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Abstract

Let M be a connected dj;-dimensional complex projective manifold, and let A be a
holomorphic positive Hermitian line bundle on M, with normalized curvature w. Let
G be a compact and connected Lie group of dimension dg, and let T' be a compact
torus of dimension dp. Suppose that both G and T act on M in a holomorphic
and Hamiltonian manner, that the actions commute, and linearize to A. If X is the
principal S'-bundle associated to A, then this set-up determines commuting unitary
representations of G and T on the Hardy space H(X) of X, which may then be
decomposed over the irreducible representations of the two groups. If the moment
map for the T-action is nowhere zero, all isotypical components for the torus are finite-
dimensional, and thus provide a collection of finite-dimensional G-modules. Given a
non-zero integral weight v for T, we consider the isotypical components associated
to the multiples kv, Kk — 400, and focus on how their structure as G-modules is
reflected by certain local scaling asymptotics on X (and M). More precisely, given
a fixed irreducible character vg of G, we study the local scaling asymptotics of the
equivariant Szegd projectors associated to vg and kv, for k — 400, investigating

their asymptotic concentration along certain loci defined by the moment maps.
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Chapter 1

Introduction

1.1 Preamble

The general framework of this thesis is the geometric quantization of compact Kéhler
manifolds or, more specifically, the local harmonic analysis of quantized Hamiltonian
actions. Thus our basic ingredients will be a compact Hodge manifold (M, w, J) that
is a compact complex projective manifold with a Kahler metric and a positive ample
line bundle (A, h) on it where, A is the Hermitian line bundle and % is the Hermitian
metric, such that the curvature of the unique connection on A, denoted by V is —2iw.
One fundamental goal of geometric quantization is to associate to the phase space M
a Hilbert space H" (depending on a parameter h) and to any real function f € C*(M)
on it, viewed as classical observable, a collection of self-adjoint operators T}” on H",
and to relate the asymptotic properties of H" and Tf for h — 0T to the symplectic
geometry of M and the classical dynamics of the Hamiltonian flow of f.

The traditional Berezin-Toeplitz approach (see [RCGI], [RCG2], [BGI], [B], [KSI,
[Ch], [MM?2], [GS2], [AE], [Z1], [E], [Sch], [Xu] and [BPU]) is to set HY/* = HO(M, A®F),
the space of global holomorphic sections of A, and to take T Jf‘(o) to be the Toeplitz
operator on it with multiplier f (see below). This essentially amount to decomposing
a naturally associated Hardy space into isotypes with respect to the structure circle
action of the circle. The local aspects of such decomposition, as decribed by the
celebrated T-Y-Z expansion (see [C], [Z2], [Xu], [Loi] and [Lul) and its near diagonal
rescaled generalizations (see [BSZ], [SZ]|, [MMI1] and [MZ]) have great importance in
geometric quantization and in differential, complex and symplectic geometry. When
additional symmetries are given, corresponding to quantizable (that is, linearizable)
Hamiltonian actions on M, other decompositions are possible, leading to different
natural and interesting decompositions into isotypes, whose local semiclassical be-

havior may be related to the underlying properties of the Hamiltonian action and the



symplectic geometry of the phase space. We are interested here in one such situation,
where we consider two concurring Hamiltonian actions which commute and play a
different role in the asymptotics. We shall then study the asymptotic concentration
of the Szego projection and Toeplitz kernels associated to this picture.

Let us discuss our results in more detail.

1.2 The main Theorem

Let M be a connected d,;-dimensional, compact, complex projective manifold and
(A, h) be an ample positive Hermitian line bundle on M. We may assume that the
curvature form of the unique compatible connection V4 is ©® = —2iw, where w is a
dd’\f associated with (M, w).

We put h = g — iw where ¢ is the induced Riemannian structure. Suppose given

Kahler form. Let dVj; be the volume form

two connected compact Lie group G and T, with T a torus, of dimension dg and dr,
respectively, and commuting holomorphic and Hamiltonian actions u% : G x M — M
and u” : T'x M — M. Thus ,ug oul = pul op?, V(g,t) € G x T. Also, assume that
both actions unitarily linearize to A, that is, that they admit metric preserving lifting
0%, a’. Let G be the collection of irreducible characters of G and for any vg € G
let V,,, be the corresponding irreducible unitary representation. The action of G' on
A dualizes to an action on the dual line bundle AY and the G invariant Hermitian
metric h on A naturally induces an Hermitian metric on A" also denoted by h.

Let X € AY be the unit circle bundle, with projection 7 : X — M. Then X is
a contact manifold, with contact form given by the connection 1-form «. Since G
and T preserve the Hermitian metric h on AY, they act on X. Furthermore, as both
linearized actions preserve the unique compatible connection V4, both actions leave

« Invariant.

AV
2

X, whence they induce commuting unitary representations of G and 7' on L?*(X),
which preserve the Hardy space H(X) = L*(X) N Ker(9).

By virtue of the Peter-Weyl Theorem, we may then unitarily and equivariantly

The actions of G and T" on X preserves the volume form dVxy = a A« ( ) on

decompose H(X) over the irreducible representations of G and T, respectively. For
every v € G we define H (X)5, € H(X) be the maximal subspace equivariantly
isomorphic to a direct sum of copies of V,,,. In the same way we define H(X )ST So
decomposing the Hardy space of X unitarily and equivariantly over the irreducible

representations of T" and G, we have:



HX) = @ HX)L, = @ HXE, (L1)

IITEZdT llg€é
Similarly, under the previous assumptions there is an holomorphic Hamiltonian
action of the product P = G xT', and a corresponding unitary representation, so that

we also have:

HX)= & HX (1.2)
VGE@,VTEZdT
where H(X)S>X! = H(X)S. nH(X)! .

Under the assumption 0 ¢ ®7(M) we have that dim(H(X)T ) < 400 for each

vy
vr € Z .

Definition 1.2.1 Given a pair of irreducible weights vg and vy for G and T, respec-
tively, we shall denote by 1, . : L*(X) — H(X),g., the orthogonal projector, and
refer to its Schwartz kernel as the level (v, vr)-Szegé projector of X (with the two

actions understood). In terms of an orthonormal basis {SEVG’VT)} :?VT of H(X)ug v s

it 1s given by:
My (2.y) = D51 (@) (y). (1.3)
J
In this paper we shall consider the local asymptotics of the equivariant Szego
kernels ﬁuc,k,,T, where the irreducible representation of 7' tends to infinity along a

ray, and the irreducible representation of GG is held fixed. To this end, we shall use a

combination of the techniques in [P1] and [P4].

Observation 1.2.2 Furthermore, the smooth function x — ﬁ,,&kl,T(x,x) descends
to a smooth function on M.

Remark 1.2.3 On the notation, we denote the Szego kernel with

1 ﬁVG,kl,T in the general case, under the action of G x T';

2 ﬁk,,T in the case of G trivial;
3 11, in the case of G trivial and T = S* with &7 = 1;
4 T,k in the case of T = S' and &7 = 1;

5 ﬁya,k and ﬁk also for the case T = S and not necessarily & = 1.



A key tool used in the proofs are the Heisenberg local coordinates centered at x € X

(see [SZ]). We denote this system of coordinates by:

Yo 1 (0,v) € (=7, +7) X Bag,, (0,0) — x + (6,v) € X,

here By, (0,6) is the open ball of R?¥ centered at the origin with radius 6 > 0. We
have that 6 is an angular coordinate along the circle fiber and v a local coordinate on
M. We shall also set x +v = x + (0,v). Given the choice of HLC centered at z € X,
there are induced unitary isomorphisms 7, X = R @ R?™ and T,,M = R?dm =~ Cdum

Therefore, each equivariant Szego kernel Il
Schwartz kernel given by .

We shall make the following three transversality assumptions on the moment maps:

vevr 1S @ smoothing operator, with C*

1 0 ¢ ®7(M) and ®r is transversal to the ray Ry - vp, so that MT = &7 (R, -
vr) € M is a compact, G X T-invariant and connected submanifold of dimension
2dyr+1—dp. This is equivalent to requiring that the action of T"on X be locally

free on the inverse of M (see [P4]);

2 0 € g¥ is a regular value of ®¢, so that M = ®;'(0) C M is a compact,

G x T-invariant and connected submanifold of dimension 2d,; — dg;

3 the two submanifolds M and M§ are mutually transversal.

These conditions imply the following (which is what we shall really be using).
Since the two actions commute, they give rise to an action of the product group

P = G x T, which is also holomorphic and Hamiltonian, with moment map:

Pp = (P, Pr) M —g" Bt =pY,

then 0 ¢ ®p(M), and ®p is transversal to the ray Ry - (0,v7).
Then
MOWT = (I)I_D1 (R+ ’ (Ov VT))

is a smooth connected submanifold of M with codimension dg +dr — 1. Leaving aside
that here GG is not required to be a torus, these hypothesis are similar in nature to the
hypothesis in [P4], applied however to P rather than 7. Unlike [P4], where the local
scaling asymptotics for representations along a ray kvr are considered, we shall study
the local scaling asymptotics of doubly equivariant pieces of II associated to pair
of representations (vg, kvr), where only one of the representations drifts to infinity,
while the other is held fixed. Let us also remark that when 7' = S* and &1 = 1, we
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are reduced to considering the isotypical components of the spaces of holomorphic
global sections H°(M, A®*) under the action of G, as in [P1] and [MM2]. We will
find asymptotic expansions that generalize and combine the previous cases.

Let N,, we denote the normal bundle to ®5' (R+(0, I/T)) then N,, is naturally
isomorphic to J, (Ker(®p(m))) (see [P4] section 2.2). The transversality condition
is equivalent to require the injectivity of the evaluation map (see as before [P4]). Now

for every m € My ,, we have two Euclidean structures on

Ker(®p(m)) = g x Ker(®r(m)) C g d t,

one induced from gt and the second from T,,, M. Let D(m) the matrix representing
the latter Euclidean product on N,,, with respect to an orthonormal basis. Then
D(m) is indipendent of the choice of an orthonormal basis for g x Ker(®r(m)), and
it determines a positive smooth function on M ,,. As in [P4] we have the following

definition.

Definition 1.2.4 Define D € C*(My,, ), with m € My,,., by setting
D(m) = /det D(m).

We consider My ,, and for the decomposition of the tangent space 15, M we have
that:

T,.,.M =H,, ®V,, ® N,, (1.4)

where, given J,, : T,, M — T,,M the complex structure, we have:

Vin = gar(m) @ val(Ker(®7(m))), Ny = Jn(Vin), Hp = [Vin © No) ™, (1.5)

are respectively the vertical, the transversal and the horizontal part. Given m € M, ,,.
and v € T,, M we can decompose v uniquely as v = v, +v,+v; with v, € V,,, v € N,,,
and v, € H,,. The scaling asymptotics of the equivariant Szego kernels, that we will
see later, are controlled by a quadratic exponent in the components vy, v,, v, of a

tangent vector at a given m € M, ,,,. (viewed as a small displacement from m).

Definition 1.2.5 Let z € X and v; = (0;,v;) € T, X with | = 1,2. We define
H:TX3TX — C as



H(Ul, Ug) =
(62 — 61)

MM
| @7 (m)|

——(92_01) m)—v
N g Gy T

vy (’l[wm (Viw, Vit) — Win (Vay, Var)| 4 twi, ( (m), vin + V2h> -

2)
with nym(m) the unitary generator of Ker(®p(m))" such that (n, ®p(m)) = ||®r(m)||

el
and Avy = g (my -

—iwm (Vin, vor) = || viel® = | vl — 5

1
2

Theorem 1.2.6 (main Theorem) Under the previous assumptions fix vg € G and
consider vy € 797, assume that ®p is transversal to the ray Ry - (0,v7). We have:

1) If C,6 >0, and
max {disty (7(x), Mo, ), dista (x(y), Mo, )} > CE 3,
then Ty gy = O(k™).

