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Abstract

In order to capture the so-called stylized facts and model high-frequency and ir-

regularly time spaced financial data continuous time GARCH processes are becoming
popular. In 2004 Kliippelberg, Lindner and Maller introduced the COGARCH model
as a continuous time analogue to the successful GARCH model. Like the GARCH pro-
cess, the COGARCH is based on a single source of randomness, which is a driving Lévy
process. Once introduced Lévy processes and stochastic calculus for semimartingales
we go into detail to discuss some properties of the COGARCH process.
Motivated by the fact that many data are asymmetric we also study some extensions;
in particular a continuous time GJR-GARCH is analysed. We go on to focus on marko-
vianity, stability, stationarity and moments. These are prerequisites for proposing a
new version of the pseudo-maximum likelihood estimator, which is, under some regular-
ity conditions, consistent. Finally the empirical quality of our estimator is investigated
in a simulation study based on a comparison with the method of moments.
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Introduction

Stochastic volatility is the main concept used in Financial Econometrics and Math-
ematical Finance to deal with the random and time-varying dispersion of returns of
a given asset or market index. We need it to take decisions concerning risk analysis,
portfolio selection and derivative pricing. It was also clear to the funding fathers of
the modern continuous time finance that homogeneity was not realistic; Black and
Scholes wrote in [10]: “there is evidence of non-stationarity in the variance. More
work must be done to predict variances using the available information.” In financial
time series the volatility clustering phenomenon is observed too. As Mandelbrot [37]
noted, large changes tend to be followed by large change, of either sign, and small
changes are usually followed by small changes. Therefore extreme returns tend to
cluster together. Empirical evidence also shows that, while returns are uncorrelated,
absolute returns or their squares display a positive, significant and slowly decaying
autocorrelation function. Moreover returns have fat tails such that their distributions
are leptokurtic. Such phenomena intrigued many researchers and oriented the devel-
opment of stochastic models in finance to model the so-called stylized facts. Engle [15]
first developed the famous ARCH (autoregressive conditionally heteroscedastic) model
and then Bollerslev [11] generalized this process obtaining the GARCH (generalized
ARCH) model. Processes with generalized autoregressive conditional heteroscedastic-
ity provide the volatility by means of the previous values of the process. These kinds
of models capture the main characteristics of financial data.

For a long period volatility and prices were modeled with discrete time models, but over
the last years the frequency of data has increased. This growing amount of available
data is called high-frequency data. Taking the data, which can be unequally spaced in
time, only at fixed time intervals neglects some of the information. Then, for modelling
this huge amount of data it seems natural to model price and volatility processes in
continuous time, which should also reflect as many as possible the well-known stylized
facts.

A first approach goes back to Nelson [43], who extended the discrete time GARCH pro-
cess by making diffusion approximations. This process leads to a stochastic volatility
model driven by two independent Brownian motions, in contrast with GARCH models
driven by only one source of randomness. Real data show that volatility and price
processes also have jumps, which cannot be captured by Nelson model. In order to
capture that Barndorff-Nielsen and Shephard [4] introduced a new model where the
volatility is an Ornstein-Uhlenbeck process driven by a Lévy process. Modelling jumps
with this model is possible, but it still contains two sources of randomness. Therefore
Kliippelberg, Lindner and Maller introduced in [27] a new continuous time GARCH
(COGARCH) process driven by a single Lévy process. Such a model preserves the
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Introduction

structure and the main characteristics of the discrete time GARCH model.

Another typical characteristic of financial data is the so-called leverage effect, i.e. a
negative correlation between current returns and future volatility. Like in the discrete
time case, the COGARCH process cannot model this phenomenon. Therefore, exten-
sions, based on the discrete time GJR-GARCH and APGARCH models developed in
[20] and [45], were recently introduced in [31] and [5].

Concerning the estimation of COGARCH parameters, Haug, Kliippelberg, Lindner
and Zapp [23] proposed a method of moment estimator, which can be applied for
equally spaced time series. Its consistency and asymptotic normality were verified un-
der regularity conditions. In order to work with irregularly spaced time series Miiller
[41] considered an MCMC estimator for COGARCH models driven by a compound
Poisson. No restrictions to the driven Lévy process are contemplated by the pseudo-
maximum likelihood estimator, proposed by Maller, Miiller and Szimayer [36], which
is suitable for irregularly spaced data too. A modified version of this estimator (see
[26]) has been studied together with consistency and asymptotic normality. The most
recent procedure is due to Bibbona and Negri [9]; by means of higher moments they use
the optimal prediction-based estimating functions method proposed in [50]. Inferential
techniques for asymmetric processes are just related to the method of moments and
maximum likelihood (cf. [5]).

The aim of this work is to give an overview of the continuous time GARCH pro-
cesses, both symmetric and asymmetric, and study inferential procedures for the asym-
metric COGARCH process via pseudo-maximum likelihood method. This thesis is di-
vided in three chapters.

In Chapter 1 we give an introduction to the theory of Lévy processes and stochastic
calculus for semimartingales. Especially we will focus on infinitely divisible laws, Lé
vy-1t6 decomposition, properties about bounded variation and moments, subordinators
and stochastic integration.

In Chapter 2 we introduce COGARCH and asymmetric COGARCH models and
prove a few properties like stationarity, markovianity and moments. We will also
consider examples showing simulated trajectories, for both processes, in order to see
how log-prices, log-returns and volatilities behave under such models. As driving Lévy
process we will choose the variance gamma process.

Chapter 3 is dedicated to estimate the asymmetric COGARCH model. Following
Behme, Kliippelberg and Mayr [5] we analyse the available methods: the method of
moment and the pseudo-maximum likelihood estimator. We will propose a new pseudo-
maximum likelihood method, which guarantees asymptotic properties. Such method
can be used with irregularly spaced time series and is based on an approximation of
the continuous time asymmetric GARCH process by an embedded sequence of discrete
time asymmetric GARCH series, which converges in probability to the continuous time
model in the Skorokhod distance. After a detailed description of this approach we will
prove the consistency of the estimator (as Kim and Lee have done for the COGARCH
model in [26]). We conclude with a simulation study in order to apply to simulated
data the developed algorithms.



Chapter 1

Introduction to Lévy processes

This chapter is dedicated to the theory of Lévy processes. Refering to [2], [30], [48]
and [46] we introduce infinitely divisible laws to go into detail about Lévy processes and
stochastic calculus for semimartingales. Examples will simplify theoretical concepts
and simulations give an idea about trajectories. Applications to Finance and Actuarial
Sciences can be found in [49], [33] and [40].

1.1 Infinitely divisible distributions

Definition 1.1. A probability measure p on R? endowed with the Borel o-field B(R?)
is infinitely divisible! if V n € N there exists another probability measure y,, such that
= %l = "

%/_/
n times

i.e. if © has a convolution n-root.

Remark 1. The law px of a random variable X which takes values in R? is infinitely
divisible if for all n € N py has a convolution n-root. Equivalently X is infinitely
divisible if for all n € N there exist i.i.d. random variables X f"), ., XM such that

XL x4 xm,

Moreover by Kac’s theorem? the law of X is infinitely divisible if, for all n € N, there
exists a random variable X (™ such that

Ox (u) = [dxom (w)]",
where ¢x (u) := E(e’®X)) is the characteristic function of X.

Example 1.1. (Multivariate Gaussian r.v.) Let X be a gaussian R%valued random
vector, with density with respect to the Lebesgue measure on R¢ given by

px(dz) = W exp <—%<x —m, Y x — m))) 1pa(x)dx

'De Finetti was the first to introduce the notion of infinitely divisible distribution.
2The R%valued random variables X7,..., X, are independent if and only if Ee? 2j=1(43:X5) =
bx,(u1) - dx, (uy) for all uy, ..., u, € R



1. Introduction to Lévy processes

for all m € R? and strictly® positive definite symmetric d x d matrix 3. It is well known
that

o) = exp (itm.) = 050 ) = e (i€2.0) = 0 %w)]

so we see that X is infinitely divisible, where ¢y ) is the characteristic function of a
normal vector with expectation m/n and covariance matrix X/n.

Example 1.2. (Poisson r.v.) We consider the Poisson distribution with d = 1 taking
values in the set Ny. X is Poisson distributed if its law, absolutely continuous respect
to the counting measure, is such that

xT
AN
z!

px({z}) = e

1N0 ($)

for all A > 0. It is easy to verify that this law is infinitely divisible too, indeed

n

Ox(u) = exp (/\(ei“ — 1)) = exp ()\/n(ei“ — 1))

Example 1.3. (Compound Poisson r.v.) Let (Ji)ren a sequence of i.i.d. and R%valued
random variables with common law pu; independent of N which is Poisson distributed.
The random variable X := ng\; Ji is called compound Poisson random variable and
we can think of it as a random walk with a random number of steps controlled by a
Poisson random variable. Conditioning on N, using independence and fixing Jy = 0
we proceed to calculate the characteristic function

E(E(e"¥|N))

=Y BN =n)uv({n})

¢x(u)

I
Mg
—~
<
<
N
SN—
SN—
3
|
>
>~
3

= o3 PN i,y - 1)

Similarly to the Poisson case we can prove also for the compound Poisson the infinite
divisibility.

Other examples of infinitely divisible laws are the gamma, negative binomial, Cauchy
and strictly stable distributions. Counter-examples are the binomial and uniform dis-
tributions. In particular every random variable with bounded range is not infinitely
divisible, unless is constant.

Proposition 1.1.1. Let X and Y be independent and infinitely divisible random num-
bers. Then the same holds for X +Y, —=X and X =Y.

3We avoid the definite positive case because the density could not exist if the matrix were singular.



1.1 Infinitely divisible distributions

Proof. By hypothesis ux and py are infinitely divisible probability measures, so by
characterization via characteristic function we have

Px1y (u) = dx(u)py (v) = [Pxem (W) Py o (u)]",

hence the convolution px * py is infinitely divisible. Similarly for the second point;

it is enough to observe that ¢_x(u) = ¢x(u). About the third part we notice that
px_y = px * p_y and ¢x_y = ¢xdy = |¢x|?, and the result follows. O

About infinitely divisible laws it is useful to analyze the characteristic function
behavior. For this reason we state and prove the following theorem.

Theorem 1.1.2. The characteristic function of an infinitely divisible law never van-
1shes.

Proof. We know that if ¢x is the characteristic function of an infinitely divisible law
pix, then the same holds for |¢x|? that is the characteristic function of the convolution
ftx * fi—y, where Y is an independent copy of X. Hence if ptx ,, is the n-root of p1x then
X * Ji_yn is the n-root of px * u_y and |¢x,|*> = |¢x|*™. We notice that Yu € R

vlu) = lim [oxn(w) = lim [6x ()" = Lsxso.
As ¢x(0) = 1 and ¢ is continuous, there exists a positive € such that for u € (—e¢,¢€)
dx(u) # 0. Then for u € (—e€,€) P(u) = 1, i.e. it is continuous at 0. In particular,
by Lévy theorem, it is a characteristic function and by continuity of the characteristic
function, as it takes values from the set {0, 1}, it must be ¥ (u) = 1 Yu. Consequently

for all u € R? ¢x(u) # 0. O

Proposition 1.1.3. Let (pu)ren a sequence of infinitely divisible probability measures.
If g converges weakly to p as k — oo, then u is infinitely divisible.

Proof. 1, converges weakly to p, then ¢, — ¢ as k — oo, which implies gb,lg/ " ot/
for every n € N when k& — oco. We know that ¢i/ " is a characteristic function as ¢y,
is such that for u € R? ¢y (u) = (¢r..(u))", where ¢y, is a characteristic function for
every n. Moreover ¢'/™ is continuous at 0, then it is a characteristic function by Lévy
continuity theorem. Finally ¢ = (¢'/™)", hence ¢ is the characteristic function of a
infinitely divisible probability measure. O

Proposition 1.1.4. Any infinitely divisible probability law can be obtained as weak
limit of a sequence of compound Poisson distributions.

Proof. Let ¢x be the characteristic function of an arbitrary infinitely divisble proba-
bility measure px, so that qﬁ%" is the characteristic function of pxm). We define

On(u) = exp [n (gzﬁi(n(u) - 1)]

so that ¢, is the characteristic function of a compound Poisson random variable for
n € N. Then, sincee®* — 1~z asz — 0

¢n(u) = expln(el/™ 150X —1)] ~ expllog(¢x (u))] = dx(u)
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as n — oo and the result follows by Glivenko theorem?. n

Corollary 1.1.5. The set of all infinitely divisible probability measures on (R, B(R?))
coincides with the weak closure of the set of all compound Poisson laws on RY.

Proof. 1t follows from Propositions 1.1.3 and 1.1.4. ]

1.1.1 Characterisation via Lévy-Khintchine formula

Theorem 1.1.6. (Lévy-Khintchine) A probability distribution py is infinitely divisible
if and only if there exist a vector b € RY, a positive definite symmetric d x d matriz C
and a measure v on R? satisfying v({0}) = 0 and [L.(1 A |z[*)v(dz) < oo, such that,
for all u € R?

dx(u) = exp {i(b, u) — %(u,C’u) + /Rd[ei<"’x> —-1- i(u,x)lB(x)]V(dx)}

where B = By(0) is the unit ball of R%.

Proof. We only prove the sufficient condition (a complete proof can be found in Sato);
so we need to show that the right-hand side is a characteristic function. Consider a
monotonic decreasing to zero sequence a, in R? and define the following function

¢n(u) =exp {z(b — /[—an,an}cmB zv(dx), u) — %(u, Cu)] X

X exp [/ (efw®) _ 1)V(dx)] :
[_a’nvan}c

This represents the characteristic function of the convolution of a gaussian law with

an independent compound Poisson distribution (with intensity A\, = v([—ay,, a,]°) and
1 a4, anlc(@)v(de)
v([=an,anl®)

Tim (1) = dx(u).

jump magnitude v(dz) = ). Moreover it is clear that

In order to apply Lévy theorem we show now that this limit function is continuous at
zero; this boils down to proving for each v € R? the continuity at zero of

wiw) = [ 610 ~ 1~ ifu 2)1a(a))v(do)
R4
= /(e““’””) — 1 —i{u,x))v(dz) +/ ('™ — 1)p(dz).
B c
We use Taylor expansion for e/®® =1+ i(u,z) — 2(u,)?> + -+ in order to obtain

(u)] < / €08 1 it ) p(de) + [ [ — 1u(da)
B

Bec

1 .
< / §|<u,x>2\y(dx) + lefw® _ 1]y(dz).
B

Bec

41f ¢,, and ¢ respectively are for n € N the characteristic functions of the probability distributions
pn, and g, then if ¢, (u) — ¢(u) for all u € R? when n — oo, then u,, converges weakly to p as n — oo.



1.1 Infinitely divisible distributions

Using now hyphotesis about v, Cauchy-Schwarz inequality to find a bound for (u, )
and dominated convergence theorem in the second integral

[(u)| < %/ |z)?v(dx) +/ ]e““’””> —1jy(dz) =0
B c

as u — 0. We proved that ¢x is a characteristic function via Lévy theorem; then the
infinite divisibility follows applying Glivenko thereom and Proposition 1.1.3. O]

Remark 2. The triplet (b,C,v) is called Lévy triplet or characteristic triplet and the
exponent 7 : R — C

n(u) = i(b,u) — %(u, Cu) +/ [ei<u’x> —1—i{u,2)1p(x)|v(dz)

Rd

is called Lévy exponent or characteristic exponent (or symbol). Since for all u € R?
|¢p(u)| < 1 for any probability measure, if p is infinitely divisible then R(n(u)) < 0,
where R(+) is the real part. Moreover b € R? is called drift term, C' gaussian or diffusion
coefficient and v Lévy measure.

Remark 3. The Lévy measure® is such that v({0}) and

/Rd(l AlzP)v(dz) = v({|z]* > 1}) +/ |z|*v(dz) < oco. (1.1)

|z|2<1

These two conditions are sufficient to ensure that integral in the Lévy-Khintchine
formula converges, since the integrand function is O(1) if |z|?> > 1 (|e™®| = 1) and
O(jaf?) if Jaf? < 1 (6 — 1 — i(u, 2)1 gy < Hu,2)? < LuflaP).

We know that v({|xz]* > 1}) < oo, but v({|z|* < 1}) can be finite or infinite. If the
Lévy measure is finite then v({|z|? < 1}) < oo, but if v({|z|> < 1}) = oo then (1.1)
implies that v({|z| > €}) < oo and v({|z| < €}) = oo Ve € (0,1). This fact follows by
the following inequalities

2 1 2 1 2 2
V({|.%‘| 26}) :/ |1’| +|$| y < + € / |$|

|z|>€ 1+ |I’|2 |"L‘|2
since the map y — 1;32 is decreasing on R*. Therefore this measure is always bounded
on sets which are disjoint with respect to a neighbourhood of the origin, but the measure
can be infinite in a neighbourhood of zero. It is clear that any finite measure on R? is
a Lévy measure and furthermore any Lévy measure is a o-finite measure.

®An alternative definition for the Lévy measure on R%\ {0} is given by the equivalent characteri-
sation

/ i v(dz) < oo
ra\{o} 1+ [7|?

as Yz € R?

| |? 2 2|z |?
I R NS .
1T+ 22 = el < 17 22



1. Introduction to Lévy processes

Example 1.4. It is straightforward to obtain characteristic triplets for Gaussian, Pois-
son and compound Poisson distributions. If X has gaussian law then b = EX, C' is
the covariance matrix and v = 0. In particular an infinitely divisible probability is
gaussian if and only if ¥ = 0. For the Poisson case b =0, ¢ = 0 and v = A\d;. In effect

exp UR(@W -1- iuzpl{x|<1}))\51(dx)} = exp[A(e™ — 1)].

Under the hyphotesis that X is compound Poisson distributed since

Adi(u,x)lg(x)y(dx) :i<U,/ +1p(2)v(de))

Rd
then b = [, 21p(z)v(dz), C =0and v = Au,.

Remark 4. If the Lévy measure is such that [, [z|v(dz) < oo then the symbol 7 can
be written in the following way

n(u) = i{b,u) — %(u, Cu) + /Rd(e”“’x) — 1Dv(dx)

where b = b — [ xv(dz). Moreover if px has characteristic triplet (b, 0, ) where v is a
finite measure and b = || p2v(de), then px is a compound Poisson law with intensity
A = v(RY) and jump size 7 = v/\. Actually

Ox(u) = exp {i(b, u) — %(u, Cu) —|—/ [eflw®) 1 — i(u,x)lB(x)}l/(dx)}
- (1.2)

~ exp {A [ e - 1>a<dx>} — exp [A(6s(u) — 1)].

Proposition 1.1.7. The Lévy exponent n is continuous at every v € R and such that
In(u)| < K(1+ |ul?), for each u € R, where K > 0.

Proof. Continuity follows by a well known result according to which if ¢ : R — C
is continuous and such that ¢(0) = 1 and ¢(u) # 0 for every u, then there exists a
function 1 : R — C continuous and such that 7(0) = 0 and "™ = ¢(u). O

Theorem 1.1.8. The map n : RY — C is a Lévy exponent if and only if it is continuous,
hermitian®, conditionally positive definite’ and such that n(0) = 0.

6A map f:R? — C is hermitian if f(—u) = f(u) Vu € R%.
"We say that f: R¢ — C is conditionally positive definite if for all n € N and ¢y,...,¢, € C such
that >7_, ¢; = 0 we have

ZZCjEif(Uj - UZ) Z 0
i=1 j=1

for all uy,...,u, € R% If the complex numbers ¢y, ..., ¢, have no constraints then f is called positive
definite.



1.2 Lévy processes

Proof. 1f n is a Lévy symbol then the same holds for tn for ¢ > 0, consequently there
exists a probability measure p, such that ¢, (u) = e for y € R? Continuity
follows by Proposition 1.1.7, and by Schoenberg correspondence® 7 is also hermitian
and conditionally positive definite since €™ is a characteristic function. It is clear
that n(0) = 0.

We now suppose that n is continuous, hermitian and conditionally positive definite
with 7(0) = 0. By Schoenberg correspondence e” is positive definite, but by Bochner’s
theorem?, since e is positive definite, continuous and such that ”®) = 1, this function
is the characteristic function of a measure p for each u € R?. Finally also n/n for
n € N is hermitian, conditionally positive definite, continuous and it vanishes at the
origin, then €”/™ is a characteristic function too, hence s is infinitely divisible. ]

1.2 Lévy processes

1.2.1 Definition and examples

Definition 1.2. Let (2, F, (F;)ier, P) be a filtered probability space satisfying the
usual conditions'®. An adapted and R%valued stochastic process L = (L;)ser is called
Lévy Process if the following statements are satisfied:

1. Ly=0 P-a.s.
2. L; — Ly is independent of F, V 0 < s < t.
3. Ly s — Ly has law independent of t V s,t € T

4. L is stochastically continuous, i.e. for every t € T and each € > 0 lim,_,; P(|L; —
Lyl >¢€)=0.

Remark 5. Conditions 2. and 3. imply respectively that L has independent and
stationary increments. Hence for n € N and each 0 < t; <ty < --- < t,11 < 0o the
random variables (Ltj o Ltj>1§j§n are independent and the vector L; — Ly has the
same law of L;_, V s < t, as Ly = 0. One can notice that under the first condition and
the stationarity hypothesis the last condition is equivalent to lim o P(|L:| > €) = 0 for
e > 0 since limg ,; P(|Ly — Lg| > €) = limg_y; P(|Ly_s| > €) = limy_,o P(|Lg| > €) = 0.
In addition if X and Y are two stochastically continuous processes then X + Y is still
stochastically continuous. This fact follows from the well known inequality

P(|X; + Y| >€) < P(|X¢| > €¢/2) + P(|Yy| > €/2) Ve > 0.

8The mapping f : R? — C is hermitian and conditionally positive definite if and only if e/ is
positive definite V ¢ > 0.

9f ¢ : R? — C is positive definite, continuous at the origin and such that ¢(0) = 1, then ¢ is a
characteristic function.

10We assume completeness and right continuity for the filtration (F;);e7. Given a complete proba-
bility space (2, F, P), a filtration (F;)er on (2, F, P) is called complete is F; contains every negligible
set for all t € T'. Moreover (F;)ser is right continuous if Fy = Fyy :=(,-, Fu V t < sup(T). Under
these hypothesis we call the filtered probability space also standard filtered probability space.
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1. Introduction to Lévy processes

The term Lévy process honours the French mathematician Paul Lévy who played
an instrumental role in bringing together an understanding and characterisation of
processes with stationary independent increments. In earlier literature these processes
were called additive processes (processes with independent increments). Lévy himself
referred to them as a sub-class of additive processes.

We highlight now the relationship between infinite divisibility and Lévy processes.

Proposition 1.2.1. Given a Lévy process L, then L, is infinitely divisible for each
teT.

Proof. For any n € N and any t € T’

Li=1L.+ (Lg—L£> et (Lt—Lm_l)t).

By stationarity and independence of the increments (L Kt — L(kfl)t> is a sequence
n n k>1

of i.i.d. random variables. O

Remark 6. We proved that L, is infinitely divisible, hence from Theorem 1.1.6 ¢, (u) =
et for each t € T and u € R?, where 7 is the characteristic exponent.

To better understand the future results we introduce the following useful lemma.

Lemma 1.2.2. If X = (X,)ier is a stochastically continuous process, then the map
t — ¢x,(u) is continuous for each u € R%.

Proof. We start by considering the function z — e*%?): it is continuous at the origin
for each u € R?. Then, fixed u, Ve > 0 36 > 0 such that supy, s, [ —1| < ¢/2. By
stochastic continuity and definition of limit we can find do > 0 such that if [t — s| < ds
P(|X; — X,| > 01) < €/4 for each s,t € T.

Hence, if we call p;_ the law of X; — X, for |t — s| < 09

/ i{u, X S(W)P(dw)
Q

ez<uX (@) [ Xe@)=Xe@)) _ 1] P(dw)

|0, (1) = ox, (u)| =

/ |e ) — 1| p—s(d)

= [ o)+ [ (o)
Bs, (0) Bs, (0)¢
< sup [T — 1)+ 2P(|1X, — X,| > 6,) < €

Bt51 (O)
O

We are now ready to show an important theorem about characteristic function of
Ly, witht € T.

Theorem 1.2.3. If L is a Lévy process, then ¢r,(u) = e Vu € R? andt € T, where
n 1s the characteristic exponent of L.
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Proof. Let introduce ¢, (t) := ¢, (u) the characteristic function as function of ¢, which
is continuous for every u € R? by Lemma (1.2.2). By independence and stationarity
of the increments

¢u(3 + t) — ]E(eim,Ls_H)) — ]E(ei<U:Ls+t*Ls>ei(“7Ls>) — E<ei<u,Ls_,.t7Ls>)E(ei(u,LS>>7

then ¢, (s +t) = ¢u(t)Pu(s). We are looking for solutions of this functional equation,
with the constraint ¢,(0) = 1. It is clear that the only function satisfying these
conditions is ¢, (t) = '™ where o : R? — C. We know that L, is infinitely divisible,
so a must be its characteristic exponent. O

We can now formulate the Lévy-Khintchine expression for a Lévy process L =
(Lt)tET7

o1, () = exp {t [i<b, u) — %(u, Cu) + /]R et —1— i(u,$)1B(:v)]u(d$)] }

for u € R?, where (b, C,v) is the Lévy triplet of L.

