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1 Introduction

BPS Wilson loops (WLs) in 3D supersymmetric Chern-Simons-matter (SCSM) theories
exhibit a rich spectrum of peculiar properties that need to be deeper understood.

Due to dimensional reasons not only scalar but also fermion matter together with
ordinary gauge connections can be used to construct WLs as the holonomy of generalized
(super)connections [1, 2]. This allows to define a large web of BPS operators with different
degrees of preserved supersymmetry (SUSY).

Even if protected from UV divergent corrections, BPS WLs can still feature non-
trivial vacuum expectation values that are often computed exactly by using localization
techniques [3, 4]. Localization predictions can then be directly checked at weak coupling in
perturbation theory. Moreover, in theories that allow for string theory or M-theory dual de-
scriptions, BPS WLs in fundamental representation were shown to be dual to fundamental
string or M2-brane configurations [5, 6]. Therefore, their expectation values at strong cou-
pling can be computed using the holographic description and the matching with localization
results expanded at strong coupling provides a crucial test of the AdS/CFT correspondence.



Given a 3D SCSM theory it is therefore crucial to construct and classify the whole
spectrum of BPS WLs, identify their gravity duals and compute their expectation values
in diverse regimes. In this paper we aim at giving a complete classification of BPS WLs
in circular quiver NV = 4 SCSM theories with alternating Chern-Simons levels. Our classi-
fication generalizes the one of [7] and we are also able to identify the precise gravity dual
configurations for a given sublcass of operators.

The present understanding on BPS WLs in SCSM theories can be summarized as
follows. BPS WLs operators in SCSM were first introduced in the seminal work [1]. There,
1/2 BPS operators for N' = 2 SCSM theories and 1/3 BPS WLs in ' = 3 SCSM theories
were defined as the holonomy of generalized connections that include couplings to the scalar
fields of the theories.

Later on, the construction was generalized to models with a higher degree of super-
symmetry. In N'=6 ABJ(M) theories [8-10] with U(N); x U(M)_j gauge group, dual to
M-theory in AdS4 x S7/Z;, background, the whole classification of BPS WLs was carried
out in [7, 11] for timelike infinite straight lines in Minkowski spacetime and for maximal cir-
cles in Euclidean space. The most general WL is 1/6 BPS and corresponds to the holonomy
of a superconnection that includes parametric couplings to both scalars and fermions. For
particular values of the parameters it reduces to the bosonic 1/6 BPS WL with couplings
only to scalar fields [12—14], which is supposed to be dual to smeared M2-branes [12], and
to the fermionic 1/2 BPS WLs, dual to M2-/anti-M2-branes [2, 15]. The generalization
to fermionic BPS WLs with a reduced number of preserved supercharges was considered
in [16-20]. These are featured by non-trivial latitude angles in the internal R-symmetry
space plus possibly latitude deformations of the Euclidean closed contour.

N =4 circular quiver SCSM theories with gauge group and levels [[,_;[U(Nae—1)x X
U(Nagg)—i| were introduced in [21, 22]. In the general case of different group ranks they can
be obtained via decomposition of the U(N )y x U(M)_; ABJ theory with N =", Noy_;
and M = >, ; Ny [15, 23]. In the special case of equal ranks one obtains the N' = 4
orbifold ABJM theory with [U(N), x U(N)_g]|" gauge group [23]. This theory has a dual
description in terms of M-theory in AdSy x S”/(Z, x Z,) background [23-25].

For a class of N'= 4 SCSM theories corresponding to circular quivers with alternating
levels! 1/4 BPS WLs were constructed in [7], which are the holonomy of superconnections
that include parametric couplings to scalars and fermions. This was carried out under
the assumption that the superconnections can be always written as 2 x 2 block diagonal
matrices. As a consequence the corresponding WLs, when traced, can be expressed as
linear combinations of r double-node operators W that are nothing but the holonomy of
the 2 x 2 block matrices. Therefore, their study reduces to the study of the generic W
confined at two adjacent nodes. For a particular choice of the parameters they give rise
to the bosonic 1/4 BPS WL that includes couplings only to scalars and the fermionic 1/2
BPS WL with couplings also to fermions [27, 28].

!The N = 4 SCSM theories with vanishing levels [26, 27] or corresponding to linear quivers [21] are not
included in the discussion.



In this paper we provide a more general construction of BPS WLs in A/ = 4 SCSM
theories using two different strategies. To begin with, we consider [U(N); x U(N)_g]"
ABJM orbifold models and construct BPS WLs by performing a direct decomposition of
BPS WLs classified in ABJM theory. Although this does not provide a full classification of
WLs in orbifold ABJM theory, it allows to obtain a class of BPS operators that is however
larger than the one known so far. Moreover, this method has the virtue to automatically
provide the M-theory dual description of these new operators as given by M2-/anti-M2-
branes wrapping some particular circles in the internal S7/(Z,;, x Z,) space. The second
method is more systematic and leads to a full classification of 1/4 and 1/2 BPS WLs for
general circular quivers with alternating Chen-Simons levels. It is based on directly impos-
ing the invariance of the most general superconnection compatible with the symmetries of
the theory under a given fraction of SUSY charges.

Following these strategies, we find 1/4 and 1/2 BPS WLs already constructed in the
literature as the holonomy of double-node superconnections in [27, 28] and [7], but also new
ones that correspond to non-block-diagonal superconnections and are thus not ascribable
to straightforward generalizations of the previous ones. These new WLs are in general 1/4
BPS and they are enhanced to the usual 1/2 BPS for special choices of the parameters. As
we will discuss in details, they are all cohomological equivalent to the bosonic 1/4 BPS op-
erators whose expectation values can be in principle computed with localization techniques.

The paper is organized as follows. In section 2 we review the classification of known
BPS WLs in ABJ(M) theory by parametrizing the couplings to matter in the most general
way. In section 3 we determine the BPS WLs in the orbifold ABJM model that can be
obtained by decomposition of BPS WLs in ABJM theory. In particular, we find new BPS
WLs that were not present in the previous literature. Section 3.3 is devoted to a discussion
of the M2-/anti-M2-brane duals of BPS WLs in N/ = 4 orbifold ABJM theory. In section 4,
by studying the invariance of the most general superconnection under a given fraction of
SUSY transformations we give a complete classification of all possible 1/4 and 1/2 BPS
WLs in N' = 4 circular quiver SCSM theories. Finally, a summary of our main results is
contained in section 5 where we also comment on the expected perturbative results for the
newly found WLs and their matching with the localization prediction. Technical details
about the general derivation of section 4 are collected in appendix A. As a completion to
the classification of BPS WLs in ABJ(M) and A/ = 4 SCSM theories, in appendix B we
study the overlapping of preserved supercharges for general 1/2 BPS WLs in both theories.
We find no new pairs of different operators preserving the same set of supercharges beyond
the ones already discovered in [27] and [15]. In the main body of the paper we focus on
timelike linear WLs in Minkowski spacetime, whereas circular 1/4 BPS WLs in Euclidean
space are discussed in appendix C.

2 Review of BPS WLs in ABJ(M) theory

In this section we review the general classification of 1/6 and 1/2 BPS WLs in ABJ(M)
theory given in [7, 11]. We present it in a way that turns out to be preparatory for the
study of BPS operators in N' = 4 SCSM theories.



The ABJ(M) lagrangian in Minkowski spacetime can be written as the sum of four
terms

Los = %e“”pTr (AH&,AP + %AﬂAl,Ap — B,0,B, — QgiBuB,,Bp>
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where the totally anti-symmetric Levi-Civita tensors e erjkr are defined as

123 = ¢1934 = 1. Here A, and B, are the connections of U(N) and U(M) gauge groups

respectively, ¢r,! (I = 1,2,3,4) are complex scalars and Dirac fermions in the bifun-
damental representation of the gauge group and in the fundamental representation of the
SU(4) R-symmetry group, and ¢’, 47 their complex conjugates. Covariant derivatives are
defined as

D,ugbl = a,LL¢I + iA,u¢I - i@IB,u
D,¢' = 9,0" —id' A, +iB,¢"
D' =9 +iA,0" — iy’ B,
Dyipr = 0ptpr — i1 Ay + 1Bty (2.2)
The ABJ(M) action is invariant under the following Poincaré SUSY transforma-
tions [9, 29-31]
A, = — 2 (bribyya0 + 0 Tl
% L (¢I¢J7u + IJ’Y,uw ¢ )
2T - _ _
5Bu = T (¢J¢I'Y,u91J + 9[J’Y,u¢I¢J)
0r =ifry?,  6¢" =is0"
2T - _ 47 _
0t =0 Dy + =01 (056" 6K — D0 ds) + 0" Lo or
- - - 2~ - - - - 4o~ - -
01 = =019 Dyud” = - 01y (/056" — 6% 6cd”) — =Okcrd 416" (2.3)

with the #/7 parameters satisfying
~ ~ 1
91‘] = —9‘”, (91‘])* =075, 015= §€[JKL9KL (2.4)

N =6 SUSY is realized explicitly.
The whole spectrum of BPS WLs defined along the timelike infinite straight line
xz# = (7,0,0) can be described by a parametric family of operators [2, 7, 11]

W =Pexp ( — i/dTL(T)) (2.5)



corresponding to a generalized U(N|M) superconnection that includes couplings to scalar
and fermion matter fields?

