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ABSTRACT. In this paper we compare the expressive power of elementary rep-
resentation formats for vague, incomplete or conflicting information. These in-
clude Boolean valuation pairs introduced by Lawry and Gonzalez-Rodriguez,
orthopairs of sets of variables, Boolean possibility and necessity measures,
three-valued valuations, supervaluations. We make explicit their connections
with strong Kleene logic and with Belnap logic of conflicting information. The
formal similarities between 3-valued approaches to vagueness, and formalisms
that handle incomplete information often leads to a confusion between de-
grees of truth and degrees of uncertainty. Yet there are important differences
that appear at the interpretive level: while truth-functional logics of vague-
ness are accepted by a part of the scientific community (even if questioned by
supervaluationists), the truth-functionality assumption of three-valued calculi
for handling incomplete information looks questionable, compared to the non-
truth-functional approaches based on Boolean possibility-necessity pairs. This
paper aims to clarify the similarities and differences between the two situa-
tions. We also study to what extent operations for comparing and merging
information items in the form of orthopairs can be expressed by means of op-
erations on valuation pairs, three-valued valuations and underlying possibility
distributions.

Keywords: Kleene logic, partial models, orthopairs, vagueness, incomplete
information, Belnap logic, supervaluations

1. INTRODUCTION

Three-valued logics have been used for different purposes, depending on the
meaning of the third truth-value. Among them, Kleene logic [Kleene(1952)] is
typically assumed to deal with incomplete knowledge, with the third truth-value
interpreted as unknown. Another possibility is to interpret the additional truth-
value as borderline, as a means of representing borderline cases for vague predi-
cates [Keefe and Smith(2007)]. It is then tempting to use Kleene logic as a simple
logic of non-Boolean predicates as done recently by Lawry and Gonzalez-Rodriguez
[Lawry and Gonzalez Rodriguez(2011)]. They introduced a new formalism to han-
dle three-valued vague predicates by means of upper and lower Boolean valuations.
Basic three-valued connectives of conjunction, disjunction and negation can be
expressed by composing Boolean valuation pairs. Moreover they showed how to
recover the connectives of Belnap 4-valued logic of conflict in terms of Boolean val-
uation pairs. They also use another equivalent representation consisting of pairs of
subsets of atomic variables, that are disjoint when they represent Kleene valuations.
Lawry and Tang [Lawry and Tang(2012)] interpret the supervaluation approach
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to vagueness in terms of general non-truth functional valuation pairs respecting
Boolean tautologies.

However, three-valued valuations also encode Boolean partial models, like for in-
stance in partial logic [Blamey(1985)]. Orthopairs of variable sets then represent the
sets of Boolean variables that are known to be true and of those that are known to
be false. The third truth-value then refers to the unknown. The natural generalisa-
tion of partial models consists of epistemic sets, understood as non-empty subsets of
interpretations of a Boolean language, representing the information possessed by an
agent, which can be viewed as all-or-nothing possibility distributions [Zadeh(1978)].
Such possibility distributions generalize to formulas in the form of possibility and
necessity functions [Yager(1980), Dubois and Prade(1998)]. Possibility theory, even
in its all-or-nothing form, is not truth-functional, which explains apparent anom-
alies in Kleene logic for handing incomplete information [Dubois and Prade(2001)].
More recently Lawry and Dubois [Lawry and Dubois(2012)] proposed operations
for merging valuation pairs and study their expression in terms of three-valued
truth-tables, as well as pairs of subsets of variables.

In this paper, we focus on the use of orthopairs of subsets of variables for han-
dling vague or incomplete information. We compare the expressive power of three-
valued valuations, Boolean valuation pairs, and orthopairs. The aim is to expose
the differences between these three representation tools. In contrast with these
truth-functional representation tools, we consider non-truth functional ones, such
as possibility-necessity pairs and supervaluations, respectively used for modeling
incomplete information and vagueness, and show their formal similarities, as well
as their differences with Boolean valuation pairs. Besides, we show that orthopairs
are more difficult to handle than three-valued valuations and Boolean valuation
pairs when it comes to evaluating logical expressions in Kleene logic, even if the
three notions are in one-to-one correspondence.

We then study informational orderings and combination rules for the merging
of pieces of information that can be expressed in terms of orthopairs. Again, some
discrepancies are highlighted in their expressive power compared to other represen-
tation formats, especially possibility distributions.

This paper is structured as follows. The next section presents three different
ways of encoding three-valued valuations. Section 3 presents two uses of these
representations, for modeling borderline cases of vague predicates, and for incom-
plete Boolean information. Section 4 casts them in the setting of possibility theory.
The strong formal similarity between supervaluation pairs and possibility-necessity
pairs is also highlighted. Section 5 extends these representations so as to account
for conflict in accordance with Belnap logic. We then obtain generalized valuation
pairs that can be inconsistent, and general pairs of subsets of variables that can
overlap (on variables for which knowledge is inconsistent). The problem of import-
ing the recursive definitions of consistent pairs of valuations for logical expressions
into the framework of orthopairs of variables is discussed in detail in Section 6.
Section 7 considers various notions of ordering relations between three-valued valu-
ations and various combination rules. It studies whether they can be encoded in the
three formats proposed in this paper. Finally in Section 8, we check whether these
combination operations are expressible in terms of the fusion of general subsets of
interpretations.
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2. THREE-VALUED VALUATIONS

Let A be a finite set of (propositional) variables. We denote by 3 the set {0, %, 1},
equipped with total order 0 < % < 1, loosely understood as a set of truth-values
with 0 and 1 respectively referring to false and true.

Definition 1. A three-valued valuation is a mapping 7 : A — 3.

We denote by 3 the set of three-valued valuations. A particular subset of 3
consists of Boolean valuations (or interpretations), i.e. mappings w : A — {0,1};
we denote by Q = {0, 1} the set of all such valuations.

In this section we introduce two alternative representations of three-valued valua-
tions together with their extensions to logical expressions in Kleene logic: orthopairs
and ordered pairs of Boolean valuations.

2.1. Representations of three-valued valuations.

Definition 2. By an orthopair, we mean a pair (P, N) of disjoint subsets of vari-
ables: PN C A and PN N = 0.

A three-valued valuation 7 : A — 3 induces an orthopair as follows: a € P if
7(a) =1,a € N if 7(a) = 0. So P and N stand for positive and negative literals,
respectively. Conversely, given an orthopair (P, N) we can define the following
three-valued function:

0 aeN
7(a)=<1 acP
% otherwise

There is indeed a bijection between orthopairs and three-valued valuations.

Lawry & Gonzalez-Rodriguez [Lawry and Gonzélez Rodriguez(2011)] propose
yet another representation of ternary valuations 7 by means of consistent Boolean
valuation pairs:

Definition 3. A consistent Boolean valuation pair (BVP) is a pair © = (v,v) € Q2
of Boolean valuations on {0,1}, such that v < T holds pointwisely. v is called a
lower Boolean valuation, and T is an upper Boolean valuation.

A three-valued valuation induces a consistent BVP as follows. For variables

a€ A

e if 7(a) = 1 then v(a) =7(a) = 1;
e if 7(a) = 0 then v(a) =v(a) = 0;
e if 7(a) = 1 then v(a) = 0,7(a) = 1.

Clearly the property v < v holds and expresses consistency of the BVP. There is
also a one-to-one correspondence between consistent BVP’s such that v < v and
orthopairs (P, N), defined by P ={a € A:v(a) =7(a) =1}, N={a € A:v(a) =
v(a) = 0}, and v(a) = 0,7(a) = 1 if a ¢ PUN. The condition PN N = 0 is
equivalently expressed by v < T using BVPs. Obviously, 7(a) = M

So, in the case where v < ¥ there are bijections between three-valued functions,
orthopairs and consistent BVP’s as illustrated by Fig.1.
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TABLE 1. Kleene strong conjunction M

2.2. Kleene logic expressions. In this paper we focus on the simplest three-
valued logic known as Kleene logic [Kleene(1952)]. Kleene logic uses two connec-
tives: an idempotent conjunction M and the involutive negation ’. Connectives are
defined truth-functionally, as follows (see also Table 1).

Definition 4. Negation and conjunction are respectively defined by:

e 0 =1,1=0, %/ = %, which reads T(¢') =1 — 7(9).

o T(¢MY) = min(7(¢), 7(4))
Based on these connectives, we can construct a language Lx. The language Lg
is recursively generated by: a € Lk,¢" € Lk, My € Lg. The corresponding
disjunction is gLl that stands for (¢'Mvy’) such that 7(¢pU1) = max(7(¢), 7(v)) =
(¢! ).

This language defines a class of three-valued functions whose expressions are the
same as those of Boolean logic, but for the possibility of simplifying terms of the
form a Ua’ and a Ma’. Remarkably, there is no tautology in Kleene logic, that is,
no constant function f : 34 — 3 taking the value {1} that can be expressed in the
Kleene logic language. In fact any proposition in Kleene logic takes value % if all
its variables take value %

Upper and lower Boolean valuations can be extended to formulas ¢ built from
variables and Kleene connectives ’, 1, L:

(2.1) v(¢') =1 - v(¢);
(2.2) 0(¢ M) =min(0(¢), 0(¢));  v(¢ M) = min(v(¢), v(¢));
(2.3) v(¢ U ) =max(v(9),v(¢));  v(¢Uy) = max(v(e), v(¢));

It can be checked that if 7(¢) is computed by means of Kleene truth tables and
the pair (v,7) is computed by the above identities then,

e if 7(¢) = 1 then v(¢) =7(¢) = 1;
o if 7(¢) = 0 then v(¢) =v(¢) = 0;
o if 7(¢) = 3 then v(¢) = 0,7(¢) = 1;

e shall occasionally abuse notation by identifying truth functions with the corresponding
connectives in the language.
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Furthermore, it can be shown by induction that the three-valued valuation 7 can
be defined as an arithmetic mean of v, v for all expressions in Kleene logic:

Proposition 1. For any formula ¢ formed using the Kleene connectives it holds

Proof. 1t is easy to check that for atomic propositions 7(a) = M By induc-
tion, we can prove by enumerating all the possible situations, that

o () =1—7(¢) =1 - y(¢);ﬁ(¢)7: 2(45/)-;-5(05/)7 -

o T(¢pMY) = min(yw);vw)’ y(w);v(w)) _ mm(ﬂ(¢)&(¢))42rmm(v(¢),v(w))'

O

The question of whether the evaluation of Kleene expressions can be obtained
by combining orthopairs is much less obvious and will be addressed in Section 6.
However, we first point out two areas where Kleene logic has been used.

3. THREE-VALUED LOGIC: VAGUENESS VS. INCOMPLETE INFORMATION

There are two main interpretations of Kleene logic: it provides a representation
of borderline cases in the modeling of vagueness, or it may account for reasoning
under incomplete knowledge.

