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Introduction

This thesis, which collects the results obtained during my Ph. D. [36] 37, 78, 79} 80, [81], is
devoted to the study of different problems arising in nonlinear analysis. In this summary,
we give only a brief account of the main issues considered in this work; having treated
topics which are sometimes very different each one by the other, we prefer to endow each
chapter with an own introduction, containing a detailed description of our research, of
the methods we used and of the pertinent bibliography.

The work is divided in two parts. The first part regards the existence of entire
solutions for different types of nonlinear differential equations:

e in Chapter [I| we study the scalar equation

i+ g(u) = p(t),

where the reaction term g is bounded and sufficiently regular. Under some addi-
tional assumptions, we provide a necessary and sufficient condition on the forcing
term p € C(R)NL>°(R) for the existence of infinitely many bounded solutions. This
can be seen as a generalized Landesman-Lazer result, in a non-periodic framework.
The proof is based entirely on variational methods.

e Chapter [2lregards the planar N-centre problem of celestial mechanics, that is, the
study of the motion of a moving test particle under the gravitational force fields of
N fixed heavy bodies. If z = z(t) € R? denotes the position of the particle at time
t € R,and ¢; (j = 1,...,N) denotes the position of the j-th centre, the motion
equation is

==Y (e ). (0.1)

3
j=1 [z — ¢

We prove the existence of infinitely many collision-free periodic solutions with
negative and small (in absolute value) energies. As a corollary, we characterize
the associated dynamical system with a symbolic dynamics. In our proofs, we make
use of perturbative, variational and geometric techniques; in particular, we exploit



ii Introduction

the fact that periodic solutions of equation (0.1)) with a fixed energy are closed
geodesics in a suitable Riemannian manifold. Moreover, to obtain collision-free
solutions, we employ a local Levi-Civita regularization in a variational framework.

e In Chapter by means of a perturbative approach, we extend the results of
Chapter [2| in a more complicated situation, obtained by introducing a uniform
circular motion for the centres of the problem. In a rotating frame of reference,
this leads to the study of equation

54 2uiz = vy — Z|Z_Cj‘3 —¢j).

We show that, provided |v| is sufficiently small, a large quantity of the collision-free
solutions found in the previous chapter still exist. The main difficulty consists in
ruling out the possibility that a solution has some collision, because in this set-
ting the Levi-Civita regularization does not provide optimal results. To overcome
this problem, we show that, at least locally (in a suitable sense), the variational
structure of the problem “converges” to that of the N-centre problem as v — 0, so
that the fact that many solutions are collision-free is a consequence of the results
of the previous chapter.

e In Chapter[d] we investigate the existence of solutions with super-algebraic growth
to the nonlinear elliptic system

Au = ww?
Av=1u?v in RN (0.2)
u,v > 0,

which appears in the analysis of phase-separation phenomena for Bose-Einstein
condensates with multiple states. Owur research is motivated by the fact that
the known results concerning problem involve only solutions with algebraic
growth. For N = 2 (and hence also for every N > 2), we show that there exist
also solutions with exponential growth, and we give a complete description of their
geometry. In our proofs, the imposition of particular symmetries and the use of
some Almgren-type monotonicity formulae play a central role.

In the aforementioned results, we obtain solutions exhibiting an “oscillatory behaviour”,
where the precise meaning of “oscillatory” depends on the peculiar problem we deal with.
Concerning the first three cases, we always use the same abstract idea, which, as far as
we know, can be ascribed to Seifert (who introduced, in a more geometric framework,
the broken geodesics method, see [76]) and Nehari (who introduced the Nehari method
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in [66]); we roughly describe the idea in a general setting: let us consider a differential

equation
i=F(tz), x:ICR-—=>RY (0.3)

We divide the configuration space R in two disjoint subsets A and B. Let us assume
that there exist two sets A, B C R? x RN such that

e for any (t1,t2,x1,29) € A there exists a solution z 4 (- ;t1, ta, 1, x2) : (t1,t2) — RV

of , such that
zA(tisti,to, w1, @2) = 21 xA(t2st1, ta, T1,22) = T2,
and x4 (t;t1,te, 1, 22) € A for every t € (t1,t2);
e for any (t1,t2,x1,22) € B there exists a solution zg(-;t1, ta, x1, z2) : (t1,t2) — RY
of , such that
wp(tisty, to, 21, m2) = 11 xp(te;t, t2, ¥1,22) = T2,
and xpg(t;t1,te, r1,22) € B for every t € (t1,t2).
The reader may think at the situations
e N=1, A= {z >0} and B = {z <0} (cf. Chapter [1]);
e N=2, A= {|z| > R} and B = {|z| < R} for some R > 0 (cf. Chapters[2 and [3).

Now, let us assume that it is possible to juxtapose solutions corresponding to points of
A and to points of B, in the following sense: for any (¢,te,z1,22) € A, there exists
(ta,t3, x2,x3) € B, and for any (t2,t3, x2,x3) € B, there exists (t3,t4,23,24) € A. Thus,
given a finite sequence a points

(tlat2>$17x2) € Aa (tg,tg,l’g,xg) € Ba
) (tn72atnfla$n727$n71) S .A, (tnflatnal‘nfla$n) S B, (04)

there is a well defined function z : (t1,t,) — RY as

; xA(t;tiati+17$iaxi+1) ift e [ti,ti+1) and 7 is odd
€T =
xB(t; ti, tit1, T4, «Ti—&-l) ift e [ti, ti+1) and 7 is even.

Any x of this type is characterized by an “oscillatory” behaviour, in the sense that
it passes alternatively from the set A to the set B, and vice versa; clearly, in general
it is not a global solution of equation , because in the junction times ¢; it is not
necessarily C'. So, to find a solution defined in the whole R, we have to complete the
following program:
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(i) we have to find at least one juxtaposed function which is regular, so that, by
construction, it solves equation in the time interval [t1,t,]. As we shall see,
this can be done by means of a suitable choice of the sequence in : we show
that, if such sequence is a solution of an appropriate variational problem, then
the corresponding juxtaposed function is sufficiently regular. A remarkable fact is
that, dealing with a finite sequence of points of R? x R*V we passed to a problem
in finite dimension;

(7i) we have to prove that in the previous line of reasoning it is possible to choose
sequences (t*) and (¢ ) such that ¢{* — —oo and ¢} — +00 as m — oo, and
the corresponding sequence of solutions defined in [¢}", 7 ] converges, in CZ (R),
to a solution of (0.3).

Regarding the existence results of Chapter [d] we characterize the oscillatory be-
haviour of the solutions in a different way. We wish to prescribe an appropriate partition
of RY in two subsets A and B, to obtain a solution such that v > v in A and v > u in
B. In our case, we choose

A= JRx 2k, (2k+ 1)7]  B=|JRx[(2k+ L), (2k + 2)7].
keZ keZ

Therefore, the oscillatory behaviour of (u,v) is given by the fact that the function u—wv
changes sign when x passes alternatively from a strip R x [k, (k4 1)7| (with k € Z) to
another one. To succeed in finding solutions having the required properties, we consider
system in bounded cylinders [~ R, R] x R/(27Z) instead of in R?, imposing suitable
boundary conditions, which

e take into account the desired sign condition on u — v;
e are 2m-periodic in y.

By means of some Almgren-type monotonicity formulae, it is possible to show that,
passing to the limit as R — 400, we obtain a solution defined in the whole cylinder
R x R/(27Z), which can be extended by periodicity in the y variable in the whole R?.
Moreover, thanks to an appropriate choice of the boundary conditions, © —v > 0 in A
and u —v <0 in B.

The second part of this thesis concerns the study of qualitative properties for so-
lutions to some elliptic problems in unbounded domains. Chapter [5] is devoted to the
classification of nonnegative solutions for

—div(A(z)Vu) =u —g(z) inRY
u=20 on ORf,



when N = 2,3. We assume that the matrix A is of type

A= (A0,

and is such that the operator div (A(z)V(+)) is elliptic (not necessarily uniformly elliptic).
By means of a combination of Liouville-type theorems and basic Fourier analysis, we
provide a full classification of the admissible solutions for many types of inhomogeneous
terms g. For instance, we show that:

o if g(z) =1, then u(x) =1 — coszy;
e if g(x) = §(a') for some § € C(RN~1), then a nonnegative solution does not exist;

o if g(x) = g(xn) for some g € C(R) satisfying a suitable additional assumption,
then u depends only on z, and is uniquely determined as the solution of

—u"(zy) =u(zy) —g(zy) Ny >0
w(2km) =4/ (2kw) =0 Vk € Z.

In Chapter |§|, we consider again entire solutions of the nonlinear elliptic system ([0.2]):

Au = uv?

Av =v?v in RN

u,v > 0,
where N > 2. This time, we are interested in the study of monotonicity and 1-
dimensional symmetry of algebraically growing solutions. The existence of a solution

to (0.2) depending only on 1-variable has been proved in [I2]. Therein, the authors
formulated the following Gibbons-type conjecture:

Conjecture (Section 7 of [12]). Let N > 2, let (u,v) be a solution of (0.2) satisfying

li_)m w@',zn) =0 and 11_>H_1’_ u(z',zy) = 400
TN ——00 TN 00

lim v(2/,zy) = +c0 and lim v(z',zy5) =0,
TN ——00 TN —+00

the limits being uniform in 2’ € R¥~1. Then (u,v) is 1-dimensional.

The main result of Chapter [6] is the proof of the validity of this conjecture for alge-
braically growing solution. For such a proof, we make use of the moving planes method,
which has to be suitably adapted in order to deal with a system of equation and with
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unbounded solutions. These facts introduce a lot of complications with respect to clas-
sical applications of the moving planes techniques to scalar equations. We can overcome
these difficulties by means of some a priori estimates for solutions of having alge-
braic growth, which follow from particular monotonicity formulae of Almgren-type and
Alt-Caffarelli-Friedman-type.



Synthese

Ce mémoire, qui réunit les résultats obtenus pendant ma these de doctorat [32, 33,
63, 64, 65, 66], est consacré a ’étude de divers problemes d’analyse non-linéaire. Dans
cette synthese, nous donnons seulement un bref compte rendu des principales questions
etudiées dans ce travail ainsi que des résultats obtenus. Ayant traité différents sujets,
nous préférons doter chaque chapitre d’'une propre introduction, contenant une descrip-
tion détaillée de notre recherche, des méthodes que nous avons utilisées ainsi que d’une
bibliographie pertinente et exhaustive.

L’ouvrage est divisé en deux parties. La premiere partie de la theése concerne
Iexistence de solutions entieres pour différents type d’équations aux dérivées partielles
non-linéaires.

e Dans le Chapitre 1, nous étudions ’équation

i + g(u) = p(t)

ol le terme de réaction g est une fonction réguliere et bornée. Sous des hypotheses
adéquates, nous donnons une condition nécessaire et suffisante, sur le second mem-
bre p € CYNL>, pour I'existence d’une infinité de solutions bornées. Il s’agit d’un
résultat a la Landesman-Lazer, mais dans un contexte non périodique. La preuve
de ce résultat repose entierement sur des méthodes variationnelles.

e Le Chapitre 2 concerne le probleme des N-centres issue de la mécanique céleste.
Si z = z(t) € R? désigne la position de la particule au temps ¢ € R, et si ¢; (j =
1,...,N) désigne la position du j—ieme centre, I’équation du mouvement est

N

i:—ZL(a}—cj). (0.1)

— | —c;?

Jj=1

Nous démontrons 'existence d’une infinité de solutions périodiques (collision-free)
d’énergie négative et petite. Comme corollaire, nous caractérisons le systeme dy-
namique associé avec une dynamique symbolique. Pour ces résultats, nous utilisons



viii

Synthése

des techniques perturbatives, variationnelles et géométriques. En particulier, nous
exploitons le fait que les solutions de (0.1) d’énergie fixée, sont des géodésiques
fermées pour une certaine structure Riemannienne. De plus, pour obtenir les so-
lutions, nous utilisons une régularisation de Levi-Civita locale dans un contexte
variationnel.

Dans le Chapitre 3, a I'aide d’une approche perturbative, nous étendons les résul-
tats du Chapitre 2 a une situation beaucoup plus compliquée, obtenue en intro-
duisant un mouvement circulaire uniforme pour les centres du probleme. Ceci
conduit a I’étude de 1’équation

N

. .. 9 mj
Z4+2viz=v"%—
7j=1

|z — ¢ Sl

Nous prouvons que, si |v| est suffisamment petit, une grande quantité de solutions
(collision-free) trouvées au Chapitre 2 continuent a exister. La difficulté principale
est, celle d’éviter les collisions, car dans ce contexte la régularisation de Levi-Civita
ne donne pas des résultats optimaux. Pour surmonter cette difficulté, nous mon-
trons que, au moins localement, la structure variationnelle du probléme ” converge”
vers celle du probleme des N-centres. Le résultat précité est ainsi une conséquence
des résultats obtenus dans le chapitre 2.

Dans le Chapitre 4, nous étudions l'existence de solutions, avec croissance plus
que polynomiale, du systeme elliptique non-linéaire

Au =uv? in RV
Av=ovu? in RV (0.2)
u,v >0 in RV,

qui apparait dans I’analyse des phénomenes de séparation de phase pour les con-
densats de Bose-Einstein. Notre recherche est motivée par le fait que tous les
résultats connus au sujet du probleme (0.2) concernent seulement des solutions
a croissance au plus algébrique. Pour N = 2 (et donc aussi pour N > 2), nous
démontrons l'existence de solutions a croissance exponentielle et nous donnons
aussi une déscription de leur géométrie. L’utilisation de formules de monotonie
a la Almgren, ainsi que de symétries particulieres, joue un role central dans la
preuve de ce résultat.

Dans les résultats mentionnés ci-dessus, on obtient des solutions présentant un ”com-
portement oscillatoire”, ou la signification précise de ”oscillatoire” dépend du probléeme
particulier que nous traitons. En ce qui concerne les trois premiers cas, nous utilisons la
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méme idée abstraite, qui, & notre connaissance peut étre attribuée a Seifert (voir [76])
et a Nehari (voir [66]). L’idée, dans un cadre général, est la suivante: considérons une

équation différentielle
i=F(tz), xz:ICR-—>RY (0.3)

On partitionne P’espace des configurations RV en deux parties disjointes A et B. Sup-
posons qu’il existe deux parties A, B C R? x R2V telles que:

e pour tout (t1,ts,x1,22) € A il existe une solution x4(-;t1,t2, x1,22) : (t1,t2) —
RN de (0.3), telle que
Aty te, o, 21, 22) = 21 T A(t2; 1,12, 71, T2) = T2,
et x4 (t;t1,t2, 21, 22) € A pour tout t € (t1,1t2);
e pour tout (t1,t, x1,22) € Bil existe une solution xg(-; t1,t2, 21, 22) : (t1,t2) — RV
de (0.3), telle que
zp(tiyt, te, x1,22) = 21 w(t2;th, ta, 71, 22) = T2,
et zp(t;t1,t2, 1, x2) € B pour tout ¢ € (t1,t2).
Le lecteur peut penser aux situations suivantes:
e N=1, A= {z >0} et B={x <0} (cf. chapitre 1);
e N=2 A={lz| >R} et B={|z| <R}, avec R > 0 (cf. chapitres 2 et 3).

Maintenant, supposons qu’il est possible de juxtaposer des solutions correspondants aux
points de A et aux points de B, dans le sens suivant: pour tout (¢,te,z1,22) € A il
existe (tg,ts,z2,x3) € B et pour tout (to,ts3,xa,x3) € B il existe (ts,ts4,x3,24) € A.
Ainsi, étant donné un nombre fini de points:

(t17t27$17x2) S Av (t27t3)x27$3) S Ba
Ty (tn—Qatn—lv‘rn—Qawn—l) S Aa (tn—latna'rn—lvxn) S Bu (04)

la fonction x : (t1,t,) — RV,

x(t) =

TA(t; tiytig1, Tiy Tip1) Sit € [ti, tir1) et @ est impari
zB(t; ti, tit1, i, Tig1)  sit € [ti,tiq1) et @ est pari.

est bien définie.

Toute fonction x de ce type est caractérisée par un comportement ”oscillatoire”,
en ce sens, qu’elle passe alternativement de I’ensemble A & I’ensemble B, et viceversa;
clairement, en général, elle n’est pas une solution globale de I'quation (0.3), parce qu’au
temps t; elle n’est pas nécessairement de classe mathcalC'. Ainsi, pour trouver une
solution définie sur R, nous devons remplir les deux points du programme suivant:
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(i) nous devons trouver au moins une fonction juxtaposée lisse, de sorte que, par
construction, elle résout I’équation (0.3) dans I'intervalle de temps [¢1, t,]. Comme
nous allons le voir, cela peut se faire au moyen d’une caractérisation variationnelle
appropriée de la suite en (0.4). Nous sommes ainsi passés a un probleme en
dimension finie.

(74) nous devons démontrer que dans le raisonnement précédent il est possible de choisir
les suites (t7") et (£} ) t.q. t" — —oo et ¢ — 400, lorsque m — +o0 et que, la
suite de fonctions correspondante (définie sur [t1", ¢} ]) converge vers une solution
de (0.3) dans C2(R).

Au sujet du résultat d’existance du Chapitre 4, nous caractérisons le comportement
oscillatoire des solutions d’une maniere différente. Nous souhaitons prescrire une parti-
tion appropriée de RY en deux sous-ensembles A et B, pour obtenir une solution telle
que u > v dans A et v > u dans B. Dans notre cas, nous choisissons

A= JRx[2km, 2k +1)7]  B=[JRx[(2k+ )7, (2k + 2)7].
kEZ keZ

Par conséquent, le comportement oscillatoire de (u, v) est donnée par le fait que la fonc-
tion u—wv change de signe lorsque z passe alternativement d’une bande R x [k7, (k+1)7]
(avec k € Z) a une autre. Pour réussir a trouver des solutions ayant les propriétés req-
uises, nous considérons le systeme (0.2) dans des cylindres bornés de la forme [—R, R] X
R/(27Z), en imposant des conditions aux limites appropriées, qui

e tiennent en compte de la condition de signe désirée sur u — v;
e sont 2w-périodiques en y.

Par le biais de certaines formules de monotonie & la Almgren, nous passons a la limite
pour R — 400, en obtenant ainsi des solutions sur le cylindre R x R/(277Z) qui peuvent
étre prolongées par périodicité (en la variable y) a R tout entier. En outre, grace a un
choix approprié des conditions aux limites, nous avons 4 —v > 0 dans A et u —v < 0
dans B.

La seconde partie de la these concerne ’étude des propriétés qualitatives des solutions
de problemes elliptiques non-linéaires posés dans des domaines non-bornés. Le Chapitre
5 est consacré a la classification des solutions positives d’équations elliptiques du type

—div(A(z)Vu) =u —g(z) inRY
u=20 on ORf,
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ou N = 2,3. Nous supposons la matrice A de la forme suivante:

et telle que lopérateur div(A(z)V(-)) est elliptique, mais non nécessairement uniforme-
ment elliptique. En combinant des théoremes de type Liouville et 'analyse de Fourier,
nous donnons la classification complete des solutions admissibles pour une grande variété
de termes non homogenes g. En particulier, nous démontrons que :

e si g(z) =1, alors u(x) =1 — cos(zy);

e si g(x) = §(a'), avec § € C(RNV~1), alors le probléme considéré ne possede aucune
solution;

e si g(z) = g(zn), avec g € C(R) approprié, alors la solution u ne dépend que de la
variable x et elle est donnée par I'unique solution de

—u"(zn) = u(zy) —glzy) zn >0
u(2km) = v (2km) =0 Vk € Z.

Dans le Chapitre 6, nous considérons encore les solutions entieres du systeme ellip-
tique non-linéaire (0.2):

Au = uv?
Av =v%v inRY
u,v > 0,

ou N > 2. Ici nous nous intéressons a 1’étude de la monotonie et de la symétrie unidi-
mensionnelle pour les solutions a croissance au plus algébrique. L’existence de solutions
de (0.2) en dimension N = 1 a été prouvée in [12]. Dans ce travail, les auteurs formulent
aussi la conjecture suivante (a la Gibbons) :

Conjecture (Section 7 of [12]). Let N > 2, let (u,v) be a solution of (0.2) satisfying

lim w(2,zy)=0 and lim u(a’,zy) = 400
TN ——00 TN —++00

lim wv(z',zy) = +oo and lim (2, zn) =0,
TN——00 TN —>+00

the limits being uniform in 2’ € RV~!. Then (u,v) is 1-dimensional.

Le résultat principal du Chapitre [6] est la démonstration de cette conjecture pour les
solutions & croissance au plus algébrique. Pour cette preuve, nous utilisons la méthode
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des hyperplans mobiles (moving planes method), qui doit étre attentivement modifiée
pour gérer le fait que nous travaillons ici avec un systeme d’équations et avec des so-
lutions non-bornées. Ces faits introduisent de nombreuses nouvelles difficultés. Nous
avons surmonté ces difficultés a I’aide d’estimations a priori pour les solutions de (0.2),
a crossance au plus algébrique, qui sont obtenues par des formules de monotonie a la
Almgren et a la Alt-Caffarelli-Friedmann.



Introduzione

Questa tesi, che contiene i risultati ottenuti durante i mie studi di dottorato [36, [37,
78, [79, 80, [81], & dedicata a diversi problemi emergenti nel contesto dell’analisi nonlin-
eare. In questa introduzione diamo soltanto un breve resoconto dei principali argomenti
considerati in questo lavoro; essendoci occupati di problemi anche molto diversi I'uno
dall’altro, abbiamo preferito dotare ciascun capitolo di una propria introduzione, con-
tenente una descrizione dettagliata della nostra ricerca, delle tecniche utilizzate e della
bibliografia pertinente.

Il lavoro ¢ diviso in due parti. La prima parte riguarda ’esistenza di soluzioni intere
per diversi tipi di equazioni differenziali nonlineari:

e nel Capitolo [} consideriamo ’equazione scalare
i+ g(u) = p(t),

dove il termine di reazione g & limitato e sufficientemente regolare. Sotto alcune
ipotesi supplementari, determiniamo una condizione necessaria e sufficiente sul
termine forzante p € C(R) N L>®(R) per l'esistenza di infinite soluzioni limitate.
Questo puo essere considerato un risultato alla Landesman-Lazer in un contesto
non periodico. La dimostrazione si basa interamente su metodi variazionali.

e [l Capitolo [2 riguarda il problema planare degli N-centri, ossia lo studio del moto
di una particella mobile sottoposta all’attrazione gravitazionale di N corpi pesanti,
la cui posizione ¢ fissata. Se x = z(t) € R? denota la posizione della particella
allistante t € R, e ¢; (j = 1,...,N) denota la posizione del j-esimo centro,
I’equazione del moto e

i}:—ZL(l‘—CJ‘). (0.1)

3
=1 ‘.%' - Cj‘

Dimostriamo 'esistenza di infinite soluzioni periodiche prive di collisioni con en-
ergia negativa e piccola (in valore assoluto). Come corollario, caratterizziamo il
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sistema dinamico associato con una dinamica simbolica. Per le dimostrazioni dei
risultati principali, facciamo uso di tecniche perturbative, variazionali e geomet-
riche; in particolare, sfruttiamo il fatto che soluzioni periodiche dell’equazione
con un’energia fissata sono geodetiche chiuse di un’opportuna varieta riemanniana.
Inoltre, per ottenere soluzioni prive di collisioni, utilizziamo una regolarizzazione
locale alla Levi-Civita in un contesto variazionale.

Nel Capitolo (3| attraverso un approccio perturbativo, estendiamo i risultati del
Capitolo [2] ad una situazione pit complicata, che si ottiene ponendo in rotazione,
con moto circolare uniforme, i centri del problema. In un sistema di riferimento
rotante, cio porta allo studio dell’equazione

54 2uiz = vy — Z|z—c\3 —¢j).

Mostriamo che, a patto di segliere |v| abbastanza piccolo, una gran parte delle
soluzioni prive di collisioni trovate nel capitolo precedente continua ad esistere.
La principale difficolta consiste nell’escludere la possibilita che una soluzione ab-
bia qualche collisione, perche in questo caso la regolarizzazione di Levi-Civita non
fornisce risultati ottimali. Per aggirare questo ostacolo, mostriamo che, almeno
localmente (in un senso opportuno), la struttura variazionale del problema “con-
verge” a quella del problema degli N-centri per v — 0, cosicché il fatto che molte
soluzioni siano prive di collisioni segue dai risultati del capitolo precedente.

Nel Capitolo[d] studiamo ’esistenza di soluzioni con crescita super-polinomiale per
il sistema ellittico nonlineare

Au = uv?
Av=1u*v inRN (0.2)
u,v > 0,

che compare nell’analisi di fenomeni di separazione di fase per condensati di
Bose-Einstein a piu stati. Il nostro interesse deriva dal fatto che i risultati noti
riguardanti il problema riguardano esclusivamente soluzioni con crescita al
pit polinomiale. Per N = 2 (e quindi anche per N > 2), mostriamo che esistono
anche soluzioni con crescita esponenziale, e diamo una descrizione completa delle
loro proprieta geometriche. Nelle nostre dimostrazioni I'imposizione di partico-
lari simmetrie e 'uso di formule di monotonia di tipo Almgren giocano un ruolo
fondamentale.

Nei risultati menzionati, otteniamo soluzioni che esibiscono un “comportamento oscilla-

torio”,

dove il particolare significato di “oscillatorio” dipende dal particolare problema
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in esame. Per quanto riguarda i primi tre casi, usiamo sempre la stessa idea astratta,
che, per quanto ci € noto, puo essere attribuita a Seifert (il quale ha introdotto in un
contesto geometrico il metodo delle broken geodesics, si veda [76]) e Nehari (il quale ha
introdotto il metodo di Nehari in [66]); di seguito descriviamo sinteticamente 1'idea in
un contesto del tutto generale: consideriamo un’equazione differenziale

i=F(tx), z:ICR-—=RY (0.3)

Dividiamo lo spazio delle configurazioni RY in due insiemi disgiunti A e B. Supponiamo
che esistano A, B € R? x R?" tali che

e per ogni (t1,t2, 71, 72) € A esiste una soluzione z.4(-;t1,t2, z1,22) : (t1,t2) — RV

di (0.3)), tale che
zA(tst, to, w1, 22) =21 xA(t2; t1, b2, 21, T2) = T2,
e xA(t;t1,te, x1,22) € A per ogni t € (t1,t2);

e per ogni (t1,t2,21,22) € B esiste una soluzione xg(-;ty,to, 1, z2) : (t1,t2) — RY

di , tale che
rp(ti;t, te, 21, 02) = 21 wp(t2;th, ta, 21, 22) = T2,
and zg(t;t1,te,x1,22) € B per ogni t € (t1,12).
Il lettore puo pensare alle situazioni
e N=1,A={z >0} e B={z <0} (si veda il Capitolo [1);

e N =2, A={|z| >R} e B={|z| <R} per qualche R > 0 (si vedano i Capitoli 2]
el3).

Ora, supponiamo che sia possibile giustapporre soluzioni corrispondenti a punti di A ed
a punti di B, nel modo seguente: per ogni (t1,t2,x1,x2) € A, esiste (ta,t3,x2,23) € B,
e per ogni (tg,ts, xa,x3) € B, esiste (t3,t4,23,24) € A. Pertanto, data una successione

(tl,tQ,l‘l,l‘Q) S A7 (t27t37x27$3) S Ba
‘o (tnf2atnflal‘n727$n71) S .A, (tnflatnamnfla‘fn) S Bv (04)

& ben definita la funzione x : (t1,t,) — RY definita da

o(t) = zA(titi, tiv1, Tis wiv1)  set € [ty tiy1) e i ¢ dispari
:L‘B(t; tiytiv1, iy SL‘Z'+1) set € [ti, ti+1) eie pari.
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Qualsiasi = di questo tipo € caratterizzata da un comportamento “oscillatorio”, nel
senso che passa alternativamente dall’insieme A all’insieme B, e viceversa; chiaramente,
in genere non & una soluzione dell’equazione , perche negli istanti di connessione
t; non & necessariamente C'. Quindi, per trovare una soluzione definita globalmente,
occorre completare il seguente programma:

(i) bisogna trovare almeno una funzione giustapposta che sia regolare, cosicché, per
costruzione, risolve ’equazione nell’intervallo [tq,t,]. Come vedremo, questo
puo essere fatto attraverso un’opportuna scelta della successione in : mos-
triamo che se tale successione e soluzione di un problema variazionale convenien-
temente introdotto, allora la funzione giustapposta considerata e sufficientemente
regolare. E significativo il fatto che, trattando con successioni finite di punti di
R? x R2V | ¢i si riconduca ad un problema in dimensione finita;

(74) bisogna provare che nel precedente ragionamento ¢ possibile scegliere successioni
(t7") e (t; ) tali che t* — —o0 e t' — 400 per m — o0, e la corrispondente

. t™ ] converge, in C2 . (R), ad una soluzione di (0.3)).

successione di soluzioni in [t7", %] (e

Per quanto riguarda i risultati di esistenza del Capitolo [, caratterizziamo il compor-
tamento oscillatorio della soluzione in un modo diverso. Il nostro obiettivo € prescrivere
un’appropriata partizione di R in due sottoinsiemi A e B, per ottenere una soluzione
tale che u > v in A e v > u in B. Nel caso che prenderemo in esame,

A= JRx [2kr, 2k + 1)7]  B=|JRx[(2k + L), (2k + 2)7].
keZ keZ

Di conseguenza, il carattere oscillatorio di (u,v) e dato dal fatto che la funzione u — v
cambia segno quando x passa alternativamente da una striscia R x [k, (k + 1)7] (con
k € Z) ad un’altra. Per trovare soluzioni soddisfacenti una tale condizione, consideriamo
il sistema in cilindri limitati [~ R, R] x R/(27Z) piuttosto che in R?, imponendo
opportune condizioni al contorno che

e tengano in considerazione le proprieta di segno desiderate sulla funzione u — v;
e siano 2m-periodiche in y.

Per mezzo di alcune formule di monotonia di tipo Almgren, & possibile mostrare che,
passando al limite per R — +o00, si ottiene una soluzione definita in tutto il cilindro
R x R/(27Z), la quale puod essere estesa per periodicita nella variabile y in tutto R
Inoltre, grazie ad un’opportuna scelta delle condizioni al contorno, u —v > 0 in A e
u —v < 0in B, come desiderato.
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La seconda parte di questa tesi riguarda lo studio di proprieta qualitative per soluzio-
ni di alcuni problemi ellittici posti in domini illimitati. Il Capitolo [f| & dedicato alla
classificazione di soluzioni nonnegative per

—div(A(z)Vu) =u —g(z) in RY
u =0 su ORY

dove N = 2,3. Supponiamo che la matrice A sia del tipo

A(x) 0

Ax)) =

@ = (470,

e sia tale che operatore div (A(z)V/(+)) sia ellittico (non necessariamente uniformemente
ellittico). Per mezzo di una combinazione di teoremi alla Liouville e analisi di Fourier

di base, forniamo una classificazione completa delle soluzioni ammissibili per diversi tipi
di termini non omogenei g. Per esempio, mostriamo che:

e se g(x) =1, allora u(x) = 1 — coszy;
e se g(z) = §(2') con g € C(RV~1), allora non esiste alcuna soluzione nonnegativa;

e se g(z) = g(zn), con g € C(R) soddisfacente un’opportuna ipotesi supplementare,
allora u dipende solo da z, ed € univocamente determinata come soluzione di

—u"(zn) = u(zy) —g(zy) zn >0
u(2km) =4/ (2kw) =0 VEk € Z.

Nel Capitolo [6] consideriamo ancora soluzioni intere del sistema ellittico nonlineare

[0:2):

Au = uv?
Av =v%v in RV
u, v > 0,

dove N > 2. Ci occupiamo ora della monotonia e della simmetria 1-dimensionale delle
soluzioni con crescita al piu polinomiale. L’esistenza si una soluzione 1-dimensionale del
problema e stata dimostrata in [12]. Nel lavoro citato, gli autori hanno formulato
la seguente congettura alla Gibbons:

Conjecture (Section 7 of [12]). Let N > 2, let (u,v) be a solution of (0.2) satisfying

lim w(z’,zny)=0 and lim wu(z,zn) = 400
TN ——00 TN —+00

lim v(z’,zy) =400 and lim v(z',zn) =0,
TN——00 TN—+00

the limits being uniform in 2’ € RV~!. Then (u,v) is 1-dimensional.
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Il principale risultato del Capitolo [6] & la dimostrazione della validita di questa con-
gettura per soluzioni aventi crescita al pit polinomiale. Nella dimostrazione di tale
risultato, usiamo il metodo dei piani mobili, che deve essere adattato opportunamente
per poter essere applicato ad un sistema di equazioni ed a soluzioni illimitate. Queste
due caratteristiche introducono notevoli complicazioni rispetto alle classiche applicazioni
del metodo dei piani mobili allo studio di soluzioni limitate di equazioni scalari. Possi-
amo aggirare queste difficolta attraverso opportune stime a priori per soluzioni di
aventi crescita al piu polinomiale, che seguono da formule di monotonia di tipo Almgren
e di tipo Alt-Caffarelli-Friedman.
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Existence of oscillating solutions
for some nonlinear problems






Chapter 1

Bounded solutions for a forced
bounded oscillator without
friction

1.1 Introduction and main results

This chapter concerns the existence of solutions, bounded on the real line together with
their first derivatives, for the differential equation

i+ g(u) = p(t), (1.1)

where g € C?(R) is bounded, increasing, and has exactly one inflection point, and
p € C(R) N L*>°(R) admits asymptotic average A(p) € R, that is

1 t+T
plim T/t p(s)ds = A(p),

uniformly in ¢ € R. Such an equation describes the forced motions of an oscillator
exhibiting saturation effects. As a model problem, the reader may think to the equation

i + arctanu = p(t),

even though we do not require any symmetry assumption on the reaction term g. Under
the above assumptions, the main result we prove is the following theorem.

Theorem 1.1.1. Equation (1.1)) admits a bounded solution if and only if
g(—00) < A(p) < g(+09). (1.2)

In such a case, equation (1.1)) admits a countable set of bounded solutions, having arbi-
trarily large L norm.
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The motivation for our investigation relies on the papers [I], [68], which in turn have
been inspired by some classical results of Landesman-Lazer type holding in the periodic
framework. Such studies concern the equation

i+ ci+ g(u) = p(t), (1.3)

where ¢ € R and the continuous function g, not necessarily monotone, admits limits at
400, with the property that

g(=00) < g(s) < g(+o0)

for every s. Also the cases g(+00) = +00 can be considered, requiring g to be sublinear
at infinity if ¢ = 0. When p is T-periodic, it is nowadays well known that equation (1.1])
admits a periodic solution if and only if the Landesman-Lazer condition

T
9(—00) < = /0 p(s) ds < g(+00)

T

is satisfied, regardless of the constant ¢; this result was first proved by Lazer, using
the Schauder fixed point theorem, see [55]. When p is merely bounded, one would like
to find analogous conditions for the research of bounded solutions. This problem was
first studied by Ahmad [1I], under the assumption that p has asymptotic average, in the
sense explained above; by means of techniques of the qualitative theory of dissipative
equations, the existence of a bounded solution is characterized, whenever ¢ # 0, by
(1.2). The case in which p is an arbitrary continuous function was solved by Ortega
[68], who assumes ¢ # 0 and provides a sharp necessary and sufficient condition: (|1.3)
has a bounded solution if and only if p can be written as p* + p**, where p* has bounded
primitive and p** assumes values strictly contained between g(—o0) and g(+o0). This
result relies on the Krasnoselskii method of guiding functions, and was generalized by
Ortega and Tineo [69] to equations of higher order, using the notions of lower and upper
averages of p; again, the condition ¢ # 0 sticks as a crucial assumption. Later, by means
of the method of lower and upper solutions, Mawhin and Ward [61] achieved some results
in the case ¢ = 0, in the situation in which g(—o00) > g(+00); we remark that this case
is complementary with respect to that we are considering. Up to our knowledge, this
last is the unique extension of the Landesman-Lazer theory to second order equations
without friction, and the question in the case g(—o0) < g(400) is still open. Under this
perspective, in this paper we go back to the setting originally considered by Ahmad,
and we prove that its aforementioned result holds also in the case ¢ = 0, at least for the
particular class of g that we consider.

The proof of our result is variational: we use a dual Nehari method which was first
introduced in [70] to obtain bounded solutions in the case of a sublinear reaction (i.e.
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g(s) = s/3). The name “dual Nehari method” is motivated by the fact that it leads
to the study of a maxmin problem, while in the “classical” Nehari method (see e.g.
[51l [66]) one considers a min max problem.

Firstly, we search for a solution of

u)
() 0 = u(b), (1.4)
>0

as a minimizer of the action functional

b
St = [ [502(0) = Glute) + pit)utt)| o

in the weakly closed set {u € H{(a,b): u > 0}. In Section [1.3| we obtain some general
properties of the nonnegative minimizers of J(, ;) in any interval (a, b); in Section we
prove that, when b — a is sufficiently large, the minimizer u4 (- ;a, b) is unique and solves
problem . The proof of these results is substantially different from the corresponding
one in the sublinear case [70]: indeed in the present situation the nonlinearity g and the
forcing term p have the same order of growth (they are both bounded), while, as far
as b — a is sufficiently large, the forced sub-linear problem can be considered as a small
perturbation of the unforced one. This fact introduces a lot of complications, which we
can overcome thanks to a careful analysis of the balance between g and p, via measure
theory tools, and of the asymptotic properties of the functional Jg, b) as b a — +oo. Of
course, analogous results can be obtained for negative minimizers u_ To proceed
it is necessary to prove that u(-;a,b) is non-degenerate and that J(a b a,b
differentiable as a function of (a,b). This is the object of Sections [L.5] [L ﬁ and it is the
only part which requires ¢ € C2. We believe that this assumption can be weakened by
a suitable approximating procedure, but we prefer to avoid further technicalities at this
point.

Once the existence of one-signed solutions is established, in Section we juxtapose
positive and negative minimizers with alternate signs to obtain oscillating solutions, in
the following way: let us fix £ > 1, a bounded interval [A, B] sufficiently large, and let
us consider the class of partitions

t;+1 — t; is sufficiently large for any i

Bk':{(tl ty) € RF A=ito<ty < Sty Stgyr =B, }

For each partition P = (t1,...,t) of By there is a function up obtained by juxtaposing
ug (-3 t;, ti41) with alternate signs + and —. In general, this function is not a solution of
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equation (1.1]), because the derivatives up(tf) may not coincide. We prove that these
corner points disappear for the partition maximizing the quantity

k
V(P) =Y ity (Wt (3t tign)).
i=0
This argument provides a solution of having k zeros in [A, B], together with some
estimates on the W1 norm of the solution which depend only on the ratio (B — A)/k.
Therefore, taking A — —oco, B — +00 and k — —+o00 in an appropriate way, one can
pass to the limit and obtain the desired bounded solution. In doing this, one has again
to modify the corresponding arguments in the sub-linear case, indeed they do not allow
to treat the non-symmetric case g(+o00) — A(p) # A(p) — g(—o0).

Incidentally, assuming p to be T-periodic, a simple variation of the argument above
allows to obtain the existence of infinitely many subharmonic solutions, i.e. solutions
which have minimal period nT, n € N (see Theorem at the end of the chapter).

To conclude, we remark that also the case of infinite limits g(+00) can be treated
by variational methods. On one hand, as already mentioned, infinitely many bounded
solutions for equation were obtained in [70] when g(s) = |s]97!s, 0 < ¢ < 1, and
p € L®(R). On the other hand, the original Nehari method, together with a limiting
procedure, allows to obtain an analogous result also when g is superlinear at infinity, as
done in [84] [87].

1.2 Preliminaries

It is not difficult to check that if equation ([1.1)) admits a bounded solution with bounded
derivative, then necessarily condition ([1.2)) is satisfied. Indeed, by integrating equation
(L.1) in (¢, +T'), we obtain

U — =T
DS L[ 00 - gt as

Since % is bounded, passing to the limit as T — +o0o we deduce that the left hand side
tends to 0, so that

(1.5)

Now, the boundedness of v and the monotonicity of g implies also that for every s € R

9(=00) < g(=llullec) < g(u(s)) < g (ulloc) < g(+00), (1.6)
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and a comparison between (1.5) and ((1.6) gives the desired result (in fact, from this
point of view, it is sufficient that g(—o0) < g(s) < g(+00) for every s).
We observe that, by means of suitable translations, it is not restrictive to assume
that
g(0) =0, g € C*(R) is bounded, strictly increasing in R,

hl
strictly concave in (0, 4o00) and strictly convex in (—o0,0). (h1)

We denote as G the primitive of g vanishing in 0, and

so that

G(s) G(s)

=g+ and g,<?<gJr Vs € R.

lim
s—toco S

As far as the function p is concerned, as we already mentioned, we assume that p €
C(R) N L*°(R) is such that for every € > 0 there exists T > 0 such that if T'> T then

1

t+T
1 / p(s)ds — A(p)| < e,

sup T

teR

in such a way that

p is bounded and continuous in R, (h2)
and has asymptotic average g— < A(p) < g+.

Note that we do not make any assumption on the L* norm of p.
In view of the previous considerations and notations, we can rephrase Theorem [I.1.1]
as follows.

Theorem 1.2.1. Under assumptions ((h1)) —, there exists a sequence (uy,) of solutions
of (L.1) defined in R, with tp, Um € L°(R) and ||tm||cc = 00 as m — oco. Moreover,
each u,, has infinitely many zeros in R.

1.3 Existence and basic properties of nonnegative mini-
mizers

In this section we deal with the boundary value problem (1.4):

i(t) + g(u(t)) = p(t) t€(a,b),
u(a) =0 = u(b),
u(t) >0 t € (a,b).
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We seek solutions as minimizers of the related action functional

b
Tap) = [ [52(0) = Glute) + plt)utt)] a

in the H'-weakly closed set
Hi(a,b)" :={u € Hj(a,b): u>0}.

We introduce the value
+ .
a,b) = inf  J u).
® ( ) weH3 (a,b)+ (a,b)( )
Remark 1.3.1. Of course, even though in the following we focus on positive solutions,
negative ones can be treated similarly as well, seeking solutions to the boundary value
problem

i(t) + g(u(t)) = p(t) € (a,b)

u(t) <0 t € (a,b)

associated to the candidate critical value

“(a,b) := inf J u),

b=t ()
where H}(a,b)™ := {u € H}(a,b) : u < 0}. Indeed, the two problems are related by the
change of variable v = —u, g(s) = —g(—s) and p = —p, and g, p satisfy (h1)-(h2) if and
only if g, p do. In particular, when dealing with negative solutions, in all the explicit
constants we will find the quantity g+ should be replaced by —g+, and A(p) by —A(p).

Lemma 1.3.2. The value ¢t (a,b) is a real number and it is achieved by Uap) €
Hi(a,b)T.

Proof. Tt is not difficult to check that Ji, ;) is weakly lower semi-continuous and coercive,
so that the direct method of the calculus of variations applies. ]

In what follows we are going to show that, if (a,b) is sufficiently large, a minimizer
U(q,p) 18 an actual solution of ; this is not obvious, because in principle uqp) could
vanish somewhere. Having in mind to let (a, b) vary and wishing to catch the behaviour
of the minimizers u(,; under variations of the domain, it is convenient to introduce
suitable scaling to work on a common time-interval. To be precise, for every u €
Hi(a,b)* we can define

) = %
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and P(qp)(t) := p(a + t(b— a)). Of course, u € Hy(0,1)" and

tri. 1 . . .
Tapf) = (0= 0 [ [50%0) = 25360~ P00 + oy 0700 at
0 (b—a)

= (b= @) Ty (@). (1)
This reveals that the minimizations of Ji,p) in Hg(a,b)™ and of j(a,b) in H}(0,1)"
are equivalent; in particular, the function ﬁ(a,b) defined by ([1.7) with u = U(qp) 18 a
minimizer of j(a,b) in H}(0,1)%.
The Euler-Lagrange equation associated to the functional j\(a,b) leads to the research of
solutions to

w(t) + g((b — a)*w(t)) = Pap(t) in (0,1)
w(0) =0=w(1) (1.9)
w(t) >0 in (0,1).

Our aim is to show that if b — a is sufficiently large, then a minimizer a(a,b) is an actual

solution of ((1.9). We start showing that where it is positive it solves equation (|1.1]), and
it is of class C! in the whole (0, 1).

Lemma 1.3.3. Let (¢,d) C (0,1) be such that
ﬂ(a,b) >0 m (C, d)

Then Uy s a classical solution of the first equation in (1.9) in (c,d). Moreover, if
¢ >0 then a(avb)(c“') =0, and if d < 1 then ﬁ(avb)(d_) =0.

Proof. The fact that @, is a (classical) solution in (c, d) follows from the extremality
of U, ) With respect to variations with compact support in (¢, d).

Now we assume that ¢ > 0 and prove that ﬁ(&b)(c*) = 0. By contradiction, let
'ﬁ(a,b)(cﬂ = ¢ > 0. Given € > 0 small enough such that [¢c — e,¢+ €] C (0,d), we
consider the set

Aci={ve H (c—e,cte):v(cte) =TUp(cte)}.

As
[0]lse < V2|02 + min{Ti(p)(c — €), Uy (c+e)} Vv € A,

the functional j(a,b) (considered on the interval (¢ — e,¢ 4 ¢)) is bounded below and
coercive in the weakly closed set A, so that there exists a minimizer v.. Clearly,
ve € C?(c —€,c+¢) and is a solution of

¥ (1) + g((b — a)*ve(t)) = Diap)(t)- (1.10)
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Since the restriction () is not differentiable in ¢, we deduce

Tia) (V) < Tap) @apyl(ez.ere))-

We claim that v > 0in (¢ —e,¢+¢€). If v, is monotone, this follows from its boundary
conditions. If it is not monotone, there exists 7 € (¢ — &, ¢ + ¢) such that v.(7) = 0. As
a consequence, from equation ([1.10)) it follows that

[9]lcc < (lglloc + [[Plloo) 2¢,
and hence, for every t € (¢ —,¢+ ¢), we have
ve(t) > ve(e + €) = ve(e + &) = ve(8)] = Uapy (e + ) = (Iglloo + [[Plloo) 42>,

Now, TU(qp) (c+¢€) = & + O(e?), so that at least for & small enough we have v.(t) > 0 in
(c —e,c+¢), as announced. This implies that the function

ﬁ(a,b)(t) tE[O,C—&‘)U(C-l-E,l],
ve(t) te(c—e,c+e)

stays in H}(0,1)" and, clearly, j(&b) (u) < j(a,b) (t(q,p)), in contradiction with the mini-

mality of U, ). O

In the following lemma we prove that the family of the minimizers {%} is uni-
formly bounded and equi-Lipschitz-continuous.

Lemma 1.3.4. For every (a,b) C R and any U,y it holds
[U(a0) ()] < ([lglloc + [IPllc) — VE€(0,1)
[U(ap) ()] < ([[glloc + [IPlloc) VT €(0,1).

Proof. Let (c,d) C [0,1] be such that g, > 0 in (c,d), vanishing at ¢ and d. From
Lemma [[.3.3] it follows that

[t (D] < 9((b = @)?Taay (8))] + [PO)] < llglloo + IPlloc V¥t € (c.d).

Since Ugp)(c) = 0 = Ugp)(d) and U,y € CH(0,1), there exists 7 € (c,d) such that
’L.LA(a,b) (1) = 0. Hence

[ta,) (D] < ey (T + glloo + I1Ploc = glloe + IPlloc V€ (c,d).

Since this relation holds in each interval (c,d) as before, one can easily conclude by
recalling that, being w € H', it holds

/ (1)) dt = 0. 0
fult)=0}
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Let
n—1
s(t) = Z YkX[tyotii1) (E)
k=0
denote a simple function. We define the quantity
0(s) :==inf{tgs1 —tx: k=0,...,n—1}. (1.11)

Given any measurable and bounded function u € M(0, 1), it is well known that for every
e > 0 there is a simple function s, such that ||u — syl < €. In general the quantity
d(sy) depends on u and e. The following lemma says that if we consider the family
of the minimizers {, )}, given ¢ > 0 it is possible to find a family of approximating
simple functions {S(a,b)} such that §(s(4p)) is bounded below uniformly with respect to

(a,b).

Lemma 1.3.5. For every e > 0, let m € N be such that m > (||g|lco + ||Plls0)/e. Then
for every (a,b) C R

m—1
~ k
S(a,b) (t) := U(a,b) <m) X[ﬁ k+1)(t)
0

s such that 1
Ha(mb) - S(a,b)Hoo <e and 6(8(a7b)) =0 = E

In particular, m can be chosen only depending on € and ||p||oo, and not on p.

Proof. For every t € (0, 1) there exists k € {0,...,m—1} such that ¢t € [k/m, (k+ 1)/m),
so that by Lemma [1.3.4]

t

(o) (1) = s@py (O = | | U () dr] < —(lglloo +IPlle) ¥t € (0,1). O

1
m

L2
m

1.4 The boundary value problem for large intervals

Here and in the next section we consider the minimizer u(, ;) as function of a,b and p.
For this reason, we write

e u(-;a,b;p) and U(-;a, b;p) instead of u(,p) and U, ) respectively,
® Jup),p and j(a,b)’p instead of J(43) and j(a’b) respectively,

e o (a,b;p) instead of ™ (a,b),
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to emphasize the dependence we are considering. As we have already mentioned, we
can introduce an auxiliary problem which carries the asymptotic behaviour of (|1.9) for
b — a greater than a sufficiently large threshold (which depends on p). Let us consider

0(t) = — —A =:—k in (0,1
w(0) =0 =w(l),
with k£ > 0 thanks to . Of course, this problem has the unique solution
k
wi(t) = =t(1 —1t). (1.13)

2

The related action functional is

1

1

J2(w) ::/ [2&)2(75) - l{:w(t)] dt, (1.14)
0

which has the unique minimizer wy in Hg(0,1)" (the uniqueness follows from the strict

convexity of Jg°). A direct computation gives

k.2

Jie =——.

R (wk) = =7

Having in mind to compare minimizers related to different forcing terms, for any p

satisfying (h2)) it is convenient to introduce a subset P of L>°(R) such that the mentioned

threshold can be chosen independently of ¢ € P. To this aim, first of all we recall the
following result.

Lemma 1.4.1 ([68, Lemma 2.2]). Let p satisfy (b2). For every e > 0 there eaists a
decomposition p = p1 . + P2, where ||p1c — A(D)|loo < /2 and pa. € L (R).

This means that if p has asymptotic average it can be written as a sum between
a term pi . which is arbitrarily close to the average A(p), plus a term py . which has
bounded primitive.

Given p € L*°(R), we compute ||p||s and A(p), and for any 0 < £ < 1 we consider a
decomposition as in Lemma [1.4.1} we introduce

M :=|pllcc +1 and M. :=||p2elloc + 1.

We define

llglloc < M1, ¢ has asymptotic average,
P:=1{qc L R) Alg) = A(p), and for any & € (0,1)

there exists a decomposition ¢ = g1 + g2,

as in Lemma [L.4.1] with |lg2.c[e0 < M:

(1.15)
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Remark 1.4.2. Note that given any p satisfying assumption (h2)) we can define the
set P, whose definition depends on p. Clearly, p € P and the constant function A(p)
belongs to P. Moreover, if ¢ is of type

qa(t) = A(p) + ¢2(t) or q(t) =p(t) + ¢2(t),
with [[g2|lss, [|d2]lec < 1, then g € P.

We are ready to show that problem ((1.12]) is the limit problem of (1.4]) as b—a — +o0,
in the following sense.

Proposition 1.4.3. Let p satisfy assumption , and let P be defined by . For
every 0 < € < (g4 — A(p))?/24 there exists L1 > 0 depending only on € such that if
b—a > Ly, then

—a < Japa(@(a,biq) < —a  VYgeP,

where

a::(ng_Qf(p))Q+£ and a::W—a. (1.16)

Remark 1.4.4. The upper bound on ¢ implies that (- ; a, b; ¢) cannot vanish identically
whenever b —a > L.

To prove Proposition [1.4.3| we need some intermediate results.

Lemma 1.4.5. Let § C H}(0,1)" and M > 0 be such that
HuHLl(O,l) < M Yu € g

For every € > 0 there exists Ly = La(g) > 0 such that, if b—a > Lo, then

/01 [(b—la)QG((b —a)?u) — g+u] <e
/01 [9((b— a)*uw)u — gsu]| < e

/01 [g((b —a)?u)u — (b—1a)2G((b _ a)QU)] .

for every u € §.

Proof. Let K7 := 2(1 + Mg) and € > 0 be fixed. By assumption we infer the
existence of 5 > 0 such that
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For every (a,b) and for every u € § we can write

/1 G((b— a)?u) _ / G((b—a)Qu)u
0 (b - a)2 {(b—a)?u<s} (b - a)2u

N2
+ / Glb=a)u), 1 1g)
{(b—a)?u>s}

(b—a)’u

As far as the first integral on the right hand side is concerned, since s > 0 implies
0 < G(s)/s < g4, it results

G((b — a)*u) / g+3 £
0< / — u < g+u < <z,
((b—a)2u<sy (b—a)?u (b-ayuss) | (b—a)? " K

whenever b — a > Lo sufficiently large, for every u € §. Note also that the same choice
of Lo gives

1
b—a>Ly, — 0<g. /u—/ ul < = Yu € §.
0 {(b—a)2u>5} Ky

Let us consider the second integral on the right hand side of (1.17)). Our choice of § and
the previous relation imply that, if b — a > Lo, then

(e (@) [ ()
Ky ) Ky a Ki) Jo = K1) J{b—a)2u>s}

G~ o)) 1
< T g U < g+ u < g+ u,
{(b—a)?u>s} (b - a) u {(b—a)?u>5} 0

for every u € §. Due to the boundedness of the family § in L(0, 1), it results

(1.18)

! G((b—a)?u) € €
0<g /u—/ u<(1+Mgy)— = -, 1.19
“Jo {((—a)2u>5y  (0—a)*u ( +)Kl 2 (1.19)

for every u € §. Collecting together (1.17)), (1.18]) and ((1.19)), we obtain the first estimate

of the thesis. To prove the second one, we can adapt the same argument because of
assumption (hl]). The third estimate follows easily. ]

Lemma 1.4.6. Let § C H}(0,1)" be such that
HuHLl(O,l) S M Yu S -,S

Fore >0, 61 > 0 and for every u € §, let us assume the existence of a simple function
Sy such that
Hu_suHoo <€ and (S(Su) > 01,
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where §(-) is defined as in (1.11) and 1 :==¢/(M1 + M + ||g|loc + 1). Then there exists
Ls > 0, depending on €, 61 but independent of ¢ € P, such that, if b — a > Ls, then

1
/0 (Aap) — Alp)) u| <&,

for everyu € § and q € P.

