UNIQUE CONTINUATION PRINCIPLES IN CONES UNDER NONZERO
NEUMANN BOUNDARY CONDITIONS

SERENA DIPIERRO, VERONICA FELLI, AND ENRICO VALDINOCI

ABSTRACT. We consider an elliptic equation in a cone, endowed with (possibly inhomogeneous) Neumann
conditions. The operator and the forcing terms can also allow non-Lipschitz singularities at the vertex of
the cone.
In this setting, we provide unique continuation results, both in terms of interior and boundary points.
The proof relies on a suitable Almgren-type frequency formula with remainders. As a byproduct, we
obtain classification results for blow-up limits.

1. INTRODUCTION

In this article we consider an elliptic equation with Neumann boundary condition. The domain taken
into consideration is a cone, and the equation and the boundary condition can be inhomogeneous and be
singular at the origin.

The main results that we provide are of unique continuation type. Roughly speaking, we will show that
if a solution vanishes at any order at the vertex of the cone, then the solution must necessarily vanish in
a neighborhood of the vertex (and then everywhere, up to suitable assumptions).

The notion of vanishing can be framed both with respect to the convergence of points coming from the
interior of the domain and, under the appropriate assumptions, with respect to the convergence of points
coming from the boundary.

From these results, we also obtain classification results for the blow-up limits. The method of proof will
rely on the special geometric structure of the cone, which is a set invariant under dilations and in which
the normal on the side of the cone is perpendicular to the radial direction. The main analytic tool in use
will be an appropriate type of frequency function. Differently from the classical case in [Alm79], the choice
of the frequency function in our case has to comprise additional quantities and reminders to deal with the
forcing terms and possibly compensate for the singular behaviors near the vertex.

The mathematical setting in which we work is the following. We let {2 C R", with n > 2, be a cone with
vertex at the origin (namely, we assume that x € Q if and only if tx € € for all t > 0). We consider the
spherical cap

(1.1) Z:{ﬁaer}cSW1

||

and we assume that ¥ has C? boundary in S*~1.
We also take into account a positive function A € W1(Q) such that

1
(1.2) c< A(xr) < —  for some ¢ > 0 and a.e. = € Q.
¢
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For every r > 0 we denote B, = {x € R" : |z| < r}. We deal with weak solutions of the following partial
differential equation in a neighbourhood of the vertex of the cone (to fix the notations we consider 2N By)
with possibly inhomogeneous Neumann datum:

(1.3) {div (A(z) Vu(z))

(x,u(z)), forevery z € QN By,
A(x)Vu(z) - v(z) LU

9
f(z,u(x)), forevery z € By N,

where v(z) denotes the exterior unit normal of Q at x € 9Q, f € C1((2\ {0}) x R), and g : @ x R — R is
a Carathéodory function. B
We say that a function u € H'(B; N Q) is a weak solution to (1.3)) if, for all p € C>(B; NQ),

(1.4) /an A(x) Vu(z) - Vo(z)de = —/

B1NQ

o(z, u(@))p(x) d + / f (o u() o) dAn .

B1NoN

As a technical observation, we point out that the integrals at the right hand side of the above identity are
finite under the assumptions of Theorem below in view of the Poincaré-type Inequality and the Trace
Inequality proved in Corollary and Lemma [2.5| respectively.

The use of Almgren-type frequency functions to study unique continuation properties of elliptic partial
differential equations dates back to the pioneering contribution of Garofalo and Lin |[GL86| and relies
essentially on the possibility of deducing from the boundedness of the frequency quotient a doubling-type
condition. Unique continuation from boundary points was investigated via Almgren-type monotonicity
arguments in [AE97|AEK95, FF'13[ KN98,TZ08|. As far as elliptic equations with Neumann-type boundary
conditions are concerned, we mention that in [TZ05] boundary unique continuation theorems and doubling
properties near the boundary were established under zero Neumann boundary conditions. The main
novelty of the present paper is a strong unique continuation result for solutions whose restriction to the
boundary vanishes at any order at the vertex under non-homogeneous Neumann boundary conditions,
while in [TZ05, Theorem 1.7] unique continuation from the boundary was proved for solutions vanishing
on positive surface measure subsets of the boundary and satisfying a zero Neumann condition on such set.
The achievement of such a result requires a combination of the monotonicity argument with a blow-up
analysis for scaled solutions, in the spirit of |[FFT11,FF14].

We now introduce the notation needed to define the frequency function for our setting. For r > 0, we
define

D(r) = 1“2_”/ A(x) |Vu(z)|]? do — 7“2_"/ [z, u(z))u(z) ds
B,NQ B,NAQ
—i—rz"/ g(z,u(z)) u(x) dx
B.NQ
and H(r) := 7‘1_"/ A(x)u?(z) drt" !
dB.NQ
— [ Ay asy
s
We also introduce the “Almgren frequency function” in our framework, given by

(1.6) N(r) =

With this setting, the pivotal result that we obtain is an appropriate monotonicity formula with re-
minders, which we state as follows:
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Theorem 1.1. Suppose that (1.2)) holds and

(1.7) IVA(x) - x| < e, Ax), for a.e. x € B, N, with li{‘rg)sr =0,
A
(1.8) IVA(x)| < ¢ |m(|x)7 for a.e. x € B1NAQ,
(1.9) |f(z,1)] < C A(x) |z]°1 |1, for a.e. x € QN By and any t € R,
(1.10) IV f(z,t)] < CA(z) |z 2|t for a.e. x € QN By and any t € R,
(1.11) and |g(x,t)] < C Az) |z° 2 |t|, for a.e. x € BN and any t € R,
for some C' >0 and 6 > 0.
Let also
t

(1.12) F(x,t) ::/ f(z,7)dr.

0
Let
(1.13) we H' (2N By) NL®(QN By)
be a solution of (1.3)) in the sense of (1.4]), such that
(1.14) u#0in QN B,

for all r € (0,1).
Then the following holds true.
(i) There exists o > 0 such that
(1.15) H(r)>0 and A (r)+1>0 forallr e (0,19);

in particular the function A defined in (1.6)) is well defined on (0,ro).
(ii) There exist ry € (0,7r9) and Cy > 0 such that

(1.16) N'(r) = —Cy max{r’, e, }r 12+ A (r)) for allr € (0,71).
(iii) If also
(1.17) ri ‘% e L'(0, 1),
then the limit
(1.18) v = lim A (r)

exists, is finite and v = 0.

We observe that the assumptions of Theorem are very general and do not necessarily require the
weight A to be Lipschitz continuous or the source terms f and g to be bounded. In particular, esti-
mate requires assumptions and which could be satisfied even by unbounded potentials,
as for example A(z) = log|z|(cos(x,/|x|) — 2). On the other hand, to prove that .4” is bounded and has
finite limit as » — 0" assumption is also needed; we observe that forces the boundedness of A
but could be satisfied by non-Lipschitz continuous weights, like A(z) = 1+ |z|° with § positive and small,
for example.