Remark 7. If L is a Lévy process with triplet (b, C,v), then —L is a Lévy process with
characteristic triplet (—b, C,7), where 0(A) = v(—A) VA € B(R?). In effect

¢-r,(u) = B M) = ¢p, (—u) =
= exp {t {i(—b, u) — %(u, Cu) + /Rd [ =) — 1 —i(u, —x)lB(:)s)]u(dx)} }

= o {t [it-b — ploca) + [ e -1 itu ) 1alv-an] |

where —x = y. If we define the new measure 7 we obtain the triplet (—b, C,7) for
the new process —L, that is certainly a Lévy process, because the conditions of the
Definition 1.2 are immediately verified.

For 3 € R? the process (L; + (t)ier is a Lévy process too: the first three conditions
are clearly satisfied, about the fourth condition we have Ve > 0

P(|Ly+ Bt| > €) < P(|L| > €/2) + P(t|| > €/2)
= P(L] > e/2) +1( ()

and taking the limit as ¢t — 0 we have stochastic continuity. About its characteristic
function Yu € R?

Srrvou(u) = E(E D)o ) = e, (),
hence the triplet is (b + 3, C,v).

Example 1.5. (Brownian motion and Poisson process) The simplest example of Lévy
process is the deterministic linear drift. Other examples are the Brownian motion and
the Poisson process. About Brownian motion we prove only continuity condition since
the other ones are obvious. Since B; ~ N(0,tI) for every t € T\ {0}

PUBI > ) =1~ P(-e/VES 2 < /D) =1 2(e/Vi) + B(—c/VD) =

€1 _fd
1—/ / pz(dey, ..., dzg) + /ﬁ/ ﬁ,uz(dxl,...,dxd)—)o
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as t — 0, and where Z is an R%valued gaussian vector with zero mean, covariance
matrix [ and law py. Similarly for the Poisson process on R VA > 0 and as t — 0

L<] le)
P(Nt>€):1—§ e_)‘to\) :1_6—/\t_§:e—>\t( ) 0.
z=0 =1

z! z!

By Remark 7 the linear Brownian motion (Xi)ier = (ut + 0By)ier with o > 0 and
i € R and the compensated compound Poisson process (N; — At);er for A > 0 are Lévy
processes t00.

In the following figures one can see simulations about paths of some of these processes.

Figure 1.1: Poisson process sample path with A = 3

15
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Figure 1.2: Brownian motion sample path

Example 1.6. (Compound Poisson process) Let (J,,)neny and N = (Ny)ier be a se-
quence of i.i.d. random variables taking values in R? having no atom at 0 with common
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Figure 1.3: 50 Brownian motion sample paths

160

Figure 1.4: Linear Brownian motion sample path with ¢ = 10 and y =3

law 1y and a Poisson process with intensity A > 0 independent of this sequence. The
compound Poisson process!! is defined as follows

Ny
Yii=> J,, teT.
n=1

We have already calculated in the Example 1.3 the expression of its characteristic
function

P, (u) = exp [At(¢,(u) = 1)].

We now prove via definition that Y = (Y})er is a Lévy process. Yy = 0 a.s. since we use
the convention that for any n € Ny > " +1 = 0. About independence and stationarity of

the increments we introduce the filtration F, := o((N, : u < t) U (Jnlin<n,y i n €N))

"1 This kind of process is widely used in the classical actuarial risk process to model the total claim
amount up to time ¢. In particular (J,)nen are the (positive) claim sizes and Ny for ¢ > 0 is the
number of claims in [0,¢]. More details and applications can be found in Mikosh [40].
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and we can see that

Nt NthS Nt*Ns
Y; - }/:9 = E Jn - E JN5+n1{NS+n§Nt} - § JNS—i-n
n=Ng+1 n=1 n=1

and

Y, = Z Jnl{nSNs}-

n=1

To prove independence of the increments we introduce the following lemma.

Lemma 1.2.4. The random variables Jy i, are independent of F, for n € N and
distributed as J;.

Proof. Let A € B(R™), B € B(R?) and E € o(N, : u < t). Then

P({(JNS+17-"7JNS+m> € A} NEN {(Jl,Jd) € B}Q{NS > 7,}) =

:iP({(JhH,...,JHm)eA}ﬁEﬂ{(Jl,...,Jd)eB}m{Ns:h})

= ZP {(Jhsts -y Jngm) € ADP{(J1, ..., Jy) € BHYP(EN{N, = i})
== ZP {(Ji,-. ., Jw) € AWPH(J1, ..., Jy) € BY)P(EN{N, = h})

= P({(Jy,...,Jm) € A}) ZP({(Jl, ...,Jy) € BYP(EN{N, = h})
= P({(J1,...,Jm) € ADP{(JL,...,Js) € BHP(EN{N, > i}).

By choosing E = Q, i = 0 and B = R? we obtain that the two vectors (Jy,...,Jy,)
(JNo+1, - - - » IN,+m) have the same law. Since the family of the events EN{(Jy,...,J¢) € B}N
{N; > i} is stable under finite intersections and generates F; for E € (N, : u < t),

A € B(R™), B € B(R?) and i € Ny the equality

P{(Int1s- - INgrm) €A} NEN{(J1, ..., Jg) € BYN{N, >i}) =
=P({(J1,...,Jm) € A})P({(J1,...,Jq) € B})P(EN{N, > i})

ends the proof. O

It is now obvious that the increments are independent. Thanks to this fact we have V
0<s<t

by, (u) = dy,—v, (w)dy, (u)

hence

__gbyt(u) =ex -5 u) — = U
by () = S = oAt = )(65(u) = 1) = 0w (w)

therefore Y has also stationary increments. About stochastic continuity we have that

Oyv,—v,(u) — 1 as s — t, hence, since as s — t ;s converges weakly to &y Y; — Y
converges in probability to 0.
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Figure 1.5: Compound Poisson process sample path with A = 3 and jump-size standard
Gaussian distribution

Remark 8. If X and Y are independent Lévy processes, then also X + Y is a Lévy
process. We will prove this fact later via Lévy-Ito theorem.

Example 1.7. (Lévy-jump diffusion) Assume that the process L in R is a sum between
a linear Brownian motion and a compensated compound Poisson process, i.e.

Nt
Ly =bt+eBy+ Y | Ju — tAE(])

n=1

where b € R, ¢ > 0 and A > 0. Assume that all source of randomness are mutually
independent. Then the characteristic function of L; is

exp (zu <bt + /B, + i Iy — tAE(JQ))]

E(e™") = E

n=1
Nt
exp (zu Z I — z'ut)\IE(Jl))]
n=1
= elubtg—guel exp [)\t(E[emJl —-1- Z'qu])]

= exp {t (iub — %UQC + /(e’m —-1- iua:))\uJ(dx))} .
R

= """ E[exp(iuy/cBy)|E

Example 1.8. Let B = (B;);er a Brownian motion on R; we introduce the stopping
time!? 7, = inf {u : B, = t}. By the iterated logarithm law it is a finite stopping time

12Reflection principle helps us to describe the law ji,,. P(r; < z) = 2P(B, > t) = 2(1 — ®(t/\/7)),
hence i, (dz) = fr, (z)dz and the density is absolutely continuous

d t 2
- "F R e
th (l‘) dt Tt (J}') .’133/2 /;27_‘_ €

vVt € T 1, does not have finite mean, in effect E(r) = fooo \/zt?r

behaves as 1/1/x as x — oco. This process is also stable since pu.,, is equal to the image of u,, by the
homothety = — n2xz. We saw that To; = 7, + 7+, so by recurrence the sum of n i.i.d. distributions

2
e~z dz and the integrand function
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process. Our aim is to show that it is a Lévy process. Clearly 7o = inf {u : B,, = 0} =0,
and as 7; is finite B, = Byir, — B;, is a Brownian motion independent of F,,. Given
s €T 7y = inf{u : B, = s} and 7, has the same distribution, and moreover 7y is
independent of 7. We can write

BTt+7~—5 = BTt+7:5 - BTt + BTt =5+t

Therefore one can deduce 73 + 75 = Ty, that is 70y — 73 = T 4 7,. It follows that the
stopping time process has independent and homogeneous increments. Furthermore as
t — 0 by the reflection principle

Pin>e)=1-P(n<e)=1-2P(B.>t) =0

that guarantees that 7; is a Lévy process.

1.2.2 Lévy-1to decomposition

Theorem 1.2.5. (Lévy-Ité decomposition) Given a vector b € R, a positive defi-
nite symmetric d x d matriz C and a measure v on R¢ satisfying v({0}) = 0 and
Jea (LA |z[*)v(dz) < oo, then there exists a probability space (Q,F, P) on which three
independent Lévy processes exist, where L' is a linear Brownian motion, L? a compound
Poisson process and L* a square integrable martingale with an a.s. countable number of
Jumps of magnitude less than 1 on each finite time interval. Taking L = L' 4+ L? + L3
one can define a Lévy process on a probability space with the following characteristic
exponent

n(u) = i(b,u) — %(u, Cu) +/ [ei<“’x> —1—i{u,2)1p(z)|v(dz)

Rd
Yu € RY.

Remark 9. Any characteristic exponent n belonging to an infinitely divisible distribu-
tion can be written

n(u) = {z’(b, u) — %(u, Cu>} + {V(Rd\B) /C(ei<u’w> _ 1)%} +

{1 iwaan)

for all u € R?. Call the three bracktes n*,n? and n?; n' and n? correspond, respectively,
to a linear Brownian motion with drift b and diffusion C' and a compound Poisson
process with rate v(R%\ B) and jump law 1p¢(x) V("HS@). The proof of existence of the
theorem boils down to showing the existence of the process L?, whose characteristic
exponent is given by 3.

Ti,...,Tn with law of p,, have the same law of 7,,;. It follows that about the density of X := Tl"‘ﬂ%
_ 2 2 N _ o2 nt —gnr_ bt 2
fx(@)=n"fr,,(n°z) =n M(an):g/Qe = $3/2me = fr(2)

that proves that 7; has a strictly stable distribution with o = 1/2.
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However the proof of the theorem needs some preparatory results about square in-
tegrable martingales.
Let (2, F, (Fi)ier, P) be a standard filtered probability space, let introduce a new space:
the space of real valued, right continuous, zero mean and square integrable martingales
with respect to the given filtration over the time period [0,7]. We call this space M%
and let see immediately that it is a complete space.

Proposition 1.2.6. (M2, (-,-)) is a Hilbert space, where (M, N) = E(M;N;), M,N €
M2.
t

Proof. We verify first of all that (M, N) = E(M;N;), M, N € M? is an inner product.
It is symmetric ((M, N) = (N, M)), linear ((«M + BN, O) = (M, O) + B(N,O)) and
such that (M, M) > 0 by definition of expectation. It is also obvious that M = 0
implies (M, M) = 0, but it is more difficult to prove that (M, M) = 0 implies M = 0.
However by Doob’s maximal inequality, for M € M?

E(sup M7) < 4E(M7)

s<t

then sup,.; M; = 0 a.s., and since M is right continuous it follows that M, = 0Vt € [0, {]
a.s.

We now can show the completeness property; let M ™ a Cauchy sequence in M%, then

Vit Mt(n) is a Cauchy sequence in the Hilbert space of zero mean and square integrable
random variables defined on (2, F;, P), L?(Q, F;, P), endowed with the inner product
(M, N). Hence there exists a limiting variable M in L?. If we show that M is a
martingale the proof is concluded; we will prove that My = E(M;|F;) for s < t. We
have to show that E(M,14) = E(M;14) VA € F,, but we have that'® E(M,1,) =
limy, oo E(M{M1,4) and E(M,1,) = lim, oo E(M”1,4) and E(M™1,) = E(M1,)
by martingale property for each A € F,. Clearly the limit is an F;-adapted process
and by Jensen’s inequality

E(M]) = E(E(M:|F5)*) < E(E(M{|55)) = E(M) < co.

If we take the right continuous version'* of this martingale we can assert that M? is a
Hilbert space. O

Our aim is constructing a sequence of right continuous, zero expectation and square
integrable martingales converging to a process having as Lévy symbol 1%, Suppose we
have for n € N a sequence of independent Poisson processes N = (Nt(n)>t€T with
rate A\, > 0 and the i.i.d. sequences of (J,g"))keN, which are themselves mutually
independent, with common law g, which does not assign mass to the origin and has
finite second moment. Associated with each pair (A, s, ) is the square integrable

13We used the proposition according to which the convergence in LP, p > 1, implies the convergence
of the means.

14We use here the hypothesis of standard filtration, that guarantees the existence of a version cadlag
martingale.
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martingale!® described by the compensated compound Poisson process, we denote it
by M™ and its natural filtration by (ffgn))teT. We put all processes on the same
probability space and take them as martingales with respect to the common filtration

F, =0 (U fft‘")) .

neN

Theorem 1.2.7. If 37 o A [ga |21, (dz) < 0o then there exists a Lévy process X

defined on the same space as the processes {M(”) 'n e N} which is a square integrable
martingale with Lévy exponent given by

) = [ (€0 =1 = i) 3 Ao, ()

n>1

Yu € RY. Moreover for each t > 0

k 2
: (n) _
’}LIEOE sup (Xt — Z M, ) =0.

t<t n=1

Proof. First of all Zizl Mt(") is a martingale, since it is sum of martingales and it is
square integrable as

k 2 k k
E (ZM@) =Y B =t) A / fap, (de) < oo
n=1 n=1 n=1

by independence and E(Mt(i)Mtj) = ]E(Mt(i) E(Mt(j)) =0 for i # j. Fixed ¢ > 0, it easy
to prove that X\ =S M™ 0<t<
seminorm L2, in effect

k
||X(k‘) _X(l)||2 _ tz/\n/Rd |JZ|2,an(d$) _
n=l

b -1
_ ) 2
_t;m/ﬂ{d\x! an(dx)—t;An/Rd 2|25, (dz) — 0

I51f J,, has finite second moment for n € N the process M; = ZnN;1 Jn — ME(Jy) is a square
integrable martingale with respect to its natural filtration. In effect E(M;|Fs) = Ms+E(M;—M;|Fs) =
M+ E(M;—s) =M, V0<s<tand

N, 2
E(M?) =E {(Z Jn> ] — N22E2(Ty)
n=1
N; Ni N

n=1m=1

= ME(J}) + E(N? — N)E?(Jy) — N2 2E2(Jy)
= ME(J?) < oc.
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as k,l — oco. We saw that the space M? is a complete space, hence there exists a

martingale X = (X;)o<;<; such that [|[X® — X||> — 0 as k — oo. Thanks to this

convergence we can claim that the law of Xt(k)

since the processes X ®) are Lévy processes

converges to the X law, and consequently
E(c/XeXe)) = Jim B(e/X7 ) — fim B(e X)) = B(enXes))
k—o0 k—o0
and we conclude that X has stationary increments. X has also independent increments
P(X,~ X, € AX, € B) = lim P(XH —Xx® e A X e B) =
—00
= P(X,— X, € B)P(X, € B)

for all » < s < t by convergence of finite dimensional distributions. Furthermore thanks
to Doob’s inequality

lim E(sup (X, — X)?) < lim 4E[(X; — XV)?] = 0.

k—o0 0<t<f k—o0
To prove stochastic continuity!'6

lim (|| > €) < lim lim P(IX®| > €/2) +1im lim P(|X, — XP| > ¢/2)
t—0 t—0 k—oo
= 11_1f>%khm P(XP| > ¢/2)

< lim lim 2]E(|X |)/

t—0 k—oo

k
S (n)

<
= 2 (Zth ') /e

k 2
< lim 1 1/2 (n)
—%mm<ZM|k
— 2 -
f€1g% E )\/’CC‘,M] d:L‘ = 0.

Then the limiting process is a Lévy process and

k—o0 k—o0

k
lim E (e ) >>) = lim exp [/ ('™ — 1 —i(u, x)) Z/\nujn(dx)] = "W,
R4

n=1

The limiting process X depends on ¢ (say X E), and we want to deal this issue. It is
well known that if a,, and b,, are two sequences of real numbers, sup,, a2 = (sup,, |a,|)?
and sup,, |a, + b,| < sup,, |a,| + sup,, |bs|, hence, by using also Minkowski’s inequality,

16We use Markov and Cauchy-Schwarz inequalities and hypothesis on the convergence of the series
anl An fRd |z|* g, (d).
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for t~1 S {52

El/2 Sup(Xfl _Xtiz)2 _ Rl/2

t§t~1

sup(X;' — XY + X" — Xf?)?]

t§t~1

2
= [E!/? <sup |Xf1 — Xt(k) + Xt(k) — XfQ|>
t§t~1

2
<E'? (sup XF = X+ sup | X[ - X?\)

tS{l t§£1

2 2
<B2 | (sup|xft = x|} | +E2 | (sup|xfs — x{¥)
t<t t<iy

_ B [sup(Xf — XY

t§t~1

—|—E1/2

sup(X;€~2 — Xt(k))zl — 0

t§t~1

as k — oo. Consequently the two processes agree a.s. on the time horizon [0,#,] and
we may say that the limit does not depend on time ¢. O]

We are then ready to prove the decomposition theorem.

Proof. (Theorem 1.2.5) The component n* of the Lévy symbol can be written as follows

= {)\n /R d(e"<“v”f> — D)o (dz) + Ani /

d
n>0 R

(u, x)ﬁn(dx)]

where \, = v({z : 27" < |z| <27}) and 7, (dz) = 1{2,<n+1>§|x|<2_n}%:) with the

understanding that the n-th integral is absent if A, = 0. Since 37 - An [ga [#]*7n(d2) =
[ |z[?v(dz) < oo then n® is the characteristic exponent of a Lévy process by The-
orem 1.2.7, it is enough to take A, = v({z:27"") <|z| <27}) and 7, (dz) =

v(dz)
1{27(n+1> <lal<2=m} X,

About the fact that the three processes are on the same space we can construct a
product space which supports all these independent processes. O

Remark 10. If the Lévy measure is finite from the symbol we get that L is sum of a
linear Brownian motion and a compound Poisson process,

n<u) — i<u7 /Rd IlB(I>V(dI>> — %<U, CU) + I/(Rd)/ (ei<u,$> — 1)58;?;

Then almost all paths of L have a finite number of jumps on every compact interval;
we say that L has finite activity. If v is not finite the compound Poisson martingale
associated with (\,, 77,) is such that the rate of arrival of the jumps increases and the
size of the jumps decreases as n increases. Then the process has a countable infinity
of small jumps and L has infinite activity.
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1.2.3 Right continuous version, filtrations and strong Markov
property

We know that the Brownian motion has an a.s. continuous version, we can formulate
a similar theorem about Lévy processes and the proof can be read in Applebaum [2].

Theorem 1.2.8. Every Lévy process has a cadlag modification that is itself a Lévy
process.

We are going to introduce important results concerning filtrations in the Lévy
processes theory.

Proposition 1.2.9. Let L = (L;)ier an Fi-Lévy Process, then L is independent of Fy.

Proof. We need to prove independence of o(L) and Fj, but we can just prove the
independence of J and &, where

J = {{Lt1 EAla"'7Ltk eAk}’keN’tl ET’AZ E%(Rd)}

is a base for o(L). Let introduce the increments Y; := L;, — Ly, 1, for 1 < i < k and
to = 0 and prove the independence among Fy, o (Y1), ...,0(Yy). For each D € F, and
Ay, ..., Ay € B(RY) we need to show that

k

P <Dﬂ (v e Ai}> = P(D) [[ P(Y; € 4)) (1.3)

i=1

and we are proceeding by induction on k. For k = 1 it is clear as Y; = Ly, — Lg is inde-
pendent of Fy. Similarly Y, = L;, —L;, . is independent of F;,_; and D ﬂ;:ll {Yie A} €
F:._, by Doob measurability criterion. If (1.3) is true for k£ — 1, then

P (Dﬂ{yi GAi}) =P <Dm{Yz’ GAi}) P(Y, € Ay)
=1 ik=l
= P(D) [ P(Yi € A)).

Then the vector (Y;...,Y}) is independent of &, and since (Ly,, ..., Ly, ) is measurable
function of (Y3,...,Ys) by Doob criterion is itself independent of Fy. ]

Proposition 1.2.10. If L is an F;-Lévy process with cadlag paths, then it is at the
same time an Fy-Lévy process.

Proof. We need to prove only the independent increments condition. We have to show
that L, — L, is independent of Fy, = ﬂ€>0 F,... By independence of the increments
for each € > 0 Ly . — L. is independent of F, ., and it is also independent of F, as
Fsr € Fsye. In order to conclude the proof it is enough to show that E(h(L;— Ls)|A) =
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E(h(L; — L)) for each A € F,, and for any h : R — R bounded and continuous!”.
We have proved so far

E(h(Liv1/n = Lor1m)|A) = E(M(Ltt1/n — Lss1/n))-
L is right continuous and by continuity of the test functions A
nh_?olo h(Livijn — Lstim) = MLy — Ls)  a.s;
then, by dominated convergence,
E(h(L — Ls)|A) = E(h(L; — L))
for A € F5; and h. O

Proposition 1.2.11. Fvery right continuous F;- Lévy process L defined on a com-
plete probability space is an Fi-Lévy process, where Fyy = o(F,N), with N :=
{N €5F:P(N)=0}.

Proof. As in the previous theorem we just prove independence of the increments, i.e. in-
dependence between L; — Ly and F,; = o(F.;,N), where N = {N € F: P(N) = 0}.
We need to remember that if a r.v. X is independent of § C &, then it is independent
of G := (G, N) too. Thanks to this fact we can end the proof. O

Theorem 1.2.12. (0-1 Blumenthal law) Let L = (L)ier be a right continuous Lévy

process and let F; be its natural filtration, then Foy is trivial: for each A € Fyy
P(A)=0or P(A) =1.

Proof. By Proposition 1.2.10 L is also an F;,-Lévy process and by Proposition 1.2.9 it
is independent of Fy, hence (L) := o((L;)er) is independent of Fo, . As Fo, C o(L),
then Fo, is independent of itself. Consequently P(A) = P(AN A) = P(A)P(A) for
AeFy, and P(A)=0or P(A) = 1. O

Theorem 1.2.13. (Strong Markov property) Let L = (Li)ier and T be a right con-
tinuous F-Lévy process and an a.s. finite stopping time. Then Z; == L,y — L. s a
Gi-Lévy process, where G, :== F, 14, and it has the same law of L.

Proof. T+t is a stopping time for each t € T', hence §; = F,,; is well defined, and as
T4+s<714tfor s <tG,is a filtration. Z; is F,,-measurable!®, then Z is an adapted
process.

Zy = L, — L, = 0 gets right continuity by L. In order to prove independence and
stationarity of the increments we show first of all that

E(h(LT—i-t - LT+8)|G) = E(h(LT-i-t - LT+S)) (14)

17 An R%valued random variable X is independent of § if and only if E(h(X)|G) = E(h(X)) for any
G € § with P(G) > 0 and for each h : R? — R bounded and continuous. We call this function h also
test function.

18If X is a progressively measurable process and 7 is an a.s. finite stopping time, then X, is F,-
measurable. Our process L is progressively measurable: it is right continuous and adapted.
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for s < t and h : R — R bounded and continuous and G € G, such that P(G) > 0.
Start with discrete stopping times taking the values (t,,)mer, then for any m € I

E(h<LT+t - L’T+S)1Gl{7’:tm}) = E<h<LT+t - LT+$)1GQ{T:tm}>‘

G € G5 = F,4, consequently GN{r=t,} = GN{r+s=t,+s} € F, s and
by hyphotesis, since L is a Lévy process and Ly, y; — Ly +s is independent of F; .,
h(Lry¢ — L) and 1gagr—,,} are independent. Hence

E<h<LT+t - LT+S)1G1{T:tm}) = E(h(LT—I—t - LT+S))P(G N {T = tm})'

As the increments of L are stationary

E(h(LT+t - LT+8)1G> = ZE(h(LTH - Lr+s>1G17:tm)

mel

=E(h(Li—s)) Y P(GN{r =tn})

mel

= E(h(Li-s)) P(G)

E(h(Lrsi—Lris)1
and EMErtiobeso10) — B(B(L, 4 — Lryd)|G) = E(h(Li-y)).
If we have an arbitrary stopping time 7 we can consider a sequence 7, of discrete
stopping times converging!® to 7. We have

E<h<LTn+t - LTn+S)|G) = E(h(Lt—s))

and by continuity of the test function i and right continuity of the process L h(L,, + —
L. +s) — h(Lryy — Lrys) as. for n — co. By dominated convergence theorem (h is
bounded) we obtain (1.4).

Zy — Zs = Lyt — Loy, then E(h(Z; — Z5)|G) = E(h(Li—s)) for each 0 < s < ¢, for
every function h : R? — R continuous and bounded and for every event G' € G, such
that P(G) > 0. If G = Q, then E(h(Z; — Z5)) = E(h(L;—s)), and the law of Z; — Z
depends only on t — s?° and it follows that the increments are homogeneous. Moreover
E(h(Z; — Zs)|G) = E(h(Z; — Zs)) and we can assert that Z, — Z, is independent of Gy
and that the process Z is a Lévy process.

About the law we just prove that Z; and L; have the same distribution for ¢ € T" and
the fact follows by E(h(Z; — Z,)) = E(h(L;_s)) with s = 021, O

Remark 11. Theorem 1.2.13 is a generalization of the strong Markov property for the
Brownian motion, according to which 7, := B,.; — B, is an J,4-Brownian motion
independent of F, if 7 is an a.s. finite stopping time and B = (B;)er is a F-Brownian
motion.