3.1. Kleene logic as an elementary framework for vague predicates. The
existence of borderline cases when evaluating the truth status of propositions is
supposed to be one of the main characteristics of vagueness in natural language
[Keefe and Smith(2007)]. In the most elementary representation of vagueness we
can assume variables to be three-valued, with the third truth value % being inter-
preted as borderline. In this approach, each three-valued valuation is a complete
model, that is, whereby each variable is assigned a truth value (false, true or border-
line). This is the approach of Lawry & Gonzalez-Rodriguez [Lawry and Gonzdlez Rodriguez(2011)],
who cast this elementary idealized model of vague propositions in Kleene three-
valued logic [Kleene(1952)]. While 1 means borderline, the truth-values 1 and 0
respectively mean clearly true and clearly false. In other words, the value % in-
dicates a situation where a proposition is neither clearly true nor clearly false. It
is easily seen that the lower valuation v evaluates whether a proposition is clearly
true or not, while the upper valuation v evaluates whether a proposition is at least
borderline true or not. In this view, an orthopair (P, N) is interpreted as follows:
P is the set of variables that are clearly true in the situation under concern, N the
set of clearly false ones, and the remainder are considered to be borderline.

The corresponding three-valued set-theory is a very elementary variant of fuzzy
set theory [Zadeh(1965)] where sets possess central elements and peripheral ones
as first studied, in the scope of linguistics, by Gentilhomme [Gentilhomme(1968)].
For instance, in the scale [0, 250] cm., men heights from 1.80 m. up are considered
typical of tall heights, hence central, while heights between 1.70 to 1.80 m. cor-
respond to borderline cases of tall. So, the predicate tall may be better described
as a three-valued one than as a Boolean notion, as some persons may be judged
neither clearly tall not clearly not tall (as opposed, e.g. to other clearcut predicates
such as single, see e.g., Table 2). But these persons may as well be judged at the
same time peripherally tall and peripherally not tall, (the weak forms of opposite
predicates overlap) even if not clearly so.



6 DAVIDE CIUCCI, DIDIER DUBOIS, AND JONATHAN LAWRY

TABLE 2. Borderline vs. unknown

Name Tall Single
John 1 1
Paul | Borderline 1

George 0 Unknown

Ringo 0 0

This elementary modeling of borderline cases is discussed in the book of Shapiro
([Shapiro(2006)], page 64). The three-valued setting reflects the open texture of
vague predicates leading to propositions that can go either way. He elaborates a
supervaluationist approach on top of the three-valued setting: the borderline truth-
value is then understood as reflecting the fact that the truth status of the statement
tall(z) is likely to move from true to false and back in conversational scores. For
instance, in Table 2, Paul may alternatively be declared tall or not tall, because his
height lies between 1.6 and 1.8 meters. Of course, this is just a coarse idealisation
of the vagueness phenomenon, in fact the most elementary one might think of, since
the borderline interval [1.6, 1.8] is questionably overprecise.

The clear-cut boundaries between the borderline area and the truth and falsity
ones may be found counterintuitive. However, it is maybe worth noting that Sains-
bury [Sainsbury(1997)] argues against the introduction of higher order vagueness
in terms of borderline borderlines etc. He says that even if you do such a thing the
important question is which cases are definitely true and which are definitely false.
And, following Shapiro [Shapiro(2006)], one may consider such precise boundaries
as artefacts of the model, whose aim is solely to expose the presence of borderline
cases in the extension of vague predicates. They do not represent something mean-
ingful for the understanding of natural languages. Besides, the truth-functionality
of Kleene logic of borderline has a well-founded algebraic setting (the so-called
Kleene algebras), the adequacy of this assumption is widely questioned by super-
valuationists, among others [Fine(1975)]. We will make no attempt here to engage
in the debate regarding higher-order vagueness and the limitations of the three-
valued logic of borderline to account for the representation of vagueness. Instead,
our purpose is only to use a very basic representation of non-Boolean predicates
(as advocated by Lawry and colleagues) and contrast it with the logic of unknown.

3.2. Kleene logic and incomplete information. The original intuition in [Kleene(1952)]
regarding the interpretation of the third truth-value % corresponds to the idea of
unknown instead of borderline. In this section, we assume that the third truth-value

% means unknown, and refers to the ignorance about the actual Boolean truth val-

ues of classical binary propositional variables. The truth-tables of Kleene logic are

then sometimes used to propagate incomplete knowledge.

In many applications, such as relational databases [Codd(1979)], or logic pro-
gramming [Fitting(1985)], we assume that an agent expresses knowledge only about
elementary Boolean variables. In the database area, the value % is called a null
value. For instance, in Table 2, the variable pertaining to the predicate single is
Boolean, but it is not known whether George is single or not. However, the pred-
icate single is in no way vague. This example illustrates the difference between
borderline and unknown.
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An orthopair (P, N) then does not have the same meaning as in the previous
Subsection 3.1. Here, P is the set of atomic propositions known to be true (in the
usual sense), and N is the set of atomic propositions known to be false. Clearly,
A\(P U N) represents variables on which the agent has no knowledge. Note that
this is formally the same orthopair as in the previous section, and it can again be
encoded as a three-valued valuation. However, the intended meanings of orthopairs
are quite different: in the vagueness situation, an orthopair represents complete
knowledge about a mon-Boolean description, while here it represents incomplete
knowledge about a Boolean proposition in a standard propositional language £
equipped with usual conjunction, disjunction and negation connectives respectively
denoted by A, V, .

In this Boolean language, the orthopair (P, N) corresponds to a conjunction
of literals in A, i.e., A,cpa A A ey —a. At the semantic level, (P, N) is some-
times called a partial interpretation or partial model. Usually in partial logic
[Blamey(1985)], the same satisfiability definitions as for Boolean valuations are
applied to partial models, which can be questioned [Dubois(2008)].

Let the set of Boolean models of a formula ¢ (that is, the set of Boolean valu-
ations that make ¢ true) be denoted by E = [¢]. An orthopair (P, N) viewed as
a partial model corresponds to a non-empty set Epny = [A,ep @ A Ngen —a] of
Boolean valuations, namely all Boolean interpretations w that complete the partial
model. A Boolean valuation w then corresponds to an orthopair (P, P¢), where
P¢ denotes the complement of P, that partitions the set of propositional vari-
ables; or, equivalently, w is the only model of a maximal conjunction of literals
Nacp, @ N Nagp, —a. Boolean valuations that complete an orthopair (P, N) can
be represented by (P, PS) where P C P, and N N P, = @. It is often the case
(e.g. in logic programming) that a Boolean valuation w is simply represented by
the subset P, = {a € A: w(a) = 1} = P of positive literals it satisfies as per the
above expression. This exposes the one-to-one correspondence between € and 2.

Now, let us suppose that an agent expresses knowledge by means of positive
literals, P C A. We can have two attitudes with respect to the other variables in
A\P. First, the open world assumption. In this case nothing is assumed about
A\P. Then the corresponding orthopair is (P,(}). In contrast, under the closed
world assumption, it is supposed that what is not said to be true is false, thus
N = A\P contains the negative facts. This corresponds to selecting just a single
valuation (P, P¢) among all the possible ones in E(p).

Now let us turn to the use of upper and lower Boolean valuations in this context.
The lower valuation v(a) = 1 means that variable a is known to be true, the upper
valuation 7(a) = 0 means that a is known to be false, while the case where v(a) =0
and v(a) = 1 corresponds to the case where it is unknown whether a is true or
false. Very naturally, the pair (v(a),7(a)) represents the set of possible (Boolean)
truth-values of a, according to the available state of information. The truth-tables
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of Kleene logic are then precisely the set-valued extensions of the Boolean truth-
tables [Priest(1979), Dubois(2012b)], namely:

(v(aAb),T(and)) ={w(laAd):v<w<T}

= (min(v(a), v(b)), min(v(a), v(b)))
(v(aVb),v(aVd) ={wl@Vvd):v<w<7T}
— (max(u(a), o(b)), max(v(a), (1))
(v(=a),v(a)) = {w(=a) : v < w <V} = (1 =2(a),1 - v(a))

However, if used to evaluate the knowledge about the truth or falsity of any Boolean
formula, the recursive application of these definitions becomes counterintuitive in
the incomplete information setting. Indeed, using Kleene logic (or the recursive
formulas on the upper and lower Boolean valuations as in the previous section),
one finds that for instance, (v(a A —a),v(a A —a)) = (0,1), if 7(a) = 5. However,
under the incomplete information setting, since w(a) can only be true or false, the
truth-value w(aA—a) is necessarily 0 (known to be false). And this can be retrieved
directly by applying the set-valued calculus to all formulas ¢, namely, by computing

V(¢) = {w(¢) : v(a) < w(a) <v(a),Va € A},

rather that using the truth-tables for conjunction, and negation recursively. For
instance, Vo <7,V (a A —a) = {0} (and not {1,0} provided by Kleene truth-tables)
since Yw,w(a A —a) = 0. Tt suggests that the lack of tautology in Kleene logic
can be considered surprising in the scope of incomplete Boolean information: if
variables are Boolean, classical tautologies should be preserved, even if the truth-
value of some variables is unknown. For instance, from Table 2 we do not know
whether George is single, but it is always true that he is “single or not single”. The
explanation of this apparent anomaly is clarified in Section 4.3.

So, while there is a one-to-one correspondence between partial models represent-
ing incomplete information and three-valued valuations (relying on the bijection
between 3 and the set {{0},{1},{0,1}} of non-empty subsets of the unit inter-
val), Kleene truth-tables do not correctly model the incomplete information set-
ting for evaluating the epistemic status of complex Boolean formulae. To over-
come the limited expressiveness of orthopairs when modeling incomplete informa-
tion, one needs a more general view of epistemic states as can be provided in
terms of {0, 1}-valued possibility distributions over interpretations [Yager(1980),
Dubois and Prade(1998)].

4. NON-TRUTH-FUNCTIONAL FRAMEWORKS FOR INCOMPLETE OR VAGUE
INFORMATION

The aim of this section is to discuss formal settings that are slightly more ex-
pressive than Kleene logic for addressing the problem of incomplete information in
the classical logic setting and the question of vagueness. They share the feature
of dropping the truth-functionality assumption, and turn out to be formally very
close.

We first explain the limitation of orthopairs in the representation of epistemic
states, viewing them as {0, 1}-valued possibility distributions over the set of classi-
cal interpretations. Then we recall {0, 1}-valued possibility and necessity measures
which we compare to upper and lower Boolean valuations. We show their close con-
nection with modalities in epistemic logic. Finally, we show that supervaluations,
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3 Orthopairs | Valuation pairs | Subsets of Boolean valuations
0 (@,A) :7(§7 6) {w0} = [/\QEA_‘G’]
2 (0,0) @1 0
1 (A0 1= (1,1) {wi} = [Aaead]
undef. undef. undef. 1]

TABLE 3. Basic epistemic sets representable by orthopairs.

usually applied to the modeling of vagueness, are formally very close to possibility
theory.

4.1. The limited expressiveness of orthopairs for incomplete information.
In the following, a non-empty subset of Boolean valuations £ C € is called an
epistemic set. It represents an agent’s epistemic state, that is, a state of information
according to which all that is known is that the real world is properly described
by one and only one of the valuations in £. The sets E(p n) of Boolean valuations
compatible with a partial model (P, N) are special cases of epistemic sets.