The functions f and g can be singular as well, in accordance with and (1.11)). To allow all these
possible singularities, it is crucial that the “frequency function” also takes into account the special behaviors
of A, f and g, as in . Moreover, the special geometry of the cone ) will turn out to be the cornerstone
for our main estimates to hold, thus providing an interesting interplay between analytic and geometric
properties of the problem.

We also observe that condition ([1.14]) is quite natural, since it requires that the solution is nontrivial in
any neighborhood of the vertex of the cone. Furthermore, under the additional assumption that A is locally
Lipschitz continuous, assumption is satisfied by all nontrivial solutions, in light of the classical unique
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continuation principle in [GL87], see also [Kur93] (similarly, if A satisfies a Muckenhoupt-type assumption,
then (1.14) is a consequence of the unique continuation principle in [TZ08|, see also |GL86]).

From Theorem and a “doubling property” method one obtains a number of results of unique contin-
uation type. In this spirit, we first provide a unique continuation result from the vertex of the cone with
respect to interior points:

Theorem 1.2. Let u be a solution of (1.3), under assumptions (1.2), (1.7), (1.8), (1.9), (1.10]), (L.11)),
[E13) and (L1D).

Assume also that u vanishes at the origin at any order with respect to interior points, namely that for
every k € N

u(x
(1.19) Qlaigoﬁ =0.
Then there exists r > 0 such that
(1.20) u=01in QN B,.
If, in addition, A is locally Lipschitz continuous, then
(1.21) u=01in QN B;.

An interesting consequence of our Theorem deals with blow-up limits. Namely, for each A > 0, we
define

A
(1.22) () = A7)
H(X)
We consider the Laplace-Beltrami operator .25 := —Ags—1 on the spherical cap ¥ under null Neumann

boundary conditions. By classical spectral theory, the spectrum of the operator %% is discrete and consists
in a nondecreasing diverging sequence of eigenvalues 0 = A;(X) < Ag(X) < -+ < M(X) < -+ with finite
multiplicity.

In the following theorem we describe the limit profiles of the blowed-up family in terms of the
eigenvalues and the eigenfunctions of %.

Theorem 1.3. Let u be a solution of (1.3)), under assumptions (1.2)), (L.7), (1.8)), (1.9), (1.10], (1.11),
and (L.17).
Assume that (1.14)) holds true,

(1.23) |fi(x, )| < Ozt for ae. x € QN By and any t € R,
and that
(1.24) lim A(z) =

z—0

Then, up to a subsequence, as X \, 0, we have that uy converges strongly in H'(Q N By) to a function @
which 1s positively homogeneous and can be written in the form

(1.25) u(x) = |z["y (%) ;

where
2 —2\?
7:_"2 +\/(n2 ) + A (2) =0

for some ko € N\ {0} and ¢ is an eigenfunction of the operator £ associated to the eigenvalue A, (%)
such that

(1.26) /W(@ A"t =1

From Theorem one can also obtain a unique continuation result from the vertex of the cone with
respect to boundary points:
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Theorem 1.4. Let u be a solution of (1.3)), under assumptions (1.2)), (1.7, (L.8)), , (1.10), (1.11)),
@13), [C17), [23) and (T.24).

Assume also that u vanishes at the origin at any order with respect to boundary points, namely that for
every k € N

ufr)
(1.27) o Tol

Then there exists r > 0 such that

(1.28) u=01in QN B,.
If, in addition, A is locally Lipschitz continuous, then

(1.29) u=0 in Q.

We stress that while (1.19)) is assumed for interior points, we have that hypothesis (|1.27)) focuses on
boundary points.

The rest of the article is organized as follows. Section [2] presents a number of ancillary results, to be
exploited in the proofs of the main theorems. In particular, we will collect there some observations on the
geometry of the cone and suitable functional inequalities.

The proof of Theorem [I.1]is presented in Section [3]and will serve as a pivotal result for the main theorems
of this paper. Namely, Theorem [I.2] will be proved in Section [4], Theorem [I.3] will be proved in Section [3]
and Theorem [I.4] will be proved in Section [6]

2. TOOLBOX

This section collects ancillary results used in the main proofs.

2.1. Cone structure. We recall here an elementary property of the cones:
Lemma 2.1. Let Q C R"™ be a cone with respect to the origin. Then
(2.1) v(iz)-x=0 for any x € 00\ {0}.

Proof. Fixed xzy € 09 \ {0}, we have that there exists ro > 0 such that Q N B,(zo) coincides with the

sublevel sets of some nondegenerate function @ : B,.(xg) — R, with v(z) = Vo(z) By the cone structure
[V @o(z)]
of 2, we thereby see that, for any ¢ close to 1,
0 = CI)()(I()) = CI)()(t.To),
and so
d
0 == E@o(tl’o) = vq)()(Io) Ty = |V(I)<l’0)| V(ZE()) R
t=1
This proves that v(xg) - o = 0 and establishes (2.1)). O

2.2. A Poincaré-type Inequality. In this subsection, we provide some results concerning suitable weighted
Poincaré-type Inequalities which will play an important role in some of the technical estimates needed to
prove the main results.

Lemma 2.2. Let p € (—oo,n). Let  C R™ be a cone with respect to the origin such that the spherical
cap 3 defined in (1.1)) is smooth. Let A € E>(Q) satisfy (1.8)). For every r >0 and u € C*(Q2N B,)

/mB (n ; P Alz) + VA(z) x) u?(x) dr < 1_1 /83 y A(z)u?(z) d%’;"*l_;_i /mB A@)[Vu(@)* de.

|| rh n—p |z|r—2
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Proof. Let u € C*(Q2N B,). Since

div (Au2 * ) TR A L 2VA L 24w

jale ) |z~ ||
by the Divergence Theorem and ([2.1) we deduce that
Al )2
(n— p) / Ax)u*(z) da
QNB,

]

- /Q . {div (A(x)uQ(:c)xiw> CWVA®z) - 2A(2) u(z) Vau(z) - — ]

o] Jal?

1 9 not (VA(z) - 2)u(z) . A(x)uVu(x) - x .
= g OO [ 2, d

ru—1 ||

. 2 _ 2
% JaB,no QNB, || 2 Jonm, |zl

2 / A(x)|Vu(z)|? J

n—p ||

and hence the conclusion follows. O

+

Y

Corollary 2.3. Let u € (—oo,n). Let  C R™ be a cone with respect to the origin such that the spherical
cap ¥ defined in (L1) is smooth. Let ¢ € (0,"5%) and A € L=(Q) satisfy (1.8) and (L7). Then there
exists v, > 0 such that for every r € (0,r,) and v € C*(QN B,)

2 2
C/ A@)u(z) . < L_l/ Az)u?(z) o) + 2 / A@@)[Vu(z)[® de.
QNB, T JoB,na QNB,

] n—p |

Proof. Exploiting ([1.7)), we observe that

n > P A(x) + VA=) -z > %A(m) — &, Alz) > cAla),
as long as r is small enough, and hence the desired result follows by Lemma [2.2] 0

For p < 2 the previous corollary yields the following result.

