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Abstract

We introduce a combinatorial method to construct indefinite Ricci-flat
metrics on nice nilpotent Lie groups.

We prove that every nilpotent Lie group of dimension ≤ 6, every nice
nilpotent Lie group of dimension ≤ 7 and every two-step nilpotent Lie
group attached to a graph admits such a metric. We construct infinite
families of Ricci-flat nilmanifolds associated to parabolic nilradicals in
the simple Lie groups SL(n), SO(p, q), Sp(n,R). Most of these metrics
are shown not to be flat.

Introduction

The construction of metrics satisfying the Einstein equation

ric = λg (1)

is a classical problem in Riemannian geometry. Both explicit examples and
general conditions for the existence of a solution on a given manifold are now
known, mostly in the context of Kähler geometry and special holonomy, or more
generally special geometries (see [?] and the references therein). Nonetheless, a
complete classification appears to be hopeless.

The homogeneous case is deserving of particular attention, in that the second
order PDE (1) is turned into a set of polynomial equations, though generally
fairly complicated. Indeed, even in the homogeneous context, whilst both suf-
ficient and necessary conditions on a homogeneous manifold are known for the
existence of a Riemannian Einstein metric (see [?]), a classification has not yet
been achieved. Among homogeneous Einstein Riemannian manifolds one finds
irreducible symmetric spaces and more generally isotropy irreducible spaces,
classified in [?], as well as simple Lie groups (with a non-unique metric, see [?]),
and on the other hand Einstein solvmanifolds, whose structure is reduced to
the study of particular metrics on nilpotent Lie groups, known as nilsolitons
([?, ?]). A remarkable link between the two settings was established in [?] by
Tamaru, who showed that under the natural embedding of a parabolic nilradical
in the corresponding symmetric space, the ambient Einstein metric reduces to
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a nilsoliton metric. In fact, all known homogeneous Riemannian Einstein man-
ifolds with negative curvature can be realized as solvmanifolds, motivating the
so-called Aleksveesky conjecture. Notice that the case of Ricci-flat homogeneous
metrics, i.e. with Ricci tensor equal to zero, is essentially trivial in that by [?]
it only gives flat metrics.

The pseudoriemannian side of the story is quite different. Whilst the typical
constructions of Riemannian homogeneous Einstein manifolds have an indefinite
counterpart (see [?, ?, ?]), they are far from exhausting Einstein indefinite
homogeneous metrics, due to a much greater flexibility. In particular, it is
well known that a homogeneous Ricci-flat indefinite metric is not necessarily
flat. Examples arise in the ad-invariant context (which however gives very few
examples, see e.g. [?, ?, ?]), low-dimensional solvable Lie groups (see [?, ?] for a
classification in dimension four, or [?] for some sporadic examples in dimension
≤ 8), step two nilpotent Lie groups ([?, ?, ?]), and associated to metrics with
special holonomy, or more generally special geometries (see [?, ?, ?, ?, ?, ?, ?]).

Even though these examples appears to suggest that many homogeneous
manifolds admit an invariant Ricci-flat metric, a systematic construction ap-
pears to be lacking at the time of writing.

This paper gives a contribution in this direction by introducing a system-
atic construction of Ricci-flat indefinite metrics on a large class of homogeneous
spaces. Inspired by the Riemannian situation, which seems to suggest that an
understanding of homogeneous Einstein metrics will entail a thourough study
of the nilpotent case, we focus on the case of left-invariant metrics on nilpo-
tent Lie groups. Our construction applies in particular to many nilpotent Lie
groups satisfying the sufficient condition given in [?] for the existence of a lat-
tice, giving rise to compact Ricci-flat manifolds (in fact, we obtain infinitely
many distinct diffeomorphism types, see Remark 5.8). Nonetheless, an analysis
of their corresponding curvature tensor allows us to show that in most situations
the left-invariant Ricci-flat metrics can be chosen to be nonflat.

Our construction applies to nice nilpotent Lie algebras. Nice Lie algebras
were introduced in [?] in the context of the construction of Einstein Riemannian
metrics on solvmanifolds (more precisely, the attached nilsolitons), and they
find application in other geometric problems involving the Ricci tensor (see
e.g. [?, ?]); their structure is largely described by a kind of directed graph
known as a nice diagram ([?]). Whilst our ultimate goal is of a purely geometric
nature, it is this combinatorial nature of nice Lie algebras that enables us to
produce Ricci-flat metrics through combinatorial tools.

Indeed, we consider involutions of the nice diagram that satisfy what we call
the arrow-breaking condition (see Definition 2.2); loosely speaking, this means
they are as far as possible from being automorphisms of the diagram. This
should be contrasted with [?], where diagram automorphisms were used to pro-
duce Ricci-flat metrics. The present method appears to be much more effective,
partly because it requires no additional computation once the combinatorial
condition is satisfied.

The other measure of the effectiveness of arrow-breaking involutions is the
fact that it produces Ricci-flat metrics on all the nice nilpotent Lie algebras
of dimension ≤ 7 except one (see Theorem 5.6). This abundance of examples
suggests a natural question:

does every nilpotent Lie algebra admit a Ricci-flat metric?
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We answer this question in the positive for dimension ≤ 6, by producing ex-
plicit Ricci-flat metrics on the Lie algebras not covered by the arrow-breaking
construction. In addition, we show that every nice nilpotent Lie algebra of di-
mension ≤ 7 has a Ricci-flat metric, which can be chosen to be nonflat, except
for abelian Lie algebras and two low-dimensional exceptions. We leave the above
question open for the 34 + 5 families of nilpotent Lie algebras of dimension 7
that do not admit a nice basis listed in [?], as well as for higher dimensions. It is
worth noticing that the same question for flat metrics was answered negatively
in [?], namely, there exist nilpotent Lie algebras not admitting any flat metric.

We consider two standard constructions to produce infinite families of nice
nilpotent Lie algebras, namely the two-step nilpotent Lie algebras associated
to a graph (see [?]), and the nilradicals of parabolic subalgebras of split simple
Lie algebras (see [?]). We apply our construction to produce infinite families of
Ricci-flat metrics in both situations.

For Lie algebras associated to a graph, we prove that an arrow-breaking
involution, hence a Ricci-flat metric, always exists. This is obtained as a con-
sequence of a more general result concerning the existence of arrow-breaking
involutions on Lie algebras g with large center. In fact, we show that an arrow-
breaking involution always exists when dim z(g) ≥ (dim g− 3)/2, which always
holds on two-step nilpotent Lie algebras associated to graphs.

For parabolic nilradicals, we obtain infinite families associated to An, Bn,
Cn, as well as one example associated to G2. The corresponding Lie groups ap-
pear naturally as submanifolds of the symmetric spaces SL(n)/SO(n),
SO(p, q)/SO(p)× SO(q), Sp(n,R)/U(n) and G∗2/SO(4), as in [?]; however, due
to the indefinite signature, our metrics do not extend to an invariant metric
on the ambient space. Whilst we do not obtain Ricci-flat metrics on all the
parabolic nilradicals, we emphasize that our method is constructive, and the
resulting metrics are completely explicit.
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1 Nice Lie algebras and nice diagrams

In this section we recall some basic definitions and language which will be used
in the sequel.

Given a Lie algebra g, a basis {e1, . . . , en} is called nice if each [ei, ej ] is
a multiple of a single basis element ek depending on i, j, and each eiy dej is a
multiple of a single eh, depending on i, j; here, {e1, . . . , en} denotes the dual
basis of g∗. This definition was originally given in [?].

A nice Lie algebra is a pair (g,B), with g a Lie algebra and B a nice ba-
sis; since componentwise rescaling preserves the nice basis condition, a nice Lie
algebra (g,B) is regarded as equivalent to (g′,B′) if there is a Lie algebra iso-
morphism g ∼= g′ mapping basis elements to multiples of basis elements. This
definition was used in [?] to classify nice nilpotent Lie algebras of dimension ≤ 9
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up to equivalence. We point out that in this classification some Lie algebras ap-
pear with two inequivalent nice bases.

The properties of a nice basis are encoded in a combinatorial object called a
nice diagram. Recall from [?] that a labeled diagram is a directed acyclic graph
having no multiple arrows with the same source and destination, where each
arrow is labeled with a node. A nice diagram is a labeled diagram ∆ satisfying:

(N1) any two distinct arrows with the same source have different labels;

(N2) any two distinct arrows with the same destination have different labels;

(N3) if x
y−→ z is an arrow, then x differs from y and y

x−→ z is also an arrow;

(N4) there do not exist four nodes x, y, z, w such that exactly one of

x
y,z−−→ w, y

z,x−−→ w, z
x,y−−→ w

holds. The notation x
y,z−−→ w means that x, y, z are distinct nodes and

there is a node u such that y
z−→ u, x

u−→ z belong to the diagram.

Each nice nilpotent Lie algebra (g,B) has an associated nice diagram ∆ with

set of nodes N(∆) = B, obtained by declaring that x
y−→ z is an arrow if and

only if [x, y] is a nonzero multiple of z; one easily sees that (N3) is a consequence
of [x, y] = −[y, x], (N4) follows from the Jacobi identity, and (N1), (N2) follow
from the definition of nice basis. The assumption that g is nilpotent is reflected
in the fact that ∆ is acyclic; definitions can be adjusted to work more generally,
but we will not need to do so in the present paper.

There is a natural notion of isomorphism for nice diagrams, and it is clear
that equivalent nice Lie algebras determine isomorphic nice diagrams. This is
not a one-to-one correspondence, however:

• A nice diagram can have no associated Lie algebra. Consider for instance
the nice diagram containing the nodes e1, . . . , e7 and the arrows

e1
e2−→ e3, e1

e3−→ e4, e1
e4−→ e5, e2

e5−→ e6, e3
e4−→ e6, e1

e6−→ e7, e3
e5−→ e7,

together with their symmetric given by (N3). A Lie algebra g with this
diagram would have the form

(0, 0, c123e
12, c134e

13, c145e
14, c256e

25 + c346e
34, c167e

16 + c357e
35),

where the cijk are nonzero constants. This notation means that relative
to some basis e1, . . . , e7 of g∗, de1 = de2 = 0, de3 = c123e

12 and so on,
where as usual e12 is short for e1 ∧ e2. It is straightforward to check that
the condition d2 = 0 is not satisfied, implying that there is no Lie algebra
with this diagram (see also [?, Remark 1.7]).

• A nice diagram can have more than one associated Lie algebra. For in-
stance, the nice nilpotent Lie algebras

6431:2a (0, 0, e12, e13, e23, e14 + e25)

6431:2b (0, 0, e12,−e13, e23, e14 + e25)
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are not equivalent (in fact, they are not even isomorphic, see [?]). The
string 6431:2a refers to the name given to the nice Lie algebra in the clas-
sification of [?], where the part before the colon represents the dimensions
in the lower central series and the number after the colon is a progres-
sive number, possibly followed by a letter to identify inequivalent nice Lie
algebras associated to the same diagram.