9Tf 7 is a stopping time, then there exists a decreasing sequence 7, of discrete stopping times such
that for every w € Q 7,(w) | 7(w) for n — cc.

20A probability measure on R? is defined via integrals of continuous and bounded functions. Let
u and v be two probability measures on R% such that [ hdp = [ hdv for every function h : R? - R
continuous and bounded, then u = v.

2l1Two Lévy processes X and Y have the same law if and only if X; and Y, have the same law for
every t € T'.
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1.2.4 Jump processes and Poisson random measures

We introduce the jump process AL = (L; — L;- )er, where Li- = limgy Ly, asso-
ciated with a Lévy process L. It is important to check the jump process cannot have
independent increments.

Lemma 1.2.14. If L is a Lévy process, then AL, =0 a.s. for fired t € T.

Proof. Let (t,)nen be a monotone sequence in RY such that ¢, 1 ¢ as n — oo. L has
cadlag paths, then lim,,_,., L;, = L;—. By stochastic continuity lim,, ,; P(| Ly, — Li| >
€) =0V € > 0, hence there exists a subsequence which converges almost surely to L;.
Consequently we have

lim L;,, = Ly~ and lim L, =L,
n—o0 j—00 J
and by uniqueness of limit AL, = L; — L;- =0 a.s. O

Remark 12. This lemma says that a Lévy process L has no fixed times of discontinuity.
In general, the sum of the jumps of a Lévy process does not converge, it is possible to

have
> AL = .
0<s<t
But we always have
Z |ALJ? < oo.
0<s<t

Definition 1.3. (Random measure) Given (E, ) a measurable space a random mea-
sure on (F, ) is a transition kernel from (Q,F) to (E, E); explicitly a mapping M :
Q x & — RT such that w — M(w,A) is a random variable for every A € & and
A — M(w, A) is a measure on (E, €) for each w in €.

A convenient tool for analyzing the jumps of a Lévy process is the random counting
measure of the jumps. Consider a set A € B(R?\0) such that 0 ¢ A (in this case we
will say also that A is bounded below), for fixed ¢t € T define the following random
measure

Nt A) =#{0<s<t: AL, e A} = > 14(AL) = > dar.(4)
0<s<t 0<s<t

that counts the jumps of the process L of size in A up to time t¢.

Proposition 1.2.15. The set function A — N(t, A) defines a o— finite measure on
R\ {0} for each (w,t). Moreover the set function \(A) = E(N(1, A)) defines a o— finite
measure on R\ {0}.

Proof. The set function A — N(t, A) is a counting measure for every (w,t), hence it is
o—finite on R\ {0}. E(N(t, 4)) = [, N(w,t, A)P(dw), and since E(N(t,0)) = 0 and
for disjoint sets A;, 1 € N

E <N <t7UAi>> :/N (w,t,UAZ) P(dw) :/ZN(w,t,Ai)P(dw) =
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it is a measure on R?\ {0}. It is also o—finite by Radon-Nikodym theorem. O

The following theorem gives some properties about the random measure N(t,-), in
particular in terms of kind of process. The proof is in Applebaum [2].

Theorem 1.2.16.

1. If A is bounded below, then (N(t,A))er is a Poisson process with intensity
A(A) =E(N(L1, A)).

2. If Ay,..., Ay € B(RN{0}) are disjoint, then N(t,A;),...,N(t, Ay,) are inde-

pendent random variables.

Definition 1.4. (Poisson random measure) Let (E, £) be a measurable space and let
A be a o-finite measure on it. A random measure N on (F, €) is called Poisson random
measure if

1. for every A € € the random variable N(A) is Poisson distributed with expectation
A(A);

2. whenever A;,..., A, are in € and disjoint the r.v. N(A4;),...,N(A,) are inde-
pendent for n > 2.

Given a o-finite measure A and a measurable space (F, €) we can prove the existence
of a Poisson random measure on (£, £) with intensity A. It holds the following lemma.

Lemma 1.2.17. Given a o-finite measure A on a measurable space (E, E) there exists
a Poisson random measure N on a probability space such that \(A) = E(N(A)) for all
Aeé.

Proof. We assume first X is finite and let 7 = A(E) and A\ = \/x. }\ is a probability
measure and let (&,),n be a sequence of i.i.d. r.v. with common law A and X a Poisson
r.v. with parameter 7 independent of the sequence. Then the random measure

X
N = Z 551
j=1

is a Poisson random measure with intensity . If A\ is o-finite, then there exists a
sequence (B, )nen of subsets of £ such that E = |J, B, and A\(B,) < oo for every n.
The restriction A,, of the measure A on B,, is finite, hence we can construct independent
Poisson random measures N,, with intensity \,,. It follows that N =) N, is a Poisson
random measure. O

Remark 13. Suppose that E = RT xU, where U is a space on which is defined a o-field €
and &€ = B(RT)®C. Let X = (X;)er be an adapted process taking value in U such that
N is a Poisson random measure on (F, ), where N([0,¢t]xA) = #{0 < s <t: X, € A}
foreacht € T, A € €. We will call X Poisson point process and NV its associated Poisson
random measure®. If U = R% {0}, C is its Borel o-field and L is a Lévy process then
AL is a Poisson point process and N is its associated Poisson random measure.

223ome authors call Poisson point process the random measure N.
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Let N(t,A) = #{0<s<t:AL, € A} with A bounded below and f : R? — R? a
Borel measurable function. For each t € T', w € €2 and A bounded below we define the
Poisson integral of f by

/f N(t,dz) ZAf N(t, {z}).

Since N depends on w [, f(z)N(t,dz) is an R%valued random variable and generates
a cadlag stochastic process. We have N(t,{z}) # 0 & AL, = x for at least one
0 < s <t then

[ 1N de) = 3 FAL)IAAL) (15)

s<t
It follows finally a useful theorem concerning Poisson integration (see [2] for the proof).

Theorem 1.2.18. Let A be bounded below, then

1. ([, f(@)N(t, dx))teT is a compound Poisson process such that for each u € R?

(eXp{ /f N(t,dz)) D = exp {t/A(e““’@_UAf(dx) —

= exp [t/(e’;(“’f(‘”)> - 1)V<dl’):|
A
where \p = Ao f~1;

2. if f € LY(A,\4)

E ( /A f(x)N(t,dm)) _y /A F@)A\(dz
o ( ) =t [ 1),

1.2.5 Path variation and moments

3. if f e LZ(A, >\A)

N(t,dz

Remark 14. By Theorem 1.2.18 the Lévy-Ito decomposition can be written as

Ltzbt+\/5Bt+/

|z|>1

xN(t,dx) + / N (t,dx)
|z|<1

where N(t,A) = N(t, A) — tA(A). By the same theorem we can assert that A is the
Lévy measure of the process L. The L*-martingale (fl$\<1 xN(t,dx))ier describes the

2> xN(t,dx) describes the large jumps and it is a
compound Poisson process as we have already seen.

small jumps, while the process f‘

The Lévy measure is responsible for other interesting properties, summarized in the
following remark and propositions about paths variation and moments.



1.2 Lévy processes 27

Remark 15. From the Lévy-ito decomposition is clear that the presence of the linear
Brownian motion would imply that paths of the Lévy process have unbounded vari-
ation. But if there is no Brownian component the process may or may not have un-
bounded variation. The term L?, being a compound Poisson process, has only bounded
variation. Hence, in the case there is no diffusion component, understanding whether
the Lévy process has unbounded variation is an issue determined by the process L3.
JzaN(t,dz) < oo if and only if [,|z|v(dz) < co. In that case we can identify L?
directly via

L} = / xN(t,dx) —t/ zv(dz), teT.
B B
This also tells us that L* will be of bounded varition if and only if [, [z|v(dz) < co.

Consequently we have the following proposition.

Proposition 1.2.19. Let L be a Lévy process with triplet (b, C,v).
1. If C =0 and f|x|§1 |z|v(dz) < oo, then L has finite variation.

2. If C#0 or f‘w|<1 |z|v(dz) = oo, then L has infinite variation.

Proof. 1t follows immediately from Proposition 1.2.19. [

It also holds an important result abount moments of the process for fixed t € T.

Proposition 1.2.20. If L is a Lévy process with triplet (b,C,v), then

1. L; has r-th moment for r € R™ if and only if f|x |z|"v(dz) < oo.

[>1

2. L, has moment generation function E(el“')) < oo for u € R? if and only if
f‘x|>1 @ y(dr) < oo.

Proof. We prove the second statement without loss of generality for d = 1. First
suppose that E(e*t) < oo for some t > 0. Recall L', L? and L3 given in the Lévy-
Ito decomposition. Note that L? is a compound Poisson process with arrival rate
A:=v(R\ (=1,1)) and jump distribution F(dz) := 1gg>13v(dz)/v(R\ (—1,1)) and
L'+ L? is a Lévy process with Lévy measure 1, <3v(dz). Since

E(GULt) _ E(euLf)E@u(L%—i—Lg))

it follows that
E (") < oo, (1.6)

and, as L? is a compound Poisson process,

E(euLf) :e—AtZ%/ReumF*k(dx)

k>0

R A . .
— o(R\( 171))tZH/Re (v]my(-1.1)) ™ (dz) < o0,

k>0

(1.7)
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where F*" and (v|ry\(-1,1))*" are the n-fold convolution of F" and v|g\(~1,1) and v|g\(-1,1)
is the restriction of v to R\ (—1,1). For k = 1 we have

/ e v(dr) < oc.
|lz|>1

Now suppose that [, €“*1,>13v(dz) < oo for some u € R. Since (v|ry(—1,1))*"(dz) is
a finite measure, we have

[ e lncanymian = ([ | i)}

and hence (1.6) and (1.7) hold for all ¢ > 0. The proof is completed once we show that
fort >0
E ("4 < o,

Since L' + L? has a Lévy measure with finite support, it follows that its characteristic
exponent can be extended to an entire function analytic on the whole C. To see this,
note that

/(_1,1)(1—ei“x—|—z'ux)z/(dx) _ / PR

1 & (k+2)!

(Ju)* 2
< Z ] /(1,1)x v(dz) < oo.

Hence the characteristic symbol can be written as a power series for all 4 € C and is
thus entire. The proof of the first part can be found in [48]. O

Remark 16. The variation of a Lévy process depends on the small jumps and the dif-
fusion component, the moment properties depend on the big jumps, while the activity
depends on all the jumps of the process.

Remark 17. As already said if X and Y are independent Lévy processes with triplets
(b,C,v) and (', C", 1), then the sum is also a Lévy process. In the light of the decom-
position theorem as

~ N

iy (1) = exp {t {w), u) = 5 (u, Cu) + /R e —1—ifu, x>1B(x)]ﬁ<dx)] }

where b=b+V,C=C+C' and D =v + /.
It will be useful the following theorem too (see [48] for details).

Theorem 1.2.21. Let L be a Lévy process on R?. Define Lf = supyc(o|Ls| and let
g(r) be a non-negative continuous submultiplicative®® function on [0,00), increasing to
00 as r — oo. Then the following statements are equivalent.

1. E(g(Ly)) < oo for somet €T

Z3A function g : R? — [0, 00) is called submultiplicative if there exists a constant K > 0 such that
9(z +y) < Kg(z)g(y) for all 7,y € R
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2. E(g(L})) < oo for everyt €T
3. E(|lg(L;)|) < oo for somet €T
4. E(lg(L})]) < oo for everyt € T.

We conclude this paragraph with an important result which we will use a lot in the
next chapters (Kyprianou [30] shows the proof).

Theorem 1.2.22. (Compensation formula) Suppose f : T x R x Q — [0,00) is a
random time-space function such that

1. as a trivariate function f = f(t,z)(w) is measurable,
2. foreacht € T f(t,x)(w) is Fy x B(R)-measurable,

3. for each x € R, with probability one, {f(t,x)(w):t € T} is a left continuous
process.

Then for allt € T

E (/[O’t]/Rf(s,x)N(ds,dx)) —E (/Ot/Rf(s,x)dsu(dx)). (1.8)

1.2.6 Subordinators

A subordinator S = (S;);er is a one-dimensional Lévy process such that t +— S; is
a.s. nondecreasing. By Lévy process definition this is equivalent to ask that S; > 0
a.s. for every t € T

Example 1.9. If S; is a Brownian motion we have P(S; < 0) = 1/2, then it is clear
that such a process cannot be a subordinator.

Theorem 1.2.23. A Lévy process S is a subordinator if and only if its characteristic
triplet has the form (d,0,v), where d > 0, v((—00,0)) =0 and [, (z A1)r(dz) < co.

Proof. S is a subordinator if and only if its paths are monotone (nondecreasing) and its
jumps are nonnegative. The monotonicity of the paths is equivalent to their bounded
variation, consequently C' = 0 and [, (zA1)rv(dz) < oo, and the jumps are nonnegative
if and only if J; := > 1., 1(—0,0)(ASs) = 0 for every t € T. Moreover J; = 0 if and
only if E(J;) = tv((—o0,0)) = 0. Finally it is clear that S is a subordinator if and only
if d > 0. O

Remark 18. We saw that a subordinator is such that v((—o0,0)) = 0, we call such

a process spectrally positive. On the other hand a process X is spectrally negative if
v((0,50)) = 0.

Corollary 1.2.24. S is a Lévy subordinator if and only if its symbol takes the form

n(u) = idu +/ (™ — 1v(dx)

(0,00)

where d =b— [, av(dz).
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Proof. 1t follows from Theorem 1.2.23 and from the characteristic function formula for
Lévy processes. [

We will call the pair (d, v) the characteristics of the subordinator S.

Example 1.10. (Gamma process) For 9, @ > 0 define tha gamma law

1904

a—1 —dzx
— 1
Ma)” °

px(da) = 000 (2)d

It is known that

1 1 "
E wXy —
) = s = |
and that such a distribution is infinitely divisible. For the Lévy-Khintchine theorem
we have a = [y av(dz), C'= 0 and v(dz) = ax e ™1 g o) (x)dz. This result follows
from Frullani integral

m — exp [ /0 (e - 1)agg—1e—’9xdx]

for all a,9 > 0 and z € C such that R(z) < 0. The choice of b in the formula is
the necessary quantity to cancel the term 1y,<1y in the integral with respect to v.
Then there exists a Lévy process L such that L; has Lévy-Khintchine formula given
by Frullani integral; this process is called gamma process. Hence the gamma process
is a subordinator with d = 0 and v(dz) = az~'e ""1(y »)(z)dz. The Lévy measure is
such that [, (z A 1)v(dz) < oco. In fact

00 efﬁx 1
a/ dx + a/ e "*dr < 0.
1 x 0

Figure 1.6: Gamma process sample path with aa =19 =1

Example 1.11. (Poisson process) Poisson processes are clearly subordinators. Com-
pound Poisson processes are subordinators if and only if the random variable J,, are
all non-negative-valued.
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Remark 19. Clearly every subordinator is of finite variation, since its paths are nonde-
creasing.

Theorem 1.2.25. (Weak law of large numbers for subordinators) If S is a subordinator
with drift d and Lévy measure v, then Sy /t > d ast | 0.

Proof. We can write S; = dt+5’t, where S‘t is a subordinator with characteristic symbol

t Jioo0) (€7 — Dr(da).
: —iuS;/t —iqux/t
111%1[3((3 ) = Pr% exp {t /(07 )(e —y(de)| =1

for every u € R thanks to the dominated convergence. This proves that S, /t converges
in distribution to 0, and hence in probability. Consequently S; converges in probability
to d. O]

A law of large numbers holds for a general Lévy process.

Theorem 1.2.26. Let L be a Lévy process on R If E(|L|) is finite, then a.s.
hmt*)oo Lt/t = E(Ll)

Proof. Let L, be a random walk on R? and suppose that E(|L;]) is finite, then by
Kolmogorov strong law of large numbers a.s. n='L,, — E(L;). Moreover, since t 'L; =
(t7'n)(n"'L, + n~*(L; — Ly,)) it is enough to show

n~!' sup |Li— L, —0 as.

ten,n+1]

for n — oo. Let Y, = sup;ep, i1 [Le — Lnl, then it is a sequence of i.i.d. random
variables and by Theorem 1.2.21 E(Y7) is finite. Hence

R
nh_}rEOEZlY;—O a.s..

It is clear that also n ™! 37"V, = 0 — 0 a.s. as n — oo since (n—1)/n — 1. It follows
that a.s. n~'Y,, — 0. O

We now introduce the time changing theorem. Let L a Lévy process and let S be a
subordinator defined on the same space as L such that L and S are independent. We
define a new process Z = (Z;)er, where Z;, := Xg, for each t € T.

Theorem 1.2.27. 7 is a Lévy process.

Proof. Zy is clearly 0. To prove stationarity let 0 < t; <ty < 0o, A € B(R) and denote
as fu, ¢, the joint probability of S;, and Si,.

P(Zy, — Z;, € A) = P(Ls,, — Ls,, € A)

to

/ / — Lg, € A) g, 1,(dsy, dso)
0,00) 0,00)

/ / 82 s1 € A)Ntlﬂh(dslvds?)
0,00) 0,00)
= P(Z, 4, € A)
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by independence of L and S. About the independence of the increments, let 0 < ¢; <
ty < t3 < oo and write f, ¢, 4, for the joint law of Sy, S, and S;,. We define, for z € R,
h, : RT — C by h,(s) := E(e*%<), and, for z1, 79 € R, define f,, ,, : RFxRTxRT — C
by

Jor,22 (uh U2, US) = E(eml(L%_Lu1))E(eiw2(Lu3—Lu2)>

for 0 < u; < uy < ug < 0o. By conditioning and using independence of X and S and
of the increments of L

E(eixl(ZQ—Ztl)—l-ixz(ZzS—ZtQ)) — E(f$1,$2(5t17 St27 St3)>.
By stationary increments of L we also have for 0 < u; < ug < uz < 00
far oo (U, w2, u3) = hay (ug — ur)hy, (us — us).

Hence

E(eixl(ZtQ_Ztl)HM(ZtS_ZtQ)) E(ha, (St = Sty ) hay (Sts — St,))
(hl“l (St2 - Stl))E<hm2 (Sts - St2))

(eimZtZ—tl )E(eimztg—tZ ) _

E
E

By Kac’s theorem we have independence of 7, — Z; 1 and Z;, — Z;,. Analogously we
can extend to n time intervals.

About stochastic continuity we know that L and S are stochastically continuous, then
for any a > 0, fixed € > 0, there exists § > 0 such that 0 < h < § implies P(|Ly| >
a) < €/2, and there exists also ¢’ > 0 such that 0 < h < ¢’ implies P(S, > §) < €/2.
Hence for t € T and h < min(d, ")

P(|Z4] > a) = P(|Ls,| > a) = / P(|Lu] > a)us, (du)

[0,00)

— [ P> aus @0+ [ PL] > s, ()
[0,+9) (6,00)

< sup P(|Ly| > a)+ P(Sy = 0)

0<u<d
<€/2+4€/2=c¢.

]

Example 1.12. (Variance gamma process) Consider Z; = Bg, for t € T, where B is
a standard Brownian motion and S is an independent gamma subordinator. In this
case the name derives from the fact that each Z; arises by replacing the variance of
the normal random variable by a gamma law. We also are calling variance gamma the
following process Z; = uS; + 0Bg, for ¢ > 0 and g € R. Usually we take § = o =
1/t =:D >0, with 7 > 0.

The characteristic function of Z; for t € T and v € R is given by

iz : Ly, )\
E(e™*t) = 1—zu,u7'+§a7'u :
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In this case the Lévy measure is defined as

g eCill) g, 2 <o
V(dZE) = b; exp(_llz;p;o
g dr 2> 0
where
1 202
a =5 u2+7+§, b, = a;T
1 202 o
= A2+ == - b =q?
Then for x < 0
1
v(dx) = exp ’ dz
2\ # T2

and for z > 0
1
v(de) = —exp | — ’ dz
alkd (1 2 4 202 u)
VT )T
1 1 B
=D—exp | —x (\/Zu272 + 5027 + %) dz
Thus,
—Dexp(Gz)r~'dz <0
v(dz) =
Dexp(—Mz)x 'dx x>0,
le.

v(dz) = Dexp(—Glz|)|z| ™ L0 (x)dz + D exp(—M|z|)|z] "1 (— 000y (2)dz.

Furthermore this is a pure jump process because it has no gaussian component. About
its moments one can prove that for t € T

E(Z,) = ut Var(Z;) = (u*1 + o?)t. (1.9)

The variance gamma process is an infinite activity pure jump Lévy process which
has been used to model log-returns, see [33] for a first application.
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Figure 1.7: Variance gamma process sample path with 7 =0.5, y=0and o =1

1.2.7 Martingales, semimartingales and Lévy processes

Proposition 1.2.28. Let N, defined by N(t,A) = #{0<s<t: AL, € A}, be the
Poisson random measure and let f : R — RY an integrable function. If A is bounded
below, then the process

M, = /A F@)N (¢, do) = /A F@)N(t da) —t /A F@)A\(da)

is a martingale. Moreover if f € L* M is a square integrable martingale and

E(M.P) =t / F(@)PAdz).

Proof. M is a compensated compound Poisson process by Theorem 1.2.18, then it is a
martingale. From the same theorem we have that it also is a L%-martingale. O]

It is interesting to get when a Lévy process L is a martingale, for this reason we
prove an interesting sufficient and necessary condition.

Proposition 1.2.29. Let L a Lévy process with triplet (b,C,v) and assume that
E(|L|) < oo. Then L is a martingale if and only if b = b + f‘x|>1 |z|v(dz) = 0.

Similarly L is a submartingale if b > 0 and a supermartingale if b < 0.
Proof. By Lévy-1t6 decomposition

Ltzbt+\/5Bt+/

xN(t,dx) + / xN(t,dx)

|z|>1 |z|<1
= bt +VCB; + / =N (t,dz) —|—t/ zv(dz)
R4 |z|>1

=0t +VCB; + / TN(t,dz)

Rd
as L has finite first moment if and only if f‘$|>1 |z|v(dz) < co. Then L is a martingale
if and only if b = 0 since the processes vVCB, and f]Rd N (t,dx) are martingales.  [J



1.2 Lévy processes

35

Remark 20. The decomposition L; = bt + \/EBt + f]Rd xN (t,dx) is called canonical,
and one observes that [, xN(t,dz) = 3, AL, by (1.5). Then

Ly =bt +VCB; + Z ALs—t/ zv(de)

0<s<t Re

=0t +VCB+ ALS—t/ av(dz).

0<s<t |z|<1
One can obtain a martingale in the following way too.

Proposition 1.2.30. Let L be a Lévy process with triplet (b, C,v), then the process

i(u,Ly) . .
M, = eem—(u’; for all uw € R? is a complex martingale.

Proof. E(M;) =1 for t € T. And

ei<u7LS>ei<u7(Lt_Ls)> ei<ua(Lt_Ls)>
E(M,|F,) =E ( ‘ 3"5) — M,E (—

esn(u)g(t=s)n(w) elt=s)n(w)

?s) = M,

for 0 <s <t O

We now recall briefly the semimartingale definition in order to show that any Lévy
proces is a semimartingale.

Definition 1.5. X is a semimartingale if it is an adapted process such that for each
teT
Xi = Xo+ M+ Dy

where M = (M,)er is a local martingale and D = (D)7 is an adapted process of
finite variation.

An important class of semimartingales is given by the following result.

Proposition 1.2.31. Fvery Lévy process L is a semimartingale.
Proof. By the Lévy-1t6 decomposition we have for each t € T’
Lt - Mt + Dt

where M, = \/CB; + flw\ < zN(t,dz) is a martingale (it is linear combination of mar-

tingales) and D; = bt + f| xN(t,dx) a process with bounded variation. O

z|>1

1.2.8 Semimartingales and stochastic calculus

Denote with ID the space of adapted processes with cadlag paths, with I we denote
the space of adapted processes with caglad paths and with S the collection of the simple
predictable processes.

We briefly recall the most important results about stochastic integration with semi-
martingales as integrators. All proofs can be found in Protter [46].



36

1. Introduction to Lévy processes

Definition 1.6. (Stochastic integral) For H € S and X cadlag semimartingale, define
the linear mapping Jx : S — D by

Jx(H) = HoXo+ Y  Hy(X"+ — XT)

i=1
for H = Hol{g} + Z?:l Hil(Ti7Ti+1], H, € STTZ. and 0 = T() S T1 S S Tn+1 < 0
stopping times. We call Jx(H) the stochastic integral of H with respect to X.

Remark 21. One can use different notations. We will use the following ones
Jx(H) = /Hsts =H- X.

In order to enlarge the space of processes we can consider as integrands we introduce
the uniform convergence on compacts in probability.

Definition 1.7. A sequence of processes (H"),en converges to a process H uniformly
on compacts in probability (ucp) if for each t > 0 supyc o, [H? — Hy| % 0. If Hf =
SUPg< o<t [Hs|, then if Y™ € D, then Y™ — Y in ucp if (Y” —Y); 20 for every t > 0.

We denote with S, Dy, and L, the respective spaces endowed with the wucp-
topology. D, is a metrizable space and it is complete under the following metric

Z QL”E min(1, (X = Y))].

n=1

To generalize our definition of stochastic integral we also introduce the following the-
orems.