2) Uniformly in x € Xo,, and v, € T,X with || vi|| < Cks, as k — 400 we have:

I ( + Lozt Vz) ! ¥
vekvr | T+ —= 20+ —F—| ~ ——q, .
G kv \/E \/E (\/iﬂ-)dT—l G
_dp 1 /N )
L dy——5+3 « . - ol e_z\/E(ez—el)AVT
N E =1\, —tkdjur ;H(vjw2) | , =~ "
(WHVT”) (j_l XVG (g] )6 € D(m)

. l
. 14+ R, ’l(m,U{,’Ug)k_i
| 1= F+3 ( Z ‘

where dp = dg+dr, v{, v/ denote the monodromy representation F, — GL(T,,M),
such that for every j =1,--- ,N,, v € T,,M we have p; — dm,uf;j(v) =vU) ¢
T, M. Where F, is the stabilizator of P in x and R, ; are polynomials in v{, Vg
with coefficients depending on x,vg and vy.

3) More in general, for every py € P, denoting P - x the orbit of x € Xo,,, then
the following expansion holds for k — +o00:

~ Ui U2 1 dg
My (24 po- (24 2)) v ————a, 2% 1.6
a,kvr ( \/E Po ( \/E)) <\/§ﬂ-)dT—1 (el ( )

_dp_ 1 N )
k dy——5+3 z = 6_2\/E(92_61))\VT
. — e (V17V2) - .
(ﬂ_HVTH) ;:1 XVP(pjpo )6 D(m)

1 : l
: 1 E RI/ ) J? k™2 )
@ e1= %42 ( gy e )

>1
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where p; € F, and u; = (6;,v;) for j =1,2.
The previous result describes the asymptotics of ﬁVG,kVT in a shrinking neighbor-
hood of the orbit P -z, where x € X ,,.. It is complemented by the following:

Proposition 1.2.7 Suppose x € Xy, and e, D > 0. Then uniformly for distx(y, P-
r) > DE*~Y2 we have

HVG,]CVT (ZL’, y) = O<k_oo)

1.3 Special cases and relation to prior work

Before continuing our exposition, it is in order to digress on the relation of our results

to prior work in this area. Let us focus on the following two special cases:
a) T = S' acts in the standard manner (with ®7 = 1);
b) G is trivial.

Let us first consider the case a), and to fix ideas let us start with the case where
G is trivial. Let p(-,-) be a system of Heisenberg local coordinates for X centered
at . We have for X centered at z, inducing a unitary isomorphism (7,, M, h,,) with
C9 the standard Hermitian structure. In Theorem 3.1 of [SZ] and in [BSZ], for
vi,ve € B(0,1) C C¥™ § € (—m,7) and k — +oo the following expansion has been
determined for the level k of Szegd kernel IIj (see also [MMI]):

dyr
L0 ole)- () e

. <1 + Z aj(x, vy, V2)kg>

Jj=1

where

_ 1
a(vi,va) = vi- V2 = S ([ vall” + [ vall®)
and a; are polynomials in v; and vs.

Observation 1.3.1 Another way to write 1 is:

. 1
¢2(V17V2) = —lWn (V1,V2) - 5” Vi — V2H2,

in this form we can look directly the real and the imaginary part of 1o observing that
it 1s responsible to the exponential decay near the diagonal.

7



Now let us consider the Hamiltonian action of a compact Lie group G on M and
suppose that 0 € g” is a regular value of the moment map. Then II,, x(z, z) is rapidly
decreasing away from ®;'(0), and assuming ®¢(7(x)) = 0, under the standard action

of S* the following asymptotic expansion holds with m = 7(x):

Ik ( \/— T + 7) (1.8)
d _dg
~ <E> v el@uivtuit,v20+v2t)] Z ewz(vlgm?&h) 'Azxgk(g;17>'

T
ge€Gm
: (1 + Z Ry, j(m, vy, Ug)k%>
>1
where Q (v1y + V1, Voy + Var) = —Jvae||* = [Jvre||? + 1 [wim V10, V1¢) — Win (V2y, V21)], G =

{9 € G : pg(m) =m}, R, ; are polynomials in vy, vs and

dg dll’Il(V ) 1 N
Verr (m(2)) |G| ™7

where V,g(m(z)) is the volume of the fiber above m in ®;'(0) (for more details on

AI/Q,I{,‘(Q? ) 27

(9)hy,

the effective potentials see [BG2]) and here we have set

Vig = dmNgGJfl (1)
with g; in the stabilizator of G. Obviously reduces to for trivial G.

Let us consider case b). Thus assume that there is an holomorphic Hamiltonian
action of a compact torus 7', and that the moment map determining the linearization
is nowhere zero. To fix ideas, let us first consider the case where T' is one-dimensional.
If £y and &x are vector fields on M and on X induced by p? and %, we have that
in the Heisenberg local coordinates {x(x) = (—®7r(m), &y (m)) with m = w(z). Let
Ex(x)t C T, X be the orthocomplement of £x (). In view of Theorem 1 of [P4], again
working in a system of HLC centered at x and that v; = (6;,v;) € T, X =R x T,, M
satisfying v; € Ex(2)*, || vi|| < CEkY?, as k — 400 we have:

I, (1.9)

T+ —,x+ —
VE Vi
2 dy i/E 01=02) .
~ | = 1) —(dp+1) WV E Ty . tk E(dsfi, _y(v1),v2) | .
(7?) r(m) e e E e ¢

teTm

: (1 + Z R;(m, vy, ’Ug)k’_%>

Jj=1




for certain smooth functions R;, polynomial in the v;’s, with

E(vy1,v2) = %tm) {z [%Tznf;)wm(émm), Vit V2) = win(vi, V2)} -
(62 — 601) 2} ‘

Op(m)
This last result can be generalize to a dp-dimensional torus as in Theorem 2 of [P4].

1

Enm(m)

Vi — Vg —

In this Theorem we have a result similar to the previous but with the appearance of an
additional important invariant, which plays a role analogous to the effective potential
in . Suppose that & is transversal to the ray R, - vy. Then the normal space
to the inverse image N,, at any m € M, = &' (R, - vp) is Ny, = J,, (Ker(®1(m)))
and the evaluation map val : Ker(®r(m)) — T,,,M is injective. Therefore, we have
on Ker(®7(m)) two Euclidean products, and given two orthonormal basis By, By we
can consider the matrix D(m ) whose determinant is independent of the choice of the
basis. Thus we can let D(m \/W ). Considering vy € Z97, as k — +oo we

have:

I}, (x \/1_ \/_> _ (1.10)
<f (” T”_> o ozl 1 (m)

. 01—6 ~
el‘/E(élﬂmQ)) . ( E tkeHm(d””“tT—l(vl)’W)) .

teTm
: (1 + Z R;(m, vy, 02)145_%)
j>1
with
lvrll .
Hm(vlva) = ||(I)TH [—'me(Vth) - H V1H2 - H VZHQ} :

In this paper, we shall pair these situations. More precisely, we shall assume given
actions of G and T as above, compatible in the sense that they commute, and consider
the resulting asymptotics relative to a pair (vg, kvr) of irreducible characters, where
Vg is held fixed, and kv — +o00 along an integral ray.

We consider the case of a dp-dimensional torus. We have shown at the beginning

the fundamental result of this work. Now we present some observations.



Observation 1.3.2 If G is trivial, dg = 0 the leading term is:

e—ikﬂjuT HVTHk dM_dT2_1 1 . j 1.7 2
< > e/\,,T [—Zwm(Vl,VQ)—aHvl—VQH ]

(Vomy-t \ @ (m) A= FED(m)

and we’re back to the equation (1.10) when 61 = 6 = 0.

Observation 1.3.3 In the case T = S* with the standard action we have \,, = 1,
and when 07 = 0y = 0 the result is the formula (|1.8)).

Now we present a Theorem that is the diagonal version, without scaling of the

point 2) of the main Theorem.

Theorem 1.3.4 Under the hypothesis of the main Theorem, without assumptions
about the directions, for m = w(x) € Moy, as k — 400 we have:

My o (4, ) (1.11)
1—-d
Ao 20 (o™ I
~ dr—1 : XVG(gj )6 !
(v2r) " j=1

! : (1 +) Bl(m)k‘l>

D(m)||r(m) e+
with By that are smooth functions on My ,,.

Corollary 1.3.5 Under the assumptions of Theorem [1.2.6

T dy—dp+1
lim < > dim(H(X) g kvy) =
lvr|[k o

k—+o00
_ / @ (1) ||~ (dar-+ D)1
@) Ja, D(m)

T

Observation 1.3.6 We observe that the Theorem (1.2.6| implies something stronger,
that is that the successive terms are of less degree.

Observation 1.3.7 This result about the dimension of the space of holomorphic sec-
tions is similar to results obtained by [DVP|. In fact about this last corollary, we
observe that in the case of the standard action and when the line bundle A is very
ample, we obtain the know result:

. 1 : - ¢y (A)tm
om (k_M) dim(H (X)) = /M R

dVpm(m) 1 (w\9M _ ci(A)M
where we have that hr = I (ﬂ) S v

10



As a very special example, we observe that when dr = 1 and T = S! acts trivially
on M with moment map ®r = 1, we have H(X)j the k-th isotypical component for the
standard S'-action on X, which is naturally and unitarily isomorphic to H°(M, A®¥).
In this case we have the celebrated Tian-Yau-Zelditch expansion. For this result we
refer to the work of Zelditch in [Z2]. Let M be a compact complex manifold of
dimension dy; (over C) and (L,h) — M be a positive Hermitian holomorphic line
bundle. Let g be the Kahler metric on M corresponding to the Kahler form w, defined

as the normalized curvature of h.

Theorem 1.3.8 (Zelditch, 2000) There exists a complete asymptotic expansion:

dn
D N (2)lhx = agN™ + ay () NW " - (1.12)
=0

or certain smooth coefficients a;(z) with ag(z) = 1. More precisely, for any N:
j

dn
Dol @l = Y ajl@) N
=0

j<R

< CryNW—E (1.13)

CN

1.4 Application to Toeplitz operator kernels

By way of application, motivated by the standard Berezin-Toeplitz quantization of a
classical observable, let us consider the scaling asymptotics of the equivariant com-
ponents of certain Toeplitz operators. Given f € C*>°(M) and assuming for simplicity
that f is invariant under the action of the product group P = G x T', we can consider
the Toeplitz operators T, kv, [ f] = ﬁuc’k,,T o My o ﬁuG,k,,T, where M denotes multi-
plication by f onw. Then T, k. [f] is a self-adjoint endomorphisms of H (X)), kuy.-
Given that 0 € ®p, the equivariant Toeplitz operator T, k[ f] is smoothing, and

its distributional kernel is given by the following two alternative expressions:

g 1) = [ Tron ) 0) b )V ) (1.14)
= Z T kvr [f](Sf(a:))(sf(:c’))

with 2,2’ € Xo,, and s§ an orthonormal basis of H(X),, . We will see that
Tye ity | fl(z,2") has asymptotic expansions near the diagonal similar to the one for

Il k- Note that with f(y) we denote f(7(y)) and that every f € C>*(M) lifts to

an invariant function f(z) on X. For the sake of simplicity, we shall focus on points

11



of the form (x + n,z + n) (with rescaling), as usual, in a system of Heisenberg local
coordinates centered at x, where n is a normal vector to the P-orbit of x and we shall
make the extra assumption that the stabilizer of x in P is trivial. Notice that any
point sufficiently close to P - z may be written in this manner, possibly replacing x

with p - x for some p € P.