• A nice diagram can in fact be associated to infinitely many Lie algebras,
consider e.g. the Lie algebra 754321:9

(0, 0, (1− λ)e12, e13, λe14 + e23, e24 + e15, e34 + e25 + e16), λ 6= 0, 1,

corresponding to the one-parameter family of nilpotent Lie algebras 123457I
in the classification of [?].

It is also worth pointing out that not all nilpotent Lie algebras admit a nice
basis. The number of nice nilpotent Lie algebras taken up to equivalence by
dimension is summarized in Table 1 together with the number of nilpotent Lie
algebras taken up to isomorphism, making evident the nonrestrictiveness of the
nice condition. The semiinteger entry in dimension 7 reflects the fact that one
of the families appearing in the classification of [?] has a nice basis only for
positive values of the real parameter; the question marks in higher dimensions
reflects the lack of a classification for nilpotent Lie algebras beyond dimension
7 and the fact that, lacking such a classification, finding whether two nice Lie
algebras are isomorphic is a nontrivial problem.

Table 1: Number of nilpotent Lie algebras (NLA) and nice nilpotent Lie alge-
bras by dimension, according to the classifications of [?] and [?].

dim NLA NLA admitting nice basis nice NLA

3 2 2 2
4 3 3 3
5 9 9 9
6 34 33 36
7 175 + 9 families 141 + 4 1

2 families 152 + 4 1
2 families

8 ? ? 917 + 45 families
9 ? ? 6386 + 501 families

2 σ-diagonal metrics

In this section we consider left-invariant pseudoriemannian metrics on a nilpo-
tent Lie group; these will be expressed as metrics (i.e. indefinite scalar products)
on the corresponding Lie algebra. We give a formula for the curvature of the
associated Levi-Civita connection. We introduce a particular class of Ricci-flat
metrics and produce sufficient conditions to prove that they are not flat.

Let B = {e1, . . . , en} be a basis of a Lie algebra g and let σ be an order two
permutation of B; we will write eσi for σ(ei). Having numbered the elements of
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B, we shall represent σ as a product of transpositions in {1, . . . , n}. A σ-diagonal
metric 〈 , 〉 on g with respect to the basis B is a metric satisfying〈

ei, eσj
〉

= giδij , (2)

where gi are nonzero reals satisfying gσi = gi. As the gi vary, we obtain for the
signature any pair (p, q) such that |p− q| does not exceed the number of nodes
fixed by σ.

If g is a nice nilpotent Lie algebra with diagram ∆, we will consider metrics
that are σ-diagonal with respect to the nice basis, so that σ becomes an order two
permutation of the set of nodes N(∆); for fixed g and σ, (2) defines a family
of σ-diagonal metrics. To count the number of parameters describing these
families, we represent Lie algebras of dimension n by elements of Λ2(Rn)⊗ Rn
corresponding to the Lie bracket and declare the metric to be a fixed scalar
product 〈 , 〉 on Rn of the type (2). Two elements c, c′ of Λ2(Rn)⊗Rn correspond
to isometric Lie algebras if and only if they are related by the action of the
orthogonal group O(〈 , 〉); indeed, an element g ∈ GL(n,R) corresponds to an
isomorphism between the Lie algebras determined by c and c′ if and only if
c′ = gc.

Recall that to a nice diagram ∆ with nodes e1, . . . , en one can associate a

root matrix with n columns M∆ such that whenever ei
ej−→ ek is an arrow M∆

has a row with −1 in the entries i, j, +1 in the entry k, and zero in the others.

Proposition 2.1. Let (g,B) be a nice Lie algebra and let σ be an order two
permutation of B which is the product of k transpositions. Let (kerM∆)−σ be
the subspace of kerM∆ consisting of vectors X that satisfy σ(X) = −X.

Then σ-diagonal metrics on (g,B) form a family of nonisometric metric Lie
algebras depending on

rankM∆ − k + dim(kerM∆)−σ

parameters.

Proof. The family of metric Lie algebras corresponding to σ-diagonal metrics
on g, as the parameters gi vary, form a Dn-orbit in (Λ2Rn) ⊗ Rn, where Dn

is the Lie group of nonsingular diagonal matrices. The stabilizer for this ac-
tion can be identified with kerM∆; thus, the Dn-orbit is a submanifold of

V∆ = Span
{
eij ⊗ ek | i

j−→ k is an arrow
}

with dimension equal to rankM∆.

Two elements determine isometric metric Lie algebras if they are in the
same O(〈, 〉)-orbit. By the same argument used in the proof of [?, Theorem
3.6], the O(〈, 〉)-orbit intersected with V∆ has the same tangent space as the
Dn ∩O(〈, 〉)-orbit.

The Lie algebra of Dn ∩ O(〈, 〉) has dimension k; it can be identified with
the set of elements X ∈ Rn such that σ(X) = −X by taking the diagonal
matrices with the same entries, and the stabilizer with (kerM∆)−σ. Thus, the
Dn ∩O(〈, 〉)-orbit has dimension k − dim(kerM∆)−σ.

Notice that unlike in [?, ?, ?], we do not require σ to be an automorphism
of the diagram associated to the nice Lie algebra, i.e. to map arrows to arrows;
in fact, the relevant condition for this paper implies that the image of an arrow
is never an arrow:
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Definition 2.2. Given a nice diagram ∆, a permutation of its set of nodes will
be called an arrow-breaking involution if it has order two and:

1. whenever x has an incoming arrow with label y, then σ(x) does not have
an incoming arrow with label σ(y);

2. whenever x has an outgoing arrow with label y, then σ(x) does not have
an outgoing arrow with label σ(y).

Proposition 2.3. Let g be a nice nilpotent Lie algebra with diagram ∆, and let
σ be an arrow-breaking involution. Then any σ-diagonal metric (2) is Ricci-flat.

Proof. By [?], we have

ric(v, w) =
1

2
〈dv[, dw[〉 − 1

2
〈ad v, adw〉, (3)

where v[ = 〈v, ·〉. It therefore suffices to show that the metric restricts to zero
on the spaces

ad g = {adx | x ∈ g}, dg∗ = {dα | α ∈ g∗}.

Let {e1, . . . , en} be a nice basis of g; by the nice condition, ad g is spanned by

the elements ei ⊗ ek such that ei
ej−→ ek is an arrow in ∆.

Assume therefore that ei
ej−→ ek is an arrow in ∆. By the form of the metric,

〈ei ⊗ ek, er ⊗ ep〉 = δσirδσkpgk/gi.

Thus, ei ⊗ ek is orthogonal to ad g unless eσi ⊗ eσk also belongs to ad g, i.e.

eσi
eh−→ eσk

is an arrow for some h. Similarly, we have

dg∗ ⊂ Span
{
eij | ei

ej−→ ek

}
,

where

〈eij , erp〉 = det

(
δσir/(gigr) δσip/(gigp)
δσjr/(gjgr) δσjp/(gjgp)

)
.

Suppose ei
ej−→ ek is an arrow in ∆. Then eij is orthogonal to dg∗ unless σi

σj−→ h
is an arrow in ∆ for some h; this is absurd.

Remark 2.4. We point out that the arrow-breaking condition only depends on
the underlying diagram of a Lie algebra, rather than the Lie algebra. This
means that the actual structure constants do not play any role, as long as we
only consider Ricci-flat metrics of the particular type (2).

Example 2.5. Consider the nice Lie algebra

52:1 (0, 0, 0, e12, e13).

It is easy to check that the order two permutation σ = (3 4)(2 5) is arrow-
breaking. Therefore, the metric

〈e1, e1〉 = g1, 〈e2, e5〉 = g2, 〈e3, e4〉 = g3 (4)
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is Ricci-flat for any choice of the parameters gi by Proposition 2.3.
In addition, the root matrix M∆ has rank two, k = 2 and (kerM∆)−σ is

spanned by (0, 1,−1, 1,−1). Proposition 2.1 implies that (4) gives a family of
nonisometric Ricci-flat metric Lie algebras depending on 2−2+1 = 1 parameter.

Recall from [?] that, in the Riemannian case, homogeneous Ricci-flat ma-
nifolds are necessarily flat. In the pseudoriemannian context, this is not true;
therefore, we are interested in determining whether a Ricci-flat metric is flat or
not. To this end, we generalize to our less restrictive setting a formula for the
Riemann tensor of a metric Lie algebra proved by Boucetta [?] in the two-step
nilpotent case. For this computation, we do not assume that the Lie algebra is
nice or nilpotent.

Let g be a Lie algebra and let 〈 , 〉 be a metric on it. Fix a basis {e1, . . . , ep}
of the commutator g′ = [g, g] of g, and consider a linearly independent set
{x1, . . . , xp} ⊂ g such that

〈ei, xj〉 = δij ;

for instance, the xi can be constructed by completing {e1, . . . , ep} to a basis of
g and taking the metric duals of the dual basis.

For i = 1, . . . , p, define the endomorphisms Ji : g→ g by

〈Jiu, v〉 = 〈[u, v], xi〉 , for u, v ∈ g. (5)

Notice that Ji is a skew-symmetric endomorphism of (g, 〈 , 〉). Moreover, if z
denotes the center of g, that is, z = {z ∈ g | [x, z] = 0 for all x ∈ g}, then we
have Jiz = 0, Jig ⊆ z⊥ and

⋂p
i=1 ker Ji = z.

From (5), the Lie bracket can be written in terms of the skew-symmetric
endomorphisms: for every u, v ∈ g,

[u, v] =

p∑
i=1

〈Jiu, v〉 ei. (6)

The Levi-Civita connection of (g, 〈 , 〉) has the following expression:

2∇uv =

p∑
i=1

(〈Jiu, v〉 ei − 〈ei, v〉 Jiu− 〈ei, u〉 Jiv), u, v ∈ g; (7)

we deduce the following for the curvature tensor R(u, v) = ∇[u,v] − [∇u,∇v]:

Proposition 2.6. Given a metric Lie algebra g and Ji as above, for all u, v, w
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in g the curvature tensor satisfies

R(u, v)w =

p∑
i,j=1

〈ei, ej〉
(

1

4
〈Jiv, w〉 Jju−

1

4
〈Jiu,w〉 Jjv −

1

2
〈Jiu, v〉 Jjw

)

+
1

4

p∑
i,j=1

(〈ei, w〉 〈ej , v〉 Jj ◦ Jiu− 〈ei, w〉 〈ej , u〉 Jj ◦ Jiv + 〈ei, u〉 〈ej , v〉 [Jj , Ji]w)

+
1

4

p∑
i,j=1

(〈ei, w〉 〈[Jj , Ji]u, v〉+ 〈ei, v〉 〈Jju, Jiw〉 − 〈ei, u〉 〈Jjv, Jiw〉) ej

− 1

4
[w, [u, v]] +

p∑
j=1

(
−1

2
〈w, ej〉 Jj [u, v] +

1

4
〈ej , u〉 Jj [v, w]− 1

4
〈v, ej〉 Jj [u,w]

)

− 1

4

p∑
j=1

(〈[v, ej ], w〉+ 〈[w, ej ], v〉) Jju+
1

4

p∑
j=1

(〈[u, ej ], w〉+ 〈[w, ej ], u〉) Jjv.