Theorem 1.2.32. The space S is dense in I under the ucp-topology.

Theorem 1.2.33. Let X be a semimartingale. Then the mapping Jx : Luyep — Dyep 18
continuous.

The integration operator Jx is continuous on S,.,, and also S, is dense in L.
Hence we can extend the integration operator from S to L by continuity, since D, is
a complete metric space. Therefore we have the following new definition.

Definition 1.8. Let X be a semimartingale. The continuous linear mapping Jx :
Lyep — Dyep obtained as the extension of Jx : S — DD is called stochastic integral.

Theorem 1.2.34. (Associativity) The stochastic integral process Y = H - X 1is itself a

semimartingale, and for G € L., we have

G-Y=G-(H-X)=(GH)-X

It is important to understand the behavior of the jump process of the integral process
too.

Theorem 1.2.35. The jump process A(H - X), is indistinguishible from H;AX;.
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We recall here the definition of the quadratic covariation (or bracket process) between
two semimartingales which plays a fundamental role.

Definition 1.9. Let X and Y be two semimartingales. The quadratic variation process
of X, [X, X] = ([X, X]t)>0, or [X]| = ([X]t)t>0, is defined by

(X, X]:= X*— 2/X_dX
and the quadratic covariation of X and Y is defined by
(X,Y] = XY—/XdY—/YdX

where we set Xo_ = 0 and Y,_ = 0.

Remark 22. The operation (X,Y) — [X, Y] is bilinear and symmetric, so we have the
polarization identity

X,¥] = %([X FY, X 4+Y] - (X, X] - [Y.Y]).
Theorem 1.2.36. The bracket process [X,Y] of two semimartingales has paths of finite
variation on compacts, and it is also a semimartingale.
Theorem 1.2.37. Let X and Y be two semimartingales, then
(X, X]o = X2 and A[X, X] = (AX)?
[(X,Y]o = XoYy and A[X,Y] = AXAY.

Theorem 1.2.38. (Integration by parts) Let X and Y be two semimartingales. Then
XY is a semimartingale and

XY = /X_dY+/Y_dX+ [X,Y].

Theorem 1.2.39. Let X and Y be two semimartingales, and let H and K € Ly,.
Then

t
[H-X,K-Y] :/ H, K d[X,Y],
0

and 1 particular
t
[H-X,H-X]t:/ H2d[X, X],.
0
Definition 1.10. For a semimartingale X, the process [X, X]° denotes the path-by-

path continuous part of [X, X|. Analogously, [X, Y] denotes the path-by-path contin-
uous part of [X,Y].

Remark 23. We can write [X, X], = [X, X]{ + X§ + > (AX,)?.
Definition 1.11. A semimartingale X is called quadratic pure jump if [ X, X]|¢ = 0.

Example 1.13. The Poisson process is an example of a quadratic pure jump semi-
martingale.
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Theorem 1.2.40. If X is adapted, cadlag, with paths of finite variation on compacts,
then X is a quadratic pure jump semimartingale.

Theorem 1.2.41. If X is a cadlag semimartingale and Y is a process of bounded
variation, then [X, Y], = > ., AX;AY;.

Theorem 1.2.42. (Ité’s formula - I) Let X be a semimartingale and let f be a C*
real function. Then f(X) is a semimartingale and the following formula holds:

F(X0) = F(Xo) = /f dX+/f” XJot

D (X)) = f(X) = f1(X,)AX),

0<s<t

(1.10)

Theorem 1.2.43. (It6’s formula - II) Let X = (X',..., X"™) be a n-tuple of semi-
martingales and let f : R® — R be a function with continuous second order partial
derivatives. Then f(X) is a semimartingale and

fe) =50 =3 [ Sheeaxis

i=1 0+ Oz;
1 Lo?
1 f

(X )d[X7, X7]5+ (1.11)

1<ij<n 0

+ Z [f(Xs) - f(Xsf) - Z g;; (Xsf)AX;

0<s<t



Chapter 2

Continuous time GARCH(1,1)
processes

Considering data of financial time series, such as log-returns on indexes, a collection
of empirical observations, known as stylized facts, can be noticed (see [52]).

e Returns series show little serial correlation, but they are not independent;
e series of absolute or squared returns show serial correlation;

e conditional expected returns are close to zero;

e volatility seems to vary over time and has jumps;

e extreme returns appear in clusters (volatility clustering);

e volatility is a stochastic process with long-range dependence effect;

e returns and volatility have heavy-tailed (higher moments do not exist) and skewed
marginals.

ARCH (autoregressive conditionally heteroscedastic) and GARCH (Generalised ARCH)
processes, introduced by Engle [15] and Bollerslev [11], are popular in financial econo-
metrics to capture some of the distinctive features of financial data listed above. Au-
toregressive conditional heteroscedaticity means that past observations and past volatil-
ities have an impact on the present value of the volatility and therefore on the present
observation. Then, we have a time-varying, non constant, conditional volatility. With
GARCH processes we can analyse financial time series data discretely, but thanks to
the fast development of higher and higher memory capacities of computers it is possi-
ble to record more and more data (high-frequency data). In order to analyse this huge
amount of data an extension from discrete time models to continuous time models
is necessary. Continuous time processes are also crucial to model irregularly spaced
data too. Various attempts have been made to capture the stylized facts in a contin-
uous time model. A first extension goes back to Nelson [43], who proposed to extend
the discrete time model by making diffusion approximations. This leads to stochastic
volatility models of the type

dY; = oydB”, do? = (v — 602)dt + po2dBP, t> 0,

39
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where B1) = (Bt(l))tzo and B® = (Bt(Q))tZO are independent Brownian motions, and
v>0,02>0and p> 0. Clearly Y; models the log-price and o; the volatility. The
main difference between this model and the original GARCH is the fact that in the
GARCH modelling there is one single source of randomness. Moreover such diffusion
limits to discrete time GARCH can model heavy tails, but obviously they are not able
to model volatility jumps. Related models have been suggested and investigated, many
generalisations are based on Lévy processes replacing the Brownian motions and on
relaxing the independence property. We refer here to Barndorff-Nielsen and Shephard
[4] (see [1] for another Lévy driven model). This stochastic volatility model specifies
the volatility as an Ornstein-Uhlenbeck process, driven by a subordinator. Precisely,
let L = (L;)¢>0 be a subordinator and o > 0. Then the squared volatility process (57)
is defined by the stochastic differential equation (SDE)

do? = —ad?dt +dLy, t>0, (2.1)

where G2 is a finite random variable independent of L and G; := /d2. The solution of
(2.1) is the Ornstein-Uhlenbeck type process

t
52 = (/ e dLys + 53) e ¢>0.
0

The logarithmic price process G' = (Gy);o is such that
dGy = (u+ b62)dt + 5,dB;, t >0,

with Gy = 0, p and b real constants and B = (B,);» a standard Brownian motion,
independent of 62 and L. As the empirical volatility has jumps, it seems to make sense
to choose a model driven by a Lévy process. However, this model still has two sources
of randomness. In [27] Kliippelberg, Lindner and Maller adopt this idea about jumps
and a single noise process and suggest a new continuous time GARCH model, which
captures all the stylized facts as the discrete time GARCH does. As noise process
they choose a Lévy process and its increments in order to replace the innovations in
the discrete time GARCH model. Another characteristic is that stock returns are
negative correlated with changes in the volatility; the volatility tends to increase after
negative shocks and to fall after positive ones. This effect is called leverage effect. In
order to capture this effect other models have been proposed. Haug and Czado [22]
introduced a continuous time exponential GARCH. Lee [31] proposed a continuous time
asymmetric power GARCH process, which contains the continuous time GJR-GARCH
model recently analysed in [5].

We show both symmetric and asymmetric models with more details in the following
sections. We also like to refer to [12] for COGARCH(p,q) models and to [51] for
multivariate COGARCH(1,1) processes.

2.1 From discrete to continuous time GARCH pro-
cess

We start by defining, for n € N, the discrete time GARCH(1,1) process, which is
given by the following equations
Y, = €,0, (2.2)



2.1 From discrete to continuous time GARCH process

41

02 =B+ N2 +00> |, (2.3)

where o, is the positive square root of 02, (€,)nen is a sequence of i.i.d. non-degenerate
random variables such that P(e; = 0) = 0 and the parameters are such that § > 0,
A >0and 6 > 0. We assume also some initial almost surely finite, and random in
general, values for ¢, and oy, independent of each other and independent of (€,)nen-
It is clear that when 6 = 0 one obtains the ARCH(1) model, instead when § = A =0
(Y, )nen is just a sequence of i.i.d. random variables. For this reason A + 4 > 0 is
assumed through all the thesis. Details can be found in [15] and [11].

Remark 24. Equation (2.2) specifies the mean level process and Equation (2.3) models
the conditional volatility process, which is time dependent and randomly fluctuating.

Remark 25. Iterating (2.3)
02 =B+ 0+ N2 )o2
=0+ (5+)‘€n71)<6+ (5+>\5 2) Ops)
=B1+5+ A1)+ (S + A2 )(S+ e o) (B+ (5 + A2 _3)o2_5)
=B[L+0+ A2 )+ +AE )0+ AE )]+ (S + A2 )0+ A _y)-
(04 Aep_s)on s

n—1 n—1

=8> J[ 0+x) +UOH5+AE n €N,

=0 j=i+1

where [T i=a = 1 if @ > b. Furthermore

n—1 n—1 n—1
or =8> ] G+r)+05 [](6+Ae)
=0 j=i+1 7=0
n n—1 n—1
= 6/ exp Z log(6 + /\ejz) ds + of exp < log(6 + )\e )
0 j=|s]+1 =0

n—1 Ls] n—1
—5/ exp Zlogé—l—)\e Zlog5+/\e) ds+of - exp(Zlogé—l—/\e))

7=0
s

n n—1
= / exp Zlog (0 + )\6 ds +of | exp (Z log(d + A%)) .

g (2.4)

We write the summation in the following way

n—1 n—1
A
Zlog 5+)\e ) —nlogé—i—Zlog (1—1-56?)

7=0

in order to define, for every 0 < 6 < 1, the auxﬂlary cadlag Lévy process X = (Xi)i>0

X, = —tlogd — Z log (1 + %(ALS)Q) (2.5)

0<s<t
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which represents the continuous time equivalent of the summation above taken with
the opposite sign. We have replaced the noise variables ¢; with the increments of a
cadlag Lévy process L = (L;)i>0. X is clearly right continuous since the summation
includes t.

Now, using this process and looking at Equation (2.4), we define the left continuous
square volatility process as

¢
of = (ﬁ/ eXeds + 08) e Xt- >0 (2.6)
0

with oy finite random variable independent of (L;);>.
Remark 26. The volatility process is a generalized Ornstein-Uhlenbeck process.

Once constructed these processes we can define the cadlag integrated COGA-
RCH(1,1) G = (G})i>0 as solution of the following SDE

th = O'tst
Gy = 0.

Remark 27. Surely by Theorems 1.2.34 and 1.2.35 GG is a semimartingale jumping at
the same times as L does, and AG; = 0;AL.

2.1.1 Properties of the auxiliary process

We can begin by investigating the process X, which has a special structure. For
this reason we state and prove the following proposition.

Proposition 2.1.1. X is a spectrally negative Lévy process with bounded variation.
Moreover the characteristic triplet is such that Cx =0,

vx([0,00)) =0,

vx((—o0,—a]) = ({y € R: Iyl > Ve —1)0/A}), 2>0

and

VX0 =YX / zvx(dx) = —logd.
[_171]

Proof. We first prove that X is a Lévy process. It is clear that a.s. Xy = 0. About the
stationarity and independence of the increments for 0 < s < ¢t

Xy —Xs=—(t—s)logd — Z log (1 + %(ALk)2>

s<k<t

L _(t—s)logs — Z log <1 + %(Aka) =X

0<k<t—s
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and

¢Xt—Xs7XS (u17 UQ) = E(eiulths‘f'Z‘UQXs)

_ e—zul(t—s) log Je—wzs logd

E (e_““ S ack<t 1og(1+§(ALk)2)e_m2 Sock<s 1og(1+§(ALs)2)>
_ o —iui(t—s)logd y—inaslog o <e—m1 Zs<kgtlog(1+%(ALk)2)> ,
E (e‘i“Q Zo<k§510g(1+§(ALk)2)>
= ¢x,_. (u1)ox, (u2).
Now, we just have to prove stochastic continuity.

. . A 9
ltlng(]Xt] > €)= 1551P (‘—tlogé — Z log (1 + E(ALS) )

0<s<t

)

2 A
< . . = - 2
< 13]([)1 P(t|logd| > €/2) + ltlfél ; E E (log (1 + 5(ALS) >)

0<s<t

= ltlfgl P(e < —2tlogd)

=lml o =0.
;fgl (—o0, 2tlog5)(€) 0

Then X is a Lévy process. Surely it has no positive jumps since
. A 2
AXt:Xt—hngS:—log 1+5(ALt) <0 Vt>D0.

This means that for A C R,

vx(A) =E ( > 1A(AXS)> =

0<s<1

0;1 1, (— log <1 + %(AL&))] = 0.

=E

Instead, for x > 0

ve((—o0,—a]) — E - S 1w (—log (1 + %(ALS)Q))]

L0<s<1

=E| ) 1w (1 + %(ALS)Q)]
| 0<s<1

=E| > 1 e (AL

L0<s<1

= ({yer:yl > Ve —13/A}).
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Hence vy is the image measure of vy under the transformation 77 : R — (—o0,0]
x — —log (1 + 32?). Moreover

A
/ |z|vx (dx) = / log (1 + —y2) vr(dy)
jel<1 lyl<\/(e—1)5/x 0

A
<

o0 /y|<\/<e—1>6/x
We observe that if /(e —1)d/A <1

yvp(dz) < / y*vr(dy) < oo,

ly|<1

y2VL(dy)-

/y|s\/<e1>5/x
and if \/(e — 1)0/A > 1
2 2 2
yvp(dr) = / y v (dy) + / y v (dy)+
/|y§ (e—1)3/x yl<1 [—y/(e—1)3/x,~1)

+ / y?v(dy)
(1,4/(e—1)5/A]

<c+—(e— 1)/ vr(dy)
A /(e 1)d/A—1)
5
+3e-1) | ()
(1,4/(e=1)3/A]
< 0.

Moreover by the Lévy-Ito decomposition we know that for every Lévy process L such
that f\rl<1 |z|vr (dz) is finite

Ly =t ++/CrB; + Z AL, — t/ zvr(dz),
0<s<t |z[<1
and since in our case X; = —tlog 5_Zo<sgt AX,, then Cx = 0 and VX—f[_l 1 zvx(der) =
—logé.
As Cx =0 and f[fl,l] |z|vx (dx) is finite, Theroem 1.2.19 implies that X is a process

of bounded variation (in effect for fixed w € 2 it is difference of two non decreasing
processes: —tlogd and ) ,_,, log (1+ 2(ALy)?)).
By Lévy-Khintchine formula (Theorem 1.2.3) we finally get that

E(e™Xt) = exp (—itu log § +t/ (e — 1)1/X(dx)> :
(7

00,0)

which shows that X is the negative of a subordinator with positive drift. O]

2.2 The volatility process: stability, markovianity
and moments

Firstly we prove that the square volatility process is solution, like GG, of a stochastic
differential equation.
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Proposition 2.2.1. The process (02);>0 satisfies the following stochastic differential
equation
do}, = Bdt +o7eX=d(e™™), t>0

and we have

t
A
o = op + Bt + logé/ o2ds + 5 E o2(AL,)?. (2.7)
0

0<s<t

Proof. Set K; := tlogé and S; = [[;_,, (1 + %(ALS)Q); by Definition 1.5 they are
semimartingales since they are processes of finite variation. Let f(k,s) = e*s and apply
Ito’s lemma in two variables for semimartingales (Theorem 1.2.43)

f(Ky, Sp) = eftS, = e,
t t 1 [t

Xt =14 / eKe-ds, + / e X-dR, + - / e M md[K, K]+
0+ 0+ 2 Jo+

t
+ / Mo d[K, S+ Y (e —e X — e AS — M AK).
0

+ 0<s<t

Clearly AKg =0 for s > 0 and e — e %s- = efs 5, — 555, = K5 AS, so that the
summation vanishes. Then

t t 1 [t
e X =1 +/ efa-ds, + logé/ e Xomds + —/ e X d[K, Ko+
0+ 0 2 0+

t
+ [ i sy
0

+

t t
=1 +/ efsdS, + logé/ e X-ds
0 0

because [K, K|, = Cxt + 3. ,,(AK,)? = 0 and by Theorem 1.2.41

(K, 8] = ) (AK,AS,) =0.

0<s<t

S ia a pure jump process, hence fg efsdS, = %Z(ngt e X (ALy)2
Integration by parts (Theorem 1.2.38) gives

t t s t s—
eXt/ eXeds = / e = (/ eX“du> —|—/ (/ eX“du) d(e )+
0 0+ 0 0+ \Jo

—l—[eX‘,/ e*sds),
0

t s t s
= / e *-d (/ eX“du) +/ (/ eX“du) d(e %)+
0+ 0 o+ \Jo

-I—[e_X',/ e+ ds];.
0
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By the associativity of the stochastic integral (Theorem 1.2.34) and as X, = X,_ for
fixed s almost surely

t S t
/ e X d </ eX“du> :/ e Xs—eXods = t.
o+ 0 o+
Moreover

X /0 eXsds], = | /0 el (), /0 CoXeds] = / AL (5), 5.

11,00y (5), 8] = S1jooy(s) — fos udly o) (u) — fos 1 o0y (w)du, and if s > ¢ [15)(5), 5] =
s—t—(s—1t)=0aslike if s < ¢. Hence [e™, [ e*5ds], = 0 and

t t s—
e_Xt/ eXeds =t +/ (/ eX“du) d(e ).
0 0+ \Jo

Then

¢
o = 6/ eX N ds + ole
0

=p (t + /t (/S eX“du> d(eXS)) + oge
0+ 0
= t s Xou—Xa XS—d —Xs 2 —Xi
5(t+/0+</0e )e (e )>+er

t
= ft +/ (02 —e X-gd)e-d(e™™) + ole™
0+
t

t
= [t +/ o2eXd(e ) — 03/ d(e ™) + o2e X
0 0

+ +
t
= /3t —1—/ ole®d(e ™) —od(e X — 1) + ot
0+

t
=Bt +/ oe®d(e™™) + o3,
0+

because o7 = o7, almost surely. Then
do7, = Bdt + oje™=d(e "), t>0.

We also can observe that

t
ato= 0+ [ et o,
0+

t t )\
= 08+ +5t+log5/0 03d8+/0 eXS_de (5 Z e_X“—(ALu)z)

0<u<s

t
:ag++ﬂt+log5/ o2ds + Z o2(ALy)?,
0

0<s<t
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or equivalently

¢
A
o = op + Bt + logé/ o2ds + 5 Z o2(ALy)% (2.8)
0

0<s<t

Hence, remembering that [L, L], = Cpt + Y0 _,,(AL,)* = Cpt + [L, L], we get that

A
dai,:(6—%kgéabdt+-gaﬁﬂL,Lﬁ. (2.9)

[
Remark 28. In GARCH(1,1) model 02, = 8+ Ao2e2 + do2, so

o2 — 0o =B+0802— 02+ Nozer = —(1—0)o. + Noze,

similarly to (2.9). Or alternatively by summation

n—1 n—1
o2 = fn — (1—6)20?4—)\20?6?4—03
=0 i=0

which is similar to (2.8). These representations (both in discrete and in continuous
time) show feedback and autoregressive aspects.

To study the stability it is interesting to understand when the volatility process
converges as t — 0o. For this reason we introduce and prove the following theorem.

Theorem 2.2.2. Suppose that
Ao
log (14 5Y vr(dy) < —log, (2.10)
R
then the process (07)i>0 converges weakly, as t — oo, to a finite random variable o2,

such that
d o0
Uizﬁ/ e~ Xt dt.
0

Conversely, if (2.10) does not hold, then 0? 2 oo ast — oc.

Proof. By a continuous time analogue of the Goldie-Maller theorem (see Erickson and
Maller [16] or [8]) [;° e ¥*ds converges almost surely to a finite random variable if

X, — o0 a.s. and 02 2 0o as t — 0o otherwise. By definition

t

2 _ Xo—Xi_ 2 —X;_

Ut—ﬁ/e“' ds + oge ,
0

but, as we are interested in its behavior when ¢ — oo, we will not write X;_, but X;.

If X; — oo we have that a.s. o2e™** — 0. Moreover if we set t — s = u

t t t
B/ eXs_XtdsiB/ e_XtSds:ﬁ/ e Xods.
0 0 0
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So, we only need to show that

a.s. )\
Xy S o0& / log (1 + ng) vr(dy) < —logé.
R

E(X1) = —igly, (0)
= {exp (—iu log & + /(_0070) (" — 1)Vx(dl’))]

: (—ilogé + z/ (ei“zx)yx(dx))
(—O0,0) u=0

= —logd + / zvx(dx),
(_0070)

u=0

then E(X;) always exists (vx([0,00)) = 0), possibly E(X;) = —oco and X;/t — E(X})
almost surely as t — oo by Theorem 1.2.26. If E(X;) < 0, then X; — —o0 or oscillates.
So X; — oo a.s. if and only if E(X;) > 0 (see Theorem 1 in Bertoin and Yor [8]). Indeed
if X;/t — oo a.s. X; cannot converge for its special structure and cannot diverge to
—o00 because limy_,,, X; = 0 - lim;_,oot > 0. So it remains to prove that X; cannot go
to oo if E(X;) = 0. Suppose that X; — oo, which is equivalent to

: : A 9
lim —tlogd — tlggo Z log (1 + S(ALS) ) = 00.

t—o00
0<s<t

Then A, := Y ., log (1 + 3(AL,)?) converges to ¢ € [0,00) or diverges to co but
slower than —tlogd. If A; — ¢, X/t — —logd > 0 and we have the first contradiction.
If Ay — oo (slower than t), then X;/t — logd > 0 and we have the same contradiction.
In the last possible case, i.e. Ay <t (A;/t — k > 0), X;/t - —logd — k. The last
quantity is greater than zero because lim;,, X; = lim; o (—tlogd — kt) = oo if and
only if —logd > k and since X;/t — E(X;) A/t — k = [, log (1+ 3y*) vr(dy). By
our assumption k < —logd so that E(X;) > 0 if and only if

A
—logé +/ vy (dz) = —logd — / log <1 + gy%L(dy)) > 0.
(_0070) R

Another property we are going to prove is the markovianity of (¢2);>0.

2

, . ‘ d
Theorem 2.2.3. (02);>0 is a Markov process, moreover if o2 exists and o} =02

independent of (Li)i>0), then (02)s>¢ is strictly stationar
P > t)t> Y Y
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Proof. Let (Ft);>0 be the filtration generated by (02);>0 and let y € [0, 1),
op =8 /y e*edse™ M + ﬁ/t eXedse " 4 ode M-

= 5/ eNedse vty X ,6’/ eXrdse ™ 4 ole -

= (o) — oge X)X =Xy) —i—ﬁ/ eXedse ™ 4 gleNt-

= aie_(Xt*_Xy’) + ﬁ/ eXsdse Nt-
0
= U;Ay’t + Byﬂg

where A,; = e~ X+-=%-) and B,, = ﬁft eXs=Xy-)qse~(Xe-=Xv-) " independent of

2

(Ft)i>0. Then condltlonlng to &, o7 depends only on 0 . Now set o§ 24 o5, in order to

prove that 02 < o2 for t > 0. We can take o2 := 8 Jo e Xert=X0)ds, then

t [e¢)
af+ = ﬁ/ eXs-~Xtdg + ﬁ/ e X+t ds
0 0
t o]
=B / etemn-"Xdy + 3 / e Xerids
0 0

where in the first integral we set s = ¢ —u. By the time-reversal property X _,—
Xti — X, for 0 <u <t. Hence

t 00 00
af+iﬁ/ e_XSdS~I—B/ e_XSdS:ﬁ/ e_XSdsgag.
0 t 0

As 0, has no fixed point of discontinuity o2 = o2, almost surely. Then o2 < o2 for

t>0. O
Remark 29.
E(Ut2|?y) = E(UiAy,tlgy) + E(By,twry)
= 0.E(Ay,) + E(By,).
Theorem 2.2.4. (02);>¢ is also time-homogeneous.

Proof. Let D[0, 00) be the Skorohod space of cadlag functions on [0, c0) and define the
function

t
Gyt - D[0, 00) — R? z+— (e(”“"“"y‘),ﬁ/ e’(“"xs)ds).
y

X is a Lévy process so (Xs)szoi (Xsin — Xn)s>o for every positive h. Furthermore

(Ay,t7 ) = gy,t((Xs)sZO) and (Ay+h,t+h7 By+h,t+h) = gy,t((Xs+h—Xh)szo)i gy,t((Xs)820>7

then the joint distribution of (A, ., B, ;) depends only on ¢ —y and by independence of
oy and (Ay,, By,) the transition functions are time homogeneous. O



50

2. Continuous time GARCH(1,1) processes

Corollary 2.2.5. If (02)>0 is the stationary version of the process with o2 = 24 o2, then
(Gt)i>0 has stationary increments.