Proof. Let Ky := (M4 M +||g|loc +1), and let us assume that (a,b) = (0, L) to ease the
notation. It is straightforward to apply the following argument for a general (a,b) C R.
Let us consider, for (¢,d) C [0,1],

d_ 1 dl _d—c dL
/c QL<t)dt—L/CL q(t)dt—iL(d_c) /CL q(t) dt.

For any € > 0 sufficiently small, we consider the decomposition ¢ = ¢ + g2, given by
Lemma By definition of P, we know that

L[ dtorio - aw)

1 t+T 1 t+T
<sw (g [ lneto) = 4@ ot | [ (oo
t t

)

e 2 e 2
< ) + f”‘h,s”oo < ) + TME <e
whenever T > T(g) := 4M./e, independently of ¢ € P. Therefore, if (d — c¢)L >
T (¢/K3), then
1
L(d—¢)
Let us consider the family of simple functions {s, : u € §}. Let us set
L3 :=(1/61)T (¢/K>); for s, = ZZ;& YkX[ty trr1): We Dote that if L > L, then

Ld c
/ q(t)dt—A(p)‘ <Z  wepr
Le Ky

_ [ €
t — 1)L >0 L3 =T | —
(tker — tx)L > 01L3 <K2>’
so that

Lty
1/ a(0) do — A(p)

L(tig1 —tr) Jit,

<€/1| |<€(M+1)
£ s £
Ky J, 7" T Ky ’

1
/(&A@D%
0

n—1
<> k! (ke — )
k=0
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independently of v € § and on ¢ € P, where for the last inequality we use the bound-
edness of § in L'(0,1). Therefore, if L > L3, then

[ = aona] < [+ awii- s+ | [ G- o),

< (lgllso + llglloc) lv = sulloo + 7= (M + 1)

£
oo
< g,

for every u € § and for every ¢ € P (for the reader’s convenience, we recall that by
definition M; > ||g||ls for every q € P). O

We are in position to prove Proposition [1.4.3

Proof of Proposition[1.4.3 Let us consider the family
§ = {a( ;a, b; Q) : (CL, b) CRyq€ P} U {w(g+—A(p))}7

where we recall that u(-;a,b;q) is the minimizer of j(a,b)’q (defined by ), and
W(g, —A(p)) has been defined by . In light of Lemmas [1.3.4] and [1.3.5] the fam-
ily satisfies the assumptions of Lemmas and [1.4.6]

Let Ly := max{Ls (¢/2), L3 (¢/2)}, where Ly and L3 have been defined in the quoted
statements, and we recall that L3 is independent of ¢ € P. By definition, if b —a > Ly,
then

1
~ N 1. .
J@mﬂwwm&®)>/ Luatm@w—un—A@Dthhw dt —e
0

(9+ — Ap))?

24 — &

2t TGy~ ="

for every ¢ € P, where we recall that J° has been defined in (1.14) for any k € R.
Moreover, by minimality,

Jiat).a(@30,0:0)) < Tap)q(0(g,—a))
1
1.
< [ 3 ai® = 6 = A w15, iy 0] i+

(9+ — Ap))?

= nf JGapy o=

+ e,
HE(0,1)F

whenever b —a > L. O
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Now we can come back on the time interval [a, b]: due to the explicit relations (|1.7)
and ((1.8), we can summarize the previous results in the following statement.

Corollary 1.4.7. For 0 < ¢ < (1 — A(p))?/24, let Li() be defined as in Proposition
[1.4.5 Ifb—a> Li(c) then

_Q(b - a)3 < 90+(a7 ba q) < _a(b - a)3’
for every q € P, where a, @ are defined as in equation (|1.16)).

Remark 1.4.8. By definition, Ly > Lo, L. Therefore, if b — a > Ly, Lemmas [1.4.5
and hold true; in particular, we deduce that for every 0 < ¢ < (1 — A(p))?/24, if
b—a > Li(e), then

b
/ l9 (ultsa,b:0)) ults a,biq) — G (u(t;a,biq))] di| < (b~ a)?

for every q € P.

In the next statement and in the rest the symbol || - || denotes the Dirichlet H} norm
on the considered interval, that is,

1/2

ul| = </b d2(1) dt) Vu € HY(a,b).

Corollary 1.4.9. There exists Ly > 0 and a positive constant C1 > 0 such that, if
b—a > Ly, then ||u(-;a,b;q)|| > C1(b—a)/? and ||u(-;a,b;q)||lec > C1(b—a)? for every
qgeEP.

Proof. Since the function A — Jigp) (Au(-;a,b;q)) reaches its minimum at A = 1, it
results

b
/ [ (8 a,b; @) — g (ult; a, b q)) ults a,bi g) + q(t)ults a,bi )] dt = 0.

We can solve this identity for the last term, and substitute into the expression of
J(ayb),q(u(‘? a,b;q)):

b
1.
Jap),q(ul-3a,b;9)) = —/ Quz(t;a,b; q)dt

b
" / 9 (ultsa,b; @) ult a,bs ) — G (u(tsa,bs )] d.
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Given € > 0 sufficiently small, if b—a > L;(e) defined in Proposition we have (we
refer also to Corollary and to Remark |1.4.8])

1.
Jiap).q(u(;a,0:9)) > =2 [la(-5a,b:9)||* — (b —a)® and

T e
for every g € P, from which we deduce
a(- 5 a,b; )| > <(9+_1;W - 4g> (b—a)® VgeP.
We choose & = (g4 — A(p))?/96 and set Ly = L1 (¢). Hence
ool = 20—t e,
and
(9+ — A(p))?

b
- < [ ita b d

b
- / (9 (ultsa,b; @) ults a,bs ) — q(t)u(ts a, by q)] de

< (lgllos + M) [[u(-; a; b; )]l (b — a),
which gives the desired result for
e _0r —AD)?

24(llglloo + M)

Finally, we can prove that if b— a is sufficiently large, then any minimizer u(-; a, b; q)
with ¢ € P is an actual solution of the boundary problem (|1.4]).
Proposition 1.4.10 (Existence). Let p satisfy assumption , and let P be defined
by (1.15)). There exists L > Ly such that, if b —a > L, then u(t;a,b;q) > 0 for every
t € (a,b), g € P. Hence, u(-;a,b;q) is a solution of (1.4).
Proof. For q € P, let

O

{t € (a,b) s u(t;a,b;q) > 0} = | J(ai, bs),
el
where I is a family of indexes and u(t;a,b;q) > 0 for ¢t € (a;,b;) (thus the (a;,b;)
are disjoint intervals). By continuity, there exists j € I such that in (aj,b;) there
exists a point 7 of global maximum for wu(-;a,b;q). By Corollary we know that
u(T;a,b;q) > C1(b—a)? whenever b—a > Ly, for every ¢ € P. Assume by contradiction
that (a;,b;) # (a,b); say, for instance, a; > a. In order to obtain a contradiction, we
consider separately the cases A(p) > 0 or A(p) < 0.
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The case A(p) > 0. We choose 0 < ¢ < min{C4,2A(p)/3}, where we recall that
C1 has been defined in Corollary [[.4.9] and we consider the decomposition of Lemma
for the forcing term ¢. By the monotonicity of g, assumption , there exists
se := g 1 (A(p) — 3¢/2). Assuming b — a sufficiently large in such a way that u(r) > s.
we can introduce

T :=inf{t > a; : u(t;a,b;q) > s for every t € (¢,7)},
a' :=inf {t < T :u(t;a,b;q) > 0 for every t € [t,T]}

(in particular, if 4(T';a,b;q) = 0, then o’ := T). Note that, by definition,

{0 <wu(t;a,b;q) <s. ifteld,T] (1.20)

u(t;a,b;q) > se ift e [T,7].

As u(-;a,b;q) € CH(a,b), @ > aj > a necessarily implies u(a’;a,b;q) = 0. As a conse-
quence, if we reach a contradiction, we deduce that both ¢’ = a; = a and u(a; a, b; ¢) > 0.

Step 1) there exists Co > 0 independent of ¢ € P such that T — a’ < Cs.
By the monotonicity of g and ([1.20)), we deduce that, for every t € (a’,T),

i(t;a,b;q) = —g(u(t;a,b;9)) + q1e(t) + Goe(t)
e . .
> _9(58) + A(p) - 5 + QZ,E(t) =e+ QQ,s(t)'
By integrating twice in (a’,t), and using the fact that u(a’; a,b; ¢) = 0, we obtain
se > u(T;a,b;q) —u(d;a,b;q) > %(T —ad)? - 2M.(T — d),

which provides the desired estimate.

Step 2) There exists C3 > 0 independent of ¢ € P such that u(T;a,b;q) < Cs.
As g(s) > 0 for s > 0, we see that, for every ¢t € (a/,T),

i(t;a,b;q) = —g(u(t; a,b;q)) + que(t) + Goe(t)
< A(p) + % + o (t).

By integrating in (a’,T), we deduce that
u(Tsa,b;q) < (A(p) + %) (T —d') + 2M; < Cs,

where we use the first step and the fact that u(a’; a, b; q) = 0.
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Step 3) Conclusion of the proof in case A(p) > 0.
By the monotonicity of g (assumption (hl])) and (1.20), we deduce that, for every ¢ €
(T,7).

ity a,bq) = —g(u(t; a,b;q)) + q1,e(t) + doe(t)

< —glse) + A(p) + 5 + () = 22 + dac(t).

By integrating twice in (7, t) and evaluating in 7, we deduce

e(b—a)® + (u(T;a,b;q) + 2M.) (b — a) + u(T;a,b;q)
e(b—a)? + (Cs +2M.) (b — a) + s,
where we used the result of the previous step and the definition of T'. The choice ¢ < C}

gives a contradiction with Corollary for b — a sufficiently large (greater than a
constant L depending only on P and not on the particular choice of q).

The case A(p) <0. We choose 0 < ¢ < C1, where we recall that C; has been defined
in Corollary and consider the decomposition of Lemma for the forcing term
q. For every t € (aj,b;) we have

. . € .
it;a,b;9) = —g (u(t;a,b:0)) + q1e(t) + d2e(t) < 5 + d2e(?),
where we used the fact that g(s) > 0 for s > 0. By integrating twice in (a;,t) with
t € (aj,b;), and evaluating in 7, we obtain
u(t;a,b;q) < e(b—a)? +2M.(b — a).

Having chosen € < (', this immediately contradicts Corollary for b — a sufficiently
large. O

For the results of the next sections it is important to prove the uniqueness of the
minimizer of the functional J, ), with ¢ € P. In light of the previous and the next

statements, this uniqueness is guaranteed provided b — a > L. In the following propo-
sition the forcing term p is fixed; therefore, we will use the simplified notation of the
previous section.

Proposition 1.4.11 (Uniqueness). Let u and v be functions in C*(a,b) N H}(a,b) such
that u >0 and v > 0 in (a,b). Assume that

J(a,b) ('LL) = J(a,b) (U) - 90+(a7 b)

Then u = v in [a,b].
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Proof. Let us consider the function
D(A) == J(a,p) (1 = Nu+ ).
We note that ® € C'(R) and
P'(A) = dJ () (1 = Nu+ Xv)[v — u].

As ®(0) = ®(1), there exists A € (0,1) such that ®'(\) = 0, that is,

b
/ (=N a+ ] (0—u)—g((1=A)u+ ) (v—u)+plv—u)=0. (1.21)

Also, by minimality we know that ®'(0) = ®'(1) = 0, that is
b
/ w(v—u) —g(u)(v—u)+plv—u)=0 (1.22)
b
/ 80 — ) — g(v)(v — 1) + p(v — u) = 0. (1.23)

If we consider (I.21)) and subtract (1 — ) times (1.22)) and X times (1.23)), we obtain

b
/ [(1=X) g(u) + Ag(v) — g ((1 = A) u+ Av)] (v—u) =0. (1.24)
a
We claim that
either u = v or the function v — u changes sign in (a, b). (1.25)

Indeed, assume u # v and, w.l.o.g., v > win (a,b). Theset A := {t € (a,b) : v(t) > u(t)}
is not empty and has positive measure. Hence, by (1.24) and the strict concavity of g
in (0, +00), assumption (hl)), we deduce that

o:/:[(l_X)gw)Hg(v)_g((1_X)u+AU)] (v — )
:/A[(1—>\)g(u)+>\g(v)—g((1—)\)u+)\v)] (v —u) <0,

a contradiction. This proves the claim ((1.25), so that it remains to show that v — u
cannot change sign in (a,b). By contradiction again, assume that v — u changes sign
in (a,b), so that in particular there exists 7 in (a,b) such that u(7) = v(7). Say, for

instance, that
T ]. .9 T 1 .9
U —G(u)+pu) < 50 —G(v) +pv ) ;
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necessarily it results

/Tb (;iﬂ — Glu) —i—pu) > /Tb (;@2 —G) +pv> .

alt) = {u(t) ?ft € (a,7)
o(t) ifterb).

Let

By definition @ € Hg(a,b)™, @ > 0 in (a,b) and Jigp) (@) < Jop(u) = ¢ (a,b), that
is, 4 is a minimizer of J,4) in Hi(a,b)™ which is strictly positive in (a,b); hence, it
solves the boundary value problem and has to be of class C?(a,b). This implies
that @(7) = v(7), and recalling that u(7) = v(7), we can apply the uniqueness theorem
for the initial value problems, proving that u = v in (a, b). O

Let p € P, and let P be defined by . Collecting together the results of Propo-
sitions [1.4.10| and [1.4.11] we can conclude that there exists L > 0 such that for every
(a,b) C Rwithb—a > L and for every ¢ € P there exists a unique minimizer u(-;a,b;q)
of the functional J(, ) , in H(a,b)™, which is strictly positive in (a,b) and hence solves
problem with forcing term ¢. It is then possible to define a map which associates
to each triple (a,b,q), with b —a > L and g € P, the unique minimizer u(+;a,b;q). We
conclude this section proving that this map is continuous.

Lemma 1.4.12. Let p satisfy (h2), and let P be defined by (L.15). Let A and B be
fized and let

I::{(t,a,b)eR3:b—a>i, A<a§t§b<B},

where L has been defined in Proposition 1.4.10. Let us consider the metric space P
endowed with the distance d(q1,q2) = |lq1 — @2l z2(a,3). The map

(t,a,b,q) €T x P (u(t;a,b;q),u(t;a,b;q)) € R?
1S continuous.

Proof. Let (an, by, pn) — (a*,b*,p*) in Z x P. Thanks to the explicit relations , we
can consider the scaled functions u, := u(-; an, by; pn) and u* := u(-; a*, b*; p*). Having
chosen b — a > L and (pn) C P, from the previous results we deduce that each u,
solves problem with ay,, b,, D, instead of a, b, p. By Lemma we know that
the sequence () is bounded in H{(0,1), so that, up to a subsequence, it is weakly
convergent in H}(0,1) to some u € HZ(0,1)". This, together with the fact that, up to



1.5 Non-degeneracy of positive minimizers 23

a subsequence, p, — p* almost everywhere in [0, 1] (this follows from the convergence
of p, to p* in L%(0,1)), implies that %, — @ in H%(0,1) N H}(0,1), and

u(t) +g
7(0) = 0
at) >0

_l’_

((b* — a*)?u(t)) =p*(t) te(0,1)
u(1)

Y

te(0,1).

We aim at proving that u = ©u*; if this is not true, then the variational characterization
of u* and Proposition [1.4.11] imply that

~

J(a*,b*),p* (a*) < :]\(a*Vb*Lp* (ﬂ) (126)

By the continuity of J with respect to u, p, a and b, we have also

~ ~
A~k

Ttan ) pn (@) = T ey pr (@) and Tg, poy o (@) = Tar pe) pe (@) (1.27)

A comparison between and for n sufficiently large gives a contradiction
with the fact 4, reaches the minimum of J,, 3,)p, in H}(0,1)", so that necessarily
u = u*. Since this argument holds for any subsequence, we deduce the convergence of
the whole sequence, and to obtain the desired result it is sufficient to observe that, since

U, — u*in H%(0,1) N H}(0,1), then @, — @* in C1([0, 1]). O

1.5 Non-degeneracy of positive minimizers

Assume that u solves ([1.4)) in (a, b); we can consider the variational equation

{&(t) + g(;(u(t))lﬂ(t) =0 te(a,b) (1.28)

P(a) =0 =(b).

Definition 1.5.1. We say that u is non-degenerate as solution of (1.4)) if problem ([1.28])
has only the trivial solution v = 0 in H?(a,b) N H(a,b).

The main result of this section is the following.

Proposition 1.5.2. Let p satisfy (h2)), P be defined by (1.15), and L be defined as
in Proposition |1.4.10, and let us assume that b —a > L. The function u(-;a,b;p) is
non-degenerate as solution of the boundary value problem (|1.4)).

For the proof, we will use some known results in singularity theory, which we recall
here and for which we refer to Section 3.2 of the book by Ambrosetti and Prodi [4].
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Definition 1.5.3. Let ® : Q C E — F be of class C(f2), where  is open, E and F are
Banach spaces and uy € Q. We say that ug is singular if d®(ug) is not invertible. It is
ordinary singular if it is singular and

(1) Ker (d®(up)) is one-dimensional:
Ker (d®(up))) = Ry for some ¢y € E'\ {0};
Range (d®(ug)) is closed and has codimension 1:

Range (d®(ug)) = {q € F: (y0,q) =0} with 9 € F*\ {0}.

(i) {70, d*®(uo) [0, Yo]) # 0.

Theorem 1.5.4 (Ambrosetti-Prodi). Let uy be an ordinary singular point for ®, and,
say,

(0, d*®(uo) [0, o)) > 0;

let go = P(ug), and let g € F be such that (7o, q) > 0. Then there exists a neighbourhood
U of ug in E and a positive number €* such that the equation

®(u) = qo + eq, uelU
has ezactly two solutions for 0 < e < &* and no solution for —e* < e < 0.
We are ready to show that u(-;a,b; p) is non-degenerate.

Proof of Proposition[1.5.2 Let

X = H2(a,0) "V Hy(a,b),  ullx = llill2, Y = L3(a,b).
We introduce the map F : X — Y defined by

F(u) = —ii — g(u).

Under assumption , it is immediate to see that F € C?(X,Y’) and

dF (u)y = = — g'(u)¥, d*F (u)[ip1, o] = —g" (w)ih1t)a.

By the Fredholm alternative, u(-; a, b;p) is degenerate as solution of ([1.4)) if and only if
it is singular for F. So, let us assume by contradiction that u(-; a, b; p) is degenerate as

solution of (1.4]).
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Step 1) wu(-;a,b;p) is ordinary singular for F.
We have to show that u(-;a,b;p) satisfies points (i) and (i) of Definition [[.5.3] By
degeneracy, problem

{w + g (u(t;a,b;p))(t) =0t e (a,b)
b(a) =0=1(b)

has a nontrivial solution g, that is, 0 is an eigenvalue for the operator dF(u(t; a, b;p));
this is a Sturm-Liouville operator with Dirichlet boundary conditions, hence all its eigen-
values are simple, and in particular Ker (dF (u(t;a,b;p))) = Repg. Moreover, in light of
the Fredholm alternative, dF(u(t; a,b;p)) is a Fredholm operator with index 0, so that

property (¢) in Definition follows.
As far as point (4i) is concerned, first of all we claim that 0 is the first eigenvalue of

dF (u(t;a,b;p)); if not, there exists Ay < 0 and ¢; € X \ {0} such that

{Ww +g'(ult;a, by p)) () = —Men(t) ¢ € (a,b)
pi(a) =0 =y (b).

On the other hand, since u(t;a,b;p) is a local minimizer for J(,y),, we know that

dQJ(aJ,),p(u(t; a,b;p)) is a positive semi-definite quadratic form; this implies that

b .
0< Pnplutiabip)lin i) == [ (1 + g ultiabin)in) i

b
:)\1/ 3 <0,

a contradiction. Having proved that 0 is the first eigenvalue of dF(u(t; a,b;p)), we can
assume that ¢¥9 > 0 in (a,b). By the Fredholm alternative, Range (dF (u(t; a,b;p))) =

{q €Y : (0,q) = 0}, where (y0,9) = [ 9oq. Hence

b
(s F(ults b ) o, el) = — [ 9" (ultia,bip)) i £ 0
being ¢” < 0 in (0, 400) and ¥y > 0 in (a,b).

Step 2) Conclusion of the proof.
By definition, F(u(t;a,b;p)) = p. We can choose g € Y such that

o f(fqibo > 0;

e p+eq € P for every |e| sufficiently small.
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Indeed, let ¢ € C°(a,b) \ {0} be negative. Taking ¢ = b, we obtain

/:WO - /:WO = —/abg' (u(t; a,b;q)) ¢bo > 0,

because —g’ < 0 in R and 99 > 0 in (a,b). Also, it is easy to check that the function
p+eq € P whenever || is sufficiently small (see Remark [1.4.2). So, by definition,
F(u(-;a,b;p+¢€q)) = p+ eq (to ensure that u(-;a,b;p + £q) solves with forcing
term p + ¢, it is essential to know that p + ¢ € P), and by Lemma it results
u(-;a,b;p 4+ eq) — u(5a,b;p) in X as e — 07. On the other hand, by Theorem m
there exists a neighbourhood U of u(-; a, b; p) in X such that the equation F(u) = p+eq
has no solution in U for € < 0 sufficiently small, a contradiction. O

As an easy consequence of the Fredholm alternative, we obtain also the following
corollary.

Corollary 1.5.5. Let p satisfy , let P be defined by (1.15)), let L be defined in
Proposz'tz'on and assume that b —a > L. The boundary value problem

{W) +g'(ult;a,b;9))0(t) =0t € (a,b)
b(a) = e, V(b) =y

has a unique solution for every q € P.

1.6 Differentiability of ¢ (a,b)

In this section we will show that ¢t (a,b) = Ji4p) p(u(-;a,b;p)) is differentiable as func-
tion of a and b.

Lemma 1.6.1. Let p satisfy , and let P be defined by (1.15). Let A and B be fixed
and let )
7 := {(t,a,b)eR3:b—a>L, A<a§t§b<B},

where L has been defined in Proposition . If g € P is of class C', then the map
(t,a,0) € T = (u(t;a,b;q),u(t; a,b;q)) € R?

is of class C', too. More precisely,

O tra,bi0) = 100 g 1 0:050) =)
tabrg) = 6alt)  O(t:a,bia) = alt),
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where & and & are the solutions (unique by C’omllary of

E(t) + ' (u(t;a, b;9))E(t) =0

with the boundary conditions

{5l<a>=—u(a+;a,b;q> . {52<a>=o
£1(b) =0 &(b) = —u(b~;a,b;q),

respectively.

Proof. In light of the results of the previous sections, it is not difficult to adapt the proof
of Lemma 5.1 in [70]. We report the sketch of the proof for the sake of completeness.
Thanks to the explicit relations —, the first part of the thesis follows if we prove
the differentiability of (- ; a, b; q) with respect to (t,a,b). Let A := {(a,b) € R?: b—a >
L,A<a<b< B}, X =H}0,1)NnH?(0,1), and consider the map ® : Ax X — L2(0,1)
defined by
®(w,a,b) = —1i — g ((b—a)?w) + qla + (b — a)).

By definition, ® (u(-;a,b; q);a,b) = 0; we wish to show that the implicit function theo-
rem applies to ® in a neighbourhood of (- ;a, b; ¢). Having chosen ¢ € C'(R), it is not
difficult to check that ® € C'(A x X,Y), and that in particular

0u® ((-3a,b5p);a,b) [¥] = = — (b—a)?g’ ((b — a)*U(-; 0, b p)) ¥,

which is invertible thanks to Proposition [1.5.2] Therefore, the implicit function theorem
applies and the map (a,b) — U(-;a, b; q) is of class C*(A, X). By looking at the topology
of X, this means that the map

(t,a,b) € T — (u(t;a,b;q),u(t;a,b;q)) € R?

has partial derivatives with respect to a and b, and that they are continuous in the three
variables. The differential equation for u(- ; a, b; ¢) reveals that also the partial derivative
with respect to t exists and is continuous, that is, the map is C', which completes the
first part of the proof.

Now we have to compute the partial derivatives; to do this, we firstly use the bound-
ary conditions on u(-;a,b;q):

u(a;a,b;) =0 = &i(a) = —u(aT;a,b;q),
u(bya,b;q) =0 = &(b)=0

Moreover, we note that for any ¢ € C°((a, b)) it results

b
[ [0t 00 + ottt a.b:) - a(®) o(0)] dt =0,
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Differentiating with respect to a we deduce

b .
| [a@io + dutannanen] d-o  voecab),
which completes the proof for £;. O

Proposition 1.6.2. For every p satisfying , the function 3
ot (a,b) = pT(a,b;p) is of class C* with respect to a and b in {b—a > L}, with derivatives

8QO+ . 1 .2 4. . 8904_ _ 1 c201—. .
E(a,b) = 5u (a";a,b;p) and W(a,b) =5 (b~ a,b;p).

Proof. If p € C'(R), then by Lemmal1.6.1|¢™ (a,b) = Jiqp) ,(u(- ; a, b; p)) is differentiable.
In such case, the expressions of its derivatives follow by direct computation. In the
general case, we claim that

there exists (¢,) C P NCH(R) such that ¢, — p in L*(A, B). (1.29)

This is not straightforward, since P is defined as in ((1.15). Let €, — 0 as n — oo, an
let us consider the decomposition

P=Ple, T p2,6n
given by Lemma For any fixed n, we consider

d .
In.m = A(p) + at (om * p2,€n) = A(p) + pm * P2.en>

where (p,,) is a family of mollifiers, * denotes the usual product of convolution, and
the last identity follows from the fact that ps. € C}(R). It is not difficult to check that
qn,m € PNC L(R) for any m, n, and that for any n there exists m,, sufficiently large such
that

lgn,mn — Pllz2(a,B) < €n-
Hence, the sequence (gy,m, ) has the desired properties, and claim ([1.29) follows.
We introduce ¢n(a,b) := ¢ (a,b;¢,) and ¢(a,d) := ¢*(a,b; p), and observe that, thanks
to the previous step, each ¢, is of class C}(R). Let A := {(a,b) :b—a > L, A< a<
b < B}. We claim that

©n — o uniformly for (a,b) € A. (1.30)
If not,

sup |n(a,b) — @(a,b)] = sup |¢T(a,b5q0) — ¢ (a,b5p)| = 0 > > 0.
(a,b)eA (a,b)eA
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By Lemma [1.4.12{and the continuity of J(4) () as function of (u, a, b, p), the function
T is continuous in the three variables, so that by compactness for every n the supremum
is achieved by (an, b,) € A. Therefore, if (1.30) does not hold, then

|7 (an,s bn; n) — @ (an, busp)| > €

for any n. Since, up to a subsequence, both a, and b, converge, this contradicts the
continuity of pT.

With a similar argument we see also that @(7;a,b;q,) — u(7;a,b;p) for 7 = a,b,
uniformly in A, so that

Opn,

1 n 1.5,
o (a,b) — qu(aJr;a,b;p) and ¢ (a,b) — —fuz(b sa,byp),

2 0b 2

uniformly in A. The convergence of (¢,) and of the sequences of the derivatives reveals
that ¢ is of class C! in A, and the thesis follows. O

1.7 Sign-changing solutions

In this section we complete the proof of Theorem Firstly, we prove the existence
of sign-changing solutions of in bounded (sufficiently large) intervals; then, by an
exhaustion procedure, we pass to the whole real line. To do this, we juxtapose positive
and negative solutions on adjacent intervals, the latter existing and satisfying analogous
properties of the former ones, as enlightened in Remark To distinguish between
positive and negative solutions, and since the forcing term p is now fixed, we change our
notations accordingly, denoting such solutions as u(-;a,b). To sum up, we have the
following result.

Proposition 1.7.1. For every € > 0 there exists L > 0 such that, if b —a > L,
then the value p*(a,b) is achieved by a unique u(-;a,b) € Hi(a,b), which is strictly
positive/negative and solves equation (1.1)) in (a,b). Moreover,

N|w

[us(-5a,0) || < (lglloc + [|Plloo) (b — a)
—a(b—a)’ <pT(a,b) <

where a, @ have been defined in (1.16]) and

_(—g-+ Ap)? =
Bim it and Bi= R
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Proof. The proposition directly follows from Proposition [I.4.10] Lemmal[1.3.4] Corollary
.47 and Remark 311 O

By assumption , there are two possibilities:
either gy — A(p) = —g- + A(p) or g4+ —A(p) # —g- + A(p).

In the former case, we observe that for a given ¢ it results a = 8 and @ = B. Otherwise,
it is possible to choose ¢ sufficiently small in such a way that

either a < B or B <a.
To fix the ideas, in the following we consider the case
B<B<a<a (1.31)

The reader can easily adapt the arguments below in order to cover also the other situa-
tions (actually, if g1 — A(p) = —g— + A(p), the problem is considerably simplified).
Firstly, we start by choosing ¢ > 0 sufficiently small in Proposition [1.7.1] in such a

way that
B8 _
= <pB; (1.32)
(1+y2/2)
by definition, one can easily check that this choice is possible.

Remark 1.7.2. Let v := 3/a. It is useful to observe that equation (1.32)) implies that

(1) o () 70

a<1fﬁ>3+5(1+1ﬁ>3—a<0.

First of all, by (1.31)) we immediately see that the second of these relations is automat-
ically satisfied provided the first one holds. And for the first one it is sufficient to note
that

a(l J\rﬁﬁ>3+ﬁ<1 +1ﬁ>3 :a<1 +1ﬁ>3 [(ﬁ)%ﬂj}
av B

(1 +7ﬁ)2 - <1+ 5@)2'
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Let (A,B) C R and k € N be such that (k+ 1)L < B — A; hence, it is possible to
divide the interval (A, B) in k+1 sub-intervals, in such a way that each of them is larger
than L. We define the set of admissible partitions of (A, B) in (k + 1) sub-intervals as

B = {(tl,...,tk)ERk:AZ:tQStlg---StkSthrl :ZB,tH_l—tiZL};

also, we introduce the function 1 : By — R defined by

’gb(tl,...,tk) .

k {+ if 7 is even (1.33)

o (i) ti, t; where o(7) =
ZZ;@ i tir), i

We consider the maximization problem

ck(A,B) :=sup {u(t1, ..., tg) : (t1,...,tx) € Bg}. (1.34)

Remark 1.7.3. It is possible to consider also the maximization problem for the function
having opposite o (7). The situation is essentially the same.

Lemma 1.7.4. The value ci(A, B) is achieved by a partition (t1,...,t;) € By.

Proof. This follows from the continuity of cp"(i) (in fact ©° @) ig differentiable, Proposition
1.6.2), and from the compactness of By. O

To each interval (¢;,%;11) we associate
Ui 2= Ug () (-3 iy tig1)-
In this way, it is defined on the whole [A, B] a function
u(A,B),k(t) =wu(t) ift € [t tiy], (1.35)

which is a solution of in (A, B)\ {t1,...,t}, and has exactly k zeros in (A, B). If
we show that it is differentiable in each ¢;, then u(a,B),k Will be a solution in the whole
(A, B). To prove the smoothness of u(4 g, we wish to exploit the knowledge of the
explicit expression of the derivatives of ¢?(®), given in Proposition m Having this
in mind, we observe that, if (¢1,...,%) is an inner point of By, then by maximality it
results Vi(t1,...,t;) = 0, where the partial derivatives of ¢ can be expressed in terms
of the partial derivatives of cp‘r(i). Therefore, the next step consists in the proof of the
following lemma.

Lemma 1.7.5. There exists H, depending only on L and on p, such that for any
(A,B) CR, k € N with

B—-A>H(k+1),
the corresponding maximizing partition (t1,...,tx) € By is an inner point of By, that is,
tir1 —t; > L for every i.
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We need two intermediate results. The first one says that the ratio between two
adjacent sub-intervals of a maximizing partition can be controlled by means of a positive
constant depending only on L and on p.

Lemma 1.7.6. Let (t1,...,1) € By be a mawimizing partition for (1.34). There exists
h > 1, depending only on L and on p, such that

(i —tic1) <tiv1 —t; < h(t; — tiy1)

> =

foreveryi=1,...,k.

Proof. For an arbitrary 4, let A\ =t; — t;_1 and hA = t;.1 — t;. We wish to show that h
is bounded from below and from above by two positive constants depending only on L
and on p. Let v := /a, which belongs to (0,1) by (L.31)). If both A and h\ are smaller
than or equal to L/\/v, then /v < h < 1/4/v. Otherwise, at least one between A and
hA is greater than L/+/v, so that

1
1+hMA> 114+ — )L 1.36
(+ma> (14 2) (1.36)
Firstly, let us consider the case o(i — 1) = +, that is, i — 1 is even. Let

— 1% _ _ — _
si=ti—1+ L(ti—i-l —ti—1) € (tim1,tit1).

14+ v

We consider the variation of (¢1,...,%x) obtained replacing ¢; with s. This is an admis-
sible partition in By, as by (1.36]) we have

s—ti_1= Vv (I4+h)A> 1715\5 <1+\;>L:L

- 1 1
fii1—s= 1+ h)A 1+—)L>L.
+181+ﬁw+w%+ﬁ<+ﬁ>>

The variational characterization of (fi,...,%;) implies that

Pty tict, Sy tigt, - k) <V, tic, G tia, ot
by definition, this means
D (Fi1,8) + 7D (s, Ti11) < T (Ei1,E) + 07D (E, Tig).

Therefore, recalling that we are considering the case o(i — 1) = +, by Proposition m
we deduce

—a( J>3ﬂ+hﬁﬁ—ﬂ
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that is,
o (%) (i) -]
a<1fﬁ)3+5(1;ﬁ)3

[O‘ <1+ﬁﬁ>3+ﬁ<1 +1ﬁ>3_0‘] ="

As observed in Remark thanks to the choice , the coefficient of h3 and the
last term are negative, so that this relation cannot be satisfied if h is too small or too
large: this implies that necessarily 1/h1 < h < hy for a positive constant hy > 1, which
depends only on L and on p.

In case o(i—1) = —, one can follow the same line of reasoning, replacing the previous
definition of s with

+3 (h* +h)

) 1
R N7

(fz‘+1 —ti_1) € (t_z'—l,t_iﬂ)-
Again, the relation

1#(7?1, e ,72;1,8,'[2’+1, e ,fk) S w(fl, e ,72,1,{1',{1'+1, e ,tk)

implies that for the quantity h; > 1 previously introduced it results 1 /h1 < h < hy, and
the desired result follows choosing h := max{1/y/v, h1}. O

Now we can show that, in a maximizing partition, the ratio between the larger sub-
interval and the smaller one is bounded by a constant depending only on L and on

p.
Lemma 1.7.7. Let

A:=min ({41 — ;) and X :=max (41 —1;).
(] K]

Then there exists h* > 1, depending only on L and on p, such that
A< h*).

Proof. Let us denote with i # j, 0 < i, j < k, two indexes such that

X = ti+1 — ti and A= tj+1 — tj.
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To fix the ideas we consider the case i < j. As the previous lemma asserts that the length
of any interval is comparable with the one of its neighbours, we can assume without loss
of generality ¢ and j to be even, k > 5 and j —i >4, ie. i+2 < j— 2. Let us set again

v:= fB/a, and let
1/1 1
o=z | s+ 5= Vv .
2\2 ¥2) 14+

If A < max{L/5,L/(1 —25)}, we can choose h* = max{1/5,1/(1 — 25)}. Otherwise,
we consider a variation of (¢1,...,%;) introducing two points

s1:=1; + 5'(If_i+1 — fl) and so:=1t; + (1-— 5’)(t_i+1 — t_z)
between ¢; and ¢;11, and eliminating ¢; and ¢;41 if j < k; if j = k, we eliminate ¢;_; and

tr. For the reader’s convenience, we explicitly observe that, since v € (0, 1), it results
t_i <851 < 89 < t_i+1-

AVFIgNIvA

t tit1 tj+2 t +2

In what follows, the notation corresponds to the case j < k.
As A > max{L/5,L/(1 —27)}, the new partition is in By: indeed
51 —1t; = 5‘(@'+1 —t;) =6\>L
sg—s51=(1-20)(tix1 —t;) = (1—20)A> L (1.37)
t_i-i-l — 89 = 5’(t_i+1 — {z) =6A>1L
As a consequence, by maximality,

w(tlu o 7ti)817527ti+17 v 7tj—17tj+2) v 7tk) < ¢(£17 v )tk)u

that is,

@t (ti,51) + 0 (s1,52) + @7 (52, Tig1) + T (-1, Tj12)
< @ (Ei 1) + 0T (L1, 6) + @ (E, L) + @7 (Ej1, Ejya).
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We know that ¢ (#,t41) < —aX?’, and the other terms on the right hand side are
negative; on the other hand, for the left hand side we can use the expressions (1.37) and
the fact that, by Lemma tjy2 —tj—1 < (2h + 1)A. Therefore

2053\ — B(1 - 25)°X — a(2h + 1)3\3 < —ax’,

which gives
N’ _
[@ — 206" — B(1 — 25)°] <A> < a(2h+1)3.

We claim that
a—2a6° — B(1 —25)° > 0;

as a consequence, the thesis will follows. To prove the claim, we note that, by definition

of 7, it results
3 3
1
253 Vv d (1-25)? I
? <(1+ﬁ) and (1-200°<\7 %)

Thanks to the choice (1.32)), recalling also Remark we easily deduce

a—2aa3—ﬁ(1—25)3>a—a<1fﬁ>3—ﬁ<l+ﬁ>3>o,

which completes the proof. ]

End of the proof of Lemma[I.7.5 Let H = h*(L + 1), with h* introduced in Lemma
1.7.70 Then any partition of an interval of length B — A > H(k + 1) in k + 1 sub-
intervals has a sub-interval larger than h*(L + 1), and in particular A > h*(L + 1).
Applying Lemma we immediately deduce A > L + 1. O

We are ready to prove the existence of sign-changing solutions of (1.1)) in large
intervals.

Proposition 1.7.8. There exists H, depending only on L and on p, such that if B—A >
H(k+1) and (t1,...,t) is a mazimizing partition for (1.34)), then the function ua p)
defined by (1.35)) is a solution of (1.1).

Proof. By construction, u 4, gy solves ([L.1)) in (A, B)\{t1,...,tx}. Moreover, by Lemma

(t1,...,1tx) is a free critical point of the function 1, so that Vi(ty,...,t;) = 0. In
view of Proposition [1.6.2], this writes

1 S ,
—guia )+ E) =0 i=1. 0k

But then w4 gy is C 1 across each %;, and the proposition follows. O
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Remark 1.7.9. Directly from the construction of u(4 gy, it is possible to obtain some
estimates which will be useful in the next proof; we keep here the notation previously
introduced. First of all, we note that for every ¢t € (A, B) there exists i such that
t € [ti,ti+1). Thanks to Lemma we deduce that

lugapy k()] = Jui(t)] < C(tipa — 1)* < CX
lia,B) 6 (t)] = [0i(t)] < C(tig1 — 1) < CA,

where C is a positive constant depending only on g and p. As a consequence

72 . p—
luea,B)kllLoe(a,By < CX and  |luga,g)kllLee(a,) < CA

On the other hand, let 7 be a point of maximum of |u(4 g) |- There exists j € {0,...,k}
such that 7 € (¢j,%;11), so that by Corollary it results

luca,myellpoea,m) = lui (1) = CLtj1 = £) > C1,
where (] is a positive constant depending only on g and p.
It is now possible to complete the proof of the main result.

Proof of Theorem[I.2.1. For a fixed L > L, let h, h* and H be as in Lemmas [1.7.6
and Proposition respectively. Let p > H be fixed (we explicitly remark that
h* is independent of u). For every n € N we have 2npu > 2nH, so that by Proposition
m there exists uy n = U(_un un)2n—1 Which is a solution of in (—pn, un) with
2n — 1 zeros, and its zeros correspond to a partition

—pn =: 1?0 < 7?1 < .. -at_Qn—l < t_2n = un,

maximizing for cg,—1(—pn, un), defined by (1.34). At least one of the sub-intervals of
the partition has to be smaller than or equal to u; recalling that A := min;(¢;41 — ;)
and A = max;(t;+1 — t;), it results A < p; this implies, by means of Lemma éﬂl that
A < h*u, where h* does not depend on n or on u. Analogously, from the fact that at
least one of the sub-intervals of the partition has to be larger than or equal to u, it is
possible to deduce that A > p/h*.

By using the estimates of Remark it is immediate to obtain

B2 * : *
1 (£2)" = Nl mgony < COS? - and il o pmumy < C(R"1).

Furthermore, being w,, , a solution of ([1.1)), it results

[ipnll Lo (—pnum) < Nlglloo + [1Pl]oo-
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The previous estimates reveals that the sequence (uy,n)nen is uniformly bounded in
W120’C°° (R), so that by the Ascoli-Arzeld theorem it converges in CL _(R), up to a subse-

quence, to a function w, which is a solution of (|L.1]) in the whole R, and satisfies

2
1 (1) < Il < COW? and iyl oewy < C(h*) - (1.38)
By construction, u, has infinitely many zeros tending to infinity in both the directions;
indeed, if this were not true, then |u,(t)| > C > 0 on an interval of length greater than
h*u, and by the ClloC convergence the same should hold also for w,, , when n is sufficiently
large, which is not possible.

We have constructed a solution of defined in R, which is bounded together with
its first derivative. Now, we can obtain the sequence of bounded solutions u,, = u,,,
simply repeating the same procedure for a sequence of parameters p,, such that p,, —

+o00 and
C
m > 1) — (W)
I Vq()ﬂl

for every m. Indeed, thanks to equation ((1.38)), we deduce

Hom )2

tmotllzse ) < CO*ptm1)? < €1 (E2)7 < il e,

0 that w,,—1 Z Uy, and ||up ]| — +00 as m — oco. O

To conclude, as we mentioned in the introduction, we turn to the periodic framework.
We keep the previous notations, in particular H is defined as in Lemma We have
the following.

Theorem 1.7.10. Let g satisfy , and let p be a continuous T'-periodic function such
that

1 T
w<ﬂm=T/p@ﬁ<%-
0

Then, for any (k,n) € N? with k odd and nT > H(k + 1), there exist a nT-periodic
solution of (1.1), having exactly k + 1 zeros in [0,nT).

Remark 1.7.11. The nodal characterization of the solutions ensures that, whenever T'
is the minimal period of p, and n and (k + 1)/2 are coprime integers, then nT is the
minimal period of the corresponding solution. This ensures the existence of an infinite
sequence of subharmonic solutions, with diverging minimal period.

Proof. Let

Ak':{(to t1 ty) € R to<t1 < St St =10 + 0T, }

tiy1 —t; > L, tg € [-T,2T
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and let ¢ : A, — R defined as in (we point out that now ¢y is not fixed).
There exists a maximizer (fg,t;...,%) for 1. Since p is T-periodic, we can assume
to € [0,7). As a consequence, it results Vi (to,t1,...,t,) = 0. The expression of
the partial derivatives of i with respect to ¢;, ¢« = 1,...,k, says that the function
U(fy fo+nT),k (defined as in (1.35])) is a solution of in (tg,to + nT); also, the fact
that 9y, (to, t1, - . .,tx) = 0 implies that

1

_ 1 _
-2 .2 _
_§u(fo,fo+nT),k:(t(J)r) + 5 UG, go+nr) 1 ((lo +11)7) =0,

that is, uz, z)4+n1)k can be extended by nT-periodicity as a (smooth) solution of (1.1
in the whole R. O



Chapter 2

Symbolic dynamics for the
N-centre problem at negative
energies

2.1 Introduction and main results

In the N-body problem, one investigates the motion of an arbitrary (finite) number of
heavy bodies which move in the space R? under their mutual gravitational attraction.
Describing the position of each body as a vector valued function of the time,

zp:ICR—R>  k=1,...,N,

according to the second Kepler law the motion of the bodies is described by the system
of second order ordinary differential equations

m;

iy(t) = — Z m(l’k(t) —x;(1)),

where m; is the mass of the j-th particle.

Whereas the 1-body problem correspond to the free motion and the 2-body problem
was solved by Newton, the N-body problem for N > 3 is analytically non-integrable,
and, in its complete generality, is still far away from being well understood. For this
reason, a wide part of the research has been devoted to some relevant simplified problems.
The N-centre problem fits exactly in this contest.

Let us consider a (N + 1)-body problem. If one body is much faster then the others,
then we may approximate its motion by assuming that the N other bodies are fixed:
this leads to the N-centre problem, which consists in the study of the motion of a test
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particle of null mass under the gravitational force fields of N fized heavy bodies, the
centres of the problem. The motion equation is

i) ==Y o om et —a). (21)
J

J=1

where © = x(t) € R? denotes the position of the particle at time ¢ € R, and ¢ (j =
1,...,N) is the position of the j-th centre. Introduced the potential

N
.
V(x)zzm, zeR3\ {ci1,...,en}y
j=1

we can rewrite equation (2.1) as & = VV(z), which has Hamiltonian structure, of
Hamiltonian

1
§\v|2 —V(x) = h(v,z).

The 1-centre problem is nothing but the Kepler problem, probably the most famous
integrable problem in celestial mechanics. The 2-centre problem was investigated and
solved by Euler. Moreover, Jacobi provided explicit solutions in his celebrated work
”Vorlesungen iiber dynamik”. These solutions are particularly relevant for calculating
the motion of artificial satellites, since the gravitational force field of the Earth can be
approximated by one of the two centres in a 2-centre problem. This has been used by
Vinti in [88], see also [46] for an application. Moreover, we point out that the 2-centre
problem plays a role as a physic model of a diatomic molecule in which the centres
are atomic nuclei, and the test particle is an electron; this approach was introduced by
Pauli, and we refer to [89] for more details.

Contrarily to the cases N = 1 and N = 2, if N > 3 the dynamical system of the
N-centre problem exhibits a chaotic and non-integrable structure. The first contribution
in this direction is due to Bolotin in [I4]: he proved the analytic non-integrability of the
planar N-centre problem for N > 3 on any energy shell

Uy, = {(m,v) eR*\ {c1,...,en} x R?: %MQ —V(z)= h}

such that h > 0. The question of analytic non-integrability has been faced also for the
spatial problem by the same author and Negrini [I5], and by Knauf and Taimanov in
[54]. In [I5], it has been proved that if N > 3, then the restriction of the dynamical
system on the energy shell U}, has positive topological entropy for every h > 0; this
fact suggests the analytic non-integrability of the dynamical system, which has been
rigorously proved by Knauf and Taimanov under the assumption that the energy is
larger than a positive threshold hyy,.
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Concerning the qualitative description of the dynamical system, a crucial reference
for the planar problem and for the positive energy case is the contribution by Klein and
Knauf [52]: therein the authors provided an accurate description of the planar scattering
phenomena for a wide class of problems of N-centre type; in particular, they showed
that the planar N-centre problem on positive energy levels has a symbolic dynamics.
Regarding the spatial problem, we refer to Knauf [53], in which the author extended
some results of [52] assuming that the energy is positive and sufficiently large.

As far as the negative energy case is concerned, the literature shows very few works,
and the most remarkable results are obtained under strongly restrictive assumptions:
in [I6] Bolotin and Negrini proved the occurrence of chaotic dynamics for the 3-centre
problem on the energy level U}, assuming that the third centre is far away from the
others two and that the absolute value of h is sufficiently small; in [31], Dimare obtained
a similar result for h < 0, |h| small enough, when one centre has small mass with respect
to the others. In both papers the problem is approached with a perturbation argument.
In a general setting, almost nothing is known.

To complete this bibliographic introduction, we mention also the contribution of
Castelli [19], who deals with the planar problem and proved the existence of infinitely
many periodic solutions having a common fixed period for a suitable displacement of the
centres in the plane. In this work there is no information on the energy of the solutions.

In this chapter, which is based on [79], we study the planar N-centre problem,
considering the more general situational of gravitational potentials of degree —a:

= E _ R
V(I) = o |1L’ — Cj|a T c \{Cl, aCN})

with a € [1,2); the equation for the motion of the test particle modifies as

N .
B(1) = TV (@(t) = =Y oy (alt) — ). (22)

2
Jalt) — "

where we recall that ¢; € R? denotes the position of the j-th centre at time . We
explicitly remark that, when o = 1, equation coincides with equation (2.1)).

To describe our main results, we need some notation. We say that = : I ¢ R — R?
is a collision-free solution of if 2 € C%(I) solves equation in a classical sense:
in particular, z(t) # ¢; for every t € I, for every j = 1,...,N. On the other hand, we
say that = : I C R — R? is a collision solution of if z € H'(I), and there exists a
collision set T,(x) C I such that

o for every t € Ty(x), it results z(t) = ¢; for some j =1,...,N;
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e T.(z) has null measure;
o if (a,b) C I\ T.(x), then z is a collision-free solution of ({2.2)) in (a, b);

e there exists h € R such that the energy function is constant in I:

SHOP — V) =h Ve T\ T(a).

Let us consider the possible partitions of the set of the centres {ci,...,cy} in two
disjoint (non ordered) non-empty sets. Here non ordered means that for us

{{61}, {62, PN ,CN}} = {{CQ, PN ,CN}, {Cl}}.

There are exactly

L) () () )

such partitions, which we label within the set
P={Pj:j=1,....28 1 —1}.

It is convenient to distinguish those partitions which separate a single c¢; from the others:
we call

P = {{cj}, {c1,...,en}\{¢}} Jj=1,....N.

This special kind of partitions defines a subset of labels
P :={PjeP:j=1,...,N} CP.

Remark 2.1.1. The notation can appear not so clear. Indeed, with P; we denote both
symbols in P and in the subset P;. For this reason, in what follows we always emphasize
if we consider a partition in the entire set of symbols P, or only in the subclass P;.

We define the right shift T, : P* — P™ as
TT(Pj17Pj27""Pjn> - (Pjn7Pj17"‘ Pjnfl)’

and we say that (Pj,,...,P;,) € P" is equivalent to (P}, ,..., P[ ) € P" if there exists
m € N such that

Y

(Phy.. ., PL) =T (P, .., P;)).

J1? ) T
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Periodic solutions. Our first goal is the existence of infinitely many periodic solutions
with negative energy:

Theorem 2.1.2. Let o € [1,2), N > 3, c1,...,cy € R%2, mq,...,my € RY. There
exists h < 0 such that, for every h € (h,0), n € N and (P;,,...,P;,) € P", there exists
a periodic (possibly collision) solution T((Pj,,....P;,),h) of the N -centre problem with
energy h, which depends on (P}, ..., P;,) in the following way: there exist R sufficiently
large (in particular, we require that c; € Bg(0) for every j), and § > 0 sufficiently small
(both R and § depending only on h), such that T((Py,,...P;,)h) CTOSSES 2n times within
one period the circle 0Bg(0), at times (tg)k=0,...2n—1, in such a way that:

o in (tog,tor+1) the solution stays outside Bg(0), and

|Z((Pyy e Py (B20) = TPy, ) (B2 1) <05
o in (top+1,tort+2) the solution lies inside B (0), and, if it does not collide against

any centre, then it separates them according to the partition Pj, .
Concerning the possibility to have a collision, it results:
(i) if a € (1,2) then T((Pj, Py ),h) 1S collision-free;
(ii) if « = 1 there are three possibilities:

(a) either T((Pj,, Py ),h) S collision-free;

(b) or T((Py,,...Pj, ),h) collides first with one centre cj, covers a certain trajectory,
then falls back on a second centre ci, (it may happen that ¢; = ci) bouncing
and coming back along the same trajectory. This is possible only when n is
even and (Pj, ..., P;,) is equivalent to (P}, ..., Pj ) such that

P € Py, P]{n/2+1 €ePy and (ifn>2)
/I pl / _ p! / _ p/
P =P, P  =F P =P

J27 1 J3r 0 T Jnjoga jn/Q;

(c) or else T(p;,,...P;,),h) has a collision against one centre c;, covers a certain

100
trajectory, “bounces” against the curve {x ER?:V(x) = —h} with null ve-
locity and comes back along the same trajectory. This is possible only if n is
odd and (Pj,, ..., P;,) is equivalent to (P}, ..., P ) such that

Pl €P1 and (ifn>1)

P =P P =P P! = P!

gn — T2 T J30 0 P g1y 241 Jn+1)/2°
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Of course, by varying both the number n € N and the choice of the partitions
(Pj,,...,Pj,) € P, we find infinitely many periodic solutions for every fixed value
h € (h,0). Note that we cannot completely rule out the occurrence of collision solutions
in the case of the classical Newtonian interaction o = 1; however, we observe that the
symbol sequences of the collision solutions exhibits a peculiar symmetry; by choosing
non symmetric sequences, it is then possible to find infinitely many collision-free periodic
solutions even for a = 1.

The following pictures represent the case (i) or (ii)-(a), (ii)-(b), (ii)-(c) respectively.

Remark 2.1.3. 1) The assumption ”|h| is sufficiently small” is substantial. Indeed,
every solution of the N-centre problem with energy h is confined in the Hill region
{x € R? : V(x) > —h}; when h becomes very large, due to the singular nature of the
potential V' this set can be even disconnected, so that it is impossible to find solutions
having the behaviour described in the statement. However, we stress that in general the
threshold |h| is strictly smaller than the infimum A > 0 such that ¢; € {V(z) > h} for
every j.
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On the other hand, we remark that we do not make any assumption on the position
of the centres or on the values of their masses.
2) We point out that R will be explicitly chosen in a convenient way in the next section,
see equation and Proposition m
3) The solutions of type (ii)-(c) determine a particular type of brake solutions. A brake
solution z is characterized by the existence of an instant ¢ such that 2(¢) = 0; in such a
situation, by the energy integral necessarily x(t) € {V(z) = —h}, that is, the solution
is allowed to have zero velocity only on the boundary of the Hill region. Moreover, due
to the reversibility of the motion equation with respect to the time involution ¢ +— —t,
and the uniqueness theorem for the solutions of regular initial values problems, it results
xz(t +t) = x(t — t), and for this reason we can say that any brake solution “bounces”
against the boundary of the Hill region.
4) In some sense, the solutions of Theorem can be related to the syzygies in the
3-body problem, see [64]. A solution of the N-body or of the N-centre problem suffers a
syzygy when three bodies become collinear. In [64], the author proved that any bounded
solution (that is, any solution such that the distance between bodies remains bounded by
a positive constant for all time) of the 3-body problem with zero angular momentum and
no triple collision suffers infinitely many syzygies. Analogously, any periodic solution
given by Theorem suffers infinitely many syzygies; even more, the prescription of a
particular sequence of symbols (Pj,, ..., P;,) implies that the moving particle describes
a corresponding sequence of syzygies, which can be distinguish by the ordered couple of
centres which becomes collinear with the particle itself. A challenging issue at this point
becomes the possibility of translating Theorem [2.1.2] and the forthcoming Corollary
in terms of the N-body problem with zero angular momentum.

Fixed ends problems. To prove Theorem [2.1.2] we use of a broken geodesics argu-
ment, finally leading to a finite dimensional reduction. The fact that the juxtaposition
of geodesics defined in small interval in a convenient way can lead to a construction of
a global geodesics has been introduced, in a completely different setting, by Seifert [76].