We can equivalently represent an epistemic set £ by a possibility distribution
[Zadeh(1978)):

Definition 5. A Boolean possibility distribution is a mapping 7 : Q — {0,1} such
that m(w) =1 for some w € w.
The possibility distribution 7 attached to F is simply its characteristic function:

1 ifw € E (it means possible
(4.1) mg(w) = { ( P )

0 otherwise (impossible)
Then, the possibility distribution 7(p ny) of the epistemic set E(p ) associated

with an orthopair (P, N), i.e. the set of models of ¢ = A\ ,cpa A A —a, can be
factorized as:

a€EN

(4.2) mp,Ny (W) = mm(gg}rjl Wa(w)’gé% 1 — 7 (w))

with convention ming = 0 and

1 ifwk
Wa(w):{ ifwka

0 otherwise.

The epistemic set E(p ) is a set of Boolean valuations that takes the form of a
Cartesian product of subsets of {a,—a},a € A. We refer to this as hyper-rectangle,
by analogy with the Cartesian product of intervals in the real line R™. Thus,
partial models are viewed as hyper-rectangles in the space Q = {0,1}" if there are
n variables. In the case of the special orthopair (P, P¢), the possibility distribution
7(p,pe) takes value 1 only for the valuation characterized by P.

Table 3 shows basic epistemic sets that are modelled by orthopairs. Note that
the use of orthopairs highlights the interpretation with all positive literals and also
the one with all negative literals, which play no specific role in the more general
possibility theory setting. Moreover, there is no way of representing the empty set
of interpretations (the contradiction) with orthopairs or consistent valuations.

However we can generate a rectangular upper approximation of any non-empty
subset £ C € of Boolean interpretations by means of a single partial model

RC(E) = (Pg, Ng) as follows:
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e a € Pgiff wia)=1,YVw e E,
e a € Ng iff w(a) =0,Vw € E.

The map E — (Pg, Ng) defines an equivalence relation on possibility distributions
over Q@ and Ep ) = U{E : (Pg,Ng) = (P,N)}. RC(E) can be called the rect-
angular closure of E. Note that the rectangular closure of £ may even lose all
the information contained in E. For example, if F is a disjunction of interpreta-
tions having different projections on each atomic space, such as any diagonal of the
hyper-rectangle €2, then RC(E) = Q.

In general, a non-empty epistemic set £ C () can be represented by a collection
of orthopairs, which can be viewed as a disjunction of partial models. To see this,
consider a Boolean formula ¢ whose set of models is exactly E. Then, convert ¢
to disjunctive normal form (as a disjunction of conjunctions of literals). Each such
conjunction can be represented by an orthopair.

Remark 1. We can always represent E by a set of mutually exclusive subsets
of interpretations, each representing partial models. This is because it is always
possible to convert a disjunction of conjunctions into an equivalent disjunction of
mutually exclusive conjuncts, for instance using specific normal forms (such as
binary decision diagrams [Bryant(1992)] ).

So, the use of Kleene logic to handle incomplete knowledge is subject to severe
limitations in terms of expressiveness, since only a small subfamily of epistemic sets
can be captured by orthopairs. Using orthopairs to represent incomplete knowledge
presupposes that information can only have a bearing on variables, independently
of each other. While in logical representations, variables are supposed to be logi-
cally independent, the use of orthopairs carries this assumption over to epistemic
independence (independence between pieces of knowledge pertaining to variables).
Replacing possibility distributions by probability distributions, it is similar to as-
suming stochastic independence between variables (which is a strong assumption).

4.2. Possibility-Necessity pairs. If the available information takes the form of

an epistemic set E, we can attach to any proposition its possibility and necessity
degrees N (¢) and TI(¢) [Dubois and Prade(2001)].

Definition 6. Necessity measure N and possibility measure I are respectively de-
fined as

(4.3) II(¢) =1 if and only if Jw € E,w = ¢ and 0 otherwise;
(4.4) N(¢) =1 if and only if Vw € E,w |E ¢ and 0 otherwise.

N(¢) = 1 means that ¢ is certainly true, and II(¢) = 1 that ¢ is possibly true, in
the corresponding epistemic state. So, if N'(¢) = 0 and II(¢) = 1, it means that
the truth of ¢ is unknown in the epistemic state [Dubois and Prade(2001)]. The
set-function II(¢) (resp. N) is an extreme case of numerical possibility measure
[Zadeh(1978)] (resp. necessity measure [Dubois and Prade(1998)]).

We can compute the pair (N, II) of functions £ — {0, 1} induced by the epistemic
set representing an orthopair (P, N) as follows:

o N(¢) =1if \jcpaA N\,ey—a = ¢ and 0 otherwise.
o II(¢) =1if A\ cpaA N\,eny —a A @ is consistent, and 0 otherwise.



BORDERLINE VS. UNKNOWN 11

There is an obvious similarity between consistent BVPs extended to the whole
language and necessity-possibility pairs (A, IT), namely the following identities hold:

(4.5) N(=¢) =1 —1I(¢) and II(=¢) =1 - N(¢)
(4.6) N(O A @) =min(N(0), N (p))
(4.7) I1(0 V ¢) = max(I1(0), II(¢)).

However there is a difference between them: while v(6 V ¢) = max(v(6),v(y)) and
7(0 A ) = min(v(6),7(p)), in general, it only holds that

N0V ¢) = max(N(0), N (¢))
and

10 A @) < min(TI(0), I1(¢p)).
In particular, TI(6 A —0) = 0 (non-contradiction law) and M(6V —6) = 1 (excluded
middle law), thus escaping the anomaly of losing the Boolean tautologies when

information is incomplete and propositions are Boolean. Due to these properties,
it is clear that:

Proposition 2. If the epistemic set is a partial model encoded by the consistent
BVP (v,0) the associated possibility-necessity pairs are recovered as

1(¢) = max w(¢)
N(¢) = min_w(¢)

Proof. v < w < v is equivalent to saying that w is a completion of the partial model
(P, N) encoded by (v,7), i.e. w € E(p). O

It is easy to identify logical expressions ¢ for which extended consistent BVP’s
(v, v) and possibility-necessity pairs (I, V) differ.

Example 1. alUb and a U (a’ Mb) are not equivalent propositions under extended
consistent BVP’s. Indeed, consider the orthopair (P,N) = ({b},0). Since v(b) =
v(b) =1, it is obvious that T(a Ub) = v(aUb) =1 too. For the other formula, we
can proceed as follows:
e U(a) =1 and v(a) =0 sincea ¢ PUN;
v(a’) =1 and v(d’ likewise;
v(a’ Mb) = min
v(a’ Tb) = min
Sov(all(a’' T
e Sow(al (a’'Mb)) =max(v(a),v(a’ Mb)) =0;
Note that this result is more easily checked with Kleene truth-tables, since, with
7(a) = §,7(b) = 1, 7(alb) = max(%,1) = 1, while 7(all(a’Mb)) = max(3, min(3,1))
%, However, in the Boolean setting the two formulas aVb and aV (—a Ab) have the
same set of models, so N(aVb) =N(aV (—aAb)), and II(aVb) =II(aV (~a Ab)).

More generally, given a tautological Boolean formula ¢, there exists a consistent
BVP (7,v) such that 5(¢) = 1, v(¢) = 0, corresponding to the third truth-value
%. In contrast, for any possibility necessity pair, it holds that N (¢) = II(¢) = 1.
Conversely, given an inconsistent Boolean formula ¢, there exists a consistent BVP
(U,v) such that ©(¢) = 1,v(¢) = 0. In contrast, for any possibility necessity

pair, it holds that A (¢) = TI(¢) = 0. This indicates that possibility necessity
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pairs represent incomplete information more faithfully than BVPs. So there is no
equality between v and II, nor between v and N. However, a consistent BVP (v, )
determines a unique possibility-necessity pair: the former determines an orthopair
(P, N) and the resulting possibility-necessity pair (IT, \') is the one that is induced
by the rectangular epistemic set E(p n-

4.3. Possibility theory and epistemic logic. In fact, necessity-possibility pairs
(N, 1II), as witnessed by their characteristic axioms (4.5), are also pairs of dual
KD modalities, and as such it is legitimate to connect them to epistemic logic
[Halpern et al.(2003)Halpern, Fagin, Moses, and Vardi]. This connection is made
under the form of a simplified epistemic logic called MEL [Banerjee and Dubois(2009),
Banerjee and Dubois(2014)]. It is based on a fragment of the KD language, with no
nesting of modalities and no objective (modality-free) formulas. In other words, it
is a higher-order standard propositional language with atomic formulas of the form
Oa, where « is any propositional formula of an underlying standard propositional
language. Its axioms are the usual K, D, and a necessitation axiom for propositional
tautologies, on top of propositional axioms for the modal formulas. Even though
one may consider MEL as a genuine special case of KD or S5, there are differences
with the usual epistemic logic such as S5:

e It cannot distinguish belief from knowledge (true belief) since axiom T
(Oa — ) cannot be expressed in the MEL language.

e MEL does not deal with introspection: it accounts for partial knowledge
of the epistemic state of an external agent (e.g. the perception of what a
computer knows of believes). However the present paper is not concerned
with introspection either.

e Its semantics is in terms of epistemic sets E # (), not in terms of accessibility
relations (in fact MEL is just a propositional logic, adopting the language of
epistemic logic). Namely a modal formula in MEL is evaluated on epistemic
sets, not on possible worlds.

In [Ciucci and Dubois(2013)], we have shown than Kleene logic (and other three-
valued logics of unknown) can be encoded in MEL. We then have to restrict the
MEL language to atomic formulas of the form (¢ where ¢ is a Boolean literal. The
translation of 7(a) = 1 is Oa,? the translation of 7(a) = 0 is O—a and thus the
translation of 7(a) = % is OaAO—a. It first explains why there are no tautologies in
Kleene logic for incomplete information. Indeed, OaV—a is clearly not a tautology
in the modal logic KD while a V —a is a tautology in propositional logic.

It also clearly highlights the limited expressive power of three-valued logics,
namely a disjunction of literals such as a U —b in Kleene logic (Kleene implica-
tion) corresponds to Oa vV O-b in MEL, while O(a V —b) has no counterpart in
Kleene logic. In other words, the sub-logic of MEL accounting for three-valued log-
ics of unknown uses a language where only literals are prefixed by modalities, and
the semantic account can be restricted to rectangular epistemic sets corresponding
to three-valued valuations, or equivalently, to orthopairs (P, N).

Remark 2. A pair of two-valued truth-functional dual modalities reduces to two
standard Boolean valuations [Dubois and Prade(2001)], while, in the three-valued
propositional setting accommodating borderline cases, such deviant modalities (where

2In other words, 7(a) = 1 iff w(a) = 1 is certainly true.
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the lower necessity-like valuation distributes over disjunctions) are not trivial. More
general Kleene algebras displaying such deviant modalities are studied in [Cattaneo et al.(2011)Cattaneo, Ciucci, :

4.4. Supervaluations and possibility theory. Supervaluationism, proposed by
Fine [Fine(1975)]3, is an alternative model of borderline cases as yielding truth-gaps
between clearly true and clearly false. In this approach the fundamental idea is that
variables taking borderline values can be indifferently assigned any of the clearcut
values. Such completions correspond to a set of admissible Boolean valuations.

Definition 7. A sentence is supertrue if it is true in every admissible valuation
and superfalse if it is false in every admissible valuation.

