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ABSTRACT. In this work we investigate positivity properties of nonlocal Schrodinger type op-
erators, driven by the fractional Laplacian, with multipolar, critical, and locally homogeneous
potentials. On one hand, we develop a criterion that links the positivity of the spectrum of
such operators with the existence of certain positive supersolutions, while, on the other hand,
we study the localization of binding for this kind of potentials. Combining these two tools and
performing an inductive procedure on the number of poles, we establish necessary and suffi-
cient conditions for the existence of a configuration of poles that ensures the positivity of the
corresponding Schrédinger operator.
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1. INTRODUCTION

Let s € (0,1) and N > 2s. Let us consider & > 1 real numbers Aq,..., A\; (sometimes called
masses) and k poles ay,...,a, € RV such that a; # a; forall 4,57 =1,...,k, i # j. The main
object of our investigation is the operator

s Ai .
Lardparia, = (—A) = > Fap D RV, (1.1)

Here (—A)® denotes the fractional Laplace operator, which acts on functions ¢ € C°(RY) as

p(r) = p(y) . p(r) — ¢(y)
(=A)%p(x) := C(N,s) P.V. / 2 dy = C(N, s) lim 2T Ay,
Ry [z —y[M o0 Jpmypsp [ —y N
where P.V. means that the integral has to be seen in the principal value sense and
r N+2s
C(N,s) = W’ZQ%FEQ 2 8)) s(1—s),

with I" denoting the usual Euler’s Gamma function. Hereafter, we refer to an operator of the type
(=A)®* =V as a fractional Schrédinger operator with potential V.

One of the reasons of mathematical interest in operators of type (1.1)) lies in the criticality of
potentials of order —2s, which have the same scaling rate as the s-fractional Laplacian.

We introduce, on C°(RY), the following positive definite bilinear form, associated to (—A)*

(u(z) — u(y))(v(z) = v(y))

N+2s

1
(U, V) ps2mry = §C(N, s)/ dzdy (1.2)

R2N |z —y|
and we define the space D¥2(RY) as the completion of C°(RY) with respect to the norm
H'HD&?(RN) induced by the scalar product (1.2]). Moreover, the following quadratic form is naturally
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associated to the operator £, x..a1,...

Ak
1 |u(z) — u(y) / Ju(z)|”
orran (W) 1 = =C(N, e VR e L VI
Queewanan () 1= 500N, [ |x_y|N+25 Z M rereis
) (1.3)
T |u(z)]
= [lullpe.2 @y ZA /Rdex

We observe that Qx, .. x..a1,....ar 1S Well-defined on D% 2(RY) thanks to the validity of the following
fractional Hardy inequality proved in [26]:

2
H/ T(| 2 4y < ullpea@yy,  for all u e D¥(RY), (1.4)
]RN
where the constant
2 T2 (%)
Yo =7E(N,8) =27 7o
2 (552)

is optimal and not attained.

One goal of the present paper is to find necessary and sufficient conditions (on the masses
A1,y..., Ag) for the existence of a configuration of poles (a1, ...,ax) that guarantees the positivity
of the quadratic form (1.3)), extending to the fractional case some results obtained in [21] for the
classical Laplacian. The quadratic form Qx,,.. r..a1,...,a, 15 said to be positive definite if

Q)q,...,)\k,(l,l,...,ak (U)

2
HUHDM(RN)

in > 0.
u€D*2(RN)\{0}

In the case of a single pole (i.e. k= 1), the fractional Hardy inequality immediately answers
the question of positivity: the quadratic form @, is positive definite if and only if A < vg.
Hence our interest in multipolar potentials is justified by the fact that the location of the poles
(in particular the shape of the configuration) could play some role in the positivity of .
Furthermore, one could expect that some other conditions on the masses may arise when £ > 1.
We mention that several authors have approached the problem of multipolar singular potentials,
both for the classical Laplacian, see e.g. [Bl 6] 10, 111 19, 24] and for the fractional case, see [23].

A fundamental tool in our arguments is the well known Caffarelli-Silvestre extension for func-
tions in D*2(RY), which allows us to study the nonlocal operator (—A)® by means of a boundary
value problem driven by a local operator in RY ! := {(t,z) : t € (0, +00),z € R¥}. We introduce

the space D1’2(Rf+1; t1725) | defined as the completion of C’SO(R_IXH) with respect to the norm

1/2
— 1-2s 2
Ul pr 2+ 120y = (/Mﬂt VU dtdx) :

We have that there exists a well-defined and continuous trace map

Tr: DR2(RY T #172) — D(RY) (1.5)

which is onto, see, for instance, [7]. Let us now consider, for u € D*2(RY), the following mini-
mization problem

min {/ 172 | Ve dtdr: & € DVAHRYTLH72), Trd =wp . (1.6)
R+

One can prove that there exists a unique function U € DLQ(RfH;tl_Qs) (which we call the
extension of u) attaining ([1.6)), i.e.
/ 1725 |VU|? dtda < / 1725 |Vo|? dtdx (1.7)
RN+1 RN+1
+ +
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for all ® € DL2(RYT;¢172%) such that Tr ® = u. Furthermore, in [9] it has been proven that

/ t12VU - V@ dt dz = ks(u, Tr @) pezgny  for all & € DHA(RY T ¢1729), (1.8)
RN+1
where (1 s)
-5
= 1.9
T 9RIT(y) (1.9)
We observe that (1.8 is the variational formulation of the following problem
—div(t'7**VU) = 0, in R+,
(1.10)
— lim tl_Qsa—U = ks(—=A)%u, on RV,
t—0 ot

In the classical (local) case, the problem of positivity of Schrédinger operators with multi-singular
Hardy-type potentials was addressed in [21]. In that article, the authors tackled the problem mak-
ing use of a localization of binding result that provides, under certain assumptions, the positivity
of the sum of two positive operators, by translating one of them through a sufficiently long vector.
This argument is based, in turn, on a criterion which relates the positivity of an operator to the
existence of a positive supersolution, in the spirit of Allegretto-Piepenbrink Theory (see [4] B31]).
As one can observe in [21], the strong suit of the local case is that the study of the action of the
operator can be substantially reduced to neighbourhoods of the singularities. However, this is not
possible in the fractional context due to nonlocal effects: in the present paper we overcome this
issue by taking into consideration the Caffarelli-Silvestre extension (1.10]), which yields a local
formulation of the problem.

The equivalence between the fractional problem in RY and the Caffarelli-Silvestre extension
problem in Rf +1 allows us to characterize the coercivity properties of quadratic forms on D*2(RV)
in terms of quadratic forms on D1’2(Rf+1; t172). We say that a function V € L _(R”) satisfies
the form-bounded condition if

sup S~ |V (2)|u?(z) dz

ueDs,Q(]RN) H’LL|
uZ0

Let ‘H be the class of potentials satisfying the form-bounded condition, i.e.

H={V e LL.(RY):V satisfies (FB)}.
It is easy to understand that, if V € H, then Vu € (D*2(RVN))* for all u € D*?(RY) and the
quadratic form w > [[ul|3. 2 gny — [ Vu? is well defined in D*2(RY). For all V € H we define

< +o0. (FB)

2
Ds:2(RN)

[|ul %5,2(RN) — Jon Vu? da

uV) = inf 1.11
V) ueD=2(RN)\{0} ||u||§)512(]RN) ( )
and observe that u(V) > —oc.
Lemma 1.1. Let V € ‘H. Then
/ 25| VU2 dt dw — Iis/ V|Tr U] de
) R$+l RN
w(V) = inf . (1.12)
UE'Dl’z(Rf+1;t1725) tl_QS‘VU‘Q dt dx
U#0 Rfﬂ

In the present paper we will focus our attention on the following class of potentials

k
>\i ay; T >\oo N T
0= {V(x) S et 0(2) | Aooxermy( >+W(x): risR>0, k€N,

— q.l2s 2s
~  lz—ai ||
Q; ERNy ai#aj fori;ﬁj, AZv)\oo <7YH, WELN/ZS(RN)QLOO(RN)}v
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where, for any r > 0 and 2 € R, we denote
B'(z,r):={yeRY: |y—z|<r} and B.:=B(0,r).

We observe that, when considering a potential V' € ©, it is not restrictive to assume that the sets
B'(a;,r;) and RN \ By, appearing in its representation are mutually disjoint, up to redefining the
remainder W.

It is easy to see that, for instance,
k A . k
2725 €0, when \; <~vyg foralli=1,... k and Z’\i < vYH.
i=1 |'r - ai| i=1
We observe that any V' € O satisfies the form-bounded condition, i.e. © C H, thanks to the
fractional Hardy and Sobolev inequalities stated in and respectively.

Our first main result is a criterion that provides the equivalence between the positivity of (V)
for potentials V' € © and the existence of a positive supersolution to a certain (possibly perturbed)
problem. This criterion is reminiscent of the Allegretto-Piepenbrink Theory, developed in 1974 in
[, B1] (see also [2] [3 29], B3]). As far as we know, the result contained in the following lemma is
new in the nonlocal framework; nevertheless, some tools from the Allegretto-Piepenbrink Theory
have been used in [25] 28] to prove some Hardy-type fractional inequalities.

)\,' Ta: 1 AOOX 4 (:E)
Lemma 1.2 (Positivity Criterion). Let V = Zle ’Xlz_(‘;f_’fg’ﬁ(z) IT;;BR +W(z) € © and

let Ve L2 (RN\{ay, ..., ax}) be such that V. <V < |V| a.e. inRN. The following two assertions
hold true.

(I) Assume that there exist some ¢ > 0 and a function ® € D2 (Rf“; t172%) such that ® > 0
in RV {(0,a1),...,(0,a5)}, @ € C° (M“ \{(0,a1), ..., (O,ak)}), and

/ =3V - VU dt dr > HS/ (V4¢eV)TrdTr U da, (1.13)
R$+1 RN
for allU € Dl’Q(Rf"'l;tl’Qs), U>0ae in ]R_IX'H. Then
w(V) >¢e/(e+1). (1.14)
(I1) Conwersely, assume that (V) > 0. Then there exist € > 0 (not depending on V) and
® € DV2(RYHL 11-25) such that ® > 0 in RY T, & € C° (W\ {(O,al),...,(O,ak)}),

® >0 in Rf“ \ {(0,a1),...,(0,ar)}, and (L.13) holds for every U € Dl’z(RfH;tI*%)
satisfying U > 0 a.e. in Ri\_u'l. If, in addition, we assume that'V and V are locally Hélder
continuous in RN \ {a1,...,ax}, then ® > 0 in RY T\ {(0,a1),...,(0,ax)}.

