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Data driven EM constraints for mixtures of
factor analyzers

Francesca Greselin and Salvatore Ingrassia

Abstract Mixtures of factor analyzers are becoming more and more popular in the
area of model based clustering of high-dimensional data. In this paper we implement
a data-driven methodology to maximize the likelihood function in a constrained
parameter space, to overcome the well known issue of singularities and to reduce
spurious maxima in the EM algorithm. Simulation results and applications to real
data show that the problematic convergence of the EM, even more critical when
dealing with factor analyzers, can be greatly improved.
Key words: Mixture of Factor Analyzers, Model-Based Clustering, Constrained
EM algorithm.

1 Introduction and motivation

Finite mixture distributions, dating back to the seminal work of Newcomb and Pear-
son, have been receiving a growing interest in statistical modeling all along the last
century. Along the lines of Ghahramani and Hilton (1997) we assume that the data
have been generated by a linear factor model with latent variables modeled as Gaus-
sian mixtures. Our purpose is to improve the performances of the EM algorithm,
giving practical recipes to overcome some of its issues. Following Ingrassia (2004),
in this paper we introduce and implement a procedure for the parameters estimation
of mixtures of factor analyzers, which maximizes the likelihood function in a con-
strained parameter space, having no singularities and a reduced number of spurious
local maxima. Within the Gaussian Mixture (GM) model-based approach to density
estimation and clustering, the density of the d-dimensional random variableX of in-
terest is modeled as a mixture of a number, say G, of multivariate normal densities
in some unknown proportions π1, . . .πG,

Francesca Greselin
Department of Statistics and Quantitative Methods
Milano-Bicocca University
Via Bicocca degli Arcimboldi 8 - 20126 Milano (Italy), e-mail: francesca.greselin@unimib.it

Salvatore Ingrassia
Department of Economics and Business
University of Catania
Corso Italia 55 - Catania (Italy), e-mail: s.ingrassia@unict.it

1



2 Francesca Greselin and Salvatore Ingrassia

f (x;θ ) =
G

∑
g=1

πgφd(x;µg,Σ g)

where φd(x;µ ,Σ ) denotes the d-variate normal density function with mean µ and
covariance matrix Σ . Then, we postulate a finite mixture of linear sub-models
Xi = µg+ΛgUig+eig with probability πg (g= 1, . . . ,G) for i= 1, . . . ,n, for the dis-
tribution of the full observation vector X, given the (unobservable) latent factors U,
whereΛ g is a d×q matrix of factor loadings, the factors U1g, . . . ,Ung areN (0,Iq)
distributed independently of the errors eig, which are independentlyN (0,Ψg) dis-
tributed, andΨg is a d× d diagonal matrix (g = 1, . . . ,G). We suppose that q < d,
which means that q latent factors are jointly explaining the d observable features of
the statistical units. Under these assumptions, Σ g = ΛgΛ ′

g+Ψg (g = 1, . . . ,G).
The parameter vector θMGFA(d,q,G) now consists of the elements of the com-
ponent means µg, the Λg, and the Ψg, along with the mixing proportions πg
(g= 1, . . . ,G− 1).

2 The likelihood function and the EM algorithm for MGFA

In this section we summarize the main steps of the EM algorithm for mixtures of
Factor analyzers, see e.g. McLachlan et al. (2003) for details. Let xi (i= 1, . . . ,n) de-
notes the realization of Xi. Then, the complete-data likelihood function for a sample
X
∼
of size n can be written as

Lc(θ ;X
∼
) =

n

∏
i=1

G

∏
g=1

[
φd
(
xi|ui;µg,Λ g,Ψg

)
φq(uig)πg

]zig
. (1)

Due to the factor structure of the model, we consider the alternating expectation-
conditional maximization (AECM) algorithm, consisting of the iteration of two con-
ditional maximizations, until convergence. There is one E-step and one CM-step, al-
ternatively i) considering θ 1= {πg,µg, g= 1, . . . ,G}where the missing data are the
unobserved group labels Z

˜
= (z′1, . . . ,z′n) and ii) considering θ 2 = {(Λg,Ψg), g =

1, . . . ,G} where the missing data are the group labels Z and the unobserved latent
factors U = (U11, . . . ,UnG). In the First Cycle, after updating the z(k+1)ig in the E-
step, the M-step provides new values for π (k+1)

g ,µ (k+1)
g ,n(k+1)g . In the Second Cycle,

after writing the complete data log-likelihood, some algebras lead to the following
estimate of {(Λg,Ψg), g= 1, . . . ,G}

Λ̂ g = S(k+1)g γ(k)
′

g [Θ (k)
g ]−1 Ψ̂ g = diag

{
S(k+1)g − Λ̂gγ(k)g S(k+1)g

}
,

where
S(k+1)g = (1/n(k+1)g )

n

∑
i=1

z(k+1)ig (xi− µ(k+1)
g )(xi− µ(k+1)

g )′

γ(k)g =Λ (k)′
g (Λ (k)

g Λ (k)′
g +Ψ (k)

g )−1 and Θ (k)
g = Iq− γ(k)g Λ (k)

g + γ(k)g S(k+1)g γ(k)
′

g .
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3 Likelihood maximization in constrained parametric spaces