(8)

We make use of this general expression to compute the sectional curvature
of a σ-diagonal metric (2) on a Lie algebra.

Let g be a Lie algebra and fix a basis {e1, . . . , ep, ep+1, . . . en} such that the
first p elements span g′. Pick a σ-diagonal metric satisfying 〈ei, ej〉 = giδiσj ;
thus,

〈Jiu, v〉 =
1

gi
〈[u, v], eσi〉 , for all i = 1, . . . , p. (9)

Using the general formula (8), we obtain the following useful expression for the
basis elements of the Lie algebra: for s, t = 1, . . . , n we have

〈R(es, et)es, et〉 =
3

2

p∑
i=1

gi 〈Jiet, es〉 〈Jσies, et〉+ gsgt 〈Jσt ◦ Jσses, et〉

− 1

2
gsgt 〈JσsJσtes, et〉 −

1

4

(
g2
t

〈
J2
σtes, es

〉
+ g2

s

〈
J2
σset, et

〉)
− 1

4
〈[es, [es, et]], et〉+

3

4
〈[[et, es], et], es〉

− 1

4

p∑
j=1

(〈[et, ej ], es〉+ 〈[es, ej ], et〉) 〈Jjes, et〉 .

(10)

Recall that the sectional curvature of a pseudoriemannian metric is defined on
non-degenerate planes. Nevertheless, as in the Riemannian case, the metric
(g, 〈 , 〉) is flat if and only if for every s, t = 1, . . . , n one has 〈R(es, et)es, et〉 = 0
(see [?, Chapter 3]).

Assume now that g is a nice nilpotent Lie algebra and B = {e1, . . . , en} as
above is a nice basis. Given es, et ∈ B, the nice condition implies that there
exist λ1 ∈ R and ek1 ∈ B ∪ {e∞} such that

[es, et] = λ1ek1 ,

with the convention that k1 =∞ and λ1 = 0 if es, et commute. Similarly, there
exist λi, µj ∈ R with i = 2, . . . , 5, j = 1, 2 and eki ∈ B ∪ {e∞}, i = 2, . . . , 5 such
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that
[es, ek2 ] = λ2eσt , [et, ek3 ] = λ3eσs ,

[es, ek4 ] = µ1eσs , [et, ek5 ] = µ2eσt .
(11)

It will be understood that σ∞ = ∞ and δij = 0 when either i or j is ∞. The
endomorphisms Ji have an explicit formula in this case, by using (9), so we
obtain

〈Jres, et〉 =
λ1

gr
δr,k1 ,

〈JσtJσses, et〉 = −µ1µ2

gk4
δk5,σk4 , 〈JσsJσtes, et〉 = −λ2λ3

gk2
δk3,σk2 ,〈

J2
σtes, es

〉
= − λ

2
2

gk2
δk2,σk2 ,

〈
J2
σset, et

〉
= − λ

2
3

gk3
δk3,σk3 ,

〈[es, [es, et]], et〉 = λ1λ2gtδk1,k2 , 〈[[et, es], et], es〉 = λ1λ3gsδk1,k3 ,

〈[et, ej ], es〉 = gsλ3δj,k3 , 〈[es, ej ], et〉 = gtλ2δj,k2 ,

〈Jk3es, et〉 = λ1δk1,k3 , 〈Jk2es, et〉 = λ1δk1,k2 .

Therefore, (10) becomes

〈R(es, et)es, et〉 = − 3

gk1
λ2

1δk1,σk1 +
1

4
λ2

2

g2
t

gk2
δk2,σk2 +

1

4
λ2

3

g2
s

gk3
δk3,σk3

− 1

2
λ1λ2gtδk1,k2 +

1

2
λ1λ3gsδk1,k3

+
1

2
λ2λ3

gsgt
gk2

δk3,σk2 − µ1µ2
gsgt
gk4

δk5,σk4 .

(12)

We deduce straight from (12):

Proposition 2.7. Let g be a nice nilpotent Lie algebra with nice basis B =
{e1, . . . , en} and let σ be an order two permutation of the basis. Suppose that

for some es, et ∈ B, there is no k verifying both es
ek−→ eσs and et

eσk−−→ eσt . If
at least one of the following conditions holds, then every σ-diagonal metric (2)
is nonflat:

(C1) es
et−→ ek1 with k1 fixed by σ, and there are no arrows of the form et

•−→ eσs
or es

•−→ eσt ;

(C2) es
k2−→ eσt with k2 fixed by σ, and there are no arrows of the form es

et−→ •
or et

•−→ eσs .

Remark 2.8. Recall that the arrow-breaking condition only depends on the
underlying diagram of a Lie algebra, rather than the Lie algebra (see Remark
2.4). The above criteria for non-flatness are also independent of the structure
constants. Nevertheless, the full curvature tensor of a metric induced by an
arrow-breaking permutation depends on the structure constants.

Remark 2.9. Given an arrow-breaking σ, all the σ-diagonal metrics as in (2) are
Ricci-flat, regardless of the parameters gi (Proposition 2.3); however, the full
curvature tensor may or may not depend on the parameters. For instance, the
arrow-breaking involution σ = (3 4)(2 5)(1 6) of the Lie algebra

64321:4 (0, 0, e12, e13, e14 + e23, e15 + e24)
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gives the metric

〈e1, e6〉 = g1, 〈e2, e5〉 = g2, 〈e3, e4〉 = g3.

By Proposition 2.6, the curvature tensor of this metric is

g1 − g3

g3
e12⊗e1⊗e4 +

g1 − g3

g2
e13⊗e1⊗e5−

g1 − g3

g1
(e12⊗e3⊗e6 +e13⊗e2⊗e6).

Clearly, it is flat if and only if g1 = g3.
In the notation of Proposition 2.1, M∆ has kernel spanned by (1, 2, 3, 4, 5, 6),

hence rank 5, and (kerM∆)−σ = 0. So we obtain a family of nonisometric
Ricci-flat metric Lie algebras with 5 − 3 = 2 parameters, within which we find
a one-parameter family of flat Lie algebras.

However, in the Lie algebra

61:1 (0, 0, 0, 0, 0, e12)

the involution σ = (1 6) gives the σ-diagonal metric

〈e1, e6〉 = g1, 〈e2, e2〉 = g2, 〈e3, e3〉 = g3, 〈e4, e4〉 = g4, 〈e5, e5〉 = g5.

In this case, M∆ has rank one, k = 1 and (kerM∆)−σ = 0, so all these metrics
are isometric. A direct computation shows that they are flat.

Given a diagram ∆, it will be convenient to consider the ring Z[e1, . . . , en],
where each indeterminate ei is associated to the node ei of ∆. Let P∆, Q∆ ∈
Z[e1, . . . , en] be the polynomials

P∆ =
∏

ei
ej−→ek
i<j

(ei + ej), Q∆ =
∏

ei
ej−→ek

(1 + ei − ek). (13)

We shall refer to the degree-one polynomials (ei + ej), (1 + ei− ek) as the linear
factors of P∆Q∆.

Notice that Q∆ does not depend on the labels of the arrows, i.e. it is
associated to the underlying unlabeled diagram.

Example 2.10. Let gn denote the standard filiform Lie algebra of dimension
n. Such a Lie algebra has a nice basis {e1, . . . , en} satisfying the nonzero Lie
bracket relation

[e1, ei] = ei+1, i = 2, . . . , n− 1.

The corresponding polynomials are

P∆ =

n−1∏
i=2

(e1 + ei), Q∆ =

n−1∏
i=2

(1 + e1 − ei+1)(1 + ei − ei+1).

For n ≥ 5, the standard filiform Lie algebra gn possesses a Ricci-flat nonflat
metric. Indeed, the order two permutation defined by σ(ei) = en−i+1, for
i = 1, . . . , n is arrow-breaking. Moreover, for n ≥ 5, the curvature satisfies

R(e1, e2)en−3 =
1

2g1
(g3 + g4)en,

so it is nonzero if g3 6= −g4.
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There is a natural action of Σn, the group of permutations of {1, . . . , n}, on
Z[e1, . . . , en], for which we trivially have

σP∆ = Pσ(∆), σQ∆ = Qσ(∆).

Lemma 2.11. Given a nice diagram ∆ and an order two permutation σ : N(∆)→
N(∆), the following are equivalent:

1) σ is arrow-breaking;

2) P∆ and σP∆ have no linear factors in common and Q∆ and σQ∆ have
no linear factor in common;

3) P∆ and Q∆ have no σ-invariant divisor of positive degree.

Proof. The equivalence of 1) and 2) is obvious from the definition.
Clearly, a σ-invariant divisor of P∆ of positive degree is a common divisor

to P∆ and σP∆, decomposing into the product of linear factors dividing both
polynomials.

Conversely, if ei + ej divides both P∆ and σP∆, then (ei + ej)(eσi + eσj ) is
a divisor of P∆. Similarly for Q∆.

We will abuse terminology and write that P∆ and Q∆ have no σ-invariant
divisor when the equivalent conditions of Lemma 2.11 hold.

Example 2.12. Consider the Heisenberg Lie algebra h2n+1 with basis {e1, . . . ,
e2n, y} and non-zero Lie brackets [e2i, e2i−1] = y, i = 1, . . . , n. Then

P∆ = (e1 + e2) · · · (e2n−1 + e2n) and Q∆ = (1 + e1 − y) · · · (1 + e2n − y).

Then σ defined as

σ(e1) = y, σ(e2i) = e2i+1, i ≥ 2, σ(e2n) = e2n

does not leave any divisor of P∆Q∆ invariant; therefore, σ defines a Ricci-flat
metric on h2n+1. For n = 1, a direct computation shows that the metric is
flat. It is known from [?] that Heisenberg Lie algebras do not admit flat metrics
for n ≥ 2. We can check that our metrics are not flat by using criterion (C2)

in Proposition 2.7 applied to e2n−1 and e1: in fact e2n−1

ek2−−→ σ(e1) = y with

ek2 = e2n fixed by σ, and there are no arrows of the form e2n−1
e1−→ •, e1

•−→
σ(e2n−1) = e2n−2.

The signature of this metric is (n, n+ 1); other signatures can be obtained,
for instance declaring

σ(e1) = y, σ(e4i) = e4i+2, i ≥ 2

when n is odd. To prove that the metric is not flat for n > 1, we can apply

again criterion (C2) in Proposition 2.7 to e4, e1: the arrow e4

ek2−−→ σ(e1) = y

with ek2 = e3 is fixed by σ and there are no arrows of the form e4
e1−→ •,

e1
•−→ σ(e4) = e6.
It was proved in [?] that h2n+1 admits a Ricci-flat left-invariant metric of

any signature (q, 2n+ 1− q) for 2 ≤ q ≤ n.
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3 Involutions on Lie algebras with large center

Given a nilpotent Lie algebra g with center z, we denote s := dim z and
r := dim(g/z). This terminology is adopted along the section in order to give
sufficient conditions on r, s for a Lie algebra to carry an arrow-breaking involu-
tion.