In order to use statement (I) to obtain positivity of a given Schrodinger operator with potential
in ©, it is crucial to exhibit a weak supersolution to the corresponding Schrodinger equation, i.e. a
function satisfying , which is strictly positive outside the poles. Nevertheless, the application
of maximum principles to prove positivity of solutions to singular/degenerate extension problems
is more delicate than in the classic case, due to regularity issues (see the Hopf type principle proved
in [8, Proposition 4.11] and recalled in Proposition of the Appendix). For this reason, in order
to apply the above criterion in Sections [6] and [7] we will develop an approximation argument
introducing a class of more regular potentials (see (6.2)).

The following theorem, whose proof heavily relies on Lemmal[L.2] fits in the theory of Localization
of Binding, whose aim is study the lowest eigenvalue of Schrodinger operators of the type

—A+Vi+Va(-—y), yeRY,

in relation to the potentials V3 and V5 and to the translation vector y € RY. The case in which
V1 and V3 belong to the Kato class has been studied in [32], while Simon in [35] analyzed the case
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of compactly supported potentials; singular inverse square potentials were instead considered in
[21I]. Our result concerns the fractional case and provides sufficient conditions on the potentials
and on the length of the translation for the positivity of the corresponding fractional Schrodinger
operator.

Theorem 1.3 (Localization of Binding). Let

k1 )\1 )\1 N , (l’)
zXB’(a},ril)(x) o XR \B‘
Vi(z) = Z Iz — al|? |x|25R1 + Wi (z) € O,
=1 (3
2 A2 A2 xen g ()
zXB/(af,rg)(l“) o XRN\ B,
V(@) :Z |z — a2|?s BES : + Wa(z) € O,
i=1 i

and assume p(Vi), u(Va) > 0 and A\, + X%, < yu. Then there exists R > 0 such that, for every
y € RN\ Bf,
p(Vi() +Va(-—y)) > 0.

Combining the previous theorem with an inductive procedure on the number of poles k, we
obtain a necessary and sufficient condition for positivity of the operator (|1.1J).

Theorem 1.4. Let (\y,...\x) € R*. Then

k
N <vg foralli=1,....k, and Z/\i<’yH (1.15)
i=1
is a necessary and sufficient condition for the existence of a configuration of poles (ai,...,ax)

such that the quadratic form Qx, ... r,,a1,....ar, @SS0ciated to the operator Ly, . x,.a1,...a

definite.

. 18 positive

Besides the interest in the existence of a configuration of poles making Q»x, ... A ,a1,...,a;, DOSItive
definite, one can search for a condition on the masses Ay, ..., \; that guarantees the positivity of
this quadratic form for every configuration of poles; in this direction, an answer is given by the
following theorem (we refer to [22] Proposition 1.2] for an analogous result in the classical case of
the Laplacian with multipolar inverse square potentials).

Theorem 1.5. Let t* := max{0,¢}. If

k
DA <, (1.16)
i=1
then the quadratic form Qx, .. x..a1,....ax 1S Dositive definite for all ay,...,ar € RYN. Conversely, if
k
S
i=1
then there exists a configuration of poles (a1,...,ar) such that Qx,,..r..a1,...ax 5 N0t positive

definite.

Finally, it is natural to ask whether u(V'), defined as an infimum in , is attained or not.
In the case of a single pole, it is known that the infimum is not achieved, see e.g. [25]; however,
when dealing with multiple singularities, the outcome can be different. Indeed, for V' in the class
O, we have that u(V) <1 - ,%H max;—1,... koo Ai, sSee Lemma and the infimum is attained in
the case of strict inequality, as established in the following proposition.

Proposition 1.6. If V € © is such that

1
w(V)<1l——max{0,A1,..., \k, A }, (1.17)
VH

then (V') is attained.



The paper is organized as follows. In Section [2| we recall some known results about spaces
involving fractional derivatives and weighted spaces in Rf *1 and we prove some estimates needed
in the rest of the article. In Section [3| we prove Theorem In Section [ we prove the positivity
criterion, i.e. Lemma [I.2] while in Section [5] we look for upper and lower bounds of the quantity
(V). In Section [f] we investigate the persistence of the positivity of 1(V'), when the potential V'
is subject to a perturbation far from the origin or close to a pole. Section[7]is devoted to the proof
of Theorem that is the primary tool used in the proof of Theorem pursued in Section
Finally, in Section [ we prove Proposition [I.6

Notation. We list below some notation used throughout the paper:

- B'(z,r):=={y € RN: |z —y| <r}, Bl := B'(0,r) for the balls in RY;

- RV = {(tx) e RVFL £ >0, 2 € RV}

- B == {z e RY": |z| <r} for the half-balls in R} *';

- SV :={z € RN*L: |z| = 1} is the unit N-dimensional sphere;

- Sf =SV ﬂRfH and SV .= 881;

- S :={rf: 0 € S¥'} denotes a positive half-sphere with arbitrary radius r > 0;

- dS and dS’ denote the volume element in N and N — 1 dimensional spheres, respectively;
- for t € R, t* := max{0,¢} and ¢~ := max{0, —t}.

2. PRELIMINARIES

In this section we clarify some details about the spaces involved in our exposition and their
relation with the fractional Laplace operator, we recall basic known facts and we prove some
introductory results.

2.1. Preliminaries on Fractional Sobolev Spaces and weighted spaces in Rf“. Let us
consider the homogenous Sobolev space D*?(RYM) defined in Section Thanks to the Hardy-
Littlewood-Sobolev inequality

2
Ds.2(RN) (2.1)

that holds for all functions u € D%2(RY), we have that D*2(R") is continuously embedded in
L2 (RYN), where 27 := 2% is the critical Sobolev exponent. Combining (L.7) and (L.8) with (T.4)
and (2.1]), we obtain, respectively

2
S ||u||L2§(JRN) < [Jul

U
/mH/ | 25' dz g/ 172 |VU|* dtda for all U € DV2(RY L #17%) (2.2)
RN ] RY+!

and
KsS ||TrU||2Lz;(RN) < /Rw 172 |VU dtde  for all U € DV2(RYHL; 41725, (2.3)
+

Moreover, just as a consequence of ([1.7) and (1.8)), we have that

Ko | Tr U [ Boo gy < /}RM 172 |VU dtdz  for all U € DV(RYHL; 41725, (2.4)
+

Now we state a result providing a compact trace embedding, which will be useful in the following.

Lemma 2.1. Let p € LN/25(RN). If (Uy,), C DV2(RY T 41725 and U € DV2(RY #1729 are
such that U, — U weakly in DV2(RY T 4172%) asn — oo, then [ p| TrUn|* dz — [on p| T U[? dz
as n — oo. In particular, if p > 0 a.e. in RN, the trace operator

D1’2(Rf+1; t1_28) SN L2(RN,pd£E)

is compact, where L?*(RY;pdx) := {u € LL_(RN): fRJ\,p|u|2 dz < oo}.

loc
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Proof. Let (Uy), C DM2(RYT¢172%) and U € DY2(RYT;4172%) be such U, — U weakly in
D12 (Rf“; t172%) as n — oo. Hence, in view of continuity of the trace operator and classical
compactness results for fractional Sobolev spaces (see e.g. [I2, Theorem 7.1]), we have that
TrU, — TrU in L2 (R™) and a.e. in RY. Furthermore, by continuity of the trace operator

loc

and (2.3)), we have that, for every w C R measurable,

T = 0 do < ClplsalVn = Ul s

for some positive constant C' > 0 independent of w and n. Therefore, by Vitali’s Convergence
Theorem we can conclude that lim, o [pn [p|| Tr(Un — U)|* dz = 0, from which the conclusion
follows. O

We finally introduce a class of weighted Lebesgue and Sobolev spaces, on bounded open Lips-
chitz sets w C Rf *1 in the upper half-space. Namely, we define

LA (w;t'72%) = {U: w — R measurable: such that / 272U dtda < oo}

and the weighted Sobolev space
H' (w; t'72%) := {U € L*(w; t'*): VU € L*(w;t'~>)}.

From the fact that the weight ¢1=2¢ belongs to the second Muckenhoupt class (see, for instance,
[14, 13]) and thanks to well known weighted inequalities, one can prove that the embedding
HY(w;t172%) — L2(w;t'72%) is compact, see for details [20, Proposition 7.1] and [30]. In addition,
in the particular case of w = B, one can prove that the trace operators

HU(BF#72) o I2(B),  HU(BF:#72) < L3(S7507),

are well defined and compact, where

LA(S}H;tt=2%) .= {1/}: ST — R measurable : / 1725 |g* dS < oo}.
+

r

2.2. The Angular Eigenvalue Problem. Let us consider, for any A € R, the problem
— diVSN (ei_QSVSN’(b) = /,[,9%_2817&’ in Sf,

- 6115& 0125 Vsn1) - €1 = KA\, on SV (2.5)
1
where e; = (1,0,...,0) € Rf“ and Vg~ denotes the gradient on the unit N-dimensional sphere

S¥. In order to give a variational formulation of (2.5 we introduce the following Sobolev space

HY (SY;0,72°) = {1/1 e L*(SY;0,7%): /+ 017> |Vsnip|? dS < +oo} :

SN
We say that ¢ € H*(SY;6;7%%) and p € R weakly solve (2.5) if
85790000 Vanpl0)dS = o [ 02 0(00p(0)d5 + k) [ 6(0.6)p(0,0')d8
sy sy SN -1
for all p € Hl(Sf; 9%*25). By standard spectral arguments, if A < g, there exists a diverging
sequence of real eigenvalues of problem (2.5))
) < 12(N) <o < pra(X) < -
Moreover, each eigenvalue has finite multiplicity (which is counted in the enumeration above)
and p1(A) > — (%)2 (see [16, Lemma 2.2]). For every n > 1 we choose an eigenfunction
Y € HY(SY;0;72%)\ {0}, corresponding to i, (), such that Jon 03725 |4p,|> dS = 1. In addition,
+

we choose the family {¢,,}, in such a way that it is an orthonormal basis of L?(SY;6]7>%). We
refer to [16] for further details.
7



Aa)

FIGURE 1. The function A

In [16] the following implicit characterization of 11 () is given. For any « € (0, %) we define

r (N+2£f+204) r (N+22—20¢)

r (N72Z+2a) T (N7221972a) !

Aa) = 2% (2.6)

It is known (see e.g. [25] and [16, Proposition 2.3]) that the map a — A(«) is continuous and
monotone decreasing. Moreover

lim A(a) =~g, li Ala) =0, 2.7
Jlim A(e) =g o, (a) (2.7)
see Figure 1. Furthermore, in [I6, Proposition 2.3] it is proved that, for every « € (O, %),

N 23)2. (2.8)

pA@) = o* - (25

In particular, for every A € (0,vp) there exists one and only one o € (0, £52£) such that A(a) = A
and hence 1 () = a? — (%)2 < 0.

