SU(3)-HOLONOMY METRICS FROM NILPOTENT LIE GROUPS

DIEGO CONTI

ABSTRACT. One way of producing explicit Riemannian 6-manifolds with ho-
lonomy SU(3) is by integrating a flow of SU(2)-structures on a 5-manifold,
called the hypo evolution flow. In this paper we classify invariant hypo SU(2)-
structures on nilpotent 5-dimensional Lie groups. We characterize the hypo
evolution flow in terms of gauge transformations, and study the flow induced
on the variety of frames on a Lie algebra taken up to automorphisms. We
classify the orbits of this flow for all hypo nilpotent structures, obtaining several
families of cohomogeneity one metrics with holonomy contained in SU(3). We
prove that these metrics cannot be extended to a complete metric, unless they
are flat.

This paper uses the language of hypo geometry to construct 6-manifolds with
holonomy contained in SU(3).

Consider such a six-manifold (M, g), and fix an oriented hypersurface N in
M. Under suitable assumptions, the exponential map allows one to identify a
neighbourhood of N in M with N x (a, b), and put the metric g into the “generalized
cylinder form” g? + dt? (see [7, 1]); here ¢ parametrizes the interval (a,b), and g,
is a one-parameter family of Riemannian metrics on N, identified with N x {¢}.
More precisely, the holonomy reduction determines an integrable SU(3)-structure
on M, inducing in turn a hypo SU(2)-structure on each N X {t}, or equivalently a
one-parameter family of hypo SU(2)-structures on N. Integrability implies that this
one-parameter family satisfies the hypo evolution equations [7], and vice versa. From
this point of view, the SU(3) holonomy metric is determined by a one-parameter
family of hypo SU(2)-structures satisfying these equations.

In the case that a group acts on M with cohomogeneity one, a generic orbit is a
hypersurface N with a homogeneous hypo structure. The evolution equations are
then reduced to an ODE. We are interested in solving explicitly these ODE’s in the
special case where the homogeneous orbit is a nilpotent Lie group, or equivalently a
nilmanifold. It is known by [7] that 6 out of the 9 simply connected real nilpotent
Lie groups of dimension 5 admit an invariant hypo structure. In this paper we refine
this result, and classify the space of invariant hypo structures on each of the six Lie
groups; moreover, we solve the evolution equations in each case, in a sense explained
later in this introduction.

Thus, we obtain several families of metrics with holonomy contained in SU(3) on
products G x I, with G a nilpotent Lie group and I a real interval. Such a metric
is complete if and only if I = R and the evolution is trivial; otherwise, one might
hope to obtain a complete metric by adding one or two special orbits. Using the
classification of orbits, we prove this cannot be done. In other words, we prove that
every complete six-manifolds with an integrable SU(3)-structure preserved by the
cohomogeneity one action of a nilpotent five-dimensional Lie group is flat.

Throughout this paper, an SU(2)-structure on a 5-manifold is a reduction to
SU(2) of the frame bundle, relative to the chain of inclusions

SU(2) € SO(4) € SO(5) ¢ GL(5,R).
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Such a structure can be characterized in terms of a 1-form « and three 2-forms wy,
wa, ws, or equivalently by the choice of an orientation and three differential forms
(w1, %9,13), related to the others by ¥, = wi A . In this paper we give an intrinsic
characterization of triples of differential forms (w1, 2, 3) that actually determine
an SU(2)-structure.

Using this language, we give an alternative description of the hypo evolution
equations in terms of a Hamiltonian flow inside the product of cohomology classes

[wa] x [th2] x [t3] x EWI /\wl} :

in analogy with Hitchin’s results concerning half-flat evolution [9]. Similar arguments
lead us to restate the hypo evolution equations in terms of gauge transformations,
in the same vein as [13].

In the special context of invariant structures on Lie groups — which we view as
structures on the associated Lie algebra g — the language of gauge transformations
makes hypo evolution into a flow on the space of frames Iso(R?,g). This flow is
invariant under both the structure group SU(2), acting on the right, and the group
of automorphisms Aut(g), acting on the left. In fact the quotient Iso(R?, g)/ Aut(g)
can be immersed naturally in the affine variety

D = {d € Hom(R®, A’R®),dy o d = 0},

where dy: A2R® — A®R® is the linear map induced by d via the Leibniz rule; one
can think of D as the space of five-dimensional Lie algebras with a fixed frame
taken up to automorphisms. The variety D is the natural setting to study geometric
structures on Lie algebras; see for example [10], or [8], where hypo-contact structures
on solvable Lie groups are classified in terms of a frame adapted to the structure.
It is therefore inside D that we carry out the classification of hypo structures and
integral lines of the evolution flow.

In fact, we are only studying nilpotent Lie algebras, which correspond to a
subvariety of D. Hypo nilpotent Lie algebras give rise to three families in D, closed
under U(2)-action. These families can be identified by selecting a slice with respect
to this action: the resulting sets we obtain are semi-algebraic in D. What is more
surprising is that the integral lines of the evolution flow turn out to be semi-algebraic
sets themselves. The classification of hypo structures is based on both the methods
of [12, 7] and the more recent methods of [6]. The classification of orbits is a long
but standard computation, relying on the determination of first integrals.

Computing the integral lines in D is not quite the same as solving the hypo
evolution equations on each Lie algebra, but it is sufficient to determine many
interesting properties of the resulting SU(3)-holonomy metrics, like their curvature.
This is explained in Section 7, where we illustrate with examples how one can
use the classification of the integral lines to determine whether the corresponding
6-dimensional metric is irreducible.

In the final section of this paper, we prove that the cohomogeneity one metrics
we have obtained cannot be extended by adding a special orbit. In particular, this
means that they cannot be extended to a complete metric, unless they are complete
to begin with, in which case they are flat.

Acknowledgements. The first part of this paper is based on the author’s Tesi di
Perfezionamento at Scuola Normale Superiore di Pisa [5], written under supervision
of Simon Salamon.



SU(3)-HOLONOMY METRICS FROM NILPOTENT LIE GROUPS 3

1. SU(2)-STRUCTURES REVISITED

We are interested in SU(2)-structures on 5-manifolds, where SU(2) acts on R
as C?2 ® R. In this section, we shall work at a point, that is to say on a real vector
space T = R5. Thus, an SU(2)-structure on 7' consists in the choice of an adapted
frame u: R® — T, determined uniquely up to right SU(2) action.

Another convenient description introduced in [7] arises from viewing SU(2) as
the intersection of the stabilizers in GL(5,R) of four specific elements of A(R®)*,
namely

S 24 1Bt Gy 2
Here e!, ..., e5 denotes the standard basis of (R®)* and, say, e'? stands for e! A 2.
Thus, an SU(2)-structure on T can be identified with a quadruple (o, ws,ws,ws)
of elements in AT*, that are mapped respectively to the above elements, by the
transpose u!: T* — (R5)* of an adapted frame. Of course the forms (o, w;) must
satisfy certain conditions (see [7]) for such a frame to exist. In this case, we say that
(o, w;) defines an SU(2)-structure.

On the other hand, SU(2) is also the intersection of the stabilizers in GL™(5,R)
of

1

612 4 634,6135 4 642576145 4 6235.

Thus, an SU(2)-structure can be given alternatively by the choice of an orientation
and a triple (w1, 19, 13) in AT*.

It is straightforward to determine (w1, 9, 13) given either an adapted frame or
the quadruplet (o, w1, ws,ws), the correspondence being given by

Yo =w2Na, P3=wsAa.

In this section we determine intrinsic conditions for a triple (w1, 12, 1¥3) to determine
an SU(2)-structure, and explicit formulae for recovering «, wa, ws.

As a first step, we construct maps
AN*T* 5 T@NT*  NT* -5 T*@ANT*  A*T* x A’T* — A°T*
w— X, Y — (w, ) = VZ(w, )
To this end, fix an orientation on 7" and consider the isomorphisms
A AT 5 ASTRFT @ AST*, A% AT — AS7FT* @ AT,
Ely,m)y =nAAy=yANA*n, e AT ne AFT.

In the definition of A (and similarly for A*) we are thinking of elements of A>~*T ®
AST* as multivectors whose length depends on the choice of a volume form. The
pairing (,) is the usual pairing between A¥T* and A*T, i.e.
1
<’I71 N AN,V Ao A ’Uk> = E det(ni(vj))ij.

Moreover, we are silently performing the identification

AT* @ AT =R, (n,v) —= 5!(n,v).
The coefficients k! guarantee that if we fix a metric on T and identify T = T*,

APT* = R accordingly, then A is just the Hodge star. Indeed, using the fact that T’
is odd-dimensional, we have the usual properties:

kv, AB) = B A7, v € AFT* 8 € APTFT,
1) (5= k) (A, B) = kl(y, AB), ~v € A*T*, 5 € A°FT™;

Y A (A) = A(Yaep), e AFT* )Y €T.
Similar properties hold for A*.



4 DIEGO CONTI

We can now set
Xy =AW?), ay=A"((AY)?), V(w,)=ay(X.,).
Notice that w and 1 play a symmetric réle, as one can make explicit by interchanging
T with T* and composing with A. If V?(w,%) admits a “square root” in A°T*,
we write V2(w, ) > 0; having fixed an orientation on T, we define V (w, 1)) as the
positively oriented square root of V?(w,v). The condition
WA (AP N AY) = VEHw, ) >0
implies that both w and 1) are stable in the sense of Hitchin ([9]), i.e. their GL(5, R)-
orbits are open. It also implies that
ker vy, @ Span {X,,}

is a direct sum. Finally, it contains an orientation condition, as shown by the
example
V2(el2 4 34 125 345y <,
We can now state and prove a condition for (wy,ts,13) to define an SU(2)-
structure.

Proposition 1. Given wy in A2T* and 1), 13 in A3T*, then (w1, 12, 103) determines
an SU(2)-structure, in the sense that

Wi = €12 4 &3 gy = 135 4 (425 4 — Q145 | (235
L., €5, if and only if
(2) Qapy = Qlpy, W1 /\wg =0=w; /\’(ﬂg7 (le_lwg)/\wg =0, VQ(w1,¢2) > 0,
and w1(Y,Z) > 0 whenever Y, Z in T satisfy Y 11pg = Z 3.

for some coframe e

Proof. The “only if” part is straightforward. Conversely, suppose (2) holds. In
particular

V3 (wi, ) = V2 (w1, 3) > 0,

so we may define a € T* and X € T by
a=V(w,v) Toy,, X =V(w, ) Xy,
Then
T =Span{X}@kera, «aX)=1.