Ao+ ZU g7 () E (@l +Ar9l)

L= B _ _
VE@ B~ Gra6h) B+ 32U 0

(2.6)

Here U/ 7 is a 4 x 4 matrix with constant complex entries, whereas the fermionic couplings
are given by constant vectors ar, ¥7, #7, 6/ in C* (a! = (ay)*, |a|? = ara!, etc.).

For special choices of the parameters, superconnection (2.6) gives rise to BPS WLs
preserving a certain amount of SUSY, as we will review below for 1/6 and 1/2 BPS cases.

2.1 1/6 BPS WLs

An exhaustive classification of 1/6 BPS WLs in ABJ(M) theory has been given in [7, 11].
These are operators that preserve two real Poincaré supercharges plus two real supercon-
formal charges out of the original 12 4 12 real supercharges.

In order to make the classification clearer, it is convenient to define two projectors P! 7
and Q' in the SU(4) R-symmetry space that satisfy

PIJ+QIJ:5§7 PIJQJ ZQIJPJK:O
PLPY =P QLQ7 = Q' PL=Q" =2 (2.7)

and break R-symmetry as SU(4) —SU(2)1, xSU(2)g. We can rewrite the two projectors as
PL=play+vloy, QL =plps+0la, (2.8)
in terms of four orthonormal vectors in C* satisfying

1
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[0 = pPIo (29)

The two projectors are not independent, as Q' s can be expressed in terms of Pl 7 using the
first equation in (2.7). Moreover, for fixed P!; and Q! there is some freedom in the choice
of the s, vy, pr, o1 vectors, which are always determined up to a SU(2), x SU(2) g rotation.

All 1/6 BPS WLs can be classified according to the choices of the parameters in table 1.
The U’ s couplings are given in terms of the two projectors written as in (2.8) and we have
expressed also the fermionic couplings as linear combination of the ujy, vy, pr, 65 vectors
with four arbitrary constant complex parameters py. Their particular decompositions follow
from the constraints &IPIJ = PlJﬁJ = f‘yIQIJ = Q[Jd‘] =0 [7, 11].

In general, 1/6 BPS WLs in the first four classes include non-trivial couplings both to
scalars and fermions. For this reason they are called fermionic 1/6 BPS WLs, in contrast

%In three-dimensional Minkowski spacetime, we use the gamma matrix v*,% = (io?, o', ¢%) with ¢"23

being the Pauli matrices. For an arbitrary spinor 0., we define 0+ = +iug6, with the Grassmann even
spinors ug = %($i, —1) [15, 32].



WL type Choice of the parameters

U'y = p g+ v'oy — (1= 2ax %) (0F — p'py —vivy) —267ay
ar = p1pr + 261, Bl =p3p’ +pact, yr=6=0

Ul = (1 — 29k 65l iy + vioy) + 2619, — (65 — plpy —vivy)

Wll/g[ﬂh 1, pi)

W (i, vr,p1)
/601, VT, - ~ _ ~
Y1 = pijir + pavr, 60 =pgpl +pat, ar=p"'=0

I oI I- I-
Wll%[ﬂl 711l U'y=—=0+2u' iy + 200y
&y = p1pr+ pe6r, A1 = pafir +pavy, BL=861=0

Wiz, vr, pi] Uy = =65 +2p' iy + 2005
1/6 115 VT
/ B =pipl + peot, 0 =psp! +pav!, ar=5,=0

Wlb/oﬁs[ﬂl, v UL =—6b +2u' g+ 200y, ar=5=p"=6 =0

Table 1. The four types of fermionic WLs and the bosonic 1/6 BPS WL in ABJ(M) theory. In
writing the UIJ matrices we have used p/py +olG; = 5§ — p'py — vy, which follows from the
first identity in (2.7).

with Wlb/%s that, including only couplings to scalars, is called bosonic 1/6 BPS WL. All the
1/6 BPS WLs preserve the same set of Poincaré supercharges,® which correspond to

PLPlOEE QN Q7 0Kt (2.10)

Different classes of WLs give rise to independent operators, as they cannot be mapped
one into the other by R-symmetry rotations. In fact, I/VlI /6 and WII}(). operators break the

original SU(4) R-symmetry down to SU(2)r, and SU(2)g, respectively. For Wll% and W11>’6,

the R-symmetry is broken completely. Finally, WF/OGS is invariant under the SU(2), xSU(2)r
subgroup.

After fixing PIJ7 Q! y in the R-symmetry space, i.e., fixing the preserved super-
charges (2.10), each of the four types of fermionic WLs depends on four independent
complex parameters py, while the bosonic WL is totally fixed. The bosonic WL can be
obtained from any of the four fermionic WLs by setting p;y = 0, I = 1,2,3,4, and so it is
just one particular representative of the four families of 1/6 BPS WLs.

It is important to recall that all the fermionic 1/6 BPS WLs are cohomologically

equivalent to the bosonic 1/6 BPS WL, being expressible as [2, 7]

LILIILIV, - — _ LIV - —

W1/6 [,uIaVval] :Wlb/oﬁs[ul7yﬂ+QVIHIHIV[,U417VI7PI] (211)

where Q is a linear combination of preserved supercharges (2.10). This property turns out
to be very important when computing vacuum expectation values (vev) of Euclidean circu-
lar BPS WLs in the ABJ(M) theory compactified on S3. In fact, using the Q supercharge
in (2.11) to localize the path integral, the cohomological relation implies that at quantum

level all the vev are identical and equal to <W1b/°65> computed by a matrix model [4, 33, 34].

3For WLs on an infinite straight line, Poincaré and conformal supercharges are separately and similarly
preserved. Therefore, it is sufficient to discuss WLs invariance under Poincaré supercharges.



2.2 1/2 BPS WLs

For special values of the parameters in table 1, SUSY gets enhanced and we obtain operators
that preserve half of the supersymmetries [2]. Precisely, this happens in Class I by setting
Bl = %, |a? # 0 and in Class II for 67 = %, |7|2 # 0. In our notations of table 1 this
corresponds to choosing

p3 = # P4 = # p1p1 + pap2 # 0 (2.12)
p1p1 + p2p2 P1P1 + P2p2

We denote the corresponding 1/2 BPS WLs as W] /2 (@] and WII}Q[’VI], respectively. They

are manifestly invariant under a residual SU(3) R-symmetry subgroup.

Being particular cases of Wll’/lé [fir, U1, pr| families, these operators have to preserve
supercharges (2.10). However, due to their SU(3) invariance, the corresponding sets of
preserved supercharges contain also supercharges that are SU(3) rotations of (2.10). It is
easy to prove that this enlarges the set of preserved SUSY’s to

I (= 1. = glJ J KL
Wiplar: a;0y, erjrro’6”

Wf}z[’?l]i 350", ey’ 0" (2.13)

As long as we consider the two 1/2 BPS WLs as particular representatives of Class
I and Class II fermionic WLs, the corresponding parameters are necessarily orthogonal,
i.e. ary! = 0. However, at this point nothing prevents from relaxing these conditions and
freely rotating the two vectors in the SU(4) R-symmetry space. From (2.13) it then follows
that for a given representative of Class I selected by choosing a specific vector aj in C%,
it is possible to select a representative in Class II corresponding to 45 = aj that preserves
the complementary set of supercharges. For ABJM theory, they are in fact dual to a pair
of M2-/anti-M2-branes placed at the same position in AdSy x S7/Z;, spacetime [15]. For
a more general discussion on the overlapping of preserved supercharges for different values
of the parameters we refer to appendix B.

From identity (2.11) and R-symmetry, it follows that W] /2[@ 1] is cohomologically equiv-
alent to the bosonic 1/6 BPS WL WF/OGS [fi1, 77] for arbitrary fi, oy satisfying aru! = ap! =
prvt =0, grp! = vyl = 1. Analogously, WHZ[’_)’]] is cohomologically equivalent to the

bosonic 1/6 BPS WL WP/OGSH[/WP, vy] for arbitrary ; that satisfies ;! = 0, pjv! = 1.