We recall the following result from [I5].

Lemma 2.2 ([15, Lemma 4.1]). For every o € (0, 2522) there exists T, : ]R_IXH \ {0} — R such

that Yo is locally Holder continuous in RY T\ {0}, Yo >0 in RY T\ {0}, and

—div(t'7*VT,) =0, in RY T,
Yo(0,2) = |z]~ T ) on RNv (2.9)
oY _
BT 1—2s a 2s N
}gl(l)t B = ksA(a) |z Ty, on RY,

in a weak sense. Moreover, YT, € HI(BE;tl’zs) for every R > 0.

The first eigenvalue p;(\) satisfies the properties described in the following lemma.

Lemma 2.3. Let A < vy. Then the first eigenvalue of problem (2.5) can be characterized as

/ 01725 |Van 1|’ dS—ns)\/ > ds’
SN SN—l

+

) = weHl(isI’l\’fﬂl*zS) 1-2 2
and the above infimum is attained by 1, € H'(SY; 0172%), which weakly solves [R2.5) for = p1(\).

Moreover

(1) p1(N) is simple, i.e. if ¢ attains pi(N) then p = dipy for some § € R;

(2) either ¢y >0 ory <0 in SY;

(3) if X >0 and 1y > 0, then the trace of 11 on SN~ is positive and constant;
(4) if X =0 then 1y is constant in Si\_[.

Proof. The proof of the fact that ui(\) is reached is classical, as well as the proofs of points (1)
and (2), see for instance [34, Section 8.3.3].
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In order to prove (3), let us first observe that, if A € (0,~vg), there exists one and only one
a € (0, ¥522) such that A(a) = A. For this o let T, > 0 be the solution of (2.9). Thanks to [16]
Theorem 4.1}, it is possible to describe the behaviour of Y, near the origin: in particular, since
T, > 0, we have that there exists C' > 0 such that

TTN@YL(0,70") — C1(0,0')  in CLA(SNTY) as T — 07,

ary = _N;Qs n \/(N;Qs) + i (A())

Thanks to (2-8) we have that ay(,) = =252 + a; then 774 Y, (0,76') = 1 and so ¢1(0,6') is
positive and constant in SV 1.

where

Finally, if A = 0 then u1(0) = 0 is clearly attained by every constant function. O

We note that, in view of well known regularity results (see Proposition in the Appendix),
Y1 € COP(SY) for some B € (0,1). Hereafter, we choose the first eigenfunction ¢; of problem
(2.5) to be strictly positive in Sf . With this choice of 11, we also have that, in view of the Hopf
type principle proved in [8, Proposition 4.11] (see Proposition |A.2)),

min; > 0. (2.10)

N
5¥

2.3. Asymptotic Estimates of Solutions. In this section, we describe the asymptotic be-
haviour of solutions to equations of the type — div(t!=2V®) = 0, with singular potentials ap-
pearing in the Neumann-type boundary conditions, either on positive half-balls B;' or on their
complement in Rf +1

Lemma 2.4. Let Ry > 0, A < vy and let ® € Hl(BEO;tl’QS), ® >0 ae in BEO, ® £0, be a
weak solution of the following problem

—div(t'7**V®) = 0, in Bf,,
0P _
R 1—2s _ 2s /
tlgr(l)t En ks(Mz| ™" +q)®, on By,

where q € C'(Bpg, \ {0}) is such that
la(@)| + |z - Va(z)] = O(|| ) as [« =0,

for some € > 0. Then there exist C7 > 0 and R < Ry such that

1
o |2]" < ®(2) < Oy |2|™ for all z € B, (2.11)
1

aAN225+\/(N225> + p1(A). (2.12)

Furthermore, if 0 < A\ < yg, then there exists Cy > 0 such that

where

lim |z|”"* ®(0,z) = Cs. (2.13)

|z|—0

Proof. Since ® > 0 a.e., ® # 0, from [I6, Theorem 4.1] we know that there exists C' > 0 such that
TN O(70) — C1(0) in CO’B(@) as 7 — 0. (2.14)

Estimate (2.11) follows from the above convergence and (2.10). Convergence (2.13)) follows from
(2:14) and statements (3-4) of Lemma [2.3] O
9



Lemma 2.5. Let Ry >0, A < vy and let ® € DM2(RYT4172%), & > 0 ae. inRYTH, @ £0, be
a weak solution of the following problem
—div(t'7*V®) =0, in RY ™\ Bf, |
0P _
2sYF 2s N /
lim Y k(A 2] 4+ q)®, on RN\ By,
where g € C* (RN \ BY; ) is such that

la(@)| + |z - V()| = O] %) as |a] = +oo,

for some € > 0. Then there exist C3 > 0 and R > Ry such that

L (-2
o AT <0 < T forall 2 € REFI B
3

Furthermore, if 0 < A < g, then there exists Cy > 0 such that

lim |z|Y 72 $(0,2) = Cy.
|| =00

Proof. The proof follows by considering the equation solved by the Kelvin transform of ®

~ —(N—-2s z
see [18] Proposition 2.6]) and applying Lemma [2.4 O
(see | P pplying

Lemma 2.6. Let Ry > 0 and let ® € Hl(BEO;tl_QS), ® >0 ae in Rf“, ® £ 0, be a weak
solution of the following problem

: 1-2s _ ; +
—div(t' T°V®) =0, in By,
0P
N 1-2s — . /
tlgr(l)t n ksq®, on Bp,

where q € C'(Bpy, \ {0}) is such that
9@ + |2 Va@)| = O 2*)  as [o] >0,
for some € > 0. Then there exists C5 > 0 such that
lim ®(z) = lim ®(0,z) = Cs.

|z|—0 |z|—0

Proof. The thesis is a direct consequence of the regularity result of |27, Proposition 2.4] (see
Proposition in the Appendix) combined with the Hopf type principle in [8, Proposition 4.11]
(see Proposition . It can be also derived as a particular case of [16, Theorem 4.1] with A = 0,
taking into account that, for A = 0, 97 is a positive constant on Sf , as observed in Lemma O

Lemma 2.7. Let Ry > 0 and let ® € Dva(RfH;tl_Qs), ® >0 ae in Rf“, ® £ 0, be a weak
solution of the following problem

—div(t'7?*V®) = 0, in RY ™\ Bf, |

od
—1i 1-2s _ N !
}gr(l)t 5 = ksq®, on R™\ Bg ,

where g € C' (RN \ By, ) is such that

la(@)] + | - V()| = O] *7%)  as |z] = +oo,
for some € > 0. Then there exists Cg > 0 such that
lim |2V ®(z) = lim |z|Y "% ®(0,2) = Cg
— 00

|2l |00

Proof. The proof follows by considering the equation solved by the Kelvin transform of ® given

in (2.15) and applying Lemma O

10



3. PROOF OF THEOREM

Proof of Theorem[I1.5 First, assume Ele A < ym. By Hardy inequality (T.4) we deduce that

Zfi@*l )‘j 2 5,2 /mN
Qxi o dgsar,an (W) > | 1— ’;T HUHDS"A’(RN) for all u € D>*(RY),

thus implying that Qx,.... x.,a1,...,ar IS Positive definite.

Now we assume that Zle /\j' > vy . By optimality of the constant vy in Hardy inequality, it
follows that there exists ¢ € C°(R”Y) such that

k 2
2 + ]
loleaesy = D% /. e <0 (3.1)
N—2s . .
Let ¢, (z) :=p~ "= (ac/p) Then, taking into account Lemma m we have that
2
2 |<Pp| / ||
S de = . ——dx
1o ey — / i P Ea—— Z e
T ZA*/ lel” 4 < 0
=
as p — +o0o. Therefore, there exists p such that
- [0
2 +
oy — > N / P _dz <o, 3.2
Wlipesary =2 AL | o (3.2)
where ¢ := ;. Let R > 0 be such that suppt C By. Then
I’ 1 / 2
s < ] da (3.3)
/RN |z —a** = (la| = R)** /g,

for |a| sufficiently large. Hence, from (3.2)) and (3.3)) it follows that

k 2
_ 2 + 9] /
= s - E A E Al —
Qv disar e (V) = 195 2(RN) . i /]RN |3: — 29 T+ RN |2 — az|

k
< 1l — N [ ZSdeA— e [ 0 do <o
i=1 RY |x By

if the poles a;’s, corresponding to negative \;’s, are sufﬁmently far from the origin. The proof is
thereby complete. O

Remark 3.1. We observe that, in the case of two poles (i.e. k = 2), Theorem implies the
sufficiency of condition (|1.15)) for the existence of a configuration of poles that makes the quadratic
form Qx,,...Ax.a1.....a, POsitive definite. Indeed, if k¥ = 2 condition (1.15) directly implies (|1.16]).

| 2

4. A POSITIVITY CRITERION IN THE CLASS ©

In this section, we provide the proof of Lemma[[.2] that is a criterion for establishing positivity
of Schrédinger operators with potentials in ©, in relation with existence of positive supersolutions,
in the spirit of Allegretto-Piepenbrink theory.

We first prove the equivalent formulation of the infimum in (1.11)) stated in Lemma

Proof of Lemma[Td Let’s fix & € D*2(RV)\ {0} and let’s call U € DV2(RY T £172%) its exten-
sion. Since

wlilfaeny = [ 00O drda,
+

11



where k; is defined in (|1.9), then

[42l13 2 vy = Jn V2 da _ Jpyr 17 VUP dtde = kg Jon V| TrUP da
1] 2 v Juver 23V 02 dt do
Therefore
itll3e vy = Jn Vi0f* da g . Jpyor t'7F VU dt dz — s fo V| Tr U da
111
||ﬁ‘ 2DS,2(RN) - UE'DI’2(R5+1;7§1725) f]RN'H tliQS‘VU‘Z dtdx
U0 +

and then we can pass to the inf also on the left-hand quotient.
On the other hand, from (2-4), we have that, for any U € DV2(RY;#1-29)\ {0}
fRf“ 12|\ VU P dt de — ks [pn V] T U da . Jen V uf? dz
f]RN+1 t172S|VU|2 dtdzx
+

2
”UHDM(RN)

where © = Tr U. Taking the infimum to both sides concludes the proof. O

Now we are able to provide the proof of the positivity criterion.