This splitting reduces the structure group to GL(4, R); in order to further reduce to
SU(2), set

wo = Xy, w3z = XJY;3.
By construction w is a non-degenerate form on ker o and X w? = 0, so X 1wy is
zero as well. By duality,

alNr =0=aAs,

thus

Yo = aAws, U3=aAws.
It follows easily from (1) that
(3) V(wr,1h2) = (a, X, ) = (o, A(w?)) = wi A

Similarly
(1) Viwn ) = (g, X) = (A (A)?, X) = 41((Ath)?, AX) = X A (Ath)?
= (X A Aa) A Athy = 3 X N A, 1) = (A(X1h2),2) = wa A tha.
In the same way, V (w1, 1%3) = w3 A ¥3. Therefore, using (2) again, we find
wi Nwj = X (wi A\ ’(/JJ> = (5ij(w1)2.
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Thus there is a metric on ker @ such that (wq,ws,ws) is an orthonormal basis of
Ai (ker ). Tt is also positively oriented by the last condition in the hypothesis. [

Remark. The last condition in the hypothesis of Proposition 1 is an open condition.

Since X, only depends on w?, it also makes sense to define X, for v € A*T*. In
order to make subsequent formulae simpler, we introduce a coefficient and set

X, = 24A(v).
Given also ¥ in A3T*, we set
V2(¢’ U) = aw(Xv)’
and, as usual, if VZ(1),v) > 0 we denote by V (1, v) its positive square root.

2. HYPO EVOLUTION REVISITED

The definition of an SU(2)-structure on a vector space can be extended immedi-
ately to a definition on a 5-manifold: thus, we can identify an SU(2)-structure on
an oriented 5-manifold with a triple (w1, 19, 13) of differential forms, satisfying at
each point the conditions of Proposition 1. Equivalently, we can use the quadruple
(o, wi,wa, ws3).

An SU(2)-structure is called hypo if the forms wq, 19, 13 are closed. Hypo
structures (see [7]) arise naturally on hypersurfaces inside 6 manifolds with holonomy
contained in SU(3); a partial converse holds, in the sense that given a compact real
analytic 5-manifold M and a real analytic hypo structure, there always exists a one-
parameter family of hypo structures («(t),w;(t)), coinciding with the original hypo
structure at time zero, inducing an integrable SU(3)-structure on the “generalized
cylinder” M X (a,b); explicitly, the Kéhler form and complex volume on M x (a,b)
are given by

wi(t) +alt) Adt, T(t) = (wo(t) + iws(t)) A (a(t) + idt).

This one-parameter family satisfies the hypo evolution equations

0
a(ﬂl = _dOé
(5) 9 (s ha) = —dw
5 \W2 = 3
0
a(u@, A a) = dws

It will be understood that a solution («(t),w;(t)) of (5) is required to define an
SU(2)-structure for all .

In this section we will show that the solutions of this evolution equations, that
we know exist, can be viewed as integral lines of a certain Hamiltonian vector field,
in analogy with half-flat evolution (see [9]).

Fix a compact 5-dimensional manifold M; let BP be the space of exact p-forms
on M. The evolution equations (5) can be viewed as a flow of

(wi(t), ¥a2(t), v3(t)) € Q*(M) x Q3 (M) x Q*(M);

however, the cohomology class of wy (t), 12(t) and ¥5(¢) is independent of ¢, so the
flow stays inside the product of the three cohomology classes.

In order to obtain a symplectic structure, we need to add a fourth cohomology
class. Let (&1, Vo, 1[)3) define a hypo SU(2)-structure on M, and set

H = (@1 + B?) x (2 + B®) x (3 + B®) x (;@2 —|—B4> .
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This is a Fréchet space with the C'*° topology; it contains an open set

H= {(w17¢27w3’v) S 7:[ ‘ Vz(wlan) > 0’ VQ(,(/J?HU) > O}
The skew-symmetric form on B? x B3 x B3 x B* defined by

<(w,u}2,¢3,o), (dﬂ,drg,d73,dfy)> - /M (wm —ONAB =1y AT — 13 Am)

makes H into a symplectic manifold.
We will say that a point (w1, 12, ¥3,v) of H defines an SU(2)-structure if v = %w%
and the forms wq, ¥, Y3 satisfy the conditions of Proposition 1.

Remark. Symplectic interpretation aside, the presence of the redundant differential
form v can be motivated by the fact that an SU(3)-structure on a 6-manifold is
determined by a 3-form and a 4-form, i.e. a section of A% @ A%, and the pullback of
this vector bundle to a hypersurface splits up as A% ® A% @ A% @ AL

We can now state the main result of this section.

Theorem 2. Solutions of the hypo evolution equations (5) are integral lines of the
Hamiltonian flow of the functional

(6) H:H SR, Hlwn s tbav) = /M (V(@r 1) — V(s,0))

Before proving the theorem we need a few lemmas. The first lemma makes use of
the fact that V2(w, 1) and V2 (13, v) are positive on H in order to define additional
differential forms.

Lemma 3. Let (w1, 2, %3,v) be a point of H, and let

ag =V H(wy, o)y, az =V (13, v)ay,,
wa = (Vw1 ¥2) Xu, ) 2o, w3 = (V7 (Y3, 0) X0) 293
If (w1,v9,13,v) defines an SU(2)-structure, then as = as and (a2, wr,ws,ws)

defines the same structure.

Proof. By construction X, = X, so V (w1, 12) = V(¢3,v). Proposition 1 concludes
the proof. O

In the next lemma we work at a point, and compute the differential of
V:Qp — AT, Q) = {(w,¥) € A2°T* x A3T* | V(w, ) > 0}.
The differential of this map at a point is an element of
(A*T* @ A3T*)* @ AST* = (AT © APT) @ A°T* = A3T* @ A*T™.
Similarly, the differential at a point of
ViQy — APT*, Qo = {(v,v) € A3T* x A*T* | V2(¢,v) > 0}
is an element of A2T* & T*.
Lemma 4. Given w, ¥ and v such that (w,v) is in Q1 and (Y, v) is in Qq, set
o= (VT w)ay) Aw, §= (V@ ¥)X) v, &= (V7 (1, 0)X,) 59
then

Vi) (0,0) =ONT DN G, dViyuy(dio) =D Ao+ (VT v)ay) Ao
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Proof. Multiplying (3) by V(w,%) and differentiating with respect to w, we find
2V (w,¥)dV( ) (0,0) = 2w A o A ayy,
S0
AV (0,0) =w Ao A (Vﬁl(w, w)aw) .
Similarly, (4) gives V2(w,1) = (X, 1) A, and therefore
Vi) (0,¢) = (V7 (w, ) Xoa9) A ¢

Summing the two equations determines the first formula for the differential of V;
the second is completely analogous. O

Lemma 5. The skew gradient of the functional H defined in (6) is
(7) (XH)(W1,1/12,1/137U) = (—dag, —dws, dws, —wy A dag) .
Proof. By Lemma 4,

dH(wl,wz,wa,v) (dﬂv dra,dTs, d7)

:/ (e Awy AdB + wa Adro — w3 Adrs — az A dv)
M

= / (dag Awi A B — dws A 1o + dws A T3 —dasg Ay) by Stokes’ theorem.
M

The vector field X g given in (7) clearly satisfies (Xg, ) = dH. O

Proof of Theorem 2. Given a one-parameter family of SU(2)-structures that evolves
according to (5), we must verify that the corresponding curve in H is an integral
line of the skew gradient (7). It is sufficient to prove it at a point.

Let (w1,%2,%3,v) be a point of H that defines an SU(2)-structure. By Lemma 4,
the curve is an integral line of the Hamiltonian flow if

0

awl = —da, a(wg Aa) = —dws,
0
U= W A da, a(wg A @) = dws.
These equations are equivalent to the evolution equations (5) together with v =
1w, O

Remark. The conditions of Proposition 1 can be used to characterize the points of
H that define an SU(2)-structure. These points constitute what may be considered
the space of deformations of the starting hypo structure. One can show directly
that the vector field Xy is tangent to this space of deformations (see [5]). In light
of Theorem 2, this can also be viewed as a consequence of the existence of solutions

of (5).
3. EVOLUTION BY GAUGE TRANSFORMATIONS

By definition, a solution of the hypo evolution equations is a one-parameter
family of hypo structures satisfying (5). On the other hand, a one-parameter family
(a(t),w;(t)) could satisfy (5) without defining an SU(2)-structure for all t. The
condition of defining an SU(2)-structure is only preserved infinitesimally by the
evolution flow; by the non-uniqueness of the solutions of ODE’s in a Fréchet space,
this means that the condition of defining an SU(2)-structure for all ¢ is not automatic.
On the other hand, closedness of wy, 12, and 13 is preserved in time by the evolution
equations.

In this section we give an alternative description of the hypo evolution flow,
which has the “dual® property that the condition of defining an SU(2)-structure is



8 DIEGO CONTI

automatically preserved in time, but the closedness of w1, ¥, and 13 is only preserved
infinitesimally. This description will play a key réle in the explicit calculations of
Section 6.

The idea, borrowed from [13], is to restate the evolution equations in terms of
gauge transformations. A gauge transformation on a 5-manifold M is by definition
a GL(5,R)-equivariant map s: F' — GL(5,R), where F' is the bundle of frames and
GL(5,R) acts on itself by the adjoint action. A gauge transformation s defines a
GL(5,R)-equivariant map from F' to itself by

u — us(u).
Accordingly, a gauge transformation acts on every associated bundle F' Xqp,5.r) V'
by
s - [u,v] = [us(u), v].
Given an SU(2)-structure P C F, one can define its intrinsic torsion as a map
P — s5u(2)* ® R5; the hypo condition implies that the intrinsic torsion takes values

in a submodule isomorphic to Sym(R?). It is not surprising that the intrinsic torsion
as a map

P — Sym(R%) C gl(5,R)
defines an “infinitesimal gauge transformation” that determines the evolution flow.

The aim of this section is to define explicitly the infinitesimal gauge transformation,
in the guise of an equivariant map

Qp: F — gi(5,R),
and prove the following:

Theorem 6. Let F' be the bundle of frames on a 5-manifold, and let P, C F be a
one-parameter family of hypo SU(2)-structures. Then Py satisfies the hypo evolution
equations (5) if and only if P; is obtained from a one-parameter family of gauge
transformation

S¢: F— GL(E),R), So = Id,
by
P, = {usi(u) | u € Py},
and
Sést_l = 7QPt7
where jurtaposition represents matrix multiplication.