3 BPS WLs in N = 4 orbifold ABJM theory

As is well-known, a particular realization of Chern-Simons-matter theory with N' = 4
supersymmetry can be obtained by orbifold projection of the ABJM theory [23]. Precisely,
starting from the ABJM theory with gauge group and levels U(rN ), x U(rN)_j and taking
a Z, quotient one obtains the N’ = 4 orbifold ABJM theory corresponding to a circular
quiver [U(N)g x U(NV)_g]" with alternating levels.



The study of BPS WLs in orbifold ABJM theory was initiated in [27, 28] and refined
in [7], both for straight line contours in Minkowski and circular contours in Euclidean space.
The presently known classification includes one bosonic and four classes of fermionic WLs
obtained by assuming that the corresponding superconnection can be always written as a
2 x 2 block diagonal matrix. As a consequence, when traced, the WL can be written as a
linear combination of WLs connecting two adjacent quiver nodes.

Aimed at extending this classification, here we use an alternative approach to construct
WLs in orbifold ABJM that does not require making any particular ansatz on the structure
of the superconnection. Precisely, we construct a class of Wilson operators by performing
the orbifold decomposition of WLs of the ABJM theory.

The orbifold decomposition breaks the original SU(4) R-symmetry to SU(2), x SU(2)g.
Correspondingly, we choose the following decomposition of the R-symmetry indices
I1=1,243 - i=1,2,i=1,2 (3.1)
A generic vector ay in C* is then decomposed as
ar — @, 0; (3.2)
with complex conjugates of = (&;)*, ' = (a;)*. We also define |a|? = a;a’ + a;o’.
In the U(rN), x U(rN)_ ABJM model we consider the most general superconnection

of the form (2.6). Applying the orbifold decomposition the supermatrix gets decomposed
for r > 3 as

A(ll) fl(l) ht) 02 0 o thr‘fl) 2(27")
BB PP 0 0wl
S S U S 0 0
(2 £3) 12(4) :
0 hy’ f37 B :
L= ? .2 . . . (2r—3) (33)
0 . . . . hl 0
. . . 1(27“—2) hg2r—2)
h§2r71) 0 . 0 h;2r73) f2(2r72) A(zr_l) f1(2r71)
f1(27’) thT) 0 .. 0 th'r—Q) f2(27’—1) B(QT)
and for r = 2 as
AWM 1(1) hgl) + hg3) f2(4)
L ) B®) A A ) (3.4)
R
1(4) h§4) +h§2) f2(3) B4



where we have defined

— - 2m i —2) 73 7
A — A UJF*(UN)?K D Gopa TU VGl 1)

k
2) _ (20 | 2T (1ni 75 (20 | 70 7 (26-1)
B®Y =By +7;<Uj¢é@@ '+Uﬁ#%—ﬂ¢i )
-1y [4m 20 _ AT (220 i 720 5
fi —VCCOM¢%1H+%¢W'U) 1= E«¢F/3_%+5)
201 20-1) —(20—1) ¢ 20 _ | [AT
fQ( ): \/><w( B ¢Z(+ )5 )7 2( ): <O¢Z”Lﬂ 20 ++7ﬂ/}(2£) )

(20-1) i (20-1) (20 _ ; (20+1)
2D = ?U SV B k U Gl 0,
(20-1) _ i (20 7j (20) _ i (20)
W =205, W =2l (3.5)

In superconnections (3.3) and (3.4) we have the usual gauge and scalar field couplings
in the diagonal blocks, fermion fields in the next-to-diagonal blocks, and also new scalar
field couplings in the next-to-next-to-diagonal blocks. The novelty here is the presence
of these next-to-next-to-diagonal blocks.* These new blocks, present both in the bosonic
and fermionic WLs, together with generically non-vanishing f;’ (21 and fl%é ) blocks define
superconnections that are outside the general class of 2 x 2 block diagonal superconnections
considered so far in the literature [7, 27, 28, 35]. They reduce to those ones for the particular
choice of the couplings Uz = Uz = 0 and either f12; D'=0or fl(?ze) =0,V

In the next two subsectlons we give explicit examples of the construction of BPS
WLs in orbifold ABJM theory from orbifold reduction of 1/6 and 1/2 BPS operators in
ABJM theory.

3.1 From 1/6 BPS WLs in ABJM theory

We begin by considering the decomposition of the BPS WLs reviewed in subsection 2.1.
Decomposing the constant vector parameters of the general superconnection (2.6) according
to (3.2) and imposing constraints (2.9) we obtain generic WLs W g, fi;, i, 7;, pr] with
i’ + ' = vt + ot =1, v’ + v’ =0 (3.6)
and py still labeling four constant complex numbers.
Imposing that the new operators in the N = 4 theory preserve some amount of SUSY
provides further constraints on the complex parameters. We find that the solution u; = 0,
v; = 0 leads to fermionic BPS WLs preserving two Poincaré and two conformal super-

charges.®

The resulting operators, obtained from the four classes of fermionic WLs in
table 1, and the corresponding parameters are classified in table 2.
It can be shown that all the four types of fermionic BPS WLs preserve the same set

of supercharges corresponding to

,L_Lil7j9i_j, €ij€f€l*,uiljkei_l (37)

*Non-vanishing next-to-next-to-diagonal blocks have been considered in [27] only for 1/2 BPS WLs in
N = 4 SCSM theories with some quiver nodes corresponding to vanishing CS levels.

5An alternative solution would be fi; = 0, 7 = 0, which leads to equivalent WLs. Without loss of
generality we discuss only one case.



WL type Choice of the parameters
Uy = Wiy — (1= 2068 =204 8%)(8) — w'iy) = 26'ay
U = vw; — (1= 2008% — 20;,8) (3] — v'7;) — 25'a;

U, = =20'a;, U =-2f'a;, 3i=5=0=0=0

W11/4[ﬁ27 07 Oa Divpf]
a; =pieigd, @ = pogig?, B =psef;, B = psep;
Uy = (1= 294" — 23,67 'y + 26, — (85 — ' i)
U = (1 — 240" — 27;8%)'0; + 2875 — (8 — V')
Uz‘j _ 251';%7 Uij _ 252:},].7 Q= Qq; = 51 — ﬂi =0

Wll}4[ﬂ’u 07 07 ﬂivp[]

Vi =pifii, Y =pais, O =pspt, 6 = pst
Ui, = =08+ 2u';, U™y =60+ 2/
Wll}i[ulvo 0, VuPI] Ulj:UiJZBl:/Bi:(;l:(sizo

a; = p1ggj !, 0y = pagyv?, Vi = p3fli, Vi = Pabs;

U = =0 420, UY = =05+ 20

J
Wllxl[ﬂuo;oyﬂi,pl] Uij:Uij:@i:O_éi:’%:’%:O
B =pie g, Bt =pepy, 6 =pau’, & = py
U :—(51—1—2##, UA:—5Z+21/1/
WF/ZS[NMO 0 Vz} ) . ! !
Ulj:UZJ Qi =0; =7 =7 = Bi=p=§=6=0

Table 2. The four types of fermionic WLs and the bosonic 1/4 BPS WL in circular quiver N' = 4
SCSM theories with alternating levels. We have set i; = #; = 0, and thus ji;u’ = ;0 = 1.

The important observation is that the classes of fermionic 1/4 BPS WLs found here through
the orbifolding projection are more general than the ones constructed in [7]. In fact,
for generic parameters superconnections (3.3), (3.4) are not block-diagonal and cannot
be mapped simply by R-symmetry rotations to the block-diagonal matrices previously
considered in the literature [7, 15, 27, 28, 35].

In order to better clarify this point, we focus on particular WL representatives in each
class selected by choosing for instance fi; = (0,1) and #; = (0,1). As long as we keep the
four p; parameters generically different from zero, from (3.5) we read that superconnections
in Class I have non-trivial entries

47 -
1 ot 1 =g [

201 201 20 Am i
7 = mV:¢L ) 2 =2\ lan
. 4ﬂ. o Y 4 - 4
pD - — pips ¢, B gL, hPo = —, P1pa ¢%2z)¢>§2 =
. 47T Y 47T 74
hy Y = 7 P2p3 o1 ¢(2z 1) hy' = | b ¢(24+1 o (38)
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that prevent the superconnections to be written as block diagonal matrices. For Class I we

find a similar pattern. Although operators in Class III and IV always have h(% D— hg 2) =0,
still they have non-vanishing fl2Z 1), 2(% nd f22Z 2 , 1(%) respectively,

4 4

Class III : flﬂ 2 =\ = 2 (pllf)(ze 1 ++P5¢(24 1) ) f2(2€):\/><p21/12@++p47l)24 )
/4 (20— 4

Class TV : f(% 1) _ %(m §2_z 1)_p %2@ 1))7 fl(%):\/Z(p?wi —ps w(%)

(3.9)

which do not allow to make them block-diagonal.