Theorem 1.4.1 Assume that 0 & ®p, f € C°(Mo,,.) is u' -invariant and that the
stabilizer of P in x is trivial. Suppose x € Xy, and fix a system of HLC centered at
x. Let m = w(x). Then we have:

1) IfC,6 >0 and
max {disty (7(x), M., ), dista (x(y), Mo, )} > CE 2,

then Ty kv [f1(2,27) = O(k™).
2) Uniformly inn; € NP = T,(P-x)* as k — +o0:

(1.15)

with Ry(n1,m) a polynomial in ny and t1 € Ny, = Jp(val, (Ker(®p(m)))).

Corollary 1.4.2 Under the assumptions of Theorem [1.4.1

‘ T dy—dp+1
o (ge) sl -
S L) LG TP
Xo,up

- (2m)drt D(r(x))

where T (T, kur[f]) is the trace of the Toeplitz operator.

1.5 Examples

The main Theorem predicts that the diagonal restriction ﬁua,kVT(:c, x) of the equivari-
ant Szego kernel (which descends to a function on M) is rapidly decreasing away from

the locus My,,., and grows like k% +52 there. Let us illustrate this explicitly by

12



two examples (cfr the computations in [P1]). Recall from [BSZ| that for k =1,2,---
an orthonormal basis of H(P", Opn (k)) is {s%}, =k, where:

o (k—l—n)
S an J!

and where J! =[], ji!, 27 = [[/_, 2" In the next example we consider a particular

(1.16)

product action and we show that outside of M, ,, we have the exponential decay of

the Szego kernel.

Example 1.5.1 Let us make M = P'. Let us consider the actions of G = T*
on M induced by the representation on C% given by u®(z0,21) = w - (20,21) =
(w29, w21), and the action of T = T induced by the representation given by
(20, 21) = (s7'20,57221). These actions are holomorphic and Hamiltonian, with
moment maps:

|Zo\2 - |21|2
) =
and
202 + 2]21/?
‘I)T(Zo,zl) M

20|? + |21 >

Then we have:

O1(0) = {20 : z1] = |20] = |}

and placing X = S* C C? we have

Xo=7""(25(0) = {(20,21) sz = |21] = %} ~ St x st

with a free action of S* on Xo. We have vp = 1 € Z, ®p' (R, - (0,1)) = ®;'(0) =
{(20,21) : |20| = |21]} and the action of P is given by:

1 ([0 21]) = (w, 8) - (20, 21) = ((ws) ' 20, ws>21) .

If |z0| = |z1| (#0) and (w,s) - (zo,zl) = (20,21) =2 ws =lL,ws 2 =1=s=2572
s0 s = 3™ with j=0,1,2 and w = L then the action is locally free. We are in
the hypothesis of the main Theorem. We have s - (2328) = (s20)%(s%21)° = 50720282
and then HT(X);, = span{z22? : a +2b = k}. In the other side we have w - (2820) =
(wz)(w'21)? = w2220 and then HO(X),, = span{ztz! : a = b+ vg}. Thus

fIP(X)VGk span{zjz} : a = b+ vg,a+2b =k}
thena+2b=k=b+vg+20=k=30b=Fk —vg and

13



dim(ﬁP(X)l,Gk>: 0 z.f k=vg m0d3'
’ 1 if k#vg mod3

If k = vg + 3b we have:

7 b+va b
HIZ;,VG+3b(X) = span{zo+ GZ1}a
the corresponding Szeqd projector is:

<2b+ Vg + 1)'

o)V (21, 1.1
(b + )b (20Th0)"™¢ (217h1) (1.17)

Hf@,ug+3b ((207 Zl)7 (Uo, ul)) =

Now consider z; = u;j with |z|* +|z1|*> = 1 and we set ¥ = |z|?, y = yp = % —

1 as b — +oo. Using Stirling approximation:

2
nTL
n! ~ v 27m—n
e

and the projector:

(2() +vg + 1)'
(b + vg)'b!
we can find the following asymptotic for the coefficient:

ﬁfGWGJrgb ((20,21), (20,21)) = | 2| 2076 |z, |20

(2b+vg +1)! 2m(20 + vg + 1) (2b + vg + 1)®Fvetl (1.18)
7(b+ vg)!b! 21 (vg + b)2mh (b + vg)rHvebh :
Vb (2b + vg + 1)2tve |
~[2b4v+1~2b] J5 (bt g
2 ~(2b+vg)?te T
ﬁ\/_(b_'_yc)lﬂrucbbe + % + v — €
2 g2t "HCTob + vg]”
ﬁ b+ Vg b
i\/g (l) b+va ( 1 )b
VT Yo L=
and for the projector:
. 2 T b+vg 1— 1 b
I e (G20, (20,2)) ~ v <§) (1 - y) _ (1.19)

(=G 16 () = 6) e

14



where we set F(z,y) = logz + log (1 —x) — logy — log (1 —y) = f(z) — f(y) with

f(t) =logt+log(l—t) and 0 <t < 1. We observe that for t — 07,1~ we obtain
f(t) — —oo and that the derivative:
1 1

"t)==——— = l—t=tet=

with f(1/2) = —log4. Thus for b>> 0 and y = y, we have f(y) = —log4d — 6(b) with

6(b) > 0 and 6(b) — 0 as b — +oo. If & # 5 we have f(x) = —log4 — é(x) ( with

8(x) > 0 fized). Then F(z,y,) = —6(x) +d(b) < =22,

Now

— N

~ b (x\"
I, vean (20, 21), (20, Zl))‘ ~ 2\/; <§> e ) (1.20)
<

vG
2 /2 (f) e = 0(h)
TA\Y
but © = 3 that is |20| = |z1| = \/Li and we have:
" b (2N rajzm)
I ve+sb (20, 21), <Z07z1))’ ~2 P 5 e (1.21)

vG
gg\/z (L) D30
T\ 2

and considering that we have for yy:

b+ vg 1+ =2 1 Va vg V&
- - ——(iy ) (1-e e ) = 1.22
P e 21+ &) () (- g (1.22)
1 Vg
—§+4—b+0(b—2),
then f(y) = —log4d + O (3) (because f'(1/2) = 0) and so follows that bs(b) =

O(%) — 0 as b — +oo. Thus

~ b
‘Hlljg,ljg-i-?)b ((20, 21), (20, 21))’ ~ 2\/;- (1.23)

Another possible variation similar to the previous is the following.

Example 1.5.2 Let us make M = P2. Let us consider the actions of G = T? on M
induced by the representation on C given by pC (2, 21, 22) = (wy 2o, wiwy 21, we2s),
and the action of T = T induced by the representation given by p’(zy, 21, 22) =
(s7'20,57 221,85 329). These actions are holomorphic and Hamiltonian, with moment

maps:

15



2 _ 2 2 9
®G<ZO,21,ZQ) — <|ZO| |Zl| |Zl| |2;2| )

2012 + [21]? [21]2 + | 22]?
and

20| + 2|21 + 3|22
A

Then

51 (0) = {[20 : 21 : 22) = 20| = | 21| = |22}

and placing X = S® C C3 we have:

1
Xo=7"(25'(0)) = {(20,21,22) : 20 = |21] = |22] = %} ~ St x St x gt

with a free action of G on Xy. We have vp =1 € Z and @' (R - (0,1)) = ®;'(0) =
{(20, 21, 22) : |20| = |21| = |22|} and the action of P is given by:

pf ([20 0 21t 20)) = (w, 8) - (20, 21, 22) = ((wls)’lzo,wlwz’ls’zzl,wgs’gzg) )

If |20 = |21] = |22] (#0) and (w, 5)-(20, 21, 22) = (20, 21, 22) = w18 = L wywy 's72 =
Lws™2 =1= s =13505 = edmii with 7 = 0,1,2,4,5 and w, = %,wg = S%
then the action is locally free. The hypothesis of the main Theorem are satisfied.
We have s - (282025) = (520)%(s%21)(8322)¢ = s0T2043¢282b2¢ and then HT(X), =
span{z8225 : a + 2b+ 3c = k}. In analogue way we obtain that

HE(X),,, = span{z82°25 : (a — b,b—¢) = (11, 1) = v}

Thus

HY(X)yoh = span{z{z125 : (a —b,b—¢) = (v1,1n),a+2b+ 3c = k}

and

dim(fNIP(X)l,Gk>: 0 Z.kaEvl mod6‘
’ 1 ifk#1r, mod6

If k = 6¢ 4 v, + 3vp we have:

ﬁP(X)(Vl,I/Q),I/1+3Z/2+6c = Span{zg—l—m-f—uzzf-i-ng ]
Now consider zj = u; with |zo* + |z1]* + |22 = 1 and we set x = |2[*, y =

|21|%, 2= |2|?> = 1—x—y. As before, using Stirling approximation for the projector:
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ﬁf@,6C+V1+3V2 (('207 21, 22>7 (207 21, 22)) (124)

_ Bet v+ 20 +2)! Aetvatin) 2(cbua) ”
- 772(C+V2+V1)!(C+l/2)!c!(|zol) (1)) (l22])™,

the following asymptotic holds:

(3¢ + v1 + 2v5 + 2)!
2 (c+ va + vy)l(c + o)l
1 27 (3¢ + vy + 2v5 + 2) (B + w1+ 20y 20tz
27‘(’(6 + vy + l/1>27T(C + V2)27rc (c + vy + I/l)c+u2+u1 (C + VQ)(C+U2)CC

9v3c [3c+ vy + 2012 [3c+ 1y + 205172 [3c + 1y + 215 1€
273 c+uvy+1y c+ vy

(1.25)

T2

C

and, for the projector:

yPety'(l—w—y) = (1.26)
IV3BE s v P (o)

:—271-3‘% y-e )

~ 9\/§c
I et tam (20,21, 22), (20, 21, 22)) ~ ?IWFW

with F(z,y) = log z+logy+log (1 —x —y), 0 < x,y and z+y < 1. Studing the partial
deriwatives we find that we have a critical point x =y = % with F (%, %) = —log 27.
So we have F (z,y) = —log27 — §(z) with 6(z) > 0. Ifx =y # % we have:

ﬁf@,ﬁc—i-z/l—l—Syg ((207 21, ZZ)? (207 21, 22)) (127)
9\/56 vitve, va ,—cd(z) —o0
S S YR T =0(T)
but v =y =3, 6(z) =0 and
~ 9\/§C 1 v1+uvo 1 123
H5G,60+u1+3u2 <<Z07 21, Z2>’ (ZO7 21, Z2))’ ~ 271'3 (g) <§> . (128)
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Chapter 2

Preliminaries

2.1 Basic Objects

In this section, considering the setting of geometric quantization (see [GSI], [W]
and [RCGI]) we define a basic quantum objects necessary to develope our results.
Associated to the compact symplectic manifold (M, w) we consider a prequantization
triple (L, V, h), where L is an Hermitian line bundle, V is a connection with curvature

form given by

0 = —2iw, (2.1)

and h an Hermitian inner product. Sometimes the condition ([2.1)) is called the pre-
quantization condition. As quantum space, a good candidate is the space of holomor-

phic sections H°(M, L). These spaces, with the completition respect the norm:

- de
IslI=[ h(s,s) (2.2)
y !

are Hilbert spaces.
Other basic objects in the theory of geometric quantization are the circle bundle
and the tensor power of the line bundle. Let L as before, considering the dual space

LY we have the following definition:

Definition 2.1.1 (Circle Bundle) A circle bundle associated to L is a subset X of
LY defined as:

X ={(m,\) :meMMNeL. h(\\) =1}

Observation 2.1.2 Note that we have the restriction of w : LY — M to X that for
simplicity we denote in the same way.
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The circle bundle is the boundary of D = {(m,\) : m € M, X\ € LY, h(\,\) < 1}
that is a strictly pseudoconvex domain in L. We denote with || - ||, the induced
norm by h so we have that D = {p > 0} where p: LY — R is defined as p(m, \) =
1—|[]M)% =1 —a(m) Y al? where we write A = as} and a(m) = [|s}||?, is a smooth
function over a U C M and sy is a local coframe over U. We have a circle action
on X denoted by 79 : S! x X — X with infinitesimal generator %. As in [Z2] we
consider the holomorphic and respectively antiholomorphic subspaces 17D, T"D C
T D¢ and the corrisponding differentials d' f = df |7+, d” f = df |~ for f smooth on D.
TDc=T'DaT'D® (C% has a Cauchy Riemann structure and the vectors on D
that are elements of 7"X (resp. 7" X) are of the form } . aja%j (resp. D_; ajaizj). We
can choose a basis for these vector spaces and consider the Cauchy Riemann operator
0y : C®(X) = C>®(X,(T"D)") defined as 0, = df|~. If we define o = 1d'p|x and
the Volume form dV = a A (da)? we have that (X, a) is a contact manifold. In the
compact Kéhler case from (£2.1)) we have that L is a positive line bundle and by the

Kodaira embedding Theorem there exists a positive tensor power L®* with k € N

and global holomorphic sections {sf}fﬁo that give the following embedding:
®: M — P%(C),
where ®(z) = [s§(z) : -+ : s} (2)]. The set {sF}%  is a basis for HO(M, L&*) the

space of holomorphic sections of L#. The dim(H°(M, L®*)) = 1 + dj.