The minus sign appearing in the statement is a consequence of an arbitrary choice
in the definition of @ p, motivated by the fact that in later sections we shall work
with coframes rather than frames.

As a first step, we use the language of Section 2 to express the time derivative of
the defining forms in terms of the intrinsic torsion. Recall from [7] that an hypo
structure (o, w;) satisfies the following “structure equations”:

do=aANB+ fwu +w™,
(8) dwy = fANwy +gaNhws+aNoy,
dws =B ANws —gaNwr+a Aoy .

Here, 8 is a 1-form, f, g are functions and w™, o5, o5 are 2-forms in A% (ker ).
These functions and forms define the intrinsic torsion of the hypo SU(2)-structure.
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These components can be defined for generic SU(2)-structures (o, w;) as follows:
do=aAf+ fur + fows + faws +w™,

dwl = ’)/1 /\wl + « A\ ()\wl — gaWws +93WQ +0'1_),

dws = v2 ANwa + a A (Awz — gswr + gws + 05 ),

dws = v3 ANwz + a A (Aws — gws + gawy + o5 ).
An SU(2)-structure also defines almost-complex structures Ji, Jo, J3 on the distri-
bution ker «, given explicitly by

YyAw; = (Jiy) ANwg,  Yow; = (LY )swy,
where 7 is a 1-form orthogonal to «, Y is a vector in ker o, and {4, j, k} is an even
permutation of {1,2,3}.
We can now prove:

Lemma 7. Let (wi(t), ¥2(t), ¥3(t), v(t)) be an integral curve of the skew gradient
Xu, and suppose it defines a hypo structure (o,w;) at time zero. If as(t), as(t),

wa(t), ws(t) are defined as in Lemma 3, their derivatives depend on («,w;) and its
intrinsic torsion as follows:

d d

£02|t:0 = %Oﬁ3|t:0 =(f+g)a+ 210,

d _ d _
£W2|t:0 =—fwy + 3B Na—o5, £w3|t:0 =—fws—JfANa+o,.

Proof. We work at t = 0; hence, we can fix the metric underlying the hypo structure
(o, w;), whose volume form is %Oz A w?. Then under the identification TM = T* M
the operators A, A* have the form
1 1
Ay =%y ® 3¢ Aw?, Ay =%yQ® (ia Aw?)L
Note that V(wy,12) is twice our fixed volume form.
By (7), the time derivative of ay, is
On the other hand
xdwo = Jof N+ gws — oy,  *P3 = ws,

hence

1
oy, = *2(ws A LB A a+ gws) ® (2a A wf) = (J18+2g0) ® (a Awi).

It follows from Lemma 4 and (7) that
V(3,v) =ws Aby + az Av' = w3 Adwy — az Awy Adas = (—f + g)V (¢3,v).

By definition
as(t) = V(¥,0) " tay,,

SO
1

!
ah = ——
V2 (U, )
Similarly, we obtain
y, = = 2(ws A J3B A — gw3) = 2J18 + dga.
Notice also that

V(¢37U),04w3 + Vﬁl(wi’n /U)Oé'i/,va = (f - g)Olg + Jl/B + 290[3

V(CU1, ¢2)/ = V(wl}v U)/a
because the Hamiltonian H is constant along integral lines. Thus o) = aj.
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Now set
X(t) =V w1, 2) X

we claim that
9) X' =(=f—g)X = (1B

Indeed, working again at ¢ = 0,

X, =2A(w1 Aw)) = —2A(w Adag) = —2A(wi AaA B+ fw?)
= (=J1B8 —2fa)* @ (e Awi),

whence
1
X =-—"2-V 'Xo, +V “IX —(—f— )X — (J,8)
V(W1,¢2)2 (1/)371}) t (W17¢2) w1 ( f 9) ( 1/6) s
proving (9).
We can now compute wj by
(Xape) = (—f = g)wa — J1Batps + gws — 03 = —fwa + J3BAa— o3 .

By definition, to compute ws we should take the interior product with V=1 (33, v) X,
rather than X (t); however, it is easy to verify that the vector fields coincide up to
first order at time 0. Thus

(Xav3) = (—f — g)ws — J1Bavs + gws + 05 = —fwz — J2f A+ 05 . O

The second step is to define Qp. Let P be an SU(2)-structure and 7: P — M
the projection. The intrinsic torsion defines global differential forms on M, which
can be pulled back to basic forms on P; such forms belong to the algebra generated
by the components 6!, ...,6° of the tautological form. Thus, we obtain functions
on P determined by

T = 2w (012 — 031 + oy (013 — 942) 1 20 (914 — %3);
in a similar way, we define functions
(03 )as (0 )by (0f )e: P =R, k=2,3.
Likewise a one-form orthogonal to «, such as /3, determines a function P — R* by
T8 = (10 + ...+ Ba0.

We can now define Qp in terms of the “hypo” part of the intrinsic torsion, i.e. the
components appearing in (8).

Proposition 8. Given an SU(2)-structure P on M, at each u € P let Qp(u) be
the symmetric matriz whose upper triangular part is

(03 )e — (03 )p — wg (03 )6+ (03 )e —(03 )a —wg —(03)a +wy,
—(03 )e + (03 )p — wg —(03)a —wy (03 )a —wo
—(03 )e — (03 )p +wg ( (o3
02

Define Qp: P — gl(5,R) by

_f )
(0 )

Then Qp is SU(2)-equivariant, and therefore defines a section of

P XSU(?) g[(5, R) = End(TM)
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Proof. From the general theory, the intrinsic torsion map P — R’ ® su(2)* is
SU(2)-equivariant. The definition of @ amounts to composing the intrinsic torsion
with a map R® ® su(2)+ — gl(5, R), which must be checked to be equivariant.

The non-trivial submodules of R® ® su(2)1 are isomorphic to the space A2 R*
spanned by

(10) el ¢34 13 _ g2 14 23

Denote by e* @ e" the element e ® e + e¥ @ e’ of gl(5,R) =2 R® @ R®. It is easy to

check that SU(2) acts on the bases

—61®61—62®62+e3®e3+e4®e4, 61®€4—62@63, —el®e?’—(32®e47
62664—61663, 61@62—|—63®€4, 61®61—€2®62—63®63+64®64,
€2®€3—|—61®€4, el @et —62®€2+€3®63—64®64, —61®€2+63®64,

as it acts on the basis (10).
Similarly, e® ® €° is invariant under SU(2), and the map

Span {el, e 64} — gl(5,R), e —e'@ed
is SU(2)-equivariant. O

The map Qp will be extended equivariantly to a map Qp: F — gl(5,R).

Proof of Theorem 6. We work at a point x € M. Let u € P,. The map Qp, was
constructed in such a way that

[u, Qp, (u)e®
[, Qp, (u) (e + ™)
[u, Qp, (u)(e'® + e*?)
[, Qp, (u) (e + €*)

At generic t, these equations take the form
~(f +9)a— 15 = [usi(u), Qp, (use(u)e’] = [u, Qp, (u)(si(u)e”)],

and so on.
Now suppose that P; is defined by s; as in the statement; we must show that the
hypo evolution equations are satisfied. By construction

—(f+9)a— 1B,
alNB+ fur +w,
fwa —J3f AN+ o3,
fws+ J2f N — o5 .

a(t) = st - a0), wi(t) = st w;(0).
Thus
o () = [u, 5¢(w)'e”)] = [u, —Qp, (u)s:(w)e’];
this holds for all u, hence
o = (f+g)a+ 1B
Similarly, we find

d
—ws = —fwa+ 3B Na—oy,

— = _—aAfB— o
wr=-—aAf—for—wr, o

d

—ws = —fws — W ANa+o;.

dt

These equations are consistent with Lemma 7, and they imply the hypo evolution

equations. 0
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Remark. By construction the metric g; varies accordingly to

gi(X,Y) =g(Qp,X,Y) 4+ 3:(X,QpY) = 2¢:(Qp, X, Y);

on the other hand it follows easily from the Koszul formula that with respect to the
generalized cylinder metric g; + dt?,

g1(X,Y) = —2¢,(W(X),Y).

where W is the Weingarten tensor of the hypersurface N x {t}, with orientations
chosen so that % is the positively oriented normal. Thus, @ p, equals minus this
Weingarten tensor.

4. A MODEL FOR EVOLVING LIE ALGEBRAS

Given a hypo Lie algebra g, one way of expressing a solution of the evolution
equations is by giving a one-parameter family of coframes on g. The natural setting
to study this problem is therefore the category of Lie algebras with a fixed coframe.
In this section we introduce this category, and also a model for it, in the guise of a
discrete category over a real affine variety. Computations are considerably easier
on this model category D, since the group of automorphisms is effectively factored
out; for this reason, the classification results of this paper will be formulated in
terms of D. We shall fix the dimension to five for definiteness, and in view of the
applications to follow.

Let (D) be the category whose objects are pairs (g, u), with g a 5-dimensional
Lie algebra and u: R® — g* a linear isomorphism; u induces naturally another
isomorphism

u: A*R5 — A%g*, u(a A B) =ula) Au(B).
We define
Homp)((g, ), (h,v)) = {f € Hom(g,h) | u = f'ov},

where Hom(g, h) is the space of Lie algebra homomorphisms (though f is forced
to be an isomorphism). There is a natural right action of GL(5,R) on (D). This
means that each g € GL(5, R) defines a functor

Jg(g’u):(g7uog)7 ']g(f):fv

and Jg O Jh = Jhg-
A model for (D) is given by the set

D = {d € Hom(R®,A’R®) | d o d = 0},

where d is the derivation AR® — AR5 induced by d. There is a natural right action
of GL(5,R) on D, namely

(u(9)d)(B) = g~ 'd(9B), g€ GL(5,R),d € D.

We shall also denote by D the discrete category on D; this means that the objects
are the points of D, and the only morphisms are the identity morphisms. There is a
GL(5,R)-equivariant functor

F:(D)—D, F(gu)=u'odgjou, F(f)=1d,

where dg: g* — A%g* is the Chevalley-Eilenberg differential.
We claim that F' is an equivalence, meaning that F' maps isomorphically mor-
phisms onto morphisms, and every object of D is isomorphic to some F(g,u).

