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ABSTRACT

This thesis is divided in two parts, that can be read separately even if both use the

possibility of replacing spinors with differential forms in theories with supersymmetry.

The first part explores some recent results that have been obtained by applying the
G-structure approach to type II supergravities. Using generalized complex geometry it is
possible to reformulate the conditions for unbroken supersymmetry in type II supergravity
in terms of differential forms. We use this result to find a classification for AdS; and AdSg

solutions in type II supergravity.

Concerning AdS7 solutions we find that in type IIB no solutions can be found, whereas
in massive type ITA many new AdS; x M3 solutions are at disposal with the topology of
the internal manifold M3 given by a three-sphere. We develop a classification for such

solutions.

Concerning AdSg solutions, very few AdSg x M, supersymmetric solutions are known
in literature: one in massive IIA, and two IIB solutions dual to it. The ITA solution
is known to be unique. We obtain a classification for IIB supergravity, by reducing the
problem to two PDEs on a two-dimensional space . The four-dimensional space My is

then given by a fibration of S? over X.

We also explore other two contexts in which the G-structure approach has revealed
its usefulness: first of all we derive the conditions for unbroken supersymmetry for a
Mink, (2,0) vacuum, arising from type II supergravity on a compact eight-dimensional
manifold Mg. When Mg enjoys SU(4) x SU(4) structure the resulting system is elegantly
rewritten in terms of generalized complex geometry. Finally we rewrite the equations for
ten-dimensional supersymmetry in a way formally identical to an analogous system in
N = 2 gauged supergravity; this provides a way to look for lifts of BPS solutions without

having to reduce the ten-dimensional action.

The second part is devoted to study some aspects of two different Chern-Simons like
theories: holomorphic Chern-Simons theory on a six-dimensional Calabi-Yau space and
three-dimensional supersymmetric theories involving vector multiplets (both with Yang-

Mills and Chern-Simons terms in the action).

Concerning holomorphic Chern-Simons theory, we construct an action that couples the
gauge field to off-shell gravitational backgrounds, comprising the complex structure and
the (3,0)-form of the target space. Gauge invariance of this off-shell action is achieved by
enlarging the field space to include an appropriate system of Lagrange multipliers, ghost
and ghost-for-ghost fields. From this reformulation it is possible to uncover a twisted
supersymmetric algebra for this model that strongly constrains the anti-holomorphic

dependence of physical correlators.

Concerning three-dimensional theories, we will develop a new way of computing the



exact partition function of supersymmetric three-dimensional gauge theories, involving
vector supermultiplet only. Our approach will reduce the problem of computing the ex-
act partition function to the problem of solving an anomalous Ward identity. To obtain
such a result we will describe the coupling of three-dimensional topological gauge theo-
ries to background topological gravity. The Seifert condition for manifolds supporting
global supersymmetry is elegantly deduced from the topological gravity BRST transfor-
mations. We will show how the geometrical moduli that affect the partition function
can be characterized cohomologically. In the Seifert context Chern-Simons topological
(framing) anomaly is BRST trivial and we will compute explicitly the corresponding lo-
cal Wess-Zumino functional. As an application, we obtain the dependence on the Seifert
moduli of the partition function of three-dimensional supersymmetric gauge theory on the
squashed sphere by solving the anomalous topological Ward identities, in a regularization

independent way and without the need of evaluating any functional determinant.
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Chapter 1
Introduction and Conclusions

The dream of obtaining a unique, quantum, description for all the known interactions
continues to be the most important driving force to current research in high energy
physics. At the moment, despite its age, string theory is still the most serious candidate

to address such a problem and other related issues.

One of the most serious obstacles to obtain a better understanding of string theory
is given by the lacking of a second-quantized formulation for this theory: quantum field
theories are usually formulated in a so-called formalism of second quantization. To each
particle of the spectrum a corresponding quantum field has to be introduced; the theory is
then formulated in terms of a path integral on the field configurations. On the other hand,
once one fixes a classical background, it is possible to compute — at the perturbative
level — the scattering amplitudes among particles in terms of a first-quantized formalism.
The main problem due to this, more trivial, first-quantized formulation is given by the
fact that such an approach is intrinsically valid only at the perturbative level. Since the
scattering amplitudes are computed starting from a classical background, it is possible to
compute in this way only perturbations around this background, whereas it is impossible
to study in this way non perturbative phenomena, which intrinsically require the second-

quantized formulation.

For these reasons, a good second-quantized description would be mandatory. Un-
fortunately, even if some attempts to obtain such a second-quantized formulation have
been done in the past (under the name of string-field-theory [1]), and even if some very
impressive results have been obtained (for example in [2]), at the moment a satifying
second-quantized description of string theory is still lacking. For sure it would be im-
portant to put further efforts toward such an ambitious problem; on the other hand
there is an evident difficulty that cannot be avoided: the string theory spectrum con-
tains an infinite tower of fields with higher and higher masses and spins. Therefore a

second-quantized formulation for string theory would require an infinite number of fields,



one for each particle, and constructing such a theory turns out to be a formidable task.
This property, and the consequent technical and conceptual difficulties connected with
string-field-theory, forces us to make a choice: explore string theory only through a first-
quantized formalism (and at the end of the day compute only scattering amplitudes using
some world-sheet pictures), or introduce some simplifications and hope that non-trivial

results are still at disposal even in the simplified setup.

This Thesis is devoted to explore and collect some results that have been recently
obtained in two of such simplified situations: ten-dimensional type II supergravity and
topological field theories (which are related to string theory via topological strings). From
a conceptual point of view the two approaches can be related by simply saying that both

are theories that consider only a subset of the full string theory spectrum.

The supergravity view-point is obtained by imposing that the masses of the higher-spin
particles (i.e. particles with spin greater than 2) are so high that they can be ignored. By
restricting us to consider the massless spectrum one can show that the closed string theory
is then effectively described by ten-dimensional (or eleven-dimensional for M-theory)
supergravity. The fact that supergravities are not, in general, renormalizable theories
can be considered as a non serious problem exactly for this reason: ten-dimensional
supergravities must be considered as effective theories, and they are valid only at energies

much below the Planck scale.!

Topological string theories can be roughly thought of as some counterparts of type ITA
and type IIB string theory in which the local symmetry has been enlarged. More precisely
the local symmetry is so large that all the local degrees of freedom are gauge-trivial and so
they are removed from the spectrum. In this way only few states of the string spectrum,
which are connected to global properties of the space-time in which strings propagate,
survive and this makes reasonable to hope to obtain a second-quantized formulation for
these models. Indeed we will come back later to this point and we will see that this is

exactly what happens in some cases.

As just explained, the supergravity approach and the topological strings approach
are conceptually related via the fact that both can be seen as suitable simplifications
of string theory. On the other hand another, more technical, point of contact between
these two topics can be found, and this point of contact represents, as already pointed
out in the Abstract, one of the main technical themes of this Thesis. In both cases
we will use the possibility of replacing spinors with differential forms in theories with
supersymmetry. Since differential calculus techniques are in general much more powerful

by using differential forms rather than spinors, usually this replacement allows to obtain

L As we will discuss in a moment, after the discovery of the holographic correspondence of AdS/CFT
[3], and the various strong-weak coupling dualities, the importance and the interest on the supergravity

approximation to string theory has been possibly increased.
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results that are not accessible by using spinors.

In the rest of the Introduction we will describe what results will be obtained in this

Thesis by using this technical possibility.

1.1 Supergravity results

In the first part of the Thesis we will address the problem of finding supersymmetric solu-
tions of the equations of motion of type II supergravity by using differential forms. Before
moving to discuss some technical issues related to this problem, let us point out some

motivations for why it should be an interesting problem to look for such configurations.

As already outlined in the beginning of this Introduction, the current understand-
ing of string theory is based on a first-quantized formulation which requires therefore
to know classical backgrounds around them to perform a perturbative analysis. It is
therefore evident that the search for classical solutions of the equations of motion is an
important step, in order to obtain many classical backgrounds and increase the possi-
bility of a deeper understanding of string theory. Moreover, in the AdS/CFT context
finding classical, asimptotically Anti deSitter, solutions of type II supergravity is of pri-
mary importance: indeed such solutions are often dual to some strong-interacting exotic
conformal field theories living on the boundary of the (asimptotically) Anti deSitter space
and, by studying the properties of the corresponding classical supergravity solutions, it
is often possible to deduce many non-trivial properties of the dual CFTs that it would
be very hard to obtain directly on the CFT side, (see for example [4]).? On both the
situations just described, a potential source of troubles appears: in order to have a clas-
sical vacuum for string theory, one should take into account that type II supergravity is
just a low energy approximation of string theory, and that at high energy many stringy
corrections appear. It is therefore natural to ask how we can keep into account this prob-
lem in the supergravity approximation and this is the reason why we will be interested
in solutions of the equations of motion that will be supersymmetric: the invariance under
supersymmetry indeed will protect our solutions from quantum corrections and will make
the results obtained through supergravity trustworthy. From a more practical point of
view, the requirement of supersymmetry constitutes a great simplification in order to
find solutions of the equations of motion, since it translates the problem from a system

of differential equations of the second order to a system of the first order.

A systematic use of differential forms instead of spinorial quantities in the search for

2The converse is also true and it is possible to find many non-trivial results in supergravity literature
that have been suggested by studying the corresponding dual CFTs. Just to give an example the reader

could see [5] and [6].
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supersymmetric solutions in type I supergravity started in [7] but the use of Generalized
Complex Geometry (GCG), a mathematical formalism introduced in [8] and [9], has been
introduced starting from [10]. The main observation is the following: the presence of the
SUSY parameters (which are nowhere vanishing spinorial quantities), implies a reduction
of the structure group, which can be thought of as the group on the tangent bundle
determined by the transition functions among different charts on the manifold. In other
words, we can say that just the presence of the SUSY parameters implies some topological
conditions on the manifolds which are allowed by supersymmetry. The supersymmetry
conditions put then further restrictions on the allowed manifolds by imposing differential
conditions on them. Given such an observation the idea goes as follows: we can try to
replace the SUSY parameters with differential forms, by requiring that they determine the
same reduction of the structure group. After a suitable set of differential forms has been
identified, one can try to recast the SUSY conditions in terms of differential equations
involving differential forms only. In this way the resulting system of equations is usually

much easier to manage than the corresponding spinorial system.

From a technical point of view, in our discussion so far we have omitted an important
source of difficulties: in type Il supergravities we have two SUSY parameters. This is
reflected in the fact that the structure group acquires a dependence on the points of the
manifold, and this makes in general very hard the task of finding a description of the
conditions for supersymmetry in terms of differential forms. This is the place where the
use of GCG makes manifest its usefulness: in the GCG approach the structure group of
interest is not the structure group on the tangent bundle, but the structure group on a
more abstract space, which is called generalized tangent bundle, and it is roughly given
by the direct sum of the tangent plus the cotangent bundle. It is indeed possible to
show that, on this enlarged space, the structure group is independent on the points and
this allows a much easier classifications of the supersymmetry conditions. In [10] GCG
has been used for the first time to obtain the conditions for unbroken supersymmetry
in terms of exterior differential calculus for the particular case of four-dimensional (both
Minkowskian and AdS) vacua. The resulting system of equations is entirely rewritten in

a very elegant form in terms of two polyforms.

Motivated by the nice result obtained in the case of four-dimensional vacua, in [11]
the GCG approach has been applied to the conditions for unbroken supersymmetry for a
general ten-dimensional configuration of type Il supergravity, without putting any restric-
tion on the fields and on the metric. The resulting system of equations is, unfortunately,
less elegant than the corresponding four-dimensional counterpart of [10] and, beyond two
equations that can be nicely understood in terms of a single polyform @, it includes two
additional equations, called pairing equations, that involve two vectors that cannot be

defined as bilinears of the supersymmetry parameters.
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The study of the pairing equations, and the attempt to understand better their ge-
ometrical meaning, is one of the central themes of this first part of the Thesis. We will
apply the ten-dimensional system to various kind of solutions and, beyond the intrinsic,
physical, interest in studying such supersymmetric solutions, we will see how the pairing
equations behave in the various cases. We will see that in some cases they will be simply
redundant and can be dropped from the analysis (we will call such cases lucky cases),
in other cases they can be recast in a very elegant form (these cases will be called good
cases) and, unfortunately, in some cases they are not redundant and cannot be recast
in some elegant forms (these are the ugly cases). Of course, it would be nice to have a
simple criterion to determine in which cases a particular Ansatz falls. At the moment
such a criterion has not be found yet, nevertheless it will become clear that the complex-
ity of the pairing equations is somehow related to the complexity of the structure group
on the generalized tangent bundle: the ugly cases are associated to structure groups
which are much more complicated than in the other cases. Beyond the formal interest
in understanding better the pairing equations, during the analysis we will discover many
new examples of supersymmetric solutions in type II supergravity, that have shown their

importance, for example, in holographic applications.

Let us now move to discuss how the chapters of this first part of the Thesis are

organized.

In Chapter 2 we will give a very brief introduction to the elements of type II super-
gravity that will be relevant for what we will discuss in the following. In particolar we
will introduce the fields of the theory, the SUSY transformations and we will also de-
scribe what kind of conceptual difficulties arise when one tries to understand the eleven-
dimensional embedding of type ITA massive supergravity. Given these problems, we will

treat the massive case as a separate case in the subsequent chapters.

In Chapter 3 an introduction to the GCG approach will be given. The aim of this
Chapter is to be as concrete as possible. It is not the aim of the Chapter to give a rigorous
introduction to GCG but to show that this is the natural language that one should use
in order to rewrite the conditions for unbroken supersymmetry in terms of differential
forms. A very concrete introduction to the generalized tangent bundle will be given, by
using the case of four-dimensional vacua as an avatar. In this way we will introduce the
conditions for four-dimensional vacua obtained in [10]. In the second part of the Chapter
we will move to discuss the ten-dimensional system obtained in [11] (and here presented

in (3.2.4)), also discussing the difficulties connected with the pairing equations.

Chapter 4 is based on the articles [12] and [13]. In this Chapter we will discuss AdS;
and AdSg vacua, that represent two particular lucky cases. We will see that for such types
of solutions the pairing equations are completely redundant and all the constraints on the

allowed geometries come from the other equations. From a holographic point of view AdS~;
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and AdSg solutions are very important since they are dual to higher dimensional (d > 4)
SCFTs. It is well-known that higher-dimensional SCFTs are a very interesting class of
quantum field theories (it is sufficient to think about the famous (2,0) 6-dimensional
theory or the 5-dimensional CFTs arising from D4 branes living on top of an O8/D8
system). On the other hand they are very difficult to study with traditional methods
since they are intrinsically strongly coupled. For this reason the holographic approach
is often one of the few possibilities at disposal to study such theories. In this Chapter,
after a brief review of the results already at disposal in the literature, we will classifiy
supersymmetric solutions in type II supergravity of the type AdS; x M3 and AdSg x M.
Concerning AdS; solutions, we will find that in type IIB no solutions can be found, on
the other hand in massive type IIA a plethora of solutions is at disposal by including
D8 branes. This probably represents the most important result of this first part of the
Thesis, and it has represented the starting point to find a complete classification of (1,0)
six-dimensional SCFTs that can be constructed by considering intersecting branes in type
ITA string theory (these brane setups have been discussed for the first time in [14] and [15]
but the connection with the supergravity solutions has been obtained in [16]). Moving to
AdSg the classification that we will find will be, unfortunately, less complete. Nevertheless
we will be able to reduce the problem of finding AdSg solutions in type IIB supergravity
to a system of 2 PDEs involving two functions on a plane. For some particular Anséitze
we will reproduce the already known solutions, but finding the most general solution
to this system of equations still represents a very interesting open problem which could

suggest some intriguing new results concerning five-dimensional SCFTs.

Chapter 5 is based on [17]. In this Chapter we will describe the only known good case,
i.e. the only known case which admits a way to rewrite the pairing equations in a very
nice form. We will describe how the conditions for a Mink, (2,0) vacuum are obtained
using the system (3.2.4) and we will show that the paring equations, when specialized
to this particular class of backgrounds, even if not redundant can be recast in a very
elegant form, a result already noticed, with some crucial simplifying assumptions that
here we will remove, in [18]. The way in which the pairing equations will take an elegant
form is far from trivial, and it will require some more advanced notions on GCG (like
the concept of “generalized Hodge diamond”) that we will introduce in the Chapter. Of
course it would be interesting to find new backgrounds that fall in the good cases. Hints
that further “good” backgrounds really exist, can be found in the recent works [19]. It
would be nice to find points of contact between that results and the system of equations
(3.2.4).

Finally, Chapter 6 will be devoted to study a particular example of ugly case, which
has been constructed in [20]. We will discuss the conditions for unbroken supersymmetry

for a configuration given by a product of an external four-dimensional space with an
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internal six-dimensional manifold. No restrictions will be put on the shape of the exter-
nal space (in this respect the situation is different, and much more involved, from the
situation of four-dimensional vacua) and we will make a spinorial Ansatz for the SUSY
parameters in which a pair of external spinors will be introduced. In this way we will
study backgrounds that can be considered as embedding in type II supergravity of solu-
tions of four-dimensional N = 2 supergravity. The interest towards such an embedding
of four-dimensional supergravity solutions relies again on the AdS/CFT perspective. In-
deed, it is well known that supergravities theories in dimensions lower than ten, usually,
are not considered as good quantum theories, since they have ultraviolet divergences. On
the other hand, as already discussed, type II supergravities are considered as good quan-
tum theories thanks to their embedding in string theory. For these reasons, it is often
important to know whether a particular solution, found in lower dimensional supergrav-
ity, can be consistently embedded in string theory. The usual strategy to address such a
question is to start from type II supergravity and then performing a reduction procedure.
However, a solution found in the lower dimensional theory obtained in this way is not
guaranteed to have a consistent lift to type II supergravity, since most of the reductions
are “not consistent”, which means that not all the solutions of the reduced theory uplift
to solutions of the higher dimensional theory. In this Chapter we will present an alterna-
tive and new approach to the problem of lifting solutions from four-dimensional N = 2
supergravity to type II supergravity: we will simply rewrite the conditions for unbroken
supersymmetry in ten dimensions in a way which is formally identical to a correspond-
ing system of equations obtained in four dimensions. In this way it becomes possible to
study the problem of lifting solutions from four dimensions to ten dimensions without
the necessity of reducing any action but simply by looking to the BPS conditions. The
resulting system of equations in ten dimensions has some equations that do not have a
four-dimensional counterparts, and such equations can be thought as obstructions, that
the four-dimensional solution have to satisfy automatically in order to be embedded in
ten dimensions. It would be interesting in the future to test explicitly this new approach

on some particular cases.

1.2 Topological field theories results

Topological field theories (TFT) have been introduced by Witten in [21], with the aim of
giving a quantum field theory interpretation to the theory of Donaldson’s invariants and
to other related issues (like Floer’s theory). The peculiar feature of a TFT is given by
the lacking of local observables that can be interpreted as propagating particles. Indeed
all the observables of the theory have global character. The lacking of particles and the

presence of a very restricted spectrum introduce an enormous amount of simplifications
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into the theory, and this allows to obtain results that usually are not at disposal for other

theories.

In this thesis we will be interested in discussing TFTs for two different reasons: as
string-field-theory realizations of topological string theories and as counterparts of su-
persymmetric quantum field theories. Let us now explain in more details both these

aspects.

As already remarked, topological strings can be thought as appropriate counterparts
for type II string theories. Indeed they can be defined, in a first-quantized formalism, by
taking a two-dimensional topological sigma model * and by coupling it to two-dimensional
topological gravity [23]. The resulting theory describes the propagation of a topological
string in a six-dimensional target-space that usually is taken to be a Calabi-Yau three-fold
X.

Since topological strings are TFTs, they have a spectrum which is very small when
compared to the spectrum of physical string theory. For this reason it is reasonable
to hope that a string-field-theory description for such theory can be obtained. This
turns out to be the case: it is shown in [24] that the open string-field-theory description
of the A model, when the Calabi-Yau X is taken to be the cotangent space of a three-
dimensional manifold M, is given by three-dimensional Chern-Simons theory (with gauge
group SU(N)) on M, which describes a stack of N topological D branes in propagation
on the total Calabi-Yau X; on the other hand the closed string-field-theory description
is still mysterious and poorly understood (it goes under the name of Kahler gravity [25]).
Moving to discuss the B model, it is known that the closed string-field-theory description
si given by the so-called Kodaira-Spencer gravity, which has been introduced in [26] and
that can be thought as a quantum field theory for the complex structure of the Calabi-
Yau X. The open string-field-theory is instead given by a holomorphic variant of the
usual Chern-Simons theory, which takes the name of holomorphic Chern-Simons theory
(HCS). Such a theory is defined on the entire Calabi-Yau X, it describes a stack of
N 5 branes living on X and its action is naturally coupled with the closed fields: the
complex structure, that using the Beltrami parametrization is represented by the Beltrami

differential ;, and the holomorphic three-form 2.

In Chapter 7 we will put our attention to the results concerning HCS theory that
have been obtained in [27]. As just remarked, HCS can be thought as a gauge theory
for a gauge connection that, in a system of coordinates adapted to the complex structure

put on the Calabi-Yau X, is a (0,1)-form. The theory is also explicitly coupled to the

3Topological sigma models have been introduced in [22] and can be thought as twisted versions of
supersymmetric two-dimensional sigma models. There are two inequivalent ways of performing the

topological twist, leading to the so-called A model and B models.
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holomorphic three-form €2 since its action writes
1 - 1 5
=[] QATr | A0z A+-A" ) | (1.2.1)
x 2 3

where 0y is the anti-holomorphic Dolbeault differential defined by the complex structure

put on X.

To start with, we will rewrite the action (1.2.1) in a way where the coupling between
the open field, represented by the gauge connection A, and the closed fields, represented
by the gravitational backgrounds p and €2, will be explicitly. We will see that, in order
to have gauge invariance, the closed backgrounds fields must satisfy their own equations

of motion: the Kodaira-Spencer equation
Fl=0p — o' =0, (1.2.2)

and the request of holomorphicity of the three-form 2. However, from a string-field-
theory point of view, such a request is not satisfactory: to obtain a coupled open-closed
system, it would be necessary to write an action for HCS which is gauge invariant even
when the closed backgrounds are off-shell, i.e. even when they do not satisfy their own
equations of motion. Since the HCS term, in a string-field-theory framework, can be
understood as describing a stack of topological D-branes on the closed string background,
such a description in terms of off-shell backgrounds should be necessary to understand
the backreaction of the branes on the vacuum, since the presence of the branes puts the

backgrounds off-shell.
In Chapter 7 we will solve this problem: we will obtain a description of HCS theory

which is gauge invariant for generic, off-shell values of the backgrounds fields. We will
obtain such a formulation by enlarging the field space to include an appropriate set of
Lagrange multiplier, ghost fields and ghost-for-ghost fields. The resulting action will
take a nice formulation in terms of superfields (or polyforms). An interesting feature
of the resulting final system will be the presence of a (twisted) N = 2 supersymmetric
algebra for this model. In the later part of the Chapter we will make some preliminary
observations concerning how such an algebra could give interesting constraints on the
anti-holomorphic dependence of physical correlators. This supersymmetry algebra could
also be a very important ingredient in order to study the renormalization properties of
HCS. HCS is indeed a gauge theory in six dimensions, therefore it is not renormalizable
for power counting. On the other hand, the correspondence with the topological strings
should suggest that an ultraviolet description for this theory can be found. It would be

very interesting to study better this problem in the future.

In Chapters 8 and 9 we will pass to discuss another aspect that makes topological field

theories interesting: their relation with supersymmetric quantum field theories and some
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nice features that their share together, with particular emphasis on localization proper-
ties. It is well-known that many TFTs can be obtained starting from a supersymmetric
quantum field theory, by performing a topological twist. After the twist one of the su-
percharges of the supersymmetric theory becomes a scalar and therefore can be thought
as a BRST operator for the resulting theory. It is known from a long time (see for exam-
ple the references [28]) that topological field theories and supersymmetric field theories
often enjoy localization properties, i.e. under some favourable conditions the semiclas-
sical approximation becomes exact and it is then possible to compute exactly (and not
at perturbative level only) some observables. More recently, starting from the work [29],
localization has been used in supersymmetric theories without performing the topological
twist, but by considering the original spinorial supersymmetry of the theory. Later this
approach has been exported in other contexts and in other dimensions too, leading to a

considerable amount of exact results for various theories and in various dimensions.

With the aim of obtaining more and more exact results, a preliminary question is
to find the manifolds on which a supersymmetric theory can be put. Concerning this
problem a concrete approach has been suggested in the work [30]. The recipe is very
simple: couple the supersymmetric system in flat space to a suitable off-shell super-
gravity, and look for bosonic gravitational backgrounds (which include the metric and
other background fields of the supergravity theory) which are invariant under supergrav-
ity transformations. By taking the resulting matter theory coupled to supergravity, and
by “freezing” the supergravity backgrounds to their supersymmetric value, one obtains
a rigid supersymmetric theory on a curved manifold, whose metric is determined by the
supergravity equations.

As just remarked this paradigm, in which “physical”, spinorial, supersymmetry is
relevant, has been exported to various manifolds and various dimensions. For example,
starting from the work [31], supersymmetric localization computations have been per-
formed in three dimensions for Chern-Simons theories. Notice that Chern-Simons theory
is a topological theory which does not have a supersymmetry invariance. Nevertheless
usually supersymmetry is introduced “by hand”, by completing the gauge field A to a
supersymmetric vector multiplet which includes, beyond the gauge field, a Dirac spinor
A and two scalar fields D and o; all these additional fields are non dynamical in the
supersymmetric action and so the resulting supersymmetric theory is equivalent to the

bosonic one.

In Chapter 9, which is based on the work [32], we will develop a new way to compute
the supersymmetric partition function of gauge theories in 3 dimensions involving vector

supermultiplets only. We will study those theories by finding the coupling of three-

4Chapter 8, which include the results of [33], can be thought as a warm-up, in which this new point of

view will be developed in a simpler situation, namely for the case of two-dimensional Yang-Mills theory.
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dimensional topological theories, both of the Yang-Mills type and of Chern-Simons type,
to topological gravity, and not supergravity as in the common paradigm. This new ap-
proach has different advantages: first of all the supersymmetric backgrounds (which turn
out to be Seifert manifolds) are straightforwardly identified from the BRST variations
of topological gravity, without the necessity of passing through spinors. Moreover it will
allow to give a cohomological characterization of the geometrical moduli on which the
partition function of a three-dimensional supersymmetric theory depends. But the real
payoff of this new approach is that it allows to compute, in an explicitly regularization-
independent way and without the need of computing functional determinants, the explicit
dependence from the geometrical moduli of the partition function for a three-dimensional
theory involving vector supermultiplet only. The computation will be indeed reduced to
finding the solution of an appropriate anomalous Ward identity determined by the well-
known framing anomaly of Chern-Simons theory [34]. As an example, we will apply this
approach to the squashed spheres of [35], finding complete agreement with the computa-

tion performed by following the standard localization recipe.

Of course, it would be very important try to extend this new approach to other
theories, starting from three-dimensional models involving chiral matter multiplets and
then moving to different dimensions. The long-term program could be to find a general
recipe to reduce the computations based on functional determinants with finding solutions

for appropriate anomalous Ward identities.
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Chapter 2
Basics of type Il supergravity

In this Chapter we will give a very short review of some features that type II supergrav-
ity possesses, with particular emphasis on the aspects that will be relevant in the next

chapters.

2.1 Fields and supersymmetries

It is well-known that two different versions of type II supergravity exist: type IIA and
type IIB. These two versions differ on the bosonic field content and on the chiralities
of the fermionic fields. Both of them have four fermionic fields: two gravitini (¢$,)!
and two dilatini (A*), where a = 1, 2. All these fields are Majorana-Weyl spinors in
ten dimensions and their chiralities are different in the two theories: type IIB is a chiral
theory, with the gravitini having + chirality and the dilatini — chirality, whereas type
ITA is not a chiral theory and in this case 1}, and A\? have + chirality, 13, and A\! have
— chirality. The Majorana condition implies that, chosen an appropriate basis for the

ten-dimensional gamma matrices I'M | they satisfy the condition:
(i) =i, (X)) =A". (2.1.1)

The bosonic field content is given by the metric gy (that, as obvious, is a symmetric
tensor), by a scalar ¢ (the dilaton, whose exponential g, = e¢? gives the string coupling
constant), by a two-form Bj,y (the so-called B-field) and by a collection of differential
forms (the RR-fields) Cyy,..a1,, where p is odd in type IIA and even in type IIB. Since
they are differential forms, both the B-field and the RR-fields are antisymmetric in their

'We will adopt the convention that eleven-dimensional (or ten-dimensional) indices will be indicated
with M, N, ..., external indices will be indicated with pu, v, ... and internal indices will be indicated

with m, n, ....
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indices. We will use very often the form notation:

1 1
B= §BMNdxM ANdz™ Gy = Oy da™ Ao Ada™ (2.1.2)
p!
The supersymmetry conditions that we will write in a moment are more naturally written

in terms of the field-strengths (often called “fluxes”)
H = dB 5 Fp - de,l - H VAN Cp,;g . (213)

The fact that the physics depends on the potentials B and C), through the field-strengths

H and F,, only, gives rise to the gauge invariances
B — B'=B+d\;, Cp,—C,=Cp+d\, 1 —HNN 3, (2.1.4)

where A, is a p-form; these gauge transformations can be seen as the natural higher-
dimensional generalizations of the gauge transformations of Yang-Mills theories. The
field-strengths F}, are not completely independent between each other: they must satisfy
the conditions

E,=(-1)E xRy, , (2.1.5)
which in many cases are solved by going to the “electric” basis: with this choice one
consider only Fy,” Fy and F} in type ITIA; and Fy, F3 and Fj in type IIB. The other, higher-
degree forms, F, are then determined via equation (2.1.5), whereas the self-duality of F;
in type IIB is imposed by hand. In this thesis, however, we will use a different formulation
of supersymmetry conditions, the “democratic” formulation of [36], where all the fluxes
F, appear on the same footing. It is convenient, in order to write formulas in a more

elegant way, to group all the RR-fluxes and gauge potentials by introducing the polyforms
F and C defined as

C=C14+C3+C5+C74+Cy, F=Fy+F+Fi+ Fg+ Fs+ Fip (2.1.6)
in type ITA and
CECO+02+O4+06+08; FEF1+F3+F5+F7+F9, (217)

in type IIB. In this way it is possible to rewrite the RR part of (2.1.3) in the compact
form

FIdHC, dHEd—H/\, (218)

whereas the self-duality condition (2.1.5) takes the form

F=A*F, (2.1.9)

2About the somewhat exotic zero-form field-strength (which takes the name of “Romans-mass”) we
will give some more details later, since it will appear in many places in our discussions about higher-
dimensional AdS vacua.
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where we have defined the A operator which acts on a k-form wy as
Mg = (=)L, | (2.1.10)

Let us discuss the supersymmetry transformation properties. Both theories contain
two SUSY parameters €*, a = 1, 2 and, accordingly with the fermionic fields ¥, and
A%, both of them are Majorana-Weyl spinors in ten dimensions. The chiralities can be
deduced from the SUSY variations of the fermionic fields and in particular we have that,
in ITA, ¢; has chirality +, €5 has chirality —. On the other hand in IIB both of them have
positive chirality.

To write out the supersymmetry transformations we need a further ingredient: the
Clifford map. To start with we note that, given a differential form wy, we can define a
natural action of wy on the SUSY parameters €%, by simply replacing all the differentials
dr™ with the corresponding gamma matrices '™, In this way one maps a differential

(poly)form to a “bispinor”:
. 1 1
Clifford map : a = Z HO&MIMMkdel A AdaMe s o = Z HO‘M1~~~MkFi/fﬂl--.Mk ’
k k

(2.1.11)
where o and (8 are spinorial indices. In this way the differential form « obtains two
spinorial indices and it can act on the SUSY parameters ¢*. Notice that what we have
just described is nothing but a generalization of the usual definition of the Dirac operator
¢ of electrodynamics. In what follows, since we will make a heavy use of the Clifford
map, we will systematically drop the slash symbol on (2.1.11) and we will simply write

« whenever it should not lead to confusion.

We will be interested in finding supersymmetric, bosonic configurations; for this reason
we put all the fermions to zero

Wi, =0, A=0, (2.1.12)

and look to bosonic configurations which preserve supersymmetry. Thanks to (2.1.12),
SUSY transformations are much simpler than in the general case: the SUSY variations of
the bosons automatically vanish and the SUSY variations of the fermions get simplified,

giving the system

1 e?
= (DM — ZHM> €1+ 1—6FFM€2 =0,

1 @
53, = (DM + ZHM> €2 — %A(F)FMEI =0,
1
DM 5yl — 6X! = (D—ZH—(%) (=0,

1
M2, — 602 = (D +H - a¢> €2=0, (2.1.13)
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where we have introduced the expression Hy; = 2 HynpI'V and the Clifford map is used

everywhere.

The equations in (2.1.13) are necessary and sufficient to supersymmetry: by solving
them we ensure that our bosonic configuration is supersymmetric, i.e. it is invariant under
some supersymmetry variations. However, we are interested in supersymmetric, bosonic
configurations which solve the equations of motion of type I SUGRA too. In principle,
in order to write out the equations of motion, one should write down the Lagrangian,
derive the equations of motion and try to solve them; in general this problem could be
very hard to solve, since we are dealing with partial differential equations of the second
order. Fortunately the situation is much simpler when we have supersymmetry: it can
be shown [37], [38] that almost all the equations of motion follow automatically if one
imposes, beyond the supersymmetry equations (2.1.12), also the Bianchi identities for
the fluxes

(d—HNF =0, dH =0 (almost everywhere) (2.1.14)

where we have specified “almost everywhere” since there could be sources; we will see
later that in many cases the presence of sources is crucial in order to have interesting

higher-dimensional AdS vacua.

2.1.1 The troubles with eleven-dimensional supergravity and

Romans mass

To conclude this introductory chapter we want to recall some crucial properties connected
with the presence of a non-zero Romans mass in type ITA supergravity. It is well-known
that, if one consider among the RR field-strengths of type ITA supergravity only F, and
Fy (and their Hodge duals Fy and Fy), type ITA supergravity on R is related, via a circle
reduction, to eleven-dimensional supergravity on a S! fibration over R°. Let us briefly
recall such a construction and what kind of problems arises when one adds the Romans

mass in the framework.

The presence of an extra hidden circular dimension in type ITA supergravity can be
inferred by studying DO branes: to this end we recall that, starting from the effective
action for a Dp brane, one can deduce a simple formula for the mass of a given Dp brane

1
Mpp X Wvol(Dp) : (2.1.15)
where, as already written, g, = e? is the string coupling constant and [, is the string
length. We can see that, when g, — oo, D branes become light. Another observation
that can be done by looking at (2.1.15) is that a DO has finite mass
1

Mpo X : (2.1.16)

lsgs
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and so it can be considered as an asymptotic state in the theory. Now, consider an

asymptotic state given by k DO branes. Its mass is given by

k
lsgs

My X (2.1.17)
but this looks like a Kaluza-Klein tower of states, whose masses depend on the length of

an extra-dimensional circle of size
Lll = 27Tlsgs N (2118)

we see that the length of the circle is very small when g, is small, but it becomes macro-
scopic when g, gets increased. This argument leads us to conclude that, at strong g,

type ITA supergravity approaches an eleven dimensional theory and it can be shown

gli_r}noO ITA = 11d supergravity . (2.1.19)
To understand the problems connected with the Romans mass (and with the pres-
ence of D8 branes), let us briefly review how the other branes and fluxes of type ITA
supergravity can be understood in the eleven-dimensional perspective. We know that
M-theory (which reduces to eleven dimensional SUGRA in the low energy limit) has two
types of branes: The M2 branes and the M5 branes. By considering a M2, it is very
simple to understand that the fundamental string of type IIA (F1) is given by a M2
which wraps the eleven-dimensional circle, whereas a D2 brane is given by a M2 which
is extended in ten dimensions. In the same way it is straightforward to realize that D4
branes are obtained from M) branes wrapping the internal circle and NS5 branes are
given by M5 branes extended along the ten dimensional space. Passing to discuss the
fluxes, in eleven-dimensional supergravity we have the antisymmetric potential Az, which
is a three-form |

Ay = 6AMdi:cM Adx™N A dxt (2.1.20)

and that, in ten-dimensional language, writes
As =B Aetl 4+ Oy, (2.1.21)

where e!! is the unit vector along the eleventh direction y which has periodicity equal to
Lq1.

We want now describe the eleven dimensional origin of the RR-potential C': since
its electric source is given by DO branes, and that such branes have to do with the
Kaluza-Klein momentum along the circle direction, it is reasonable that this potential
has something to do with the geometry of the fibration. We can make this statement

more precise by recalling that an S'-fibration is classified by the periods of the curvature
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Fy, if we identify the curvature with the RR-field F;, we conclude that the gauge potential

(', enters into the eleven-dimensional metric via the formula
ds?, = e 2/3(ds?, + e*(dy + C1)?) ; (2.1.22)

the fact that C is described, in the eleven-dimensional perspective, as part of the geom-
etry suggests that also the D6 branes, that are magnetic sources for C; can be described
in terms of the eleven-dimensional geometry; and one can show that this is exactly the

case.

It remains to describe only the Romans mass and its magnetic sources: the D8 branes.
This is a great mystery! At the moment it is not clear how to understand D8 branes
and Romans mass in eleven-dimensional terms, it is also possible that simply the eleven-
dimensional construction is not a good description when the Romans mass is turned

on.

Anyway, in this thesis we will not devote our attention to this issue and we will apply
a conservative point of view: given the great difference between the massless case and
the massive case in type IIA (the case with Fy = 0 and Fy # 0 respectively), with the
massive case that cannot be lifted to eleven-dimensional supergravity, in our discussion
about higher dimensional AdS vacua we will split explicitly our considerations in three
case: the type IIB case, the massive type ITA case and the massless type ITA case. It
should be clear from our discussion that, by studying the massless type ITA case, we will

have also the higher-dimensional AdS vacua in eleven dimensional supergravity.
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Chapter 3

Basics of GCG and its application to

supergravity

In this section we will review some basic facts about Generalized Complex Geometry
(GCG) and its relevance to the search for supergravity solutions. It is not the aim of
this section to give a detailed review of the argument, which would require a much longer
chapter; instead our aim will be just to review the basic ideas behind this argument and
how it can represent a powerful instrument in finding supersymmetric solutions in type
IT supergravity. From a more concrete point of view, our aim in this section is to give
a global understanding of the system of equations (3.2.4) that we will use extensively in
later chapters. Some more technical details concerning GCG will be necessary in chapter
5 when we will discuss two-dimensional N = (2,0) vacua; we will discuss such details in
that chapter.

3.1 From spinors to forms: the 4d vacua example

To explain the principal ideas and the general philosophy behind the GCG approach we
will use the particolar example of four-dimensional (Minkowski or AdS) vacua. From a
historical point of view, this kind of vacua has been the first example in which GCG has
been applied to supergravity [10]. However, we start from this example since it should
be more familiar to the reader: most of the concepts that we will introduce can be seen
as generalizations of the well-known framework which appears by studying Calabi-Yau
vacua.

To start with, we need to impose the requirement that the solutions that we are
looking for are four-dimensional vacua: the word vacuum suggests that in our solution
we do not have particles, and indeed this idea can be formalized by requiring that our

solution respects completely the maximal symmetry of the four-dimensional space.
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This requirement enforces the metric to take the following block-form

dS%o = €2A(y)d8§/[ink4/AdS4 (z) + dsi/[()_ (y) (3.1.1)

where z are the coordinates on Mink, or AdS, (that we will call the external space) and y
are the coordinates on the internal space Mg, the function A(y) is the so-called warping
function which is a function that depends on the internal coordinate only and it gives the
most general form of the metric (3.1.1) which is compatible with the maximal symmetry of
the external space. The requirement of maximal symmetry imposes also some constraints
on the other fields that compose our supergravity multiplet (the dilaton and the RR and
NSNS fluxes F' and H) that at the moment are not crucial for our purposes and that we
will describe case by case in the subsequent chapters. More important at the moment is
to discuss what kind of implications follows on the supersymmetry parameters €; and €,

from the requirement of maximal external symmetry.

Given that the metric (3.1.1) has been factorized in a four-dimensional part and
a six-dimensional part, it becomes reasonable to impose that the gamma-matrices get

factorized in a similar fashion:

L= ®1®, [,=yWeq®, (3.12)

where %(14) and 'y?(qf) are four-dimensional and six-dimensional gamma matrices respectively,

7@ is the chiral gamma matrix in four dimensions which has been introduced to ensure
the right anticommutation relations between the ten-dimensional gamma-matrices I';, and
[',,. The same decomposition just described for the gamma matrices can be applied to
the SUSY parameters ¢; and ¢, that take the form

e =(r®n, +ce., €0 =C+ ® 77:2F +c.c., (3.1.3)

where (; is a four-dimensional spinor of positive chirality and 77:1F72 are a pair of six-
dimensional spinors of positive or negative chiralities depending on the signs (the upper
sign is for ITA whereas the lower sign is for IIB).! Finally we added the complex conjugates

to ensure that the ten-dimensional spinors €; 5 are Majorana-Weyl in ten dimensions.

We can now move to the crucial consequence that the assumption of maximal external
symmetry introduces: if we found a solution to the supersymmetry equations for a specific
external spinor (,, the maximal symmetry of the external background would be broken.
Indeed, starting from (4 one can easily construct a vector v, = gh}j‘)g and, of course,
such a vector would break the maximal symmetry. To overcome this problem we must

assume that our configuration is a solution of the supersymmetry equations for a general

1One could consider also more general Ansatzes in which one consider more than one ¢, and more

than two internal spinors but for our purposes the Ansatz that we did is sufficient.
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choice of the external supersymmetry spinor (. In Minkowski spaces a basis for the
spinors is simply given by the constant spinors, whereas in AdS spaces it can be shown [39]
that a basis for the spinors can be constructed by considering Killing spinors. In four

dimensions, a Killing spinor (, satisfies the equation

. 1
D,uC+ = §MVMC+ ) (3'1'4)

where the spinor (¢ is just the complex conjugate of (; (which in four Lorentzian dimen-
sions has negative chirality) and p is a number related to the cosmological constant A

via the relation A = —|ul|?.

The upshot of all this discussion is the following: given that the external spinor (.
is fixed to be constant or to obey the Killing spinor equation (3.1.4), the supersymme-
try equations get translated into differential equations involving the internal parts of
the SUSY parameters ny” only, and so we conclude that to find supersymmetric four-
dimensional vacua we need to solve a system of differential equations for them. The
resulting system looks like

1 1 e? 9
D, — ZHm 77+:F§f7m771 =0,

1 , e? 1
Dy, + Z_LHm e — gA(f)me =0,

@
_ e
pe A771_+8A77}r—zf77:2F =0,

@
_ e
pe” i + 0Anz — M) =0,

1
2ue”"nt + Dn} + (8(2/1 —¢) + ZH) =0,
1
2pe L + D + (8(2A —¢)— ZH) n2 =0, (3.1.5)

where the constant p vanishes for Minkowski vacua and with f we mean the internal part

of the RR flux which, to respect the maximal symmetry, must take a form like
F = f+voly A(xsf) . (3.1.6)

Being 7} and 72 spinors and not differential forms, the system (3.1.5) is usually very
complicated to analyze; for these reasons often one has to do some Ansatzes on the
solutions in order to solve them, wehereas it is very hard to perform a general analysis of

the conditions for supersymmetry.

The basic idea of the G-structures approach (in which GCG enters) is very simple:
one replaces the spinorial SUSY parameters (that in the case of 4d vacua are n}r and 77:2F)

with differential forms, and in this way one obtains differential equations for them; such
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equations are much more elegant than the original spinorial equations and, in some cases,

it is possible to perform a complete and general analysis of the geometry of the solutions.

To see how such a program can be realized in the context of 4d vacua we start by
observing that SUSY conditions require the existence of a well-defined, everywhere non-
vanishing, six-dimensional spinors 7} and ni. Let us consider for the moment only one of
these spinors, that we call n and we drop the chirality symbol, and let us see what kind
of geometrical structures are defined by it. Simply by requiring that such a spinor 7 is
everywhere non-vanishing one obtains a reduction of the structure group: on each chart
of the six-dimensional manifold Mg, one can put n to take a fixed expression, like for
example (1,0,0,0)". Since this procedure can be done for all the charts, this means that
the transition functions beetwen two charts must leave invariant n; but this requires that
the structure group, which can be thought as the group formed by the various transition
functions, cannot be completely general but must be reduced to the stabilizer of n, in
this case SU(3). On the other hand, it is well-known that a SU(3) structure can be
described also in an alternative way, by requiring that on Mg are defined a real two-form
J and a complex, decomposable, non-degenerate three-form €2; such that they satisfy the
additional conditions

3 _
JAQ=0, J?’:ZéQ/\Q. (3.1.7)

Summarizing, we have seen that the central geometric ingredient defined by a spinor
n (together with a metric, since without a metric one cannot define the gamma matrices)
is the presence of a SU(3) structure. Such a SU(3) structure can be also described by
giving a real two-form J and a complex three-form €2 such that they satisfy the constraints
(3.1.7), and the two approaches are related in this way: starting from 1 one can construct
the bilinears

‘]’mn X nT/ann ) anp X nt’ymnpn ) (318)

and they satisfy relations like (3.1.7), as can be shown by Fierzing. Equation (3.1.8)
gives another way of seeing the constraints (3.1.7): they express the fact that J and 2
are not arbitrary forms on Mg, they are differential forms that can be written as spinorial
bilinears. Later on this section we will rephrase this concept by saying that J and () are
compatible, which means equivalently that they satisfy relations like (3.1.7) or that they
can be written as spinorial bilinears as in (3.1.8). We stress this point because it is
important to keep in mind that SUSY equations, when rewritten in terms of differential
forms, are not equations for arbitrary differential forms but these forms are forced to be

compatible, and we will see case by case as the compatibility constraints can be solved.

Since we have been able to translate the geometrical content of n to a couple of
differential forms J and €2, obeying the constraints (3.1.7), it is conceivable that one can

rephrase the SUSY equations (2.1.13), rewritten for a four-dimensional vacuum and under
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the simplifying assumption of 7, = 79, by using J and 2 instead of 7. If such a procedure
can be made, one has obtained the aim of translating the original SUSY equations, which
are spinorial equations, into a set of differential equations for differential forms, obtaining
in this way a drastic simplification of the problem. For four-dimensional vacua this is
exactly what it happens: in [10] it is shown, in the much more general context of 1, # s
that we will discuss in a moment, that the conditions for supersymmetry for a four-
dimensional vacuum can be entirely rewritten in terms of differential forms; the resulting
system of equations is much more elegant than the original one and this has allowed to
obtain, in later years, many results which would be very hard to deduce starting with the

original spinorial system.

Until now our discussion lives in ordinary complex geometry rather than in generalized
one: we have just taken a six dimensional spinor 7, we have seen that it implies a reduction
of the structure group to SU(3) and we have translate all the data into two differential
forms J and 2. In the case of vanishing fluxes one obtains the well-known Calabi-Yau

condition

dQ=0, dJ=0. (3.1.9)

The generalized approach comes out when one relaxes the condition 7 = 1,. To
understand what difficulties arise when one relaxes such a condition we can proceed
as follow: moving around the internal manifold Mg there will be some points where
M X 12, and some other points where 7; & 72. From the point of view of the structure
group reduction the two situations are completely different: when the two spinors are
proportional we have, of course, a SU(3)-structure with our differential forms J and
2, but in the points where the two spinors 7; and 7, are not proportional we have a
further reduction of the structure-group to SU(2); this can be understood since with
M1 & 19 we can construct an additional vector v, = nl7,,m2. Since we have realized that
the reduction of the structure group is at the core of the possibility of rephrasing the
spinorial differential system with a system of equations on differential forms, we have
that this possibility becomes very complicated to implement, since we have a structure

group that depends on the points of the manifold.

Summarizing, if we remove the assumption 7, = 1, we have that the structure group
acquires a dependence from the points, and this makes very difficult to rephrase the
spinorial system of equations into a system of equations on forms using ordinary complex
geometry.

Generalized Complex Geometry allows us to overcome all these difficulties at the
price of extending our space of interest, from the tangent bundle 7" to the generalized
tangent bundle T'& T™: on this more abstract bundle we have that the structure group is

independent from the points and it is equal to SU(3) x SU(3). Let us go to see what this
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statement means: by T'@® T™ we mean the direct sum of the tangent plus the cotangent
bundle and so our geometrical objects are not differential forms or vectors separately but
a sum of them

X=w+v, (3.1.10)

where w is a one-form and v is a vector field; we will call such an object a generalized
vector. Notice that, given a pair of generalized vectors X and Y, there is a natural

definition of scalar product between X = w; +v; and Y = wy + vs:
(X, Y) = (w1 +U1,W2+UQ) :UQ(W1)+U1(WQ) . (3111)

Given a generalized vector field X it is easy to understand that it has not a well-defined
action on differential forms of fized degree; on the other hand the situation is completely
different if one consider, instead of differential forms of fixed degree, polyforms: given a

generalized vector field X and a polyform a we can consider the action
X(a) = (v+w)(a)=v(@)+wAa, (3.1.12)

that maps « to another polyform f.

It is therefore natural to look for a way of mapping the spinors n; and 7y to polyforms.
This can be done by considering a new kind of objects: bispinors. Let us define the
bispinors

m...m1

1
DL =m0 = 2D My Y ,
k
1 m m
=N = 2D My Y (3.1.13)
k

that, after a Clifford map (2.1.11), give rise to polyforms. Notice that in the particular
case of gy o< g, @, and ®_ just defined become ¢, = exp(J) and ®_ = 2 but in general
they acquire additional parts.