However, it can be easily realized that by choosing p» = ps = 0 we have h(% D=

125) = fl(Q; ) = 0, and in all the cases the superconnections become block-diagonal

A(%—l) fl(%il) )

f2(26—1) B0 (3'10)

L = diag(Ly, Lo, ..., L), L, = (
The corresponding traced WL
TP exp ( - i/dTL(T)) (3.11)

can then be written as a linear combination of double-node operators W), which are the
holonomy of superconnections L, with £ =1,2,--- 7.
Similarly, by choosing p; = p3 = 0, in all the cases we have h% b _ h%) = 1(72;*1) =0

and the superconnections become block-diagonal

S . Beo 20

Fermionic 1/4 BPS WLs with block-diagonal superconnections have been considered in [7].
Our classification generalizes the previous one, providing the previously found 1/4 BPS
WLs but also an infinite set of new 1/4 BPS operators.

To complete this picture we still need to consider the decomposition of the bosonic 1/6
BPS WL Wf’/%s [fir, 77] in table 1. We obtain an operator Wf’/cil [, 0,0, ;] with supercon-
nections (3.3) or (3.4) and parameters given in table 2. It is a bosonic 1/4 BPS WL that
preserves supercharges (3.7). It can also be got from wh /H LIV (i, 0,0, 7;, pr] by setting
pr = 0. The bosonic 1/4 BPS WL has been constructed in [27, 28] and coincides with the
present ones up to a R-symmetry rotation.

Finally, it is easy to see that cohomological equivalence (2.11) survives the decomposi-
tion. Therefore, fermionic 1/4 BPS WLs in table 2 are equivalent to the bosonic 1/4 BPS
WL up to a Q-exact term

Wll/Ii M IV[ My 0 O Vlvpl] vVlb/czlb [ﬂ’n 07 Oa Di] + QVLH’HLIV[[_L’L" 07 Oa Divpl] (313)

Therefore, their vev computed on the three sphere are expected to coincide.
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3.2 From 1/2 BPS WLs in ABJM theory

As a particular case of the previous analysis we now consider the decomposition of the 1/2
BPS WLs W] /2[_ ], W{}Q[ﬁﬂ in ABJM theory. This turns out to be particularly helpful
for studying possible enhancement of SUSY for operators in table 2, and for finding out
the cases for which gravity duals are known, as we discuss in the next section.

Decomposing W /2[a 7] in table 1, we obtain an operator W![a;, &;] with superconnec-
tion (3.3) or (3.4) and parameters

, - 2at@; ) - 2at@ 4 20t @ ) 20t @

U =¢-"2 yL=5s-"2 y.=_-"""t Ut = — J 3.14
J J |a’2 J J |a|2 J ‘a|2 J |a|2 ( )
) Ozi . ai . . B B . N

7 Borim P -ao’van’ 200 5=5=8 =5 =0

This operator can be seen as a special case of the fermionic 1/4 BPS WLs W11/4 [fi,0,0,7;, pr)
in table 2, obtained by choosing the parameters as in (2.12). It can be 1/2 or 1/4 BPS
depending on the parameters. In fact, we can distinguish three cases.

1) When a;a® # 0, a; = 0, we obtain a 1/2 BPS WL WII/2[04Z, 0], with preserved
supercharges )

@iQT, €ij04i6]_k ]Af = i,é (3.15)

as follows from (2.13). For a; = &} it coincides with the ;-loop in [27, 28], alter-

natively called W; in [15], whereas for a; = 67 it is the Wy operator of [15]. It is
cohomologically equivalent to the bosonic 1/4 BPS WL

Fﬁf [awa /V agak, 0,0, I/Z:| (3.16)

for arbitrary 7;, with 7 = 1.

2) When &; = 0, a;a' # 0, we have the 1/2 BPS WL WII/Q[O, @;] with preserved super-
charges A
a0, aj,;ajaﬁ“ i=1,2 (3.17)

In [15] this operator was called W for a; = 5; and Wy for a; = 53 It is cohomologi-
cally equivalent to the bosonic 1/4 BPS WL

Wbof [,ui, 0,0, €gjaj/\/ O%Oé’%:| (3.18)

for arbitrary fi; with fi;u’ = 1.

3) More interestingly, when a;a’ #0 and a;a® # 0, we have the 1/4 BPS WL W1/4 (@i, a]
with preserved supercharges

@i@jefi, sijefgiaio/;Hil (319)

It is cohomologically equivalent to the bosonic 1/4 BPS WL

I’/?f eij0f [\ agak, 0,0, g0 /\/akak} (3.20)
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Repeating a similar analysis for the 1/2 BPS WL WII}2 [1] in ABJM theory we obtain
an operator W[, 4;] in N/ = 4 SCSM theories. This is just a particular case of the
fermionic 1/4 BPS WL Wll}4[ﬂi, 0,0, 74, pr] in table 2 corresponding to parameters (2.12).
When 7; = 0, 47" # 0 we have a 1/2 BPS WL, WII}Q[%,O], which for 4; = §2 coincides
with the 1s-loop of [27] (or Wy in [15]). The corresponding conserved supercharges are

A~

50%, ey k=13 (3.21)
For 7; ~ Eijaj they coincide with the ones in (3.15). This is the degeneracy of WLs

discovered in [27] and further elaborated in [15, 36, 37]. When ¥; = 0, ¥;7* # 0, we have a
1/2 BPS WL, Wll}z[o,"yi] that preserves supercharges

T, euy0t  i=12 (3.22)
For %; ~ sgjaj they are degenerate with the preserved supercharges of VVlI /2[0, @;] defined
above. Finally, when 7;7* # 0 and 77" # 0, we obtain a 1/4 BPS WL, W}}A%,%] with
preserved supercharges
37567, Eiﬁ,;ﬁivk@fz (3.23)
All these WLs are cohomologically equivalent to bosonic 1/4 BPS WLs that can be easily
determined.

3.3 Mz2-/anti-M2-brane duals

According to the AdS/CFT correspondence, 1/2 BPS WLs in U(N); x U(N)_; ABJM
theory are dual to M2-/anti-M2-branes in AdS4 x S7/Z;, background [2, 15]

1

More precisely, choosing the AdS4 metric in the form
2 2 2 2 2 du®
and the S7 embedded in C* as

dp* + cos® 5 (67 + sin? 61dep?) + sin? g(deg + sin® Od3)

1
dS§7 = 1

+ sin? g cos? g(dx + cos B1dgp; — cos Badpy)?

1 1 >
+ <2dC + cos? g cos f1dp; + sin® g cos Oadpo + 5 cos ﬂdx) ] (3.26)

with the Zj identification ¢ ~ ¢ — 8%, the 1/2 BPS operator WII/Z[o_q] reviewed in sub-

section 2.2 is dual to a M2-brane embedded as t = 0%, 21 = 29 = 0,u = ¢',( = ¢ and
localized at a point specified by the complex vector [15]
ol = (ar)* = | cos B cos ﬁe_%(z‘z’ﬁ”ﬁo,cos B sin 0—16_%(_2¢1+X+O,
2 2 2 2
0 i 0 i
sin g cos 526_1(2(232_)(—’_0, sin g sin 22e_4(_2¢2_X+O> (3.27)
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satisfying a’a; = 1. The a! vector allows to identify the Killing spinors in AdSy x S7/Z;
background corresponding to Poincaré and conformal supercharges preserved by the
M2-brane solution. One finds that they coincide with supercharges (2.13) preserved
by W11/2 [@[].6

Similarly, The 1/2 BPS WL W),
specified by a 77 vector similar to the one in (3.27). This configuration preserves super-

[71] is dual to an anti-M2-brane that wraps a circle

charges in the second line of (2.13). When &/ = 7! the brane and the anti-brane preserve
complementary sets of supercharges [15], in agreement with the field theory result.

The N = 4 orbifold ABJM theory is dual to M-theory in AdSy x S7/(Zx x Z,) back-
ground [23-25]. Since its 1/2 and 1/4 BPS WLs Wll/z[@i,O], WII/Z[O,di] and W11/4[6zi,6@]
can be obtained from the orbifold decomposition of the 1/2 BPS WL W] /2 (@] in ABJM
theory, we can easily identify the M2-brane duals of these operators from the dual brane
configurations in ABJM theory.