A key step consists in solving fixed ends problems having the desired topological
characterization with respect to the centres. This leads to a constrained minimization
for the Maupertuis functional (which we define in the sequel of the section), the main
difficulty being the possible collisions with the centres.

At this point some remarks are in order. Collisions are the main obstruction in order
to apply minimization arguments in singular problems of celestial mechanics, and in the
last decades several arguments to insure that a minimizing path is collision-free have
been developed. One of the most powerful tool can be ascribed to Marchal, see [23] 59],
and it can be summarized as follows: let 1, Q2 two different configurations in the N-
body problem, and let H(Q1,Q2,T) be the space of H!-functions connecting Q1 and
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(2 in time T'. The so called Marchal’s lemma establishes that any action minimizer in
H(Q1,Q2,T) is collision-free (a version of such a result for the Maupertuis functional has
been recently proved in [63], exploiting the relationship between the action functional
and the Maupertuis one; we refer to Subsection for more details); we briefly recall
the sketch of the proof. Let ¢ be a collision trajectory; let us construct a family of rigid
variations moving one of the colliding masses away from the collision, parametrized over
the sphere. Let us evaluate the action as the parameter varies on the sphere. Afterwards,
we estimate the average of the perturbed action over all the perturbations, and show
that this average is less than the action of ¢, concluding that ¢ cannot be a minimizer.
This idea has been widely generalized in [40, 41] under some symmetry assumptions,
where it has been employed to proof the existence of a plethora of periodic solutions.
On the other hand, in several practical situations one seeks minimizers of the action
in a set of functions sharing a prescribed topological behaviour, see e.g. [9, 19, 211, 22]
42, 83]. In such a situations, Marchal’s lemma cannot be employed because the average
argument does not take into account any topological constraint, and this, usually, makes
impossible to deduce any conclusive information. As a typical example, one can think
at the hip-hop trajectories constructed in [83], where the authors introduced a method,
adapted also in a different situation in [19], to prove that minimizers of the action
functional are, under suitable topological constraints, collision-free. Here we give a
further generalization, proving the following intermediate result of independent interest.

Theorem 2.1.4. Leta € [1,2), N >3, c1,...,cy € R2, mq,...,my € RY. There exist
h < 0 and R > 0 such that, for every h € (h,0), every pair of points p1, p2 € OBr(0), and
every partition P; € P, there are two solutions xp,(-;p1,p2;h) and l‘gj(- ip1,p2; h) of
with energy h, both defined in a finite time-interval, starting from p1 and arriving at
p2, and depending on P; in the following way. One of this function, say xp;, minimizes
globally the length associated to the Jacobi metric in the closure, with respect to the weak
topology of H', of the set of paths separating the centres according to the partition pP;,

while azgj is a local minimizer in the same class. Moreover:
(i) if a € (1,2), then xp, and ng are collision-free and self-intersection-free.
(ii) if « = 1, we have to distinguish among three cases:

P; . . .
a) assume py # pe; then xp; and x4’ are collision-free and self-intersection-free.

b) assume p1 = py and P; € P\ Pi; then zp; and xgj are collision-free and
self-intersection-free.

c) assume p1 = p2 and P; € Pi; then xp; can be a collision-free and self-
intersection-free solution, or can be an ejection-collision solution, with a
unique collision against c;. The same holds true for x§j.
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Whenever it is collision-free, xp, separates the centres according to the partition Pj. The
same holds for x?.

Moreover, if at least one between xp, and $§j is collision-free, then they are different
solutions. Otherwise they can coincide.

We remind the reader to Section 2.4] for the definitions of “Jacobi metric” and of
“ejection-collision solution”.

Symbolic dynamics. Let us consider a discrete and finite set S, with at least two
elements. It is a metric space, when endowed with the trivial distance: di(sj, s) := d;x
Vsj, s € S, where §; is the Kronecker delta; consider the bi-infinite sequences of
elements of S:

ST = {(5m)mez : Sm € S ¥Ym}.

It is a metric space, too, with respect to the distance

d((sm), (b)) == 3 ﬁdl(sm,tm), W(sm), (tn) € SE.
MEZ

Of course, we can introduce a right shift letting

T ((sm)) := (Sma1)  V(sm) € SZ.

Definition 2.1.5. Let ¥ be a metric space, o : ¥ — X a continuous map, S a finite
set. We say that the dynamical system (X,0) has a symbolic dynamics with set of
symbols S if there exist a o-invariant subset II of ¥, and a continuous and surjective
map 7 : II — S%, such that the diagram

nmn—2-1I

ko

gz _Ir gz
commutes; that is, the restriction o|r is topologically semi-conjugate to the right shift
in the metric space (S%,d).

Remark 2.1.6. The topological semi-conjugacy relates the topological properties of
the first system with those of the second system; the definition of symbolic dynamics is
particularly relevant since a lot of features of the discrete dynamical system 7T} : S% — S%
are known, e.g.

e it has a countable dense set of periodic points;



48 Symbolic dynamics for the N-centre problem at negative energies

e there is high sensitivity with respect to initial conditions;
e there is positive topological entropy.

Therefore, the fact that a system has a symbolic dynamics reflects an extremely compli-
cated behaviour of its trajectories. This is true even though, in general, the properties of
the dynamical system T, are not necessarily preserved by semi-conjugacy (because 7 is
not necessarily invertible, and the inverse, if exists, could not be continuous). Usually,
one proves the occurrence of symbolic dynamics and afterwards, exploiting this fact,
shows that some of the other properties are fulfilled.

Coming back to the N-centre problem, let us rewrite equation (2.2)) as a first order
autonomous Hamiltonian system:

z(t) = v(t) .
{b(t) V() < 2=JV.h(z), (2.3)

where h is the Hamiltonian function, and

() (5 0)

For the reader’s convenience, we recall that U}, denotes the energy shell

{(x,v) eR?\ {c1,...,en} %|U|2 —V(x) = h}.

To each finite sequence of partitions in a set P", we can associate a bi-infinite periodic
sequence in P%. Starting from Theorem it is possible to prove the following result.

Corollary 2.1.7. Let h be introduced in Theorem let h € (h,0). Then there exist
a subset Iy, of the energy shell Uy, a first return map R : 1, — I, and a continuous
and surjective map 7 : I, = PZ, such that the diagram

I, —2 > 11,

M

T,
PZ o PZ,

commutes; namely, for every h € (h,0), the N-centre problem on the energy shell U"
has a symbolic dynamics, with set of symbols P.
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Some readers might rightly object to the admissibility of collisions in our symbolic
dynamics. This objection concerns the Newtonian potential & = 1, the most relevant
for physical applications. However, with some small adjustment, the same construction
leads to a collision-free symbolic dynamics. To be convinced, we focus our attention on
those sequences that are not reflectionally symmetric with respect to one partition of
the class Py (in the sense specified by cases (ii)-(b) and (i7)-(c) of Theorem [2.1.2)). With
these sequences, semi-conjugacy with the right shift still holds. Now, to be rigorous,
we have to distinguish between the cases N = 3 and N > 4. In the latter one the
occurrence of symbolic dynamics is a simple consequence of the previous corollary, once
we ruled out the partitions of P; (the only ones allowing (possibly) collision solutions).
Note that, for every N > 4, P\ P; has at least two elements. The case N = 3 is more
delicate, since P = P;. Hence we have to use a little trick: we take as symbols two
blocks of 4 partitions (e.g. PyPyP,P; and PoP,P3Pj) in such a way that no composed
sequence has the reflection symmetry which characterizes the collision trajectories, see
Remark (recall that P; denotes the partition which isolates the centre c;).

Corollary 2.1.8. Let o« =1, N > 3, ¢1,...,¢cN € R? and mq,...,my > 0; let h be
introduced in Theorem . For every h € (h,0), the N-centre problem on the energy
shell U™ has a collision-free symbolic dynamics. To be precise:

(i) if N > 4 the set of symbols is P\ P;.
(ii) if N = 3 the set of symbols is {P1PiPyP3, P,P,P3P1}, and the semi-conjugacy
with the right shift holds for the fourth return map R*.

Strategy of the proofs. In Section [2.2] we show that it is equivalent to search for
solutions of ([2.2)) having a prescribed energy h < 0, and to search for solutions of

i) =-> # (y(t) — &) = VVi(y(1))

— |y(t) — cj|>+?
i=1 ’ (2.4)

where
m 1
V;_(y) = Z 7_k ; ‘a and C; = E(h)C] = (—h)aCj.

This is a different N-centre problem, where the energy is normalized to —1 and ¢; # c}.
In this change of perspective, we see that the new centres stay inside a ball of radius
e = e(h), with e = 0" as h — 0~. This means that, if we choose |h| sufficiently small,
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we can assume that the centres are arbitrarily close to the origin. In this way, given
€ > 0 and for any ¢ € (0,&), outside a ball of radius R > & problem is a small
perturbation of the Kepler problem with homogeneity degree —a < 0 (we will call it
“a-Kepler problem”). This consideration leads to the research of periodic solutions to
separating the investigation inside/outside a ball of radius R > & > 0.

In Section 2.3} we find arcs of solutions to with image outside Br(0), connecting
any pair of points (pg,p1) € (0Bgr(0))? such that the distance |pg — p1| is sufficiently
small; this is done by means of perturbative techniques.

In Section [2.4] we study the dynamics inside the ball Br(0), finding solutions of
which connect any p1, p2 € Bg(0); in this step, we use a variational approach based on
the Maupertuis principle.

In Section we collect the previous results, obtaining periodic solutions of
which pass alternatively outside and inside Br(0); to juxtapose the arcs of solutions
found in the previous sections, we perform a convenient finite dimensional reduction.

Finally, using the results of Section|2.2.1] we obtain a periodic solution of the original
problem with energy h.

Once we proved Theorem [2.1.2] we focus on the symbolic dynamics, proving Corol-

laries and 2.1.8l in Section 2.6

Further notation. We often identify a function u with its image u([a,b]) C R?, with
some abuse of notation.
It is convenient to introduce the polar coordinates for a point z € R?:

z=re’, r>0andf € R.

The angle € is counted in counterclockwise sense, and # = 0 if z = (1,0). For every
continuous function z : I € R — R?\ {0}, there exist continuous functions r : I — R¥
and 6 : I — R such that

z(t) = r(t)e?®,

Dealing with the angular momentum of a C! function x, we write
Co(t) = |a(t) A k(D) = [ (1)0(1)]

We use the notations || - ||1r(() for the LP ([a,b],R?)-norm and | - |z (ja,p)) for the
H' ([a, b],]RQ)—norm; when there will not be possibility of misunderstanding, we briefly
write || - ||, or || - ||, respectively. The symbol — denotes the weak convergence in H'.

2.2 Preliminaries

Let us fix a € [1,2), N >3, ¢1,...,cn € R2 my,...,my > 0, and fix the origin in the
center of mass. Here and in what follows M := Zévzl m;. In this section we prove that
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solving ([2.2)) with energy h < 0 is equivalent to solving a rescaled N-centre problem on
the energy level —1. In this perspective the quadratic mean of the centres will replace
the energy as a parameter. To be precise, we state the following elementary result.

Proposition 2.2.1. Let z € C? ((a,b)) be a classical solution of (2.2)) with energy h < 0.
Then the function
y(t) = (-h)ea ()75 1), te (=n)F o, (-1)% b) (2.5)
s a solution of energy —1 of a N-centre problem with centres
1

¢ =(=h)scj, j=1,...,N.

The converse holds true: let y € C?((a',V')) be a classical solution of energy —1 of a
N-centres problem, with centres c . Let us set

1

cj:(—h)_zcg, j=1,...,N.

Then

a+2

_1 at2 _at2 _oat2
w(t) = (=) "y (N5 e), re ()7 o (—h)TE )
is a classical solution of (2.2)) with energy h < 0.

Proof. We show how it is possible to infer the form of y arguing by homogeneity.
Let z = x(t) be a solution of (2.2)) on (a,b) C R with energy h. We define

zy5(t) == Na(\t), where A and (8 will be determined in what follows.

The function xy 5(-), defined on (a/A,b/)\), satisfies

\B+2
Exp(t . (O — ¢)
Z |-T()\t cj| lz(\) — ¢;|*T2 ]
_)\(a+2),8+2 m; VRS
j=1 lz,8(t) — )\Bcj|a+2 (xk,ﬂ( ) cj>
We fix 2
= 0
plo)=—7 =0
so that
S m
Exp(a)(t) = — Z J 2 o2 (x,\ Bla) (B) = A a2¢ )
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2
namely, with this choice of 8 we get a new N-centres problem with centres cg» =\ eticj.
This implies the conservation of the energy

N

1.
h = 5’1')\,,8(&) (t)|2 - Z 3
=1 Ty ga)(t) — A etz

m;

2
— \atzh,

With the choice

a+2

A(h) 1= <—]12> Y= W=-1

the function y(t) := x4 (a) is the solution of the transformed problem with energy
—1.
The same arguments apply for the converse. O

From now on we will refer to the problem ”to find a periodic solutions of equation
(2.2) with energy h” as to the original problem. The spatial variable for the original
problem will be denoted by x. On the other hand, we will refer to the problem ”to find
periodic solutions of system ” as to the transformed (or normalized) problem; the
spatial variable in this case will be denoted by y.

Corollary 2.2.2. For every ¢ > 0 there exists ((¢) > 0 such that if h = —((¢), then

max || = e.
1<j<N

The function € — —((g) is strictly decreasing in €.

Proof. Given € > 0 we find

€ o
)= <maX1§j§N ;] ) ' -

Remark 2.2.3. Of course, periodic solutions of problem (2.4) for every ¢ € (0,¢)

corresponds, via Proposition and Corollary to periodic solutions of ([2.2]) of
energy h = —((¢) for every h € (—((¢€),0). Two corresponding solutions exhibit the

same topological behaviour, as showed by equation ({2.5).

As already observed, if ¢ is chosen sufficiently small, outside a ball of radius R > ¢ > 0
we can consider the new problem as a small perturbation of the a-Kepler problem, whose
potential is

Voly) := y € R\ {0}.

aly|*
We aim at proving that

||V:€ — V0||C1(BR(O)C) = 0(6) for e — 0+. (2.6)
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Note that for y € R? \ Bg(0) and ¢ < R the function V. is smooth in y, and is smooth
also as function of ¢j.. If e — 07, then the centres ¢}, collapse in the origin, therefore we
perform a Taylor expansion in a neighbourhood of the point (¢},...,¢.) = (0,...,0). It
results

M
V. E , /) =
E(y Oé|y‘a ’ |a+2 y Clc + O(|Ck’|) Oé|y|a + 0(5)

uniformly in y € R?\ Bg(0), where the first order term vanishes because we fixed the
centre of mass in the origin: Zivzl myc), = 0. The previous equation implies

Ve = Volleo (g (0yey = o(e) for e — 0. (2.7)

Using again the position of the centre of mass we have also

N
= _Z %(y — k)
= |y —cxl*

uniformly in y € R?\ Bg(0), so that
IVVe = VVolleo(Br(0)e) = o(€) for e — 0. (2.8)

Collecting together (2.7) and (2.8), we obtain the (2.6). We will denote by W, the
perturbation term:
Wey) = Vely) = Voly),  yeR%

Remark 2.2.4. If y is a solution of §j = VV(y) with energy —1 over an interval I C R,
it holds
Vay() =1 Viel,

so that to exploit the previous argument we have to check that, for every ¢ > 0 sufficiently
small, there exists R > 0 such that

B:(0) C Br(0) C {y e R* : Vi(y) > 1}. (2.9)
Proposition 2.2.5. Let € > 0. Let R > 0 such that

1

M\ =
5<R<<> — €.
«

Then (2.9)) holds true. There exists €1 > 0 such that, for every 0 < e < &1, this choice
is possible.
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Proof. Under our assumptions on R for every y € Br(0) and for every j

1
M\ @ M
!y—}!§R+€<(> —e = V(y)> —F——=a=1
« Mé
o ((0)7)
There exists €1 > 0 such that
M\ o
I<e<eg = () —e>e. O

o

Remark 2.2.6. Actually, we make the further request
R M\ =
e<—=<R< () — g,
2 «

which is satisfied for every ¢ € (0,1/2).

For reasons which appear clear in Section |2.4} it is convenient to choose R such that
0BRr(0) is the image of the circular solution of the a-Kepler problem with energy —1:
hence, R has to be chosen so that y(t) = Rexp {iwt} is a solution to

o y(@)
ly ()]t

Moreover, the conservation of the angular momentum €, (t) = |y(t) A y(t)| gives

R%w = R\/z (—1 + Oj‘é@). (2.11)

Collecting (2.10]) and (2.11]), we obtain
1
2—a)M\ -«
R:= << @) > . (2.12)

20

M
2 _
<— Rw = Joil’

i(t) = (2.10)

This is consistent with the previous restriction on R, if ; is sufficiently small (if this
was not true, it is sufficient to replace 1 with a smaller quantity).
We end this remark pointing out that there exists C' > 0 such that

V.y)—1>C  Vye Bg(0), (2.13)

see the proof of Proposition [2.2.5
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2.3 Outer dynamics

We are going to use a perturbation argument in order to find particular solutions of
problem lying in R? \ Br(0), connecting pairs of neighbouring points of dBg(0)
with a close to brake arc. Recall that a brake solution y is characterized by the existence
of an instant ¢ in its time interval of definition such that () = 0; due to the reversibility
of the motion equation with respect to the time involution ¢ — —¢, and the uniqueness
theorem for the solutions of regular initial values problems, we remark that for a brake
solution
y(T+1) = y(T—1).

Proposition 2.3.1. There exist § > 0 and €2 > 0 such that for every € € (0,e2),
for every po,p1 € OBRr(0) : |p1 — po| < 26, there exist T > 0 and a unique solution
Yeut(- 3P0, P1;€) Of such that |y(t)] > R fort € (0,T), and y(0) = po, y(T) = p1.
Moreover, y depends in a C' way on the endpoints py and p;.

The proof requires some preliminary results. We start from the analysis of the
unperturbed problem

ii(t) = —M A0 telo,T],
39O — s = 1 t 0,7, (2.14)
(@) >R t e (0,T).

Let us solve the Cauchy problem

.. o (t)
§t) = =M e

y(0) =po = Rexp{ifio}, §(0) =1/2(-1+ 75=) (52).

The solution returns to the point pg after a certain time 7' > 0, having swept the portion
of the rectilinear brake orbit starting from py and lying in R? \ Bg(0). Our aim is to
catch the behaviour of the solutions under small variations of the boundary conditions.
Hence, we consider

Ay
§(t) = ~ My . (2.15)
y(0) = po, 9(0) = 7206290 + RGoiewO,

where 7 is assigned as function of fy by means of the energy integral:

L M .
To = 7“0(60) = \/2 <OCRO‘ — 1) — R298
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We denote as y(- ; o, 90) the solution of (2.15)). For the brake orbit y (-;6p,0), it results
G(t; o, 0) =6y vVt € [O,T]
Let us fix pg € 0Br(0). We define

Y0 x I — R?
(907T) Hy(Ta ‘9079'0)>

where © x I C S! x R is a neighbourhood of (0,7) on which 1 is well defined (such a
neighbourhood exists). We can assume

(&) R,

4|76
max{( sup |T0o|, sup i

60,T)€OxT (60,T)eOXI

} < g (2.16)

otherwise it is sufficient to replace © x I with a smaller neighbourhood.
Lemma 2.3.2. The Jacobian of ¢ in (0,T) is invertible.
Proof. Since the a-Kepler problem is invariant under rotations, it isn’t restrictive to

suppose 0y = /2, so that exp {iflp} = (0,1) =: ez. The function 1) € C}(© x I) satisfies

Ny _ M
3T (0,T) = y(T;60,0) = — /2 <aRa - 1)62.

Hence the Jacobian matrix of 1) is invertible in (0, T) if
oY, - >
— 0, T , € 0,
< 3 6’0( ),e1) #
where e := (1,0). By the continuous dependence with respect to initial data we have,
for every (0y,T) € © x I, and for every t € [0,T],

SR=v

T(t;eo,éo) > . (217)

We use the conservation of the angular momentum: for every ¢ € [0, 7] there holds
€ =€) = ¢,(0) = & =r2(0)i()] = R*d).

Assume 6y > 0; one has

. T L do T t R%9
9(t,90,90)—2+/(; £(S)db‘:§+ 0 TT(S(;CZS
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If (90,T) € O x I, from (2.16)), (2.17)), and the fact that r(s) < (M/a)l/a, it follows

2 M

The function £ — cos ¢ being decreasing over (7/2,7), we obtain

2 . . .
T~ (3) * R2T6, + g < 0(T 0, 60) < 4T6o + g <

W60, T) — 0(0,7) \  7(T300,60) cos <0(T; b, 90))
éo )= 90

r(T; 90,90)cos<( ) R2T0, + )
9o

2
= —r(T; 0, 00) (%) “ R*T + 0(f) <0
for 6y — 0. Passing to the limit for o — 0 the strict inequality is preserved. Since the

same argument works for 0y < 0, the thesis follows. 0

The previous discussion has to be refined in order to include the variations of the
potential due to the presence of the centres, which are now included in the e-disk. Recall
that we fixed py € 0Bgr(0). We know that

lim Vi(y) =

0 alyl uniformly in y € R?\ Bg(0).
e—

So we define
U0 x I x [o, %1) x OBR(0) — R
(60, T, €, p1) = y(T; 60,005 €) — p1,
where y(-; 09, fo; ¢) is the solution of

{y(t) = VV.(y(t))
Yy

) . 2.18
(0) = po, 7(0) = 7. + ROy (2.18)

and

Te = Te 907 \/2 R202

Lemma 2.3.3. There exist 6 > 0 and 0 < g9 < 51/2 such that for every e € (0,e2), for
every p1 € 0BR(0) : [p1 — po| < 26, there exists a unique solution y(-; 90,00, ) of (2.18 -
defined in [0,T] for a certain T, and satisfying

1,. . .
~|9(t; 00, 60;€)|* — Va(y(t; 00, 600;€)) = =1 t€[0,T],
2

ly(t:00,600;6)] > R te (0,T),  y(T;60,00:¢) = pr.

Moreover, it is possible to choose § and €4 independent of py € OBR(0).
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Proof. We apply the implicit function theorem to the function ¥, which is C! in the
variables 6y and T for the differentiable dependence of the solutions by time and initial
data. Since y(-;600,0;0) is the solution of (2.14)), it holds

— ov _ o - ov - 0 -
w(0,T,0,p0) = 0, %, (0,7,0,po) = o (0,7), 5T (0,7,0,p9) = 5T (0,7,
so that from Lemma we deduce that the Jacobian matrix of ¥ with respect to
(90, T)) is invertible; hence the assumptions of the implicit function theorem are satisfied,
and we can find a neighbourhood ©’ x J C © x I of (0,T), a neighbourhood [0,e2) x
Bas(po) C [0,€1/2) x R? of (0,pg), and a unique function 7 : [0,2) x Bas(po) — ©' x J

such that

1)77 (O,po) = (07T)7

2)W (n1(e,p1),m2(e,p1),€,p1) =0 for every (e, p1) € [0,e2) X Bas(po),

3)@(90,T,€,p1) =0 with (90,T,E,p1) cO xJx [0,82) X ng(po)
= (907T) = 77(871)1)'

This means that, if we fix ¢ € (0,e2), for every p1 € dBgr(0) N Bys(pp) we can find
a solution y(~;00,90;5) of . This solution has constant energy —1 because of
the definition of 7.; moreover, y(T;0o,00;¢) = p1. We remark that outside Bg(0) the
potential V. is a small perturbation of the a-Kepler one, so that |y(t; 6, 0p; €)| > R for
every t € (0,7). It remains to prove that one can choose 0 and 5 independent on py.
This is a consequence of the proof of the implicit function theorem: the wideness of the
neighbourhood of (0, pg) in [0,£1/2) x R? in which we can guarantee the definition of
the implicit function depends on the norm of

(V60,2 (0. T.0,0)) -

and for every pg € 0BR(0) this matrix is the same, up to rotations. O

/\ = —
(Mya {Ve=
A L T
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The picture represents the portion of the rectilinear brake solution for the a-Kepler
problem in comparison with a “perturbed” solution obtained for the potential V. via
the implicit function theorem.

Proposition [2.3.1] is a straightforward consequence of this lemma. The solutions
obtained are uniquely determined and depend in a smooth way on the ends pg and p;.

In the next sections, we adopt the following notation: for any € € (0,e2) and pg, p1 €
0BR(0) such that |p1 — po| < 9, the outer solution of (2.4]), found in Proposition m
will be denoted by Yext (- ; po, p1; €); it is uniquely determined Tyt (po, p1;€) > 0 such that

Yext (Text (o, P15€); Po, P13 €) = P1.
Lemma 2.3.4. For any ¢ € (0,e3), there exist Cy,Co > 0 such that
C1 < Tew(po, p1;€) < Co
for every (po, p1) € (OBR(0))* such that |po — p1| < 6.

Proof. 1t is a straightforward consequence of the continuous dependence of the solutions
on initial data and of the construction of yext(:;po, p1;€) as a perturbed solution. O

2.4 Inner dynamics

In this section we are going to seek arcs of solutions of connecting two points
p1,p2 € O0BR(0) and lying inside the disk Br(0). We admit the case p; = py. Close to
the center of the ball, the potential V. cannot be seen as a small perturbation of the
a-Kepler one, so that we are lead to use variational methods rather than perturbative
techniques. The first step is to introduce a suitable functional whose critical points are
weak solutions of ; this is the object of Subsection Our trajectories will be
local minimizers of the Maupertuis functional or, equivalently, of the Jacobi length. In
Subsection [2.4.2] we rigorously define the functional setting, determining weakly closed
sets in which we search for minimizers of the Maupertuis functional, and we state the
main theorem of the section. The proof of such a theorem is given in Subsections [2.4.3]
and 2.4.4} in the first one we show that the direct method of the calculus of variations
applies to provide weak solutions of , while in the latter one we discuss the possibility
that a weak solution has some collisions.

In what follows we will consider ¢ € (0,e1/2) fixed, and we will write ¢; instead of
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c;- to ease the notation. We seek solutions of

(1) = VVa(y(0) te (0.7,
WP - Vap®) = -1 tefoT], 210
y(t)l < R te(0.7),

y(0) =p1, y(T)=p2,
with p1,p2 € 9BR(0), and T' > 0 to be determined.

2.4.1 The Maupertuis principle

Dealing with a singular potential, we introduce the spaces of non-collision H' paths

u(a) = p1, u(b) = pa, }

ﬁplpz ([a,0]) :== {u eH' ([CL, b]’RQ) u(t) # c; Vt e [a,b], Vj

the set of collision H' paths

Collpsp, ([0, B]) 1= {u € H' (la, 0] R for some t € [a,b] and j € {1,...,N}

u(a) = p1, u(b) = p2, u(t) =c; } 7

and their union

Hp,p, ([a,0]) : = Hy,p, ([a, b]) U €olly,, ([a, b])
= {u e H! ([a, b],Rz) cu(a) = p1, u(b) :pQ},

We write H, Coll and H instead of H,,, ([a,b]), €oll,,p, ([a,b]) and H,,p, ([a,b]) when
there is not possibility of misunderstanding, to simplify the notation. Since the weak
H' convergence implies the uniform one, it is immediate to check that Hp,,, ([a,d]) is
the closure of ﬁp1p2 ([a,b]) in the weak topology of H'.
Let us define the Maupertuis functional My, ([a,b];-) : Hp,p, ([a,b]) = RU {400} as

1 b b

M, (o, Bl: u) = 2/ \u(t)]2dt/ (V(u(t)) + h) dt.
a a

We often write M}, instead of My ([a,b];-). If Mp([a,bl;u) > 0, both its factors are
strictly positive and it makes sense to set

b
L2 fa (V(u)+ h)
=t
3 Jo lul?
The Maupertuis functional is differentiable over H (seen as an affine space on Hi(a,b)),
and its critical points, suitably re-parametrized, are solutions to our fixed energy problem

(we report the proof of the following known fact for the sake of completeness, see also
Theorem 4.1 of [3]).

(2.20)
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Theorem 2.4.1. Let u € I;Tplpz ([a,b]) be a critical point of My, at a positive level, i.e.
dMy, ([a,b);u) ] =0 Vo € Hj ([a,b0],R?), and M, ([a,b];u) >0
and let w be given by (2.20). Then x(t) := u(wt) is a classical solution of

B(t) = VV(x(t)) te 2.2,
%]x( W =V(z(t) =h te s, 2] , (2.21)
(g =r, 2=
while u itself is a classical solution of
W2i(t) = VV (u(t)) ¢ € [a,b),
La(e)[2 — Y0t — 5 t € [a,b], (2.22)
u(a) =p1,  u(d)=ps

Proof. Since dM},(u) = 0 we have

/ab<u,1>> /ab(V(u)Jrh)Jr;/abmﬂ/abwv(u),w =0  Vuve Hy(la,b]).

Since My (u) > 0 this is equivalent to

b b
w2/ (d, 8) + / (VV(),0) =0 Ve H(ab]).
namely u is a (weak, and by regularity strong) solution of
Wi = VV (u). (2.23)

As a consequence, z(t) = u(wt) solves & = VV(x) in [a/w,b/w]; furthermore, from
equation (2.23)) we deduce the existence of k € R such that

UJ2 . 2 1. 2

Sl =V@) +k = Slils)] = V() + &

respectively for every ¢ € [a, b] and for every s € [a/w, b/w]. Integrating the first equation
in [a,b] and comparing with (2.20]), we obtain k = h. O

Remark 2.4.2. The converse of Theorem is also true: if x € C?((d/,V)) is a
collisions-free solution of (2.21)), setting w = 1/(V' — ') and u(t) := z(t/w), u is a
classical solution of defined in [a'/(V/ — &), b/ /() — d’)] =: [a,b] and hence a
critical point of My, ([a,b];-) at a strictly positive level. Also, the identity

2l V@ +h
Jo lal?

is fulfilled.
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In order to use variational methods it is worth working in H rather than in H )
because H is not weakly closed. The disadvantage is that we will need some ad hoc
argument to rule out the occurrence of collisions in order to apply Theorem and
to obtain a classical solution of the motion equation. Nevertheless, although collision
minimizers are not true critical points of the Maupertuis functional in H, the following
result allows to recover the conservation of the energy.

Lemma 2.4.3. If u € H is a local minimizer of My, at a strictly positive level, then

a2 -

2 w

Vud) _ h
2

=3 a.e. t € [a,b].
Remark 2.4.4. The lemma says that the energy is constant almost everywhere even if
u has collisions. Of course, in this case u could be not of class C!.

Proof. 1t is a classical result and it is a consequence of the extremality of u with respect
to time re-parametrization keeping the ends fixed: if ¢ € C°((a,b),R), setting uy () :=
u(t + Ap(t)), it holds

d

— Mp(uy)

Y =0.

A=0

Note that for A sufficiently small the function ¢ — t + Ap(¢) is increasing in [a,b], so
that in particular it is invertible. Now,

IR 2 ANY ’
Mifun) = 5 [l o) (14 XG0 dt [V (u e+ Apl0) + 1) e

bV(;(s))—i-h

T+ Ag(t(s) ©

I .
=5 [ O @ ase) as [
Observe that, letting A — 0, the family of functions t(s) = ¢,(s) uniformly converges to
s in [a, b]:
[ta(s) = 5] = |s = Ap(t(s)) — s| < [M[[elle Vs € [a,b].

Hence
b b
() = 3 [ e e ds [V () + 1 st

b b
—5 [ R ds [ @)+ e s
b

= [[5 ([ v w) iR - izt +w] o) as
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Since this vanishes for every ¢ € C2° it results (see for instance [17])

1

b
5 </ V(u) + h> [a(s)? - %Hu”g (V(u(s)) +h) =k  ae.seab],

for some k£ € R. This gives (here we use the fact that the minimum is attained at a
positive level)

w2
?|U(S)|2 =V(u(s)) +h+k a.e. s € [a,bl.

Integrating over [a, b] we obtain

e Jo (V(w) +h+ k)

b .
2 Ja il
A comparison with definition (2.20)) gives k& = 0. O

The Jacobi metric. Another version of the Maupertuis principle, well described
for instance in [63], states that solutions of (2.21]) are obtained, after a suitable re-
parametrization, as non-constant critical points of the functional

b
Li(u) = Ly ([a, b u) = / VIROE (V(u(@) + B dt,

which is defined on the set of the functions v € Hy,p, ([a, b]) such that V' (u(t)) > —h for
every t € [a,b]. We define

Hy, = H' ([a,b]) :={u € H : V(u(t)) > —h,|u(t)| > 0 for every t € [a, ]} ;

the domain of Ly, is the closure of HY'?? ([a,b]) in the weak topology of H'.
The functional L has an important geometric meaning: the value Lp(7) is the length
of the curve parametrized by v € Hjp with respect to the Jacobi metric:

gij(x) == (V(z) + h) 6;5, where 6;; is the Kronecker delta.
This metric makes the Hill region {V(z) + h > 0} a Riemannian manifold.

The explicit expression of the re-parametrization needed to pass from critical points of
Ly, to solution of (2.21) is given in the following theorem. For u € H! ([a,b];R?), let us
set

r o= { (0.

Since Ly is a length, it is invariant under re-parametrization: for every
u € H'"? ([a,b]) and for every ([, V], f) € T'y it results

Ly, (Ja,bl;u) = Ly, ([a’,b’];uo f) .

fo[d, V] —[a,b], f € Ct([a’,V]) and increasing,
such that uo f € H (a/,b) '
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Theorem 2.4.5. Let u € H;'"* ([a, b]) mﬁ[mm ([a,b]) be a non-constant critical point of
Ly, ([a,b];+). Then there exist a re-parametrization x of u which is a classical solution of

[2.21)) in a certain interval [0,T/v/2].

Proof. 1t is well known that u € Hy is a critical point of L; with respect to variations
with compact support if and only if u solves the Euler-Lagrange equation

d (. V(u(t)) 1 |a(t)[? _
dt(u(t) W) 2\ Vi) 77V ) =0 (2.24)

for almost every ¢ € [a,b]. The function u is a collisions-free weak solution of (2.24)),
hence it is a strong solution. Define, for t € [a, b],

0= [ e

and set T' = 6(b). It results ([0,7],0) € ', and for every s € [0,7T] (we denote with «’
” the differentiation with respect to the new independent variable s)

-1
a . (a _ [Vt v
a5 (dt(t) tt(5)> \/ [a(t(s))

With this change of variable, setting y(s) = u(t(s)), the (2.24)) becomes

1 i y,(s)/s o 1 s)) =
F(s) ds <t’(s)t( )> 20 (s) ¥ W) =0,

l.e.

'(s) = 5VV(y(s))

Setting z(s) := y(v/2s), x is a solution of the first equation in (2.21) in [0,7/v/2]. As
far as the second equation is concerned, it results

[y (s)* = la(t(s)t ()] = V (u(t(s))) + h = V(y(s)) + h,

so that for every s € [0,7/v/2]
1
Sl ()7 =V (x(s) +h

which completes the proof. O
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Remark 2.4.6. If h > 0, since V > 0 in R?, the Hill region is the punctured plane
R2\ {c1,...,cn}. Therefore, in order to get closed geodesics with respect to the Jacobi
metric (i.e. periodic solutions of the N-centre problem with energy h), it is possible
to apply global arguments based on the fundamental group of the punctured plane
itself; we refer to [52] for more details. If h < 0 the problem is considerably more
complicated, because the Hill region is a proper subset of the punctured plane; this
introduce a degeneration, because an arc of the curve {V(x) + h = 0} has null length
in the Jacobi metric, so that it is a minimizer of the Jacobi metric for the related fixed
ends problem, but of course is not a solution of the /N-centre problem; this degeneration
makes impossible to use global argument based on the fundamental group. To avoid
this complication, we separated the study of the dynamics outside/inside Br(0): while
inside the ball we will show that the research of geodesics can be carried on, outside the
ball (when we could have problems coming from the degeneracy of the metric) we used a
completely analytic argument which has nothing to do with the geometric interpretation
of the problem, see Section 2.3

Relationship between L; and Mj. It is convenient to establish a correspondence
between minimizers of M} at positive level and minimizers of Lj. This can be done
through the Cauchy-Schwarz inequality: for every u € Hp,

b 2 b b
s = ([ VIE@@Em) < [ [ e en -2, @)
a a a
with equality if and only if there exists A € R such that for almost every ¢ € [a, ]
a(t)]* = A (V(u(t)) +h).
Proposition 2.4.7. Let u € H, N H be a non-constant minimizer of My. Then u is a
minimizer of Ly in Hp N H.

Proof. Even if u is not a critical point of M}, from Lemma [2.4.3| we know that

it = % V@) +h)  ae t€lab

(note that, since u € Hpy, we have Mp(u) > 0). Hence there is equality in (2.25)). If
there existed v € Hyp, N H such that Ly (v) < Lp(u), then we could re-parametrize v to
obtain a function (still denoted by v) satisfying

[o(t)* =V (u(t)) + hs

indeed since v € Hy, we can perform the same re-parametrization introduced in Theorem

So,
0 < 2Mp(v) = L3 (v) < L3 (u) = 2Mj,(u),

a contradiction. ]
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Proposition 2.4.8. If u € Hy N H is a non-constant minimizer of Ly then, up to a
re-parametrization, u is a minimizer of My on Hp N H.

Proof. We can assume from the beginning that there exists A € R such that for every
te€[0,1]
-2
()" = A (V(u(t)) +h).
Otherwise it is sufficient to perform the re-parametrization introduce in Theorem [2.4.5
Then there is equality in ([2.25)). Assume by contradiction that there existed v € H, N H

such that My (v) < Mp(u). We can re-parametrize v so that there is equality in ([2.25)).
Therefore, we deduce

L3 (v) = 2Mp,(v) < 2My(u) = L3 (u),
a contradiction. ]
Final comments. We will use both Mj; and L;. It is clear that the Maupertuis
functional M), is easier to treat, so that it is convenient to use it whenever possible. On

the other hand the geometric meaning of the functional L will be extremely useful.
Indeed, as already mentioned, the couple set-metric given by

N={zeR*:V(z)>-h}, gj(x)=(V(z)+h)d;

defines a Riemaniann manifold and we will take advantage of this structure, in spite to
the degeneration of the metric on the boundary of the Hill region. More precisely, we
will often make use of the following known facts (see [32]):

1) If v : [a,b] — N is a piecewise differentiable curve, it is always possible to re-
parametrize it so that the length of the tangent vector

VIFOR (V(1(1) + 1)

is a constant C'€ RT U {0}.

2) If a piecewise differentiable curve v : [a,b] — N, with parameter proportional to
arc length, has length less or equal to the length of any other piecewise differen-
tiable curve joining 7(a) and v(b), then ~ is a geodesic. In particular, v is regular
(recall that a geodesic is a curve satisfying the geodesics equation).

3) Let p € N. We say that a subset A C N is a totally normal neighbourhood of
p if for every pi,p2 € A there exists a unique minimizing geodesic vy joining p;
and po. If this geodesic is contained in A, we say that A is a strongly convex
neighbourhood.
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For any p € N there exists a totally normal neighbourhood U of p. It is possible to
choose U in such a way that U is strongly convex. If v is the minimizing geodesic
connecting p; and p2 in U, v depends smoothly on p; and po.

Furthermore we will strongly use the fact that, in contrast with My, the functional
Ly, is addictive. This is essential for the (easy) proof of the following Proposition.

Proposition 2.4.9. Let uw € Hp,,, ([a,b]) be a minimizer of Ly ([a,b];-), let [c,d] C
[a,b]. Then ulq is a minimizer of Ly ([c,d];-) in Hyyua) (lc,d]). Moreover, if u is
a minimizer of Mp, ([a,b];-) in Hp p, ([a,b]), then, for any subinterval [c,d] C [a,b], the
restriction ulcq s a minimizer of My, ([c,d];-) in Hy(cyua)([c; d])-

2.4.2 The existence theorem

As announced, in order to find weak solutions of (2.19), we are going to minimize the
Maupertuis functional with some topological constraints. To this aim, the first step
is to introduce suitable (weakly closed) sets of functions which take into account the
desired topological features. Let us fix [a,b] C R and p1,p2 € dBg(0), p1 = Rexp {ib1},
p2 = Rexp {ify} for 01,05 € [0,27). The paths in H can be classified according to their
winding numbers with respect to each centre. This can be done by artificially closing
them, in the following way: for every u € H we define

([ u(t) t € la, b .
A fo, <0
{Rez(t—b+92) t e (b, b+ 601+ 27— 02) o ?
Lyu(t) == u(t) t € la,b if 01 = 02
u(t) t € la,b] )
A f o, > 0o,
{Rez(t—b-‘r@z) te (b,b+ 0, —02) e 2

ie. if p1 # p2 we close the path u with the arc of Bgr(0) connecting ps and p; in
counterclockwise sense. Then it is well defined the usual winding number

Tnd (u([a, B]), ¢;) = 1,/ dz

2wt Jp, 2 — ¢

Given I = (I3,...,IN) € ZN, a connected component of H is
f = {uéﬁzlnd(u([a,b]),cj) =1l Vj= 1,...,N}.

Remark 2.4.10. 1) In general 51 may contain paths with self-intersections. Actually, .?)l
contains self-intersections-free paths lying completely in Bg(0) if and only if [; € {0, +1}
for every j. R

2) For every [ € Z" the set $); is not weakly closed in H'.
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In the next subsection it will be useful to work on sets containing self-intersections-
free paths. For this reason we consider [ € Z2 instead of I € Z¥ and we set

H = {uEfI:Ind(u([a,b]),cj)Elj mod 2 ijl,...,N},

namely we collect together the components having winding numbers having the same
parity with respect to each centre. We also assume that

dj,ke{l,...,N}, j#k, such that [; # [, mod 2. (2.26)

With this choice of I, if u € H 1, then u has to pass through the ball B.(0) which contains
the centres. In particular v € H; cannot be constant even if p; = po, so that all the
results stated in Subsection hold true even in this case (there are no constant
functions in H;). From now on, we say that [ € Zév is a winding vector, and we term

N = {l € Z¥ : | satisfies (2.26)}.

In order to succeed in minimizing, we need to close ﬁl with respect to the weak H'
topology. To this aim, we need to allow collisions with the centres. For j € {1,..., N},
let us set

(’:0[[{ :={u € H :Ind (u([a,b]),cr) =l mod 2
Vke{l,...,j—1,7+1,...,N}, and there exists t € [a, ] : u(t) = ¢;}.

A path u € Qﬁo[[‘lj behaves as a path of f[l with respect to ¢ for any k # j, and collides
in ¢ at a certain instant. Analogously, for ji,jo € {1,..., N} we define

Coll"? = {u e H : Ind (u ([a,b]),cx) =1, mod 2, Yk € {1,...,N}\ {j1, 52} ,
and there are t1,ty € [a,b] : u(t1) = ¢j,, u(ta) = cj, },

the set of the paths behaving as paths of f[l with respect to ¢ for k € {1,... N}\{j1,j2}
and colliding in ¢;, and ¢j,; in the same way

Colll1 9293 .= |
Qo[[ll""’N = Coll"" := {u € H : u collides in each centre} .
Finally, we name

N
Colly := U @0[[{ ] U Qo[[{l’j2 U---U @0[[;7--#\7.
J=1 1<j1<j2<N
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Proposition 2.4.11. The set R
H; := H; U ol

is weakly closed in H' ([a,b],R?).

Proof. Let (u,) C Hj, u, — u in H'. Since the weak convergence in H' implies the
uniform one, if u has a collision

(up) CH = e Coll.
If w is collisions-free, the uniform convergence implies the existence of ng € N such that
uneﬁl Yn>ny — ueﬁl. ]

To complete the choice of suitable sets, it is convenient to add a further requirement:
since we search functions lying in Bg(0), let us set

R) = KPP ([a, b)) = {u e H - |u(t)| <RVt e [a,b]}
K; = K" ([a,b]) :={u € H : [u(t)] < RVt € [a,b]}.
Proposition 2.4.12. The set K; is weakly closed in H' ([a, b],R2).

Proof. K is a subset of the weakly closed set H;, and it is stable under uniform conver-
gence. ]

Some examples of paths of Kj: the first path is a collisions-free path with winding
vector (0,0,1,1,0); the second one is a collision path of K; with [ = (0,1,1,0,0) or
Il =(1,1,1,0,0); the third one is a path of K; with [ = (0,0,0,0,0), which does not
satisfy .

We recall the following definition.

Definition 2.4.13. An ejection-collision solution of

i(t) = VVe(y(t))

is an H! function y : I C R — R? such that:
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e there exists a collision set of null measure T, (y) C I such that for every t* € T,.(y)
there holds y(t*) = ¢ for some k =1,...,N;

e the restriction y| I\T.(z) 18 a classical solution of
gt) = VVe(y(®)):

e the energy function

1.
E SO = Valy(),
which is defined almost everywhere in I, is constant;

e at a collision instant, the trajectory is reflected:
y(t+t7) =y(t* —1t)  vt* € Te(y),Vt € I\ Te(y).

We are in position to state the main result of this section.

Theorem 2.4.14. There exists €3 > 0 such that for every € € (0,e3), p1,p2 € OBR(0)
and | € IV, there ezist T > 0 and a solution y € K''2([0,T]) of problem (2-19), which
is a re-parametrization of a local minimizer of the Maupertuis functional in KI'7*([0,1]).
Moreover:

(i) if o € (1,2) then y is collision-free and self-intersection-free;
(ii) if « = 1 we have to distinguish among:

(a) p1 # p2; then y is collision-free and self-intersection-free;

(b) p1 = pa and l is such that there exist ji, jo2, k1,ke € {1,...,N}:
lj1 = lj2 =0 mod?2 lk1 = le =1 mod 2;

then y is collision-free and self-intersection-free;

(c) p1 = pa and l is such that there exists j € {1,...,N}:
l1:---:lj_lzlj_i_l:”-:l]\]#lj m0d2; (2.27)

then either y is collision-free and self-intersection-free, it is an ejection-
collision solution, with a unique collision against the centre c;.

Remark 2.4.15. The statement motivates us to say that an element [ € 3V is a collision
winding vector if it satisfies the (2.27). Let us also observe that the condition of case
(73)-(b) can be fulfilled only for N > 4.
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Before proceeding into the proof, we translate Theorem [2.4.14] in the language of
partitions. To do this, we note that if u € I?l is self-intersection-free, then it separates
the centres in two different groups, which are determined by the particular choice of
I € 3V; namely, a self-intersection-free path in a class K; induces a partition of the
centres in two sets. Since we imposed , these sets are both non-empty. Hence it is
well-defined an application A : 3V — P which associates to a winding vector

k=0 mod2 keAycC{l,...,N}

I =(l1,...,1Ix) with
(- bv) wi {zk:1 mod2 ke A C{l,... N}

the partition
.A(l) = {{Ck 2 € AQ}, {Ck IS Al}}
This map is surjective but non injective, since for each couple [ ,l~€ N such that
I #1, mod2 Vk=1,...,N,

it results A(l) = A(I). In particular, for each P; € P, there are two | € IV such that
A(l) = Pj.
Now it is natural to define

Rp, = B (a.b) = {ue Ki:le AP},

Kp, = KpP([a,b]) == {u € K; : 1 € AN (P))}.
They are respectively the set of the paths which connect p; and ps dividing the centres

according to the partitions Pj, and its closure in the weak topology of H L
From Theorem we obtain

Corollary 2.4.16. Let €3 be introduced in Theorem |2.4.14. For every ¢ € (0,e3),
p1,p2 € OBR(0) and P; € P, there exist two solutions y; € K’];;pZ([O,Tl]) and yo €
KgpQ([O,TQ]) of problem (2.19), for some T1,T> > 0. One of them, say y1, is a re-

parametrization of a global minimizer of the Maupertuis functional M_1 in K’},;pz ([0,1]),
while the other is a re-parametrization of a local minimizer in the same class. Moreover:

(i) if a € (1,2) then they are collision-free and self-intersection-free;
(ii) if « = 1 we have to distinguish among:

(a) p1 # p2; then they are collision-free and self-intersection-free;
(b) p1 = p2 and Pj € P\'P1; then they are collision-free and self-intersection-free;

(c) p1 = p2 and Pj € Py; then either yi is collision-free and self-intersection-free,
or it 1s an ejection-collision solution, with a unique collision against cj. The
same holds true for ys.
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If one between y1 and yo is collision-free, then they are two different solutions.

This last observation is a straightforward consequence of the fact that ﬁll N I;Tb =0
if {1 # lo. From this result, recalling Proposition and Remark we obtain
Theorem 2.1.4]

2.4.3 Minimization inside Bg(0)

Let us fix py,p2 € 0BR(0) and I € IV satisfying (2.26)), and consider the restriction of
the Maupertuis functional M_; to the set K7'**([0,1]). We are going to provide weak
solutions of applying the direct method of the calculus of variations to M_;. We
write M and L instead of M_; and L_1, respectively.

Remark 2.4.17. In the statement of Theorem the value e3 depends neither on
p1,p2 € OBR(0), nor on I € IV, while here we fixed po,p; and [ before finding e3.
Actually, when we will find €3, we will see that it is independent on these quantities.

Lemma 2.4.18. There exists a constant C' > 0 such that
M(u)>C >0 Yu € K.
Proof. If u € Kj, for every j =1,..., N and every ¢ € [0, 1], we have
Ve(u(t)) —1=C >0,

see ([2.13). Therefore the proof will be complete when we show the existence of C' > 0
such that, for every u € Kj, there holds

a2 > C. (2.28)

If not, there exists (u,) C K such that ||u,|2 — 0. In particular (||u,ll2) C R is
bounded. The sequence (||uy,l|2) is bounded, too:

1
/ lun (t)|* dt < R%.
0

Then the sequence (u,,) is bounded in H', and this implies that up to subsequence
u, — v € K. Let’s write

1
un(t) =&, +wp(t), where &, := / un(t)dt € R2.
0

It results
Un(t) = wy(t) ae. t€[0,1] = ||wyl|l2 — 0.
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Also, from the Poincaré-Wirtinger inequality
[wnll2 < fJwnlloo < [tn|[r < fluml2,

so that |jwy|| — 0: (wy,) strongly converges to 0 in H'. As a consequence (w,,) uniformly
converges to 0, and therefore v(t) = ¢ with ¢ € R?; but we have already observed that,
because of (2.26)), K; C H; does not contain constant functions; a contradiction. ]

The following statements are by now standard results and can be proved by routine
applications of Poincaré inequality, Fatou lemma and weak compactness arguments (see,
for instance, [47), 83], [8]). We report them for the sake of completeness.

Lemma 2.4.19. The functional M is weakly lower semi-continuous (w.l.s.c.) on Kj.

Proof. Tt is well known (see for instance [I7]) that M is w.l.s.c. on K if and only if for
every C' € R
MC :={uec K;: M(u) <C} is weakly closed in H'.

Let (u,) C MY, u,, — u € K;. The H' norm is w.l.s.c., so that
lol}3 4 3 < tiomin [ 3 + [ 13
Hence, the uniform convergence of u, to v implies

[%]|3 < liminf ||, 3. (2.29)
n—oo

Now, since (u,,) C MY, Vi(u,) € L'(0,1) for every n. This implies that the set of all ¢
such that u(t) = ¢; for some j has null measure in [0, 1]. Therefore

Up = u = |lup —ulleo >0 = Vi(uy(t)) = Vo(u(t)) a.e. te]0,1].

Also, Vz(un(t)) —1 > 0 for every ¢t € [0,1], for every n. Then, from the Fatou lemma it
follows that V(u) € L'(0,1) and

n—o0

1 1
/ (Ve(u) — 1) < lim inf/ (Ve(up) — 1). (2.30)
0 0

Collecting (2.29)) and (2.30)) we obtain

n—oo

1
M(u) < (117111_l>gf HunH%> <hnII_l>l£f/0 (Vs(un) - 1)) < limsupM(un) <C,

ie. ue MC. O
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Lemma 2.4.20. The functional M is coercive on K;.

Proof. Let (un) C K, ||uy|| = 400 for n — oo, namely

lim |3 + [[@n]|3 = +oo.
n—oo

We know that w,, € K; implies fol (Ve(un) — 1) > C > 0, so that it is sufficient to prove
|in||3 — +00. Assume by contradiction that lim sup,, ||t,]|3 < +o0o; then limy, ||u,||3 =
+o00. But since |u,(t)| < R for every t, it results

1
/|un(t)|2dt§R2 Vn,
0

a contradiction. ]

Proposition 2.4.21. Let py,ps € OBR(0) (it is admissible p1 = pa), let | € IN. Then
there exists a minimum of M on K; at a positive level.

Proof. Apply the direct method of the calculus of variations to the functional M defined
on Kj: use Proposition [2.4.12) and Lemmas [2.4.18] [2.4.19] |2.4.20} O

Let [ € IV be fixed. If we show that the minimizer u € K is collision-free and
lu(t)| < R for every t € (0,1), we can say that for every ¢ € C°((0, 1), R?) there holds

d
JM(U + )\QO) o = 0,

so that w is critical with respect to variations with compact support in (0, 1) and Theorem
2.4.1) applies. In order to prove that |u(t)| < R, we apply a result in [60] which concerns
the regularity of solutions to some “obstacle problems”.

Let us introduce the set of the collision times of u:

Te(u) :=={t €[0,1] : u(t) = ¢; for some j € {1,...,N}},

and let us also term

Tr(u) :={t €10,1] : |u(t)| = R}, Tg/Q(u) = {t € [0,1] : |u(t)]| > ];}

A connected component of T}J{ /2(u) is an open interval; a component of T.(u) or of

Tr(u) is a closed interval (possibly a single point). The complement of [0,1] \ T¢(u) or

T /o (u) \ Tr(u) is the union of a finite or countable number of open intervals.
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Proposition 2.4.22. Let u € K; be a minimizer of M. If (a,b) is a connected compo-

nent of TE/Q(U) \ Tr(u), then u is of class C* in (a,b).

Proof. Let p1 := u(a), p2 := u(b). Let us term

K — {U € B\ ([, 82| V(@ =P v0) = P2, R/2 < o) < RVEE (a,b), }

v = wlgp) for some w e K'P*([0,1])

It is a closed set in the weak H' topology. From Proposition it follows that U|[a,b]
is a minimizer of M_1([a,b];-) in K. Let w be defined by (12.20):

1
W2 = fo Ve(u) — 1
=0 -+
%fo |U|2
and let

K = {a: c i ([“ b} ,R2> : 2(s) = v(ws) for some v € K} .

w w
There is a bijective correspondence between K and K’ given by
v(t) € K «— z(s) = v(ws) € K.