Once that we have defined ®, and ®_ as in (3.1.13), one can get a rough idea of
what the sentence “SU(3) x SU(3)-structure” means in practice:> when we say that
a globally defined spinor 7; defines a SU(3) structure, basically we are saying that it
defines a decomposition between the six gamma matrices v in three gamma matrices
“holomorphic” 7% ...~4% and three gamma matrices “anti-holomorphic” ~ ...~: the
distinction between the holomorphic gamma matrices and the anti-holomorphic ones is
given by the fact that the holomorphic matrices annihilate n. Notice that 7 is annihilated
by exactly half of the gamma matrices: often this property is rephrased by saying that

7 is a pure spinor. It is possible to show that, in dimensions < 6, a Weyl spinor is

2For a precise definition of this concept one could read the original literature [8], [9].
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automatically pure, but in greater dimensions this is not true and a pure spinor is a Weyl
spinor which satisfies additional algebraic constraints. We will see an example of such a

phenomenon in chapter 5 when we will study Mink, N = (2,0) vacua.

When a second spinor 7y is introduced, obviously it defines a different splitting of
the gamma matrices in 47 ...~ and 47" ...~%. In general the two decompositions will
be compatible in some points and not compatible in other points: when the two spinors
are proportional we have of course a single decomposition and a SU(3) structure, when
the two spinors are not proportional that structure gets further reduced to SU(2). This
argument gives another way of understanding, in terms of gamma-matrices, why when
we consider a pair of spinors n; and 75 we have that the structure group acquires a

dependence from the points.

When we consider, instead of the pure spinors 7; and 7, the bispinors &, and ®_
we can overcome this difficulty. To see how this happens, we note that in both ®, and
®_ we have 1, always on the left, and 7, always on the right; we can therefore consider

separately the action of the gamma matrices on the left or on the right of the bispinors
A" OL = [(dz™ N +g™" )Py Oy = F[(dx™ A —g™"1,)Py] (3.1.14)

where, on the rhs, we have considered ®_ as polyforms and we have translated the action
of the gamma matrices on them as wedges and contractions. Since, as we just said, 7;
sits always on the left and 7, sits always on the right, we see that we can use the SU(3)
decomposition determined by 7; when the corresponding gamma matrix acts on the left,
and the SU(3) decomposition corresponding to 7, when the gamma matrix acts on the
right. In this way we see that the two structure groups are not in competition but,
together, they determine a SU(3) x SU(3) structure on the generalized tangent bundle.
We see also that the naive intuition that n' defines a SU(3) structure on (saying) 7" and
n? defines a SU(3) structure on T™* is not correct and must be refined: the actions on the
left and on the right of the gamma matrices both contain a wedge and a contraction, and
so it is the combination of n' and n? together that defines the SU(3) x SU(3) structure
on 1" @ T*, and that this structure cannot be decomposed into separate structures on 1T°

and T™ separately.

Summarizing, we have obtained a way to describe the structure group without any
dependence on the points, at the price of enlarging our space of interest from 7' to
T @ T*. On this more abstract space the pure spinors n' and n? have been replaced by
the bispinors ®. and on them we can act by wedge and contraction (when we think them
as polyforms), or by the action of the gamma matrices ™ on the left or on the right
when we consider them as bispinors. We can now show how the purity property of the
spinors ' and 7n? gets translated on ®, and ®_. To this end notice that wedge product
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and contraction satisfy 12-dimensional Clifford algebra relations like
{dz™N, dz"N} =0, {dz™ N, 1} =0T, {tm, tn} =0. (3.1.15)

Now, given the map (3.1.14), it is straightforward to realize that the purity of n* and n? is
translated in the purity of the bispinors ®, with respect to the Clifford algebra (3.1.15).
For this reason we will call . pure spinors, keeping in mind that they are not usual
pure spinors on the tangent bundle but they are pure spinors on the generalized tangent
bundle and that their Clifford algebra is not given by the ordinary Clifford algebra C1(6)
but by the Clifford algebra C1(6,6) defined in (3.1.15).

Having introduced the bispinors ®, and ®_, it has been shown in [10] that they can
be used to rephrase the SUSY equations in terms of differential forms. The final form of
the system of equations is very elegant, and we quote it here just to give a flavour of how
much simpler it is with respect to the original spinorial system (3.1.5). For example, for

an AdS, vacuum of type IIB it writes
dg®_ = —2ue ™ *Re®, ,  dy(e*Im®,) + 3ulmd_ = ** 5 \f | (3.1.16)

where the differential dy has been introduced in (2.1.8), the constant p is given in (3.1.4)
and f are the internal RR-fluxes. Moreover, we have to impose that ®,. are not arbitrary
differential forms on Mg, but they must be obtained as spinorial bilinears. Recall that
the requirement that &, can be written as bispinors can be also described through some
compatibility relations. Even if we will not use in the following this second point of view,

let us recall the compatibility conditions for an AdS,; vacuum
(@, X-®,)=(P_, X -0,) XeTaT", (3.1.17)

where (, ) is the six-dimensional Chevalley-Mukai pairing of forms that, in d dimensions,

is defined by
(a,8) = (@A A(B))a s (3.1.18)

where ; means that we keep only the d-form part, @ and 8 are two (poly)-forms and
the A operator acts on a k-form ay as in (2.1.10). Moreover, the notation X - means
(X AN —|—Lx).

3.2 A ten-dimensional system of equations

The GCG approach has been extended in [11] to include all the ten-dimensional config-
urations which preserve some amounts of supersymmetry, no matter whether they are

vacuum solutions or not. In other words, in [11] a differential system which is completely
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equivalent to (2.1.13) has been obtained, without making any preliminar Ansatz regard-
ing the nature of the solution (in the preceding section we have made the only Ansatz
that our solution was a four-dimensional vacuum). Our aim in this section is to review

the construction of [11] and to underline the main properties of the final system.

Using the ten-dimensional SUSY parameters ¢; ,i = 1,2 we can construct two different

vectors (or equivalently one-forms)

1 1 ~ 1
KM= _eme, K=_-(K|+K)), K=-(K —K,). (3.2.1)
32 2 2
We can also consider the polyform
P = €1€2 s (322)

defining many different G-structures on the ten-dimensional tangent bundle, all of them
corresponding to a single structure on the generalized ten-dimensional tangent bundle
Ty @ Tj,.> The situation would appear to be completely analogous to what happens
for four-dimensional N = 1 vacua, where, as just explained, the pure spinors ®, and
®_ define together a SU(3) x SU(3) structure on the generalized tangent bundle of the
internal manifold 7s @ 7§, however one can show that ® is not a pure spinor and as a
consequence of this fact it is not sufficient to fully reconstruct the metric and the B-field
(contrary to the situation for four dimensional vacua where ®, and ®_ do determine a
metric and a B-field). This feature forces us to introduce additional geometrical data and

indeed in [11] two additional vectors e, ; and e, satisfying

1

=0, e Ki=g5, i=12, (3.2.3)

are introduced. We will see in a moment that these additional vectors are a source of
difficulties: since they are not defined as intrinsic geometrical objects starting from the
SUSY parameters €; and €5 but they must be defined by hand, the equations involving
them are much more involved than the other. Nevertheless they are necessary in general

and we must keep them into account.

We can now reformulate the conditions for unbroken supersymmetry in terms of the

geometrical data (K, K,®, e4;) just discussed, obtaining the following system

Lgg=0, dK =.xH; (3.2.4a)
dy(e7®®) = —(K A +ux)F (3.2.4Db)
1
(eq1-P-epy, TMN[xdy(e ™D eyy) + §6¢dT(6_2¢6+2)Cb —F|)=0; (3.2.4¢)
1
(eq1-P-eyy, [dyle ey ) — §e¢dT (e72%e,)® — FITMN) =0 . (3.2.4d)

3In general the structure group that one obtains is very complicated but, fortunately, in these thesis

we will stay in contexts where it will be much simpler.
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((3.2.4a) already appeared in [40], [41] and [42].) In (3.2.4c¢) and (3.2.4d) (,) means the
ten-dimensional Chevalley-Mukai pairing. Equations (3.2.4) are necessary and sufficient
for supersymmetry to hold [11]. To also solve the equations of motion, one needs to impose
the Bianchi identities, which we recall that away from sources (branes and orientifolds)

read
dH =0, dgF =0 . (3.2.5)

It should be noted that equations (3.2.4a) and (3.2.4b) are very elegant: apart from
the first equation in (3.2.4a) (expressing that K has to be a Killing vector) they are
formulated in terms of differential forms and exterior calculus only and they are much
simpler to treat than the original SUSY conditions. Unfortunately, they are necessary to
supersymmetry to hold but not sufficient and they must be completed with (3.2.4c) and
(3.2.4d) (which we will call pairing equations).

Depending on the behaviour of the pairing equations we can consider three different
cases: there are some cases where the pairing equations can be recast in an elegant form
much like (3.2.4Db), this is the case for two-dimensional N = (2,0) vacua studied in [17]
and [18]; we will call such a case a good case. There are cases where the pairing equations
cannot be recast in an elegant form and their geometrical meaning remains difficult to
understand, this is the case studied in [43], [44], and [20]; we will call such cases the ugly

cases.

Finally, there are the lucky cases. In such cases the pairing equations are completely
redundant and can be dropped; supersymmetry is completely equivalent to equations
(3.2.4a) and (3.2.4b) and we can forget about the additional vectors e;. We will see in
the next chapter that AdSs and AdS;7 vacua fall in this final set (other examples are given

by four-dimensional vacua).

Of course it would be important to obtain some methods to understand from the
beginning whether a particular case under investigation is a good, ugly or lucky case.
Unfortunately at the moment it is not clear if such a criterion exists® and so one has to

investigate case by case the behaviour of the pairing equations.

In the next chapters of this thesis we will consider many examples for all the cases

just explained.

4Even if it is clear that lucky and good cases are associated to simpler structures on 7' @ T* the
contrary is not true, and there cases where the structure group is quite simple but nevertheless the pairing
equations are not redundant and they take a complicated form. An example of such a phenomenon will be

given later on this thesis where we will discuss compactification to four-dimensional N = 2 supergravity.
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Chapter 4

The lucky cases: AdS; and AdSg

solutions

In this chapter we will discuss two example of lucky cases: as already outlined we will
study AdS; and AdSg solutions in type II supergravity. In the AdS; case we will numer-
ically classify the solutions of this kind. Such a classification has proven to be related
to brane constructions engineering (1,0) six-dimensional SCFTs. In the AdSg case our
analysis will be unfortunately less complete, but nevertheless we will be able to reduce

the problem of finding AdSg solutions to a system of two partial differential equations.

We will start by reviewing the results at disposal in the literature without the use
of GCG, then we will move to discuss the G-structure approach to AdS; solutions and

finally we will discuss the AdSg case.

4.1 Higher AdS vacua without Generalized Complex

Geometry

In this section we will discuss what results were at disposal in the literature without the
use of GCG techniques. We will see that only one kind of AdS; solutions had been found
in the context of eleven-dimensional supergravity (the so-called Freund-Rubin solutions),
it was also known that the Freund-Rubin solution are the only AdS; vacua that one can
find in eleven-dimensional supergravity (and so in massless type IIA too) but nothing
was known about massive type IIA and type [IB SUGRA. The situation was similar for
AdSg solutions, where the only vacuum which had been found was the Brandhuber and
Oz solution in massive type ITA [45] (it is shown in [46] that this is the only AdSg that
can be found in massless type IIA); on the other hand the type IIB analysis and the

eleven-dimensional analysis was restricted to some type IIB T-duals of the Brandhuber
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and Oz solution. During the discussion of the supergravity solutions we will point out

also some aspects of the CF'T duals.

4.1.1 The Freund-Rubin AdS; solution

Let us discuss the Freund-Rubin AdS; vacuum in eleven-dimensional supergravity and
show that this is the only AdS; vacuum that can be constructed in eleven dimensions.
The field content of eleven-dimensional supergravity is very simple: it contains obviously
the metric Gy, M, N = 0,...,10; the gravitino ¥,,;, which for each value of M is a
32-component Majorana spinor and, of course, the antisymmetric three-form As that we

already introduced in (2.1.20); it is subject to the obvious gauge invariance
Ag — Ag + dA2 s (411)

where Ay is a two-form.

In analogy with (3.1.1) we take our eleven-dimensional metric of the form®
dst) = dsigg, + dshy, - (4.1.2)

As usual, supersymmetric configurations are obtained putting to zero the gravitino field

and imposing that its supersymmetry variation vanishes
1
VME + —(FﬁPQR — 8(511\\[4FPQR> GNPQRE =0 s (413)

where € is the eleven-dimensional SUSY parameter (which is a 32-component Majorana
spinor) and G = %G ~npordx™ Adxt Adz®@ Adx' is the field-strength of As. To preserve the
maximal symmetry of the external background we need to impose that the field-strength

(G is a purely internal four-form
1
G= EGnmrdy" Ady? Ndy? Ndy" (4.1.4)

and, given that the internal space is four-dimensional, it is straightforward to deduce that

it must be proportional to the internal volume form

G = gly)voluy, | (4.1.5)

where g(y) is a function on My.

Exactly as we discussed for four-dimensional vacua (Section 3.1), given that the met-
ric gets factorized as in (4.1.2), we have that the gamma matrices Iy, take a similar

decomposition

I, = vff) @~ | T, =10 g~y® (4.1.6)

m )

IFor simplicity we have omitted a possible warping factor. We will see in Section 4.2.9 that this does

not spoil the generality of the solution.
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(7

where 7, ) and ’yr(ff)

are gamma matrices in seven and four dimensions respectively, whereas
7@ is the chiral gamma matrix in four dimensions. Let us discuss now the decomposition
of the SUSY parameter e: given the decomposition (4.1.6) we have that € acquires an
identical decomposition

e=(®n+cc., (4.1.7)
where ¢ and 7 are Dirac spinors on the external and internal manifold respectively and
we added the complex conjugates to ensure that € is Majorana as required.

As we explained in section 3.1, in order to preserve the maximal symmetry of the

external background, we need to impose that ( satisfies the Killing spinor equation

A
V.= E'yl(f)(’ : (4.1.8)

where A is the inverse of the AdS; radius

1
A= )
Rags,

(4.1.9)

Given the decomposition just explained we can come back to our SUSY equation

(4.1.3). It gets decomposed in two equations

1 A
(Vit Zgr.®1)e= 'Y/(;)C® (5 - g)n tec. =0,

6 6
(Vm—%gM®¢®%ﬂe=C®(Vm—%vw%0n+00=0, (4.1.10)

that combined tell us ¢ = 3A and, more important,
(Vi — My, n =0, (4.1.11)

which expresses the requirement that 7 is a Killing spinor on My. This request implies
that the cone C(M,) constructed over M, admits a covariantly constant spinor; but in
five dimensions the only manifold with restricted holonomy is R® or one of its orbifolds.
This consideration leads us to conclude that the only AdS; vacuum solution at disposal
in eleven-dimensional supergravity is given by AdS; x §* and its orbifolds AdS; x S*/T.

Of course such solutions are dual to the famous (2,0) theory living on the M5 branes.

4.1.2 The Brandhuber and Oz AdSs solution

Let us move to discuss the known facts about AdSg vacua that can be obtained without
using GCG. As already remarked the only known AdSg solution is given by the so-called
Brandhuber and Oz solution in massive type IIA supergravity, whose metric takes the
form of AdSg x S%; in [46] it has been shown that this solution in massive type ITA

supergravity is unique and no other AdSg vacua can be found in the massive case. We
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will review how the Brandhuber and Oz can be deduced starting from some holographic
considerations concerning five-dimensional CFTs. Finally we will discuss some further
solutions that can be obtained in type IIB by considering T dualities of the Brandhuber
and Oz configuration: the standard abelian T-dual obtained along the U(1) fiber of S*

and, the more mysterious, non abelian T-dual recently considered in [47] and [48].

In [49] it has been argued that a five-dimensional CEFT can be found by considering
the following brane configuration: consider a Type I' setup on RY x I where we denoted
with I an interval or, equivalently, S /Zs, let us call this coordinate zy. At the end points
of the interval, or at the fixed points of the Zs action, we have two orientifolds (two Os
planes) and so, to cancel the brane charge of them, we need to add to our setup 16 D8
branes located at some points along x9 and extended along the other directions. Finally,
we put in our configuration a bunch of N D, branes, extended along xq, x1, 9, 3, x4 and
located at some points along the other directions. Let us divide the D8 branes in two
sets: starting from an O8 and moving along xy, consider the first Ny D8 branes, with
N; < 8,7 and call the values of their z9 coordinates z}, 1 < i < N; (with of course
v <ap <o Sy,

Let us describe the five-dimensional N = 1 theory living on the N D4 branes: having
a bunch of N D4, with an O8, we obtain a 5d N = 1 gauge theory with gauge group
USp(2N), with an antisymmetric hypermultiplet (given by open strings streched between
the D4 and the O8), moreover we have Ny foundamental hypermultiplets which are
created by open D4-D8 branes. The Coulomb branch of the theory is given by the
position along xg (that we denote with ¢) of the bunch of D4s and, instead, the position
of the D4 along (x5, xg, x7, 23) goes in correspondence with the Higgs branch of the theory.
The masses of the Ny fundamental hypermultiplets are given by the positions x§ of the
corresponding D8s. The CFT limit is reached when both the bunch of D4s and the D8s
approach the origin x9 = 0 where we have the orientifold plane; from a field theory point
of view this correspond to the origin of the Coulomb branch of the USp(2N) theory
coupled to Ny < 8 massless foundamental hypermultiplets. Our aim is now to give a

supergravity description of such a limit.

To this end, we start by recalling the metric determined on R? x I by the D8 branes

(before to reach the fixed point). It writes as
ds® = Hy "*(wg)d? g + Hy* (wo)da? | (4.1.12)

with the function Hg(xg) given by

Ny Ny
Hg(xg) :a+16x9—2]1’9—$5\ —Z\x9+x§| ) (4.1.13)

2Such a restriction on N ¢ can be understood, from a field-theoretical point of view, as a constraint
in order to obtain a 5d CFT, for more details see [49].
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where a is a constant that it is related to the inverse of the bare coupling, and so it goes

to 0 in the CFT limit. Hyg also determines the dilaton via the relation
e® = Hy"*(zo) . (4.1.14)

Since we are in a configuration containing DS8s, it is natural to expect that we have a
non-zero Romans mass and indeed the expression for it is given by a piecewise constant

function like
1
A/ o

where, in order to use a compact formula, we have denoted with z the position of the
orbifold x9 = 0.

m(zy) = (16 —2i)  mp<mg<ay™ i=0,1,...,N;—1, (4.1.15)

To proceed it is convenient to define a new coordinate

2g =N, )\
z:(% — f) , (4.1.16)

2T

in terms of wich the metric (4.1.12) becomes conformally flat when the N; D8s are on
top of the O8

3 _
ds* = O*(2) (daf g + dz?) | Qz) = (4—(8 — Ny)z) o , (4.1.17)
’ s

the expressions for the dilaton and the Romans mass are given by
8 — Ny

m = :
QW\/J

The metric gets further modified by the N D4 branes that we need to introduce, they

give an additional warp factor in the metric and also, as natural, induce a non vanishing

¢ = () |

(4.1.18)

six-form flux Fyg:

ds* = O (2) [Hy P (r)dag 4 + Hy 2 (r)(daa + d2)]
e’ = P()H )
Fo=d°x NdH; ' (1), (4.1.19)

2

where r? = 72 + 22 and 7 = z2 + 22 4+ 2% + 22, and the additional warping function is

given, in the near-horizon limit, by

Q o114 1/3

It is now convenient to define an angular coordinate « such that 7 = rsina and

z = rcos . In this way one can see that the background (4.1.19) is nothing but a warped
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product of the form AdSg x Sy

2L2
ds* = w [9ds*(AdSg) + 4ds*(SY)] ,
Fy = 5L*W?sin® ada A Vol(S?) |
3L
-9 _ - —-1/6
e SIS W = (acosb) : (4.1.21)
1/4

where we have replaced Fg with its Hodge dual F}, L denotes the AdSg radius L = %Q4

and the metric on S* is given by
ds*(S*) = da? + sin? ads®(S?) . (4.1.22)

From (4.1.16) we see that z has to be positive; combining this observation with the
definition of « given by z = rcosa we see that 0 < o < 7/2 and so we conclude that
the internal manifold is not an entire S* but only half of an S*. Moreover we can see
that this solution diverges for v — 7/2 since the dilaton diverges for such a value; such a
singularity reflects in the supergravity picture the presence of the O8/D8 system. Finally,

we see that away the singular point the curvature and the dilaton go like

m!/3 1
@
R ox — 77 e’ o s (4.1.23)
and so we see that the supergravity regime is valid when
ml/3
<1 LmP% > 1, (4.1.24)

both these conditions can be satisfied by taking the AdSg radius large, L > 1.

Further developments

As anticipated, in [46] it is shown that the Brandhuber and Oz solution is the unique
solution that one can find in massive type ITA supergravity. Nevertheless, one can consider
some further developments based on this solution. First of all one can consider T-dualities:
we know that the internal manifold S* can be seen as an S® fibration over an interval.
Writing S® as an S*-Hopf fibration over S?

ds*(S?) = i[dgbf + sin? ¢ydgs + (dps + cos prddy)?] | (4.1.25)

one obtains that the Killing spinors €; and ¢, are completely independent of the internal
U(1) coordinate ¢3. This fact allows us to consider the standard, abelian, T-duality of the

Brandhuber and Oz solution without breaking supersymmetry. In this way one obtains
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one example of AdSg vacuum in Type IIB supergravity, we just quote the final result

which is given by
16

1 i 1
ds* = JWPLP[9ds* (AdSe) + 4da® + sin® a(dgy + sin® 1d65) + s —ddi]
4
B=-— "=
cos p1dgz A dos € 3L2(mcosa)?/3sinf ’
Fy = gL4(m cos @)'/*sin® asin g da A depy A deps Py =mdg; . (4.1.26)

The dilaton shows that we have a new singularity at o = 0: this represents the standard
singularity that one always gets when T-dualizes along a Hopf direction in a S® that
shrinks somewhere. It represents an NS5 smeared along the T-dual S'; one expects
worldsheet instantons to modify the metric so that the NS5 singularity gets localized
along that direction, as in [50]. As for the singularity at o = 7, it now cannot be
associated with an O8-DS8 system as it was in ITA, since we are in IIB. It probably now
represents a smeared O7-D7 system,; it is indeed always the case that T-dualizing a brane
along a parallel direction in supergravity gives a smeared version of the correct D-brane

solution on the other side, as we just saw for the NS5-brane.
A more exotic solution in type IIB is considered in [48], [47]: by performing a non-
abelian T-duality transformation of the Brandhuber and Oz solution the authors have

found a new solution in type IIB whose local metric writes

,  WPL? 2 2 24 7 2 r?e*t
ds® = [%M%HM@%’WtZE@WL
By = L\/01(52) e’ = 5L eA/r2 4 eth
2T 2 g el ’ 2W5 ’
2 A
Fy=—-Gy —mrdr , Fs = T—A[—rGl + metdr] A Vol(S?) (4.1.27)
r2 4 et4
with WL .
et = Tsina : G = WL4 sin® adf . (4.1.28)

The global properties of such a solution are still mysterious: beyond the singularities at
a = 0 and a = 7/2 that we just discussed, we see that this solution seems to be non-
compact. This feature for sure needs to be investigated better in the future; the authors
of [47] have assumed that the coordinate r is stopped at some values R > 0, nevertheless
the solution looks perfectly well-defined for arbitrary r and so it is not clear how such a
cut-off should be interpreted.

Finally, one can consider orbifolds of the Brandhuber and Oz solution: this has been
done in [51] where the authors have discussed the various orbifolds that one can do
starting from the Brandhuber and Oz solution, the CFT5 duals are also analyzed and it

is shown that all these duals correspond to linear quiver gauge theories.
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4.1.3 Summary

Let us summarize the results of this section. We have seen that, without using GCG, some
partial results were already at disposal in the literature concerning AdS six-dimensional
and seven-dimensional vacua. Concerning AdS; vacua it was known that in massless type
ITA the Freund-Rubin solution represents the only vacuum that one can find. A similar
result was at disposal in the six-dimensional case, where it was known that the Brand-
huber and Oz solution (and orbifolds) represents that only solution that can be obtained
in massive type ITA; via T-dualities one can obtain some examples of IIB solutions. In

the next sections we will show how GCG allows us to extends these results.

4.2 AdS; using generalized complex geometry

In this section we will see how GCG, and in particular the power of the system of equations
(3.2.4) allows us to extend the analysis of AdS; vacua in type II supergravity. We will
see that no solutions can be found in type IIB but the situation is much richer in massive
type IIA, where we will be able to give a classification (at least at numerical level) of
AdS; vacua. Such a classification has been very useful in subsequent works to increase

our understanding about SCFTs in six dimensions (see [52], [16] and [53]) .

4.2.1 Supersymmetry and pure spinor equations in three di-

mensions

To start with, following the GCG philosophy, we want to find a system of differential
equations on differential forms that is equivalent to preserved supersymmetry for solutions
of the type AdS; x M3. We will derive it by a commonly-used trick: namely, by considering
AdS,;y1 as a warped product of Mink; and R. We will begin in section 4.2.1 by reviewing
a system equivalent to supersymmetry for Minkg x My. In section 4.2.1 we will then
translate it to a system for AdS; x M;.

Minkﬁ X M4

For Minkg x M, solutions, [54] found a system in terms of a SU(2) x SU(2) structure

on My, described by a pair of bispinors ¢!2. Similarly to the Mink, x Mg case these

1,2

bispinors are characterized as bilinears of the internal parts n™* of the supersymmetry
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parameters in (A.0.2):?

oL =eMnpleont, ¢t =e Moy, (4.2.1)

where the warping function Ay is defined by
ds}y = e2Mdsiyn, + dshy, - (4.2.2)

The upper index in (4.2.1) is relevant to IIA, the lower index to IIB; so in IIA we have
that ¢? are both odd forms, and in IIB that they are both even.*

The system equivalent to supersymmetry now reads [54] °

d (e ’Regl) =0, (4.2.3a)
dp (e* ?Imgl) =0, (4.2.3b)
d (e"%¢%) =0, (4.2.3c)
e?F = F16 x4 A(dAs A Regl) | (4.2.3d)
— — 1

Here, as usual, ¢ is the dilaton; dgy = d — HA is the twisted exterior derivative; Ay
was defined in (4.2.2); F' is the internal RR flux, which, using the request of maximal

symmetry of the Minkg vacuum, determines the external flux via self-duality:
Faoy=F + eS44volg A s \F . (4.2.4)

Actually, (4.2.3) contains an assumption: that the norms of the 7" are equal. For a
noncompact My, it might be possible to have different norms; (4.2.3) would then have to
be slightly changed. (See [55, Sec. A.3] for comments on this in the Mink, x Mg case.)

As shown in appendix A, however, for our purposes such a generalization is not relevant.

With this caveat, the system (4.2.3) is equivalent to supersymmetry for Minkg x M.
Historically, it has been found by direct computation in [54] but, of course, it can also be
found as a consequence of the ten-dimensional system in (3.2.4) and in particular, since

we are in a lucky case, of the first two equations (3.2.4a) and (3.2.4Dh).

3The index + on spinors denotes chirality, and n° = Byn* denotes Majorana conjugation; for more
details see appendix A. The factors e~“4 are included for later convenience.

4We could also characterize ¢*? in terms of a compatibility relation, very similar to the relations
(3.1.17) that we discussed for four-dimensional vacua. However for our purposes, the characterization in
terms of spinorial bilinears works better

®We have massaged a bit the original system in [54], by eliminating ReqSl¢ from the first equation of
their (4.11).
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AdS7 X M3

As we anticipated, we will now use the fact that AdS can be used as a warped product of
Minkowski space with a line. We would like to classify solutions of the type AdS; x Ms.

These in general will have a metric
dsiy = e*Mdsh g, + dsiy, (4.2.5)
where Aj is a new warping function (different from the A4 in (4.2.2)). Since

dp?

dSQAdS7 = F + P2d512\41nk6 ) (4.2.6)

(4.2.5) can be seen as a subset of (4.2.2) if we take

2A3

et = pets ds3y, = dp® + ds3y, - (4.2.7)

2
Let us now move to discuss the additional assumptions that we have to impose in order
to preserve the SO(6,2) invariance of AdS;: Az should be a function of Mj. The fluxes
F and H, which for a Minks vacuum were arbitrary forms on My, should now be forms
on Mj. For IIA, F' = Fy + Fy + Fy: in order not to break SO(6,2), we impose F; = 0,
since it would necessarily have a leg along AdSy; for IIB, F' = F} + F3.

Following this logic, solutions to type II equations of motion of the form AdS; x Mj;
are a subclass of solutions of the form Minkg x My. In appendix A, we also show how
the AdS; x M; supercharges get translated in the Minkg x M, framework, and that the
internal spinors have equal norm, as we anticipated around (4.2.4). Using (A.0.10), we
also learn how to express the ¢™? in (4.2.1) in terms of bilinears of spinors x; 2 on Ms:

1 Ca.dp 1 Ca.dp
qb%t =5 (1/131F + ZGA?’? A 1/’11) , gzﬁfF = ZF§ (1/& + zeA?’? A zbi) , (4.2.8)
with
P=xiext, Yv=xiexs. (4.2.9)
As usual, we have implicitly mapped forms to bispinors via the Clifford map, and in
(4.3.4) the subscripts 1 refer to taking the even or odd form part. (Recall also that (;5&2
is relevant to ITA, and ¢ to ITB; see (4.2.3).) The spinors ;.5 have been taken to have

unit norm.

As usual, to use the GCG approach we must impose the constraint that %2 are not
arbitrary but they can be written as bispinors (4.2.9). We will see in a moment how to

solve this constraint in a very elegant way.

We can now use (4.2.8) in (4.2.3). Each of those equations can now be decomposed

in a part that contains dp and one that does not. Thus, the number of equations would
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double. However, for (4.2.3a), (4.2.3b) and (4.2.3c), the part that does not contain dp
actually follows from the part that does. The “norm” equation, (4.2.3¢), simply reduces

to a similar equation for a three-dimensional norm. Summing up:

dpIm(e34 2l = —262A3_¢Re@/}i : (4.2.10a)
dpRe(e%yL) = 4e™ Tyl (4.2.10D)
A (e7970YT) = —die* %2 (4.2.10c)
+ %ed’ 3 AP = dAs AImy} + e PRepl (4.2.10d)
dAs AReyt =0, (4.2.10¢)
(W} o) = —2 (4.2.10f)

5
again with the upper sign for ITA, and the lower for IIB.

One could ask why we have used this apparently cumbersome procedure of starting
from a Minkg vacuum and then extract the conditions for an AdS; vacuum, instead of
starting directly from the system (3.2.4) written for an AdS; vacuum. The reason is
given by the fact that, for an AdS; vacuum, it is very difficult to show that the pairing
equations are redundant or, in other words, that we are in a lucky case. This represents
one of the most unhappy features of the system (3.2.4) that we already described at the
end of Chapter 3 (and in the Introduction too): a criterion is not known, at the moment,
to determine if a particular class of solutions lives in an ugly, lucky or good case. Finding
such a criterion could be very important in order to extend the use of the system (3.2.4)

to a broader family of solutions.

We pass now to describe how we can solve the algebraic constraints that follow from
the definition of ¢'? in (4.2.9).

4.2.2 Parameterization of the pure spinors

To solve the constraints contained in (4.2.9) we start by considering first the simpler
case Y1 = X2; the more interesting case x; # x2 is very simple but a little bit tedious
and so we will just discuss the idea and we quote the final result. We will use the
Pauli matrices o; as gamma matrices, and use Bs = 09 as a conjugation matrix (so that
Bso; = —0iBs = —0;B3). We will define

x¢ = Bsx", X = x'Bs ; (4.2.11)

notice that y°f = x'Bl = ¥.
We will now evaluate 12 in (4.2.9) when y; = x2 = x; as we noted in section

4.2.1, x is normalized to one. Notice first a general point about the Clifford map oy =
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%Oéil...ikdﬁil A Ndxt s fy = %ail_.ikyil“'ik in three dimensions (and, more generally,
in any odd dimension). After applying the Clifford map on a (poly)form w we have a very
simple way of computing the Hodge dual of w: one can show that the following relation

holds in three euclidean dimensions
—ixX—>1, (4.2.12)

and so we see that the Hodge dual of « is related in a very simple way to a when
we consider the corresponding bispinors. Since in three dimensions the Hodge dual ex-
changes odd-forms with even-forms, we see that when evaluating 12, we can give the

corresponding forms as an even form, or as an odd form, or as a mix of the two.

Let us first consider y ® x'. We can choose to express it as an odd form. In its Fierz
expansion, both its one-form part and its three-form part are a priori non-zero; we can

parameterize them as

1
X @x" = 5(es —ivoly) . (4.2.13)
ez is clearly a real vector, whose name has been chosen for later convenience. The fact
that the three-form part is simply —Z2vols follows from |[x|| = 1. Notice also that
i t i 1 .
esx = o;xes = oixX'o'x = 5(—63 —3ivolz)x = e3x=x (4.2.14)

where we have used (4.2.13), and that o;a,0" = (=)¥(3 — 2k)ay on a k-form. (4.2.14)
also implies that ez has norm one. Coming now to y ® %, we notice that the three-form
part in its Fierz expansion is zero, since Yy = x'Bsx = 0. The one-form part is now a

priori no longer real; so we write

1
X®@X = (e +iez) . (4.2.15)

Similar manipulations as in (4.2.14) show that (e; + ite3)y = 0; using this, we get that
€;-€; = (51']‘ . (4216)

In other words, {e;} is a vielbein, as notation would suggest.

Two spinors

Moving to consider the more general case with y; # x2 one could proceed as follow:
we have seen that a single three-dimensional spinor defines a vielbein, it is therefore
natural (and correct) to assume that y; and y» define a pair of vielbeins {e}} and {e?}
respectively. Even if such a way of proceeding would be perfectly legal, it is not the best
way of performing the computation: indeed one has two different vielbeins defined on the

same manifold M3, and in the SUSY equations would appear both. Two vielbeins on the
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same manifolds are not independent and they are related by a change of basis. Working
in this way one would obtain a system of equations where the variables appearing into

the equations are not independent but related in a hidden way.

For this reason we prefer to use a different strategy: we take a third spinor x which,
in a certain sense, is an average between the two x; and Y, and we consider the single
vielbein {e;} generated by it. In this way one can parametrize the bispinors ? by
using this vielbein and by using three angles (6, 02, 1) that, in a sense, expresses all
the changes of basis that we need. Proceeding in this way we finally parametrizes our

bispinors ¥? as

601 i1
YL = 62 [cos(¢)) + e1 A (—iey +sin()es)] , ¥t = 62 [es — isin(¢))ey — i cos(yh)vols] ;
(4.2.17a)
i 62
Yh = 62 [sin(¢)) — (iex +cos()er) Aes] , w2 = 62 [er + i cos(v))ey — isin(y)vols] .
(4.2.17h)

4.2.3 Analysis of the equations and topology of the solutions

Armed with the parameterization (4.2.17), we are now ready to attack the system (4.2.10)
for AdS; x Msj solutions. In the first subsection we will analyze the equations and ob-
taining the local form of the solutions and the differential equations that they have to
satisfy for being supersymmetric. Then, in the second subsection we will discuss global
issues about the topology of the local solutions, we will show in particular that compact
solutions can be found.

Analysis of the equations

We will start by looking at the equations in (4.2.10) that do not involve any fluxes. These
are (4.2.10¢), and the lowest-component form part of (4.2.10a), (4.2.10b) and (4.2.10c).
First of all, we can observe quite quickly that the IIB case cannot possibly work.

(4.2.10a), (4.2.10b) and (4.2.10¢) all have a zero-form part coming from their right-hand
side, which, using (4.2.17), read respectively

cos()) cos(fy) =0, cos() sin(f;) =0 , sin(t)e? =0 . (4.2.18)

These cannot be satisfied for any choice of ¢, 6; and 65. Thus we can already exclude
the IIB case. This is one of the places where the power of GCG is more manifest in the
entire literature: using GCG one can obtain, performing a trivial computation, the very
general result that in type IIB AdS; vacua are forbidden.°

6In [52] all the 6d SCFTs that can be constructed in F-theory have been classified. However it is well-
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Having disposed of IIB so quickly, we will devote the rest of our analysis to ITA.
Actually, as we already discussed in section (4.1.1), we can get something new only with
non-zero Romans mass, Fy # 0. This is because for Fy = 0 we can lift to eleven-
dimensional supergravity where we have only the Freund-Rubin solution. We will thus

focus on Fy # 0, and use the case Fy = 0 as a control.

In ITA, the lowest-degree equations of (4.2.10a), (4.2.10b) and (4.2.10¢) are one-forms;
they are less dramatic than (4.2.18), but still rather interesting. Using (4.2.17), after some

manipulations we get

el:—i&mm¢m@, ey:%fww+mM¢M@A—¢D,

. 0 (4.2.19)
e = ZLGA (— cos(¢)db, + %d(fﬂ - gb)) ,
and
vdr = (14 2%)d¢ — (5 + 2?)dA | (4.2.20)
where
x = cos(¥) sin(6,) (4.2.21)

and we have dropped the subscript 3 on the warping function: A = As from now on.
Notice that (4.2.19) determine the vielbein. Usually (i.e. in other dimensions), the geo-
metrical part of the differential system coming from supersymmetry gives the derivative
of the forms defining the metric. In this case, the forms themselves are determined in
terms of derivatives of the angles appearing in our parameterizations. This will allow
us to give a more complete and concrete classification than is usually possible. In other
words, the AdS; case can be considered as a particularly lucky case among the lucky
cases: the equations for supersymmetry, when are written in terms of G-structures, not
only exclude the possibility of having a type IIB supersymmetric vacuum, but also in

type IIA give the general form of the metric in a very simple way.

We still have (4.2.10¢). Notice that (4.2.10a) allows to write it as dA A d(e34~%z) = 0.
Using also (4.2.20), we get
dANdp =0 . (4.2.22)

This means that ¢ is functionally dependent on A:’

6= d(A) . (4.2.23)

(4.2.20) then means that x too is functionally dependent on A: x = z(A).

known that F-theory goes beyond type IIB supergravity, therefore their results are not in contradiction

with the absence of supersymmetric AdS; solutions in type IIB supergravity.
7(4.2.23) excludes the case where A is constant in a region. However, it is easy to see that this case

cannot work. Indeed, in this case (4.2.20) can be integrated as e® o v/1 — 22, which is incompatible with
(4.2.24) below.
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Let us now move to (4.2.10d), which gives us the RR flux. First we compute Fj from

(4.2.10d):
3— 040
5— 2% — 6A¢ .

The Bianchi identity for Fpy says that it should be (piecewise) constant. It will thus be

Fy = dge 47 (4.2.24)

convenient to use (4.2.24) to eliminate d4¢ from our equations.

Before we go on to analyze our equations, let us also introduce the new angle 8 by

sin?(8) = Slin_zti) . (4.2.25)

We can now use z as defined in (4.2.21) to eliminate 6;, and [ to eliminate . This
turns out to be very convenient in the following, especially in our analysis of the metric

in section 4.2.5 below (which was our original motivation to introduce ).

After these preliminaries, let us give the expression for F, as one obtains it from

(4.2.10d):

1
Fy = 1—6\/1 — 220 (2P Fy — 4)volge | (4.2.26)

where
volg2 = sin(B)dS A db, (4.2.27)

is formally identical to the volume form for a round S? with coordinates {3, fs}. We will

see later that this is no coincidence.

Finally, let us look at the three-form part of (4.2.10a), (4.2.10b) and (4.2.10c¢). One

of them can be used to determine H:

1 54 5 64 xFpett?
H = ge V l—=x 4—|—$—PW dx A VOls2 s (4228)

while the other two turn out to be identically satisfied.

Our analysis is not over: we should of course now impose the equation of motion, and
the Bianchi identities for our fluxes. The equation of motion for Fy, d*x Fy + H * Fy = 0,
follows automatically from (4.2.10d), much as it happens in the pure spinor system for
AdS, x Mg solutions [10]. We should then impose the Bianchi identity for F, which reads
dFy — HF, = 0 (away from sources). This does not follow manifestly from (4.2.10d), but
in fact it is a consequence of the explicit expressions (4.2.24), (4.2.26) and (4.2.28) above.
When Fy # 0, it also implies that the B field such that H = dB can be locally written as

B= 224y (4.2.29)
Fy
for a closed two-form b. Using a gauge transformation, it can be assumed to be propor-

tional (by a constant) to volgz; we then have that it is a constant, d4b = 0.

51



The equation of motion for H, which reads for us d(em*Q‘?5 xg H) = eAFy %3 Fy
(again away from sources), is also automatically satisfied, as shown in general in [56].
Finally, since we have checked all the conditions for preserved supersymmetry, the Bianchi
identities and the equations of motion for the fluxes, the equations of motion for the

dilaton and for the metric will now follow [37].

4.2.4 The system of ODEs

Let us now sum up the results of our analysis of (4.2.10). Most of our equations determine
some fields: (4.2.19) give the vielbein, and (4.2.24), (4.2.26), (4.2.28) give the fluxes. The
only genuine differential equations we have are (4.2.20), and the condition that F{ should
be constant. Recalling that ¢ is functionally dependent on A, (4.2.23), these two equations

can be written as

8x(z? —1)
=5-20"+ ————— 4.2.
Oap =5 —2x +4az—FoeA+¢’ (4.2.30a)
ATOL) + 4
B 2 1 Te 0+
Oax = 2(z° — 1) To ~ Fpeht (4.2.30b)

We thus have reduced the existence of a supersymmetric solution of the form AdS; x
M3 in ITA to solving the system of ODEs (4.2.30). It might look slightly unsettling that
we are essentially using at this point A as a coordinate, which might not always be a wise
choice (since A might not be monotonic). For that matter, our analysis has so far been
completely local; we will start looking at global issues in section 4.2.5, and especially
4.2.6.

Unfortunately we have not been able to find analytic solutions to (4.2.30), other than
in the Fy = 0 case (which we will see in section 4.2.9). For the more interesting Fy # 0
case, we can gain some intuition by noticing that the system becomes autonomous (i.e. it
no longer has explicit dependence on the “time” variable A) if one defines QNS =¢+ A
The system for {(’3,445, OJax} can now be thought of as a vector field in two dimensions; we
plot it in figure 4.1.

We will study the system (4.2.30) numerically in the final part of this Chapter. Before
we do that, we should understand what boundary conditions we should impose. We will

achieve this by analyzing global issues about our setup, that we have so far ignored.

4.2.5 Metric

The metric

ds3y, = €atq (4.2.31)
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Figure 4.1: A plot of the vector field induced by (4.2.30) on {¢ = ¢+A, x}, for Fy = 40/2x
(in agreement with flux quantization, (4.2.49) below). The green circle represents the
point {¢ + A = log(4/Fy),z = 1}, whose role will become apparent in section 4.2.7. The

dashed line represents the locus along which the denominators in (4.2.30) vanish.

following from (4.2.19) looks quite complicated. However, it simplifies enormously if we

rewrite it in terms of 3 in (4.2.25):®

16 1 '
Gy A g dh| o dshe =dB +sin?(B)df]
(4.2.32)

Without any Ansatz the metric has taken the form of a fibration of a round S?, with

ds?wg = (1 — 2?)

coordinates {f3,6,}, over an interval with coordinate A. Notice that none of the scalars
appearing in (4.2.32) (and indeed in the fluxes (4.2.24), (4.2.26), (4.2.28)) were originally
intended as coordinates, but rather as functions in the parameterization of the pure
spinors 12, Usually, one would then need to introduce coordinates independently, and to
make an Ansatz about how all functions should depend on those coordinates, sometimes

imposing the presence of some particular isometry group in the process.

Here, on the other hand, the functions we have introduced are suggesting themselves

as coordinates to us rather automatically. Since so far our expressions for the metric

8In fact, the definition of 3 was originally found by trying to understand the global properties of
the metric (4.2.31). Looking at a slice x =const, one finds that the metric in {67,602} has constant
positive curvature; the definition of 5 becomes then natural. Nontrivially, this definition also gets rid of

non-diagonal terms of the type dAdf; that would arise from (4.2.19).

93



and fluxes were local, we are free to take their suggestion. We will take 8 to be in the
range [0, 7], and 6, to be periodic with period 27, so that together they describe an 52
as suggested by (4.2.32), and also by the two-form (4.2.27) that appeared in (4.2.26),
(4.2.28).9

It is not hard to understand why this S? has emerged. The holographic dual of any
solutions we might find is a (1,0) CFT in six dimensions. Such a theory would have SU(2)
R-symmetry; an SU(2) isometry group should then appear naturally on the gravity side

as well. This is what we are seeing in (4.2.32).

The fact that the S? in (4.2.32) is rotated by R-symmetry also helps to explain a
possible puzzle about IIB. Often, given a ITA solution, one can produce a IIB one via T-
duality along an isometry. We saw examples of this kind when we describe the T-dual of
the Brandhuber and Oz solution in (4.1.2). But the IIB case died very quickly in section
4.2.3 and there are no solutions. Here is how this puzzle is resolved. Since the SU(2)
isometry group of the S? is an R-symmetry, supercharges transform as a doublet under
it. Thus even the strange IIB geometry produced by T-duality along a U(1) isometry of

S? would not be supersymmetric.

Even though we have promoted 5 and 65 to coordinates, it is hard to do the same for
A, which actually enters in the seven-dimensional metric (see (4.2.5)). We would like to
be able to cover cases where A is non-monotonic. One possibility would be to use A as
a coordinate piecewise. We find it clearer, however, to introduce a coordinate r defined
by dr = 46Aﬂd147 so that the metric now reads

dzx—eATPF,
1
dsy;, = dr* + Ee%(l — 2?)ds?s . (4.2.33)

In other words, r measures the distance along the base of the S? fibration. Now A, z and

¢ have become functions of . From (4.2.30) and the definition of r we have

1 e 4
0,0 = Z\/1?x2(121,‘ + (222 — 5)Fpe™?) |
1
O,z = —ée*A\/l — 22(4 + 2 Fyet?) | (4.2.34)
1 e A+o
&A = Zﬁ(ZLx FQ@ )

We have introduced a square root in the system, but notice that —1 < x < 1 already
follows from requiring that ds3,, in (4.2.32) has positive signature. (We choose the positive

branch of the square root.)

9A slight variation is to take RP? = S2?/Z, instead of S?; this will not play much of a role in what
follows, except for some solutions with O6-planes that we will mention in sections 4.2.9 and 4.2.10.
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Let us also record here that the NS three-form also simplifies in the coordinates

introduced in this section:
H = — (6™ 4 2 Fye?)vols (4.2.35)

where vols is the volume form of the metric dsj,, in (4.2.33) or (4.2.32).

We have obtained so far that the metric is the fibration of an S? (with coordinates
(8,62)) over a one-dimensional space. The SU(2) isometry group of the S? is to be
identified holographically with the R-symmetry group of the (1,0)-superconformal dual
theory. For holographic applications, we would actually like to know whether the total

space of the S2-fibration can be made compact. We now move to discuss this point.

4.2.6 Compact solutions

To make the fibration compact, one possible strategy would be for r to be periodically
identified, so that the topology of M3 would become S* x S2. This is actually impossible:
from (4.2.34) we have

Op(2e*179) = —2v/1 — 22?479 <0 . (4.2.36)

Now, ze*4~? is continuous;'’ for r to be periodically identified, ze*4~%® should be a
periodic function. However, thanks to (4.2.36), it is nowhere-increasing. It also cannot
be constant, since  would be £1 for all r, which makes the metric in (4.2.32) vanish.

Thus r cannot be periodically identified.
We then have to look for another way to make M3 compact. The only other possibility

is in fact to shrink the S? at two values of r, which we will call ry and rg; the topology
of My would then be S3. The subscripts stand for “north” and “south”; we can visualize
these two points as the two poles of the S®, and the other, non-shrunk copies of S? over
any r € (ry,7s) to be the “parallels” of the S®. Of course, since (4.2.34) does not depend

on r, we can assume without any loss of generality that ry = 0.

We will now analyze this latter possibility in detail.

4.2.7 Local analysis around poles

We have just suggested to make M; compact by having the S? fiber over an interval
[N, 7], and by shrinking it at the two extrema. In this case M3 would be homeomorphic
to S3.

10This might not be fully obvious in presence of D8-branes, but we will see later that it is true even

in that case, basically because ¢ is a physical field, and A and = appear as coeflicients in the metric.
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To realize this idea, from (4.2.33) we see that x should go to 1 or —1 at the two
poles ry and 7g. To make up for the vanishing of the v/1 — 22’s in the denominators in
(4.2.34), we should also make the numerators vanish. This is accomplished by having
eMt® = +4/F, at those two poles (which is obviously only possible when Fy # 0). We
can now also see that 9,z ~ —4e~4y/1 — 22 < 0 around the poles. Since, as we noticed

earlier, —1 < z < 1, x should actually be 1 at ry, and —1 at rs. Summing up:

{x =1, e = i} at r=ry, {x =1, Mo = —i} at r=rg . (4.2.37)
Fy Fy

Since we made both numerators and denominators in (4.2.34) vanish at the poles,

we should be careful about what happens in the vicinity of those points. We want to

study the system around the boundary conditions (4.2.37) in a power-series approach.

(The same could also be done directly with (4.2.30).) Let us first expand around ry. As

mentioned earlier, thanks to translational invariance in r we can assume ry = 0 without

any loss of generality. We get

4 172
¢ =—Af +log (F) — 52402 4 76_4A3_7”4 +0(r)%,
0
r=1-— 86*2‘437"2 + %emgﬂ; + O(r)6 ’ (4.2.38)

1 4
A=A - 56_2A0+’I"2 - 2—76_414:{7“4 +O(r)" .

A{ here is a free parameter. The way it appears in (4.2.38) is explained by noticing that

(4.2.34) is symmetric under

A— A+ AA, o — ¢p—AA, rT—T, r— e (4.2.39)

Applying (4.2.38) to (4.2.33), and setting for a moment ry = 0, we find that the

metric has the leading behavior
ds?w3 =dr? + r’ds% + O(r)* = dszs + O(r)* . (4.2.40)

This means that the metric is regular around r = ry. The expansion of the fluxes (4.2.26),
(4.2.28) is

10
Fy=—5 Fe Yrvolse + O(r)°, H = —10e"%r%dr Avolge + O(r)° . (4.2.41)

As for the B field, recall that it can be written as in (4.2.29). (4.2.41) shows that around
r =ry = 0, the term Fy/Fy is regular as it is, without the addition of b; this suggests

that one should set b = 0. To make this more precise, consider the limit

lim | H=Ilim [ Bs (4.2.42)

r—0 A, r—0 52
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where A, is a three-dimensional ball such that A, = S2. In (4.2.29), the first term goes
to zero because © — 1; so the limit is equal to |, g2 b, which is constant. This constant

signals a delta in H. So we are forced to conclude that
b=0 (4.2.43)

near the pole. (However, we will see in section 4.2.8 that b can become non-zero if one

crosses a D8 while going away from the pole.)