The background can be still described by metrics (3.25), (3.26) with the quotient
i, X L realized by the identification { ~ ( — %, X~ X— 47“ and ( ~ ( — 477T. Decomposing
the R-symmetry indices as in (3.2) we find that a M2-brane localized at

ol = (cos 5 Ccos ﬁe_i(%ﬁ’ﬁ'o cos 5 sin ele_i(_%lﬂﬁ'o)
2 T2 2

2
5 0 i 0 i
o = (sin g sin gefi(ﬂ@*x“), sin g cos ;e4(2¢2>‘+o> (3.28)

with a;a’ + &’ = 1 and generically a;of, &;a® # 0, is dual to the 1/4 BPS operator
Wi / 41@;, @] introduced in subsection 3.2. The (&;, @;) parameters select the set of super-
charges preserved by the corresponding M2-brane configuration [15], which turn out to
coincide with (3.19). Choosing § = 0, that is @; = 0, the set of preserved supercharges en-
hances to (3.15) and the M2-brane configuration is dual to W/ /2[071', 0]. Similarly, choosing
B =7 (& = 0) the set of preserved supercharges coincides with (3.17) and we obtain the
dual configuration of W/ 1210, ai).

In a similar fashion, Wll} 4 [¥is Wl Wll}Q["yi, 0] and Wll}Q [0, 7;] operators, arising from the
orbifold reduction of WL WII}Q[’_H] in ABJM theory, are dual to anti-M2-branes that wrap
circles specified by vectors (7;,7;) of the form (3.28).

It is remarkable that the orbifold decomposition provides explicit gravity duals not
only for 1/2 BPS operators but also for the 1/4 BPS WLs W11/4[64i,6@] and Wllh[”yi,"yg],
even in the absence of SUSY enhancement.

For generic fermionic 1/6 WLs in ABJM theory the precise gravity duals are not known.
Consequently, we are not able to identify precise gravity duals for the generic fermionic
1/4 WLs in N = 4 orbifold ABJM theory obtained by orbifold reduction.

To conclude this section we stress that the orbifold decomposition that leads from
U(rN)g x U(rN)_x ABJM to N = 4 orbifold ABJM theory can be generalized to a suit-
able decomposition of the U(N ), x U(M)_; ABJ theory to obtain a N' =4 SCSM theory
with circular quiver [[,_, [U(Nag—1)r x U(Nag)_g] [15]. Therefore, the general construction

For details on this identification we refer the reader to section 4.3 of [15].
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Figure 1. A section of quiver diagram of the N' = 4 circular quiver SCSM theories with alternating
levels. We have £ =1,2,--- ,r.

of WLs presented above can be applied also in the more general case of N' = 4 SCSM quiver
theories. The structure of the superconnections is still the one in (3.3), (3.4) with defini-
tions (3.5). However, since for general circular quiver N' =4 SCSM theories the M-theory
dual description is not known, we cannot identify the gravity duals of the corresponding
BPS WLs.

4 BPS WLs in N = 4 SCSM theories: the general approach

Given the previous construction of BPS WLs obtained by direct orbifold decomposition of
BPS WLs in ABJM, the natural question arises whether the set of operators in table 2
exhausts the whole spectrum of possible 1/4 and 1/2 BPS WLs. To answer this question
we now approach the problem by applying a more systematic procedure, which consists in
studying directly the SUSY variation of a generic (super)connection L and imposing [32]

5L = 8,G +i[L, G (4.1)

for a suitable supermatrix G.
To this end, we consider a N/ = 4 SCSM theory with gauge group and alternating
levels [];_;[U(Nas—1)k x U(Nag)—k]. A section of its quiver is given in figure 1.
Superconformal transformations are related to Poincaré supercharges P, P; and con-
formal supercharges S%, Sj; as

6 = 1(0% Py + 9%Sy;) = i(Pyb™ 4 Sy0™) (4.2)

The corresponding SUSY transformations on the fields are given in appendix A (see

eq. (A.1)).
In what follows we still restrict to WLs defined along the timelike infinite straight line
x# = (7,0,0) in Minkowski spacetime.

4.1 1/4 BPS WLs

In order to avoid clutter in the presentation we focus on the construction of the particular
class of 1/4 WLs preserving Poincaré supercharges

ol 6% (4.3)
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These correspond to supercharges (3.7) where we choose
g =(0,1), 7 =(0,1) (4.4)

First, we observe that for this particular set of parameters, the bosonic 1/4 BPS WL
Wlb/(f in table 2 has connection [27, 28]

Lbos—dlag<.,4(l) B? ... A

bos’~bos’

(2r—1) B(2r)> (4.5)

bos ’~bos

20-1) 2—1) , 2T (20—2) (20—2) 201 (20-1)
Ay V= AV (¢1 Gy T8 Fhoey =0 Bl )+ 0L Boey)

Béos) B(()ze) ?(_ d)%%) ¢lze) 4 ¢?2e) ¢2 _ ¢%2471) (bg%—l n ¢%2zf1) d)é?é—l )
To construct fermionic WLs we then consider the most general superconnection Ly,
of the form (3.3), (3.4) where we now allow for the couplings to scalars and fermions in
egs. (3.5) to depend on the nodes. This choice enlarges the class of BPS WLs obtained
by orbifold decomposition and in principle allows for finding more general BPS opera-
tors. Moreover for computational convenience in (3.5) we redefine the scalar couplings
as U(ge ' = M(% ' = (@3)', Upeen)'y = M(ijl)ij — (3)’;, Uae-1)'y = M- '
Ue-1)'y = Me-1)'j, Uy = M(Qe) i—(03)" 5, Un'; = Mgy’ ;= (03)", U(%) 5= Mpap';,
Uaep'; = Mgy'; for all £ =1,2,--- 7, with o3 being the third Pauli rnatrlx Given the
structure of the quiver in figure 1 the superconnection entries then take the form

2-1) _ 4(20—1) | 2T i (20-2) 7 (20-1)
AR = Apos T ?(M(%—l) i%i ¢(2e 2) T Mize-1) J¢ #24 1))

2 i Ij
BEO = g9 4 ?( (20) j¢%2e)¢z(‘%) + M) 36 (26— 1)9ZS S >

2w—1) . 4T/ _(20-1 _(20-1) i 20) . 14T (2 ; 5
A =iy (S =3 Yty 12 = 1y T (Bl + )

2—1) . [4m —(20-1 i i 20) . (4T [ _(2¢ _(2¢ ;
f3 )21\/*7% )<“75(25—1)+“+5(ze—1))7 52 =i ?(ag huy -3 )U7)¢(2z)

27T
hgze 1) ?M% ) d)(ze 1) ¢(%), hgze) il Mg Jd)?% ¢2e+1)
(20-1) 2T i (207 (20 _ 27T (20)
h2 = ?M(%fl) j¢z ¢>%2g_1), h2 k} 25 j¢(2€+1 (ZS (46)

To make the fermionic WL BPS, we apply SUSY transformations (A.1) to the entries
in (4.6) and impose condition (4.1) with the choice

0 951) g§2r)
1 2
) 0 g
9(2)
L ey
- 91
9527“72) 0 9527“71)
2r 2r—1
9" g 0
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The detailed structure of the BPS constraints are given in (A.3). Solving them for the
particular choice (4.3) of preserved supercharges, we obtain

d@(ze—n _ (‘5%_1),0), algze) (dgzz)’o)

Blae—1y = (Bar—1):0); Blaey = (5(124)70)

,1(%—1) _ (07%2@—1))7 ’7@(2@ _ (O,fyé%))

5%%-1) = (075(2%—1 ) 5%%) (045(2%))
( P

(
(
(

Mop'; = diag (2@ %71)5(12@ 1) 2’Y§% 1)5(2% 1))
< 2@-1)5(1% 272215 1)5 )
(-
(

;
M(%*l)ij = diag { —2a 52% 20-1) 272% &7 (20-1 )
M(%)ij — diag *20752H1)ﬁ(2g), 2£+1)52 >
M )ij = diag( 5%)/3(2£+1 2’72% (20+1) ) (4.8)
with the remaining parameters subject to
(% 1)5(2@ )= 5496_1)5(22@ 9) = 5422 1)5(2@ =0
(%)‘5( 20) — _?6)5(22@ 1) — 5‘(%)5(26“) =0
75%71)/3(122_1) = 7(% 1)5(24 2) = 7523 1)5(25) =0
75%)5(1 20) = ’_YQM 5(24 )= 7;25)»3(2141) =0 (4.9)

The most general solution depends on 8 parameters
_(20-1) (20 201 20 5
ag )7 a% )7 18(126_1)) /8(25)7 ’}é )7 /Y( ) 5(22£ 1)» 5(224)7 = ]-7 27 e, T (410)

constrained by (4.9). The solutions can be classified according to the number of free
parameters they depend on, as we now describe.

Classification of 1/4 BPS WLs.