Let gi denote the lower central series of g, that is, g0 = g and gi = [g, gi−1]
for i ≥ 1. By an inductive reasoning one can prove

[gi, gj ] ⊆ gi+j+1, for every i, j ≥ 0. (14)

Recall that if g is k-step nilpotent, then gk+1 = 0 and gk ⊆ z. Set bi := z + gi;
then for every i = 1, . . . , k − 1 one has gi ( bi+1, since [g, bi+1] = gi+2.

Given a nilpotent Lie algebra g with a nice basis B, the basis is adapted to
the lower central series; indeed, for each i ≥ 0 there is a subset Bi of B such
that Bi is a basis of gi. In addition, any nice basis is a union of disjoint subsets
B = X ∪ Z where Z is a basis of z and X is a basis of a complement. In
particular, X has r elements and Z has s. Suppose that X = {x1, . . . , xr} and
Z = {z1, . . . , zs}; then, by (13), the linear factors of P∆ have the form xi + xj
and the linear factors of Q∆ have the form 1 + xi − zj , 1 + xi − xj .

Proposition 3.1. Let g be a nice k-step nilpotent Lie algebra such that

r ≤ s+ 3.

Then g has an arrow-breaking involution σ.

Proof. Let B = X ∪Z be a nice basis of g as above. If r ≤ s, we can choose an
involution σ : B → B which is the extension of an injective map σ : X → Z; it
is clear that P∆Q∆ has no σ-invariant divisor.

If r > s, we consider involutions satisfying

σ(Z) = X . (15)

If xi = σ(zi) for i = 1, . . . , s and X = {x1, . . . , xs, y1, . . . , yr−s}, it is clear
that invariant divisors of Q∆ arise from factors of the form 1 + yi − xj , and
any invariant divisor of P∆ will be in Z[y1, . . . , yr−s]. We will show that it is
possible to choose y1, . . . , yr−s ∈ X so that P∆Q∆ has no σ-invariant divisors.

For r = s + 1, take σ as in (15) fixing some y1 ∈ X . Then, P∆Q∆ has no
invariant divisor under any σ of the above type, since σ(y1 + xi) = y1 + zi and
σ(1 + y1 − xi) = 1 + y1 − zi.

For r = s+2 and step two, it suffices to choose y1, y2 ∈ X in such a way that
y1 + y2 does not divide P∆; this is made possible by the fact that each x ∈ X
has at most r − 2 outgoing arrows.

For r = s+ 2 and step k ≥ 3, observe that gk−2 cannot be contained in the
center. We distinguish two cases.

i) If bk−2 = z ⊕ Span {y1} for some y1 ∈ X (so that in particular, gk−2 =
Span {y1} ⊕ gk−1), we claim that there exists y2 ∈ X outside of bk−2 that
commutes with y1 and such that [y2, g] ⊂ bk−2. For step three, y2 exists because
dim ker ad y1 ≥ s + 2, and the second condition is automatic. For step k ≥ 4,
take y2 in gk−3 r bk−2. Then (14) implies that y1, y2 commute. Choose σ
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interchanging y1 with y2 and satisfying (15). The only arrows going out of y1

end in the center, and the only arrows going out of y2 end in either y1 or the
center, so Q∆ has no invariant divisor.

ii) Suppose now that bk−2 = z⊕ Span {y1, y2, . . . } for some y1, y2 ∈ X ; then
y1 and y2 commute because of (14), and the only arrows going out of y1, y2 end
in the center, so Q∆ has no invariant divisor.

For r = s + 3, we claim that there exist y1, y2, y3 ∈ X such that the sole
linear factor of P∆ in Z[y1, y2, y3] is y2 + y3 and for every x ∈ B, 1 + yi−x does
not divide Q∆. In this case, an involution σ such that σ(y1) = y3, fixing y2 and
satisfying (15) has the property that P∆Q∆ has no σ-invariant divisors.

To prove the claim, if g is step 2, each x ∈ X has at most r − 3 outgoing
arrows, so there exist y1, y2, y3 ∈ X such that (y1 + y2)(y1 + y3) is coprime with
P∆.

Suppose g is 3-step nilpotent; then

g ⊃ g1 ⊃ g2 ⊃ g3 = 0.

Take y1 ∈ X such that y1 ∈ g1 r g2; since ady1 : g → z and dim z = s, there
exist distinct elements y2, y3 ∈ X commuting with y1, so (y2 +y1)(y3 +y1) does
not divide P∆. Moreover, we can assume that 1 + y2 − y3 does not divide Q∆

and Im(ady3) ⊂ Span {y1, y2}. By construction, this basis verifies the claim.
Suppose the step k is at least 4 and let y1 ∈ X be such that y1 ∈ gk−2 r z.

We split the proof into two cases.
i) bk−2 = z⊕Span {y1} for some y1 ∈ X . Pick y2 ∈ X such that y2 ∈ gk−3 r

bk−2; then as before, y2 commutes with y1. If dim bk−3/bk−2 ≥ 2, choose y3 ∈ X
different from y2 inside gk−3 r bk−2. Otherwise, bk−3 = bk−2 ⊕ Span {y2}; if
k ≥ 5, pick y3 ∈ X inside gk−4rbk−3, which by (14) commutes with y1. If k = 4,
let y3 ∈ X be an element commuting with y1 inside the smallest possible ideal of
the lower central series (indeed, g1 or g0 = g). Then [y3, g] ⊂ z⊕ Span {y1, y2}.

ii) bk−2 = z⊕ Span {y1, y2, . . . } for some y1, y2 ∈ X . Take y3 ∈ X , different
from y1, y2 ; if possible take y3 inside gk−2rz, otherwise choose y3 ∈ gk−3rbk−2.
In both cases, [y3, g] is contained in z⊕ Span {y1, y2} and [y2, g] is contained in
z; in addition, (y1 + y2)(y1 + y3) does not divide P∆ because of (14). Thus,
there is a basis verifying our claim.

It turns out that the bound r ≤ s+ 3 is sharp. In order to demonstrate this,
we will need the following observation:

Lemma 3.2. Let g be a nice Lie algebra such that each node corresponding
to an element of the center has at least (r + s)/2 incoming arrows; then any
arrow-breaking involution maps elements of the center to elements outside the
center.

Proof. For a contradiction, let z be an element in the center such that σ(z) is in
the center; if σ is arrow-breaking, the arrows ending at z and σ(z) have different
labels, which is absurd.

Example 3.3. An example of a nice nilpotent Lie algebra with r = s+ 4 that
does not admit an arrow-breaking σ is the two-step nilpotent Lie algebra with
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basis {e1, . . . , e16} and such that

de11 = e15 + e24 + e39 + e6,10 + e78

de12 = e16 + e2,10 + e35 + e48 + e79

de13 = e17 + e29 + e36 + e45 + e8,10

de14 = e18 + e27 + e34 + e56 + e9,10

de15 = e19 + e28 + e3,10 + e46 + e57

de16 = e1,10 + e23 + e47 + e59 + e68

In this case, any σ would have to map the center to elements of the complement
of the center by Lemma 3.2. Thus, there is a set {y1, y2, y3, y4} of elements
outside the center which is invariant under σ. The Lie algebra has the property
that P∆ has at least 3 linear factors involving only the variables y1, . . . , y4.
Thus, σ preserves a divisor of P∆.

On the other hand, if we take the order two permutation σ = (1 5)(3 11)
(6 12)(7 13)(8 14)(9 15)(10 16), a direct computation using (3) shows that the σ
diagonal metric (2) with gi = 1 for all i is Ricci-flat. Notice that in this case
not every metric of the form (2) is Ricci-flat.

Example 3.4. In dimension 11, an example of a two-step nice nilpotent Lie
algebra with r = s + 5 not admitting any arrow-breaking σ is the Lie algebra
with the form

(0, 0, 0, 0, 0, 0, 0, 0, e12 + e34 + e56 + e78, e13 + e42 + e57 + e86, e14 + e23 + e58 + e67)

relative to a basis {e1, . . . , e11}. Indeed, assume that σ leaves no divisor of P∆Q∆

invariant. In particular Q∆ has no invariant divisors, so σ maps {e9, e10, e11}
to {e1, . . . , e8}. Thus, there is a fixed element in {e1, . . . , e8}; by symmetry,
we can assume σ(e1) = e1. In order for P∆ not to have invariant divisors, σ
must map {e2, e3, e4} to {e5, . . . , e11}. If all of e2, e3, e4 are mapped into the
center, then {e5, e6, e7, e8} is invariant, and P∆ has an invariant divisor. Thus,
we can assume σ(e2) = e5. This implies that σ(e3), σ(e4) 6= e5, e6, e7, e8. So e3

and e4 are mapped into the center, as well as one of e6, e7, e8. The elements
in {e6, e7, e8} that are not mapped into the center by σ determine an invariant
factor of P∆, giving a contradiction.

However, a σ-diagonal Ricci-flat metric can be constructed by taking

σ = (1 9)(2 10)(3 11)(5 6)

and 〈 , 〉 as in (2) with gi = 1 for all i.

Proposition 3.1 applies to the class of two-step nilpotent Lie algebras at-
tached to (undirected) graphs introduced in [?]. Given a graph (V,E), let V0 be
the free real vector space genereated by V and let V1 the subspace of Λ2V0 gener-
ated by v∧v′ where v, v′ are adjacent nodes in (V,E). The attached Lie algebra
is the vector space V0 ⊕ V1 where the nonzero Lie brackets are [v, v′] = v ∧ v′.

Corollary 3.5. Any two-step nilpotent Lie algebra attached to a graph has an
arrow-breaking involution.
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Proof. Suppose the graph is connected. On a connected graph, the number of
vertices |V | and the number of edges |E| are related by |E| ≥ |V | − 1. So, the
attached Lie algebra has center of dimension |E| and dimension |E| + |V |; by
Proposition 3.1, it has an arrow-breaking involution.

If the graph is not connected, the attached Lie algebra is a direct sum of Lie
algebras attached to its connected components.

4 Involutions on nilradicals of parabolic subal-
gebras

In this section we recall a standard construction of nilpotent Lie algebras asso-
ciated to a split simple Lie group and a subset Θ of the set of simple roots (see
e.g. [?]); for the simple Lie algebras An, Bn, Cn and appropriate choices of Θ,
we obtain infinite families of Ricci-flat, nonflat nilpotent Lie algebras.

Let g be a split real simple Lie algebra with Iwasawa decomposition g =
k⊕ a⊕ n and root system Π. Let Σ be a set of positive simple roots generating
Π; we denote by Π+ the set of positive roots. As usual, if γ ∈ Π+, then xγ
denotes an arbitrary root vector in the one-dimensional root space gγ and if
α ∈ Σ, coordα(γ) denotes the α-coordinate of γ when it is expressed as a linear
combination of simple roots. Let γmax denote the unique maximal root of Π+.