To be more precise, (4.2.43) should be understood up to gauge transformations. B is
not a two-form, but a ‘connection on a gerbe’, in the sense that it transforms non-trivially
on chart intersections: on U N U’, By — By can be a ‘small’ gauge transformation
dX, for A a 1-form, or more generally a ‘large’ gauge transformation, namely a two-
form whose periods are integer multiples of 472. In our case, if we cover S® with two
patches Uy and Ug, around the equator we can have By — Bs = Nmvolgz. In this case
Jgs H = Bx— Bs = N7volge = (47°)N, in agreement with flux quantization for H. Thus
b = 0 is also gauge equivalent to any integer multiple of wvolg2. In practice, however,
we will prefer to work with b = 0 around the poles, and perform a gauge transformation

whenever

b(r) = 417T / B, (4.2.44)

gets outside the “fundamental region” [0,7]. In other words, we will consider b to be
a variable with values in [0, 7], and let it begin and end at 0 at the two poles. b will
then wind an integer number N of times around [0, 7], and this will make sure that
[ H 53 (47?) N, thus taking care of flux quantization for H.

So far we have discussed the expansion around the north pole; a similar discussion
holds for the expansion around the south pole rg. The expressions that replace (4.2.38),
(4.2.40), (4.2.41) can be obtained by using the symmetry of (4.2.34) under

T — —x, Fy — —Fy , r——r. (4.2.45)

The free parameter AJ can now be changed to a possibly different free parameter A .

We have hence checked that the boundary conditions (4.2.37) are compatible with

our system (4.2.34), and that they give rise to a regular metric at the poles.

4.2.8 D8

There is one more ingredient that we will need in section to exhibit compact solutions:
brane sources. In presence of branes the metric cannot be called regular: their gravita-

tional backreaction will give rise to a singularity. A random singularity would call into
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question the validity of a solution, since the curvature and possibly the dilaton'! would
diverge there, making the supergravity approximation untrustworthy. We are however
sure of the existence of D-branes, in spite of the singularities in their geometry, because

we have an open string realization for them.

D8-branes in particular are even more benign, in a way, because the singularity mani-
fests itself simply as a discontinuity in the derivatives of the coefficients in the metric. In
general relativity, such a discontinuity would be subject to the so-called Israel junction
conditions [58], which are a consequence of the Einstein equations. As we mentioned
earlier, in our case, however, supersymmetry guarantees that the equations of motion for
the dilaton and metric are automatically satisfied [37]. Hence, the conditions on the first

derivatives will follow from imposing continuity of the fields and supersymmetry.

Let us be more concrete. We will suppose we have a stack of npg D8-branes, possibly
with a worldvolume gauge field-strength fo (not to be confused with the RR field-strength
F5,), which induces a D6-brane charge distribution on it. The Bianchi identity for such

an object reads

1 ~ 1
dHF = %anefé = dF = %TLD8€27rf2(5 ((5 = dT(S(T)) . (4246)
As usual F = By + 27 fo; recall from section 4.2.1 that F' = Fy+ F5; and likewise we have
defined

F=eBF=F +(F,— ByF,) . (4.2.47)

In other words, F= Fy+ FQ, with Fg = Fy, — By Fy. Since FQ is closed away from sources,

it makes sense to define

1
= — F . 4.2.48
2 27'[' S2 2 ( )

Flux quantization then requires ns to be an integer, and that
o
with ny an integer. (We are working in string units where [y = 1.) Integrating now

(4.2.46) across the magnetized stack of D8’s gives
ATLO = Nnps , AFQ = ng’I’LO . (4250)

All physical fields should be continuous across the D8 stack. For example, A¢ = 0.
Also, the coefficients of the metric should not jump; in particular, from (4.2.5), we see
that AA = 0. Also, since  appears in front of dsz, in (4.2.33), we should have Az = 0.

Imposing that the B field does not jump is trickier. A first caveat is that B would

actually be allowed to jump by a gauge transformation, as discussed in section 4.2.7.

Tn presence of Romans mass, the string coupling is bounded by the inverse radius of curvature in

ls
Reurvy

string units: e? o , and is actually generically of the order of the bound [57].
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However, we find it less confusing to put the intersection between the charts Uy and Ug
away from the D8’s, and to treat [ s2 B2 as a periodic variable as described in section
4.2.7.

Thus we will simply impose that B does not jump. First, recall that it can be written
as in (4.2.29), when Fy # 0. The b term was shown in (4.2.43) to be vanishing near the
pole, but we will soon see that this conclusion is not valid between D8’s. In fact, it is
connected to the flux integer ny defined in (4.2.48): from (4.2.29) we have

integrating this on S?, we get 27ny = —Fp [, b, or in other words
b— —Qn—;bvolgz . (4.2.52)

We can use our result (4.2.26) for Fy; for this section, it will be convenient to define

1
p= 1—6x\/ 1 — 224 q

1
Z\/l — a2 (4.2.53)

so that
F2 = (pFU — Q)V0152 . (4254)

From this and (4.2.52) we now have

By — (p _ 4 ﬂ) volga . (4.2.55)

Let us call ng, ny the flux integers on one side of the D8 stack, and ny, n}, the fluxes on
the other side. Let us at first assume that both ny and n{, are non-zero. Then, equating

B on the two sides, we see that p cancels out, and we get
1 1 1 1,
— — = — — 4.2.56
GEOEAGEOR (250

!/ /
quZTDg -

or in other words

S o (4.2.57)

with ¢ defined as in (4.2.53). Notice that, in (4.2.29), the term F5/Fy and b can both
separately jump, while the whole B, is staying continuous. For this reason, as we antici-
pated in section 4.2.7, the conclusion b = 0 (which implies ny = 0 by (4.2.52)) will hold
near the poles, but can cease to hold after one crosses a D8. (4.2.57) is also satisfying
in that it is symmetric under exchange {ng,ns} <> {nf,n5}. Notice also that, under a
gauge transformation for the B field, ny — ng + ngAB, nh, — njy + n{AB, and (4.2.57)

remains unchanged.
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A constraint on the discontinuity should also come from the F, Bianchi identity
(4.2.46). Using (4.2.54), we see that the only discontinuities are coming from the jump
in £y, so that we get

dyF = AFy(1 + pvolg:)d = AF, eP*'s2§ (4.2.58)

Comparing this with (4.2.46) we see that F = pvolgz. It also follows that

N AF 1
dF2 = AFO(_BQ +pv0152)(5 = TO (q + éng) V0152 . (4259)
0
The expression on the right-hand side is not ambiguous thanks to (4.2.54). Comparing

(4.2.59) with (4.2.46) again, we see that fo = Fio (g+ ). Going back to (4.2.50), we

learn that A
N9 1 1
— = — ) 4.2.60

Ao g (q + 2”2) ( )

This is actually nothing but (4.2.57) again.

(4.2.59) shows that our D8 is actually also charged under Fh, and thus that it is
actually a D8/D6 bound state.

Finally, in our analysis so far we have left out the case where Fj is zero on one of
the sides of the D8 stack, say the right side, so that ny = 0. This time we cannot apply
(4.2.55) on the right side of the D8. An expression for B in this case will be given in
(4.2.68) below. Imposing continuity of B this time does not lead to (4.2.57), but to a
different condition in terms of the integration constants appearing in (4.2.68). However,
the Bianchi identity for F3 can still be applied on the left side of the D8, where Fyy # 0;
this still leads to (4.2.57). In other words, in this case we have (4.2.57) plus an extra
condition imposing continuity of B. This will be important in our example with two D8’s

in section 4.2.11.

Let us summarize the results of this section. We have obtained that one can insert D8’s
in our setup, provided their position rpg is such that the condition (4.2.57) is satisfied.
When Fj is non-zero on both sides of the D8, this ensures that the Bianchi for F; is
satisfied, and that B is continuous. In the special case where F; = 0 on one side,

continuity of B has to be imposed independently.

4.2.9 Explicit solutions: review of the F{; = 0 solution

We are now able to discuss some explicit AdS; vacua. To start with we will review the

solution one can get for Fj = 0.

As we remarked in section 4.2.3, in the massless case one can always lift to eleven-

dimensional supergravity, and there we can only have AdS; x S* (or an orbifold thereof).
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The metric simply reads

1
ds?, = R? <dsids7 + st§4) : (4.2.61)
being R an overall radius. Let us now have a look at how this reduces to ITA. It is not
obvious whether the reduction will preserve any supersymmetry; but, as we will now see,

this can be arranged.

To reduce, we have to choose an isometry. Since S* has Euler characteristic x = 2, like
any even-dimensional sphere, any vector field has at least two zeros, and so our reduction
will have at least two points where the dilaton goes to zero; we expect some other strange

feature at those two points, and as we will see this expectation is borne out.

How should we choose the isometry? We can think about U(1) isometries on S¢ as
rotations in R4™!. The infinitesimal generator v is an element of the Lie algebra so(d+1),
namely an antisymmetric (d + 1) x (d + 1) matrix v. Moreover, two such elements v;
that can be related by conjugation, v; = Ov,O", for O € SO(d + 1), can be thought
of as equivalent. Any antisymmetric matrix can be put in a canonical block-diagonal
form where every block is of the form (% &), with a an angle. For even d, this implies
that there is at least one zero eigenvalue, which corresponds to the fact that there is no
vector field without zeros on the sphere. For d = 4, we have two angles a; and as. Our
solution can be reduced along any of these vector fields, but we also want the reduction
to preserve some supersymmetry. The infinitesimal spinorial action of the vector field we
just described is proportional to a2 + asy34. If we demand that this matrix annihilates
at least one spinor y (so that, at the finite level, x is kept invariant), we get either a; = as
or a; = —as.

To make things more concrete, let us introduce a coordinate system on S* adapted
to the isometry we just found:

ds%i = da? + sin®(a)dszs = da® + sin®(a) (idsgg + (dy + 01)2) , dCy = %volsz
(4.2.62)
with o € [0,71]. We have written the S* metric as a Hopf fibration over S?; the 1/4 is
introduced so that all spheres have unitary radius. The reduction will now proceed along

the vector
Oy . (4.2.63)

We can actually generalize this a bit by considering the orbifold S*/Z;, where Z; is
taken to be a subgroup of the U(1) generated by 0,. This is equivalent to multiplying
the (dy + C1)? term in (4.2.62) by 5.

We can now reduce the eleven-dimensional metric (4.2.61), quotiented by the Zj; we

just mentioned, using the string-frame reduction ds?;, = e%‘pdsfo + e§¢(dy + Cp)%. We
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obtain a metric of the form (4.2.5), with

R3 R3 1
2 = R2e3% = ok sin(a) dsyy, = % sin(a) (da2 +7 sin2(a)ds§2) . (4.2.64)
We can now compare what we have just obtained with the system of equations (4.2.30),

that, putting Fjy = 0, can be easily solved explicitly:
r=11—elA-4) ¢ =3A— ¢ (4.2.65)

where Ay and ¢y are two integration constants. This can be seen to be the same as
(4.2.64) by taking

1 R?
x = cos(a) , Ag==log| =— ) , o =3log R . (4.2.66)

The fluxes can now be computed from (4.2.26) and (4.2.28):

Py = —Lvol H——3R3'3( Yda A volg ; (4.2.67)
9 = 2VOS2, = 32ksmaavosz, 2.

the B field then can be written as

3 R3 3
By=——2—— lg2 4.2.
2= 35 (x 3)\705 +b (4.2.68)
where again b is a closed two-form. The simple result for F5 in (4.2.67) could be expected
from the fact that the metric (4.2.62) is an S* fibration over S? with Chern class ¢; = —k.

However, (4.2.64) might appear problematic for two reasons. First of all, the warping
function goes to zero at the two poles a = 0, &« = w. Second, cls?\/[3 would be singular at
the poles even if it were not multiplied by an overall factor e?4 = g—: sin(«), because of the
1/4 in front of dsgg. Indeed, when we expand it around, say, o = 0, we find do? + %stfqz;

this would be regular without the 1/4, but as it stands it has a conical singularity.

However, these singularities at the poles have the behavior one expects near a D6.
Near the north pole v = 0, ds3;, in (4.2.64) looks like ds3;, ~ « (do? + ja’ds%,). In

terms of the r variable we used in (4.2.33), this looks like
3\ 2
ds3y, ~ dr® + <Zr> dsis . (4.2.69)

Near the ordinary flat-space D6-brane metric, ds3, ~ p~/2(dp* + p?ds?,), which also
looks like (4.2.69) with r = §p%*.

The presence of D6’s could actually be inferred more directly. First of all, we know
that D6-branes result from loci where the size of the eleventh dimension goes to zero;

this indeed happens at the two poles. Moreover, from the expression of Fy in (4.2.67),
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the integral of F, over the S? is constant and equal to —27k. We can take the S? close
to the north or the south pole, where it signals the presence of D6-brane charge. More

precisely, there are k£ anti-D6-branes at the north pole and k£ D6-branes at the south pole.

One crucial difference with the usual D6 behavior, however, is the presence of the
NS three-form H. From (4.2.67) we see that it does not vanish near the D6. Rather, it

diverges: near the anti-D6 at r = ry = 0,
H ~ rY3y0l5 . (4.2.70)

We should remember, in any case, that this solution is non-singular in eleven dimensions;
the diverging behavior in (4.2.70) is cured by M-theory, just like the divergence of the

curvature of (4.2.69) is.

The simultaneous presence of D6’s and anti-D6’s in a BPS solution might look un-
settling at first, since in flat space they cannot be BPS together. It is true that the
conditions imposed on the supersymmetry parameters ¢; by a D6 and by an anti-D6
brane are incompatible. But in flat space the ¢; are constant, while in our present case
they are not. The condition changes from the north pole to the south pole; so much so
that an anti-D6 is BPS at the north pole, and a D6 is BPS at the south pole. In figure
4.2 we show some parameters for the solution as a function of the r defined in (4.2.33),
for uniformity with latter cases. We also show the radius of the transverse sphere, which
near the poles has the angular coefficient 3/4 of (4.2.69).

We have obtained this massless IIA solution by reducing the M-theory solution AdS; x
S*/Zy, but other orbifolds would be possible as well. One could for example have quo-
tiented by the Dy_s groups, which would have resulted in ITA in an orientifold by the
action of the antipodal map on the S?. The transverse S? would have been replaced by
an RP?; at the poles we would have had O6’s together with the k& D6’s/anti-D6’s of the
A; case.

We will see in section 4.2.11 solutions with Fj # 0 and without any D6-branes. But

we will at first try in the next subsection to introduce Fj without any D8-branes.

4.2.10 Explicit solutions: massive solution without D8-branes

In section 4.2.9 we reviewed the only solution for Fy = 0, related to AdS; x S* by

dimensional reduction; it has a D6 and an anti-D6 at the poles of M3 =2 S3.

We now start looking at what happens in presence of a non-zero Romans mass, Fy # 0.

We saw in section 4.2.7 that in this case it is possible for the poles to be regular points.

12Tt is interesting to ask what happens in the Minkowski limit. From (4.2.35) we see that H =
—6e~“4vols; taking R — oo, e~ tends to zero except than in a region a < R~/3, which gets smaller

and smaller in the limit.
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; i : L
Figure 4.2: Massless solution in ITA. We show here the radius of the S? (orange), the
warping factor €24 (black; multiplied by a factor 1/20), and the string coupling e? (green;
multiplied by a factor 5). We see that the warping goes to zero at the two poles. The
angular coefficient of the orange line can be seen to be 3/4 as in (4.2.69). The two

singularities are due to £ D6 and k anti-D6 (in this picture, k = 20).

It remains to be seen whether those boundary conditions can be joined by a solution of
the system (4.2.34).

We can for example impose the boundary condition (4.2.37) at r = ry, and evolve
numerically towards positive r using (4.2.34). The procedure is standard: we use the
approximate power-series solution (4.2.38) from r = rx = 0 to a very small r, and then
use the values of A, ¢, x thus found as boundary conditions for a numerical evolution of
(4.2.34). One example of solution is shown in figure 4.3(a). It stops at a finite value of
r, where it resembles there the south pole behavior of the massless case in figure 4.2; for

example, e goes to zero at the right extremum.

This is actually easy to understand already from the system, both in (4.2.30) and in
(4.2.34). As A and ¢ get negative, they suppress the terms containing Fj, and the system

tends to the one for the massless case.

An alternative, and perhaps more intuitive, understanding can be found using the form
(4.2.30) of the system, which we drew in figure 4.1 as a vector field flow on the space
{A+¢,z}. The green circle in that figure represents the point {A+¢ = log(4/Fp),x = 1},
which is the appropriate boundary condition for the north pole in (4.2.37). In that figure
the ‘time’ variable is A. From (4.2.38), we see that A has a local maximum at r = ry.
So the stream in figure 4.1 has to be followed backwards, starting from the green circle
at the top. We can see that the integral curve asymptotically approaches x = —1, but
does not get there in finite ‘time’; in other words, A — —oo. The flow corresponding to

the solution in figure 4.3(a) is shown in figure 4.3(b).
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Figure 4.3: Solution for Fy = 40/27. We imposed regularity at the north pole, and
evolved towards positive 7. In (a) we again plot the radius of the S? (orange), the
warping factor €24 (black; multiplied by a factor 1/20), and the string coupling e? (green;
multiplied by a factor 5). With increasing r, the plot gets more and more similar to the
one for the massless case in figure 4.2. There is a stack of D6’s at the south pole (in
this picture, & = 112 of them), as in the massless case, although this time it also has a
diverging NS three-form H. Notice that the size of the S? goes linearly near both poles,
but with angular coefficients 1 near the north pole (appropriate for a regular point) and
3/4 for the south pole (appropriate for a D6, as seen in (4.2.69)). In (b), we see the path
described by the solution in the {A + ¢, x} plane, overlaid to the vector field shown in
figure 4.1.

In the massless case, we saw in section 4.2.9 that the singularities at the poles are
actually D6-branes. In this case too we have D6’s at the south pole. This is confirmed
by considering the integral of F, along a sphere S? in the limit where it reaches the
south pole: it gives a non-zero number. By tuning A, this can be arranged to be 27
times an integer k, where k is the number of D6-branes at the south pole. The presence
of these D6-branes without any anti-D6 is not incompatible with the Bianchi identity
dFy — HFy = kdpg, because integrating it gives —Fy [ H = k. In other words, the flux
lines of the D6’s are absorbed by H-flux, as is often the case for flux compactifications.
Notice also that these D6’s are calibrated; the computation runs along similar lines as

the one we presented for the massless solution in section 4.2.9.

To be more precise, the singularity is not the usual D6 singularity, in that there is also
a NS three-form H diverging as in (4.2.70). This is consistent with the prediction in [59,
Eq. (4.15)] (given there in Einstein frame), and in general with the analysis of [60,61],
which found that it is problematic to have ordinary D6-brane behavior in a massive
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AdS; x S? setup precisely like the one we are considering here. (In the language of [60],
the parameter « of our solution goes to a negative constant; this enables the solution
to exist and to evade the global no-go they found, but at the cost of the diverging H
in (4.2.70), [59, Eq. (4.15)].) More precisely, the asymptotic behavior we find is the one
discovered in [61, Eq. (3.4)].

Thus the singularity at the south pole in figure 4.3 is the same we found in the massless
case we saw in section 4.2.9. In that case, the singularity is cured by M-theory. In the
present case, the non-vanishing Romans mass prevents us from doing that. However, we
still think it should be interpreted as the appropriate response to a D6; for this reason

we think it is a physical solution.

So far we have examined what happens when we impose that the north pole is regular.
It is also possible to have a D6 and anti-D6 singularity at both poles, as in the previous
section, or an O6 at one of the poles (keeping D6’s at the other pole). Roughly speaking,
this corresponds to a trajectory similar to the one in figure 4.3(b), in which one “misses”
the green circle to the left or to the right, respectively. As we have seen, the D6 solution
is very similar to the massless one. The O6 solutions also turn out to be very similar to
their massless counterpart:'® near the pole, their asymptotics is e ~ r=1/5 e? ~ r=3/5,
x ~ 1 — %> This leads to the same asymptotics for the metric as in the massless O6
solution near the critical radius py = gsls. Once again, however, in the massive case we

-3/5

have a diverging NS three-form; this time H ~ r~3/°vols. Finally, in such a case the S?

is replaced by an RIP? because of the orientifold action.

4.2.11 Explicit solutions: regular massive solution with DS8-

branes

We will now examine what happens in presence of D8-branes.

The first possibility that comes to mind is to put all of them together in a single stack.
The idea is the following. We once again use the power-series expansion (4.2.38) from
r =ry = 0 to a small r, and use the resulting values of A, ¢ and x as boundary conditions
for a numerical evolution of (4.2.34). This time, however, we should stop the evolution
at a value of r where (4.2.57) is satisfied. At this point F, will change, and (4.2.34) will
change as well. Generically, the evolution on the other side of the D8 will lead to a D6 or
an O6 singularity, as discussed in section 4.2.10. However, if Fj is negative, according to
(4.2.37), the point {x = —1, e*% = —Fio} leads to a regular South Pole. Fortunately, our
solution still has a free parameter, namely Af = A(ry). By fine-tuning this parameter,

we can try to reach {r = —1, eA*¢ = —Fio} and obtain a regular solution.

131n the different setup of [62], an O6 in presence of Fy gets modified in such a way that its singularity
disappears. This does not happen here.
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Alternatively, after stopping the evolution from the North Pole to the D8, one can
look for a similar solution starting from the South Pole, and then match the two — in
the sense that one should make sure that A, ¢, and = are continuous. One combination
of them, namely ¢, will already match by construction. It is then enough to match two

variables, say A and z; this can be done by adjusting Ad and A, .

Naively, however, we face a problem when we try to choose the flux parameters on
the two sides of the D8’s. We concluded in (4.2.43) that near the poles we should have
b = 0; this seems to imply, via (4.2.52), that no = 0 on both sides of the D8. (4.2.57)
would then lead to ¢ = 0 on the D8, which can only be true at the poles x = +1.

This confusion is easily cleared once we remember that B can undergo a large gauge
transformation that shifts it by knvolgz, as we explained towards the end of section 4.2.7.
We saw there that we can keep track of this by introducing the variable b in (4.2.44).
We now simply have to make sure that b winds an integer amount of times N around
the fundamental domain [0, ]; this can be interpreted as the presence of N large gauge

transformations, or as the presence of a non-zero quantized flux N = # f H.

We still face one last apparent problem. It might seem that making sure that b winds
an integer amount of times requires a further fine-tuning on the solution; this we cannot
afford, since we have already used both our free parameters A(jf to make sure all the

variables are continuous, and that the poles are regular.

Fortunately, such an extra fine-tuning is in fact not necessary. Let us call (ng, ns) the
flux parameters before the D8, and (ng,n}) after it. For simplicity let us also assume
n4y = 0, so that no large gauge transformations are needed on that side. As we remarked
at the end of section 4.2.8, Any = n,, — ny = —ny should be an integer multiple of
Ang = ny —ng = nps: Ang = plAng, u € Z. To take care of flux quantization, it is
enough to also demand that ny = Nng for N integer. Indeed, from (4.2.49), (4.2.52),
(4.2.44), we see that in that case at the North Pole we get b = —7N; since this is an
integer multiple of 7, it can be brought to zero by using large gauge transformations.

N

Together, the conditions we have imposed determine nj, = ny <1 — ;).

All this gives a strategy to obtain solutions with one D8 stack. We show one concrete
example in figure 4.4. One might find it intuitively strange that the D8-branes are not
“slipping” towards the South Pole. The branes back-react on the geometry, bending the
S3, much as a rubber band on a balloon. This by itself, however, would not be enough to
prevent them from slipping. Rather, we also have to take into account the Wess—Zumino
term in the brane action. This term controls the interaction between the brane and the
fluxes and balances the gravitational term which would push the D8s to the pole. At the

equilibrium the D8s are stable exactly where they are.

We can also look for a configuration with two stacks of D8-branes, again with regular
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Figure 4.4: Regular solution with one D8 stack. Its position can be seen in the graph as
the value of r where the derivatives of the functions jump; it is fixed by (4.2.57). In (a)
we again plot the radius of the S? (orange), the warping factor €24 (black; rescaled by a
factor 1/20), and the string coupling e®. We also plot %B(T) = ﬁ Js2 B2 (dashed, light
green); to guide the eye, we have periodically identified it as describerd in section 4.2.7.
(The apparent discontinuities are an artifact of the identification.) The fact that it starts
and ends at b = 0 is in compliance with flux quantization for H; we have # [ H=-5.
The flux parameters are {ng,ns2} = {10, =50} on the left (namely, near the north pole),
{—40,0} on the right (near the south pole). In (b), we see the path described by the
solution in the {A + ¢, z} plane, overlaid to the relevant vector field, that this time

changes with ny.

poles. The easiest thing to attempt is a symmetric configuration where the two stacks
have the same number of D8’s, with opposite D6 charge. As for the solution with one
D8, (4.2.37) implies Fy at the north pole and negative Fy at the south pole. For our
symmetric configuration, these two values will be opposite, and there will be a central

region between the two D8 stacks where Fy = 0.

We show one such solution in figure 4.5. As for the previous solution with one DS,
we have started from the North Pole and South Pole; now, however, we did not try to
match these two solutions directly, but we inserted a massless region in between. From
the northern solutions, again we found at which value of r = rpg it satisfies (4.2.57). We
then stopped the evolution of the system there, evaluated A, ¢, x at rpg, and used them
as a boundary condition for the evolution of (4.2.34), now with Fy = 0. Now we matched
this solution to the southern one; namely, we found at which values of r = rpg their A,
¢ and x matched. This requires translating the southern solution in r by an appropriate

amount, and picking A, = Aj. Given the symmetry of our configuration, this is not

68



surprising: the southern solution is related to the northern one under (4.2.45). Moreover,
matching a region with Fj # 0 to the massless one means imposing an extra condition,

namely the continuity of B in rpg, as we mentioned at the end of 4.2.8.
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Figure 4.5: Regular solution with two D8 stacks. As in figure 4.4, their positions are
the two values of r where the derivatives of the functions jump. In (a) we again plot
the radius of the S? (orange), the warping factor €24 (black; rescaled by a factor 1/20),
and the string coupling e? (green; rescaled by a factor 5), and b (as in figure 4.4; this
time ;33 [ H = —3). The flux parameters are: {ng,no} = {40,0} on the left (namely,
near the north pole); {0, —40} in the middle; {—40,0} on the right (near the south pole).
The region in the middle thus has Fjy = 0; it is indeed very similar to the massless case
of figure 4.2. In (b), we see the path described by the solution in the {A 4 ¢, x} plane,

overlaid to the relevant vector field, that again changes with ny.

The parameter Aj = A; = Ap would at this point be still free. However, one still has
to impose flux quantization for H. As we recalled above, this is equivalent to requiring
that the periodic variable b starts and ends at zero. Unlike the case with one D8 above,
this time we do need a fine-tuning to achieve this, since the expression for B is not simply
controlled by the massive expression (4.2.55). Fortunately we can use the parameter A,

for this purpose. The solution in the end has no moduli.

As for the solution with one D8 stack we saw earlier, in this case too the D8-branes
are not “slipping” towards the North and South Pole because of their interaction with the
RR flux: each of the two stacks is calibrated. In this case, intuitively this interaction can
be understood as the mutual electric attraction between the two D8 stacks, which indeed
have opposite charge under Fj; the balance between this attraction and the “elastic” DBI

term is what stabilizes the branes.
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Let us also remark that for both solutions (the one with one D8 stack, and the one
with two) it is easy to make sure, by taking the flux integers to be large enough, that the
curvature and the string coupling e? are as small as one wishes, so that we remain in the
supergravity regime of string theory. In figures 4.4 and 4.5 they are already rather small

(moreover, in the figure we use some rescalings for visualization purposes).

Thus we have found regular solutions, with one or two stacks of D8-branes. It is now
in principle possible to go on, and to add more D8’s. The general analysis concerning the

classification of the solutions has been performed in [16].

4.3 AdSg using generalized complex geometry

In this section we will see how the GCG approach works for AdSg vacua. We will obtain,
starting from the system (3.2.4), the necessary and sufficient conditions for having an
AdSg vacuum solution, focalizing our attention to the type IIB case, since we already know
from section (4.1.2) that in massive type ITA the analysis is exhausted by the Brandhuber
and Oz solution, whereas in Appendix B we will show that there no supersymmetric AdSg
vacua in eleven dimensional supergravity and hence in massless type IIA too. The analysis
for an AdSg vacuum is much more complicated than the corresponding one for an AdS;
vacuum, and for this reason we will not able to find new explicit example of AdSg vacua
in type IIB. Nevertheless we will show that using GCG one can reduce the problem of
finding AdSg vacua to a system of two partal differential equations. A full analysis of
this system constitutes an interesting open problem. We will see also that the two known
examples of solutions (that as we remarked in section 4.1.2 have been obtained by T-
dualities of the Brandhuber and Oz solution) arise as particular cases of solutions of our
system of PDEs.

4.3.1 Supersymmetry and pure spinor equations for AdSg

We will start by presenting the system of pure spinor equations that we need to solve.
The full derivation of our system from (3.2.4) will be not presented here but it can be
found in [13], here we just quote the final system and some particular aspects of it. An
important feature is that the spinor decomposition we have to start with is clumsier than
the one in other dimensions. We have seen that usually, the ten-dimensional spinors ¢,
are the sum of two (or sometimes even one) tensor products. For AdS, x Mg, for example,
we simply have the spinorial Ansatz (3.1.3). The analogue of this for Minkg x M, is given
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in Appendix A, and it writes

e1="Cor @My + (6 DMmS

eI (Minkg x My TTA/IIB) (4.3.1)
€2 = Co+ @Mz + Co4 @M%

where ()¢ = C( )* denotes Majorana conjugation. For AdSg x My, however, such an
Ansatz cannot work: as usual, since we are dealing with an AdSg vacuum, we need to

impose that the (4 obey the Killing spinor equation on AdSg,

VuCe = —% G (4.3.2)

and solutions to this equation cannot be chiral, while the (s, in (4.3.1) are chiral. This
issue does not arise in AdS, because in that case ((4+)¢ has negative chirality; here ({g)°
has positive chirality. This forces us to add “by hand” to (4.3.1) a second set of spinors

with negative chirality, ending up with the unpromising-looking

€1 = <+77_1~_ + C_ct,_n_lpc + C—lrll + CC !

o e —|—§ 2 L2 ye (AdSe x My; 11A/1IB) (4.3.3)
+iF +'F +

where we have dropped the ¢ and 4 labels (and the ® sign), as we will do elsewhere.

Attractive or not, (4.3.3) will turn out to be the correct one for our classification.

Having described the spinorial Ansatz that we need, we first describe the forms ap-
pearing in the system. If we were interested in the Minkowski case, the system would
only contain the bispinors 7} ® niT and 7} ® (n2€)". Notice the strong similarity with the
AdS, already discussed in chapter 3 and indeed one can show that this would describe
an SU(2) x SU(2) structure on T'M, & T*M,. Since in (4.3.3) we also have the negative
chirality spinors 7 and n'¢, there are many more forms we can build. We have the even

forms:'*
oL =enlent! ¢2 = el o () =e Ml @t ; (4.3.4a)
and the odd forms:

Yi=efniont,  Pl=e o) =etleon. (4.3.4b)

A

The factors e are inserted so that the bispinors have unit norm, in a sense to be clarified

shortly; A is the warping function, defined as usual by

ds}y, = e*dsiys, + dsiy, - (4.3.5)

M Notice that the ! or 2 on ¢ has nothing to do with the ! or ? on the 7’s; rather, it has to do with
whether the second spinor is Majorana conjugated (?) or not (). Another caveat is that the 1 does not
indicate the degree of the form, as it is often the case in similar contexts; all the ¢’s in (4.3.4a) are even

forms. One can think of the 1 as indicating whether these forms are self-dual or anti-self-dual.
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Already by looking at (4.3.4a), we see that we have two SU(2) x SU(2) structures on
TMy@® T*My. It can be shown that both these structures together define an Identity-
structure, i.e. a vielbein on M. We will see in section 4.3.2 how to parameterize both
(4.3.4a) and (4.3.4b) in terms of the vielbein they define. In other words, to stay closer
to what we said in Chapter 3, one could express the fact the structure group on the
generalized tangent bundle TMy & T* My is given by two SU(2) x SU(2) structures by
considering the compatibility relations between the bispinors (qﬁf, wi’z); however, as we
did for AdS; vacua, it will be much more convenient to explicitly solve the compatibil-
ity relations by requiring that (¢4*,¢y?) are not arbitrary but that can be written as
bispinors.

In the meantime, we can already now notice that the (4.3.4a) and (4.3.4b) can be
assembled more conveniently using the SU(2) R-symmetry. This is the group that rotates
( CCC) and each of (”fc) as a doublet. One can check that (4.3.3) is then left invariant, so
it is a symmetry; since it acts on the external spinors, we call it an R-symmetry. It is
the manifestation of the R-symmetry of a five-dimensional SCFT. Something very similar
can be noticed in the AdS; system, we have not done this discussion here but it can be
found in the original work [12]. Since for AdSg vacua the analysis is considerably more
complicated than for AdS;, the SU(2) symmetry will be used from the very beginning to

yield more manageable results. Let us define

o, = nzll: 21 27 = Qﬁ: Qﬁ:
* (ny o (2 2) ~(2) (9L

= Re¢Idy + i(Im@?oy + Red?ioy + Imploz) = L1d, +idGo, , (4.3.6a)
1 1 2
_ [ N+ 2t 3\ _ Wy {ad
Ve=| o) ®ne nx) = . .
(ni) ( v $) (—(wi) (¥1)
= ReylIdy +i(Imyio; + Reyios + Imypios) = Uildy + 0o, . (4.3.6b)

On, 0 = 1,2, 3, are the Pauli matrices. Here and in what follows, the superscript * denotes
an SU(2) singlet, and not the zero-form part; the superscript  denotes an SU(2) triplet,

not a one-form. We hope this will not create confusion.

We can now give the system of equations equivalent to preserved supersymmetry:

i [0 = U)) — 262470 + @, )0 = (4.3.7a)
dpg [e**70(P_ — ®,)°] — 3e3A C(W_+U,)* = (4.3.7b)
i [0 — U )] — 4ett ¢(<1> +d,)* = (4.3.7¢)
i [0 — @) — 5P+ 0, )0 = 1 As  NF (4.3.7d)
dp [0 + \1/+)0} (4.3.7¢)
It |12 = 11n?|* = e* . (4.3.71)
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As usual, ¢ here is the dilaton; dy = d — HA; A was defined in (4.3.5). Since we are in
I1B the RR-fluxes are F' = I} + F3 and they are “totally” internal and, as usual, they

determine the external fluxes via the relation
Fao) = F + volg A % AF (4.3.8)

Again, we remind the reader that the superscript © denotes a singlet part, and © a triplet
part, as in (4.3.6).

The last equation, (4.3.7f), can be reformulated in terms of ® and ¥. Since [|n?||*> =

It 1% + [In®]1?, we can define [[n}]| = e*/cos(a/2), |Int|| = e*/*sin(a/2), [In}]| =
e? cos(a/2), ||n?|| = e?sin(a/2), where a, & € [0, 7]; we then get
1 1
(@%,99) = gcos2(a/2) cos?(a/2) , (@°, %) = ~3 sin®(a/2) sin?(&/2) ;
4.3.9)
1 1 (
(¥, 00) = gcosz(oz/Z) sin®(a/2) , (0, 09) = ~3 sin®(a/2) cos*(@/2) .

We can check immediately that (4.3.7) imply the equations of motion for the flux, by
acting on (4.3.7d) with dy and using (4.3.7¢). The equations of motion for the metric
and dilaton are as usual satisfied (as shown in general in [37] for ITA, and in [38] for
IIB); the equations of motion for H are also implied, since they are [56] for Minkowski,
compactifications (which include Minkowskis as a particular case, and hence also AdSg
by a conical construction). We will see later that the Bianchi identities for F' and H are

also automatically satisfied for this case, as was the case for AdS; vacua.

In summary, in this section we have presented the system (4.3.7), which is equivalent
to preserved supersymmetry for backgrounds of the form AdSg x My. The forms ® and
U are not arbitrary: they are constructed as spinor bilinears in (4.3.6), (4.3.4). We will
now give the general solution to those constraints, and then proceed in section 4.3.3 to

analyze the system.

4.3.2 Parameterization of the pure spinors

We have introduced in section 4.3.1 the even forms ®. and the odd forms W, (see
(4.3.6), (4.3.4a), (4.3.4b)). These are the main characters in the system (4.3.7), which is
equivalent to preserved supersymmetry. Before we start using the system, however, we
need to characterize what sorts of forms ®; and W can be: this is what we will do in

this section.

Even forms

We will first deal with ®... We will actually first focus on @, , and then quote the results

for ®_. The computations in this subsection are actually pretty standard, and we will
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be brief.

Let us start with the case n}. =7 =n,. Assume also for simplicity that |[n,||*> = 1.

In this case the bilinears define an SU(2) structure:

1 . _ 1
nint = 1€ A NI = 9 (4.3.10)
where the two-forms j,, w, satisfy
JeAwe =0, wi =0, wi AWy = 252 = —voly . (4.3.11)
We can also compute
c, C 1 i c 1—
77+77+T = ¢ A 77+771 = (4.3.12)

Let us now consider the case with two different spinors, 13 # n?; let us again assume

that they have unit norm. We can define (in a similar way as in [63])
_l T _ -2 = _1 1 ") 4131
No+ = 2(77+ iny) No+ = 2(77+ +any) . (4.3.13)

Consider now a; = 73 nk, by = n2nt. {n2,n2¢} is a basis for spinors on My; ay, by
are then the coefficients of 1} along this basis. Since ¢ have both unit norm, we have
lat]? + 04> = 1. By multiplying 7% by phases, we can assume that ay and by are
for example purely imaginary, and we can then parameterize them as a, = —icos(f,),

by =isin(f,). Going back to (4.3.13), we can now compute their inner products:

0, . . L.
773+770+ = cos” <7) , 77$+770+ =0, No+Mo+ = 2 sin(fy) . (4.3.14)
From this we can in particular read off the coefficients of the expansion of 7y, along
. c . . - - . c 0 c
the basis {no+,n§,.}. This gives 71 = W(U&UO#?M + Mo+ To+MG,) = tan <7+> NG

Recalling (4.3.13), and defining now 1, = cos (%) N+, We get

ni = cos (%) N4+ + sin (%) ns ni =1 <cos <%> 7Ny — sin (%) ni) .
(4.3.15)
From this it is now easy to compute nirﬁj and ni% Recall, however, that in the course
of our computation we have first fixed the norms and then the phases of $. The norms of
the spinors we need in this Chapter are not one; they were actually already parameterized
before (4.3.9), so as to satisfy (4.3.7f). The factor e, however, simplifies with the e=4

in the definition (4.3.4a). Let us also restore the phases we earlier fixed, by rescaling
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nL — eEni, i — eni. All in all we get

oL = %lcos(oz/2) cos(@/2)e ™+ =) cos(6,, ) exp [— (1jy + sin(6+)Rew+)} ,

cos(f)

(4.3.16a)

P = ;lcos(oz/2) cos(@/2)e ) sin(0, ) exp [ (cos(f; ) Rew, + ilmw+)] .

sin(6.)
(4.3.16b)

The formulas for ¢"* can be simply obtained by changing cos(ar/2) — sin(a/2), cos(d/2)
— sin(@/2), and 4 — _ everywhere. The only difference to keep in mind is that the last
equation in (4.3.11) is now replaced with w_ A W= = 252 = vol,.

0Odd forms

We now turn to the bilinears of “mixed type”, i.e. the 1y” we defined in (4.3.4h), which

result in odd forms. We will again start from the case where nl = n% = n..

There are two vectors we can define:
Voo = 2 s Wi = P (4.3.17)

In bispinor language, we can compute

1 c et 1 _
nyn = Z<1 + ), 77+77_T = 1(1 +7)v (4.3.18a)
T 1 — c ct 1
n-ny = (1=7v,  ningt ==y, (4.3.18b)
and
ct 1 c 1 1 =
nent' = 1(1 +y)w , ninl = —1(1 +y)w , (4.3.18c¢)
c 1 c 1 _
nnfl = —c(=nw, = (1-yw. (4.3.18d)

(In four Euclidean dimensions, the chiral 7 = %4\, so that (1 + v)v = v + *4v, and so
on. See [11, App. A] for more details.) For the more general case where L. # n2, we can

simply refer back to (4.3.15). For example we get

i(u+—t_) 0 0— 8 B 0_
91 =S cos(a/2) sin(@/2)(1 + ) [COS ( . ; > Rev + i cos ( = ) Tmo +
‘9 9_ 0 - 9_
_sin(ijL )Rew+isin(+ )Imw} .
9 2
(4.3.19)
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For the time being we do not show the lengthy expressions for the other odd bispinors
Y3 and Y12, because they will all turn out to simplify quite a bit as soon as we impose

the zero-form equations in (4.3.7).

The v and w we just introduced are a complex vielbein; let us see why. First, a

standard Fierz computation gives
venge =0, veny =2n_, (4.3.20)
where - denotes Clifford product. Multiplying from the left by 771, we obtain
v? =0, VLD = 0", = 2. (4.3.21)

Similarly to (4.3.20), we can compute the action of w:

w-ne =0, wenye = 205 . (4.3.22)

Multiplying by 7+, we get
w? =0, wLw =2 . (4.3.23)
From (4.3.20) we can also get v-n 77— = 0, 7-n.7— = 2n_7—, whose zero-form parts read
vtw=0=0Lw . (4.3.24)

Together, (4.3.21), (4.3.23), (4.3.24) say that
{Rev, Rew, Imv, Imw} (4.3.25)

are a vielbein.

We can also now try to relate the even forms of section 4.3.2 to this vielbein. From
(4.3.20) we also see v-n.7; = 0, which says v A wy = 0; similarly one gets 7 A w_ = 0.
Also, (4.3.22) implies that w - 7,77y = w-w; = 0, and thus that w A wy = 0. So we have

wy X vAw, w_ X TAw. One can fix the proportionality constant by a little more work:
wy =—-vAw, w_=TAWw . (4.3.26a)
Similar considerations also determine the real two-forms:
Jr = i%(u/\viw/\w) . (4.3.26Db)

So far we have managed to parameterize all the pure spinors &, ¥, in terms of a
vielbein given by (4.3.25). The expressions for ® are given in (4.3.16); ®_ is given by
changing (cos(a/2), cos(@/2)) — (sin(«/2),sin(&/2)), and ; — _ everywhere. The forms
J+, we are given in (4.3.26) in terms of the vielbein. Among the odd forms of ¥, we
have only quoted one example, (4.3.19); similar expressions exist for ¢3 and for Y% We
will summarize all this again after the simplest supersymmetry equations will allow us to

simplify the parameterization quite a bit.
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4.3.3 General analysis

We will now use the parameterization obtained for ® and ¥ in section 4.3.2 in the system
(4.3.7). As anticipated in the introduction, we will reduce the system to the two PDEs
(4.3.38a), (4.3.39), and we will determine the local form of the metric and of the fluxes

in terms of a solution to those equations.

Zero-form equations

The only equations in (4.3.7) that have a zero-form part are (4.3.7a) and (4.3.7¢):
(P +® )y =0, (@, +@ )5 =0. (4.3.27)

The subscript ¢ here denotes the zero-form part. (Recall that the superscripts © and ©
denote SU(2) singlets and triplets respectively.) To simplify the analysis, it is useful to

change variables so as to make the SU(2) R-symmetry more manifest.

In (4.3.16), apart for the overall factor cos(a/2) cos(a/2)/4, we have ¢l ; oc e(“+~+) cos(6.),
¢% o o e+ ) gin(0,). The singlet is Reg! ; oc cos(f,) cos(uy — t,), and it is a good
idea to give it a name, say x4. On the other hand, the triplet is {Im¢? , Re¢? , Im¢l }
{sin(0) sin(u4 +1t4),sin(64) cos(uy 4+t ), cos(f1) sin(uy —t4)}. If we sum their squares,

we obtain:
sin®(05.) + cos(64)*sin®(uy — t4) = 2% tan®(uy — t4) +sin®(0,) =1 —a27 . (4.3.28)

This suggests that we parameterize the triplet using the combination m Yy, where
y® should obey y,y® = 1 and can be chosen to be the ¢ = 1 spherical harmonics on S2.
What we are doing is essentially changing variables on an S, going from coordinates that
exhibit it as an S! x S! fibration over an interval to coordinates that exhibit it as an S?

fibration over an interval:

{cos(9+)ei(“+_t+),sin(9+)ei(“++t+)} — {[B+, \/J1-— xiy“} : (4.3.29)

An identical discussion can of course be given for ¢*?. Summing up, we are led to the

following definitions:

ry = cos(0y) cos(uxr —ty), sinfy = \S/T<——97+:B)i . Ve = g — Uy — by, (4.3.30)
and
Yy = (sin(ﬁi)cos(yi), sin(f+) sin(y4), COS(/B:E)) , (4.3.31)

in terms of which

. o — cos(a/2) cos(d/2) (:c+ 4 iyimaa> ,
d_ o — sin(a/2) sin(a/2) (x_ Tyt 102 0a> .

7

(4.3.32)



Going back to (4.3.27), summing the squares of all four equations we get cos?(a/2) cos?(a/2) =

sin?(a/2) sin?(&/2). Given that o and & € [0, 7], this is uniquely solved by

d=m—a. (4.3.33)
Now (4.3.27) reduces to
—r_=x,=x, -yt =yl =y~ (4.3.34)
In terms of the original parameters, this means 6, =60 _, u_ =u,,t_ =t, + 7.

The parameterization obtained in section 4.3.2 now simplifies considerably:

L. o L. :
oL = :tg sin v cos 0 " exp [— p—y; (ij+ + sin GRewi)} , (4.3.35a)
1 , 1
1= ig sin o sin @ 'Y exp |:,—0(COS ORew, + iImer)} ; (4.3.35b)
sin
1 )
V= $§(1 + cos a)e'“ D (1 4 v) [cos fRev =+ ilmv F sin fRew)] | (4.3.35¢)
1 .
¢i:¢§uiam@awmuiyﬂmwmwiumwiammmw. (4.3.35d)

We temporarily reverted here to a formulation where SU(2)g is not manifest; however, in
what follows we will almost always use the SU(2)-covariant variables z and y® introduced

above.

Geometry

We will now describe how we analyzed the higher-form parts of (4.3.7), although not in
such detail as in section 4.3.3.

The only equations that have a one-form part are (4.3.7b). From (4.3.35¢), (4.3.35d),
we see that the second summand (W, + W_)¢ is a linear combination of the forms in the
vielbein (4.3.25). The first summand consists of derivatives of the parameters we have
previously introduced. This gives three constraints on the four elements of the vielbein.
We used it to express Imv, Rew, Imw in terms of Rev;' the resulting expressions are
at this point still not particularly illuminating, and we will not give them here. These
expressions are not even manifestly SU(2)-covariant at this point; however, once one uses
them into &1 and V., one does find SU(2)-covariant forms. Just by way of example, we
have

1
(O + D)5 = —ge’3A+¢ sinaRev A d (ya sina e 70/1 — :z:2> :

1
(U_ — )¢ =y*V1 — 22sin*(a)Rev + §G_3A+¢ cosad <y°‘ sin a e 7%/1 — x2> :
(4.3.36)

5Doing so requires z # 0; the case x = 0 will be analyzed separately in section 4.3.4.
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We chose these particular 2-form and 1-form triplet combinations because they are in-
volved in the 2-form part of (4.3.7c). The result is a triplet of equations of the form
y* By + dy® N By = 0, where E; are i-forms and SU(2)g singlets. If we multiply this by
Yo, We obtain Fy = 0 (since y,dy® = 0); then also E; = 0 necessarily. The latter gives
a simple expression for Rev, the one-form among the vielbein (4.3.25) that we had not

determined yet:
oA
Rev = —

d(e*! : 4.3.37
o (e** cos a) ( )

Once this is used, the two-form equation Fy = 0 is automatically satisfied.

There are some more two-form equations from (4.3.7). The easiest is (4.3.7¢), which

gives

X

4A—¢ 1
d (6 cot a d(e** cos ) + 3—€2AV 1 —a2d <64A’¢\/1 — 22 sin a)) =0. (4.3.38a)
T

Locally, this can be solved by saying

1
xdz = "9 cot a d(e*! cos a) + 562’4\/ 1 —2%d <64A_¢\/ 1 — x2sin oz> (4.3.38Db)

for some function z. The two-form part of (4.3.7a) reads, on the other hand,

e 84d(e% cosa) A dz = d(ze* P sina) Ad(e* cosa) | . (4.3.39)

If one prefers, dz can be eliminated, giving
3sin(2a)dAAdG = dan (6dA+sin2(a) (—da® — 2(2® + 5)dA + (1 + 22%)dg) ) . (4.3.40)

We will devote the whole section 4.3.5 to analyze the PDEs (4.3.38a), (4.3.39) and we

will also exhibit two explicit solutions.