Corollary 2.4. Let p < 2. Let Q C R"™ be a cone with respect to the origin such that the spherical

cap ¥ defined in (L1)) is smooth. Let ¢ € (0,252) and A € L=(Q) satisfy (1.8) and (L.7). Then there
exists v, > 0 such that, for every r € (0,7,) and u € HY(Q N B,), ulz|™?* € L*(QN B,) and

2 2—p
c/ Alw)u’(z) dx < ! / A(x)u?(z) dst + 2" / A(2)|Vu(r)|? dz.
QNB, dB,NQ QNB,

rh—l

|| n—p
Proof. The inequality for u € C*(Q2 N B,.) follows esily from Corollary and the fact that, since 2—pu > 0,

|z|>7# < r*7# in QN B,. The conclusion follows by density and the Fatou’s Lemma. 0

2.3. Trace Inequalities. Now we present a result of trace-type which will be exploited in the proofs of
the main theorems.

Lemma 2.5. Let v € (—oo,n—1). Let Q C R™ be a cone with respect to the origin such that the spherical
cap ¥ defined in (1.1) is smooth. Let A € £°(Q) satisfy (1.2)). For every r > 0 and u € C*(Q N B,.) we

have that
[ AR s o [ AT A0,

[ [+t

for some C' > 0 independent of r. Furthermore, if v < 1, then every function v € H'(Q N B,) has a trace
belonging to L*(0Q N B,; |x|~7/?) and

/ A(ZL’) UQ(I) d%nfl < C |:7,1’Y
oQNB,

|z

A(x) |[Vu(z)|]? do + /

QNB,

A(x)uz(x)} .

QNB; |x|'y+1
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Proof. We let u € C*(QN B,). Also, for all p € (0,r) and § € ¥, we define u(”(0) := u(pd). By Fubini’s
Theorem and the Sobolev Trace Theorem on manifolds we have that

2 r
/ U ([L‘) d%nfl _ / pf'y / u2 d%an dp
oons, 2| 0 80M9B,
—/ p 2 (/ u?(ph) d(9> dp
0 o%

-/ p( |u<p><9>|2de) dp
0 o

<o [ ( [ (9 @F + 109 @)) de) ip.
0 b

where Vy denotes the tangential gradient along 32, so that, if x = pd,

Tl 6)] = p|Vule) ~ (Vule) -2) 2| < oIVl

|z

Hence, in view of ([1.2)), we find that

2 T
/ AW AT) s € / prrn ( / (02170 +w2(00)) de) ar
oons, |z ¢ Jo z
C

= = [ (e Vul@) f + (@) da

C JonB,
g —y—1 2 2 2

< 5 |z] [2[7A(2)|Vu(z)]” + A(x)u(z) ) dx,
¢ JanB.

which yields the inequality for functions in C*°(Q N B,.). If v < 1, then |z|'™7 < r'™7 in QN B,, then the
conclusion follows by density and Fatou’s Lemma. O

3. PROOF OF THEOREM [1.1]

We first observe that, by elliptic regularity theory (see e.g. Theorem 8.13 in [Sal08], [ADN59,/ADNG64]
or [LM72]) we have that, under the assumptions of Theorem [1.1]

(3.1) ue H*(QN (B, \ By)), forall0<d<r<l.

We denote by v both the exterior normal at 9€) and the exterior normal at dB,, since no confusion can
arise. Testing the equation in ((1.3)) against the solution itself, we see that

/ gu = / div(AVu) u
B.NQ B.NQ
- / (div(AuVu) - AyvuP)
B.NQ
= / AuVu-l/+/ AuVu-u—/ AlVul?
dB,NQ B,NAQ B,NQ

—/ AuVu~1/—i—/ fu— AlVul?.
9B, B,NAQ B.NQ

Hence, recalling (1.5),

(3.2) / AuNVu -v =1r""2D(r).
0B,NQ
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Using again ([1.3), we also observe that

div (A(Vu -x)Vu — §|Vu|2x> — (Vu-2)g

= (Vu-z)div(AVu) — (Vu-z)g+ AVu - V(Vu - x) — %div(A|Vu|2x)

-y <A8u8 (Oju;) — 5O(A(Oyu) xi))
ij=1

(3.3) n 1 1

= Z <A8 udiu; + A(Oiu)?s;; 58 A(0ju)’x; — Adju O ux; — 2A(8ju)2>
ij=1

-y <A aA(a u)z; = SA@u) )
ij=1

= 2-nA4 —2n) A|Vu]2 - %\Vu|2VA LT

On the other hand, from ([1.5) we know that

D'(r) =(2—n)rt™" A|Vul* + 7’2"/ A|Vul?
BrNQ 8B,NQ
(3.4) —(2- n)rl_"/ fu— 7“2_”/ fu
BrNoQ 8B, NO0

+(2- n)rl_”/ gu + 7‘2_”/ qu,
B,NQ 8B,NQ

and (recalling that Q2 is a cone, hence /r = ) for each r > 0)

H'(r) = /E VA(ry) - yu?(ry) ds) ' +2 / A(ry) u(ry)Vu(ry) -y d)

2

Tl_”/ VA -vu?+ 27"1_”/ AuVu - v.
9B,NQ BN

Thus, comparing (3.2) with (3.5) we conclude that

(3.5)

H'(r) — 7’1”/ VA -vu* = 2r1”/ AuVu -v = 2D<T),
9B,NQ 0B,NQ r
and therefore
H' 2—n
(3.6) piry = "H) T / VA-vul,
2 2 Jop.no

From (3.1)) it follows that, for all 0 < 6 <r < 1, A(Vu-z)Vu — 5|Vu>z € WHH(QN (B, \ B;) so that

A A
(3.7) / div (A(Vu -2)Vu — —|Vu|2x) = / r (A(Vu v)? — —|Vu|2)
QN(B,\Bs) 2 2B,NQ 2
2 Ao 2 Ajg, |2
- 5 (A(Vu-v)? — Zivul?) + <fVu-x—§|Vu]a:~y>.
9B5NQ 2 (B,\B5)NoQ

1
/ [/ ]Vu]2] dr = / |Vu|?> < 400,
o LJenos, QnB,

there exists a decreasing sequence {4,,} C (0, 1) such that lim,,_,, ¢, = 0 and

Since

(5n/ Vul* — 0 asn — +oo.
QNOBs
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Choosing § = 6, in (3.7) and letting n — oo we then obtain

/ div (A(Vu cx)Vu — é|Vu|2:v)
QnB, 2

A
:/ T(A(VU-V)2——|VU|2> —I—/ (fVu-x—§|Vu|2x-y>.
9B, 2 B,NAQ

Therefore, taking into account ((3.3)),

@-mrt [ AP
B,NQ
1-n 1 2 . A 9
= 2r —|Vu|*VA -z +div [ A(Vu-2)Vu — —=|Vul|"z | — (Vu-z)g
B.no L2 2
- 7nl_n/ <|VU|QVA x—2(Vu- 515)9) + / <2T_”A(Vu cx)? — rz_”A|Vu|2>
BrnQ 8B,NQ

—H“l_"/ <2fVu~x—A|Vu|2x-V>.
B,NAQ

We thereby substitute this identity into (3.4]) and we conclude that

BN 0B,NQ

—1—7“1_"/ (2fVu-x—A|Vu|2x-V>
B,NIQ

—-(2- n)rln/ fu— 7’2”/ fu
BrNoQ 8B,NOQ

+(2- n)rl_"/ gu + 7“2_”/ gu.
B,NQ dB,NQ

From this and (3.6]), we find that

D'(r)H(r) — H'(r)D(r)

-l

-I—Tl_”/ <2fVu-x—A|Vu|2x-y>
BN

- (2- n)rln/ fu— 7’2"/ fu
B,noQ BN

+(2 —n)rt " / qu—+r*" / gu]
B.NQ 0B,NQ

)2 )

VA-vu
2 2 /aBmQ

)
(\Vu\ZVA cx—2(Vu - :U)g) - 27""/ A(Vu - z)?