Proof of Lemma[I.3 Let us first prove (I). Let U € C°(RY T\ {(0,a1),...,(0,a;)})\ {0}, U #0
on RY. Note that U2?/® € DV2(RY!;#172%) and U?/® > 0, hence we can choose U?/® in (L.13)
as a test function. Easy computations yield

/ (1-2s |VU|2 dtdr — ﬂs/ V|Tr U‘Q dz > 51‘?5/ 1% |T1“U|2 dx
RN+1 RN RN
+

which, taking into account the hypothesis on V, implies that

/ 172 |VU)? dt d.
RYH

ns/ VITrU|? dz <
RN

14¢
Hence
Jpyer 172 VU dtda — kg fon V[T U da .
> . 4.1
S t172s |VU|2 dtdx T 1l4¢ (4.1)
N

Therefore (I) follows by density of C*(RY T\ {(0,a1),...,(0,ax)}) in DV2(RYT11729) (see
Lemma [A.4)).

Now we prove (II). First of all we notice that, thanks to Holder’s inequality, (2.2)) and (2.3))

Iis/ VT U)? d.’ESKJs/ V|| TrU)? da
RN RN

k
1 —1 1-2s 2
< [W <;|AZ|+|AOO|> +8 ||W|LN/25(RN)] /Rmt IVU|? dt dz

+

for all U € DV2(RY ! #1-29). If

V) [ 1 (< B
O<e< ? ’ny (Z ‘/\z| + |)\oo|> + St ||W||LN/25(RN)] > (42)

=1

then

/ =2 |VU|* dtdz — ns/ (V+eV) |Te U do > M/ 72| VU dtdz (4.3)
RY+ X 2 Jayw

12



forall U € ’DLQ(RfH; t1725). Hence, for any fixed p € LNV/25(RN) N L>°(RY), Holder continuous
and positive, the infimum

/ =25 VU ? dtdx—ns/ (V+eV)|Te U da
RN+1 RN

+

mp = 1,2 il}’f‘i»l 1-2
UeD (R 29 2
Tr Eieto /RNp\TrU\ dz
is nonnegative. Also m, is achieved by some function ® € DU2(RYT;¢172%) \ {0}, that (by
evenness) can be chosen to be nonnegative: indeed, thanks to Hardy inequality (2.2)) and (4.3)) it’s
easy to prove that the map

DRV -2 5 U / 1725 VU |* dt dz — /{S/ (V+eV) | Te U da
RN+1 RN
+
is weakly lower semicontinuous (since its square root is an equivalent norm in DL2(RY ! ¢1725)),

while Lemmayields the compactness of the trace map from D1’2(Rf+1; t1=2%) into L2(RY, pdz).
Moreover ® satisfies in a weak sense

—div(t'7**V®) = 0, in RY*H
P N 4.4
— lim tHsa—:ns(v+EV)Trq>+mppTrq>, in RV, 44
t—0+ ot

i.e.

=2V d - VW dt do = ks V4 eV)TrdTrWdz +m
N P
R +1 RN

pTr®dTrWdx
RN

for all W € DV2(RY T #172%). From [27, Proposition 2.6] (see also Proposition in the Ap-
pendix) we have that @ is locally Holder continuous in RY ™\ {(0,a1),...,(0,ax)}; in particular
®c 0 (Rf"’l \ {(0,a1),...,(0, ak)}). Moreover, the classical Strong Maximum Principle implies

that ® > 0 in Rf“; then, in the case when V, V are locally Hélder continuous in RN\ {ay, ..., ax},
the Hopf type principle proved in [8, Proposition 4.11] (which is recalled in the Proposition of
the Appendix) ensures that ®(0,z) > 0 for all # € RV \ {ay, ..., ax, }; we observe that assumption
of Proposition is satisfied thanks to [, Lemma 4.5], see Lemma[A.3] O

5. UPPER AND LOWER BOUNDS FOR (V)

In this section we prove bounds from above and from below (in Lemmal5.1]and[5.2} respectively)
for the quantity p(V).

iXB! (a; r:) (T Aco ()
Lemma 5.1. For any V(z) = Zle XD g, (7) o W (z) € ©, there holds:

fa—ai[ [al

i) p(V) <1
(i) #f max;=1.. koo N >0, then u(V) <1-— 7%1 Max;=1, .. koo Ai-

Proof. Let us fix u € C®(RY), u # 0 and P € RV \ {ay,...,ar}. For every p > 0 we define

(N—25) . . .
up(z) == p~ 5 u(%) and we notice that, by scaling properties,

lapllpe gy = lllpeageny  and fugllos oy = lull 2z v, - (5.1)

Moreover, since supp(u,) = P + psupp(u), we have that a,...,ax & supp(u,) for p > sufficiently
small, hence

V e LN/ (supp(u,)). (5.2)
13



Therefore, from the definition of p(V'), thanks also to (5.1)), (5.2)), Holder inequality, and (2.1]), we
deduce that

2
S Vil de S VI d2

2] -

p(V) <1

2 2
Ds2(RN) ||U||Ds,2(RN)

2
||V||LN/25(supp(up)) HU’HLzﬁ(

RN _
2 L <1457 IVl v/ (supp(u,y) = 1+ 0(1),
”u”DS»?(]RN)

as p — 07. By density we may conclude the first part of the proof.
Now let us assume max;—1,... k00 Ai > 0 and let us first consider the case max;—1, . k00 Ai = Aj
for a certain j = 1,...,k. From optimality of the best constant in Hardy inequality (1.4) and

from the density of C2°(RY \ {a1,...,ax,0}) in D*2(RY) (see Lemma|A.4), we have that, for any
e > 0, there exists ¢ € (RN \ {ay,...,ax,0}) such that

2
2 ol
llaqar, < Car+) [ Epdan (53)
RN |z
Now, for any p > 0 we define ¢,(z) := p‘ww(%). From the definition of p(V) and from
(5.1) we deduce that
Jon V]g,|? dz
vy <1 el 1ol < (5.4)
[l Ds2(RN)
On the other hand, we can split the numerator as
/ Ve, dx:)\j/ 1z — a;]7% |, derZ)\i/ |z — ai| 72 |p,|* dz
RN B'(aj,’l‘j) Z;ﬁj B/(ai/"z‘)
+ )\oo/ |72 |, |? dx+/ W lp,|* da.
RN\ B, RN
From Holder inequality and (5.1)) we have that
2
/RN Wgof) dz| < ||WHLN/25(supp(<pp)) el — 0, asp— 0T, (5.5)
while, just by a change of variable
[ eal el [l el de s [l el s (60)
B/(ajvrj) B’ RN

ri/p

as p — 0. Moreover supp(yp,) = a; + psupp(y), and therefore, thanks to (5.5) and (5.6)), we have
that, as p — 07,

[ Vie ds=; [ jal 2ol dot o1), (5.7
RN RN

Hence, combining ([5.4]) with (5.7)) and (5.3]), we obtain that
p(V) 1= Xj(ym +e) 7,

for all € > 0, which implies that p(V) <1—A;/vg. Finally, let us assume max;—1, g 00 Ai = Aoo-
Letting ¢,(x) := p~ 5 o(x/p), we observe that ¢, — 0 uniformly, as p — +00. So, arguing as
before, one can similarly obtain that (V) <1 — %’; The proof is thereby complete. O

The following result provides the positivity in the case of potentials with subcritical masses
supported in sufficiently small neighbourhoods of the poles. In the following we fix two cut-off
functions ¢, ¢ : RY — R such that ¢, € C°(RY), 0 < ¢(z) <1,0<((x) <1, and

1
C(x)=1 for|z| < 3 C(x)=0 for|z|>1,

C(x)=0 for|z| <1, C((x)=1 for |z|>2.
14



Lemma 5.2. Let {a1,a2,...,ax} C By, a; # a; fori 7é J, and A1, Ao, ..o Ak, Aoo € R be such
that m 1= max;—1 . koo < Yu. For any 0 <h <1 — 2 there ezists § = 6( ) > 0 such that

Zuwaz MelH) ) o 12 —h ifm>0
|m—a|23 |x|2s 1, if m <O0.

Proof. Let us assume that m > 0, otherwise the statement is trivial. First, let us fix 0 < e < £ -1,
so that

5\1' = /\i—i-E)\;-i_ <~wg foralli=1,... k, c0.
In order to prove the statement, it is sufficient to find § = d(e) > 0 and ® € DM2(RYT;¢172%)
such that ® € CORY T\ {(0,a1/6), ..., (0,ar/6)}), ® > 0 in RYT1\ {(0,a1/6), ..., (0, ar/6)},
and
k

/ tl‘ZSVQ-VUdtdx—ZHS V;T&MI)Trde—ns/ Voo Tr@TrUdz >0 (5.8)
RY 1

i—1 RN RN

for all U € Dl’Q(RfH;tl_%), U > 0 a.e., where

M Vio(z) = M_

& — a;i /8" |

Indeed, thanks to scaling properties in (5.8]) and to Lemma (5.8) implies that

L A0(E5) | AwllE)) L e
“(Z PR ) e

= |z —a; |z

Vi(x) =

so that, letting h :=1 — VTI — ﬁ’

continuous in RY M\ {(0,a1/5), ..., (0,ax/5)} satisfying (5.8). Let us set, for some 0 < 7 < 1,

pi(m)::p(x—%) fori=1,... k poo(a;):(li)ng((Z),

We observe that p;, pos € L™V/?5(RY). Therefore, thanks to Lemma

we obtain the result. Hence, we seek for some ® positive and

_ 1
where p(z) = TR
the weighted eigenvalue

Jane1 1725 |VO|* dtda — kg fon Vi [ Tr @[ da
i = inf +
PeDL2(RY T 29) fRN p; | Tr CI)|2 dz

Tr ®Z0

is positive and attained by some nontrivial, nonnegative function ®; € DLQ(RfH;tl_Qs) that
weakly solves

. —92s . N
—div(t' 72"V ®;) = 0, in RY 1,

0P,
—lim t17% = = (kV; + pip;) Tr ®;, on RY.
t—0 ot

N+1
R-i—

From the classical Strong Maximum Principle we deduce that ®; > 0 in , while Proposition

yields that ®; is locally Holder continuous in RY ™1\ {(0,a;/8)}. Moreover, from the Hopf
type lemma in Proposition (whose assumption (A.1)) is satisfied thanks to Lemmaoutside
{a;/6}) we deduce that Tr ®; > 0 in RY \ {a;/d}. Similarly

- Jaa 2 (VO [* dtdz — ks [on Vio |Tr @] da

0o = n

a @eDLZ(]RfX;l;tI*?S) Jan Poo | Tr ®|? da
Tr ®Z£0

15



is positive and reached by some nontrivial, nonnegative function ®., € ’Dl’z(Rf +1, t1=2%) such

that @, is locally Holder continuous in Rf 1 and &, > 01in Rf +1. Moreover, ®, weakly solves