Taking the exterior derivative of (4.3.39) one sees that da A dA A dz = 0. Wedg-
ing (4.3.38a) with an appropriate one-form, one also sees dao A dA A dx = 0. Taken
together, these mean that only two among the remaining variables (o, z, A, ¢) are really

independent. For example we can take o and x to be independent, and
A= Ao, z), o =¢(a,z) . (4.3.41)

We are not done with the analysis of (4.3.7), but there will be no longer any purely
geometrical equations: the remaining content of (4.3.7) determines the fluxes, as we will
see in the next subsection. Let us then pause to notice that at this point we have already

determined the metric: three of the elements of the vielbein (4.3.25) were determined
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already at the beginning of this section in terms of Rev, and the latter was determined
in (4.3.37). This gives the metric

di? 1 in?2 1 (d dg\°
ds?—ﬂi+§q(1—x2)81n (@) ( (—p—i—ScotQ(oz)zq) +ds§2> . (4.3.42)

~ sin?(a) ¢ cosa \ 22 \ p

where the S? is spanned by the functions 2 and  introduced in (4.3.31) (namely, ds%, =
dB? + sin?(B)dv?), and we have eliminated A and ¢ in favor of

g=e*tcosa, p=e*"?sinav1 — 22 . (4.3.43)

These variables could also be used in the equations (4.3.38a), (4.3.39) above, with marginal
simplification. Notice that positivity of (4.3.42) requires |z| < 1.

Thus we have found in this section that the internal space M, is an S? fibration over

a two-dimensional space %, which we can think of as spanned by the coordinates (v, x).

Fluxes

We now turn to the three-form part of (4.3.7b). This is an SU(2)g triplet. It can be
written as y*H = PP dy? A Ey+yvolg: A By, where E; are i-forms and SU(2)y singlets.
Actually, from (4.3.38a) and (4.3.39) it follows that £, = 0; we are then left with a single
equation setting H = volgz A Ey:

1 6dA
H=——¢**"V1—-22sina |——— + 2 (1 + 2?)d(e” sin a) + sin a d(¢ + xQ)] Avolge .

9z sin «v
(4.3.44)

As expected, H is a singlet under SU(2)g.
All the four-form equations in (4.3.7¢), (4.3.7a), (4.3.7¢) turn out to be automatically

satisfied. We can then finally turn our attention to (4.3.7d), which we have ignored so

far. It gives the following expressions for the fluxes:

F, = e’ [12d4 +4e A (2? — 1d(esina) + e sinad(e (1 + 22°)) | ;
"7 6rcosa |sina ’
(4.3.452)
A0 in’(a) [36dA
Fy = ¢ V-2 (@) —— +4e M2 = T)d(e?sina) +
o4 cosa | sina
+ e*sinad(e”*(1 4+ 222))| Avolg: . (4.3.45b)
The Bianchi identities
dH=0, dFi=0, dFs+HANF =0, (4.3.46)

80



are all automatically satisfied, using of course the PDEs (4.3.38a), (4.3.39). As usual,
this statement is actually true only if one assumes that the various functions appearing
in those equations are smooth. As in [12], one can introduce sources by relaxing this
condition.

4.3.4 The case z =0

In section 4.3.3, we used the three-form part of (4.3.7b) to express Imv, Rew, Imw in
terms of Rev. This actually can only be done for x # 0: the expressions we get contain x
in the denominator, as can be seen for example in (4.3.38a). This left out the case = = 0;
we will analyze it in this section, showing that it leads to a single solution, discussed
in [48], which is exactly the abelian T-dual of the Brandhuber and Oz solution that we
have recalled in (4.1.26).

Keeping in mind that —z_ = 2, = z (from (4.3.34)), from (4.3.30) we have z =

cos(f) cos(u — t). Imposing # = 0 then means either = § or u —t = 7. Of these

two possibilities, the first does not look promising, because on the S® parameterized by
(cos(0)e’ =1 sin(6)e’u+?)) it effectively restricts us to an S*: only the function u+t is left

in the game, and indeed going further in the analysis one finds that the metric becomes
%
will now see that this possibility survives. It gives

1 T 1

_-y = —= — = — . 4.3.4
5 , 57 u=g =57 (4.3.47)

This leads to a dramatic simplification in the whole system. The one-form equations

degenerate.'® The second possibility, © —t = T, restricts us instead to an S? C S3; we

from (4.3.7b) do not involve Imv any more; we can now use them to solve for Rev, Rew,
Imw (rather than for Imv, Rew, Imw as we did in previous subsections, for « # 0). This
strategy would actually have been possible for x # 0 too, but it would have led to far
more involved expressions; for this reason we decided to isolate the x = 0 case and to
treat it separately in this subsection. We get

o= 3A+d oA oA
Rev = d(sinae*?) | Rew = 3 sinadf , Imw = 3 sin « sin Sdy .

3 cos o
(4.3.48)

We now turn to the 2-form equation in (4.3.7¢). As in the previous subsections of
this section, this can be separated into a 2-form multiplying y® and a 1-form multiplying

dy®, which have to vanish separately:
d(e®*~*Rev) =0, e?47%(3 — 4sin?(a))Rev = d(e%?sinacos ) . (4.3.49)

Hitting the second equation with d and using the first, we find sin acosada A Rev = 0,
and hence, recalling (4.3.48), to sinada A d(4A — ¢) = 0. Now, sina is not allowed

16 At the stage of (4.3.48) below, one would find Rew o Imuv.

81



to vanish because of (4.3.48) (recall that Rev, Rew, Imw are part of a vielbein); hence
da Nd(4A — ¢) = 0. This can be interpreted as saying that 44 — ¢ is a function of . On
the other hand, using (4.3.48) in the first in (4.3.49), we get d(CiAa) A d(sin aetA=?) = 0,
which shows that A = A(«), and hence also that ¢ = ¢(«). Going back to the second in
(4.3.49), it now reads

2(cos?(a) + 2)0a A + sin*(a)d,¢ = sin(2a) . (4.3.50)
Turning to (4.3.7e), its 2-form part reads
d(e**~¢Imv) = 0 = Imv = ¢~ 479 g2 (4.3.51)

for some function z. This completes (4.3.48).

Finally, (4.3.7a) gives
(d(e** cosa) + 2e * sinaRev) Almv =0 . (4.3.52)
In view of (4.3.51), the parenthesis has to vanish by itself; this leads to

4(7cos*(a) — 4)0, A + 4sin*(a) 0,6 = —sin(2a) . (4.3.53)

Notice that now (4.3.50) and (4.3.53) are two ordinary (as opposed to partial) differ-

ential equations, which can be solved explicitly:
1 C2

et = cos/a) e? = Snacosia) (4.3.54)
where ¢; are two integration constants. These are exactly the warping and dilaton pre-
sented in (4.1.26), for ¢; = 3Lm™"%, ¢, = 4/(3L*>m*?). 1t is now possible to derive the
fluxes, as we did in subsection 4.3.3 for  # 0, and check that they coincide with those
in (4.1.26). The metric can now be computed too, using the vielbein (4.3.49), (4.3.51);
it also agrees with (4.1.26) .

Notice finally that, although we have found it convenient to treat the x = 0 case
separately from the rest, it is in fact a particular case of the general treatment (although
a slightly degenerate one). Indeed one can check that (4.3.38b) is satisfied by (4.3.54);
in contrast to the general case, this does not determine a function z, but we can use
(4.3.40), where z has been eliminated, instead of (4.3.39), which contains z. Thus the
solution presented in this subsection is already an example of our general formalism. In

section 4.3.5 we will see another, more elaborate example.

4.3.5 The PDEs and the nonabelian T-dual

In section 4.3.3, we reduced the problem of finding AdSg x M, solutions to the two
PDEs (4.3.38a), (4.3.39). In this section we will recover via a simple Ansatz the known
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solution [48], originally obtained via nonabelian T-duality. (As we mentioned, one can

also see the z = 0 case as a particular solution to the PDEs.)

Many PDEs are reduced to ODEs by a separation of variables Ansatz. For our
nonlinear PDEs, this does not work. However, we will now see that a particular case

does lead to a solution, namely:
¢ = f(a) +log(z) , A= Aa) . (4.3.55)

Notice that this Ansatz restricts = to be in (0,1]. (We already observed after (4.3.42)
that || <1 in general.)

We begin by considering (4.3.38b). With (4.3.55), after a few manipulations it reduces

to

i 1
dz=d <66A_fw> — —e*d(e* T sina) +

622 3
- z (4.3.56)
+— {—ge“d(em_f sina) + e~ cot avd(e?* cos @)
x

The first line in (4.3.56) is manifestly exact, since everything is a function of « alone.
The second line is of the form = d(function(e)), and cannot be exact unless it vanishes,
which leads to

d(e** T sina) = 67 cot ad(e* cosa) . (4.3.57)

The first line in (4.3.56) then determines dz (and can be integrated to produce z). We
can now use this expression for dz in (4.3.39). Most terms in (4.3.39) actually vanish
because they involve wedges of forms proportional to da; the only one surviving is of the

form d(e%4 cos @) A dx. In other words, we are forced to take

e = cy(cosa) V0 | (4.3.58)

with ¢; an integration constant. Plugging this back into (4.3.57) we get

(cosa)~1/3
)~ (4.3.59)

Gf = C2 -
Sin- o

for ¢, another integration constant.

This is actually the solution found in [48]. To see this, one needs to identify

62A

PR (4.3.60)
r2 4 edd

where A has been introduced in (4.1.27). One can check that indeed the fluxes (4.3.44),
(4.3.45) and metric (4.3.42) give the expressions in (4.1.27). Again, we see that the metric

looks non-compact; it might be possible to find a suitable analytic continuation, with the
help of the PDEs (4.3.38a), (4.3.39) just found.
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Chapter 5

The good case: two-dimensional

Minkowski vacua

In this chapter we will describe the only known example of good case: Mink, N = (2,0)
vacua. We will see that in this case the pairing equations are not redundant but can
be written in an elegant form by imposing the additional assumption that the internal
manifold enjoys a SU(4) x SU(4) structure. Some results that we will obtain was already
at disposal in literature [18] but we will be able to extend in many respects that analysis.
We will also point out the intimate relation between the failure of the supersymmetry-
calibrations correspondence and the pairing equations, a relation already discussed in full

generality in [64].

5.1 A motivation: the supersymmetry-calibration cor-

respondence

Apart from being an example (the only known example at the moment) of good case, the
interest on Minky NV = (2,0) as also another motivation; in this section we will explain

such a reason of interest.

After the work [10], which for the first time rewrote SUSY conditions for N = 1
four-dimensional vacua in terms of GCG, a very interesting (and perhaps unexpected)
observation was done in [65]: it was found that the conditions for a Mink, vacuum,
when expressed in the pure spinors formulation, are in one-to-one correspondence with
the differential conditions satisfied by the calibration forms for all the admissible, static,
magnetic D-branes in such a background.! It is therefore natural to ask whether the

correspondence (which we will call the supersymmetry-calibrations correspondence) is

! An analogous story holds also for AdS, vacua [40].
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also valid in more general situations and can be applied in dimensions different than

four.

Motivated by this question, in [54] it was checked that the supersymmetry-calibrations
correspondence continues to hold also for Minkg vacua preserving eight real supercharges,
and this led the authors to formulate the following conjecture: the supersymmetry-
calibrations correspondence is valid for all Mink,; vacua (with d even) preserving a Weyl

spinor on the external manifold.

Specializing the discussion to the case of Minks, N = (2,0) vacua, the authors of [54]

conjectured that the conditions for unbroken supersymmetry should be

i (@ Ret) = 156> 5 A(f) |
dy (e %1hy) =0 , (5.1.1)

where dgy = d — HA and ¢, = e%mlrnir, hy = elAﬁ}rnffT are the familiar polyforms

constructed as bilinears of the internal SUSY parameters 7} and ni (which are Weyl
spinors); the upper (lower) sign is as usual for IIA (IIB). It is worth emphasizing that
the correspondence was formulated for 7} and ni being pure spinors on the internal
manifold;? this assumption implies that the structure group on the generalized tangent
bundle Ty & Ty reduces to SU(4) x SU(4).

In [18] it has been shown, by making the additional assumption that n3 and 7?2 are
proportional, that in type IIB the conjecture of [54] fails to be valid: the authors indeed
have shown that the equations (5.1.1) are not completely equivalent to supersymmetry

and that they must be completed, in this particular case, with the condition

«

T2 ﬂbI —
dH (6 mwl) 16

f, (5.1.2)
where d7? = [dg, J> -] (used for the first time in physical context in [66]), and J; is the
generalized almost complex structure associated to the pure spinor on the generalized
tangent bundle v, (further details are given in section 5.4.1). They also gave a geometrical
interpretation of this equation in terms of calibrations, motivated by the results obtained

in dimensions greater than 2.

The authors of [18] conjectured that the final result does not change by removing
the assumption of proportionality between n}r and 773, but they did not test this final
statement; however they suggested that the ten-dimensional system (3.2.4) could be useful

in order to show such a conjecture. In this chapter we will pursue such a program: we

2Contrary to what happens in lower dimensions, in eight dimensions not every Weyl (not Majorana)
spinor is pure: as reviewed in section 5.4.1 an eight-dimensional Weyl spinor is pure if and only it satisfies
an additional algebraic condition (5.4.1). From this it follows that the situation considered in [54] is not

the most general one for a Minks, N = (2,0) vacuum.
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will remove the assumption of proportionality between 1! and 77:2F and show the validity

of the results of [18] in the general case with non proportional spinors.

As a further generalization we will also show that the conditions for unbroken super-
symmetry can be recast in an elegant form every time Mg enjoys an SU(4) x SU(4)
structure, no matter whether 7} and 72 are pure or not. In other words, we will see
that the conditions for unbroken supersymmetry, and in particular the pairing equations,
take an elegant formulation if we assume that it exists a pair of pure spinors 77} and
2 (which in general will not coincide with the SUSY parameters n} and 7%). In this
way we will conclude that Minkys N = (2,0) vacua, when the internal manifold enjoys a
SU(4) x SU(4) structure, are good cases.

From the point of view of the supersymmetry-calibration correspondence we will also
show that the additional equation (5.1.2) (or its generalization (5.5.16)) is exactly in
correspondence with the pairing equations, and so we conclude that the pairing equations,
when they are not redundant, parametrize the failure of the supersymmetry-calibration

correspondence, a relation already proved in generality in [64].

5.2 Spinorial Ansatz and two-dimensional geometry

In this section we will discuss how the ten-dimensional SUSY parameters €¢; and ¢; decom-
pose in order to have an N = (2,0), Mink, vacuum, namely a configuration of the form
Minks x Mg (with Mg compact) enjoying the maximal symmetry of Mink, and where two
real supercharges are preserved. We will also describe what kind of geometrical quantities

are defined by a single Weyl (Not Majorana) spinor ¢ in two dimensions.

5.2.1 Spinorial Ansatz

Let us start by imposing the request that the ten-dimensional metric takes the form
of a Mink, vacuum and that the spinorial Ansatz gives two-dimensional N = (2,0)
supersymmetry. Exactly as we did in the precedent chapter for AdSg; solutions we

require that the metric takes the form
dsty(z,y) = €2A(y)d812\/link2 () + dsig, (y) | (5.2.1)

x# are the coordinates on Minky and y™ are the coordinates on the internal manifold

M. the warping function is A(y).

As explained in section 5.1, the supersymmetry-calibration correspondence requires
that the Mink, vacuum preserves 2%? supercharges (with d even). For this reason we look

for a vacuum which preserves 2 real supercharges in two dimensions and such a number
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of supercharges is given by a two-dimensional, complex, Weyl spinor ¢. For this reason

the ten-dimensional SUSY parameters €; and €5 take the form

€1 = Cn-lt,- + Ccﬁil ;
€ = (N3 + (e (5.2.2)

where as usual the upper sign is for IIA, the lower for IIB. ¢ denotes a Weyl spinor (of
positive chirality) in two dimensions and 7%, are two Weyl spinors on Mjg.? Since we are
not imposing also a Majorana condition on ¢ (recall that in two Lorentzian dimensions
Majorana-Weyl spinors can be defined) we see that ¢ defines two real supercharges in two
dimensions and (5.2.1) is an N = (2,0) vacuum. Similarly to (5.2.2), the ten-dimensional

gamma matrices I'y; decompose as
FM = eA’YM ®1, L, = ’7(2) & Ym (523)

where v, and ,, are the real two-dimensional and eight-dimensional gamma matrices

respectively, and ¥ is the chiral operator in two dimensions. M goes from 0 to 9.

To have a vacuum solution we need that the external spinor ( satisfies a Killing spinor

equation, that for a Minkowski vacuum simply requires that ( is constant

D=0 (5.2.4)

5.2.2 Geometry defined by two-dimensional spinors

Given the spinorial Ansatz (5.2.2) we want now to develop what kind of geometrical
quantities can be defined using ¢ and (°.

Given ¢ of positive chirality we can introduce the barred spinor { = (v, and a
straightforward calculation shows that it has negative chirality. We can now define the

bilinears ¢ ® ¢ and ¢ ® (¢ obtaining a couple of one-forms (or vectors), z, and a,,:

_ 1.
C® C = 5(”)/#{7“ = Zudl'“ s
_ 1_
C@C = 506" = auda ; (5.2.5)

our aim is now to understand the geometrical properties of both.

To start with, z and a are null: a simple Fierz computation gives

22¢ = (¢ = ¢, =0, (5.2.6)

3We will work with real gamma matrices both in Minks and in Ms; such a basis in eight dimensions

can be defined in terms of octonions [67]. Therefore the Majorana conjugates (¢ and 75’ are just the

naive conjugates (¢)* and (n%)*.
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where we used the well-known relation v*Cyy, = (d — 2k)C). From (5.2.6) it follows
2?2 = 0 and an identical computation shows that also a is null. Moreover z and a are

proportional since we have

2C=0, (5.2.7)

as an obvious consequence of (5.2.6); recalling the formula v*Cy = (dz* A +9"*"1,)Ck,

(5.2.7) can be rephrased as

zNa=za=0, (5.2.8)
telling us that a is proportional to z
a=g(x)z . (5.2.9)
Finally, recalling that in two Lorentzian dimensions we have the identification
A O, = % AC | (5.2.10)

relating the action from the left of the chiral operator to the Hodge dual operator, we

conclude that both z and a are self-duals
ko 2 = 2, kol = @ . (5.2.11)

We can also determine the reality properties of these vectors. Evaluating the expres-
sion 7°(¢¢)y° (and the analogous one including ((¢) one deduces that z is real and a is

complex.

To conclude this section we note that z and a are d-closed: indeed the external

differential acts on a bispinor of odd degree as

dz = d(cQ) = 5 [, Ducd] (5.2.12)

and using (5.2.4) one obtains

dz=da=0. (5.2.13)

5.3 Supersymmetry conditions: general discussion

In this section we will specialize the system (3.2.4) to describe two-dimensional N =
(2,0) vacua obtaining a set of conditions for these particular backgrounds. The pairing
equations will look a bit scary at first sight but in the next sections we will see that the

situation is completely different when Mg enjoys a SU(4) x SU(4) structure.
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5.3.1 Factorization

As explained in section 5.2 we will consider backgrounds with a metric of the form (5.2.1)
and with a spinorial Ansatz like (5.2.2), we will also impose that our configuration is a

vacuum, i.e. that the maximal symmetry of Mink, is preserved by all the fields.

Given the spinorial Ansatz (5.2.2) we can immediately compute the polyform ¢ (equa-
tion (3.2.2))

= F((CO) ) + (O m'ni) + c.c.)
= F2Re (eAz Ay + ea A ¢2) ) (5.3.1)

where the decomposition (5.2.3) of the ten-dimensional gamma matrices is used. In
(5.3.1) z and @ are the two-dimensional vectors defined in (5.2.5), whereas with ¢; and

1o we denote the eight-dimensional bilinears

U = Uin? ) Uy = nin? : (5.3.2)

Notice that, since not every eight-dimensional Weyl spinor 7, is pure, 1); and 1), are not
in general pure spinors on the generalized eight-dimensional tangent bundle 75 @ 7§ and
so in general they do not induce a reduction of the structure group to SU(4) x SU(4).

Further details about this point will be presented in section 5.4.

We need also the vectors K and K appearing in (3.2.1). To this end we start by

computing K, obtaining

32K, = e A[az|nk|? + 2a(nt ) +ec] . |IAIP=aint . (b)) = (linh)
(5.3.3)

notice that ||n}||* is real, and (n3)? is complex. If we now impose®

P =217, i) =(2)*, (5.3.4)

we see that K5 takes exactly the same expression of K. Therefore we conclude that K
and K are 4

K= Sl I + Re(a( ) . K =0. (535)
It remains to consider the factorization of the fluxes and of the NSNS three-form H.
Exactly as we did in Chapter 4 the requirement of maximal symmetry in two dimen-

sions imposes that all these fields (and also the dilaton) do not depend on the external

4When My is compact a famous no-go theorem requires the presence of sources with negative tension
like orientifold planes [68], [69]. The requirement that such orientifolds be supersymmetric imposes the
conditions (5.3.4) that therefore has to be considered as a necessary condition and not as an assumption
[56].
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coordinates x*. Moreover the indices structure of them must be of the form

H = Ho+ H ,
F=F+F = f+e*voly A xs\(f) (5.3.6)

where the indices indicate the number of external components, f is an internal polyform
and the self-duality of F' (equation (2.1.9)) is used. We can now move to discuss the

system of equations (3.2.4) for these particular vacua.

5.3.2 Symmetry equations

To begin we consider the symmetry equations, i.e. the equations (3.2.4a). The first
equation require that K would be a Killing vector, however K takes the expression
(5.3.5) and we already know that z and a are Killing vectors by construction (they are
constant), therefore we obtain the constraints

14 11? = ae®

(nL)* = (B+id)e? (5.3.7)
where «,  and ¢ are real constants. Moving to the second equation in (3.2.4a) it is
straightforward to see (using (5.3.5)) that this equation implies

Hy =0, (5.3.8)

therefore in the following we will write H to simply indicate Hy.

5.3.3 Exterior equation

We turn now to discuss the exterior equation (3.2.4b). We start by evaluating the r.h.s.
in (3.2.4b); it reads

(R A+1)F = %(a + BRe(g) — 6Tm(g))e2= A +sA(f) | (5.3.9)

where we used (5.3.5), (5.3.6), (5.3.7), (5.2.9), the self-duality of z and the relation (valid
for any d even)
* A(dxH'N) = —1 % X (5.3.10)

Therefore, using the expression (5.3.1) for the polyform ®, equation (3.2.4b) becomes

di (e’ ’Re(z Ay +a A hy)) = $1—16(a + BRe(g) — 6Im(g))e* 2 A xsA(f) ,  (5.3.11)

that can be decomposed in the couple of equations

dr (e *Rety) = i%em ss A(f)
dp(eP1,) = iﬁ%éem x5 A(f) . (5.3.12)



5.3.4 Pairing equations

It remains to consider the pairing equations (3.2.4c) and (3.2.4d). We will present the
computation only for (3.2.4c) since (3.2.4d) is completely parallel. The first part of
the analysis will be very similar to the corresponding one presented in [11] for four-

dimensional vacua and therefore we will be brief.

To start with, we have to choose the vectors e;; and e, 5. Since we have K1 = Ky = K
we can take e;; = e;9 = ey as well, moreover we take e, purely external as K and the
— —
action of the gamma matrices 74 and 7 takes the form

—

7+: eley Ate ey, Yy (=) =ede, A —e el . (5.3.13)

Now we can compute the various terms appearing in (3.2.4c): since e, is purely
external the term containing d'(e=2%e, ) vanishes, moreover the term dy (e ?®-e,) can
be massaged using

& de —A ~
{d, Y+ (=) g} =e "0y +dAN T4 . (5.3.14)

Summarizing, (3.2.4c¢) becomes
(V4 @y, TMN[dA Ny e %@ —2f]) =0, (5.3.15)

where we used (2.1.9) and (5.3.6).

We have now to evaluate (5.3.15) for the various possible choices of the indices M and
N. It is straightforward to see that for M and N both internal or external the equation
reduces to an identity and so it has no content. Therefore the only non trivial equations
come when we have M = m and N = pu. We start by computing the factor
1 — m
= 2074 @y, TN ) = ke T frien (5.3.16)
where we used the identity
_ \deg®

(7+1'(I)'7+2,C) D

that can be found in [11]. Using now the equations (5.2.2) and (5.2.3), we can further

€1’7+1C’Y+2€2 s (5317)

massage (5.3.16) obtaining

m 1 ~ m ~ c m c
= 2(4 - @y, T ) = o (Cry 1™ i + Cray™ v o™ i + ce.)
(5.3.18)

where the reality of the gamma matrices v and v* was used.

A similar treatment can be reserved to the other term in (5.3.15) which finally takes

the form

e—®

4

e (4 @y, TTH[dANY ®)) = £—— ({yr 14 C iy O AR +Cr ey 14 (o iy " O AnE +c.c.

(5.3.19)
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To proceed further we observe that the four-dimensional bilinears take the form
Cravt s o e,
Crayi ¢ o gelp (5.3.20)

therefore, requiring that (5.3.15) has a solution which is independent from ¢, we conclude

that (5.3.18) and (5.3.19) give rise to the following equations

Re(4ny"0An} + e®nify™ fm2) =0,
Ay AAnE £ eniiym 2 =0, (5.3.21)

that can be recast in a more familiar fashion

g
ReTr ninf’ym 48AH;2—|3|F2 +ef =0,
:F

1le,,2ct
c, 1f . m nyn
Tr (77:21: iy <4aA—| ’jﬁjz +e? f>> =0, (5.3.22)

or, in terms of the six-dimensional Chevalley-Mukai pairing, as
Re(y™ 1, dA A1 F G as A()) = 0,
(Y™bay dA Ay T %WA s A(f)) = 0. (5.3.23)
Finally, equation (3.2.4d) can be treated in the same way and the final result is
Re(t™ dA A1 F S ag A()) = 0,

(o™ dAN Y F %ed’“ s A(f)) = 0. (5.3.24)

5.3.5 Summary

We have rewritten the conditions for unbroken supersymmetry (equations (3.2.4)) for a
Minks, (2,0) vacuum solution. The resulting system of equations is given by (5.3.7),
(5.3.8), (5.3.12), (5.3.23) and (5.3.24). Unfortunately equations (5.3.23) and (5.3.24) are
not as elegant as (5.3.12) and this is a typical feature of the system (3.2.4). However we
will see that, assuming that the structure group of Mg is SU(4) x SU(4), the pairing

equations can be recast in a concise and elegant form.

5.4 Supersymmetry conditions: the pure case

In this section we will see (motivated by the results found in [18]) how SUSY conditions

can be rewritten in a compact form if we make the assumption that the internal spinors
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n} and ni are pure.” In this case it is possible to show that the structure group of the
generalized tangent bundle Ty & Ty reduces to SU(4) x SU(4) and this allows a better
formulation of the pairing equations. The equations that we will find are already present
in [18] but, contrary to that work, we will not assume that the two spinors 7} and 7]:2F are
proportional (notice that such an assumption can be done in Type IIB only). Therefore
our results in this section can be seen as the extension from the strict SU(4) case (treated

in [18]) to the SU(4) x SU(4) case.

5.4.1 Pure spinors and generalized Hodge diamonds

To pursue our goal we need some further technical elements concerning GCG and pure
spinors on the generalized tangent bundle. For this reason we will devote this subsection
to develop such elements and to recall what the purity condition on eight-dimensional
spinors implies and what geometrical structures can be defined on Mg when 7} and n?F

are pure.

Contrary to what happens in lower dimensions, in eight dimensions Weyl spinors are
not necessarily pure, as shown by a simple counting argument: in eight dimensions the
space of pure spinors has real dimension 14 whereas the space of Weyl spinors has real
dimension 16. More explicitly, a given eight-dimensional Weyl spinor of (say) positive

chirality 7, is pure if and only if it satisfies the additional algebraic condition

n'ne =0. (5.4.1)

Notice that a Majorana-Weyl spinor cannot be pure. In this section we will suppose that

both 7} and 72 satisfy (5.4.1) and hence that they are pure.

Ley us now review how some basic facts already explained in section 3.1 gets translated
in eight dimensions. A pure spinor in eight dimensions implies that the structure group
on the tangent bundle gets reduced to SU(4). This is equivalent to saying that on the
manifold a real two-form J and a (4, 0)-form (with respect to the almost complex structure
defined by J) called  can be defined and they satisfy

1.1,

Having introduced J we can reformulate the purity condition of n, by saying that it
is annihilated by the gamma matrices holomorphic with respect to the almost complex
structure defined by J.

When we introduce a second spinor 77% it is useful to consider the generalized tangent
bundle T'@ T*, since in this enlarged space the structure group is always SU(4) x SU(4).

®Recall that a spinor is said to be pure if it is annihilated by exactly half of the gamma matrices.
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On T & T* we can define a CI(8,8) algebra, with the corresponding gamma matrices
given by
La={0iw,...,0s,dz'A, ... da°N} (5.4.3)

and with spinors simply given by the differential forms of all degrees. On T'® T it is
then convenient to define the bilinears 1 and 1y as in (5.3.2) and, thanks to the purity
of 7} and 7%, we are sure that they are pure with respects to the C1(8,8) algebra defined
in (5.4.3).

Until now our discussion has been just a rephrasing in eight dimensions of the concepts
explained in section 3.1. As anticipated, to rewrite the pairing equations (5.3.23) and

(5.3.24) in an elegant form we need new technical tools, that we now turn to describe.

We have seen that, given a pure spinor 7, on the ordinary tangent bundle, one can
associate an almost complex structure I™ ,,, which is simply related to the two-form J
by the relation ¢ = —JI, and that is an operator I : T — T such that [? = —1. A
very similar concepts exists for generalized pure spinors: given a pure spinor 1; on the
generalized tangent bundle one can associate a generalized almost complex structure J;
(GACS), i.e. an operator J; : T ®T* — T & T* such that J? = —1; the relation between
; and J; is given by the requirement that the i-eigenbundle of J; coincides with the
annihilator of ;. Notice that, since the pure spinors 1* are polyforms, it is well defined
the action of J; - 9" on them.

Finally, it can be shown that the compatibility relations (analogous to (3.1.17) but in
eight dimensions) between two bispinors ¢ and 12, constructed as bilinears of 7} and n?F,

can be translated in terms of the corresponding GACSs by requiring that they commute.

To rewrite the pairing equations (5.3.23) and (5.3.24) in an elegant form we need to
introduce an appropriate basis for the differential forms on Mg. To this end it is useful
to consider the so-called generalized Hodge diamond, which constitutes a basis for the
differential forms of any degrees constructed starting from 1, and 1. We can represent

this basis as follows:

(0
P1y" Yy
w17i2j2 ")/il ¢1fyi2 7i1j1 ¢1

L (7 e L 1t (L
¢2 ] 71’11/}2,)/1'2 7?1]’17#171'2]'2 B 7i1¢2,}/i2 ¢2 (544)
Y1 ahy Y ghy 2 YR hoy®

S Yy ™ 1y
Vi ry®
U
where the action of the gamma matrices on v; is obviously obtained from the same action
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on the spinors 7’

This basis has the property of being orthogonal: every form has vanishing Chevalley-
Mukai pairing with every form in the diamond, except with the ones symmetric with
respect to the central point. So for example v, has non vanishing pairing only with /1,
Y17 only with ¢;7” and so on. Another important technical property of this basis is
that its entries are eigenfunctions for the action of (J; -, 7>+ ) corresponding to 1; and

1o, and also for the operator xg\. More explicitly, the eigenvalues for all these operators

(44,0) 4
(s Zes) gty (312 WA
(2i,2)  (2i,0) (20, —2i) -+
0,3) (i) (i,—) (i, —30) Lo L
(0,4))  (0,2)  (0,0) (0,=2i) (0,—4i) 4+ — 4+ — 4+ (545)
<_i7 31) (_iv i) <_i7 _i) (—i, _31) - + - -+
(—2i,2i)  (=2i,0)  (—2i, —2i) -+
(=3i,4)  (=3i, i) _
(_4ia0) +

5.4.2 Rewriting SUSY conditions in the pure case

We have now all the instruments necessary to massage the system of equations found in

section 5.3 with the assumption that 7} and 7]?F are pure.

First of all, to stay closer to the results of [18], we perform the following redefinitions:

1 1
vr=—mind = it (5.4.6)

Next we move to the symmetry equations (5.3.7): it is straightforward to see that the

second equation implies

B=6§=0, (5.4.7)

since 7} and 77?? are pure. Therefore we can interpret the geometrical role of g and
0 as parametrizing the departure from the purity condition. We will discuss this last

statement in a more geometrical language in section 5.5.

Moving to the exterior equations (5.3.12), taking into account the redefinition (5.4.6)

and the vanishing of g and ¢, they become

dp (XA Rehy) = i%em s A(f) |

di(*=%py) =0 . (5.4.8)
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It remains to consider the pairing equations. To start with we see that, using the
orthogonality of the generalized Hodge diamond, the second equation in (5.3.23) can be
simplified

(Y42, f) =0, (5.4.9)
and analogously the second equation in (5.3.24) becomes

(B, ) = 0. (5.4.10)

Collecting the results we have the following expression for the pairing equations®

( lel,dA/\wl:Fge *g )\(f)) =0,
(

Vi, f) =0,
( ’y” dA/\wliFge *8)\(]”)):0,
(Do, f) = (5.4.11)

By a direct computation, using the properties contained in (5.4.5), it can be shown

that the equations in (5.4.11) are equivalent to the single equation

+ 2 (5.4.12)

J2( ,—¢ —
dy7 (e~ “Imyy) 16

where dy? = [dg, J»>-]. The equivalence between (5.4.11) and (5.4.12) is in appendix C.

5.4.3 Summary

Let us summarize the results of this section. We have shown that, assuming the purity
of the spinorial parameters 7} and 7]:2F, SUSY equations can be reformulated in terms of

three conditions

di(e*A%Rety) = £2e* g A(f) |
d(e2A=94y) = 0, (5.4.13)
% (e~ ¢Tmyy) = 2 f .

These equations were already found in [18] under the simplifying hypothesis of strict
SU(4) structure (and so only Type IIB theory was considered in that work). Therefore
we have shown in this section that the results of [18] can be extended to the more general
situation in which the SUSY parameters are not proportional, and this allows to treat

Type IIA and Type IIB on the same footing.

6Notice that we have removed the real part in front of the first equations in (5.3.23) and (5.3.24).
This is due to the fact that now the holomorphic (or anti-holomorphic) gamma matrices appear.
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Our result is in perfect agreement with the results of [64]: in that work it is shown
that the calibrations issues involve only the symmetry equations (3.2.4a) and the exterior
equation (3.2.4b). On the other hand the pairing equations (3.2.4c) and (3.2.4d) have
no counterpart in the calibrations recipe and indeed we find that the additional equation
(5.4.12) is given exactly by the pairing equations.

Of course it would be interesting to look for a generalization of the supersymmetry-
calibrations correspondence which takes into account the pairing equations. Obtaining
such a correspondence could give a more geometrical understanding of the pairing equa-

tions and perhaps a better formulation for them.

5.5 Beyond the pure case

In this section we will remove the hypothesis that n} and 77:2F are pure spinors on Ms.
Nevertheless we will assume that a pair of pure spinors 7} and ﬁ?F on Mg exists. In other
words we will assume that the structure group of the generalized tangent bundle on Mg
is still SU(4) x SU(4) but the SUSY parameters n} and 7% are not the spinors realizing
the reduction of the structure group. It will become clear in section 5.5.1 that, at least
locally, given a Weyl spinor 7 one can always obtain a corresponding pure spinor 7, by
simply taking its real and imaginary parts and by rescaling them; however globally some
obstructions can occur. In this section we will assume that such global obstructions do

not occur and that we can find a pair of globally defined pure spinors.

5.5.1 Parametrization of non-pure spinors

Given the assumption that a pair of pure spinors on Mg exists we want to determine a

parametrization of !} and 77:2F in terms of the pure spinors 77} and f]?F.

To this end we start by recalling that a Weyl spinor (not Majorana) n” can be written

in terms of two Majorana-Weyl spinors x; and y» as follows

n=x1+ixz . (5.5.1)

(5.5.1) gives us a simple geometrical interpretation of the purity condition (5.4.1) as an
orthonormality property of the spinors x; and y»: indeed it is straightforward to see that
7 is pure if and only if x; and y, satisfy

XiX1=XoX2 s Xix2=0. (5.5.2)

In other words, a Weyl spinor 7 is pure if and only if its Majorana-Weyl components 1

and xo have the same norms (the first condition in (5.5.2)) and they are orthogonal (the

"We have not written the chirality of 1 since the discussion does not depend on it.
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second condition in (5.5.2)). On the other hand, we see that the obstacles to the purity

of n are given by a difference in the norms of x; and x» or if they are not orthogonal.

To proceed, suppose that we have, beyond the non-pure spinor 7, a pure spinor 7
with the same chirality and with components y; and Y». For future convenience we take
the norms of ¥; and ¥, to be equal to eA®) (where A(y) is of course the warping factor

appearing in (5.2.1))
XX = Xoxe =AW = ] = 2e4W) (5.5.3)

we also apply a rotation to 7 in order to put y; along x;. A pictorial description of this
construction is given in figure 5.1 which shows that 1 can be parametrized in terms of 7

(and its complex conjugate) via the formula
2n = (A +iBie” )i+ (A1 + iB )i (5.5.4)
where the real quantities A; and B; are given by

IXixa
Ar = cAly)

(5.5.5)

and #; parametrizes the angle between y; and y».

As a check of the validity of this parametrization notice that 7 is a pure spinor of
fixed norm, hence it has 13 real components; on the other hand A;, B; and 6, are real
coefficients. This gives us a total of 16 real components for 1 which is correct for a Weyl
non-pure spinor on Mg. We note also that in the pure limit we have A; = By and 0; = 7

for a total of 14 real components as it should.

These considerations can be applied to the SUSY parameters 7} and 72 which in

terms of the pure spinors 77} and ﬁ?F read

20, = erny + iy

2% = e + eafiy (5.5.6)
where
C1 = Al + iB1€_i91 s Co = Al + iBleiel s
C3 = AQ + iBQBin y Cqy = AQ + iBQ@wQ s (557)

we will see in a moment that all these coefficients are constant on Mg. Thanks to the
parametrization (5.5.6) we can now massage the conditions for unbroken supersymmetry
deduced in section 5.3.
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Figure 5.1: A pictorial description of the parametrization (5.5.4). The Majorana-Weyl
components of the non-pure spinor 7 are y; and Y»; they can be represented as a couple of
vectors with different norms and forming an angle #;. On the other hand the Majorana-
Weyl components of the pure spinor 7 are given by x; and Y»; they have the same norm

YiX1 = ¥oXe = @ and they are orthogonal. A; and B; appearing in (5.5.4) are given

t t
— X1X1 _ X2X2
by A = \/ ez‘%(y)’ B, = \/ 63@)-

5.5.2 Symmetry equations

We start by massaging the symmetry equations that we already wrote in full generality
in (5.3.7). Putting (5.5.6) in (5.3.7) and using the assumption that |71 || = [|72||* = 24

we obtain, after some manipulations, the equations

ﬁ—l—’ié:ClCQ, B+i520304,
200 = |c1 > + |eo|? 200 = |es)? + |es]? (5.5.8)

If we recall the definitions of the coefficients ¢; given in (5.5.7), we see that (5.5.8) leads

to
o = AiQ + BiZ s B = AiQ - Big s 0= 2A1,2B172 COS 0172 s (559)

which clarifies the geometrical interpretation of g and ¢: they express the departure from
the purity condition, § parametrizes a difference in the norms of the Majorana-Weyl

components, d keeps into account a lacking of orthogonality.

As an immediate consequence of (5.5.9) we see that ¢; = ¢3, ¢o = ¢4 and, more

important, that they are constant as promised. We therefore rewrite (5.5.6) as

2 = a1fly + el

22 = a1ffs + ey . (5.5.10)
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5.5.3 Exterior equations

Let us now consider the exterior equations (5.3.12). Having introduced the pure spinors 73

ot Ot

and ﬁi we can use the parametrization (5.5.10) to deduce an analogous parametrization
of the bilinears ¢, and 1), in terms of the pure spinors ¢; and ¢, constructed from 7
and 7%

Y1 = UC1|21;1 + |eaP1 + cr8tfa + 51621/;2] ;

Yo =

g N

[exca(thy + 1) + iy + i) (5.5.11)

in the pure limit we have 1); = A2, and v, = A%, as it should. (5.5.11) can be put
into (5.3.12) that becomes

2ccdpy (eQA"z’RezZl) + c1Codp (62‘4"151;2) + ¢1codpy (eQA"z’z/:JQ) = i%e“ ks A(f)

~ ~ = c1c
2cicodpr (€247 Reth) + dpr (€247 %) + 3dp (€24 %4hs) = i%em xs AM(f), (5.5.12)

where we used 2a = |c1|? + |co|?. At first sight these equations are not as pleasant as one
might wish however, by simply expressing the coefficients ¢, ¢o and « in terms of Ay, B
and 60 as in (5.5.7) and (5.5.9), and by separating the real and the imaginary part in the
second equation in (5.5.12), it can be shown with some simple manipulations that they

are equivalent to

dH(e2A_¢Re@/~)1) = :I:%em xs A(f)
dy (€247 %1y) =0 . (5.5.13)

Rewritten in this form the geometrical content of these equations is much more trans-
parent: apart from the trivial redefinition ¢, — %1;1 we see that (5.5.13) take ezactly
the same form of the equations (5.4.8) which are valid in the pure case. In other words,
we have deduced that, given the assumption that the structure group on Ty @ T3 is
SU(4) x SU(4), the exterior equations, when expressed in terms of pure spinors on the
generalized tangent bundle, take always the same form, no matter whether the spinorial
parameters 7} and ni are pure or not. It is possible that a better understanding of such

a behaviour can be obtained from the calibrations perspective.

5.5.4 Pairing equations

It remains to massage the pairing equations that, as usual, are much more intricate
than the others. The strategy can be easily described: as we have seen in section 5.4

and in appendix C, generalized complex geometry (and in particular the generalized
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Hodge diamond (5.4.4) and its properties (5.4.5)) gives us a way to rewrite the pairing
equations in a fancy form when 7} and 77:2F are pure. It is therefore conceivable that a
similar simplification arises also in the non-pure case, thanks to the generalized Hodge

diamond constructed from 2/;1 and 1;2.

Given the strategy just described we show in appendix D that the pairing equations

(5.3.23), (5.3.24) can be rewritten in terms of the pure spinors 1, and 1), as®

(")/h?/:}l, dA N ?;1 F ie‘ﬁ *g )\(f)) =0,

- -1
(17", dAN YL F 76”55 A(f)) =0, (5.5.14a)
and
= ce? , . = dA - 4
(Y142, %A (f)) F T(’Y“%, -/ o) = Fw™
= 8ce? = . dA - ,
(27 4 A () F = (U™, = A dhy) = £0™ (5.5.14D)
where we defined
0 _(b+2a)de* ;=
W = :F 20éé ( wla *8)\(][.)) 5
, b+ 2a)de* -~ .
o= :F%(wwu, xsA(f)) (5.5.15)

and the quantities b, ¢, d, e are defined in (D.0.2). We note that, apart from the triv-
ial redefinition 1)y — %zﬂl already noted after (5.5.13), (5.5.14a) again reproduces the
corresponding ones valid in the pure case (first and third equations in (5.4.11)), on the
other hand (5.5.14b) are similar to the pure case (second and fourth equations in (5.4.11))
but contain additional deformation pieces (that of course vanish in the pure limit). It is
therefore natural to look for a formulation of (5.5.14) which is similar to (5.4.12), and
indeed, using the same techniques of appendix C, we can recast (5.5.14) as

2ze? - - - =
ff ss A(dAAT)) +Re (714900, ) —Re(427267,) , (5.5.16)

p ~ 1
df? (e Iy ) = tof- Re(
where we introduced

~ i I, 7 \—1 i ~ a7 T —1 i
wgl = 6%1‘7'1 (7111/}27 711¢2) 5Z1i1w ! ) 072 = 552‘7'2 (¢27327 ¢2712) 5Z2i20- ? . (5517)

8The indices i; and iy should be intended as 51, Eg, meaning that we are taking holomorphic indices
with respect to the almost complex structures defined by the pure spinors 771+ and ﬁ?F respectively.

However we will use the notations 47 and 75 just for simplicity.
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5.5.5 Summary

Summarizing the results of this section, we have removed the purity condition (5.4.1) on
the spinorial parameters. Nevertheless we have assumed that a couple of pure spinors 7}
and ﬁft on My exists and in this way we have obtained the parametrization (5.5.6). The
conditions for unbroken supersymmetry enforce the coefficients of this parametrization
to be constant on Mg. Moreover we have shown that the exterior equations (5.3.12),
when rewritten in terms of the pure spinors 751 and 7;2, take exactly the same form of the
pure case (5.4.8). On the other hand the pairing equations (3.2.4¢), (3.2.4d) are different
but nevertheless can be recast in an elegant form (5.5.16) which can be interpreted as a

deformation of (5.4.12) valid in the non-pure case. The final system of equations is

di(e*ARety) = :I:%GZA xg A(f)
dH(€2A_¢1z2) =0,
dyf (e7lmin) = £§f — Re(25 # MdA A4n)) + Re(y714as,) — Re(427763,) |

[0}

(5.5.18)

where the quantities &;, and 67, are defined in (5.5.17).

1
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Chapter 6

The ugly case: four-dimensional
N = 2 backgrounds

In this chapter we will describe an example of ugly case by considering the conditions
for unbroken supersymmetry for a four-dimensional reduction of type Il supergravity
with a spinorial ansatz including two external, four-dimensional, spinors. In other words,
we will consider backgrounds that can be seen as solutions of N = 2 four-dimensional
supergravity. By considering an analogous system of equations for four-dimensional N =
2 supergravity we will map the ten-dimensional equations to the corresponding four
dimensional ones. We will see that the ten-dimensional system has more equations than
the four-dimensional one and such equations can be interpreted as obstructions to the
possibility of lifting a four-dimensional solution to ten-dimension. As just explained this
is an example of ugly case: the pairing equations in this case are not redundant, they carry
additional information but unfortunately they cannot be written in a fancy way. On the
other hand we will discover that they suggest a G-structure system for four-dimensional

N = 2 solutions without making any Ansatz on the form of the solution.

6.1 A motivation: lifting of four-dimensional solu-

tions

It is well known that there is no guarantee that supergravity theories in dimensions lower
than ten make sense as quantum theories. Indeed usually supersymmetry is not sufficient
to eliminate the ultraviolet divergences that typically arise in gravity theories.! However
in many cases, for AdS/CFT correspondence applications for example, it would be very

important to know if a certain supersymmetric solution of a lower dimensional super-

IPerhaps a notably exception is given by four-dimensional N = 8 supergravity
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gravity theory can be extended to a solution of a “quantum” supergravity theory. On the
other hand, ten-dimensional type II supergravities, and eleven dimensional supergravity
too, are usually considered as “good” quantum supergravity theories since they can be
embedded in string theory (or M-theory).

Many lower-dimensional supergravity actions can be seen as the product of a re-
duction procedure from ten-dimensional supergravity action. However, to understand
whether a particular solution, found in four-dimensional N = 2 supergravity, can be em-
bedded in ten-dimensions or not, the reduction procedure is not the best way to proceed:
sometimes the reduced action misses important subtleties and the truncation of modes
that defines it is often “non-consistent”, in that it misses some equations of motion of
the ten-dimensional action. This means that lifting a solution to ten dimensions is not
guaranteed to work. For “vacuum” solutions (namely those of the type Mink, x Mg or
AdS, x Mg) experience shows that it is sometimes faster to look for solutions directly in

ten dimensions.

Let us be more precise by recalling a typical example of reduction from ten to four
dimensions: as is well known, reducing type II on a Calabi-Yau yields ungauged N = 2
supergravity; internal fluxes then correspond to gauging the theory (see for example
[70-72]). The G-structure approach suggests that this might be true more generally for
SU(3) x SU(3) structure manifolds [73]. This has been argued for by proceeding in two
steps [74,75]: first, the ten-dimensional theory is formally rewritten as a four-dimensional
action; second, one truncates to a finite set of internal forms. Already in the first step,
one needs to set to zero certain modes that would in principle lead to additional gravitino
fields, beyond the two one expects for an N = 2 theory; these are best avoided because
they would lead to null states without a gauge invariance to gauge them away. This in
turn leads to setting to zero also some internal RR fluxes, associated to the “edge of the
Hodge diamond” (in the Calabi—Yau case they would correspond to cohomologies like
h*0. h*0). In the second step, finding an appropriate set of internal forms is in general
challenging [76], although it can be done on coset manifolds [77,78].

In this Chapter, we present an alternative approach to lifting four-dimensional BPS

solutions to ten dimensions. We consider ten-dimensional type II theories on fibrations
ds}y = dsi(x) + dsi(z,y) (6.1.1)

the metric on the internal six-dimensional space My (with coordinates y™) is allowed

to depend on the coordinates x* of the spacetime M, (corresponding to varying scalars

in four dimensions);* a natural Ansatz is made for the supersymmetry parameters. We

2The fibration is assumed to be topologically trivial; for this reason, we need not introduce connection
terms in (6.1.1), and we can work in the gauge g, = 0 (for which there is no obstruction, since the

fibration is trivial). In many applications M, is homeomorphic to R%, and the fibration is automatically
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organize the ten-dimensional supersymmetry equations in such a way as to resemble
the supersymmetry equations one gets in a four-dimensional N = 2 supergravity. The
system includes some equations corresponding to multiplets one usually throws away in
reductions to gauged supergravity. These additional equations which are not present in
the four-dimensional system can be seen as an obstruction to the possibility of lifting

solutions from four dimensions to ten.

In our approach, we avoid completely the truncation problem, since we are just rewrit-
ing the supersymmetry equations in four-dimensional language. We also avoid the grav-
itino problem: we are not attempting to write an action, but simply rewriting the su-
persymmetry equations. And indeed we get some equations that appear to be formally
associated to the extra gravitinos, and some associated to the “edge of the diamond”

vector multiplets which are usually set to zero (sections 6.5.6 and 6.5.7 below).

In the next sections we will describe how such an alternative approach to the problem

of lifting solutions from four dimensions to ten dimensions can be applied in concrete.

6.2 (Geometry of four-dimensional spinors

We begin by reviewing some facts about the geometry defined by four-dimensional spinors.
In particular, in section 6.2.4 we show which exterior differentials ((6.2.32) below) are
equivalent to the covariant derivatives of two spinors in the timelike case (to be defined
in section 6.2.2). This result will be useful both for section 6.3, where we consider four-
dimensional N = 2 supergravity, and in section 6.5 where we consider type Il supergravity.