The set of parabolic Lie subalgebras of g containing the Borel subalgebra
a ⊕ n is parametrized by subsets of simple roots Σ as follows. Given a subset
Θ ⊂ Σ, denote 〈Θ〉± the set of positive/negative roots generated by Θ. The
corresponding parabolic subalgebra of g is pΘ where

pΘ = a⊕
∑
γ∈Π+

gγ ⊕
∑

γ∈〈Θ〉−
gγ = a⊕

∑
γ∈〈Θ〉+∪〈Θ〉−

gγ ⊕
∑

γ∈Π+r〈Θ〉+
gγ .

The nilradical of pΘ is the Lie algebra

nΘ =
∑

γ∈Π+r〈Θ〉+
gγ .

This is a nilpotent Lie algebra and its lower central series (which coincides,
after transposing the indexes, with the upper central series) can be described
as follows [?, Theorem 2.12]. Given γ ∈ Π, let

o(γ) =
∑

α∈ΣrΘ

coordα(γ)

be the order of γ with respect to Θ. The order can be positive, negative or zero.
For any γ ∈ Π+, o(γ) ≥ 0 and γ ∈ Π+ r 〈Θ〉+ if and only if o(γ) > 0. For
i = 0, 1, . . ., let

g(i) =
⊕
γ∈Π+

o(γ)=i

gγ .

If nΘ = n0
Θ ⊃ n1

Θ ⊃ · · · ⊃ nk−1
Θ ⊃ nkΘ = 0 is the lower central series of n, then

njΘ =

k⊕
i=j+1

g(i), k = o(γmax) and nk−1
Θ = g(k) is the center of n. (16)
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It follows from this description of the lower central series that the nilradical nΘ

is abelian if and only if Σ r Θ = {α} and coordα(γmax) = 1.

Proposition 4.1. The set B = {xγ | γ ∈ Π+ r 〈Θ〉+} is a nice basis of nΘ.

Proof. The set B is clearly a basis of nΘ; moreover, the Lie bracket of xγ , xδ ∈ B
is given by

[xγ , xδ] =

{
mγ,δ xγ+δ 6= 0 if γ + δ ∈ Π+

0 if γ + δ /∈ Π+,
(17)

with mγ,δ ∈ R, so it is always a multiple of a single element in B. Denote by xγ

the elements in the dual basis of B; then,

dxγ ∈ Span
{
xδ ∧ xρ : δ + ρ = γ

}
⊂ Λ2n∗Θ.

This implies that for any xδ in B, xδy dxγ is either zero or a multiple of xγ−δ.
Hence, B is a nice basis of nΘ.

Let ∆ denote the nice diagram associated to the nice basis B of nΘ given by
root vectors. Order two permutations of N(∆) are in one-to-one correspondence
with order two permutations of Π+ r 〈Θ〉+. Indeed, the nodes of ∆ are the root
vectors xγ , so given a permutation σ of N(∆) and γ, δ ∈ Π+ r 〈Θ〉+, we set
σ(γ) = δ if and only if σ(xγ) = xδ. We will say that an order two permutation

of γ ∈ Π+ r 〈Θ〉+ is arrow-breaking when so is its corresponding permutation
of N(∆).

Proposition 4.2. An order two permutation σ of Π+ r 〈Θ〉+ is arrow-breaking
if and only if for any γ, δ ∈ Π+ r 〈Θ〉+,

1. γ + δ ∈ Π+ ⇒ σ(γ) + σ(δ) /∈ Π+,

2. δ − γ ∈ Π+ r 〈Θ〉+ ⇒ σ(δ)− σ(γ) /∈ Π+ r 〈Θ〉+.

Proof. The polynomials P∆ and Q∆ in (13) can be easily described in terms of
the root system. Indeed, from (6) it is clear that

P∆ =
∏

γ,δ ∈ Π+r〈Θ〉+

γ+δ ∈ Π+

(xγ + xδ), Q∆ =
∏

γ,ρ ∈ Π+r〈Θ〉+

ρ−γ ∈ Π+r〈Θ〉+

(1 + xγ − xρ). (18)

The result follows from this description of P∆ and Q∆ and Lemma 2.11.

According to Remark 2.4, we do not make use of the actual structure con-
stants of the parabolic nilradical to construct Ricci-flat metrics. Indeed, any
arrow-breaking σ as in Proposition 4.2 determines such a metric (or possibly a
family, see Proposition 2.1) on every Lie algebra with the same nice diagram.

Example 4.3. Let n∅ be associated to G2 with Θ = ∅. The system of positive
roots is Π+ = {α1, α2, α1 +α2, 2α1 +α2, 3α1 +α2, 3α1 +2α2}, with the maximal
root appearing last. Following the above order of roots, we can chose a basis
{e1, . . . , e6} of n∅ such that each ei spans a root space gγ ; this gives the nilpotent
Lie algebra

64321:3 : (0, 0,−e12, e13, e14, e25 + e34).
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There are exactly two arrow-breaking involutions of n∅, namely, σ which fixes
α2 and 2α1 + α2 and satisfies

σ(α1) = 3α1 + 2α2, σ(α1 + α2) = 3α1 + α2,

and σ̃ fixing α1 + α2 and 3α1 + α2 and verifying

σ̃(α1) = 3α1 + 2α2, σ̃(α2) = 2α1 + α2.

Using the basis {e1, . . . , e6}, we can write σ = (1 6)(3 5) and σ̃ = (1 6)(2 4).
The Ricci-flat metrics they induce are generically not flat. In fact, equa-

tion (12) applied to a σ-diagonal metric g gives:

〈R(e1, e5)e1, e5〉 =
(g1 + g3)2

4g2

showing that for g1 6= −g3 the metric is nonflat. For g1 = −g3 an easy compu-
tation shows that the Riemann curvature is zero.

For a σ-diagonal metric g̃ induced by σ̃ we can use again formula (12) applied
to e1, e5 to compute directly:〈

R̃(e1, e5)e1, e5

〉
=
g̃1g̃5

2g̃2
.

The parameters g̃1, g̃2, g̃5 are nonzero by definition, so these metrics are not flat.

4.1 Type A

Consider the split Lie algebra of type A, g = sl(n + 1,R) with n ≥ 1. The set
of positive roots is Π+ = {εi − εj | 1 ≤ i < j ≤ n+ 1} which is spanned by the
set of simple roots Σ = {εi − εi+1 | i = 1, . . . , n}. In fact,

εi − εj =

j−1∑
l=i

εl − εl+1.

Notice that if i < j and s < t, εi−εj +εs−εt ∈ Π+ if and only if j = s or i = t.
For each 1 ≤ i < j ≤ n+1, the root space corresponding to εi−εj is spanned

by the matrix Eij ∈ g with ij entry equal to 1 and all others equal to zero. The
nilpotent Lie algebra associated to Θ = ∅ is the Lie algebra of real strict upper
triangular square matrices of size n+ 1.

Suppose n = 2k + 1 is odd and fix Θ = {α2i | i = 1, . . . , k} ⊂ Σ. Then
〈Θ〉+ = Θ, since the roots in Θ are mutually orthogonal. We will present a
nice basis of nΘ constituted by root vectors. The set Π+ r Θ of positive roots
corresponding to nΘ is

{εi − εj | 1 ≤ i, j ≤ n+ 1, i+ 2 ≤ j} ∪ {ε2i−1 − ε2i | i = 1, . . . , k + 1}. (19)

For i = 1, . . . , n+ 1, set h(i) = i+ 1 if i is odd and h(i) = i+ 2 otherwise; nΘ is
the subalgebra of (n+ 1)× (n+ 1) upper triangular matrices such that for each
row i, the possibly non-zero entries are in position (i, j), with j ≥ h(i). Notice
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that nΘ is k + 1-step nilpotent. For instance, for k = 1, k = 2 the matrices in
nΘ have the following shapes:

k = 1 :


0 ? ? ?
0 0 0 ?
0 0 0 ?
0 0 0 0

 k = 2 :


0 ? ? ? ? ?
0 0 0 ? ? ?
0 0 0 ? ? ?
0 0 0 0 0 ?
0 0 0 0 0 ?
0 0 0 0 0 0


We will define an order two permutation on the set of positive roots corre-

sponding to nΘ. For each i = 1, . . . , n the set Indi = {h(i), h(i) + 1, . . . , n+ 1}
has an odd number of elements and Ind2l = Ind2l+1 for l = 1, . . . , k. Notice
that εi − εj ∈ Π+ r Θ if and only if j ∈ Indi.

Denote by si : Indi → Indi the symmetry with respect to the mid-element;
explicitly, si(j) = n+ 1 + h(i)− j. Define σ on Π+ r Θ as follows.

σ(εi − εj) =


ε1 − εsi(j) if i = 1,

εi−1 − εsi(j) if i is even,

εi+1 − εsi(j) if i > 1 is odd.

(20)

This permutation preserves the set {ε1−εj | j = 1, . . . , n+1} and interchanges
{ε2l − εj | j ∈ Ind2l} with {ε2l+1 − εj | j ∈ Ind2l+1}, for l = 1, . . . , k + 1.
Moreover, it reverses the natural order, in the sense that if j < t belong to Indi,
then si(j) > si(t). The only root fixed by σ is ε1 − ε(n+1)/2.

Proposition 4.4. The permutation σ defined by (20) is arrow-breaking and
therefore every σ-diagonal metric (2) in nΘ is Ricci-flat. These metrics are not
flat.

Proof. We are going to show that σ verifies the conditions in Proposition 4.2.
First, consider γ, δ ∈ Π+ r Θ such that γ + δ ∈ Π+. Without loss of

generality, we may assume that γ = εi − εj , δ = εj − εt. In particular, j > 1
and σ(δ) = εj±1 − εsj(t). By construction σ(γ) has the form εl − εsi(j) for some
l ∈ {i− 1, i, i+ 1}. Then

σ(γ) + σ(δ) = εl − εsi(j) + εj±1 − εsj(t),

and this is a root if and only if l = sj(t) or si(j) = j ± 1. We know that
si(j) = n+ 1 + h(i)− j 6= j ± 1 since n is odd and h(i) even, independently of
i. Moreover, sj(t) ∈ Indj so sj(t) ≥ h(j) ≥ j+ 1 > i+ 1 which implies sj(t) 6= l.
Therefore, σ(γ) + σ(δ) is never a root.

Let γ, δ ∈ Π+ r Θ be such that δ − γ ∈ Π+ r Θ; writing δ = εi − εt, two
situations may occur:

1. γ = εi − εj with h(i) ≤ j < t, or

2. γ = εj − εt with h(i) ≤ j, h(j) ≤ t.