Proof. Fort >0 G, = fo osdLs. We can write G, in the following way too
t
Gy =G, +/ osdLs, y€[0,t).
y+

Consequently

+ +

t t
Gy — G, = o, dLs = o9 dL, =o0¢(L; — L) =
y y
y y

t—y t—y
= oo(Ly — L) L o0l = / oodL, = / o, dL, = Gy,
0 0

]

Since the integrand (o;),<s<; depends on the past until y only through o, and the
integrator L, is independent of this past the following result holds.

Corollary 2.2.6. The bivariate process (o, Gy)i>o is markovian.

Remark 30. We have for t > 0 X; = —tlogd — > (., log (1+ 3(ALy)?).
IfA=0 X, =—tlogd and

t &t
ol = ( / 0 °ds + 02) ot = b / r2dx + 02 | 6 =
t ﬁ 0 0 IOg(S L 0

B
log &

(1—46") +opd".

For the discrete time GARCH model if A =0

1—90"
52 5n11+0_0 _ﬁ&n—ll_é +0_05n_
nl_ - 2¢n 1—o" 2¢n

which proves the analogy between these two models. We also notice that only ¢ > 0
is allowed so far. This continuous time model does not contain a COARCH submodel.
If we want that 6 = 0 we have to go back to

n—1 n—1 n—1
Z log(6 + /\e?) = Z 1og()\632-) =nlog A + Z log e?
3=0 3=0 3=0

in order to define

Xp = —tlog A — Z log(ALs)*1(ar, 205, t>0,

0<s<t

which is a Lévy process only if L is a compound Poisson process.
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Let introduce the following lemma concerning the relationship between the Laplace
transform of X; and the stability of the volatility process.

Lemma 2.2.7. Keep ¢ > 0

(a) Let X > 0, then the Laplace transform E(e=¢Xt) of X; at c is finite for some t > 0,
or equivalently for every t > 0, if and only if E(L?*) < oco.

(b) If E(e=*X1) < oo, then |¥(c)| < oo, where ¥(c) = logE(e=**1) and E(e™%t) =
et with

U(c) :clog5+/

A [(1 - §y2>c - 1} vr(dy).

(¢) IfE(L?) < 00 and U(1) < 0, then o2 % o2, where o2, is a finite random variable.

(d) If ¥(c) < 0 for some ¢ > 0, then ¥(d) < 0 for d € (0,c).

Proof. (a) The Laplace transform E(e™“*t) is finite for some, and hence all, ¢ > 0 if
and only if

A Cc
[ eruian = | (1+—y2) ve(dy)
lz|>1 ly|>+/(e—=1)6/A 0

)\ C
e 153
(—00,—4/(e—1)3/X)

A C
1+ —y2) vr(dy) < 0.

e (155
(+/(e—=1)d/A,00)

A ¢ A\ €
1 _2 ~ - 2¢c
(*6‘”) (6)y’

y* v (dy) < oo.

For y — +o0

then
A

SOy
0] Jimoo, /e D5/
In effectcsince E(L¥) < 0 & f|y|>1 y*vi(dy) < oo, if —/(e —1)0/\ < —1, then
A< (3) fy<_1 y*vr(dy) < oo, instead, if —y/(e — 1)d/A > -1 A = f(_OO’_l) y*vr(dy)+
f[fl’f =T y*vr(dy) which is finite as well. Analogously for

y* v (dy),

)\c>/
(5 (n/(e—=1)d/A,00)
if /(e—1)0/A > 1B < [, y*vi(dy) < oo and if /(e—1)0/A < 1 B =

f(mﬂ y* v (dy) + f(1,oo) y*vr(dy) is still finite. Hence

)\ C
1+ —y2) v (dy) < oo.

/|y|>\/(e—1)5/>\ < 9
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(b) U(c) = logE(e ") < oo as E(e™**') < oo (the Laplace transform of L; never
vanishes if L is a Lévy process). By the expression of the characteristic function
of Xt

U(c) = clog(H—/

R

{(1 + %y2>c — 1] vr(dy). (2.11)
(c) E(L?) < oo and ¥(1) < 0, then

/ éyQI/L(dy) < —log.
R O

Since

/10g 1+éy2 vi(dy) < é/yva(dy) < —logd,
R 0 0 Jr

and by Theorem 2.2.2 o2 converges weakly to a finite random variable o
that o2, < 3 Jo T e Xt

(d) ¥(c) < 0 for some ¢ > 0. E(L?¥) < oo implies E(L?) < oo for 0 < d < ¢ so that
E(e=%Xt) < 0o. Then ¥(d) is definable for 0 < d < c¢. ¥(d) < 0 if and only if

i,
d Jg

The function d é [(1 + %gf)d — 1] is increasing for fixed y, hence

(030 212

< —logo.

2

<, such

d
<1 + %gf) — 1] vr(dy) < —logé.

]

Remark 31. (c) can be extended. If E(L?°) < co and ¥(c) < 0 for some ¢ > 0, then
(2.10) holds, and a stationary version of (07);>¢ exists. All that follows from the fact
that ¥(c) < 0 is equivalent to

%/R <(1 + %gf) - 1) vi(dy) < —log o,

Since log(1+ (A\/)y?) < (1/¢)((1 + (A/§)y?)¢ — 1) for y # 0, this implies (2.10).

Once proved such important proporties we calculate the moments of the processes
and we show some related results in order to show the tails heaviness of the COGARCH
process.

Proposition 2.2.8. Let A >0, t >0 and h > 0.
(a) E(0?) < oo if and only if E(L?}) < oo and E(02) < oo. If this is so

2\ ﬁ 2 6 tW(1
E(O’t) = _W + (E(O’O) + m) € ( )

(If ¥(1) = O the right hand side has to be interpreted as its limit as W(1) — 0, and
in this case E(c?) = t + E(c?).)
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(b) E(o}) < oo if and only if E(L}) < oo and E(oy) < co. In this case

2/32 2/32 (et‘ll(Q) et‘ll(l)) N

)= Tmee T vE) v \9@) v

t(2) to(1)
+ 2BE(0) (

E(o}
v(2) - w(1)

(Also here the right hand side has to be interpreted as its limit if some of the
denominators are zero.) Moreover

Cov(o},02,,) = Var(o})e"™,

) + E(of)e™®.

Proof. (a) Since X; = X;_ a.s. and by Fubini theorem
¢
E(c?) = BE </ eXS_Xtds) + E(o3e ™)
0
¢
BE < / e—thds> + E(od)E(e™)

BE </ Xudu> + E(03)e*™

/ Ydu + E(o2)e!™

which is finite if and only if E(o?) and ¥(1) are finite, i.e. if and only if E(o?) and
E(L?) are finite quantities. If ¥(1) =0

B
wim B(07) = lim 2o

2 ! Xs—Xtd >
15} (/0 e S
+ Z,BE(US)]E (/t eXs—2Xtds)

0

= B°E(1)) + E(05)e™® + 26E(07)E(]).

By Bertoin and Yor theorem (see Theorem 2 in [8])
2

t t
I = </ eXthds> < (/ eXSds)
0 0
t gt
—/ / e e Xududs
0o Jo
topt
:/ / e~ (Xe=Xu)e=2Xuqyds
o Jo
t s
:2/ / e~ (Xs=Xu)g=2Xuqyds,
0o Jo

(et‘p(l) — 1)+ E(0g) = pt + E(0p).

2

E(c}) =FE + E(o})E(e2t)+

2
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then

t s
E(I,) =2 / / E(e~ =X E(e2X)duds
0 JO
t s
_5 / v (1) ( / eu(@(z)wu»du) ds
0 0
2

B 9 9 et\IJ( ) et\I!(l)
‘wmwm+wm—ww(wm‘wm>‘

¢ t ot¥(2) _ ot(1)
E(]Z) =F / eXs—QXtdS — / e(t—s)\I’(Q)es\I!(l)ds — :
0 0 U(2) — U(1)

hence

“ 252 252 t¥(2) B t¥(1)
o) = gmem T e - wu<w9> wn)*
ST(2) (1)

ot (@)
)(<m w>)+m°)

and we get that it is finite if and only if are finite ¥(2) and E(og), i.e. if E(L}) and
E(og) are finite. We calculate now the mixed moment E(ojo7,,) in order to calculate
the autocovariance function. We know that

+ 28E(0

t+h
(0?4l = ofBle o) 4 [ B(e s,
t

SO
B(07,|5) = o7 + / =¥ g
— 2 h\I/ +ﬁ/
o2eh ¥
= _|_ ﬁ
( )
= (07 — E(0p))e"" V) + E(07).
Consequently
]E(0-t20-t2+h) = E[E(Ufgf+h|?t)]
— E[0?E(02,,/5)] (2.12)
= (E(0}) — E(0})E(07))e"" ™ + E(07)E(07,).
As

(0} )E(03) — E(0})E(07,) = E(07) (E(0) — E(074))
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therefore
Cov (a7, 07,,,) = (E(o}) — E*(07))e"" V) = Var(a7 )",
L]

Proposition 2.2.9. Let A > 0. Then the k-th moment of 0%, (and of o? if the volatility
process is strictly stationary) is finite if and only if E(L2*) < oo and ¥ (k) < 0 fork € N

and we have .
1
(UOO) " 5 =1 _\Ij(l)

Proof.

E(c2) = B*E

] k
(/ e_Xtdt)
0
t
= kf'ﬁkE |:/ /1 / —(Xty =Xt,) | _(k_l)(th_l—th)_

- e kX, dtk

dt1
_k|5k/ / / VWt V@)=V() . ote(YR) =W (=1) 4z, ... 4¢,
=k | ——
’ E—M

provided that W(1),--- U(k) are all negative and defined. If j € {1 -, k} is the first
index for which W(j) > 0 or E(e79%1) = oo, then E(c%*) = cc. E(0? ) < oo if and only
if U(k) is defined and negative, namely if and only if ¥(k) < 0 (which implies ¥(j) < 0
for j < k) and E(L?*) < oo (that implies E(e™#%t) = ') < o). O

Corollary 2.2.10. If (¢7);>0 is strictly stationary with o2 = a , then

2 2 _ 12 2 1 hW(1
Covlos, oin) = 4 (qf(l)w)‘wu))e :

provided that E(L?*) < oo and W(k) < 0 with k = 1 for E(c2) and k = 2 for E(c%))

and Cov (07, 0},,).

Proof. From Propositions 2.2.8 and 2.2.9. ]
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Theorem 2.2.11. Let k € N, § € (0,1) and A > 0. Then o exists and has finite k-th
moment if and only if

k
<1 + %yQ) - 1] vr(dy) < —logé.

Proof.
! 1 2 L\F
—/ (1 + —y2> - 1] vr(dy) < —logd
k Jr )

if and only if W(k) < 0 and E(L?*) < oo. Obviously if E(L?*) < oo and if ¥(k) < 0,
then E(L?) < oo and ¥(1) < 0 so that o7 converges weakly. And ¢% has finite k-th
moment since E(L3*) < oo and ¥ (k) < 0. O

Proposition 2.2.12. (a) For any Lévy process L with nonzero Lévy measure such that

/Rlog(l +y)ve(dy) < oo

there exist 6, \ € (0,1) such that o% exists, but E(o2) = oo.

(b) k € N, for any Lévy process L such that E(L?**) < oo and ¥ € (0,1) there exists
As > 0 such that o2, exists with E(c%*) < oo for every (X, 8) such that 0 < X < As.

(¢c) A > 0. For no Lévy process L with nonzero Lévy measure do the moments of all
orders of 02, exist.

Proof. (a) Set dy := exp(— [;log(1+ y*)v(dy)) and &y := exp(— [ y*v(dy)). Since

o8+ ) < [ o)

0<d <dp<1. Forany A =9 € (61,6)

A
[ 10g (1 ' gyf) nldy) = [ Tos(1 + 12 ldy) < ~logs
R R

since exp(— [; log(1+y*)v(dy)) > 6 if and only if [, log(1+ y*)v(dy) < —logéd.
Then o7 converges in distribution to a finite random variable ¢2,. But E(c2) = oo
because

A
[ Sottan) = [ vunta) > logs
R R
as exp(— [ y?vi(dy)) < 6 if and only if [, y*vi(dy) > —logd.
(b) If E(L3*) < oo, then ¥(k) < oo for A > 0. We have

3

k Jr
and the left hand side goes to 0 if A — 0. So, choosing A sufficienlty small there
exists 02 such that E(0%) is finite.

(1 + %f)k — 1] vr(dy) < oo
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(¢) Let n >0 and q:=v,({y: |y| > n}) = fly\Zn vi(dy) > 0. For k € N

/]R (1 - %y2)k - 1] v(dy) 2 /y|>17 <1 + %?ﬁ)k - 1] vi(dy)
(1 + %nQ)k ~1 /y|>77 v (dy) = (1 - %ﬁ)k - 1] 7.

If all moments of 02 existed by Theorem 2.2.11

.
kJr

>

k
(1 + %y2> - 1] v (dy) < —log,

but we know that

J

A k;
1+=n?) —1]¢.
(157) 1] s

k
_klogo > (1+é772) -1,
q )

contradiction. If k is equal to 1, then —logd/q > A\n?/d < —dlogd — qghn* > 0,
which is a contradiction for fixed ¢, A\, > 0, because the left hand side can be
negative for some ¢ € (0,1).

(1 + %yQ)k - 1] v (dy) >

Then

[]

Remark 32. The volatility process never has moments of all orders. Therefore COGA-
RCH process turns out to be heavy tailed.

We conclude investigating other pathwise properties of the volatility process.

Proposition 2.2.13. The volatility o, satisfies for allt > 0

s
—log ¢

2
o; >

(1—dY.

]fafo > 71§g5 for some ty, then o2 > 71§g5 for everyt > ty. If o? 3 o2 is the stationary

version, then
g
—logd’

> (2.13)

2
0

2 2 _ A2 2
Morevoer o7, — o} = 50;(ALy)°.

Proof. From Equation (2.5) for 0 < s < t,

Xs— X =(t—s)logd + Z log (1 + %(ALU)2> > (t — s)logé.

s<u<t
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In particular
t
2 X=X 2 —X;
atzﬁ/e ds + oge”

> ,6/ (t—s log(SdS — ﬂ (1 o etlogé)‘

—logé
Then (2.13) follows as t — oo. Now let ¢ > ¢y and suppose that O't20 > —1§g5' Since
t
a? = e(XtO**Xt*)ofo + ﬁ/ X Xt- (g
to
0152 > e(t to) logéo_t20 +B/ (s—to) log6d8
> e(t—to)log(S e(t—t0)10g5) — B )
- log(5 log(5 —logé
From (2.7) we obtain that o7, — 07 = 307(ALy)% O

Remark 33. The stationary version of the volatility process is always bounded away
from 0 once t > 0. Furthermore, if a volatility jump occurs, this jump is necessarily
positive.

2.3 Moments of the COGARCH increments

Let introduce the increments of the process G corresponding to logarithmic asset
returns over time periods of length r

t+r t t+r
G\ =G, — Gy = / osdL, — / o,dL, = / o dL,
0 0 t+

for t > 0 and r > 0. We have already proved that if (07);>¢ is stationary, then (G,Sr))tzo
is stationary too. We are calculating the moments and the autocovariance function of
this new process and speaking of which the following proposition holds.

Proposition 2.3.1. Suppose that L is a quadratic pure jump process (i.e. Cp, = 0)
with E(L?) < oo and E(L ) = 0, and that ¥(1) < 0. Let (07)>0 be the stationary

volatility process with o2 = 0 , then fort >0, h>r >0

E(G) =0
N2\ pr 2
E((G7)") = — g EED

Cov (617, G, =0

Assume furthermore that E(L}) < oo and ¥(2) < 0, then

Cov (61, (G07) = (gt ) BN Cov(G o).
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If further A > 0, E(L}) < o0, ¥(4) < 0, [, x|ve(dz) < oo and [pa’vr(dz) = 0,
then Cov ((G )2, (G0, )2 ) > 0.

Proof. L is a quadratic pure jump Lévy process with zero mean, so [L, L]; = Zo<s§t(ALs)2,
t > 0 and moreover it is a martingale because E(L;|F¥) = E(L; — Ls|F%) + Ly =
E(Li—s) + Ls = L for 0 < s < t, where (F}):>0 is the filtration generated by L. We

want to calculate the expectation of GE’“); we have that

B(G{") =BG — ) = E(G) =& ( [ 0aL.) = (L) [ Blo)ds =0
0 0
Integration by parts implies that
t
G2 = G242 / G._dG, + [G. Gl
0+

and we obtain

E(G?) =E (2 /0 + Gs_ades) +E([G,Gly)

—E </0 o2d[L, L]s) .

The first term vanishes and about the second one we see from the compensation formula
(Theorem 1.2.22) that

(5 o) (] v

_E(/ /x o VL )
_ /R v, (dx) /O E(02)ds

~ BB = G

We have [, #?vy(dz) = E(L?) because
E(L}) = —¢7,(0)

- — -(i’YL +z’/R(a: — x1{|$|51})VL(d$))2 — 7L+ iZ/RI%L(dl’)]

- _ (mmui/mﬂ qu(dx)>2 —/R$2VL(dx)] ;

E(Ly) = —¢7,(0)
= {i% +z’/R(x - x1{|x<1})VL(dx)}

=L+ / zv(dz) =0
|z|>1

but as
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E(L%) = — (—@' /| blxm(dx)%—i /| |>1qu(dx)>2—|— /R 22wy (da).

And we finally see that E((G\”)?) = E(G2). In order to calculate the autocovariance

t+r t+r+h
E(GOGD,) = < / o,dL, / odes)
t+ (t+h)+

t+h+r
=E (/ 021 (1,040 (5) Liehprrn) (5)d[ L, L]s) =0
0

if h > r. Consequently (COV(G Ggih) =0ifh>r>0.

Suppose now E(L{) < oo and \11(2) < 0 and let E,.(-) be the conditional expecta-
tion given F,, the o—algebra generted by (02)o<s<,. By the integration by parts and
compensation formula

E(GV)?) =K (2 / N AL+ [C. Gl — (G G]h)
het

h+r h+r
=E, <2 / Gs_ades) +E, ( / o2d[L, L]S>
h+ h

h+r
= /xQVL(dx)/ E,(c%)ds
R h

h4-r

—E(12) / (02 — B(02))e D L E(0?_)]ds

_ 2) (62 — F(o2 e —1 (D) NE(52)r

— B0 - Ed) (g ) O + ELDE)
Hence

E(G)X(G)?) = EE.(G))*(G)?)

E[GE,((G{)?)
(e_m(l) —1) NATE

—V(1)
+ E(G)E(LY)E(c2)r.

E(L})E(G%0? — GE(03))+

It follows that

(e—r‘l/(l) o

L OB(CoN G o) + E(G),

Cov((GS)%, (G)?) =

In order to prove that the covariance is positive we need to prove that Cov(G?,0?) >
0. We assume E(L}) < oo, ¥(4) < 0, [ |z[vr(dz) < oo and [pz’vi(dz) = 0.

Integration by parts says that

t t
G? =[G, G, + 2/ G,_dG, = Z o2(ALy)* + 2/ G,_odL,,
0+ 0+

0<s<t
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from (2.7)

t

! A
G; =07, — Bt — log5/0 olds —op + 25/0 Gy_osdLy

A
0 +

so that

t
%E(Gfof) = E(0}) — BtE(0?) — log 6E <0t2/ afds) — E(ol03)+
0

)\ t
+2-E (Uf/ GS_O'SdLS> )
Y 0+
¢ ¢ ¢
af/ G, _o.,dL, :/ Gs_0, (ageXs_Xt —i—ﬁ/ eX“_X’fdu) dL,
0+ 0+ E

t
:e_Xt/ G, ol ~dL,+ (2.14)
0+

t t
+/ Gs_ 0y (5/ eX“_Xtdu) dL,.
0+ s

Define I, := [, Gs_o%eX:-dL,, then

¢ t
e NI = / e N dl, +/ I, d(e ™) +[e X, I];.
0+ Jo+ =

Z:At ::Bt

t s t
E(A4)=E (/ e~ Xs—( (/ Gu_aieXUdLu)) =E </ GS_O'gdLS>
0+ 0+ 0+

t
= E(Ll)/ E(G,_0%)ds = 0.
0
We observe that
d(e ™) =d(e ™) — ¥(1)e™ Xtdt+\p(1) —Xede
= YW (d(e X )e D _ w(1)e Xe PDdt) + W(1)e Xedt
= W (e XYW 1) 4 W(1)e Nrdt

and about B; we have

t t
[ e ) = [ et e - 1) 4w Sds)
0 0

+ +
t

t
:/ I,_eVWd(e XM 1) 4 \I/(l)/ I,_e *:ds.
0 0

+ +
Ry := e Xe=t() _ 1 is a martingale because E(|R;|) < E(e=X~**(1)) 41 = 2 and
E(R,|F}) = E(e” M%) — (£ — s)W(1)e "W —157)

= e XV (e~ (X=X _ (1 — 5)W(1)) — 1
— e—XS—S\I’(l) — ]_ = RS
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for 0 < s < t. Moreover E(R;) = 0 and hence

t t
E(B,) =E ( / ISeS‘P“)dRS) +U()E ( / [seXSds>
0+ 0
t
— \I/(l)/ E(I,_e™*)ds.
0
Analyzing C} we see that
A
AC: = AeiXtA[t = thO'?(ALt)g

since Al = Gy_ofe %= AL; and

Ao X0 _ gt (01_[@ (1 + %(A(Ls))z) - 11 <1 + %<ALS>2>>

0<s<t

_ A *X}

By Theorem 1.2.41

= Z Ae’XSAIS— Z G._o*(ALy) / G,_o3dM,

0<s<t 0<s<t

with M; :== 37, _,,(AL,)? which is a martingale too, indeed

> (AL ) <E <O§<t!AL yS)

0<s<t
E(M,|F*) = E(M, — M,|F:) + M, =E ( > (AL5)3) + M, =M, 0<s<t.

s<k<t

E(|M.]) —E<

because [, |z[vz(dz) < oo and

z|<1

Moreover from the compensation formula and hypotesis about [ #’v;(dx)

_E </Ot/Rx3VL(dx)ds> ~0

E(C}) = 2E(M) / E(G,_0%)ds = 0.

Therefore E(e ;) = fo e *:I,)ds and we have the ODE

and it follows

d(E(e ™ 1,)) = U(1)E(e X 1,)dt

whose solution is E(e™*t[;) = 0. Analyze the other term of the (2.14)
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t t
/ Gs—o—s (ﬁ/ eXu_Xth) dLs =
0+ s
t t t s
=3 ( / eXuXt—du> ( / Gsades> _— / G,_o, ( / eXuXt—du) dL,
0 0+ 0+ 0+
t S S
= 5/ (/ eX“X’f‘du) d (/ GuaudLu)
o+ \Jo 0+
t S S
+ 8 / ( / GuaudLu) d ( / eX“X‘—du) + BC+
0+ 0+ 0
t S
- 6/ Gs—as (/ eXu_Xth) dL,
0+ 0+
t S t S
_5 / ( / eXu—deu> G. oL, + B / Ko Xie < / Gu_audLu) ds+
0+ 0 0+ 0
t s
+ BC, — 6/ G0, (/ eX“_Xtdu) dL,
0+ 0
t s
— 3 / eXe X ( / Gu_audLu> ds + BC,,
0+ 0

with C, the quadratic covariation between fg eXe=Xi-dy and fot LGy odLs.

t
AC, = G, o ALA ( / eXuXt—du)
0

t t
=G0 ALy (ext / eXudy — e Xt- / eX“du>
0 0

t
A
:GtO'tALt/ eX“dUSefxt‘ (ALt)2
0

t
= %e_Xt (/ eX“du) Gt_at(ALt)3
0

and
C, = Z A (e_Xs/ eX“du) Ge_o AL,
0<s<t 0
A s )
=5 Z e Xsm (/ eX"du) Gy 0,(ALy)?
0<s<t 0
)\ t S
== e Xs- (/ eX“du) Ge_o,dM,
0 Jot 0
so that
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So
( / < Gu-0,dL, > e Xs>ds)
= / ( / Gu_audLue‘(Xt_XS)> ds
= / (/ Gu_audLu> E (e_(Xt_XS)) ds = 0.
Therefore

by t
SE<G§U’?) = E(o}) — BtE(0?) — log 6E <at2/0 Jgds) — E(o}0?).
From (2.12) and stationarity of the volatility process
E(0}02) = Var(og)e! "W + E(o7)

hence

t
%E(Gfaf) = E(o}) — BtE(0?) — log 6E ( / (Var(o2)elt=2¥M 4 E2<a§)ds) +
0

— Var(og)e™™ — E*(o7)
= Var(o2)(1 — W) — BtE(02) — log §Var(a§)1__—+
— log 0E?(0)t.
From (2.11) 2E(L?) = ¥(1) — log § and we get

A 9 oy —Bt A
EE(Gt)E(Gt> = m 5

= —BtE(a]) — tlog SE*(a3).

E(L7)E(0p)

We can conclude that

A 2 2 2 rory  logd(l— ™)
SE(Gt’Ut) = Var(oy) (1 — e — —U(1) )
oy (L D)W1) ~logh)
= Var(oy) < “u(1) ) > 0.

[]

Remark 34. Proposition 2.3.1 tells us that log-returns are uncorrelated, while the
squared log-returns are correlated. This agrees with empirical results. In this model
the autocorrelation function of the squared log-return decreases exponentially. Fur-
thermore Var(GY)) is linear in 7.