We claim that since u is a minimizer of M in K, then Z(¢) = u(wt) minimizes the action

aate) = [ (R + Vi) - 1)

in the set K’. We point out that here w is fixed and is determined by wu.
For every z € K;'"*([0,1/w]), « > v, we have

b/w % b/w %
Agfop(@) 2 2 ( L. ;u:(s)?ds) ( JRECIED ds>

([ [ AT .
=2 ([ Srer? [ wem -0 %) —2v/500 2 2/

The first inequality is nothing but a? + b?> > 2ab for every a,b € Rt. The second
inequality follows from the minimality of u. As a consequence of the conservation of the
energy for u, we have

Al ) (@) = 2/ M () = Ay ) (8) Yz € K,
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which proves the claim. Note that € C! ((a/w,b/w)) if and only if u € C'((a,b)).
According to Theorem 1.6 of [60], if we prove that

max < 0, limsup 2 Jajw 2 Jajw

z—z]| 20 1Z — 2| 12
zeK'

< 400,

then z € H? (a/w,b/w) and the proof is complete. We point out that in [60], one of
the initial assumption is that the fixed ends (which in our case are u(a) and u(b)) are
in the unbounded connected component of R™ without the obstacle; but here we are in
the bounded component Br(0). This is not a problem since the proof of Theorem 1.6
does not use the quoted assumption.

We consider variations of compact support of the form = = T + ¢, with ¢ € H&(a, b)
such that z + ¢ € K'. For these ¢ we have

3 Jof 2P = 3 [ 1P At @ = Aupgn(@) | Juj Vel@) = Veld)

17 — | > B 1z = [ 2 17 — | >

The first term on the right hand side is less then 0 because of the variational characteriza-
tion of 7; as far as the second term is concerned, we use the fact that |z(t)+¢(t)| > R/2
for every ¢ € (a,b); in Br(0)\Bg/2(0) the potential is regular and bounded with bounded
gradient, so that for every ¢

b/w b/w
[ v -v@=c [ a2 ol
a/w a/w

and the thesis follows. O

Before proceeding, it is convenient to recall a well known property of the solutions
of the a-Kepler problem.

Proposition 2.4.23. Let a € [1,2) and let x : (a,b) C R — R%, o = rexp{if}, be a
collision solution of the a-Kepler problem with energy h < 0; in particular, we assume
that

lim z(t) = 0.

t—b—

Then the angular momentum €, = r2(t)0(t) of x is 0.
Proof. In polar coordinates the energy is

2 M
2r2(t)  ar(t)

=h  Vte (ab).
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In particular
¢ M
h— —% >0 vt € (a,b),
22(8) T ara(t) - (a.0)

lim ( h— ¥ + M = —00
t—b— 2r2(t)  aro(t)) ’

but if €, # 0 then

a contradiction. Necessarily €, = 0. O

We are ready to collect some properties of the minimizers of M in K;. Recall that
in polar coordinates u(t) = r(t) exp{if(t)}.

Lemma 2.4.24. A minimizer u € K; of M has the following properties:
(i) If (a,b) is a connected component of [0,1]\ (Te(u) U Tr(u)), then ulp is of class
C? and is a solution of

. Jo (Ve(w) = 1)
W2ii(t) = VVo(u(t)), where w? = 0—;

(ii) the energy function

s i) - A

is constant in [0,1], and it is equal to —1/w?;

211 1,02] 1S @ connecitea component o, R\U), en 1S , Stric monotone,
31 ) If [t1,to] @ ted tof T then 0] 4, 1, is C*, strictly t

and solves .

) = fn

<VV€(Rei9(t)), iew(t)> : (2.31)
(iv) There exist e3 > 0 and T > 0 such that, if € € (0,e3), for ts and t4 satisfying

(t3,t4) iftz <ty

lu(ts)| = R, |u(ts)| = (ta,ts) ifts >ty

S 1R=~

il
2

)

< |u(t)| < R Vte{

there holds |ty —t3| < 7.

Proof. (i) It is a consequence of the minimality of w with respect to variations uy =
u + Ap, with |A| sufficiently small and ¢ € C°(a,b). These variations are compatible
with the constraints: uy) € Kj, so that

d
aM(UA) o = 0.
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A direct computation gives the desired result, as in the proof of Theorem

(7i) It is a consequence of the minimality of u with respect to time re-parametrizations
keeping the ends fixed, see the proof of Lemma

(797) For t € (t1,t2), the energy integral reads

. 92 92 .
R (1) = - + SV (Re™®)  vie [t t) (2.32)

as a consequence 6 € C2((t1, t2)). Since V. (Rexp{if}) > 1 for every 6 € [0, 27|, equation
(2.32) implies that 6(t) # 0 for every ¢t € (t1,t2). To get (2.31)) it is sufficient to

differentiate ([2.32)) with respect to t.
(iv) In polar coordinates the energy integral reads

2 (1)t
%7,42@ N 2?2((?) Ve (5)2 ) _ _é vt € [0,1]. (2.33)
It results
2 o0t @2(t 2 M
> ( 1+Va( (t)e w())) _ r2((t)) > = <_1+a(R+€)a> +o(1) fore —» 0"

The last equality is due to the fact that if we pass to the limit as ¢ — 0T, then V.
uniformly converges in the circular crown R/2 < |z| < R to the potential of the Kepler
problem with homogeneity degree —a. In particular, since u has to pass through the ball
B.(0), which collapses in the origin, the angular momentum of u uniformly converges

to 0 over the interval [t3,t4] (or [t4,t3], see Proposition [2.4.23). From (2.33)) we infer
dr

sttt ) o)

fore » 0.

‘t4—t3| </
R/Q\/

Since —1 + > 0 for every € € (0,e1/2), there exists 0 < e3 < £1/2 such that

(R+€)

2 M
— -1+ — H>C>0 V. 0
w2< +04(R+5)0‘>+0()_ > e € (0,¢e3),
so that for such values of &

[ty —t3| < kil =T O

Remark 2.4.25. From the proof of point (iv) it follows that e3 does not depend on
p1,p2 € OBR(0) or on I € 3V, cf. Remark
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Proposition 2.4.26. If u € K; is the minimizer found in Proposition then
lu(t)] < R ¥Vt e (0,1).

Proof. Let [tl,tg] be a connected component of Tg(u), let (a,b) be the connected
component of T R/2 such that [t1,t3] C (a,b). Let us consider y(t) := u(wt). Since
y € C' ((a/w,b/w)), it can lean against the circle {y € R? : |y| = R} with tangential ve-
locity, and for every v > 0 there exists t5 > to (or t5 < t1, and in this case the following
inequality has to be changed in obvious way) such that

‘y <7§5> — Re®/¥)| < and )y <755> —Rf <t2> je0(t2/w)
w w w

Summing up, we have
e R is the radius of the circular solution of energy —1 for the Kepler problem with
homogeneity degree —a:

e outside Bp/y (0), the N- centres problem can be seen as a small perturbation of the

a-Kepler one: V.(y) = + We(y);

alyla

e y is a solution of

() = YV (y(1)) |

y () ~ Reif(t2/w) g (%) ~ Ré (12) jei0(t2/w)
in an open neighbourhood of ¢5/w; these initial data are “more or less” the initial
data of a circular solution;

e the theorem of continuous dependence of the solutions with respect to the vector
field and the initial data holds true for our problem outside Bp/5(0).

Therefore, provided 3 has been chosen sufficiently small (otherwise we can replace it
with a smaller quantity, independent on pg, p; or 1), for every € € (0,e3) the function y
cannot enter (or exit from) the ball Br/»(0) in a finite time, in contradiction with the
choice of [ and point (iv) of Lemma O

Note that, as Tr(u) = 0, point (i) of Lemma [2.4.24] says that if the interval (a,b) is a
connected component of [0, 1]\ Te(u), then u|p) € C*((a,b)) and

Wri(t) = VVe(u(t))  Vt € (a,b). (2.34)
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2.4.4 Classification of the minimizers

So far, we obtained a set of extremals of the Maupertuis functional M at positive levels.
In what follows, we try to understand if it is possible that these minimizers are collision-
free or not.

Let us fix [ € JV. We assume that a minimizer u € K; has at least one collision;
developing a blow-up analysis, we will reach a contradiction in case o € (1,2); in case
a = 1, we will have to distinguish many possibilities according to the fact that py = p1
or not, and to the choice of [.

Step 1) We prove that the set T.(u) of the collision times of u is discrete and finite;
moreover, either u has no self-intersections at points different from the centres, or it has
at least one collision and at one of them there is a reflection.

Since M (u) < +00, it follows immediately that T,(u) is a closed set of null measure.
Hence [0,1] \ T¢(u) is the union of a finite or countable number of open intervals. We
recall that the energy of u is constant and equal to —1/w?, see point (ii) of Lemma

The following result is a generalization in our particular setting of a known fact (see
e.g. [8]).

Lemma 2.4.27. The collision set T,(u) is discrete and has a finite number of elements.

Proof. Assume by contradiction that ¢y is an accumulation point in the set Ti.(u), with
u(to) = ¢j. By continuity, only collisions in ¢; can accumulate in ty. In this case there
exists a sequence of intervals ((an,by)) with (an,b,) C [0,1], a, — to and b, — to as
n — 00, u(an) = ¢j = u(by) for every n, and

lu(t) —cj| >0 VYt e (an,bn).
On each of these intervals, since u is close to ¢; (at least for n sufficiently large),
lu(t) —cx] > C >0 for every k € {1,...,N}, k # 7.

Let us set I(t) := |u(t) — ¢j|>. Since t + u(t) is a classical solution of (2.34) for
t € (an,by), by differentiating twice I(t) we obtain a modified Lagrange-Jacobi identity:

2 N ok (2 (u(t) — cg,u(t) —¢j)
Rl D —ap <a [u(?) — cx? ) |
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Let &, € (an, by,) the maximizer of I in (ay, by,). It results I({n) < 0 for every n. Since in
a neighbourhood of ¢y the second term in the expression of I becomes arbitrarily large,
while the other terms are bounded, we also get

lim 1(£,) = 400,

n—oo

a contradiction. The collisions are isolated and, by compactness, the interval [0, 1]
contains only a finite number of them. O

Remark 2.4.28. The previous proof shows that, if u collides in c;j, in a sufficiently
small neighbourhood of ¢; the function I(t) = |u(t) — ¢;|? is strictly convex.

Proposition 2.4.29. Ifu is a minimizer of M in K, then one of the following situation
oceurs:

(i) u parametrizes a path without self-intersections in points different from the centres

Cj (j:1,...,N),

(ii) u parametrizes a path with at least one self-intersection in a point different from the
centres; in such a situation, u has at least one collision, and at one collision-time
t there is a reflection:

for t in a neighbourhood of t.

Proof. Assume that we are not in case (i7). Then either we are in case (i), or u has a
self-intersection at a point p # ¢; for every j: there exist 0 < ¢, < t.« < 1 such that
p = u(ty) = u(t.); in this case, if u has a collision, then there is not any reflection with
respect to a collision-time. Assume by contradiction that we are in this latter situation.
Let (a,b) the connected component of [0, 1] \ Tc(u) containing t.. We know that ulq)
is a classical solution of , in particular it is of class C2. First we notice that, by
the energy integral, |u(t)] > 0 for every t such that u(t) € Br(0), hence both u(t,)
and u(t.) are different from 0. One of the following alternatives has to occur: u(t,) is
transversal to @(t..), or 4(t,) is tangential to 4(t..) with same or opposite direction. In
the first two cases, let us define v : [0,1] — R? as follows:

u(t) t€[0,ts] U (s, 1],
u (tt_—tt b + (1 - tt:_tt> t**) t € (twy tan)-
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The function v parametrizes a path with ([0, 1]) = v([0, 1]), but it goes along the loop
connecting u(t,) and u(t.) with the reversed orientation, see the above figure. The key
observation is that this operation does not change the parity of the winding numbers
with respect to the centres. Hence v € K;. Note that v is also an extremal for M, since
M (u) = M(v). On the other hand, it is trivially checked that, unless @(t.) = w(t.) = 0,
visn’t C! at those instants. So we have a new minimizer of M on Kj, which is collision-
free in an interval (a,d) > t., and hence here should be a classical solution of ;
but this isn’t possible since v|(, ) ¢ C'((a,d)).

It could still be possible that the minimizer u has a tangential self-intersection with
U(t«) opposite to (L. ); this situation can be easily ruled out by the uniqueness theorem
for initial value problem, taking into account the reversibility of the equation for u with
respect to the involution ¢ — —t: indeed, it turns out that u(t. 4+ t) = u(tw — t), but,
since Br(0) cC {V(u) > —h}, so that u(t) # 0 for almost every ¢t € (0,1), this is
possible only if we are in case (ii) of the statement. O

The following picture represents the second alternative. Note that, due to the re-
versibility of the differential equation §j = VV.(y) with respect to the involution ¢ — —t,
we don’t reach a contradiction if we try to apply the proof above to the situation de-
scribed in case (i7). In particular, if p; = pa, it is possible that u is an ejection-collision
minimizer.

Step 2) We would pass from a global analysis of the minimizer u to a local study
in a neighbourhood of a collision. This is possible thanks to step 1: u has an isolated
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collision at to in a centre ¢;, j € {1,..., N}. In particular there exist ¢,d € [0,1] such
that

e ¢ <tp<dand tgis the unique collision time in [c, d],
e the function I(t) = |u(t) — ¢;|? is strictly convex in [c, d].
Let us set p1 := u(c), p2 = u(d). Since u is continuous, there exists p > 0 such that
|u(t) — ck| > 2u >0 for every t € [¢,d] and for every k € {1,...,N}\ {j}.

This motivates us to write

N

:L J h VI — Mk
V) = g g T where Vi) =3 Tl
k]

Indeed, in a neighbourhood Uj of ¢; such that dist(Uj, c¢x) > p for every k, the potential
V¢ splits in a principal component due to the attraction of ¢4, and a perturbation term
VZ due to the attraction of the other centres. Of course, VZ is smooth and bounded in
Uj.

We define

v(e) = pr,v(d) = po,
v(t) # ¢j Vt € [c,d], Vj,

P1P2 ,_ 1 2 t) t d, 1
KiP2 .= ¢ v e H' ([e, d), R?) the function Ty (1) = u(t) tel0,c)u(d,1] %,

belongs to K;

and
KPP2 . — ,@lﬁlﬁz U {v e H([c,d],R?) : v(c) = p1,v(d) = p2, Ty € Coll;} .

The set IC%7 12 i5 weakly closed. We define the restriction of the Maupertuis functional
to KCJ'P* as

Mlﬁ1ﬁz . ’C{’lf’Q — RU {+o0} Mp1p2 / (¢ ’2dt/ (Ve(u(t)) — 1) dt.

It inherits the properties of weak lower semi-continuity and coercivity from M, then it
has a minimum on /Cp P2 at a positive level. Since u is a minimizer of M on K, from
Proposition it follows that u[. g is a minimizer of M| P72 on KCPP2,
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Step 3) We introduce further notations. For p > 0, we define

d(p) := min {Mlp@(v) cv € KPP, min |u(t) — ¢j| = p} .
te(e,d]
The value d(0) is the minimum of MP'?? on the elements of KV'P? which collide in ¢;;
as a consequence of our absurd assumption, d(0) is achieved by u|.q-

Lemma 2.4.30. The function p — d(p) is continuous in p = 0.

Proof. The proof is a slightly modification of that of Lemma 17 in [83]. We have to
take into account that in our case collisions occur in ¢; and not in 0, and that we are
dealing with the Maupertuis functional and not with the action functional; nevertheless
the same argument works, because we can rely on the same asymptotic estimates.
We want to prove that lim, o+ d(p) = d(0). Since the weak H' convergence implies the
uniform one, the set

{oerp™. min () - ;= o}
is weakly closed for every p > 0, and therefore the value d(p) is achieved by an element
of IC?@Q; note in particular that d(0) is achieved by ul q. We know that u(t9) = c; and
to is the unique collision time of u in [c,d]; by classical asymptotic estimates (see e.g.
[8] or [19]) we deduce

2
lu(t) —c;j| ~ C|t tho]aJr? (2.35)
|u(t)| ~ Clt — to| a+2.

For p > 0 sufficiently small, let (1 (p) be positive solutions of

luto + C+(p)) —cil =p, |ulto —C-(p)) — ¢l = p-
From the asymptotic estimates (2.35)) we infer
at2
C+(p) = Cp 2. (2.36)

Let also 6+ be such that u(t4 £ (+(p)) = ¢j + pexp{if+}. We can define
_ fu) teled\J(p)
up(t) :== )
¢j +pexp{if(t)} te€ J(p),

where J(p) := [to — (—(p), to + (4 (p)] and O(t) parametrizes an arc of the circle 0B,(0),
chosen in such a way that u, € le P2 " To fix our minds, we suppose

04t —to + ¢ (p)) — 6 (t — to — C4-(p))
Cr(p) +¢-(p)

0(t) = vt e J(p).
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Note that ming |u,(t) — ¢;| = p. o o
We want to estimate the difference M[""*(u) — M[""*(u,); this can be done through a
direct computation:

Mlplﬁz (u) o Mlﬁlﬁ2 (Up)

i % </[Cvd]\"<p> i /J(p) W) </[c,d1—J<p) Vel =D /J(p) (et D) :
-3 (/[c7d]\J(p) jif? + /J(p) !up2> </[c,d]_J(p) (Ve(u) — 1) + /J(p) (Veluy) — 1)>
-3 /[c,d]\J<p) il ( /J L,V v;<up)> +
) /[ PIRCOR) ( / i - W) .

1 . 1 :
o [ il [ =g [ gl [ ) -1 @)
J(p) J(p) J(p) J(p)
For every t € J(p) we have, using (12.35)),

mj 1 _ L
a \|u(t) —¢l*  p*

< C(t — to] 7572 + p=) + Clu(t) — u,(t)| < C(|t — to] 52 + p~*) + Cp,

[Ve(u(t)) = Ve(up ()] < + V2 (u(t)) = VZ (up(t))]

so that taking into account the estimate (2.36)), for every p > 0 small enough we have

| Wetute) = Vet dt < [ (CGtal F )+ Cp)
J(p) J(p)

e~

2

= C(GH(0) 5 +C(p) = ) + (7 + cp) (C+(p) +C-(p) S Cp'a". (2.38)

Also, for p > 0 sufficiently small

/ i) dt < C/ It — to| otz dt = Cp ",
J(p) J(p)

2
L2 dt=C (p) dt < Cp*3°.
/ﬂp) 14, (2) o Gl T M=o

We can come back to equation (2.37): collecting (2.38)) and (2.39)), for every p > 0
sufficiently small we obtain

(2.39)

M2 (w) = MPP2 (u,)] < Cp 2
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In particular

which implies
limsup d(p) < d(0). (2.40)
p—0t

It is not difficult to conclude the proof: let (p,) be a sequence of positive real numbers
such that p, — 0 and d(p,) — liminf, o+ d(p) as n — oo; we can find (u,) C cpp2
such that

min |u,(t) — ¢;j| = pn  and Mlﬁlm(un) =d(pn)-

te(e,d]
Since (Ml?lﬁ2 (uy)) is bounded and Mf”jz is coercive, the sequence (uy,) is bounded in H*
and therefore, up to a subsequence, it is weakly convergent in H' (and hence uniformly,
too) to a u € M, lp 1P2. note that @ has a collision. Using the weak lower semi-continuity
of M'"?, we obtain

d(0) < MP*P2(w) < liminf MP'P?(u,,) = liminf d(p),

n—00 p—0t

which together with (2.40)) gives the thesis. O

Now, given 0 < p1 < pa, we set
’Cf@(ﬂhm) = {U € ’Cflm : tgi%] v(t) —¢jl € [Phﬂ?]} :

It is a weakly closed subset of IC? 172 50 it is well defined

m(p1,p2) ;==  min Mlﬁlm (v).
Ue’cflzm (Pl 7p2)

We also set

Moy = {v € K (p1, p2) : MP'P2(v) = m(p1, p2) and Jin () — ¢ < pa} :
c,

In this step we aim at proving the following result. In light of the notation introduced
in this section, Theorem follows.

Proposition 2.4.31. (i) If a € (1,2), there exists p > 0 such that for p1, p2: 0 < p1 <
p2 < p implies M, ,, = 0; in this case u is collision-free;
(ii) if o =1, then one of the following alternatives occurs:
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(a) there exists p > 0 such that for p1, pa : 0 < p1 < pa < p implies M, p, = 0; in
this case u is collision-free;

(b) w is an ejection-collision minimizer, with a unique collision. This is possible only

if p1 = p2 and 1 satisfies condition (2.27)).

Remark 2.4.32. The proposition states that, if « € (1,2) or « = 1 and p; # po, if we
force the functions to go very close to c;, i.e.

min |v(t) — ¢i| < p,
tGM\ (t) —cil <p

then the minima m(p1, p2) are achieved by elements of K? P21, py) which stay as far
as possible from ¢;. If o =1, p; = po, and [ satisfies condition (2.27)), a minimizer can
have a collision, but in such a situation it is an ejection-collision minimizer.

The proof of this proposition occupy the rest of the section. We will use a lot of
intermediate results which hold true both for « € (1,2) and « = 1; so, unless otherwise
specified, we will consider « € [1,2). We will explicitly point out the moment in which
we will assume « € (1,2) or a = 1.

Assume that
e cither o € (1,2) and our statement is false;
e or a =1 and we are not in case (ii)-(a).

Then there are two sequences (py,), (pn) such that

0<pp<pn Vn, pn — 0,pp, — 0, forn — oo,
vn Ju, € KPP tgi%} lun(t) — ¢j| = pn., (2.41)

)

]\41131[32 (un) - m(pna ﬁn) - d(pn)

We can assume also that for every n € N

e {yeagfxcj) P = B e P2 y’} -
Thanks to Lemma MPP2(uy,) — d(0) for n — oo, namely (u,) is a minimizing
sequence in KJ'P* (we are assuming that the minimum of M*?* in KJ'** is achieved over
collisions). Since M['? is coercive, (uy) is bounded and up to a subsequence is weakly
convergent to a function @ € KJ'*?, which is a minimizer of M (possibly different
from wulj.4) due to the weak lower semi-continuity of M/'"*. We point out that u has
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to collide in ¢; and could collide in centres different from c; as well.
By Lemma the energy of u is constant and equal to —1/&?, where

Ao
o2 = 7fc Vs(u) _ 1.
b

Now, the same discussion of step 1 shows that the set T.(u) of collision times of u
contains a finite number of elements, and we can assume that

e there exists a unique collision time ty in [c, d] such that u(ty) = ¢j;

e there exists p > 0 such that |u(t) — cx| > 2 > 0 for every ¢ € [c,d], for every
k# 3;
e the function |u(t) — ¢;|? is strictly convex in [c, d].

Otherwise we can replace [c, d] with a smaller interval.

The paths u,, enjoy some common properties. Firstly, since the weak convergence in
H' implies the uniform one, there exists ng € N such that

n>nyg = |up(t) —ck| >p Vteled], Yk #j. (2.42)

We rename as (u,) the sequence obtained by dropping the first (ng — 1)-terms. Let us
set

Ty, (un) = {t € [e,d] : [un(t) — ¢j| = pn}-

We also introduce the polar coordinates and the (absolute value of the) angular momen-
tum of w,, with respect to the centre c;:

Un(t) = ¢j + wy(t)en ),
L (t) = | (un(t) — ) Atn(t)] -
Here wy, : [¢,d] — RT and ¢y, : [c,d] — R.
Lemma 2.4.33. For every n € N, the function u, has the following properties:

(i) every uy, is of class C*((c,d)), and if (c',d') is a connected component of [c,d] \
Ty, (un), then uy|( 4y is C* and solves

2 ._ fcd‘/:f(un) -1

wliin (t) = VV(un(t)) where w? : Ty (2.43)
Efc |u”|
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(ii) for every n € N, there exist t,, <t such that:
un(t) —cjl > pn tE[et,) UL, d]
[un(t) = ¢j| = pn te [tr_mt;ﬂ
that is, T, (un) = [t; . t;];

(iii) the sequence (w2) is bounded above and below by strictly positive constants. Hence

there exist a subsequence of (uy) (still denoted (uy)) and @ > 0 such that

lim w, = ;
n—oo

(iv) the energy of the function u,, is constant in [c,d]:

i = L e e

Moreover, the sequence (—1/w?) is bounded in R;

(v) the function ¢"|(t; 1) 18 C2, strictly monotone and is a solution of

Pn(t) = ! <va (Cj+pnei¢"(t))7iei¢n(t)>.

Pniy

Proof. To show that each u, is C', we can slightly modify the proof of Proposition
to complete the point () and to prove point (v), it is sufficient to adapt the
proof of (i) and (ii) of Lemma [2.4.24]
(#4) On every interval (¢/,d’) C (c, d) \ Ty, (uy), the function u, solves equation (2.43);
hence the uniform convergence of (uy) to w and the computation of the derivative
2
4 hun(t) — i

(see the proof of Lemma imply that the function |u, (t)—c;|? is strictly convex over
such an interval. Therefore, if there exist t; < ¢ such that |u,(t1) —¢j| = |un(t2) —¢j| =
pn then |u,(t) — ¢j| = pn for every t € (t1,t2).

(7i7) We have

W = MP'P (un) _ d(pn) (2.44)

(i)l

We know that 0 < d(0) < d(p,,) and d(p,) — d(0), so that

301,02 >0: C1 < d(pn) < (Cy Vn. (2.45)
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As far as the denominator of (2.44)) is concerned, we observe that, for every n, the path
u, covers at least a fixed distance; therefore, as showed in the proof of Lemma
there exists C's > 0 such that

HunHZ > C3 Vn. (2'46)

Moreover, being (u,) a minimizing sequence of a coercive functional, (u,) is bounded
in the H! norm and a fortiori there exists Cy > 0 such that

linlla < Cs V. (2.47)

Altogether, ([2.44), (2.45)), (2.46]) and (2.47) imply the assertion.
(iv) It is a slightly modification of the proof of point (i7) of Lemma[2.4.24] and of point
(4i7). 0

We are now in a position to prove the following result.

Lemma 2.4.34. The minimizer u, is free of self-intersections in [c,d]. In particular,
the total variation of the angle ¢, is smaller then 2.

Proof. The function u, has no self-intersections for ¢ € [c,t,)) U (t,},d]. The prove is
the same of that of Proposition If u, has a self-intersection on the obstacle
{ly — ¢j| = pn}, the monotonicity of ¢, implies that u, makes a complete wind around
it. But then we can consider the function v which parametrizes the same path of wu,,,
but reverses the orientation on the obstacle. One has Mlplﬁ2 (up) = Mlzmj2 (v), so that

v is a local minimizer of Mlﬁ“32 with min,e(. g [v(t) — ¢j| = pn. For the minimality, v
satisfies the energy integral and cannot approach the obstacle with velocity 0. Therefore
it should be a minimizer which is not C', a contradiction. O

Lemma 2.4.35. The estimates

eh0) = p? [0 (14 0) Vel )t -t = Ot )

hold for n — oo.

Proof. Since u, € C!((c,d)), it can lean against the obstacle {|y — ¢j| = p,} with ve-
locity ,(t) orthogonal to the radial segment joining ¢; and wu,(t). Therefore for every
t € [t,,,t.] there holds

n»’n

puliin(t)] = €, () = pron(t). (2.48)
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From the expression of the energy and the uniform boundedness of (VZ (uy,)) (see (2.42)),
we deduce that

Prltn ()] = pn \/2 (mj + V2 (un(t)) - 1)

apy;

Plugging in we have

—2ta Qmj

o) =pn 7 (| 52 (1+0(0)),

and the total variation of ¢, on the obstacle is

6u(t5) = nlt) = pu * | T (14 O (0 ~ 17,

a+2

This variation is bounded by 27, so that t, —t~ = O(pp? ). O

In order to exploit a careful analysis of the behaviour of % in a neighbourhood of the
collision time ty, we consider a blow-up of our sequence.
For every n € N, let us fix t,, € [t;,,t;]. By the previous lemma, the sequence (¢,) tends
to a limit, which by continuity is the unique collision time tg of @ in (¢, d). Let us set

at2 a+2

Cn 1= pT_L * (e—tn), dp=pn * (d—1tp).

We also define
a+2

Cimpn Tt —ta),  sfimpn ?(E—th)
We note that ¢, - —o0, d,, — +00 as n — 0o. As far as (s;;) and (s;) are concerned,
they are two bounded sequences thanks to Lemma [2.4.35] so that there exists a subse-
quence of (p,) (which we still denote (p,,)) such that they converge to limits s~ and s*
respectively.
Remark 2.4.36. Consider the change of variable

o2 a+2

s"(t)=pn * (t—tn) <= t"'(s)=tn+pn’® s
One has

s"(t) € [en,dn] <= t"(s) € [¢,d], s"(t) € [s,,88] = t"(s) €[t ]
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We introduce the blow-up sequence of paths v, : [cp, d,,] — R? defined by

1 at2
un(s) ==c¢j + — (un (tn + pn? S> — cj> .
Pn

In polar coordinates with respect to the centre c¢; we write
Un(8) = ¢j + Wy (s)e¥n (),

where
a+2 _ a+2

(s) = -, (tn+pn2 ) Fuls) = b (wpnzs).

n

Each v, is of class C' and
lon(s) —¢j| =1 for s € [s;, 5],

lon(s) —¢j| > 1 for s € [cn, s, ) U (s, dy).
The restriction Un’[cn 57 )U(ST 1] is of class C? and satisfies the equation

) p2+a N my
() = _w%Pn ; [un (£7(s5)) — ci**? (un (t"(s)) = cx)

m; | = (u, (t7(s)) — ¢j) £ ¢; at1 4
I ’ ]+ + PV (un (£7(5)))
W3 |k (un (17(5) = ) £ ¢ "
e ()~ )+ O™

This suggests to consider the quantity

fn(s) = 3lin(s)P .

- wRalun(s) — ™

the energy of the function v, for the potential of the a-Kepler problem with centre in
¢;. This is not a constant function in [¢,, dy,], however it can be easily controlled:

ha(s) = p lu "())]? — 1
i) = 5 3 i (6D = oo

ot (9]

n

= ph {—

Therefore, from the point (iv) of Lemma [2.4.33| we deduce

w2
wTL

lim h,(s) =0 for every s € R.

n—oo



2.4 Inner dynamics 93

The uniform boundedness of (VZ (u,)) makes the convergence uniform on every closed
interval [a,b] C R.

Let us also define the (absolute value of the) angular momentum of v,, with respect
to the centre c;:

C(s) = [(vn(s) = ¢) Ain(s)]-
If s € [s;,, 8], using Lemma we obtain

T (3) = pu® bu (17(5)) = pn? €, (£7(s)) =

m; o
20 (1506

Hence
2
lim &7 (s) = m]

n—o0 20"

for every s € [s7,sT], (2.49)

with uniform convergence in [s~, s]. For the reader’s convenience, we recall that =
lim,, w,. The previous computation implies that the sequence (é%|[8*,s+]) is uniformly
bounded.

Recalling the point (v) of Lemma we obtain an equation for ¢, when s €

(55 53):

b5 ooy i)
_ % <mjei$”(s), Z-eig_an(s)> + P%:l <VVJ (Cj " pneiq_ﬁn(S)> 7iei<z_5n(8)>
0+ 00,

As a consequence, the restriction v,| - +, is of class C2 and satisfies
9 n (S s )
n»on

n(s) = G ()ie ™) — ($(5)) e
()i (va(s) — ;) — (€h(5))” (vn(s) — i)
—(€(5))% (vn(s) — i)+ (vals) — c) O(path).

Summing up

e + O™ in [en, 5) U (s, dal

w2 [vn—c;] "’
B = (2.50)
N2
- (Eﬁ%) (Un — ¢i) + i (vn — ¢;) O(ps™h) in (s;,, s7).

This shows that v, is not necessarily of class C? in s;; and s;}; anyway there exist the
right and left limits of the second derivative at these points.
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Lemma 2.4.37. Let [a,b] C R, a < 0 < b. There exists a subsequence of (vy) which
converges in the C* topology on [a, b].

Proof. There is uniform convergence to 0 of the energies h,, over [a,b]; thus the re-
strictions (hn\[mb]) define a bounded sequence in the uniform topology. Since for every
n

inf |v,(s) —¢i| = |vn(0) — ¢i| =1,

B [0n(s) = 5] = fen(0) —

for every s € [a, b]

_ ms
a < 2||hn’[a,b}H00 + 2TJ

. 9 -
n = 2hn
(" = 2hn(3) + Ca o) — <)) Za

Therefore

1
. — ms 2
9nl{a,pllo < V2sup (th\[a’b]HOOJr 2]) < +o0,
n (09408

n

ie. (bn|[a7b}) is uniformly bounded. Now,

L. (vnl{a,) is equi-continuous: for every s1, sz € [a,b], for every n € N
[vn(s1) = vn(s2)| < [[Onlja,pllocls1 — s2| < Clsi — saf.

2. (Un‘[%b]) is uniformly bounded: for every s € [a, b], for every n € N:

[vn(s)] < [vn(0)] + Cls| < e+ 1+ C'max{|al, [b]}.

Hence we can apply the Ascoli-Arzela theorem, to obtain a uniformly converging sub-
sequence (still denoted by (v,)). From equation (2.50) we see also that (i]jqs) is
uniformly bounded. Indeed

n?

|Un(s)] < % +0(p2th) < C < 400 for every s € [cn, 5, ) U (s}, dn],

[in(s)] < (€4(5))" + O(ps™) < C <400 for every s € (s, 57))
max4 lim |i(s)] p = C < 400,
s—(s2)*
(recall (2.49) for the second bound) and immediately sup,, [|in|[q 4 lloc < +00. Moreover
1 9 7 ;o my
A, 5l OF =l 20+ 5o = G2

In particular, (9,,(0)) is bounded, too. Now it is sufficient to repeat the previous argu-
ment and use the Ascoli-Arzela theorem for (vy,). O
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Applying the Lemma on each interval [—k, k] we obtain a subsequence of (v,) (still
denoted by (v,,)) which converges in the C! topology on every closed interval of R (this
is a standard diagonal selection). We call v : R — R? its limit. We write

v(s) = ¢j + w(s) exp{ig(s)}.
By equation (2.50)), the sequence (%) uniformly converges on every compact subset of
R\ {s7,s%}, s0v € C?(R\ {s7,s"}) and
e v is a classical solution of the a-Kepler problem
m;

i(s) = () - poIEE (v(s) —¢j) for s € (—o0,57) U (sT, +00);

e v has constant energy equal to 0 (even in [s™, s7));

e v has constant angular momentum with respect to c¢;, whose modulus is ¢ =
\/% (even in [s,s1]); indeed from the equation for v and the (2.49) it follows
that €/ is constant in the three intervals (—o0o,s7), [s7,s"] and (sT, +o0), and
¢l = \/% in [s7,sT]. Let us consider s € (—o0,s™); using the conservation of
the energy and the fact that v € C'(R) we have

_ . 2 2Mm.; —a . . 2m; —a .
(€()" = Jgawe’ ™ —w(i’(s) = lm  Zehw(s)’ = —w(s)i’(s)
_ 2m; 2—o _ 2,2 2m;
=, Jm o) w(s)™w(s) = —5,

for every s € (—o0,s7). The same argument works for s € (57, +00). Hence @/ is
constant in R, and the conservation of the angular momentum follows;
o |v(s)—¢jl=1forse[s,st];
o |v(s) —¢j| >1for s € (—o0,s7)U(sT,+00).
Let ¢~ := ¢(s7), ¢ := ¢(sT). Thanks to the conservation of the angular momentum,

the function s — ¢(s) is strictly monotone; it is not restrictive to assume that it is
increasing, and it makes sense to write

d(+00) = I 6(s),  é(—00) = lim_g(s).

§—>—00
Writing the energy in polar coordinates we get
dw
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Hence

¢(+OO)—¢+=/:OO d¢ds_/+oo & dw

: ©)

2

aQQwO‘ w

/ﬂm vﬁ“‘* / ¢“z§

The same computation holds true for ¢~ —@(—o0). With the change of variable £ = 17ﬁ
we obtain

o 772a
oro0) 6" =6~ o) = g o [

2a
\/n?aana
_ 2 /1 N _
_2—(1 0 1/1—7’]2_2—a.

We deduce the following estimate for the total variation of the angle ¢:

2T

Blo0) = B—00) = 5+ 6T = 97 > 5 (251)

On the other hand, we know that ¢,, uniformly converges to ¢ on every closed interval
[a,b] of R. For n sufficiently large

$u(b) = dn(a) < Pu(dn) — Pn(en) < 2
by Lemma 2 Passing to the limit as n — oo, we deduce that
¢(b) — ¢(a) < 2.
Since a and b are arbitrarily chosen, we can take a — —o00, b — 400 to obtain
d(+00) — p(—o0) < 2. (2.52)

If a € (1,2) (this is the first time we need the assumption « € (1,2)), (2.51)) and (2.52])
give a contradiction, and the proof of Proposition [2.4.31] is complete. Otherwise, we
deduce the following.

Lemma 2.4.38. Let a = 1. If we are not in case (ii)-(a) of Proposition |2.4.531}, then
necessarily

6T — o7 =0.
We remark that in the proof of (2.51) and (2.52)) we supposed (it is not restrictive)
the angle ¢ increasing. This is why we omitted the absolute value.
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Step 4) Conclusion of the proof of points (i) and (ii)-(a) of Proposition [2.4.31
Since there exists p > 0 such that, if 0 < p; < pa < p* < p, we have

= min |u(t) — ¢| = p",

u is a minimizer of M'"*|x,(
tele,d]

p2,0*)
and also

= min |u(t) — ¢| = p2.

u is a minimizer of M|,
tele,d]

P1,p2)
Hence d(p*) < d(p2) < d(p1). We recall that the function d(-) is continuous in 0, so that
taking p; — 07 we obtain d(p*) < d(0): this is a contradiction, since we are assuming
that the minimum of M;'"* on KI'*? is achieved over collision paths.

Step 5) Proof of point (ii)-(b) of Proposition [2.4.31, We have to prove the
following.

Proposition 2.4.39. If a minimizer w € K; of M has a collision, then the collision set
Te(u) consists of a unique instant, and y(t) := u(wt) is an ejection-collision solution of
(2.19). In particular, this implies that necessarily py = p2 and l satisfies (2.27]).

We show that if u is a collision minimizer in K'#?(0,1), then there is a possibly
different ejection-collision minimizer in the same class of type

() = {u(t; te[0,1]\ [c,d] (253)

where u, which has been introduced in step 3, is an ejection-collision function with a
unique collision in ¢;. This implies the thesis, because

if u is a minimizer, then u = u, (2.54)

so that u itself is an ejection-collision minimizer. To prove this claim, let ¢y be the
unique collision time of @, t1 be the first collision time of u, and t2 be the last collision
time of u. Recall that for each local minimizer of M (even if it has some collisions) the
conservation of the energy holds true (see Lemma [2.4.3)):

Looovo Ve(u) 1 Lo oo Ve(u) 1
2’u(t)| - w2 - _wg and 2|U(t)| - o2 - _ag
a.e. in [0, 1], where
2 _ fJVé(u)—l ~2 folvs(a)—l

and W= "—"——"——.

YN LI P
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Since v = U in [0,¢), w? = @2, Let t. € (0,c); both u and @ are C? solutions of the
regular Cauchy problem

{w%'(t) — VVL(u(t))
(te) = u(ts)  o(t) = a(ts);

They can be extended in a unique manner to a solution in (0, min{tg, ¢; }); by continuity
to = t1, so that ul(g ) = Ul(,). Analogously, it is possible to check that tg = t2 and
(9,1 = U|(ty,1)- This proves (2.54)

Now, the goal is to show that we the function @ € H'(c,d), introduced in step 3, is
such that u defined by is an ejection-collision minimizer of M in KI'"?([0,1]); we
know that ty is the first collision time of @, and that u(ty) = c;.

We introduce a transformation of time and of the space in order to regularize the
flow in a neighbourhood of the singularity c¢;. An argument of this type has been firstly
introduced in 1920 by Levi-Civita in [56]. Actually, to take advantage of the careful
blow-up analysis developed in the previous steps, we consider a sequence of local Levi-
Civita regularization.

Definition 2.4.40. (Local Levi-Civita transform). For every complex-valued con-
tinuous function u we define the set A(u) of the continuous function ¢ such that

u(t) = ¢*(7(t) + ¢j,
where we re-parametrize the time as
dt = |q(7)|? dr.

The symbols “’” and “ V, 7 denote the differentiation with respect to 7 and the
gradient in the Levi-Civita space, respectively. We remark that, if a path v does not

collide in ¢;, then A(u) consists in two elements 4=+/u(t(7))) — ¢;.

We perform the Levi-Civita-type transform along the sequence (u,,) defined in ([2.41)).

So, it is convenient to define
d
dt
Sy = / S
¢ |un(t) — ¢l

Lemma 2.4.41. The sequence (Sy) is bounded above and bounded below by a strictly
positive constant. Hence there exist a subsequence (still denoted (Sy,)) and S > 0 such
that

lim S, = S.

n—oo
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Proof. Assume by contradiction that (.S,) is not bounded above:

s /d dt N

im su — = +00.

nomo Jo Tun(t) = ¢j]

In the proof of point (ii7) of Lemma [2.4.33| we showed that
n—oo

d
liminf/ i (£)]2 dt > 0,

and hence (Mlp P2(y,,)) is unbounded, in contradiction with the fact that (u,) is a
minimizing sequence of a coercive functional. Furthermore, since

/d dt >d—c>0
¢ lun(t)—c¢jl ~ R+e ™ 7

(Sy) is also bounded below by a positive constant. O

For every n, we define the set A(u,) of the continuous function ¢, such that

un(t) = gu(7(1)) + ¢
dt = Sy |qn (1) dr.

We also set

u(t) = 3 (7(1) + ¢
dt = S|g())? dr.

We point out that the new time 7 depends on n (we keep in mind this dependence, but
we don’t write it down to ease the notation). Note that the time parameters are suitably
normalized to work in a common time interval: setting 7(c) = 0 for every n, the right
end of the interval of definition of each function ¢, is

7(d) d
/ dr = 1/ 7(# =1,
0 Sn Je |un(t) — Cj|

so that g, is defined over [0, 1].

For g, € A(uy,), we set 7,; := 7(t,;) and 7,7 := 7(¢]}) (recall that ¢, = inf{t € [c,d] :
lun (t) — ¢;| = pu}, tF = sup{t € [¢,d] : [un(t) — ¢;j| = pn}).

The constraint B),, (c;) corresponds through the transformation to the ball B ;-(0), so
that ¢,, satisfies

|an ()| > Von T E[0,7) U (7,1
lan()| =vpn T E 7))
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In polar coordinates we write

ion(T)
)

qn(T) = kn(T)e
where k, : [0,1] = RT, o, : [0,1] — R.

For every p1,p2 > 0, each u € IC?@2 (p1,p2) does not collide in ¢;, so that A(u) =
{£/u—¢;}; setting Ay (u) = {+/u — ¢;}, the Levi-Civita transform is a bijective cor-
respondance between the spaces (ICIZEI‘PE2 (p1, p2),dt) and (A+(Kflﬁ2 (p1,p2)),dr). In par-
ticular, for every n, writing ¢, we denote the function +,/u,, —¢;. In this way, it is
possible to choose ¢ € A(u) such that ¢, — ¢ uniformly in [0, 1].

The next lemma establishes the relationship between the variational properties of a
function and its Levi-Civita transform.

Lemma 2.4.42. Every q, € Ay (uy) is a minimizer of

_4/ |q|2/ mj + (V2@ + ¢5) — 1) lql’]

in the set A+(1Cflp2 (p1,p2)) at a strictly positive level.

Proof. Since (KV'P2(p1, p2),dt) and (A4 (KP'P2(py, pa)),dr) are in bijective correspon-
dence, it is sufficient to write the factors of M in terms of 7 and gy,:

dr

2
i) dt = 2an(r () () 0|t = -l )P

and

(Valun(t)) — 1) dt = (m(m()), V@) + ) — 1) i

= Sn [mj + (V2 (an(7) + ¢j) = 1) lan(7)?] dr. -

Remark 2.4.43. We get a functional of Maupertuis-type. In this case the potential is
no more singular in ¢, and the mass m; plays the role of the energy.

Now a technical result:

Lemma 2.4.44. For every n, let
1 .
Jo [mi+ (V2@ + ) = 1) laal?]
T :
%fo ’%’1|2
The sequence (@2) is bounded above and bounded below by a strictly positive constant.
Hence there ezist a subsequence (still denoted (wy)) and Q > 0 such that

~2 .
W, =

lim @, = Q.
n—oo
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Proof. There holds
d
~2_Silnfc ‘/E(uﬂ)_l 4 2

w;, = = —W.
! % fcd ‘UTIP 5721 "
Now it is sufficient to recall Lemma [2.4.41| and the fact that w2 — Q2 > 0. O

From now on, we always consider the subsequence introduced in this statement. We
are ready to prove the main features of the functions ¢,.

Lemma 2.4.45. For every n:
(i) the function g, is of class C' ((0,1));

(ii) the restrictions qn\[o oy and qn|(T;r ) are C? solutions of
Grdn (1) = Ve, (VZ(ar(7) + ¢))lan(7)?) — 24a(7);

(iii) the energy of gy is constant in [0,1]:

1 1, . -
ST (M = ] (Van(r) +¢) = Dla() = =5 vr€0,1];

n
(iv) the variation of the angle on the constraint tends to 0 as n — oo:

: +y _ =\ — 0
Tim [on(rf) — on(ry )| = 0;

(v) the time interval on the constraint tends to 0 for n — oo:

lim (1,7 —7,,) =0.

n—00
Proof. The point (7) is obvious, the points (i7) and (ii7) are consequence of the variational
property of ¢, Lemma [2.4.42
(iv) We can use the results already obtained in step 3 (recall in particular the expression
of u, in polar coordinates, the definition of the sequence (v,,), the expression of v, in
polar coordinates, and Lemma. The angle of the function g, with respect to the
origin is exactly half of the angle of u,, with respect to ¢;:

q’r% = wnel¢" — gn = wnez 2

Hence we can we prove that

Tim [60(t5) — bu(t7)] = 0.
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or equivalently
Jim |n(si) = Gnlsi)l =67 — 67| =0,

which is given by Lemma |2.4.38
(v) It is a consequence of the same property for u,, Lemma [2.4.35

L /Tn+ . /tI dt £t
T, — T = T = =
I tr Snlgn(T@))> Supn

for n — oo, where we used the boundedness of the sequence (Sy), Lemma [2.4.41 O
Lemma 2.4.46. The path q is a classical solution of
02" (1) = Vi (V2(@37) +¢)a(n)?) = 2q(r)  for T € (0,1). (2.55)

—) and (7;7) con-
verge to some 79 € (0, 1), such that g(79) = 0. This instant 7y corresponds to the unique
collision time tg € (¢, d) of the function u. We know that ¢, uniformly converges to ¢ in
[0,1], and it is not difficult to see that ¢, — ¢ in the C'-topology in any compact subset
of [0,71) U (71, 1] (one can easily modify the proof of Proposition [2.4.37)). Since every g,
is C!, the vectors g, (7) is tangent to the circle {w € C : |w| = \/p, } in the time interval
[7,,,7.7]. So, using the fact that the variation of the angle o,, on the constraint tends to

n

0 (we refer to point (iv) of Lemma [2.4.45)), we deduce that

Proof. Point (v) of the previous lemma implies that the sequences (7,

lim ¢'(7) = lim ¢'(7),

T—)TO T—)TO

that is, ¢ passes trough the origin without any change of direction. As a consequence
g € C'((0,1)), and it turns out to be a (weak, and by regularity strong) solution of
@255). O

Conclusion of the proof of Proposition[2.7.39 We wish to show that u(tg+t) = u(to—t).
Let us consider the functions

q1(7) = q(mo + 7), q2(T) = —q(m0 — 7).

They are both solutions of (2.55)) (for g this is immediate, for g it is not difficult
to check, observing that since the function ¢ — (VZ(¢® + ¢;) — 1)|g|? is even, then
g+ Vq(VZ(¢* + ¢j) — 1)|q|?) is odd. Moreover, ¢; and > have the same initial values.
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Thanks to the regularity of (2.55)), the uniqueness theorem for initial values problem
and the definition of the Levi-Civita transform give

g(ro+7)=—q(ro—7) = ulto+t)=ulto—1):

if the function u has a collision, then necessarily bounce against one centre and comes
back along the same trajectory. Now, we observed that in this case also u in an ejection-
collision minimizer, with a unique collision in ¢;. This implies that p; = p2. Note also
that a function of this type belongs to K; only if [ satisfies condition . O

We end this section with some remarks about our peculiar use of the Levi-Civita
regularization.

Remark 2.4.47. We proved that, if the minimum of the restriction of M over Kj is
achieved by a collision function u, then u is an ejection-collision minimizer. To do this,
we considered the minimizing sequence (uy), defined by means of the introduction of
the obstacle problems, and then we passed to the limit in the Levi-Civita space. Thanks
to the regularity of the transformed problem, we obtained an equation satisfied by the
limit, and this implied the ejection-collision condition for the function u. A natural
question is the following: why did we pass to ¢, € A(u,) instead of considering directly
a function in A(w)? The answer is that, since |u(t1)| = ¢;, the set A(u) has not two
connected components, so that it is not so clear to give a variational characterization
of an arbitrary function in A(u) (and hence to deduce an equation for an element of
this set). On the other hand, the fact that we fixed the choice ¢, = \/u, — ¢; and the
uniform convergence of u, to u allows to show that the sequence (g,) converges to a
uniquely determined q € A(u).

On the Levi-Civita transform 2.4.48. As clearly explained in [52], the N-centre
problem admits a global Levi-Civita regularization. It consists in extending the pullback
of the Jacobi metric on the Riemann surface

N

R={ Q) : @ =]]u-¢)

Jj=1

to a smooth metric. The projection from R — C on the first factor is a branched
covering of C whose ramification points C; = (c;,0) are of order one and project on the
centres {c;}. The Riemannian surface R = R \ {C;} doubly covers the configuration
space C\ {ec1,...,cn}; moreover, there is a unique way of lifting the Jacobi metric to
R and this extend in an unique way to a smooth metric on R. Geodesics on R can be
classified according with the fundamental group 71 (R), which is known to be isomorphic
to the free group on N — 1 generators. The main reason why we choose to use the local
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L-C transform is that we want to keep track of the topology of the true configuration
space, and specially, of the winding number of the functions u, with respect to the
centres. This explains why we are led to swinging back and forth from the configuration
space to the Riemannian surface.

Of course, also the local Levi-Civita transform induces a regularization of the flow
associated with the first order system . Indeed, let us consider an ejection-collision
solution ¥ of starting from pg € 0Bg(0), coming from an ejection-collision mini-
mizer U € K" ([0,1]). The Levi-Civita transform g of @ is a regular solution of (2.55).

Let us define the re-parametrization §(7) := q(Q7); it is a regular solution of

q"(r) = Vq (VZ(a(r)* + ¢;)la(r)|?) — 2q(7) (2.56)

with energy my;, starting from ro € A(zo) and arriving to 1o € A(zo), with To # To. Now
let us consider a collisions-free solution y; of problem (2.4), with initial data (p1,;(0))
close to the initial data of 3. This solution comes from a collisions-free minimizer
w € K'P2([0,1]) of M, for some py € 9BR(0) (see Remark [2.4.2)). Even in this case we
can consider the Levi-Civita transform A(v;) (centred in ¢;), given by
w(t) =gi(r(t) + ¢
dt = S|q(r)* dr

1
5= [ st
o Tu®) =

Each component ¢; € A(w;) is a local minimizer of M at a positive level. Setting,

i [+ (Va4 ) - 1) bl

1
%fo |QI|2

2,
U)l )

we infer
wiq! (1) = Vg (V2 (a(r)* + ¢j)la(m)?) —2a(r) V7 €[0,1]

SGIP — = (P@ D) +e) - DlaP =2 vrelo]
wn wn

The re-parametrization ¢;(7) = ¢;(w;7) is a solution of equation with energy m;
and initial data close to those of q. This is a smooth equation, hence the continuous
dependence of the solutions holds true: since the initial values of q; and of q are close
together, these solutions stays close together in a right neighbourhood of 0. In particular
it is not difficult to see that this continuous dependence holds true if the solutions stay
in the set which corresponds to Br(0) through the Levi-Civita transform.
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The picture represents a comparison between the Levi-Civita space (on the left), centred
in ¢3 = A(c3), and the configuration space (on the right) of the true N-centre problem.
We have the ejection-collision solution Z, with its collision against c3. In the Levi-Civita
space, the corresponding path q solves the regular differential equation (we fix an
orientation of this solution given by the arrow). If we take one solution ql+ with similar
initial data, we can apply the continuous dependence theorem: hence q is close (in the
uniform topology) to q;. If we had chosen the inverse orientation for g, we would got
the q;. Coming back to the physical space, this means that if we take a solution with
initial data close to those of a collision-ejection one, a there is continuous dependence
despite the lack of regularity of the potentiall.

Let us note that, with the exception of ¢3, each point of R? corresponds to two points of
the Levi-Civita space. For instance c;t € A(g) for i = 1,2,4,5. This is due to the fact
that in the Levi-Civita space two points which are poles apart are identified when we
come back to the physical space. Therefore, our ejection-collision solution correspond
to a path crossing the origin and showing a central symmetry, connecting two points
which are identified in pg € R%. We could choose both the orientations for g, and the
identification would give the same path in the physical space.

Let us also note that the angles with respect to the point c3 in the physical space are
cut by half in the Levi Civita one.

To conclude this section, we introduce a different notation for the solutions found in
Corollary Given any ¢ € (0,e3), P; € P and p1,p2 € 0BRr(0), let yp, (-;p1,p2;€)
be a solution of coming from a global minimizer up, (-;p1,p2;¢) € K{é,;”?([o, 1]) of
the Maupertuis functional M_;. Let Tp, (p1,p2;€) > 0 be such that

yp; (Tp;(p1,p2:€); p1,p2;€) = Do
Lemma 2.4.49. For any ¢ € (0,¢e3), there exist C3,Cy > 0 such that
C3 < Tp;(p1,p2;¢) < Cy

for every po,p1 € 0BR(0), for every P; € P.



106 Symbolic dynamics for the N-centre problem at negative energies

Proof. We recall that Tp,(p1,p2;€) = 1/wp, (p1,p2;€), where

1
Ve(up, (t;p1,p2;€)) — 1) dt
ij(pbpz;a) = fO (1 ‘31 E _ ) _
L[y lip, (1, p2se) 2 dt

Therefore we can prove that there exist C3, C4 > 0 such that

1 1

— <wp,(p1,p23e) < —  V(p1,p2) € (0Br(0))*, VP; € P.

04 03

Since P is a discrete and finite set, we can fix P; € P and apply the same reasoning for
every j. Let us fix p1,p2 € 0BRr(0). There exist u, € KgpQ([O, 1]) and C,u > 0 such
that

e |u.(t)| = C for every t € [0,1];
o |u.(t) —cix| > p for every t € [0,1], for every k=1,..., N.