In the first case, independently of i being odd or even,

σ(δ)− σ(γ) = εsi(j) − εsi(t),
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with si(t) < si(j) since j < t. Hence, σ(δ) − σ(γ) is a negative root (and thus
not in Π+).

In the second case, σδ = εl − εsi(t) and σγ = εr − εsj(t) for some l and r
depending on i and j, respectively. By construction si(t) 6= sj(t), so

σ(δ)− σ(γ) = εl − εsi(t) − εr + εsj(t)

is only a root when l = r, which by the definition of σ implies i = j, against the
hypothesis. Therefore, σ(δ)− σ(γ) is never a root.

We conclude that σ verifies the conditions of Proposition 4.2 and is therefore
arrow-breaking, inducing on nΘ Ricci-flat metrics. These metrics are not flat be-
cause of criterion (C1) in Proposition 2.7 applied to es = xε1−ε2 , et = xε2−εn+1

2

,

in which case ek1 = xε1−εn+1
2

is fixed by σ.

4.2 Type B

The split real Lie algebra of type B is g = so(n, n+ 1), n ≥ 2, and has a system
of positive roots given by

{εi ± εj | 1 ≤ i < j ≤ n} ∪ {εi | 1 ≤ i ≤ n}.

The simple roots in the system are εn and εi − εi+1 for i = 1, . . . , n.
For any n ≥ 3, consider Θ = {εi − εi+1 | 1 ≤ i ≤ n− 2}; the positive roots

generated by this set are 〈Θ〉+ = {εi − εj | 1 ≤ i < j ≤ n− 1}. Thus, nΘ has a

basis of root vectors xα where α runs in the set of roots Π+ r 〈Θ〉+, namely α
is one of the following:

εi, εi − εn, εi + εn, 1 ≤ i ≤ n− 1,

εn, εi + εj , 1 ≤ i < j ≤ n− 1.
(21)

We shall construct an arrow-breaking involution σ of Π+ r 〈Θ〉+. For n = 2,
B2 is isomorphic to C2 and this case will be treated in Example 4.7, so we
assume n ≥ 3 for the rest of the section.

We claim that it is possible to define an arrow-breaking involution σ satis-
fying {

σ(εi + εj) = εh + εk ⇒ {i, j} ∩ {h, k} = ∅ and
σ(εi + εj) = εh + εn ⇒ i 6= h 6= j.

(22)

To this purpose, independently of n, we define

σ(εi − εn) = εi, i = 1, . . . , n− 1.

For n = 3, 4 we set further

n = 3 :

{
σ(ε1 + ε2) = ε3,
σ(εi + ε3) = εi + ε3,

n = 4 :


σ(ε1 + ε2) = ε4,
σ(ε1 + ε3) = ε2 + ε4,
σ(ε2 + ε3) = ε1 + ε4,
σ(ε3 + ε4) = ε3 + ε4.

Assume n ≥ 5, choose σ(εi + εn) = εi + εn for i = 4, . . . , n− 1 and define σ on

S := {εi + εj | 1 ≤ i < j ≤ n− 1} ∪ {εn, ε1 + εn, ε2 + εn, ε3 + εn}
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as follows.
Suppose that n− 1 is even, then the indexes i, j of the roots corresponding

to the center of nΘ, namely εi + εj with 1 ≤ i < j ≤ n− 1, can be displayed in
an upper triangular matrix as follows:

∗ 1,2 1,3 1,4 1,5 1,6 . . . 1,n−2 1,n−1

∗ 2,3 2,4 2,5 2,6 . . . 2,n−2 2,n−1

∗ 3,4 3,5 3,6 ...
...

∗ 4,5 4,6

. . .
. . .

. . .
...

...
∗ n−4,n−3 n−4,n−2 n−4,n−1

∗ n−3,n−2 n−3,n−1

∗ n−2,n−1

∗


(23)

Define σ(εi + εj) = εh + εk if i, j and h, k are joined by an arrow in (23), and
set further σ(ε1 + ε2) = εn. It remains to define σ on the (n− 3)/2 elements of
the form ε2l−1 + ε2l and ε1 + εn, ε2 + εn, ε3 + εn.

If (n − 3)/2 is even, choose a σ that fixes εi + εn for i = 1, 2, 3 and acts
on the elements ε2l−1 + ε2l without fixing any point. Otherwise, declare σ to
interchange ε3 + ε4 with ε1 + εn, to fix ε2 + εn and ε2 + εn and to act on the
remaining ε2l−1 + ε2l (an even number) without fixing any element.

Similarly, when n − 1 is odd, the indexes of the roots εi + εj with 1 ≤ i <
j ≤ n− 1 can be displayed as follows:

∗ 1,2 1,3 1,4 1,5 . . . 1,n−2 1,n−1

∗ 2,3 2,4 2,5 . . . 2,n−2 2,n−1

∗ 3,4 3,5 ...
...

∗ 4,5

. . .
. . .

...
...

∗ n−3,n−2 n−3,n−1

∗ n−2,n−1

∗


(24)

Again, we set σ(εi + εj) = εh + εk whenever i, j and h, k are joined by an
arrow in (24). If the blocks with three elements are odd in number we define
σ(ε1+ε3) = εn, σ(ε1+ε2) = ε3+εn, σ(ε2+ε3) = ε1+εn, σ(ε1+εn) = ε1+εn, and
interchange the corresponding elements of the remaining 3-element blocks. For
instance, we set σ(ε3+ε4) = ε5+ε6, σ(ε3+ε5) = ε5+ε7, σ(ε4+ε5) = ε6+ε7, and
so on. If 3-element blocks appear in an even number, then define σ(ε1+ε2) = εn,
σ(ε3 + ε4) = ε1 + εn, σ(εi + εn) = εi + εn, i = 2, 3 and interchange with σ the
elements of the blocks as in the other case.

It is easy to check that in both cases σ verifies (22).

Proposition 4.5. The permutation σ defined above is an arrow-breaking per-
mutation and therefore every σ-diagonal metric (2) in nΘ is Ricci-flat. These
metrics are not flat.
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Proof. Let γ, δ be roots in Π+ r 〈Θ〉+ such that γ + δ is a root. From (21) one
can describe all the possibilities for γ and δ and it is not hard to check that
σ(γ) + σ(δ) is never a root, because of how we constructed σ.

Let now γ, δ ∈ Π+ r 〈Θ〉+ be such that δ− γ is a root in Π+ r 〈Θ〉+. Again,
from (21) one can describe all possibilities for δ and γ. If δ = εi for some
i = 1, . . . , n−1, σ(δ) = εi−εn, which cannot be written as the sum of two roots
in Π+ r 〈Θ〉+; in particular, σ(δ)− σ(γ) /∈ Π+ r 〈Θ〉+.

If δ = εi + εn with i 6= n then σ(δ) is either εi + εn or εh + εk with
1 ≤ h < k ≤ n − 1. The roots γ that we can subtract from δ are εi and εn,
whose images under σ are εi − εn and ε1 + εl for some l 6= n, respectively.
Therefore, σ(δ)− σ(γ) is not a root.

The last possibility for δ is δ = εi + εj with 1 ≤ i < j ≤ n− 1. In this case
σ(δ) is either εn, εh + εk with 1 ≤ h < k ≤ n− 1, or εh + εn with 1 ≤ h ≤ n− 1,
and, in any case, i 6= h, k 6= j because of (22).

For this δ we can choose three different roots for γ. First, γ = εi (or γ = εj ,
which is analogous). We obtain σ(γ) = εi − εn and σ(δ) − σ(γ) is not a root
since i 6= h, k 6= j. Second, we might have γ = εi − εn (or εj − εn) and then
σ(γ) = εi which cannot be subtracted from σ(δ) because i 6= h, k 6= j. Finally,
we can choose γ = εj + εn being σ(γ) either εj + εn or εs + εt, but these cannot
be subtracted from any of εn, εh + εk or εh + εn.

We have proved that σ satisfies the conditions in Proposition 4.2, so any
σ-diagonal metric nΘ on is Ricci-flat.

To show that these metrics are not flat for n ≥ 5, take es = xε4 and et = xεn .

Then xε4+εn is fixed by σ and the diagram contains the arrow xε4
xεn−−→ xε4+εn ;

thus, criterion (C1) in Proposition 2.7 is satisfied and the metric is not flat.
For n = 3, take es = xε1 and et = xε3 ; then, [xε1 , xε3 ] = λ1xε1+ε3 which

is fixed by σ, and [xε1 , xε2 ] = λ2xε1+ε2 where ε2 is not fixed by σ. Thus,
equation (12) implies 〈R(es, et)es, et〉 6= 0 and the metric is not flat.

Finally, for n = 4 take es = xε3 and et = xε4 ; then [xε3 , xε4 ] = λ1xε3+ε4 ,
which is fixed by σ. By criterion (C1) in Proposition 2.7 we find that the metric
is not flat.

Remark 4.6. For large n, the Lie algebra nΘ has a different Ricci-flat metric;
indeed, the center of the Lie algebra nΘ is spanned by xεi−εj , 1 ≤ i < j ≤ n− 1
so it has dimension (n − 1)(n − 2)/2 and Proposition 3.1 applies. Notice that
the resulting metrics are zero when restricted to the center, unlike the metrics
constructed in Proposition 4.5.

4.3 Type C

Consider the split Lie algebra of type C, namely g = sp(2n,R) for n ≥ 2. The
set of positive roots is given by

Π+ = {2εi | 1 ≤ i ≤ n} ∪ {εi + εj | 1 ≤ i < j ≤ n} ∪ {εi− εj | 1 ≤ i < j ≤ n},

generated by the simple roots Σ = {2εn} ∪ {εi − εi+1 | 1 ≤ i ≤ n− 1}.
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The nonzero Lie brackets are the following:

[xεi−εj , x2εj ] = λi,jxεi+εj

[xεi−εj , xεj+εh ] = µi,j,hxεi+εh

[xεi−εj , xεk+εj ] =

{
ηi,j,kxεi+εk i < k

η′i,j,kxεk+εi k < i

[xεi−εj , xεj−εh ] = ρi,j,hxεi−εh

Example 4.7. Before going to the general case, we illustrate the nilradical
associated to C2, (which is isomorphic to B2). The system of positive roots,
given by Π+ = {ε1 − ε2, 2ε2, ε1 + ε2, 2ε1}, is a nice basis representing the
nice nilpotent Lie algebra 421:1 (0, 0, e12, e13). Note that the maximal root
is 2ε1. We consider the involution σ = (1 4)(2 3), i.e. σ(ε1 − ε2) = 2ε1 and
σ(ε1 + ε2) = 2ε2. We see that σ verifies the conditions of Proposition 4.2, e.g.

ε1 − ε2 + 2ε2 = ε1 + ε2 ∈ Π+, ε1 − ε2 + ε1 + ε2 = 2ε1 ∈ Π+,

but

σ(ε1−ε2)+σ(2ε2) = 2ε1+ε1+ε2 /∈ Π+, σ(ε1−ε2)+σ(ε1+ε2) = 2ε1+2ε2 /∈ Π+,

and similarly for the other condition. We conclude that the corresponding
σ-diagonal metrics are Ricci-flat. In fact, a direct computation applying for-
mula (8) shows that the Riemann tensor is zero. It is easy to see that the
arrow-breaking involution σ is unique.