2.2 The Hardy space and the Szego kernel

In this section we give the basic definitions of the Hardy space and Szego kernel.

Definition 2.2.1 We define the Hardy space H(X) = L*(X) N Ker(9,) that admit
the following decomposition:

H(X) =@ H(X),
k
where the subspaces

H(X), = {f €C®(X): f(ex) = * f(2)} N Ker(dy)
are called k-Hardy spaces.

Observation 2.2.2 On H(X); we have the L*-Hermitian product:
(p,o) = / padVy
X
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and on H°(M, L®*) we have the Hermitian product (p,o) = [, hm a(m))dVy(m)
determined by the metric and the symplectic volume form On the other hand, to a
section s € H(M, L®%) there is naturally associated a function s € H(X); given by

gk = <>\®k, Sk(2)>
This correspondence determines a unitary isomorphism:
HO(M,L®") = H(X),.

Definition 2.2.3 (Equivariant Szeg6 projector) We define the equivariant Szegé
projector Iy, : L*(X) — H(X);, where Vf € L*(X) as

e(f) = D03 a3

J

where (§( Nk is an orthonormal basis of H(X)y, = HO(M, L&*).

7j=1

The projector II, can be written in the form:

M) @) = | S @ W)

for any choice of the orthonormal basis {s i (y)} i%,. We denote the equivariant Szego

kernel as:

=2 5@ W)

By a theorem of [BS] it is possible to represent the Szegd kernel as a complex

Fourier integral operator (FIO representation).

Theorem 2.2.4 Let I1(x,y) the Szegd kernel of X, the boundary of a strictly pseu-
doconvex domain in L. Then there exists a symbol s € S™(X x X x R,) that admit
the following expansion:

s(x,y,t) = th”’_ksk(a:,y), (2.3)
k=0
so that
+oo )
o) = [ e s(ay, o) (2.4)
0

where 1 € C®°(L x L) such that Y(x,z) = —ip(x) (p is a defining function for X ),
dyap, d;p vanish to infinite order along the diagonal and ¥ (z,y) = —Y(y, z).
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Concerning the phase function 1) we have the following proposition.

Proposition 2.2.5 There exists a constant C' > 0 such that:

SY(z,y) > C [distx(z, X) + distx (y, X) + |z — y[] + O(|z —y[*)
forx,y € D.

Proof. We have that:

S ) () — 0 ) = Uy 0)] = Lyl — o) + Oz — ),

o 9%p — . . o . . .
where L, =3/, %, 02 Zi ok 18 the Levi Hermitian form. We consider the immaginary

part of v, that is:

S(,) = o (00a.9) — 90 9)) = 5 (60, ) + (3, 7).

Now on D we have that p < 0 and dp # 0 on X, then there exist ¢’ > 0 such
that:

%w(x,x) = —p(z) > C"distx(z, X)

for x € D. In a similar way there exist C” > 0 such that:

1 .
Z0(y:y) = —ply) = C"distx (y, X)
fory € D.
This conclude the proof. O

The phase functions plays an important role in geometric quantization. Geomet-
rically we have that v satisfies the Hamilton Jacobi equation and the image of the
differential di) is a Lagrangian submanifold of the phase space. So 1 can be taken
as the phase function of a first order approximate solution of Schrodinger equation.
From the point of view of physics, this is the crucial point that connect the classical
description of mechanics and the modern vision of the quantum world.

Another important concept in microlocal analysis, is the concept of symbol of
a vector field. We denote the space of symbols of order m with S™ following the
notation introduced by [HJ. Considering now a distribution Zy s, depending by the
pase function ¥ € C=(U x RN \ {0}) and the symbol s, we have that the wave front
set WF(Z) is contaided in the closed conic subset:
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Y ={(x,d,¥(z,0)) € TU" \ {0}, (z,0) € Esssup(s),dg¥(z,0) =0} C TU" \ {0}.

Here Esssup(s) is the smallest conic subset of U x RV \ {0} C R"™ outside of which
is of a class ST (for more details see [D]).

In our case we consider as distribution the distributional kernel II and as nonde-
generate complex phase function t(z,y) in an open cone ¥ in T(X x X)¥ x R,.
We have that II is a Fourier integral operator with complex phase (see [MS]) and the
corresponding almost complex canonical relation C C (TX)Y x (T'X)Y parametrized
by the phase ti(z,y) on X x X x R,. The condition for the parametrization of the

Lagrangian submanifold C is that:
d(ty)
dt
Let a = —id'p and let ¥ = {(x,ra) : r € Ry} the symplectic cone generated by

=0.

the contact form «, the real points of C consist in the diagonal ¥ x ». We say that
IT has a Toeplitz structure on the symplectic cone .

Using this microlocal description of TI, Zelditch provided a quick proof in [Z2] of
the celebrated Tian-Yau-Zelditch expansion:

Theorem 2.2.6 Let M a compact complex projective manifold of dimension dy;, and
let (A, h) a positive Hermitian holomorphic line bundle. Let g5 a Kdhler metric on M
and —2iw = © a Kdhler form. For each k € N, h induces a Hermitian metric hy on
LE* . Let {sF}®, be any orthonormal basis of HO(M, L®*) with dim(H°(M, L®*)) =
1+ dy. Then there exists a complete asymptotic expansion:

Mi(z,2) = > s ()7, = aok™ + ay(2)k™ = + - - (2.5)
J

for some a; smooth with ag = 1.

2.3 The geometric setting

Before taking a closer look at the geometric setting we need to indroduce some more
pieces of notation. As is well-known, if G and T" both act on a symplectic manifold M
in an Hamiltonian fashion with moment maps ®5 and ®7 and these actions commute,

then P = G x T act on M and the moment map is

@pZQG@qDTIM%pV,
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with p¥ = g¥ @ t¥. We give an explicit expression for H(X) as

vag,vr

H(X)ysr = {s € H(X)y, : s(il1 (2)) = t7s(x), Vo € X,Vt € T Vg € é} ,

where in general we have vp = (vy, -+ ,vg,) € 297, t = (t,-+ ,tg,) € T and
N (8) = 27 = #1420,

The geometrical setting is essentially the same illustrated in [P4] with P = G x T
in place of T'.

Now we want to fix our ideas about some important facts.

Before we remember that the matrix D(m) represent the Euclidean product on
N, respect to an orthonormal basis. It determines a positive smooth function D on
M, defined above. Note that there is a relation between the D(m) matrix and the
C(m) matrix used in Theorem [1.2.6, We have in fact that D(m) = C(m)"-C(m) and
so D(m) = \/det D(m) = | det C(m)].

About the product action (referring to [P4]), by the fact that 0 is a regular value
for ®g, the group P acts freely on M, and then also on Xy,, = 7 (Mpy,,).
We can view this in the same time as a conseguence of the assumption that ®p is
transverse to Ry - (0,vr). After we have also that X ,,. is invariant for G x T'. In
fact we have that R, - (0, vr) is invariant for the coadjoint action and, given that ®p
is equivariant, we conclude.

As we have argued previously, for our purposes we need an additional hypothesis
on the submanifolds ®;'(0) and @' (R vr) that is that they should be mutually
transverse. In fact given two maps between manifolds f; : M — Ny and fo : M — N,
with A; C Ny and Ay C Ny submanifolds, we have the following result.

Proposition 2.3.1 (fy, f2) M Ay x Ay if and only if fi'(A)) th £y ' (Ag).

In our case this means that ®p is transversal to Ry - (0,vr) if and only if
®;1(0) M @' (Rivr). So we are in analogy with the assumption of [P4] where
d, was transversal to R, vr.

We recall the definition of symplectic cone ¥ C T XY \ {0} sprayed by the con-

nection form «:

Y ={(z,ra,):x e X,r > 0}.

This cone is important for the microlocal description of Szegd kernel (as in [BS])
and in the theory of Toeplitz operators (see [BG1]). We have that the wave front set
of II is the anti-diagonal:
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Y = {(2,rap, 7, —ray) 1 v € X,r > 0}.

Notice that ¥ = X x R, in a natural manner (for every r > 0). Let wy the
restriction to ¥ of the symplectic structure on TX"Y. Let r be the cone coordinate
on X and € be the circle coordinate on X, locally defined, and pulled-back to .
Then wy, = d\ = dr A a + 2rw, with A = ra. Let Ef be the contact lift to X of the
Hamiltonian vector field {; on (M, 2w). Then the cotangent flow restricted to X is
generated by (Ef, 0). Thus the cotangent flow on ¥ = X x R is ¢¥ = ¢~ x idg. It is
follows that if f and g Poisson commute on M, then their flows on M, X and 3 also

commute, and conversely.

2.4 Heisenberg local coordinates

Now we recall a basic tool from [SZ], Heisenberg local coordinates.
We start with the definition of preferred coordinate system and preferred frame.
After, combining these two ingredients will follow the definition of Heisenberg coor-

dinate chart.

Definition 2.4.1 Let my € M, a coordinate system z = (z1,--- ,2q4,,) on a neigh-
borhood U of myq s called preferred at mgy if

19, €TYM, with 1 < j <dy;

2 w(mg) = wo;
3 g(mo) = go-
Where wq is the standard symplectic form and go is the Fuclidean metric.

Let now L an Hermitian line bundle on M, we proceed to the next definition.

Definition 2.4.2 A preferred frame for L — M at point mg € M is a local frame e,
i a neighborhood of mqy such that:

1 lecllme =15

2 Ver|, =0;
3 Veer|, =—(g+iw)®er|, €TMY@TM'® L.

Remark 2.4.3 In the previous definition 2) and 3) are independent of the choice of
connection on TM" used to define V : C*(M,L&TM") — C*(M,LQTM"QTM").
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Remark 2.4.4 Property 3) is a necessary condition for obtaining universal scaling
asymptotics.

Remark 2.4.5 Ifey is a preferred frame at mg and if z = (z1,- - - , za,, ) are preferred
coordinates at mg, then we compute the Hessian:

2 _ 2 _
(V HeLHh)mO = §R(V €L,€L)m0 = —9Yo;
thus if the preferred coordinates are centered at mq (i.e. my = 0), we have:
Lo 3
lealln =1~ 3l + O(12f*).
Our next step is the definition of the Heisenberg chart on the S'-bundle.