Lemma 9. The functor F': (D) — D is a GL(5, R)-equivariant equivalence.
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Proof. First, we must prove that F' is well defined. This is because if f is in
Hom(g, u), (h,v)), then u = ftow, so

F(g,u) =u tdgu=v"o (f") todyffov=0v"1dyov=F(h,v).

Equivariance is proved similarly. The condition on morphisms is trivial. Finally,
given d in D, R® has an induced Lie algebra structure such that F(R® Id) is d
itself. O

The space D, whilst not mysterious in itself, is endowed with additional structure
by the functor F, as becomes clear in the following lemma.

Lemma 10. Let A(t) be a one-parameter family in gl(5,R), and let (g,u(t)) be a
one-parameter family in (D) satisfying the differential equation

o' (t) = u(t) o AT ().
Then the basis e'(t) = u(t)(e;) satisfies the differential equation
(11) | =A®)

and the curve in D given by d(t) = F(g,u(t)) satisfies
2(t) = e (AT (1)) d(2).
Proof. Equation (11) follows from the fact that

61

can be identified with uT.

For the second part of the statement, let u(t) = u(0)g(t), with g(¢) a curve in
GL(5,R). Then

F(g,u(t)) = g~ (t)F (g, u(0))g(t) = pu(g(t))F (g, u(0)),
ie. d(t) = u(g(t))d(0). By construction u'(t) = u(0)g’(t) so
g'(t) = gt)AT(t).
In order to compute d'(t) at t = tg, set g = g(tg). Then
d(t) = p(g~ g(t))d(to),
SO
d'(t0) = pee (AT (t0))d (). O
In the following definition, we give gl(5, R) the structure of a discrete category.

Definition 11. An infinitesimal gauge transformation on (D) is a functor X : (D) —
gl(5,R) such that the functor X induced by the diagram

(D)
N
F
D—% g5, R)
is a smooth map.

The functoriality guarantees that X4 ) = X(g4, rtou) Whenever f: g — g is an
isomorphism. This means that X ,) is unaffected when u is acted upon by an

automorphism of g. This invariance is factored out when we pass to X.
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Propgsition 12. Aninfinitesimal gauge transformation X on (D) induces a vector
field X on D by
Xq= M*e(Xg)d‘
If (g, u(t)) is a one-parameter family in (D) satisfying the differential equation
u'(t) = u(t) o Xy,
then d(t) = F(g,u(t)) is an orbit of X.
Proof. Tt suffices to set A(t) = Xy in Lemma 10. O

Replacing X with X behaves well with respect to equivariance. Indeed, consider
the natural action of GL(5,R) on vector fields on D

(9-Y)e = 1(9)Yu(g-1)a-

Lemma 13. Let X be an infinitesimal gauge transformation on (D). Suppose that
X: D — gl(5,R) is equivariant under some G C GL(5,R), i.e.

Xy =Ad(g™ )X, g€G.
Then X is G-invariant.

Proof. By hypothesis,

Xp(g)d = M*e(XZ:(g)d)M(g)d = M*e(Ad(g_l)(Xg))d
= (Ad(u(9) e X7 ) i(g)d = p(g) e X (g™ " lg)d
= (@ Xid = (9 X)p(ga- O

We can now restate Theorem 6 in the language of this section, introducing the
infinitesimal gauge transformation on (D) given by

X(gv ’LL) = QP(U)u
where P = vSU(2) is the SU(2)-structure on g defined by v = (u”) 1.
Proposition 14. X is an infinitesimal gauge transformation on (D), and the vector
field X induced on D is U(2)-invariant. Given a Lie algebra g and a one-parameter

family of hypo structures (a(t),w;(t)) on g that satisfies the hypo evolution equations,
there exists a one-parameter family of coframes u(t): R® — g* such that

o u(t) is adapted to (a(t),w;(t));

e the curve d(t) = F(g,u(t)) is an orbit of X in D;

o u'(t) = u(t) o Xgn)-
Proof. The intrinsic torsion is invariant under automorphisms of g, so X is indeed an
infinitesimal gauge transformation. Invariance follows from Lemma 13 and the fact

that X factors through the intrinsic torsion map, which is linear and equivariant.
Let v(0) = (u(0)~1)T. Theorem 6 gives a one-parameter family of adapted frames

u(t) =v(0)s,  sispt = —Qp,(v(0)),
which in turn determines a one-parameter family of coframes
u(t) = u(0)(s; )"
then
Qp, (v(0)) = Qp,(v(t)s; 1) = Ady, (Qp, (v(t))) = — Ads, X(g, u(t)),
so 57 s, = X(g,u(t)) and
u'(t) = u(t) o X7 (g, u(t)).
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Now, by Proposition 12, d(t) is an orbit of the induced vector field X. Finally,
X7T(g,u(t)) = Xy holds by definition and because X is symmetric. O

5. HYPO NILMANIFOLDS

There are exactly nine real nilpotent Lie algebras of dimension five, classified in
[11]. Tt was proved in [7] that only six out of the nine carry a hypo structure. In
this section, we classify the hypo structures on these six Lie algebras in terms of the
space D introduced in Section 4.

First we need a definition. We say d in D is hypo if

d(612 + 634) _ O, d(€135 + 6425) _ 07 d(6145 + 6235) =0.
This means that if d = F'(g,u), the SU(2)-structure on g determined by the coframe
u (see Section 1) is hypo in the sense that the defining forms wy, ¥ and 3 are
closed under the Chevalley-Eilenberg operator dy. Then any Lie group G with Lie
algebra g has an induced left-invariant hypo structure. Moreover, if I' is a discrete
uniform subgroup, a hypo structure is induced on the compact quotient I'\G. In
the case that g is nilpotent, such a subgroup always exists.

Now the coframe u determines the same SU(2)-structures as the other coframes
in its SU(2)-orbit; so, isomorphism classes of hypo Lie algebras are elements of

{d € D | d is hypo}/SU(2).

On the other hand, the space of SU(2)-structures on an isomorphism class of Lie
algebras can be expressed as the biquotient

(GL(5,R)d)/SU(2) = Aut(g)\ Iso(R?, g") /SU(2),

where d = F(g,u) for some representative g and some coframe wu.

The hypo equations are actually invariant under a larger group than SU(2),
namely U(2) x R* x R* x Zy. From the point of view of the evolution equations, it
is more natural to consider the quotient by U(2), which is the largest subgroup that
leaves the flow invariant (although the diagonal R* acting by scalar multiplication
only affects the flow by a change of time scale). Thus, for all d in D we define

Hq={gd | g € GL(5,R), gd is hypo}/ty(2)-

In this section we compute H, for all five-dimensional nilpotent Lie algebras. In
fact, we show that these Lie algebras come in a hierarchy, with exactly three Lie
algebras lying at its top level. It will follow that the study of hypo nilpotent Lie
algebras is reduced to the study of three families of hypo Lie algebras.

The first family corresponds generically to (0,0, 12,13, 14); it is defined as

Ml - {d/\,p,,h,k | h7k7)\a/1/ S R}7
Ar .k = ()\635, he3® + kel 0, (—Xe? + hel + pe®) Aed, O) .

The second family, corresponding generically to (0,0,0,12,13 4+ 24), consists of
elements of the form

(12)  duyhkrp = (0,95634 + 32,0, z(e' — €23) — ye3t 4+ Nel® — pe3®,
— h(eM — e®) + kM — peld 1 ye).

More precisely, this family is an algebraic subvariety of D given by

T Yy Ao
My = {dz,y,h,k,/\,ﬂ | Tk (h E oz y) = 2}.

The third family has some U(2)-orbits in common with May; it is defined as
Ms={dxu [ A p€R}, dyu=(0,0,0,0,(A+p)e'? + (A — p)e’")).
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Theorem 15. If g is a nilpotent five dimensional Lie algebra, then d = F(g,u) is
hypo if and only if its U(2) orbit intersects My, My or Ms. The isomorphism
classes of non-abelian nilpotent Lie algebras of dimension five that admit a hypo
structure can be arranged in the diagram

T

(0,0,0,12,13 4+ 24) —— (0,0,0,0,12 + 34) — (0,0, 0,0, 12) ,

\/

(0,0,12,13,14) —— (0,0,0,12,13)

where dy is connected by an arrow to ds if the closure of the GL(5,R)-orbit of dy
contains da, and the arrow has a double head if Hg, contains Hg,.

We already know from [7] that the isomorphism classes for which H, is nonempty
are exactly those appearing in the diagram. In order to prove the theorem, we
must compute the space Hy for d in each of these isomorphism classes. The rest of
this section consists in this computation, broken up into several lemmas. We use
the following notation: if V' C D, then V/U(2) denotes the image of V under the
projection D — D/U(2), regardless of whether V' is the union of orbits.

Lemma 16. Let d be in the GL(5,R)-orbit of (0,0,12,13,14). Then
H; = {d)\,u,h,k e M, | A> 0,k # 0}/U(2);
in particular, the closure of Hy is My/U(2).

Proof. As usual, we denote by e!, ..., e® the standard coframe on R®. By construc-
tion there is another coframe n',...,n° on R® such that

dpt =0, dff =n*Anf L k=2 .5

If we set V¥ = Span {771, e ,77’“}, it is not hard to check that the V' are independent
of the choice of the coframe; for instance,

Vi={Be®) [Brdy=07v€ R}

The space of closed 3-forms is given by

_ Span {77123 12 47 ,’7125’ ,,7134’ 771357 ,,71457 n234} )

Now assume d is hypo; we must determine d up to U(2) action. Arguing like in
Proposition 7 of [6], we can see that e’ is in V!. Indeed the space Z3 A V! is
one-dimensional, so ¥ A V! and ¢35 A V! are linearly dependent, which is only
possible if €° is in VL.

In particular, €° is in V*. Therefore, the span of e', €2, e, e* intersects V4 in a
three-dimensional space; up to an action of SU(2), we can assume that e', e?, e3 are
in V4 and e* is not. Thus de* = vy A e® and « is not in V3. Then

0=dw; =de* ANe* mod A3V?,

so de? = 0. Up to the action of U(2), we can rotate e! and e* and obtain that e! is
in V3 and €? is not. Then

det = Xe®,  de? = he®® + ke'®, k,\#0.