Proposition 2.3.2. Suppose that the Lévy process L has finite variance and zero mean,
and that W(1) < 0. Let (04)i>0 be the stationary volatility process. Then the process
((Gg))2>ieN has for every fized r > 0 the autocorrelation structure of an ARMA(1,1)
process.
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Proof. Let v(h) := Cov((G'")2, (G" M Z+h )?) be the autocovariance function, for h € Ny,

and denote by p(h) := Corr((G%)? ,(G( )

i +h))2) the autocorrelation function of the

discrete time process ((Gﬁz)) )ien. Then

p(1) (1)
For h = 1 we have p(1) = v(1)/Var(G?). O

p(h) _~(h) _ (=IOl p e N

We now state a theorem telling us the stationary distribution o2 is self-decomposable.

2

Theorem 2.3.3. The stationary distribution o3, is self-decomposable, i.e. such that

where k € (0,1) and Y is independent of o2

Proof. The auxiliary process X is spectrally negative and X; — 400 a.s. as t — oo.
From this follows that the stopping time T}, defined for h > 0 by

Ty :=inf{t >0: X, = h},

is almost surely finite. Consider the o-algebra generated by (X;)o<s<t, Ft, and the stop-
ping time o-algebra Fy, . By strong Markov property (X, ++ — X1, )t>0 is independent
of Fp, and has the same law as (X;)i>o0.

00 Ty Sy
ta [ eta=p [T [ o= A,
0 0 Th

tells us that Ay, is Fr, -measurable that

o0 oo

B,=p e~ (Xe=Xn)e=X1 4t = e e~ (X=X q¢
Ty T,

is independent of A, and has the same law as e "o . Hence for h > 0

d
==14h‘+'e hogo

with Aj and o2 are independent. O

Under suitable conditions once can show that o2, has Pareto like tails (see [28]).
See also [9] for higher and joint moments.

Remark 35. We will often use a different parametrisation for the COGARCH model.
Take 6 = e~ and \ = pe™" so that the auxiliary process becomes

X =nt = Y log(1 + (AL

0<s<t

and the volatility process is solution of the following differential equation

dapr (B — nat)dt+g00t2d[L]
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The following plots show trajectories of Gy, G,(fl) and 2. The simulation was done
by choosing parametrisation introduced in Remark 35 and a variance gamma process
as driving Lévy process with = 0 and 7 = 0 = 1!, so that E(L;) = 0 and E(L?) = 1.

In this case for 7 > 0
2\ —t/T
E(e™ft) = (1 + %)

and

vp(dz) = ﬁexp (—VQ/T\QU]) dz, x #0.

By Equation (2.11)
R
and
1
U(2)=—2n+ /((1 + pr?)? — 1)——e VHllqy
R 7|z|
1 oy
= —2n+ /(2g01:2 + ) —e VHllqy
R altd

2 2 o)
=-2n+2p+ i/ 22Vl r = 20 — 2 + 372
T Jo

150
I

; o~ "‘v«\ O
w '/\?“‘w M\,,_WV/ W\,’"\\w\w

At Nomn
e el Ay \ /"‘-\' o
- A A Vi A o

Y \W\Ww"” W,/ﬂ LA PPV VA ’\w/

-50 0 50

T T T T T T
0 2000 4000 6000 8000 10000

t

-5 -5 5

T T T T T
0 2000 4000 6000 8000 10000

2 4 6 810

T R N T TN T AN B UL WV R R W R N L R WA

0 2000 4000 6000 8000 10000

(Gt)o<t<i0000 With parameters § = 0.04, n = 0.053, ¢ = 0.038, 7 = ¢ = 1 and

Figure 2.1: Simulation of a variance gamma driven COGARCH(1,1) process
i = 0, log-return process (GE”)OSQOOOO and squared volatility process (02)o<¢<10000-

!There shouldn’t be confusion between the volatility process and the parameter of the variance
gamma we called ¢ in the first chapter.
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2.4 Asymmetric COGARCH(1,1) process

As is well known in literature, there is an asymmetric response of the volatility to
positive and negative past returns. The so-called leverage effect refers to the observed
tendency of the volatility to be negatively correlated with stock returns: volatility
tends to increase in response to bad news and to fall in response to good news. It also
been documented that the effect is asymmetric: declines in stock price are accompanied
by larger increases in volatility than the decline in volatility which accompanies rising
prices. Therefore, it is important to include the asymmetric term in financial time series
models (see [39], [45] and [47]). Then, new discrete time models were introduced. Ding,
Granger and Engle proposed in [13] an Asymmetric Power GARCH (APGARCH)
model, which contains classical ARCH and GARCH processes, as well as the GJR-
GARCH model (see [20]) and the Threshold GARCH (TGARCH) model developed
by Zakoian [53]. We will discuss continuous time APGARCH presented in [31] and
continuous time GJR-GARCH studied by Behme, Kliippelberg and Mayr recently in

5].

2.4.1 Discrete time APGARCH process

Definition 2.1. Let (€,),en be a sequence of i.i.d. random variables with E(e,) = 0
and Var(e,) = 1. The process (Y, )nen is called Asymmetric Power GARCH(p, q) if it
satisfies the following form (cf. [39])

Y, = €,0, (2.15)

q p

on =B+ Y Nh(Yai)+ > dor, (2.16)
j=1

i=1
with h(z) == (Jz| —yx)", 8 >0, 7> 0, \; >0, d; >0 and || < 1.
Remark 36. The function h(x) is strictly positive for all x € R\ {0} and 7 > 0 because
|z| > vx if and only if v € (—1,1).

Remark 37. For 7 =2 and ; = 0 for each i = 1,--- ,q h(z) = 2 and we obtain the
discrete time GARCH(p, ¢) model. In general for 7 = 2 we have the GJR-GARCH(p, q)
(see [20]). In this case if 0 < ; <1

q p
on =B+ Y N(Yail =3Ya)* + )00
=1

Jj=1

q q p
=B+ N1 =)V 44> A2 Ay, cop + > 6i0n
=1 =1

j=1

q q p
=p+ Z XY+ ZV;YY?—il{YwKO} + Z 8;0m_;
i—1 i=1 j=1
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with A\f = X\;(1 —7;)? and v} = 4\, If —1 < ~; < 0, then

q q p
o =P+ Z Ni(147%)?Y — 42 /\Z‘YnQ—i]‘{Ynfi>0} + Z 53'0721—]‘
i=1 j=1

=1
q q p
=B+ ) N 4D Yy o+ Y600
i=1 i=1 j=1
with Af = X;(1+7,)? and 7 = —4 ;.

2.4.2 Continuous time APGARCH process
Assume that p = ¢ = 1, so that we have

Yn = €p0np, U; = 6 + )‘(|Yn—1| - ’YYn—l)T + 50_;—17

where >0, 7>0,A>0,0>0and -1 <~y <1.
We will replace the innovations of the discrete time APGARCH model through the
increments of a Lévy process. We observe that
ol =B+ M|Vt —vYn1) +00] 4
= B+ Mlen—10n-1] — Yen—104-1)" + 00,4
=B+ Mlen-1] — v€n-1)"0p_1 + 0y _4
=6+ (Ah(ep1) +0)o)
Iteration of (2.17) gives us

0, = B+ (AMlen-1) +0)a;,
= B+ (Mlen1) +6)(B + (M(en—2) +6)oy, )

(2.17)

n—1 n—1

=8> T 6+ An(e)) +0—0H (8 + Mh(e;))

=0 j=i+1

=

n—

|I2

n—1
log(d + Ah(e;)) | ds + of exp <Z log (6 + )xh(g-)))

- (
j=[s]+1 =0
oo £ (ool
exp log ¢ + log (1 + gh(ej))> ds+

ls|+1

+ o exp ( <log(5 + log (1 + %h(e])))) :
=0

We replaced the innovations €; by the increments of the Lévy process L = (L;)¢>o with
Lévy measure vy # 0.
Define the auxiliary process X = (X¢)i>0 as follows

A
X; = —tlogd — Z log (1 + gh(ALs)> , t>0,

0<s<t
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where A > 0,0<d <1, |7/ < 1,7 >0and h(z) = (|z| —yx)”. With o] a finite positive
random variable independent of L define the caglad volatility process analogously to

(2.6) by
t
o] = <6/ eXsd3+ag> e Xt- t>0.
0

We now can define the integrated continuous time APGARCH(1,1) process G = (Gy)i>0
as the cadlag process satisfying the following stochastic differential equation

th == O'tst, t Z 0,

Analogously to the COGARCH(1,1) model G jumps at the same time as L does, with
AGt == O'tALt.

2.4.3 Continuous time GJR-GARCH process

Continuous time APGARCH(1,1) model includes for 7 = 2 the continuous time
GJR-GARCH(1,1) process analyzed in more details in [5]. For p = ¢ =1, 8 > 0,
A>0,0€(0,1) and v € (—1,1) equation (2.16) implies

o5 =B+ M|Yao1| = 1Yn1)? + o5y
= B+ M|en10n-1] — Yen_10n_1)* + d0>_,
=B+ N 02 | — 2)«)/\6” 10n—1|€n—10n-1 + )\’y2en,120i_1 + 02,
=B+ A1- ) €n— 1Un e, 1>0} + )‘(1 +7)%, €n— 1Un 11{en <0yt 507%—1
= 5"‘)‘* 1Un 11{e,_1>0} +7° En 1‘7n 11ie, 1<0} +5‘7

where \* := A\(1 —7)? and 7* := A(1 + 7)% Hence
on =5+ (5 + (AN e, _i>0p + 7*1{en_1<0}>€i—1) ohy

= B + (5 + (A*l{en_QO} + 7*1{en_1<0}>€31—1) .
: {5 + (0 + (N um0p T 7 Lo s<0p)er o) ] 07y

-1 n-—1 n—1
- Z H (8 + (NLigz0p + 7 Lg<0p)) + 05 H B4+ (N 1ggz0p + 7 <o)
J=0 k=j k=0
n n—1
= ﬁ/ exp Z 10g(5+ ()\*l{ek,zo} +7*1{Ek<0})6i) ds+
0 k=[s)+1

n—1
+ o exp (Z log (6 + (AL >0) + 7*1{Ek<0})62)>
k=0

o (

k=|s]+1

n— A 1 . +~*1 .
+ 00 exp ( (10g5 + log (1 + {ex>0} ; 7 Hen<0} 62))) ‘
k=0

1

N1y, + v 1y,
(10g5 + log (1 + {620} 5 T {er<0} ei)) ds+

H
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Hence, if we define the process X = (X;);>0 as

A1 +~v*1
X :=—tlogd — Z log (1 4 S AAL20 T S{AL.<0) (ALS)Q)

o
0<s<t

one obtains the integrated continuous time GJR-GARCH(1,1) process G = (Gi)i>0
defined by

th = Utsta

t
ol = (5/ eXeds + 03) e Xt- t>0.
0

Remark 38. Choosing the parameters § = e, A = pe™" it follows that \* = pe (1 —
7)? and v* = pe (1 + v)? we can write

with

Xp=nt— > log (L4 [(1—7)1ar.z0y + (1 +7)*Liar.<op] 9(AL,)?)

0<s<t

=nt — Z log(1 + ph(ALy)).

0<s<t

This kind of model has the same properties as the COGARCH(1,1) process (see
[5]). We list them without proofs since one can prove these results analogously we did
for the symmetric model.

Proposition 2.4.1. Suppose that E(|L1|7) < co. Then X is a spectrally negative Lévy
process with bounded variation. Moreover the characteristic triplet is such that Cx = 0,

vx([0,00)) =0,

vx((—o0,—x]) = v, ({y eR:h(y) > /(e — 1)5/)\}) , x>0
and
VX0 =YX — / zvx(dx) = —logd.
[_171]
Proposition 2.4.2. The process (07)i>0 satisfies the following stochastic differential

equation
do], = Bdt +o7eX=d(e™), t>0

and we have

t
A
o7 = o7 + Bt + log§ /0 ods+ 3 37 oTh(ALL) (2.18)

0<s<t

Remark 39. If we use the parametrisation with 3, n, ¢ and v we obtain

dof, = (8 — nof)dt + o7 ( ) h<ALs>> .

0<s<t
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Theorem 2.4.3. Suppose that

/[R log <1 + %h(;j)) vi(dy) < —log 6, (2.19)

then the process (o] )i>o converges in distribution as t — oo to a finite random variable

o’ such that
o L5 / e Xedt,
0

Conversely, if (2.19) does not hold, then o7 2> 00 as t — oco.

Theorem 2.4.4. (07 )i>0 an (07, Gt)i>o are time homogeneous Markov processes, more-

over if o exists and o 4 ol (independent of (Li)i>0), then (o7 )i>o is strictly station-
ary and (Gy)i>o ia a process with stationary increments.

Lemma 2.4.5. Keep ¢ >0

(a) Let X > 0, then the Laplace transform E(e=¢Xt) of X; at c is finite for some t > 0,
or equivalently for every t > 0, if and only if E(L7¢) < oo.

(b) If E(e=*%1) < 0o |¥(c)| < oo, where ¥(c) = logE(e™X1) and E(e™*Xt) = (),
with
A Cc
U(c) = clogo —h - dy).
(¢) = clog +/R [(H 5 (y)) 1] vi(dy)

(¢c) If E(|L1|7) < oo and ¥(1) < 0, then o] 4 o7
variable.

where o7 is a finite random

[eex)

(d) If U(c) < 0 for some ¢ > 0, then ¥(d) < 0 ford € (0,c).
Proposition 2.4.6. Let A >0, ¢t >0 and h>0.
(a) E(o]) < 0o if and only if E(|L1]7) < oo and E(0]) < oo. If this is so

T\ __ ﬁ T ﬁ tw(1
E(O't) = _W + (]E(O'O) + W) (§] ( ).

(If ¥(1) = 0 the right hand side has to be interpreted as its limit as W(1) — 0, and
in this case E(o]) = pt +E(07).)

(b) E(o?™) < oo if and only if E(|L1]?7) < oo and E(03™) < co. In this case

oy 262 262 tW(2) B et\I!(l)
o) = e T vm) - <><\v<2> w<1>)+

etW(2) _ ot (1)
+ 2BE(a5) (ﬁ) + E(027)e!v®,

(Also here the right hand side has to be interpreted as its limit if some of the
denominators are zero.) Moreover

Cov (O't : t+h> = Var(o] )e"®.



72

2. Continuous time GARCH(1,1) processes

Proposition 2.4.7. Let A > 0. Then the k-th moment of o7 (and of o if the volatility
process is strictly stationary) is finite if and only if E(|L1|™) < oo and ¥ (k) < 0 for
k € N and we have

k
1
E(o7F) = k15" _
(02h) = k!B E—‘W)

Corollary 2.4.8. If (0] )10 is strictly stationary with o ia;, then

N
e = e

2
Elo) = g

2 1 7
T 57 ) = 32 _ hw(1)
Cov (of07,5) = 8 (qfu)xp(z) @2(1)) ¢
provided that E(|L,|™) < oo and ¥(k) < 0 with k = 1 for E(c?1y) and k = 2 for

E(027) and Cov <at7, o2 )

t+h )"

Theorem 2.4.9. Let k € N, 6 € (0,1) and A > 0. Then ol exists and has finite k-th
moment if and only if

.
ke

Proposition 2.4.10. (a) For any Lévy process L with nonzero Lévy measure such that

k
<1 + %h(y)) - 1] vr(dy) < —logd.

/R log(1 + h(y))vz(dy) < o0

there exist , A € (0,1) such that o7 exists, but E(o7,) = oco.

(b) k €N, for any Lévy process L such that E(|L,|™) < oo and V5 € (0,1) there exists
Xs > 0 such that o7, exists with E(c7F) < oo for every (X, 6) such that 0 < X < \s.

(¢c) A > 0. For no Lévy process L with nonzero Lévy measure do the moments of all
orders of o7 exist.

It is not known how to calculate the moments for every 7 > 0. Therefore only
models with 7 = 2 will be considered in the following.

Proposition 2.4.11. Suppose that L is a quadratic pure jump process (i.e. C, = 0)
with E(L?) < oo and E(L;) = 0, and that ¥(1) < 0. Let (0?)>0 be the stationary

volatility process with o2 4 o2, then fort >0, h>r>0
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t+h

Cov (GE”, e ) — 0.
Assume furthermore that E(L}) < oo and ¥(2) < 0, then

Cov (G0, (60)%) = (o = L) E(12)e™ 0 Cov(G2, o)
t ) t+h - _\11(1) 1 ryYr):

If further A > 0, E(L%) < 0, ¥(4) <0, f|cc|§1 |2y (de) < oo and [, 2*vi(dz) = 0, then
Cov <(G§’"))2, (G" )2) > 0.

t+h

Proposition 2.4.12. Suppose that E(L,) = 0, E(L?) < oo, and that V(1) < 0. Let

(02120 be the stationary version. Then the process ((GU))2)iew has for every fived r > 0

the autocorrelation structure of an ARMA(1,1) process.

Theorem 2.4.13. The stationary distribution o7 is self-decomposable, i.e. such that

d
T —_—
Oy =

kol, +Y,

where k € (0,1) and Y is independent of o7.

We choose L symmetric so that the asymmetry of the model originates in vy only.
In particular we will use E(L;) = 0 and E(L?) = 1.

Remark 40. For a symmetric Lévy process the sign of the parameter ~ is irrelevant
because positive and negative jumps of the same size appear with the same probability.
Hence we assume from now on that v € [0, 1).

Remark 41. Asymmetry of a COGARCH process can also be achieved by choosing an
asymmetric Lévy process as driving process. Replacing in (2.18) the term h(ALjy) for
L with symmetric Lévy measure vy by (AL,)? with the following asymmetric measure

v(dr) = vp(dz)((1 = 7)1zoy + (1 + 7)1 {z<oy)

yields the same model. However one prefers using the parameter ~ in order to model the
asymmetry because we can estimate this parameter by means of statistical procedures.

We now show a few plots regarding the behavior of the trajectories of the GJR-

COGARCH(1,1) model and related processes for different values of + in order to un-
derstand its influence on the asymmetry.
We simulated sample paths of a continuous time GJR-GARCH(1,1) process, (Gt)i>0,
driven by a variance gamma with ¢ = 7 = 1 and g = 0. The parameters of the model
were chosen as f = 0.04, n = 0.053, ¢ = 0.038 and v € {0,0.2,0.4,0.6}. We can
see if a large value is chosen for v the negative jumps of the driving Lévy process are
weighted more than positive jumps of the same size. In pictures showing log-returns
sample paths we can observe bigger volatility clustering for high values of v too.
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Figure 2.2: Simulation of a variance gamma driven GJR-COGARCH(1,1) process
(Gt)o<t<10000 With parameters § = 0.04, n = 0.053, ¢ = 0.038, v =0, 7 =0 = 1 and
i = 0, log-return process (Ggl))ogtgoooo and squared volatility process (¢2)o<¢<10000-
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Figure 2.3: Simulation of a variance gamma driven GJR-COGARCH(1,1) process
(Gt)o<t<10000 With parameters 8 = 0.04, n = 0.053, ¢ = 0.038, v =0.2, 7 =0 =1 and
i = 0, log-return process (GE”)OS@OOO and squared volatility process (02)o<¢<10000-
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Figure 2.4: Simulation of a variance gamma driven GJR-COGARCH(1,1) process
(Gt)o<t<10000 With parameters 8 = 0.04, n = 0.053, ¢ = 0.038, vy =0.4, 7 =0 =1 and
i = 0, log-return process (GE”)OSQOOOO and squared volatility process (02)o<¢<10000-
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Figure 2.5: Simulation of a variance gamma driven GJR-COGARCH(1,1) process
(Gt)o<t<10000 With parameters 8 = 0.04, n = 0.053, ¢ = 0.038, vy =0.6, 7T =0 =1 and
i = 0, log-return process (Ggl))ogtgoooo and squared volatility process (02)o<¢<10000-
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Chapter 3

Pseudo-maximum likelihood

estimation for asymmetric
COGARCH processes

For the COGARCH model different methods have been suggested: method of mo-
ments, pseudo-maximum likelihood (PML), Markov chain Monte Carlo (MCMC) and
optimal prediction-based estimating functions (OPBEFSs). See respectively [23], [36],
[41] and [9]. The method of moments estimator, which is consistent and asymptoti-
cally normal under regularity conditions, is suitable only for equally spaced time series.
On the other hand MCMC method is suitable for irregularly spaced time data, but
it was just proposed for COGARCH models driven by a compound Poisson process.
The pseudo-maximum likelihood estimator can be applied both for every driven Lévy
process and for irregularly spaced data. It has also been proved by Kim and Lee in [26],
once modified the likelihood function, that PML estimator is consistent and asymptoti-
cally normal. OPBEFs method needs higher moments and uses observations separeted
by a constant time lag as well. Asymptotic properties are well known (see [50]). We
refer to [21], [6] and [19] for estimation in discrete time models.

For the asymmetric model, by following [23] and [36], Behme, Kliippelberg and Mayr
suggested in [5] the method of moments and the pseudo-maximum likelihood.

The aim of this chapter is the estimation of the GJR-COGARCH(1,1) model param-
eters (8,m,¢,7). Following [36] and [26] we will introduce a new pseudo-maximum
likelihood estimator and prove the weak consistency. For doing that firstly we show
how to fit the continuous time model to irregularly spaced time series data using dis-
crete time GJR-GARCH methodology, by approximating the GJR-COGARCH with
an embedded sequence of discrete time GJR-GARCH series. We need to discretize
the continuous time volatility process and for this reason a “first jump” approxima-
tion is used (see [35] for details about this methodology). At the end we summarize
the method of moments in order to compare this kind of approach with the pseudo-
maximum likelihood estimator by means of Monte Carlo simulations.

77



78

3. Pseudo-maximum likelihood estimation for asymmetric COGARCH
processes

3.1 Discrete approximation of the GJR-COGARCH

Take a deterministic sequence N,, such that lim,,_.., N,, = oo and divide the finite
interval [0, 7], with 7" > 0, in N,, subintervals of length Ay, (n) := tx(n) — tx_1(n), for
k=1,---,N,, in the following way

0=to(n) <ti(n) <---<ty,(n)=T.
Assume that max;_; ... n, Ay, (n) = 0 as n — oo, and define for n € N a discrete time

process (Gy k)k=1, N, such that for k=1,--- N,

Gn,k = Gn,k—l + &n,k—l Atk (n)en,kv (31)
where G, o = 0 and the variance &7, follows the recursion
Gpe = B (n)+

+ (1 + [<1 - 7)21{5n,k_120} +(1+ 7)21{en,k_1<0}] A, (""L)@Zz,kq) e MM G, gy

= BA, (n) + e g2 e (Y, L = Y2
(3.2)

with Yn,k = Gn,k - Gn,k—l-

The innovations (€, x)k=1.. n, for n € N are constructed using a first jump approxi-
mation of the Lévy process as follows. Take a strictly positive sequence 1 > a, | 0
satisfying limy, o Ay, (n)7F (a,) = 0, where vz (z) = [, _, v1(dy) is the tail of the Lévy
measure. Such a sequence always exists as lim, o 2?vy () = 0 for any Lévy measure.

For n € N define the following stopping times
Tng i=1f {t € [tp_1(n), tr(n)) : |[AL| > an}, k=1,--- N,.

Tn i 1 the time of the first jump of the driving Lévy process in the k-th interval whose
magnitude exceeds a,,, if such a jump occurs. Thanks to the strong Markov property

(I{Tn,k@o}ALT””‘) k=1, ,Nn

is for each n € N a sequence of independent and identically distributed random variables
with law

I/L(dSC)l{Iw\>an} (1 - e—Atk(n)DL(an))’ reR \ {0} : k= 1,-- N,
DL(an)

and with mass e=2(7c(@) at 0. These random variables have finite mean, ¢, (n), and
variance, £2(n), since E(L?) = 1. So, the innovations required are

. 1{Tn’k<oo}AL7—n,k - gk(n)

€nk = gk(n) )

where for n € N E(e,,1) = 0 and E*(e,,1) = 1. Finally we take &, , independent of the
En,k’-
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Remark 42. Equations (3.1) and (3.2) specify a GJR-GARCH(1,1)-type recursion. In
the classical discrete time GJR-GARCH(1,1) process

0f = a+bh(oy_1ex_1) + cop_, (3.3)

with a,b,c,y > 0. If Ay (n) does not depend on k, then (3.2) is equivalent to (3.3)
after rescaling by A;(n) and a new parametrisation, and (3.1) becomes a rescaled GJR-
GARCH(1,1) equation for the differenced sequence G, — G, k1. In general, even if
the time grid is non equally spaced, we have convergence to the GJR-COGARCH(1,1).

Embed the discrete time processes G,,. and ai‘ into continuous time versions G,
and o2 with

Gu(t) :==Gpy and on(t)—on, for t€ [ty_1(n),tx(n)),

0<t<Tand G,(0) = 0. The processes G,, and o2 are in D[0, T], the space of cadlag
real-valued stochastic processes on [0, 7. The following theorem (see [5]) shows how a
COGARCH process can be obtained as the limit of an embedded sequence of discrete
time GARCH series.

Theorem 3.1.1. The Skorokhod distance' between the processes (G, 0?) and the dis-
cretized, piecewise constant processes (G, 0% )nen converges to 0 in probability as n —
00, 1.€.

p ((Gn,02),(G,0%) =0, as n— cc.

Consequently, we also have convergence in distribution in D[0, T] x D[0, T, that is

(G, 02) KN (G,0%), as n — oo.