00BN

(3.8)
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On the other hand, recalling (3.5)), we see that

/ 2 2—n /
CrH@)? H(r)/ A
2 2 2B,NQ

2
- I (7’1”/ VA-vu®+ 2r1”/ AuVu - V>
2 BN 8B,NQ
2—n
47 (/ VA- Vu2) (rln/ VA -vu®+ 2r1”/ AuVu - u)
2 8B,NQ OB, NQ 9B,NQ
,,4372n 2
= — </ VA-Vu2> — o3 (/ VA-J/u2> </ AuVu-l/>
2 9B, NN B, N 9B, NN
2
— op372n (/ AuVu - 1/)
OB,NN
r3—2n 2
+ (/ VA-yu2> S (/ VA-V?f) (/ AuVu-z/)
2 9B, N0 B, NQ dB,NQ
2
= — 37 (/ VA- Vu2> </ AuVu - 1/) — o372 </ AuVu - 1/> )
B, NN 9B, NN B, NN

Hence, substituting this identity into (3.8)), we conclude that

D'(r)H(r) — H'(r)D(r)

)
= H(r) {rl_” /BmQ <|Vu|2VA -z —2(Vu- x)g) + 27’_”/ A(Vu - x)?

0BrNQ2

—1-7’1_"/ (2fVu-x—A|Vu|2x-1/>
B,NOQ

—(2- n)r1”/ fu— r2”/ fu
B,NO9 0B,N9Q

+(2 — n)rl"/ gu + r2”/ gu}
B.NQ 0B,

2
_ 3 </ VA. Vu2> (/ AuVu - ,/> — 9pd—2n (/ AuVu - 1/) .
BN 2B,NQ BN

Moreover, from the Cauchy-Schwarz Inequality, we know that

/ AuVu -z < \// AuQ/ A(Vu - x)2.
8B-NQ 8B-NQ dB-NQ

Consequently, using again (|1.5), we also observe that

2
2r~"H(r) / A(Vu - x)? — 2r°72" </ AuVuy - 1/)
0B, dB,NQ

= 2 (o) (L 90 7) = ([ o5

= 0.

(3.9)
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Plugging this information into (3.9)), we thus obtain that
D'(r)H(r) — H'(r)D(r)

)
> H(r) [rln /B,.m(z <]Vu]2VA cx—2(Vu - x)g)

+7“1_"/ <2fVu-:v—A\Vu|2x-y>
B,ndQ

—(2—- n)rl_”/ fu— r2_"/ fu
B,NoQ 8B,NOQ

+(2 - n)rl_”/ gu + 7“2_”/ gu}
BrNQ 8B,NQ

— 32 (/ VA. l/u2) (/ AuVu - 1/) .
OB, NQ B, NQ

Then, from (3.10)) and (2.1)), we obtain that
D'(r)H(r) — H'(r)D(r)

> H(r) [rl-” /Bm (\vuPVA x— 2V - x)g)

+ 27’1_”/ fVu-z—(2- n)rl_”/ fu— 7“2_"/ fu
(3.11) B,NIQ B,NAQ 9B,M9Q

+(2 — n)rl_”/ gu + 7"2_"/ gu}
B,NQ dB,NQ

— 32 (/ VA- l/u2) (/ AuVu - V) .
9B, NN 9B, N
(3.12) E(r) = r2_"/ A|Vul?.
B,NQ
<C Alx 7 ul?.

Jorn "
BrNaQ B,noQ
On the other hand, by Lemma (used here with v :=1— ), we see that

A 2
/ Al u? < © [ﬁmvuy? 4+ ;‘_5}
B,NdN QNB, |x|

(3.10)

Now, we define

By (1.9), we have that

(3.13)

Hence, in view of Corollary [2.4] (used here with p =2 —9), (1.5 and (3.12))

C
/ Al ul? < C’r‘5/ A|Vul + Au?
(3.14) B,N0Q QNB, r OB,NQ

< Cr" P (H(r) + E(r)).

Jon "
B-No

Therefore, in light of (3.13))

(3.15)

< Cr" P (H(r)+ E(r)).
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Also, by (1.11]) and Corollary (used here with p:= 2 —4),

/ gl lul < C / Al Juf?
B,-NQ B,-NQ

<O’ A|Vu|2—|—% A < Cr" P (H(r) + E(r)).
QNB, r BN

S o™
BrNoQ BN

< (1—Cr’)E(r) < CrPH(r) + D(r).

(3.16)

Consequently, by (3.15)) and (3.16])

E(r) = D(r) < |D(r) = E(r)] < r*7"

< CT(S(H(T) + E(r)),

and therefore, for any r € (0, 1) sufficiently small,

E@r)
2

Estimate implies statement (i) with ro > 0 so small as to satisfy condition and Cr§ < 1.
Indeed, let us argue by contradiction and assume that there exists 7 € (0, 1) such that H(7) = 0. By
this would imply that « = 0 on 2 N dB; and hence, in view of , D(7) = 0. Then yields that
E(7) = 0 and hence u is constant in € N Bz. Therefore v = 0 in Q N By, which is in contradiction with
(11.14).

Furthermore, for all r € (0,ry), implies that

E(r)
2

(3.17)

(3.18) 0< < H(r)+ D(r),

and hence A (r) +1 > 0.
Moreover, from the Sobolev Trace Theorem on manifolds applied on the spherical cap 9B, NI = ro¥,
we have that, recalling (|1.2)),

r

2 1 2 n2 2
Alul® < - ul” = |u(rd)]
9B,NO C JoB,non c %

< Cr"_Q/E (u2(r9) - |V(u2(7’0)\)

< O /E ((r0) + 2r|u(r0) || Vu(r6)])

(3.19)
< Or" 2 H(r) +20r”‘1\/ /2 u2(7~9)\/ /E [Vu(re)[?

< Or"2H(r) + Cr"‘gm\/ﬂ”/ A|Vu|?
QNAB,

<cC (r/ AlVuf? + r”—QH(r))
OB,NQ

for some C' > 0 independent of r (varying from line to line). Now, we recall (1.9) and we observe that

/ ful < C’/ Alz|*™ ul* = C’r‘s_l/ Alul?.
dBNOQ dB,NOQ dB,NdQ

In addition, from (|1.11]),

0B,-NQ

(3.20)

(3.21)

<cC Al ~2fuf? = C'r52/ Alul? = Cr 53 H(p).