It results

. _1 1;2 1 B _02 1 N mp
M<“*>—2/0 | /0 <v5<u*>—1>—2/0 (;M”)

k

2

§C<M —1) =:(C5 > 0.
2 \ap®

Also, for every u € U, ,,comp(0) Kf,;m([o, 1)),

M

1
/0 V-1 s 1= G (2.57)

with Cg > 0 for our choice of R. For a minimizer u = up,(-;p1,p2;¢€) € K{Zf?([o, 1)),
one has

1 1
M@ =5 [ [ e - 1) < MG,

which together with (2.57) gives
1
S 2C
e <
0 Cs

Starting from this bound for one single minimizer, it is not difficult to obtain a uniform
bound (with respect to the ends) for every minimizers. Indeed if (p1,p2) # (p1,D2), we
consider
Cr(3t;p1,p1) t€0,1/3]
Ui (t) :=  us(3t — 1) te(1/3,2/3]
CR(3t—27527p2) le (2/37 1]7
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where, for py, pex € OBR(0), Cr(-;Pw, Pix) : [0, 1] — R? parametrizes the shorter (in the
Euclidean metric) arc of 9Br(0) connecting p, and p.. with constant angular velocity.
As far as the angular velocity is concerned, it is easy to see that it is uniformly bounded
with respect to py, p«s. This, together with the assumptions on ,, implies that also the
velocity of @, is bounded in [0, 1], and

02

1 1
M(U*) < 2/0 (Va(u*) — 1) =C + 30/0 (Vg(u*) — 1) =: CY.

This (positive) constant does not depend on the ends p; and po, so that for the family
of the minimizers there holds

M(up;(-;p1,p2;€)) <C7 Vp1,p2 € OBR(0). (2.58)
Collecting ([2.57)) and (2.58) we obtain

1
. 2C7
/ ip, (-5 p1,p2s€)]? < o Cs  Vp1,p2 € OBR(0). (2.59)
0
A few more observations: as we have already repeated many times, the functions in the
set Uy, poeaBn(0) K%p ?([0,1]) are uniformly non-constant, since they have to cover at
least a distance R — ¢ > 0. Thus, there exists C9 > 0 such that

lal3>co  vue |J  KRP(0,1). (2.60)
p1,p2€0BR(0)

From (2.58]) and (2.60)) it follows

1

C

/ (V;.;(upj( ;p1,p255)) - 1) < sz =: Cho Vp1,p2 € OBR(O). (2.61)
0

Collecting (2.57)), (2.59)), (2.60) and (2.61]), we obtain

Cy < inf lap,(3ppeie)ll3 < sup lap(5ppese)|3 < Cs
p1,p2€IBR(0) P1,p2€0BR(0)

and

1
Cg < inf / Vo(up. (- ;p1,pase)) — 1
’ " p1,p2€9BR(0) Jo ( (up,; (-3 p1,p2:€)) )

1
< sup / (Ve(up, (-3 p1,p25€)) — 1) < Cio.
p1,p2€0BR(0) JO

The thesis is now an immediate consequence of the definition of wp, (p1,p2;€). O
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2.5 A finite dimensional reduction

In this section we glue outer and inner solutions in order to construct periodic orbits of
the N-centre problem in the whole plane. Our building blocks are the fixed ends trajec-
tories found in Proposition and Corollary which we have to juxtapose in a
convenient way. In order to obtain smooth junctions, we are going to use a variational

argument.
For 0 < ¢ < min{eg,e3}, n € N, let us choose a finite sequence of partitions
(Pgys---,Px,) € P". For the reader’s convenience, we recall that €5 and 3 have been

introduced in Proposition and Theorem respectively. We define

- D21 — p2j| <0
D = ¢ (po,...,p2m) € (0BR(0)) nt for j=0,...,n—1, ,
Pon = Po

where § has been introduced in Proposition [2.3.1, Let (pg,...,p2,) € D. For every
j €40,...,n— 1}, we can apply Proposition [2.3.1| to obtain the uniquely determined
outer solution

ij(t) = yext(t;p2j7p2j+1§ 5) te [O, ng],
where Ty; := Text(ij,ij—i-l; e). Namely

G2 (1) = VVe(yo;(t)) t €10, Th],
3192 (t)l Ve(ya;(t)) = -1 t € [0, Ty,
|y2; (t)] > t € (0,Ty;),

y2;(0) = p2j,  y2i(Tj) = p2j+1-

We recall that y9; depends on ps; and poji1 in a C! manner.
On the other hand, for every j =0,...,n — 1, we can find through Corollary [2.4.16

an inner solution
yaj+1(t) = yp , (p2jer,pajroie) 1€ [0, T,

where Tj 41 = Tpijrl (P2j+1,P2j+2;€), which is a re-parametrization of a global mini-
mizer of M in K" "2([0,1]). Namely, ya;41 € Kf{%i”%“([o, Tyj41]) is such that
J

G2j+1(t) = VVe(y2;41(1)) t €0, Tojs1],
19251 (8) 1 = Va(yzjpa () = —1 t €0, Toji1],
ly2j+1(t)] < R t € (0,T241),

Y2j+1(0) = pojy1,  Y2j41(Tojr1) = D2jt2,
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where, in general, the first equation has to be understood in a weak sense. We know
that if o # 1 or @ = 1 and paj+1 # p2j+2 then yo;41 is collisions-free, while if o = 1,
DP2j+1 = p2j+2 and P; € Py, then y9;,1 can be an ejection-collision solution. Due to the
invariance under re-parametrizations of any length, y2;11 is a minimizer of the functional
L ([0, Taj41] ;) in K7 P2742([0, Tyja]).

Let us set Ty, := Z?:oij for k=0,...,2n — 1. We define

yo($) s € [0,%0]

y1(s — %) s € [%o, %]

V(po,....p2n) (8) 1= : (2.62)
Yon—2 (s — Ton-3) 5 € [Tan—3, Ton 2

Yon—1 (5 — Ton—2) s € [Ton—2,%on-1].

The function 7y, .. p.,) 15 @ piecewise differentiable Ty, 1-periodic function; to be pre-
cise, if @ € (1,2) it is a classical solution of the N-centre problem with energy
—1in [0,%2,-1] \ {0,%0,...,T2n_1}; in general, it is not C' in the junction instants
{0,%0,...,%Fan—1}, but the right and left limits of the derivative in these times are fi-
nite, so that it is a function of H'([0,T2,-1]). If v = 1, it is possible that ¢, ,,.) has
a finite number of collisions. Let us observe that, thanks to Lemmas [2.3.4] and [2.4.49]
we are sure that the time interval of v, . ,,.) 18 bounded above and bounded below
by a positive constant for every (po,...,p2n), so that the period is neither trivial, nor
infinite.
We consider the function F((Pk17.__7pkn);8) : D — R defined by

Fl(Pyy P i) (005 - -5 D20) 2 = L ([0, F20-1]5Yp0,...pan))

2n—1 Tj 2n—1
- Z/ Ve = 0152 = 32 L0, T,
j=0 70 j=0

which we simply denote as F when there is not possibility of misunderstanding, to
simplify the notation. It associates to each point of D the length, in the Jacobi metric,
of the curve parametrized by (. .. p,,.)- We point out that I’ depends on (P, ..., Py, )
and e through the dependence on these quantities of {y;} and V.. Also, we explicitly
remark that F' is a function defined in a finite dimensional domain.

The main goal of this section is to prove the following theorem.

Theorem 2.5.1. There ezists (po, - . .,DPan) € D which minimizes F'. There exists € > 0
such that, if € € (0,), then the associated function Y(po,....p2n) 1S @ periodic solution of
the N-centre problem with energy —1. The value € depends neither on n, nor on
(Prys ..., Pr,) € P". Moreover:



110 Symbolic dynamics for the N-centre problem at negative energies

(i) if a € (1,2) then Y(p,.... ps,) 18 collision-free;
(ii) if a =1 there are three possibilities:

@) Y(po,....pon) 15 collision-free;

b) Y(po,....p2n) has a collision against one centre c;, covers a certain trajectory,

alls again on one centre cp (it can occur c; = ci) and bounces, comin

g 5 q

back along the same trajectory. This is possible only when n is even and
(Piys -+ Pr,) is equivalent to (P] ..., P ) such that

P, €Pi, P; €P1 and (ifn>2)

In/24+1

/o / / _ /
P, =P, P, =P, ..

/ .

) Pkn/2+2 - Pk?n/2’

¢) Y(po,....p2n) has a collision against one centre cj, covers a certain path, bounces
against the surface {x eR?: V. (x) = 1} with null velocity and comes back
along the same trajectory. This is possible only if n is odd and (Py,, ..., P, )
is equivalent to (P}, ,..., P} ) such that

P, eP1 and (ifn>1)

/ _ pl / _ pl / _ pl
Pl =Pl Pl =Pl . P =P

n—1

Remark 2.5.2. Theorem follows directly from this result, see also Remark
given 0 < ¢ < ¢, for every n € N and for every (Py,, ..., Pk, ) € P" there exists a periodic
solution Yz, .. 5p.) OF , whose behaviour is determined by (Py,,. .., Py, ). Let us set
h = —((¢). Now, given h < h < 0, for every n € N and (Py,, ..., P,) € P" we obtain
a periodic solution Pey s P ) h) of the problem with energy h, via Proposition
As we pointed out at the end of Section [2.2] the shape of the orbits parametrized
by T((Py,yoresPry ) o) and by Y(p,....5s,) 18 the same.

We reach the result through a series of lemmas. Let us fix e € (0,8), n € N,
(I%U.“,}%R)E’Pn

Lemma 2.5.3. There ezists (po, ..., pon) which minimizes F.

Proof. The set D is compact since it is a closed subset of the compact set (9Bg(0))*"**,

It remains to show that F' is continuous. Let ((pf’,...,p5,)) a convergent sequence in
D: (pg',...,p5) = (Po,-..,p2n) € D as m — +o00. Let us consider
n—1 n—1

Fg,....p55) = > L ([0, T5Ty50) + > L([0,T57,1]: y5541) -
§=0 =0
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Here y3’ (resp. y3;,4) is defined as yo; (resp. y2;41); it has boundary values p3%, pyi .
(resp. phii1s Phrio), and domain [0, T57] (resp. [0,7574]).

The first sum is continuous in D, since the function Ya; depends in a differentiable way
on its ends. As far as the second sum is concerned, we can treat the first addendum and
repeat the reasoning for the others. For p,, p.x € BR(0), we consider again (- ; Px, Psx)
(the shorter (in the Euclidean metric) arc of 0Br(0) connecting p, and p.. with constant
angular velocity, parametrized in [0, 1]). Obviously,

VA>030>0: [p—puxl <0 = L([0,1];CR (-5 px, Pus)) < .

Since y; minimizes L among the paths connecting p; and ps which separate the centres
according to Py, , we have

L([0,Th];91) < L([0,T7"]; 47" )+L ([0,1]; ¢ (-1 1))+ L ([0,1); Cr (-1 05", p2)) - (2.63)

Here we use the invariance of L under re-parametrizations, which permits to compare
the values of L for functions defined over different time-intervals.
Analogously, the minimal property of y{" implies

L0, 77 91") < L([0, T} 1)+ L ([0, 1];Cr (-5 07", p1))+L ([0, 1]; Cr (505", p2)) - (2.64)

Passing to the liminf as m — +oo in (2.63)), and to the limsup as m — 400 in the
(2.64]), we finally deduce

lim L ([0, T7"[;91") = L ([0, Ti);91) -

m—ro0

Therefore F' is continuous on D, and has a minimum. O

Remark 2.5.4. The main existence result of inner solutions, Proposition [2.4.14] is
stated in terms of winding vectors rather than in terms of partitions. Thus, it could
seem reasonable to prescribe a finite sequence of winding vectors (I1,...,0,) € Zév and
try to prove the existence of a periodic solution associated to this sequence in the same
WY 88 Y(po....,pon) 1S associated to (Pgy,- .., Pg,). This, clearly, would lead to a larger class
of periodic solutions. But such a generalization does not seem possible, for the following
reason. For the proof of Theorem [2.5.1] we consider variations of an inner minimizer
with respect to its endpoints pi, p2; the function Ind(u([a,b]), ¢;) is not continuous in u
with respect to the uniform convergence topology if we let p; and py vary on 0Bg(0),
and this makes impossible to prove the continuity of a function like F'. Note that the
discontinuity occurs when p; = pa:
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C1 \

When p2 moves continuously on 0Br(0) and crosses p;, although the two represented
arcs remains “close” in the uniform topology, the winding vector drastically changes,
passing from (1,0,1,1,1) to (0,1,0,0,0) (recall that to compute the winding vector we
close the arc with the portion of 9 Br(0) connecting ps with p; in counterclockwise sense).
On the contrary, the partition which is determined by the inner arc does not change
when psy crosses p;. This makes possible to prove Lemma only when working with
prescribed sequences of partitions, and not of winding vectors: indeed, if we had fixed
a sequence of winding vectors, the choice of the shorter arc of 0Br(0) connecting p."”
and p; in the proof of Lemma [2.5.3| could have implied a change in the assigned winding
vector, so that the comparisons and would not have been justified.

We wish to show that the Euler equation VF(py,...,p2,) = 0 gives a smoothness
condition for the function vz, . 5,,)- Unfortunately, due to the lack of uniqueness of
the inner minimizers of the Maupertuis functional, we cannot say at this moment that
F' has partial derivatives. However, we can overcome the problem with the introduction
of a family of functions which are strictly related to F'.

Let k € {0,...,2n— 1}. To fix our minds, let k = 25+ 1 for some j € {0,...,n—1}.
We introduce a strongly convex neighbourhood Us;11 of the point po; 1 with respect to
the Jacobi metric. Let us choose t, € (0,T3;41) such that

P2j+1 = y2j41(te) € Ugjyr,  [P2jral < R, y([0,t]) C (Br(0)\ Bry2(0));

in this way, in [0,t,] the function y;11 does not interact with the singularities of the
potential. There exists a unique minimal geodesic y(;p2j+1,D2j+1;€) for the Jacobi
metric, parametrized with respect to the arc length, connecting ps;41 and paj41 and
lying in U1, which depends smoothly on its ends. We know that 341 is a minimizer
of the length L connecting paj+1 and pajio, therefore (Proposition this geodesic
has to be a re-parametrization of yo;11. Note that if psj1 € Usji1, then there exists
a unique minimal geodesics y(-; p2j+1,P2j+1;€) for the Jacobi metric, parametrized with
respect to the arc length, which connects py;1 and paj+1. We will consider the re-
parametrization y(-; pajt1,P2j+1;€) of Y(-;p2j+1, P2j+1;€) such that

{ao:vn@w>
HiP = Va(i(t) = -1,
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denoting by [0, T'(p2j+1,P2j+1)] its domain. Due to the minimality of ¥(- ; p2j+1,D2j+1;€)
for L, such a re-parametrization exists, see Theorem [2.4.5 In this way

y(-;P2j+1, P2j+13€) = ypy (3 P2j41, D2j415 €)

(2.65)

[0, (P2j+1,P25+1)]"
Let

Doji1 :={p2j+1 € (0Br(0)NU) : |p2j — p2j4+1| < 6}
We define G2j41 : Daj11 — R as

Gojr1(p2j+1) == L ([0, T(p2j+1)]; Yext (- ; P2j, P2j+15 €))
+ L ([0, T(p2j+1, P2j+1)]; (- : P2j41, P2j 413 €))
where we write (and we will adopt this notation from now on) T'(pgj11) for
Text (P25, p2j+1;€). Of course, with minor changes we can also define a function Gy;, for
every j € {0,...,2n}.
Note that Gy is continuous (for every k), since it is a sum of terms which are both
continuous with respect to px. As a consequence, Gy has a minimum.

Lemma 2.5.5. If (po,...,Pon) is a minimizer for F, then Py is a minimizer for Gj.

Proof. We consider the case kK = 1. Assume by contradiction that there exists p; # p1,
p1 € Dy, such that Gi1(p1) < G1(p1). We show that we can produce a variation of
(Po, - - -, P2n) such that F decreases along this variation, which gives an absurd. To be
precise, let us consider the function

g(tvphﬁla E) ifte [O?T(plaﬁl)]
y(t) == S yp,, (t = T(p1,p1); 1, P2; €)
if t € [T'(p1,p1) + T(pr,p1), T(p1, 1) + T, (P1,P2; )]

i.e. ¥ is obtained as the junction between the minimal geodesic connecting p; and pi,
and the arc of yp, (-;p1,P2;€) starting from p; and arriving at ps. By construction it
follows that

7 € KBP([0,T(01. 1) + T, (51, i ).
The assumption G1(p1) < G1(p1) implies that
L(yext(' ;P0, P13 6)) + L(/y\) < L(yext(' ; Po, D13 6)) + L(yP1 ( i P1, P2; 6))’

where we omitted the dependence of the functional L by the time interval to ease the
notation. Since L(Y) is greater than or equal to L(yp, (-;p1,P2;€)), we have

F(ﬁ()aplv"' 713211) < F(ﬁ()vﬁl:"' 7]3271,)’

in contradiction with the minimality of (Do, ..., Pan). O
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The main reason to pass from the study of F' to the study of the functions Gy
is that G}, is clearly differentiable for every k: let us think at k = 25 + 1; the value
L ([0, T (p2j+1)]; Yext (- s D25, P2j+1;€)) depends smoothly on pgjii for the differentiable
dependence of outer solutions with respect to the ends, and
L ([0, T (p2j+1,P25)]; Y(- ; p2j+1,D; €)) depends smoothly on pojyq for the differentiable de-
pendence of minimal geodesics in a strongly convex neighbourhood with respect to the
ends. Therefore the minimality of ppj;q implies that if poj11 € ng 41 (the inner of
D2j+1), then

We point out that this partial derivative is a linear operator from the tangent space
15,41 (0BR(0)) into R.

In what follows we show that, provided ¢ is small enough, p;, € Dy for every k, and
that this Euler equation is nothing but a regularity condition for the functions

Yyp,,_, (t; D2j—1, D23 €) if ¢ € [0, T (p2j, P25)]
2 (t) =  yext (t — T(P2j, D25); P2j» D2j41; €)
if t € [T(p2j,D25), T (P2, D25) + T (D2j+1)]

and
Yext (t; D2j, D2j+1;€)  if t € [0, T (p2j+1)]
Cjr1(t) = yp,,, (t = T(P2jt1); P2j, P2jt1; €)
if t € [T'(P2j+1), T(P2j+1) + T (P2j+1, P2j+1)]-
At that point the proof of Theorem will be almost complete: by taking into account
that (i is (up to a time translation) the restriction of Y(po,....p2n) O1 & neighbourhood

of the junction time T;_1, we obtain C' regularity for Y(po,. Then it will not be
difficult to conclude the proof of

--713271,)'

Lemma 2.5.6. For every pa; € Daj and for every ¢ € Ty, . (0Br(0)) we have

0Ga,; 1 - - ) _
szj(pﬁ)[@] = E@(T(ij,ij);ijaij?5) — Vext(0; D2j, P2j+15 €), ).

For every pajy1 € Daji1 and for every ¢ € Tp, ., (0BR(0)) we have

2541

1 . _ s ~
" (p2j+1)[¢] = ﬁ<yezt(T(p2j+1)§p2jap2j+1§5) — 9(0; p2j1,D2j413€), @)
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Proof. 1t is not restrictive to consider the derivative of G to ease the notation. The
same calculations work for the other cases. It holds

il (p1) = aaplL ([0, T(p1)]; Yext (- : Do, P13 €)) + aaplL ([0, T(p1,p1)]; 9(- 501, D15 €)) -

Ip1
(2.66)
Let us consider the first term on the right hand side, writing simply yo instead of
Yext (- ; Do, p1; €); we consider ug(t) = yo(Tot), defined in [0, 1]. It results

4 ) = O ) — .y | QU0
G LO.Tli0) = 5L (0, 1)) = dL ([0 s o) [8]91]

- T ) o 22
1 1
s (i) 2 (o],
_ ;5 [<yo(t>,g§ﬁ<t>>]:@1)

In the second equality we use the conservation of the energy for yg, in the last one we
use the fact that, by definition, ug is a solution of

L.
yiio(t) = VV:(uo(1)).
0
Every ¢ € T}, (0BR(0)) is of the form
¢ =3'(0) for some §: I — dBg(0) of class C!, 5(0) = p1.

For ¢ = 5/(0) € Ty, (0BR(0)) it results

0 / T yext(O;ﬁD,ﬁ()\);8) _yext(OQpO,p1;8) B
ymyo(o)[ﬁ (0)] = lim S —0,
and
;myo(T(pl))[ﬁ'(O)] = lim yext(TW(A));ﬁO:ﬁ(A);EA) — Yext (T(p1): o, P13 €)

= 3(0),
where yext (- ; o, 5(A); €) is the exterior solution of (2.4)) connecting py and S(A) in time
T(B(N)). Therefore, for every ¢ € T, (0Br(0))

;plL ([0, T(p1)]: Yexs (- 3 Do, P13 €)) [0] = \2 (Jext (T'(p1); Pos P13 €),5 #) -
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As far as the second term in the right side of the is concerned, we can repeat
the same computations with minor changes; note that in principle this wouldn’t have
been possible if we had considered the whole YPy, (-3 p1,p2;€) instead of g, since it is not
evident that YPy, depends smoothly on p;. O

Lemma 2.5.7. There ezists € > 0 such that for every e € (0,€)
pr minimizes Gy, = pr € Dj, Vk.
The value € is independent on the sequence of partitions (Py,, ..., Py, ) € P".

Proof. Assume that there exists k € {0, ...,2n} such that

|Pr — Pr+1| =6 if k is even
|k — pr_1| =0 if k is odd.

To fix our minds, let £k = 1. We can produce an explicit variation of p; such that G
decreases along this variation, in contradiction with the minimality of p;. We write

Yext (tS Po, P13 5) = Text (tS Po, P13 5) eXp{ieext(t§ Po, P1; 5)}7
yp,, (G p1,p2se) = rp, (¢ p1,p2;€) exp{iflp,, (t;p1,p2;€)},

g(t;plaﬁl; 6) = :F(t;plaﬁl; 6) eXp{Ze(t,pl,ﬁl, 5)}a

where we recall that y(-;p1,p2;€) is characterized by (2.65). The first step consists in
proving that there exist C; > 0 and g4 > 0 such that, if 0 < £ < &4, then

|00xt(Tcxt(p*ap**§ 5);p*7p**;5)| Z Cl fOl“ every
(Pas Dax) € {(Ds P1x) € (DBR(0)) : [ps — pas| = 6}, (2.67)

This means that, if the distance between (ps,p.«x) is 0, for € small enough the outer
solution connecting these two points arrive in p,, with an angular momentum which
cannot be too small. To show it, we observe that, since the unperturbed problem
(e = 0) is invariant under rotations, there is Cy > 0 such that

|eext (Text(p*ap**§ 0)329*719**; O)| = 02 for every
(s, Dix) € {(ps, Dax) € (0BR(0))? : |psx — pas| = 6}

Now, assume by contradiction that (2.67)) does not hold. Then there exist two sequences
(An) and (g,) of positive numbers and a sequence of points (p”, p,) € (8Br(0))?, with
|p? — pi.| = 6 for every n, such that

)\n — 0 En — O |eext(Text(p27pf*;5n);p2ap7:*;5n)| < >\n
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Since the set {(p«, Pex) € (0BR(0))? : |px — pus| = 6} is compact, up to a subsequence
(p¥, pi.) converges to a point (Ps, P«x ), and thanks to the continuous dependence of any
outer solutions with respect to variations of the vector field and initial data, we obtain

‘éext (Text(ﬁ*aﬁ**; 0)725*7]5**7 0)| = 07

a contradiction. This proves .

On the other hand, we can prove that any inner trajectory (for every p; and ps on
0BRr(0), for every P; € P) starts with a small angular momentum, if ¢ is sufficiently
small; to be precise

YA>03e5>0: 0<e<es = |0p, (0;p1,p2ie)| <A, (2.68)

for every pi1,p2 € OBR(0), for every P; € P. To show it, we define S = S(p1,p2;¢) > 0
by

R R

te(0,9) = 5 < lyp;(t;p1,p2;€)| <R and  |yp;(S;p1,p2ie)| = >

The energy integral makes this quantity uniformly bounded from below by a positive

constant C, as function of ¢. Letting ¢ — 0T the centres collapse in the origin, so that
for the angular momentum of yp, (-;p1,Dp2;€) it results

Q:yPkl(';PLpz;s) (t) = 0(1) for ¢ — 0+7

uniformly in [0, C] (recall Proposition . This limit is uniform in p;, p2 and Pg,:
indeed, since the curve parametrized by yp, (-;p1,p2;€) has to pass inside the ball or
radius €, the function yp, (-;p1,p2;€) uniformly converges in [0, C], for £ — 0, to the
same (up to a rotation) piece of collision solution of the Kepler problem. This proves

the estimate(2.68). The choice A = C/2 in ([2.68]) gives
; C
10p, (05 p1, p2; €)| < ?1 if0 < e < es,

for every p1,p2 € 0BR(0), for every P; € P. Recalling the relation (2.65), we deduce
that o

6(0:p1. o)l <
Assume now that py = Rexp{ifo}, p1 = Rexp{if;}, with 0,01 € [0,27) and y < 6
(if 6o < 61 a very similar argument works). We consider a variation ¢ € T}, (0BRr(0))
of p1 directed towards pp on OBr(0). Since 0y < 61, this variation is a positive multiple

if 0 <e < es. (2.69)
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of —iexp{if;}. Collecting ([2.67), (2.69) and using Lemma for any 0 < ¢ <

min{ey, £3,€4,65} =: € we have that if [pg — p1| = 0 then

Gy, _ CR /. o o o .0 iy
= 9)( TX yP15€)5D0, P15 _907 > P15 ) 217_ Zl>
i (P1)[¢] 7 <( ext (Text (Po, P1; €); Do, P13 €) — 6 (03 p1, P13 €) ) e ie
CR (C
<= (== Ci ] <0,
V2 \ 2
against the minimality of (po, ..., P2,). We point out that £ does not depend neither on
n € Nnor on (Py,,...,FP,) € P™. O

Lemma 2.5.8. Fach function (j, is C'.

Proof. In light of the previous lemma, we know that

0Gy,

—(Pr) =0 Vk.

oy, PF)

Without loss of generality, we consider the case k = 1. For every ¢ € T, (0BRr(0))
1. _ FON

ﬁ<yext(T(p1)§p0apl§€) —y(0;p1,p13€), ) = 0.

If p; = Re'®, the tangent space T, 1 (0BR(0)) is spanned by i1, We deduce that

|Yext (T(P1); Do, P €)| €08 (Yext (T(B1); Po, P €), iei1)

—

= [y(0; p1,p1;€)| cos (g(();ﬁl’ﬁl;g),ieiél).

Here (v1,v2) denotes the angle between the vectors v; and ve. As a consequence of the
conservation of the energy

|Yext (T(51); Po» 1 €)| = [5(0; b1, Pr; ), (2.70)

so that

o —
—

cos (Yext(T(P1); Po, P1; €), i€?1) = cos (g(o;ﬁ1751;€)7iei§1)-
Both Yext(T'(p1); Po, P1; €) and 37(0; P1,P1;€) point towards the interior of Bg/5(0), so that

—

(Z./ext(T(]al); Do, D1; €)a Z'eie_l) = (37(07 ]51751; 5)7 ieie_l) . (271)
From (2.70) and (2.71)), we easily deduce

Jext (T(P1); Pos Pr; €) = (05 Br, Pr; €)- O
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Conclusion of the proof of Theorem[2.5.1. Let (po, ..., P2n) be a minimizer of F' in D°,
and let vz, . 5,,) the associated periodic function defined by . Due to Lemma
@ we can say that vz, 5,,) has C! junctions in each time T

If a € (1,2), it is also a classical solution of the N-centres problem with energy —1
in [0, fgnfl] \ {0, fo, NN ,Zgnfl}. Since

VYpop20)(0) = Ypo,p2n) (F2n=1)s  V(po,p2n) (0) = V(po,... p2n) (F2n-1),

it can be defined in the whole R by periodicity. If we prove that it is of class C?, we can
say that (p,,...pon) 18 @ classical periodic solution. Let us fix k = 2j+1, j € {0,...,n—1}
(for k even the same reasoning applies). It results

Hm o, pon) () = lm Goja(t) = lm VV(yz;41(2)) =

t—)T;jH t—>T2jJrl t—)T;jJrl

= Jm VV(yo;42(t) = lUm grja(t) = t_)li;g“ Vg0, ()i
this completes the proof for a € (1,2).

If @ =1, it is possible that v . pon)
of reasoning leads to alternative (i¢)-(a) in Theorem If a collision occurs, we aim
at showing that necessarily we are in cases (i7)-(b) or (i7)-(c). From Corollary a
necessary condition for the presence of collisions is the existence of Py, € P for some
j €{1,...,n}; by possibly applying the right shift a number of times, it is not restrictive
to assume that j = 1. First of all we prove that vz, 5,,) has to bounce again against
a centre or against the curve {y € R? : V.(y) = 1}. Let t* its first collision time. Since
y1 is an ejection-collision trajectory, v(z.. has the same property:

is collision-free; in such a case the same line

--113271)
7(130,-~~,ﬁ2n)(t* + t) = V(f)o,.--,ﬁzn)(t* - t) Vi e R;

this is a consequence of the uniqueness theorem for regular initial values problems. On
the other hand, since v(z.... p,,_,) has period To,_1, it has a reflectional symmetry also
with respect to t* + T9,,—1/2: indeed

Y(po,-..,.P2n—1) (t"+1) = ’y(ﬁO’Nwﬁanl)(t* —1)= Y(Bo,....P2n—1) (" —t+Ton-1),

so that

Ton-1 Ton_1
V(o,--P2n—1) <t* + ; + t> = Y(Po,-..,P2n—1) (t* + % —t].

The function can be smooth at this second reflection time only if

' " . Ton
V(porpen) "+ F2n—1/2) =0 = V. <7(p0mp2n) (t + 221)> = 1;
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otherwise t* + To,_1/2 has to be another collision instant.
To conclude, we note that the reflectional symmetry of the solution impose some
restrictions on the sequence (Py,, ..., Pk, ), as specified in Theorem m ]

2.6 Symbolic dynamics

In this section we fix o € [1,2) and h € (h,0). Let us rewrite some partial results
obtained for the normalized problem (energy —1 with parameter ¢ € (0,£)) in term of
the “original” N-centre problem (to find solution of with energy h).

From Corollary we obtain a unique € € (0,) such that h = —((g); let R =
R(h) = (—h)"Y*R. In Section we found a solution yext(-; po,p1;€) of which
stays outside dBr(0), and connects two points pg,p1 € OBRr(0) if their distance is
smaller then §. Via Proposition we find a correspondent solution Zext (- ; o, z1; h)
for equation with energy h = —((¢), defined over an interval [0, Tuxt (o, x1; h)].
This solution connects xg,z1 € OB close together (whose distance is smaller then §),
too, and stays outside 0Bg(0).

In Sectionwe found a solution yp, (- ; p1, p2; €) of connecting p1, p2 € OBR(0),
which comes from a minimizer u of the Maupertuis functional (with energy —1 and
potential V;) in the class Kﬁ;m([(), 1]). Via Proposition we find a correspon-
dent solution zp,(-;21,22;h) for equation with energy h = —((g), connecting
71,79 € 0BR(0), and defined over an interval [0, Tp, (71, z2; h)]. We set Tp, (z1,72;h) =
1/w(xz1,z2;h). As we mentioned in Remark xp,(-; 21, T2; h) is a re-parametrization
of a critical point up, (-;z1,z2; h) of the Maupertuis functional (with energy h and with
potential V') at a positive level. To be precise, for a fixed h € (h,0), let 1, z2 € 0Bg(0).

We set
v(a) = z1, v(b) = x2,
v(t) # ¢; Vt € [a,b], V)

~

Haren([a,]) = {v € H' ([a,b],R?)

and
Haiao([a, b]) = {U € Hl([a, b],RZ) cv(a) = x1,v(b) = x9, }

We point out that Hg, e, ([a,b]) # He e, ([a,b]), because the definition of the first set
depends on the centres c¢; of the original problem, while the definition of the second one
is based on the the centres c;- of the transformed problem (recall that, in Section

where we defined H,, 4, ([a,b]), we write ¢; for the centres of the transformed problem;
actually we should have written ¢, but we preferred to omit the “’” to simplify the
notation). Now, for pj,py € Bg(0) we can set ;1 = (—h)" Y € OBx(0), zo =
(—h)~V/py € ABR(0); it is defined a bijective correspondence

T ult) € Hyypy ([0,1]) = (—h) ™ %u(t) € Hayay ([0, 1))
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Note that the topological properties of a path in Hy,4,([0,1]) with respect to a centre
c; are the same of the associated path M, 4, ([0, 1]) with respect to c}. In particular, for
every P; € P we can set

R (0.1)) = J (RR™([0,1]))  and  8&77(0,1)) := J (KR ([0,1])) .

Due to the characterization of yp,(-;p1,p2,€) as re-parametrization of a minimizer of
M_4 in Kgm([o, 1]), it is immediate to deduce that up,(-;x1,x2;h) is a minimizer of
Mj, in £57 ([0, 1)).

In what follows we consider h € (B,O) and fized. Hence we omit the dependence
on h for the pieces of solutions of equation , to ease the notation. As we stated in
Corollary Theorem enables us to characterized the dynamical system of the
N-centre problem restricted on the energy shell

1
Uy = {(x,v) eR?\ {c1,...,en} x R?: §|v|2 —V(z) = h}
with a symbolic dynamics, where the symbols are the elements of P. Let us rewrite the
Hamilton’s equations
r(t) = v(t
{m< ) = v(t) 272)

0(t) = VV (z(t)).
Such a system defines the vector field

X R%\ {c1,...,en} x R? = R? x R?
(z,v) = (v, VV(x)),

which in turn generates the flow

o RE\ {ec, ..., en} x R2 5 R2\ {eg, ..., en} x R?

(w0, v0) = (2(t; w0, v0), v(t; 0, v0))-

It associates to (zg,vo) the solution of having initial value (z(0) = g, v(0) = vo)
evaluated at time ¢, and it is well defined for ¢ in an open neighbourhood of 0. In general
the flow is not complete (i.e. given (zg,vg) the solution (x(¢; zo, vp), v(t; xo,v0)) is not
defined for every t € R), due to the collisions; if & = 1 we can complete it with the
agreement that if there exists t, € R such that z(-;zg,vp) has a collision at t,, then we
extend the corresponding solution as an ejection-collision solution:

O T (20, v0) := @ " (xo,v0) VYt ER.
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This implies in particular that at most two collisions occurs for every (z,v) € R? \
{c1,...,en} x R% up to periodicity. Furthermore the resulting flow is the same given
by the Levi-Civita regularization (see Remark ; hence ! is continuous for every
t.

If o € (1,2) a similar completion is not necessary; it is sufficient to notice that ! is
globally defined for every (zg,vp) such that the corresponding solution does not collide;
in this case we have also continuity of the flow.

The energy shell U, is a 3-dimensional submanifold of R?\ {ci,...,cy} x R%, which
is invariant for X; hence it makes sense to consider the restriction Xj, := Xy, , for every
h € (h,0). We consider

Uy = {(Jc,v) cU":|z| = Rand (v,z) = 0},

which are some sort of cylinders in R*; thinking at (x,v) as a pair position-velocity, Z/{;r R
(respectively U, ) is the set of pair with position x € 9By(0), and velocity which points
towards the outer of (resp. towards the inner of) the ball Bz(0) and is not tangent to

0Bj(0). For a point (z,v) € L{;R, the normal field to Z/{;LF’R is

Npr(z,v) = (%,0) .

The vector field X}, is transverse to U,

n i 0 the sense that for every (x,v) € Z/l}jﬁ

{z,v)

(Xn(z,0),Npy g(2,0)) = 7 > 0.

For every (z,v) € Z/{;LCR we can define

TE(z,0) == {t € (0,400) : p'(x,v) € uhi,R}

which in general can be empty. Let us term

(U;I:,L)i = {(x,v) € MZR T (x,0) # @}.

+
The set (Z/llj R) is not empty, since the periodic solutions we found in Theorem [2.1.2

cross the circle {|z| = R} with velocity & satisfying the transversality condition (z, &) = 0
an infinite number of times. The continuous dependence of the solution on initial data

+
and the transversality of L{;  With respect to X, implies that (L{; R) is open in U, p.
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+
For (z,v) € (Uh*R) , let
k) T:t

min

+ —
For every (z,v) € (U;R) N (U,JLFR> such that T, < T

= inf T (z,v).

+ins We consider the restriction

of the trajectory starting from (x,v) to the first time interval needed to cross By (0),
that is, {gpt(:v,v)}te[Tf 7+ 1- We define

min’~ min

+ T < Tr;tinv {(pt(w’ U)}tG[Tva
L{Z:R =1 (z,v) € (%j,}?) a minimizer of L, in ﬁ:;,ETmi“)x(Tmi“)(T_ T+

min’ min)7
for some P; € P

T+ ] parametrizes
min

It is non-empty, since the periodic solutions found in Theorem provide an infinite
number of points satisfying these conditions. It is possible to define a first return map
on Ufy g as

R(w,v) i= p"min (2, ).
Note that R is continuous. We can also introduce an application y : U,ﬁ g — P given by
] c ﬁ;ﬁTr;in)r(T;;in)(T* T+

min’ rnin) .

x(z,v) :=P; if {@t(:z,v)}te[T— I+

min’” min

Finally, let us term
= (| RIULR),
JEZ

the set of initial data such that the corresponding solutions cross the circle 9Bg(0) with
velocity directed towards the exterior of the ball Bz(0) an infinite number of time in the
future and in the past, parametrizing a path of &p, in each of its passages inside B r(0).
In case o € (1,2), we require also that the solution starting for a point (zg,vo) € IIj,
is collision-free. In any case, the periodic solutions found in Theorem [2.1.2| provide an
infinite number of points in II;. Now, for every (z,v) € I, we set 7 : II, — PZ as

(w,0) = (Pj)rez where P = x(R*(z,p)).
Introduced the restriction R := R/, we can re-formulate Corollary as follows.

Proposition 2.6.1. Under the assumption of Theorem[2.1.3, the map 7 is continuous
and surjective, and the diagram

I, —2>11,,

commautes.
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We need some preliminary results. The first step is to obtain uniform bounds, below
and above, for the time interval of the pieces of outer and inner solutions.

Lemma 2.6.2. There exist C1,Co > 0 such that for every (xo,x1) € (0BR(0))* such
that |x1 — x| < 8, and for every (x2,x3) € (OBr(0))?, for every P; € P, there holds

C1 < Tegi(wo,21) < Co
C1 < Tp;(z2,23) < Ca.

Proof. 1t is a straightforward consequence of Lemmas [2.3.4] and [2.4.49] and of Proposi-

tion 2.2.11 O

It is useful to prove that, for a sequence of minimizers of M) which separate the
centres according to the same partition P;, the convergence of the ends to (Z1,Z2) is
sufficient for the weak convergence in H' of the minimizers themselves; the limit path
turns out to be minimal for M), in ﬁgb([o, 1]).

Lemma 2.6.3. Let (z7,23) C (OB(0))* such that (z7,23) — (%1, Z2), let Pj € P; let
u, be a local minimizers of My, in ﬁgxz ([0,1]). Then there exists a subsequence (i)

of (uy) and a minimizer u € ﬁ%fz([@, 1]) of My, such that w,, — u in H.

Proof. In order to prove that, up to subsequence, (u,) is weakly convergent, it is suffi-
cient to show that (u,) is bounded in H'. We know that

[unll3 < R* Vn,
hence it remains to check that there exists C' > 0 such that
Huan <C Vn.

Repeating the same arguments explained in Lemma to prove equation , we
see that the minimality of u, implies this inequality.

Now let us prove that the limit u is a minimizer of Mj. Arguing as in the proof of
Lemma it is not difficult to deduce that

(z7,25) = (21,72) == Lp(up(:;27,25; Pj)) — Lu(up; (- 21, To; ),

namely Lj(u,) — Lp(u). Assume by contradiction that ul is not a local minimizer of Mp;
by Proposition [2.4.8|it follows that u cannot be a minimizer also of Ly, then there exists
a path v € L%h([o, 1]) such that Lj(v) < Lj(u). As usual, let (z(-;z«, T4) be the
shorter (in the Euclidean metric) arc of 0Bg(0) connecting z, with x,., parametrized
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with constant velocity in the time interval [0,1]. We have L ((z(-; 2, Tw)) — 0 as
|z« — x4s| — 0. Hence there exists ng € N such that if n > ng then

Cp(3t; 2, 71) te0,1/3]
v, (t) == v(3t — 1) te (1/3,2/3]
Cr(3t —2;Z9,2%) t€(2/3,1],
is a path of ﬁga:g ([0,1]) such that Lp(v,) < Lp(uy), in contradiction with the minimality
of u,,. O

Proof of Proposition[2.6.1. Step 1) We start with surjectivity. Let (P;,)nez C PZ. We
can consider the finite sequences

(Pjo)a (Pj—tuO?PJi)J (PJ '7Pj—17Pj07le’"'7Pjn)7

To each sequence we associate the corresponding periodic solution of equation ([2.2)) with
energy h given by Theorem [2.1.2] according to the notation

(Pj—m"'?Pj—l?ijle""’Pjn> o xn()

Up to a time translation, we can take initial data (z™(0),z"(0)) € I, in such a way
that the first partition (or collision) determined by the solution x"(-) is Pj,, for every n.
The path parametrized by z"(-) detects a sequence of points (x})rez of 0Bg(0) given
by the intersections of the trajectories in R? with the circle itself, taken in the temporal
order (of course, since z"(-) is periodic, the sequence will be periodic, too).

We consider the sequence of sequences:

(@), e C OBR(0) Yk €.

Now, since 0By(0) is compact, we can extract a subsequence (z4°),  which converges
to Zo. Analogously, as (z1°),,, stays in 0Bg(0), therefore we can extract a subsequence
(1) - which converges to Z1. Proceeding in this way, for every k € Z we have a sequence
(xzk)nk which converges to Z,. Then we relabel as (z}), the diagonal sequence, namely
()" )n- It results

lim x}} = 7, Vk € Z. (2.73)

n—o0

For every k € Z, we connect the points Zog, Zor+1 with the unique outer solution of
given by Theorem Analogously, we connect Zoy11 and Togyo with an inner solution
given by Theorem A collision can occur just if @ = 1 and ZTop1 = Toprs. We
can juxtapose these paths in a continuous manner, following the same gluing procedure

already carried on in Section to define (... p,); in this way we obtain a continuous
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function z(-) : R — R2. It is important to note that, as we do not have uniqueness
for the minimizers of the Maupertuis’ functional in fp,, given the sequence of points
(Zx), the function Z is not uniquely determined. In what follows, we show that it is
possible to build it in such a way that z is a solution of (in case a = 1, it can be
an ejection-collision solution), with (z(0), z(0)) € II; and 7((Zo, z(0))) = (P, )k-
Let
Te(z) :={t e R:Z(t) = ¢j for some j € {1,...,N}}.

The aim is to show that z"(-) = Z(-) in C (R \ T¢(7)).

The first step consists in proving that, up to a subsequence, (z"(-)) converges to z(-)
uniformly on every compact set of R. If [a, b] C R such that Z(a) = Zox and Z(b) = Tog+1,
with k& € Z, then the uniform convergence in |[a,b] is a straightforward consequence of
the continuous dependence of the external solutions by the end points (Theorem .
On the other hand, if [¢,d] C R with Z(c) = Zor+1 and Z(d) = Tog+2, then the uniform
convergence has been proved in Lemma[2.6.3] We remark that this convergence uniquely
determine the correct choice of the inner solution connecting Togy1 and Zogyo, so that
in turn Z results uniquely determined.

From this, it is easy to obtain the uniform convergence for every compact subset of R.
Let us observe that since Z|[. g is a uniform limit of minimizers of L, (and hence, up to
re-parametrizations, also of Mp,), if j][cd] has a collision, necessarily f\[a,d] parametrizes
an ejection-collision path.

Now we show that the derivatives i"(-) are C'-convergent to the derivative of .
Assume first that Z(-) has no collisions in R. Let [a,b] C R be compact. In this case
there exists 7 € N such that 2" (+) is collision-free in [a, b], as well. The function V(Z(-))
is well defined in R, and by regularity

lim #"(t) = lim VV(z"(t)) = VV(z(t)), (2.74)
n—oo n—oo
with uniform convergence in [a, b]. Moreover, " (-) is uniformly bounded in [a, b] for the
conservation of the energy:

12"(t)| = /2(V(2n(t)) + h) < /2(C +h) Vi€ [a,b],Yn > .

Hence, up to subsequence, for an arbitrary ¢ € (a,b) the sequence (&, (t)) is convergent
in R%. This fact, together with (2.74)), implies that (i™(-)) converges in C'([a,b]), and
hence (z"(-)) converges in C?([a,b]) to Z(-), for every compact subset [a,b] € R. This
means that Z is a C? solution of with energy h on [a,b] and this argument works
in every compact subset of R. We point out that the uniform convergence is sufficient
to say that, in its k-th passage inside By(0), Z(-) separates the centres according to P;,,
namely 7(z(0), z(0))) = (Pj, )rez.-

We are left to examine what happens if a collision occurs. The C?-convergence of
(z™(+)) to Z(-) is still true in every compact subset of R \ 7.(Z), hence we obtain an
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ejection-collision solution of (2.2)) with energy h and 7(Zo,2(0))) = (P}, )kez-
We point out that this last case is possible just for a = 1 and (P;,) € P% such that

e (Pj,) is periodic and satisfies the conditions of points (ii-b) or (ii-c) of Theorem
2.1.2)

e up to a finite number of applications of the right shift, P;, € P; and the sequence
is symmetric, i.e. P;

—-n

= P;, for every n.

Step 2) It remains to show that 7 is continuous. Let (xg,vo) € II. We would like to
prove that given A > 0 there exists g > 0 such that for every (x,v) € IIj:

(@.0) ~ (wow) <o =

meZ

dy (T (2, v), Tm (0, v0))
9lm|

<A,

where m,, is the projection 7, : II, — P defined by
T (2, 0) 1= x(R"(z,v)),

i.e. m, associate to (x,v) the partition that the corresponding solution induces in its
m-th passage inside Bz(0). Let us observe that there exists mg € N such that

> Lo
2Im|
[m|>mqg

Hence it is sufficient to show that, if we take two initial data sufficiently close, then
the corresponding solutions induce the same partitions Pj, of the centres, for k£ €
{—=mo,...,mp}. Thanks to lemma we can fix a time interval [—a,a| such that
each solution with initial data in IIj, passes at least 2mg + 1-times inside Bz(0) in
[—a,a]. If the solution of with starting point (zo,vg) is collision-free, then there
exists p > 0 such that

|z(t; zo,v0) —¢j| > Vt € [—a,al],VJ.
If (z,v) is sufficiently close to (zg,vg), then the continuous dependence applies:

Jo>0:|(x,v) — (zo,m)| <0 = |z(t;z,v)— x(t;z0,v0)| < g

This implies that x(-;z,v) is collision-free and detects the same partitions of z(-; zg, vo)
in [—a,a]. In particular, m,(x,v) = 7y (zo,v) for every m € {—myg,...,mo}. This
proves the continuity for non-collision initial data. But nothing change if we consider
(zo,v0) € I}, such that x(; zg,vo) has a collision: this is possible only if o = 1 (recall
that for the case a € (1,2) we impose that the solution corresponding to (xg,vo) € IIy,
is collision-free), and in this case we introduced a regularization trough the Levi-Civita
transform (see Remark on the Levi-Civita transform), which permits to apply the
continuous dependence theorem also in such a situation. ]
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2.6.1 Proof of Corollary

As we already mentioned, the case N > 3 is nothing but a consequence of the general
case. If N = 3 it is sufficient to note that juxtaposing an arbitrary number of time the
groups

Gl = P1P1P2P3 and GQ = P2P2P3P1,

we do not obtain a periodic sequence showing the symmetry of cases (ii)-(b) or (ii)-(c)
of Theorem his is the object of the following remark.

Remark 2.6.4. A possible way to explicitly check that there aren’t collisions for solu-
tions to the 3-centre problem associated to sequences of partitions of G is the following.
Let z(p,. ..., Pe, )h) be the periodic solution of the N-centre problem found in Theo-
rem Writing (P, ..., Pk, ) € G" as an infinite periodic sequence, a group of 5
consecutive partitions is one of the following:

PP P,P3sP, PiPIP,P3Py, P Po,PsPiP, PiPoP3PoPy, PoP3sPiPiPy, PoP3sPoPoPs
P3P PP, Py P3PoPoP3sPy PoPoPsPiPy PoPo P3P Py PoP3Pi PPy

PyPysP PPy P3P P.P\P, P3P, PyPyPs PP PPyPs P PyPyPsP;.

(2.75)

Assume that the considered solution has a collision with the centre ¢;. According to
the periodicity of z( PeyonsPry,, ) h) and recalling that any collision solution is a collision-
ejection solution, this means that there exists a group of five consecutive partitions

(Prys -+ Prs) in (2.75)) such that
(] Pkg = Pl;
o Pk1 = Pk5 and Pk2 = Pk4.

It is immediate to check that none of the groups in ([2.75)) satisfies both the requirements.
Analogously, it is possible to check that z(( Pey Py, )sh) does not collide against co or
C3.



Chapter 3

Symbolic dynamics: from the
N-centre to the (N + 1)-body
problem, a preliminary study

3.1 Introduction and main results

In this chapter we present the paper [78], which concerns the generalization of the results
of the previous chapter for a perturbed N-centre problem. We assume that the centres
are not fixed, but rotate according to the law &x(t) := exp {ivt}cy; here v € R is a
parameter describing the angular velocity of the rotation, so that the equation for the
motion of the test particle becomes

N
t(t) = — MR ((h) — ettty . .

The motivation leading to this problem is the following: the N-centre problem can
be considered as a simplified version of the (N +1)-body problem, when one of the bodies
is much faster then the others. Therefore, in order to understand if the broken geodesics
method introduced in Chapter [2| can be extended to find solutions of the (N + 1)-body
problem, it seems reasonable to start considering an “easy test motion” for the centres,
such as the uniformly circular one. This is strictly related to the study of the circular
restricted (N + 1)-body problem, which we briefly recall; assigned N positive masses
mi,...,my, let us consider any planar central configuration (cq,...,cy) of the N-body
problem, that is, any critical point of the potential of the N-body problem

mimg
U(xla---al'N): Z ﬁ
1<j<k<N 73 T Tk
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constrained on the inertial ellipsoid, defined by
1
I(x1,...,zy) =1, where I(x,...,2N)= 3 ka\xk\Q

A relative equilibrium of the N-body problem is a motion of type & (t) := exp {ivt}ex
(k=1,...,N), with v € R, i.e. an equilibrium point in a rotating frame of reference
with angular velocity v. The restricted problem consists in studying the motion of a
test particle of null mass under the gravitational force field of N bodies (the primaries)
which move according to a motion of relative equilibrium. This leads to the research of
solutions of equation , with the difference that the value of v is uniquely determined

by the prescribed central configuration (cy,...,cy) through the relation
2 _ U(Cl,...,CN)
2[(61,...,0]\[)7

see Meyer [62]. As a toy model towards the restricted (/N +1)-body problem, we consider
the perturbed problem previously defined; we point out that the motivation for its study
is prevalently mathematical: our goal is to understand if the techniques introduced in
Chapter [2] are sufficiently robust to survive when we perturb the N-centre problem by
letting the centres move; the answer is yes, but the extension of the broken geodesics
method is not trivial and requires new ideas, especially concerning the possibility of
obtaining collision-free solutions. Therefore, the generalization to the real restricted
problem seems possible, but extremely complicated.

As in the previous chapter, we study the case of a-gravitational potentials (a €
[1,2)), so that the equation for the motion of the test particle becomes

#)=—-Y Mk (z(t) — e"ey) . (3.2)

— |£L’(t) _ ewtck|a+2

We refer to the research of solutions to this equation as to the rotating N -centre problem
(briefly, the rotating problem). It is convenient to introduce a different frame of reference
for x, taking into account the rotation of the centres: setting x(t) = exp {ivt}z(t),
equation becomes

(1) + 2vi(t) = G0 — ). (33)

| z(t

HMZ

We introduce ®,(2) := v2|z|2/2 + V(2), so that (3.3) can be written as

Z(t) + 2viz(t) = VO, (2(t)).
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Since the terms in z and Z are multiplied by powers of v, the idea is that if |v| is
sufficiently small, then equation can be regarded as a perturbation of the planar
N-centre problem. We observe that the energy function of a solution of equation ([3.3))
is not constant; however, it is possible to find a first integral defining

) 1.
Ju(z,2) = §|z|2 —®,(2).

The value h = J,(2(t), 2(t)), which is the same for every t € I, is called the Jacobi
constant, in analogy with the same first integral of the circular restricted (N + 1)-
body problem. Let us note the similarity between J, and the usual energy function
H(z,2) = |2]2/2 — V(2): it results H = Jo.

We prove the existence of infinitely many collision-free periodic solutions of equation
with negative and small (in absolute value) Jacobi constant, provided the angular
velocity |v| is sufficiently small. As a consequence, for those values of h and v we can
characterize the dynamical system induced by on the level sets

Un,y = {(z,v) € R*: J,(z,0) = h}

with a symbolic dynamics, where the symbols are some selected partitions of the centres
in two different non-empty sets. Coming back to equation , this means that, for
h < 0 and |h|, |v| sufficiently small, we have infinitely many collision-free relative periodic
solutions (i.e. periodic solutions in the rotating frame of reference); this existence result
allows to prove the occurrence of symbolic dynamics in a proper submanifold of the
phase space (which correspond to Up, ,, through the transformation z «~ 2).

Periodic solutions. We keep the same notations of Chapter To describe the
first main result, we refer to Theorem therein, we proved the existence of h <
0 such that, for any h € (h,0) we can associate to any finite sequence of partition

(Pj,,...,Pj,) € P" a periodic solution T((Pjy .. Pj)h) of the N-centre problem ([2.2)
with energy h. Under particular assumptions on (P, ..., P;,), assumptions which are

specified in points (i7)-(b) or (i7)-(c) of the quoted statement, we have to allow collision
solutions, but it is always possible (for every N > 3) to build infinitely many collision-
free solutions. We would like to repeat this program associating to a finite sequence
of partitions, for sufficiently small values of the absolute value of the Jacobi constant
|h| and of the angular velocity |v|, a periodic solution of equation (3.3)). To accomplish
such a result, we put some restrictions on the sequences of partitions which we want to
consider; this is motivated by the fact that the rotation of the centres makes impossible
the application of the blow-up technique introduce in Section [2.4l So, we start from
the observation that, concerning the possibility to have a collision solution, there is a
distinction among

1)a=1and N >4, 2) a=1and N =3, 3) ae(1,2).
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We start from the first case.