Definition 2.4.6 A Heisenberg coordinate chart at a point xy € X is a coordinate
chart p: U~V with0 € U C C™ x R and p(0) = 29 € V C X of the form:

plz1, - s zay, 0) = €a(2) 7€) (2), (2.6)

where ey, is a preferred local frame for L — M at mg = w(xg), and (z1, -+, 24,,) @
preferred coordinates centered at my.

Remark 2.4.7 Suppose that s,(2) = fe$*(2) is a local section of L®%. Then by the
previous definition and the expression of the lifted section 8;(\;) = (A\&¥, sx(2)), with
Az € X, we have that:

S1(2,0) = f(z)a(z)_%eikg. (2.7)

We denote briefly with 7,(6,v) = z + (0, v) the system of Heisenberg local coor-

dinates on X centered at x. We have the following facts:

1 The standard circle action r : S' x X — X is expressed by translation in the

following way:

reo(z+ (0,v)) =2+ (9 +6,v).

2 If m € M and m = nw(z), we set
m+v=m(x+(0,v)),

that is a local coordinate chart centered at m, inducing a unitary isomorphism
Cim =~ R2dm =T, M.
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3 v, induces at x an isomorphism R @ R?™ = T/ X compatible with the decom-

position in vertical and horizontal space.

4 Heisenberg local coordinates can be locally and smoothly deformed with the
base point x. In other words, for any x € X exist an open neighborhood

r € U C X and a smooth map

[':U X (=m,+m) X By, (0,0) = X,

such that v,(0,v) = I'(y,0,v) is a system of Heisenberg local coordinates cen-

tered at y, for each y € U.

Let us now locally express the action of P in terms of Heisenberg local coordinates.
To fix ideas, let us first consider the case of a 1-dimensional torus and trivial stabilizer.

We want to find the scaling Heisenberg coordinates of:

P _ G T
o o) = B 0 By (),

where z1, = x + (9121)7 p € P and ¥, ¢ are the linear coordinates respectively for G

and T. Assume z € X, &g on(z) = 0, and fix a system of HLC centered at z. Let
En(m), spr(m) the valutations of € € t,¢ € g and assume that the stabilizer F, of x

in P is trivial. We have the following Lemma.

Lemma 2.4.8 Under the previous assumptions there exist C*™ functions Eg,ég :
R x C x R — CI™ | yanishing at the origin to third and second order, respectively,
such that as k — +o0o the Heisenberg local coordinates of:

are given by

<\}% (9B (m) + 0,) + %wm (9€01 (M), v1) + %wm (sar(m),v1) + Bs (\f % \}) :
; % (vi — 9€a(m) — spr(m)) + Bo (\;9%’ ﬁ, ﬁ)) .
Proof. For corollary 2.2 of [P4] we have:
ﬁcfﬁ ofi 4 (w1k)
e vk
=i 5, (o (5 00r(m) +00) + fom Gartm) )+ B0 (T2 ).
,% (vi —¥€m(m)) + Bs (\1/9% k))) ,
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where B; denotes a smooth function from R x C% — C% vanishing to j-th order
at the origin.

Applying lemma 4.3 of [P1] we have:

(\/1% (97 (m) + 01) + %wm (9€as(m) + <ar(m), v1) — %wm (sar(m), 9€ar(m)) + Q (JE k) +

where Q, T are smooth functions from C x R% — C? vanishing at the origin to
third and second order, respectively. Set EQ =T 4+ By and §3 = () + B3 remains
to prove that wy, (sar(m), 9 (m)) = 0. To prove that wy, (spr(m),Epr(m)) = 0, we
can observe that G acts on g via the adjoint representation and on vector fields on
M. Tt follows that the mapping & — &5, is a G morphism. Since the map is uniquely
determined by the relation between & and &)y, it follows that the map @4 is a G

morphism, that is,

da(gm) = gPa(m)

for all ¢ € G and m € M. The action used in the formula before is coadjoint

representation of G on g

(9Pa(m),§) = (Pg(m),ady-1§)

if we take g = e* and differentiate the above equation at ¢ = 0 we have:

d{e"“®Pg(m),§) _ d(®g(m), e Ee’)
dt — dt —o
SO
(dn®c(ar(m)),§) = —(Pa(m), [<,€]),
then
wm(sar(m), §u(m)) = —(Pa(m), [s, €]) =0
by assumption. This complete the proof. O

Now we present a general version of the preceding lemma assuming non trivial F),
and that T is a dp-dimensional torus. In this case have to find the scaling Heisenberg

local coordinates of:
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ﬁI(DPPj)*l (xlk)
NG

We remember that ¢ = (01, -+ ,94,) with —7 < ¥; < 7 and we have that
£ = 8%‘0. In addiction £ = (&, -+ ,&4,) and &p(m) = (P1(m), -, Py.(m)) where:

(Pl = <¢)a§l>7
and
dr
9-&=) 0.
=1

We denote with v/ the monodromy representation of F, defined as v} = d,, /1;; (V1)
Now under the assumption of Lemma[2.4.8 and the previous notations we have a more
general Lemma for the Heisenberg coordinates with scaling. An adaptation of the

previous argument then shows the following:

Lemma 2.4.9 Let P = G x T with T a dr-dimensional torus, under the assumption
of the previous Lemma and that the stabilizer is F,, = {p; : j = 1,--- ,N,}. Then
there exist C* functions §3, B, : RiT x Cdm x Rl —y Clu , vanishing at the origin
to third and second order, respectively, such that for k — +oo the Heisenberg local
coordinates of:

are given by

<\}E (9Pr(m) + 61) + %wm (ﬂEM(m),V{) + —Wwm (gM(m),v{) + Bs <
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Chapter 3

Proofs

3.1 Proof of the main Theorem

Proof.

Proof of 1). We consider (p,,,V,.) an unitary irreducible representation of G
and we define p,.py 1 G X T — GL(V,,) as pugiwr(9,t) = t7p,.(g). We have
that (pug kur, Vie) 1S an unitary irreducible representation of G x T' with character
Xvghor (95 1) = Tr(Pug ke (9:1)) = 77 Tr(pug (9)) = 17 X6 (9)-

Assuming that 0 ¢ ®p(M) we have that H(X)y,, is finite dimensional, then
H(X) v kvr € H(X) gy, and INLG’;WT € C®(X x X). We want study the asymptotic
behavior of ﬁyc,k,,T with k& — +o00. Since fL,G,k,,T is the the composition of II :
L*(X) — H(X) and the orthogonal projector of H(X) onto:

g hwr (2,9 (2 dT//XVG (gt M1l (u "1 0l (2),y) dtdg, (3.1)

where d,,, = dim(V,

L) and dg, dt are the associated measure for G and T such that

) cdg=1and fT dt = 1. We start considering the diagonal case, so we have:

1:L/GJWT VG/ /XVG t I (/Jg 1 O,ut ( ) QZ) dtdg (3.2)

. / / Xve (g~ )e VI (A5 o iy (x) , ) didy,
T Ja J(—n+m)dT

where ¥ € (—m, 7). For the moment suppose € X generic and fixed, and denote
F, C G x T the stabilizer of x. For ¢ > 0 we set

A={(g,t) € G x T :distgxr((g,t), Fy) < 2¢}
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and

B ={(g,t) € G x T :distgxr((g,t), Fy) > ¢}

so we have G x T'= AU B and we can consider a partition of the unity v; + v, =1

associated to the covering {A, B}. We observe that the function:

(9. t) = 72(9. ) Xue (97O (A5 0 iy (2) , ) (3.3)

is C* because the singular support of II is included in the diagonal of X x X.
Then

tr [ sl O™ (i 07, (0),2) dg (3.4)

is infinitely smooth and the Fourier transform is rapidly decreasing. Thus the con-
tribution coming from B is rapidly decreasing and we can multiply the integrand by

1. So we can only consider:

HVGJWT XVG(g_ ) kv (:u 1oz 19( ) $> didyg.

(3.5)

Now if v5(g,¥) # 0 then ,u ", o i’ y(z), are near and we can represent II as

7T’7T

Fourier integral operator as in [BS]:

—+o00
M(y,y) = / eV s(y, o t)dt, (3.6)
0

where (/) > 0 and s is a semiclassical symbol admitting an asymptotic expansion

s(y,y',t) = ;;08 t"Js;(y,y’). Inserting | in 1| we obtain:

1 o I 1y [t (G oiT 4 (x),x)—kvp -
Hug,kyT (:C,;c) ~ G / / / 71(9779))(1/@(9 1)6[ (Mgﬂ il (x),x)—kvr ].
2m G J(—m,+n)dT Jo

cs (AS o i%y (%), 2, t) dtdvdy,
(3.7)

and performing the change of variables t — kt, we get:

+o0
HVG kvp (-T l’ VG k / / / g> XZ/G (g ) ke (t.g.0.2), (38)
T, +7r
w5 (ASs o ply (x) , @, kt) didddg,
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where we have set U(t, g,9,2) = tw(ﬂgG_l o ily(x),z) — vy -9. We shall now use
integration by parts in ¥ to prove that only a rapidly decreasing contribution to the
asymptotic is lost, if the integrand in is multiplied by a suitable cut-off function.
In local coordinates we have ﬂf,l oy (z) = z+O(g) with € > 0 very small, because
(g, 6“9) € U with U a small neighborhood of F,. Thus we have that:

d(ﬁciloﬁzﬂ(a:),:p)w = d(z0)¥ + O(e) = (az, —ay) + O(e),

g
with 0y W = t®p(m) — vp + O(e). Therefore, since ®r(m) # 0 and vr # 0 we have
for t > 0 that ||0s¥| > Ct, for some C' > 0. In a similar way for 0 < t < 1
we have ||0y¥| > C; > 0, for some C; > 0. Therefore by integration by parts
in d¥, we have that the asymptotics for & — +o00 is unchanged. We multiply the
integrand by p(t), where p € Cg° (%, 2D) and p =1 on (%, D)7 so that the integral
in dt is now compactly supported. We shall now use integration by parts in dt to
show that only a rapidly decreasing contribution is lost, if the integration in (g, ) is
restricted to a tubular neighborhood of F; of radius O(k“s—%). We have that 9,V =

V(G o iTy (x) ,x). 1 dist((g,e”) , Fy) > CK*~3, then
dist (7G4 o iy (), 2) > Ck*~2

and so:

W(/:Lg;—l o fily (x) ,x)| 2 %w(ﬂf—l o fily (), x) > Cok®~ (3.9)

(see Corollary 2.3 of [BS]). Introducing the operator

-1

Ly = [¥(fg o iZy (2) 0)] 0y,

we have that:

okY _%Lt (eiklll) '

We can now mimick the standard proof of the Stationary Phase Lemma: itera-
tively integrating by parts, we obtain at each step in view of a factor of order
O (k:’%), and then after N steps a factor of order O (k:’QN J ) This proves that the con-
tribution to the asymptotics coming from the locus where dist((g, ew) , Fz) > Ok 2
is rapidly decreasing. We can now prove that is rapidly decreasing in k for
distx (z, Xo,p,) > Ck*=3. Now we consider a bump function p; : P — R supported
in a small neighborhood of F, and = 1 near to F,. The function p; is defined as

p1 = pi(f,€) with f € F, and £ the normal coordinate to F,. We can multiply the
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integrand of |) by p1 (f, k%_5£> losing only an O(k~*°). Then if pi(g,t) # 0 we
have 45, o iy (z) =2+ O (k(s_%). Therefore:
ﬂuqm@w+0<wﬁ>:@%;a@+ow“%,