2

Moreover
0=dw =de? +e* ANy
implies that
v = —Xe? + he' + ped.
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Thus d has the form
e, he’” + ke ”,0,(—Ae” + he” + pe”) Ne”,0), s .
Y 35 h 35 k 15 0 A 2 h 1 i 3 5 0 A k#o

The matrices in U(2) that map one element of the above family to another element
of the family constitute a group generated by

—Ids Ids
(13) Id, : —1d,
1 1
The first two elements have the effect of changing the signs of A, h, and the third
element has no effect. O

Lemma 17. If d is in the GL(5,R)-orbit of (0,0,0,12,13 4 24), then
H,; = {dm,y,h,k,)\,p € M, | h,\ > 0}/U<2);
in particular, the closure of Hy is My /U(2).
Proof. Suppose d is hypo. We define k-dimensional subspaces V¥ C (R%)* by
Vi={Bec R | (dB)* =0}, V®=kerd, V?={pc(R>)*|BAdV? =0}
If e',e2,e3,e* are in V4, then all the w; are closed, and their restrictions to the
non-abelian subalgebra ker e® determine a hyperkihler structure, which is absurd.
So up to U(2) action we can assume that V4 contains e!, €2, e but not e*. Then
dwi = de® Ae* mod APVH,
so €3 is closed. Moreover up to U(2) action we can assume that e! is in V3. There
are two cases.
a) Suppose €® is in V4. Then
dipy = de®® Net mod AV, dig = —der® Ae' mod AV,
so e'® and e?® are closed; since e? is also closed,
de* Ne?S =0 =de* Nel®,
hence
(14) de* € Span {612, el®, e, 635} .
Moreover
0=dw; =e' Ade? + €3 A de.
It follows that €° is in V3: otherwise some linear combination e + ae® is in V3,
hence de? = —ade®; this is absurd by
0 # de* N e® = —de? Nel = ade® Nel =0.
3 .5 2

So V3 is spanned by e', e3, e®; since €%’ is closed, de? is a linear combination of

el® and €. By (14) and (de*)? # 0, de* has a component along e'?; since by

construction de? A de* = 0, it follows that de? is a multiple of e'®. But then

e3 A de* = 0, which is absurd.

b) Suppose €° is not in V*; then e* + ze® is in V* for some nonzero z. Using the
full group of symmetries of the hypo equations, we can rescale e®, so that z = 1.
For brevity, we shall write e**® for e* + e®. Then

0 =dipg = d((e’® 4+ er2) A e®) = de*™? A e’ mod ATVA,
Closedness of €245 and the fact that e!,e® are in V3 imply that de?, de**> are in
Span {612 plA+5 23 63,4+5}

and more precisely they have the form

de? = zel? + ye1,4+5 T he® 4 ke3AS et tD = gel? _ pelAtD | pe23 4 peBias,
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Moreover by d(el4° + e?3) = 0 we see that h = —y, b = z, so
de? = ze'? 4 yel 45 _ 23 | pedAts

detT5 = qel? — pelAH0 | 1?3 _ yeBats,

We know that de? and de*t® are linearly dependent; by writing components and

computing determinants, we deduce

(15) z? = —ay, xy=—ak, y*=ka.
On the other hand
(16) 0=c' Ade? + e Ade* = —ye'?3 + ke'345 4 qel?3 4 2345 — 3 A de®,

whence

e Ade® = 0.
Now
0= dipy = (e’ +e*52) A de® = e* T2 A deP,
0 =dipz = (e 4 e?3) A ded.
Therefore

deéb € Span{em plA+s _ 23 63,4+5}
and more precisely, using (16)
de® = (a —y)e'? — (k + z)(ebT5 — 2) 4 Ae>1T5,
Then
d?e® = ((a —y)y + 2z(k + ) — Ma)e*® + (—(a — y)k — Az — 2y(k + x))e'3(4+9),
whence
\a = ay —y? + 2kx + 222, Az = —ak + ky — 2ky — 2xy.
Using (15), we get
Na=y?+2% I=—ay—ky

We claim that = and y are zero. Indeed, suppose otherwise; by (15), both x and

y are nonzero and

This implies that (de®)? is zero, which is absurd.
So # =y = 0. Then ak = 0 = a)\. Then (de®)? # 0 implies k # 0, so a = 0 and

de? = ke3(e* +€5), de*™ =0, de® = fk(el(4+5) —eB) + Ae3(415)

These equations were obtained by declaring z = 1. In the general case (changing
names to the variables),

.y = (O, zed (e 4 2€5),0, (ze! —ye3)(e? + ze®) — we??,

1 T
(—we' + ye?) <e4 + e5> + 623).
z z
This is not a closed set in D. To compute the closure, we set

T
)‘::L'Zv n =Yz, hz*a k:ya
z z
these variables must satisfy

A uox oy
rk(x v h k;><2'

Then d has the form (12); the corresponding Lie algebra is isomorphic to (0, 0, 0,12, 13+
24) if and only if both h and A are nonzero.
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Like in Lemma 16, the elements of U(2) that map d to an element of the same
family (12) constitute a group generated by the matrices (13), which have the effect
of changing the signs of (z, h, \) and (y, h, A) respectively; it follows that h and A
can be assumed to be positive. O

Lemma 18. If d in D is in the GL(5,R)-orbit of (0,0,0,0,12 + 34), then
Hg={dx, € Mg | A peR,0< A} u@)
in particular the closure of Hy is M3/U(2), and
{dx, € Ms | p? =2 > 0} /U(Z) C MQ/U(Q).
Proof. In terms of a coframe n',...,n° that makes d into (0,0,0,0,12 + 34), we
compute
72 = A2 Span {n', 1%, 1%, 1"},
73 = A*Span {n', 7%, 1%, 1%} @ 1° A Span {12 — 1P '3, gt 02 ).

Thus n',...,n* and e!,...,e* span the same space; in particular e!,... e are

closed and de® is in A% Span {e',...,e*}. Then
0 =d(e® Awy) = de® A wy,
and similarly de® A ws is zero. Then
de® € Span {612 + 634} ® A%, A% =Span {612 —e3t el — 12 el — 623} .
Since SU(2) acts transitively on the sphere in A%, we can assume that de® is
Awp + p(et? — e31), with pu non-negative. Moreover p? — A\? cannot be zero, for
otherwise (de®)? is zero.

The last part of the statement follows from the fact that when p? — A2 > 0,
Aw; + p(et? — e34) is in the same U(2)-orbit as

Me? 4 e31) — /2 — N2(eM —eB) — A(e!'? — 3. O
Lemma 19. Let d be in the GL(5,R)-orbit of (0,0,0,0,12) in D. Then
Hy = {dypu | y* = kp, (k, n) # (0,0)}/y(2)-
where
dy ey = (O, 0,0, *y€34 — ,ue35, ket + y635).
In particular Hyg C M.

Proof. Suppose d is hypo. There is a well defined filtration V2 c V* C (R%)*, where

A2V? is spanned by an exact two-form, and V* = kerd. Up to SU(2) action, we can

assume that el, €2, e? are in V4.

There are two cases to consider.
a) If € is in V*, then e* is not in V4, so dw; = 0 implies that €3 is in V2.
Closedness of s, 13 gives

e Ndet =0 = e Ade?,

so V2 is spanned by €3, e®. Thus d = do,0,., With p nonzero.
b) If €5 is not in V4, then e* — ae® is in V* for some a € R. Then

135 1 425 — 13 A 5y (ef _ geB) A e,
M5 4 235 — o2 A5 (e ged) A el

Thus

(17) de® A (e + (et —ae®) N e?) =0 = de® A (€2 + e A (e* — aed)).
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We can also assume that e? is in V2. Indeed if e* is in V4, it suffices to act by
an element of SU(2) to obtain e* € V2. If on the other hand e* is not in V4,
then dw; = 0 implies e* € V2. It follows that de’® is a linear combination of
el3 et —ae®, e?. By (17),

de® = k(e — ae®®), de* = ak(e3* — ae®®),
so d has the form d . . g
Lemma 20. If d is in the GL(5,R)-orbit of (0,0,0,12,13), then
Hq = A{dkp | k= p k7 0}y (2),
where
di,. = (0, kel5,07ue3570).
In particular Hy C M;.

Proof. In terms of a coframe n',...,n° which makes d into (0,0,0,12,13), we
compute

72 = Span {771277713,77147 'S, 2 24 2 7735} ’
7% — Span {77123, 77124777125777134#7135,77145777234777235} .
Suppose d is hypo. Recall from [6] that if X € R?, B € (R%)* are such that

dim(X1Z*)AB < 2,

then e®(X) is zero. In this case, if 9y, ...,7s is the frame dual to n',...,n°,

dim(nga Z3) Ant =1 = dim(ns0 Z3) A
so €% is a linear combination of n', n?,73.

Suppose €’ is linearly independent of n'. Then
dimn' A €® A Span {w1, wp,ws} = 3;
on the other hand, if e® = an? + bnp® (mod n'),
A AZEC Span{771234,771235} A
which is absurd. So € is linearly dependent of 7.
Let V3 = kerd. Then Span {61,62,63,64} intersects V3 in a two-dimensional

space; up to SU(2) action, we can assume V3 contains e!. Suppose that Span {63, 64}
has trivial intersection with V3. Then de?® and de* are non-zero, contradicting

ded Net —e3 Ndet = de?t = —del? € A3V,
Thus, Span {63, 64} intersects V3 in a one-dimensional space; up to U(2) action, we
can assume that e is in V3. Therefore
de? = aer® + e, det = he'® + ke®;

using the fact that w; is closed, we see that h = b and obtain

de*\  (a b\ (€'

de*) —\b k) \e*®)-
This matrix can be assumed to be diagonal, because the symmetry group U(2) con-
tains an S that rotates Span {el, 63} and Span {62, 64}, whose action corresponds

to conjugating the matrix by SO(2). So we obtain dj,,, as appears in the statement,
where k£ and p can be interchanged by the same circle action. U

Theorem 15 now follows trivially from the lemmas.
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6. INTEGRATING THE FLOW

In this section we compute explicitly the hypo evolution flow in D for each
nilpotent hypo Lie algebra, giving a description of the resulting orbits. In particular,
we conclude that the orbits are semi-algebraic sets in the affine space D (i.e. they
are defined by polynomial equalities and inequalities), each orbit has at most one
limit point, and there are no periodic orbits.

Moreover the only critical point is the origin of D: this means that the evolution
flow in (D) is always transverse to the group of automorphisms, except in the abelian
case, when the flow is constant.

In fact, the vector fields on the families M; that generate the evolution flow
are homogeneous of degree 2 in the coordinates of D; this is a consequence of the
construction, and implies that multiplication by a scalar in D maps orbits into
orbits. So, we could also think of the flow as taking place in P(D). However, we
shall refrain from using the projective quotient as it does not appear to simplify the
description of the orbits.