3.2 Estimation via pseudo-maximum likelihood

G = (Gy)i>0 is observed discretely with irregular time spaces. For each n € N we
set N = N,
O=tg <t < - <ty <00, Atkzztk_tk—l

and
Yn,k = Gtk — Gtk,1 = / O'SdLs.

(tr—1,tk)

A=A, = max(Ay, -, Ay ), where Ay, are allowed to be nonidentical. We assume
that A — 0 and ty — o0 as n — oo.

!The Skorokhod distance J; between two R%-valued processes U and V, each in D?[0, T] (the space
of cadlag R?-valued stochastic processes on [0,T]) is defined by

U,V)=inf ¢ su U, -V, + sup |A(t) —t
0. = jut { s [0~ Vago ||+ sup, (0~ el

where A is the set of strictly increasing continuous function with A(0) = 0 and A(T) = T.
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Let v° = (5°,¢°,1n°,7°) € O be the vector of the (unknown) true parameters, ¥ =
(8,¢,n,7) and
O :={0=(8,0,1,7): B <B< L < <'ox < <
Y <7 <A —e(14+9%) > e}

the parametric space with 0 < 8, < f* < 00, 0 < <" <00, 0 < @, < P* < 0,
0<v<7v"<1,0<c <o0.
Let

and
Gni(0) = B +e PG 1 (0) + pe 1w h (Y )
for k=1,---, N so that

k-1 k
oo (0) =1 Z Ay, e Mtemtid) 4 e G2 o (9) 4 pe M Z " = W (Y h_it1)
=0

i=1

with h(AL,) = (JAL,| —YAL,)?, 0 <y < 1. We can see 6., (1) as an estimate of o7,
when ¥ = 9°.

Our aim is to use a pseudo-maximum likelihood method to estimate the parameters
(B,m,¢,7) from Y,,1,---,Y, y. We derive the pseudo-likelihood as follows.

Since (07);>0 is Markovian, then Y, x is conditionally independent of Y;, x—1, Yy, 52, - ,
given J;, |, where (J%)>0 is the natural filtration of L satisfying the usual conditions.
Consequently E(Y,, x|F:,_,) = 0 and

ty
o= EVal ) =E(LD) [ ((0F, ~ Blod)e ¥ 1 Blo? ) ds

tk—1

tk ti
=<i;wwm/ &ﬂﬂmw+/ E(02, )ds

tk—1 th—1

eAtk‘I!(l) -1
+ AtkE(O'(Z])

= (O-t2k,1 - E(US)) \If(1>

W(1) =" + /R((l +¢%(|2] = 7°2)?) = D (de)
=+ [ (e 20%0la] 407 0)

= —n°+ ¢° {(1 +7°%) / 22y (de) — 270/ |x|xl/L(d93)] = —n° 4+ ¢°(1 +~°%),
R R

then we have
e(@?(1+7°2)=n) Ay _ 1

2 2 2
=(o — E(o
pn,k ( th—1 ( 0)) _no _|_ SOO(]. _|_ 702)

_ (02 8" ) T 1 A,
e =149 ) (L) e = o1+ °2)

+ AtkE<J(2))
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and we can use

. . B P+ —mAy, _ BA
) = (#2010 L0

-1+ p(1+72) -7 n—o(l+72)

as estimates of the conditional variances of Y,, ;, when 9 = v°.

We assume that Y, have conditionally gaussian distribution with zero mean and
variance Pi,k and use recursive conditioning to write for m = m,, € N a pseudo-log-
likelihood function for Y,,1,---, Y, n as

N 2 N
. 1LY 1 N—m+1
k=m " k=m

We must substitute in (3.4) a calculable quantity for p2 ., hence we need such for o7, .
We discretize the continuous time volatility process as was done in the previous sec-
tion and in Theorem 3.1.1. Consequently we define the pseudo-gaussian log-likelihood
function of 9 as

N 2 ~2
Yn,k IOn,k; (79)
LN(ﬁ) T ];:m ln,k(ﬁ)Atk: ln,k(ﬁ) - (ﬁ%,k(Q% + log Atk

and we use as estimator 1J,, the measurable maximum point of Ly, i.e.

~

,EN(Q?) = %lgaé(LN(ﬁ)
Remark 43. This pseudo-log-likelihood function is slightly different from (3.4) in which
Ay, does not appear. The reason will be more clear later when we prove the consistency
of the estimator. Without this term the pseudo-maximum likelihood estimator is not
consistent, for this reason we propose this kind of estimator. Behme, Kliippelberg and
Mayr [5] (and Maller, Miiller and Szimayer [36] for the symmetric model) adopted the
version without A, .

In order to prove the consistency theorem we need reqularity conditions on the driving
Lévy process and the sampling scheme.

Theorem 3.2.1. Under
C1. 9€0,A—0,ty — 00, t, =o(ty), e ™ = O(AY?) as n — oco.
C2. Cp, =0, i.e. there is no Brownian component ((L¢)i>o is a quadratic pure jump

Lévy process).
C3. E(Ly) = 0, B(L?) = 1, E(LY) < o0 and ¥(2) < 0, where ¥(2) = log E(e=).

0, 2 0.

To prove the theorem we need some preliminary results we are going to show.

3.2.1 Proof of the consistency

To prove the consistency of the estimator we look for a function Y (v}) such that

1 p o
EﬁN(ﬁ) = Y(W) and YT(W°)= %ﬁé{T(ﬁ)’
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so that we can say that if the functions £ and YT are close each other, then their
maximum points should be close each other too. Actually we need the uniform con-
vergence in probability in order to guarantee this result and the following propositions
and lemmas, though quite technical, aim to show this kind of convergence.

From now on C' denotes a generic constant. We start extending the time domain
of the processes L and X to R by letting

Ly=—-L{;,_, —o0o<t<0
Xp=nt+ Y log(1+¢°h°(AL,)), —oc0o<t<0
t<s<0

with L* independent copy of L.
Remark 44. 1t is clear that L and X are both cadlag Lévy processes.

We now define

u
03 = ﬂo/ X Xu-du,  w <O0.
—0o0

Lemma 3.2.2. o2 is square integrable.

U U 0
_ d
ol = BO/ eXv Xy :50/ eXvu-doy = ﬁo/ eXeds
—0o0 —00 —0o0

0 2 0 0 0 0
E (/ eXSds> = ]E/ / eXreXsdrds = E/ / X Xre2Xrqrds =
/ / (XX E(e**7) drds+/ / (X X)) E(e***)drds < oo.

Remark 45. Note that (02),< is strictly stationary as

u 0 0
— d a.s. —
50/ e X“‘dvzﬂo/ eXrds 2 60/ e X0-ds = 7.
—00 —0o0 —00

a5 (V) = 5/77+90/ ) eMod ( > h(AL5)>

(= 0<s<u

Proof.

and

Define

and for ¢t > 0

o () =B /n + (o5 (9 )—5/?7)6_”t+906_"t/ eMoyd ( > h(ALs))

(0,)

=0/n+ <p/(_ )e"(t“)aid ( Z h(ALS)> :

0<s<u
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Remark 46. Clearly (02(1))s0 is a caglad process.
Lemma 3.2.3. E(02(¥)) < oo for all 9 € ©.

Proof.
E/ eo2d ( > h(ALS)> -
(=00,0) 0<s<u
:E/ enuaid ((1—1—72) Z (AL — 2y Z (AL,)| AL ‘)
(—00,0) 0<s<u 0<s<u
0= g emondlLl if ALy >0
(L4 [y e™02d[L], if AL, <0.
Since
E/ e™o2d[L —EZe"“ 2(AL,)? E/ /$26”“03N(du,dx) _
u<0 (—00,0] /R

0
= E/ /:U e o2y (dz)du = /x2VL(dx)/ E(o?)e™du =
R 00

= E(O‘S)/ e”du < oo.

[]

Lemma 3.2.4. (c(V)):>0 is strictly stationary and satisfies the following stochastic
differential equation

do?, (9) = (B — no7 (¥))dt + oid ( Z h(ALy) )

0<s<t
Especially o2(9) > B8/n a.s. and E(a}(9)) < .

Proof. Since

(0,t)

o () = B/n + (o5 (¥ )—5/77)e"t+<ﬂe”t/ eMond ( > h(ALs)>

o7 () — 05, (¥) = (05(9) — B/m)e™™ + pe” ”t/ eMoyd < > h(ALs)) +

(0,¢]

- SO/(—oo,o] eo,d < Z h(ALu))

0<s<u

— (@) =B =D e [ ool ( > h<ALs>) .

(0,4]
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(6= )ds = [ (8- no?, (9))ds
| /
= /Ot [—n(aﬁ(i‘/‘) — B/me”™ —npe™™ /(05 eMo,d ( > WAL >

0<k<u
- B/m)(e™" — 18 e 2d h(ALy)
(02(9) — B/m)(e /H/ e~ dse (Z )
= (03(9) = B/m)(e™" — 1) +90/ e "old ( > WAL )
(0.4] 0<k<u

/Ot] (Z hALk>.

0<k<u

Hence, as

7 0) = ot 0) = [ (8= no(0)ds + o ( S h(AL) )

0<k<u

do2, (9) = (8 —no2(0))dt +go?d [ 3 h(ALs>> .

0<s<t

We also have that for every s,t > 0

ACE 5/77+90/(_ ) oM gid ( > h(ALk)>

0<k<u
=fB/n+ <p/ efn(t’y)e”(t’s)azﬂfsd < Z h(ALk))
D)) 0<k<y+t—s
g5/77+<p/ n(s=v) 2d<z hALk>_a(z9)
(—OO’S) 0<k<y

Since o2(9) > B/n a.s., then o2(9) > B/n a.s. too.
Moreover

A =8nre [ e ( > h<ALs>>

0<s<u
=B/n+ @Z/ e™old ( Z h(ALS)) )
J—1,—4] 0<s<u

which implies that

o) < B+ e / o ( 3 h(ALS))-

(=—1,— 0<s<u
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It follows that

oy (9) < B2 /n* + Ze_’”/ o2d ( > h(AL) ) +
=0 (=5-1,~4] 0<s<u
—{—25/7725’”/ (Z h(ALy) )
=0 (—j—lv—j] 0<s<u
We just have to deal with
2
e[, em)] -
7=0 (=j=1,—7] 0<k<u
:Ze2m‘[/ (Z hALk> +
7=0 (=j=1,=J] 0<k<u
+ Z Z em'em'/ < Z h(ALy) ) / o2d ( Z h(ALQ) .
J=0 i=0Ni#j (=i-1,- J] 0<k<u i—1,~] 0<k<u
Clearly
EY e [/ o2d ( > h(AL,Q) =Y e E / ( > h(AL) >
=0 (=i—1,—j] 0<k<u =0 (=i—1,-j] 0<k<u

It is known that

E Z ol (AL, / /0'3564VL (dz)d
—j—l<u<—j j=1,—4]
:/:1:41/L(d33)/ E(ol)du
R (_j_lv_j]
= E(aé)/x41/L(da:) < 0.
R

Remark 47. [, x'vy(dz) is finite since E(L{) < 0o < [, 2'vr(dz) < 0o and because
Jiajer @'ve(de) < [, .y 2°vr(dz) < oo thanks to the properties of the Lévy measure.

For u # s
E Y Y 0llAL)YAL) = > Elo2 > ol(AL) (AL,
—Jj—1<u<—j —j—1<s<—j —j—1<u<—j —j—1<s<—j
—J
:/ E<ag 3 2(AL5)2> du
—j—1<s<—3

/ / duds-
—j—1J—5-1

= A(1 — "W WI’(1)+1)+B
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86 processes
with A and B constants
/802 2 1 /802
A= — d B= )
ey \vmee) ey T2(1)
Then
Ze <E(UO)/3: vi(dx) + / / duds)
=0 —i-1
Furthermore
S evems [ okm [  odil.-
=0 i=0Ai#] (=5—1,—4] (—i—1,—1i]
=3 > e Rl Y o Y oALYAAL)
7=0 i=0Ni#j —j—1<s<—j —i—1<u<—1
> J
=y Z e e~ / E (ag > Q(ALu)2> ds
7=0 —0/\2753 - —i—1<u<—1
-3 S e / / 2)duds < o0
=0 i=0Ai#j —i—1
and the lemma is validated. O

Lemma 3.2.5. 02(9°) = 0 a.s., hence 02(9°) = 02 a.s. fort >0 and o2 > 3°/n°.

Proof.
op(0°) = 8°/n° + so e” “g2d ( h°(ALy) )
=B8°/n° +¢° / e (ﬁ" / eX”X“—dv> d ( > hO(ALk)>
(—00,0) —00 0<k<u
0
= [°/n° + ﬁogoo/ </ e = Xu- ( Z ho(ALk)>> eXvdo
—oo \/(v,0) 0<k<u

0
e / len%xv +¢° / e Nu-g ( 3 h°(ALk)> eXodu.
—00 (v,0)

0<k<u
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87

Moreover if S; :=log(1 + ¢°h°(ALy))

170 =Xo _ =T cacolog(1H¢°ho(ALL))

— Z (e_ ZwSSSO Ss — e_ Zw<s§0 SS) + 1

v<w<0
— Z e* w<s<0S <1 —e =2 w<s<0 SS/e*ngsgo SS) +1

v<w<0
= ) e Zuseso® (1 —ev) 41

v<w<0
= —¢° Z e” Zwss0 9 h(AL,) + 1

v<w<0
__900/ 77U)de<z hOALk>
(v,0] 0<k<w

Then, since h°(ALy) =0 = X, a.s.,

0
03(190) = ﬁo/ eXv=Xo-qy = 03

—00

a.s.. We know that for every t > 0

004 (0°) = 07 (9°) — /O (87 = n°og(9°)ds — ¢° /(0 ) o.d ( 2. h(°ALk))

0<k<s

and

oy = Oy — /two —n°05)ds — 900/ oyd ( Z hO(ALk>> ,
0 (0.4] 0<k<s
then
or (9°) +n° /t o2(9°)ds = of +1° /t ods as..
0 0
It follows? that o2(9°) = o7 a.s. and that o2 > 5°/n°. O

Proposition 3.2.6.

() = —E ( 8(319) + logao(ﬁ))

has the unique maximum at ¥ = Y° and is uniformly continuous in ¥ € ©.

2Suppose that f; + fo fsds = g+ + fo gsds. If we assume that f; # ¢¢, for example f; > g;, then
fot gsds — fo fsds = fo — fs)ds < 0, but at the same time fO gs — fs)ds = fi — g¢ > 0 and we have

a contradiction.
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Proof.
T(0) - T(W°) = —E ( % + log 02(19)> +E (U—g + log 02(19°)>
a3 (9) ’ o (1°) ’

2 2 190

- B () 1+ B (e e
& 1C)

<2 (17) +1+2 (57 -

For h > 0 and M1, n2 such that n, < ny <n <7

H / e — el 62d (L], <
(_0070)

2

= H/ 6772u|e(771—772)“ _ 1|05d[L]u
2 (_0070)

< sup |e(771—772)u _ 1|/ e’m‘aid[L]u _’_e—mﬁ/ e772(u+’~l)aid[L]u
7;L<u<0 (70070) (70077;7’] 2
= sup |e(771—?72) — 1| + 6—772/3 H/ enzuaid[L]u
—h<u<0 (—00,0] 2
since
[ i [ ot e,
(—o0,—h] (—00,0] (—00,0]
Then
lim sup / eMg2d[L], — / e o2d[L],|| <
40y —n2| <5 |1/ (—00,0) (—00,0) 2
<lim sup / et — e g2d[L],|| =0
640 Im —n2|<d (—00,0) 2
as we can choose h such that e " < ¢ V§ > 5. O

Proposition 3.2.7. Let 0, (¥) == 0} _ (¥9), then

N 2
1 o ) p
1 (g o
@%4m+%%wwotr+ (9)
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Proof. For t,_1 <u <t

|7 k1 (9) — o (V)] =

—gpe_”“/ e ad ( Z h(ALi)) ‘
(O,u)

0<i<s
= (pe_ntk_l/ e o?d ( Z h(ALi)> - gpe_”“/ e o?d ( Z h(ALi)> +
(—00,0) 0<i<s (=00,0) 0<i<s
+<pe"t’“1/ eo2d ( Z h(ALi)> - cpe"“/ e o2d ( Z h(ALi)> ‘
(0str—1) 0<i<s (0,u) 0<i<s
= |pe 1 / e old ( > h(ALQ) — pe M / e o2d ( > h(ALi)>‘
(—oo,tk—1) 0<i<s (—oo,u) 0<i<s
= (p/ e™o2d ( Z h(ALQ) (e7Mr=1 — ™M)+
(—o0sth—1) 0<i<s
_(pe—ﬁu/ e o?d ( Z h(ALi)) + goe_”“/ e o?d ( Z h(AL,)) ‘
(tk—1:tk) 0<i<s (w;tr) 0<i<s
< SO(Q*Tit;ﬁl _ entk)/ e77503d ( Z h(AL¢)> +
(—o0,tp—1) 0<i<s
+ |pe / e"o?d ( > h(ALQ) — e M / e o2d ( > h(ALQ)‘
(utk) 0<i<s (tk—1,tk) 0<i<s
corm [ wata( ¥ wan)+
(te—1,tk) 0<i<s
+ (e M1 — e_"t’“)/ e o?d ( Z h(ALQ) .
(—o0,t—1) 0<i<s

Hence, for t,_1 < u <ty

o k1 (9) — ou(9)] <

< (p(e—ntkfl _ e—ntk)/ eﬂso_gd ( Z h(ALJ) +
(—oo,tk_l)

0<i<s
+ (pen(tk—tk—l)/ Ugd Z hAL;)
(te—1,tk) 0<i<s
— gpe"mk’/ Ugd ( Z h(ALJ) + @e_ntk_l / ensagd ( Z h(ALJ) +
(tk—1:tk) 0<i<s (—00,tk—1) 0<i<s

_ SOen(tkltk)/ en(s—ti-1) 524 < Z h(ALi)) _
(—o0tk—1)

0<i<s
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It follows that

sup |02 1(9) — 02(9)] < e /

te—1<u<lty (t

old | Y h(AL) |+
k—15tk)

0<i<s

(1-— e_”Atk)gp/ e_n(tk—l_s)ggd < Z h(ALi)> i
(—oo,tk—1)

0<i<s

For ti_1 < s <t
02(0) = 0241 (9) + (3(9) — B/m)(e™™ — 1) 4

+ e / e™od ( 3 h(AL¢)> — e~ / e od ( > h(ALi)>
(0,5) (0,tk—1)

0<i<u 0<i<u
<o)+ 906775/ e™ond Z h(AL;) | +
(0.5) 0<i<u
_ Spe*ntkﬂ / enuo'id ( Z h(ALi)>
(0:tk—1) 0<i<u

< 01 (9) + e / eo,d ( > h(AL,-)) -
(0,5) 0<i<u

— e /(0 emoid ( 3 h(AL,-))
te—1

0<i<u
<o) +¢ / Mopd [ Y h(AL) | .
(Br—1,t) 0<i<u
Therefore

sup  o2(9) < 0% (D) + o /

tp—1<s<tj (t

eMord | Y h(AL;) | .
k—1,t%)

0<i<u

By Lemma 3.2.4

2
E( sup af(ﬁ)) =E sup ol(0) <

tr—1<s<tp tp—1<s<tp

< E( 1 (0) + £E ( / t)eﬂ“a5d<z mm)) .

0<i<u

eMold ( Z h(AL¢)>

0<i<u

< E(o‘ék_l('lg)) + (,DQE (/(t t )enugid ( Z h(ALz))> +

0<i<u

/ eo2d | Y WAL
(th—1,tx)

0<i<u

2 (02, ,(9) /

(te—1,tr)

+290H‘7721,k—1(19)H2 < 00

2
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and
sup o2, (0) = 2| <per | [ ot S man )| +
tr_1<u<ty ’ 9 (tk—1,tx) 0<i<s
+(1—e_’7At"‘)g0/ e_”(t’“—l_s)aid(Z h(ALi)) < 0.
(—oo,tr—1) 0<i<s 9
Then
2 2 _

s || s 02,0, (9) — 20| = o(1).

te—1<u<lty

One can also abserve that

N 2 b1 1 tN 0_2
Z ( n, —I— logai’k_l(ﬁ)> Aty — / (a (519) +log o2 (19)) ds

k—m nk 1 tN
N /t O—'IZ‘L,k—l _l_l 2 (19) d n
———— +log o . s
k=m 1 U?l,k—1<19> et
N t 2 t 2
1 k o 1 m o
- "~ +lo afﬂ)ds+ / ( “— + 1o afﬁ)ds
tNkZ/tk 1 (ot + oot )as g [ (g w0
Z/ ”’“ %o logo? . () — logo?(9) | ds| +
o — log o s
02,1 (0)  02(D) o

1
E
+tN

(19)) ds

[(‘b

N 2

1 o? b1 o
<E— su n, . s |4 lo 0_2719_10 0_319 A+
ty Ztk,1<psgt o2, () a2(0) [log 77, 1 (V) gos( )}) t
1 o2
+—E su ' tlogo?(d)| Ay,
% tk_1<ps§t o2(0) Bl )’ !

This upper bound converges to 0 since

sup ;?L,k)l B Of < sup 20%,1;1 B Ui,kfl n
tea<s<ty [On 1 (V) 02(0)| 7y <ozt |On g1 (V) 02(0)
2 2
* tk_?ggsm Z;Z;)l - 05(579)
" tei<ogin Tkt on k_ll ()  o2() i b <ot % o =02
< ot 2 (0) = )]

b over, min(o? ,_ (9), 02())% 7

+  sup —o?|.

— o .
N T L
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Given that o2(¢) > 3/n a.s. for every t taking the expectation

2 2
0-77/,]{5—1 0-3

Ui,k_l(i‘}) N o2 (V)
<CE sup Ufb,k—l‘ai,k—l(ﬂ) - 03(79” +CE  sup |0721,k—1 — 0}

sl

E sup

te—1<s<tg

te—1<s<tg te—1<s<tp
< 2 2 2 2
>~ C m%I?SXN Ho-n,kfl HQ tk,?glsjgtk O-n,kfl ’Un,kfl(ﬁ) Us (19>| , +
+C max E su o, =0 =0
m<k<N tk,1<£)§tk | n,k—1 s|
and
E sup |logo), (V) —logoi(v)] <
tp—1<s<tg ’
SE s — o, (i) - o2()
tp—1<s<ty mln(an,kflOsl)? Os (19)) ’

<C max E sup oo, (J) —oZ(¥)| — 0.

m<k<N te—1<s<tg

In this way the series can converge to 0 since one obtains

1 tnN —tm
o(1)— > Aty = o(1)=~ — 0.
Furthermore

2

22(9)

E sup

tp—1<s<ig

+ log 0—3(19)‘ A, <

1
A, +E  su SV Y U
fm tk,1<£)§tk min(c2(19), 1)

<(C sup af |0’§(’l9) — 1|4,

tr—1<s<tp

<o

We also have

N 2 2
1 O ke
= Ei(—2 ! +1ogai,k_1<z9>> Atk—E<—;’ : +logaé(ﬂ>) =

sup o>

tp—1<s<tg

+E sup |0%(¥) — 1|) A, — 0.

tp—1<s<tg

N, Un,k—1(79) 00(19)
N 2 t 2
1 ank—l 9 1 /N( US 2 )
= — ———— +logoy, ._1(V) | Aty — — +logo (V) ) ds+
i (ai,k_1<ﬂ> Bomal >> i), oy Tlen )
1 tn 02 02
— s log o2(9) | ds — E 0 log o2(¥9) | .
il (agwﬁ 28 ( )> : (o%(ﬁ)* 8 ( >>

Thanks to the previous calculations

N 2 t 2
S _Tnk-1 2 _ L/N oy 2 L
Z < T ) + log 0n,k-1(19)> Aty (02@9) +log i (V) | ds =4 0

tN k=m an,k—l tN tm
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and by the ergodic theorem

l/tN %2 1ogo(9) ) ds — E [ ~20— 4+ logo?(0) ) B 0
tn i, \o2) T ) TR ) TR |

That ends the proof.

Lemma 3.2.8. There exists a constant ¢ > 0 such that for all large n

min inf 62 ,(J) A min_inf 2= >c¢  as.
m<k<N 90O m<k<N 9O Atk

Proof.
k—1
19) > BZAtkﬂein(tkitk > /B*ZAtk e N(tk—tr_s)

E A A B 2 : A¢, (=t
o~ n e en tp— e n(tk tle—i— 1) > ,',] 2 (e’fi thi 1)8 n(tk tk—z—l)
B*

E(l —e M) > %(1 —e MNY) > f—(l —¢€)

since there exists . € N such that e™"V < € for every n > n. We choose € = 1/2, then

min inf Jnk(ﬁ) > 5,
m<k<N 9€O 2n*
ﬁi,k(ﬁ) = (52 (0) — A ) o + Py,
At nk—1 n—o(1+72)) (p(1+72) —n)Ay, (1 —@(1+72))A,
. e(P(1+7)=mAy, _ 1 B

T (9 + -
i )(90(1 +92) =m)A,  n—e(l+9?)
. e(P1+7?)—mAy, _ 1
(e(1+7%) —mAy, )
We just deal with

3 B () =mAy, 1
'r2Lk: 1(7‘9) + 1-— 9 :

We know that
inf (f(J) + g(9)) = —sup(—f(¥) — g(9)) > —sup(—f(?)) — sup(—g(¥))

Y€EO JEO J€O J€O
I Jage)
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so that
. N o
A (FO)+90) 2 min (nf f(O)+info(9)) = win inf FO)+ min inf 9(9).
Then
(s 9 . B e(P(1+?)—mAy, 1
L B -
iy 0 (0) + min inf =0+ T s —na, ) =
> Be  Be _ Be S0 as
2n*  4n* 47]
as
ele(+y)=mAy _ q
1-— 5 — 0.
(p(1+7%) = n)Ay,
O
Lemma 3.2.9. )
E (/ G,_oydL ) O(h?), h—0
(0,7]
Proof.