—div(t' ™ Vd.,) = 0, in RY T,
0P
—lim ¢! == = (KsVoo + fooPoo) Tr @y, on RY.
t—0 t

Lemmas [2.4 (and continuity of the ®;’s outside the poles) imply that there exists Cy > 0
(independent of §) such that

1 i 19X, i |95 .
—‘x—a— LTy @, §Co'zfa— ) , in B'(a;/0,1), (5.9)
Co 0
1 i —(N—25s) i —(N—2s)
% et S RV O N CRT)
Co 1) 0
1 |6z| " N297% g |29 mas .
070 f S’I‘rq)oo SCO - ) mn RN\B}%/(;’ (511)
1
— <Trd, < Cy, in B}z/&. (5.12)
Co

Let @ := Y0, ®; + nPoo, With 0 < < inf{;t:i=1,...,k X; > 0}. Therefore,
0N

k
/ tl_ZSVQ-VUdtdx_Z/ ViTrCI)Trde—/ Voo Tr @ Tr U dx
RY i=1 /RY RY

k k
=/RN [Z (uipz- ~Va —Zvj) Tr<1>i+77<uoopoo —Zv;) Tréw} TrU dz

i=1 j#i i=1
=: /]RN g(x) TrU(x)dz (5.13)

for all U € DM2(RYT1;#172%). Hereafter, let us assume U > 0 a.e. in RY ™. We will split
the integral into three parts and prove that each of these is nonnegative. First, let us consider
z € By s\ (UK B’(a;/5,1)): here V; = Vo, = 0 and we have that

k
9(x) = ppi T B + NjtogPoc Tr g > 0.
i=1
Now let us take n € {1,...,k} and = € B'(a,/d,1), where Voo = V; = 0 for i # n. Then
k
g(@) = pipi Trd; = Vi > Tr B + nftooPoo — Vi) Tr P
i=1 i#n

k
> fipn Tr @, — Vn(ZTrtbi +77Tr<I>oo>.
=1

If \,, <0 this is clearly nonnegative; so let us assume A, > 0. Thanks to (5.9), (5.10) and (5.12)

we can estimate this quantity from below by
- a; |—(N—2s)
_ )\nCo( é ‘x - + n)] (5.14)

—2s Ln ‘ B CLn
27Cy

We observe that |z — a,/d6|" " *» > 1, since A, > 0 implies that a;, < 0 and we can choose

T < —ajy_ . Moreover it’s not hard to prove that, for ¢ # n,

)

—(N—-2s) 2 N-2s n
< 5N72s
< (o a) SE-T

16
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for § > 0 sufficiently small. Thanks to this and to the choice of 7 we have that the expression in
(5.14) and then g(x) is nonnegative in B’(a,/d,1) . Finally, if z € RV \ B}%/é, then the function

g in (5.13]) becomes

k

Z(Mipi - Voo) Tr ®; + NHooPoo Tr&. (515)
=1

Again, if Aso < 0 this quantity is nonnegative. If Ay > 0, thanks to (5.10) and (5.11), we have
that the function in ([5.15)) is greater than or equal to

k N —(N—-2s)—a5__+71
_9s . a; (N—-2s) Moo or oo
~Chee Yo -2 el 5.16
ER RS oI e (5.16)
Now, one can easily see that
e > (124 || for all z € RV \ B here a = max |a;]
61~ R r/5 W - j:l,..}.(,k Jh
so that we can estimate (5.16]) from below obtaining that, for all z € RY \Bj%/(;,
—(N—2s) —(N—=2s)—a5__ +7
-N Y a Nitoo | 0 °° —as5 _+T
> —Corok| 1 — = —= Ao
o) o | - Cotuk(1- ) e | o5 ]
—(N—2s) —(N-2s)
N N a Nitoo | 0
> — Codock| 1 — = — >0
s ena(-g) gl
for § > 0 sufficiently small, since a5 < 0 if Ao > 0. The proof is thereby complete. O

6. PERTURBATION AT INFINITY AND AT POLES
In this section, we investigate the persistence of the positivity when the mass is increased at
infinity (Theorem [6.3) and at poles (Theorem [6.4)).

In order to make use of Lemmas we may need to restrict the class © to some more
regular potentials and to have a control on their growth at infinity.

For any ¢ > 0, we define

P = {f: RY - R: f € CY(RY \ By_) for some Ro > 0

6.1
and |f(z)| + |z - V(2)| = O(l| 77" as |2| - +O<>}. (6.1)

Moreover, in order to prove some intermediary, technical lemmas based on the positivity criterion
Lemma [T.2] the need for even more regular potentials occasionally arises. So, let us introduce the
class

O ={Veo:VeC'R"\{a1,...,ar})}. (6.2)

Then, we will recover the full generality of the class ©, thanks to an approximation procedure,
which is based on the following lemma.

Lemma 6.1. Let Vi, Vy € © be such that Vi — Vo € LN/25(RN). Then
[1(Va) = (V)| < S7H[Va = Vil e vy »

where S > 0 is the best constant in the Sobolev embedding (2.1)).
17



Proof. From the definition of p(V3), Holder inequality and (2.3), for all U € Dl’Q(RfH; t1729) we
have that

/ =2 |vU)? dtd;z:—ns/ Vi | TrU)? da
Rf+1 RN

> (V) = S Ve = Vallpwmamy) [ 7 IVUP deda, (63

+
which implies that
p(Vi) > (Vo) = S7H[Va = Vil pwvjes gy -
Analogously one can prove that u(Va) > u(Vy) — S71||Va — Vil pn/2smwy, thus concluding the
proof. O

Lemma 6.2. Let V € H, ai,...,ax € RN, and R > 0 be such that

Ao

Vel ®RY\{a,...,ar}) and V(z)= BE

+W(z) in RN\ Bj,

where Ao < v and W € PL N L¥(RN) for some § > 0. Assume that u(V) > 0 and let v € R
be such that Moo + Voo < Y. Then there exist R > R and ® € DY 2(RN+1 t172%) such that ® is

locally Holder continuous in Ri\_”’l \ {(0,a1),...,(0,ar)}, ® > 0 in Rf“ \ {(0,a1),...,(0,ax)},
and

/N 172V . VU dt do — ns/ {V + oo Xy, | Tr@ T U dz > 0,
RV+1 RN |z "

or a e DY ;17 77°) wit 20 a.e.

for allU € DL2(RYH; 12 hU >0

Proof. By (2.7) we can fix ¢ € (0, N;%) such that

Ale) = A >0 and A(e) — Ao — Voo > 0. (6.4)
Since W € P2, N L>®(RY), there exists Cy > 0 such that
C .

W(x) < |x|2§+5 in RY. (6.5)

1/5
Let Ry > max {R,% {[\(6)6‘73)\&] }, so that

A(e) = Aoo — Co(2Rp) ™% > 0. (6.6)

From Lemma M there exists a positive, locally Holder continuous function Y, : Rf A\ {0} - R
such that Y. € (), H'(B;};t'72%) and

—div(t'"*VY.), =0 in R+,
_ N-—2s
T (0 l‘) = |J}| 2 +6, on RN, (67)
Y.
— lim '~ 2.9 e _ = ksA(e)|z| 7 Tr Y. on RY,

t—0+ ot’

in a weak sense. Direct calculations (see e.g. [I8, Proposition 2.6]) yield that the Kelvin transform

To(z) = |2~ V20 12/ 2%

of Y. weakly satisfies

—div(t'"*VT.) =0, in R+ {0},
- 25— N _
Y.(0,2) = |z| = ¢, on RV \ {0}, (6.8)
: 1— 298T —2s Y N
— lim ¢ = ksA(e)|z|7*°Tr Y., on R™ \ {0},

t—0+ ot
18



T. > 0in RYT\ {0} and Y. is locally Hélder continuous in RY ™\ {0}. Moreover we have that
- .12
/ 1725\ V Y |? dt dz +/ tHS% dtdz < +oo for all r > 0. (6.9)
RY+\Bf RN\ B3t | +1t
Let n € C°(RY ™) be a cut-off function such that 7 is radial, i.e. 7(z) = n(|z|), |[Vn| < Rlo in
RNHL
=+ I

) 0, in Bf UBpg,
n(z) = :
L in (R Bip,) U (RN \ Bag,)

and n > 0 in Rf“ \ B;go. We point out that

0 110
a—?(O,x) =0 and n Bit?(t’ )| =0(1) ast— 0 (uniformly in x).
We let ®; := nY.. By its construction, ®; is continuous on the whole Rf“ and ®; > 0 in

RY+! \ Bf;,, whereas implies that ®; € DY2(RY;#172%). Moreover direct computations
yield that ®; weakly solves

—div(t'"2Vd;) =t in RY
P 6.10
— lim 151*25E = kA(e)|z| 7> Tr &1, on RV, (6.10)
t—0+ ot
where
10n - - -
Fy = (25— 1);§T5 —2VY.-Vn—"T.An.

We observe that F; € C(RY ™) and supp(F}) C B;RO \B;[FO. Given

fi(@) = roA(e) 2] Xy

2R

\Bj,, ©1(0,7),
we can choose a smooth, compactly supported function fo: RY — R such that

fi+f220 iIlRN7 H:= fo+ W+/\w‘x|—23 X5

2R \BRry

Trd; >0 inRY.  (6.11)

We also choose another smooth, positive, compactly supported function F5: Rf 1 5 R such that

Fy+ F, > 0in RY™. Since u(V) > 0 and H € L% (RY), by Lax-Milgram Lemma there exists
@, € DLHZ(RY T 4172%) such that

—div(t!7#Vd,) = t' T Fy, in R+,

— lim t1725@
t—0+ t

6.12
= ks [VTr®y + H], on RY, (6.12)

holds in a weak sense. From Proposition we know that ®, is locally Holder continuous in
Rf—i_l \ {(O7a1)7 sy (07 ak)}'

In order to prove that ®, is strictly positive in RY ™'\ {(0,a1),..., (0, ax)}, we compare it with
the unique weak solution ®3 € DV2(RYT1;4172%) to the problem
—div(t'"*Vd3) = 0, in R+,
ov (6.13)
— lim "2 = 4, [VTr &5 + H|, onRY,

t—0+ t

whose existence is again ensured by the Lax-Milgram Lemma. The difference d=Py— D4 belongs
to DL2(RY 1 #172%) and weakly solves

—div(t!"BV®) = 172, in RY T
o ~
— lim tl_zs—t =k, VTr®, onRY.

t—0+t 0
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By directly testing the above equation with ,57’ since p(V) > 0 we obtain that d > 0in
Rf“, ie. ®3 > ®3. Furthermore, testing the equation for ®3 with —®35, we also obtain that
®3 >0in Rf *1 The classical Strong Maximum Principle, combined with Proposition (whose
assumption for is satisfied thanks to the assumption V € CY(RN \ {a4,...,ax}) and
Lemma , yields ®3 > 0 in ]R_I?_[Jrl \ {(0,a1),...,(0,ar)} and hence

>0 in RYT\{(0,a1),...,(0,ar)}.
Finally, from Lemma [2.5] and from the continuity of ®,, there exists C; > 0 such that
1 —(N—-2s)—a —(N—-2s)—a :
C—1|x| (N=28) =00 < $y(0,2) < Cy ||~V 727" in RV \ Bl . (6.14)

Now we set & = ®; + ®,. We immediately observe that ® € Db2(RYT;¢172%) is locally Holder

continuous and strictly positive in RY ™\ {(0,a1),...,(0,ax)}. We claim that, for R > 0 suffi-
ciently large,

/ 1-2Vd . VU dt dr — ,«vs/ [v + %;XRN\BQ} TrdTrUdr >0,  (6.15)
RY* RN il 7

for all U € DV2(RYH#172%) with U > 0 a.e.