Recall that there are three families of nilpotent hypo Lie algebras, which have to
be studied separately. We begin with My, by computing first integrals for the flow.

Lemma 21. The evolution in My of
Ay ke = (Ae*® he® + ke'® 0, (=Xe* + he' + pe®) Ae”,0)

leaves the following sets invariant:

AV
h_O,)\_O,M_A},

(12 +4(h? + X%))

{

05" = {ko’ (h% + \2)3
{
{

= A, [h:A]PGIR{IP’l},

(A2 + 3k% + BE?))3

1
AB 2 2 2
={h= = A= —(—2)? 4 3k% + BE>\
04 07 ]{4)\4 7# 3k’( +3 + )},

4 2
05 = )\ZO,MZ/Z;+Z,Bh3k2+h2k4—Ah4+k4:0}7

h2 — A2 — L AR B3

Oé‘BC:{BA(3h2+A2+AhA)2—3h3(0A_B)2:o,M: K = 3’; }

Moreover every periodic orbit is contained in some O3 or OfP.

Proof. We compute

dwy = (he' + ped) A e®? — e A (he®® 4 ke'®) = €5 A (—he'? + pe? 4 he3t + kel?),
dws = At — el A (=Xe? 4 ped) A ed — kel = e A (=Xe3t + Nel? — pe®® — ke'?).

Therefore the components of the intrinsic torsion can be given by

k—p  k+up
4 ’gi 2 )

B = Oaf = Oawi = 07 (02_)11 = 7h/27 (02_)0 =
k
(93 )a = M2, (03 )y =~
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The induced infinitesimal gauge transformation determined by the hypo evolution
flow is given by

oo op

) 0 gk 3\ —3h 0

Xayonn =1 3h -3 w0 0
0 0 0 0 §l€+§,u

Thus
. . 3
Xy pnp = Hoxe(X(dx p,h k)N ph ke = <2>\u635 +A%e® — Xe'h,
1 1 1
— ;k%m + 5k/\e4L5 - g,u,e%h - %kei”f’h — 5lme“" + Xe?h — e'®h?, —§mel5,

2

This vector field is not tangent to M;. However, we can project to a vector that is
tangent to the family by using the SU(2)-invariance: indeed, adding an appropriate
element in i, (s1(2))dx 4 5.k, We obtain

1 . )
;ANQZS o A2635 o ;,u@lsh* %kelsh* *k’u635 o g’uZeBS 635]?,2,0).

1
<—)\ue35, —5(31@2 + kp)e' — (2kh + ph)e®, 0,

1 ,
= (AN o 3p® + 4R%)e™ + A\ue® — (2kh + ph)e'®, 0).

We conclude that evolution in M; is given by

N = —pu)

B = —ph — 2hk

K= —Luk — 22
p=—3p%—2n% —2X2 — Luk

The only critical point is the origin. In order to describe the other orbits, we make
use of certain first integrals that were found by trial and error using a computer. A
posteriori, it is straightforward to verify that the following rational functions are
first integrals on their domain of existence:

h? — X2 — ku ki\ k2(6h? — 202 — 3uk + 3k2)
hA ToR37 h?
The invariant set OZ'B¢ is obtained by assuming k # 0 and setting these functions
equal to A/3, B/3 and C respectively.

More than these three first integrals, what is relevant is the field extension of R
they generate. This field also contains rational functions that are defined on the
invariant hyperplane h = 0. Indeed, an alternative description of the same curves,
also valid for h = 0, can be obtained by setting
h? — 22 — ku h3 6h? — 202 — 3uk + 3k

B S ——— Bzi e
(kN33 i C 5

A:

Then
pk = —A(kNY? + (BEN)Y3 — A2,
Ck*X\ = 3(BE*N)?/3 + X2 4+ 3A(EN)Y/3 4 3K2.

For B = 0, up to renaming the constants, we obtain the family denoted in the
statement by O715.



SU(3)-HOLONOMY METRICS FROM NILPOTENT LIE GROUPS 23

Similarly, we can describe the orbits contained in {A = 0} by the two first integrals

KRR k) KRR k£ k)

4 hé h3
This description gives rise to the curve
Aht K2
p=s o Bh3k? + h2k* — AR + kY =0,

denoted in the statement by O#'B.

In the invariant hyperplane {k = 0}, the evolution equations imply h’'/h = X'/A.
Assuming h, A are not both zero, it follows that the point [k : A] of RP! does not
vary along orbits; equivalently, we can set

h=(cosB)s, A= (sinB)s, s=+vh%+ A2

where B is a constant. Assuming both p and s are nonzero, we can use s as a new
variable, and compute explicitly

p? = —4s* + Ks,
showing that (u? + 4s2)/s® is a first integral. This is also true when u = 0, so O3 is

indeed invariant.
Restricting now to the invariant plane {h = 0, A\ = 0}, the evolution equations

become
Kk = —%,u — %k
wlp=—5p— 5k
Up to a change of variable, we obtain

3, —1y/ —3\/
(Fp—") — i/, (kp™")
k31 kp—3

:1’

which can be solved explicitly, showing that (u — k)*/(ku)? is a first integral. This
proves that O3 is invariant.
Finally, the invariance of O; is obvious.

The fact that all periodic orbits are contained in the families O3, O4'Z can be
deduced directly from the evolution equations by producing a quantity that varies
monotonously along the flow. Indeed, if kh # 0, then k2 /h is monotonous. If k = 0,
then A2 + h? is either monotonous or identically zero, in which case we are in O,
that obviously contains no periodic orbit. If k£ £ 0 and h = 0, we are in the families
04, O4'B. O

Having computed invariant curves for the flow, we can now give a more explicit
description of the orbits. This amount essentially to detecting the connected
components of the invariant curves appearing in Lemma 21.

Theorem 22. With respect to the hypo evolution of M1, all orbits are semi-algebraic
subsets of D and have at most one limit point, namely the unique critical point
do,0,0,0 = 0; in particular, there is no periodic orbit. Orbits are mapped into orbits
by the transformations sending dy . p x into

d_xpuhks  Gxp—hk, Ax—ph—k-
Up to these symmetries, the non-trivial orbits are
{(h=0=k=X\u>0}; {p=k>0h=0=2}; On{u>k+k>0},A4>0;
ofn{u>k},A<0; 04 Nn{h,\A>0},A>0,PcRP,
O N{k>0A>0}; O&Pn{h>0k>0}, (A B)+#/(0,0);
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and the connected components of O§B¢, B,C > 0. The latter can be parametrized
as

As) = s°B* h(s) = Ls2BA
°) T AB2 134 ABs® + BOs3' )T 38PN
h? — X2 — 1 AR\

Ks) = SV, als) =

where s ranges in any mazimal interval in R* where the denominator of A(s) is
NnONZero.

Proof. The only critical point is the origin, so all orbits are connected, smooth
immersed curves. Thus, we only need determine the connected components of the
invariant curves O;. We have six cases to consider.

i) The invariant set O; is a line containing the origin, so it contains three orbits,
all non-periodic, each with the origin itself as the unique limit point. The half-line
1 < 0 is obtained from the half-line ;> 0 by a symmetry.

ii) In order to study O3', introduce the variable s = i — k. If A =0 then s = 0;
so there is no periodic orbit and the origin is the only limit point. Assume that A is
nonzero; then s # 0 on 04, so s > 0 and s < 0 define distinct components. Up to a
symmetry, we can assume s > 0. For each fixed s, we get the two points

1
u=k+s, k= B (—si 82+4A_1/384/3).

So if A > 0, to each value of s correspond two points, one with k > 0 and the other
with k& < 0. Therefore, 05‘ contains two distinct orbits, both non-periodic with a
single limit point, namely the origin. On the other hand if A < 0, there are two
points over s if s2 > —64/A, and one point if equality holds. So in this case there is
a single orbit, non-periodic, with no limit points.

iii) We can rewrite O4'" using the equation

2= VAP —ar?, r?2=h? 4 2%

this shows immediately that A has to be positive. Using the symmetries, we can
restrict to {h, A > 0}, which intersects O4' in a single orbit, non-periodic, with no
limit points. ~
iv) Now consider OB = O N {k > 0, A > 0}, defined by the equation
(A2 + 3k% + Bk?))3

kA4 ’

that we rewrite as
E2(3 4+ BX) — kY3(AY3AY3) £ X2 = 0.
For fixed values of A, B, \, by setting ¢ = k?/3 we obtain a polynomial in ¢, namely
papa(t) = t3(3 4+ BX) — t2AV/3\Y/3 1 )2
which for short we rewrite as
p(t) = at® + bt + ¢,
where ¢ > 0. Assuming for the moment that a,b # 0, the Sturm sequence of p is

2 b2 9ac  243a3c?
3at? +2t, = —t —c, —— — |
L L 47

The number of positive roots can be computed using the Sylvester theorem (see
e.g. [3]). To that end, we compute the number v(p,t) of sign changes of the Sturm
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sequence evaluated at ¢; remembering that ¢ > 0, we find

(p, +00) = signchanges 3 262  9ac  243a3c?
v = signchan _—— e — =
p7 CXD g g a7 a7 9 a ) b 4b4

= signchanges (1, 1,1, —4b® — 27a20)

and

: 9ac  243a3c?
v(p,0) = signchanges <c,07 —c, -~ )

= signchanges (17 0, —1,a(—4b> — 27a20)) .
The number of positive roots of p equals v(p,0) —v(p, +00), by the Sylvester theorem;

when either a or b are zero, it can be determined directly. So there are the following
possibilities:

a>0,b#0,—4b> —27a% > 0 =—> two positive roots,
a<0, ora=0,b<0 — one positive root,
a>0,b#0,—4b> —27a%c =0 =—> one positive double root,

and no positive root otherwise. Returning to the original variables, we have
(34 BX)? 4
A2 27
We claim that OfB is either empty or connected. Indeed, for fixed A, B let

—4b3 —270%c > 0 < A.

Sk ={A> 0] papx(t) has at least k positive roots}.

Then O~fB has 2 points over each point of Ss. If S is not empty, it is easy to check
that it is connected and its boundary contains exactly one A\, € R corresponding
to a double root. Hence, the part of the curve lying over Sy U {Ap} is connected.
Likewise, S7 is connected. It follows that OfB is either empty or diffeomorphic to
an interval. So, it consists of a single non-periodic orbit.