The general case, beyond the timelike assumption, will be considered in section 6.6.

6.2.1 One spinor

Let us consider a single four-dimensional spinor (, of positive chirality. Most of this
material was reviewed in [11] and [79].
It will be convenient to work with real gamma matrices. In this basis, the Majorana

conjugate of (, is simply the naive conjugate ((,)* = (_. If we also introduce barred

spinors (4 = CI:")/O, we can also define form bilinears; in particular, a one-form (or vector)

topologically trivial. On the other hand, in other cases (such as in presence of black holes, as we will see
shortly) spacetime does have nontrivial topological features, and the fibration may be non-trivial. It is
outlined in [20] how our results would be changed in presence of such a non-trivial fibration.

(6.1.1) also sets to zero the so-called warping function A, an overall function of the internal coordinates
4™ which in this context is not particularly natural; this complication could be easily added to our
formalism. For similar reasons, the dilaton ¢ will be taken to depend on the spacetime coordinates, but

not on the internal directions.
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k and a two-form w. This can be summarized by saying®

(R =k+ixk, (R =w. (6.2.1)
It also follows that xw = iw.
By Fierzing we can see

which implies that k% = 0. (6.2.2) also implies that [k, ¢, ® (_] = 0, which translated

into forms reads k A w = 0. This means in turn that there exists a w such that
w=kANw, (6.2.3)
where w is a complex one-form, which also annihilates (. Since we now have
k¢, =w( =0, (6.2.4)

(y is annihilated by two combinations of gamma matrices; in other words, it is a pure
spinor.

One can now also show that
k-w=w=0=k", wew =2 . (6.2.5)

We can think of k and w as elements of a local frame: k = ey, w = e; — ie3. We have
now exhausted the list of one-forms we can define from (, alone; we see that a single
spinor is not enough to define a vielbein (similarly to the discussion for 10d spinors). In
group theory terms, this is because (, has a stabilizer isomorphic to the group of two-
dimensional translations R?,* and thus defines an R? structure, rather than an identity
structure which would be necessary to define a vielbein. It is then often convenient to

complete the vielbein by introducing an additional null real one-form e, such that
(e )*=0, e k=1, e w=0, (6.2.6)

as was done in [79] (and, of course, in [11] in ten dimensions with the construction that

we reviewed in Chapter 3).

3In this chapter * will be the four-dimensional Hodge star operator unless otherwise noted.
4The stabilizer of the light-like vector k is SO(2) x R?; w breaks the SO(2) to the identity. For more

details see [11]. Alternatively, one can compute the stabilizer of ¢ directly. In a vielbein where k = et
the stabilizer is spanned by 47, where i # —. These generate the abelian Lie algebra R2.
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6.2.2 Two spinors: the timelike and null cases

Since we will deal with N = 2 supergravity, we will also need to study the structure
defined by two spinors (1., (o+. To make our equations more readable, we will drop
the subscript ,: it will be understood from now on that (;, « = 1,2 are Weyl spinors
of positive chirality. Their Majorana conjugates will then be Weyl spinors of negative
chirality and, as usual in N = 2 supergravity, they will be denoted with an upper index
¢"

VG = Gi VCi = —Qi : (6.2.7)

The barred versions of the ¢; will be denoted by (?, since they have opposite chirality;

and likewise for their complex conjugates (;:

Cy=-C, Grv=G. (6.2.8)

Each of the two spinors (; will now define its own one-forms k;, w;, and two-forms
w; = k; N\ w;, following section 6.2.1. However, we are now also able to define mixed
bilinears:
GRC=v+ixv, (®%G=pu(l+ivol) +w. (6.2.9)
This new w satisfies xw = iw, just like the w; associated to the individual (.

The new vector v is almost entirely fixed by the k; associated to the individual (; as

in (6.2.1). Indeed, one can show, in a similar way as (6.2.2),
v =0, vl = —ko (1, 6 =0 . (6.2.10)
This in turn implies
v-k; =0, v =0, v = —ki-ky. (6.2.11)

When the k; are not proportional, these relations determine v up to a phase (as we will see
later more explicitly). When the k; are proportional, however, the ambiguity is greater.
In other words, there is no formula for v in terms of the k; alone. We could only find

‘asymmetrical’ formulas such as

1 1
v = Z(ké ckywy — ko wiky) = _ﬁ(lﬁ ~kowy — ki - waks) (6.2.12)

We saw in section 6.2.1 that a single spinor ¢ defines an R? structure. We now see
that the structure defined by two spinors (; depends again on whether they are parallel

or not. When they are not parallel, the one-forms
ky , ko | Rev Imv (6.2.13)
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together constitute a vielbein (up to an overall rescaling), thanks to k? = 0 and to
(6.2.11). Thus the ¢; define an identity structure. On the other hand, when the (; are

parallel their common stabilizer is just the stabilizer of one of them, namely R2.
In what follows, the vector

1

will play a special role. When the two (; are not proportional (and thus define an identity
structure, and a vielbein), k is the sum of two different lightlike vectors, and thus must
be timelike; from now on, we will call this the timelike case. On the other hand, when
the (; are proportional, the k; are also proportional, and & is null; we will then call this

the null case from now on.
Another useful indicator of which case we are dealing with is the complex quantity pu
in (6.2.9). By comparing with (6.2.1), we see that u should vanish in the null case (when

the (; are parallel). In fact one can be more precise:

=16[u* = (C1¢*)(G6) = Tr(GCCG) = Tr((149)ki (1=7)k2) = Tr(2(149)kiks) = 8k - ks .
(6.2.15)
As we have seen, in the timelike case there is a natural vielbein, while in the null case
there is none. Again to retain full generality, we will find it useful to introduce two null

vectors
€y, €2, (6216)

satisfying
(e+:)* =0, eyihi =1, eri-w; =0. (6.2.17)

In the timelike case, k; and ks do not coincide and are both null; so we can just take
e11 proportional to ko, and e, 5 proportional to k;. The proportionality constants can be
fixed using (6.2.17):

ko ky

= —— = ——— timelik . 6.2.18
e R € CIME (timelike case) ( )

From (6.2.12) and (6.2.15) we then also get
V= —[lw; = (s (timelike case). (6.2.19)

In the null case, on the other hand, k; and ks are proportional: we have

G =a(x)G (6.2.20)

which leads us to
ko = |a(z)]* Ky . (6.2.21)
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Therefore we conclude that there is no natural candidate for the e;. On the other hand,

there is no need to pick two of them, and we can just as well say

e
ero = ﬁ (null case) (6.2.22)

where the proportionality between e ; and e, is fixed by requiring

ericki=1  i=12. (6.2.23)

6.2.3 SU(2)-covariant formalism

In the timelike case, it will often be useful to collect the bilinears we introduced in section
6.2.2 in an SU(2)-covariant fashion.

We define’
Z®_j: 1—|—Z* Uij = 1—|—Z* k(SZ] +Ux0'g”'j y
‘ §_ ( ) . ( ) ‘ ) L (6.2.24)
G ® (G = peij(1 +ivol) + 0;; = pe;j(1 4 ivol) + o"eory; |
which summarize (6.2.1), (6.2.9); notice that
1
v! =Rew , vP=Imv, v® = 5(161 —ky) , (6.2.25)

while the vector k is precisely the same vector which we defined in (6.2.14).

Many of the properties we saw earlier can be now summarized more quickly. For
example, one can find
U(ijCk) =0 = ?)(ijl)k)l =0, (6226)

which summarizes (6.2.2), (6.2.10) and (6.2.11). This tells us that k-v, = 0, v,-v, =

%&Cyvz v,, k* = v,-v,. To get the overall normalization, one can instead perform a

computation similar to (6.2.15), and obtain

UikQ_}lj = 2’,&’2€ij€kl . (6227)
This gives us
Bo=—lul,  vevy=6nlul,  keve=0. (6.2.28)
This means that . .
{eo = —k, ' = —vx} (6.2.29)
iz iz

is a vielbein.

°In our conventions, o ; are the conventional Pauli matrices, while o, ;* are their transposes; notice

that the position of the index x does not play any role. Moreover, €;; = €9 = (_01 é) We lower (raise)
indices acting from the left (right) with e: so for example o, ;; = eikazjk, ol = ol et
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6.2.4 Spinor derivatives in the timelike case, and spin connec-

tion

In supergravity we also need to discuss spinorial covariant derivatives V,(;. As usual,
such covariant derivatives can be conveniently parameterized in terms of the so-called
intrinsic torsions of a G-structure. As we saw in section 6.2.2, our two spinors define an
identity structure in the timelike case, and an R? structure in the null case. The timelike
case is thus significantly simpler, since the intrinsic torsion is in this case nothing but the
spin connection itself. We will discuss this case here, and leave the general case (where

one might have null loci somewhere) to section 6.6.1.

In the timelike case, one might then think that the information about V,(; is com-
pletely captured by the covariant derivatives of the vielbein (6.2.29). One might go to
a frame where the ¢; are constant, and reconstruct then V,(; = %wzb%bg} from Ve or
de®. This, however, forgets the information about the inner product u = }@Q. To see

this more clearly, define
Vi = pui’ G - (6.2.30)

The 4 x 2 x 2 complex components of these p are more than the 4 x 6 real components

. The mismatch is due to the derivatives of p. Indeed, we

of the spin connection w*
can compute in terms of these p;/ the covariant derivatives of the bilinears u, k and v,
and hence of the vielbein {e°, e} from (6.2.29); from the latter we can get the spin
connection. Decomposing p;/ = p°8;7 + p¥o,:?, we get
du 1 i
0 __ T Ox Tyz
= —, =—|(w"+ 7w . 6.2.31
P=ou 773 ( 2 yz) (6.2.31)
Hence the components of the p® correspond to the spin connection, while p° corresponds
to the derivatives of u. Thus the information in V,(; is contained in the spin connection
and in du. The spin connection can be extracted from de®, but since we need du anyway,

we might as well use directly dk, dv®.

We conclude then that the information in V,(; is contained in

dp | dk; , dv . (6.2.32)

6.3 N = 2 four-dimensional supergravity: timelike

solutions

In this section, we will reformulate the supersymmetry equations for four-dimensional
N = 2 supergravity in terms of differential forms, using what we have learned in section

6.2. We will assume that the solution is timelike, in the sense specified in section 6.2.2:
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namely, the Killing vector k = %(k:l + ko) is taken to be timelike. This case is ‘generic’:
even if, in a given solution, there happen to be subsets where k? = 0, these have measure
zero. There are, however, also (non-generic) null solutions, where k* = 0 everywhere,
an important example being N = 1 vacua. For this reason, in section 6.6 we will also
take a look at the general case, giving a set of equations which will be inspired by the

corresponding set that we will write in ten dimensions.

The timelike case is also notable in that the differential equations one obtains are
much nicer than in the general case, in that they can be formulated only in terms of
exterior differentials of spinors bilinears and nothing more. The equations that we will
write in this section were already derived in [80], but we will be able to show that only

a subset of their system is actually needed for supersymmetry.

After some general comments about N = 2 gauged supergravity in section 6.3.1, we
will reformulate the conditions for supersymmetry (6.3.2) in sections 6.3.2, 6.3.3, 6.3.4,

and briefly summarize in section 6.3.5 for the reader’s convenience.

6.3.1 Supersymmetry equations

We will start by quickly recalling here some features of four-dimensional gauged N = 2
theories. This section is not meant to be a review of the general formalism, for which
the reader may consult for example [81]. We will follow a notation similar to [80], which

recently applied G-structures to the general theory.
A general N = 2 theory consists of:

e a graviton multiplet, which contains the metric g,,, two gravitinos 1;,, i = 1,2,
and a vector A), (with field-strength T}, );

e n, vector multiplets, which contain vectors Af, (with field-strength G7,), gaugini

A and complex scalars t* (a = 1,...,n,), parametrizing a special Kahler manifold

SK;

e 1, hypermultiplets, which contain 4n;, scalars ¢* (u = 1,...,4ny) and 2n; hyperini
Ko (@ = 1,...,2ny); in this case the ¢* span a quaternionic manifold Q, whose
vielbein is denoted by U!®.

The n, + 1 vectors are then usually grouped with the notation Aﬁ (A=0,...,ny).
In gauged supergravity, some of these vectors will gauge some symmetries of the scalar
manifolds SK and Q, whose generators will be denoted by k% and £} respectively. This

means that the vectors will appear in covariant derivatives

Dt = dt® + g AMS Dq" = dg" + g AMEY . (6.3.1)
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Supersymmetry dictates that the Killing vectors k% should be generated by momentum

maps F,, and that the £} by hyper-momentum maps P}.

We will look for solutions where the fermions are set to zero, so that supersymmetry

will be unbroken if and only if the variations of the fermions t,, \'*, k, are zero. These

read
1 .
Ocip = DuGi + (T:;/erij - ivusxdfj) ¢7=0, (6.3.2a)
5{’@1 = ZUazquuCl + N;Cz =0 s (632b)
SN = iDt*¢t + ((Ga+ + W*)e7 + %Wma}g’) ¢=0. (6.3.2¢)

Here, one- and two-forms act as bispinors as we explained in Chapter 2 ; for Pauli matrix
conventions, see footnote 5. The quantities S,, W<, W2 and N! are related to the
gauging data (the Killing vectors on SK and Q and their (hyper)-momentum maps).

The covariant derivatives act on spinors as
i A U ore
D, = (vu + §QM> G+ §A 10 ]Cj , (6.3.3)

where the connection Al’u is defined from the SU(2) connection A* on the quaternionic

manifold
A", = 0,q" A%, + gAL\ Py . (6.3.4)

We will now analyze the geometrical content of (6.3.2). Unlike what happens in ten

dimensions, each of these variations can be analyzed separately.

6.3.2 Gravitino equations

We will deal first with the gravitino equation d;, = 0 from (6.3.2a).

In general, the gravitino equation is the hardest to analyze in supergravity, since it
involves derivatives of the spinors. However, as we saw in section 6.2.4, in the timelike
case the information contained in V,(; is equivalent to the information contained in the
exterior derivatives of u, k and v,. Hence, the gravitino equation (6.3.2a) is equivalent to
the equations for these quantities that can be computed from it; in the SU(2)-covariant

formalism of section 6.2.3, they read

Dp = Syv, — 2u,TT |
dk = —2Re(S,0, + 20T+ , (6.3.5)
Dv, = 2€4,.Im(S,0,) .
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The twisted external differential D acts as

~

Du =du+iQu , Duv, = dv, + €4y, Ay AN v, . (6.3.6)

Apart from a few redefinitions, these are the same as (3.1), (3.3), (3.5) in [80]. Their (3.2)
and (3.4) can be safely dropped: the system (6.3.5) is equivalent to the four-dimensional
gravitino equation (6.3.2a) in the timelike case, already as it is. It is particularly pleasing

that these equations only involve exterior differentials.

6.3.3 Hyperino equations

We now analyze the content of the hyperino equations (6.3.2b).

Since they do not involve any derivatives of the (;, they are easier to understand.
Their full geometrical content can be obtained by expanding along an appropriate basis
of spinors. Since we are in the timelike case, this basis can be taken to be the (; themselves.
To project the (6.3.2b) on this basis, we can simply multiply them from the left by (.
As we mentioned, the N! in (6.3.2b) can be derived from the gauging data; the precise
formula is

Ni = gUpju LMk (6.3.7)

We get the equation
Uniu (ilk 8 + vy 07 Dg" — g L 116)) = 0. (6.3.8)

Now, since Uy, is a vielbein on the quaternionic manifold Q, we have U%LUS" = 4.
Moreover, the tensors

QY = joTPUXUY, (6.3.9)

are a triplet of complex structures defined on Q. Using this, one obtains the single

equation

ik-Dg" + Q% Dg" — g LK p=10 |. (6.3.10)

This equation already appeared in [80, Eq. (3.24)].

6.3.4 Gaugino equations

It remains to consider the gaugino equations (6.3.2¢). Just like for the hyperino equa-
tions, these do not involve any spinor derivatives; hence, again we can extract their full

geometrical meaning by multiplying them from the left by ;. This gives
i (V)" Dt* + €903, L GO — pWes," — %,uVV“”ag“';.C =0. (6.3.11)
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This appeared in [80, Eq. (3.7)]. It is a set of four scalar equations; we can also recast

them as a single equation for a 1-form:

201Dt — 4, GF + 2W ek — iW* 0 =0 |. (6.3.12)

This expression will be particularly useful for our comparison with ten-dimensional su-

persymmetry in section 6.5.

6.3.5 Summary: four-dimensional timelike case

We have found in this section that preserved supersymmetry is equivalent to the system
given by the boxed equations (6.3.5), (6.3.10), (6.3.12). These come respectively from
the variations of the gravitino, of the hyperinos and of the gauginos. The system is

formulated in terms of exterior calculus only, and it does not have any redundancy.

6.4 Ten dimensions

We will now consider supersymmetry in ten-dimensional type II supergravity. As an-
ticipated in the introduction, we will specialize the system of equations (3.2.4) to a

topologically trivial fibration:
dsi, = dsi(z) + dsg(z,y) . (6.4.1)

My is a four-dimensional spacetime with coordinates x* and Lorentzian metric g4, and
Mg is a compact space with coordinates y™ and Riemannian metric gg, admitting an
SU(3) x SU(3) structure. We will not introduce any a priori constraint on either g,
or g¢. The extension of our results to fibrations which are topologically non-trivial is

outlined in [20] and we will not review it here.

In section 6.5 we will rewrite this system assuming the timelike hypothesis and we
will compare it to the four-dimensional system presented in section 6.3. Our results in
this section will also help us in section 6.6, where we will present a system equivalent to

supersymmetry in four-dimensional N = 2 supergravity without the timelike assumption.

We will start by discussing in sections 6.4.1 and 6.4.2 how to specialize it to the
factorized geometry (6.4.1). We will then apply those considerations to each of the

equations in (3.2.4), in sections 6.4.3, 6.4.4, 6.4.5; section 6.4.6 is a brief summary.

6.4.1 Factorization

As anticipated, we will consider a metric of the form (6.4.1), where x* are the coordi-

nates on the four-dimensional space-time M, and y™ are the coordinates on the internal
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manifold Msg.

As usual we decompose gamma matrices as

P00 — W @1® [0 — g0 (6.4.2)

(7&4) was called simply 7 in section 6.2). Passing to discuss the decomposition of the SUSY

parameters ¢;, we recall that we want to look for solutions which can be understood as
solutions of four-dimensional N = 2 supergravity, and so we impose a spinorial Ansatz

of the form

e1 = Glz)nl(zy) + CHa)nl(z,y)

(6.4.3)
e = Ga(@) e (z,y) + C(x)nilz,y) -

Here (; are spinors on M, of positive chirality (they are the same spinors the we introduced
in section 6.2), and n are spinors on Mg of positive chirality, while n°. = (n’)* are
their Majorana conjugates, so that ¢; are Majorana.® Notice that N = 1 flux vacua
(namely, solutions where M, is a maximally symmetric space, Minkowskiy or AdS,), can
be obtained from (6.4.3) by setting (; = (,. However, for solutions with four supercharges
which are not vacua, one could use a more general Ansatz involving four (; obeying some

constraints.

The spinor Ansatz (6.4.3) immediately lets us compute some of the ingredients of
(3.2.4): namely, ®, K, K. First we evaluate ® = ¢, @ &:

® = 2Re[F( 2 A o+ + (GG) A o]

. . (6.4.4)
= 2Re $(v+z>x<v)/\gz5¢—|—<p(1+zvol4)+w>/\¢i] :
where we have used (6.2.9), and, as in [10],
du = 1in]! (6.4.5)

are the six-dimensional pure spinors, which together define an SU(3) x SU(3) structure.
The origin of the signs in (6.4.4) is explained in [20, App. A].

Let us now compute K; and K,. As in the case of N = 1 vacua [11, Sec. 4.1.2],
the six-dimensional components of these vectors vanish (K =0, m = 1,...,6) because

nT_’ymmr = 0. For external indices we have

1 1
Ki = Zlmil . K = kil (6.4.6)
We now assume for simplicity that the norms of the n® are equal:
]2 = 1Im3l* - (6.4.7)

6We work in a basis where gamma matrices are real in four dimensions and purely imaginary in six,

so that Majorana conjugation is just naive complex conjugation.
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We do not expect that allowing unequal norms would lead to a substantial change in our
discussion. For N = 1 vacua, one can actually even show that (6.4.7) is necessary [55,
App. A.3]. K and K take then the form

2
Kt =c (k' + k), K" =c (K — k) , c= ”Z“ : (6.4.8)

The name ¢ anticipates that we will soon find that it has to be a constant.

6.4.2 Fluxes

The next ingredient of (3.2.4) we need to consider is the RR polyform F' and the NSNS
flux H too. Contrary to what we did in the precedent Chapters, in the following it will

be useful to decompose F' as
F:F0+F1+F2+F3+F4 (649)

where F; is a polyform with exactly i external indices (and not the RR form with i overall

indices). In particular the self duality conditions write
F4 = *AFO s F3 = *)\Fl s F2 = *)\FQ . (6410)

An analogous decomposition is valid also for the three-form H
H=Hy+ H, + Hy+ H; (6.4.11)

and for the B field: B = By + By + B>. Locally we have Hy = dg By, H1 = dyBy + dg B,
Hy = dyBy + dgBs, H3 = dyBs.

We will now make a few assumptions about these fluxes. Since we have already
assumed 0y, 9, = 0 (see footnote 2), it is natural to also assume 0,,B,, = 0, or in other
words dgBs = 0. We have also assumed that the fibration is trivial; the analogue of this

is to assume that B; = 0. So locally we now have
Hy =0, H, =d,B, . (6.4.12)

In this situation, dH = d4 + d4BO + d6 + dGBl + Hg/\ = eiBoAdGBO/\ + Hg/\

This suggests that it is convenient to use the so-called b-transformation with b = By:
b — | (6.4.13)

such a transformation is a symmetry of (3.2.4b) if we also perform the transformations
H=H-dv, K-—K, K-—-K+uwb, F—=e"F, (6.4.14)
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although now F should satisfy F' = x,AF rather than (2.1.9), where %, = ¢ x Ae *"\.
This is also a symmetry of (3.2.4a), provided

Lgb=0. (6.4.15)

Making this symmetry work for (3.2.4¢) and (3.2.4d) is more complex in general. However,

one can show that it does indeed work when b is purely internal as in our Ansatz.

Having introduced such a transformation, it is convenient to work with a system where
the differential is d + H3A, and ® is replaced by e®0 A ®. This means that (6.4.4) is now

modified by modifying the internal pure spinors
s — PO = PN Gy (6.4.16)

Actually, however, since from now on we will only work with the ¢5°, we will drop the

Bo superscript and write simply ¢4 in all our equations.

6.4.3 Symmetry equations: (3.2.4a)

Having specified in section 6.4.1 our Ansatz (6.4.1), (6.4.3), and what it implies on the
various ingredients in the supersymmetry equations (3.2.4), we can now start seeing what

those equations become.

We will start by (3.2.4a). The condition that K is a Killing vector for the ten-
dimensional metric (6.4.1) splits according to whether the indices are both external, both

internal, or one of each. Recalling (6.4.8), the last case gives
Vol lna Pk, =0 . (6.4.17a)

Thus ||n||* does not depend on the internal coordinates. The residual dependence of ||n||*
from the external coordinates can be reabsorbed in the definition of the four-dimensional
spinors; hence we can simply assume it is a constant (as anticipated in (6.4.8)). In the
following we will fix systematically ||, ||> = 2 in order to have €e;6; = 16 as in [11]. We
will also make use of names such as k;, & and v in order to stay closer to section 6.3, so
that (6.4.8) now reads K = %k‘, K= %v?’. To be precise, however, these vectors are not
exactly the same as those we encountered in four dimensions, because in four dimensions
the natural metric would be the one in the Einstein frame, which differs from the ds? in
(6.4.1) by a function of the dilaton. Since our aim is not to reduce the ten-dimensional
theory to four dimensions, however, we will not perform any rescaling and will work with

the string frame metric.

Of course in (3.2.4¢) and (3.2.4d) we also have the two extra vectors e, €49, which

must satisfy (3.2.3). In this section we will just assume that they will be purely external.
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The resulting pairing equations involving them will be very complicated but still useful
in order to suggest a G-structure system in four dimensions which is valid without the
timelike hypothesis. On the other hand we will see in the next section that imposing the
timelike hypothesis gives the possibility of making the choices (6.2.18). We will see that

such a possibility strongly simplifies the resulting system of equations.

Coming back to (3.2.4a), the purely external and purely internal case give

V(uku) = (Lkg4);u/ =0 ) (6417b)

namely, k is a Killing vector for the four-dimensional metric g,,, and it is a symmetry

for the internal metric g,,, as well.

Using our assumption (6.4.12), the equation dK =i H yields

dyk = 1, Hs | (6.4.18a)

(6.4.18b) can also be written as LBy = 0, which we promised at the end of section 6.4.2.
We will also see later that, in the timelike case, (6.4.18b) and (6.4.17¢) both follow from

other equations (namely, from invariance under k of the internal pure spinors).

6.4.4 Exterior equation: (3.2.4b)

From now on, in this section and in the next, for simplicity of notation we will specialize
to ITA; the IIB case is very similar, and differs by some signs only.
In a similar manner as we did for equations (3.2.4a), equation (3.2.4b) splits in five

pieces according to the number of external components involved:

dGRe(e_¢u¢+) = —iikFl , (6.4.19a)
dsRe(e ?pg,) — dgRe(e Pv A o) = —i (inFo +v* A Fy) | (6.4.19b)
— d4Re(e_¢v A gb_) + dﬁRe(e_¢w A ¢+) = —;l(ikFg + 02 A Fl) , (6.4.19c¢)
d4Re(e’¢w A ¢+) — d6Re(e’¢z’ SN (b,)
1 (6.4.19d)
+ H3 VAN Re(e*¢u N ¢+) = _Z(ZkF4 + U3 VAN Fg) s
— d4Re(e_¢i * U A\ gb_) + dGRe(e_¢inol4 A ¢+)
(6.4.19)

1
— Hs A Re(e_% A gb_) = _ZUS A F3 .
Recall that the ¢, here include the internal By field as in (6.4.16).
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For the particular case of four-dimensional vacua, where the dependence on My is
trivial, (6.4.19) reduce to the pure spinor equations of [10]. In general, they contain
information both about the geometry of M, (via d4 of the external forms) and about the
way the metric of Mg changes as a function of the spacetime coordinates z* (via d4¢4 ).
In particular, in the timelike case we will see that (6.4.19b) and (6.4.19¢) give first-order
equations for the dependence of the scalars in the vector multiplets and hypermultiplets
respectively. These first-order equations would give rise to attractor-like equations in

black hole applications.

6.4.5 Pairing equations: (3.2.4c), (3.2.4d)

We now turn to (3.2.4c¢), (3.2.4d). As emphasized in many places, this is an ugly case
and indeed the resulting pairing equations are very complicated to obtain. In [20] they

have been massaged to give the final form:

evo- (—4qi + Ssv + 0, TY) +i(pers — te,w) - f1 =0, (6.4.20a)
26+2 : (pl - Z.(Qg-&-a d4¢+) - i(ﬂg—, d4¢—)> - Le+1 (ﬁ€+2 - Le+2@)|—T+ =
== —1753 — i(2€+1 . ’1764_2 - 1711)2) . f1 s (6420b)
€12 <U<,-Yil¢77 FO) + Lv(’.y21 ¢*7 FQ)) + (,LL€+2 - L6+2w) ' (fyzlngr? Fl) =0 ) (6420C)
— (Y-, Fy) + Leys (fi€42 — Le+z@)L(7gl¢—7 Fy) = (241 - Degy — ws) - (Y1 ¢y, F)
(6.4.20d)
where
V= [eq1 €4 — Loy le W (6.4.21)

and we defined the quantities

Ss =i(¢py, Fy) , fi=da"(9_, F1,) , Tr =i(or, Fow) . (6.4.22)

Together, (6.4.20a) are all the components of (3.2.4¢) relevant to the Ansatz (6.4.3)

introduced in this section.

One can deal with (3.2.4d) in a similar way. We get

er1 (=4 + Ssv + 0, T7) +i(fiess + te, @) f1 =0, (6.4.23a)

ec1- (=2 + 2001, day) +26(D, dug) — (pess — e ) T7) =

= —vSs —i(2e,9- Ve, +viy) - fi (6.4.23b)

e (00672 Fo) = (677, o)) + (e + e, @) (6272, F) =0, (6.4.230)

V(‘?—’Vj?a Fy) = tey, (pega — te ,w) - (QL’Vij Fy) = —(2e42 - Ueqy + viby) - (95+7327 ),
(6.4.23d)
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Let us comment the equations just written. Equations (6.4.20a), (6.4.20b), (6.4.23a)
and (6.4.23b) involve the “intrinsic torsions” ¢; and p;: they reflect the fact that in general
the exterior equations (6.4.19) and the symmetry equation (6.4.18a) are not sufficient
to fully reconstruct the external gravitino equation (6.3.2a); indeed such equations will
suggest a G-structure system in four-dimensions which is valid in the general case. On
the other hand, we have seen in section 6.3.2 that the gravitino equations (6.3.5) in the
timelike case can be obtained by considering only the derivatives of the vielbein defined by
k, k and v (together with the proportionality factor u); therefore we will see in the next
section that equations (6.4.20a), (6.4.20b), (6.4.23a) and (6.4.23b) can be dropped by
imposing the timelike hypothesis. The other equations appering in (6.4.20) and (6.4.23)
instead have nothing to do with the four-dimensional intrinsic torsions and indeed they
are not redundant even in the timelike case. We will discuss in the next section the

interpretation of such equations.

6.4.6 Summary: ten-dimensional system

In this section, we have applied the ten-dimensional system (3.2.4) to a (topologically
trivial) fibration (6.4.1), with a spinor Ansatz (6.4.3), (6.4.7), and a few assumptions
summarized in footnote 2 and in (6.4.12). The conditions of preserved supersymmetry
are equivalent to equations (6.4.17), (6.4.18), (6.4.19), (6.4.20), (6.4.23). (These last two
were given with the additional assumption ¢ = Hs = 0.) These equations are not as
pleasant as one might wish, but fortunately we will be able to do much better in the
next section. There, we will apply the system in the timelike case, and reduce it to a
much more pleasant-looking form, which will closely parallel the “boxed” system seen in

section 6.3.

6.5 Ten-dimensional system in the timelike case

In this section, we will rewrite the equations we found in section 6.4 in the timelike case.
The conditions for supersymmetry are expected to be much simpler in this case and the
reason why we expect such a behaviour is easy to understand: as we discussed in section
3.2, in order to rewrite the SUSY conditions using G-structures we need to introduce the
additional vectors e,;. Such vectors are on a large extent arbitrary, indeed they have
just to satisfy the constraints (3.2.3). The fact that e; are not directly defined by the
SUSY parameters ¢; can be seen as the origin of the very complicated form that equations
(3.2.4c) and (3.2.4c) assume. On the other hand, equations (6.2.18) tell us that in the
timelike case a natural choice for ey; exists. In this section we will use such a choice and

we will see what kind of equations can be obtained.
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Most of the equations we will obtain organize themselves in a way that closely parallels
the boxed system (6.3.5), (6.3.10), (6.3.11) in section 6.3. As we will see, however, there

will also be equations formally associated with “gravitino multiplets”.

We will start in section 6.5.1 with a discussion of how ten-dimensional fields organize
themselves on a spacetime My x Mg, where Mg is a SU(3) x SU(3) structure manifold.
Many fields come from forms: the RR fields, but also the internal metric and B field,
through the pure spinors ¢. A useful basis for internal forms is given by the “generalized
Hodge diamond”, that we introduced in Chapter 5 in eight dimensions and that we will
write in six dimensions in (6.5.2) below. The most substantial part of the multiplets will
correspond to the interior of that diamond. The edges are usually discarded in N = 2
reductions for reasons we will review below; however, we are not performing a reduction,

and we will need to keep the corresponding representations from the edges.

Section 6.5.1 will then dictate the way we organize our ten-dimensional equations in
later subsections. We will describe those corresponding to the four-dimensional gravitino
equations in section 6.5.2, and to the universal and non-universal hypermultiplets in
sections 6.5.3 and 6.5.4. We will then have vector multiplets from the bulk of the diamond
(section 6.5.5) and our new vector multiplets from the edge (section 6.5.6). Finally, we
will have in section 6.5.7 some new equations associated with gravitino multiplets, in a

sense we will clarify.

6.5.1 Organizing the fields

We will first review how the ten-dimensional fields produce the various four-dimensional
fields in a reduction, and then how these get organized in multiplets for N = 2 compact-
ifications. Most of this material is by now standard. One purpose in reviewing it here is
to introduce a few definitions that will be useful later. Another purpose is that some of

4

our equations will be in “vector” representations associated to the edge of the diamond

in (6.5.2) below; these will organize themselves in multiplets which are not commonly

considered in the literature, as we will see.

Scalars

We will start by considering spacetime scalars that come from deforming the internal
NSNS fields, g, and Bgmy,. These degrees of freedom are determined [9] (see [55, Sec. 3|

for a review) by the internal pure spinors ¢, along with the internal dilaton and spinors:

{gmn7BOmn7¢7 77172} A4 ¢i (651)

Hence the deformations 0 ¢,,,, 0 Bym, come from the deformations d¢. of the pure spinors.

We hence need to expand these latter deformations in an appropriate basis for internal
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forms.

The most natural basis is given by the generalized Hodge diamond, that in six dimen-

sions writes:

o
b17" Yo,
P_7™ V1" g

o il T2 7h$_7h ¢ (6.5.2)
A A
V1o P47
o

It should be emphasized that the basis (6.5.2) is a basis at every point: if we expand
a form in Mg in terms of (6.5.2), we will get functions, not numbers. Nevertheless, the
basis provides a way to neatly organize our equations. As mentioned in Section 6.1, this is
similar in spirit to the pre-truncation computations in [74] (corresponding to their section
2).

We can now expand d¢- in the basis (6.5.2). As we already explain in Appendix C
each variation can only produce forms that are “not too far” from the original pure spinor.
This means that it can only contain forms in the zeroth and second row of (6.5.2). In the
same way, d¢_ can only contain forms in the zeroth and second column. To shorten our

notation, let us introduce indices counting the (infinitely many) forms in these entries of
(6.5.2). First of all,

0% = {7 ¢17} . (6.5.3)
Let us then define”
D= (6t diss) (3.3). (65.4)

(Remember again that ¢, here actually includes a e, as in (6.4.16); hence these t* are
complex. The way these scalars are defined is reminiscent of how the vector multiplet
scalars in a Calabi—Yau compactification are integrals over two-cycles of the form By+i.J.)
We have stressed the SU(3) x SU(3) representation in which these scalars transform.
These Dt® can be morally thought of as suitable covariant derivatives of scalars t* defined
by expanding the variation of ¢, along the forms d¢¢, with a connection piece coming
from the fact that the ¢ are themselves not closed. This issue potentially comes up
even in Calabi—Yau compactifications, where one expands along harmonic forms w;, which
a priori should vary when one varies the metric. However, in that case the connection is
flat and can be gauged away; one would want this to happen for a more general reduction

to N = 2 supergravity [76]. Since we are not trying to reduce to an N = 2 effective

"In this section the pairing (,) denotes the six-dimensional one; we also define (ag, B4 A bg) = B4 A

(ag, be), where ag, bg are internal forms and 4 is an external form.
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theory, but merely to reorganize the supersymmetry equations in ten dimensions in a
way inspired from N = 2 in four dimensions, we can afford to leave this issue unresolved.
The definition (6.5.4) should be thought of as a bookkeeping device more than a detailed
attempt at writing a four-dimensional effective theory. Similar considerations will apply

to the symbols D we will introduce from now on. For example, one can similarly define
062 = {797} (6.5.5)

and

D(2 4 i5%) = Re(6¢", dyp_) + im(60%, dyo_)  (3,3) . (6.5.6)

The expansion of dy¢; along the forms on the boundary of the diamond (6.5.2)
(namely, ¢, and the others with one gamma acting on ¢..) does not directly correspond
to deformations of g,,,, and B,,,, but rather to changes in the spinors n'? determined by

¢+ (see for example [11, Sec. 2.3]).
Finally, the expansion of ds¢% along the corners of (6.5.2), (¢4, ds¢. ), will appear as

a connection in some of our equations.

Other scalars come from the RR sector. As we did earlier, it is convenient to consider

the decomposition (6.4.9) of F' as > F;, where F; has i external indices. From F; we have

D(£% +i€%) = —%e‘b(&;ﬁa_, ) (3,3); (6.5.7)
D(&+if) =2e%(p_, Fy)  (1,1) . (6.5.8)

Notice that, for the scalars (6.5.7), (6.5.8), the symbol D is now hiding something more
than the (perhaps flat) connection we mentioned for (6.5.4). Here, on top of the fact that
dy can act on the forms §¢%, ¢_, we also have the fact that (locally) Fy = d,Cy + dgCh.
If we defined the scalar (§ —1—25) by 2e?(¢_, Cy), we would see that (6.5.8) contains a term
proportional to C7, which signals that the scalar is gauged under one of the spacetime
vectors originated by RR fields, which we will see in section 6.5.1, which is in line with
expectations from actual reductions in presence of internal flux. Again, since we are not
actually performing a reduction, we will be content with the definition (6.5.8) and will

not try to resolve the symbol D down to its constituents.

¢

We also have D of scalars in “vector” representations:

(P2, ) (1,3); (Yo, F)  (3,1). (6.5.9)

These shall remain nameless, for reasons to become clear later. Finally we have the dilaton

¢, and a scalar a which can be defined by dualizing the spacetime NSNS three-form:
H3 = *d4(l . (6510)
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Actually this dualization procedure is only possible when ds * H3 = 0. This is not
guaranteed in general, since the equation of motion for H reads in general d(e?4—2¢ x
H) = —e*Y" F, A xF, .9, and the right hand side might sometimes not vanish. This
corresponds roughly to a case where one wants to include both magnetic and electric
gaugings at the same time. When Hj cannot be dualized, one cannot define the scalar a,
and one would have to work with multiplets involving tensors. Although supersymmetric
actions for such multiplets have been studied (see for example [82]), we will gloss over

this subtlety, and assume (6.5.10).

Vectors

The NSNS sector gives rise to four-dimensional vectors via the mixed components g,
B,,,. Notice that these components will be set to zero when we give our equations;

however, for the time being we find it useful to consider them.

The vectors gm, Bum both have a single internal vector index. This does not make
their SU(3) x SU(3) representation manifest. However, writing them as E,,,,, = ¢,m~+Bum,
Epy = Gmp + By = Gum — Bum and remembering the stringy origins of these fields make

one guess [75] that they belong to the representations
gum.  Bum: (310G L3 @(L3). (6.5.11)

A way to confirm this conclusion is to study explicitly how E transforms under internal

O(6,6) transformations O = (2Y): one obtains
Eun = Em((cE+d)™)",  Epu— (a— (aE+b)(cE+d) )" E,y (6.5.12)

(where E is the internal g+ B). Using the expression for the generalized almost complex

L 0\ ., 11
_¢ £l = 6.5.13
Jx ( 0 I ) ( E —FEt > ( )

(where I; are two almost complex structures), the SU(3) x SU(3) subgroup of O(6,6)

can be characterized as
U 0
o=EMH| ! £t (6.5.14)
0 U,

structures

where U; satisfy [U;, I;] = 0 and U}gU; = g — namely, they are unitary with respect to
the internal metric g. Specializing (6.5.12) to this particular O leads to

Bum = (U " Eun . B — (Us) ™ (6.5.15)
which confirms (6.5.11).
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We also have vectors from the RR sector. The expansion of Fy (recall that the

denotes the number of four-dimensional indices) gives the field-strengths

T = —%e¢ (64, F) (1,1) (6.5.16)
G = —%e‘b (6%, Fy) (3,3) (6.5.17)

as well as )
(07", Fo)  (1,3); (Yo, Fo)  (3,1). (6.5.18)

Similarly to our comments about (6.5.4), all these field strengths are not simply the
exterior derivative of a potential, because of the non-constancy of ¢, and 0¢%, and
because F» has two terms: locally, Fy = dgCy + dyC (see our comment after (6.5.8)).
As the notation implies, these are actually the self-dual (or anti-self dual) parts of the
field-strengths: for example, T satisfies xT+ = ¢T".

Fermions

We also take a quick look at fermions. The spin 3/2 fields in four dimensions originate
from the ten-dimensional gravitinos, with their index taken along the four dimensions. To
understand how these transform under SU(3) x SU(3), recall that the two SU(3) factors
come from the stabilizers of the two supersymmetry parameters n* and n? respectively.
That suggests that the 1! transforms under the first SU(3) and is a singlet under the
second, and that 1? transforms under the second SU(3) and is a singlet under the first.

Taking also four-dimensional chirality into account we get

v, (1L1)®(3,1);

_ (6.5.19)
Ui, (1L1)e(1,3).

Spin 1/2 fields arise both from }»? (the internal components of the gravitinos) and

from the dilatinos A\b2. The latter transform as in (6.5.19):

AL (1,1)® (3,1) ;

_ (6.5.20)
A2 (1,1)® (1,3) .

The }* are subtler because we also have to work out the transformation law under
SU(3) x SU(3) of the internal index m (much as we had to do for g,,, and B,,, in section
6.5.1). As it was noticed in [83, Sec. 5.1], the correct transformation law is obtained by
assuming that for ¢} the spinorial index transforms under the first SU(3), while the ,,

index transforms under the second SU(3); and likewise for 2 :

Vim (L)@ (3,1) @ ((1,3) & (1,3)) 5
1 1

_ _ (6.5.21)
Vi, (L)@ (1,3)®((3,1)® (3,



This can be determined by using the O(d, d) transformation laws for fermions, and spe-
cializing them to SU(3) x SU(3) as in (6.5.14). We will not do so explicitly here, but see
for example [84, Sec. 3].

Multiplets

We will now collect the vectors and scalars in four-dimensional N = 2 multiplets. We
will not deal with the fermions, since there are non-trivial mixings between gravitinos

and dilatinos [75].

Most multiplets are natural extensions of the ones which are familiar from Calabi—Yau
compactifications. There is a vector multiplet transforming in the (3,3), which collects
the scalars from (6.5.4), the vectors from (6.5.17), and part of the spinors in (6.5.21).
There is a hypermultiplet in the (3,3), which collects the scalars in (6.5.6), (6.5.7), and
again part of the spinors in (6.5.21). Finally, there is a “universal” hypermultiplet in
the (1,1), whose scalars are (6.5.8), the dilaton ¢, and the axion a defined as usual by
(6.5.10). In the Calabi-Yau case, these would result in the usual A™' vector multiplets

and 1+ h*! hypermultiplets.

All this is standard; these multiplets were included in [75]. The situation is a bit more
problematic in the “vector” representations, (1,3), (3,1) and their complex conjugates.
These have not been included in reductions to N = 2 supergravity — for good reasons,
as we will now see. Looking at sections 6.5.1 and 6.5.1, the first thing we notice is that
we have more vectors than could be possibly accommodated in vector multiplets: the
scalars (6.5.9) will sit in a vector multiplet in the same representation, but their partners
could be among (6.5.11) or perhaps (6.5.18).

The reason of this apparent mismatch becomes clear if we consider the case Mg = T°.
This produces an N = 8 theory. If we decompose its field content in N = 2 multiplets, we
find 15 vector multiplets, 10 hypermultiplets, and 6 “gravitino multiplets” which contain
a spin 3/2 field, two vectors and a spin 1/2 field. This suggests that we should include a
gravitino multiplet in the (3,1) @ (1,3). (At this point we are not actually able to tell

the difference between a 3 and 3, which are complex conjugates of each other.)

This does not mean we are advocating including gravitino multiplets in N = 2 effec-
tive theories. These multiplets are allowed classically by supersymmetry, but in general
they run into trouble quantum mechanically: their spin 3/2 fields contain zero-norm
states that need to be gauged out by a spinorial gauge transformation. These gauge
transformations are the supersymmetry parameters; so these multiplets are only allowed
when supersymmetry is actually higher, N > 2. Even massless gravitinos will probably
arise in the context of a Higgs effect, where the spin 1/2 gauge transformations are still

present. Thus, they were not included in [75] for good reasons.
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In this Chapter, however, we are not actually reducing any theory. We are sim-
ply organizing the ten-dimensional equations for supersymmetry from a four-dimensional
perspective. The gravitino multiplets will be for us a bookkeeping device; some of our
equations will be in the “vector representations”, and we now know that some will resem-
ble those in a vector multiplet, while others will resemble the supersymmetry equations

for a gravitino multiplet.

We finally want to understand whether the partners of the scalars (6.5.9) come from
(6.5.11) or from (6.5.18). To see this, it is again useful to think about the N = 8
theory. This theory has (2) = 28 vectors, whose field-strengths we will denote by T4p,
antisymmetric in AB, and (i) = 70 scalars parameterizing a coset space, whose vielbein
we will denote by a totally antisymmetric Pygcp. In N = 2 terms, the index A should be
split in SU(3) x SU(3) representations. The first four (4 come from e;, while the second

four come from ey. Taking also chirality into account, we see that
A= (1,1)e3,1)e(1,3)s(1,1). (6.5.22)

As in the generalized Hodge diamond (6.5.2), we can introduce an index i, for the (3,1)
and an index j, for the (1,3). The first and second singlet will be denoted by indices
1 and 2. In this language, the RR vectors should be associated to field-strengths which
mix indices coming from the first copy of SU(3) (namely, 1 and ¢;) with indices from the

second copy (2 and j3):

RR: Ty, (1,3),T2 (1,1) , T, (3,3) ,Ti2 (3,1) . (6.5.23)
Clearly, T, is the graviphoton, T ;, are the vectors in (6.5.17), and Ti;,, Tj o are the
vectors from (6.5.18). On the other hand, the following vectors should come from the
NSNS sector:

NSNS : T1i1 (3,1) 7T‘7;1j1 (3,1) ,T

JLi2

(1,3) T, (1,3) . (6.5.24)

Turning now to the scalars Pagcp of the N = 8 theory, in N = 2 terms we see that the

2 X (g) = 40 scalars which have one “singlet” index (1 or 2) sit in hypermultiplets, while

the (g) + (i) = 30 which have both 1 and 2, or neither, sit in vector multiplets. The

supersymmetry transformations of the spin 1/2 fields A;jx in N = 8 supergravity [85,
Sec. 7] schematically read, in absence of gauging, 6Aapc ~ Tiap(eyt+ + PapcpCP. In a
N = 2 truncation, we only have the supersymmetry parameters (; and (2, and we set to
zero G, G,. Under N = 2 supersymmetry, then, T;, ;, is mixed with Py, j 2, while 733, is
not related to any P (since Pj;j,» vanishes by antisymmetry). In other words, only the
T which do not have an index 1 or 2 can sit in a vector multiplet:

T; T

11j2

T

Jij2

(in vector multiplets) . (6.5.25)

11
This means that the vector which is a partner of (6.5.9) is among (6.5.11), rather than

(6.5.18). The multiplet structure is summarized in table 6.1.
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scalars vectors

0 B = | 6Bum — —

hm vm gravitino mult. vm

99 }Nmi - (33)9(33) Oum }% GreseBE1es)

F— 1,1) ®3,3)®(3,1)®(1,3)| F— (1,1) ©(3,3)®(3,1)d(1,3)
—— Y~ Y—— —— Y~ Y——

univ. hm hm vm graviphoton vm gravitino mult.

Table 6.1: Summary of the multiplet structure.

6.5.2 External gravitino equations

We will now start collecting the ten-dimensional supersymmetry equations. We will start
in this section by collecting those that constrain the four-dimensional geometry. As
argued in section 6.2.4, the information contained in the covariant derivatives V,(; can
be completely extracted from the exterior derivatives du, dk;, dv.

The exterior derivatives du, dv?, dv can be extracted from section 6.4, while dk will
have to be rederived. (Recall that k = (ki + ks), v® = (k1 — k2).) The equation for dv®

was given in (6.4.18a), and we repeat it here for convenience:
dyv® = 1, Hy . (6.5.26a)

dp and dv can be obtained by taking the pairing of (6.4.19b) with ¢, and of (6.4.19¢)
with ¢_ respectively:

dyp —ip (¢4, e%dy(e70hy)) = s"0" — 2, T, (6.5.26b)
< 1 1 . -
dyv + 2iv A (G, e%dy(e %)) = —§w§_ + EQS’L —ie®u (P, F3) —ie®0® A (¢_, Fy)
(6.5.26¢)

where T was defined in (6.5.16), and

st =4i(¢y,dsd_) , 5™ =4i(py,dso_) , s* =ie? (¢, Fy) . (6.5.27)

These s; are morally related to the Killing prepotentials P, of N = 2 supergravity; this
identification agrees with [74, Eq. (2.139),(2.140)] (up to a change in conventions). Notice
that (6.5.26b) takes exactly the same form of the four-dimensional counterpart (6.3.5) by
simply putting

Dy = dagi — ipt (B4, *da(e*61)) | (6.5.28)

this result suggests the identification

Q= —(by,e%ds(e%0y)) . (6.5.29)



Finally, we have to compute an expression for dk. Such an equation is not explicitly
present in the original system of equations (3.2.4). In [20] it is shown that this equation
would originate from the pairing equations (3.2.4¢), (3.2.4d); however, we found it easier

to compute it from scratch. We start from the equation

€¢

1 .
Dk = 5 Huno K = —555

EIF[M|F F|N]62 , (6.5.30)

which is valid in ten dimensions without making any assumption about compactifications.
To specialize (6.5.30) to compactifications, recall that k& and v have only external compo-
nents (and that they only depend on the external coordinates). Using the decompositions

of spinors and fluxes in sections 6.4.1 and 6.4.2, one finally obtains
dak — vsH = 2Re [—© s34+ €?(¢_, Fy)L(x0) — 20 T*] . (6.5.31)

Together, (6.5.26a), (6.5.26b), (6.5.26¢) and (6.5.31) exhaust the constraints on the
geometry of the external spacetime M,. They are the analogues of (6.3.5) for four-

dimensional N = 2 supergravity.