Theorem 3.1.1. Leta =1, N >4, c1,...,cy € R2, mq,...,my € RY. There exists
hi such that, given h € (h1,0), there is v; = v1(h) > 0 such that, to each v € (=1, 1),
n €N and (Pj,,...,P;,) € (P\P1)", we can associate a collision-free periodic solution

Z((Pjy s Pjn ) hov) of

{z?t) +2mz( ) = Ve, (2(1)) (3.4)

2B = Dy (2(t) = h,

1

2

which depends on (P}, ..., P;,) in the following way. There exist R,6 > 0 (depending on
h only) such that z(p - 7Pn),h7y) crosses 2n times within one period the circle 0Bg(0),
at times (t)k=0,...2n—1, and

° in (tgk,tng) the solution stays outside Bg(0), and

’Z( Pj ey Pj ) hov) (tor) — Z((Pjy s Pip ) hov) (tor+1)| < 03

o in (tagt1, tak+2) the solution lies inside Bg(0), and separates the centres according
to the partition Pj, .

We remark the analogy with Theorem[2.1.2} if « = 1 and N > 4, we can easily find a
condition on (P}, ..., P;,) in order to ensure that the periodic solution z(p
of the N-centre problem

J ’” ’Pn)’h’o)

() = VV(2(1))
s2OF = V(z(t) =h
is collision-free; it is sufficient to impose that P;, € (P \ P1) for every k.

If N = 3 then P = P1, so that if in addition @ = 1, we used a little trick to find
collision-free solutions: let

(P, P, Py, P3) = Gy, (P2, P2, P3, Pr) = G,

and let G := {G1,G2}. We observed (Remark[2.6.4)) that no composed sequence obtained
by the juxtaposition of G; and G9 satisfies the symmetry conditions of cases (ii)-(b) or
(ii)-(c) of Theorem [2.1.2} this implies that a solution of the N-centre problem associated
to (Piy,-- -, Pr,,) € G" C P is collision-free. Coming back to the rotating problem,
this fact allows to prove the following statement.

Theorem 3.1.2. Replacing the assumption N > 4 in Theorem [3.1.1] with N = 3, the
same statement holds true replacing (P \ P1)" with G".

If @ # 1 it is not necessary to put any restriction on the sequences of partitions
which we want to consider, since in such a case z(( Pjy 1Py ) hi0) WAS proved to be always
collision-free.
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Theorem 3.1.3. Replacing the assumptions a« = 1 and N > 4 in Theorem |5.1.1| with
a € (1,2) and N > 3, the previous statement holds true, replacing the set P\ P1 with
P.

Remark 3.1.4. The assumption ”|h| is sufficiently small” is substantial, as already
observed in Remark 2.1.3

Symbolic dynamics. Similarly to Corollary 2.1.7] as a consequence of Theorems
3.1.1], [3.1.2] 3.1.3] we obtain the following result.

Corollary 3.1.5. Let o € [1,2), N > 3, my,...,my € RT and c1,...,cy € R
Let h € (h1,0) and v € (—v1(h),v1(h)), where hy and v1(h) have been introduced in
Theorem |3.1.1, |3.1.2, (3.1.5. There exists a subset 115, of the level set Uy, ,, a return
map R : 1, — I, for the dynamical system associated to equation , a set of
symbols P and a continuous and surjective map m : I, , — 73Z, such that the diagram

R
Hh,u — Hh,u

pr_Tr_pz
commutes (here T, demotes the right shift in 732); namely for every h € (h1,0) and

v € (—1(h),v1(h)), the restriction of the dynamical system associated to the rotating
problem on the level set Uy, has a symbolic dynamics.

Strategy of the proofs. We follow the general strategy already developed for the
proof of Theorem In Section we introduce a suitable rescaling in order to pass
from problem to an equivalent problem, where the parameter “Jacobi constant” is
replaced by the parameter given by the maximal distance of the centres from the origin.
This leads to the study of a rotating problem with a rescaled potential

m
Vg(y) = Z |?/7k where 12}551\/ \cﬁﬂ| =g, (3-5)

and a different angular velocity v/; we are interested in solutions with Jacobi constant
equal to —1. In this way, outside a ball or radius R > ¢ > 0, and for |2/| sufficiently
small, the equivalent problem

() +2/59(0) = V (47l + Ve(y) 56
|

L) = Um0 — Va(y(t) = -1
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is a small perturbation of the Kepler problem with homogeneity degree —a < 0, o €
[1,2).

We face the research of periodic solutions of splitting the study of the dynamics
outside/inside a ball Br(0) (R will be conveniently chosen). As in Section outside
Bgr(0) we find arcs of solutions of connecting two points pg, p1 € dBR(0), provided
their distance is sufficiently small, via perturbative techniques. Although in the present
setting we have to take into account the new parameter v/, the argument is substantially
the same.

In Section we study the problem inside Bgr(0); we search minimizers of the
Jacobi-type functional

1 v 1
Ly = /0 VB 1+ /0 (i, ),

under suitable constraints, in order to connect any pair p1,p2 € 0Bg(0) with arcs of
solution of which separate the centres according to any prescribed partition in
P. The functional Ly, ,, contrarily to the classical Jacobi length, does not come from
a Riemaniann structure, but from a Finslerian one. A main consequence is the lack of
reversibility of the problem, and this marks a significant difference in the argument we
used to rule out the possibility of having collisions for its minimizers. The alternative
”collision less” or ”ejection-collision”, valid for the N-centre problem, does not hold
any more. Consequently, at this stage we can only find inner arcs of possibly colliding
solutions.

The collection of the outer and inner dynamics is done in Section |3.5] using a variation
of the method employed in Section Clearly, in this case we obtain the existence of
periodic collision solutions.

In Sections [3.6] and [3.7] we complete the proof of Theorems [3.1.1] B.1.2] and 3.1.3]
providing sufficient conditions on the sequences (P}, ..., Pj,) in order to have collision-
free solutions; this is done through a kind of Gamma-convergence argument: we show
that the minimizers of L_; ,» are weakly convergent in H 1 as v/ — 0, to the minimizers
of L_1 o, which is the classical Jacobi functional. Therefore we can exploit the description
of the behaviour of such minimizers given in Theorem [2.1.2

Remark 3.1.6. If o = 1, the existence of periodic solutions to problem can be
obtained by means of a perturbation argument in the following way: the Poincaré map
associated to the N-center problem (/N > 3) admits a compact hyperbolic invariant set
of periodic points on any energy level Jj o with h > 0 (see Klein and Knauf [52]); the
corresponding closed trajectories are global minimizers of the Jacobi length in suitable
sets of functions, and lies in a bounded region surrounding the centres. Due to the
stability under perturbations of compact hyperbolic invariant sets, if h < 0 and |h| and
|v| are small enough, periodic solutions of problem still exist.
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On the other hand, the results of Chapter [2| are not achieved through a perturbation
argument, from the case h = 0. Actually, the periodic solutions we found tend, as
h 0, to a "concatenation” of parabolic unbounded orbits. In particular, since they
were build by the gluing of constrained minimizers (near the centres) and perturbed
Keplerian ellipses interacting with the boundary of the Hill region (which, clearly, do
not carry any hyperbolicity property), the previous discussion does not apply. This is
why we have to adapt step by step the construction already carried on in the previous
chapter in order to show that almost the entire set of periodic solutions we found in the
previous chapter survives. Of course, compared with those obtained by perturbing the
trajectories found by Klein and Knauf, we obtain different periodic solutions yielding a
new symbolic dynamics.

3.2 Preliminaries

Letusfix N >3, a€[1,2),c,...,cx € R2and my,...,my > 0, and let M = Zgﬂmk?
we fix the origin in the centre of mass. In this section we prove that to find a periodic
solution of the rotating problem with Jacobi constant h < 0 is equivalent to find
a periodic solution of a different rotating problem with Jacobi constant equal to —1.
In this perspective the maximal distance of the centres from the origin replaces h as
parameter, and the angular velocity changes as well. To be precise, with a slightly
modification of the proof of Proposition [2.2.1] we obtain:

Proposition 3.2.1. Let z € C?((a,b)) be a classical solution of (3.3) with Jacobi con-
stant h < 0. Then the function

a+2 a+2

y(t) = (—h)e 2 ((—h)—“TTf t) . te ((—h)w a, (—h) 2 b) (3.7)

is a solution of a rotating problem with

1 a+2

c;» =(=h)oc;, j=1,....,N and Vv =(=h) 2 v; (3.8)

the Jacobi constant of y as solution of the new problem is —1. Conversely: let y €
C%((a',b)) be a classical solution with Jacobi constant —1 of a rotating problem with
initial configuration of the centres {c;} and angular velocity v'. Let us set

1 a+2

¢j=(-h)"adj;, j=1,...,N and v=(—h)2 V.

Then . ais sz g2,
)= (-h) ey ((n3e), e ((-h)TE (- )
is a classical solution of (3.3)) with Jacobi constant h < 0.
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Corollary 3.2.2. For every e > 0 and for every v € R there exist (1(¢) and (2(e,7) € R
such that if h = —(i(e) and v = (a(e, V) then

max_|c}| = e, V=

1<k<N
The function —(y is strictly decreasing in €, the function (o is strictly increasing both in
e and v.

Proof. Given € > 0, from (3.8) we obtain

c «
Gle) = (mxlwm> '

Plugging this value of h in the expression of v/ = (—h)_%y we obtain

a+2

S (maX1§k§N |Ck|> 2
£

It is immediate to deduce

a+2
2

Ca(e,v) = <€> 7. O

maxlSkSN ‘Ck|

Remark 3.2.3. Problem for (e,1') € (0,&)x (=7, ) is equivalent, through Propo-
sition and Corollary to equation associated with Jacobi constant h < 0
and angular velocity v for (h,v) € (—=(1(£),0) x (—=(2(&,7), (2(&,7)). Two corresponding
solutions exhibit the same topological behaviour, as showed by equation . Note
that the more the Jacobi constant is small, more the admissible angular velocities have
to be small.

Let us fix e > 0, v/ € R, and K := Bg,(0) \ Bg,(0), with Ry > R; > . In K we
can consider the new problem as a small perturbation of the a-Kepler problem, whose
potential is

Voly) = y € R*\ {0}.

alyl®
Indeed, setting

4 2
(I)l/’,e(y) = (2)

(Vz has been already defined in (3.5])), it is not difficult to check that

y? + Ve(y),

/

19y e = Voller(xy = o(e) + o(v/) fore — 0%, v/ = 0. (3.9)
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Let us observe that if y is a solution of § + 2v/iy = V®,, .(y) with Jacobi constant
—1 over an interval I C R, then

O, (yt) =1  Vtel

To exploit the perturbative nature of the problem outside a ball Br(0), we have to check
that, for ¢ > 0 sufficiently small and for ¢/ in a neighbourhood of 0, there exists R > 0
such that

B.(0) C BR(0) C {y e R*: @, .(y) > 1}. (3.10)

Then, considering any compact set Br(0) C A C {®,/ .(y) > 1}, we will be able to use
(3-9) in A\ Bg(0).

Proposition 3.2.4. Let £ > 0, v/ € R. Let R > 0 such thate < R < (M/a)l/a —e.
Then (3.10) holds true. There exists €1 > 0 such that, for every 0 < € < €1, this choice
1s possible.

Proof. See the proof of Proposition [2.2.5 O

Actually, we make the further request e < R/2 < R < (M/a)"/® — & which is satisfied
for every ¢ € (0,e1/2).

Moreover, as in the first chapter, we select R so that 0Bg(0) is the image of the circular
solution of the a-Kepler problem with energy —1:

R <<2—a>M)i.

20

This is consistent with the previous restriction on R, if ¢; is sufficiently small (if this
was not true, it is sufficient to replace 1 with a smaller quantity).

Remark 3.2.5. For future convenience, note that for every y € Br(0)

M M
Ve(y)—12> 1> s—1=:M; >0, (3.11)

Ca((E)t ) () )

and hence @,/ .(y) — 1 > M;. This value is independent on ¢ € (0,£1/2). From now on
we will use M7 to denote this positive constant.
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3.3 Outer dynamics

We are going to use a perturbative approach in order to find solutions of

YO = Dy (y(t) = —1 tel0,T]
y(t)| > R te(0,7)

y(0)=po  y(T)=m

i(t) + 2v’iy< )= Ve, c(y(t) te[0,T]
3|

(3.12)

when the distance between pg, p1 € 0Bg(0) is sufficiently small; 7" has to be determined.
To be precise we prove the following proposition.

Proposition 3.3.1. There exist § > 0, €2 > 0 and v] > 0 such that for every (e,V') €
(0,e2) x (=14, 1), for every po,p1 € OBR(0) : |p1—po| < 26, there exist a unique solution
Yext(- 500, P1; €, V) Of with T = Tept(po, p1;€,v') > 0. This solution depends in a
C' way on the endpoints po and p1, and

1
. M\ =
max Yeat (t; pos P13, V)] < 2| —
t€[0,Text(po,p1;6,v")] .

M
max  |Vest(t; po,p1;e, V)| < 24/2 [ =1+
tG[O,T);t}‘yen( Do, P1 )| < \/ ( aRO‘)

for every (po,p1) € {(po,p1) € (0BR(0))? : |po—p1| < 20}, € € (0,62) and V' € (=4, v}).

(3.13)

We follow the same line of reasoning of the proof of Theorem with the only
difference that here we add the parameter v/. For the reader’s convenience, we review
the main steps. For every pg = Rexp{ifly} € 0Br(0), the unperturbed problem (¢ = 0
and v/ =0) is

y(t) -M y(lt())c+2 le [O,T]
Uit - s = -1 t€[0,7]
() >R te(0,7)

y(0) =po,  y(T) = po.
Let us solve the Cauchy problem
i(t) = Mo
y(0) = po, 9(0) = /2 (-1+ 25) (B).

The solution returns at the point pg after a certain time 7' > 0, having swept the portion
of the rectilinear brake orbit of energy —1 starting from py and lying in R? \ Br(0).
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Our aim is to catch the behaviour of the solutions under small variations of the initial
conditions. We consider

() = — Myl
§t) = =M g A o (3.14)
y(0) =po,  §(0) = rpe'® + Royie'o,

where 7 is assigned as function of 6o by means of the energy integral. We denote as
y(-;00,00) the solution of (3.14). For the brake orbit y (- ; 6y, 0), it results

0(t;90,0) =6y vVt € [O,T]
We introduce 1 : © x I — R? as
(0o, T) := y(T; 6o, 60),

where © x I C S! xR is a neighbourhood of (0, _T) on which v is well defined. In Lemma
we showed that the Jacobian of ¢ in (0,7 is invertible.
Now we introduce the parameters € and v': let us define

U :0 x I x dBR(0) x [0%1) xR — R?
(907T7p158) V/) = y(T; 907 9.0;8) V,) — P1,
where y(-; 69, 0o: e, ') is the solution of

{y(t) +2/ig(t) = VO, +(y(t))

' I 3.15
y(0) = po, y(0) = 7;1/’,5@200 + Rbyie', ( )

and 7, . is assigned as function of 90, e,v' by means of the Jacobi constant. The proof of
the following statement is a straightforward generalization of the proof of Lemma

Lemma 3.3.2. There exist 6 > 0, 0 < g2 < £1/2 and v§ > 0 such that for every
(e,V') € (0,e2) X (—vi,1y), for every p1 € OBR(0) : |p1 — po| < 20, there exists a unique
solution y(- 00, 00;¢,0') of defined in [0,T] for a certain T > 0, and satisfying
also . Moreover, it is possible to choose §, e2 and v} independent on py € 0Bg(0).

Proposition follows. The solutions obtained are uniquely determined and depends
in a smooth way on the ends py and p1, and on the parameters € and v/ (by the implicit
function theorem). Since a brake solution y,(-) = y(-; po, po; 0, 0) of the Kepler problem
is such that

1
MY\« M
max ] =(— and max |y () =4/2 -1+ ,
s (0] = () s [i0) V (-1+ 272
it is possible, if necessary, to replace €2 and v] with smaller quantities in such a way

that (3.13]) is satisfied.
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Definition 3.3.3. For any ¢ € (0,e2) we pose
O8: = {Yext (-3 0, p156, V') = po,p1 € IBR(0), [V'| < w1},
i.e. OS. is the set of the outer solutions corresponding to a fixed value of ¢.
Lemma 3.3.4. For every € € (0,e2) there exist C1,Cy > 0 such that
C1 < Tew(po,p1;e,v/) < Co  Y(po,p1,V') € (0BR(0))* x (-7, 7).
Also, there exists C3 > 0 such that
[Yeat(- 3 20, D15 € V) L1 0, Tonipo prse)) < O3
for every (po, p1, V') € (0BR(0))* x (=, 7).

Proof. The boundedness of Text(po,p1;e,v') is a consequence of the continuous depen-
dence of the solutions with respect to variations of initial data. As far as the bound in
the H' norm is concerned, we can use ([3.13)) and the first part. ]

Remark 3.3.5. We could make the boundedness properties described above uniform
in €. But we will use this lemma in Sections and where ¢ will be fixed.

3.4 Inner dynamics

In contrast with the previous one, this section is not a direct generalization of Section
however, it is convenient to summarize the main ideas that we developed therein.
Our goal was to find solutions of

(1) = VV(y(t) te[0,7]
WP Vi) = -1 te[0,T] 5.16)
ly(t)| < R te(0,7)

y(0) = p1, y(T) = pa.

satisfying particular topological requirements; T" was not determined a priori, while the
energy was fixed to —1; hence, in order to give a variational formulation of , it was
convenient to adopt the Maupertuis principle rather then the minimal action principle.
Let [a,b] C R and p1,p2 € 0BR(0), p1 = Rexp{if;}, po = Rexp {if2} (the case p1 = po
is admissible). We introduced the set of collision-free H' paths

Ao = {1 )| L0 0



3.4 Inner dynamics 141

the set of colliding H' functions

Q:U[[pIPQ ([Cl, b]) = {u S H! ([a, b]pRQ) ?()(l"aiojnzlé g([z),;ijrzl;l ?(2{:176] ] ,N} } )

and their union

Hp,p, ([, b]) = Hp,p, ([a,b]) U €olly,p, ([a,]) .

Briefly, we write H Coll and H when there is not be possibility of misunderstanding.
Note that H is the closure of H in the weak topology of H'. A path u € H can
be characterized according to its winding number with respect to each centre. This
number can be computed by artificially closing the path itself, in the following way: for
any u € H , let

([ u(t) t € la,b] .
i to, <0
{ReZ<t—b+92> te(bbtb+2m—0) L7
Fu(t) = u(t) t e [CL, b] if 91 = 92
u(t) t € la,b] )
A f 0, > 0o,
{ReZ<t—b+92) te (bb+ 01 — ) R

i.e. if p1 # p2 we close the path u with the arc of 9Br(0) connecting ps and p; in coun-
terclockwise sense. Then it is well defined the usual winding number Ind (u([a, b)), ¢;).

Given I = (I3,...,IN) € ZN, a connected component of H is of the form
5?11}2([617 b]) = {u € ﬁp1p2([av b]) : Ind (u([a7 bD7Cj) = lj Vj = 17 cee 7N} .

We needed classes containing self-intersections-free paths, so that we considered [ € Zév
instead of [ € ZV, and set

Hy = H""*([a, b))
- {u € Hyppy([a,b]) : Ind (u([a,b]), ;) = 1; mod 2 Vj=1,... ,N} ;

namely we collected together the components with winding numbers having the same
parity with respect to each centre. We also made the following assumption (see ([2.26))):

Jj,ke{l,...,N}, j#k, such that [; # [, mod 2.

In this way, each u € ﬁl has to pass through the ball B.(0), and cannot be constant
even if p; = ps. Actually, the functions in H; are uniformly non-constant, in the sense
that there exists C' > 0 such that

lals > C Vue H.
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This can be easily checked repeating the argument developed in Lemma to show
that equation holds true. Furthermore, the constant C' can be chosen indepen-
dently on p; and py (see Lemma and also on [ (the proof is the same). We said
that [ € ZY' is a winding vector, and we term IV := {l € ZY' : 1 satisfies (2.26)}. In order
to apply variational methods, we needed to consider H; = H!'"?([a,b]), the closure of

H ; with respect to the weak topology of H'; of course, in H; there are collision-function.
Since we searched functions whose images are in Br(0), we considered the subsets

K; = KPP ([a,b]) == {u € H, : [u(t)| < RVt € [a,b]}
K; = K" ([a,b]) :={u € H : [u(t)]| < RVt € [a,b]}.

The set K is weakly closed in H!.
Recall the definition of the Maupertuis functional associated to problem (3.16)):

b b
Moa(w) = Mos(abls) o= 5 [ Jal? [ (Ve - 1) (3.17)

Solutions of the fixed energy problem given by the first two equations in (3.16)) are
obtained as re-parametrizations of critical points of M_; at positive level in the space
H. It is also possible to consider re-parametrizations of critical points of the functional

b
Loy(u) = L_y([a,b;u) = / VVe(w) — 1) il

which is defined in the closure with respect to the weak topology of H' of
H_y = H"*([a,b]) := {u € Hp,p,([a,b]) : V(u(t)) > 1,|u(t)] > 0 a.e. in [a,b]}.

Actually local minimizers of M_; are local minimizers of L_1, and the converse is true
up to a re-parametrization. The functional L_; has a useful geometric meaning, since
for u € H_; the value L_;(u) is the length of the curve parametrized by u with respect
to the Jacobi metric g;j(y) = (Vz(y) — 1) 6;5, where 0;; is the Kronecker delta; this metric
makes the set {Vz(u) > 1} a Riemannian manifold.

Let us look at Theorem[2.4.14] We proved that there exists €5 > 0 such that for every
e € (0,e3), p1,p2 € IBR(0) and [ € IV, problem has a solution y;(-;p1,p2;¢,0) €
KP'2([0,T]) (T = T(p1,p2; ;1)) which is a re-parametrization of a local minimizer of
the Maupertuis functional M_; in K}'"*([0,1]), for some T' > 0. If p; = py and

ll:--':lj_lzlj_i_l:”-:l]\f%lj m0d2,

then this solution can be an ejection-collision solution with a unique collision in ¢;, oth-
erwise it has to be self-intersection-free and collision-free. The successive step consisted
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in the translation of this result in the language of partitions. This is possible since
ifue IA(Z is self-intersection-free then it separates the centres in two different groups,
which are determined by the particular choice of I € 3VV; namely, a self-intersection-free
path in a class K, ; induces a partition of the centres in two non-empty sets. Hence we
could define the application A : 3V — P which associates to a winding vector

lLb=0 mod2 keAycC{l,...,N}

= (li,...,Iy) with
(- i) w {lkzl mod2 keA c{l,.. N}

the partition
A(l) == {{ck + Ik € Ao}, {ck = Ik € Ar}}

It is then natural to set
Rp, = K57 (la, b)) = {u e KPP ([a,0)) : 1 € A—l(pj)} ,
Kp, = K} ([a,0]) = {u € K" ([a,0]) : L € A7H(Fy)}

From Theorem noting that for each P; € P there are two [ € N such that
A(l) = P;, we obtained, for every € € (0,¢3), p1,p2 € 0Br(0) and P; € P, the existence
of two solutions y; and yo of problem , which are respectively re-parametrizations
of a global and a local minimizer of the Maupertuis functional M_; in K f,;p ([0, 1]). If
p1 = p2 and P; € Py then they can be ejection-collision solutions with a unique collision
in ¢;, otherwise they are always collision-free; also, if one of y; and ys is collision-free,
then they are two different solutions.

Let’s come back to our ”fixed Jacobi constant problem”

YO =@y (y(t) =—1  te[0,T]
y(t)| < R te0,T]
y(0)=p1  y(T) = po.

The variational formulation of (3.18) will be the object of Subsection We will
state the main result of this section in Subsection [3.4.2]

i(t) + 2v’z‘z)< )= Ve c(y(t) te[0,T]
3|

(3.18)

3.4.1 The variational formulation

Let us consider a general problem of type

ISH

Z(t) + 21/%2( ) =Vo,(2(t)) te]l0,T]
3l2(t )I2 o,(:()=h  tel0,T] (3.19)
(0) = 2(T) = po.

IS
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with T > 0 to be determined and p1,ps € R%. In order to solve it, we cannot use the
Maupertuis functional because it is suited for fixed energy problems. However, exploiting
the existence of the Jacobi constant, we can study the Maupertuis-type functional

Mo ([0, B w) = V2 (/b |a|2>é (/b B, (u) + h>; 4 I//ab<z'u,u).

We briefly write Mj,,, instead of My, ,([a,b];-) when there is no possibility of misunder-
standing. The domain of M}, ,, contains the closure in the weak topology of H! of

Hp 7 ([a,b]) := {u € Hp,p, ([a,b]) : @y (ult)) > —h, [u(t)] > 0 for ae. t € [a,b]}.

V2 (/ab |u12>% (/ab ®,(u) + h>é > 0, (3.20)

b
D, (u)+h
1 b2
2 fa |’LL’
and it makes sense to consider the re-parametrization z(t) = u(wt), defined in [a/w, b/w].

The functional My, , is differentiable in H N Hy,,, (seen as an affine space on Hy). We
will consider [a,b] = [0, 1] for the sake of simplicity.

If

we can set

(3.21)

Theorem 3.4.1. Let u € flplm([(), 1)) N HY'P*([0,1]) be a critical point of My, i.e.
dMp,, (u) [v] = 0 for every v € Hj ([0,1]), and assume that (3.20)) is satisfied. Let w be
defined by (3.21). Then z(t) := u(wt) is a classical solution of (3.19) with T = 1/w,

while u itself is a classical solution of

w2ii(t) + 2vwit(t) = V&, (u(t)) t €10,1],
at)|? — 2 = b te0,1],

w2

Proof. For every v € H}([0,1])

1 1 1
th,V(u)[v]:w/o (u,z';>+1/0 <V<I>l,(u),v>+1//0 (i, i) + (i, )

w

:w/ol(u,@—l—1/01<V<I>l,(u),v>—|—1//01(<iv,u>—(izl,v)).

w

We point out that the notation (-,-) is used for the usual scalar product in R2, so that

(x1 +iy1, w2 + iy2) = 172 + Y1Y2.
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Since (iv,u) = —(iu,v), we have

1 1
dMp, , (u)[v] = w/o (0, 0) +/0 (—2viu + %V@V(u),w.

This is zero for every v € H}(0,1) if and only if u is a (weak, and by regularity strong)
solution of
wii(t) 4 2vwin(t) = V&, (u(t))  te0,1].

Then z(t) = u(wt) solves the first equation in (3.19)). Note that the Jacobi constant for

z reads
SEOP - B 0) =k vie01/w)

with k£ € R. Equivalently,

2

Sli()P = @y (uls) =k Vs e 0,1,
from which we deduce )
W2 — Jo @u(u) + k.
= 1. ;
%fo 0]
comparing with (3.21)), we obtain k = h. O

The previous statement says that the functional M}, , plays, for problem , the role
that the classical Maupertuis functional M}, plays for a fixed energy problem of type
, cf. with Theorem In order to apply variational methods it is worthwhile
working in H rather then in H, since H is not weakly closed. As a consequence, it is
not possible to rule out the occurrence of collisions from the beginning. This leads to
the concept of weak solution for the problem .

Definition 3.4.2. Let u be a local minimizer of M, in H}**([0,1]) such that (3.20)

14

holds true, and let w be defined by (3.21)). We say that z(t) = u(wt) is a weak solution
of (3.19)) in the time interval [0, 1/w].

If z is a weak solution, we can define the collision set as:
1
Te(2) = {t € [0,} : 2(t) = ¢; for some j = 1,...,N}.
w

It is not difficult to check that if z is a weak solution and (a,b) C [0,1] \ T.(z), then z
is a classical solution of the restricted problem in (a,b), with Jacobi constant h: indeed
for every ¢ € C°(a,b) it results

d
thﬂ,(’u + )\(p)

=0. 22
™ 0 (3.22)

A=0




Symbolic dynamics: from the N-centre to the (N + 1)-body problem, a
146 preliminary study

One can verify that the set T,(z) is discrete and finite, so that z is a classical solution
almost everywhere in [0, 1/w]. On the other hand, a local minimizer in K; of M}, does
not satisfy the motion equation in every time interval [c,d] such that |u(t)] = R for
every t € [c,d]; indeed, in such a situation it is no more true that holds true for
every variation ¢ € Cg°([c,d]). Nevertheless, the conservation of the Jacobi constant
still holds true. This result is the counterpart of Theorem [2.4.3

o(H*,(H')*)

Proposition 3.4.3. If u € (H}'*([0,1]) is a local minimizer of My, ,, then

1. 2
—|u@)|"— —F = — .e. t 1
it = forae telo,n

Proof. 1t is a consequence of the extremality of u with respect to time re-parametrization
keeping the ends fixed. For every ¢ € C2°((0,1),R), let us consider uy(t) := u(t+Ap(t)).
For X sufficiently small the function ¢ — ¢+ Ap(t) is increasing in [0, 1], so that in
particular it is invertible; the minimality of u implies

d

— M}, (uy)

=0.
dX

A=0

Now,

|

Mt = VE ([ fae+ a0 0 2pt0)? )
(] [y (u (1 Ap(1))) + 1] dt);
+u /Ol(iu (£ 4+ Ap(8) 110 (£ + Ap())) (1 + A(t)) dt
— V2 (/01 () (1 + Ap((s)) ds>; (/01 % ds)é
1
+y/0 (iu (s) 1 (5)) ds.

Observe that letting A — 0 the family of functions t\(s) = s — Ap(#(s)) uniformly
converges to s in [0, 1]:

[ta(s) = s| = |s = Ap(t(s)) — 5| = [M[[@llc Vs €10,1].
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Hence

Since this quantity vanishes for every ¢ € C2° it results (see for instance [17])

w2
?\u(s)|2 — P, (u(s)) —h=k a.e. s € [0,1],

for some k € R. Integrating over [0, 1] we get

2 _ Jo (@y(w) +h+ k)
w .
2 fo 0]
A comparison with definition (3.21)) gives k& = 0. O

Remark 3.4.4. Note that, if v = 0, the functional M}, , reduces to

Miofu) = V2 | b |u|2); (/ ")+ h))é — 2/ My(a),

where My, is the classical Maupertuis functional of type . This reflects the per-
turbed nature of problem . Actually, due to the monotonicity of the square root
for positive values of its argument it is immediate to deduce that u is a (local) minimizer
of M}, at a positive level if and only if it is a (local) minimizer of M}, o such that
is satisfied. Therefore, if we work in a set in which M}, is bounded below by a positive
constant, it is equivalent to minimize M}, or M}, o. In particular, since in Lemma
we proved that for every py,ps € OBr(0) and for every | € IV there exists C' > 0 such
that
M_i(u)>C>0  Vue K'"*([0,1]),

the characterization of the minimizers of M_; in K (and consequently also in K pj)

described in Theorem [2.4.14] (or Corollary [2.4.16)) applies for the minimizers of M_1 o;
this will be crucial in Section [3.6]

As announced in the introduction, there is an analogue counterpart for the functional
Ly,. We introduce Ly, ([a,b];-) : Hp, L, HHE) Ry {+o0} as

sV

b
Ly, ,([a,b]; \/ +h]u\+u/<zuu)
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For u € H* ([a, b]), we consider the following class of orientation preserving parametriza-
tions

r o= { (0.0

It is not difficult to check that L, is invariant under re-parametrizations of I',. We
point out that this is false if we consider re-parametrizations which do not preserve the
orientation. In particular, differently from Lj, Lj, is not a length. It is possible to
check that if |v| is sufficiently small then

VO, (2) + hlZ] + v{iu, 1)

is a Finsler function which makes the “Hill region” {®,(z) > —h} a Finsler manifold.

Theorem 3.4.5. Let v € H'P*([0,1]) N Iprlm([O, 1]) be a non-constant critical point of
Ly, . Then there exist a re-parametrization z of w which is a classical solution of (3.19)
for some T > 0.

Proof. We can adapt the proof of Theorem with minor changes. For every v €
HZ(0,1) we have

1 U 1 U
ﬂmxmwr=lvgﬁf+h@mw+é %ﬁ;d0+hW@AWW>

f:[a V] — [a,b], f € Ct ([a’,V]) and increasing,
such that uo f € H' (a’,b) '

1 1 L ..
+ \@V/o ((tv, u) + (iu, 0))

1 1 .

Oy (u)+h. . || .

= [ (——"—u,7) —|—/ (— e V®,(u) — V2viu,v),
/0 ”U,| 0 2\/ q)y(u) +h

where we used again the fact that (iv, @) = — (i@, v). This expression vanishes for every

v € H}(0,1) if and only if u is a (weak, and by regularity strong) solution of

_d (VRO +h, it) e
dt( |a(t)] (t)>+2 q)y(u(t))+th)y( (t)) — V2viu(t) =0  (3.23)

for every t € [0,1]. Let us define, for ¢ € [0, 1],

[Tl
R NS IR

and set T = s(1). It results ([0,77],s) € T, and for every s € [0,7] (we denote with ’
” the differentiation with respect to the new parameter s)

dt, . (ds, 7' Ve, (u(t(s) +h
d5$‘<w“0 BT

dr,

t=t(s)
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With this change of variable, setting w(s) = u(¢(s)), equation (3.23)) becomes

o Lodfw(s), ) L w(s)) — a8 _
t’(s)ds(t’(s)t()> 5y ¥ v (w(9) — Vavigrs =0,

i.e.

w”(s) + V2viw'(s) = %V@V(w(s)) tel0,T).

Setting z(s) := w(v/2s), it is straightforward to check that z is a solution of the first
equation in ([3.19) over [0,T], where T := T//2. As far as the second equation is
concerned

[w'(s)]* = [a(t(s))t' (s)* = @u(w(s) +h = %!Z’(S)!z = Py (2(s)) + 1

for every s € [0,T].
O

The relationship between minimizers of Mp , and Ly, is given by the following
statement.

Proposition 3.4.6. Let u € Hy, N H be a non-constant (local) minimizer of My, such
that holds true. Then u is a (local) minimizer of Ly, in Hy, N H.

On the other hand, let uw € Hy, N H be a non-constant (local) minimizer of Ly, ,,. Then,
up to a re-parametrization, u is a (local) minimizer of My, in Hy, , NH such that
holds true.

Proof. Due to the Holder inequality we have

V2L, (u) < My, (u)  Vu€ HyynH,
with equality if and only if there exists C' > 0 such that

[u(t)]? = C (D, (u(t)) —1)  Vte]o,1].

Now we can follow step by step the proofs of Propositions [2.4.7] and O

3.4.2 Existence of inner solutions
The following result is a partial counterpart of Theorem [2.4.14]

Proposition 3.4.7. There exist €4 > 0 and v > 0 such that for every

(p1,p2.,V/,1) € (OBR(0))? x (0,e4) x (—th, ) x IN, problem has a weak solu-
tion yi(-;p1,p2; e, V') € K2 ([0,T]) which is a re-parametrization of a local minimizer
wi (51, p2; €, V') of My, in K['P([0,1]).
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Before proceeding with the proof of Theorem [2.4.14] we state the translation of this
result in terms of partitions.

Corollary 3.4.8. For every (p1,p2,e,V,P;) € (({933(0))2 x (0,e4) x (—Vh,vh) x P,
problem (3.18]) has two weak solutions y; € Kﬁ;pQ([O,Tﬂ) and ygj(-;pl,pg;s, V') €
Kﬁ;pQ([O,TQ]); y1 (resp. y2) is a re-parametrization of a global (resp. a local) mini-
mazer uy (resp. ug) of the Maupertuis-type functional M_y . in K}’,;pQ([O, 1]). If one of
them s collision-free, then they are different solutions.

We fix [a,b] = [0,1] and the Jacobi constant to —1, so we write M, instead of M_1 .
Also, we fix p1,po € OBg(0) and [ € 3V,

Remark 3.4.9. In the statement of Theorem the values €4 and 4 depend neither
on p1,p2 € OBR(0), nor on I € IV. But here we fixed pi, p2 and [ before finding €4 and
vh. Actually, once we will find €4 and v/}, we will see that they are independent on the
previous quantities.

We aim at applying the direct methods of the calculus of variations in order to find
a minimizer of M, in K;. Assuming that we can find such a minimizer w;(- ; p1, p2; €,v'),
in order to obtain a weak solution of (3.18) we have to show that

1) wi(-;p1,p2; e, V') satisfies (3.20), 2) lw(t;p1,p2;e, V)| < RVt e (0,1).

Note that the first requirement is satisfied, as shown in Lemma [2.4.18 (the definition of
the sets K; does not depend by the presence of /). We will discuss about the second
condition after the minimization.

Lemma 3.4.10. The functional M, is coercive in Kj.

Proof. Let (u,) C K; such that ||i,|| g1 — oo for n — oco. Since ||u,|l2 < R, necessarily
||tn|l2 = +00 as n — o0. As Vo(y) — 1 > M; > 0 in Bg(0),

(1/)2 1 % 1
Moun) 2 Valinla (314 ©5 [ M) = w1 [ fualin
0 0

) 4 )
= V2| |2 (\/illunh + A ) = [V [[Junll2lin 2

for some A > 0. Hence M, (uy,) > V2|t [|2. O

Lemma 3.4.11. The functional M, is weakly lower semi-continuous in K;.
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Proof. Let (u,) C K; such that u, — u weakly in H'. Arguing as in the proof of Lemma
we obtain

</01 |u|>é (/01 Dy e(u) — 1)é < lim inf </01 |ﬂn|>; (/01 B () — 1>;.

It remains to show that

1 1
1// (tu, 1) < liminf I/// (1, U, (3.24)
0 0

n—oo

The weak convergence of u, to u implies that u, — u uniformly in [0, 1] and @, — «
weakly in L?, as n — co. We have

1 1 1
u'/ (it ) = 1// (i(ttn — ), i) + u'/ (i, ).
0 0 0
The first term tends to 0 and the second term tends to v/ fol (1u, 1) as n — oo; inequality

(3.24) follows. O

Remark 3.4.12. The term v fol (iu, ) is not only weakly lower semi-continuous in H?,
but also continuous in the weak topology of H!.

Due to the coercivity and the weak lower semi-continuity of M,/, we can apply the direct
methods of the calculus of variations on the functional M, in the weakly closed set Kj.
For every (e,v') € (0,e1/2) x R, we obtain a minimizer u;(+; p1, p2; €, ') for which
is satisfied. The following result concludes the proof of Proposition

Lemma 3.4.13. There are g4,V > 0 such that for every (p1,p2,¢,V,1) € (833(0))2 X
(0,e4) x (—vh,v4) x IV the minimizer w;(-; p1, pe; €, V') is such that

lui(-5p1,p2ie, V)| <R VEe (0,1).

Proof. We can follow the same line of reasoning which was used in Chapter [2|in order to
prove Proposition |2.4.26] For the reader’s convenience, we report here the ingredients
of the proof. Let us term

Tr(u) :={t €[0,1] : |u(t)| = R}, TE/Q(U) = {t € [0,1] : Ju(t)| > };}

A connected component of Tr(u) is an interval (possibly a single point) [t1,ts] with
t; < to. It is possible to show that u € C1((0, 1)), and if (a,b) is a connected component
of Tt o (u) \ Tr(u), then uly, ) is of class C* and is a solution of

R/2
_ fol ((I)u’s(u) - 1) )

3L laf?

wii(t) + 20 win(t) = V@, . (u(t)), where w?:
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Moreover, there are e4, 14,7 > 0 such that, if (,1') € (0,e4) x (=14, 1}), then for every
t3, t4 such that

(tg, t4) if t3 <ty
(t4,t3) if t3 >ty ’

|
|

u(ts)l = R, [u(ta)| = <,

<|lu(t)] <R Vte {
there holds |t4 — t3] < 7. Neither €4 nor v}, depend on pi1,ps or . Let [t1,t2] be a
connected component of Txr(u), let (a,b) be a connected component of TI—%F /2 such that
[t1,t2] C (a,b). Let us consider y(t) := u(wt). Since y € C! ((a/w,b/w)), it can lean

against the circle {y cR?: |yl = R} with tangential velocity, and for every A > 0 there
exists t5 > to (or t5 < t1, and in this case the following inequality has to be changed in

obvious way) such that
y () = me?t/o)| 4 |y (5) Z ro (2 jeitttare)
w w w
Thus, recalling that R is the radius of the circular solution of energy —1 for the a-
Kepler problem, the theorem of continuous dependence of the solutions with respect to
the vector field and the initial data implies that y cannot enter (or exit from) the ball

Bp/2(0) in time 7, provided 4 and vy are sufficiently small (if this was not true, we can
replace them with smaller quantities); this is in contradiction with the choice of . [

<A

In order to exploit the description of the behaviour of the solution which we obtained
for the N-centre problem in Theorem [2.4.14} we will replace £4 with min{es, 4}, where
€3 has been introduced in the quoted statement.

Definition 3.4.14. Let us fix arbitrarily v4 € (0,min{v},/2M;/R}). For every
e € (0,e4) we term

IME = {ul(‘;prQ;euV/) D pL,p2 € aBR(O)v le Zéva |V/‘ < Vé}a
the set of the inner minimizers of {M,/} <, for a fixed value of ¢, and

IS: == {y(;p1,p2;e,V') + pr,p2 € OBR(0), L€ Zy, |V'| < 14},
the set of the corresponding inner solutions for a fixed value of e.

We conclude this section with a collection of boundedness properties for the functions
of ZTM..

Proposition 3.4.15. Let € € (0,e4). There are Cy,Ca,Cs,Cy,Cs > 0 such that

G < [afl2 < sup lufls < Co,

ue e

inf
ueZ M
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1
Cs < inf / O, (u) — 1
0

u=uy(-;p1,p2,&,v")EIMe

1
< sup / P, (u) — 1 < Cy,
u=uy (- ;p1,p2,&,V' )€IM. JO

and
sup Myl(u) < 05.
u=u(-;p1,p2,6,V")
Remark 3.4.16. Since sup{||ullz : u € ZM. < R}, the set ZM. is bounded in the H'
norm.

Proof. 1t is a slightly modification of the proof of Lemma [2.4.49, Every u € ZM, is
of type w(-;p1,pe;e,v') for some p1,p2 € OBR(0), 1 € IV, v/ € (v4,1}). Since TV is
discrete and finite, we can prove the statement for a fixed I. We have already pointed
out that the functions of U, ,.com, ) K7'"2([0,1]) are uniformly non-constant, which
ensures the existence of C;. Furthermore, as an immediate consequence of the estimate
in Remark we obtain C3 = M. Now let us fix p;,p2 € 0BR(0); there exists
u e K'"([0,1]) such that, for some Cs > 0 and p € (0,¢), it results

[u(t)| = Cs, |u(t) —¢j|>p Vte[0,1],¥je{l,...,N}.

For every v/ € (—v}, v4) we have

/01 Dy () = /01 (Vs@z) - @2/)2|a2> <t R

Starting from this bound it is possible to obtain a uniform bound with respect to p1, p2, v/’
for the level of the minimizers of M,,. If (p1,p2) # (p1,P2), we consider the path

CR(3t;p1,ﬁl) t e [0, 1/3]
at) = a3t —1) te(1/3,2/3]
Cr (3t — 2;p2,p2) t€(2/3,1],

where, for py, pex € OBR(0), Cr(-;Px, Pix) : [0,1] — R? parametrizes the shorter (in the
Euclidean metric) arc of 9Bg(0) connecting p, and p.. with constant velocity. As far as
the velocity of (g(:; p«, p«x) 1S concerned, it is easy to see that it is uniformly bounded
with respect to ps, pss. This, together with the assumptions on w, implies that also the
velocity of @ is bounded in [0, 1], and

1
1 2
M, (u) <C </ O, (u) — 14 C) + |V|RC < Cs.
0
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The constant C5 does not depend on the ends p; and py or on the parameter /. Con-
sequently, for the family of the minimizers there holds

M (wi(-;p1,p2;6,0')) < C5  Vp1,p2 € IBR(0), V| <wj. (3.25)
Using the estimate (3.11)), we obtain

Cs -1/ fol (g (-5 p1,p2s e, V), (-5 p1, p2; €, V)
2M

< Os + V[R5 p1,paie, v)|l2

< ST ;

Hul( yP1,P25€, V/)HZ <

for every p1,p2 € 0BR(0) and || < V4. Now
|V |R . , Cs
1-— ) ) y €, S .
( vanr, ) lutsprpeievle < o

Since || < v5 < /2M; /R, the coefficient on the left hand side is bounded below by a
positive constant; therefore

. Cs 5| >_
©3P1, P23 &, ! < 1- 3 =:C
(- p1, D25 €,0)[]2 < V20, ( 90, 2
V(plap%]/) S (aBR(O))Q X (_VZ,%VZIS)‘
It remains to find Cy; from (3.25)), using the existence of C1, it follows

1
' 2 Cs+ |[V|R|twu(-; e/
5 3P, P26,V )||L
</ (I)Vlze(ul(';phpQ;g’ V/)) - 1) S ’ ‘ H ( / )” 2
° V2|Jiu (- p1,pase, ) |2

< Cs + 7R =: 04%. O
\[ 201 V2

Remark 3.4.17. Some constants depend on ¢; this reflects the fact that the more the

Jacobi constant is small, the more the admissible values of the angular velocity are small,

see Remark and this is why we keep ¢ fixed, letting v/ vary, instead of considering

both € and v/ as parameters.

We use the notation [0, 7;(p1,p2;e,v’)] for the time interval of y;(-; p1,p2;e,v) € ZS..
It results

1
E(p17p2;€7 ]j/) = W’ Whel‘e
f[) Ve Ul 7p17p2§57Vl)) -1

sl s p1,pase,v)|?

wi(p1,p2;e, V) =



3.4 Inner dynamics 155

Corollary 3.4.18. Let € € (0,e4). There exist C1,Co,Cs > 0 such that

Cy < Ti(p1,p2;e,v') < Co
||yl( ;pl’p2;€7V,)HHI(O,’Tl(prQ;E,I//)) < C'3

for every (po, p1,V/,1) € (0BR(0))* x (—v4,v4) x IV,

3.4.3 Forward normal neighbourhoods

In Section [2.5] we exploited the geometric interpretation of L: it is the length in the
Riemannian manifold {V-(y) > —1} endowed with the Jacobi metric. In particular we
used classical results concerning the existence of totally normal and strongly convex
neighbourhoods. Now we are not dealing with a length anymore, but with a Finsler
function; so, something similar can be proven. The following is a known result, but
since we cannot find a proper reference we give a sketch of the proof for completeness.

Proposition 3.4.19. Let p > 0 be small enough, chosen in such a way that

BE(O) - BR/Q—p(O) - BR+p(O) - {(I)V/,E(y) > 1}'

There ezist €5 € (0,e4], v) € (0,v5] and 7 € (0,2p) such that if € € (0,e5), |V'| < v,
p1,p2 € Br(0) \ Br/2(0) and [p1 — pa| < T then there is a unique minimizer
Umin(+ 3 p1, p2; €, V") of M, in the set

{u € Hyp,([0,1]) : u(t) € Bri,(0) \ Brja_,(0) Vt}.

Moreover, it depends in a C' way on its ends and on the parameters € and V', and is
the unique global minimizer of M, in Hpy,,,([0,1]).

Definition 3.4.20. Let ¢ € (0,¢5), || < v}, and let us take p > 0 as above; let
p € Bg(0)\ Bg/2(0). For every pair pi,ps € Br(p) there is a unique (up to a re-
parametrization) local minimizer of L, which starts from p; and arrives at py, depending
smoothly on the ends. We will say that Br(p) is a forward normal neighbourhood of p.

Proposition says that every point of Br(0) \ Bg/2(0) has a forward normal neigh-
bourhood; moreover, the set Bri,(0) \ Br/a—,(0) is "convex”, in the sense that the
minimizers umin (- ; p1, p2; €, ') stay in it.

Forward normal neighbourhoods plays the role of totally normal ones of a Riemani-
ann manifold, with the difference that, since our functional L,/ is not invariant under
orientation-reversing re-parametrizations, a minimizer of L,/ in Hp,,,([0,1]) could not
be a minimizer of L,/ in Hp,y, ([0, 1]).

Actually for every p € {®,/ (y) > 1} it is possible to prove the existence of a forward
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normal neighbourhood, but due to the degeneracy of our Finsler function, which can
become even negative if we are close to the boundary of the "Hill region”, the radius
of these neighbourhood becomes smaller and smaller and tends to 0 as p approaches

{(I)V’,e(y) = 1}'

Proof. Let p1,p2 € Br(0)\ Bg/2(0), € € (0,e4), v € (—vy,vy). The existence can be
proved applying the direct methods of the calculus of variations. If p; = ps, observe
that the minimizer is simply the constant function p;.

Let Umin(-;p1,p2;€,v') be a minimizer in Hp,p,([0,1]); there exists 7 > 0 such that if
Ip1 — p2| <7, then umin(-;p1, p2; €,') is contained in Bry,(0) \ Br/a—,(0): if not, there
are sequences (r,) C R™ and ((p},p3)) C Br(0)\ Bg/2(0) such that [p} — p§| < r,
and umin (- ; p7, Py; €,v") touches 0 (BR+p(O) \ BR/Q_p(O)). But this is absurd, because if
7, — 0 the minimizers tends to be constant functions in Bg(0) \ Bg/2(0). The value p
is independent on ¢ € (0,e4) and [V/| < V. For the uniqueness and the C' dependence,
we consider the map

<BR(0) \BR/2(0))2 % (0,e4) X (=4, 14) x Hy,p(0,1]) = (Hp,p, ([0,1]))*
(p1,p2, &,V u) — dM, (u).

Let @ be a minimizer of M,/ in Hy ,,([0,1]), whose image is contained in Bpr4,(0) \
Bp/a—p(0); an explicit computation shows that, if [p; — p2| and v/ are sufficiently small,
the second differential d?M,/(u) is positive definite, so that it is invertible. Thus, the
implicit function theorem applies to give uniqueness and smooth dependence. ]

Remark 3.4.21. In Section we prove that, if p;, ps € 0BR(0) are sufficiently close
together, we can find a “close to brake” solution of problem which, of course,
passes close to the boundary of the “Hill region” {®,/.(y) > 1}. This is not in con-
tradiction with the previous result, since an outer solution parametrizes a non-minimal
critical point of L, .

3.5 A finite-dimensional reduction

In this section we glue the fixed ends trajectories previously obtained, alternating outer
and inner arcs in order to construct periodic orbits of the restricted problem in
the whole plane. Since in this procedure we need smooth junctions, we are going to
use the same variational argument which was introduced in Section 2.5 Let us set
€ := min{eg, &5}, ¥ := min{v{,;}. The quantities e and v{ have been introduced
in Proposition m (recall also the definition of ¢ therein), while €5 and /) have been
introduced in Proposition [3.4.19
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Proposition 3.5.1. There exist £, > 0 such that, for every (e,v') € (0,&) x (=, V),
n € N and (Pj,,...,P;,) € P", there exists a periodic weak solution A ((BiyoeeesPin ) 207)
of problem (3.6, which depends on (Pj,,...,P;,) in the following way: the image of
Ao Pin) SV crosses 2n times within one period the circle BR(0), at times
(tk)k=o0,...2n—1, and

o in (tog, tor+1) the solution stays outside Br(0) and

’7((Pj17"'7pjn)757’/)(tQk) _ fy((le""7Pjn)7ar’/)<t2k+1)‘ < 57

o in (tog41,tox+2) the solution lies inside Br(0), and, if it does not collide against
any centre, then it separates them according to the partition Pj, .

Let us fix € € (0,8), || <V, neN, (Pg,, Piy,--.,Pr,) € P". We recall the definition
of D (cf. Section Chapter [2)):

- [p2j+1 — poj| <6
D=1 (po,...,pon) € (0BR(0))*"*'| for j=0,...,n—1, »,

P2n = PO
Let (po,...,p2n) € D. For every j € {0,...,n — 1}, we can apply Proposition
to obtain an outer solution y2;(t) = Yext(t; p2j, P2j+1;€,v’) defined in [0, T;], where
Ty = Text(p2j,p2j+1;€,v'). We recall that y; depends on pa; and pojii in a ct

manner. Also, from Corollary we obtain an inner weak solution yzj+1(t) :=
YP.,,, (tp2j41, p2j12;€,v") defined in [0, Ty;11], where Tojp1 :=Th,, (p2j4+1,P25+2; €, V)
(recall that vj < v4). Being L,/ invariant under re-parametrizations which preserve the
orientation, y2j4+1 is a local minimizer of the functional L,/ ([0, T5;11];-). We point out
that y2;41 could not be unique; however, if there is more then one minimizer of L,/ in
Kp,, we can arbitrarily choose one of them.

We set Ty, := Z?:oij k=0,...,2n—1, and

(yo(s) s € [0, %]

Y1 (S — so) S € [To, ‘21]
((Pkl,...,Pkn),z-:,l/) (S) .
/y(poﬂ"'7p2n)

Yon—2 (s — Ton—3) S € [Tan—3,Tan_2]
Yon—1 (5 — Tan—2) § € [Tapn—2,Fop_1].

. Py yeees Py )60 ) . . . . .. . .
The function 7((150 kl o )k") &) is a piecewise differentiable T, _1-periodic function. It is

a weak solution of the restricted problem (3.3 with Jacobi constant —1 in [0, To,—1] \
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{0,%o,...,%on_1}, but in general is not C* in {0, T, ..., To,_1}; however, the right and

left limits of the derivatives in these points are finite, so that it is in H'. It is also possible

that ((Pk17"'7Pkn)7€7V/)
V(po,...p2n)

has collisions. Thanks to Lemma [2.3.4] and Corollary |3.4.18] we

(g 2P ) ) is bounded above and bounded below,

are sure that the time interval of +,

(pO,---:an)
uniformly with respect to (po,...,p2n) € D, by positive constants; therefore for every
(po, - - -, p2n) € D the period of the associated function is neither trivial, nor infinite.

We introduce a function F' = F((pk17_..7pkn)7€7,,/) : D — R defined by

2n—1

Py ooy Py ) eV’
F(pos.-pan) = L (10, Sanlir ) = 30 Lo (10, Tk )
§=0

Proposition 3.5.2. There exists (po,...,Pp2n) € D which minimizes F'. There ex-
ist £, 0/ > 0 such that, for every (e,v') € (0,&) x (=v',0'), the associated function

PP )et) o , ,
((}(70 kl pgn)k") &) is a periodic weak solution of the restricted problem (3.6). The values

£ and v depends neither on n, nor on (Py,,..., P, ) € P".

Remark 3.5.3. Proposition [3.5.1]is an immediate consequence of this statement.

From now on, we will write ’y((P w1 Phn )5 t0 denote the periodic weak solution asso-

ciated to an arbitrarily chosen minimizer of F{ Pry s P )E)

We reach the result through a series of lemmas, following the sketch of the proof of
Proposition [2.5.1

Lemma 3.5.4. The function F' is continuous, so that there exists a minimizer of F in
the compact set D.