The function ® weakly satisfies

—div(t'7V®) = t1 72 (Fy + Fy), in R+,
L) o N (6.16)
~lim 2L = g, [A(e) 2|72 Tr &, +VTr<I>2+H] , on RV,
t—0+ ot

Hence, if U € DV2(RY T 41725), U > 0 aee.,

/ 11=257% . VU dt dz — K/s/ [V + VO;XRN\B/.:| Tr® Tr U dx
RYT! RN |z|2¢ R

A(E) = Moo — |2 W

|x‘25

Alg) = Ao — Voo
> /RN [FLSX]RN\B}{ Tr®y + ks XB By, 1T 1

|x|28

Voo
—Kg (WTI"CIH + ||25T1"<I>2> XRN\B, + f1+ fo
x

TrU dz =: / F(z) TrU(z) dx.
RN

If 2 € By, then F(z) = fi(z) + f2(z) 2 0. If € B, \ By, then from (6.11)), (6.5) and
F(z) > ks(A€) = Moo — |27 W) |2 2 Tr @1 > ky(A(e) — Moo — Co(2R0) %) 2|72 Tr &y > 0.
Finally, if z € RV \ B%c’ then from the definition of ®4, (6.11)), (6.14) and (6.5) we have that

N+2s N+42s
=2 —e—9

F(x) > ks(A(€) = oo — Vo) 2|72 7° = ksCo 2|

Since the function A — p;(A) is strictly decreasing and Ao < A(e), from (2.8) it follows that
p1(Aoo) > €% — (%)2 which yields —N —ay_ < 7% — e. Hence, if R is sufficiently large,
F(z) >0 for all z € RV \ B';. This concludes the proof. O

— Ky || N 70

Combining Lemmal6.2] with the positivity criterion Lemmal[I.2)and an approximation procedure
based on Lemma [6.1] we prove the persistence of the positivity under perturbations at infinity for
potentials in the class ©.

Theorem 6.3. Let

k
)‘i a1 Aoo N r\X
Vir) =y 2P 0(@) | deoxeme, (@) oo

i |z — a;|?* EEE
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Assume (V) > 0 and let Voo € R be such that Aoo + Vo < Y. Then there exists R > R such that

Voo
12 (V + 7|1'|25 XRN\B;.%) > 0.
Proof. Since V' € © and u(V) > 0, arguing as in (4.3]) we have that, for € chosen sufficiently small
asin (4.2), u(V+eV) > # > 0. Moreover we can choose € such that Ao+ Voo +6(Aoo +Ve0) < Yo
and \; +eX; <~vyg foralli=1,...,k,00. Let 0 = o(e) be such that

0 < o0 < min{Se, Su(V)/2}. (6.17)

By density of C2°(RY) in L2: (RY) there exists

- AiXB’(a,- r-)(l‘) >‘OOX]RN\B’ ()
Vix) = S L
(1‘) Z ‘x_ai|25 + ‘LL'|2S

+W(z) € O

=1

such that W e PJ_ for some § > 0 and
o

||‘7 — VHLN/2S(RN) < m (618)

Then from Lemma [6.1} taking into account (6.17) and (6.18), we have that

/,L(V + EV) > /.L(V + 6V) — (1 + 8)5_1”‘7 — VHLN/ZS(]RN) > 0.
Now, thanks to Lemma there exists R > R and a function ® € DH2(RY ;4172 such that
® is strictly positive and locally Hélder continuous in Rf“ \ {(0,a1),...,(0,ar)} and

Voo + EVoo
mzs

/ t1_23V<I>~VUdtdx—f<as/ [V+5V+ XRN\B;%] TreTrUdz 20,
RN+1 RN

for all U € D2 (Rf“; t172%) with U > 0 a.e. Therefore Lemma yields

M ‘7+L'§XRN\B/. > S
R ) S T

Finally, thanks to Lemma (6.17) and (6.18]), we have the estimate

|| ||

Voo - Voo PN
K (V + XRN\B%) 2> (V + 2SXRN\B}3) = STHV =V pa/2e@ny > 0
which yields the conclusion. O

Swapping the singularity at a pole for a singularity at infinity through the Kelvin transform,
we obtain the analog of Theorem [6.3] when perturbing the mass of a pole.

Theorem 6.4. Let

k
)\i a1 A(X) N 1\ X
Vir) =y 2B e )(@) | deoxene, (@) oo

o aiP P

Assume pu(V) > 0 and let ig € {1,...,k} and v € R be such that X\;, +v < yg. Then there exists
§ € (0,7;,) such that
v
i <V + |2sXB'(aio75)> > 0.

|z — a;,

Before proving Theorem [6.4] it is convenient to make the following remark.

Remark 6.5. (i) By the invariance by translation of the norm || - [|ps2®~), we have that, if
V € H, then, for any a € RV, the translated potential V, := V(- 4+ a) belongs to H and
(Vo) = (V).
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(ii) f V € H and Vg(x) := |x\*45V(ﬁ), then Vg € H and pu(Vk) = u(V). To prove this
statement, we observe that, by the change of variables y = ﬁ,

/’|van%ﬁmadx:1/ V() P(Ku)*(y)dy for any u € D*2(RY),
RN RN

where (Ku)(x) := |x|25*NU(#) is the Kelvin transform of u. The claim then follows from
the fact that K is an isometry on D*2(RY) (see [18, Lemma 2.2]).

Proof of Theorem[6.4} Let Vi(x) := V(z + a;,). We have that

>‘10XB’ !.13 Z AiXB (alfam)n)( ) AooXRN\B%(z)

V =
o) = o T o (e = ) EE

+ Wi (J?) €0
i#ig

and, in view of Remark [6.5] - w(Vy) = ,u(V) > 0. Then we can choose some ¢ sufficiently small
so that u(Vh +€Vh) > ”(V > 0 (see ) and \j, + v +e(Xi, +v) < vm, A + e < g for all
i=1,...,k00. Let o0 = 0( ) € (0,min{Se, Su(V)/2}). By density of C=(RY \ {ay,...,ax}) in
L%(RN ) there exists

)\ZOXB, .’E Z ZXB alfalo,rl)(x) )\ooXRN\Bh(x)

Ve@) =~ & — (@ — a1 EE

+ WQ(Z‘) € 0"
110

such that Wy € LN/25(RN) 0 L>°(RYN) vanishes in a neighbourhood of any pole and in a neigh-

bourhood of oo and
o

1+¢

V2 = Vil Lwvyze mvy <

Let V3(z) := |#|**V2(%z). Then

I?
VieC! <RN \ {O, |;i:(ji0‘2} )
i i0 i#io

and there exists r > 0 such that

Y
Va(z) = \w|2 in RV \ B..

Moreover, from Remark (ii) and Lemma it follows that V3 € H and

(Vs +eVa) = p(Va + Vi)

#v)

5 —S e >o.

> p(Vi+eVi) = STH A+ 9)[IVi — Vall pvses mvy >

From Lemma we deduce that there exists R > r and a function ® € D2 (Rf*‘l;tl*zs) such
that @ is strictly positive and locally Holder continuous in Rf“ \ {0 2i— i }#‘ and
1#10

' Tai—as, |2

/N tl_st(b'VUdtdx—Hs/ |:%+€%+H2iVXRN\B’.:|Trq)Trde>O’
RN+ RN |‘T| R

for all U € DV2(RY T #172%) with U > 0 a.e. Therefore Lemma [1.2] yields

14 g
Vs + —5= > .
M( 3+ |x|25XRN\BE> 217
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From Remark (ii) we have that p (Vg + ﬁXRN\B;_J =u (V2 \z|2SXB ) > 1i8. Hence,
letting & = 1/R, from Remark (i) and Lemma [6.1| we deduce that

v v
(V) = (5 po)

14 —1 c S_la
> (Ve e ) = 570 = Vel 2 7o - S0 >

which yields the conclusion. O

Corollary 6.6. Let

k
/\i ;1 A r (x
Vi(z) = Z X B (a;.r:) (%) + coXRN\ Bt (T)

w )
=S e O
be such that (V) > 0. Then there exists
R
= )‘iXB’(a- F-)(x) /\OCXRN\B’ (r) —~
Viz) = - = w © 6.19
() Z 1z — g% - 225 +W(z) e (6.19)

i=1
such that

?—VEC’OO(RN\{ah...,ak}), V>V, u(1~/)>0, and X\ >0 foralli=1,... k.

Proof. For every i = 1,...,k, let v; be such that v; > 0 and \; + v; € (0,vg). From Theorem
we have that, for every i = 1,..., k, there exists §; such that, letting

V V+Z |$ |25XB (ai,0:)»

u(‘/}) > 0. Let us consider a cut-off function ¢ : RY — R such that ¢ € C°(RY), 0 < ((z) <1
¢(z) =1 for |z| < 1, and ((z) =0 for |z| > 1. Let

k
V) =v+Y (x 51-%) |

i=1

Then V —V € C®(RN \ {al,.. ak}) and V > V. Moreover V is of the form with
Ai = A +v; > 0 and, in view of ( and the fact that V <V, u(V) > u(V) > 0. The proof is
thereby complete. O

7. LOCALIZATION OF BINDING

This section is devoted to the proof of Theorem [I.3] which is the main tool needed in order to
prove our main result. Indeed this tool ensures, inside the class ©, that the sum of two positive
operators is positive, provided one of them is translated sufficiently far.