(ﬁngl Oﬁzlg (x)vf

and O )Y = t®p(m)—vr+0 (/{5’%) Here (g, v) are local coordinates on P induced
by the exponential map expp. Then if distx (z, Xo,,.) > O3k we have that:

1
10y > Cuk® 2.
Thus we find a differential operator Lq g with [ L 9| > 05165_% where distx (2, Xo,,) >
O <k5—%> such that Ly (¢*) = ike™™. Iterating the integration by parts, in
view of the scaling factor we have at each step a factor O (k72°). This proves that
My o (2, 2) = O(k™) for distx (x, Xo,,) > CK*~2. Let us consider (z,y) € X x X
with

max {distx (z, Xo,, ), distx (y, Xo,, )} > Ck*~2

for every ¢ fixed and using the Cauchy-Schwarz inequality we have:

HVGJWT (SE7 y)‘ < \/ﬁVGJWT (LL’, 1;) ’ \/ﬁVG,kVT (y, y>7 (31())

50 Iy, gy (2, ) = O(k™). This complete the proof of 1).
Let us now consider the proof of 2). Now setting z;, = = + % for j = 1,2,

using FIO representation as before and changing variables ¢t — kt, we get:

~ kd 1y ik
HV 5 — vG , 1\ ik® D (¢,9,x) 3.11
G kvr (xlkaka) (27T)dT /{‘/VX G(g )6 ( )
.S (ﬂf,l o i’y (z1k) , 2ok, kt) dViy (w),
where
W =G x (—m,7)% x (0,+00) dViy(w) = dgdidt, (3.12)
and
W (9, 2) =t (ﬂgG_l o fily (z11) s wak) — vy - V. (3.13)
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Here t = (t1, - ,tay) = (6“91,~~~ ,ede) =e". Let F,, C P, F,, = {p;} =
{(g;,t;)} the finite stabilizer of z € X ,,. We introduce a bump function p = Zjv;”l pj

with support of p; in a neighborhood of p; = (g;,t;). As consequence we have:

Hug,kuT (xlka ka) ~ Z Hug,kzzT (xlka ka)(j) ) (314)
J

where each addend of (3.14]) is given by - 3.11)) multiplied by p;. In the support of each

pj we write g = g; expg f and t = t; ef where with exp, we denote the exponential

map from g — G and 7,9 are coordinates on g = R% t & R associated with the

respective orthonormal basis. Omitting p; in the integrand we have:

~ K7 dy - gl 1 k) (100
Wy kvr (T1k, Tar) ~ W /W, Xvg <9j "expg (— \/E)) £ (o), (3.15)

S (ﬂ?"/ o ﬂii (l‘lk) y L2k kt) dVW/(U)),
VE N
where
W =R% x RYT x (0,400)  dVyyr(w) = dydddt (3.16)
and
\I’(Q)(t 9 ZL‘) = t@[] ﬂG ol O[j, 9 O/,L _1 Olu (x1k> o | — VUt - i (317)
Y ) _ﬁ T t ) \/E

We write =], = u “1 0 ,ut (x) = x + (91,V1) for a particular choice of o
adapted section in the definition of HLC. We assume that the orthonormal basis of ¢
is taken as (wy, - -+ ,wgq,) with (wq, -+ ,wa,—1) an orthonormal basis for Ker(®r(m))
and (®r(m), wa,) = ||Pr(m)||. So we have that, if (v, ,v4,) is the orthonormal

basis for g, an orthonormal basis for p = Lie(P) is of the form:

(Ulv'” y Vdg, W1, -+, Wap :77)

We call (ay,--+,aq, = b) the corresponding linear coordinates on p such that
a = (a, - ,aq, = b) € RI*~1 = Ker(®p(m)) and ap(m) € R?¥ = T, M is his
injective valutation. Considering (3.17)), we write (v,7) € p = R = Rée x RIT as

(7,9) = (v,9) + I = a +bn, (3.18)
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remember that vp = X\ - ®p(m) = (0,v7) = AP p(m), then we have:

vr -9 = (0,vr) - (a+ bn) = bA[|Pr(m)|.

Here A = )\, is such that vp = A, - ®1(m). Thus we have:

; o b
A (t,b,2) =t (ﬂpa+bn (z11.) ,x%) — /\VTM. (3.19)
k

,T \/E

Now let p = a + by we have that a € Ker(®p(m)) and 5 € Ker(®p(m))", with
[nll = 1, {(@p(m),n) = (Pr(m),n) = [|Pr(m)[|. We get:

—ra <(91 + <(I\)/TE(m)7p> + %wm(aM(m) +bnM(m),v{) ‘I—Eg ((IJ\/;I/(%n)’%?ik) 7
2 J_ an () — ~ (am(m) v b
O =) o) + B (22 2 ) )

=2+ (Aj (0, v], v2), Bjx (9, 0], v2)),
(3.20)

with Eg, Eg that vanish at the origin to third and second order. We obtain that:

0 (A, () ) — -

kol

= it [1 . €i<Aj,k(ﬁ,v{,v2)\6)/2g>} _ %¢2 (V{ _ CLM(m) . bT]M(m),Vg) 61(.Aj’k(19,’u{,’l)2)70—\/2g>_

- % + it Ry (ﬁ (V] — 9€ar(m) — sar(m)) . ﬁ) ¢i(Ars@ri)=%)
(3.21)

where R}f vanishes to third order at the origin and

1
o(r, 8) = —iwp(r,s) — §||r — s||2 (r,s € C").

Now

) ; 0
i <Aj’k<19,11{,1}2) — \/—%> =

(6= 0 Ol + ponans + oma ) + B

apy(m) v b

k)
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then

=1- {1 + ﬁ(el — 92 + bH(I)TH) + Ewm (aM(m) -+ bnM(m),v{) —

~, (ay(m) v b
21{3(91 — 0y + b]|®7|)? "‘-Bs ( VB 7)}
- _ﬁ(el O+ D@7 ])) = S (ane(m) + bs (). v1) +
2 IS aM(m> v b
2k(91 02 + b||Pr||)” + By ( N ’ﬁ’ﬁ>

and

: ‘ ,
it |1 _67»<A]‘,k(19,7.1{,1;2)_72;) _

t 1 .
= —((91 — 92 + bH(I)TH) + —twm (aM(m) + bnM(m),le) +

Jk 2
i = (ap(m) vob
+ —t(6; — 0y + b||® 2+ztB”’< ——>
o (01 = 02 + 0] 1)) S\ VE Vi
Thus as conseguence:
t
O (b, 1) = — (6, — Oy + b||D7||)+
1( ) \/E( 1 — 0+ 0|27 -
; m
+ st (ans(m) + b ). 1) + 5201 = 0o b7 ) = Aoy =T
it - = (ap(m) voob
_E% (v{—aM(m)—bnM(m),VQ)+ztB3 < i ,—k,—k)
! (01 — b2 + b[|Pr[]) — Au | D7 (m)][b) +
= — —_ —_ v m
\/E 1 2 T T
1
1 [fom (anrtom) 4 b)) 4+ 51061 = 0 + o~

ay(m)

)

—it1y (v{ —ap(m) — b?’]M(m>,V2)] + itég" (

and
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kU@ (¢, b, z)
= ik (01 — 02 + b|r[|) — Ao || @7 (m) 1) +

) 1
it (anam) + o), 87 = 51061 = + ]+

; ~, (ay(m) v b
+thy (V] — apr(m) — bnar(m), v —ktB”’( ,—,—).
o (Vi = anr(m) — bygar(m), v2) | s\ VE Vi i
Continuing calculations we can rewrite the j-term as:
ﬁug,kw (xllm $2k)(j) (3-22)
1-2r d

v oo +OO ivVEY( b 0,
s / d [ / dt / (VRT(E0) A, vw>B<y>],
p—1

where
T(t,b) = ¢ (br(m)]| + 6 — 63) — s b (3.23)
A(m797v7vaa) (324)
t , .
= —§(b||¢T(m)|| + 01 — 02)? + itwn, (ans (m) 4 byar(m), vi)+
+ t@/)g(v{ —apr(m) — bnpr(m), Vg)eiAjv"‘w’”{’”)
and

B(j) = xue(g; e ™0 (3.25)
The internal integral in |D is oscillatory in vk with phase Y. The phase has

critical points (o, by) = ()\,,T, %). The Hessian is

0 [|or(m)]
Hm(%):(nwm)n 0 )

and

Using the Stationary Phase Lemma [H] we have:
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T i dl/ Ny 1_dp — _
Iy, oy (T 11, Tok) 9 ~ (270%3(])%2 > -/Rd e VE@B2=00)0, (3.26)
.
d
()",
[Pr(m)|| \ =

where

A(CL, to, bo) - )\I/T [Zwm (CLM (m) + b077M7 V{) +
+1o (V] — an(m) — bonar(m), va)]

and we have to evaluate the integral [o4, dae?(@to:bo) - Tn order to do this we define
the following spaces:

Vin = val, (g @ Ker(®r(m))) = val, (Ker(®p(m))) C T,, M,
Ny = I (Vin),
Hypy = [V & N ™,

where V,,,, H,, are complex subspaces of T, M and N,, is the normal space to M ,,..

Decomposing v € T,, M as v = vy + v, + v;, with respectively v, € H,,, v, € V,,, and
vy € Ny, we have that ay, = anr, 9 = Nvn + M and

W, (aM(m) + bonM(m),V{) + i)y (le —ap(m) — bo?]M(m),Vg)
= iwp (aar (M), vi;) + ibownm (Marn(m), vi, + van) + ibowm (Mare(m), vi) — iwnm (v, van)+

. , 1. . . .

+ iwpm (an (M), var) + ibowm (Nary (M), vat) — §|| Vi, — bonaan (m) — vop||* — iwpm (v1,, var)—
1, 1 . ;

- 5“ Vi — V2tH2 - 5” Vie — apr(m) — bonare(m) — V2vH2 — 1w (V14 Vau)

. ; 1
= iwp (ar (M), vi, + var) — §|| iy — apr(m) — boar(m) — v ||’
+ Zbowm(th(m)7 V{h + V2h) + ibowm(nMU<m>7 V{t + V2t) - iwm(viha V2h>+
1. , : 1, ' .
- §|| Vin = boman(m) = vau||* — iwin (v, var) — §|| Vie = Vol = dwn (v, va).
(3.27)
We define rj;(m) € R4~ translated by ay(m) such that:

TM(m) = V{v - GM(m) - boﬁMv(m> — Vay,
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s0 anr(m) = vi, — ra(m) — bonary(m) — va, and

wm(aM (m)a V{t + V2t)
= Wi (V] — Vau, Vi, + V) — Wi (rar (m), v, + var) — win (Bomare (M), v, + var).