In the general case of Cn, for n ≥ 3, consider Θ = {εi−εi+1 | 1 ≤ i ≤ n−2}.
The positive roots generated by this set are 〈Θ〉+ = {εi−εj | 1 ≤ i < j ≤ n−1}.
We shall define a basis of root vectors in Π+ r 〈Θ〉+ as follows:

αi = εi − εn, i 6= n βi = 2εi, i 6= n

γi = εi + εn, i 6= 1 δi = εi + ε1, i 6= 1

ζi,j = εi + εj , i 6= j and i, j /∈ {1, n}.

In particular β1 = 2ε1, γn = 2εn and δn = ε1 + εn. We get:

(αi + γj) ∈ Π+, i 6= n, j 6= 1

(αi + δn) ∈ Π+, i 6= n.

For the difference we have:

(ζi,j − αi), (ζi,j − γj) ∈ Π+ r 〈Θ〉+ , i 6= j and i, j /∈ {1, n}
(γi − αi), (γi − γn) ∈ Π+ r 〈Θ〉+ , i 6= 1

(δj − α1), (δj − γj) ∈ Π+ r 〈Θ〉+ , j 6= 1

(βi − αi), (βi − γi) ∈ Π+ r 〈Θ〉+ , i 6= 1, n

(δi − αi), (δi − δn) ∈ Π+ r 〈Θ〉+ , i 6= 1, n

(β1 − α1), (β1 − δn) ∈ Π+ r 〈Θ〉+ .
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We can construct an arrow-breaking involution σ such that

σ(αi) = βn−i, i 6= n σ(γj) = δn−j+2, j 6= 1

and the other elements are fixed. It is easy to see that this involution satisfies the
conditions of Proposition 4.2, hence it is arrow-breaking and by Proposition 2.3
the associated σ-diagonal metrics are Ricci-flat.

For n = 3, this construction yields the 8-dimensional Lie algebra

(0, 0, 0, e12, e23, e14, e15 + e34, e35)

with σ = (1 8)(2 7)(3 6)(4 5); in this case the σ-diagonal metric turns out to be
flat.

For n ≥ 4 the metrics are Ricci-flat but not flat; if n > 4, we can ap-
ply criterion (C1) of Proposition 2.7 to α2, γ3: indeed the bracket [xα2

, xγ3 ] =
[xε2−εn , xε3+εn ] = xε2+ε3 = xζ2,3 is a fixed point of σ, and there are no arrows
of type xα2 −→ xδn−1 = σ(xγ3) or xγ3 −→ xβn−2 = σ(xα2). For n = 4, we can
choose γ4 instead of γ3 and again apply (C1).

5 Maximal nice Lie algebras and low-dimensio-
nal Ricci-flat metrics

Given two nice diagrams with n nodes ∆,∆′, we will write ∆ ≤ ∆′ if there is a
bijection from N(∆) to N(∆′) mapping I∆ to a subset of I∆′ ; if g, g′ are Lie
algebras with diagrams ∆,∆′, we will also write g ≤ g′.

Notice that g ≤ g′ and g′ ≤ g can both be true for nonisomorphic g, g′ with
isomorphic diagrams; however, ≤ defines a partial order relation on isomorphism
classes of nice diagrams.

This partial order is relevant for the construction of Ricci-flat metrics because
of the following:

Lemma 5.1. Let g, g′ be nice Lie algebras with nice diagrams ∆ ≤ ∆′. If g′

has an arrow-breaking involution, then g also has an arrow-breaking involution.

Proof. Since ∆ ≤ ∆′, we can assume g and g′ have the same set of nodes and
that arrows of ∆ are also arrows of ∆′. Thus, an arrow-breaking involution for
∆′ is also an arrow-breaking involution for ∆.

Lemma 5.1 effectively reduces the problem to the smaller class of maximal
nice Lie algebras; we will say that a nice nilpotent Lie algebra is maximal if
its diagram is maximal in the class of isomorphism classes of nice diagrams
associated to a nilpotent Lie algebra.

Example 5.2. The nice Lie algebra (0, 0, e12) is maximal, because adding an
arrow would either create a cycle or multiple arrows with same source and
destination, breaking the nice diagram condition.

In the definition of maximality, one only considers nice diagrams associated
to a Lie algebra. This restriction is made necessary by the fact that a maximal
nice nilpotent Lie algebra may have a nonmaximal diagram, in the sense that it
is possible to add arrows while retaining the conditions defining a nice diagram.
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For instance, the nice nilpotent Lie algebras

85421:4 (0, 0, 0, e12,±e14, e13 + e24, e15, e17 + e23),

are maximal. In this case, it is possible to add arrows e2
e6−→ e7, e3

e4−→ e7,
e4

e6−→ e8 to its diagram by preserving the nice condition, but any such diagram
will not have any associated Lie algebras.

Theorem 5.3. The list of maximal nice nilpotent Lie algebras in dimension
≤ 7 is given in Table 2.

Proof. Going through the classification of [?], one sees that for each nice Lie
algebra of dimension ≤ 7 not appearing in Table 2 it is always possible to add
a bracket so as to obtain a nice Lie algebra; for instance (omitting the obvious
case of abelian Lie algebras), in dimension ≤ 5 we find

(0, 0, 0, e12) ≤ (0, 0, e14, e12)

(0, 0, e12, e13, e14) ≤ (0, 0, e12, e13, e14 + e23)

(0, 0, e12, e13, e23) ≤ (0, 0, e12, e13, e14 + e23)

(0, 0, 0, e12, e14) ≤ (0, 0, 0, e12, e14 + e23)

(0, 0, 0, e12, e24 + e13) ≤ (0, 0, e14, e12, e24 + e13)

(0, 0, 0, e12, e13) ≤ (0, 0, 0, e12, e13 + e24)

(0, 0, 0, 0, e12) ≤ (0, 0, 0, 0, e12 + e34)

(0, 0, 0, 0, e34 + e12) ≤ (0, 0, 0, e13, e34 + e12).

It follows that none of the nice nilpotent Lie algebras on the left side is maxi-
mal. The same argument can be used in dimensions 6, 7 to prove that the nice
nilpotent Lie algebras not appearing in Table 2 are not maximal.

It remains to prove that the Lie algebras appearing in Table 2 are maximal.
For dimension ≤ 5 this is by exclusion, since at least one maximal nice nilpotent
Lie algebras must exist in any dimension.

For dimensions 6, 7, observe that all nice Lie algebras appearing in Table 2
satisfy i < j whenever ei → ej is an arrow. For each diagram ∆ with nodes
{1, . . . , n} satisfying this condition, define the set

S(∆) = {ρ ∈ Σn | ρi < ρj whenever ei → ej};

if for every ρ ∈ S(∆) it is not possible to add a pair of arrows ei
ej−→ ek, ej

ei−→ ek
with ρi, ρj < ρk in such a way that the resulting diagram satisfies (N1)–(N3),
it follows that ∆ is maximal.

We now proceed to prove that the following Lie algebras are maximal:

64321:2 (0, 0, e12, e13, e14, e15 + e23)

64321:4 (0, 0, e12, e13, e14 + e23, e15 + e24)

64321:5 (0, 0,−e12, e13, e14 + e23, e25 + e34)

6431:2a (0, 0, e12, e13, e23, e14 + e25)

6431:2b (0, 0, e12, e13, e23, e14 − e25)

632:3a (0, 0, 0, e12, e14 + e23, e13 + e24)

632:3b (0, 0, 0, e12, e14 + e23, e13 − e24).
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In order to prove that 64321:2 = (0, 0, e12, e13, e14, e15 + e23) is maximal,
observe that in this case, S(∆) contains the identity and (1 2). Thus by the
ordered condition and (N1), the only arrows that can be added are

e2
e4−→ e5, e2

e4−→ e6, e2
e5−→ e6, e3

e4−→ e5, e3
e4−→ e6, e3

e5−→ e6, e4
e5−→ e6.

Each choice violates (N2).

For the others, it is easy to check that arrows of the form ei
ej−→ ek with

i, j < k cannot be added preserving the nice condition; in each case we must
consider the arrows that are not of this type, but satisfy ρi, ρj < ρk for some
ρ ∈ S(∆).

For 64321:4 = (0, 0, e12, e13, e14 + e23, e15 + e24) and 64321:5 = (0, 0, e12,
e13, e14 + e23, e25 − e34), S(∆) is generated by (1 2), so there is no additional
arrow satisfying (N1) to consider.

For 6431:2 = (0, 0, e12, e13, e23, e14 ± e25), S(∆) is the group generated by

(1 2) and (4 5), so we must additionally consider the arrows e5
e4−→ e6, e1

e5−→ e4,

e3
e5−→ e4; each of them violates (N2).
For 632:3 = (0, 0, 0, e12, e14 + e23, e13 ± e24), S(∆) contains the group gen-

erated by (1 2), (1 3) and (5 6), and additionally the elements (3 4), (3 4)(5 6),

(1 2)(3 4), (1 2)(3 4)(5 6). So we must additionally consider the arrows ei
e6−→ e5

for i = 1, . . . , 4, and each of them violates (N2).
A similar argument proves the maximality of the 7-dimensional Lie algebras

in the list.

Proposition 5.4. Every nice nilpotent Lie algebra of dimension ≤ 7 has an
arrow-breaking involution except

64321:5 (0, 0,−e12, e13, e14 + e23, e25 + e34)

Proof. We first prove that the Lie algebra in the statement has no arrow-
breaking involution σ.

Suppose such a σ exists. Since Q∆ and σQ∆ are coprime and (1 + e1 −
e5)(1 + e2 − e5)(1 + e3 − e5)(1 + e4 − e5) divides Q∆, it follows that σQ∆ does
not have any linear factor of the form (1 + ei − e5). Thus, σ5 is either 1 or 2.
The same argument applies to 6. It follows that e3 + e4 is σ-invariant; since it
divides P∆, we reach a contradiction.

Table 2 gives a list with one arrow-breaking involution for each of the other
nice nilpotent Lie algebras of dimension ≤ 7. We point out that the involution
is generally not unique.

Example 5.5. Consider the nice Lie algebra

64321:5 (0, 0,−e12, e13, e14 + e23, e25 + e34),

that does not admit any arrow-breaking involution. We will show that for
some σ-diagonal metrics the Ricci tensor can be zero. Using the involution
σ = (1 3)(4 5), the Ricci tensor associated to the σ-diagonal metrics (2) is:

ric =
(g1 + g2)g4

2g1g2
e1 � e4 +

(
g4

2g1
− g6

2g4

)
e2 � e3 −

(
g2

4

2g2
1

+
g6

2g2

)
e5 ⊗ e5.
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Table 2: Maximal nice Lie algebras g with 3 ≤ n ≤ 7 nodes and, for each
except 64321:5, an arrow-breaking involution σ, and a plane giving a nonzero
component of the curvature tensor.