For any 6 > 0 and ay,...,a; € RV, we define

where P2 is defined in (6.1) and, for all j =1,...,k,

ng = {f: RY - R: f € CY(B'(a;, R;) \ {a;}) for some R; >0
and |f(2)] + |(z — a;) - Vf(2)] = O(lw — a;| ") as 2 — aj}~
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Lemma 7.1. Let

k 1 1
- )‘iXB’(al,r.l)(m) )\OOXRN\B', (LE) .
Vi) =2 w—al |:1:|2SR1 +Wi(z) € ©7,
i=1 i
k2 22 A2 xev\ B ()
XB/( 21«2)( x) coXRN\B .
Vo) =2, = E —aaQIQé |:L“|2¢.»R2 +Wa(z) € ©7,
i=1

with Wy € Pgl a1 s W € 7322 42 Jorsomed > 0. If u(Vh), u(V2) > 0 and AL +A2 < g, then
1oy FERELYN L
there exists R > 0 such that for every y € RN \ By, there exists ®, € D172(Rf+1; t1=2%) such that

@, is strictly positive and locally Hélder continuous in RY 1\ {(0,a}), (0,a? + Y) Fim1,. k=12
and

/N+ tH72Vo, - VU dtdz > K, /N(Vl(z) + Va(x —y)) Tr @, Tr U dz (7.2)
RY L R
for allU € DY2(RY T 4172%) with U > 0 a.e.

Proof. First of all we observe that it is not restrictive to assume that N >0 foralli= 1,...,k;,
J =1,2. Indeed, letting V1, V> as in the assumptions, from Corollary m there exist Vl, V2 € OF
with positive masses at poles such that V > V; and u(V-) > 0 for j = 1,2. If the theorem is
true under the further assumption of positivity of masses at poles, we Conclude that, for every y
with |y| sufficiently large, there exists ®, € Db 2(IRNH' t1=2s) Strictly positive and locally Holder
continuous in RY T\ {(0,a}), (0,a?+y) }i=1,.. k,,j=1,2 such that (7-2) holds with Vi(z)+Va(z—y) in
the right hand side integral instead of Vi (x)+Va(x —y). Since V1( )—i-Vz(x y) > Vi(x)+Va(z—y)
we obtain (7.2]). Then we can assume that A} > 0 for all i = 1,...,k;, j = 1,2, without loss of
generality.

Let € € (0,vy) be such that Ay + A2, < vy —e, A < yg — ¢, and A% < vy — ¢ and let
A=~y —e. Let us set

v =A= AL, v i=A— 0L,

> 0. Let 0 < n < 1 be such that

Mo<vi(1-2n) and AL <2 (1-2n). (7.3)

so that v}, v2

Let us choose R > 0 large enough so that

Ul B'(d! r]) C By for j=1,2.

z’z

We observe that, by Theorem there exists Rj > 0 such that

vl
M (V} + .T|2$XRN\B%’-J-> > 0.

Since A} > 0 implies that a,; <0, we can fix some o > 0 such that 0 < 2s and ¢ < —a,; for all
i=1,...,kj, =1,2. Let us consider, for j = 1,2, p; € C®°(RN \ {ai,.. .,afcj}) 073:{7“_#1 such

that p;(z) > 0 for all z € RY and
1
pi(x) > —————ifx € B'(al,r]), p;(z)>1ifz e B \ U, B(al, 7). (7.4)

o= e o
Since p; € L2 (RN) satisfies the hypotheses of Lemma the infimum

f Nt1 t172S|VU|2dtdﬁC — Rg f]RN |:V7 + %XRN\B% ‘TI‘ U|2 dz
Wy = inf s 5 2 >0
UeDh2(RY 11 -2¢) S~ ;) I TeU|” dz
Tr U0
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is achieved by some nonnegative ¥; € Dl’Q(RfH;tl*zs), for j = 1,2. In addition, ¥; weakly
solves

—div(t'7**V¥;) = 0, in R+,
. _9s0Y; vl (7.5)
— t1_1>%1+ tl 2 aitj = Kg V} + ﬁXRN\B;@ —+ ijj Tr \Ifj, on RN

From Proposition|A.1{we know that ¥, is locally Holder continuous in RY T\ {(0, al),..., (0, aij .

In order to prove that W, is strictly positive in Rf“ \ {(0, a{), .. (0, aij)}, we compare it with
the unique weak solution ¥; € DL2(RY T #172%) to the problem

—div(t'=2*V¥;) = 0, in RYF1,
(7.6)

O ; ~
B th%l+ t1_2387t] = KS‘/j Tr \Ilj + KstjPj Tr \I/j7 on RN?
—

whose existence directly follows from the Lax-Milgram Lemma. The difference <T>j =V; -
belongs to DV2(RY*!;#172%) and weakly solves

—div(t'=%Vd;) =0, in RY
0D ~ 7
. 1-2s ) N
— t1_1)1(§1+t é)itj =k V; Tr @ + kg o[20 XRN\B;_%]‘ Tr¥,;, onR"™.

By testing the above equation with —&); and recalling that u(V;) > 0, we obtain that 53» >0

in Rf“ and hence ¥, > \f'j. Moreover, testing (7.6) with —‘T/j_, we also obtain that \I'j >0

in ]Rf *1. From the classical Strong Maximum Principle and Proposition (whose assumption
(A.1) for (7.6) is satisfied thanks to Lemma and the assumption V; € ©*) it follows that

U; > 0in RY ™\ {(0,a]),...,(0,a],)} and hence

U; >0 in RYT'N\{(0,a]),...,(0,a] )}

Lemma [2.5] yields
lim W;(0,z)|z[N 2% = ¢; >0,

|z|—o00

for some £; > 0 (see (2.12)) for the notation ax). Hence, the function ®;(t,z) := w satisfies
J

(7-5) and ®;(0, ) ~ |x|~(N=25+24) for |z| — oo. Therefore, there exists p > max{R;, Ry, R} such
that

(1= n?)a|"N=2F08) < §,(0,2) < (14 n)|a =N 725Fe) (7.7)
and
i i
[Wi(z)] < B [Wa(z)| < P (7.8)

for all z € RY \ B;,. Also, form Lemma we know that there exists C' > 0 such that

1 s s ,
5|9:—a]\ M < ®;(0,2) <Clr—dal| ™ in B'(al,r]), (7.9)

fori=1,...k;, j =1,2. For any y € RY, we define

(by(t,JT) = Vi@l(t,x) + Véo‘bQ(t,I — y) c D1>2(Rf+l; tl_QS).
Then
/ t1=2Ve, - VU dtdx — ms/ Vi(z) +Va(z —y) Tr &, Tt U dx = / gy(z) Tr U da
Rﬁ+l RN RN
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for all U € DV2(RYHE41729) where

Vl 1/2
9y(2) = K [Mlygopl (2)®1(0,2) + ﬁXRN\B}%1 (2)®1(0, ) + pavsop2(x — y)P2(0,2 — y)
l/l 2
+ﬁXRN\B’(y,R2)(m)@2(O’x - y) - Véo‘/l(x)(I)Q((lx - y) - Z/Zo‘/g(l' - y)q)l(ovx)] .

Therefore, to conclude the proof it is enough to show that g, > 0 a.e. in RYV.

From (7.3)), (7.7) and (7.8), it follows that in RV \ (B;) UB'(y,p))

viv2 viv2
o) 2 [ B0+ 00—

AL A5
. (H’;’s + Wl(x)) Dy(0,2 — y) — V3 (|$_°;|25 + Wa(z - y)) @1(0753)]

]

_ ‘m|f(N72s+aA)|x _ y|f2s _ |17|725|17 _ y(N25+aA)]

e 2 (1= 2 1 1 1 1 -
= FisVooVio(1 = 117) [z[N=2+ax |z — yN-2s%ar ) \[z[Z [z -y ) = 0.

For [y| > R > 2p, we have B, N B'(y, p) = (). From (7.4), , (7.8), (7.9) and the choice of o we
have that, in B(a},r}),

1771

1.2

VOO o0
(2) 2 i e (0100, + (0.0 )

Vi (@) By(0, 2 — ) — V2 Va(a — y)fbl(o,x)}

> Kg|T —

C

— oo (L)l =y~ e — af |7 (O W oo vy 2 — 0 )

2
11051 —2s5+0 H1V5o
a;|

S (1= )Cla -y e |]

2
S [ |

as |y| — oco. Now let z € B}, \ (Uf;lB’(a%,ril)): since ®; is positive and continuous we have
c1'> D,(0,z) > C, for some C' > 0, and so, thanks to (7.4), (7.7) and ([7.8)), there holds
9y(x) 2 k3,0 + o(1),

as |y| — oco. One can similarly prove that, for |y| sufficiently large, g,(z) > 0 in B'(y, p) as well.
The proof is thereby complete. O

Proof of Theorem[1.3, First, let
k -1
Vi)l 1 . .
0 < & < min {zsu(vj), %ﬁ) [7 (Z ||+ |)\Z>O|> + 571 ||W|LN/25(RN)] } (7.10)
" \iz1
for j = 1,2, such that, in addition, AL + X2 + e(AL + A%) < v and X +eX < 4y for all

i =1,...,kj,00. Similarly to (4.3, one can prove that p(V; +¢Vj) > @ > 0 for j = 1,2.
Moreover, let o = o(e) be such that

Sp(Vi) Su(Vz) Se
R } (7.11)

0 <o < mi ,
g mln{ 2
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Let, for j = 1,2,
. K )\fXB/( ;. ;)(x) )‘éoXRN\B;%J_ (z)

() = ! + W, (z) € ©F,
P P o2 ")
be such that Wj e P’ , for some d >0 and
al,..qakj
~ g
1V = Villparzs vy < 11e (7.12)

From Lemma (7.11)) and (7.12]) we deduce that
1(Vi +eVy) = (Vi +eVy) — (1+2)S™HVj = Vil uwvze gy > 0.