Accordingly, a sentence is borderline, if it is neither supertrue or superfalse or, in
other words, if there are some admissible valuations for which the sentence is true
and other ones for which it is false. Unlike three-valued logics, the supervaluationist
approach is non-compositional and it also preserves Boolean logical equivalences,
tautologies and contradictions*. For example, even if propositional variable a and its
negation —a are both borderline, nonetheless, the sentences aV—-a and aA—a are al-
ways supertrue and superfalse respectively. This is in contrast to the same scenario
in Kleene logic where both sentences would be allocated a borderline truth-value.
This example is a particular case of what Fine [Fine(1975)] refers to as penumbral
connections as corresponding to logical relations holding between borderline sen-
tences. For instance, given a set of borderline literals, penumbral connections may
result in certain logical combinations of these literals being either clearly true or
clearly false. In general, its advocates argue that the supervaluationist approach is
better able to represent penumbral connections than three-valued logics.

Example 2. Consider the following type of penumbral connections related to the
vague predicate Tall of Table 2. Suppose we have an increasing sequence of heights
h1 < hy < ... < hy, where hy is classed as being clearly not tall, whilst h, is
clearly tall. All other heights are taken to be borderline cases of tall. However,
despite their borderline classification if we were to learn that height h; was indeed
considered tall we would immediately infer that h; should be also considered tall
for 7 > i. Now defining propositional variables such that a; denotes the statement

‘a person of height h; is tall’ for i =1,...,n, then such penumbral connections can
be captured by the epistemic set E = {ws,...,w,} where w;(aj) =1 if and only if
j>i

In the setting of propositional logic, a natural formalisation of supervaluationism
is in terms of (non-truth-functional) lower and upper truth valuations as recently
proposed by Lawry and Tang [Lawry and Tang(2012)]. In this approach a set of
admissible Boolean valuations is identified, and then for any sentence ¢ € L, the

lower valuation of ¢ is 1 if and only if ¢ is true in each of the admissible valuations

3In fact the term supervaluation was originally introduced by van Fraassen
[van Fraassen(1966)] with regard to the situation in predicate logic when some terms of
the language do not have referents in a particular interpretation.

4If sentences 0,¢ € L are classically equivalent in the sense that for all Boolean valuations
w € Q, w(d) = w(¢), then 0 is supertrue (superfalse) if and only if ¢ is supertrue (superfalse).
Similarly, if ¢ is a tautology in the sense that for every Boolean valuation w € Q, w(¢) = 1 then
¢ is supertrue. Finally, supervaluationist truth models are not compositional since, in general
knowing the truth value of # and of ¢ is not sufficient to determine the truth value of 8 A ¢ or
0V .
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i.e. ¢ is supertrue. Similarly, the upper valuation of ¢ is 1 if and only if ¢ is true
in at least one admissible valuation, i.e., ¢ is not superfalse.

Definition 8. Let E C Q denote the set of admissible valuations for L. Then we
define lower and upper valuations v : L — {0,1} and ©: L — {0,1}, referred to as
a supervaluation pair [Lawry and Tang(2012)], such that V¢ € L;

v(¢) = min{w () : w € E} and 7(¢) = max{w(¢) : w € E}

Here v(¢) = 1 means that ¢ is supertrue and v(¢) = 0 means that ¢ is superfalse.
This formalisation is mathematically identical to the Boolean possibility-necessity
pairs described in Subsection 4.2. More specifically,

Proposition 3. Let E C Q be the set of admissible valuations of the language L.
Consider the necessity and possibility measures defined in equations 4.3 and 4.4.
Then ¢ is supertrue if and only if N'(¢) = 1 and superfalse if and only if TI(¢) = 0.

The proof of this proposition is straightforward (see also [Dubois(2012a)]). So,
the Lawry and Tang supervaluationist lower and upper valuations in the supervalu-
ation framework then respectively correspond to necessity and possibility measures.

Despite this formal identity between supervaluations and Boolean possibility-
necessity pairs there is none-the-less a subtle interpretational difference between
the two models. Interestingly, this difference is inherently linked to the interpre-
tation of the intermediate value. The notions of conjunctive and disjunctive sets
[Yager(1987)], [Dubois and Prade(2012)] are fundamental to understanding these
two distinct semantics. A conjunctive set is a conjunction of elements representing
the value of a set-valued property, whereas a disjunctive set is a collection of mu-
tually exclusive elements, each representing one of a number of possibilities, only
one of which can actually be realised. For example, the set of people who have
bought a lottery ticket is a conjunctive set, whilst the set of people who may possi-
bly have the winning lottery ticket is a disjunctive set. From this perspective then
the supervaluationist set of admissible valuations is a conjunctive set of Boolean
valuations in the sense that each precisification of the given truth-model is on a par
with another whilst for Boolean possibility-necessity pairs the underlying epistemic
set is a disjunctive set of possible Boolean valuations only one of which captures
the actual precisification. The latter disjunctive view is closer to the epistemic
approach to vagueness, advocated by Williamson [Williamson(1994)]. The con-
junctive view can actually in turn be interpreted in two ways: supervaluationists
consider that none of the precisifications is appropriate, while plurivaluationists
(like Smith [Smith(2008)]) consider all precisifications are equally good.

4.5. Bounded epistemic sets. Many of the theoretical results concerning super-
valuationism can be easily translated from Lawry and Tang [Lawry and Tang(2012)]
into possibility theory. This translation highlights the relationship between Boolean
possibility theory and Kleene three-valued logic of borderline. Such relationships
are best formulated within the context of a particular restricted class of epistemic
sets defined as follows:

Definition 9. An epistemic set E C Q is said to be bounded iff {wg, Wg} C E,
where wg(a) = min{w(a) : w € E} and Wg(a) = max{w(a) : w € E}, for all

a€ A
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Notice that an epistemic set E(p ny induced by an orthopair (P, V) is a special
case of a bounded epistemic set in which wp = v(p yy and W = U(p n), the con-
sistent BVP (v(p n), D(p,n)) induced by (P, N). In fact we can view such states as
being bounded and complete since Epny = {w € Q:vp ) < w < V(pn)). There
are, however, many cases of bounded epistemic sets which cannot be generated in
this way.

Example 3. A simple example of a bounded epistemic set is E = [(aAb)V(—aA—b)],
where wg(c) = 0,Yc € A, andWg(c) = 1,Ve € A. However, E' = [(-aAb)V(aA—b)]
(exclusive or) is not bounded.

Example 4. Considering again the penumbral connection of Example 2, E is
a bounded epistemic set with wy = w, and Wg = ws so that the correspond-
ing orthopair is (P,N) = ({an},{a1}). However, the associated epistemic set
E(ta,},1a1}) includes valuations w for which w(a; A —aj) = 1 where j > i, and
hence E C E({an}’{al}).

Definition 10. An entirely positive (Tesp. entirely negative) sentence is a sentence
generated recursively from the propositional variables (resp. the negated proposi-
tional variables) using only A and V. The set of entirely positive (resp. entirely
negative) sentences is denoted by LT (resp. L7).

Example 5. The formulas ai A (a2 V a3) € LT and —ay A (—ag V —a3) € L.

Let Iz and Ny denote the Boolean possibility and necessity measures repre-
senting an epistemic set E as given by equations (4.4) and (4.3). We recall the
following results from Lawry and Tang [Lawry and Tang(2012)], in the language of
possibility theory:

Proposition 4. Let E be a bounded epistemic set and let E' = {wg,Wg} then
VO e LTUL, Ng(0) = Ng(0) and () =g (0)

Proposition 4 shows that for a bounded epistemic set E and for entirely positive
or entirely negative sentences, the necessity and possibility values are dependent
only on the bounding Boolean assignments wy and wg.

Proposition 5. Let E be a bounded epistemic set then V0, p € LT and V0, € L™
it holds that:

Ng(0V @) = max(Ng(0), Ng(¢)) and Ug(0 A ¢) = min(Tlg(0), I (p))

This result shows that possibility-necessity pairs representing bounded epistemic
sets are strongly compositional when restricted either to entirely positive or entirely
negative sentences. Indeed for this fragment of the logic they share the same con-
junction and disjunction rules as lower and upper Boolean valuations encoding
Kleene truth-values. In fact, as the following result shows, possibility-necessity
pairs representing bounded epistemic sets are particularly related to the consis-
tent BVP generated by the orthopair (P, N) where P = {a : wg(a) = 1} and
N ={a:wg(a) = 0}.

Proposition 6. If F is a bounded epistemic set, then there is a unique extended
consistent BVP ¥ = (v,0) such that¥0 € LTUL™, Ng(0) = v(0) and IIg(0) = v(6),
and in general V8 € L, v(0) < Ng(0) < Ilg(0) < 6(0). Furthermore, U = U(p n)
where P = {a: wg(a) =1} and N = {a : Wg(a) = 0} or alternatively ¥ = Urc(p)-
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Hence, in an epistemic/partial knowledge setting involving bounded epistemic
sets, we may think of Kleene valuations (in the form extended consistent BVP’s)
as a generally more imprecise approximation of the underlying possibility-necessity
pair (see also [De Cooman(1999)]), which only agrees with the possibilistic model
when restricted to entirely positive or entirely negative sentences. From the alter-
native perspective of truth-gaps or borderline cases induced by inherently vague
propositions, the above proposition indicates that Kleene valuations can always be
viewed as a semantic weakening of a strongly related supervaluationist truth-model.

5. REPRESENTATIONS FOR CONFLICTING INFORMATION

In order to extend the expressive power of orthopairs of sets of variables, we may
wish to relax the condition P NN = (). The epistemic understanding of this license
is that if a € PN N, it means that there are reasons to believe the truth of a and also
reasons to believe a to be false. For instance, there may be agents claiming the truth
of a and other agents claiming its falsity. This approach is akin to the semantics of
some paraconsistent logics such as Belnap’s [Belnap(1977)]. Dubois, Konieczny and
Prade [Dubois et al.(2003)Dubois, Konieczny, and Prade] used such paraconsistent
pairs of sets of variables for the study of a possibilistic logic counterpart of quasi-
classical logic of Besnard and Hunter [Besnard and Hunter(1995)].

5.1. Paraconsistent valuations and Belnap truth-values. We call such pairs
of subsets of variables (F,G) € 24 x 24 with F'N G # () paraconsistent. For these
pairs, it is clear that E(p gy = 0. Another semantics is necessary for them. We use
a set 4 = {0,1,u,b} of truth-values, where u stands for unknown (it corresponds
to 1/2 in Kleene logic) and b stands for contradictory (both true and false). A
four-valued valuation is a mapping A — 4 denoted by o. A pair (F,G) in the para-
consistent case is closely related to Belnap [Belnap(1977)] 4-valued logic, namely,
in his terminology:

e If a € F'\ G then o(a) = 1: a is asserted but not negated (Belnap truth-
value TRUE).

e If a € G\ F then o(a) = 0: a is negated but not asserted (Belnap truth-
value FALSE).

e If a € FNG then o(a) = b: a is both negated and asserted (Belnap
truth-value BOTH).

o If a ¢ FUG then o(a) = uw: a is neither negated nor asserted (Belnap
truth-value NONE).

