtain inequality (A.10). If the equality holds in (A.10), retracing the steps of this
proof, one sees that the equality also holds in the isoperimetric inequality (A.15) for all ¢, so that the );’s (in
particular () = ();) are forced to be balls. O

We also remark that, if the domain () satisfies

n—2
o0 \—1
<ﬁ> < Cap(QY), (A.20)
then the isoperimetric inequality would immediately imply (A.10). However, inequality (A.20) is known to
be false in general. In fact, one can enclose a domain with arbitrarily large boundary measure |0Q}| inside
aball B(0, r) of small fixed radius r, so that Cap(Q) < Cap(B(0,7)) = "2 << |0Q)|. This means that the
quantity
Cap(Q)

—2
|0q)] \ =1
5]

can be made arbitrarily small. One may then ask if a lower bound for &, (Q2) exists at least for convex
domains. In dimension n = 3, the limit of the quotient

gn(Q) =

_ Cap(Q2)
loa

£3(Q) -
4

as ) approaches the 2-disk in IR?, is 24/2/7t, and a well known conjecture by Pélya-Szego | , Section 1.18]
states that the value 2v/2/7 is indeed the infimum of £;(Q2) among 3-dimensional convex domains with
positive surface area, see also [ , ] for some discussions on the topic.

We end this section with two corollaries on the asymptotic behavior of f and g, whose proof follow by
just applying Proposition A.2 together with the formulee derived in Sections 3 and 4.

A.6 Corollary. Let (Q, f, g) be a reqular solution to problem (2.4) in the sense of Definition 2.2. Then the following
asymptotic estimates hold for |x| — oo:

f=1-2Cap(Q)72[x| 2 (1+0(1))
Vif = 4-Cap(Q)72[x| ;- (14 0(1)
V3f = —4-Cap(Q)7 x| ~*gR" - (1 +0(1)).

A.7 Corollary. Let (Q), f,g) be a reqular solution to problem (2.4) in the sense of Definition 2.2. Then the following
asymptotic estimates hold for |x| — oo:
IV flg = 20271 (1 +0(1))

n—1 _2
Hy = —"—Cap(Q)) 72| (1 +0(1))

dvog = 2" - Cap(Q) 272 x| 72" (14 0(1)) - do
i 217! ij
Vg = [2 -Cap(Q) = ] |X\x]'gIRn “(1+0(1))
4
gij =4. Cap(Q) n—2 |x‘ 4. (1 + 0(1))
X = |x|?x; - 0(1).
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We also mention that from formula (A.3) we obtain the following estimate on the area of the level sets of the
function f:

n—1

J dog <Ce 2 (A.21)
{f=1-¢}

for some constant C > 0 and for 0 < ¢ < 1 big enough. Of course one can derive a more precise estimate,
but (A.21) is enough for the purposes of this work.
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