By construction, the limit set is necessarily contained in some hyperplane A = Ag.
If A\g # 0, this hyperplane intersects each invariant set appearing in Lemma 21 in a
discrete set and contains no critical point. It follows that the limit set is contained
in A = 0. On the other hand, inside 04, if A goes to zero then so do k and \?/k.
Since

w= §<_2A2 + 3k* + Bk*)),

it follows that the only limit point is the origin.

v) Now consider the curve O2F = 048 N {h > 0,k > 0}, defined by

BR3E? + B2k — AR + kY = 0.

We assume that A, B are not both zero, for otherwise k = 0. Solving in t = k2, we
find

—Bh3 £ h?\/(B2 + 4A)h? + 4A
2(h2 4+1) ’
If 4A < —B?, there is no positive solution.
If —B? < 4A <0 and B > 0, there is no positive solution.
If -B? < 4A < 0 and B < 0, there are two positive solutions for h? greater
than —4A/(B? + 4A), and one when equality holds.
If A=0and B < 0, there is one positive solution for all h > 0.
e If A > 0, there is one positive solution for all A > 0.
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We conclude that O?B is either empty or connected.

As for the limit set, it is contained in b = 0. By definition of O£, k, h?/k go to
zero when h goes to zero. Hence, if A =0, u = h?/k also goes to zero, and the only
limit point is the origin. On the other hand if A > 0, then k%/h? goes to VA when

h goes to zero, so p goes to infinity and there is no limit point.

vi) We now turn to Og'P¢, whose defining equation is

BA(3h* + X* + AhA)? — 3R*(CA — B)® = 0.

Two of the symmetries in the statement have the effect of changing the signs of
C, A\, h and A, B, X respectively. Thus we can assume C' > 0 and B > 0.
Introduce a variable z = -2 : then z > 0 on O§'%¢. We compute

B
M\ (322B? + 1+ ABz)? — 3B*23(C\ — B)* =0,
or equivalently
A322B? + 1+ ABz) £ V3Bz**(C\ — B) = 0.
Setting s = +1/3z, we obtain

s3 B2
T $“B2 43+ ABs2 + BCs3

By construction, h = %SQB)\; moreover, by definition of OB we have

1
k' = —B*s°\%.
81
Up to a symmetry, we can impose that £ > 0, and obtain the curve appearing in
the statement. It is now obvious that only the origin can be a limit point. O

This concludes our study of the first family. Recall that the second family Mo
consists of elements of the form

oy by = (0’$e34 F2e35,0, (el — €23) — yedt + Nel® — pe®,
~ (e — 23 4 ket — gel® +ye35).
More precisely, My is an algebraic variety in D which can be described as the union

My= ) Moy, Moy ={daynprpl (@ hN), (yk p)€l},
12=l1ls

where [ = [l : I3 : I3] is viewed as both a point in RP? and a line in R3.

Theorem 23. With respect to the hypo evolution of Mo, all orbits are semi-algebraic
subsets of Mo and have at most one limit point, namely the unique critical point
do,...0 = 0; in particular, there is no periodic orbit. Orbits are mapped into orbits
by the transformations sending dy y bk . int0

dfa:,y77h,k,f)\,p,; dz,fy7h,7k,)\7f;m dfz,fyﬁ,k,)vu-
Up to these symmetries, the non-trivial orbits are
Oat = {daynkrp € Moy | (h+ 2 = A((n+k)* +4(h+ N)?),z,y,h, A k, > 0}, A > 0;
Or={dsynkarp € Moy |z =0=h=Nyk,pu>0,(k pn)#(0,0)};

where | varies among points of the quadric I3 = l1l5.
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Proof. Proceeding as in Lemma 21, we compute

0 0 A+ 5h 0 0
A 0 0 0 —5A+3h z
dm,y,h,k,/\,ur = %)\ + %h 1 0 1 _%k - %/”‘ 1 O 0
0 —2)\+§h 0 —§]€+§,U/ )
0 x 0 -y %k — %u
The resulting ODE is
¥ = a(u+k)
N o= Ap+k)
B =h(p+Ek)

/

W= 20(h+ N+ Spu+ k)
Yy =2x(h+ X+ 3y(u+k)
K =2h(h+ X+ 3k(p+k)

Critical points are given by the subspace {u + k = 0, h + A = 0}, which intersects
M only in the origin. It is also easy to verify that each My ; is invariant under the
flow, and that the symmetries appearing in the statement map orbits into orbits.
By construction pk and hA are non-negative; using [z : h: A] = [y : k : p], we can
assume up to symmetry that all parameters are non-negative.

In order to determine the integral lines, consider the associated two-dimensional
system

(n+k) =2(h+ X%+ 5(u+k)?

which has only the origin as a critical point. Outside of the origin, a first integral is
given by

{(h+)\)’ = (h+A)(u—+k)

(h+\)3 _
(p+k)2Z+4(h+ N2
Since h+ A > 0, necessarily A > 0. If A =0, we find the orbit O;. Otherwise, A > 0
and the orbit is contained in O 4;; writing

h+A
A,
A
we see that O4; is connected, so it coincides with the orbit. It is clear that the only
limit point is the origin. ]

w+k=(Mh+N

We now come to the last family M3, whose general element has the form
dau = (0,0,0,0, (A + p)e? + (A = p)e*) .

Theorem 24. With respect to the hypo evolution of Ms, all orbits are semi-algebraic
subsets of M3 and have at most one limit point, namely the unique critical point
do,o = 0; in particular, there is no periodic orbit. Orbits are mapped into orbits by
the transformations sending dy , into

d—Mw d>‘7_ﬂ'
Up to these symmetries, the non-trivial orbits are

{n=0,A>0} {(N—p?)?®=Ap" A\ pn>0},4>0;
{()\2 — i) = At > 0},A<0.
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Proof. At d ,, the intrinsic torsion is
B=0,f=Xg=0w" =pe? )0 =0

So

) , 1 1 1 1

Xa= dlag _7(,” + )‘)7 _7(M + A)a 7(:“ - )‘)7 7(/*6 - A)a Al

2 2 2 2

Hence )

X, , = (0, 0,0,0, (u? 4+ 2X?)(e'? + €3*) + 3Apu(e!? — 634)) .
The resulting equations are

N =p2+2X% 1 =3\

It is easy to see that the only critical point is the origin. Moreover the invariant set
{p = 0} contains two other orbits, namely the half-lines +A > 0.
When p? — A2 > 0, we can reduce to the case of My by

k=2X\h=/p2 =2
by Theorem 23, h3/(k? + 4h?) is a first integral, which in terms of A and u gives
(02 = o
one can check directly that this is a first integral on all of u # 0. Up to the
symmetries, we can assume that g > 0. Writing the curve as

A2 = A3(A 23,

we see that it has two connected components in the half-plane p > 0 if A > 0, and

one otherwise. In the first case, we can use the symmetries and assume A > 0.
The facts that all orbits are non-periodic and that the only limit point is the

origin are now obvious. O

Remark. The non-existence of periodic orbits can also be seen as a consequence
of the Cheeger-Gromoll splitting theorem (see [2]). Indeed a periodic orbit gives a
solution to the evolution equations defined on all of R, meaning that the 6-manifold
is complete and contains a line; by the Cheeger-Gromoll splitting theorem, this
means that it is a product. Then the Weingarten tensor —()p, is zero: this implies
that the orbit consists of a single point.

Remark. Multiplication by a scalar in D amounts to a change in time scale in
terms of the evolution flow, and an overall scale change in terms of the resulting
six-dimensional metric. One could therefore eliminate one parameter and consider
these metrics up to rescaling. The disadvantage of doing so would be losing track of
the relations between the orbits.

7. EXAMPLES

In this section we show with examples that the classification of orbits in terms of D
is sufficient to determine the geometric properties of the corresponding 6-dimensional
metrics.

Example 1. In this first example we consider the orbits O; in M5, and show how
the corresponding one-parameter family of SU(2)-structures on the Lie algebra
(0,0,0,0,12) can be recovered.

The generic element of O; has the form

dy.kp = (0,0,0, —ye®* — pe® ke* + ye®),  y® =kp.
We parametrize O; by setting

p=scos’f, k=ssin’6, y=ssinfcosb,
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where s = p+ k and 6 is in [0,7/2). Then
ds o = (0, 0,0, —ssin 6 cos fe>* — s cos® e, ssin? Be* + ssin cos 9635) .

From the evolution equations s’ = %52; up to time translation, this gives

2
STy
By the calculations in the proof of Theorem 23,
00 0 0 0
R 1 0 0 0 0 0
0 0 0 cos20  —sin26
0 0 0 —sin20 —cos26

The eigenspaces of this matrix do not depend on ¢; in particular, setting
E(t) = cosfel(t) —sinfe®(t), F(t) =sinfe*(t) + cosfe’(t),

we find

hence
E(t)=(1-3t)"Y3E(0), F(@t)=1-3t)Y3F(0).
Similarly, we compute
et = €1 (0), €2(t) = e2(0), €*(t) = (1 - 30)13¢(0).

Now observe that F(0) is closed and dE(0) = —2¢3(0) A F(0). Thus, up to an
automorphism we can assume

nt=F0), 77 =2¢0), n°=e'(0), n'=e*0), n°=E(0).
Then
1
elt)=n, EW)=u', )= 501-30)"
e(t) = cos (1 — 3t) V3> +sin0(1 — 3t)*/3p!
es(t) = —sinf(1 — 3t)71/3’r]5 + cosf(1 — 3t)1/3771

In terms of the defining forms («,w;), the corresponding one-parameter family of
SU(2)-structures is given by

at) = —sinf(1 — 3t) 305 + cos O(1 — 3t)/ 3t
wi(t) =’ + %cos L — %sin 0(1 — 3t)2/3912
wa(t) = —%(1 ~ 3032 cos (1 — 3¢)" Y3 1 sind(1 — 3t)/3pH
wa(t) = cos O(1 — 36) /335 — sin0(1 — 3¢)V/313 — %(1 gy
One can easily verify that the evolution equations are indeed satisfied.

Remark. In this special case the infinitesimal gauge transformation has constant
eigenspaces, which is why the evolution has a “diagonal” form. The other orbits
with this property are those contained in Oy, O4 (whose corresponding metrics are
studied in [7]) and M3.
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Example 2. This example shows that it is not necessary to integrate the infinitesi-
mal gauge transformation in order to determine whether the 6-dimensional metric
corresponding to an orbit is reducible or its holonomy equals SU(3).