Proof. 1t is not difficult to adapt the proof of Lemma [2.5.3] O

Let (po,...,D2n) be a minimizer of F. We aim at showing that the minimality of

(Do, - - -, P2n) implies smoothness in the junction times for the associated periodic func-
Py, oo P
ton (PPl

B0rPom) oy ). In order to prove it, we would like to write explicitly the equation
VF(po,-..,P2n) = 0. As noticed in Section it is not evident that this can be done,
because of the lack of uniqueness of inner minimizers of M,, in K Py for this reason
it is not immediate that an inner solution depends smoothly on its ends. In order to
overcome the problem, we can use Proposition [3.4.19| and argue as in Section for
any j € {0,...,n — 1}, we consider a forward normal neighbourhood Us;1 of the point

D2j+1. Let us choose t, € (0,T5j4+1) such that

P2j+1 = Y2j11(te) € Uzjyr,  [P2jral <R, y([0,t]) C (Br(0)\ Br/2(0));
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There exists a unique minimizer y(-; pajt1,D2j+1;€, ) of M,s, and hence also of L,/
(up to a re-parametrization), which connects py;y1 and p2j41 in time 1, and depends
smoothly on its ends. For the uniqueness, ¥ has to be a re-parametrization of y2;41. Note
that if pa;j 11 € Uzji1 N Br(0), then there is a unique minimizer y(-; paj+1,P2j+1;€,v') of
M, which connects poj11 and paj41. We consider its re-parametrization
Y(-:p2j+1,P2j+1;€) such that

{é:’@ + 2/ig(t) = VO, (1))
LHO — By (1) = 1,

denoting by [0, T'(p2j+1,D2j+1)] its domain. Due to the minimality of
y(-;p2j+1, 2415 €, V') for L, such a re-parametrization exists, see Theorem In
this way

Y(- s D2j11,D2j41:6, V) = YPy, ., (-3 P2j+1,D2j415 €, V/)|[0,T(ﬁ2j+1,ﬁ2j+1)}‘
Let D2j+1 = {p2j+1 S (8BR(O)QUQj+1) : ’ﬁgj —p2j+1‘ S (5} We define G2j+1 .
D3ji1 — R by

Gaj1(p2j+1) = L ([0, T(p2j41)); Yext (- ; D25, P2j41; €, V))
+ L ([0, T (p2j+1, P2j+1)): (- s p2jr1, D2jg15 6, V))

where T'(p2j+1) denotes Text (P25, p2j+1; €, V') (we will adopt this notation in this section).
Of course, with minor changes we can also define a function G, for every j € {0,...,n}.
Note that G}, is continuous (for every k), since it is a sum of terms which are both
continuous with respect to pg. As a consequence, G has a minimum.

Lemma 3.5.5. If (po,...,Pon) is a minimizer for F, then py is a minimizer for Gj.

Proof. The proof is the same of Lemma [2.5.5 O

The main reason to pass from the study of F' to the study of the functions Gy, is that,
in contrast with F', Gy, is evidently differentiable for every k: only to fix our minds, we
focus on the case k = 2j + 13 L ([0, T(paj+1)]; Yext (- : P2js p2j+13 €, ') depends smoothly
on paj4+1 for the differentiable dependence of outer solutions with respect to the ends,
and L ([0, T(p2j+1,P25)]; (- ; p2j+1, D5 €, V")) depends smoothly on pyji; for Proposition
3.4.19, Therefore, the minimality of paj;1 implies that

if Poj+1 € D341

(the notation D5, denotes the inner of Dyji1). This partial derivative is a linear
operator from the tangent space Tj,. ., (0Bg(0)) into R. In what follows we show that,
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if £ and v/ are small enough, py € Dy, for every k, and that the stationarity conditions
are nothing but regularity conditions for the functions

ypy,  (t+Toj1 = T(P2j, P2j); Paj -1, b2ji 6, V') if t € [0, T(pa;, D2)]
G2 (1) = Q Yext(t — T'(Daj, D2j); D2j> D2j+1; €, V)
if t € [T(p2j,D25), T (D2, D2j) + T (P2jt1)]

and

Yext (t; P2j, D2jt1; €, V') if t € [0,T(p2j4+1)]
Coj+1(t) := qyp,,,, (t = T(P2j41); Dj, Paj1; €, V)
if t € [T(p2j+1), T(P2j+1) + T (P2j+1, P2j+1)]-

Taking into account that (j is (up to a time translation) the restriction of
((PpoeeesPrn)e") i g neighbourhood of the junction time T;_;, we obtain C! regularity
for y((PeyrPin) ") jtself,

Lemma 3.5.6. For every j =0,...,n — 1, paj € Daj, and for every ¢ € Ty, (Br(0)),
we have

0Ga; 1 . ~ . _
Wg(mj)[@] = ﬁ(y(T(pzj,pzj);m]’,pw;5, ’/) - yemt(0§p2j7p2j+1§57 V’)»90>~

For every j =0,...,n—1, paj11 € Dajy1, and for every ¢ € T),. , (Br(0)), we have

6G2' 1 1 . _ ~ ~
i (p2j+1)[¢] = ﬁ(yext(T(ij—l—l)?p2j7p2j+1§57 V') = (05 p2js1, P2j41: 6, V), ).

Proof. 1t is not restrictive to consider the derivative of (G; to ease the notation. The
same calculations work for the other cases. There holds

0G1 0 _ /
a =—L,(]0,T s Yext\" 3P0, P1,E,V
apy PV = gL (0. T @)yt (-0, P15, 0/)

0 oy~ ~
- TplLu’ ([0, T(p1,p1)]; 9(- 501, D156, V")) . (3.26)

Let us consider the first term in the right side, writing simply o instead of
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Yext (-3 D0, P15 €, V'); we consider ug(t) = yo(Tot), defined in [0,1]. It results

5o Lo (0Tl 0) = 5L (0, s
12 [ L1 o + 19 et 5]
+ |, (g o G 50)
12 /01 — I ity + Ty VB, - (ug), ng>
+ \}5 [(uOT(Ot) + Viug(t), ng(t»} :

1 . / Yo ]
= — ol(t) + V' yo(l), =— (¢
s |ttt + 0. Z2 0
In the second equality we use the Jacobi constant for gg, in the last one we use the
fact that gg is a classical solution of the motion equation. As in Lemma [2.5.6] we can
compute

0

82190(0) =0 aamyO(T(pl)) = Idr, (9BR(0))-
Hence 5 1
8p1L ([0, T(p1)];90) [] = 7z ((o(T(p1)), ) + V' (ip1, @) -

We can repeat the same computations for the second term in the right side of the (3.26)),
with minor changes: terming 1 = y(-;p1,p1;¢€,v'), we obtain

(fplm (0. (.71 70) [¢] = =5 ((1(0)- ) + /(i1 1)) =

Lemma 3.5.7. There exist £ > 0 and ' > 0 such that if € € (0,&) and |V'| < V' then
D minimizes G, = pr € D}, Vk.

The values € and V' are independent on (Py,, ..., Py, ) € P".

Proof. 1t is possible to adapt the proof of Lemma [2.5.7 O

Conclusion of the proof of Proposition[3.5.3 We can follow the proof of Lemma
in order to check that each (i is smooth. Recalling the construction of 7((P’“1""’P’“n)’5’y ),
the proof is complete. O
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3.6 Collision-free weak solutions

We will work with e € (0,&) which is fixed. The aim is to find a threshold 7], (¢) such
that, if [v/| < 7}, (¢), then A((PiysPin)e") g collision-free. It is necessary to distinguish
among:

l)a=1and N >4, 2) a=1and N = 3, 3) ae(1,2).

1) «a =1 and N > 4. We start by looking at Theorem Since N > 4, we
have a simple way to choose (Pj,...,Pj,) so that the weak solution A (Piy> i ),,0)
is a collision-free solution of the N-centre problem §j = VV.(y), with energy —1: it is
sufficient to take Pj, € P\ P; for every k = 1,...,n. Indeed in such a situation the
conditions (ii)-(b) or (ii)-(c) of the quoted statement cannot be satisfied. Note that if
N = 3 the set P\ P; is empty, and this is way that case deserves a different discussion.
Now, let € € (0,¢), V' € (-7, 7'), n e Nand (Pj,,...,P;,) € (P\P1)"; let (o, ..., D)
be a minimizer of F((ley_“’Pjn)’E’VI) found in Proposition and let 7((P]-1 """ Pin).e")
be the corresponding periodic weak solution of . Is it true that, for v/ sufficiently
small, such a solution is still collision-free? The answer is affirmative: the idea is that if
v/ = 0 the ”minimizers” v((Fi s Pin)er’) are weakly convergent in H? to ((FivrFin)€0)
which is collision-free. This is true in a local sense, and can be considered as a kind of
Gamma-convergence argument.

Continuity Lemma 3.6.1. Lete € (0,8), P; € P, ((p*,p3")) € (9BRr(0))? and (v),) C
(=0, 7). Let uy = up,(-;p{",Ph';€,v,) be a minimizer for the following variational
problem:

min {M,,/ (u) :u e K]’%npgn([o, 1])} .

Assume that (p7,p3) — (P1,D2), v — 0, and u,, — U weakly in H'. Then u is a
minimizer for
min {Mo(u) cu e KR (o, 1])} .

We postpone the proof of this lemma in the next section; now, as announced, we
use it in order to prove the following proposition, which is the last step in the proof of

Theorem (recalling Proposition and Remark [3.2.3)).

Proposition 3.6.2. Let « = 1 and N > 4. Let ¢ € (0,€). There exists vy(g) such
that for every v' € (—=v4(¢),v1(€)), n € N and (Pj,,...,P;,) € (P\ P1)", the function
'y((le""’an)’E’”l) is collision-free.

Proof. Let (Pj,,...,P;,) € (P\P1)" and v/ € (=7, 7). The key observation is the fol-
lowing: when »((FivrFin)e) stays inside Bgr(0), it coincides with a re-parametrization
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of an inner minimizer up,(-;p1,p2;¢, V'), for some p1,pe and P;. Therefore the thesis
follows if we show that there exist 7j = ] (), 51 = p1(e) > 0 such that

min min |up, (t; e V) —¢ >
ke{l,..,N} <te[0 1]‘ P, (t:p1,p2;6,v) k\) > b1

for every (p1,pa, Pj,v') € (0Br(0))* x (P \ P1) x (—1},#}).
Assume by contradlctlon that this claim is not true. Then there are (3,,) C RT, (v],) C

(=&, &), (P, py)) € (0BR(0))?, (P*) € (P\P1) and (km) C {1,..., N} such that
Bm — 0, v}, — 0 for m — oo, and

min |qu(t P, e ) — ¢kl = Bm Vm.

te[0,1]
Since {1,..., N} and P\ P, are discrete and finite, we can assume ky, = k and P]" = P;
for every m. Also, since dBRr(0) is compact, up to a subsequence (p{*,p5') — (p1,p2) €
OBg(0). We term uy, = up,(-;pf",py'; €,v,,). As shown in Proposition [3.4.15 the set
of the minimizers ZM. is bounded in the H I norm, therefore up to a subsequence
um —~u €K Jpgip 2([0,1]) weakly in H! (and hence uniformly). In particular, the function

u has at least one collision. Thus, Lemma |3.6.1| implies that @ is a collision minimizer of
My in K%72([0,1]); this is in contradiction with Theorem [2.4.14] since P; ¢ P; (recall

Remark [3.4.4)). O

Remark 3.6.3. The continuity lemma permits to restrict the attention to a unique
passage inside Bg(0); in particular the argument is independent on n, which can be
arbitrarily large.

2) a =1 and N = 3. This is the hardest part, since if we look at Theorem we
realize that it is not immediate to give conditions on (P, ..., Pj,) to obtain a collision-
free periodic solution 7(( iePin)20) for the fixed energy N-centre problem

{() Va(y())
L) = Vly(t)) = —1.

In order to work with a set of symbols such that the corresponding solutions are collision-
free, we introduced a particular set of symbols

g= {P1P1P2P3, P2P2P3P1} ;

i) € G, the weak solution 4((FinFisn)€0) of
the N-centre problem is actually a classical solution, because no composed sequence
of elements of G has the reflection symmetry which characterizes a collision trajectory

for every n and for every (Pj,...,FP; P
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(see Remark [2.6.4). For ¢ € (0,&), we aim at showing that, if [/| is sufficiently small,
for every n € N and (P;,, ..., P, ) € G" the function v((Fi1Fian)e¥) is still collision-
free. The idea for the proof is exactly the same which we have already used in point 1.
Unfortunately, while therein we can simply restrict our attention to the behaviour of any
inner minimizer (that is a local argument), here this approach does not work. Indeed,
for every P; € P and p; € 9Bg(0) it is possible that a minimizer of My in K%pl ([0,1])
has collisions. Therefore we have to use an argument which is local, “but not too much”;
it is important to keep in mind the procedure explained in Remark

We collect the possible groups of 5 consecutive partitions in ([2.75) in a set P5 C P.
Let us fix € € (0,2), p1,p10 € OBR(0), (P, ..., Pr.) € PP,V € (-1, 7). Let

B :={(pa,....po) € (0BR(0))® : |poj — p2j11| <6, j=1,...,4}.

As we associated to each point of D a periodic function, to each point of B we can

associate a (non-periodic) function in the following way. For each j = 1,...,4 we can
connect pyj and pajy1 with an outer solution ya2; = Yext(-;p2j, P2j+15€, V') of (3.12);
for each j = 0,...,4 we can connect poji1 and poji2 with an inner solution y2j41 =

yijH(' iD2j+1,P2j+2; €, V) of (3.18). We set t1 := 0, t5 := Zf;%’l} for k = 2,...,10,
where [0, 7] is the time interval of y;. We define

y1(t) t € [ty,ta]
v t—1 t € |la,1
o ey ) SR o0
yo(t —to) t € [to,t10]-

. . ). b P 7"'7P b !
By the definition a((pl P10):(Phy s )€:)
(p2;--,P9)

g((plvplo)a(Pkl7"'7Pk5)7€71/,) : B - R as

(tx) = pr. We introduce a function

((plvp 0)7(P 7"'7P )787’/)
S((p:hplo):(Pkl7"'7Pk5)7€71//) (pg, e ,pg) = Ll,/ ([O, th]; U(P2,...,1pg) k1 kg ) .

Note the analogy between the definition of § = S((phplo),(Pkl’.“,Pks)’s’y/) and of F' =
F((pklw7pkn)’€,,,/). The function § is continuous on the compact set B (apply the same
proof already used for the continuity of F'), therefore it has a minimum. We denote by
o ((P1:210),(Pey > Prs)27') the glued function associated to an arbitrarily chosen minimizer.
Let (Py, ..., P, ) € G". The following Lemma relates the minimality properties of F
and of §; in what follows the indexes have to be considered by periodicity: for instance
writing 2j + 5 we mean 25 +5 mod 8n.
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Lemma 3.6.4. Let (po,...,psn) € D be a minimizer of F(Pyy Py, iew)- Then, for
every j =0,...,4n — 1, the point (P2jt2,-..,P2j+9) € B is a minimizer of

3((ﬁ2j+1;ﬁ2j+10)»(ij+1 soesPhj 5 ),807) In particular

— ((P2j+1:P25+10)s(Ph; 41 - Ph sy 5)5E")
ry((ijﬂ"“’ij+5)757”')|[T2ja32j+1o] =0 s it .

Proof. It is an immediate consequence of the additivity of the functional L,.. O

As a consequence, the following statement can be proved applying the same argument
already explained in Remark

Lemma 3.6.5. Let e € (0,2). For every ((p1,p10), (Pays- - - Pis)) € (0Br(0))* x P the
function o ((P1:210),(Pry oo P )€0) g collision-free during its third passage inside the ball

Br(0).

We denote with T'(¢) or T((p(fl’p;z)) (P Phs) &) 416 maximum of the time interval of

o= ((pl’pm)’(Pkl""’Pk5)’5’u) We collect the boundedness properties of outer and inner
(p2,--,P9)

solutions, o6 Lemma B34 and Corollary [3.4.18]

Lemma 3.6.6. Let ¢ € (0,€). There are Cy,Co,C3 > 0 such that

((P15010)5(Preq 5+ Prg )s6,V")

< <

G = (p2,---,p9) < G
((P15010)5(Pieq 5+ Prg )s€:V")

19 g . p0) L o,y < Cs

for every ((p2,--.,p09), (P1,110)s (Pys- -+, Prs ), V') € B % ((9BR(O))2 x P53 x (=, v).

It is preferable to deal with functions defined in the same time interval. Therefore, for
((p17p10)7(P]€1 7"‘7Pk5)7€71/)

(D200D0) we introduce the re-parametrization
ERERE)

every o = o
o(t) = off b P ) gl B ),

defined for ¢ € [0, 1].

Definition 3.6.7. We collect the ”glued function” v in

gf == /U((pl’plo)v(Pkl:--~7Pk5):sz’/) (p27 o 7p9) S B7 ~(php10) S (8BR(0))2 )
' (p2,---po) (Pryy-- s Pey) € PO, V| < ¥/ '

For each v € GF. we term
Jo @ —1

w(v)? =
) 2f0|“\2
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Note that, if v(t) = o(T(0)t), then w(v) = 1/T (o). Note also that for every ¢ € (0,£)
there exists C' > 0 such that ||v||z1 < C for every v € GF.. Indeed, this follows from
Lemma taking into account the boundedness properties for the time intervals
of inner and outer solutions. In order to work with sequences of functions in GF., it
is convenient to introduce some notation. Fixed (Py,,...,P) € P° and ¢ € (0,&),
assume that we have ((pJ' ..., p0"))m C B, (07, 07))m C (0Br(0))?, (V.,) C (=, %)
such that

(P3'---pg') = (P2,---,P9) (P, P10) = (P1,D10) vy — 0.
We will use the following notations

((pl 1p10)7(PI€17 7Pk5) )

Um = Vi) Wy = W (V) (3.28)
(PT,278)>(Pay o Prg ) Vi)
Tm == (pg%, ,1;6”) e T =T (om);

Subscripts will be replaced by the accent ~ for the function corresponding to the limit
points. Recall that o, has been obtained by the juxtaposition of

YPey ., (3P DB 03 € Vi) =1 ajn and e (3 P55, Phj 115 €5 Vi) =t Y3
Each y7" is defined over a time interval [0, 77"]. There are 0 = 7" < 3" <...tg" <1} =

T'(om) such that oy, (t7") = pi* for every k = 1,...,10. We have T)" = ??H . For
7 =0,...,4, recall that

.y m . / m m . / _..m
yij+1(‘,p2j+1ap2j+2,€,V) UPk (Tm ap2j+1’p2j+2aevym> =t Ugj41-

2541
Lemma 3.6.8. Let ¢ € (0,8), (Py,,...,Pw) € P°. Assume that we have sequences
(D5 07D C B, (07 158))m © (BR(0))2, (vhy) C (~, ") such that

(' -o05") = (B2, P0) (P P0) = (P1,Pro) v = 0.

Using the notations previously introduced, assume that exists v € Hl([O, 1]) such that
U — v weakly in H'. Then

((phpl()) (Pk17 aPk5) € 0)

v =
(P2;-+-:P9)

Proof. 1t is sufficient to perform a series of successive re-parametrizations: indeed, we
know that under the convergence of the ends and of I/m, inner and outer solutions y;"
are weakly convergent to inner and outer solutions ¥y (see Propositions and the
Continuity Lemma ; therefore it turns out that v is nothing but the function
obtained by the juxtaposition of the limit arcs.

O
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To each ((p1,p10), (Prys- - -5 Prs), V') € (0BR(0))* x P? x (=i}, 7}) we can associate an el-
ement of GF; in the following way: it is well defined the function 3((p17p10)7(pk1 P )i
and we know that it has a minimum. To a minimum we associated the function
o ((P1:210),(Phy > Phs)€0") which can be re-parametrized obtaining v((P1P10):(PsyseeesPis ).e.v)
We are ready to state the counterpart of the Continuity Lemma [3.6.1

Continuity Lemma 3.6.9. Lete € (0,8), (Py,, ..., Pi) € P°, (07, 7)) C (0Br(0))?
and (V) C (=7, 7). Let vy, = o\ PIPI0)(PeysPis)2vin) be o function of GF. associated

to a minimizer of the following variational problem:

min {&(pin,p%),(Pkl,...,Pk5),s,u4n)(192v -y p9) (P2, ..., p9) € B}-

Assume (p7*,p78) — (P1,D10), v — 0, and vy, — U weakly in H'. Then ¥ is the
function associated to a minimizer for

min {3((51,510),(Pk1,...,Pks),s,O)(m, .yD9) : (p2,...,p9) € B}-

This result permits to prove the following proposition, which is the last step in the proof
of Theorem [3.1.2

Proposition 3.6.10. Let o = 1 and N = 3. Let ¢ € (0,6). There exists Uy(e)
such that for every v' € (—y(e),v5(¢)), n € N and (Pj,,...,Pj,,) € G", the function
A (PiPian) 24" s collision-free.

Proof. Let (Pj,,...,Pj,,) € G" and v/ € (—v/,7'). Let us consider the restriction of

v = AP Fia)2¥) in g time interval [sy, so], chosen in such a way that Vis,s0) de-
scribes one passage of 7y inside Br(0). The goal is to show that 7|}, ,,) is collision-free.
There are

e t; € R and py € 9BR(0) such that y(t;) = p, for every k =1,...,10.
o (Piy,...,Py) € PO,

such that v[p, ¢, = o((P1:010):(Pey - Prs)e') — 5 and Yis1,50] = Olits,t6)> Where t5 and tg
have been defined in (3.27)). This means that each passage of 7 inside dBg/(0) is the third
passage inside dBp(0) of a function ¢(P1:P10):(Perr-Pis)&) for some py, pro € OBR(0)
and (Py,,...,Pg,) € P>. This observation is the key point of the proof: it implies that
our thesis follows if we show that there are 7}, 82 > 0 such that

] ] ((Pl:Plo)»(Pk 1“'1Pk )1811’/)
min min ) 1 5 t)—c > 3.29
kellN) \ sef s e ] | (t) — el | = B2 (3.29)
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for every ((p1,10); (Prys-- -+ Prs), ') € (0BR(0))* x P5 x (=}, ); this implies that
p{(P1P10),(Phy s Pis ) €4) (and hence o{(P1P10):(PryooPrs)e2')) canmot, have a collision in its
third passage inside Bgr(0), independently on (p1,pi0) and (Pg,, ..., Pg;)-

Assume by contradiction that (3.29) is not true. Then there are (3,,) C RT, () C

(=7, %), (7, p8")) C (0BR(0))%, ((Pry,- .-, Piy)™) C PP such that B, — 0, v}, = 0
for m — oo, and

mln ’fu((p’inﬂp?(b))V(Pkl7---7Pk5)mvavl’;n)(t) — Ck’gn’| — ﬁm Vm

g
te {T(am "Tom)

Since P5 is discrete and finite, we can assume (Pg,...,P)" = (Pg,-...,Py,) for
every m. Also, since dBr(0) is compact, up to a subsequence (pi*,p5') — (p1,p2) €
OBR(0). We term vy, = v(PFPi6):(Pry > Pes)™&2m) - The image of vy, intersects the circle
0BRr(0) in 8 points (p5', ..., py") € B in succession. Up to a subsequence (p5’,...,pg") —
(D2, ---,D9). We observed that the set GF. is bounded in the H' norm, therefore up to
a subsequence v, — v € H*([0,1]) weakly in H' (and hence uniformly). The image of

v intersects the circle in the 8 points (pa, ..., pg) in succession. To be precise
~ ((ﬁl:ﬁlo)v(Pkl 7"'7Pk5)7€70)
U= Uig,...5o) €Gre,

see Lemma [3.6.8] By the Continuity Lemma the point (p2,...,p9) minimizes
S ((B1,510).( Py s Pis ),2,0) in B. But the uniform convergence implies that v has a collision

in its third passage inside Bg(0), and this is in contradiction with Lemma m O

3) a € (1,2). This is the easiest case, since for every € € (0,€), n € N, (P},,...,P},) €
P the weak solution »((FiFin)£0) is collision-free (Theorem [2.5.1)). Thus, we can
simply follows the sketch already developed for point 1) with minor changes.

Proposition 3.6.11. Let o € (1,2). Let € € (0,&). There exists 5(g) such that for
every V' € (—4(e), %4(e)), n € N and (Pj,,..., P;,) € P", the function y\(Fi-Fin)ev)
is collision-free.

3.7 Proofs of the continuity lemmas

3.7.1 Proof of Continuity Lemma [3.6.1

Let up be a minimizer of My in K%ﬁz([(), 1]). We aim at proving that My(u) = Mo (up).
We will briefly write L, for L,, and M,, for M,, . The following statement is a
continuity property for the functionals {M,,} in the set of the minimizers {u,,}.
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Lemma 3.7.1. The family {My}m tends to My as m — oo, uniformly in the set
{tm : m € N}. This means that for every A > 0 exists m; € N such that

m>m = |Mpn(us) — Mo(um)] <A Vm e N.

Proof. Let m € N. For every m we have

1

My tm) — Mo ()| < V] / ot ]

+f(/ anl) ([ vetom) 1 92— ([ ity 1)’

)2}
Let o (v) :== (fo n) — 1+ 57 um| > . It results

|som<u;1>—som<o>\§;< [ Vet 1) [l <

so that

-

2
|Mm<um>—Mo<um>rSRuumuzMnH\/fwluamuxu’> < Chl + (Wh)?).

where C' is a constant independent on m (see Proposition |3.4.15)). O

We want to compare M, (uy,) with M,,(ug). Because of the minimality property
of uy,, it seems reasonable to think that M,,(um) < My, (up). This is not immediate,
and not necessarily true, since wu,, is a minimizer of M,, for the fixed ends problem
min{ M, (u) : u € Kﬁnpgn([o, 1])}, while ug connects p; and p;. However, the fact that
p* — p1 and py’ — po suggests that maybe we can prove something similar (which in
fact will be equation ) For every p., p.«x € 0BR(0) we consider again the function
CR(*; Px, Ps+) which parametrizes the shorter arc of dBr(0) connecting p, and p.. in
time 1 with constant angular velocity. It is easy to check that

YA>03p>0: [pe—pus| <p = Mo(CR(-;Ps, Psx)) < A,

so that
Mo (Cr(t; P, p1)) < A
Mo (Cr(t; p2,p5)) < A

Furthermore, the following continuity property holds true.

YA>03dmeeN: m>my — { (3.30)
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Lemma 3.7.2. The family {My}m tends to My as m — oo, uniformly in the set
{CR(*; Psy Pex) & Dus D € OBR(0)}. This means that for every A > 0 exists ms € N such
that

m>mg = | My (CR(:;Ps Pex) — Mo(CR( 3 Py Pis))| S A Vs, Pase € OBR(0).
Proof. We can adapt the proof of Lemma with minor changes. O

Conclusion of the proof of the Continuity Lemma|3.6.1. Because of the minimality of
ug and the weak lower semi-continuity of My it results

For every m € NU {0} we have

w2

i |* — @y () = —1 ae. in [0,1] = V2Lp(up) = M (um),
2

where wy, = wp, (p1*, Pi'; €, v, ). The variational characterization of u,, implies that

My (um) = \/iLm(um) < \/ﬁLm(QR(‘ ;' p1)) + \@Lm(uﬂ) + \/iLm(CR( ;D2,P3"))

< Min(Cr(-5 01", P1)) + Min(uo) + M (Cr(-5 P2, 12"))-
(3.32)

We passed to the functional L,, in order to exploit its additivity property, which does
not hold for M,,. Lemmas and equation (3.30)) imply that for every A > 0 if

m > max{mj, mg, m3} then

M (um) > Mo(tm) — A

Moy (Cr(-5 07, D1)) < Mo(Cr(-5 P P1)) + A < 2A

M (Cr(- 302, 5")) < Mo(Cr(-; D2, P5")) + A < 2X
(uo)

m
My, (ug) < Mo(’LL()) + A

Hence, from equation (3.32) we deduce that, given A > 0, if m > max{mi, mg, ms},
then

Mo(um) = A < Mo(uo) +5X = limsup Mo(um) < Mo(uo).

m—r0o0

This, together with (3.31]), says that the sequence (Mo(unm))m has a limit and Mo (ug) =
My(u) = lim,,, Mo(uy,); in particular @ is a minimizer of M in Kf;;”([o, 1]). O
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3.7.2 Proof of Continuity Lemma (3.6.9

Let g = o ((P1:910),(Pry 5 Prs5),8,0) — E;fl,’.?lfi)Q)i(Pkl7“.,Pk5)7€70)
imizer of §(@, f10),(Py, .. Pry).c,0)> and let vo(t) = oo(T(opt)). We aim at proving that

, where (pa,...,pg) is a min-

My(v) = Mp(vp). We need two intermediate results. The first one is a generalization of
Lemma [3.7.] for the glued functions.

Lemma 3.7.3. Let (v,,) C GF., where each vy, is a glued function defined by (3.28]).
The family { My, }m tends to My for m — oo, uniformly in {vm, }m. This means that for
every XA > 0 exists mi € N such that

m>m; = |Mpy(vs) — Mo(va)| < A V.
Proof. We can adapt the proof of Lemma [3.7.3} the only difference is that we used the
uniform bounds

1
ll <R il <C /vsm)—lel Vu € TM..
0

Now we are considering glued functions, so we need similar properties for the function
of GF.. We have already noticed that there is C' > 0 such that ||| g1 < C for every
m; furthermore,

! 1 T2j1 AM,
m) — 1> 1) —1) > =1
| Vetom) =12 7o > L 0t =1 > 25 0

In what follows we will show that the ”length” L,. of an outer solution is a continuous
function of the parameter v/ in v/ = 0.

Lemma 3.7.4. Let paj,p2j+1 € OBR(0) be such that |pa; — p2jt1| < 0, let (v),) C
(=7, 7') be such that v}, — 0 asm — co. For every A > 0 there is mq = ma(p2j, p2j+1) €
N such that

| Lyr (Year(- 5925 P2j+15 €, Vi) — Lot (Year(- 59255 P2j+15€,0))] < A
for every m' € N.

Proof. We will write y,, instead of yext(:;p2j, p2j+1;€,v,,) and Ly, instead of L, to
ease the notation. Let T}, be such that v, (1)) = p2jt1-

Lo (ym)—L (o)l

D= U@l — [\, onl®) — Lo
Tm

To
n /0 (1)) 0 | <i2/0(75)a3'/0(75)>d75‘- (3.33)
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We have already observed (Remark |3.4.12)) that fol (tu,7) is continuous in the weak
topology of H'. We know that y,,, — yo C'-uniformly; it is not difficult to check that
consequently

Y (Tont) — yo(Tot)  Cl-uniformly in [0, 1], (3.34)

so that the second term in the right hand side of (3.33)) tends to 0 as m — oo (indepen-
dently on m). As far as the first term in the right hand side of (3.33) is concerned, it
results

/OTmﬁ%,g(ym(t))—uym e = [, n®) ~ i)

(2t om To)) — Ui T - wb nTun) ~ (7)) o)

/ ’\/<I> c(Um(Tmt)) —1—\/% <(yo(Tot)) —1’\ymT t)] dt

/ Vo (T0) 1 10T — i (T . (3.35)

It is well known that the function /- is 1/2-Holder continuous, so that for every m

1
/0 V@ n(Tnt)) = 1= /@y (0(T5t)) — Ll (Tont)]

(/ Vg (T)) = 1= /@, (0(Tot)) —1) dt>1||ym(’_]‘m.)||2

1
§C< /0 ’q)uén’e(ym(Tmt))—(I>,,;n7€(y0(Tgt))|dt> . (3.36)

In the last inequality, we took advantage of the uniform bound for the L? norm of outer
solutions, as usual. Both y,, and yo are outer solutions, therefore we can exploit the
fact that V; is C* with bounded derivatives outside 0Br(0); using also (3.34) and the

first estimate (3.13]), we obtain

sup ’(I)V’ z—:(ym(T t) — (I)V}n,s(yO(TOt))‘
te[0,1]

< (C+ vl Sl[lp]’ym(Tmt) —yo(Tot)| — 0 (3.37)
tefo,1

as m — oo, independently on m (recall that |v,| < 7).
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Furthermore, using again (3.34))

/ V@ 00(To) — 1 l0(Tot)| — L (T d

1
2

1
< Mim(Ton)| — li0(To) 2 ( [ gt - 1dt)

1
= (C + 2/ PR?) 2 |4 (T) = 90(To") [ — 0, (3.38)

as m — oo, independently on m. Collecting (3.36)), (3.37)), (3.38) and comparing with
(13.35)) we deduce

Jim | [ ) — Lgm(®) |dt—/ /a0~ in(0)] | =
uniformly in m, which gives the thesis. O

Concluston of the proof of the Continuity Lemma|3.6.9 The conservation of the Jacobi
constant holds true both for vy and v (recall that v € GF., as showed in Lemma ;
using this conservation property, the minimality of oy and the weak lower semi-continuity
of My, we have

Mg(vo) = Lo(’Uo) S Lo(a) == Mo(ﬁ) S lim inf Mo(vm). (339)

m—00

In what follows we briefly write M,,(0y,) = My, ([0,T(om)]; om), and pose p; := p1 and

P1o := p1o. The minimality of (p4’,...,pg") for ,3"(@7171’1,%)7(13,61’m’p%),s’%) implies that
(o) = VBlon) < VoLl )
) Py I 7P ~ ~
< V2 (Lo PO FUD 00y L (b B1)) + Eon(Ca( 3 Pro,213))
4 4
<V2 Y Lin(yp,,, , (-1 D241, P2j42:6, 7)) + > Lo (Yext (- ;525 Paj 115 €, Vi)
=0 =1

Lin(Cr(-5p7"P1)) + Lin(Cr(: ;@0&%)))

4 1
V2| Lu(yp,. o1 (3 P2j41, P2j42;€,0)) + > Lon(Yext (-5 Djs P2y 1365 Vi)
Jj=0 j=1

m(Cr(-5 P, P1)) + Lin(Cr(- 51710720717)))) . (3.40)
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In the last inequality we used the minimality of Ypy, +1(' i D2j> P2j+1; €, V). Now we
collect the uniform estimates of equation (3.30), Lemmas |3.7.2] |3.7.3| and [3.7.4f for
every A > 0 exists my := max{my, ..., max{mu(p2j, D2j+1) : j = 1,...,4}} such that

Mo (V) > Mo(vp,) — A

\/ELm(CR(' §p71n’]/9\1)) < Mm(CR( §p71nvﬁ1)) < 2A

V2L (Cr(-5 910, P78)) < M (Cr(-5 P10, PT0)) < 2X

L (Yext (- 1 D25 P2j+13 € Vi) ) < L (Yext (+ 3 D25 P2j+13 €, 0)) + A
M (vo) < Mo(vo) + A

for every m > ms. Therefore, for every A > 0 the chain of inequalities (3.40) gives

4

Mo(om) =A< V2 ZLm(ypij (*3P2j+1, P2j+2;€,0))
=0

4
+ ZLm(yext(' §]/7\2ja]/7\2j+1§570))> +(1+ \/5)4>\
=1

J
((P1,P10),(Pry s+ Py ):€,0)
= VL (o TR ) 4 (1 2
< My (00) + (1 +4/2)4A
if m > ms. With a change of variable, the previous inequality is equivalent to
Mo(vm) = A < Mp(vo) + CA = Moy(vym) < Mo(vo) + (C'+ 1)A

if m > ms; since A has been arbitrarily chosen, it results lim sup,, Mo(vy,) < Mo(vo);
comparing with (3.39) we deduce that Myvy) = My(v), and the proof is complete. [



Chapter 4

Entire solutions with exponential
growth for a nonlinear elliptic
system modelling phase
separation

4.1 Introduction and main results

In this chapter, which collects the results of [81], we investigate the existence of entire
solutions with exponential growth for the following semi-linear elliptic system:

—Au=—uw? in RV
—Av=—v?v inRV (4.1)
u,v >0 in RV,

where N > 2.

Therein, appears in the analysis of phase-separation phenomena for Bose-
Einstein condensates with multiple states. In what follows, we give a brief overview
concerning the physical background, and we refer to [5, 48|, 50] 65 [72, (73] [74] [75] 86]
and to the references therein for a complete discussion.

Wave-particle duality in quantum mechanics. At the end of the 19th century,
light was thought to consist of waves of electromagnetic fields which propagated accord-
ing to Maxwell equations, while matter was thought to consist of localized particles. This
division was challenged when, in his 1905 paper on the photoelectric effect, Albert Ein-
stein postulated that light was emitted and absorbed as localized packets, or “quanta”.



Entire solutions with exponential growth for a nonlinear elliptic system
176 modelling phase separation

Einstein postulate was confirmed experimentally by Robert Millikan and Arthur Comp-
ton over the next two decades; thus, it became apparent that light has both wave-like
and particle-like properties. Louis De Broglie, in his 1924 PhD thesis, sought to expand
this wave-particle duality to all particles: this idea has been formalized with the intro-
duction of a wave-function ¢ = (¢, x) which rules the evolution of a particle along the
time, in such a way that |+(¢,z)|? gives the probability to find the considered particle
at a given place x in a given time t. In 1926, Erwin Schrodinger published an equation
describing how this wave-function should evolve - the matter wave equivalent of Maxwell
equations - and used it to derive the energy spectrum of hydrogen.

Bose-Einstein condensates. Bosons constitute a family of particles which do not
obey the Pauli exclusion principle, so that it is possible that many bosons are in the
same quantum state. The Bose-Einstein condensation occurs when most of the particles
of a gas of bosons occupy the lowest energy quantum state; this phenomenon, predicted
by Bose and Einstein in the '20s, has been experimentally observed only at the end of
the 20th century by cooling a dilute gas of bosons to temperatures very close to the
absolute zero [5].

To describe the state of a Bose-Einstein condensate, Gross and Pitaevskii proposed
to employ the Hartree-Fock approrimation and the pseudopotential interaction model.

In the Hartree-Fock approximation the total wave function ¥ of the system of n
bosons is taken as a product of single particle functions :

n

\Il(taxla ce axn) = H¢(t,$z),

i=1
where z; is the coordinate of the i-th boson.
The pseudopotential model Hamiltonian of the system is

H(IB)=(—2h;A+V(x))+ > A

1<i<j<n

wo(x; — x5),

where h is the reduced Plank constant, m is the atom mass of the boson, V is the
external potential, d denotes the Dirac delta distribution, and w is the scattering length
relating different particles; if w > 0, then the interaction between two different bosons
is attractive, while if w < 0, it is repulsive.

It turns out that if the single particle wave-function 1 solves the so-called Gross-
Pitaevskii equation (which we report up to multiplicative positive constants)

ihopp = (A + V(z) — wly]?) v,

and satisfies a suitable normalization, then the total wave-function ¥ minimizes the
expectation value of the model Hamiltonian.
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Recently, the condensation has been observed also in mixture of gas [65] [75], and in
this case the model has to be modified in the following system of Schrédinger equations
(again, up to multiplicative positive constants):

10p; = (—A + V() —wilil* = X4 5ij|¢j!2> Vi
Y; € H(Q;C) for every t > 0,i=1,...,k.

Here w; and f;; are the intraspecies and interspecies scattering length, respectively. The
sign of w; describes the interaction between particles of the same condensate: w; > 0
means attractive interaction, while w; < 0 means repulsive interaction. Analogously, 3;;
describes the interaction between particles of two different condensates. Concerning the
boundary conditions, it is coherent with the model.

In what follows, we are interested in the so-called focusing case w; > 0 (we point
out that also the defocusing one w; < 0 has been studied, we refer e.g. to [20]), and,
only for the sake of simplicity, we pose k = 2. When looking for solutions of the form
Y1z, t) = e”Mlug(x), Pa(z,t) = e 2tyg(x), to which one usually refers as solitons,
one finds the following equations for the densities ug, va:

—Aug + (M +V(x))ug = wlu%ug + Bum}%
—Avg + (A2 + V(x))vg = wgvgvg + 6u%v§ (4.2)
ug,vg € H&(Q)

Starting from the pioneering paper [57], this system has been intensively studied, and
by now several results concerning existence, multiplicity, and qualitative properties of
the solutions are available (see e.g. [2, 6] [7, 58, [77, B5] and the references therein). In
what follows, we only make use of the fact that for every 8 < 0 there exists a solution
(ug,vg) which is positive, in the sense that both ug > 0 and vg > 0 in Q.

Phase-separation for Bose-Einstein condensates with multiple states. In re-
cent experiments regarding multiple condensates, it has been observed the occurrence of
phase-separation phenomena [50] [72]; that is, it has been observed that when the inter-
species scattering length S is negative and becomes larger and larger in absolute value
(this condition can be realized from a physical point of view, as explained in [72]), the
wave-functions of different condensates tend to assume disjoint supports: ugvg = 0 as
B8 — —oco in 2. From a mathematical point of view, the idea is that, as § is negative and
|f] becomes larger and larger, the competition between ug and vg becomes stronger and
stronger, so that it seems reasonable to think that the densities concentrate in different
sub-domains of 2.

The occurrence of phase-separation has been rigorously proved in [24] 25| [67) [91]:
under some additional assumptions, if {(ug,vg) : f < —1} is a family of positive solu-



Entire solutions with exponential growth for a nonlinear elliptic system
178 modelling phase separation

tions to (4.2)), then up to a subsequence it is convergent to some limiting profile (u,v),
which is a solution to

—Au+Mu=wu? inQ,

—Av+ Av =wyv®  in Q,

uv =0 in Q,

where Q, := {z € Q : u > 0} and Q, := {x € Q : v > 0} are positivity domains
composed of a finite number of disjoint connected components with positive Lebesgue
measure. At this point several questions naturally arise, such as the regularity of the
limiting profile and of the free boundary, as well as uniform bounds in suitable functional
spaces for the family {(ug,vg) : B < —1}. To answer these questions, one is induced to
perform a blow-up analysis on the interface between ug and vg. Let us consider points

xg € Q such that ug(xg) = vg(xg) =: mg;

we wish to scale the equations for ug and vg around such points in order to deduce some
information about the limit configuration. At least in dimension N = 1, Berestycki,
Lin, Wei and Zhao in [I2] showed that

m%B%CE(O,oo) as 8 — oo;

the knowledge of the asymptotic of mg permits to understand the correct scaling rate
of the equation: letting

. 1 . 1
tg(x) := m—ﬂu/g(m/g:v +23), vg(x):= m—ﬁvg(m,gac +x3)

2

ioc(R), to a positive solution of

there is accumulation of the sequence, in C

{u” =w? inR

v =u?v in R.

This is exactly system in case N = 1.

For higher dimensions, the behaviour of mg as 8 — +oo has not been rigorously
determined yet, but it is conjectured by the authors of [12] that the same asymptotic for
mg should hold. Under this assumption, it is possible to show that limits of the same
scaling converge to a solution of . Therefore, to understand the geometry of the
solutions of this system is clarifying about the behaviour of the segregation.

As a final remark, we observe that from a physical point of view also sign-changing
solutions of are interested, but, so far, the analysis of the phase-separation has
been leaded only for positive solutions. This is the motivation which induced us to
concentrate on u,v > 0 in (4.1)).
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Entire solutions of . In order to better motivate our interest in the existence
of solutions with super-algebraic growth, and to understand the main difficulties that
one has to face when dealing with , we review the known results concerning the
existence of positive solutions of the considered problem.

In [67], Noris, Tavares, Terracini and Verzini proved that if (u,v) is a nonnegative
solution of ([4.1]), and both u and v are globally a-Hélder continuous (for some o € (0, 1)),
then one between u and v has to be identically 0, and the other has to be constant. As
a consequence, it is possible to show that there are no solution to (4.1) (thus, strictly
positive in each component) satisfying the sub-linear growth condition

u(z) +v(x) < C(1+ |z|Y) vz e RY,

for some a € (0,1).

On the other hand, Berestycki, Lin, Wei and Zhao [12] proved the existence of a
positive solution for system (4.1) with linear growth, when N = 1: there exists C' > 0
such that

u(t) +o(t) < C(1+|t]) vVt € R;

this solution is reflectionally symmetric with respect to a certain tg € R, in the sense
that

u(to +t) =v(to —t) Vt € R,
and the following monotonicity condition holds true:

either ' > 0 and v/ < 0in R, or v/ < 0 and v/ > 0 in R.

The monotonicity insures that there exist the limits of v and v as t — +oo. Assuming
that v/ > 0 and v/ < 0 in R, it results

lim u(t) =0 and lim wu(t) =400

t——o0 t——+o00
lim v(t) =400 and lim v(t) =0.
t——o0 t—+o0

In a successive paper, Berestycki, Terracini, Wang and Wei [13] proved the uniqueness
of the positive solution for the 1-dimensional problem, up to rotations, translations,
scaling of type

(u(x),v(x)) = (Au(Ax), \w(Ax)),

and exchange of the components (we explicitly remark that system (4.1) is invariant
under these transformations). The following picture represents the qualitative graph of
the 1-dimensional profile which is symmetric with respect to ty = 0.
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t

Despite the lack of solutions with sub-linear growth, and the uniqueness of the so-
lution with linear growth, system has a large number of “geometrically distinct”
entire solutions; saying that two solutions (u1,v1) and (ug, v2) are geometrically distinct,
we mean that one cannot obtain (u1,v1) by (ug,v2) through a rotation, a translation,
a scaling or an exchange of the components. Concerning the terminology, we also say
that a solution (u,v) to has algebraic growth if there exist p > 1 and C' > 0 such
that

u(z) +v(x) < C(1+ |z|P) vz € RY.

In [13], the authors constructed entire solutions with arbitrary integer algebraic growth
in the plane R?, which are not 1-dimensional. To be precise, for any d € N\ {0}, they
proved the existence of a solution (u,v) such that

1
lim / u? 4+ v% € (0, +00), 4.3
s p 2N oo ( ) (4.3)

where N = 2. The quantity
1

2 2
— u” +v
rN-l /é)BT(O)

is the square of the quadratic mean of the pair (u,v) on the sphere 9B,(0); hence,
equation says that the solution (u,v) grows (in quadratic mean) like |z|¢, as |z| —
+00.

We point out that all these results concern algebraically growing solutions, and this
growth condition plays a crucial role in their proofs.

As a second remark, we underline that all the above results admit a counterpart for
the £ component system

—Aui = —U; Zj;éi u? in RN
u; >0 in RN;

we refer again to [I3] (see the forthcoming Theorem for the statement of the main
result).
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Finally, to complete this bibliographic introduction, we mention the fact that, mo-
tivated by some considerations in [12], great efforts have been devoted in proving some
De Giorgi-type conjectures for solutions of ; saying “De Giorgi-type conjectures”,
we mean the research of “reasonable” assumptions which ensure the 1-dimensional sym-
metry of a positive solution of system in RY. We refer to Chapter |§| and to the
references therein for more details.

The aforementioned results lead quite naturally to the following question: do there
exist solutions of having super-algebraic growth? We can answer positively to this
question, proving the existence of different types of solutions with exponential growth
for the considered system in R? (thus in RY for every N > 2).

In our construction we adapt the same line of reasoning used in the proof of Theorem
1.3 of [13], which we briefly describe. Firstly, for a fixed d € N and for any R > 1, the
authors proved the existence of a solution (ug,vg) to in the ball Br(0) C R?, with
boundary conditions

u=(Re(z)))T v =(Re(29))” on 0Bg(0),

and with the same symmetries of the pair (Re(z%)T, Re(2%)7). In a second time, they
passed to the limit as R — 4o00; by means of some monotonicity formulae, and strongly
exploiting the symmetries of (ug,vg), they showed that {(ugr,vgr)} converges (up to a
subsequence) to a nontrivial entire solution (u, v), which inherits by (Re(z%)+, Re(29)7)
the symmetries and the asymptotic rate of growth. In light of this constructive method,
we say that (u,v) is modelled on the harmonic function Re(z%).

We explicitly remark that the choice of a harmonic boundary condition is not acci-
dental: indeed, there is a deep relationship between solutions of systems of type
and harmonic functions. Roughly speaking, if we consider a sequence {(ug, vg)}, where

—Aug = —Bu/gu%
—Avg = —Bu%vg,

and we pass to the limit as § — 400, then the pair (ug,vg) converges (under suitable
additional assumptions) to a segregated profile (uso, Voo) such that us — v is harmonic
(cf. the forthcoming Theorem[6.2.3). It is not difficult to see that a sequence {(ug,vs)}
of the previous type can be obtained after a suitable scaling starting from a solution
of (cf. Theorem . In light of the procedure described above, the existence
theorem of algebraically growing solutions in [I3] can be seen as a counterpart of these
convergence results.

Here, having in mind the construction of solutions with exponential growth, we start
by considering the harmonic function

®(z,y) := coshxsiny.



Entire solutions with exponential growth for a nonlinear elliptic system
182 modelling phase separation

The first of our main results is the following.

Theorem 4.1.1. There exists an entire solution (u,v) € (C®(R?))? to system (4.1)
such that

1) uw(z,y +27) = u(x,y) and v(x,y + 27) = v(x,y);
2) u(—x,y) = u(z,y) and v(—z,y) = v(x,y);
3) the symmetries

v(z,y) =u(z,y—7m)  ulz,m—y)=v(z,7+y)

5o =n(gn) o(edees) (e
u 27,2 Yyl =u .’E,2 Yy v .’.E,27T Yyl =v CL’,27T Yy

hold;
4) u—v>0in{P>0} andv—u>0 in{P <0},
5) u>®" and v > ®~ in R%;
6) the function (Almgren quotient)
Jorx0.2m) (Vul? + Vo] + 2u?v?
Jirxo0m W2 + V2

T

is nondecreasing, and

: f(Oﬂ’)X(Ozn) |VU|2 + |VU|2 + 2u?v?
lim . 5 1.
r—+00 f{r}X[O,Qﬂ] uc +v

7) there exists the limit

1
lim 2’r/v U2 + v
r—+too e {r}x[0,27]

Remark 4.1.2. This solution is modelled on the harmonic function ®, in the sense that
it inherits the symmetries of (®*,®~) and has the same rate of growth of ®.

2= a¢€(0,400).

Remark 4.1.3. Point 7) of the Theorem gives a lower and a upper bound on the rate
of growth of the quadratic mean of (u,v) on {r} x [0,27] when r varies:

2
(/ u® + 112> =0(e") as r — +o00.
{r}x[0,27]
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The domain of integration takes into account the periodicity of (u,v): the quadratic
mean of (u,v) on {r} x [0,2n] has exponential growth, and the rate of growth is the
same of the function e”, which in turn has the same rate of growth of ®. Note that the
coefficient 1 in the exponent of €" coincides with the limit as r — +oo of the Almgren
quotient defined in point 6).

Remark 4.1.4. With a scaling argument, it is not difficult to prove the existence of
entire solutions with exponential growth of order A for every A > 0 (in the previous
sense). To see this, let

(U)\(.Z', y)v U)\(ZL‘, y)) = ()\u()\x, Ay)? )\’U()\J:‘, /\ZJ)) .

It is straightforward to check that (uy,wv)) is still a solution to (4.1)) in the plane, is
27 /A-periodic in y and is such that

ux(x,y) > X (cosh(Az)sin(Ay))" and wy(z,y) > A (cosh(Az)sin(\y))~ .

Moreover,
Jooryx(o.22) IVl + [Vor | + 20303
lim ) S — A, (4.4)
e Joyxfo.zz) U3 + 3

and
lim / u3 +v3 = Aa.
r——too @2AT {T}X[072Arr]

The solution (uy, vy ) is modelled on the harmonic function cosh(Ax) sin(\y). This reveals
that there exists a correspondence

{(ux,vr) : A > 0} > {sin(Az) cosh(Ay) : A > 0}.

Due to the invariance under translations and rotations of problem , the family
{(ux,vy) : A > 0} can equivalently be related with the families of harmonic functions
{cosh(Azx) [C] cos(Ay) + Casin(Ay)]|} or {[C5cos(Ax) + Cysin(Az)]cosh(Ay) : A > 0},
where C1,Cs,Cs,Cy € R.

As observed in Remark the limit of the Almgren quotient in describes
the rate of the growth of the quadratic mean of (uy,v)) computed on an interval of
periodicity in the y variable. The previous computation reveals that for every A > 0
we can construct a solution having rate of growth equal to A. This marks a relevant
difference between entire solutions with polynomial growth and entire solutions with
exponential growth: while in the former case the admissible rates of growth are quantized
(Theorem 1.4 of [I3], which we reported in Chapter |§|, Theorem , in the latter
one we can prescribe any positive real value as rate of growth.
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Remark reveals that, starting from the solution found in Theorem [.1.1] we
can build infinitely-many entire solutions with different exponential growth. However,
noting that system is invariant under rotations, translations and scaling, intuitively
speaking they are all the same solution. We wonder if there exists an entire solution of
having exponential growth which cannot be obtained by the one found in Theorem
[4.1.7) through a rotation, a translation or a scaling; the answer is affirmative. We denote

[(z,y) := e*siny.

Theorem 4.1.5. There exists an entire solution (u,v) € (C®(R?))? to system (4.1)
which satisfies points 1) and 3) of Theorem |4.1.1; moreover

2) for everyr € R

/ |Vul® 4+ |Vo|? + u?v? < 4o0;
(—o0,r)x(0,27)

4) u—v>0in{T' >0} andv—u>0in {I' <0};
5) u>T% and v >T" in R?;
6) the function (Almgren quotient)

f(foo,r)x(o,%) |Vul? + |Vv|? + 2u?v?

r s
f{T}X(O,Qﬂ') u? 4 v

is nondecreasing, and

f(_oo )% (0,27) |Vu|? + | Vo|? + 2u?0?
lim . . =1;
r——+00 f{r}X(O,Zﬂ) u2 + v2

7) there exist the limits

1
lim / uw? 402 =€ (0,+00) and lim u? 40?2 = 0.
{r}x[0,27]

r—-+00 62T r——00 {T}X[O,QW}

Remark 4.1.6. This solution is modelled on the harmonic function I'. As explained in
Remark it is possible to obtain a family of entire solutions which is in correspon-
dence with a family of harmonic functions.
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Remark 4.1.7. Note that the Almgren quotients that we defined in Theorem [4.1.1
and are different. They are both different to the Almgren quotient which has
been defined in [I3], and which will be considered in Chapter [f] This depends on the
different type of geometry of solutions with algebraic growth, which are asymptotic to
some homogeneous harmonic polynomial (in the sense specified by Theorem ,
and of the two types of solutions with exponential growth we constructed, which are
completely non-homogeneous: indeed, in both the cases there exists one variable which
carries the periodicity of the solution, and one variable which carries the information on
the growth of the solution.

Remark 4.1.8. In [13], the authors formulated the following question (see Open Prob-
lem 4 in the quoted paper): “are there solutions to such that the set {u = v}
contains disjoint multiple curves?” The solutions constructed in Theorems [.1.1] and
permits to answer affirmatively.