00BN 0B,-N2
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From (3.4)), (3.20) and (3.21]), we obtain that

-2
7“2"/ A|Vul* = D'(r) + n D(r) + 7‘2”/ fu — r2"/ qu
dB,NQ r BN 9B,NQ
n—2

D(r)+C (r‘”ln/ Alul* + r‘slH(r)) :
r dB-NON

<D'(r)+

Then from (3.19) it follows that

—2
r2_”/ AVul> < D'(r) + =D (r) + Cr  H(r) + Or5+2—”/ AVl
8B,NQ r 8B,NQ

from which it follows that

n—2
T

(3.22) r2n /mmQ AlVul> < C (D’(r) + D(r) + C’r‘s_lH(r)) ,

for some C' > 0 and for all r > 0 sufficiently small.

Plugging ((3.22) into (3.19)) we conclude that

/ Alul> < Cr"2H(r) + Cr"=2\/H(r) 7”2—”/ A|Vul?
(3.23) 9B-NoQ QNoB,
< Cr"2H(r) + O H() D) + 2 D(r) + Cri- U H (1)

as long as r is sufficiently small. It is now our goal to use the previously obtained information in order to

estimate the right hand side of (3.11]). To this end, we first observe that, from ((1.7)),

(/ VA-I/u2) (/ AuVu~1/)‘

B, NQ BN

(/ AUQ) (/ AuVu - V)
B, NQ BN

= & """ H(r) / AuVu - v
dB,NQ

e, H(r) \// A |ul? \// A|Vul?
0B;NQ 00BN
= ot (H(r))g\// A|Vul2.
0B,N

7,37271

Ep 7a272n

N

N

This and ({3.22)) lead to

T3—2n

(/ VA-I/UQ) (/ AuVu-y)
9B, NQ BN

3

<Cer )? /D) + "22D(r) + Cri- H(r).

(3.24)
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Furthermore, by (1.7) and (1.11)),

Tl—n

/BmQ <]Vu]2VA cx—2(Vu - x)g) '

<ortn / <€T AlVul> + Az~ Vu |u|>
B.NQ

<Ortn (a/ A|Vul® + \// A|Vul? \// A|x|2(51)|u]2)
BrNQ2 BrNQ B,NQ

= Ol (grr”—QE(r) T E () \/ / Alxl2<5‘1>IU|2)-
N

Consequently, exploiting Corollary with g :=2(1 —9),

rlfn

/ (\Vu\ZVA-x—Q(Vu-x)g>‘
B,NQ

<Cr' e 2E(r) + 1T /E(r) 7“25‘1/ Alul? + 7"25/ AlVul?
89BN BrNQ

Er

<C (ZE@) -+ VEE VER) T B)) .

r

Now, plugging the latter inequality, (3.15)), (3.16)), (3.21) and (3.24) into (3.11]), we conclude that

D'(r)H(r) — H'(r)D(r)

> H(r)| - C (T B+ VB VA + E0)

+ 27"1_”/ fVu-z—Cr°! (H(r)+ E(r)) — 7‘2_"/ fu
B,NoQ

0B,NoQN

—Crot (H(T) - E(r)) — CT‘S_lH(r)]

(3.25)

— Ce,r 3 (H(r))® /D/(r) + %2 D(r) + Cri-UH(r),

for some C > 0.

Now, recalling (3.20]) and (3.23)), we notice that

Jin™
00BN

<C (rn+5*3H<r) + 3 H() D' () + 2D (r) + Cr5—1H(r)>.
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This and (3.25)) give that
D'(r)H(r) — H'(r)D(r)

>H(r)| — %E(r) + W E(r)H(r) + E(r)) — Cr5_1(H(r) + E(T))
+ fYVu-

¢ (
2r1_"/ z—Cro H(r) — CT(S_%\/W\/D’(T) + ”TQD( )+ Cro—1H(r)
109

(3.26) — Cer 2 (H('r’))% \/D’('r’) +2=2D(r) + Cro='H(r)

> H(r)

= C (B + " WEG) VHG) + () = Cr87 (H(r) + E(r))

r

+ 2l n / fVu-x
B,noQ

— Cmax{r’ e} r_é \/D’ 2D(r) + Cro=tH(r).

Now, we denote by 0, := é—| -V and we observe that 0, is the “radial” component of the tangential gradient
along 012, since (2 is a cone. Hence, since, by ((1.12)),

V(F(x,u(m))) =V (/0 f(z,7) dT) = /0 Vof(x,7)dr + f(z,u(z))Vu(z),
we obtain that
2| 0, (F(z,u(z))) = /0 V.flx,7) - xdr + f(z,u(z))Vu(z) -
As a consequence, by (L.10),
Ju(x)
flz,u(z))Vu(z) -z < |z| 0 (F —l—C’/ z)|z[°~t rdr
< ] 0u(F (2, u(x))) + C A( )|93|‘s Hu(a) .

(3.27)

Moreover, integrating by parts along 0f2,

[ oy <o [ (e [ jllrat)]
B,NdQ B,NdQ 8(B,NOQ)
In addition, by (1.9) and (1.12), we know that

(3.28)

It
|F(z,t)] < C Az) |2 / Tdr < C Ax) |z|°7 [t
0

This and ({3.28]) lead to

[ loFea@)| <¢ [ A@P @ <0 [ ) ol ju)

B,.Nnox B,Nnox 0B,NoxN

Hence, recalling ([3.27),

[ twawvae) o < |[ o reae)| o [ awid
B-Nos2 BrNoQ BrNoQ

<of AR Mu@P e [ Al ue),
B,Nox 0B,No

up to renaming C' > 0.
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Therefore, recalling (3.14)) and (3.23)),

/Bmaﬂ o u(@))Vu(z) - @
<O (Hr) + B(r) + Crt=3H{) [ D/(r) + %2 D(r) + Cro- H(r),

Then, we insert this information into (3.26|) and we conclude that

D'(r)H(r) = H'(r)D(r)

— ¢ (2 B0) + W VEW VIR T B0)) - Cr - (H) + E()

r

> H(r)

—C’r‘s_l(H( )+ ) OT5_7¢—\/D’ L 2D )+CT5_1H(T)]

/D) + B2 D(r) + Cro-1H(r)

e

— Cmax{r’,&,} o (H(r))

> Hr)| = C (ZB(r) + ' VE®) VEGE) + ) = o' (H(r) + E(r))

3
2

— Cmax{r’ e }r 2 (H(r)) \/D/(T) + 2=2D(r) + Cro=*H(r).

Accordingly, by (1.6]),

oy & (D(r)\ _ D'(r)H(r) — H'(r)D(r)
A =3 (H( )) H2(r)
E(r) E(r) E(r) E(r)
( H(r) \/H r) \/1 TH) ) (1 y H(r))

— Cmax{r’ e }r 2 \/Z’(:) i ; 2 ZE:; 4+ Opd1,

From this inequality and (3.17) we find that

N(r) > (J( 1+ 4 )+ T A () V2 + A )) Cri=l 2+ N (1))

_ Cmax{r 57,}7“_5 \/l[){/((:)) + n ; 2 fIE:; L Oy

(1+ 4 (r)—Cr Y14+ 4 (r)) — Crt

> &r
(3.29) > —C r

— C max{r’ e, }r~ 2\/113[/((:)) +2 ; 22(
D'(r) D(r)

(2+JV(r))+\/rH<r> +(n—2)m+0m :

;—1—07“5 1

A

> —C max{r’, e }r?