6.5.3 Universal hypermultiplet

As we saw in section 6.5.1, the scalars in the universal hypermultiplet are the dilaton ¢,
the axion a defined in (6.5.10), and the complex scalar £ defined by (6.5.8).

The equations for these scalars are not easy to find in the system we gave in section 6.4.
They are hidden inside some equations that would seem to constrain four-dimensional
geometry. There are several of these equations: the equation for dyw in (6.4.19d) and
for dy * v in (6.4.19¢); (6.4.17b), saying that K, is a Killing vector for My; and the
‘pairing’ equations (6.4.20a), (6.4.20b), (6.4.23a), (6.4.23b). One can eliminate from
these equations all the four-dimensional intrinsic torsions by using (6.5.26a), (6.5.26b),
(6.5.26¢) and (6.5.31). Some of the equations become trivial; four stay non-trivial, and

can be interpreted as the equations for the scalars in the universal hypermultiplet.

This derivation is laborious, however, and in this case it might be preferable to present

an alternative logic, stemming directly from the supersymmetry equations.

The idea is to start from the dilatino equations in ten dimensions. These read (—%H +
0p)er + %FMFFMGQ =0, (3H + 0p)es + %FM)\(F)FMQ = 0. They do not contain any
intrinsic torsions, either internal or external (unless one defines the intrinsic torsions by
including the NSNS flux, as was done in [11, App. B]). One way to simplify it is to use

YCry, = (—)*(4 — 2k)Cy,, where Cy, is k-form in four dimensions, and write
TMEDy = 2(4F, + 2F,) +T™FT,, . (6.5.32)
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The last term can be eliminated using the internal gravitino, which in turn produces a
term involving the internal Dirac operator v D,,. In this way one can produce several
equations. Some have an internal free index, and naturally belong to the “edge of the
diamond” equations that we will present in sections 6.5.6 and 6.5.7. The ones without

an internal index are

Lgp=0, Lia = —4Im(ps®) | Ly (€ +i€) = i(us — as™) ; (6.5.33a)
v} da+Re(v-D(E —if)) =0, —20°-dp+Im(v-D(€ —i€)) = 4Re(u5®) , (6.5.33h)
v} D(E+i€) —v-d(a+ 2i¢) = i(u5~ + fst) . (6.5.33c¢)

These can be written exactly as (6.3.10): it is enough to define

¢ =a, ¢F=¢, ¢F=¢, =29, (6.5.34)

0 0 10 0 -1 0 0 0 0 0 1
Ol — 0 0 01 0?2 — 1 0 0 0 0 — 0 0 -1 0
-1 0 00|’ 0 0 o0 1|’ 01 0 O
0 -1 0 0 0 0 —-10 -1 0 0 O
(6.5.35)
and the gauging vectors
—4g3

- —(57+357)
| 76 6.5.36
g A i(s- — &) ( )

0

The Q in (6.5.35) can be thought of as a block of dimension 4 of the triplet of complex
structures 2 (which appeared in section 6.3.3) characterizing the quaternionic structure
of the space of fields of a four-dimensional N = 2 supergravity. Notice that indeed
(6.5.35) satisfy Q*QY = —§*™1 + €"V*Q)%.

6.5.4 Non-universal hypermultiplets

We will now present the equations corresponding to the other, non-universal, hypermul-
tiplets. As we saw in section 6.5.1, the scalars are the 2%, Z* defined in (6.5.6), which
come from deformations of the internal metric along the forms (6.5.5), and the £, £~

defined in (6.5.8), which come from fluxes.

It is natural to look for these equations in (6.4.19a), (6.4.19¢), (6.4.19¢), by taking
their pairing with the forms d¢“ in (6.5.5). However, it turns out that the pairings
(09, (6.4.19a)) and (d¢%, (6.4.19¢)) are redundant: they give equations that can also be
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obtained from (6¢, (6.4.19¢)). We hence need to consider only the latter pairing. Using
the self-duality property (2.1.9), one can show that

(09, F3) = —i* (002, F1) . (6.5.37)
This allows to rewrite (6¢*, (6.4.19¢)) as
VA (09%, did) — (0° — i) D(E +i€) = —w(067, dstry) — 9(09%, dods) . (6.5.39)
This equation becomes more familiar once we decompose it along the basis of two-forms
{k AN v®,v" Av¥Y}. The components along k A v* give the equations
Lpz%=Liz2* =0, (6.5.39a)
Ly D(& + i) = p(6¢° , de¢s) + [(50° , dsd.) . (6.5.39b)
(6.5.39b) comes from k A v3, and is exactly the same as (6¢%, (6.4.19a)); (6.5.39a) come
from k A v', or equivalently k A v®. Notice that (6.5.39a) also follow from the statement
(6.4.17¢), that the action of k preserves the internal metric g,,,. The components of
(6.5.38) along v* A v¥ give
v-D(E* +i€) +0° - D(z*4i2*) =0, (6.5.39¢)
v D(z +i3%) = 03 D(E* 4 i€”) = —p(067, dedry) + i(56%, dsdy) . (6.5.30d)
(6.5.39d) comes from v' A v?, and is exactly the same as (§¢, (6.4.19¢)). On the other

hand, (6.5.39¢) comes from v! Av3, or equivalently from v* Av3. In black hole applications,

these equations would often give that hypermultiplet scalars do not flow, but sometimes
that they do, as in [86].

All the equations in (6.5.39) can again be rewritten as in (6.3.10) by taking
qla — Za qQOt = é'()é q30é = ga q4 = 20& (6540)

and the ©2*, in each dimension 4 block corresponding to a hypermultiplet, are again given

by (6.5.35). The gauging vectors are given by

0
i(60%, dsoy) + i@; dsd+)
(692, dspy) — (002, dsdy.)
0

gL Y = (6.5.41)

6.5.5 Vector multiplets

Now we turn to the equations corresponding to the vector multiplets. As we saw in
section 6.5.1, the scalars in the vector multiplets sit in the components along d¢9 in
(6.5.3) and its conjugate. The pairing (d¢¢%, (6.4.190)) gives

—ip DI + %W@W = 20,G (6.5.42)
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where the Dt* and G*~ were defined in (6.5.4), (6.5.17), and the W’s are defined as
Wt = 4608 ded), W =4 (66, ded), WS =e (662, ). (6543)

(6.5.42) is exactly the complex conjugate of (6.3.12). The W*® correspond to the four-
dimensional shifts appearing in (6.3.2¢) and (6.3.12). They are related to the derivatives of
the shifts s* with respects to the geometrical moduli. This feature was already remarked
in [87, Eq. (3.77)].

It is also interesting to note that there does not seem to exist an equivalent of the
shift W*. In fact, thanks to this, we see that

Lit® =0 (6.5.44)

Another notable consequence of (6.5.42) would be, in black hole applications, the attractor

equation for vector multiplet scalars.

It remains to consider the parings of (6.4.19d) with §¢%. However one can show that
the resultant equations are exactly equivalent to (6.5.42), therefore they do not give any
additional information. This result is not a surprise since we already know that (6.3.11)
is sufficient to fully reconstruct the gaugino equations in the four-dimensional timelike

case.

6.5.6 New vector multiplets: edge of the diamond

As we saw in section 6.5.1 (see the summary in table 6.1), we also expect equations asso-
ciated to the “edge of the diamond”. They come from different places: to start with we
have the equations coming from (6.4.19) and expanded along the edge of diamond. These
are similar to the counterparts just discussed in the interior of the diamond; however, in
this case we have fewer redundacies than in sections 6.5.4 and 6.5.5, and thus the full
amount of equations is bigger. We have also the pairing equations (6.4.20¢), (6.4.20d),
(6.4.23c) and (6.4.23d).® All these equations will be shown in this section and in the

next.

In this section, we will give the ones corresponding to the new vector multiplet in the

8Recall that the other pairing equations (6.4.20a), (6.4.20b), (6.4.23a) and (6.4.23b) are redundant
in the timelike case since they determines external torsions which are determined by the equations in
section 6.5.2.
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(3,1) ® (1, 3) (see table 6.1). They take the form
= = — = €7¢ =
(v o 1) = 2e70(5 0 dsdi ) (k= 0%) + (40, Fo)v — 2 < v (- d4¢+>) v,
(6.5.45a)

I I - —¢ o
(B4, Fr) = 246377, doss ) (k 4+ 6%) + (677, Fy)o + 2 (7 By, d4¢_>) o
(6.5.45b)

They come from (6.4.19¢) expanded along the edge of the diamond, combined with
(6.4.20d) and (6.4.23d). (Equations (6.4.19a) and (6.4.19¢) are redundant like it hap-
pened for the non universal hypermultiplet in section 6.5.4). The reason we do not see
any field-strengths in the vector multiplet equations (6.5.45) is that their gauge potentials

would be g, and B, (see again table 6.1), which we have set to zero.

6.5.7 Gravitino multiplet: edge of the diamond

We finally show the equations associated to the gravitino multiplet of table 6.1. This was
not discussed in section 6.3, since it is usually not considered in four-dimensional theories,
for reasons explained in section 6.5.1. As discussed there, we are not advocating including
gravitino multiplets in a reduction; here, we are not reducing, but rather organizing the
ten-dimensional supersymmetry equations in a way which makes it natural to compare

with four dimensions.

The equations read :

u (Y0, o) = =207 (Y1 6, dydy) — 2Q% v, (6.5.46a)
(0-7", Fy) = —21e (67", dagrs) — 2Q50a (6.5.46b)
Ls(Y2_, dydvy) = s (D—y2,dsdpy) = 0 = (V2 _, dydy) = tu(p_2,dsdy) , (6.5.46¢)
(7i1¢+,d6¢_5+) = (Vilﬁb—adag—) ) (§5+7i27d6¢+) = —(¢—7i27d6¢_5—> ) (6.5.46d)
where
e (Y19, dso-) (¢, de-)
Q] = ie‘¢(’yi1<b:, deo_) ) Qy = —ie‘¢(¢,f_yi2, de_) . (6.5.47)
%(’Yilqb—a FO) %(gb—fyiga FO)

(6.5.46a) and (6.5.46b) are obtained by taking (7 ¢_, (6.4.190)) and (¢_~, (6.4.19b)),
while (6.5.46¢) are obtained from (7" ¢_, (6.4.19¢)) and (¢_~2, (6.4.19¢)). (6.5.46d) are
a consequence of (6.4.20c¢) and of (6.4.23c).

From (6.5.46¢), together with (6.5.39a) and (6.5.44), we see that the internal pure

spinors ¢4 are left invariant by the action of k. Since, as we recalled at the beginning
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of section 6.5.1, the internal metric and By field are determined by them, we recover
(6.4.17¢), (6.4.18D).

With all the caveats given above, we can use our rough discussion in section 6.5.1 to
get a sense of where the new equations (6.5.46) come from. In N = 8 supergravity, in
absence of gaugings the supersymmetry transformations of gravitinos look like 61, 44 ~
D,Cay + Tipv,CP. Recall that for us the index A is split in 1,4y, jo,2 (see (6.5.22)).
Moreover, only ¢; and (; are kept, while the remaining ¢;, and (j, are set to zero. The
gravitino equations for A = 1,2 now become the usual N = 2 gravitino equations (6.3.2a)

(corrected there by gaugings); for A =iy, j, they become the new equations

11+7UC1 12+7VC2 =0= Tu1+f)/l/<:1 2+%/C2 (6548)

In N = 8 we also have the supersymmetry variations of the spin 1/2 fields, which again
read dAapc ~ T[ABCC}JF + PABCDC£)~ Now, 0\;,5., and O\
multiplet equations in 6.5.5; 0A; ;1 and oA, ;2 give rise to the “edge” vector multiplets

give rise to the vector

12 1722

discussed in section 6.5.6; the d\’s with no 1 or 2 index give rise to the hypermultiplets,
discussed in section 6.5.3 and 6.5.4. We still have d\; 12 and d);,19; these give

TinCo = 0="T5,nCy - (6.5.49)

Both (6.5.48) and (6.5.49), suitably corrected by gaugings, are the origin of (6.5.46).

6.5.8 Summary: ten-dimensional timelike case

In this section, we refined our results of section 6.4 for the timelike case. Namely, we
still work with a fibration (6.4.1), with spinor Ansatz (6.4.3), (6.4.7) and assumptions
summarized in footnote 2 and (6.4.12), but now we assume that the spinors ¢; do not
coincide. We have found a system that is equivalent to preserved supersymmetry in this
case. It consists of equations (6.5.26a), (6.5.26b), (6.5.26¢), (6.5.31); (6.5.33), (6.5.39),
(6.5.42), (6.5.45), (6.5.46). Most of the equations correspond to the “boxed” system
in section 6.3; the ones which do not, (6.5.46), capture extra equations which it would
be challenging to obtain in a four-dimensional effective approach, as anticipated in the

introduction and discussed in detail in section 6.5.1.

6.6 An aside: N = 2 four-dimensional supergravity,

general case

We found in section 6.3 a system of form equations which is equivalent to preserved

supersymmetry in the timelike case. This was based on the fact (see section 6.2.4)
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that all the intrinsic torsions can be reconstructed from du, dv, dk;. This had no clear

counterpart in the general case, and at that point it was not clear how to proceed.

In this section, we will see that the general ten-dimensional system we presented in
section 6.4 suggests a system of equations which are valid in the general case. Unfor-
tunately, this system will be much more complicated than the one in section 6.3. Of
course, it is possible that a better alternative exists; finding one might also suggest how

to improve the general ten-dimensional system (3.2.4).

We will start in section 6.6.1 by presenting a set of derivatives of forms from which
the covariant derivatives of spinors can be fully reconstructed, in the general case. We
will not present the full derivation of the equivalence between such set of derivatives of
forms and the covariant derivatives of the SUSY parameters (it can be found in [20]), but

we will just quote the final result and we give some qualitative explanation.

We will then describe our equations for the gravitinos (section 6.6.2), the hyperinos

(section 6.6.3), and the gauginos (section 6.6.4).

6.6.1 Intrinsic torsions in the general case

We begin by some mathematical preliminaries about how to reexpress the covariant
derivatives V(; in terms of exterior algebra of forms. In the timelike case, this was
done in 6.2.4. In the general case, we have to use a different procedure; we will take
inspiration from the intrinsic torsion for an R? structure defined by a single spinor [79],

which we now review.

One spinor

A possible definition of intrinsic torsions for one Weyl spinor ¢ was introduced in [79]; we

will briefly review it here.

As usual, the idea is to expand the derivative of the object defining the structure in
terms of a basis; given this program, we observe that, once that the auxiliary vector e,

has been introduced, the pair of spinors

Coy  en-( (6.6.1)

constitute a basis for the four-dimensional spinors of positive chirality. Similarly, we can
construct a basis for the four-dimensional spinors of negative chirality by considering the
pair (_ and e - (. Having defined the appropriate basis for the spinors, it is natural to
expand the derivative of the four-dimensional SUSY parameter ¢, on it. This leads to

the intrinsic torsions via the formula

Vung = pMCJr + que+ - C, . (662)
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where p,,, g, are complex one-forms.

From (6.6.2) we see that all the information contained in the covariant derivative of
the spinor V,(; is contained into the one-forms p, and ¢,. The goal is then to obtain
a set of differential conditions, on differential forms and not on spinors, which allows to

fully reconstruct the intrinsic torsions.

This problem has been solved in [79], where it is shown that the intrinsic torsions
for a single spinor of positive chirality are fully reconstruct by considering the following
external differential

dk , dw dey . (6.6.3)

Two spinors

We will now consider the case where we have two spinors (; of positive chirality.

As in section 6.6.1, to define intrinsic torsions we need a basis of spinors. Recall from
section 6.2.2 that the two (; are independent in the timelike case (and so they can be used
to define a basis in this case), but that they are proportional in the null case. Between
these two extremes one has a “general” case in which the two spinors (; are parallel in
some points and independent in others. The timelike case has already been dealt with in
section 6.2.4, with the result that one needs to compute the exterior derivatives of u, k,

,Ux

In the general case, however, we have to proceed differently; we will follow the proce-
dure of section 6.6.1. The e,; introduced in section 6.2.2 now give us two possible bases

for spinors, along the lines of (6.6.1). These bases are related, of course; for example we

compute’

G = %€+1 UG — %M er1- ¢! (6.6.4)
and analogously

G = %eﬂ v+ %,u eira-C?. (6.6.5)

However, we will most often keep the two bases separate. We can now simply introduce

two sets of p, and g,:
VG = pZ G + C]Z eri- (' (6.6.6)
where the indices are not summed.
We should now try to identify a system of PDE in terms of exterior algebra, from which
one can reconstruct both the p’ and ¢' in (6.6.6), similarly to how (6.6.3) reconstructs

p and ¢ in section 6.6.1. We saw in section 6.6.1 that the system (6.6.3) is necessary

and sufficient to fully reconstruct intrinsic torsions for the case with one spinor. With

9Notice that the coefficient %eﬂ -0 is precisely the same coefficient «a(x) that we encountered in
(6.2.20).
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two spinors, the most obvious procedure would be to “double” that computation, and

consider the equations for dk;, dw;, de;.

This is obviously sufficient to determine p* and ¢°. However, it is not suited to the
applications to supergravity we will pursue later in this section. The reason is that
dw;, de; would contain two ‘spurious’ one-forms p’, which would not be determined by
supersymmetry, since they do not appear in the covariant derivatives V,(;. One might try
to improve the system (6.6.3) so that p never appears (for example, by taking appropriate
projections of dw and de ). This would certainly deserve further investigation but here we
will however follow a different approach: we will take inspiration from the ten dimensional
system (3.2.4), specialized as in section 6.4, to deduce a necessary and sufficient system

of PDEs to reconstruct p’ and ¢'.

First of all, (6.4.19) and (3.2.4a) suggest that we have to consider the exterior deriva-
tive of (¢, and (¢S
d(GiG) » d(GiCs) (6.6.7)

together with the tensor
V(u(kl + k’z)u) ) V[u(/ﬁ - k2)u] . (6.6.8)

Together, (6.6.7) and (6.6.8) contain almost all of the components of p' and ¢*. The

only ones left are'”
€417 P2, €421, €+1°G2 , €i2°q1 - (6.6.9)

To determine these remaining components using differential forms, we finally take
inspiration from (3.2.4c), (3.2.4d): indeed we see that (6.6.9) are exactly the components
of the intrinsic torsions appearing in (6.4.20a), (6.4.20b), (6.4.23a) and (6.4.23b); it is
possible to verify that such components can be computed by considering the following

expressions involving the four-dimensional pairings

(d(€+1C1?)a €+1C1?) = —16ie11-q2 , (d(C1?e+2)7 Cl§e+2) = 16ie42-q1
(d(e31G1G2), e41¢ Ceya) + (d(e41¢"2), €411 Pe2) — 16id ey = 32ie4q - pa ,  (6.6.10)
(d(¢1Ceq), e11C Gaers) + (d(Ciloesa), e11C Cey) 4 16id ey = —32ie sy .

6.6.2 Gravitino

Our strategy will be to evaluate using supersymmetry the various intrinsic torsions we
identified in section 6.6.1. There are three classes of equations: those coming from d(¢;(?),
d((1Cy), those from V k1, + V, ks, and the torsions “along k;” (6.6.10).

10This precisely parallels the fact that the intrinsic torsions Ql+2 yp and Q?h Np Wwere the ones not
determined by (3.2.4b) and (3.2.4a); see [11, (B.20)].
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We can evaluate d(¢;(?), d(¢,(3) in the language of (6.2.9). That means computing
du, dv, dw, d xv. Actually, before we give the expressions for these exterior derivatives,
notice that one more exterior derivative is the antisymmetrization of V ki, + V, ko,
namely d(k; — ko). In (6.3.5), we already gave formulas for d(k; — ko) and dv, collected
together in a triplet dv, (see (6.3.6)). This time, however, we do not need to use dk. The

exterior derivatives we need are then
dp = Syvy — 1T, (6.6.11a)
dvy = 264, Im(S,w,) , (6.6.11b)
d = iO Aw + %(/ﬁ A — A Aw2)+gm (=S40 + S_v+ Sy(ks + k2)) — (ks — ko) AT |
(6.6.11c)
d*v=—2(gS" + puS—)voly . (6.6.11d)

We also have to compute the symmetrization of V ki, + V, ks, which simply gives
Viky=0. (6.6.12)

This is simply the statement that k is a Killing vector.

Finally, we have to compute the remaining torsions (6.6.10). These give

ey1-(4go + S ky + SPv — 2, TT —ipA™) =0, (6.6.13a)
- < w 1 A : _

ey (2p2u — STwh — 2(Neja — te,,0) <T;, — §S3gw,> — 2iQ, — 2ies ~UAu> =0,
(6.6.13b)

ey (4q — STk + S0 + 20, T +ipAt) =0, (6.6.13c)

_ 1 A

ety (Qplu + Stwl —2(Ney1 + te,, @) (T;, + 55’39””) —2iQ,, — 2ie4q -UA;) =0.

(6.6.13d)

6.6.3 Hyperino equations

Now we turn to the hyperino equations (6.3.2b). As we remarked in section 6.3.3 to
extract all the information contained in these equations it is sufficient to expand them in
basis of spinors. Moreover, as explained in section 6.6.1 two possible bases of spinors of

positive chirality are given by
gi ) e-‘rici ’ 1= ]-) 2. (6614)

In principle a minimal set of equations which is equivalent to the original hyperino

equations can be obtained by choosing a specific basis (such as the bases with index
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i = 1) and expanding the (6.3.2b) along this basis. However, it turns out that it is more
convenient to expand (6.3.2b) along all the spinors appearing in (6.6.14). Of course the
resultant system of equations will be redundant but it can be written in a neat form.

Obviously, when we expand (6.3.2b) along (; we simply re-obtain equations (6.3.10).
However, in this case these equations are not sufficient, and they must be completed by
the equations obtained by expanding (6.3.2b) along e ;(*. To this end, it is useful to

introduce

Eki — §k€+k7 Cz — 4 ( wy fesr + Le+1(D
I H -

) ) = E,e" + E,,.0"" | (6.6.15)
—Heqo t le W Wo .

where k is not summed. This matrix does not actually transform well under SU(2); it is
a bookkeeping device. It would be possible to define a three-index tensor ¢ ey ;v"¢" that

does transform well, but for our current aim this would be an overkill. We also introduce

1 €+1‘6

CF = CPeyr( =4 ( o ) = O6* + C*a™F;. (6.6.16)
+2°

Returning now to (6.3.2b) we can expand them along (¥e,, and, after some manipu-

lations very similar to those that lead to (6.3.10), we obtain the equation
iE-Dq" — Q" E” - Dg* — CgLkY —igQ® O LM%Y =0 . (6.6.17)

In the general case, the hyperino equations are equivalent, in a slightly redundant manner,
to (6.6.17) and (6.3.10).

6.6.4 Gaugino equations

Finally we move to the gaugino equations (6.3.2¢). Contrary to the hyperino equations
just discussed, in this case it is not convenient to use the SU(2) formalism; therefore we

will rewrite (6.3.2¢) as

i DIC 4 GOt Gy + WGy — %W“‘Q n %Wa?’@ —0, (6.6.18a)
i DEC? — GOy — WO + %W‘% n %W‘HCQ —0. (6.6.18b)
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To proceed we expand equations (6.6.18a) along (; and (%e., and (6.6.18b) along ¢; and

(e, obtaining the system
i0- Dt + G Lw, — %uwa* ~0, (6.6.192)

— i ((teys@) — i)D" — 200 L1, G*T + W* — E(eH S0) W+ Zypas = g , (6.6.19Db)

2 2
iv-Dt* — G Lw, — %MW'” ~0, (6.6.19¢)
— i((tes,®@) + 141 )LD + 20 1y GT — W + %(e+1 D)W %Wa?’ = 0. (6.6.19d)

The system (6.6.19) is therefore completely equivalent to the original equation (6.3.2¢)
without any redundancy.
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Chapter 7

Holomorphic Chern-Simons theory
coupled to off-shell Kodaira-Spencer
gravity

This Chapter is devoted to Holomorphic Chern-Simons theory (HCS), a theory introduced
by Witten in [24] as the target space field theory describing the dynamics of a stack of
N 5-branes of topological string theory of the B type living on a Calabi-Yau complex
three-fold X. In section 7.1 we will present an introduction to the theory, we will discover
its main features and we will describe our goal. Then we will move to discuss how this
theory can be formulated consistently also when the geometrical backgrounds are off
shell. Finally, we will see how the BV formalism allows us to uncover an N = 2 twisted

SUSY algebra which is responsible for the semi-topological character of the model.

7.1 Statement of the problem

The action of HCS

r:/ QATr(1A5ZA+1A3), (7.1.1)
X 2 3

is a six-dimensional analogue of the topological three-dimensional Chern-Simons action
[88]. The gauge field A, encoding the open string degrees of freedom, is a one-form with
values in the Lie algebra of SU(N) of type (0,1) with respect to the chosen complex

structure on X
A:dZEAT(Z, Z) :dZiA;L(Z7 Z)T“. (7.1.2)

In the formula above T are the SU (V) generators and Tr is the trace in its fundamental

representation. 9y is the Dolbeault operator relative to complex coordinates (Z?, Z7)
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compatible with the chosen complex structure

0
A

0y =d7" (7.1.3)

The HCS action (7.1.1) depends therefore on two different classical geometrical data.
One of them is the complex structure that one picks on X. The other is €2, the globally
defined holomorphic (3,0)-form on X that we already encountered, in the supergravity

discussion, in Chapter 3
Q= Qu(Z,2)dZ" NdZP NdZ* = p(Z,2) e dZF N dZ N dZF (7.1.4)

which, for Calabi-Yau three-folds, is unique up to a rescaling. 2 and the complex structure
on X are in correspondence with the closed moduli parametrizing the closed string vacuum
in which the 5-branes live. Since the (3,0)-form €2 depends on the complex structure on
X, the moduli space of closed strings is the total space of a complex line bundle whose
base is the moduli space of complex structures on X and whose fiber is the holomorphic
(3,0)-form.

To exhibit explicitly the dependence of the theory on the complex structure of X it

is convenient to introduce the Beltrami parametrization of the differentials dZ°
dZ' = N (d27 + p d7) (7.1.5)

where (z°, 2%) is a fized system of complex coordinates. The Beltrami differential

0 o,

= —— = ptda? — 7.1.6
pE Lo = ppde 5 (7.1.6)

is a (0,1)-form with values in the holomorphic tangent 71®) X. The action (7.1.1) rewrites

in the system of coordinates (2%, 2°) as follows

FO(Q,M):/ Q/\(EAVAJFEA?’), (7.1.7)
X 2 3
where
V=0, d=dil (7.1.8)
= w0 =dz 92 1.

In this formulation, the dependence of the theory on the closed moduli is captured by

the two classical backgrounds fields — 2 and pu.

The original action (7.1.1) is invariant under {2-preserving holomorphic reparametriza-
tions. The coupling of A to the classical background p promotes this global invariance

into a local symmetry under which u transforms as a gauge field
Sdiff ,u’ = —éfl + fjaj /iz — 8j fz uj . (719)
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In (7.1.9), £ is the ghost of Q-preserving local diffeomorphisms
01¢(Q2) =0, (7.1.10)

where i¢ is the contraction of a form with the vector field &' d;.

The backgrounds 2 and g in (7.1.7) must satisfy the classical equations of motion of

the closed topological string theory:

Fl=0u — o, =0, (7.1.11)
VQ=VQ+09,u'Q=0. (7.1.12)

The first of such equations is the celebrated Kodaira-Spencer equation [26] which ex-
presses the integrability of the Beltrami differential; the second equation expresses the
holomorphicity of Q in the complex structure associated to u’. Indeed the action (7.1.7)
is invariant under the gauge BRST symmetry*

sA=-Ve—[A 4,
sc=—c*, (7.1.13)

where ¢ = ¢® T is the anti-commuting ghost associated to SU(N) gauge transformations,
only if the closed string equation of motions (7.1.11) and (7.1.12) are satisfied. It should
be kept in mind that A and ¢ are the dynamical variables of HCS while u?, Q and & are
classical non-dynamical fields.

For the purpose of investigating the quantum properties of HCS field theory, like its
renormalization and its anomalies, it is useful to extend both gravitational backgrounds
w1 and €2 to be generic off-shell functions. Hence in the next sections we will write down
the appropriate generalization of the action (7.1.7) valid also when p and € do not satisfy
their equations of motion (7.1.11) and (7.1.12). Nevertheless, as mentioned above, the
closed string fields will still be treated as non-dynamical backgrounds. In the context of
string theory our result could help understanding the back-reaction of the 5-branes on

the closed string vacuum, since the presence of branes modifies the equation of motions
(7.1.11) and (7.1.12) and puts the backgrounds off-shell.

The standard method to go “off-shell” is to introduce new fields acting as Lagrange
multipliers whose equations of motions are precisely the closed string equations (7.1.11)
and (7.1.12) and whose gauge transformation properties are such that the action is gauge

invariant even for off-shell backgrounds. This strategy has been adopted by the authors

'In this second part of the thesis, we will adopt the convention that fields and operators carrying
odd ghost number anti-commute with fields and operators carrying odd form degree. In particular, the
BRST operator s and the Dolbeault differential V anti-commute.

145



of [89],% who were able to solve, so-to-say, half of the problem: they introduced a Lagrange
multiplier whose equation of motion is the Kodaira-Spencer equation (7.1.11), but they
did not reformulate the second equation (7.1.12) in the same way. We achieve this task

in the present article.

The reason why the authors of [89], whose main focus is the closed target space field
theory, have restricted {2 to be holomorphic, has to do with the different status that
equations (7.1.11) and (7.1.12) enjoy in the Kodaira-Spencer field theory: Eqgs. (7.1.11),
which are the classical equations of motion derived from the Kodaira-Spencer action [26],
are equivalent to the BRST-invariance of the closed vertex operators associated to the
complex structure moduli. This is the standard relation between the second quantized

classical equations of motion and first-quantized vertex operators.

Eq. (7.1.12), instead, is not an equation of motion of Kodaira-Spencer field theory.
The  which enters the Kodaira-Spencer action must be holomorphic and hence it is
a parameter and not a dynamical field of Kodaira-Spencer theory. From this point of
view, Kodaira-Spencer theory does not provide the second quantized formulation for the

first-quantized vertex operator (of non-standard world-sheet ghost number) associated to

Q.
On the other hand, in the open string field theory it seems to be perfectly sensible

to treat {2 and g on the same footing: we will therefore introduce Lagrange multipliers
whose equations of motion coincide with both (7.1.11) and (7.1.12) and will determine
their gauge transformation properties. We will find it necessary to enlarge the SU(N)
gauge symmetry to include a number of new ghost (and ghost-for-ghost) fields which
can be thought of as “descendants” of the Lagrange multipliers and which ensure the

nilpotency of the full BRST transformations.

Since () becomes, in our construction, an off-shell background, the HCS action that we
will derive enjoys a larger reparametrization invariance than the original action (7.1.7).

This invariance include reparametrizations which are not {2 preserving:
sa it = =0 + 0t —9; 6"
Sdifo = 825(9) >
Sqig A = 8@ A, Sdifffi = fj aj fi ) (7-1-14)

together with analogous transformations for all the other dynamical fields that we will

2 A different method to couple HCS to off-shell gravitational backgrounds has been put forward in [90].
Contrary to our approach, the (3,0)-form Q is not treated in [90] as a background independent of the
complex structure p and, correspondingly, the Q equation (7.1.12) is still implicitly assumed, much like
in the treatment of [89]. Moreover, the strategy employed to lift the Kodaira-Spencer constraint (7.1.11)
entails the inclusion among the dynamical fields of the (1,0) component of the gauge field, together with
a series of satellite fields, thus introducing a large gauge redundancy and making the dependence on the

complex structure p fairly implicit.
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introduce. We will refer to the reparametrization invariance (7.1.14) acting on off-shell

pt and Q as chiral diffeomorphism invariance.

7.2 Chiral reparametrization invariance

The coupling of HCS to the holomorphic Beltrami differentials (7.1.5) is determined by
requiring invariance under chiral reparametrizations. Chiral reparametrizations act on

the Beltrami differentials as follows
saigp = —0& + &0’ —8;E 1, (7.2.1)
where £ is the anti-commuting ghost field of chiral diffeomorphisms:
sai ' =& 0; ¢ (7.2.2)

It is important to keep in mind that sgig is nilpotent for generic pf, independently of the
validity of the Kodaira-Spencer equation (7.1.11). On the space of Beltrami differentials
p* which do satisfy Eq. (7.1.11) there exists a natural action of non-chiral (standard)
reparametrizations which follows from the definition (7.1.5): one can show [91] that the
actions of chiral and non-chiral reparametrizations coincide on such space if one identifies
the chiral ghost ¢ with the following combinations of the ghosts (¢, c") of standard

diffeomorphisms
§=c+pld. (7.2.3)

There is no notion of standard reparametrizations of “off-shell” Beltrami differentials, i.e.
of 11'’s which do not satisfy the Kodaira-Spencer equation: invariance under chiral diffeo-
morphisms (7.2.1) represents the extention of reparametrization invariance appropriate
for off-shell p.

Matter fields with only anti-holomorphic indices transform under chiral diffeomor-

phisms as scalars
Sdiff ¢ij... = fz 0; ¢ij... . (7'2'4)

For example, the transformation law under chiral reparametrizations of the gauge field
A= A;da" is

Saif As = € 0; Aq . (7.2.5)
The action of chiral diffeomorphisms on tensors with holomorphic indices is instead

Sdiff #jk =0 ¢%k — ;¢ %7 o T ORE %'.'.,;j LR (7.2.6)

.......

147



For example, in the following Section we will introduce the Lagrange multiplier C; =

Cy dx* which transforms under chiral reparametrizations as follows
sait Cir = & 0; Cyz + 0 ¢ Cjr . (7.2.7)

For chiral reparametrizations there is a natural definition of covariant anti-holomorphic

derivative

.......

Vi . = VidG g + 05105 . — O O35+ (7.2.8)
There is instead no natural notion of covariant holomorphic derivative. However the

holomorphic derivative of a tensor with no holomorphic indices is a tensor with one

holomorphic lower index.?

We will use the notation

V=di*V; =V +T, (7.2.9)

where the connection I' denotes the appropriate tensor product of matrices with holo-

morphic indices
(D) = da* O, (7.2.10)
acting on holomorphic tensors in the usual way. For example

VV,=VV, - 0,1 V. (7.2.11)

7.3 Gauge invariance

The variation of the HCS action
1 — 2
Ty = —/ QTr(AV A+ Z A?) (7.3.1)
2 Jx 3
under the BRST gauge transformations

sA=-Vec—[Ad,,
sc=—c (7.3.2)

1s:

QTI(VCVA + Av2 c) =

Va)
g

=
I

Tr(cVA) +QTr(c V2 A+ AV ¢)

|
<P

N = N = N =

KO
<

() Tr(cV A) +QTr(072A+AV2 c), (7.3.3)

3 “Natural” in this context means that the connection in Eq. (7.2.8) depends only on u* and not on

the choice of a metric.
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where

VQ=VQ+0,0,
V=0-p0=de'Vy=da" (0, — 1 9;) . (7.3.4)

The curvature of the V-differential is
V' = —da’ da? (O pid — 11l O 1i2) 0 = —F' 0, (7.3.5)
where
Fl=duw — 1o, i (7.3.6)

is the Kodaira-Spencer (0,2)-form with values in the holomorphic tangent.

Eq. (7.3.3) shows that 'y is gauge-invariant only if both ©Q and u' are “on-shell”, i.e.
if they satisfy the equations

Fr=ou —1o,u' =0, $Q5v9+8iui9:0. (7.3.7)

The first equation is equivalent to the nilpotency of V while the second expresses the
holomorphicity of €2 in the complex structure defined by p. Let us introduce the Lagrange

multipliers
Ci = Cﬁ dlj, (738)

a (0,1)-form with values in the holomorphic cotangent, in corrispondence with the first
of (7.3.7), and

B = dxi dxj Bij; (739)

a (0,2)-form, in correspondence with the second equation.

If their BRST variations are taken to be

sB = —Tr(cVA) ,
sC;=Tr(—cO; A+ 09;cA), (7.3.10)

the action

r:%/ QTH(AT A+ 4% +Q(VB+F 0] (7.3.11)
X

is then BRST invariant for generic, “off-shell” backgrounds Q and p‘.*

4The gauge transformation laws of C; in Eq. (7.3.10) differ from those given in [89] but they are
equivalent to them when 2 is on-shell.
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The BRST transformations (7.3.2) and (7.3.10) are not nilpotent when acting on the
Lagrange multipliers
B = T1r(cv2 )= VTr(Ac®) = —F'Tr(cdic) = VTr(Ac?),
s*Ci=Tr(—cd;Ve+0;eVe)—0; Tr (Ac?) =
=VTr(coic) +Trc[V,d]c—0;(Tr Ac®) =
=VTr(coc)—0;Tr(Ac?), (7.3.12)
where we made use of the relation

0;, Vi = =044 0;.. (7.3.13)

The lack of nilpotency of (7.3.10) is due to the existence of new local symmetries of
the action (7.3.11)

BB =B+F f+Vd, C—C=0C-Vf+0d, (7.3.14)

with parameters d = d;dx" and f; which are, respectively, a (0,1)-form and a section of
the holomorphic cotangent. The transformations (7.3.14) are symmetries of the action

(7.3.11) since they leave invariant the combination
VB+FC,»VB+FCit+ (VF £)-FVE) + (Vd+ Fod) =
_VBiFC (7.3.15)
In the equation above we made use of (7.3.5) and of the Bianchi identity for F*:
0= [V, [V, 4] =~ F, (Fi0)) + 7 Fie 0, () =
=~V Fi 0+ € Fip [0, Vi) = =7 [Vi Fig + F2, 05 448] 0; (7.3.16)
which can equivalently be written as
VF =0. (7.3.17)
Henceforth the BRST transformations

sA=-Ve—I[Ad,,

sc=—c*,

sB=-Tr(cVA) -F f-Vd,

sC = Tr(—cO A+ dcA) —V f+8id,

sd="Tr(Ac?),

sfi=-=Tr(co;c), (7.3.18)

150



where f; and d are anti-commuting fields with ghost number +1, are nilpotent when
acting on A, ¢, B and C;. The transformations (7.3.18) are however not nilpotent when

acting on d and f;:

1 —
32d:—§VTrc3,

1
s*f, = -3 o, Trc?. (7.3.19)

The reason why the BRST rules (7.3.18) are not nilpotent on d and f; can be traced back
to the fact that the replacements

d—d=d+Ve, fi— fi=fi+die (7.3.20)

leave unchanged the transformations of B and C; in (7.3.18). Therefore, by introducing
a scalar commuting ghost-for-ghost field e of ghost number +2, we obtain at last the fully
nilpotent BRST transformations of the action (7.3.11)

sA=-Ve—[Ad,,
sc=—c,
sB=-Tr(cVA) —-F f-Vd,
sC =Tr(—cO A+ dicA) —V fi+d,d,
sd=Tr(Ac*) —Ve,
sfi=-Tr(cd;ic)+ 0;e,

1

se= gTrc?& (7.3.21)

The structure of these BRST transformations is possibly made more transparent by the
remark that the c-dependent terms in the BRST variations of B, d and e are precisely the
forms which appear in the BRST descent equations that are generated by the holomorphic
Chern-Simons (0,3)-form and the on-shell V:

sT03) = yr2 = 702 = _vroh,
sTOD = _Fr00 4700 —¢ iV =0, (7.3.22)

where

I =Tr(AV A+ ; A%,
12 = Tr (cV A),
ron = _Ty (Ac?),

1
10 — -3 Tr o (7.3.23)
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Therefore, when F* = 0, the cocycle

P03 _ 03 L § B
1o =102 4+ sp4+Vd=0,
[OD =1OY 4+ 5d+Ve=0,
100 =100 yse=0 (7.3.24)

is a solution of the descent equations (7.3.22) which is BRST equivalent to the Chern-
Simons cocycle (7.3.23) and whose (0, 3) component is precisely the form which appears
in the off-shell action (7.3.11).

Summarizing, the (0,3)-form which appears in the off-shell Chern-Simons action is the
representative of the solution of the cohomology problem (7.3.22) which is characterized

by the vanishing of the components of lower form-degree: its top-form component is, when
V= 0, s-invariant — not just s-invariant modulo V. The terms in (7.3.21) involving f;

and C; are necessary to make [®3 + Fi O, s-invariant even when V- # 0.

The action (7.3.11) contains only covariant anti-holomorphic derivatives and therefore

is manifestly invariant under chiral diffeomorphisms of both fields and backgrounds
SdiﬁAzgiaiAa Sdiffczfiaic7
sagB=¢0; B, sarC; =& 0, Ci + 0,8 C;,
saird = £'0; d, sair f = &€'0; f saire = £ e,
Sdiff /Ji = —sz s Sdiff 51 = fj 8j 51 s Sdifo = 8@5(9) . (7325)

Moreover the gauge BRST transformations (7.3.21) are also manifestly covariant, since
they are expressed in terms of anti-holomorphic covariant derivatives and holomorphic
derivative of chiral reparametrizations scalars. Therefore the off-shell action (7.3.11) is

invariant under the nilpotent total BRST operator sy
Stot = Sdiff + 5, (7.3.26)

which encodes both the SU(N) gauge symmetry and the global Q-preserving holomorphic

reparametrization symmetry of the original action (7.1.1).

7.4 Anti-fields and the chiral N=2 structure of the

BRST transformations

It is known [92] that the structure of the BRST symmetry of 3-dimensional (real) CS

theory becomes considerably more transparent when one considers, together with the
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gauge connection A and the ghost field ¢, also their corresponding anti-fields A* and c*,
which are, respectively, a 2-form of ghost number -1 and a 3-form of ghost number -2.

All these fields can be collected in one single superfield, a polyform:
A=c+A+ A"+ ", (7.4.1)

whose total grassmannian degree f = Nghost + Mform, the sum of ghost number ngpos and
form degree ngym, is f = +1. The BRST transformations of both fields and anti-fields of

the 3-dimensional CS theory write nicely in terms of A as follows
(s+d) A+ A>=0. (7.4.2)

In this Section we will see that a similar strategy of collecting fields in polyforms of
given Grassmann parity [ also elucidates the geometrical content of the BRST trans-
formations of the HCS theory coupled to off-shell gravitational backgrounds. For HCS
theory, of course, the grassmann parity f is given by the sum of the ghost number and

of the anti-holomorphic form degree.

Let us first write down the BRST transformations of the anti-fields of the dynamical
fields.” The anti-field of a (0,1)-form A = A;dz" is naturally a (3,2)-form, A*, whose
BRST variation is

_ 1~
SA"=—QVA—-VQA+--, (7.4.3)

where the dots denote the contribution from fields other than A. In order to obtain an
anti-field which sits in the same superfield (7.4.1) as ¢ and A, it is convenient to introduce

the holomorphic density p
Q= peijrdz' d2? d2F (7.4.4)
and to pull out a factor of p from the definition of the anti-field A*:
A* — p A* = pct. (7.4.5)

The redefined A* becomes a (0,2)-form and (7.4.3) gets replaced by

sA*:—vA—§—A+---. (7.4.6)

We will use the notation

= EE =Vlogp. (7.4.7)

°For a condensed introduction to anti-fields and the Batalin-Vilkovisky (BV) formalism see [93].
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Redefining both A* and ¢* in this way, we obtain for their BRST transformations the

expressions
sA*=-VA—-A*—[c, A, +2C* " Oic+
—% (Vlogp) A—B*Ve— (VB*+ (Vlogp) B*) c+
+(0; C*" + (9;log p) C*") e+ & d*,
sc*=—[c,c*]y — VA —[A A +2C* 0, A+2f " Dic+
—(Vlogp) A* — B*VA+ (& C*" + (0;log p)C* Z) A+
F(OF B logp) fY) e [Ad ' + e (7.4.8)
The Lagrange multipliers B, d, e sit in a single superfield with f = 2. Therefore the
corresponding anti-fields B*, d*, e* are holomorphic densities with f = 0. The multipliers
C; and f; have f = +1, and thus C*" and f** are holomorphic densities with f = +1.

We will find it convenient to redefine C*% and f** by pulling out a factor of p, as we did
with A* and c¢*,

C*t = pC*?, i pfrr, (7.4.9)

so that the new anti-fields C*? and f*? are forms of anti-holomorphic degree 2 and 3
respectively. We obtain therefore for the BRST transformation laws of the anti-fields of
the Lagrange multipliers:

1~

B =——

S 2Vp,

sd*=0;(pC*") —V B*,

se" =0 (pf')-Vd,

sC*" = 2]:’,

B*Fi 4 (Vp)C*?
P )

sfri=-—Veori- (7.4.10)

The BRST transformation laws (7.4.10) make clear that the three anti-fields B*, d*, e*
can be put together with the holomorphic density p to form a “complete” BRST multiplet

B*=p+2B"+2d 4 2¢" (7.4.11)
containing components of all degrees ngm = 0,1, 2,3 which transform as follows:

sp=0,
s(2B*) = —Vp,
s(2d") =

s(2¢) =

(2B7)+0:(2pC""),

V(2
~V(2d)+0;2pf"). (7.4.12)
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To form a complete multiplet out of C** and f** we need a (0,0)-form of ghost number
1 and a (0,1)-form of ghost number 0 with values in the holomorphic tangent: The natural
candidates are £, the chiral reparametrizations ghost, and y¢, the Beltrami differentials.

This motivates considering the total BRST operator
Stot = Sdiff T 5, (7.4.13)

which encodes both the chiral reparametrizations invariance and the gauge symmetry of
HCS theory. Indeed, one can check that by defining

M1551+u1+20*’+2(f*’—;B*C*’) =4+ 207 4247 (7.4.14)

the transformation rules for C** and f** in (7.4.10) assume the form
Stot M' = — (OM' — MY 9; M) . (7.4.15)

This equation also reproduces the correct BRST transformations for £ and p'. From the

same equation it also follows that the anti-holomorphic derivative acting on super-fields

DLy
VM) @i =
= O L —MIO; @+ O MEDL — G ML DL - (7.4.16)

is covariant under the transformations (7.4.15). Moreover the covariant differential

V(M) = da* V(M) (7.4.17)
satisfies
{5100, V(M) } + V(M)? = 0. (7.4.18)
This means that the operator
§ = Si0r + V(M) (7.4.19)
is nilpotent:
2 =0. (7.4.20)

It is easily seen that the transformations (7.4.12) rewrite in terms of this super-covariant

anti-holomorphic derivative as
s10t B = —V (M) B* . (7.4.21)
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The introduction of the flat super-Beltrami M’ allows one to recast the BRST trans-
formations of the gauge supermultiplet ¢, A, A*, ¢* in a form which is analogous to the
transformations (7.4.3) of the three-dimensional theory. Defining the modified anti-fields

B* dr B* d* e

A——c, c¢=c—-2—A ——A——c (7.4.22)

A = A —
p p p p p

and the superfield
A=c+A+ A +c,, (7.4.23)
the transformations of the gauge multiplet in (7.3.21) and (7.4.8) write as
Sior A= -V (M) A — A% (7.4.24)

Let us turn to the BRST transformations of the Lagrange multipliers. To form a complete
BRST multiplet B out of B, d, e we need to introduce the anti-field p*, with ghost number

-1 and anti-holomorphic form degree 3, corresponding to the background p.

Let us comment on the significance of BRST transformations of the backgrounds and
of their anti-fields. Backgrounds (or coupling constants) can appear both in the classical
action and in the gauge-fixing term. Backgrounds which appear only in the gauge-
fixing term are of course unphysical. It is convenient in various contexts to extend the
action of the BRST operator on the unphysical backgrounds by introducing corresponding
fermionic super-partners to form trivial BRST doublets (see [94] and references therein).
The BRST variation of physical backgrounds (or coupling constants) must instead be
put to zero since varying a physical coupling constant is, by definition, not a symmetry.
Indeed in HCS theory the gauge BRST transformations of the (physical) backgrounds p
and 4 vanish, as indicated in (7.4.12) and (7.4.21). However in the BV formalism it is
natural to consider also the anti-fields corresponding to physical backgrounds. Anti-fields
of backgrounds do not appear in the BV action since the BRST variation of the physical
backgrounds vanish. Their BRST variations are naturally defined in the BV formalism
by the derivatives of the BV action with respect to the backgrounds. For HCS theory
the BRST variations of the anti-fields of p and p’ can be defined to be

., Opy 1 = 1 5 1 1,
spt = o Tr(QAVA+3A) 2VB 2.7:0Z7
I 1olgy 1 ~ .
* A _B*
ST (A D) =~ (Tr (0 A) = i d + ) = V() it
. , , d*

156



where 'y is the BV action.’

The content of the relation (7.4.25) is that the variations of the action with respect to
the physical backgrounds are BRST-closed: since the BRST transformations do depend
on the backgrounds this is not self-evident but it is ensured by the general BV formula.
In the enlarged field space which includes anti-fields of backgrounds such variations are
BRST-trivial.