1) First, we find four classes of solutions that depend on 4r free complex parameters, two
parameters for each even node and two for each odd one. They are explicitly given by

Class I: ’_yé%_l) _(24) = 5(% )= 5(224) =0
Class 11 : 075%_1) 7(% 5(2@ 1) 5(1215) =0
Class I1I : ,6’(12@_1) = 5(2@) = 5(24—1) = 5(22@ =0

Class IV : dg%*l) = dgﬂ) = ’752671) = 75%) =0 (4.11)
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These solutions are in general non-block-diagonal and generalize the ones in table 2. In fact,
they reduce to the previous ones by imposing that the parameters are the same for every

even (odd) node. For example, solutions (4.11) in Class I are parametrized by (64%2@), ﬁ(i%))

at even nodes and (6452871), 6(1%_1)) at odd nodes. When

Y =ar, By =8 & =a;, Bhy=8 =12  (412)

we obtain solution W11/4[ﬂ¢,0,0, v, pr] in Class I of table 2 corresponding to f; = (0,1),
v, = (0,1).

2) Beyond these four classes, there are additional solutions that depend on a smaller set
of parameters. For example, the solution obtained by setting

”yéﬂ_l) _ 520 _ 5(226) -0 0=1,2,---,r
J =62, =0 (=23 r (4.13)

depends on 4r — 2 complex parameters and corresponds to a new genuine WL that does
not have a counterpart in table 2.

To conclude this section we prove that the most general 1/4 BPS fermionic operator
W' corresponding to superconnection Le, in (3.3) or (3.4) with assignments (4.6), (4.8)
and (4.9) is cohomologically equivalent to the bosonic WL (4.5), that is

W — WP = Qv (4.14)

where Q is a linear combination of preserved supercharges (4.3).
In order to prove it we first split the difference of the connections into a bosonic and
a fermionic part
Lty — Lpos = Lp + Lp (4.15)

Then, following the prescription in [2, 28], we look for a supercharge Q, one parameter k
and one matrix A satisfying

kA2 =Lg, QA =Lp, QLpe=0
QLp = 0;(ikA) + i[Lpos, ikA] (4.16)

A solution to these equations is given by Q = i(P_~1_i - PEQ), k=1 and

0 Al AP
A0 AP
@ -
A= Az () (4.17)
.. . /\1
)\§2r72) 0 )\527“71)
AgZT) A;ZT—I) 0
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where we have defined

20-1) . [AT_(20-1) (20-1)  _(20-1) (20—1
AP = Y ?(ag )‘ﬁ% )% )‘75; )
20) .
AP = \/ (5(24 Plae) + 5(2£)¢%26))
20-1) . [4m =i <5
Aé )= Y. ?( - 5(125—1%75%24—1) - 5(224—1)¢?2e—1))

2 4 _(20) ,(20) . _(20) ,(2¢
20 = 1[I (a0 400 1 500 4200 (w.15)

4.2 1/2 BPS WLs

We begin by constructing 1/2 BPS WLs that preserve Poincaré supercharges

0, 6%, 57=1,2 (4.19)

—

Again, we consider ansatz (3.3) or (3.4) for the superconnection with definitions (4.6) and
require the validity of the BPS condition (4.1) for a suitable choice of the matrix G of the
form (4.7). Solving the corresponding constraints we obtain

,1(2471) _ (5[524—1)70)7 5%24—1) — (5(1%_1)70)
,1(2@71) _ (0’752671))’ 52‘%_1) — (0’5(2%_1)) (4.20)
al) = Blory = 75(%) = 5%22) =
@(124 1)5(% )= %24—1)5(12(_1) -0, 0_45%_1)5(2@ + 7§2€ 1)5(% n=1

Mgy’ = Mgr-1y'; = Mae-1)'; = Miap)'; = Meany'; = Mag)’; = 0
2[ 1 20—1
Mg 1) = diag (2041 /3(25 1) -2 ( )5(% 1))
2@ 1 20—1
ﬁ(% 1) ( )5(% 1))

Notably, all the solutions correspond to block-diagonal superconnections Ly, with r inde-

M(%) = diag (2&1

pendent blocks of the form

Lyjp = o (4.21)

A(2r71) fl(zr_l)

f2(2r—1) B(Qr)

In each block we have two possible choices of the parameters
1st choice : 21“] b B(% n=1 ﬁéﬂfl) = 6(2%_1) =0

2nd choice : @&2 = 5(25—1) =0, 75%_1)6(2%_1) =1 (4.22)
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Therefore, there are in total 2" different 1/2 BPS WLs, each depending on r free complex

parameters. The 1/2 BPS WLs W] /2[6@, 0] and WII}Q [%4, 0] in section 3.2, with respectively

a; = (a1,0) and 74; = (0,7%2), are just special cases of these general 1/2 BPS operators.
Similarly, we can construct operators that preserve Poincaré supercharges

0l 07 i=1,2 (4.23)

This time the couplings entering superconnection (3.3) or (3.4) with definitions (4.6) are

fixed by the following set of constraints

& = (&, 0), Bigey = (B, 0) (4.24)
7 = (0,579), Slae-1) = (0. 3020))
a Y = Blar_1y =520 = 8(gr_1) =0
@gze) 5?%) 7Qze) ﬂ(%) — 0. 2@) ﬁ b + 7 (2@) 5(2%) -
Mae-1)'y = Meae—1)'j = Mize—)'; = M(%) = M(ze) i= M(%)’é =0

0—2 20—2
M(Zf—l) = dlag (2()[( )/B(Qﬁ 2), —2’)/5 )(5(23 2))

; . _ _(2¢
Mgy’ ; = diag <2a§ “Blasy — 274 )5@@)
The corresponding superconnection is also block-diagonal with r independent blocks
A 2(27”)
B2 f1(2)

f2(2) AB)
Lyjp= — (4.25)

fl(QT) B(Zr)

and in each block the parameters can be chosen in two different ways

1st choice : ’S%),B(i% =1, ’7;26) = (5(228) =0
2nd choice : Ey B(% =0, 7%28)5(22@ =1 (4.26)

Therefore, there are still 2" different operators, each one depending on r free complex pa-
rameters. The 1/2 BPS WLs W1 1[0, @3] with &; = (@;,0) and W1),[0, %] with 7; = (0,7)
in section 3.2 are special cases of this general class of 1/2 BPS WLs.

The 1/2 BPS WLs in this section correspond to superconnections that are simply direct
sums of the double-node 1/2 BPS superconnections already introduced in [27, 28, 35]. There
are in fact no new 1/2 BPS solutions.

Note that supercharges (4.3) are included in both (4.19) and (4.23), so the 1/2 BPS
WLs just found are special cases of the fermionic 1/4 BPS WLs constructed in the previous

subsection, as one can easily check.
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5 Summary and discussion

The main result of this paper is the construction of new 1/4 BPS WLs in A/ = 4 circular
quiver SCSM theories with gauge group and levels [];_,[U(Nar—1)r X U(Nag)_g).

First of all, we have considered [U(N); x U(N)_g]" N = 4 orbifold ABJM models.
By performing the orbifold decomposition of 1/2 and 1/6 BPS WLs in ABJ(M) we have
not only recovered the already known WLs, but also found new WLs described by more
general superconnections that are not block-diagonal like the ones considered so far in the
literature [7, 15, 27, 28, 35]. As a consequence, the structure of the corresponding WLs is
more general and not reducible to ABJ(M)-like double-node operators. These new WLs are
1/4 BPS and get enhanced to the already known 1/2 BPS for special values of the matter
couplings appearing in the superconnection. They can be classified into four classes, and
each class is parametrized by four free complex numbers. Setting all the parameters to zero
we obtain the bosonic 1/4 BPS WL. Additionally, we have identified the corresponding M2-
/anti-M2-brane duals. The novelty here is that we find the explicit M2 configuration dual
to 1/4 BPS operators W11/4[07Z-, a;] and WII}4[%,'7@], beyond the already known duals of 1/2
BPS WLs [15].

These findings have been confirmed and generalized by using a more systematic ap-
proach that consists in studying the SUSY transformations of the most general supercon-
nection in a N/ = 4 SCSM theory and imposing its invariance under a given subset of
supercharges. We have obtained the complete spectrum of 1/4 and 1/2 BPS WLs that
contains a generalization of the four classes already mentioned plus some extra operators
that fall outside these classes. The complete spectrum of fermionic 1/4 and 1/2 BPS WLs
in N = 4 circular quiver SCSM theories can be summarized as follows.

e 1/4 BPS WLs: with the set of preserved supercharges being fixed, the most general
1/4 BPS WL is the holonomy of a superconnection (3.3) or (3.4) that depends on
8r complex parameters subject to 12r non-linear constraints. There are four classes
of solutions to these constraints, and in each class the WL has 4r free complex
parameters. There are also other solutions that do not fall into the four classes, and
such WLs necessarily have fewer free parameters.

e 1/2 BPS WLs: 1/2 BPS WLs always correspond to block diagonal superconnec-
tions with r blocks. Fixing the set of preserved supercharges, there are 2" different
choices of the parameters, and for each choice the operator depends on r free complex
parameters.