The epistemic truth set 4 is equipped with a bi-lattice structure [Fitting(1991)],
namely there is the truth-ordering < such that 0 < v <1 and 0 < b < 1; and the
information ordering (ranging from no information (u) to too much information
(b)) such that u < 1 < b and u < 0 < b. The truth-tables are those of Kleene logic
for {0,u,1} and {0,b,1} according to the truth ordering, plus ullb =1, uMb=0
(see Table 4). The second borderline truth-value b plays the same role as the first
one with respect to 1 and 0.

Four-valued valuations can be captured by general Boolean valuation pairs. The
case where v £ U exactly corresponds to pairs (F, G) of sets of variables such that
FNG#0, letting F={a € A:v(a) =1} and G = {a € A:v(a) = 0}. We call
such pairs (v,7) paraconsistent BVP’s.
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UjO|u|b|l MO0 |lu|b]|1
0|0jul|b|l 0|0|0]0]0O
w|lu|uw|l]|l u|0lu|0|u
b|b|1]b]|1 b|10|0|b|D
11 |1]1]1 110lu|b]|1l
TABLE 4. Belnap disjunction and conjunction

7€ 44 <> (v,7)

|

(F,G)

FIGURE 2. Equivalences for paraconsistent information representation

3 | Generalized pairs | Valuation pairs | Subsets of Boolean valuations
0 ((Z)’A) :7(@ 6) {wo} = [Naeaal

u (@,0) B ( ,1)7 Q

1 (A, 0) 1 :7(& 1) {wi} = [Aaeaal

b (A, A) (1,0) 0

TABLE 5. Basic epistemic sets representable by general valuation pairs.

Lawry and Gonzalez-Rodriguez [Lawry and Gonzélez Rodriguez(2011)] have shown
that truth-tables corresponding to the inductive definitions (2.1), (2.2), (2.3) of con-
sistent BVP’s over the language become Belnap 4-valued truth-tables when these

inductive definitions are applied to all BVP’s (v,v) without the restriction T > wv.
In particular, b corresponds to the pair (1,0), and

e bMu corresponds to the componentwise Boolean conjunction of (0,1) and
(1,0), which is (0,0), i.e., 0.
e bl u corresponds to the componentwise Boolean disjunction of (0,1) and
(1,0), which is (1,1), i.e., 1.
In this case the diagram of Figure 1 should be updated as on Figure 2. Table 5
completes Table 3, accounting for non-consistent valuation pairs.
Just as for Kleene logic, the truth-functionality of Belnap approach does not
sound very natural in the scope of handling paraconsistent Boolean formulas other
than literals [Dubois(2008)].

5.2. Paraconsistent orthopairs as pairs of consistent orthopairs. In order
to interpret his 4 truth-values, Belnap proposes to consider several conflicting but
internally consistent sources of information about variables. In fact two sources of
information are enough to generate the four truth values, each source corresponding
to a partial model. It is then natural to try to represent paraconsistent orthopairs
by means of two standard consistent orthopairs of the form (F, G\ F) and (F\G, G)
that conflict with each other. These are pairs of orthopairs (Py, Ny), (P, Na),
corresponding to the epistemic states of two conflicting agents, with P, C Py, Ny C
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No, N1 NP, = (), P, UN; = P, UN;. The corresponding paraconsistent pair is
of the form (F,G) = (P, N2). It corresponds to two disjoint epistemic sets F; =
Ep, nyy,i=1,2.

More generally we could reconstruct a paraconsistent pair from any two or-
thopairs (P, N1), (P2, N2) as (F,G) = (P1 U P2, N1 U Na) as follows
If a € (P1\ N2) U (Py\ Np) then a has truth-value 1;

If a € (N1 \ P2) U(N3\ Pp) then a has truth-value 0;

If a € (P1 N N2) U (P> N Ny) then a has truth-value b;

If a ¢ P, UNsU P, UN; then a has truth-value u.

Letting (Py, N1) = (F,G\F) and (P», N2) = (F\G, G), we do recover (P,UP,, N;U
Ny) = (F,G).

Whether we can define a counterpart to the simplified epistemic logic MEL using
pairs of orthopairs representing conflicting epistemic states is a matter of further
research. However, a modal setting for such a kind of non-truth-functional approach
to Belnap-like paraconsistent reasoning is outlined in [Dubois(2012b)].

6. KLEENE LOGIC CONNECTIVES AND ORTHOPAIRS

Lawry and Gonzalez-Rodriguez [Lawry and Gonzélez Rodriguez(2011)] propose
a semantics for both Kleene three-valued logic and Belnap four-valued logic in
terms of pairs of sets of variables (F,G) € 24 x 24. However the construction in
[Lawry and Gonzélez Rodriguez(2011)] for Kleene logic expressions involves para-
consistent pairs. In this section, we investigate whether Kleene and Belnap logic
expressions can be recursively described in terms of respectively orthopairs and
pairs of sets of Boolean variables. In the following, the notation (P, N) corresponds
to genuine orthopairs, while we use (F, G) in the general case.

6.1. Semantics of Kleene logic formulas in terms of orthopairs. We show
here how to express Kleene valuations over the language in terms of orthopairs
only. Let O = {(P,N) € 24 x 24 : PN N = ()} denote the set of all orthopairs.
Kleene operations of negation, intersection and union (see Section 2.2) translate on
orthopairs as

(P,N) := (N, P)
(Pl,Nl) M (P27N2) = (P1 ﬂPQ,Nl UNQ)
(Pl,Nl) LJ (PQ,NQ) = (P1 UPQ,Nl ONQ)

Then, for Kleene logic, we can recursively define a pair of mappings Ty, : L —
20 and Fg : £, — 29 from sentences to sets of orthopairs as follows:

Definition 11. Let Ty : Lx — 2© and Fy, : Lx — 29 be defined recursively as
follows. For all8,p € Lk :
o If p=a€ A then Ty(a) = {(P,N) € O:a € P} and Fr(a) = {(P,N) €
O:a€ N}
° Tk(e M (p) = ']I‘k(ﬁ) n ']I‘k(go) and ]Fk(H M QD) = Fk(ﬁ) U Fk( )
° Tk(tg U <p) = Tk(e) @] ']Tk(go) and Fi(6 U gO) = Fk(e) NTF( )
o Tk(ﬁ’) = IFk(H) and Fk(e/) = "JI‘k(H)
The following proposition shows that for any sentence 8 € Lk, Tx(0) exactly
identifies those orthopairs for which 6 is clearly true given the corresponding Kleene

€ 6
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valuation. Similarly, Fy(0) is the set of orthopairs for which 6 is clearly false given
the associated valuation.

Proposition 7. VU € Lk, Ty(V) = {(P,N) € O : vpn) (V) = 1} and Fy(¥) =
{(P, N) cO: E(pJ\/')(\I’) = 0}

Proof. Let L)% = Aand forn > 11let L% = L% U{0M@,0Up, 0 : 0,0 € L}
Now by induction on n: Suppose ¥ = a; € A then v(p yy(a;) =1 iff a; € P and
vpny(ai) = 0 iff v p yy(ma;) = 1iff a; € N as required. Now suppose the result
holds for L% and let ¥ € L}‘('H then either ¥ € L%, in which case the result holds
trivially, or one of the following holds: For 6, € L}:

e U =0Me: In this case we have by definition that

Ti(V) = Tr(0 M) = Tr(0) NTr(p) = (inductive hypothesis)
(P,N)eO :Q(P,N)(e) =1}N{(P,N)€O: E(P,N)(SD) =1}
{(P,N)eO tvpn)(0) =1 and vip ny(p) = 1}
{(P,N) € O :min(ypn)(0),vpn(p) =1}
{(P,N)eO =

—_~

N)
={(P,N) € O :9py)(¥) =1} as required.

Also, Fi(¥) =Fr(0 M) = Fr(0) UFL(p) =(by the inductive hypothesis)
{(P, N) €0 :9pn)(0) =0} U{(P,N) € O:0pn)(p) =0}

={(P,N) € O :9pn)(0) =0 or 9pn)(p) =0}
={(P,N) € O : min(vp,n)(0),7p,n)(¢)) = 0}
={(P,N) € O:9pn)(0Myp) =0}

={(P,N) € O :7(pn)(¥) = 0} as required.

e U =0 Llyp. The proof is similar to the previous case, exchanging T} and

e U =¢’: In this case we have that Ty (V) = Tx(0") = Fr(6) =(by the induc-
tive hypothesis){(P, N) € O : U(pn)(0) = 0} = {(P,N) € O :vp )(0') =
1} = {(P,N) € O : ypn)(¥) = 1} as required. Also, Fx(V) = Fj(0")
T (0) =(by the inductive hypothesis){(P,N) € O : ypn(0) = 1} =
{(P,N) € O:0pn)(0) =0} ={(P,N) € O:7pn)(¥) =0} as required.

(]

Example 6. Tk(ﬂ(ail_lﬂaj)) = Fk(ail_laj) = Fk(ai)ﬁFk(—\aj) = Fk(ai)ﬂ’ll‘k(aj) =
{(P,N) € O :a; € Pya; € N}. Similarly, Fi(—(a; U —a;)) = Ti(a; U —a;) =
Tr(a;) UTk(—a;j) = Tr(a;) UFk(a;) ={(P,N) € O:a; € P ora; € N}.

6.2. Semantics of Belnap logic formulas in terms of paraconsistent pairs.
The characterization of Kleene valuations in terms of orthopairs can be extended
to Belnap valuations by extending the mappings described in the previous section
so as to include paraconsistent pairs of sets. More specifically, a more general pair
of dual mappings can be defined simply by dropping the restriction to orthopairs
in Definition 11. Let these extended dual mappings be denoted by Ty : Lx —
222" and Fy ¢ Lx — 227%2" respectively. Now it is straightforward to see
that Proposition 7 extends to paraconsistent pairs. We can show that Ty(0) =
{(F,G) € 24 x 24 1w ) (0) = 1} and Fy(0) = {(F, G) € 24 x 24 : 55 (0) = 0}.
Notice that, unlike the Kleene mappings given in Definition 11, sets T}(0) and Fy(0)
are generally not disjoint, further highlighting the paraconsistent nature of Belnap
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logic. For instance, Ya € A, Ty(a) N Fy(a) consists of those paraconsistent pairs
(F,G) for whicha € FNG.

It turns out that, in this context, we can give independent recursive definitions of
each of T, and IF,. To see this, we need to understand the relationship between the
BVP’s induced by the dual pairs (F,G) and (G, F°) as identified in the following
proposition:

Proposition 8. V(F,G) € 24 x 24, ((rc) U(ra) = (OGe,Feys Vige, Fe))

Proof. For atomic formula the result is straightforward since Va € A, v g)(a) = 1
iff a € Fiff a g F°iff Tge pey(a) = 1, and also Opg)(a) = 1 iff a € G° iff
Y(ge, Fc)(a) = 1. These equalities can then be extended to all formulas in L by
recursion on the complexity of formulas in Lx along similar lines to those in the
proof of Proposition 7. O

Corollary 1. V0 € Ly, T,(0') = {(F,G) € 24 x 24 : (G¢, F°) € T,(0)}°

Proof. V0 € Ly, Ty(0') = {(F,G) € 24 x 24 LV (07) =1}

={(F,G) € 2 x 24 : 9ge )(0') = 1} (by Proposition 8)

={(F,G) € 22 x 2 s vge ey (0) = 0} = {(F,G) € 22 x 24 1 v e ey (0) = 1}°
={(F,G) € 24 x 24 : (G°, F°) € Ty(0)}° O

As a consequence of Corollary 1, it follows that there is an alternative recursive
definition of Ty which does not make direct reference to Fy.