The superfield which collects together B, d, e and p* and has nice BRST transforma-

tion laws turns out to be
B=e+d+ B,+2p;, (7.4.26)
where

B,=B-2C*" f, —Tr (A% c),
208 =2p" —2C*Cy —2f fi —Tr (AX A4 cie). (7.4.27)

One can check that the BRST transformation laws for B, d, e rewrite in terms of B as

follows

Sior B ==V (M) B + % Tr A%, (7.4.28)

The Lagrange multipliers C; and f; sit in a superfield which contains also a 2-form of ghost
number -1 and a 3-form of ghost number -2 with values in the holomorphic cotangent.
Looking at (7.4.14) one sees that these should be identified with the anti-fields p} and
& of the backgrounds p' and &'. Since M is valued in the holomorphic tangent, M} is

naturally a holomorphic density. Choosing its components to be
M =pfi+(pCi+2B" fi) +2p; +2&, (7.4.29)
its BRST transformation writes
St M = —V(M)M: + B* 0,8 — B Tr A9, A. (7.4.30)

The BRST transformations of all fields and backgrounds and their anti-fields write in

a nice compact form in terms of the coboundary operator 9:
SM + MY O, M' =0,

SA+A2=0,

0B = %TrA:S,

SM; =B 0, B— B TrAd; A,
5B =0. (7.4.31)

6In Eq. (7.4.25) we defined the functional derivative of I'zy with respect to p by keeping constant
the true anti-fields A*, c*,C**and f*?, and not the redefined ones in (7.4.5),(7.4.9).
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Let us comment on the geometrical interpretation of the BRST transformations
(7.4.31). The first of (7.4.31) tells us that the super-Beltrami field M has flat Kodaira-
Spencer curvature with respect to the differential §. The second equation expresses the

flatness of the gauge super-connection A. Since A is flat, the Chern-Simons polyform

Tes=Tr(A5 A+ % A%) = —% Tr A® (7.4.32)

is a 0-cocycle. The third equation in (7.4.31) says that such cocycle is d-exact, being the

0-variation of B. Taking the J; derivative of this equation one obtains
60, B=Tro;, AL =56Tr A9, A. (7.4.33)
This means that €2, = 0; B — Tr A09; A is a d-cocycle
6(0;B—TrA;A) =06Q;=0. (7.4.34)
The fourth equation in (7.4.31)
B*Q; = M (7.4.35)
implies therefore
0B Q; =0. (7.4.36)
This is consistent with the fifth equation in (7.4.31) and implies that €; is also J-trivial

7.4.1 The action

Not only the BRST transformations but also the action rewrites in a neat form in terms

of superfields. The BV action corresponding to the gauge invariant action (7.3.11) is

— 2 . — ,
2FBV:pTr(AVA+§A5) +pVB+4+pF'Ci—2pA"sA—2pc'sc+
—2B*sB—2d*sd—2¢e*se—2pC*sC; —2p f*s fi, (7.4.38)

where we chose to think of I'gy as a (0, 3)-form with values in the holomorphic densities
rather than a (3,3)-form as in Eq. (7.3.11).

We have seen that when working with the superfields it is natural to promote the gauge
BRST operator to the total s which includes the chiral diffeomorphisms, by introducing
the chiral reparametrization ghost & which should be thought of as a background, in the
same way as p and pu‘. The corresponding BV action has extra terms with respect to the

gauge BV action (7.4.38) which are proportional to the background &'. Tt is this extended
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action which writes most simply in terms of superfields. Of course one can always recover

the gauge action (7.4.38) by putting &' to zero.
A direct computation shows that (the extended) I'gy is the (0, 3)-component of the

following polyform with values in the holomorphic densities

2 FBV = —B* Stot B — M: Stot MZ — B* Tr (A Stot A) ==

=B*Tr (A$(I\\/JI) A+ ; A®) + B*V(M) B+ M; (OM' — MY 9; M') . (7.4.39)

We see therefore that, in much the same way as it happens for 3d CS theory [92], the
BV action is obtained from the classical action (7.3.11) by replacing every field and
background with the superfield to which it belongs

A— A, B— B, pC; — M|
p =M, p— B (7.4.40)

7.5 Anti-holomorphic dependence of physical corre-

lators
The stress-energy tensor of a topological quantum field theory is a BRST anti-commutator
Tw=A{s,Gu.}, (7.5.1)

where G, is the supercurrent. If both 7, and G, are conserved one obtains a corre-

sponding relation for the charges
P,={s,G.}, (7.5.2)

where P, is the generator of translations and G, is a vector supersymmetry. Since P, is

implemented on local fields by space-time derivatives
aﬂ = {Sa GM} ’ (753)

the relation (7.5.2) proves that correlators of local observables of topological field theories

are space-time independent.

HCS theory is, in a sense, semi-topological: it does not depend on the full space-
time metric but only on the Beltrami differential p°. Consequently we expect that a
holomorphic version of the relation (7.5.3) holds for HCS:

V: = {s,G;}. (7.5.4)
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In this section we want to explore the validity of such a relation. We will find that a
suitable G; does indeed exist if we enlarge the functional space upon which G; acts to
include the anti-fields of both the dynamical fields and the backgrounds y and €.

It is convenient to introduce a field 4*(Z), which depends only on the anti-holomorphic

coordinates z' and define the scalar operator
G-T/ = ’yi Gi s (755)

which carries ghost number -1. It turns out that a suitable G5 which satisfies (7.5.4) is
defined by the following simple action on the superfields that we introduced in Section
7.4

G——YA - Zﬁ(A) ; GR/B - Z:,(B) 5 G’_Y B* - Z'—Y(B*) 5
Gy M =i(M"),  GyM; =i5(M]), (7.5.6)

where i is the contraction of a form with the antiholomorphic vector field v* 0;. G5 so

defined is easily seen to satisfy the relation
{St0t7 G'_Y} = {Zﬁ,, 5} y (757)

where s is the BRST operator which includes both gauge transformations and chiral

diffeomorphisms:
Stot = Saiff + S - (7.5.8)

Note that the gauge BRST operator s acts trivially on the gravitational backgrounds (u¢,
p, £9). Let us show that (7.5.7) implies (7.5.4) for the dynamical fields. Indeed, let ® be
a field which is neither p! nor £&. We have

G5 saift (P) = G5(Le @) = Ligu) @ — L G5(D),
sait G (B) = L G5(2),
{8air, G5} = Li (1)) P, (7.5.9)

where L, denotes the action of chiral diffeomorphisms with parameter £'. Hence
{5,Go}® = {i5,0} & — {50, G-} & = {i-,V} D, (7.5.10)
which is equivalent to (7.5.4). Note that on the backgrounds, we have instead
{5,G5} ¢ =0, {s,G:} ' =i (F"). (7.5.11)

When writing down explicitly G5 on the component fields one verifies that its action on

the sector which does not include the Lagrange multipliers B and C; does not involve the

160



antifields of pf and p*:
Gyc=i5(A),

G5 A = i5(A") —i5(

P A)—Zﬁ(?)ca

B* B*
GR A" = i5(c") — 2i5( P ) A" — P i5(A%) +

)T A+ (D)o () i),
Gy = —Qiﬁ(%) ¢ — %H(A*) —iy(—) — A,
Gy (p) = 215(B7),

Gy B* = iy(d"),

Gyd" = iy(e™),

Gye" =0,

Gy =2i5(C™),

G5 O™ = i5 (™) = 25

+is (

B* B*

p

) C*z —9 ZW(C*Z) ’

Gﬁf*lz—mﬁ(p)f —QZH(C ),

G7€ = Z“?(d) )

Gyd =i5(B) — 2i5(C™) f; = Tr (i5(A%) ¢) + z‘V(Bp* Tr(Ac)),

G5 fi = i5(Cy). (7.5.12)

The action of G5 on B and C; involves instead the anti-fields pf and p* whose BRST
transformations we introduced in (7.4.25):

* *

Gy B = 2i5(p7) = 2i5(C™) C; — Zv(%) Tr(Ac) + i
—Tr (i5(47) A),,

Tr(Ais(A)) +

Ci) — 2%(%) fi- (7.5.13)

The existence of G5 therefore reflects the semi-topological character of the theory.
Since the relation (7.5.3) valid for topological theories is replaced in HCS by (7.5.4), the

correlators of physical local observables O(z, 2)
F(z,2) =(0(z,2) --+) with sO(z,2) =0, (7.5.14)

where the dots denote insertions of physical observables at space-time points other than
(z,2), satisfy the identity

V:F(z,2) = (s (G;0(z,2)) ). (7.5.15)
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One cannot immediately conclude, from this Ward identity (and BRST invariance) that

F(z,z) is a holomorphic function (tensor) on X. This for two reasons.

First of all we have seen that G; when acting on B and C; produces the pf and p*:
since p and ' are not dynamical (one does not integrate over them) the Ward identity
(7.5.15) says that the z-dependence of physical correlators involving B and C; can be

expressed in terms of derivative of correlators with respect to the moduli p and u’.

Secondly, even if restricted to observables which do not involve the Lagrange multipli-
ers B and C;, the Ward identity (7.5.15) “almost” implies the holomorphicity of F(z, 2),
but not quite. Indeed, the G5 variations (7.5.12) of fields other than B and C; contain
the dynamical anti-fields, and the functional averages of the BRST variation of operators

which depend on the anti-fields are, in general, zero only up to contact terms.

At any rate it is clear that the Ward identity (7.5.15) strongly constrains the anti-
holomorphic dependence of physical correlators. This equation should therefore play
for the Green functions of physical observables of HCS field theory the role that the
holomorphic anomaly equation plays for the open-closed topological string amplitudes
[95]. For example, it is conceivable that one could determine, to a large extent, the
space-time dependence of physical correlators of HCS using the identity (7.5.15) together
with assumptions about the behavior of correlators at infinity. An analogous approach to
compute topological open and closed string amplitudes by integrating the holomorphic

anomaly equation has been quite successful [26], [96].

It would be very interesting to understand the full quantum properties of HCS field
theory. Here we will limit ourselves to few brief comments. First of all there is the issue
of anomalies: the chiral diffeomorphism symmetry (7.3.25) can, in principle, suffer from
anomalies, and, indeed, it does [97]. Chiral diffecomorphism invariance can be restored
at the price of introducing a dependence on the anti-holomorphic Beltrami differentials
and, possibly, on the Kahler metric. The chiral diffeomorphism invariant theory should
display an anomalous Ward identity which controls the anti-holomorphic dependence
on the backgrounds very much like (7.5.15) does for the space-time anti-holomorphic

dependence.

But, of course, the real question which remains to be addressed is the ultraviolet
completeness of the HCS quantum field theory. Being a 6-dimensional gauge theory, HCS
theory is superficially not renormalizable. On the other hand its string interpretation
suggests the opposite. We believe that the extended supersymmetry structure (7.5.4)
capturing the semi-topological character of the theory and the identity (7.5.15) restricting
the space-time dependence of quantum correlators should be instrumental in ensuring that

the physical sector of the theory is indeed free of ultra-violet divergences.
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Chapter 8

Coupling 2-dimensional YM to

topological backgrounds

In this Chapter we will move to discuss 2-dimensional topological YM. Even if naively
it does not possess any topological supersymmetry we will see that such a topological
supersymmetry can be obtained, very similarly to what we just did for HCS, by suitably
coupling the theory to topological backgrounds. Also in this case we will need to consider
the BV formalism even if in a somewhat exotic formulation. We will see in the next
Chapter that such a new approach to BV formalism will be useful also for 3-dimensional

Chern-Simons theory.

8.1 Introduction to the theory

It is commonly said that 2-dimensional Yang-Mills theory is a topological theory. It is
indeed well-known that gauge invariance in two dimensions is sufficient to remove all
the propagating local degrees of freedom from the theory. However, this statement can
be considered as too naive in two respects. First of all, as pointed out in [98], the 2-
dimensional YM action is not topological, i.e. it is not completely independent from the
2-dimensional metric. To convince oneself about this fact it is convenient to write the
2-dimensional action in a slightly unusual way [98] by introducing, beyond the gauge field
A = A*T? an additional adjoint scalar ¢ = ¢*T*

FYM:/Tr¢F+§/d2x\/§Tr¢2, (8.1.1)
b >

where € is a constant proportional to the square of the standard YM coupling constant

and ¥ is a 2-dimensional Riemann surface provided with a metric g. The correspondence
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with the standard YM action is then recovered by simply integrating out ¢

1
Y = —£/ETrF2 : (8.1.2)

On the other hand the formulation (8.1.1) makes explicit the dependence of the theory

from the 2-dimensional metric, via the volume form de\/ﬁ which appears in the term

g/Ede\/ﬁTrd)z. (8.1.3)

The action (8.1.1) also shows that, at least classically, the dependence from the metric
gets removed by considering the ¢ — 0 limit: in this way one obtains the topological

action
Pyatlecy = / TroF (8.1.4)
b))

which is manifestly invariant under 2-dimensional reparametrizations.

The second aspect that makes 2-dimensional YM a “bad” topological theory is that
both the physical action (8.1.1) and the topological action (8.1.4), do not possess any

topological supersymmetry: they are only invariant under gauge BRST transformations

2

SgaugeC = —C
SgaugeA = —Dc,
Sgauge® = —lc; @] (8.1.5)

a

where, as usual, ¢ = ¢*T"* is the ghost field associated to the gauge invariance and the

gauge covariant derivative is
Dc=dc+[A, 4+, (8.1.6)

whereas it is not present any topological supersymmetry like the one of four-dimensional

topological YM
sA=1 (8.1.7)

where 1 is the gaugino field connected with topological supersymmetry.

Usually the topological supersymmetry is introduced in the theory “by hand”: in [99]
it has been observed that, by adding a decoupled quadratic term in the gravitino field 1

/Tww (8.1.8)
>

to the topological action (8.1.4), the resulting theory becomes invariant under topological
Yang-Mills BRST transformations, see (8.2.7).
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In this Chapter we will discuss how the topological supersymmetry (8.2.7) and the
supersymmetric term (8.1.8) can be obtained in a different, and perhaps more natural,
way.

Let us briefly explain our strategy: contrary to the topological action (8.1.4), the
global symmetry of the “physical” action (8.1.1) is not given by generic 2-dimensional dif-
feomorphisms, but by 2-dimensional volume-preserving diffeomorphisms. The standard
method to study global symmetries is to promote them to local symmetries, by introduc-
ing additional background fields. What we will do in practice is to introduce a specific
2-dimensional background field £ (a 2-form on X) and to rewrite the non-topological
term (8.1.3) as

Lo
2/Zf Tr¢” . (8.1.9)

By requiring that the resulting action has the same physical content of the original
one, we will be forced to complete the 2-form field f®) to a topological U(1) multiplet of
total ghost number (form-degree + ghost number) +2

AR I A (8.1.10)

where (1) = @ij})dx“ is a 1-form of ghost number +1 and 79 is a 0-form of ghost number
+2.

Moreover, the introduction of the topological multiplet (8.1.10) will force us to deform
the BRST transformations of the physical fields A, ¢ and ¢. However we will see that the
deformed BRST algebra closes only up to the equations of motion of the gauge field A.
To face this problem we will make again use of the BV formalism, even if in a new and
somewhat exotic formulation: the standard BV recipe requires to double the field space
by introducing, for each field ® of the theory, a corresponding antifield ®. The action

gets deformed by additional terms that schematically can be written as

PBV:Fcan+~~:/<f>(5<I>)+... : (8.1.11)
P

where the dots denote additional terms at least quadratic in the antifields and that, for

the specific case at hand, write
1 O AN A
—— [ YV TrANA, (8.1.12)
2 Js

where A is the antifield for the gauge field A.

The standard BV interpretation, of course, does not consider the antifields P as
independent fields, but rather they are fixed to particular functionals of the physical
fields during the gauge-fixing procedure. We will take a different approach: we will just
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introduce the antifield A of the gauge field A and we will consider it as an independent
field. We will also drop the canonical term I',, and we will obtain the final action (8.2.29)
which will be invariant under the BRST transformations (8.2.31); such transformations
can be seen as describing the coupling between topological YM and the additional U(1)
topological background multiplet (8.1.10).

The connection with the approach of [99], equations (8.2.7) and (8.2.8), is now ob-
tained by looking for bosonic backgrounds (f®, ¥ = 0,~() which are invariant under
the BRST transformations (8.2.31). Such backgrounds are obtained by taking 4®) con-
stant on X and it is easy to show that, for such backgrounds, our action and BRST
transformations (8.2.29), (8.2.31) are equivalent to the corresponding obtained by Wit-
ten, (8.2.7) and (8.2.8), that therefore can be thought as the rigid limit of our approach.

Our approach gives also an understanding, in terms of our backgrounds fields (), y(1) =
0,7©), of the “non-supersymmetric” action (8.1.1): it is simply obtained by taking the
bosonic, supersymmetric, background 7% = 0; in this point the topological supersym-
metry breaks down to the gauge symmetry (8.1.5) where the topological supersymmetry
is hidden.

8.2 Coupling 2d Yang-Mills to topological backgrounds

The formulation of 2-dimensional Yang-Mills theory which is most directly related to
the topological gauge theory [99] involves, beyond the gauge field A = A% T an adjoint

scalar field ¢ = ¢*T*. The 2-dimensional action writes

Ty = / Tr¢F+§/ d*z /g Tr ¢ | (8.2.1)
b b
>’ is the 2-dimensional world-sheet, F' is the field strength
F=dA+A>, A=A,ds"=A"T", (8.2.2)

and 7% with a = 1,...dim G, are generators of the Lie algebra of the gauge group G.
The BRST gauge transformations

2

Sgauge ¢ = —C~
Sgauge A = —Dc ,
Sgauge o= _[07 Cb] ) (8.2.3)

leave the action invariant. By integrating out the scalar field ¢ one recovers the traditional
form of the YM action

1
e /Tr F?. (8.2.4)
2€ )y
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The parameter € is therefore (proportional to) the square of the standard YM coupling

constant.
The theory (8.2.1) does not describe propagating degrees of freedom, and yet it does

not possess any rigid topological supersymmetry; in this sense it can be thought as the

non-topological formulation of a topological theory. Its € — 0 limit

I'ym

o= /E ToF (8.25)

gives rise to an action which is invariant under 2-dimensional reparametrizations and it

is therefore often referred to as the “topological limit”.
As a matter of fact, even the I'y M‘e:[) action is not really invariant under any topolog-

ical supersymmetry. In [99] it was observed, however, that action I'y M|€:0 can be easily

supersymmetrized by adding to it a decoupled quadratic fermionic term

Liop =Ty 620—%/Trz/1/\1/1:/Tr¢F—%/Tr¢A¢. (8.2.6)
b b b
This action is indeed invariant under topological Yang-Mills BRST transformations:
sc=—c+¢,
sA=—-Dc+
s =—lc,¢]-D¢,
sp=—[c,¢| . (8.2.7)

By switching on € one obtains the action considered in [99]

FW:/ETrqSF—%/ETr@b/\@/)—l—%/zdgx\/ﬁTrng. (8.2.8)

'y is also invariant under (8.2.7); nevertheless it is not invariant under 2-dimensional
diffeomorphisms, since it explicitly depends on a 2-dimensional background metric via
the volume form d?z V9. The global symmetry of I'yy is just given by volume preserving

2-dimensional diffeomorphisms.

The standard and convenient way to study global symmetries is to make them local
by introducing suitable backgrounds. Accordingly, in this section, the volume preserving
reparametrization symmetry will be treated by replacing both the metric and the coupling
constant € with a topological background. This will produce automatically the quadratic

fermionic term in (8.2.6), which was introduced by hand in [99].

Let then £ be a 2-form field and let us replace the action (8.2.1) with
1
I, = / Tro F — —/ fOTr 92 (8.2.9)
= 2 /s
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This action of course has not the same physical content as the original action. A generic

@ admits a Hodge decomposition of the following form
@ =@ 4 g0 (8.2.10)
where
0¥ =ed’x /7, (8.2.11)

is a representative of H2(X) and Q) a 1-form. For I'; to be equivalent to T, we must
remove the degrees of freedom associated to Q). We do this by introducing a BRST
symmetry for the background f®

sf@ = —dyp® | (8.2.12)

where 1) is a fermionic background field of ghost number +1. The BRST transformation
(8.2.12) is degenerate: we need therefore introduce also a ghost-for-ghost background field
7O of ghost number 42

sy = —d4O (8.2.13)
with
sy =0. (8.2.14)

The action (8.2.4), however, is not BRST invariant, since

1 1
sTi=—s(z / fOTr¢?) = = / dyp™ Tr ¢? = / YO TrDgo . (8.2.15)
2 Js 2 Js )
To cure for this we modify the BRST transformation law for A
sA=—Dc—yWep+... | (8.2.16)

so that the BRST variation of the first term in I'; cancels the lack of invariance of the

second term:
sFlzs/TrgzﬁF+/¢(1)TrD¢¢:0. (8.2.17)
b b
The problem with (8.2.16) is that it is not nilpotent:
A= —-dyO¢+--- (8.2.18)
to fix this it is necessary to deform the BRST transformation rule for the ghost ¢
sc=—-+~+9¢. (8.2.19)
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With this modification one has
sfc=0, (8.2.20)
and also this induces an extra term in s* A which cancels the term proportional to d ~p:
s?A=D(¢) —dy ¢+ =4O D¢+--- . (8.2.21)

Although this is still not zero, the lack of nilpotency is now reduced to a term proportional

to the equations of motion of A:

and

s?A=0 on shell . (8.2.23)

The BV formalism provides a systematic way to go off-shell. One introduces the anti-field
corresponding to A
A= A0T dat (8.2.24)

which is a 1-form in the adjoint of the gauge group of ghost number -1, and an anti-field

dependent term in the BRST transformation of A
sA=—-Dc+~0A—ypW ¢ . (8.2.25)
This makes s nilpotent off-shell on all fields
sc=52A=5"p=5"A=0 off shell , (8.2.26)
as long as the A transforms according to
sA=—[c,A|l—D¢. (8.2.27)

The new term proportional to 7o in (8.2.25) spoils the invariance of the action

sy = / Trop D (v 4) = - / YO TDoA, (8.2.28)
P P

and this is anticipated in the BV framework: once an anti-field dependent term is intro-
duced in the BRST transformation of a field, terms quadratic in the anti-fields must be
added to the action. Indeed the action

1 1 ~
F:/Tr¢F+—/f(2)Tr¢2——/ FOTEAAA, (8.2.29)
by 2 b 2 by
1s Invariant:

sT =0, (8.2.30)
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under BRST transformations of both fields and backgrounds

sc=—c2+70¢,
sA=—-Dc+~yOA—ypW¢

S ¢ - _[Ca (ZS] ’

sA=—[c,A|— D¢,

sf@ = —qypW |

8¢(1) _ —dV(O) ’

sy =0. (8.2.31)

8.3 The topological supersymmetry

We have seen that the field A emerges naturally in the context of the BV formalism.
In the BV framework, the action (8.2.29) would not however be the full action. The
standard BV action is given by adding to (8.2.29) a canonical piece linear in the antifields

corresponding to all the fields and backgrounds:

Fcan—/scé—i—sAfH—scﬁé—i—sf(z)f+sw(1)zﬁ—|—3’y(0)’y, (8.3.1)
b
where
Sé:_[CMC] [¢7 QZE]_DA7
s<z~5:—[c,gg]—F—706+1p(1)f1—f(2)¢. (8.3.2)

The full BV action

FBV:F+Fcan:/Tr¢F+% f(2)TI'¢2—|—
% %
+ [l 4rO g et (D= v ) A= [eold— ) F - dy© ] +
%
1

+—/ FOTrANA (8.3.3)
2 Y

generates the BRST transformations of both fields and anti-fields via the familiar BV

formulas.

However the interpretation of A as the anti-field of A is not mandatory. We will argue
that an alternative — although exotic — point of view is available in our context and
this point of view leads in a natural way to topological symmetry and localization. In the
approach that we propose the A is seen as an independent auxiliary field whose function
is to close the BRST transformations off-shell: at the same time, the action is taken to

be T, disregarding the canonical piece ['¢ay.
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This approach is consistent since the BRST transformations close on the fields (¢, A, ¢, fl)
and leave I' invariant. The only local gauge symmetry of I" is the non-abelian gauge sym-
metry: [' possesses also a global vector supersymmetry which, together with the gauge
symmetry, gives rise to the BRST symmetry in (8.2.31). With this reinterpretation the
“ghost field” associated to the topological supersymmetry is the ghost number +1 com-
bination v A.

The background dependent action I' in (8.2.29) is invariant under simultaneous trans-
formations of fields and backgrounds. To obtain the action invariant under rigid topolog-

ical supersymmetry we consider the backgrounds which are left invariant under (8.2.31)
dy® =0, dy? =0 < 4 = constant = 7 . (8.3.4)
One usually restricts oneself to bosonic backgrounds. In this case
P =0 | (8.3.5)
and the BRST transformations reduce to

se=— 49,
SA:DC—F’Y()A,

S ¢ = _[Cu ¢] )
sA=—[c,A|-D¢. (8.3.6)
By introducing the rescaled fields
Qg =Y ¢ @/3 =" A, (8.3.7)

with 1@ and ngS of ghost number 1 and 2 respectively, the BRST transformations (8.3.6)
become identical to the topological Yang-Mills BRST transformations (8.2.7) and the
BRST invariant action I

r— ;L/H¢F—;/ﬂwA¢+ /f ﬂ¢ (8.3.8)

coincides up to a multiplicative factor, with the Witten topological action I'yy in (8.2.8)
with the identification

f(2)
— = /gdz . (8.3.9)
Yo

Let us summarize our logic: we started from the 2d YM theory. In order to study
its global symmetry — volume preserving reparametrizations — we replaced the 2-

dimensional metric and the coupling constant e with a 2-form background field f®
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at the same time asking that the physics only depend on the cohomology class of f(2).
We have seen that this entails both extending the BRST gauge transformations to the
background and to deform the BRST transformations of the gauge multiplet. Since the
deformed BRST transformations close only up to the equations of motion of the gauge
field, it was necessary to introduce A — which in the conventional BV treating would be
the anti-field of A. We managed to obtain in this way a BRST invariant theory coupled
to topological backgrounds

ZI{ P, M, 7O} = / [dA dep dAJeTIAGASE WD AO) (8.3.10)
The Ward identity associated to this symmetry
s Z[{f®, M 7N =0, (8.3.11)

encodes the fact that the partition function only depends on the cohomology class of
@ ie. the volume-preserving 2-dimensional reparametrization global symmetry of the

original theory.

Theories invariant under rigid supersymmetry are now obtained by considering the
backgrounds which are bosonic fixed points of the deformed BRST operator, i.e. 7 =,
constant and ¥ = 0. For vy # 0 one recovers the topological YM Witten theory and

identifies the somewhat mysterious topological gaugino 1 of [99] as 7o A.

By choosing the point 79 = 0 in the space of BRST-invariant backgrounds one of
course recovers the original YM action (8.2.1): in this limit the topological supersymme-
try collapses and the BRST symmetry reduces to the pure gauge one, (8.2.3). The fact
that the 9 = 0 point is degenerate in the space of backgrounds, gives a conceptual under-
standing of why the topological supersymmetry of the standard YM action is “hidden”.
On generic points vy # 0 of the space of backgrounds the topological supersymmetry is

manifest.

8.4 Summary

Summarizing our results we have explained, from a new point of view, how the topological
supersymmetry of 2-dimensional YM theory can be achieved without the necessity of in-
troducing any auxiliary fields by hand. We have seen that, by coupling the 2-dimensional
field theory to the background fields, one is forced to complete the gauge system with
the fermionic field A. Such an approach has required an alternative way of seeing the BV
formalism too: in this new point of view the antifield A is not seen as an antifield but
rather as an independent field. Our final system is expressed by the action (8.2.29), which

is invariant under the transformations (8.2.31) involving both the physical fields and the
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background fields. Therefore, our final system can be seen as given by the coupling of 2-
dimensional YM with a topological U(1) multiplet. The connection with the traditional
approach of [28] is obtained by looking for bosonic, supersymmetric backgrounds, i.e.

backgrounds which are invariant under the BRST transformations (8.2.31).

Let us finally discuss some open points that would be worth to investigate further in
the future. Two-dimensional (topological) YM can be seen as a particular example of
topological field theory of Schwarz-type: the theory is supposed to be topological since
the classical action is, at least on a large extent, independent from the metric on the
manifold where the theory is defined. On the other hand it is well-known that another
way of obtaining topological field theories is given by topological twisting: one starts with
a physical supersymmetric system and by topological twisting extracts a topological field
theory where a particular supercharge plays the role of the BRST operator. We have
seen that the topological supersymmetry of two-dimensional YM theory can be obtained
by coupling the system to the background. We have seen in the precedent Chapter that
a very similar result can be obtained for HCS too, by coupling the theory to suitable
background fields one obtains a (twisted) N = 2 SUSY algebra, which is responsible for
the topological properties of the model. It is therefore reasonable that, given a topological
field theory of Schwarz type, it is possible to uncover a twisted supersymmetry algebra,
by coupling the theory to topological backgrounds. We will discuss in the next Chapter

that this is the case also for three-dimensional Chern-Simons theory.

The system (8.2.29), which describes the coupling between two-dimensional YM and
a topological U(1) multiplet, can be consistently coupled to two-dimensional topological
gravity. One obtains that, to couple consistently two-dimensional YM theory to topo-
logical gravity, the presence of the topological U(1) multiplet is crucial. It would be
interesting to study further the resulting system coupled to two-dimensional topological

gravity and to explore what kind of topological invariants it computes.
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Chapter 9

Coupling 3-dimensional vector
multiplets to topological

backgrounds

In this Chapter we will apply our idea of coupling topological field theories to topo-
logical background fields to the case of three-dimensional supersymmetric theories with
vector supermultiplets; by considering Chern-Simons theories and topological YM theo-
ries. We will see that such an approach, that can be thought as an alternative to current
paradigma of coupling supersymmetric field theories to supergravity, has many relevant
benefits with respect to the standard one. It allows a straightforward characterization
of the backgrounds allowing rigid (twisted) supersymmetry, it allows a clear identifica-
tion of the geometrical moduli on which the partition function can depend and it allows
to compute the functional dependence of the partition on the geometrical backgrounds
without performing any regularization procedure and in a completely gauge independent
way: we will see indeed that the functional dependence of the partition function from the
geometrical moduli can be computed starting from a topological anomaly. In the first
section of this Chapter we will introduce the problem and this new point of view. In

subsequent sections we will see how such a program can be worked out.

9.1 Statement of the problem

In the last few years there has been considerable progress in the analytical evaluation of
partition functions and observables of supersymmetric gauge theories in different dimen-
sions on certain compact manifolds equipped with suitable metrics. The common theme
of these computations is localization. Localization is a long-known property of supersym-

metric and topological theories, by virtue of which semi-classical approximation becomes,
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in certain cases, exact [28]. In more recent times this property has been exploited with
considerable success in the work by Pestun [29] and in many following papers. In Pestun’s
approach no twisting of supersymmetry is performed. One rather seeks for manifolds and
metrics supporting (generalized) covariantly constant spinors which ensure that certain
supersymmetry global charges are unbroken. The global supersymmetry charges, even if
spinorial in character, function essentially as topological BRST charges. Under favourable
conditions one can choose a Lagrangian for which the semi-classical computation in the

supersymmetric background is exact.

In three dimensions, a host of results is available. Explicit exact computations have
been performed for 3-spheres, both with round and “squashed” metrics, and for Lens
spaces. The best understood case is the one for which the complex conjugate of the
(generalized) covariantly constant spinor is also covariantly constant. This is referred to
as the “real” case in [100]. In all these cases the existence of (generalized) convariantly
constant spinors implies in turn the existence of a Seifert structure on the 3-manifold.
This refers to 3-manifolds with an almost contact metric structure and associated Reeb
Killing vector field.

As a matter of fact Seifert 3-manifolds has already made their appearance earlier
in the study of (non-supersymmetric) pure Chern-Simons (CS) gauge theories. It was
discovered first “experimentally” [101] and then explained using various approaches by
different authors [102], [103] that the semiclassical approximation for CS theories becomes
exact precisely for Seifert 3-manifolds. Later, starting from [31], this result was rederived
by considering the supersymmetric extension of CS: indeed this model is equivalent,
after integrating out non-dynamical auxiliary fields, to the bosonic theory. In this way,
computability of CS on Seifert manifolds was brought within the more general paradigm

of convariantly constant spinors and localization.

In some cases, it is possible to perform localization computations not just for a single
isolated Seifert structure, but for families of Seifert metrics depending on some continu-
ous parameters. A significant example is provided by the the squashed metric considered
in [35]." In those instances the partition function (and the observables) turns out to
depend non-trivially on (some of those) parameters. Take for example the case of (super-
symmetric) Chern-Simons theory on the squashed spheres, with the squashing considered

in [35]:
ds® = g (2;b) da" @ da” = (sin® 0 + b* cos® 0) df* + cos® 0 dg; + b* sin* 0 de3 . (9.1.1)

At first sight, the fact that the partition function is a non-trivial function of the squashing

! In this Chapter, we will use the word squashed sphere to indicate the case that in [35] is indicated
as the “less familiar” one. Namely it means a squashing that preserve just a U(1) x U(1) symmetry of

the sphere.
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parameter b* is not, per se, surprising. Indeed, even if CS theory is topological at classical
level, topological invariance is anomalous at quantum level [34]. This means that the
quantum CS action does depend on the background metric in a way which is controlled
by the anomaly functional:

C
ST es[guw] = / Af’)[gw,ww]:é / € R% Dy, e dx (9.1.2)
Ms M3

where 1, = dg,, is the variation of the metric and c is a computable anomaly coefficient.
However, if one plugs the squashed metric (9.1.1) and the variation ¢, = b0, g, into

the anomaly form (9.1.2), one finds that the anomaly vanishes identically
A§3) [gul/(x; b), bab g,uz/] =0. (913)

In this Chapter we will solve this conundrum: we will see that the vanishing of the topo-
logical anomaly for the squashed spheres is compatible with the non-trivial dependence
of the partition function on the squashing parameter. As a matter of fact, we will show
that the topological anomaly captures the precise dependence of the partition function
on b. We will extend this results to generic three-dimensional supersymmetric theories,
with both Yang-Mills and Chern-Simons terms in the action (YM + CS), involving vector
multiplets only.

The resolution of our puzzle will require understanding the appropriate renormaliza-
tion prescription for quantum effective actions on Seifert manifolds. The time-honored
method to identify the renormalization prescriptions associated to certain symmetries is
to introduce backgrounds fields which act as sources for the currents associated to those
symmetries. This approach has been forcefully advocated more recently in the specific

context of supersymmetric gauge theories in [30] and in several following papers.

We also will introduce backgrounds, but our treatment will differ from the one which
has become common in the literature on localization of the last few years. Instead
of coupling the supersymmetric gauge theory to supergravity, we will first consider its

topological version and then couple it to topological gravity.

This will have the advantage of obtaining the Seifert condition for global supersymme-
try in the most straightforward way by avoiding all the complications of spinors. Moreover
and most importantly the topological gravity formulation will make immediate to identify
the subsets of the topological transformations which preserve the Seifert structure. In
the Seifert context Chern-Simons topological (framing) anomaly is BRST trivial [102].
We compute explicitly the corresponding local Wess-Zumino functional. We will use it
to derive the dependence on the Seifert moduli of the quantum action directly from the
anomalous Ward identity associated to the topological anomaly. Our computation will
be manifestly regularization and gauge independent: We will do it without the need of

computing explicitly any functional determinant.
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9.2 Coupling 3d Chern-Simons to topological gravity

The classical Chern-Simons action [88] is
1 1,
Tos = Tr[—AdA+—A] , (9.2.1)
L2 3

where

A= AL T do” (9.2.2)

is a 1-form gauge field on a closed 3-manifold Ms. T¢ with a = 1,...,dimG, are
generators of the Lie algebra of the simple, connected and simply connected gauge group

G. Gauge invariance leads to the nilpotent BRST transformation rules
SoA=-Dc, Spc=—c*, (9.2.3)

where ¢ = ¢*T* is the ghost field carrying ghost number +1 and D¢ = de + [A, |4 is

the covariant differential.

The classical action (9.2.1) is both invariant under diffeomorphisms and independent
of the 3-dimensional background metric g,,. In order to study the fate in the quan-
tum theory of this global topological symmetry one must couple the theory to suitable
backgrounds. This has been done in [94] where it is explained that the backgrounds
appropriate for the topological symmetry in question are those of equivariant topological
gravity [23]

$ G = Vv — Le G SV = Ly G — Le Yy
1
sE =t =g Ll sy = L (9.2.4)

where £ is the ghost of reparametrizations of ghost number +1, 9, is the topological

gravitino of ghost number +1 and ~* is the ghost-for-ghost of ghost number +2.

The coupling to background topological gravity induces both deformations in the
BRST transformations of the matter fields and extra terms in the action. It also requires
introducing new matter fields A and ¢ which sit in the same BRST multiplet as ¢ and A.

A and ¢ are Lie algebra-valued 2 and 3-forms

A= (A4, T"da" dz” , &= (¢)%,, T dz" dz” da” (9.2.5)

pvp

of ghost number —1 and —2 respectively. All the matter fields, as we already recalled in

Chapter 7, fit niceley into a single super-field, or polyform, A,

A=ct+A+A+te (9.2.6)
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whose total fermionic number, given by the form degree plus ghost number, is +1. The
action of the BRST transformation on the supermultiplet (9.2.6) before coupling to topo-

logical gravity writes in the compact form
S A+ A*=0, (9.2.7)
where
So=So+d, 52 =0 (9.2.8)

is the “rigid” coboundary operator of total fermion number +1. It is immediate to check
that (9.2.7) reduces to (9.2.4) when restricted to the fields ¢ and A.

To describe the coupling to topological gravity it is convenient to consider the operator
S=s+Le, (9.2.9)

rather than the nilpotent BRST operator s. On the functionals of the backgrounds
independent of £#, S satisfies

S?=L, (9.2.10)

and it is therefore nilpotent on the space of equivariant functionals of the topological

gravity multiplet.

After these preliminaries, one discovers that the coboundary operator appropriate
to describe the BRST transformation rules of the system after coupling to topological

gravity is simply
§=S+d—i,, 2 =0, (9.2.11)
where § writes in the same form as the rigid ones

SA+A*=0. (9.2.12)

When written for the component fields, these transformations become

sc=—c"— Lec+iy(A),

sA=—-Dc— L A+i,(A),
sA=—[Ac]—LeA—F+i,(é),
s¢=—[¢,c]—Le—DA. (9.2.13)

The action also gets modified after coupling to topological gravity: one can check that

1 o
Tosses. = Tos + / Triy(A) A, (9.2.14)

M3
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is invariant by transforming both the fields according to (9.2.13) and the backgrounds
according to (9.2.4).

The fields A and & have a natural interpretation, in the Batalin-Vilkovisky formalism,
as the anti-fields of A and ¢. However in this Chapter we will make use of the alternative
— somewhat exotic — point of view that we developed in Chapter 8. A and ¢ are considere
as independent auxiliary fields whose function is to close the BRST transformations off-

shell: at the same time, our action we will be just I'cigys4., not the full I'gy.

Of course, in the formulation in which (/1, ¢) are auxiliary fields, I'cg1y, maintains
the original non-abelian gauge symmetry, which, eventually, will have to be fixed: both
the gauge non-abelian symmetry and the the global vector supersymmetry associated to
the topological invariance of the matter theory are captured by the BRST symmetry in
(9.2.13). In other words, the anti-fields of the BV formulation can be reinterpreted as
the auxiliary fields which are necessary to close the global supersymmetry algebra of the

supersymmetric CS, after twisting that supersymmetry to obtain a topological model.

As a matter of fact, the 3d action (9.2.14) has more local gauge invariance than just
the standard non-abelian gauge invariance: it is invariant also under the fermionic local

symmetry
A= Ati(x), (9.2.15)

where x is a fermionic scalar gauge parameter in the adjoint of the gauge group. Thus,
the commuting field ¢ can be viewed as the ghost associated to this additional local

symmetry. This extra gauge invariance is fixed by replacing I'cg4+ 4 with

/CS-s-t.g, =Tcs4tqg + 8 / Tr(b * 27(*[1)) =

Mg

:FCS—F% /M Triw([l)fl—i—/M Tr[A*iv(*fl)—b*iv(*iv(é))—i—b*iw(*}?)} +
+/ B, Py Trb Ay (9.2.16)
Mg

where b is a O-form anti-ghost of ghost number -2,
sb=—L¢b—[c,b] + A, sA=—LeA—[c,A]+i,(DDb) , (9.2.17)

A is a Lagrange multiplier of ghost number -1 and * is the Hodge dual with respect to

the background metric g, .

Summarizing: The action I'g,,, has the background topological supersymmetry
captured by (9.2.4) and (9.2.13) and no other local gauge-invariance beyond the standard
non-abelian gauge invariance: A and ¢ can now be consistently thought of as auxiliary,
non propagating, fields rather than anti-fields.
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9.3 Coupling 3d topological YM with CS term to
topological gravity

The 3d topological YM theory is characterized by the BRST transformations

Soc=—-c*+o0,

SoA=—-Dc+ V¥,

SoV =—[c,¥]-Do,

Soo = —[ec, 0], (9.3.1)

¥ is a fermionic 1-form of ghost number 1 and o a bosonic 0-form of ghost number 2.
Both of them are in the adjoint of the gauge group. It is convenient to introduce a
super-field or polyform of total fermionic number (ghost number + form degree) equal
to 2:

F=F+V+4o. (9.3.2)

The transformations (9.3.1) write in a nice compact form in terms of the “rigid” cobound-

ary operator dg = Sy + d
F =00 Avi + A3y (9.3.3)
where
Aypy=c+A. (9.3.4)

It is important to observe that the super-field or polyform containing the gauge connection
which is appropriate for the YM theory is not the same as the connection polyform A
(9.2.6) of CS.

Let us again denote by s the nilpotent BRST operator after coupling to topological

gravity. As seen in the previous section, it is convenient to introduce the operator
Syum =8+ Eg , S? = ﬁg , (935)

where £ is the ghost associated to reparametrizations. The coboundary operator for
topological YM coupled to topological gravity is again given by a formula identical to
(9.2.11)

Sym = Sym +d—1i, =0, (9.3.6)
with 0 satisfying
F =bynm Ayn + A%M . (9'3'7)
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These transformations write in components:

Sy c = —c? + i (A) + o,

SymA=—-Dc+ ¥,

SymV¥ =—[c, V] +i(F)— Do,

Symo = —lc,0] + iy (V) . (9.3.8)

Finally, the action of pure topological YM can be taken to be a s-trivial term:

UyMitg =SymX - (9.3.9)

As just remarked, the superfield (9.3.4) appropriate for YM theory is quite different from
the corresponding polyform relevant for Chern-Simons theory. However, we will now
show that it is possibile to recast the topological YM BRST transformations purely in
terms of the Chern-Simons superfield A. To this end, let us pick a contact structure k

on the 3-manifold, M3 which is dual to the background vector field *:

i(k)=1, L,k=0. (9.3.10)
1-forms w on M3 are naturally decomposed along the horizontal and vertical directions
as follows

w=kwy +wpy , (9.3.11)
where
wy = iy(w) , in(wr) =0. (9.3.12)

Let us therefore decompose the fermionic 1-form W of the topological YM multiplet

according to
UV=k(+ Ty, (9.3.13)
with i, (V) = (. Since any horizontal form is i.-exact
Uy =i,(A), (9.3.14)
we have
U=kC+i,(A), (9.3.15)

where A is a 2-form of ghost number -1. Note that the decomposition (9.3.15) is not

unique and it has the gauge invariance
A— A+ilE). (9.3.16)
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When written in terms of ¢ and A the YM topological transformations (9.3.8) rewrite as

Sy €= —024—@'7(14) +o,

Sym A= —Dc+i(A)+k(,
SymA=—[c,A]—F+i,(&)+kDo ,

Syyé=—e,d —DA—|o, A+ kdk(,
Syyo=—c,ol+(,

Sym (= —le,{J+i (Do), (9.3.17)

where we introduced the ghost-for-ghost ¢ to take into account the gauge-invariance
(9.3.16). When written in this form, the emergence of the CS superfield

A=Ay +A+eé (9.3.18)

becomes apparent. Indeed the transformations (9.3.17) can be expressed entirely in terms

of A:
Sym A+ A =@ | (9.3.19)
where @ is the polyform of total ghost number +2
®=0+k(+kDo+k(dk(—[0,A]) . (9.3.20)

Eq. (9.3.19) is perfectly equivalent to the original (9.3.8): by means of the decomposition
associated to the contact form k, it was possible to reformulate the topological YM

transformations in terms of the full CS multiplet.

The important observation is that it is possible to recast (9.3.19) in the CS-form

Sym A'(A) + A (AP =0, (9.3.21)
where
AA) = A+0,
® = ko+kdko. (9.3.22)

The relation (9.3.21) shows that the YM BRST operator dy) has the same algebraic
content as the CS BRST operator . As a matter of fact one sees from (9.3.17) that dy
differs from the CS ¢ only because it also includes, on top of the CS transformations, the

shift symmetry
A= A+kC (9.3.23)
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together with o, the BRST partner of (. This shift symmetry was originally introduced
in [102], to explain localization of CS theory on Seifert manifolds.
Since (, o make a trivial BRST doublet, the physical content of dy,; and ¢ is the
same. Indeed, from (9.3.22) one derives the identity
Sy T[A(A)] = SesTIA] . (9.3.24)
A= A(A)

Thus, given any action I'[A4] invariant under the CS BRST operator S¢g, we can obtain

an action invariant under Sy,; by performing the substitutions
d = ¢, A =A+ko, A=A, d=c¢+kdko . (9.3.25)

In particular from the Sgg-invariant action (9.2.14), one obtains the Sy, invariant action

. . 1 .
FoslA, A,0] = Tosld + ko] + 5 / Triy(A) A, (9.3.26)
M3
which is equivalent to the CS action coupled to topological gravity backgrounds. This
action is essentially the same as the Beasley-Witten’s action [102]. In the symplectic
formalism of [102] the term quadratic in Ais interpreted as the symplectic 2-form on the
space of connections living on the base of the Seifert fibration. In our approach this term

emerges naturally from the coupling to the topological backgrounds.

Summarizing it is possible to include a CS-term in the action for the topological YM
gauge theory coupled to topological gravity: this is given in (9.3.26). The total action of
the topological YM system with a CS term coupled to the topological gravity background
will have therefore the form

1 S
FYMJFCSth.g. = SYMX+FCS[A+kU] -+ 5 / TI'Z;Y<A)A . (9327)
M3

9.4 The supersymmetric point

The quantum partition function of the topological YM + CS system in presence of topo-

logical gravity backgrounds”
Z{Gpu 7" = / [dAdA dédo d()e T ossta. (9.4.1)

is an equivariant functional of the topological gravity multiplet. This means that it is both
independent of £# and invariant under reparametrizations. At classical level it satisfies
the Ward identity

S Z[gHV’ ¢HV7 7#] = S Z[g#llv 77D,UJM 7#] = O ) (942)

2The notation in (9.4.1) is schematic: we did not include explicitly the ghost sector which fixes the

standard YM gauge invariance.
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which can be — and actually is — broken by quantum anomalies. We postpone the

discussion regarding quantum topological anomalies to Section 9.6.

We can now look for bosonic backgrounds which are left invariant by S:
=0,  Lyg™=D'y+D"4=0. (9.4.3)

The second equation above says that the superghost background 4#(x) is a Killing vector
of the 3-dimensional metric g, (). These geometrical data define a so-called Seifert struc-
ture on a 3-dimensional manifold [102]. We see therefore that supersymmetric YM+CS
theories admitting a rigid topological supersymmetry are precisely those defined on 3-
dimensional Seifert manifolds. Hence one anticipates that supersymmetric YM+CS theo-
ries on Seifert manifolds enjoy localization properties [29]. This fact, originally discovered
in a “phenomenological” way in [101], has been subsequently explained using various ap-
proaches by different authors [102], [31]. In our approach this follows straighforwardly
from the BRST trasformations of topological gravity.

The topological YM+CS action on a fixed Seifert manifold

r = SYMX+PCS[A+ka]+/Tr[ is(A) A+ A xig(xA) + b xig(xis(¢ + kdk o)) +

1
o 2
+bxis(x (F+ D (ko)))] , (9.4.4)

is therefore invariant under the following BRST transformations which encode both

gauge-invariance and global topological supersymmetry

Sy c = —c? +i5(A) + 0,

Sym A= —Dc+i(A)+k(,

SymA=—[c,A] = F+i5(& +kDo ,
Syyé=—le,d—DA—|o, A+ kdk(,
Symo=—[c,o]+(,

Sym ¢ =—[c,¢]+is(Do) . (9.4.5)

9.5 The relation between topological and physical

supersymmetry

The rigid topological theory that we obtained by coupling topological YM+CS to topo-
logical gravity computes certain (semi)-topological observables of the “physical” globally
supersymmetric YM+CS theory living on the same manifold. In particular the topo-

logical partition function, which is the object that we consider in this Chapter, is the
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same as the superpartition function of the “physical” theory, i.e. the partition func-
tion with supersymmetric boundary conditions on both bosons and fermions. Indeed,
as we mentioned in Section 9.1, the almost totality of the computations of those (semi)-
topological observables performed in recent years, were developed directly in the context
of the “physical” theory with spinorial supercharges. We argued that the topological
gravity viewpoint provides some benefits, both conceptual and practical. For starters,
we just saw in the previous section that the Seifert condition emerges from topological
gravity directly — without the necessity to go through covariantly constant spinors [31],
add extra symmetries [102], or pick up ingenious gauges [103]. But, above all, the cou-
pling to topological gravity will allow us, in the next sections, to compute the moduli
dependence of the partition function of supersymmetric YM+CS theory (involving only
vector multiplets) by solving the anomalous topological Ward identities, in a completely

regularization and gauge independent way.

In this section we will describe more precisely the relation between the topological
YM+CS obtained via the coupling to topological gravity and “physical”, spinorial, super-
symmetric theory. We will also elucidate how the action that emerges from topological

gravity encompasses the topological actions which were introduced in either [102] or [106].

Supersymmetric CS (SCS) theory on curved space has been studied starting from [31],
who considered the special example of S3. The supersymmetric extension of the CS action

in flat space [104] writes
1
Iscs =Teos + / &’z Tr (Do — 3 ATA) (9.5.1)

where the scalars D, ¢ and the Dirac spinor A are in the adjoint of the gauge group. Since
the D, o and \ are auxiliary non-dynamical fields supersymmetric CS theory (9.5.1) is
physically equivalent to pure CS theory. The action (9.5.1) is invariant under the global

supersymmetry transformations which have the structure
0 =0+ 0¢ (9.5.2)
where
Lt
55A,u = —5)\ Tu €,
1
Seo=—=Ne,
2

0D = —%DMAT’7“€+%[>\T,O']E,
d0e A= —i\Geup ' F*"' —De+iy" D,oe,
S AT =0, (9.5.3)

and 0; ® = (0. )T, for any field ® € {A, o, D, \,\T}.

186



The classical action of ordinary, non supersymmetric, CS action has the peculiarity of
being invariant under local diffeomorphisms without the need of introducing a space-time
metric. This means that one can study quantum CS theory on any fized curved manifold:
topological invariance of CS theory must be thought of as a global symmetry, in the sense
that one does not need to integrate over space-time metrics to make sense of the quantum
theory. This global symmetry is actually broken by anomalies: but, precisely because
one is dealing with a global symmetry, this does not spoil the consistency of the quantum

theory.
One might imagine that, by analogy, SCS theory might be made invariant under local

supersymmetry transformations without the need of explicitly introducing supergravity
backgrounds. If this were so, SCS could be formulated consistently on any manifolds.