Name g σ plane

31:1 0, 0, e12 (1 3)

421:1 0, 0, e12, e13 (1 4)(2 3)

5321:2 0, 0, e12, e13, e14 + e23 (2 4)(1 5) e1 ∧ e2
64321:2 0, 0, e12, e13, e14, e15 + e23 (2 4)(1 6) e1 ∧ e2
64321:4 0, 0, e12, e13, e14 + e23, e15 + e24 (3 4)(2 5)(1 6)
64321:5 0, 0,−e12, e13, e14 + e23, e25 + e34 none
6431:2 0, 0, e12, e13, e23, e14 ± e25 (3 4)(2 6)(1 5)
632:3 0, 0, 0, e12, e14 + e23, e13 ± e24 (2 6)(1 5) e1 ∧ e2
754321:2 0, 0, e12, e13, e14, e15, e16 + e23 (3 5)(1 7) e1 ∧ e3
754321:3 0, 0, e12, e13, e14, e15 + e23, e16 + e24 (3 4)(2 6)(1 7) e1 ∧ (e2 − e4)

754321:9
0, 0, (1− λ)e12, e13, λe14 + e23,

(3 5)(2 6)(1 7)
e24 + e15, e25 + e34 + e16

75432:2 0, 0,−e12, e13, e14, e15 + e23, e25 + e34 (3 5)(2 7)(1 6) (e1 − e2) ∧ e3
75421:2 0, 0, e12, e13, e23, e14, e16 + e25 (3 4)(2 7)(1 5) e1 ∧ (e2 − e4)
75421:5 0, 0,−e12,±e13, e23, e14 + e25, e26 + e34 (3 5)(2 7)(1 6) (e1 − e2) ∧ e3
7542:3 0, 0, e12, e13, e23, e15 + e24, e14 ± e25 (3 5)(2 7)(1 6) e1 ∧ (e2 − e3)
74321:10 0, 0, 0,−e12, e14, e15 + e23, e26 + e13 + e45 (3 5)(2 7)(1 6) (e1 − e5) ∧ (e2 + e3)
7431:4 0, 0, 0, e12, e14, e13 + e24, e15 + e23 (3 7)(2 5)(1 6) e1 ∧ e2
7431:11 0, 0, 0, e12,±e13 + e24, e14 + e23, e15 + e26 (3 5)(2 7)(1 6) (e1 − e3) ∧ e2

7431:13
0, 0, 0, (A− 1)e12,±e14 + e23,

(3 5)(2 7)(1 6) (e1 + e2) ∧ (e2 + e3)
Ae13 + e24, e15 + e26 + e34

7421:11 0, 0, 0, e12, e13, e14, e16 + e24 ± e35 (3 4)(1 7) e1 ∧ e3
7421:13 0, 0, 0, e12, e13, e24, e14 + e26 + e35 (3 6)(2 7)(1 5) (e1 − e3) ∧ e2
742:13 0, 0, 0, e12, e13, e14 + e23, e15 + e24 (3 7)(2 5)(1 6) (e1 − e2) ∧ e3
742:14 0, 0, 0,±e12, e13, e14 + e23, e24 + e35 (3 7)(2 6)(1 5) (e1 − e3) ∧ e2
742:16 0, 0, 0, e12, e13, e15 + e24, e14 + e35 (5 7)(2 3)(1 6) e1 ∧ e2
741:5 0, 0, 0, e12, e13, e23, e15 + e24 + e36 (3 7)(2 6)(1 4) e1 ∧ e3
73:7 0, 0, 0, 0, e14 + e23, e13 ± e24, e12 + e34 (4 6)(2 7)(1 5) (e1 + e2) ∧ (e2 + e4)
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where e1 � ej = ei ⊗ ej + ej ⊗ ei. Clearly, the Ricci tensor is zero if g2 = −g1

and g6 = g2
4/g1. Observe that e2

e5−→ e6 = σ(e6), and there are no arrows of
the form e2 → eσ5

, e5 → eσ2
, so by the Criteria (C1) of Proposition 2.7, we can

conclude that the metric is not flat.
Moreover, the following σ can define σ-diagonal Ricci-flat non-flat metric:

(1 6)(3 5) for g1 = g3

(2 4)(3 5)(1 6) for g1 = ±g3

(2 5)(1 6) for g3 =
g2

2(g2
1 − g2

4)

g2
1g4

.

From Proposition 5.4 and the previous example we obtain:

Theorem 5.6. Every nice nilpotent Lie algebra of dimension ≤ 7 has a Ricci-
flat metric.

It is natural to ask if the metric can be chosen to be nonflat. In dimension 3,
this is obviously not possible, since the Ricci tensor determines the full curvature
tensor; moreover, it is clear that abelian Lie algebras are necessarily flat. In
dimension 4, every Ricci-flat metric on the Lie algebra (0, 0, 0, 12) is flat [?, ?].

With these exceptions, we can indeed show that the metric can be chosen
to be nonflat:

Corollary 5.7. Every nonabelian nice nilpotent Lie algebra of dimension ≤ 7
not isomorphic to (0, 0, 12) or (0, 0, 0, 12) has a nonflat Ricci-flat metric.

Proof. For (0, 0, 12, 13), it is easy to check that the only arrow-breaking order
two permutation is (1 4)(2 3), and every diagonal metric (2) induced by it is flat.
Nevertheless, one can prove that the σ-diagonal metric induced by σ = (2 4),
with parameters g1 = −1, g2 = g3 = 1 is a Ricci-flat nonflat metric.

For (0, 0, 0, 0, 12), we see that σ = (2 4)(1 3) is arrow-breaking and that σ-
diagonal metrics are not flat (for instance, apply (C1) of Proposition 2.7).

For the other cases, we observe first that if g has a nonflat Ricci-flat metric,
then so has g×Rk; therefore, we only need to consider nice Lie algebras whose
diagram does not have a disconnected node.

For 19 maximal Lie algebras and 1 family, we can find a plane v∧w such that,
given σ as in Table 2, a generic σ-compatible metric (2) satisfies 〈R(v, w)v, w〉 6=
0, not only on the maximal Lie algebra g, but also for all nice Lie algebras g′ ≤ g
whose diagram does not have a disconnected node. Such a plane is indicated in
the last column of Table 2.

In dimension 5 ≤ n ≤ 7, there are exactly 17 nonabelian nice nilpotent Lie
algebras and 1 family whose diagrams have no disconnected nodes and cannot
be written as g′ ≤ g, with g one of the 19 Lie algebras or the family above. One
is 64321:5, which we have already shown to admit a nonflat Ricci-flat metric.
The others are listed in Table 3 together with an arrow-breaking σ and a plane
such that the generic σ-diagonal metric is nonflat.

Remark 5.8. In dimension 7, there exist continuous families of nilpotent Lie
algebras admitting a nice basis. If the parameters are chosen to be rational,
the corresponding nilpotent Lie groups admit a compact quotient; the resulting
nilmanifolds are pairwise nonisomorphic (see [?, Theorem 5]). This determines
infinitely many diffeomorphism types of Ricci-flat manifolds in any dimension
≥ 7, by taking a product with a torus.
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Table 3: Nice nilpotent Lie algebras for which existence of a nonflat Ricci-flat
metric does not follow from Table 2.

Name g σ plane

64321:3 0, 0,−e12, e13, e14, e25 + e34 (2 4)(1 6) e1 ∧ e2
64321:4 0, 0, e12, e13, e14 + e23, e15 + e24 (3 4)(2 5)(1 6) e1 ∧ (e2 + e3)
6431:2 0, 0, e12,±e13, e23, e14 + e25 (3 4)(2 6)(1 5) e1 ∧ e2
6431:3 0, 0, e12, e13, e23, e15 + e24 (3 5)(2 6)(1 4) (e1 − e3) ∧ e2
6321:4 0, 0, 0,−e12, e14 + e23, e15 + e34 (3 5)(2 4)(1 6) e1 ∧ (e2 + e3)
631:5 0, 0, 0,±e12, e13, e24 + e35 (2 3)(1 6) e1 ∧ e2
631:6 0, 0, 0, e12, e13, e25 + e34 (2 3)(1 6) e1 ∧ e2
754321:5 0, 0,−e12, e13, e14, e15, e16 + e25 + e34 (3 5)(1 7) e1 ∧ e3
754321:6 0, 0, e12, e13, e14 + e23, e15 + e24, e16 + e34 (4 6)(2 5)(1 7) e1 ∧ e2
754321:7 0, 0, e12, e13, e14 + e23, e15 + e24, e16 + e25 (3 5)(2 6)(1 7) e1 ∧ e3

754321:9
0, 0, (1− λ)e12, e13, λe14 + e23,

(3 5)(2 6)(1 7) e1 ∧ e3
e15 + e24, e16 + e34 + e25

75432:3 0, 0,−e12, e13, e14 + e23, e15 + e24, e25 + e34 (3 5)(2 7)(1 6) e1 ∧ e2
75421:4 0, 0, e12, e13, e23, e15 + e24, e16 + e34 (4 6)(2 5)(1 7) e1 ∧ e2
75421:6 0, 0,−e12, e13, e23, e15 + e24, e14 + e26 + e35 (3 4)(2 7)(1 6) e2 ∧ e3
75421:6 0, 0, 0,−e12, e14, e15 + e24, e13 + e26 + e45 (3 4)(2 7)(1 6) e1 ∧ e2
74321:12 0, 0, 0,−e12, e14 + e23, e15 + e34, e16 + e35 (3 6)(2 5)(1 7) e1 ∧ e2
74321:15 0, 0, 0,−e12, e14 + e23, e15 + e34, e16 + e24 + e35 (3 6)(2 5)(1 7) e1 ∧ e2

It is well known that there is only one 6-dimensional Lie algebra that does
not admit any nice basis, namely:

(0, 0, 0, e12, e14, e15 + e23 + e24),

denoted by N6,1,4 in the classification of [?]. However, it can carry Ricci-flat
metrics. For example, easy computations show that the following σ (written
with respect to the basis {e1, . . . , e6}) define a Ricci-flat σ-diagonal metric for
any choice of the parameters gi:

(1 3)(2 6)(4 5), (1 6)(2 5), (1 6)(2 5)(3 4).

A plane on which the restriction of the curvature is nonzero is given in the first
case by e2 ∧ e4, in the other two by e1 ∧ e2.

Corollary 5.9. Every nonabelian 6-dimensional nilpotent Lie algebra has a
nonflat Ricci-flat metric.

Remark 5.10. Given an order two permutation σ which is the product of k
transpositions, the signature of any σ-diagonal metric is (p, q) where p, q ≥ k.
Since the coefficients gi of a σ-diagonal metric can be chosen arbitrarily all
possible signatures with p, q ≥ k can be obtained in Theorem 5.6 and Corollary
5.9.
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