Corollary 2. Let Ty : Lx — 922" pe defined recursively as follows: V0, € Li
and Ya € A then:

e Ty(a) ={(F,G) €24 x 24 a € F}.

o Ty(0Me) =Ty(0) NTy(p).

o Ty(0 L) =Ty(8) UTy().

o Ty(0)) = {(F,G) € 24 x 24 : (G°, F°) € Ty(0)}°.

This corresponds to the definition proposed by Lawry and Gonzalez-Rodriguez
[Lawry and Gonzéalez Rodriguez(2011)]. Notice that a similar alternative definition
cannot be given for Ty if we restrict to orthopairs. The difficulty arises due to the
fact that if (P, N) € O and N # P¢ then (N¢, P¢) € O.

Remark 3. It is not clear how to interpret the four-valued framework outlined
above in the scope of modeling vagueness, as the two truth-values other than true
and false play symmetric roles in Belnap logic. In fact, this logic aims at treating
the issue of conflicting information only [Dubois(2008)].

7. ORDER RELATIONS AND AGGREGATION OPERATIONS ON ORTHOPAIRS

As orthopairs of variables represent epistemic states, it is natural to compare
them in terms of their respective amount of information. Likewise if they account
for borderline cases, it is also expected to compare them in terms of sharpness.
Moreover as orthopairs highlight negative vs. positive literals, one is led to compare
them in terms of positiveness and negativeness.

In [Ciucci(2011)] and [Lawry and Dubois(2012)] some order relations and oper-
ations on orthopairs are con- sidered that deal with some of these aspects. These
ordering relations are generally related to corresponding lattice operations that are
natural to merge orthopairs. In fact the meaning of the proposed ordering relations
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changes according to whether the aim is to model vagueness in the language or
incomplete information.

This section attempts to give a complete picture of ordering relations and combi-
nation operations for orthopairs of sets of variables, and the corresponding notions
using consistent BVP’s (on the set of propositional variables) and three-valued
functions. Aggregation operations include already met Kleene three-valued logic
conjunction and disjunction, plus some which differ from these known ones. They
may be used to evaluate complex non-Boolean statements, or, in the epistemic view,
they recover methods for incomplete information fusion.

7.1. The truth ordering. First of all, let us consider the standard order on 3:
0 < % < 1. Given two three-valued valuations, 7,7, we can let 71 =<; 75 mean
71(a) < 7(a),Va € A. This ordering is known as the truth ordering [Belnap(1977)].
It expresses the idea of a three-valued valuation making variables “not more true
than” another one. If 71,75 correspond to respective orthopairs (Py, N1), (Ps, N2)

and consistent valuation pairs ¥, U then 7 =<; 75 reads on orthopairs as
Py C Py, Ny C Ny
On BVP’s, it is the canonical extension of the order 0 < 1 to subsets of {0, 1}:
Va v,(a) < va(a) Ti(a) < Ta(a).

The corresponding join and meet operations induced by this ordering are well-
known (see for instance [Ciucci(2011)]) and have been met here from the start:

(71) (Pl,Nl) |_|t (PQ,NQ) = (Pl ﬂPQ,Nl UNQ)
(72) (Pl,Nl) |—|t (PQ,NQ) = (P1UP2,N1 mNg)

We retrieve the conjunction and disjunction in Kleene logic (see Table 1), since
I_ItZI—landI_ItZIJ.

7.2. The information ordering. Another natural order relation <; on orthopairs
is:

(7.3) (P1,N1) 21 (P2, N2) iff PL CP,,Ni C N,

This relation is known as the knowledge ordering [Belnap(1977), Yao(2009)] or,
in the setting of vagueness modeling, semantic precision [Lawry and Dubois(2012)]
or sharpening relation [Shapiro(2006)]. For valuations, it reads:

U Ir U2 Mf Va wvy(a) <wvy(a) va(a) <vi(a).

Under an epistemic reading, it means v is at least as informative as #;. In the
scope of a logic of vagueness, it means that ¥ is at least as clear-cut as (or less
fuzzy than) ¢ (the latter involves more variables taking the borderline value).
Once interpreted on 3, it can be seen that it does not generate a lattice structure
but only the meet-semilattice of Figure 3.
The meet with respect to this order is defined on orthopairs as

(74) (Pl,Nl) |_|[ (PQ,NQ) = (lePQ,NlmNQ)

It is pessimistic as it only retains what both orthopairs hold as being true or
false, so that (P, N1) My (P2, N2) is less informative (epistemic reading) or less
sharp (vagueness) than each of the arguments of the combination. It is akin to the
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- @

FIGURE 3. The semilattice structure of 3.

miny | 0 % 1 maxy | 0 % 1
0 0 % % 0 0 0] x
T T i1 T T
2 21313 2 0131
1 2131 1 x[1]1
TABLE 6. Information-ordering-based conjunction and disjunction

union of epistemic sets. This fusion operation can be expressed via a connective My
on consistent BVP’s as follows [Lawry and Dubois(2012)]:

Uy Ny U2 = U(p,npy,N1NN,) = (Min(vy,v,), max(vy,02))

In terms of truth-values, it corresponds to an idempotent operation min; on 3 such

that min;(1,0) = min;(0,1) = min;(0, 2) = min;($,1) = % (see Table 6). Remark-

ably, min; (x,y) is the median of {z, y, 3}, the only associative operation * such that

My < xxy < a2Uy, known as a nullnorm [Grabisch et al.(2009)Grabisch, Marichal, Mesiar, and Pap].
Clearly, the corresponding join can be naturally defined in terms of orthopairs

as

(75) (PlaNl) |—|I (Pg,NQ) = (P1UP2,N1 UNQ)

It does not always yield an orthopair as the result may become paraconsistent. It
corresponds to the optimistic combination operator U on consistent valuation pairs
[Lawry and Dubois(2012)]:

Uy Ur U = U(p,up,,NyUN,) = (max(vy,v,), min(vy, U2)).

where the resulting valuation pairs may fail to be consistent. In terms of an opera-
tion max; on 3, it is a partially defined idempotent one such that max; (0, §) = 0, max;(3,1) =1,
and where max; (0, 1) is undefined. Interestingly, it is the restriction to {0, 4,1} of
the (associative) uninorm m [Grabisch et al.(2009)Grabisch, Marichal, Mesiar, and Pap)]
on [0,1], which is indeed undefined for (0, 1) and (1, 0).
It is optimistic as it retains what at least one orthopair holds as being true or
false, so that (Py, Ny)Uy (Pa, N2) is more informative (epistemic reading) or sharper
(vagueness) than each of the arguments of the combination, when it is defined. It
is akin to the consistent intersection of epistemic sets, and is undefined when this
intersection is empty. The cases where the result exists then correspond to the
situation where the two orthopairs are logically consistent, that is: Py N Ny =
P, N N; = (). Generalizing both orderings to paraconsistent pairs yields a bilattice
structure revealed by Belnap [Belnap(1977)], corresponding to the bilattice 4 (and
then max;(0,1) = b).
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7.3. One-sided ordering relations. Now, by relaxing the requirements of the
information ordering <, we can obtain two other ordering relations on orthopairs,
which generate two lattice operations. They are one-sided in the sense that the
negative and positive literals do not play the same role. In one case, we keep the
inclusion condition on the negative part of the orthopair and on the positive part
in the other case. These order relations on orthopairs are:

(7.6) (P, N1) <n (Py,Ny) iff N; C Ny and PLUN; C P, U No,
(77) (Pl,Nl)jp(PQ,Ng) lﬁ Plng, andPlungPQUNg,

In fact, (P1,N1) =n (P, N2) means that (P, Na) is at least as negative as
(P1, N1) and not less informed than the latter and likewise for <p, replacing neg-
ative by positive. It can be easily seen that the information ordering <; implies
orders <y and =<p but not conversely. Together, however, they reconstruct the
information ordering® as follows:

(7.8)
(P1,N1) =1 (P2, N2) <= (P1,N1) 2N (P2, N2) and (P1,N1) =p (P2, No).

Figure 4 represents these three orderings on orthopairs.

N2 P2 N2
P2 N2 P2
P1 ‘ N1 N1 ‘ P1 P1 N1

FIGURE 4. Representations of orders <y, <p and =<j.

On pairs of valuations the two orders are translated as:
01 Xy vy iff min(l — vy(a),v3(a)) < min(l — v, (a),v1(a))
and Ta(a) < T1(a)
th Xp Uy iff min(l —vy(a),v2(a)) < min(l — v, (a),v1(a))
and  v,(a) < vy(a).
In terms of truth-values this corresponds to:
71 3InyT2 Mff Ver(z)=0= mn(z)=0and m(x) # % = 7o(x) #
71 Xp7e f Ver(z)=1= mn(z)=1and 7(z) # % = 1o(x) #

SIS

the order relations (7.6) and (7.7) do not correspond to the standard ordering on
numbers, but are expressed as follows:

(7.9) 71 2n T2 ff Vo r(z) 2y 72(xz) where %<N1<N 0.
1<p0=pl

(7.10) 71 Xp 7o iff Vzr(x)<p7e(xr) where

5Condition P1 UN; C P> U N2 becomes redundant.
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These two linear orderings on 3 are naturally associated with the following meet
and join operations on orthopairs:

(P, N1) Un (P2, N2) = (P1\NaU P;\Ny, Ny U N3)

(P1,N1) My (P2, N2) = ((PAN(PUN3))U (PN (P UNy), N1 NN3))

(P1,N1)Up (Py,N2) = (PyUPy, N\\PyUN>\Py)

(P1,Ny) Mp (Py, N) (PyN Poy, (N1 N (P, UN2))U(Nan (P UNy)))
Clearly, the orthopair (Pi, N1) Un (P, N3) is always more negatively balanced
than its operands, while (P, N1) My (Ps, No) is less negatively balanced. Likewise,
(P1,N1) Up (Py, No) is always more positively balanced than its operands, while
(P1,N1) Mp (Pa, N2) is less positively balanced.