Given a solution of the hypo evolution equations on a Lie algebra g, let g; be
the underlying one-parameter family of metrics on g; let ©; € A%g* ® s0(5) be the
corresponding one-parameter family of curvature forms. Let g be the corresponding
generalized cylinder metric on G X (a,b); by the holonomy condition, the curvature
form at (e,t) is a map

Qi A% (g ®R) — su(3),
and by invariance the one-parameter family of forms {2; determines the curvature of
g.
By the last remark of Section 3, ()p, coincides with minus the Weingarten tensor;
denoting by
Q7: AR5 — s0(5)

the curvature forms of the five-dimensional metrics g;, the Gauss equation gives

(18) QM =0 = > Qp,(e) AQp,(ej)es @ €,
i

where the tangential part Qzang of g is related to €; by the diagram

A2(g@R) 2~ 50(6) .

Qtens

A2g ——=s0(5)
By the Bianchi identity €2; is symmetric. Hence
Im (4 o i)L =keriT o Q = ker Qy,
where we have used the fact that Im €, C su(3) and i”': su(3) — s0(5) is injective.
It follows that
dim Q/*"% = dim Im €, 0 i = dim Im Q.

By the Ambrose-Singer theorem the metric has holonomy equal to SU(3) if and
only if Q/*"® has rank 8 for some t.

For example, in the case of Ms, it follows easily from (18) that the image of
Q*"® is spanned by
1
5634(>\2 o ‘u2) + ()\ +,U,)2612, 624(>\2 o /12) + 613()\2 o ,LLQ),
=N =) + PN = ?), ePEN HApA + P, (3N +duh + ),
1
50207 =) £ PO ), PEN A+ ), BN A+ ),
Thus, the image is 8-dimensional if and only if

(19) 3AZ + p? £ HdpX, A\ — p?) #0.

It follows that the orbits on which A = x4 and u = 0 do not give rise to irreducible
six-dimensional metrics. On the other hand, if

(>‘2_:u’2)3 :A,U/4,)\,ﬂ,> Oa A#Ov

the inequalities (19) are generically satisfied. Hence the six-dimensional metric has
holonomy equal to SU(3) in this case.

This can also be verified directly by integrating the metric as in the first example.
For instance, if A = —1, setting

s = arsinh A~ 2/3,
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whence
1= (coshs)®, X =sinhscosh?s, s = (coshs)™?,
one finds a metric on G x (0,400), where G is the Lie group with Lie algebra
(0,0,0,0,12 + 34) and an orthonormal frame is given by
1 . 1

cosh sv/1 + tanh 577 " cosh sv/1 + tanh s

n%,v/1+ tanhsn®, —v/1 + tanh s n*,

ds

coshsn®,dt = I

8. COMPLETENESS

In this section we show that our metrics cannot be extended in a complete way,
except in the trivial case. In other words, we prove that every complete manifold
with an integrable SU(3)-structure preserved by the cohomogeneity one action of
a five-dimensional nilpotent Lie group is flat. The proof depends on the results of
Section 6 in an essential way.

Let G be a 5-dimensional Lie group acting with cohomogeneity one on a complete
manifold M with an integrable SU(3)-structure; assume that the action preserves
the structure. Let ¢(t) be a geodesic orthogonal to principal orbits. Then the
map (g,t) — ge(t) defines a local diffeomorphism; the pullback to G x I, with T
an interval, defines an integrable SU(3)-structure, and therefore a one-parameter
family of left-invariant hypo structures on G satisfying the hypo evolution equations.
In particular the metric defines an integral curve in D defined on the interval I;
conversely, an integral curve in D defines a cohomogeneity one metric on some
product G x I.

If all orbits are five-dimensional, then one can assume I = R; this means that the
one-parameter family of SU(2)-structures is defined on all of R. Otherwise there is
an orbit of dimension less than five, called a singular special orbit. Since the action
preseves a Riemannian metric, about a singular special orbit M has the form

GXHV,

where H is the special stabilizer and V' its normal isotropy representation (see e.g.
[4]). In this case, the interval I has a boundary point b € R, with ¢(b) lying in the
singular special orbit; we shall say that the metric defined by the integral curve in
D extends across b with special stabilizer H.

We can now state the main result of this section.

Theorem 25. There are no singular special orbits on any siz-manifold with an
integrable SU(3)-structure preserved by the cohomogeneity one action of a nilpotent
Lie group of dimension five.

Notice that M is not required to be complete in this theorem; if one adds this
assumption, the following ensues:

Corollary 26. Let M be a complete siz-manifold with an integrable SU(3)-structure
preserved by the cohomogeneity one action of a nilpotent Lie group of dimension

five. Then M is flat.
Proof. By Theorem 25, all orbits are five-dimensional. Consequently, the map
GxR—M, (g,t)— ge(t)
is a local diffeomorphism, and the SU(3)-structure can be pulled back. We can
therefore assume M = G x R.
The geodesic ¢(t) = (e,t) is a line on M = G x R; by the Cheeger-Gromoll
theorem, the metric on M is a product metric. This means that X preserves the
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metric: so it is both symmetric and antisymmetric, hence zero. So the evolution
is trivial, and the defining forms «(t), w;(t) are constant in time and closed. This
implies that G is Ricci-flat, hence flat; so the product G x R is also flat. (|

Remark. In the proof of the corollary we used a covering map to avoid consideration
of the exceptional special orbits, namely those about which the cohomogeneity one
manifold has the form

GXHR,

with H a discrete subgroup of G acting non-trivially and orthogonally on R. On
the other hand, one can verify directly that the existence of an exceptional orbit
implies that the metric is flat, even without assuming completeness. Indeed, the
corresponding one-parameter family of SU(2)-structures on G is H-invariant at
time zero (corresponding to the exceptional orbit), and therefore H-invariant for all
time, because the evolution equations preserve invariance. This implies that the
one-parameter family of SU(2)-structures is invariant under ¢ — —¢, so by (5) the
defining forms are closed at ¢ = 0. Thus, the evolution is trivial, and the resulting
metric is flat.

In order to prove Theorem 25, we will need two lemmas.

Lemma 27. Suppose M has an SU(3)-structure preserved by the cohomogeneity
one action of a nilpotent five-dimensional Lie group G. Then the Lie algebra of each
stabilizer is either trivial or an ideal of g isomorphic to R.

Proof. Let H be the stabilizer of p € M; if H is discrete, there is nothing to prove.
Otherwise, Gp is a singular special orbit with a neighbourhood of the form
G xg V, where

T,M =T,(Gp) @V

is an orthogonal direct sum and H acts on V via the isotropy representation. Then
H acts on V' with cohomogeneity one and discrete stabilizer. Moreover H acts
transitively on a sphere, so it is a nilpotent Lie group that covers a sphere, and
therefore necessarily isomorphic to R or S'. Let X be a generator of its Lie algebra
h. As representations of H,

~ 9
Tp(Gp) = E’
which therefore has an invariant metric. Since the action of H on the first factor is

induced by the adjoint action, ad X is both nilpotent and antisymmetric, therefore
zero. It follows that b is an ideal of g. O

Lemma 28. Let o: I — D be a mazximal integral curve for the hypo evolution flow,
and assume the induced cohomogeneity one metric extends across the boundary point
b of I with special stabilizer H. Suppose that W C R® is a linear subspace invariant
under Xo(t) for all t. Then either

b
/ tr(Xow)|lw = —00, bCW; or
to

< +4oo, hg W

b A~
‘ / AN

Proof. By construction the metric on G xg V pulls back to a time-dependent
symmetric tensor g on G, which degenerates at ¢t = b, and satisfies

g'(t) = Xo(g(t).
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Because Xg(t) is symmetric it also leaves W invariant; this implies that W stays
orthogonal to W+ for all ¢, and

(g’ O)lw) = Xow|walw(®).

The determinant of g(t)|w satisfies

(det g(t)lw)" = tr(Xo(lw) det glw (£),
so for any fixed tg in I,

b
det g|lw (b) = (eXP/ tr(Xa(t)|W)dt> det glw (to)-
to

It suffices now to observe that det g|lw (b) may not be infinite, and it is zero if and
only if W contains b. O

This lemma will be mostly used in the case that W is one-dimensional, i.e. that
X has an eigenvector not depending on ¢, and W = R®, in which case necessarily
hCwW.

Proof of Theorem 25. Let M be as in the statement, and suppose M has a singular
special orbit; then there is a maximal integral curve o: I — D whose associated
metric extends across a boundary point b of I with special stabilizer H. Because
the symmetry group is nilpotent, by Theorem 15 we can assume up to U(2) action
that the integral curve is contained in one of the families M7, My and M3. We
will discuss each case separately.

For M1, observe that by the proof of Lemma 16

tr Ko = 5 (1) + K (D).

So by Lemma 28 applied to W = R®, necessarily

/b(u + k)dt = —oo0.

to
Applying the same lemma to W = Span {e5}, we see that b is spanned by e5. By
Lemma 27, it follows that ey is in the center of g, and by definition of M this is
equivalent to

A=h=k=p=0.
However, this condition implies that the integral curve is constant and defined on
all of R, which is absurd.

In the case of My, the explicit formulae appearing in the proof of Theorem 23

give

. 1
tr Xo) = —5(u+k).

So, applying Lemma 28 to W = R?,

b
/ —(p+ k)dt = —o0.
to
Applying Lemma 28 to W = Span {ej, e3}, we see that b is contained in W. By
Lemma 27, § is a one-dimensional ideal. This gives rise to two possibilities:

i) Ifx =X=y=p=0, we can apply Lemma 28 to Span {e5}, which is a
constant eigenspace with eigenvalue k/2, and reach a contradiction.

i) If

r=h=X=0,
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the integral curve is some O; in Ms. Even without using the explicit expression of
the metric appearing in Section 7, one can compute
1(0) k(0)
t) = , k()= .
ut) = {75, KO =1y

Therefore the interval of definition is (—oo, %) Now we observe that X has constant
eigenvectors with eigenvalues 0 and +2 (k + ). Therefore

2/3
/ p+k = +o0
t

0
contradicts Lemma 28.

Finally, for M3 the trace of Xg(t) is —\, so Lemma 28 applied to W = R® gives

b
/ —A = —0o0.
to

On the other hand e5 is a costant eigenvector with eigenvalue A, so applying
Lemma 28 again gives a contradiction. U
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