E(o? — 03)* = 2E(0y) — 2E(0207) = < 4° 232

_ _ )y —
e w2<1>>“ ) =00)

as t — 0. Further with A > 0

2
E( / Gs_ades) = / E(G2_0?)ds
(0,h) (0,h]

:/ E[G? (o2 —00)]d3—|—/ E(G?_o7)ds.
(0,1] (0,h]

IE[G?_(0? — 07)]] < EV*(GE)EY* (G2 o5)” = O(s)
as s — 0 since

E(G! ) = E(LY) / E(of)du = E(LY)E(o)s.

B(G2_o8) = EIB(CE.|F0)of) = Elo? | E(o?IFa)du
0
=E {03/ (02 —E(02))e""Vdu + Ug/ E(ai)du}
0 0
2 2 2 et 2/ 2
= (00 (O‘O — E(UO)W)> + E“(05)s = O(s)
for s — 0. Then there exist 8, M such that if we choose s < h < 8

h
/ E[G? (0% — 0})]ds —|—/ E(G? o7)ds < ZM/ sds = Mh?.
(0,h] 0,h] 0
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Lemma 3.2.10. Suppose that e ™t = O(AY?), then
max |52 ,(0) — o2 1 (D)]], = O(A'?).

m<k<N

Proof.

eo?d (Z h(ALi)) +
tk)

0<i<s

gi’k(ﬁ) - Uik( )=08/n+ (08(79) — B/n)e—"tk + @e—ntk/

(07

k
— B Z Atk . Ntk —tk— e*ntk(}io(ﬁ) _ (pe*ntk Z entkiih(Yn,kfiJrl)

i=1
with
h(Yok—iy1) = {(1 .\ 7)2}22]6 s Yok—iv1 >0
| (1+7)* Ynk i+1 Yok—iv1 < 0.
We observe that
ot~ B 3 ) 5
e MG (V) = e ”tkm <e mtmm _ oA,

Jax [[(03(9) = B/nje ||, = max [l(o8(2) /), <

< max [[(o5(2) = B/m)l,e”" = O(AT?)

and

k—1 k-1
B/n (1 -2 ”Atk—ie_n(trt’“‘i)> = B/n (1 - ZnAtk—ienAtklen(tk_i_l_tk)> <

=0 =0
k—1
< ﬁ/n < Z eﬁAtk i Ti(tki1tk)> — B/He*ﬁtk — O<A1/2>.

Integration by parts gives the following equation.

k

§ n(te—tr— z)YQk =
n K3

=1

k
- Z et / (GU— - Gtkfz')‘judLu +/ O-id[L]u :
i=1 (te—irtk—it1] (te—irtk—it1]

We only have to deal with

k
e_"t’“/ e o?d ( Z h(ALQ) —e M Ze”t’“’/ o2d[L).,
(O)tk)

0<i<s i=1 (tk—istk—it1]

i.e. with
k

e M Z e"o?(ALs)? —e "t’“Zent’“ Z/ d[L]., (3.5)

(0<§tk) tk ztk 7,+1]



3. Pseudo-maximum likelihood estimation for asymmetric COGARCH
96 processes

and with

k
D et / (Gu- — Gy, _,)oudL,.
i=1

(te—istk—it1]

k

Z(enAt’HH _ 1)e_n(tk—tki)/ o—id[L]u _
i=1 (th—isth—it1]
k k
_ Z en(tk,z;i,l*tk) Z UE(ALu>2 _ Z e*ﬂ(tkftk—i) Z Ui(ALu)z
=1 th—i<u<ty_ ;14 i=1 T i <u<tp—it1
= Y 0UAL) et N g2(AL)
tp—1<u<ig tp—o<u<tp_1
k
o (bt Z JZ(ALU)2 _ Z oMtk —tk—i) Z UZ(ALu)27
0<u<ty i=1 tp—i<u<tp—it+1
then
k
e Mk Z ePo?(AL,)? —e M Z @M= / o2d[L], <
(0<s<ty) i=1 (th—istk—it1]
k
< S (B — 1)t / o2d[L],
i=1 (th—isti—it1]
k
= Z(enAtkﬂ'H _ 1)e—n(tk—tki)/ Uidu-i-
i=1 (th—isth—it1]

k
Z (eMPth-it1 — e_”(tk_tk_i)/ 7oLl — )
(tk—istk—it1]

where the second term is a sum of martingale differences. Indeed for r < u

te—it1
E / o2d[L],| F, :/IQVL<dI)/ E,(¢2)du =
(tk—istk—it+1] R ths
th—it1
:/ E,(¢c})du =E / oldu|F, | .
th—i (tr—isti—it]

The L?norm of (3.5) is O(A'?) uniformly in m < k < N.

: (/(tkivtkiﬂ] Uzd([L]u - U)> " (/(OAtkiﬂ} Ugd([L]u B U))

= ]E(J(L)l)AtkﬂuA = O(A)

k

Z M1 e_ntkentk—i/ Uid([L]u _ u)
(te—istk—it1]

<

2

/(t L }O’iqu]u_u) :O(A)SO(AUQ)_

2

< E |enAtk,i+1 _ 1|e77tk7ie*77tk
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k

E (e”Atka1 — 1)e_"t’“e”t’”/ o2du

i=1 (te—istk—it1]

<
2

2
/ o,du
(te—irth—it1]

= O(A) < O(AY?).

k
< § ’enAtk_i+1 _ 1’entk7ie777tk

because

2
E / O-Zdu = E(UE‘;) / x4VL(dm)Atk—i+1 + BAtk z+1+
(tk—istk—it1] R
£ A= O e MM 1)~ O(A),

Moreover

k
Z oMtk —tr—i) / (Gu- — Gy,_,)oudL,
i=1 (¢

k—istk—it1]

is also a sum of martingale differences

2
E ( / (G — G’tk_l)audLu>
(te—isth—it1]

/ E(GZ,, o2)du
(te—isth—it1]

/ E(G%02)ds = O(A?)
(0,A1,

7i+1]

such that
k
D et / (G — Gy )oudL,|| <
i=1 (th—istr—it1] 9
k
< Ze_”t’“e”t’“—i / (Gue — Gy, )oudL,|| = O(A3/2) < O(Al/Q).
i=1 (th—isth—it+1] 9
Lemma 3.2.11.
1
max |lsup —; e
m<k<N 1968 pnk( 19/) at ‘H
Proof. Thanks to Lemma 3.2.8
1 a ~9 '
Sup——— | — N <
ﬁegpnk(ﬁ) ‘aﬁpn,k’( ) =
0 . -
< Csup ( | 5505 521 (0) + O(A)ar 4 (V)
9eo \|OU ™ ’

k—1
<C (1 + Ze_n*/2(tk1_tkil)h(Yn,k—i—1)> )
=1

This bound and Lemma 3.2.10 imply the result.
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Proposition 3.2.12.

1
sup | —Ln(9) — T(ﬁ)‘ = op(1).
JeEO
Proof.
Le Zz 9)A
tN N Tbk‘ tr
1 & 1 o
= 57 2 nw(9) = Bl (9)|Fnpe-1)]Ae, + o~ D Bl k()| Fos-1) A,
Nk::m Nk:m
N N 2 =2
= = S Lk () = E(lur (0)[Frrer)]Ar, — — Pk Jog FE0) A
R I T v
with
P+ —mAy, _ BA
2,.(9) = (ai N0 p— ) . o
P ,k( ) k 1( ) 77_90<1+72) 90(14‘”)/2)_77 77_%0(1_{_72)
and

Pi,k = Pi,k(ﬁo)-
The first term is a sum of martingale differences which converges to 0 in probability
because

Elln () — E(lnx(9)|Fnk-1)] = 0.

We first prove the pointwise convergence in probability, i.e.

tiz(ﬁ) 5 1).

s ele(4+7*)=m)Ay, _ 1
(o210 - 5) : o
’ n—o(l+2)) \(e(1+9%) =)l | 02,1 (0)

B
+ —1
(n— (1 +92)0 1 (9)
s . ele(+r?)=mAy, _ 1 eP(1+v)—mAy, _ 1 .
= — _|_ —
(n— (1 +92)0 1 (9) (L +92) =n)Ay | (p(L+72) =n)Ay,
IR —1 oy = oa)
< — + = .
| (e(T+9%) —=n)Ay,
Hence
IOn k(ﬁ)
max sup |——5———— — 1| = O(A). 3.6
m<k<N 196@ Ay o2 e () (&) (3.6)
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Moreover
Pi,k _ Pi,k
ﬁik(ﬁ) p?L,k (9) L

<€ max (o7 ll, + D [57519) = ks D], 0.

max +log pp 1. (9) —log 3, (V)| <

m<k<N

We need to show that

1 & ( Pi,k ﬁi,k(ﬁ)
0og

t
N k=m

One knows that

2 2
pnk pnk ~9 2 P
max — +log gy, 1 (9) = log pr, (V) | =0,
m<h<N <p2 @) Pk, 0) * *
then
N 2 N 2 2
1 Pk pnk( ) 1 Pk pnk( ) P,
— — +1 — +1 A 0
tn ,; <Pi,k(79) Ay, oty ; Pre(9) Ay, tk
From (3.6)
2 (9
max pnék:( ) p, 1
m<k<N Ay, 02, (V)
so that
N 2 2 N 2
1 Pk Pn k(ﬂ) 1 Onk—1 2 P,
— — + log — Ay — — ———— +logo, . (V)| Ay, — 0
i 2 (pi,kw) vl Lt v Dl b ) B
and
N 2 ~2 N 2
1 Pk Pn k(ﬁ) 1 Onk—1 2 P
— ——— + log — Ay — — ———— +logo;, . 1(V) | Ay, = 0
tN ,Z;n 2.0 A, "oty ; o2 () BTk 1(0) ) B,
as
Pr.k Atk Onk—1 (19) P 1 a O-’?L,k—l
max A o —1] =0 and —22—§Atk—>M<oo.
teOnk—1 pn,k( ) 2 k—m, Un,k—l( )

1 i Pi,k Atkgi,kq Atko-?l,kfl(ﬁ) ‘7721,1#1 +log Pi,k(ﬁ) A, <
_ — —_—— e S
Atkgz,kﬂ Atkaz,kq(ﬁ) pik(ﬂ) 0-721,1671(19) Atkgi,kﬂ(ﬁ) g

N 2 2 2 2
1 Opk—1 Pk Atkgn k—l(ﬁ) Pn k(ﬂ)
< _— ? l ) . 1 1 3
a Z ) [ rzz (Atkgz,kl Pi,k(ﬁ) o Atkaik,l(ﬁ)
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Then

since by Proposition 3.2.6

N 2
1 Onk—1 2 P
- E ——+1 | Ay, — T(9) = 0.
ZSN k=m (O—TZL,kl(ﬁ) - o8 Un,k_l( )> " ( )

We now verify the uniform convergence. By mean value theorem

N
sup |[Ln(Vh) — Ln(P2)] = sup Z(ln,k(?91) — Lk (02) Ay, | <
‘191_192|<}~7’ |’l91—192‘</~1 k=m
N N
<37 swp k(@) ~ Lk(@2)[ Ay < sup Y [lus(9h) — (92|,
k=m [91—92|<h [91—F2|<h p—m
N N

:Z sup

0
—lnyk(ﬁ)‘ [0 — Da|lAy, <> sup

an,k(ﬁ)’ Ay h

k= mwl —92|<h v k=m [91—02|<h 99
< su )| A h
> mp artost 2
and
5, Y2, 1 9
Esup |—1, »(9)| < E k) e 2 (W
o Esup |55tk )‘—m@%v e (p{kw)* ) pgk(ﬁ)aﬁpn’f( )
Y2, 1 9
< E (-2 1 — 52 (9
C mos B (et 1) sup) st a9
E<Y2k|-rft ) 1 0
—C nklZ o1l 4 22
R ( A, >f;28 53%,6(19)&9%’?()
< C max E(o +1)su L9 ()
m<k< n,k—1 ﬂeg ﬁnk(19> aﬁpnk
1 9
<C 2 .
<O max |sup o (ﬁ)aﬁpn,k( ) 2<oo
as
5] -Y?2, 0 1 0
2 (0 2 (0 2w
‘379 #l )’ P 1, (U )319/)"'“( )+pik(79)319p""“( )
Y2, 1 9 1 9
< S s ma s (9) |+ P (0
7,0 | 7 a0 )| ¥ 5 gy g Pne?)
V2, 1 9
- ~ = +1 ~ _ﬁn Y
<pi,k<z9> >pik<a9>az9 )
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and
]E(Yn%k’?tk 1)
AVS
Be ety (0°(14+9°%)—n°) _ q 3°
(mm*_ﬁf—w%1+¢%)A%@%1+W%—nﬂ+7f—¢%l+fﬁ
_ 02 eAtk(ch(l+'y°2)fn°) -1 N Bo ( B eAtk(SOO(lJr’Yw)*??O) —1 )
AL (P (L) =) 0 — (142 A (p°(1+7°%) = n°)
< Cai,kq‘

It follows that .
limlimsupE— sup [£(¥1) — £L(V2)] = 0. (3.7)

h—0 n—oo 13 |91 —02|<h

Taking a 9 € © and a finite subcover
{Buw) = {900 ~h<v<ti+h}iizt- 1},

by the triangle inequality, we know that

1 1 1 1
L) - T(ﬁ)] < | 2o - Lew| + |2 ow) - 1| + @) - 1),
tn tn tn tn
Choose 9; so that ¥ € Bj(¥;).
1 1 1
Lo - Lewy| <L s 16000 - L)
tN tn N 19, —9z|<h

since |9 — ¥;] < h. Moreover

W) - T < sup [T(0) - T(9),
[91—02|<h
as T (¢) is uniformly continuous, we know that this bound can be made arbitrarly small
by choosing h to be small. This bound can be made less than ¢/3 for any h < hy.

1 1
L L09,) = YW:)| < max | —L(9;) — T()] .
tn i=1,,I |t

Putting these results together, we have that for any h<h

1 1 '
sup |[—XL () = T(@W)| < — sup  [L(V1) — L(Pa)] + max |—L(d;) — T(9:)| +¢€/3.
JeO© tn |191—192|<}~z =11 |ty
So for any h < hy

1
P (sup — L) =TW)| > 6) <
veo |IN

L) = T(0)

<P s |£()~ £(0)] + max > 2/3
N |9, —0a|<h =101
1
t_£<19i) — T(9;)

N

<

S

(i sup |L(01) — £(0)] > e/3> +P (m

tN ‘191 192|<h :17“'71

> 6/3) :
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Now we show that we can take n sufficienlty large so that the two last probabilities
can be made small. (3.7) implies there exists Ny (e, 0) so that for n > Ny(e€,0), h < hy

P (i sup  |L(91) — L(92)| > 6/3) <0/2.

N ‘1917192‘<;L
For the h considered so far, find the finite subcover
{B;(0;) :i=1,--- I}

so that

1
P ( max |- L (W) = T(0)

S|

We know that for each ; and for any 6 > 0 there exists Ny, (€, d) so that for n > Ny;(€, 0)

P( >e/3><%.

Let NQ(E, 5) = maX;=1,...,J Ngi(E, (5), then for n > NQ(E, (5)

L) = T(0)

%Lw» — 1))

1

o

Combining the results there exists an N (e, d) = max(N; (¢, §), Na(e, d)) so that for every
n > N(e,0)

L) = T(0)

> e/3> < 0/2.

P <Sup 1w - T(ﬁ)‘ > e) <6
veo |tN

3.3 Alternative method: method of moments

Let assume log-returns are observed discretely with regular time spaces of fixed
length A. For i € N we denote the stationary increments of the GJR-COGARCH by

Gﬁﬁ) = G(itna — Gia.
The following theorem (see [5]) shows how the parameters of the model might be

estimated.

Theorem 3.3.1. Let L a pure jump Lévy process with E(L;) = 0, E(L?) = 1, E(L]) <
oo and Lévy measure such that [, x*vp(dz) = 0 and S = [patvr(dx) is known.

Assume ¥(2) < 0 and let (Ggﬁ))ieN be the stationary increment process of the integrated
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GJR-COGARCH process with parameters B,m,¢ and . Let u,I';k and p constants
such that

EGS) =, Var(@s) =T
B — (8)? \y _ p..—AR 7
p(h) = (Corr((G ) (GZAHL)) =ke =", heN.
Set B := (1 — e 2P)(e®? — 1),

6kT
My =T — ——(pA — 1+ e™4F) — 2442,

2 AF2
. uS Mo kpS‘

My =1— ——+ =
2 AM,’ 3 M,E

Then My, My, M3 > 0. Further set

—M; — 4pS N \/8pSM2ZMs + 32p2S2 M3 + 2pS My M3 — 8pS M3

cR.
2pS — M, M(2pS — Ms)

M2 =

Set additionally, fori=1,2, H; := 4 + 4%, — 4 and

2 3
Dy AMY
Y yiM EH;

(2

Mi =
and choose the unique ¥ € {¥1,%2} such that M} > 0 and

MiH;S7; = —Myy? + Msy; + H;Sp.

Then 4 € [1,2) and the parameters 3,n,¢ and v are uniquely determined by

Dl AkTp3
:— :__+ - ,
B AN \/ 7M1 (7 + 45 — 4)

Yy=vr—1L n=p+e¢y.

We are now ready to summarize the estimation algorithm.

(1) Calculate the moment estimator of p

(2) For fixed d > 2 and h=0,---,d, calculate the estimator of the empirical auto-
covariances /S/n = (&n(o)v 'S/n(l): e 7’3/n(d))T as

:x

A (h) 1= «Qﬁwﬁwmwwfﬂm

=1

1
n

and compute the empirical autocorrelations p, 1= (9n(1)/4,(0), - , 4 (d) /4, (0))T.
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(3) Compute the least squares estimator for (p, k) as

d
(Pn, k) == min > (log(p(h)) — logk + Aph)>.

(p,k)ER2 £

Define the mapping H : Ri“ — R by
d ~ ~
H(pn,p. k) ==Y _(log pu(h) — logk + Ahp)2.
h=1

In order to obtain least squares estimators we compute partial derivatives.

0 2 &
5 (Pnop, k) = —Zlogpn h) —logk+Ahp) =0 <«

N

d
Z(log () + Ahp) = dlog k.

Then, if log p,, := % LS og (),

— d+1
k = exp (log P+ Ap%) : (3.8)

d 4. " .
—H(pn,p, k) = =20 h(log pn(h) — log k + Ahp) = 0.

o h=1
Using (3.8) we obtain
d(d+1) a - Ad(d+1)(2d+1)  AZd(d+1)?
Hence

oo >4 (log pu(h) —log pn)(h — 1)
n d(d+1)(2d+1)  Ad(d+1)? :
6 4

For the stationary model the parameter p has to be strictly positive, but the
unrestricted minimum of H(p,,p, k) could give a negative estimate for p. As a
remedy, we define the estimator of p as

Dn := max(p;,0)
and we take p, = 0 as an indication that data are not stationary. Therefore

prA(d + 1)) '

ky = exp <log P+ 5
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(4) Compute the estimator 9M := (M AM GM AM) where

D PPN ~ ﬁn ﬁ% l%nf‘nﬁg
ﬁfzw:pn,un, 90%:_:_—’_ 2_2+22 ~ A 29 B ’
Tn Ta 7nM1nEn(7n + 47n - 4)

f%]":/[:\/%n_lv ﬁfz\/[:ﬁn—i_@ﬁ/[}ym

where f‘n = 4,(0) and En, Mm and 'zyn are the empirical versions of E, M; and
7 obtained by replacing p, k, p, I' with their estimators.

Remark 48. We could also base the least squares estimation on the autocovariance func-
tion, but it turned out that the estimators chosen are more accurate. This is because

k is independent of 8 in contrast with k := COV((GEﬁ))Q, (GEiAJr)l)A)Q)ep. Moreover

Theorem 3.3.2. Under the same conditions as in Theorem 3.3.1 we obtain strong
consistency for the estimator, i.e.

M a.s.
9,0 = .

Proof. The GJR-COGARCH volatility is a generalized Ornstein-Uhlenbeck process.
The result of Fasen [17] makes o2 exponentially S-mixing. This implies that it is
strongly mixing (or a-mixing) with an exponentially decreasing rate. Following [23] one
can prove that (GE:))ieN is a-mixing with an exponentially decreasing rate as well. The
volatility process is strictly stationary, then the return process is also strictly stationary
and together with the strong mixing property this implies that (Gg))ieN is ergodic. And
by Birkhoft’s ergodic theorem we have strong consistency of the empirical moments and
autocovariance function of ((Ggﬁ))Q)ieN. The parameter vector is a continuous function
of the first two moments of the GJR-COGARCH and of p and k. Then, consistency of

the moments implies consistency of the estimates for (5,7, ¢,7). O

Remark 49. In Theorem 3.3.1 p(h) > 0 for every h € N and we obtain that My, My, M
and M} are strictly positive. However the corresponding sample estimates could be
negative. As we showed estimator is consistent, so, for large samples, the empirical
estimates will be positive. Analogously for 4 € [1,2), the sample version might be less
than 1 or greater than 2. However, consistency makes 5 in [1,2) for large samples. All
that was considered in the numerical algorithm developed.

3.4 Monte Carlo simulation study

In this section the PML estimation method is applied to simulated data sets and
compared with the method of moments. We simulated 1000 GJR-COGARCH(1,1)
data sets with At, = 0.5 for every k between 0 and 10000. As driving Lévy process
L we chose a variance gamma with 7 = ¢ = 1 and g = 0 and for the true GJR-
COGARCH parameters we took § = 0.04, n = 0.053, ¢ = 0.038 and v = 0.6. For an
accurate simulation the grid for the Euler method is 500 times finer with respect to the
final grid of the observation. For each simulated sample we estimated the parameters
with both methods. The following tables highlight the results.
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MM s 7 o gl
mean 0.0641 0.0359 0.0267 0.4177
bias 0.0241 -0.0171 -0.0113 -0.1823
relative bias 0.6025 -0.3226 -0.2974 -0.3039
MSE 0.0059 0.0003 0.0002 0.00007

Table 3.1: Estimated mean, bias, relative bias, mean square error and mean absolute
error of the MM estimators. The number of simulated samples is 1000 and the true
values are = 0.04, n = 0.053, ¢ = 0.038 and v = 0.6.

PML B P P 5
mean 0.05137 0.04888 0.03537 0.55428
bias 0.01137 -0.00412 -0.00263 -0.04572
relative bias 0.28425 -0.07774 -0.06921 -0.0762
MSE 0.00028 0.00001  0.00007  0.12535

Table 3.2: Estimated mean, bias, relative bias, mean square error and mean absolute
error of the PML estimators. The number of simulated samples is 1000 and the true
values are § = 0.04, n = 0.053, ¢ = 0.038 and v = 0.6.

Results and kernel densities show that PML estimators for 3, n and ¢ are more
efficient than the corresponding MM estimators. We obtain the contrary for the es-
timator for v: a few outliers make the PML estimator less accurate. Moreover PML
estimates are always less biased. Therefore, it seems that the convergence rate to reach
the consistency is faster if we estimate parameters with PML method.
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Figure 3.1: Kernel density of the PML estimator for S.
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Figure 3.2: Kernel density of the PML estimator for 7.
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Figure 3.3: Kernel density of the PML estimator for ¢.
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Figure 3.4: Kernel density of the PML estimator for ~.



Conclusion and outlook

Analysing high-frequency financial data and modelling the so-called stylized facts
are nowadays based on continuous time models.
In this thesis, after an introduction to Lévy processes and related stochastic calculus,
we addressed to stochastic volatility models in continuous time. First of all COGA-
RCH process was introduced and its properties studied. Then, in order to capture
the leverage effect asymmetric COGARCH models were analysed as well. Simula-
tions of variance gamma COGARCH and GJR-COGARCH were proposed to study
sample paths behavior. Thanks to these numerical analysis we could understand how
the index, capturing the asymmetry, affects trajectories. Probabilistic properties have
been studied for the continuous time APGARCH too. Finally, inferential procedures
were proposed for estimating the GJR-COGARCH model parameters. In particular,
we focused on a new version of the pseudo-maximum likelihood and its asymptotic
properties. Results about consistency have been proved and confirmed by means of
numerical studies. A Monte Carlo simulation study with 1000 GJR-COGARCH sam-
ples compared pseudo-maximum likelihood method with the method of moments and
we obtained that PML estimates are less biased and more efficient than MM estimates.
Asymptotic properties of the PML estimator are still subject of research; asymptotic
distribution and rates of convergence are in progress. Moreover, the interest in multi-
variate continuous time models with stochastic volatility has increased in recent time,
therefore an extension of the PML method to such multivariate processes are taken
into consideration.
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