Proposition 9. The two following equivalences hold:

(1) (Pl,Nl) jN (PQ,NQ) Zf and O’I’Lly Zf (Pl,Nl) Un (PQ,NQ) = (P2,N2) ’Lf and
only Zf (Pl,Nl) |_|N (PQ,NQ) = (Pl,Nl)

(2) (Pr,N1) 2p (P2, N2) if and only if (P1,N1) Up (P2, N2) = (P2, N2) if and
only if (Pl,Nl) Mp (PQ,NQ) = (Pl,Nl)

Proof. Upn: Let us prove that if Ny C Ny and Ny U Py € Ny U P then (Py \ No) U
(Po\ Np) = Ps.
o PSN((P\N2)U(P2\N1)) = PsN(P1\Na) since PN P, is empty. Moreover,
Ps N (P \ N2) = 0. Indeed, proceeding by refutation, if there exists a €
P{N (P \ Ny) then a € P, a ¢ Ny and a € Py implies a € Ny, which
violates the condition N1 UP1 - NQUP2. Hence (Pl\NQ) U (P2\N1) - PQ.
[ ] NOW, Pgm((Pl \NQ)U(PQ\Nl))C = PQQ(PfUNQ)ﬁ(PQCUNl) = @,
since P, N (P§ UN;) = P, Ny = (. Indeed, Ny C Ny and (Ps, N3) is an
orthopair. So Py C (P \ Na)U(Py\ N1). Hence (P \ Na)U(Py\ Ny) = Ps.
Conversely, we must prove that if Ny C Ny and (P; \ Na) U (P> \ N1) = P, then
N1 UP; € NyU P,. Consider an element a such that a« € Ny U P;. There are two
cases:

e a € N;. However, N7 C N leads immediately to a € No U Ps.
e a € P. Either a € P;\ Ny hence a € P, hence a € NoyUP,. Or a € PLN Ny,
hence a € Ny U Ps.

The other cases can be proved similarly. O

Expressed as operations on 3, Ly and Lip become maxy and maxp as shown
in Table 7. These operations are not new. They are the only two everywhere defined
uninorms on {0, %, 1} (semi-groups with identity % [Grabisch et al.(2009)Grabisch, Marichal, Mesiar, and Pap]);
maxy and maxp also coincide with max; when the latter is defined. In the prob-
abilistic literature, the operation maxy is named quasi-conjunction [Adams(1975)]
and we call maxp quasi-disjunction. They are used in the three-valued logic of con-
ditional events [Dubois and Prade(1994)] to combine conditionals (which are indeed
orthopairs of examples and counterexamples). Actually, these operations first ap-
peared in Sobocinski’s three-valued logic [Sobocinski(1952)]. For orthopairs, Ly
looks like a disjunction, but the truth-table of maxy (right-hand side of Table 7)
makes it clear it is a generalised conjunction.

Expressed as operations on 3, My and Mp become miny and minp as shown in
Table 8. Interestingly, the table of operation min; (Table 6) can be obtained as the
arithmetic mean of the tables of operation miny and minp, which reflects property
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maxp | 0 % 1 maxy | 0 % 1
0 0101 0 01010
T T T T

2 0]g 1 2 O]9 1
1 111 1 01111

TABLE 7. Disjunctive and Conjunctive uninorms

minp [0 [ 5] 1 miny [0 ][5 ]1
0 03510 0 051
T TI71 I T I T
2 2 % 2 2 2 % 2
1 051 1 151

TABLE 8. Operations corresponding to Mp and My

(7.8). We note that Mp corresponds to Kleene weak conjunction and My to Kleene
weak disjunction [Kleene(1952)], where the third value is interpreted as undefined.
Again, My looks like a conjunction on orthopairs and its truth-table (right-hand
side of Table 8) makes it clear it is a generalised disjunction.

If we apply the two meet operations My, Mp to two orthopairs, one dominating
the other in the sense of <y or <p, then they both reduce to MM;.

Let us note that we can express the two conjunctions of orthopairs in the follow-
ing way:

(711) HNZ ((Pl ﬂPQ)U[(P]_ ﬂNQ)U(PQﬂNl)],Nl ﬁNg)
(712) |_|p2 (Pl ﬁPg,(Nl mNg)U[(Nl mPg)U(Ngm.Pl)D

from which we better understand that we “add” something to the intersection of

positive (resp., negative) parts. The corresponding operations on valuation pairs
are:

(7.13)

U1 AN U2 : (max(min(vy, v,y ), min(vy, 1 — Ta), min(vy, 1 — 1), max(v1,02))
(7.14) ¥y Ap Uy : (min(vy, vy), min(max(vy,Ts), max (v, 1 — vy), max(vs, 1 — v;)))
(7.15)

U1 Vn U2 = (max(min(v,, Us), min(vy, 01 )), min(vy, Us))

(7.16) ¥y Vp Uy = (max(vy,v,), min(max(v, v,), max(va, vq)))

Thus, orderings <p and <y are less demanding from the “knowledge” point of
view than the information ordering, but they have the advantage of generating a
lattice structure, with the possibility to define genuine operations of conjunction
and disjunction on 3.
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7.4. Fusion of orthopairs by consensus. In [Lawry and Dubois(2012)], a dif-
ference operation is equivalently defined by:

U1 © Uy := (min(v,, U2 ), max(v1,v,))
(P1,N1) © (P2, N2) := (P1\N2, N1\ P2)
1 mm=1,12%#0
=01 #1
otherwise

(11 ©1)(x) :=

= O

On orthopairs, it consists in removing from (P, N7) the literals that make this
partial model inconsistent with (Ps, N3). This can be viewed as a contraction
operation, that is a prerequisite for a consistent fusion step.

If we consider the so-called consensus operation ® in [Lawry and Dubois(2012)],
defined as

(P1, N1) © (Py, N3) = (P1\N2 U P,\Ny, N1\ P2 U No\ Pp)

we can see that it is a sequence of difference operations followed by operation
U7 that increases information. The difference operations are used to symmet-
rically eliminate the discrepancies between the orthopairs (P, N7) and (Ps, Na)
prior to merging, eliminating conflicting literals. This is akin to variable forgetting
[Lang and Marquis(2010)] in propositional logic for the handling of inconsistency:
the truth-value of conflicting variables (in (P N N2) U (P2 N Ny)) is forgotten. So
we have that

(P1, N1) © (P2, N2) = ((P1, N1) © (P, Na)) Uz (P2, N2) © (P1, N1)).

We can also relate the consensus operation to the asymmetric relations Uy and
Lp. Namely it can be checked that:

(717) (Pl,Nl) ® (Pg,NQ) = ((Pth) Un (PQ,NQ)) My ((P27N2) Up (Pl,Nl)).

Thus we can think of interpreting Uy and Lip as one-sided consensus operations
where in Ly both agents give up their conflicts on the positive parts and in Lip on
the negative parts of the orthopairs.

The consensus operation can be expressed in terms of valuation pairs as (v ©
U2) U (02 ©01):
(718) 0 O Uy = (max(min(yla @2)7 min(@hg2))v min(max(yla 52))3 max(ilﬂQQ)))

On 3 the consensus operator is based on the following three-valued commutative
connective:
1 if Tl(l'):]., TQ({E)#O
or m(r)=1, m(x) #0
(mMom)(z)=<0 if 7x)=0, r(z)#1
or 7o(x) =0, 1(x) #1
5 otherwise
which is pictured on Table 9. It lays bare the fact that it is a kind of degenerated
qualitative counterpart of an average. It has % as an identity and differs from the
conjunctive and disjunctive uninorms only for the result of 100 =001 = %, hence
it is not the extension of a Boolean connective. Moreover it is not associative. It
can be obtained as the arithmetic average of the two uninorms maxp and maxy of
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ol SolH
[l Bl SIEE N

i NIIE R=l NG}
- O O] ©

TABLE 9. Consensus operation

3 Orthopairs
0<i<l1 2,
I=ri=0 by
%1 Sn 12y 0 =N
2 =p0=pl <p
min() =
max(L!) L,
min;(z,y) = med(z,y, 3) = minw(%y)—;minp(x,y) ,
max;(7,9) = sy =y o 10,3:1) Ur
1Oy = meslel) e () (-Un )M (-Up )

TABLE 10. Mutual translations (maxy(z,y) is not always defined.)

Table 7, which is consistent with the abstract construction of ® from Uy and Lip
in equation (7.17).

Table 10 summarizes the results of this section in terms of mutual translation
of orderings and connectives between 3-valued logic and orthopairs. For consistent
BVP’s, not all the above results apply over the whole language, involving more
complex formulas. The problem seems to lie in the formulas containing negations.
However, this issue will need a further in-depth study.

8. FROM ORTHOPAIRS TO EPISTEMIC SETS OF INTERPRETATIONS

We now investigate whether it is feasible to translate all the above orderings
and operations so as to express them in terms of comparison and combinations of
subsets of 2, understood as possibility distributions representing epistemic states.

8.1. Order relations. The order relation =7 is just the subsethood relation of 29
ie., E(P17N1) =7 E(PQ,NQ) iff E(PQ,NQ) - E(PI;NI)' In the case of orders <, <y, =<p,
we only get a partial overlap of the two subsets, which displays no special features.
This is due to the fact that the representation in terms of orthopairs highlights the
polarity of the known variables (positive or negative) while the standard proposi-
tional setting represents an epistemic set by any subset of Boolean interpretations
where positive or negative literals play no specific roles.

Let us consider order <. We have N; C Ny and Py UN; C P,UN,. So, we can
also derive P C P, UN,. That is, for all p € P;, agent 2 may believe that w(p) =1
(like agent 1) or that w(p) = 0 (contrary to agent 1). A similar explanation can be
given in the case of <p. The ordering =; is similar. This order requires that agent
1 has more knowledge on the negative part (Ny C Np) but less on the positive one
(P1 C P,). So, we can have the case where a valuation belongs to the epistemic
set F71 but not to Fs and another one to the epistemic set Eo but not to Ey. So,
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most of the orderings introduced previously are dedicated to orthopairs of sets of
variables and hardly extend to the general propositional setting.

8.2. Intersection and Union. Given that for possibility distributions we can
only represent the order relation <; we take into account here only the operations
derived from it: M; and U;. As we have seen, they are the meet and join (when it
exists) on orthopairs. Generally, the join and meet with respect to the subsethood
relation are the intersection and union of sets, respectively. However, M; does not
correspond to the union between possibility distributions, i.e., E(p, n,)n; (P, Ny) 7
Ep, n)UE(p, N,)- Indeed E(p, n,)UE(p, n,) is generally not rectangular. We can
just prove:

Proposition 10.
Epy Ny U By N2) € E((Py,N)Mp (P, N2))-

Proof. We have that (Py N Py) C Py and (N; N Ny) C Ny. That is,
(Pl,Nl) My (P27N2) =1 (PlaNl)' SO» E(Pl,Nl) - E(P17N1)W1(P27N2)'
Likewise for E(p27N2). Hence E(plle) U E(p27N2) - E((P1,N1)WI(P2,N2))' O

The other direction does not hold. Indeed we can only prove the following:
consider the valuation w* characterized by the orthopair (P; N Py, (PN P3)¢): then
w* € Ep, N, (Py,N2) DUt w* & Ecpy nyy U E(py,ny)-

This behaviour is due to the impossibility of representing non rectangular re-
gions using orthopairs. Indeed, we can only represent the smallest hyper-rectangle
which contains E(p, n,) and E(p, n,) (the rectangular closure of their union), which
corresponds indeed to E((p, N,)r; (Ps,N2))-

Proposition 11. E((p, n,)n;(P,,N,)) = Xi(PT0ojiE(p, N)UPT0jiE(py N,)) = RC(E(p, n)U
E(P2,N2))'