Our investigation of the BPS nature of WLs has been carried out on operators defined
on timelike straight lines in Minkowski spacetime. Performing a Wick rotation followed by
a conformal transformation we can map them to WLs on circular contours in Euclidean
space. For completeness, we report in appendix C the explicit forms of the circular 1/4 BPS
WLs, which are particularly relevant for other purposes. Indeed, it is the expectation value
of circular bosonic 1/4 BPS WL Wlb/oj [fi, 0,0, 7] in Euclidean space that can be computed
exactly using localization techniques [4]. In fact, given the circular bosonic 1/4 BPS WL

WPps = TyPe ' § drbves (5.1)
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where Lyes is of the form (C.4), being the theory invariant under SU(2); x SU(2)r R-
symmetry, the expectation value is independent of the particular choice of the f;,7; pa-

(a)

rameters.Since it is block diagonal with blocks L; o, a = 1,2,--- ,2r, the expectation value
reduces to a sum over the blocks
2r
b )
(Wi = > (W) (5.2)
a=1

The subscript “1” indicates that the result is at framing one, the regularization scheme
automatically selected by the localization procedure [4]. The weak coupling expansion of
the (a)-block reads [36, 37]
(—)a+lin 2
k 6k2
This immediately leads to an interesting feature of the full family of WLs that we have
introduced. All the fermionic 1/4 and 1/2 BPS WLs are in the same Q-cohomological class
of Wb/of [, 0,0, 7], where Q is the charge used to localize the path integral. Therefore, if

1
the cohomological equivalence in not broken by quantum anomalies, all the fermionic WLs

<Wbos,(a)>1 —N, |1+

o No+

1
(—4N3+3NaNa_1+3NaNa+1+1)+O<k3>] (5.3)

should have the same framing one expectation value (5.2), (5.3).

The weak coupling expansion (5.3) has to match the result obtained from perturbation
theory. Since the perturbative result is at trivial framing, this requires to correctly identify
and remove the framing factor from the matrix model result. In the ABJ(M) case, for the
bosonic 1/6 BPS WL this has been discussed in [38, 39] where it has been proved that
both gauge and matter sectors contribute to build up the correct framing phase.

In the case of N = 4 circular quiver SCSM theories, generalizing the results of [40, 41]
we can compute the two-loop expectation values of all 1/2 and 1/4 BPS WLs. We expect
the framing-zero results to depend non-trivially on the parameters [42]. Since the matrix
model prediction (5.2), (5.3) is parameter independent, we conclude that a perturbative
calculation done at framing one should enlighten a non-trivial conspiracy between gauge
and matter sectors, whose parameter dependent contributions should cancel each other.
We note that a similar pattern should arise also for parametric fermionic 1/6 BPS WLs in
ABJ(M) theory listed in table 1. We will report a detailed study of this issue in [42].

In N = 4 circular quiver SCSM theories a further related subtlety arises concerning
degenerate WLs, that is fermionic 1/2 BPS operators in Classes I and II that preserve
the same set of supercharges (see appendix B.2). Although at quantum level they are
expected to have the same framing-one expectation value, being both Q-equivalent to the
bosonic 1/4 BPS WL, it has been proved that at framing-zero they start being different at
three loops [36, 37], at least for quiver theories with different group ranks. More generally,
an all-loop argument proves that they are necessarily different at any odd order, unless
vanishing. This potential tension between the matrix model prediction and the perturbative
calculation is presently an open question that definitively requires further investigation.

Finally, BPS WLs have been shown to be related to physical quantities like the energy
radiated by a heavy quark slowly moving in a gauge background (Bremsstrahlung function)
and the cusp anomalous dimension that governs the UV divergent behavior of WLs close
to a cusp. In ABJM theory an exact prescription has been proposed [19, 43] that gives the
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Bremsstrahlung function for 1/2 BPS quark configurations in terms of the framing phase of
the 1/6 BPS bosonic WL. The cusp anomalous dimension and the Bremsstrahlung function
are in principle amenable of exact computation via integrability, along the lines of the N' = 4
SYM case [44, 45]. This would require using the conjectural exact form of the interpolating
h(A) function [46]. Therefore, BPS WLs turn out to be a potentially crucial tool to test the
exact h(A) and, more generally, the integrability underlying the AdS/CFT correspondence
(see [47, 48] for some preliminary results). It would be interesting to compute the cusp
anomalous dimension for a cusp with generic fermionic 1/4 BPS operators on the two rays
and study its dependence on the parameters in N’ = 4 SCSM models. This would also open
the possibility to define and compute the corresponding Bremsstrahlung function along the
lines of [43] and [19, 49].
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A Technical details

Here we collect some technical details necessary to follow the general discussion of BPS
WLs in section 4.

Given a generic N/ = 4 SCSM theory with gauge group [[;_;[U(Nag—1)r x U(Nog)_g],
using the field labeling of figure 1 the SUSY transformations read explicitly

FAFY = —2% [(cﬁz('%ﬂ)@i(%fz) —¢§2671)%%71))7u6ﬁ+€iﬂu (1?%2@—2)(2)22@—2) —¢f2e—1)$fze—1))}
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o = —i€i%{ar1ys OP(ar—1)= —ip Ve 5l =€ {aeys 5P(a0) =i
4; i (@2271)&%28)@20_¢§2e72)$22272)¢§2271))
_’_2%615 (¢£2271)é‘7%71)¢£%71)+¢g2£71)é{2€)¢§24)
(b(ze 1) (% 1)¢(2z 1) ¢(2e 2) (% 2)%2471))
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where the SUSY parameters are
Eﬁ = Qﬁ + x‘u’}/uﬁﬁ, Eﬁ = éﬁ - ﬁigx“'yu (A2)

We apply these transformations to the most general superconnection of the form (3.3), (3.4)
and impose that the result can be written as in (4.1) with a matrix G given in (4.7). This
condition translates into a set of constraints on the superconnections entries (3.5) that read

SARCD — l(fl(% 1) 2z 1) —|—f2£ 2) (2@ 2) (2@-1) 2(25—1) _géze—2)f1(2z—2))

SR — l(fl(% g(% +f2£ 1) (212 1) (2z)f2(2e) _9524—1) (2[-1))

5h (20-1) l(fl(ze 1) 2@) ggz 1)f 2@)) 5h§2£) i 1(zz) (20+1) g
5h (26-1) _ f2(2z 2@ N ( )f(2£ 1)), Méﬂ) —i( 2@2£+1)gé 0 §2£+1)f22€)

i(
5f12£ SENPINCESS (A(gg,l)ggze—n _9526—1)3(2@+h§2£-1)g§2z) _g§2£—2)hg26—2))

20) f12e+1))
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5f12e) _ ( 0 4B )gff) _gg%)A@gH) +h§2¢)g§%+1) _ éZéfl)thEfl))

5f22£ 1) _ aTgéﬂ O I(B(Qg)géwfl) —géQe*l)A(%‘l) 4 hgzeq)ggzeq) _ §2£)h§2£’1))
5f22£) _ Tgé 0, i(A(Qg+1)g§2£) B ggﬂ)B(%) . hé”’l)gff’l) B gf”l)hgﬂ))
hgﬂ 1) g2e+1) g§”—1)h§”) _ h§2e_1)g§2e_2) _ gémhgze_z) _ 0
hg% 2)g§ 0 g£2€_2)h§2£_1) _ hg%)géze_n _ gg%-&-l)hg%—l) _ 0 (A3)

These constraints allow for non-trivial solutions depending on the number of preserved
SUSY charges, as discussed in section 4 (see egs. (4.8), (4.9) and (4.20)).

B Supercharge overlapping of 1/2 BPS WLs

This appendix is a supplement to [15], and we discuss the amount of overlapping super-
charges for general 1/2 BPS WLs both in ABJ(M) theory and general N' = 4 circular
quiver SCSM theories with alternating levels.

B.1 ABJ(M) theory

Given the two classes of 1/2 BPS WLs Wll/z[ 1), Wll}Q[%] reviewed in subsection 2.2, we
can distinguish three different cases.

) W1/2[ 7] and W1/2[ "]. When &) x a they are in fact the same WL and trivially
preserve the same supercharges. Otherwise, when &/ ay, they share 1/3 of the
preserved supercharges

OqOéJQJr , EIJKLC a/JQKL (B.l)

° I/VlI /2[07 7] and W%}Q[”n]. When a;y! = 0, they share 2/3 of the preserved supercharges
arR7 0%, 5 R 0T (B.2)

with R7, = 6, — O‘|Joj‘2k — 7‘ R Otherwise, when ary! # 0, there is no overlapping

of preserved supercharges. In particular, for a; = 47 they preserve complementary
sets of supercharges.
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° WII}QHI] and WII}Q[%] When 7} o 71, they trivially preserve the same supercharges.
Otherwise, when 770y, they share 1/3 of the preserved supercharges

1750, erskiy'y" 0" (B.3)

All these results are consistent with the examples discussed in [15]. In particular, in
ABJ(M) theory, there are no non-trivial cases of different 1/2 BPS WLs preserving the
same set of supercharges.