(3.28)
We get:

WWL(CLM(m)? V{t + VQt) - wm(V{m V{t) + wm(v{m V2t> - wm(v2m V{t) - wm(v%v V2t>_

- wm(TM(m)7 V{t + V2t) - Wm(bonMv(m)a V{t + V2t)-

(3.29)
Putting (3.29) in (3.28]) and deleting the opposite terms, we obtain:

iwm (ans(m) + bomas (m), vi) + itbs (V] — anr(m) — bonar(m), va)

. o 1. .
= i [wm (V1 V1)) = @i (Vau, V) | = Sl vie = varl*+

. ; . ; 1y 2
+ ibownn (1 (M), Vi, + Van) = i (Viy, Van) = 5 [[vin = o (m) = van | —

. - 1
— it (raa (), vy + var) — 5 I ()|

Let C the matrix of val,, : Ker(®r(m)) @ g — V,,. Changing variable ' = Cr we
have that dr = det C~'dr’. We have to evaluate:

1
det C

We make the substitution s = /.7, so we obtain:

defl

—1(dp-1) . dp-1 )
A olim s Mor (tva) = s12] g — (2T 2 v a2
det C' Rdp—1 A\z(dp=1)
(3.31)
Thus the exponential factor in the asymptotic expansion is e(*1:*2) with
iy o 2 2, (02 —0) j
H(vi,v2) = Aoy | —iwin (Vi Van) — | vaell® = [ vaell® + 55w (nan(m), vi,, + van)
[Pz (m)]| )
. S , 0y — 0
+ilwn (V{v» V{t) — win (Vau, var)] — 5 || vy, — wth(m) — Va2 g
2 [Pl
(3.32)
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and the principal term is of the form:

da _ (dT 1)
2F kA, \ MR ik
Y1 ( 7TT> X (g5 e T (3.33)
ei\/E(QQ—Gl))\V . €H

@7 (m)[D(m)

d,
(\/'

This complete the proof of 2).

Let us now describe the necessary changes to the previous argument to prove
3). Instead of considering a neighborhood of (z,x) we consider the asymptotic in a
neighborhood of (z,pg - ). We set y = p -z and we assume given the local system of
Heisenberg coordinates in a neighborhood of x and y. We may also assume without
loss that the Heisenberg coordinate system centered at y is obtained from the one

centered at x by a p-translation, that is,

+ (Q,V) =p- (I’—I— (Q,V))
We must evaluate:

HVG,kVT ($1ka ka) )
where 1, = x + & \/E’ Yor = Y + \1}—% and u; = (0;,v;). Now with the preceding

interpretation we have that yo, = po (1‘ + \";—%) = poTak. Proceeding as in the previous

case we have:

g ks ($1k, Yor) (3.34)
277 o\ar //XVG (7"t T (fighs o i1 (x) , po - war,) dtdy,
and due to the unitary action:
ﬁl/g,kl/T (T1k Yor) (3.35)

— dT / / Yoo (g7t kvr T (,&/gl o /'lngl o /lzil (x) ,xzk) dtdg.

Let po = (9o, to) = (90, €™) € P, then

iy © filg 1 (T1k) = fig1 4 0 fiy o (T1k),
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and changing variables g’ = ggo, t’ = tto, we have g = ¢'gy ", t = 'ty and ¥ = ' — V.
Then

HI/G kVT xlka y2k

= dT / / Xve ggo e~ v (9" =90) ] (/] i o:ug/ . Oﬂt/ ) (z) ’x%) dt/dg/,
(3.36)

that will be the same as before with the difference that in the j-addendum we will

make the substitution:

—kvr

Xve ()6 = Xugwr (05) = Xoe (9590 1) Eito ) ™™™ = Xogwr (D90 1)-

This complete the proof of 3) and complete the proof of the main Theorem. O

3.2 Proof of Theorem [1.3.4

Proof.

On the diagonal we have:

My b (2, ) (3.37)
= VG// 71thTH( 1O/Lt 1( )$)dtdg

Xoe (971 e L (360 o iy (2), 2) dvdg,

(—7r,7r)dT

where ¥ = (191’ ...... 719dT)7 VT:(Vla"' 7VdT) c 74t and VT'19:Z—1VT319 We
consider F, = {(g1,t1), -, (gn,,tn,)} the stabilizer, with |F,| = N,. Let ¢ > 0 and

we consider the following open subsets of P =G x T"

A={(g,t) € G x T :distgxr((g,t), F,) < 2¢}

B ={(g,t) € G x T :distgxr((g,t), Fy) > €}.

Then P = AU B, and we have choose a partition of unity v; + v, = 1 subordinate
to the open cover {A, B}. Then for (g,t) € supp(~,) we have

dlstX( "o i (z),z) > Ce
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for some constant C' > 0. Therefore, the map

(g:1) € P = (g, t)xve (9 (51 0 iy (2), )

is C* because the singular support of II is included in the diagonal X x X. As

consequence the function:

teT o / 1209, s (9L (A1 © i1 (), 3) dg

is C* and so its Fourier transform evaluated at kv is rapidly decreasing for k — +o0,
since by assumption vr # 0. We set v, (g,9) = Zjvz””l pi(g, 1), with each p; supported
in a neighborhood of (g;,?;), and consider

HVG,kl,T x,x) g HZ,G kl,T x,T) ()

where

e, ’C”T z,1) (3.38)
271' n)i / / o DNxve (g~ )e™ ™I (351 0 iy (), ) didg.

Let us now examine the asymptotics of each integrand separately. On the support
of 1, [t _1 o th () is close to x, and therefore we may replace II by its representation
as a Fourler integral, perhaps after disregarding a smoothing term which contributes

negligibly to the asymptotics. After rescaling in ¢ we have:

g pup (2, 7)) (3.39)

N dy,, k:/ / /+Oo Yo (g™ 1)V @ bo0)
(QW)dT G J(—mm)ér Jo e
S ([Lngl o /]Tﬁ(x)7 €, kt) Vi (97 ﬁ)dtdﬁdg

with

U(x,t,9,0) =t (A5 0 il y(x), ) —vp - 0. (3.40)

Let us regard as an oscillatory integral with a complex phase ¥ of pos-
itive type. Let us look for critical points of W. We have that 0,V (x,t,g,v) =
b (,15,1 ogéﬂ(x),@ — Oifand only if 0 = ¥, and g = g;. We set 9§ = 1 + 9,
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with n ~ 0. In the neighborhood of g;, we can write g = g; exp; §, where £ € g is
close to the origin. With abuse of notation we shall write g% o’ (z) = [ﬁg ol ().
Upon choosing orthonormal basis for the Lie algebras, we shall identify them with

R and R, respectively. We consider now OV (z,t,6,7 = tdp — vyp.

)‘£=0n7=0
Thus in the new coordinates at any critical point & = 0, n = 0. The critical points

are of the form:

Py = (to, (0. 90)) = (% <<j,ﬁj>) |

Considering the second derivatives, 92¥ = 0, and using Heisenberg coordinates

we write:

U(z,t,6,m) =t (x + (@ (m) + n®r(m) + O(I(§,n)), (3.41)
=& (m) —mr(m) + O(I(€, ) &) —vr -0 —vr 9.

Here with abuse of language we have identified 7ny/(m) and &y(m) with their

representation in local coordinates. We note that m € M ,,. so

U(z,t,¢,m) =t (v + (n®r(m) + O([I(€, M), (3.42)
,=&u(m) = mur(m) + O(I(E.n)II")) . x) —vr-n—vr-V;
=—vpr-n—vp-v;+it { [1 — e”’q)T(m)}

3 lnam) + s (m)Pes )+ (1€l

and setting v = (71, ,vap) = (&1, &g My sMay) and o = (g,9), we have
0o = (§0,790) and

0,V (z,t,0)| = ®p(m). (3.43)

(to,00)

Thus, we have:

8c2fzcrk\1}(x7 t’ O-)’(toﬂo) = i)\VT [(I)l(m)q)k (m) + <r)/l7 /Yk)m] ’ (344)

with A\, = to, we are in the same case of [P4] in the proof of Theorem 2, so we have
that:

det H (to, 0g) = i A% || @ (m) |? det C'(m). (3.45)
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Where C(m) is a scalar product on Ker(®p(m)) and

k AN
det [ﬁH(to, 00)} = <%> AP @ (m) [IPD(m)?. (3.46)
The principal term is:
dycefikﬁj.yT2d0/2XVG(gj—l) (||VT||]€>dM+12dP 1 (3 47>
(vam)™™ ™ D(m) | (m)|rt+55
This complete the proof of the Theorem. O

3.3 Proof of Corollary

Proof.

We start considering the dimension of H (X)), kuy:

A (o) = | Tty ,2)AVs ().

Now let us observe that ﬁuc,va (x, ) is naturally S'-invariant as a function of ,
and therefore descends to a function on M, that we shall denote by ﬁVG’kVT (m,m)
with abuse of language. Thus by integrating first along the fibers the previous integral

may be naturally interpreted as an integral over M, that we shall write in the form:

A (H (X)) = /M T, (12, 12) V3 (m).

Now by the above ﬁVG,kVT (m,m) is rapidly decreasing away from a shrinking
neighborhood of M, ,,.. So, using a smoothly varying system of adapted coordinates
centered at points m € M, ,,,., we can locally parametrize a neighborhood U of My ,,.
in the form m + v, where m € M, ,, and v € N,,,. This parametrization is only valid
locally in m, since we may not expect to find a single C*> family of adapted coordinates
Ym (m € My, ). Hence to make this argument strictly rigorous we should introduce
a partition of unity on M, ,, subordinate to an appropriate open cover. However, we

shall simplify notation and leave this point implicit.

dim(H (X )y k) = / / ﬁVG,kVT (m+v,m+v)dvdVy(m).
MO,IJT de—l
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In view of Theorem the asymptotics of the previous integral are unchanged

if the integrand is multiplied by a cut-off of the form g(klls | v]|), where o € C§°(R) is
identically equal to 1 in some neighborhood of 0.

dim(H(X)VG,kVT) = / / ﬁug,szT (m+v,m+v) Q(kllSHVH)dVdVM(m)
Mo, Rip—1

Let us now operate the rescaling v =
expansion in Theorem |[1.3.4) with u = u,

<k

. We can now make use of the asymptotic

that is, u, = u, = 0). We obtain:

~~

dim(H (X)), kv / / 1L, (m—l— m—l——)gk‘é ul|)dudV;
( ( )GkT Mo, Juirs G kvr \/— \/— ( H H) M

9 dp—l
:k'_ E / 22d (HVTHk)
MO,VT (\/§>dT Lﬂ-dT_l T

1 2 1
/ o e~ Mvr2lull g(k:_ﬁH uH)dudVM(m) +
- = tldet C(m)

(3.48)

. Now we evaluate the
Gaussian integral, let us operate the change of variables ¢ = 1/2\,, u, we have that:

2 ]. 2
/ W I P / el g (3.49)
Rip—1 )\V:2 (ﬁ)dp—l RP—1

where dp = dg + dr and the dots denote lower order terms

_|ler(m)]|
(V2)

and substituting in (3.48)) we obtain the following expression:

d2 k dy—dp+1
dim(H(X)VG,k:VT) = = (HVTH ’

2dT717-‘-dT71 T

|7 (m)||~urter—2
/Mo,uT det C'(m) AVa(m) +

The proof is complete.

3.4 Proof of Proposition 1.2.7

Proof.
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We assume that disty (y,p - ) > Dk"1/2 for every p € P. The method consist to
use iteratively integration by parts to deduce the rapidly decreasing behavior of the
kernel. We start following the previous situations using the standard representation
as Fourier integral operator. So, by performing the change of variables t — kt, we

obtain the following expression for the Szego kernel:

“+oo

My by (2,9) Xvg (g~ )0, (3.50)
w5 (A5 o ity () ,y, kt) dtdgdd,
where
U(t, 0, x) =t (A5 o iy (x),y) —vr -0 (3.51)

is the phase of the oscillatory integral. First we observe that:

105 || = NIt (g1 0 i1y () ,y) —vrll = C

for 0 <t < 1and C' > 0. In a similar way

109 = Cit

for t > 0 and C} > 0. Using integration by parts in diJ, the asymptotics for & — +o00
5D 2D) v=1on
2D) The integral now is compactly supported in

is unchanged. We multiply the integrand by ~(t), where v € C3° (
(%,D) and v = 0 outside of <2D’
dt. Taking the partial derivative respect t, we deduce that:

0,0 (t, 0, x) = ¢ (iSs o iy (x) ,y)

and by the assumption we find that:

1000 (t, 0, )| = | (5 0 iy (2) ,y) | > S (g 0 iy (2) ,y) > D'E*1

Now we introduce the differential operator:

L= [t (iS 0 i%y (2),y)] "

and observing that e*¥ = —%Lt (eik‘l’) we can apply iteratively the integration by
parts. So step by step we obtain a factor of order O(k=2V¢).
The proof is complete. |
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3.5 Proof of Theorem [@T.4.1

Proof.