Proof. 1t is clear that E((p, n,)n;(Ps,N2)) = E(P.nps,NinN,) contains all the valua-
tions w that have value 1 on P; N P, and value zero on N1 N Na. Now, if we consider
the Cartesian product of the union of the projections of E(p, n,) and E(p, n,), we
have that, for each variable a;, a; must be equal to 1 iff both E(p, n,) and E(p, n,)
assume value 1 for a;. This is only possible if a; € P; N P;. The same applies
to the negative part. Thus, x;(Proj;E(p, n,) U ProjiE(p, n,)) is the set of all the
valuations w that have value 1 on P; N P, and value zero on N1 N Ns. O

As pointed out before, the disjunction of two rectangular possibility distribu-
tions is generally not representable by one orthopair, but by several orthopairs,
since it corresponds to the disjunction of two partial models. We can denote this
disjunction of orthopairs as (P;, N1) + (P2, N3) with the meaning that it refers the
set {(Py, N1), (Ps, Na)} of orthopairs, and computes the disjunction of the corre-
sponding partial models:

E((p N +(Po,No)) = Epy vy U E(py Ny)

Alternatively, we can interpret this as collecting together all the situations where at
least one of two agents is right, without specifying which one. Of course, we cannot
express this operation on three-valued functions, since it is not closed: it just collects
together the two valuations representing the two orthopairs 7(p, n,) + T(p,,N,) =
{7(P,,N1)> T(Ps,N») }- Similarly in the case of valuations pairs.
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If we consider the case of two consistent orthopairs, then the operation L; is
defined, and we have:

Proposition 12. If (Py, N1) and (P2, N2) are consistent orthopairs, then
Epy vy N Epy Na) = E(pyNus(PeN2) = By v (Pova)-

Proof. Under consistency we have that (P, Ny) Uy (P2, No) = (P, N1) © (Ps, No).
Then, E(PI;NI)I—’I(P27N2) = E{(PlUPQ),(NlUNQ)}’ the latter being equal by definition
to: {w e Q:w(p)=1,¥p € PLUP; and w(p) = 0,Vp € NyUN2} = {w € Q: w(p) =
1,Vp € P, and w(p) = 1,¥p € P, and w(p) = 0,Vp € Ny and w(p) = 0,Vp € N},
from which E(P1,N1) n E(p%NQ) = E(P1,N1)U1(P2,N2) follows. O

8.3. Consensus and Difference. By a straightforward application of its defini-
tion, we get that the consensus E(p, n,)o(p,,N,) contains the intersection of the two
epistemic subsets E(p, n,) and E(p, n,), and is also contained in E(p, N, )n; (P, N,)-

Proposition 13.

E(Plle) N E(P21N2) < E(Pth)@(Pz»N’z) < E(PlaNl)'_'I(PmNz)'

However, it is incomparable with their union E(p, n,) U E(p, n,), that is there
can exist w € E(p, n,)o(p,,N,) such that w & Ep, N,y U E(p, n,) and conversely.

Example 7. Consider the Boolean valuation wi, corresponding to the orthopair
(Pl\NQ UPQ\Nl, ((Pl\NQ UPQ\NI)C). It belongs to E(thl)@(P%NQ) (by deﬁmtzon}
and not to E(p, n,yU E(p, N, since it belongs neither to Ep, n,) nor to E(p, n,)-

Conversely, the Boolean valuation wy encoded by ((N1U(P2\Py))¢, NyU(P\P1))
= (Nf N (P5 U Py1), N1 U (P\P1)) belongs to Ep, N,y U E(p, n,) (since it lies in
E(pl’Nl)) and not to Ep, N)o(Ps,Ns), Since any a € Pf N Py N Ny N Ny is such
that wy(a) = 1 but note that Vw € E(p, n,)o(P,,N,)» w(a) = 0 since a € (N1\Pa) U
(N2\Py)) (the negative literals of (Py, N1) ® (P2, N2)).

Furthermore, by Propositions 10 and 13 we can derive

E(Plle) U E(P27N2) U E((PlaNl)G(PmNz)) < E(Pth)‘_'I(PzaNz)'

But not the opposite direction, as can be seen by considering the valuation w*
above, characterized by the orthopair (P N Py, (P1 N P)°).

If we write (Py, N1) ® (P2, N2) in terms of unions between orthopairs, namely
(Pl,Nl) ® (PQ,NQ) = (Pl\NQ,Nl\Pg) Ur (Pg\Nl,NQ\Pl), by PI‘OpOSitiOH 12, we
get

By N)@(Po.N2)) = E(P\Ny N\ Py) N E(Py\Ny No\Py) s

which expresses the already outlined relation between consensus and difference. The
latter operation can be expressed in terms of possibility distributions associated
with E(p, n,). Consider an orthopair (P,N) and a valuation w € €2 such that
w & E(pny. Then define:

E(+PI’UN) = RC(E(RN) U {w})

Now clearly we obtain: E('*;’“N) = E(pnp,,nnpPg), Where P, = {a : w(a) = 1}, and

Vwy # wy it holds that Efp’\y N B3y # 0 (it contains E(p y)).



30 DAVIDE CIUCCI, DIDIER DUBOIS, AND JONATHAN LAWRY

Proposition 14. Let (P;, N1) and (P2, N3) be mutually inconsistent orthopairs
(i.e. E(Pth) ﬂE(p27N2) = @) Then

Epnemnn = Eeawnie = () B

WELE(Py,Ny)

Proof. By proposition 12 it follows that:

+ — —
N Efing= [ Ewor.vioeg = B, very, oy (PIOPuNIOPS)
WEE(py,Ny) WEE(py,Ny) o
Now, ey, v,y (Pr0 Pas N0 PE) = (PiUnegp, v, Por Mi0Uve g, v, Po)
= (PiN{a; : 3w € Ep, n,), w(a;) = 1}, Ny N{a; : Jw € Ep, n,), w(a;) =0}) =
(PN NS, N1 N Py) as required. O

Finally, from this proposition it follows that:

Ep, N)o(Po,N2) = ( m E(J;:UIJ,NI)) N ( n E(J}Z,Nz))

WEL(Py,Ny) wWEE(p,Ny)

8.4. Negations vs. complements. Consider now the case of Kleene negation
(P,N) = (N, P). The set of models of the negation of a Boolean proposition with
set of models F is its set complement E°. For a partial model (P, N), we obtain:

(Ecp,ny)¢ ={w:3p € Pw(p) =0o0r Ip € N,w(p) =1}

which is clearly different from the epistemic set we obtain from the Kleene (invo-
lutive) negation of (P, N):

Epny = Ew,p)
which swaps positive and negative literals in the orthopair. The latter comes down
to considering the projections of £ p ) on each variable domain and complementing
them with respect to these variable domains. This operation cannot be extended
to general epistemic sets.

In contrast, the + operation, that concatenates orthopairs (see Subsection 8.2)
can express the complement of an epistemic set corresponding to an orthopair. Let
us define the unary operations £(P, N) = (4+p,epr({pi},0)) + (4n.en (0, {ni})), that
is, & = {({pi},0), (0,{n;}) : p; € P,n; € N}. Then:

(Ep.n)° = Ee(p.nyy = (UpiePE(0,{p: 1) YU (UnieN E({n,}.,0))-

The operation £ on three-valued valuations is a multimapping that collects all
the following three-valued valuations £(7) = {r;" : p; € P} U {7;" : n; € N} where:

1 = P; _ =Ny
T;_(I){l r=p or T (x){? r=n

5 otherwise = otherwise

and we can define the 3-valued logic counterpart of the complement of an epistemic
set as 7¢ = E(7') = {(r;") 1 pi € A, 7(pi) = 1} U{(r7) 1 n; € A, 7(ni) = 0}.
Likewise on Boolean valuations, we must collect all pairs such that:

_ (1,1) z=p; _ (0,0) z=ny
v:(x),vi(x)) = . or (v;(r),vi\x)) = .
(1:(2), Bil) {(0,1) otherwise (@), Bil)) (0,1) otherwise.
Table 11 summarizes the possible translations from the language of orthopairs

and three-valued valuations into the language of general epistemic sets. Not all
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Orthopairs Epistemic sets
(P1,N1) =1 (P2, N2) Ep v 2 E(py, Ny
(P17N1) Mr (PZ’NQ) RC(E(Pl Nl)UE(PmNz )
(Pr, N1) Ur (P2, N2) Ep, vy N E(py Ny (if consmtency}_
(P1,N1) © (P2, N2) (ﬂweE(p2 Na) (P?,Nl)) n (ﬂweblpl M) E'5 )
(P1,N1) © (P2, N2) | E(p\Ny Ni\Py) = ﬂweE(p2,N2) E/p n,)(Prop. 14)
P17N1)+(P2;N2) E(PlgNl)UE(P%NQ)
(P,N)" = (N, P) Xpiev(ProjiE)°
E((P,N) ) Complement, E¢p vy

TABLE 11. Translation between epistemic sets and orthopairs

three-valued connectives can be expressed in terms of general epistemic sets. The
impossibility of expressing LI; and M, or likewise, LIy and My, Up and Mp in terms
of general subsets of valuation is due to the fact that the former operations do not
consider positive and negative literals on a par. Other impossible direct transla-
tions come from the fact that the set-union of hyper-rectangles of interpretations is
generally not an hyper-rectangle, or in other words, that the disjunction of partial
models is not a partial model.

9. CONCLUSION

The bijection between three-valued valuations and partial models has often been
a source of confusion. In particular, the truth-functionality assumption of three-
valued logic, for which there is a case as an elementary modeling of vagueness,
becomes counterintuitive when applied to incomplete Boolean information. An-
other well-known example of such confusion between truth and certainty is the
alleged inconsistency of fuzzy set theory, claimed by Elkan [Elkan(1994)], on the
grounds that degrees of uncertainty cannot be compositional.

This paper has presented a comparative overview of the simplest representation
frameworks for the truth-functional account of vagueness or incomplete informa-
tion, namely three-valued logics where the third truth-value means borderline or
unknown. We have shown the connections existing between pairs of sets of literals,
pairs of Boolean valuations, and three-valued valuations. We have explored their
differences with non-truth-functional accounts using possibility theory or, in the
case of vagueness, supervaluations. We have shown that supervaluations play the
same role with respect to truth-functional approaches to vagueness as do possibil-
ity and necessity functions with respect to partial or Kleene logic approaches to
incomplete information. In addition, we have highlighted the difference in expres-
sive power between partial model approaches and the use of general epistemic sets
for handling incomplete information.

Finally, we have described various natural orderings and aggregation operations
in the three-valued setting, in terms of orthopairs and Boolean valuation pairs. We
have shown that some of these aggregations, expressed on the three-valued truth-
set are already known in the literature. The systematic assumption that knowledge
pertains to individual variables has led to asymmetric ordering relations where
positive and negative literals do not play the same role (as in logic programming, or
logic-based diagnosis). As a consequence these polarity-sensitive orderings between
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partial models as well as the aggregation operations they induce make sense for
partial models but not to the same extent for general epistemic sets, where positive
literals do not play a specific role.

Hopefully, the analysis given in this paper will contribute to bridging the gap
between various communities (databases, logic programming, epistemic logic, pos-
sibilistic logic, vagueness) that use different languages for handling similar issues in
the modeling of vague predicates or incomplete information.
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