Let
A={re(0,r0): D'(r)H(r) < D(r)H'(r)}.
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In view of (3.6)), (1.15]), and (1.7), for » € A we can estimate D’(r) as follows:

Dir) < D(g(]j;(r) N %?I((:; A+ /aB nQ VA v /BB nQ VA
2D°0) )+ )ZHE) + HE) = 220 ey T H
<y F O DTHO) ) = S () + 2 TH),

It follows that, for all r € A,

D'(r) D(r) '
\/’/’H(T) + (n—Q)W +Cr8 < \2N2r) + e, (N (r) +2) + (n—2)A (r) + Crd

< C(A(r) +2).
Combining the previous estimate with (3.29)) we obtain that, for all » € A sufficiently small
(3.30) N'(r) = =C max{r’, e, }r (2 + A (1)).

For r & A estimate (3.30)) is trivial, since the left hand side of ([3.30]) is nonnegative outside A whereas the
right hand side is nonpositive because of ([1.15)). Estimate ((1.16)) and statement (ii) are thereby proved.

To prove statement (iii), let h(r) := max{r’, e, }r~!. By assumption (1.17), we have that h € L'(0,r).
Then, from ((1.16)) it follows that

((2 A (r))eCr i b ds)’ — =C1 [} his)ds (W(T) +CLh(r) (2 + JV(?"))) >0

hence the function w(r) := (2 + A4 (r))e” J; hs)ds ig nondecreasing in (0,71).

Moreover w > 0 in view of (1.15)). Therefore w admits a finite limit as » — 0% and then also .4” has
a finite limit v as 7 — 0F. Since estimate (3.17) implies that .4 (r) > —C7? in (0,7,), we conclude that
v 2 0.

4. PROOF OF THEOREM

We start by proving . To this end, we argue for a contradiction and we suppose that is
violated. Then, we have that is satisfied and hence all the hypotheses of Theorem are fulfilled.
In particular, by the fact that the limit in is finite and .4 is continuous in (0,7g), we find that A4
is bounded, i.e. for all r € (0,7),

(4.1) N () <C,

for some C > 0.

Moreover, by (3.6)),

H(r) ~ H(r)  HQ) /aB VA

H'(r) _ 2D(r)  r'" o
H() ~ rH(r) HED) /amm
24 (r) i

= + / VA -vu?
r H(r) Jo,no

2.4 (r) rl—n / )
< +C Au
r rH(r) Jop.no

240, C
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for some C' > 0 independent of r (varying from line to line). This and (4.1]) yield that
!
H'(r) < C

H(r) ~r’

(4.2)

up to renaming C' > 0 and therefore, if r € (0,7/2),

}1{1((25) = exp (log H(2r) —log H(r))
(4.3) B eXp( Tzr Zég)) dp)
(e 5
_c,

up to renaming C' line after line. More in general, integration of (4.2)) over the interval (r,rR) yields that
for every R > 1 there exists Cg > 0 (depending on R but independent of r) such that

(4.4) H(Rr) < CrH(r) forall r € (0,79/R).
The inequality in (4.3]) provides a pivotal “doubling property” in our setting. From this, we obtain that
/ Ax)u?(z)dA" "t < C / A(x)u?(z) d"t,
9B2,NQ 89BN

up to renaming C'.
Integrating the latter inequality in r, we find that

/ A(x) u?(z) do < Cy / A(z) u?(z) du,

BarNQ2 B,NQ

for some Cy > 0 independent of r, which gives that

(4.5) / Alw) u(z) dz < CT° / Alw) () dx,
B,NQ BT/QmﬂQ

for all m € N and r € (0,79).
Now we fix k € N such that 2% > 2C;. In light of (1.19) we can write that

Ju(@)| < fof,

as long as x € Q and |z| is sufficiently small. Hence, we can exploit (4.5) for m sufficiently large and
conclude that

/ A(z) u?(z) dr < CE)”/ A(x) |z** da
BryNQ

ro 2k 2k
< (32) [ Awde< Al
BTO/QmﬂQ

Then, sending m — 400, we conclude that

/B - A(z) v (z) dx = 0,

and therefore, by , it follows that v must vanish necessarily in B,, N 2. This proves , against
our initial contradictory assumption.

Having established , we can now complete the proof of Theorem , since, if A is Lipschitz, we
can use and the classical unique continuation principle in [GL87] and obtain , as desired.
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5. PROOF OF THEOREM [L.3]
By (1.3) and ([1.22)), we see that, if x € Q and A is sufficiently small,

. A?
(5.1) 0 = div (A(\z) Vuy(z)) — 7y

= div (Ax(2) Vux(2)) — ga(z, ua(x)),

9z, v/ H(A) ux(x))

where

— 2 (Aa)Vu(r) - v(Az) — f()\x,u()\x)))

(5.2) Ay (2)Vur(z) - () — 2@) O, HN up(2))

= Ax(z)Vur(z) - v(z) — falz, ur()),

where

Now, in the notation of (L.5)), we write D, 4 ¢, and H, 4 to emphasize their dependences. In the same
way, in the notation of (1.6), we write .4, 4 r,. For short, we drop the indexes when they refer to the
original configuration in ([1.3|) and we write

(53) D)\ = DUA,AA7fA7gA7 HA = HuA,A)\ and L/V)\ = %X,A)\,f)\,g);

We remark that

Hy(r) = ri— / Ay (2) 12 (z) den!
0B, N

T.lfn

- T /6 L AG) ) o

- B awewan

H(})
H(Ar)
H(A)
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In addition,

Dy(r) = 12 / @) [Vus(a) o = / D) () d

42 /B . ga(z,up(z)) uy(x) d

)\27.2—71 )\7”2_n

~ H(N /BMQA(MHVU(M)I LA TTON /Bmmf(M,U(Aa:))U(Aa:)d,%gn—

)\27.2—71
Yy 000 00
o (Ar)E ) ()2 .
= Sty AP = G [ ) v i
PO [ sttty
_ D(w)
~ H(\)
and therefore
(5.4 (1) = e = A )
This and give that, for all » > 0,
lin A5 () = 7.

for some finite v > 0.
Now we claim that, for all R > 0 and A € (0,79/R),
(5.5) [ull @By < Ckr,

for some Cg > 0 (eventually depending on R). To this end, we exploit (3.12)), (3.18)), (4.4)), and (4.1) to
see that, for all A € (0,7ry/R),

2
/ Ay (@) [V (@)]2 do = / AO) [Vu(ra) 2 de
QﬂBR H(A) QQBR

A2n / L E(AR) o, H(AR) + D(AR)
5.6 = A(y) |Vu(y)|? dy = R < 2R"2
) HO Jo, "IV HO 0y

o, H(AR)
—9 n—2 "~ \"*""/ 1 <
for some Cg > 0 depending on R.
Moreover, using again (4.4)), we observe that
/ Ax(z) ui (z) dA ™t = L/ Az) u?(\x) ds !
OBRrNQ H(A) OBRNS2

(57) >\1—n

— Ay UZyd%nilanil gca
76 /aB ) w'ly) 47, Hy SO

up to renaming Cz. Hence, recalling Corollary (used here with p := 0, r := R, and on the function u,
and with weight A,) and ([5.6)),

/ Ax(z) w3 (z)dr < Cr (/ Ax(z) us (z) dAt" ! +/ A,\(:B)|Vu,\(x)|2dx)
(5.8) QNBg OBRNQ QNBg

< OR7
up to renaming Cg. This inequality and ({5.6)), combined with (1.2), give (5.5)), as desired.