Hence we infer from Lemma that there exists R > 0 such that, for all y € RY \Bijg, there
exists &, € D2 (Ri\_’ +1;t1725) such that ®, is strictly positive and locally Holder continuous in

RY*FIN\{(0,a}), (0,07 + y)}iz1,... k, j=1.2 and

/}RN+1 72V, - VU dtdz — ks /RN [Vl(a:) +eVi(x) + Va(z —y) + eVa(z —y)| Tr ®, Tr U dz > 0

for all U € DY2(RY T 4172%), with U > 0 a.e. Therefore, thanks to the positivity criterion
(Lemma [1.2)), we know that

~ . £
pRO) + ol ) =
Combining Lemma [6.1| with (7.11)) and (7.12)), we finally deduce that
p(Vi() + Vol =) = p(Vi() + Va(- — )
-S|V - VlHLN/%(RN) — STHVa(- —y) — Va(- — Yl Lwr2s vy >0,
thus completing the proof. O

8. PROOF OF THEOREM [L.4]

In order to prove Theorem we first need the following lemma, concerning the left-hand side
in Hardy inequality (1.4]).
Lemma 8.1. We have that

Ju)|” Ju(@)[” Ju@)[”
€10/ |z + ¢ RV |z| [€l=too Jry |z + |
for any u € DS2(RY).

Proof. The proof easily follows from density of C2°(RY \ {0}) in D*2(R"Y) (see Lemma [A.4)), the
Dominated Convergence Theorem and the fractional Hardy inequality (1.4]). O

We are now able to prove Theorem

Proof of Theorem[I.4} First we prove that condition is sufficient for the existence of at least
one configuration of poles ay,...,a; such that the quadratic form associated to L, .. x:.a1....,ax
is positive definite. In order to do this, we argue by induction on the number of poles k. For any
k we assume the masses to be sorted in increasing order A\; < --- < A\g. If £ = 2 the claim is
proved in Remark [3.I] Suppose now the claim is proved for k — 1. If Ay < 0 the proof is trivial,
so let us assume A > 0: since holds, it is true also for A1,...,Ax_1, hence there exists a

configuration of poles ay,...,ar—1 such that Qx,... A._,.a1,....ax_, iS Positive definite. If we let
k—1
A Ak
W(x):z:ilgs and  Va(z) = —5;,
i=1 ‘SU - a1| |33|
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we have that V1, V, € O satisfy the assumptions of Theorem Therefore there exists a, € R

such that
E)\l Aks@1yees@k (_A)S - (Vl + ‘/2( - a‘k))

..........

is positive definite. This concludes the first part.
We now prove the necessity of condition . Let € > 0 be such that
()]
ey ZA [ a2 e (8.1)
'L

for all u € D*2(RM) and let § € (0,eyy). Assume by contradiction that A\; > g for some
j € {1,...,k}. By optimality of vy in Hardy inequality (1.4) and by density of C>°(RY) in
D*2(RY), we have that there exists ¢ € C2°(RY) such that

2 ()| o ()|
el ps2@ny — )\j/ 5o~ do < 5/ 55— d. (8.2)
RN x| RN ®

|z ||

If we let ¢, := p’¥gp(x/p), we have that

|p(2) o (@)
Qxh...,xk,al,...,ak<sop(-—aj>>=II@II%s»z<RN>—AjAN mzs =) A ﬂdx

i#£j ‘IE -

@Y \r
- H(IO||2DS2(RN) - Aj /RN ‘ ( ) dz as p — 0+,

‘.’13|2S
in view of Lemma Combining (8.1]), (8.2), (8.3) and Hardy inequality (1.4)) we obtain
2
2 lo()] (@)
Ds,z(RN)—)\j/]RN 53 de < ¢ dx <—|| |

|| Y [z

(8.3)

2
8||90|D512(RN) < [l Ds2(RN) >

which is a contradiction, because of the choice of §.

Now suppose that K := Zf;l Ai > vg. Arguing analogously, there exists ¢ € C°(RY) such
that

2 2

€ x

||90||2Ds,2(]RN) - K/ |30( 2)5‘ dx < 5 |(P( 2>5| da:
RN |z] RN ||

The function ¢, (x) := p~~ = @(x/p) satisfies

Ds.2(RN /
(BRY) Z N\xfal/p\

> el — & [ 1L

thanks to Lemma [8.1] With the same argument as above, we again reach a contradiction. O

Q)\l,---7>\k7al7 ((pp) - ||50|

dx as p — +0o,
|w|

9. PROOF OF PROPOSITION

Finally, in this section we present the proof of Proposition that is independent of the
previous results from the point of view of the technical approach.

Proof of Proposition [I76. First, let us denote}\ = max{0,A1,...,A\g, Ao }. By hypothesis there
exists a € (0, 1-— %{) such that u(V) <1 - %{ — «. From Lemma we know that there exists
0 > 0 such that, denoting by

)

i€ (252) oo&%)
Z |I’* a; |25 |(Z?|25
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with (,CN being as in Lemma we have that
- A«
Vicl—- — — —. 9.1
u(V) = 2 (9-1)

if A > 0and (V) > 1if X\ = 0. We can write V = V + W for some W € LY/25(RY). Now let
{Un}n € DY2(RY T #172%) be a minimizing sequence for u(V), i.e.

/ t1_2S|VUn|2 dt de — /is/ V|Tr Un|2 dz = u(V)+o0(1), asn— oo (9.2)
Rf+l RN

and [onvi £ VU, |2 dtdz = 1. Since {Uyn}n is bounded in DL2(RY T #172%), there exists
+
Ue Dl’Q(RfH; t172%) such that, up to a subsequence (still denoted by {U,,},),
U, = U weakly in DV*(RYT;¢72%) and U, »U ae. in RYT, (9.3)

as n — oo. There holds

u(V) g/ t1*25|VUn|2dtdxfns/ V\TrUn|2 derﬁs/ I/T/|TrUn\2 dx
RN RN RN

=uV)+ Iis/ W |TrU,)? dz + o(1), as n — oo.
RN
Hence, from (9.3), (9.1), the choice of «, and Lemma we deduce that (if A > 0)
1 - - by -
1-—x-2 §u(V)+/{S/ W|TrUP do <1 - = —a+ ks W T U[* da,
TH 2 RN VH RN
and so K fR N W Tt U \2 dz > § > 0, which implies that U # 0. The same conclusion easily follows

in the case A = 0. From the weak convergence U, — U in DI’Q(RfH;tl_QS), the continuity of
the trace map Tr : DV2(RY T ¢1725) — LN/25(RN) and the definition of u(V), we have that

/ t1’25|VU|2dtd:c—fs:s/ VITrU? dz
V)<= -
p(V) <

/M 1725 VU 2 dt dx
R

+

(V) — [/ 12|V (U, — U)|? dt dz — KJS/ VI|TrU, — TrU|? dx} +o(1)
R$+1 RN

/ t172|VU, 2 dt do — / 2|V (U, = U)[? dt da + o(1)
RY+ RYH

1— / 25|V (U, — U)?dtdx + o(1)
RY*

o(1
< (V) = (V) + > .
1 _/ 129 (U, — U)[2 dt dz + o(1) / 12T dt dz + o(1)
Rij+1 Rf+1
Letting n — oo yields the fact that u(V) is attained by U and this concludes the proof. O

APPENDIX A.
In this appendix, we recall some known results about properties of solutions to equations on
the extended, positive half-space.
We start by recalling a regularity result.
Proposition A.1 ([17] Proposition 3, [27] Proposition 2.6). Let a,b € LP(BY}), for some p > 2
and ¢,d € LB ;t172%), for some q > w Let w € HY (B ;t172%) be a weak solution of
{—div(tl_Q‘“Vw) + 172 c(2)w = t172%d(2), in B,

—limy;_, o+ tl_Qs%—’f = a(x)w + b(x), on Bj.
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Then w € CO’B(BT/Q) and in addition

o < € (et +Ilzoce + [l agas )
with C, 8 > 0 depending only on N, s, |a||Lr(5;), ||cHLq(Bl+;t1,25).
Now we recall, from [8], an Hopf-type Lemma.
Proposition A.2 ([§] Proposition 4.11). Let ® € CO(B} U BY) N HY(Bf;t17%) satisfy

—div(t!=2V®) > 0, in B},

® >0, in B,
®(0,0) = 0.
Then
D(t
—limsuptl_%ﬂ < 0.
t—0+ t
In addition, if
12,09 0( R+ !
t N € C° (B}, U By), (A1)
then
0P
— (7> —(0,0) <0.

In several points of the present paper we used the following result from [§] to verify the validity

of assumption (A.l) needed to apply Proposition

Lemma A.3 ([8] Lemma 4.5). Let s € (0,1) and R > 0. Let ¢ € C%7(Bly) for some o € (0,1)
and ® € L= (BJ) N HY(Byz;t172%) be a weak solution to

12}

—div(t!=2V®) = 0, in Byp,
—limy;_, o+ t1*238—f =p(z), on Byp.

Then there exists 8 € (0,1) depending only on N, s,o such that

® e C"(B}) and tl’zsé;—f e C¥P(B}).

Finally, we prove a density result: the idea behind is that removing a point does not impair the
definition of DY2(RY 1! #172%) and D*2?(RY); in other words, a point in RY has null fractional
s-capacity if N > 2s, see also [1, Example 2.5].

Lemma A.4. Let zo € RYT, N > 25, Then C2(RYT\ {20}) is dense in DV2(RY T #1729),
As a consequence, if zg € RN, then C°(RN \ {x0}) is dense in D*2(RY).

Proof. Assume zy € 8]Rf 1 = RN (the proof is completely analogous if zy € }Rf *1). Moreover,

without loss of generality, we can assume zg = 0. Let U € C°(RY*!) and let &, € C(RY ™) be
a cut-off function such that

£.(2) 1, ifzeM“\B;/n,
n(z) = -
0, ifze B;’/n,
&, s radial, ie. &,(2) = &.(|2]), 1€n] <1, V& < 2n.
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Trivially £,U € C2(RY !\ {0}). We claim that &,U — U in DV2(RYH!;#172%). Indeed, thanks
to Dominated Convergence Theorem,

1—2s _ 2
/Ri,ﬂt V(& —DU)|° dtde

< 2/ 125 e, — 12 |VU[2 dtda + 2/ 123 U2 |V, ? dt da
RN+1 Rf+1

< o(1) + Cn? / 172 dt da.
B3, \B{,,
Moreover
n2/ t1=25 dtda = O(nZS_N),
B+

+
2/71,\Bl/n

which concludes the proof of the claim, in view of the assumption N > 2s and the density of
CE(RYT) in DL2(RYH; ¢1-29),

For what concerns the second statement, as before, without loss of generality, we can assume
9 = 0. Let u € DS2(RY) and let U € Dl’z(RfH;tl_Qs) be its extension. By the density of
C(RYT\{0}) in D12(RY T #1729) just proved, there exists a sequence {U,} € C2°(RY T\ {0})
such that U,, — U in DM2(RY T ¢172%). Then Tr(U,) € C(RN \ {0}) and Tr(U,,) — TrU = u
in D*2(R"), thanks to the continuity of the trace map Tr: DV2(RYT#1725) - D=2(RN). O
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