Along the lines of Ingrassia (2004) let us consider the constrained parameter space

Θ c ={(π1, . . . ,πG,µ1, . . . ,µG,Σ 1, . . . ,ΣG) ∈ R
k[1+d+(d2+d)/2] :

πg ≥ 0, π1+ · · ·+πG = 1, a≤ λig ≤ b, g= 1, . . . ,G i= 1, . . . ,d}. (2)

Applying the eigenvalue decomposition to the square d×d matrix ΛgΛ ′
g we can

find Γ g and ∆g such that ΛgΛ ′
g = Γ g∆gΓ ′

g where Γ g is the orthonormal matrix
whose rows are the eigenvectors of ΛgΛ ′

g and ∆ g = diag(δ1g, . . . ,δdg) is the sorted
diagonal matrix of the eigenvalues of Λ gΛ ′

g, i.e. δ1g ≥ . . .≥ δqg ≥ 0, and δ(q+1)g =
· · · = δdg = 0. Further, applying now the singular value decomposition to Λ g, we
get Λ g = UgDgV′

g. This yields ΛgΛ ′
g = (UgDgV′

g)(VgD′
gU′

g) = UgDgD′
gU′

g hence
diag(δ1g, . . . ,δqg) = diag(d21g, . . . ,d2qg). We can now modify the EM algorithm in
such a way that the eigenvalues of the covariancesΣ g (for g= 1, . . . ,G) are confined
into suitable ranges. To this aim we exploit the following inequalities

λmin(Λ gΛ ′
g+Ψg)≥ λmin(ΛgΛ ′

g)+λmin(Ψ g)≥ a
λmax(Λ gΛ ′

g+Ψg)≤ λmax(ΛgΛ ′
g)+λmax(Ψg)≤ b

which enforce (2) when imposing the following constraints

d2ig+ψig ≥ a i= 1, . . . ,d (3)

dig ≤
√
b−ψig i= 1, . . . ,q (4)

ψig ≤ b i= q+ 1, . . . ,d (5)

for g = 1, . . . ,G, where ψig denotes the i-th diagonal entry ofΨg. In particular, we
note that condition (3) reduces to ψig ≥ a for i= (q+ 1), . . . ,d.
It is important to remark that the resulting EM algorithm is monotone, once the

initial guess, say Σ 0g, satisfies the constraints. Further, as shown in the case of gaus-
sian mixtures in Ingrassia and Rocci (2007), the maximization of the complete log-
likelihood is guaranteed. On another note, a data driven method to gauge the bounds
a and b is needed.

4 Numerical studies

A brief numerical study is presented here, to compare the performance of the con-
strained vs unconstrained EM algorithm. More simulations have been performed,
also with real datasets are available in (see Greselin and Ingrassia, 2013). A sample
of N = 150 data has been generated with weights α = (0.3,0.4,0.3)′ with parame-
ters such that maxi,gλi(Σ g) = 4.18 . We run 100 times both the unconstrained and
the constrained AECM algorithms (for different values of the constraints a,b) using
a common random initial clusterings.The unconstrained algorithm attains the right
solution in 24% of cases; summary statistics about the misclassification error, over
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the 100 runs, are reported in Table 1. To compare how a and b influences the per-
formance of the constrained EM, different pairs of values has been considered, and
Table 2 shows the more interesting cases. Further results are reported in Figure 1,
where the boxplots of the distribution of the misclassification errors show the poor
performance of the unconstrained algorithm compared to its constrained version.
For all values of the upper bound b, the third quartile of the misclassification error
is steadily equal to 0. Indeed, for b= 6,10 and 15 we had no misclassification error,
while we observed very low and rare misclassification errors only for b = 20 and
b= 25 (respectively 3 and 11 not null values, over 100 runs). Moreover, the robust-
ness of the results with respect to the choice of the upper constraint is apparent. A
data driven method to select the bounds can be derived from the observed results, by
running the constrained EM for increasing values of the upper bound, till a decrease
in the final likelihood. The value of b before the decrease, observed over a series of
run, will be chosen as upper value for the constrained estimation.
Table 1 Summary statistics for the Misclassif Error over 100 runs of the unconstrained EM alg

min Q1 Q2 Q3 max
0% 17% 36% 45.3% 60%

Table 2 Percentage of convergence to the right maximum of the constrained EM algorithm for
a= 0.01 and some values of the upper constraint b

b :+∞ 6 10 15 20 25
24% 100% 100% 100% 97% 89%

unconstrained b=6 b=10 b=15 b=20 b=25

0.0
0.2

0.4
0.6

0.8
1.0

Fig. 1 Boxplots of the misclassification error. From left to right, boxplots refer to the unconstrained
algorithm, then to the constrained algorithm, for a= 0.01 and b= 6,10,15,20,25.
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