UNIQUE CONTINUATION PRINCIPLE 21

Now, from and a diagonal process, we deduce that, along a subsequence, u) converges a.e. in {2,
strongly in L?(2N Bg) and weakly in H*(2N Bg) for all R > 0, as A \, 0. Consistently with the notation
in Theorem we denote by @ this limit; we observe that @ € (\zo, H' (2 N Bg).

As a particular case of with R = 1 we have that

/ Ay () 12 (z) dn=t = 1
0B1NQ

which, in view of the compactness of the trace embedding H'(Q2 N B;) << L*(Q2 N dB;), implies that

(5.9) / @*(x) A" = lim Ax(z)ui(z)ds" ! = 1.
8B1NQ ANO JaBna
Hence u # 0.
We observe that, by , for every x € By,
)\2
r,up(x))| = Ax,\/ H(N) uy(z
|ga (2, ur(2))| 70 l9( (N ur())|

(5.10) C X Az) 2|52 juy(z)|
C

<
< ON |27 Jux (=),

up to renaming C' line after line.
Moreover, by ,
A
H(A)
< CNAZ) |21 ux(2))
<C

|f Az, v/ H(A) ux(2))]
(5.11)

Now we claim that, for all R > 0,

lim ga(z, upn(z)) ur(z) de =0
A0
(5.12) “nBr
and  lim Iz, un () up(x) ds = 0.
ANO Jo0nBg

Indeed, using ([5.10)), Corollary (used here with A:=1,r:= R, and u :=2—¢), and (1.2)), we see that

/ ga(z,upr(z)) ur(x) dx
QNBr

< Cr N\ (/ u (x) d ! +/ |V (z)]? da:>
OBRNQ QNBr

< Cr N (/ Ax(z) ui (z) dor ! —I—/ Ax(z) [Vup(2))? dx) .
OBRN QNBRr

<C’XS/QB 2°72 w3 (2) do
NBR

From this, (5.7) and (5.6), we deduce that

< CR)\(s?

/SMB ga(z,ur(x)) uy(z) do

up to renaming C'r > 0.
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This proves the first claim in (5.12]), and we now prove the second. For this, using (5.11)), and then
Lemma [2.5] (with A :=1, 7 := R and 7 := 1 — §) we find that

/ fA(x,u,\(x))uA(a:)d%”_l <C’)\5/ |x|5 1 ( YA 1
0ONBgr 0QNBRr

ul(x
<CRA6/ (|WA(9;)|2+ @ii) .
QNBg

Hence, using Corollary [2.4] as before, we obtain that

g OR )\57

/5‘903 P ua(@)) ua(z) dot ™!

which implies the second claim in (5.12)). This completes the proof of ((5.12)).
Now we claim that

Au=0 1in €,
5.13
( ) Ot =0 on JN.
v

To this end, we exploit and and, given ¢ € C3°(R™), we write that
0 = /Qdiv (A,\(x) Vuﬁx))gp(x) dx — /{lgA(x,uA(x)) o(z)dz
- | @) Vi) v ar
—/QA,\(x) Vuy(z) - V(x) dm—/gk(x,m\(a:))gp(m) dx

Q

- Sz, ua(x)) o(z) da

o0

—/ Ay(z) Vup(z) - Vo(z) dx — / ga(z,up(z)) () dx.
Q Q
Hence, in light of (T2), (510) and (5.11),

/Vu -Vo(z)dx —hm A,\( ) Vuy(z) - Vo(x) do
~tim| [ flen@)et) i = [ @) e d
<oty ([l @l e@la + [ 1o i@l o] o)

<chmv(/ o @ a4 [l el
90NBR 90NBg

ANO
o I I Iw(w)l2dw)
QNBgr QNBr

<O lim )\ [ 1+ 227 Jup ()2 dA T+ 2072 Jup(x)]* dx ),
AN ‘
89N Bx ONBr

where C’, R > 0 may also depend on ¢. Consequently, using Corollary and Lemma as before, we
obtain

< C" lim N,

g Via(z) - Vo(x) dx lim
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up to renaming C’ > 0, that is
/ Vi(x) - Vo(x)dx = 0.
Q

Since this identity holds true for all ¢ € C§°(R"), we have completed the proof of (5.13]).
We now show that

(5.14) uy converges strongly to @ in H'(2N By), as A \, 0.

for some C' > 0. To accomplish this, we will exploit elliptic regularity theory, see e.g. Theorem 8.13
in [SalO§] (with the notation in Example 6.2 on page 314 in [Sal08] for the definition of the norms)
or [ADN59,/ADN64] and Theorem 5.1 in |[LM72|, considering a set {2; with smooth boundary and such

that ¥ C Q, C QN (B2 \ Bijz2). In this way, by (5.1) and (5.2,
(5.15)  [luallez@y < C (1 + luallz2@) + 192 (s w)l 2@ (Ba\By o)) + Hf)\('»UA)||H1/2((8Q)0(B2\B1/2))>-

Moreover, in light of ((5.8) and (5.10]),

o) Baromnan = |, 922, ur (@) da
QN(B2\By2)

<CN? / 122072 |uy (2))? da
(5.16) QN(B2\By 2)

<O\ / luy(2)|? dz
QNBa
<O N2,
Similarly, recalling (5.11]) and (5.8)),

i) Bsonmman = | o, ur(@) | do
QN(B2\By2)
< O / 226D |uy (2)[2 da
QN(B2\By/2)

< ové/ fun ()2 dz
QNB2
< ON%.