Let us discuss why this is not the case.

The standard recipe for putting a generic supersymmetric theory on a curved manifold
is to first couple it to supergravity, by promoting the global supersymmetry transforma-
tions (9.5.3) to local ones. For the SCS theory, this would mean in principle to couple
(9.5.1) to the Noether supercurrents

9%Z%ALWU, @u:_%yuAg, (9.5.4)

by changing the action

Fg'lgf\éed:FSCS—i_wLS’H—i_SMwH_'_'” ,

(9.5.5)
where 1, is the gravitino field and the dots denote the higher order terms of the Noether
procedure. The coupled action I'¢Z¥d is invariant — at linearized level — under lo-

cal supersymmetry transformations (9.5.3) of the fields if the gravitino background also

transforms as

Sethy = Dye+--- | Setpl = Dyel + -+ . (9.5.6)
However SCS theory is “almost” topological. This is reflected by the fact that the super-
currents (9.5.4) vanish on shell

0Tscs 0 lscs
o+ = (1 —a)AT4# ,
ox 7 ﬂ W =n
where « is an arbitrary parameter. Since, when € is space-dependent, the supersymmetry

St =i«

(9.5.7)

variation of the flat space action writes in terms of the supercurrents as follows

(5E+5g)rgcs = /dBZL’ (S# D‘ME—FDMEJf S#) =

. 0lscs 0 l'scs
= /d%(za 5\ o 2(1—04))\T s 5D —)D,e+cc.,

(9.5.8)
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one sees there is an alternative way to make (the diffeomorphism invariant extension of)
['scs locally supersymmetric. This alternative method does not require introducing the
gravitino: thanks to on-shell vanishing of the supercurrents one can simply modify the

supersymmetry variations of A, \ and D

de A =0 A+iay" D,eo ,
SEDzéﬁD—%(l—a)ATy”Due, (9.5.9)

where the covariant derivatives are those appropriate to the chosen curved manifold.

Then, (9.5.8) is obviously equivalent to
0cTscs = 0eLsos =0 (9.5.10)

for space-time dependent €’s.

The trouble with this “alternative” way to make the supersymmetry local is that, for
a arbitrary and for generic manifolds, the local supersymmetry algebra does not close.
By analyzing the supersymmetry commutation relations one discovers [107] that closure
of the algebra requires both that the condition

2
= - 9.5.11
o= (95.11)

is met and that the space-time dependence of € be restricted by the differential equation
W~ D, D,e=he. (9.5.12)

One concludes that CS theory with rigid supersymmetry can be constructed only on
manifolds for which solutions of Eq. (9.5.12) exist. For those special manifolds one can
obtain the corresponding rigid supersymmetry transformations by replacing in (9.5.9) the
spinors which solve Eq. (9.5.12).

The lesson of this discussion is that, even for the “almost topological” supersymmetric
CS theories one cannot neglect the coupling of the (classically vanishing) supercurrents to
the supergravity backgrounds. Indeed it has since been understood [105], [100] that the
conditions (9.5.11) and (9.5.12) are to be interpreted, in a model independent way, as the

equations for the vanishing of the supersymmetry variation of the gravitino background
O thy = 0, =0 . (9.5.13)

The nice feature of Eqs. (9.5.13) is their universality: they do not depend on the specific
theory one is considering and they characterize manifolds on which field theories with
global supersymmetry may be constructed. The specific form of supersymmetry does
instead depend on both the solution of (9.5.13) and the form of the coupling of the
supergravity multiplet to the theory at hand.
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It can be shown that in the real case when a solution € of 4.1, = 0 defines by

conjugation a solution of ¢ Q/JL = 0, the vector
At =€l THe (9.5.14)
is a (real) Killing vector of the underlying 3-manifold
Dy¥y+ Dy3, =0 . (9.5.15)

This explains in particular why CS theories on 3-manifolds admitting a U(1) action —
known as Seifert 3-manifolds — enjoy the localization property which was originally dis-
covered in [101] in an experimental way. We have seen that in our topological approach,
the Seifert condition (9.5.15) emerged directly from the topological gravity BRST trans-

formation laws, with no reference to (generalized) covariantly constant spinors.

We can consider also the supersymmetric YM action in the SCS theory:

Uscsysym =Tscs + Usywm (9.5.16)
where?
r :Tr[lFQ “ip aDﬂa+1(D+3)2+1AT7ﬂD A+ Dol [0, \] — iAU}
SYM g Tk 2 r’ 2 pAET T gy '
(9.5.17)

This latter action is not only invariant under the global supersymmetry transformations
(9.5.3), (9.5.9), (9.5.13), but also supersymmetric exact

|
el e Lyy = 0:0:Tr g (AfA—2Do) . (9.5.18)

Therefore, cohomologically, the SCS+SYM system is equivalent to SCS theory.

The supersymmetric SCS+SYM on a fized Seifert manifold can be twisted to give a
model with a topological rigid symmetry. This was done in [106]. The physical supersym-
metric vector multiplet (9.5.3) includes a Dirac fermion A which has 4 real components.
After the twist of [106], three of those form the topological gaugino W. This, together
with the scalar o and the gauge connection A form the multiplet of topological YM. The
twisted supersymmetry transformations of this supermultiplet turn out to have the form
(9.3.8), in which the topological gravity field v is replaced by the Reeb vector field 4*.
The remaining fermion gives rise to a scalar a of ghost number +1 which form, together
with the auxiliary scalar field D of ghost number +2, an additional BRST t¢rivial doublet,

Syma = —[c,a)+D+X(A4,0),
SymuD = —[¢,D]+isDa+[o,a] —SX(A o). (9.5.19)

3The parameter r which appears in this formula is the radius of the S' of the Seifert fibration.
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Note that Sy, is nilpotent for any choice of the scalar function X (A, o) of ghost number
2. The twist of the physical supersymmetric theory gives rise to a specific choice for
X(A,0). We keep it arbitrary for the moment, to better explain the connections with

other approches.

The additional BRST trivial doublet («, D) can function as an antighost-Lagrange

multiplier pair, by adding to the Sy, invariant action (9.3.26) an Sy y-trivial term

1
F’CS:FCS[A+I<;0]+—/ kTr\If\IJ+SYM/ kdkTrao . (9.5.20)
2 M3 M3
One can pick
X(A,0)=0. (9.5.21)

With this choice the gauge-fixing term in (9.5.20) fixes the Beasley-Witten shift-symmetry:
integrating out D puts o to zero and integrating out « sets ( = 0 and thus ¥ = i,Y<A>.

We recover in this way our original CS action (9.2.14).
The twist of the physical SCS action (9.5.1) discussed in [106] gives instead the

X(A,o):k—F+U:i7(*F)+a. (9.5.22)
k dk

Note that this choice of X (A, o) introduces a spurious dependence of the BRST operator
on the metric compatible with the vector field ## which defines the Seifert structure. This
dependence should of course drop out in physical observables, but this is not explicit in
the framework of [106]. The reason of course is that twisting a physical supersymmetric
action corresponds to make a specific choice for the gauge-fixing term of the topological
action. This, although sometimes convenient to perform explicit computations, leads to
gauge-dependent BRST transformations, somehow obscuring the geometric content of the
topological symmetry. One appealing feature of our treatment is that it makes manifest

that the theory only depends on the Seifert structure.

9.6 Topological Anomaly for Seifert manifolds

The classical Ward identity (9.4.2) can be broken by quantum anomalies

S 108 Z[gs Y ] = S / Plgu] = / AP (g ] (9.6.1)
Ms Ms

The topological anomaly describes therefore the response of the quantum action density

I'[g,] of the YM+CS topological system under a generic variation of the metric dg,, =
qﬁ/w

0 / 9] = / AP (G, 89,] - (9.6.2)
M3 M3

190



The topological anomaly 3-form Af’) is a local cohomology class of ghost number +1 of the
BRST operator of topological gravity, which must satisfy the Wess-Zumino consistency

condition

S AP (G, V) = —d AL (g, oy, "] (9.6.3)

Topological anomalies were classified in [94]. In 3-dimensions we have a single represen-

tative o gl ost number +1
1 Guv; w/w] - € R Dy 1/100 d°x s ( 0. )

¢ is the anomaly coefficient. From the structure of the anomaly, it is clear that the parity
invariant topological YM part of the action cannot contribute to ¢. A non-trivial ¢ can
only come from the CS part I'cgit 4 of the action. Since this theory is equivalent to
bosonic CS, we conclude that ¢ is nothing but the coefficient of the framing anomaly of

pure bosonic CS. For SU(N) gauge theories this has been computed in [34]:

i N1
C4dr k

CSU(N) (965)

3-dimensional diffeomorphisms are not anomalous. Hence, there exists a renormaliza-
tion prescription which gives rise to an effective (non-local) action I'[g,,] which transforms
as a 3-form under 3-dimensional generic diffeomorphisms. To express this condition, it
is useful to introduce the Bardeen-Zumino BRST operator Sy [108] associated to 3-

dimensional diffeomorphisms:
Saig = L¢ — {ig, d} S2e =0, (9.6.6)

where £ = £# 0, is the reparametrization ghost in 3-dimensions, and £, denotes the action

of the Lie derivative along £ on the metric g,,. The equation
Sdiffr[guu] =0 y (967)

precisely expresses the fact that the quantum action density I'[g,,] transforms as 3-form

under reparametrizations.

After these preliminaries, let us now make our main observation: When consider-
ing YM+CS topological theories on Seifert manifolds, one relaxes the request (9.6.7)
of full 3-dimensional reparametrization invariance. One is satisfied with invariance un-
der reparametrizations which preserve the Seifert structure: these are reparametrizations

whose ghost fields £# commute with the Reeb vector 4#. Let us denote by
Sei . _
Sdifff = Eéseif - {Z£Seif7 d} ) Eiseif 7= 0, (9-6-8)
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the Bardeen-Zumino BRST operator associated to diffeomorphisms preserving 4*. One

also restricts the topological gravity background fields to those left invariant under L5
‘C’7 Guv = E’? w,ul/ = E’? 7“ =U. (969)

To parametrize solutions of (9.6.9) it is useful to introduce systems of coordinates adapted

to the Seifert structure associated to ¥*:

(ds)iy ="k @k + gijdr’ @ da? =
=e’dy®@dy +2¢” a;dz’ @ dy + (gij + ¢” a;a;) dr' @ dz? |, (9.6.10)

where k is the contact 1-form
k=dy+a;da, (9.6.11)

dual to the Reeb vector field
is(k) =1, (9.6.12)

o, g;; and a; are fields on the two-dimensional surface ¥, associated to the Seifert fibration
m: M — Y. The invariant v, are analogously parametrized by fermions (,;; and 1;

living on 35, defined as follows:

Yy = il St eCa . (9.6.13)
e” i +e7 Ca; Yy +e? (Yia; +bja; + Ca;ay)

Finally, the invariant & and «* can be written in terms of fields living on ¥, as

¢ =)=, =0 =0"%9. (9.6.14)

Therefore, in the Seifert case, the effective action ['“//[g;;, 0, a;] is a functional of the

fields o, g;; and a;, and the appropriate renormalization prescription writes
Sait’ D5 ]gij,0,a,] =0 . (9.6.15)

The action I'[g,,| which satisfies the (strong) prescription (9.6.7) defines, of course,
once written in Seifert adapted coordinates, also an action ['“/[g;;, 0, a;] satisfiying the

(weaker) Seifert renormalization condition (9.6.15):
Fseif [gZ]’ 0-7 ai] - F[g#l’] ‘L‘,:YQFWZO : (9616)

This effective action satisfies the topological anomaly equation
es 3
SSeif / re f[gij707 ai] = / A§ )[gijvau Clz';%ijﬂﬁz‘] ) (9.6.17)
M3 M3
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where the r.h.s. is obtained from A§3) (9w, Y] by evaluating it for 4-invariant fields
(9.6.9). The BRST operator sg.;s in the Lh.s. of the equation above encodes topological

gravity transformations which preserves the Seifert structure

sseif & = =5 Le€ 7 ssapy' = L'
Sseif 9ij = —LgGij +ij s Sseif Vij = —Lg¥ij + L5 gij
sseif & = =Lz +17°, sseif )’ = —Le7’ + L76°,
Sseif @i = —Lea; — 0" + i, Sseip i = =Lty + 0 + Ly ai
Sseif 0 = —Lzo+(, sseif ( = —Lz(+ Ly0 . (9.6.18)

The invariant gravitational background fields split into three multiplets: one is the 2-
dimensional topological gravity multiplet (£,7%, gij,i;). Then there is an abelian topo-
logical gauge multiplet (£°,7°, a;1);): their BRST properties are not just the “flat” ones,
but they are modified by the coupling to 2-dimensional gravity. Finally there is also
an uncharged scalar topological multiplet (o, (): this too is coupled to 2-dimensional
topological gravity.

Writing Af’) [9ij, 0, ai; Yij, ¢, ;] in adapted coordinates

Agg) (94, 05 @i ig, C i) = %Ady eijda’ da? (9.6.19)
one finds the following expression for A:
A= —%\/gzpijea [D'D’) f+3D'fD’o+2fD'oc Do+ fD' Dig] +

b VI DGR )

+ngijU+;ijaDj0+ gfp%} +

—i—% € e 1), [Ge"ijf — D;R +

+6¢7 2 Djo ~ RDjo — D; D*o — Djo Do | +

V77 [e” f - %fR—DifDiaJr

—% f Dio Dio — f D% — %DQ f} . (9.6.20)
In (9.6.20) we have introduced

f= % Jij = i\/; (0;a; — 0 a;) , (9.6.21)

which is the scalar field dual to the U(1) field strength f? = da.
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The important fact, now, is that Af’) 91, 0, i3 Vi, C, ;] 18 Sgeip-trivial®
A = S8eif Fﬁflzf[gw’ a, (Ii] s (9622)

where the Wess-Zumino action Fﬁfzzf is the following local functional

et 1 o 1 p ~ 1 o
Twd o, 0.0 = 5 VG f* =g 5" fR— S /ge f Do . (9.6.23)

Fﬁf? [gij, 0,a;] is a legitimate Wess-Zumino action since it is both local and invariant
under reparametrizations which preserve the Seifert structure

Swt’ Tid [9:,0,a)] = 0. (9.6.24)
It should be kept in mind, however, that Fﬁfzzf [9ij, 0, a;] — unlike the non-local I'[g,, ] in

eq. (9.6.16) — is not invariant under the full 3-dimensional Sgig.

Hence one can define the effective action
fsejf[gij, 0, a;] = FS@if[gij, o, a;] — Fafizf[gija o, ai] , (9.6.25)
which is both sge;s-invariant — i.e. topological in the Seifert sense —
SSeif fseif[gij, o,a;] =0, (9.6.26)
and invariant under reparametrizations which preserve %
Sait? T% [gij,0,0:] = 0, (9.6.27)

Summarizing, we have shown that it is always possible to define through Eq. (9.6.25)
a quantum action density IS¢/ [9ij, 0, a;] which depends on the moduli parametrizing
the Seifert structures (which we will characterize in Section 9.7) but not on the specific

adapted metric which one picks to quantize the theory.

9.7 Moduli

We have seen that supersymmetric topological backgrounds correspond to solutions of
the Killing equations

L5Gw=D,% +D,75,=0. (9.7.1)

4The topological anomaly Ags) satisfies also: A(lg) =5 Fg’)cs[g], where T'geslg] is the gravitational

Chern-Simons action. Since Fg)cs[g] is not a globally defined 3-form, the anomaly is indeed non-trivial
in the 3-dimensional sense. The precise relation between F(C‘:%S[g] and Fﬁf;f [9ij,0,a;] is described in

Appendix F.
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Given a solution {g,,, 7"} of (9.7.1) we want explore nearby supersymmetric backgrounds

{9 + 69,0, 7" + 04*}. The deformations {dg,,,dy*} must satisfy the linear equation
L5060 + Loy G =0 . (9.7.2)
Let us introduce the vector space
Vo = T(T'Ms) @ Symy, (T M;) | (9.7.3)

where I'(T'Mj) is the space of vector fields on M3 and Sym,(T'M3) the space of 2-index
symmetric tensors on Mz. The deformation equation (9.7.2) describes therefore the kernel

of the linear operator

QO : ‘/E) — ‘/1 )
Qo : (07",09u) = L5 09w + Loy Guv (9.7.4)
where
Vi = Symy(T'Ms) . (9.7.5)

We are interested in characterizing physical deformations, i.e. solutions of this equa-

tion modulo gauge equivalences. Gauge-invariance includes infinitesimal diffeomorphisms

(09", 0G,m) ~ (09", 0G,) + (LedV!, Lebdgun) (9.7.6)

where £ is a vector field on Ms. But Ls-invariant topological deformations of the metric

should also be treated as a gauge invariances
(09", 0Gu) ~ (09", 0Gpu + V) (9.7.7)
for any Ls-invariant 1,

Vv € Symy™ (T Ms) = {t,, € Symy(TMs)| Lsth, =0} . (9.7.8)

We can therefore define a linear operator ()_; which captures both gauge equivalences
(9.7.6) and (9.7.7)

Q1: V=W,

Q-1 {&" Yt = {LeGuw + Yy Le 7'}, (9.7.9)
where

V.1 =T(TMs) @ Symy™ (T Ms) . (9.7.10)

5The explicit form for invariant Y, in adapted coordinates, is given in Eq. (9.6.13).
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We have

QoQ-1=0. (9.7.11)

One can consider therefore the short exact sequence
Q Q
0—=-V4i=VW=V—=0. (9.7.12)

The associated cohomology space

_ ker Qo
a Im@Q_,’

describes therefore inequivalent deformations around the Seifert structure {g,,,7"}. The
kernel of ()_;

Ho(Q)

(9.7.13)

ker Q1 = H_1(Q) = {(§" . ¥w) 1 6,7 = 0, ¥ = —Le G} (9.7.14)
is isomorphic to the commutant C5 of 4 in the Lie algebra of vectors fields on Ms:
Cy = {7 € D(TMy) : [1,7] = 0} = H 1 (@) (9.7.15)
Consider now the map between C5 and Sym4™ (T Mj) :

¢ : Cy — Symy™ (T Mj)
oY= LG - (9.7.16)

The kernel of ¢ is made of the isometries of g,, which commute with *
kero ={v:[v,7] =0, L,gw =0} C C5 . (9.7.17)

The cokernel of ¢ is, on the other hand, characterized by the Ls-invariant 1,,’s which

are orthogonal to Img ¢
0= / VY DH ey, = / YV G = (v,v) VY€ C;, (9.7.18)
Ms M3
where
vt =g DYy, . (9.7.19)
The vector v* is Ls-invariant, since g,, and v, are:
Lt =0=[3,9] . (9.7.20)
Hence v* € C5. But since, according to (9.7.18) v* is orthogonal to whole C5, it vanishes
vt = gDV by, =0 . (9.7.21)
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We conclude that

coker p = {1, : L1, = 0,D" ), =0}, (9.7.22)
and therefore
inv 0’7
Symy"(T'Ms) = Im ¢ & coker ¢ =~ " @ coker ¢ . (9.7.23)
er

Let us now consider the cokernel of (Qg: it is characterized by the equation

V(L5009 + Loy §u) =0 YV oy € T(T'M;) and V dg,,, € Sym,(TMs)(9.7.24)

Mg

This implies
L = DFap,, =0 . (9.7.25)
In other words
coker Qo = H,(Q) = coker ¢ . (9.7.26)

The exactness of the sequence (9.7.12) implies therefore

H_ e H
TigmM =~ Ho(Q) = S;fg)zv(TA}i?)

~ ker ¢ , (9.7.27)

where T{54 M is the tangent to the space of physical moduli of the theory at a point
{7}

Hence g, -isometries which commute with 4# are in one-to-one correspondence with
non-trivial deformations of a given Seifert structure (3#,g,,). ¥* itself, of course, is
always one of such isometries. The corresponding deformation is a rescaling of 4#. Since
a rescaling of 7# in the YM + CS action (9.3.27) can be reasorbed in a rescaling of the
field A, the YM + CS partition function does not depend on this kind of deformation.
In conclusion the parameter space which the YM + CS partition function on a Seifert

manifold depends on is the quotient space
ker o/ ~ | (9.7.28)
where the equivalence relation is
v~y +ad, v, € ker ¢ , (9.7.29)
with a constant.
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9.8 The topological anomaly for the squashed spheres

Let us now consider the squashed metric on S5°:
ds* = (1% sin® 0 + I? cos 0) 6 + I cos® 0 dp? + I sin® 0 dg? (9.8.1)

where ¢12 € [0,27] and 0 < 0 < 5, are the Hopf coordinates on S3.
The vector field

1 0
Oy + = gy = — | 9.8.2
0t 370m =5 (9.8.2)

1

/7:‘1’8“ l

is, for each value of the squashing parameters ([,1), an isometry of g, (;!, [). A system
[

of coordinates (y, «, ) adapted to the Seifert structure corresponding to ([, 1) is defined
by the relations

_« _Yy ﬁ E(O"ﬁ> _y_ﬁ E(Oz,ﬂ)
b=5, = 7+5+—7—", ¢2—l~ gt (9.8.3)
and their inverse
Ly +1 3
y="001 g B=to-le. =20, (984)

€(a, B) is an arbitrary local function which corresponds to abelian gauge transformations
along the fiber of the fibration. The squashed metric (9.8.1) writes in these adapted

coordinates as follows

(> + P+ (P = %) cosa)da® +sin*adB?] , (9.8.5)

N —

[

where the abelian gauge connection a and its field strength f® are given by

Ny

ds® = (dy +a)® +

1
a=g cosadf +de
1
@ =da = —5 sinadadf . (9.8.6)
The curvature R, of the 2-dimensional metric (g2);; on the Sy base of the Seifert fibration
is

B 8 (' =1cosa+2(b" +1)
TR (bt —1)cosa+ bt + 1)

1 bt —1 bt+1
@:lzsina\/ -

cosa+ ——, (9.8.7)
60ur definitions and convetions for the Hopf coordinates for the squashed sphere are reviewed in

Appendix E.
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where we introduced the ratio

b2

]
7 (9.8.8)
The scalar field which is dual to the abelian field strength is therefore

eijaiaj_ 2\/§
V92 I/ —1)cosa+bi4+1"

f= Vo f = % sina . (9.8.9)

We learnt in the previous Section that, given g, (z;!, i) and 7 = %3(;31 + %8@ , the
deformations of the Seifert structure are associated to the isometries which commute
with 7 modulo 7. For generic (,[) the isometries which commute with 7 are Op, and Oy, .
Hence we see that b* parametrizes precisely the inequivalent deformations of the Seifert
structure around a generic point b # 1. The point b = 1 corresponds to the “round”
sphere, which has an enhanced symmetry SU(2), x SU(2)g. Around this point more
general deformations are possible, since the isometries which commute with, let us say,

JI form the full SU(2)p.

Let us compute the topological anomaly for the squashed sphere metric g, (x;l,1).
Since A§3> |9, Y] depends only on the conformal class of the metric, we can take,

without loss of generality
=1, [=0? (9.8.10)

and put g, (x;1,0%) = g (2;b). Then

4b* cos?0 0 0
Uy (30) = b Dy Gy (3 b) = 0 0 0 (9.8.11)
0 0 40b*sin®0

where the D-derivative is taken by keeping the Hopf coordinates constant. It is easy to

verify that the topological anomaly for these backgrounds vanishes for all b’s:
AP[G, 0] =0 . (9.8.12)

This implies that the effective action I'[g,,] evalutated for the squashed sphere metric
Guv(;b) is independent of b:

b 0L [G (5 0)] = b0, T [g,;(X;b),5(X;b),a;(X;0)] =0, (9.8.13)

where X (x;0) = (y, a, B) are the coordinates adapted to the Seifert structure parametrized
by b2
However, we explained in Section 9.6 that I'[g,,] is not the action renormalized with

the correct Seifert prescrition (9.6.15). The action I'%¢/[g;;, 7, a,;] renormalized according
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to the Seifert prescription is given by (9.6.25). When this latter action is evaluated on

Guw(;b), one obtains

fSeif [gij’ T, al] —
= % [gi;(X;0), 5(X:0), ai( X3 b)] — T3/ [9,(X;50), (X5 0), @i (X 0)] (9.8.14)

We have just shown that, due to (9.8.12), the first (non-local) term in the r.h.s. of the
equation above is b-independent. But the second (local) one is not. Indeed, by plugging
(9.8.7) inside(9.6.23) one computes

TS6f 5,5 (X3 B, /(X3 b), @i (X B)] / Vil (= Ry) =

c 1

——C @M+ ) (9.8.15)

which therefore encodes the whole dependence of the Seifert partition function on b*:

ZsCIuashed(b) — efseif[gij,t_r,&i} — e—émTQC [% (bQ-I—b%)—l] quuashed(l) ’ (9816)

where Z(1) is the partition function on the “round” sphere, corresponding to b = 1.

Let us compare the anomaly equation (9.8.16) with the YM+CS partition function
on the squashed sphere computed directly by means of localization in [107], taking for
simplicity the case of SU(2) gauge group’

o0 d ika? b
quuashed(b) — / 271% e — sinh % sinh % (9817)

Here the exponential in the integrand comes from the value of the action on the saddle
point, while the hyperbolic sine factors are the results of the 1-loop determinants. FEx-
pressing the sinh factors in terms of exponentials, the integration reduces to the sum of
Gaussian integrals:

i

quuashed(b) — e%(bQ-‘rb%)_Tr ZggT , (9818)

where

2
ZSET = \/; sin% (9.8.19)

is the round sphere SU(2) CS partition function, obtained by means of surgery from
the CFT modular transformations of the WZW 2d conformal model. The result (9.8.18)

obtained by direct computation agrees with our prediction (9.8.16) obtained from the

"The parameter k which appears in this and in the following formulas should be taken as the “shifted”
I 4 2, with respect to the level | of the Kac-Moody current algebra whose conformal blocks map to the
states obtained from canonically quantizing the theory.

200



topological anomaly and the Wess-Zumino Seifert action, once we insert the topological
anomaly coefficient for SU(2)®
i 22—-1 i 3

= — _—— 9.8.20
csu) 47 k 47 k ( )

9.9 Discussion

The current paradigm for localization relies on spinorial global supercharges. Since the
fate and properties of quantum global symmetries are best studied by introducing back-
ground fields coupled to currents, the same paradigm has lead to studying the coupling of
“physical” supersymmetric theories to off-shell supergravity. In particular the search for
globally supersymmetric models has been reduced to the study of generalized covariantly

constant spinors.

In this Chapter we proposed an alternative route. Localization is naturally under-
stood in terms of topological scalar supercharges — i.e. in terms of topological theories
and BRST symmetries. In this framework it is the coupling of topological field theories
to topological gravity, not supergravity, which is relevant. In particular we worked out the
coupling of both CS and topological Yang Mills theory — i.e. of a generic vector twisted
supermultiplet — to topological gravity. The BRST structure of the Chern-Simons su-
permultiplet looks very different from that of the topological YM theory, when the latter
is presented in its familiar formulation valid in arbitrary dimension. We exhibited, how-
ever, a new formulation of the BRST transformations of topological YM in 3d purely in
terms of the CS supermultiplet. This allowed us to provide a unique (anomalous) Ward
identity which characterizes the coupling of a 3d generic twisted vector supermultiplet to
topological gravity.

One first advantage of the topological gravity viewpoint is that the structure of topo-
logical gravity is the same in all dimensions, a fact which makes the characterization of
supersymmetric bosonic backgrounds straightforward. For example, in the context of 3d
gauge theories, we have seen that the Seifert condition emerges quite immediately with-
out the need to go through generalized covariantly constant spinors or similar indirect
routes peculiar to other approaches. Moreover we have found that, in the 3d context,
the off-shell coupling of topological (YM+CS) gauge theories to topological gravity is
easily achieved by suitably covariantizing the “rigid” coboundary BRST operator with
a universal term which is the form-contraction with the super-ghost field of topological
gravity. We also discovered that the anti-fields of the BV formulations of CS theory

8The ﬁ factor which multiplies the anomaly comes from the normalization of the Chern-Simons

action, which we took to be ﬁ.
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are nothing but the auxiliary fields which are required to close off-shell the topological

supersymmetry algebra.

But the real payoff of the topological approach was that it made straightforward
to identify the subset of local topological transformations which preserves the Seifert
backgrounds. These turned out to be 2d topological gravity transformations coupled
to topological abelian gauge transformations. This allowed us to give a cohomological
characterization of the Seifert background moduli. Moreover we were able to explicitly
solve the anomalous Ward identity associated to topological transformations of the grav-
itational background. The solution involved a Wess-Zumino local action, invariant under

the reparametrizations which preserve the Seifert structure.

The triviality of the topological (framing) 3d anomaly when restricted on Seifert
backgrounds shows, rigorously and in a completely regularization independent way, that
the quantum effective action of the gauge theory on Seifert manifold depends on the
Seifert moduli but not on the specific metric adapted to the Seifert structure which one
picks to quantize the theory. The Wess-Zumino Seifert action also completely determines
the dependence of the partition function on the Seifert moduli. We explicitly showed this
in the case of the squashed sphere, for which we recovered the dependence of the partition

function on the squashing modulus without computing any functional determinant.

Our discussion in this Chapter was restricted to (twisted) vector supermultiplets in
3d. It would be interesting to extend our results to (twisted) chiral matter. To do this it
would be necessary to work out the coupling of topological chiral matter to topological
gravitational backgrounds: something which, to our knowledge, has not be done yet’.
The dependence on the Seifert moduli of the quantum effective action of chiral theories is
considerably more complicated than that of vector supermultiplets. We expect therefore
that the coupling of topological chiral theories to topological gravitational backgrounds
involves some new ingredients. It would be equally interesting to apply our methods to
higher dimensions. Realizing this program might reduce the computation of the depen-
dence on the moduli of quantum effective actions of localizable theories to the solution

of appropriate anomalous Ward identities.

9The BRST structure of rigid topological chiral matter in 3d has been described in [109].
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Appendix A

Supercharges for AdS~ solutions

At the beginning of section 4.2.1 we reviewed an old argument that shows how a solution
of the form AdS; x M3 can also be viewed as a solution of the type Minkg x M. In this
appendix we show how the AdS; x Mj supercharges get translated in the Minkg x My

framework.

A decomposition of gamma matrices appropriate to six-dimensional compactifications

reads

A& = ety O g1, A — 0 @AW (A.0.1)
Here 7,86), pw=20,...,5, are a basis of six-dimensional gamma matrices, while ’yr(i‘), m =
1,...,4 are a basis of four-dimensional gamma matrices. For a supersymmetric Minkg x

M, solution, the supersymmetry parameters can be taken to be

‘= en e,

) 0 2 Oc 2¢ (A'0'2)
:<+®77:|:+C+ ®77q: )

(6+4
€1
(6+4
€2
where (4 is a constant spinor; 5 denotes the chirality, and ¢ Majorana conjugation both

in six and four dimensions. Supersymmetry implies that the norms of the internal spinors

satisfy [|n'||? £ ||n?||> = cee*4, where cy are constant.

On the other hand, for seven-dimensional compactifications a possible gamma matrix

decomposition reads

1 = et D @lwo,,

(A.0.3)
’Yz'(fgg) =1®0;®o0; .
This time %(7), i =0,...,6, are a basis of seven-dimensional gamma matrices, and o,

i =1,2,3, are a basis of gamma matrices in three dimensions (which in flat indices can be

taken to be the Pauli matrices). For a supersymmetric solution of the form AdS; x Mj,
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the supersymmetry parameters are now of the form

M)~ @1+ x5 Quy
(

T+3)

(A.0.4)
s = ®x2FC®X3) Qug .

€

€
Here, x12 are spinors on M3, with x7, = B3xJ, their Majorana conjugates; a possible
choice of By is By = 05. ( is a spinor on AdS7, and (¢ = B;(* is its Majorana conjugate;
there exists a choice of By which is real and satisfies Brvy,, = v, Br. (It also obeys B;B: =
—1, which is the famous statement that one cannot impose the Majorana condition in
seven Lorentzian dimensions.) The ten-dimensional conjugation matrix can then be taken
to be Bip = By ® B3 ® o3; the last factor in (A.0.4), vy, are then spinors chosen in such
a way as to give the e§7+3) the correct chirality, and to make them Majorana; with the
above choice of By, vy = \/Lﬁ (_11), v_ = \/Li (}) The minus sign (for the ITA case) in front
of the term (¢ ® x§ in (A.0.4) is due to the fact that, both in seven Lorentzian and three

Euclidean dimensions, conjugation does not square to one: ((¢)¢ = —(, (x)¢ = —x.

The presence of the cosmological constant in seven dimensions means that ( is not
constant, but rather that it satisfies the so-called Killing spinor equation, which for

Raqs = 1 reads |
V.= 57}?{ . (A.0.5)

One class of solutions to this equation [110,111] is simply of the form

G = P28 (A.0.6)

The coordinate p appears in (4.2.6), which expresses AdS; as a warped product of Minkg
and R. (¥ is a spinor constant along Minkg and such that 7,0 = ¢ (the hat denoting
a flat index).

Just like for Minkg X My, supersymmetry again implies that the norms of the internal
spinors x'? should be related to the warping function: ||x1||? & ||x2||? = cre™, where
cy are constant. We will now see, however, that for AdS; x Mj actually ¢ = 0. To this

end, we will use the equation
dK = 1xH (A.0.7)

of the ten-dimensional system (3.2.4). Recall that K and K are the ten-dimensional

vector and one-form defined by K = 6%1(617](\/1[0)61 + @27](\/1[0)62)d17M and K = 6—14(61’}/](\}0)61 —

627](\}0)62)de . Plugging the decomposed spinors (A.0.4) in these definitions and calling
fr = eA3(%57,87)C)d:c“, the part of (A.0.7) along AdS; leads to e3d51(||x1||? — ||x2|]?) =
(d7B1)c— = 0, where d7 is the exterior derivative along AdS;. (The right hand side does
not contribute, because H has only internal components.) On the other hand, using the
Killing spinor equation (A.0.5) in AdS7, we have that d;(3; = 62“3(57&7”)()0[93“” =0 A

spinor in seven dimensions can be in different orbits (defining an SU(3) or an SU(2) x R®
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structure [112,113]), but for none of them the bilinear (35 is identically zero. Consequently,

the norms of the two Killing spinors have to be equal, namely ¢_ = 0.

Let us now see how to translate the spinors ¢; for an AdS; x M3 solution into a language

relevant for Minkg x My. First, we split the seven-dimensional gamma matrices ’y,(j); the
. . S . 6 (D -

first six give a basis of gamma matrices in six dimensions, 7,~ = py.’, p = 0,...,5,

M _

while the radial direction, ~ 7(®) becomes the chiral gamma in six dimensions. (The

p
hat denotes a flat index.) This split is by itself not enough to turn (A.0.3) into (A.0.1),
because the three-dimensional gamma’s in (A.0.3) have no ¥ in front. This can be

cured by applying a change of basis:
1
W =00, o= - iy ) (A.0.8)
with, however, a change of basis in six dimensions: %(LG) — —M(G)%&G). Likewise, the
spinors (A.0.4) are related to (A.0.2) by

e§6+4) = Oel(-7+3) : (A.0.9)
if we take
1 1 1 1
_ 1/2 _ e _ 172 _ e ‘
h=p""X1® vy \/§P X1 ® (_1> ; N2 =p'" X2 @ vx \/§p X2 @ (il)
(A.0.10)

Notice that the two 1’ have equal norm, because the x* have equal norm, as shown earlier.
Moreover, since the norm of the x* is e4*/2, and because of the factor p'/? in (A.0.10),

the 7 have norm equal to p'/2e43/2; recalling (4.2.7), this is equal to e44/2, as it should.

Besides (A.0.6), there is also a second class of solution to the Killing spinor equation
V¢ = %m@C on AdS;: it reads ¢ = (p~/2 + pl/%w}f))gﬁ, where now ;% = —(°.
If we plug this into (A.0.4) and use the above procedure (A.0.9) to translate it in the
Minkg x My language, we find a generalization of (A.0.2) where both a positive and
negative chirality six-dimensional spinor appear (namely, 2#7,(% and ¢°) instead of just
a positive chirality spinor ¢?. Because of the z#+, factor, this spinor Ansatz would break
Poincaré invariance if used by itself; if four supercharges of the form (A.0.2) are preserved,
Poincaré invariance is present, and these additional supercharges simply signal that an
AdS; x Mj; solution is N' = 2 in terms of Minkg x Mj.
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Appendix B

AdSg solutions in eleven-dimensional

supergravity

We will show here that there are no AdSg x Ms solutions in eleven-dimensional super-
gravity.! This case is easy enough that we will deal with it by using the original fermionic
form of the supersymmetry equations, without trying to reformulate them in terms of

bilinears as we did in the main text for I1IB.

We take the eleven-dimensional metric to have the warped product form
ds}; = e*dsiyg, + dsiy, - (B.0.1)

In order to preserve the SO(2,5) invariance of AdSg we take the warping factor to be a
function of Ms, and G to be a four-form on My. Preserved supersymmetry is equivalent
to the existence of a Majorana spinor € satisfying the equation
1
Vare+ o (yg}”NPQR - 85%5%*) Grpore=0. (B.0.2)

We may decompose the eleven-dimensional gamma matrices via

6+5
1D =P 1, s =19 e . (B.0.3)
Here %(LG), p=0,...,5 are a basis of six-dimensional gamma matrices (y'® is the chiral
gamma), while 7,(3), m = 1,...,5 are a basis of five-dimensional gamma matrices. The
spinor Anzatz preserving ' = 1 supersymmetry in AdSg is
€=y +(-n- +c.c. (B.0.4)

where (4 are the chiral components of a Killing spinor on AdSg satisfying

1
V(e = 5%56)@ , (B.0.5)

'This conclusion was also reached independently by F. Canoura and D. Martelli.
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while n4 are Dirac spinors on Ms.

Substituting (B.0.4) in (B.0.2) leads to the following equations for the spinors 7,:

1 . 1 -

56 AT}; + 57(5)8m14 N+ + D] *5 Gm’Y(g))T]i =0, (B.0.6a)
1 1

Vint £ 1 x5 Gt T 6 x5 Gn%(j)v(’}))ni =0. (B.0.6b)

Using (B.0.6) it is possible to derive the following differential conditions on the norms

nhne = eP* of the internal spinors:

+5G = F6ds By | (B.0.7)
B, = —B_ + const. . (B.0.8)

We can absorb the constant in a redefinition of n_ so that B, = —B_ = B; thus
x5 G =—6d;B . (B.0.9)

The equation of motion for G is then automatically satisfied; in absence of sources, the
Bianchi identity reads dsG = 0, resulting in *5G being harmonic. This is in contradiction
with x5G being exact. This still leaves open the possibility of adding M5-branes extended
along AdSg, which would modify the Bianchi identity to dsG = dy5. However, we will
now show that even that possibility is not realized.

B/2p., we can rewrite (1B.0.6b) as

Defining 77, = e~
Voniis £ OB = 0 | (B.0.10)
Upon rescaling the metric ds3, — e™*? ds?wé the equation for 77, becomes

Vi =0. (B.0.11)

In five dimensions the only compact manifold admitting parallel spinors is the torus 7°,
so we are forced to set ds?wé = ds}s. Similarly if we rescale the metric dsj, — etB ds?\/[é,
the equation for n_ becomes

Vin. =0, (B.0.12)

so that ds?\/[é, = ds3;.” We are thus led to the relation
4B ;2 _ 4B ;.2
e Vdsyy = e dsyy - (B.0.13)

Since ds3, = ds3,, = ds}s, this implies B = 0, and hence G = 0 (from (B.0.9)). This
5 5
makes the whole system collapse to flat space.

20ne might try to avoid this conclusion by setting 7j_ to zero. However, (B.0.6a) would then also set

7+ to zero.
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Appendix C

Massaging the pairings: the pure

case

In this Appendix we will show the equivalence between the equations (5.4.11) and (5.4.12);

we will restrict to the IIB case since the story for ITA is identical.

First of all we need to record some further properties about the generalized Hodge
diamond (5.4.4) and about how the deformations of the pure spinors can be arranged
into the diamond. Recalling that in type IIB v¢; and v are even forms on My, we see
that each row in the diamond has definite parity: the first row, the third and so on
contain even forms, whereas the second, the fourth and so on contain odd forms. It is
also straightforward to verify that 4" (on the left) and 4% (on the right) act as descending
operators, whereas 7 (on the left) and 4 (on the right) act as raising operators: so
for example by acting with v and 4™ on v, it descends to the second row, whereas by
acting with 4* and 4 on 4y it jumps to the eighth row.

We move to discuss the deformation issues and the recipe is very simple: d1); contains
only terms of the form y™"1);. Concretely this means that d1; sits in the zeroth and third
row of (5.4.4), and §1)y sits in the zeroth and third column of (5.4.4) (and of course an
identical statement is true for complex conjugates). By combining a deformation with
the action of the gamma matrices we conclude that dyi sits in the second and fourth

row in the diamond, whereas dgs sits in the second and fourth column.

We can now show the equivalence between (5.4.11) and (5.4.12). Our strategy is
simple: we consider (5.4.12) and the first equation in (5.4.8) and, by expanding both on
each position of the diamond, we will see that they are completely equivalent to (5.4.11)

plus the first equation in (5.4.8).

Let us start for example with the expansion in the ;7% position: the first equation
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in (5.4.8) rewrites
(1772, 24A A e + dig(e0) = ~(17™, 5 1) (C.0.1)
whereas (5.4.12), using the properties summarized in (5.4.5), reads
(017", du(e™*)) = (172, %f) , (C.0.2)
and, simply by subtracting the two we obtain
(617" dA A + 5e*f) = 0. (C.0.3)

which is precisely the third equation in (5.4.11). An identical consideration shows that by
considering the expansion in the 44, position we simply reproduce the first equation in

(5.4.11). Next we consider the expansion along 1),7": the first equation in (5.4.8) gives
(1™ dne™n)) = = (7, 5 f) (C.04)
whereas (5.4.12) gives
3(v2?, du (e~ %)) = (o™, %f) ; (C.0.5)

and the two equations imply (&27"2, f ) = 0 which is equivalent to the fourth equation in
(5.4.11). We move to the expansion along ~"t)1y"272: the pairing equations (5.4.11) say
nothing about this position and indeed both the first equation in (5.4.8) and (5.4.12) say

(V11772 di (e %) — %f) =0, (C.0.6)

therefore we conclude that (5.4.12) is redundant in this position.

Identical computations can be repeated for the other positions of the diamond and so

we conclude that (5.4.11) and (5.4.12) are equivalent as we claimed.
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Appendix D

Massaging the pairings: the

non-pure case

In this Appendix we will describe how the pairing equations (3.2.4¢), (3.2.4d) can be
massaged in the non-pure case in order to obtain the equations (5.5.14). We will discuss

the equations (3.2.4¢) only, since the discussion for (3.2.4d) is almost identical.

To start with, we recall that for a general Mink,, N = (2,0) vacuum configuration
the pairing equations take the form (5.3.23) and (5.3.24). Let us go to consider the first

equation in (5.3.23); by putting the parametrizations (5.5.11) into the equation we obtain

(’}/m[(ﬂzl + bizl + CJ)Q + EQEQ], idA A [ij;l + b@Zl + C?ZQ + E’QEQ] F %ed’ *g )\(f))"‘

+ (7" by + azhy + e + eia), idA A by + s + ey + &) F ‘;‘ ¢? x5 A(f) =0 .
(D.0.1)

where the gamma matrix 4™ has to be intended real and we have introduced the shortcuts

a=|c|* =A%+ B} +2A,B;sinf; , b=|cy|? = A? + B} —2A,B;sinf), ,
C=CiCy = A2 + B% COS(291) + ZB2 sin(291) s d= C1Cy = A% - B% + 2@14131 COS 01 s
= (A} — B} cos(261) + 24, By sin ;) + i(2A, By cos 0 + 2B*sin ) cos6,) ,

)

2

=

c3 = (A? — B? cos(20,) — 2A, B, sin6;) + i(2A, By cos 0, — 2B*sin ), cos 6,) .
(D.0.2)

e
h

Now by taking v™ = " (see footnote 8 for the meaning of the index 4;), (D.0.1) simplifies

to
(7“ [ail + 0122], %dA A [alﬁl + 5152] F %64) *g )\(f))"‘

(B + el SAAN B + 00 F S s A(N) =0, (D03
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that is

B~ 2+b2 ~ .= C ~
(7400, A A F Gat ) xs A(f)) + 2e(y . AN F e 5 M(f)) = 0.

(D.0.4)

Moving to the second equation in (5.3.23), we can perform the same procedure but
in this case we obtain a pair of equations: the first one is obtained by taking m = ¢; and
the second one is obtained when m = i,

_ .= b ~ . = C ~
d(y 1, 7dA N1 F %aﬁ ss A(f)) + e (7", EdA Ay T %aﬁ s A(f)) =0,

Before to proceed we note that in the pure limit we have a = e # 0 whereas b = ¢ =
d = h = 0; therefore in this case the equations (D.0.4), (D.0.5) collapse to the first two
equations in (5.4.11) that are valid in the pure case. To proceed we rewrite the first
equation in (D.0.5) as

. = C ~ J .= b ~
(742, idA N F %e¢’ s AM([f)) = —g(v“wl, 1IANDTF %e¢ s A(f)),  (D.0.6)

that we can put in (D.0.4) and in the complex conjugate of the second equation in (D.0.5)

obtaining the algebraic system

2¢cdb 2cd

(a2+b2— — )x—l—(a%—b—?)yzo,
hdb hd
(da_?)er(d—g)y:O,
= 1 ~ .=
z = (71, ZdA/\@Dl) ; y= (7“201,:F%6¢ x5 A(f)) - (D.0.7)

It can be verified that the determinant of this algebraic system vanishes and so we
remain with the single equation
ela+b)—2cd 1

— — Yy =—— D.0.8
é(a? + b?) — 2cdb Y 2077 ( )

where the last equivalence can be verified using the explicit expressions (D.0.2). Summa-

rizing the pairing equations (5.3.23) rewrite as

(’Yilizl, dA N 1;1 =+ 26(15 *g )\(f)) =0 ,

d, .= b .

5(7“1/11, ZdA A1 F %6¢ xs A(f)) -
(D.0.9)

. LA -
(7" 14ba, ¢%e¢ s A(f)) = —c(v" 4o, A Vy) —

The same strategy can be applied of course for the equations (5.3.24).
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Appendix E

Squashed 3-spheres in the Hopft

coordinates

Let us start from the beginning and construct the squashed metric from C?
ds® = |dz |* + |dz)?

where

1 ¢2

21 :plel zgnge”

The S; is obtained by embedding the hypersurface

)
=)
)
[\l ]

2

p =1

[\

+

|

l

o~
[\

in C? | which gives
p1 =1 cosf p2:l~sin6 ogegg
Hence

ds® = |dp; + i pidey|* = dpi + dp3 + p} do} + p de =
i=1,2
= (I* sin® 0 + 12 cos? 0) df> + I* cos® § dp7 + 1% sin? 0 d?

and the Killing vector which gives the Seifert structure is

1 1
W“au:73¢1+75¢2
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Appendix F

Gravitational CS action and the
Seifert WZ action

The topological anomaly is, by definition, non-trivial: there is no local functional of the
3-dimensional metric, trasforming as a 3-form, whose BRST variation gives the anomaly.

As a matter of fact, one has

AP = sT8)s(9) (F.0.1)

where FS%S is the 3-dimensional gravitational Chern-Simons action

: c 1 1
T (g) = 73 T (Ghdr + S T°) (F.0.2)

Since F(G?’)CS(g) is not a globally defined 3-form on M3, Af”) is indeed non-trivial.

Let us discuss the relation between the Seifert Wess-Zumino action (9.6.23) and the

gravitational CS action (F.0.2). Let us introduce the 3-form

. . . 1 . .
&) Sl — poeif gy 3 eijda’ da’ (F.0.3)
Then of course
3) Ses 3
s / (07 = T&slgig 0ai]) = 0 (F.0.4)
M3
where
3 3
Tooslgi, 0, a) = F(G)cs[g]\cw (F.0.5)

is the gravitational CS action evaluated for the metric adapted to the Seifert structure
(9.6.10).

Therefore, there exists a local 2-form Q) such that

Sei
Ty, = TElslgi, 0,0 = dQ® (F.0.6)
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It turns out that
0® = i V9 f e ¢ T dat dy (F.0.7)
F(Gg)cs is not a globally defined 3-form: This fact is expressed by
Saig TEhg = d QP (F.0.8)
where Sgig is the BRST operator associated to 3-dimensional diffeomorphisms:
Sair = Le — {ig, d} (F.0.9)

with £ = " 0, the reparametrization ghost in 3-dimensions. Q?) is the reparametrization

anomaly in 2 dimensions:

1 1
QP = 5 TrMdT = 28, ¢7d T, (F.0.10)

3) Sei . . ) . ..
FE,V)Z “f also is not invariant under Saie. However we can consider reparametrization

ghosts &* which are invariant under the Reeb vector 4*. Let us denote by ngf the
reparametrization BRST operator associated to such invariant reparametrization ghosts.
The symmetry associated to Si‘;f is the one corresponding to 2-dimensional diffeomor-

phisms and abelian gauge transformations.

Although F(Gg)cs[gij,a, a;] is not invariant even under the restricted Sgg, I’ (W)Zsezf
invariant:
goaf o) Seif _ (F.0.11)
as it is manifest from (9.6.23). This equations expresses the fact that F Self is a form

under reparametrizations which do not change the Seifert structure. Hence
S’ (Leslgg ol +dQ®) = d (QF + 555 o) (F.0.12)
We conclude that
Q¥ = s34 @ 4 gl (F.0.13)

In other words the functional Q® trivializes the 2-dimensional gravitational anomaly:
this is possibile since Q®) is a functional not only of the 2-dimensional metric g;; but also
of the abelian field strength f.
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