B.2 N = 4 circular quiver SCSM theories with alternating levels
As discussed in the main text, in this case we have four classes of 1/2 BPS WLs, W] /2[5‘iv 0],

Wi /2[0, a;l, WII}2['_yZ-, 0] and W}}Q[O, 7i]. We need then to distinguish ten different cases.

o« W! /21, 0] and Wi /2[0_4§, 0]. When &, o« @&; they are basically the same operator and
trivially preserve the same supercharges. Otherwise, when a;a; they do not share
any preserved supercharges.

o W /2[6zi7 0] and W} /2[0, af]. They share 1/2 of the preserved supercharges

072'07363?, Eij&“l%iaio/kgil (B.4)
° I/VlI /2[0_@, 0] and Wll}z[’_yi, 0]. When a;7" = 0, they preserve the same supercharges

a0 ~ epn"07, 3,69 ~ ek (B.5)
Otherwise, when @;7* # 0, they do not share any preserved supercharge.

. I/VlI /Q[di, 0] and Wll}Q[O, 7). They share 1/2 of the preserved supercharges

_ ki i~ pik
Eijak"yle_,'_], Eija“yfﬁ]_ (BG)
o« W! /2[0,0_@] and W] /2[0,0_4%]. When & o @;, they trivially preserve the same super-

charges. Otherwise, they do not share any preserved supercharge.

o W} /2[0, a;] and Wll}z [74,0]. They share 1/2 of the preserved supercharges
_ ik i- ki
gijay' 0, e (B.7)

o W!

1/2 [0, &;] and W1

1/2 [0,%;]. When a;y' = 0, they preserve the same supercharges
o Loid - i i is
a0 ~eqn" 0L, o2 ~ a0 (B.8)
Otherwise, when @;7* # 0, they do not share any preserved supercharge.

. WII}Q[’%,O] and WII}Q[WZ{,O]. When 7] o #;, they trivially preserve the same super-
charges. Otherwise, when ¥/?%;, they do not share any preserved supercharge.
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o WII}Q[%, 0] and WHQ[ #%]. They share 1/2 of the preserved supercharges
s S i
Y02, ey’ v 6 (B.9)
o IV /Q[O,f’y,] and WII}Q[O,f’ny]. When 4] o %;, they trivially preserve the same super-
charges. Otherwise, they do not share any preserved supercharge.

These results are consistent with the examples in [15]. We conclude that the only
non-trivial pairs of different 1/2 BPS WLs preserving the same supercharges are

(Wll/Q[a%O]leI}ﬂﬁiaOD with ai'yi:()
(W1200, @3], Wyj[0,%])  with &' =0 (B.10)

C Circular 1/4 BPS WLs in Euclidean N' = 4 SCSM theories

Linear WLs have constant expectation values, so they cannot be used to check non-trivially
the matching between matrix model, field theory and holographic predictions. Non-trivial
expectation values can be obtained for WLs on closed contours. However, since there are
no spacelike BPS WLs in Minkowski spacetime [50], we have to build-up circular BPS WLs
in Euclidean space.

In this appendix, we generalize the procedure used for linear WLs in Minkowski space-
time to obtain the explicit form of euclidean circular 1/4 BPS WLs in N = 4 circular
quiver SCSM theories.

We use coordinates z# = (2!, 22, 23), metric §,, = diag(+ + +) and choose gamma
matrices as

AP = (=0% 0t 0%) (C.1)

For the circle z# = (cos 7,sin 7, 0), we define the following Grassmann even spinors

1 e s ! —e 3
u+a - \/§ e%‘ 3 U_—q = \/i e%’

1 iT it 1 ir ir
ui — (63, _675) , ’U/Ci = — <e?7673> (02)
V2

SUSY transformations and supercharges for N’ = 4 SCSM theories in Euclidean space
are formally the same as those in Minkowski spacetime (see egs. (A.1), (4.2)).
To be definite, we construct BPS WLs preserving supercharges

1911 _ 7173911’ ﬂzé _ 173922 (©.3)
We find the bosonic 1/4 BPS WL Wy, with connection [27, 28]
Lpos = diag(AfQS,B@) oo, AT B(27~))

bos’ bos » ~bos
2mi
Al(o%fs Y= A;(A% Dk 4 =— (¢(2é ot (20-2) — ¢(% 247 (20-2)
20-1) 7i (20—1 .
+ 0 )«512“ — 68 ok ) ) I (C.4)
20 2mi 20) = 20 i 2-1) - (20—1
B]E)OS) :B( 9 “+7<¢%2£) g )_¢%22)¢§ )+¢%2e71)¢§ ¢(2£ 1) ¢ ))|~’U’
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For fermionic WLs we find superconnections Lg, of the form (3.3) or (3.4) with definitions

20—1) . 4mi 202 (20—2) 2—2) 20-2) =
‘E)os == % [ ai )5 (20— 2)¢1 ‘75(2@ 2) +'Yé )5(22572) g )¢?21zf2)

201 (20—1) 201 20—1)
ag )ﬂ (20— 1)¢ ¢(2£ 1) +’V§ )62 (26—1) ¢( ‘25 (20—1 ]Ix!
4mi
B = BI(DQO? + = [ - diﬂ 5 209(20) o + 7226 0 20 P20 &0

k
(201 20—1) 201 (20—1
- ag )5(12e—1)¢(25—1)¢§ ’Y( )5224 1 ¢(2e 1) ¢’ )] ||

(20—1) . 4T [ _(20-1) _(20-1) ; .
fi = 1\/;(% U = U7>¢(2£—1)|$|

20 AT (20 0 P .
£ =i ?%( )<“—5(2z)+u+5(2e)>\$|

A(Qf*l) - A

. . AT (20— i f L
) =S oy

20 . [4T [ _(20) _(20) P
=1 ?<ai U+ — % U—>¢(2e)’x‘

20—1 Ami f_(20-1) Li 2-1) 7 20—1 2z 1)
S )Z?(ag )5(12@)45% )¢%2e) 7 ) ¢(2£>|~’E|

20y AT/ (2041 2041 2041) 5 2041)
) = (a2 Bl bl o) = A Vst o)
20-1)  Ami/ (2 20 _(2¢
hs ):7(0‘§ 8lae )84 Blor 1) — 35 500 1)08" a0 )
20y Amig_(2 20 20 20)
hy ):?(a( )ﬁ(lze+1)¢%2e+1)¢g ) 7; 82 2@+1)¢ 20+41) § )|‘T| (C.5)

They depend on 8r parameters

_(2¢-1 (2¢ 1 _(20—1 _(2¢ 2
O‘g )7 i )7 6(2[ 1 /8(126)7 75 )7 7; ) 5(2[ 1) 5(22,6)7 6:1727 T (CG)

subject to the following constraints

045% 1)5(% 1)~ g% 1)‘5(26 2) 76&%24 1)6(%)
a5 = a6ty = a0%00 =0
752671)5(% )= =35 1)B(% 2) =" 1)B(%) =0
75%)5(12@) é )ﬁ(zz 1= 'Yé )5(2“1) =0 (C.7)

As in Minkowski case, solutions can be classified in terms of the number of free parameters
they depend on. First, we find four classes of solutions depending on 4r free complex
parameters

_(2¢ 5
T = 6y = Oy = 0
0

Class I:

_ (20—
e

Class I1 :

_(20—1 _ i
0‘5 : 5(2671) = 5(1213) =0

5(225—1) - 5(224) =0

20) =
L 7(2471) _ ,7(25) -0 (C.8)

(2

i

Class IIL: By = B(l
(2

1 2

Class IV : dgﬂfl) Y
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In addition, we find extra solutions that do not fall into the previous four classes, being
functions of a smaller number of parameters. All the considerations concerning the struc-
ture of superconnessions being block or non-block-diagonal apply in this case exactly in
the same manner as in Minkowski spacetime.

Also in the euclidean case fermionic 1/4 BPS WLs are cohomologically equivalent
to the bosonic 1/4 BPS WLs. In fact, it is easy to prove that they satisfy the set of
conditions (2.11) with

Q= —¢(P" —imsS™) = ((PP +1738™), ¢*=(1,0), k=277 (C9)
and A of the form (4.17) with

)\(26—1) o
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e (15‘1 7 2 5
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