Furthermore, from (1.10]), (1.23), and (5.5)) it follows that
Hv(f/\('aUA))H%?(m(BQ\BI/Q))

_ / A
QN (B2\By 2)

HN
<A / (@ + [Vur(o)?) da

Therefore

2

()\fo </\x, H(/\)u,\(x)> + fi ()\x, H()\)u,\(x)> H(/\)Vu)\(x)) dx

IAAC w)ll @n(ss, ) < CX°
which, in view of the continuous trace embedding H* (2N (By \ Bisz)) = HY2(0Q N (By \ Bijs)), yields
IAAC un) 2000828, 0) < CX
up to renaming C. From this, (5.8)), (5.16)) and (5.15]), we conclude that

uallm200,) < C,
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again up to renaming C' > 0. Thus, using the trace embedding,
HUAHH3/2(2) <G,
up to renaming C' > 0, and consequently, up to a subsequence, we obtain that
(5.17) uy converges to @ in H'(X).
Now we notice that, exploiting and ,

0 = /QQB1 div <A,\(x) Vu,\(m)>u,\(:1c) dx —/ ga(z, ur(x)) ur(x) dx

QNB;

— / A (@) ur(2)Vuy(x) - v(z) ds"
8(QNB1)

—/ Ax(z) [Vup(2)]? dx—/ ga(z, ur(z)) up(z) d
QNB,

QNB;

= /EAA(a:) uy (1) Vuy(z) - v(z) ds" —|—/ alm, un(x)) us(x) do

0QNB,

—/ Ax(z) [Vuy(2))? dx—/ ga(z, up(x)) ur(x) de.
QNB,

QNB;
Using this, (1.24)), (5.12)) and (5.17)), we conclude that

li \V4 2d
lim mBll uy(z)|” dz

= i A v ’d
S - (@) [Vux(2)]” do

= lim [ Ax(z)ux(z)Vuy(x) - v(z) dst +/ fa(m, un () un(z) do ™t

ANO sy 90NB,

—/ ga(z,upr(z)) ur(x) d
QNB,

= }\1{% EA)\(x)u,\(:E)VuA(x)-V(x)d%”_l

_ / W(@)Vi(z) - v(z) dn.
>
Hence, recalling (j5.13)),
im [ |Vun(@)de = / (@) Vi(z) - v(z) dAr!
8(QQB1)

)\\JO QNBy
_ / aiv (a(x) V() ) da
QNB;

= / |Vii(x)|? da.
QNB;

Since the weak convergence and the convergence of the norm imply the strong convergence in L*(Q N By),
we thereby conclude that Vuy converges to Vi strongly in L*(2N By, R™), and this gives (5.14)), as desired.
From (5.14) and (5.12)), recalling (5.13) and the notation in (5.3)), we conclude that

}\1{% (1) = Aga00(T).

As a consequence, exploiting ([5.4]),
(5.18) Na,00(r) = 1.
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From this, we conclude that
(5.19) @ is positively homogeneous of degree 7,

and hence we can write @ as in (|1.25)).
For completeness, we give a self-contained proof of (5.19)) by arguing as follows. By (5.18)), we know
that A7, go(r) = 0, and therefore, by (1.6)),

D%,I,O,O(T) Ha,1(7“) — H:l,l (T)Dﬂ,l,O,O(T> =0 forallr>0.

Hence, exploiting (3.9) in this setting, and recalling ([2.1)), we see that

2
0 = r "Hza(r) / (Vi - ) — 2" ( / ava.u)
99BN 0B-NQ

2
= 37 / @2/ (Vi -v)? — </ auVi - 1/) for all » > 0.
8B, NQ 8B,NQ 8B,NQ

By the Cauchy-Schwarz Inequality, the latter term is nonnegative, and consequently we find that @ is
proportional to Vi -v. Accordingly, we have that @ is a positively homogeneous function, of some degree +'.

Then, using (5.18)) once again

”V/ i) (@) A =7 / *(z) dAT T =5y Haa (1)

(5.20) omno OV o810

=9'Dap00(1) =7 / |Vii(z)|? dx.
B1NQ

On the other hand, by (5.13]),

o ) o . o
[, s = [ e Swae = [ 9ie)pas

Plugging this information into ([5.20]), we thereby conclude that

y / V(o) do = o/ / V(o) de,
B1NQ B1NQ

and then " = ~. This completes the proof of (5.19) (and thus of ([1.25)).
We also remark that, by (1.25) and ([5.13)), using the notation p := |z| and ¥ := z/|z],

0= Ad(z) =y(y = Dp" 7 (0) + (n = 1)yp"*9(0) + " Agn-19 (D),

and therefore 1 is an eigenfunction of te operator .%%; the Neumann boundary condition of v also follows
from the one of @ in (5.13)).
Furthermore, by (5.9)) and ( -
- / @(x) A
0B1NQ
— / |x‘27¢2 < > d%n 1
0B1N | |

- / () A,
0B1NQ

which gives (1.26)). The proof of Theorem is thereby complete.
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6. PROOF OF THEOREM [1.4]

First, we prove . We argue by contradiction, supposing that @[} does not hold, and there-
fore (|1.14)) is satisfied. Hence, we are in the position of using Theorem E, and we let u and ¥ as in ((1.25)).
We note that, by and elliptic regularity theory, we have that @ is smooth on Q\ {0}.

We observe that the trace of @ on B; N9 (which belongs to L?(B; N dN) by trace embeddings) cannot
vanish identically, i.e.

(6.1) @#0 on B;No,

otherwise u would be a harmonic function with homogeneous Dirichlet and Neumann conditions on B;N0X2,
and then necessarily @ would vanish identically in By N Q (otherwise its trivial extension would violate
classical unique continuation principles), in contradiction with .

From assumption it follows that, for all £k € N

(6.2) A Fu(N\) = 0 in L*(B; N o).
Since, in view of (1.22),
H(\) ”>‘_ku<>")”L2(BmaQ)

N N )
and, by Theorem , uy — @ in L?(B; N 99) along a subsequence, from (6.1]) and (6.2) we conclude that
_VH()
oo =0
for all k& € N. Consequently, for all k € N, there exists \g(k) € (0,79/2) such that, for all A € (0, \g(k)],
H(A)
(6.3) S 1.

On the other hand, by (4.3),

H(2™N) < C"™H(N)
for all m € N and A € (0,27™rg), for a suitable C' > 0 independent of A and m. This and (6.3) give that,
for all k, m € N and for all A € (0, min{Ao(k),27"r¢}),

H(2™\) < C™\?F,
As a consequence, recalling (|1.5)) and integrating,

2m )\
1 A(x) v (z) do = 1 / A(z)u?(z)ds" | dp
2™ ) Bymyn0 PASN 8B,NQ

_ /O " { /a A d%’;"l} dr — /0 @y dr

A m(n—1) ym \n+2k
< 2m(n1)0m/ rn71+2k dr = 2 ( )C A
0 n + 2k

<2A)
log, | —
To

oman (Ymy )\n+2k

?

for all k, m € N and for all A € (0, min{\g(k),27"r¢}).
We choose m, € N such that

(6.4)

)

2\
logo | — )| <my <1+
To

so that A < 27 g for all A < . Then we find that

/ A(x)u?(z) dr <
Bom N2

for all k£ € N and for all A € (0, \o(k)].

n + 2k
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Hence, since, by (6.4]), we know that 2"\ € [%0,7“0],

[ s @O R oyt By o
T)U (T)aAr & < _
B%lﬂﬂ

n+ 2k n+ 2k ok

for some suitable §,x > 0 depending only on n,C,ry (but independent of k), for all & € N and for
all A € (0, min{\o(k),ro/4}).

Accordingly, choosing k € N sufficiently large such that n + 2k — 6 > 0 and sending A \, 0, we conclude
that

/Bmm A(z) w?(z) da = 0.

This gives that ([1.28) holds true, in contradiction with our initial hypothesis.

This completes the proof of (1.28)). Finally, the proof of ((1.29) is identical to the proof of (1.21]), hence
the proof of Theorem [I.4]is complete.
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