In view of the equality on the first line of we observe that 1) follows im-
mediately from the point 1) of the main Theorem. Let us now consider the proof of
2).

Let f € C*°(M), we consider the associated Toeplitz operator:

T hwr ] (rc + ﬁ x + ﬁ) (3.52)
[ T (24 S0) S (+ =) v)

with z € X, where f(y) = f(n(y)). Now in view of Proposition[l.2.7only a shrink-
ing neighborhood of the orbit P - x contributes non-negligibly to the asymptotics.
Therefore, the asymptotics are unchanged if the integrand in is multiplied by
a cut-off function g (y), where g = 1 for distx(y, P - z) < Dk%~'/2 (for example
concretely & equal 1/9) and g = 0 for distx(y, P - ) > 2Dk°~'/2. We shall make a
more explicit choice of g, below.

Let x + (6,v) be a system of Heisenberg local coordinates on X centered at x.

This determines for every p € P a system of HLC centered at p - z, by setting

px+0,v)=p-(z+(0,v)).

In this manner we have a unique smoothly varying family of HLC systems centered
at points of P - x, and identifications 7,,X = T, X 2 R x R*™ T, M =T, M =
R x R2¥ Furthermore, the action of P preserves the contact and CR structures of
M, and the decomposition of the tangent spaces in h-, v-, and t-components. This
means that the corresponding decomposition is preserved under the identification
TomM =T, M. Ifye P-x,let Nf be the normal space to P-x in X at y; then we
have natural unitary isomorphisms N} = N. With this identification implicit and
some abuse of language, we may then parametrize a suitably small open neighborhood

of P - x by the map

(p,n) € Px NP p-x+n.

We set y = p- (x +n), where p = (g,t) € P and n is a tangent vector normal
to the orbit. For simplicity we suppose that the stabilizator of x in P is trivial. We
have a diffeomorphism P x N(¢) — X', with X’ a e-tubular neighborhood of P -z in
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X and N (e) is a ball of radious ¢ in the normal space of the orbit in = (a real vector
space of dimension 2dy; + 1 — dp). This diffeomorphism doesn’t preserve the volume
form. Thus in coordinates (p,n) € P x N (where N denote the normal space to

Pz in z):

dVx(y) = D(p,n)dVp(p)dn, (3.53)

where dVp(p) = #dvg(g) is the Haar measure of P, dn = dL(n) the Lebesgue
measure on N2 (unitarily identified with R?¥+1=4r) and D(p, 0) = R, (p) with R, :
P — R, a distortive function defined as follow. Let By an orthonormal basis of
p and let val, : p — T, X the valutation map. Let D,(p) the matrix associated to
val!(gx) : p X p — R respect to By and

R (p) = V/det Dy(p), (3.54)

here gy is the Riemannian metric on X and val!(gy) is the pull back of such metric to
p = Lie(P) using the valutation val, : v — vx(z). We observe that R, (p) is constant
along the orbit, because P acts by isometries. We put R, (p) = r,. We obtain that:

Tog r | f] (Sc + % T+ %) (3.55)

o T Gt R o PR oy PR
[ [ T (o4 Sepletm) £ ot )

A%

| B (p (x+n),z+ \/E) D(p,n)ox (p- (x4 n))dVp(p)dn.

Rescaling n — Z&, we observe that Rank(N) = dimX — dimP = 2dy, + 1 —dp =

1—d
[dar+1552] dn and we obtain that:

2 [dM + 1_2dP } from which we have that dn — k
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Tuosurlfl (4 o+ 77

= Lo / My ko (x + \;Ey) FO) g ko (y,x + ﬁ) or(y)dVx (y)
s (0 G (o 77) )1 (oo 7))
I PRI () mmn

Here oi(p- 2+ n) = o (p- 2+ k***n) and € = 1/9. n € NF by construction

and v € NI by assumption. We have that:

N, = [val,(Ker(®p(m))) & span(nx (x))] -
Let n € t be the unique element such that

1 € ker r(m)*, (@r(m),n) = | @r(m)].

In particular we have n € t, and 7 has unit norm. Then

nx(x) = (1@p(m)l, =nar(m)). (3.57)

So in terms of the isomorphism 7T, X = R x T,,M we have:

px(z) = ({0} x val,,(Ker(®p(m)))) ® spang (([|®(m)][, —nr(m))),
and so in the notation of and

px ()" = ({0} x Vi)' Nspang ([|@(m)|, —mar(m))™
= [R x (Hy & Nw)] O [spang (([|@(m) ||, —nas(m)))]

with V,,, = val,,(Ker(®p(m))), Ny, = Jp(Vin) and H,,, = (V,,, ® N,,)+. We have that
nue(m) = 0, because My, is P-invariant. Thus if (\,h +t) € R x (H,, ® N,,,) we

have:

gx (A WA, ([[@(m)l, =nar(m))) = A @p(m)|| — gx (b, narn(m)).

Denoting ® = ®p(m) and ny;, = ny(m) we have:
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x(h
Nf:{(A,h+t)eRx(Hm@Nm):A: ”(I:ﬁMh } (3.58)
h

=0k 0] { (st b) s s}

We write v = ny = <mgx(h1,77Mh),h1 +t1>, n = (H% x (hy marn), h—l—t>. Re-
calling that II(xy, z5) = II(x9, 1) we obtain:

Ty, kuT[ f] (w+ % x+3—1—) = (3.59)
Y O )}
Y <p, ﬂ) Ok (p~ (a: + VE)) dVp(p)dn.

Let us now make use of the asymptotic expansion of ﬁug,kw from point 3) of the

Theorem |1.2.6| and, using the Taylor expansion for f (p -+ \%) and for ©

T korlf] ($ + ﬁ’m + ﬁ) ~ k’[ M2 ]7“35 ~f(p-x)C(m,vp) (3.60)

L] e @) -t (p-(ﬁjg))dvlo( n(1+ )

where we have set:

1—-d

dy+—5+

dg oz ™2
dug22 ™

(V2m)a=1 D(m)|| D]

C(m, VP> =

and the dots stand for terms of less degree.

Here the exponent is as follows: let
n:V+t+h, TL1:V1+t1+h1

be the decomposition as in (1.4) and (1.5). We call R, = N and r,r; in place of

ni,n. Then

gx(h —hy, mam)

h; —h -
1 [Pz (m)]|

Nah
(3.61)

H(ri,r) + H(r,m) = =20, ([ 6] + [1£]°) = Ao
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We evaluate the Gaussian integral [,, e/ +#Tr)dr So we have that:

/ JWMHMMWh:eQMN“P/)eQMTwwt/‘eAW
I : h (3.62)

Let dy,, = dp — 1 the dimension of N,,. Let us first consider the first Gaussian
integral in (3.62]).

2 1 1)1a12 s (dp=1)/2
/ e 2hrllt? g — . / e 2lslPgg = ( ) ) (3.63)
N, (2 AVT) Nom Nm, 2>\VT

To compute the second Gaussian integral in (3.62)), let us operate the change of

gx (h=hy,mprp H
g —h— ST dh.

variable

gx(h —hy, UMh)th
| @7 (m)]|

—hy +h+ = w. (3.64)

We differentiate the previous expression dh = det (8—W) 'dw and in order to

determine det ( W) we have the following Lemma:

Lemma 3.5.1 Under the change of coordinates (3.64) we have that:

ow [narn )
det|{ — | =1+ .
<5h> |||

Proof.

We consider an orthonormal basis of H,, that include 7. So the Jacobian matrix

<aw) [1 0 ]
a1 ] T lnarnll?
oh 0 1+ hﬂ

where [ is the identity matrix and the Lemma is proved. O

is of the form:

So we have:

/ 6_>\UT
m

_ |2zl / b4 _ || (
1Pl + |aenl* J (2)\VT)d*£m [Pl + [|7azn]>

gx(h—hyn 2
by —h— Sl Wh” dh

T dm,, /2
Aoy !

(3.65)
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with dy,, = 2(dy+1—dp) the dimension of H,,. Inserting (3.65) and (3.63) in (3.62)),

we obtain

/ eH(n,T)JrH(?",ﬁ)dr (366)

AHpy, TNy,

:6_2)\VTHt1“2 . H(I)T” ( ’ ) 2 2_dNTm.
17l + [17arn I \ Awr

Let us now insert this in . We obtain a leading term depending on r, and
f(z). We can then determine r, using that for f = 1 this must reduce to the leading
term in 2) of Theorem m Thus, recalling that [}, [x,, (p)|> dVp(p) = 1 (see [BD]
Theorem 4.11) and noting that dy,, +dy,, = 2dy; + 1 — dp we obtain that the leading

m

order term in (3.60)) is given by:

o[+ . C(m,vp) - ()\W ) P g,
- dM_di+l
T i S S P (EIIVTH) el
[l + [[maenl? (V2m)dr=1 ¢
1 1
D(m) ||y |d 1= FHE

(3.67)
and we find that

dr—1p ® 2
T (m) (|7 + [l7aenl*) (3.68)

dI/G (\/5) —dg—dr+1—dn,,

The leading term become:

1 dG k dM_dTP+% 2\ 2
(Vamyir1 e (;HVTH) f(m)emertl. (3.69)
1 1
D(m) ||(I)T||dM+1—%P+§'
This complete the proof of 2) and of the Theorem. O

3.6 Proof of Corollary

Proof.
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We start considering the trace of T, k. [f]:

T (T o) = / Ty e ], 2) AV (2).

b's
Now we observe that T, r..(x,x) is rapidly decreasing away from a shrinking

neighborhood of Xy ,,. So, using a smoothly varying system of adapted coordinates
centered at points z € Xy ,,, we can locally parametrize a neighborhood U of X ,,.
in the form x + t, where € X;,, and t € N,,. This parametrization is only valid
locally in z. We introduce a partition of unity on Xy ,, subordinate to an appropriate

open cover and we simplify the notation leaving this point implicit.

S Tonalf) = [ [ Tonnlfl @+ tr+ ) dtavi(a).

In view of Theorem the asymptotics of the previous integral are unchanged,
if the integrand is multiplied by a cut-off of the form Q(kﬁllS [ t]]), where ¢ € C3°(R) is

identically equal to 1 in some neighborhood of 0.

S(T,,GJWT[f])_/X /R T (m o+ v,mv) (k5| ]tV (o).

Let us now operate the rescaling t = \/LE We can now make use of the asymptotic

expansion in Theorem |[1.4.1] with n;y = u. We obtain:

T (T b [f]) —kd”21/ / T (x+i x+l> (k5| ul|)dudV:
vg,kvp XO,VT Rip—1 vag,kvp \/E7 \/E AQ X
dp—

d 1
i 2D, (kT
(ﬁ)dT—lﬂ-dT—l T

T 2
/ / fCSP*(1 )) 6_)"/T2”u” Q(k;_éH u“)dudVX(:p) _|_ KN
Xowp SR || Op|| M= 72D (w(2))
(3.70)
where dp = dg + dr and the dots denote lower order terms. Now we evaluate the
Gaussian integral, that is the same of (3.49) in the Corollary [1.3.5. Substituting the

result in (3.70]) we obtain the following expression:

A A e
T (o) = g ()

/ F(r(@)|| B ()|~ tarrdr—2

D(r () dVx(x)+---.

0,vp

The proof is complete. |
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