We can generalize our existence result to the case of systems with many components.

To be precise, given an integer k, we construct a solution (ug,...,ug) of

1=1,...,k, 4.5
u; > 0, ( )

{—Aui = —uy; Zj# uj2

in the whole plane R? having the same growth and the same symmetries of I, in the sense
specified by the following statement. Here and in the rest of the chapter we consider
the indexes mod k.

Theorem 4.1.9. There exists an entire solution (uy,...,ux) € (CC(R2))F to system
(4.5) such that, for everyi=1,... k,

1) ui(ac,y + k’]T) = u,»(:v,y);

2) the symmetries
s Y
wn@y) =uley-m  w (et +y)=w (el )
hold;

3) for every r € R

k

V| + utu? < 4o0;
/(—oo,r)X(O,kﬂ) Z ’ ‘ Z !

i=1 1<i<j<k
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4) the function (Almgren quotient)

k
f(—oo,r)X(kaw) i |Vuil® +2 Yi<ici<k U?“?

T T
f{r}X[O,kﬂ'] > i1 U

is nondecreasing, and

k
. —00,r) % (0,km i=1 il? 1<i<j<k 12 ?
. f( Y (0,km) 2ai=1 | Vtil* + 237 uiu L

T o0 k
o Sy (o) 2= 43

5) there exist the limits

k k
1
lim / Zuf =:y€(0,+0) and lim Zu? =0.
{r}x[0km] =

2
r—+oo e<’ r——00 {T‘}X[O,kﬁ] =1

This solution is modelled on I'. It is also possible to obtain a solution of the com-

ponent system (4.5)) modelled on ®; we describe the construction of such a solution in
Remark .5.151

Our last main result is the counterpart of Theorem 1.4 of [13] in our setting. This can
be quite surprising because, as we already observed, we cannot expect a quantization
of the admissible rates of growth dealing with solutions with exponential growth, see
Remark Nevertheless, if we consider solutions which are periodic in one direction,
prescribing a common period such a quantization can be recovered.

Theorem 4.1.10. Let (u,v) be a nontrivial solution of (4.1)) in R? which is 2m-periodic
iny, and such that one of the following situation occurs:

(i) it holds

lim u’ +v° =0,
T 00 J i x[0,27]
" J Vul? + Vol + ute?
Vu|* 4+ |Vu|* + u*v
d:= lim 220n)x02m) < +00;
r—+o0 f{r}x[0,27r] u? + v?
(ii) Oyu =0 = 0yv on {a} x [0,27] for some a € R, and
wr o [Vul? + [Vo]? + u?0?
d:= lim f( r)x(0,2m) | | < +00;

r—+00 f{r}X[O,Zﬂ] u? +v?
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then d is a positive integer, and

(/ u? + v2> = O(e) as r — +00;
{r}x]0,2x]

moreover, up to a subsequence, the family {(ug,vg) : R > 0}, defined by

M=

(un, ), vr(2, ) = ! - (u(z + Ryy), vz + Ry)),

(f{R}x[O,%r} u? + U2) :

converges in C2 _(R?) and in H. (R?), as R — 400, to (¥, U7), where

U(z,y) = e (C cos(dy) + Cysin(dy))
for some C1,Cy € R.

Notation. We deal with functions defined in domains of type (a,b) x R, where a < b
are extended real numbers (¢ = —oo and b = 400 are admissible). We often assume
that (ug,...,u) is km-periodic in y; therefore, we can think to (ui,...,ux) as defined
on the cylinder

Clap) = (a,b) xS where Sy, =R/(knZ).

We also denote X, := {r} x Sg. In case b > 0, a = —b, we simply write C}, instead of
C(~pp), to simplify the notation.

Structure of the chapter. In Section 4.2 we prove some monotonicity formulae
which we use in the rest of the chapter. We can deal with two types of solutions:
solutions satisfying a homogeneous Neumann condition, defined in a cylinder C', ;) with
a > —o0, or solutions defined in a semi-infinite cylinder of type C_ ;) and decaying at
x — —oo. For the sake of completeness, and having in mind to use some monotonicity
formulae in the proof of Theorem we always consider the case of systems with k
components.

The proof of Theorem is the object of Section It follows the same sketch
of the proof than Theorem 1.3 in [I3]: we start by showing that for any R > 0 there
exists a solution (ug,vR) to in the cylinder C'r, with Dirichlet boundary condition

ur = ®" and wvr=®  on {-R,R} x[0,27],

and exhibiting the same symmetries of (®*,®~). In order to obtain a solution defined
in the whole Cu, we wish to prove the C2_(Cs) convergence of the family {(ug,vg) :
R > 1}, as R — +o0. To show that this convergence occurs, we exploit the monotonic-

ity formulae proved in Subsection With respect to Theorem 1.3 of [13], major
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difficulties arise in the precise characterization of the growth of (u,v), points 6) and 7)
of Theorem [£.1.11

In Section we prove Theorem One could be tempted to try to adapt
the proof of Theorem replacing ® with I'. Unfortunately, in such a situation
we could not exploit the results of subsection this is related to the lack of the
even symmetry in the = variable of the function I' (note that the function ® enjoys this
symmetry). A possible way to overcome this problem is to work in semi-infinite cylinders
C(~c,r) and use the monotonicity formulae proved in subsection @ But to work in
an unbounded set introduces further complications: for instance, the compactness of the
Sobolev embedding and of some trace operators, a property that we use many times in
Section does not hold in C(_, gy. Although we believe that this kind of obstacle can
be overcome, we propose a different approach for the construction of solutions modelled
on I', which is based on the elementary limit

lim q)R(xvy) = F(l‘?y) \V/(l',y) € R27
R—+o00

where ®(z,y) = 2¢~F cosh(x + R) siny. We prove the existence of a solution (ug,vr)
of (4.1) in C_3p g), with Dirichlet boundary condition

UR = @E and vgp = ®, on {-3R,R} x[0,2n],

and exhibiting the same symmetries of (<I>J1§, ®). Then, using again the results of Section
4.2) we pass to the limit as R — +oo, proving the compactness of {(ug,vr)}.

Section is devoted to the study of systems with many components. As in [I3] the
authors could prove in one shot an existence theorem for 2 or & components (there are
no substantial changes in the proofs), it is natural to wonder if here we can simply adapt
step by step the construction carried on in Sections and [£4] or not. Unfortunately,
the answer is negative: following the sketch of the proof of Theorem [4.1.1] we can adapt
most the results of Sections and [£.4] with minor changes, but with respect to the
results of Subsections [4.3.2] and [4.4.2] we cannot show that the limit of the sequence
(u1,R, - - -, ug,r) does not vanish (this fact follows from a subtle technical point). This is
why we have to use a completely different argument which is not based on the existence
of solutions for the system of k& components in bounded cylinders (or in semi-infinite
cylinders), but rests on Theorem 1.6 of [13]. Roughly speaking, we will obtain the
existence of a solution of with exponential growth as a limit of solutions of the
same system having algebraic growth. Roughly speaking, we translate the limit

d
lim Jm [(1 + E) } =e"siny
d—+o0 d

in terms of solutions to (4.1]): we consider a sequence of solutions to (4.1]) with polynomial
growth of order d, and, after suitable scaling, we show that it converges to a solution of
(4.1) having exponential growth, that is, f{T}X[O,k'/r] Zle u? = O(e?) as r — +o0.
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The proof of Theorem is the object of Section

4.2 Almgren-type monotonicity formulae

Let £ > 2 be a fixed integer. In this section we are going to prove some monotonicity

formulae for solutions of

_ ‘ 2

—Au; = —u; Zj# u; (4.6)
u; >0

defined in a cylinder C(,) (this means that we assume from the beginning that the
function (uy,...,ux) is km-periodic in y).
In this section we use many times the following general result:

Lemma 4.2.1. Let (u1,...,ux) be a solution of (4.5) in C,py. Then the function

r»—>/ Z‘V%F —2 Z@ul

Er =1 1<7,<]<k Er =1
is constant in (a,b).

Proof. Let a <11 <1y <b. We test equation (4.6) with (9yu1,...,0zuy) in C .,y for
every 1 it results

1
Vuz us | u;0puy :/ Opt;)? —/ ;).
[ v+ (X [ @ [ o)

(r1,72) JF#i 2 1
Summing for ¢ = 1,...,k we obtain
[ (S Ta) =2 [ Yewr-2 [ Yo
C(T17T2) 1<j Xy Ery
which gives the thesis. O

4.2.1 Solutions with Neumann boundary conditions

In this subsection we are interested in solutions to (4.6) defined in C,p) (thus km-
periodic in y), with a > —oc0 and b € (a, +o0], and satisfying a homogeneous Neumann
boundary condition on X, that is,

Oyu; =0 on Y., for everyi=1,... k. (4.7)

Firstly, we observed that under this assumption Lemma implies



Entire solutions with exponential growth for a nonlinear elliptic system
190 modelling phase separation

Lemma 4.2.2. Let (u1,...,ux) be a solution of (4.6) in C,p), such that (4.7) holds
true. For every r € (a,b) the following identity holds:

k k k
/ Z |Vug)? + Z ufug =2 Z(ﬁxui)Q —|—/ Z((‘)yuif + Z ufug
) )

T i=1 1<i<j<k Tr =1 a j=1 1<i<j<k

For a solution (ug,...,ux) of (4.6) in C(, ) satisfying (4.7)), we define

k
E*™(r) ::/ Z\Vui|2+2 Z u?ujz,

Cla,r) =1 1<i<j<k
k
EVM(r) = Z |V, | + Z ufu?,
Cla,r) =1 1<i<j<k
k
,_ 2
H(r):= / Zul
r =1

Remark 4.2.3. The index sym denotes the fact that, as we will see, the quantities
E*Yy™ and £%Y™ are well suited to describe the growth of the solution (uy,...,ux) only
if (ui,...,ug) satisfies the , which can be considered as a symmetry condition.
Indeed, under one can extend (u1,...,ux) on Cae_pp) by even symmetry in the =
variable.

By regularity, F, £ and H are smooth. A direct computation shows that they are
nondecreasing functions: in particular

H(r) = 2 /E S il = 2507, (4.8)

where the last identity follows from the divergence theorem and the boundary conditions
of (u,...,u). Our next result consist in showing that also the ratio between E (or &)
and H is nondecreasing.

Proposition 4.2.4. Let (u1,...,ux) be a solution of (4.6)) in C(, ) such that (4.7) holds

true. The Almgren quotient
_ET(r)

H(r)

is well defined and nondecreasing in (a,b). Moreover

/ Jo, 2ic W05 %:{(f;) LI ds < N(r).

N9 (r)
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Analogously, the function (which we will call Almgren quotient, too)

B (r)

W) = e

is well defined and nondecreasing in (a,b), and

Jou, Ticgwdud [ fo Yioyubud\?
N (r) > 20(r) —" 2 —=2 :
- H(r)

In the rest of this subsection we briefly write F/, £, N and 9t instead of E*Y™ £5Y™,
N3Y™ and Y™ to ease the notation.

Proof. Since (u,v) € Hp (C(qp) is nontrivial, E and H are positive in (a,b) and
bounded for r bounded. We compute, by means of Lemma [4.2.2

/ Z|Vu,] —l—QZu

1<J
:/ 22(@;%)2 / Z 19) uZ Zu
2y ) 1<j 1<J

Note that d,u; = Jyu; on ¥,. Using the previous identity and the (4.8) we are in
position to compute the logarithmic derivative of N:

N'(r) _E'(r) H(r)
N(r) ~ E(r) H(r)

fE 8 ul fE 8 ul + Zz<] UZQUJ + fZ <J 3“3
fz > udyu; E(r)
fz >, u0, uZ

e Tiui
> 9 (fZ 8 u1)2 . fE,. Zz uaVuZ) fE 1<j 12 ?

Jo, Ziudui [y 30 E(r)
Js, i<
_ETTJ)ZO,

where we used the Cauchy-Schwarz and the Young inequalities. As a consequence, N is
nondecreasing in (a, b). Note also that

N( fE l<] — N(T)Z/ fES Zf:{z<3 ) st
a S

q (7“)
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for every r > a. The same argument can be adapted with minor changes to prove the
monotonicity of M. 0

As a first consequence, we have the following
Corollary 4.2.5. Let (u1,...,u) be a solution of (4.6) in C(qyp) such that (4.7) holds.
(i) If N(r) > d forr > s> a, then

H(r) _ H(ra)

2 = g2 Vis<r <rg<hb,

ii) If N(r) < d forr <t <b, then

H(ry) S H(rg)

> Va<r <ry<t.
62d7°1 62dr2

Proof. We prove only (i7). Recalling that H'(r) = 2E(r) (see (4.8)), we have

d _
g log H(r) =2N(r)<2d  Vr € (a,t].

By integrating, the thesis follows. O

The next step is to prove a similar monotonicity property for the function FE. Our
result rests on Theorem 5.6 of [I3] (see also [12]), which we state here for the reader’s
convenience.

Theorem 4.2.6. Let k be a fized integer and let A > 1. Let

L(k,A) =
' 2T
min /0 zl:(

where the indexes are counted mod k. There exists C > 0 such that

(’;)2 COA VA< Lk A) < (’;)2

Remark 4.2.7. Having in mind to apply Theorem on 2m-periodic functions, we
note that the condition fi(m +t) = fi(m —t) can be replaced by fi(t +7) = fi(t — 1)
for any 7 € [0, 27).

o fee HY((0,27)), [7TY =1
f+1) fit=2), Alx+t) = filz—1t) [’

1<j



4.2 Almgren-type monotonicity formulae 193

For a fixed r¢ € (a,b), let us introduce

@(r;mo) / _ds
;70) = :
ro H(s)t/4

The function ¢ is positive and increasing in r; thanks to point (i) of Corollary
and to the monotonicity of N, whenever (u,v) is nontrivial ¢ is bounded by a quantity
depending only on H(rg) and N(rg). To be precise:

lN('r’o)'r’o
plrirg) < 2———— [eaN OO0 _ o=y NGroyr ] (4.9)
H(T’U)ZN(T())

This, together with the monotonicity of ¢(-;7¢), implies that if b = 400 then there exists
the limit
lim @(r;rg) < +oo. (4.10)

T—+00

Lemma 4.2.8. Let (u1,...,ux) be a solution of (4.1)) in C,p) such that (4.7) holds.
Let ro € (a,b), and assume that

ui+1($,y) :Uz‘(fL’,y—Tf) and Ui ($77+y) = U1 ('va—y) (411)

where T € [0,km). Then there exists C > 0 such that the function r

E( ) Ccp(rro) is
e2r

nondecreasing in v for r > rg.

Proof. Recalling the (4.8]), we compute the logarithmic derivative
d log E(r)\ o e, 2 (Dyui)* + Js. 2 i (Oyui)? + 2Zz<j ?
dr fEr 7;7118,,1%

To apply Theorem we observe that X, = {r} x [0, k~], so that

/Z@uz —|—2Zu / Z@ulry —|—2Zulry u]ry) dy

1<J 1<j

/zﬂz Oyti;(1,y)) +2( ) Zuzry )2i(r,y)* dy, (4.13)

1<j

(4.12)

eQr

where 4;(r,y) = u; (r,ky/2). By a scaling argument, thanks to assumption (4.11)) (see
also Remark [4.2.7) we can say that for every A > 1/2 it holds

2 _ K\’ 2A i i
[ S @t + () s iy S0 00

i Ui(ra y) dy i<j

2£<k,2A(§>2> /O%Xi:ﬂi(r,y)?dy:zﬁ (k: 2A< ))/Zzﬁ
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The choice )
i 2
A= ii(r,y)*dy = —H
/ > i) dy = HO)

yields

/ngz(aul(ry ( ) > aai(r )iy (r,y)® dy > E ke, kH (r /Zu

1 1<j

and coming back to (4.13) we obtain

/Z Oyui)” +2 uiul > <2> E(k,kH(r))/TZu%

1<J

Plugging this estimate into the (4.12)) we see that

d._(E@r) e X @)+ )" L (k, kH(r)) f,
—— log > —
dr e2r fEr > uidyu;
2 C
> —24+2- k,kH > -
- + k L"( ? (T)) — H(T)1/4
where we used Theorem [£.2.6] An integration gives the desired result. O

Lemma 4.2.9. Let (u1,...,ux) be a nontrivial solution of (4.6) in C(4 o), and assume
that (4.7) and (4.11) hold. If d :=lim, 4o N(r) < 400, then d > 1 and

FE
lim (r) > 0.

r—+00 62

Proof. Let us fix 79 > a. Firstly, from the previous lemma and the (4.10)), we deduce

that there exists the limit
E(r)
l:= lim

r—+oo €27

> 0.

Recalling that ¢(r;79) is bounded, it results

E(T) > e —Cp(r;rg) Z\'0) ( ) >C>0 Vr > ro,

627" — 627'0

so that the value [ is strictly greater then 0. Now, assume by contradiction that d =
lim, 1o N(r) < 1. The monotonicity of N implies N(r) < d for every r > 0. Hence,
from Corollary [£.2.5] we deduce

H(r) _ Hir)
62d7" — 62dr0

H{(r)

2dr

H
<400 — lim gr) =0,
r—+oo e’

Vr >rg = limsup
r—+oo €
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which in turns gives

0<l= lim Elr) = lim N(r) lim Hr) =

r—too €21 r—+o00 r—too 2"

a contradiction. O

4.2.2 Solutions with finite energy in unbounded cylinders

In what follows we consider a solution (ui,...,u;) of (4.6) defined in an unbounded
cylinder C(_qp), with b € R (the choice b = +oo is admissible). In this setting we
assume that (ui,...,u) has a sufficiently fast decay as x — —oo, in the sense that

/Zu —0 asr— —oo. (4.14)
by

T =1

First of all, we can show that under assumption (4.14]) the function (uj,...,ux) has
finite energy in C(_q ).

Lemma 4.2.10. Let (u1,...,ux) be a solution of (4.5) in C(_oyp, such that ( -
holds. Then
Wb (r / Z |Vug|? + Z ufu? < 400 Vr < b.
Cleoor) i=1 1<i<j<k

The index unb stands for the fact that the energy is evaluated in an unbounded
cylinder, and will be omitted in the rest of the subsection.

Proof. Firstly, being a solution in C(_ ), it results (u1, ..., ux) € Hlloc(c(—oo,b))' Thus,
under assumption (4.14), there exists C' > 0 such that H(r) < C for every r < b.
Let r9 < b. Let us introduce, for r > 0, the functional

e(r) = / Z|Vuz\2+2u
C(*TJrTo ro) i 1<j

For the sake of simplicity, in the rest of the proof we assume rg = 0 (thus b > 0). By
direct computation and an application of Lemma [4.2.1], we find

/ SVl + St

1<J

_2/_ Z D)2 / Z\kuzu / CEDR

1<J 7
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that is

/ > (0rui)? = %e'(r) +Co.

On the other hand, testing equation (4.5)) in C(_, oy by (u1,...,ux) and summing for
i=1,...,k, we find

e(r) < / Z |Vu)? + 2 Zufu? = / Zui&pui — / Zui&pui
Ci—ro) 4 i<j Lo Sor

< /E 0 Zuau + ( / ) ;wmui)z)% ( / Zu2>

Let us assume by contradiction that e(r) — 400 as r — +oo. Taking the square of the
previous inequality, using the boundedness of H and assumption (4.14)), we have

azle(r)+C1)2=2Cy < €(r) forr>7
e(r) > 0,

for some Cp,C7 > 0 and 7 sufficiently large. Any solution to the previous differential
inequality blows up in finite time, in contradiction with the fact that (ui,...,u) €
HI{)C(C(,OOJ,)). As a consequence e is bounded and, by regularity,

/ Z |V |* + Zufu? <400  Vr<b. O
c

(—oor) 4 i<j

Remark 4.2.11. As a byproduct of the previous lemma, if (u1, ..., u) solves the (4.5
in C(_ ) and (4.14) holds, then

lim &(r) =0.

rT——00

Having in mind to recover the monotonicity formulae of the previous subsection in
the present situation, we cannot adapt the proof of Lemma where assumption
(4.7) played an important role. However, we can obtain a similar result with a different
proof.

Lemma 4.2.12. Let (u1,...,ux) be a solution to (4.1) in C(_sp), such that (4.14)

holds. Then i B}
/E Z V| + Z ulzuj2 =2 Z(@xui)2

=1 1<i<j<k Br =1

for every r < b.
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Proof. We use the method of the variations of the domains: for ¢ € Cl(—o0,r), we
consider

uie(®,y) =ui(z +ev(z),y)  1=1....k
It is possible to see (uie,...,ur.) as a smooth variations of (u,...,u;) with compact
support in C(_q ,y: indeed

ui(z +ep(x), y) — ui(z, y) = 0au(&e, y)(z),

where &; € (z,2 + ey)(x)). To proceed, we explicitly remark that any solution to (4.5
is critical for the energy functional

k
J(vi,.. ., 0) = Z|Vvi]2+ Z v?v?-
Cleoo,b) j=1 1<i<j<k

with respect to variations with compact support in C2°(C(_op)). We observe that
J(ui,...,u;) = E(Db). As (u1,...,ui) is a smooth solution of (4.5) with finite energy
E(r), it follows that

fc(*oo,T) 2| Vuiel* + 2i<j uiau?,a —&(r)

0 = lim
e—0 g
-/ O (S [Vus(a + (), )
C(_Ooyr) 88 : (A )
+ 3wl (@ + e (), y)ud(z + e (x), y) dwdy (4.15)
1<j e=0
+2lim (@) Y (Opui)* (v + et (w)) dady
T Coo,m) i
= / 2 Z(amui)Q — Z V| + Zufu? '
Cl—co,r) i i i<j

for every ¢ € Cl(—oo,r). Since £(r) < +oo, for every ¢ > 0 there exists a compact
K. C C(_ur) such that

/ ZWU,]Z—FZufu? <e.
Claso,m\K= 5 i<j

Let now 1 € C'(—o0,7) be such that [9]le1(—o0,r) < +00 and 3 = 0 in a neighbourhood
of 7. Tt is possible to write 1) = 11 +1b where ¥ € C}(—o0,7) and supp 1 x (R/k7Z) C
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(C—sor) \ Ke). Therefore, from (4.15) it follows

/C 23 (0’ = | vl + Xt | | v

(—o0,7) 7 1<J

— ax i 2 !
/C(OCW\Ks 22;( U Z\Vu| —i—Zu Wl

1<J
< 3l (o) | S vl + | <=

(—o0,m) \ K& ] i<j

Since € has been arbitrarily chosen, we obtain

/C 2> (Opu;)® — Z\WZF +Y uied | | ¢ =0 (4.16)

(—o0,7) % 1<J

for every ¢ € C*(—o0,r) such that [%]le1 (—o0,r) < +00 and ¥ = 0 in a neighbourhood of
T

Now, let ¢ € C'((—o0,r]) be such that [|¢h[ler((—oos)) < +o0. For a given & > 0, we
introduce a cut-off function n € C*>°(R) such that

1 ifs<r-—e¢
n(s) = .
0 ifs>r—¢g/2.

Since ny € C'(—o0,r), m]le1(—o0,r) < +00 and mp = 0 in a neighbourhood of r, from

(4.16) we deduce

/C 23 (0pu;)® — ZIVuz!2+Zu ny’

(—o0,7) 7 1<J

:/ Z|VU1|2+ZU —QZaul 0. (4.17)

Cl—oo.r) i<j

Denoting by

Z]Vuz\Q—i-Zu —228%2 P,

1<J
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the right hand side is

/0 ) ( / _ ' @)y () dx) dy = — /0 = e ) dy
- /01”r (/T;n(év)aw(w,y) dw) dy

= / 2 Z(azuif — Z |V |* + Zufug Y +o(1)

1<J

as ¢ — 0, where the last identity follows from the regularity of (u1,...,u) and from
the C'-boundedness of 1) and 7. Passing to the limit as ¢ — 0 in the ([4.17)), we deduce
that for every ¢ € C'((—o0,7]) such that [|¢)|le1((—o,p) < 400 it results

/ 2 O — [ V2 + S ua? | | v
C i 7

(—o0,r) % 1<j
_ / 23 (@) — | 3 Va2 + S w2 | | .
r 7 7 1<j

Choosing ¥ = 1 we obtain the thesis. O

This result permits to prove an Almgren monotonicity formula for a solution

(u1,...,ug) of (4.5) in C(_p) such that (4.14)) holds. Let us set

k
Evmt(r) = Z IV |* 4 2 Z u?u?,

Claoor) i=1 1<i<j<k

We briefly write E in the rest of the subsection. Clearly, Lemma [£.2.10] and the fact
that £(r) — 0 as r — —oo (see Remark 4.2.11)) implies that

E(r)<+4oco Vr<b and lim E(r)=0. (4.18)

T——00

By regularity, F,€ and H are smooth. A direct computation shows that E and &£ are
increasing in r. As far as H is concerned, with respect to the previous subsection we
cannot deduce the identity by means of a simple integration by parts, since we are
working in an unbounded domain. However,
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Lemma 4.2.13. Let (u1,...,ux) be a solution to (4.5) in C_y), such that (4.14)
holds. Then

k
H'(r) = 2/2 Zuial,ui =2E(r)

™ i=1

for every r < b. In particular, H is nondecreasing.

Proof. For every s < r < b, the divergence theorem and the periodicity of (uq,...,ux)
imply that

E(r) :E(s)+/ Z\Vui\2+22u?u?
Cls,m)

i i<j
:E(s)—/ Zui&cui—i—/ Zui&,ui.

We consider the second term on the right hand side. Let n € C2°(—1,1) be a non
negative cut-off function, even with respect to r = 0, such that 7(0) =1 and n < 1 in
(—=1,1). Let ns(x) = n(z — s); testing equation (4.6) with u;ns in C,_y ), we find

/ Vu; - V(uins) + u? Z u?ns = / w; Optl;
CV(s—l,s) s

(4.19)

i#]
Summing for ¢ = 1,..., k, we obtain
/ Z u;Opty = / Z (wiOzuiny + [Vu;[*ns) + 2 Z u?u?ns
s q C(s—l,s) i Z<] (420)

<O Y il )+ EG).
i
where the last estimate follows from the Holder inequality. We claim that

Z HUiHHl(C(S_LS)) — 0 as § — —00.

(2

This is a consequence of the Poincaré inequality

/ ’LL2 <C / U2 + / |VU|2 Yu € Hl(c(s—l,s))
C(sfl,.s) s C(S*LS)

together with assumption (4.14]) and the fact that E(s) — 0 as s — —oo (see (4.18)).
Thus, from the (4.20) we deduce that

Jim [ D won =0
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which in turn can be used in the (4.19) to obtain the thesis:

E(r) = lim <E(5) —/ Zuz‘axuri-/z Zuiauui> =/ Zui&/ui. O

In light of the previous results, the proof of the following statements are straightfor-
ward modification of the proofs of Proposition Corollary and Lemmas [4.2.8
and [4.2.9

Proposition 4.2.14. Let (u1,...,ux) be a solution of (4.6) in C(_opy such that (4.14)
holds. The Almgren quotient

_ Eunb(r)

- H(r)

N“"b(r) :

is well defined in (—oo,b) and nondecreasing. Moreover,

s = - <
- H(s) ds < N(r)
. unb unb(r) . .
Analogously, the function W™ (r) := 0 is well defined in (—o0,b) and nondecreas-

mng.
We will briefly write N and 91 instead of N*™ and 9% in the rest of this subsection.

Corollary 4.2.15. Let (u1,...,ux) be a solution of (4.6) in C_yp) such that (4.14)
holds.

(i) If N(r) > d forr > s, then

H(ri) _ H(rs)
6247’1 — 6247"2

Vs<ri<ry<hb,

ii) If N(r) < d forr <t <b, then

H(n) _ Hr)

6231”1 - 6287“2

Vri<ry <t.

For a fixed ry < b, let us introduce

plrire) = [
;70) = — -
o AT
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The function ¢ is positive and increasing in R™"; thanks to point (i) of Corollary [4.2.15
and to the monotonicity of N, whenever (u,v) is nontrivial ¢ is bounded by a quantity
depending only H(r) and N(rp):

6%N(ro)ro

- 71N(7‘0)7‘0 - 7lN(r0)r
H(ro)a N (ro)

o(r;ro) <2 e 2 e 2

This, together with the monotonicity of ¢(+; rg), implies that if b = +o0 then there exists
the limit
lim @(r;ro) < +oo.

r—-+00

Lemma 4.2.16. Let (u1,...,ux) be a solution of |.1)) in C(_p) such that (4.14)
holds. Let ro € (—o0,b), and assume that

uit1(x,y) = ui(z,y —7m) and wu(x,7+y) =u(z, 7 —y) (4.21)

E(T) eCLp(T‘;T‘o) is

where 7 € [0,km). There exists C > 0 such that the function v —5=
e

nondecreasing in v for r > rg.
Lemma 4.2.17. Let (u1,...,u) be a nontrivial solution of (4.6) in Cx, and assume
that (4.14) and (4.21) hold. If d :=lim, 400 N(r) < 400, then d > 1 and

im 20 S

r—4oo e2r

Remark 4.2.18. The achievements of this section hold true for solutions to
—Aup = —Pui Y24, uj2
u; >0
with the energy density
Z |Vug|? + 2 Z u?u? replaced by Z |Vu|* + 28 Z ufu?
i i<j i 1<j
4.2.3 Monotonicity formulae for harmonic functions

Here we prove some monotonicity formulae for harmonic functions of the plane which
are 27 periodic in one variable. In what follows, in the definition of C(4p) and ¥, we
mean k = 2. The following results will be useful in Section 4.6

Firstly, it is not difficult to obtain the counterpart of Lemma
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Lemma 4.2.19. Let ¥ be an entire harmonic function in C(qp). Then
r%{/!VWF—QWi
Xy

1s constant.

Proof. We proceed as in the proof of Lemma for a < r1 < 19 < b, we test the
equation —AW = 0 with ¥, in C(,, ,,) and integrate by parts. O

In what follows we consider a harmonic function ¥ defined in an unbounded cylinder
Cl—oop), With b € R or b = +o00. We assume that

H(r;¥) := / U? 50 asr— —oo. (4.22)

Lemma 4.2.20. Let ¥V be a harmonic function in C(_ ) such that (4.22) holds true.
Then

(i) for every r € R it results E*"(r; ¥) := / VT[] < 400
Clcom)
(ii) it results

/JVWF=2/K%WV (4.23)

Proof. In light of Lemma [4.2.19] it is not difficult to adapt the proof of Lemma [4.2.10)
and obtain (7). As far as (ii), we can proceed as in the proof of Lemma [4.2.12 O

Proposition 4.2.21. Let ¥V be a nontrivial harmonic function in C(_yp), such that
(4.22) holds true. The Almgren quotient

Jo V0P
G

is nondecreasing in r. If N(-;U) is constant for r in some non empty open interval
(ri,m2), then N(r; V) is constant for all € R and there exists a positive integer d € N
such that N(r; W) = d; furthermore,

N“nb(r; U):

W(z,y) = [C) cos(dy) + Cosin(dy)] e®

for some C1,Co € R.
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Proof. The Almgren quotient is well defined, thanks to Lemma To prove its
monotonicity, we compute the logarithmic derivative by means of the Pohozaev identity
and the fact that H'(r; ¥) = 2E“"(r; U) (this follows from (4.22)), and can be
proved using the argument in Lemma :

(Nunb)l(,r; ‘11) B er IV\IJ‘Q fzr Vo,
unb (.- - 2 2
N ®) o TP
s 10 - fs, vo, ¥ 0
N fEr vo, v fEr 2 =

where in the last step we used the Cauchy-Schwarz inequality.
Let us assume now that N (r; W) is constant for r € (r1,72). By the previous
computations it follows that necessarily

2
/ |ax\p|2/ 112:(/ \Ijax\p>
Xr Xr Y

for every r € (r1,72). Again from the Cauchy-Schwarz inequality, we evince that it must
be
0,V = \U on X,

for some constant A € R and for every r € (r1,72). Solving the differential equation, we
find that ¥ is of the form

U(z,y) = (y)e”.
This, together with the equation AV = 0, yields

¢1/ + )\2,¢ =0 = \I/(l‘, y) = [Cl cos()\y) + s Sln()‘y)] eAm

for every (z,y) € (r1,72) x R, and ¥ can be uniquely extended to R? by the unique
continuation principle for harmonic functions. Since ¥ satisfies the condition and
is nontrivial, it follows that A > 0. The proof is complete, recalling the periodicity in y
of the function ¥ and computing its Almgren quotient. O

4.3 Proof of Theorem 4.1.1]

In this section we construct a solution to modelled on the harmonic function

®(z,y) = coshxsiny. Before proceeding with the proof, we report some results which

will be useful in this and in the next sections, for which we cannot find proper references.
We start with the following version of the parabolic minimum principle.
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Lemma 4.3.1. Let N > 2, let Q = (a,b) x Q' C RN be open and connected, let
c € L>®(Q) and let w € HY(Q) be such that

wy — Aw > c(z)w  in [0,T] x Q
w >0 on {0} x Q
w >0 on (0,T) x (a,b) x 9,

and w has (b — a)-periodic boundary condition on {a,b} x Q. Then w > 0.

Proof. Let J(t) := 3 [o(w™)%. A direct computation shows that .J'(t) < 2llel| oo () (1),
where we used the boundary conditions. Consequently,

J(t) < JO)eAlele=@t =0 vt e0,T]
where the last identity follows by the initial condition. O
Remark 4.3.2. Note that we do not require anything about the sign of c.
We will exploit many times the following properties of the trace operators.

Theorem 4.3.3. For a < b real numbers, let C,p) = (a,b) X Sg be a bounded cylinder.
The trace operator

Tre,, :u€ H (Cup) = uls,us, € L (X USy)
18 compact.

Proof. For the sake of simplicity we consider the case ¢ = 0 and b = 1. Let (u,) C
H'(C(p,1)) be such that u, — 0. We show that up|s,us, — 0 in L*(Xo U X1). Let
w(z,y) = z(x — 1). We note that d,w =1 on g U 3. Let

F(z,y) = Vw(z,y) = 2z —1,0) and g(z,y) = Aw(z,y) = 2.

By the divergence theorem

2/ ui—/ (divF)u%;——/ 2unF-Vun+/ o2,
Co,1) Clo,1) Clo,1) YU

so that

02 < a1y + 2inll iz IVl 220 = 0
YoUX ’

as n — 00, by the compactness of the Sobolev embedding HI(C(OJ)) — LQ(C(OJ)). O
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Corollary 4.3.4. For a < b real numbers, let Cqp) = (a,b) x Sg be a bounded cylinder.
The local trace operator

TZb Tu e HI(C(a’b)) — u|2b S Lz(Eb)
18 compact.

Proof. 1t is an easy consequence of Theorem [4.3.3|and of the fact that the linear operator
Li:p € L*(2,U%) = fo € L2(Z,UY,) is continuous for every f € L(X,UX,;). As
Ty, = szb oTrc(a by where xy, is the characteristic function of 3, T%, is compact. [

4.3.1 Existence in bounded cylinders

For every R > 0 we construct a solution (ug,vg) to

—Au=—uwv?® in Cp
—~Av=—u?v in Cg (4.24a)
u,v >0

(equivalently, we can consider the problem in (—R, R) x (0, 27) with periodic boundary
condition on the sides [—R, R] x {0, 27}), with Dirichlet boundary condition

u=®0", v=3&" onXprUX_pg, (4.24b)
and exhibiting the same symmetries of (®*,®7). To be precise:

Proposition 4.3.5. There exists a solution (ug,vg) to problem (4.24al) with the pre-
scribed boundary conditions (4.24b)), such that

1) ur(—=z,y) = ur(z,y) and vr(—z,y) = vr(z,y);

2) the symmetries
vr(z,y) = up(z,y —m)  ugr(z, 7™ —y) =vr(z,T+y)
( 7r n ) _ ( m ) 3 n _ 3
UpR $)2 Yy) =Uur .73,2 Y VR xJQﬂ- Y| =VUR .’L‘,27T Yy
hold;
3) ur —vr >0 in {® > 0} and vg —ur > 0 in {P < 0};

4) ugr > ®* and vg > .
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Remark 4.3.6. In light of the evenness of (ug,vg) in x, it results
Ozt =0 = 0y on Y.

As a consequence, the monotonicity formulae proved in Subsection hold true for
(ur,vg) in the semi-cylinder C(g g).

In order to keep the notation as simple as possible, in what follows we refer to a

solution of (4.24a))-(4.24b)) as to a solution of (4.24)).

Proof. Let

u=®" v=d"on XpUX_g, u>0,

u—v>0in {® > 0},

’U(.’L’,y) = U(l’,y—ﬂ), U(—.’I,',y) = U(.’B,y),

u(z, ™ —vy) :v(:z,7r+y),u(x,g+y) :u(m,g—y)

Ur = { (u,v) € (H'(CR))?

Note that if (u,v) € Ug then v is nonnegative, even in x and symmetric in y with respect
to 37/2; moreover, v — v < 0 in {® < 0}. It is immediate to check that Up is weakly
closed with respect to the H' topology. We seek solutions of as minimizers of the
energy functional

J(u,v) = / |Vul? + |Vol* + u?v?
Cr

in Ur. The existence of at least one minimizer is given by the direct method of the
calculus of variations; for the coercivity of the functional J, we use the following Poincaré

inequality:
/ u? < C </ u? +/ \Vu|2> Yu € HY(CR), (4.25)
Cr Y_Rr Cr

where C' depends only on R. To show that a minimizer satisfies equation (4.24), we
consider the parabolic problem

U — AU =-UV? in (0,+00) x Cg
Vi — AV = —U?V  in (0,+00) x Cg (4.26)
U:(I)Jr, V=& on (O,—I—OO)X(ERUE_R)

with initial condition in ¢p. There exists a unique local solution (U, V); by Lemma [£.3.1]
if follows U, V' > 0; hence, the maximum principle gives

0<U<sup®™ and 0<V <supd .
Cr Cr
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This control reveals that (U, V) can be uniquely extended in the whole (0, 4+00). Since

%J(U(t, ), V() = -2 /CR (U2 + V) <0, (4.27)

that is, the energy is a Lyapunov functional, from the parabolic theory it follows that
for every sequence t; — 400 there exists a subsequence (¢;) such that (U(t;,-),V(¢;,))
converges to a solution (u,v) of (4.24). Therefore, in order to prove that (ug,vg) solves
, it is sufficient to show that there exists an initial condition in Uz such that the
limiting profile (u,v) coincides with (ug,vr). We use the fact that

Up is positively invariant under the parabolic flow. (4.28)

To prove this claim, we firstly note that by the symmetry of initial and boundary
conditions and by the uniqueness of the solution to problem (4.26)), we have

V(t,l‘,y) = U(t,l’,y - 7T)a U(ta —x,y) = U(t,a:,y),

Vit,e,m+y) =U(t,x,m —y), U(t,:n,gjty):U(t,J:,E—y

(4.29)
5v)-

This implies
U(t,z,m) = V(t,x,m) =0 V(t,z) € (0,400) X [-R, R].
Furthermore, using the (4.29)) and the periodicity of (U, V),

U(t,z,0) =V (t,z,0) =U(t,z,0) — V(t,x,2m) =0 V(t,z) €
U(t,z,2n) =V (t,z,2n) =U(t,z,27) — V(¢t,2,0) =0 V(t,x) €

—~

0,4+00) X [—R, R]
0,4+00) X [-R, R).

—~

This means that U — V = 0 on {® = 0}. Let us introduce Dr := {® > 0} N Cr. For
each initial datum in Ug, we have

(U—~V)— AU —V)=UV(U —V) in (0, +00) x D
U-V2>0 on {0} x Dg
U-V >0 on [0,400) X dDg.
Lemma implies U —V > 0 in (0, 400) X Dg. This completes the proof of the claim.
Let us consider equation (4.26) with the initial conditions U(0,z,y) = ugr(x,y),

V(0,2,9) = vg(z,y); let us denote (U, V) the corresponding solution. On one side,
by minimality,

J(ug,vg) < J(UB(t, ), VE(t, ) vt € (0, 400);
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we point out that this comparison is possible because of (4.28)). On the other side, by

the (4.27),
JUR@E, ), VR, ) < J(ur,vr) VYt e (0,400).

We deduce that J(U®, V) is constant, which in turns implies (we can use again the
(4.27)),

Ufi(t,e,y) = Vi (ta,y) =0 = U(t,2,y) = ur(z,y), V(t2,y) = vr(z,y).

By the above argument, as (ug,vr) coincides with the asymptotic profile of a solution
of the parabolic problem ([4.26)), it solves (4.24)). Points 1)-3) of the thesis are satisfied
due to the positive invariance of Ur. The strong maximum principle yields ug > 0 and
vr > 0. Moreover,

—A(UR — VR — (I)) = URUR(’U,R - UR) > 0 in DR
’U,R—UR—(I)ZO OnaDR

which implies ugp — vgp — ® > 0 in Dp. By the strong maximum principle and the fact
that ug,vg > 0 we deduce ur > ®*. Analogously, vg > ®~. O

Remark 4.3.7. The existence of a positive solution of (4.24]) satisfying the conditions
1)-2) of the Proposition can be easily proved by means of the celebrated Palais
Principle of Symmetric Criticality (see [71]):

Theorem 4.3.8. Let G be a group of isometries of a Riemaniann manifold M, and
let f: M — R be aC' function invariant under G; let ¥ be the set of the stationary
points of M under the action of G. Under these assumptions, if p is a critical point of
f restricted to X, then it is a free critical point of f on M.

Now, let us consider the weakly closed set

uz@*,v:CI)* on XrUX_R,
S =1 (u,0) € (H(CR))*| v(z,y) = u(z,y — 7), u(—z,y) = u(z,y), :
u(z,m—y)=v(@,7+y),u(z5+y) =u(z,5 -y

Arguing as in the first part of the proof of Proposition one can easily show that
there exists a minimizer of J in S; moreover, it is immediate to check that J is invariant
under the symmetries defining the set S, so that the the Palais Principle implies that
the constrained minimizer is, in fact, a free critical point of J, and then it is a positive
solution of (for the positivity we can apply the maximum principle). We chose
a more complicated proof since we will strongly use the pointwise estimates given by
point 4).
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4.3.2 Compactness of the family {(ug,vr)}

In this section we aim at proving that, up to a subsequence, the family {(ug,vg) : R > 1}
obtained in Proposition converges, as R — 400, to a solution (u, v) of defined
in the whole Cyo. Then, by looking at (u,v) as defined in R? (this is possible thanks to
the periodicity), we obtain a solution of satisfying the conditions 1)-5) of Theorem
At a later stage, we will also obtain the estimates of points 6) and 7).

We denote Eg,Er, Hr, Ngr and i the functions E*Y™ H,6EY™ N3Y™ and 9%V
(which have been defined in Subsection when referred to (ugr,vr). As observed
in Remark for these quantities the results of Subsection apply.

We will obtain compactness of the sequence (ug, vr) using some uniform-in-R control
on Ni and Hr. We start with a uniform (in both r and R) upper bound for the Almgren
quotients Ng(r).

Lemma 4.3.9. [t results that Ng(r) < 2, for every R >0 and r € (0, R).

Proof. 1t is an easy consequence of the monotonicity of Nr and of the minimality of
(up,vpr) for the functional J in Upr: noting that J(ugr,vr) = Er(R), we compute
2Er(R) N 2

= 2
Hr(R) ~ [, @

We used the fact that the restriction of (®+,®~) in Cg is an element of Ug for every
R, and the boundary condition of (ug,vg) on Xg. O

Ng(r) < Ng(R) <

/ |V®|? = 2tanh R.
Clo,Rr)

In the proof of the following lemma we exploit the compactness of the local trace
operator Ty, : u € H'(C(g 1)) = ulx, € L*(X1), see Corollary (4.3.4

Lemma 4.3.10. There exists C > 0 such that Hr(1) < C for every R > 1.

Proof. By contradiction, assume that Hg, (1) — +o0o for a sequence R,, — +00. Let us
introduce the sequence of scaled functions
1
(ﬁn(xv y)? ﬁn('% y)) =T (uRn (1‘, y)? YRy, (Z‘, y)) :
Hpg, (1)

We wish to prove a convergence result for such a sequence, in order to obtain a uniform
lower bound for Ng, (1). In a natural way, the scaling leads us to consider, for r € (0, 1),
the quantities

En(r) := /C Vit | 4 |[Von|? + 2Hg, (1)0202,
(0,7)

2, Na(r) = f;i:))
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By construction, it holds H,(1) = 1 and N,(r) = Ng, (r) < 2, thanks to Lemmam
Now,

[ Vi + V0P < Bal) = B0 ,(1) < 2 (4.30)
Co.1)

which gives a uniform bound in the H*(C(g 1)) norm of the sequence (i, d,) (we can
use a Poincaré inequality of type (4.25])). Then, we can extract a subsequence which
converges weakly in H 1(0(0,1)) to some limiting profile (@, ©), which is nontrivial in light
of the compactness of the local trace operator Ty, and of the fact that H, (1) = 1. Since

V= {(u,v) € (Hl(c(o,l)))2

0 0 o ey, )
u(%ﬂ_y)zv(l’aﬂ‘i‘y)’“(fﬁag‘i‘y):U(l‘,g_y) ’

is closed in the weak Hl(C(Ovl)) topology, and (&n|c(071>,f)n|c(0,1)) € V for every n, 4
and 0 are nonnegative functions with the same symmetries of (ug, vg); moreover we can
show that (7,) satisfies the segregation condition @9 = 0 a.e. in C(g ). Indeed, by
the compactness of the Sobolev embedding H 1(0(0,1)) — L4(C(071)) we deduce that the

interaction term
I(u,v) ::/ u?v?
Co,)

is continuous in the weak topology of (H'(C(g1)))?. From the estimate (£.30), we infer
2Hp, (1)1 (in, Bn) < Ep(1) < 2;
passing to the limit as n — +oo, we conclude
I(a,v) = nh—>Holo I(Gp,0n) =0 == a0 =0ae. in Cqy).

Moreover, from the compactness of the local trace operator T%;, , we also deduce le a2+
9% = 1. Let us consider the functional

J>®(u,v) == / |Vaul? + |Vv]?,
(0,1)
defined in the set

M= {(U,v) € (H'(Cp))®

le u? +0v? =1,
v(z,y) =u(z,y —7), wwv=0a.e inCy |

Due to the compactness of the trace operator, one can check that M is closed in the
weak (H'(C(g1y))? topology. It is clear that (4,9) € M. We claim that

inf  J®(u,v) =:m > 0.
(u,v)EM
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Indeed, let us assume by contradiction that the infimum is 0: since the set M is weakly
closed and J* is weakly lower semi-continuous and coercive, there exists (u,v) such
that J*°(u,v) = 0. It follows that (@, v) is a vector of constant functions; the symmetry
and the segregation condition imply that (@,v) = (0,0), but this is in contrast with the
fact that (u,v) € M. Thus, the weak convergence of the sequence (i, 0,) entails

n—oo n—oo

lim inf N, (1) > liminf/ Vit |2 4 |V)? > m >0,
Co.

so that whenever n is sufficiently large

- 1
Nr, (1) = Na(1) 2 5m. (4.31)
Thanks to Lemma we know that m/2 < Np, (1) < 2, and from the assumption

Hp, (1) — +oo we deduce that (recall the (4.9))

T ds
‘1) = —_—
©R,(r;1) /1 Hp, (s)1/4
1N 1
<5 e3 }l%n( ) [e—%NRn(l) o e—%NRn(l)’r‘i| 0
HRn(l)ZNRn(l)

as n — oo, for every r > 1. In particular, there exists C' > 0 such that
¢r,(r;1) <C V1 <7r <R, Yn (4.32)

This implies that the sequence (Fg, (1)), is bounded. To see this, we firstly note that
(ug, , VR, ) satisfies the symmetry condition (4.11)) which is necessary to apply Lemma
consequently, the variational characterization of (ug, ,vg, ) (see also the proof of

Lemma and the (4.32))) implies that

o2 e2Rn e2Rn
2
fC VO sinh R,, cosh R
(0,Rn) o n n
<C e2Rn =C e2Rn <C,

where C' does not depend on n. Since (Eg, (1)), is bounded and (Hpg, (1)), tends to
infinity, we obtain

' .. B, (1)
nlgglo Ng, (1) = nh—>Holo Hpg, (1)

in contradiction with (4.31]). O
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Lemma 4.3.11. Up to a subsequence, {(ug,vr)} converges in C3 (Cs), as R — +00,

to a solution (u,v) of (4.1)) in the whole Cs. This solution satisfies point 2)-5) of
Theorem [{.1.1], and its Almgren quotient N is such that

N(r)<2 ¥r>0 and lim N(r)>1.

T—+00

Proof. As Hg(1) is bounded in R and Ng(1) < 2, Er(1) is also bounded in R. By
means of a Poincaré inequality of type , this induces a uniform-in- R bound for the
HI(C(OJ)) norm of (ug,vr), which in turns, by the compactness of the trace operator,
gives a uniform-in-R bound for the L2(8C(071)) norm. Due to the subharmonicity of
(ur,vr), the L?(8C(g 1)) bound provides a uniform-in-R bound for the L norm of
(ur,vR) in every compact subset of Cg 1); the regularity theory for elliptic equations (see
[45]) ensures that, up to a subsequence, (ur,vR) converges in C12OC(C’(071)), as R — +o0,
to a solution (u!,v!) of in C(g,1)- As each (ug,vg) is even in z, this solution can
be extended by even symmetry in z to Cp, and here satisfies the conditions 1)-4) of
Proposition (hence both u! and v! are nontrivial). The previous argument can be
iterated: indeed, by Corollary and Lemma [£.3.9] we deduce

Hg(1)

Hp(r) < —

et < Cer Vr > 1;

€

that is, a uniform-in-R bound for Hr(1) induces a uniform-in-R bound for Hg(r) for
every r > 1. As a consequence we obtain, for every r > 1, a solution (u",v") to equation
in C,. A diagonal selection gives the existence of a solution (u,v) to in the
whole Ci. This solution inherits by (u”,v") the conditions 1)-4) of Proposition [4.3.5]
and thanks to the C2 .(Cs) convergence and Lemma it holds

fco |Vul|? + |[Vo]? + 2u?v?
N(r) = —2 [ <2 Vr>0.
P

From Lemma which we can apply in light of the symmetries of (u, v), we conclude

lim N(r)>1. O
r—+400
The following Lemma completes the proof of point 6) of Theorem After that,

by means of the pointwise estimates u > ®% and v > ®~ and Corollary it is
straightforward to obtain also point 7).

Lemma 4.3.12. It holds d := lim N(r) = 1.

T—00
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Proof. In light of the fact that d > 1, it is sufficient to show that d < 1. Let (ug,,vr,,)
be the convergent subsequence found in Lemma [£.3.11] which we will simply denote
{(un,vn)}. For r >0 we let
£u() fC(OJ) U%U% ) fEr u%v%
r)i=— r)i= =

" Hp,(r) " Hp, ()
With f and g we identify the same quantities computed for the limiting profile (u,v).
Observe that f,,gn, f and g are continuous and nonnegative. By definition,

Ng,(r) <1 Vr >0, (4.33)

N =

fn(r) <

where we used Lemma m The uniform convergence of (u,,v,) implies that f, — f
and g, — ¢ uniformly on compact intervals, while by Proposition [£.2.4] we have

/T gn(s)ds < Npg, (r) and /T g(s)ds < N(r),
0 0

so that in particular g, € L'(0,R) and g € L'(R"). By means of the monotonic-
ity formula for the Almgren quotient 9, Proposition [£.2.4] it is possible to refine the
computation in Lemma [£.3.9

NR, (1) = Mg, (r) + fu(r) < Ng, (Bn) + ful(r) <1+ fulr).
In light of the strong H|. (Cs) convergence of (un,v,) to (u,v), we deduce

N(r)<1+ lim fu(r)=14 f(r).

n—-+o0o

We have to show that f(r) — 0 as » — 4o00. To prove this, we begin by computing the
logarithmic derivative of f,,:

fa(r) _ s, v B (r) _ ga(r)
Fn(r) " Jo,, unva He, (1) falr)

— 2Ng, (1),

where we used the fact that Hy (r) = 2Eg,(r), see equation (4.8). Exploiting the
strong H' convergence of the sequence {(uy,v,)} and the fact that lim, oo N(r) > 1,
we deduce that there exist 79, > 0 such that Ng,_(r9) > d for every n sufficiently large.
Consequently, f, satisfies the inequality

fr(r) 4+ 25fn(r) < gn(r) for r € (ro, Ry)-
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Multiplying by e?" and integrating in (r1,72) for ro < 1 < 72 < Ry, we obtain
ra

ro
fu(lre) < 625(’"1*’"2)fn(7’1) —|—/ gn(s)e%(s’”) ds < e20(r1—r2) +/ gn(s)ds,

T1 T1

where we used the estimate (4.33]). This implies

r2
flrg) < e¥(ri=r2) +/ g(s)ds for ro <11 < ra.

1
Since g € L*(R*) and f > 0, choosing r1 = r9/2 we find

limsup f(r) =0= lim f(r). O

r——+o00 r—r+o0

4.4 Proof of Theorem [4.1.5

In this section we construct a solution to (4.1)) modelled on the harmonic function
I'(z,y) = €”siny. Our construction is based on the trivial observation that

®r(z,y) :=2cosh(z + R)e fsiny — ['(z,y) as R — +oo.

4.4.1 Existence in bounded cylinders

As a first step, using the same line of reasoning developed in Proposition 4.3.5] it is
possible to show the existence of solution to the system

—Au = —uv? in C(-3R,R)
—Av=—v*v in C_3pnp (4.34a)
u,v >0

(equivalently, we can consider the problem in the rectangle (—3R, R) x (0,27) with
periodic boundary condition on the sides [-3R, R] x {0,27}) and such that

UR = @E, VR = CI)}_% on XrUX_3R. (4.34b)

More precisely:

Proposition 4.4.1. There exists a solution (ug,vr) to problem (4.34al) with the pre-
scribed boundary conditions (4.34b|), such that

1) UR(_R - l',y) = UR(_R + x,y) and UR(_R - :Bay) = UR(_R+ $7y)7
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2) the symmetries

’l)R(ﬂf,y) ZUR(x,y—TF) ’LLR(JI,’]T—Z/) :UR($7F+Z/)

< 7r+) ( ™ ) 3 n 3
u xXr, — = U X, - — v X, — = X, -T —
R 72 ) R 72 Yy R 727T ) R 727T Y

hold,

3) ug —vr >0 in {®Pr >0} and vg —ur > 0 in {Pr < 0},

4) ur > (Pr)* and vg > (Pr)~.
Sketch of proof. One can recast the proof of Proposition in this setting. O
Remark 4.4.2. In light of point 1) of the Proposition, it results

Ozur = 0= 0,vp on X_g.

Therefore, the monotonicity formulae proved in Subsection hold true for (ug,vR)
in the semi-cylinder Cg.

4.4.2 Compactness of the family {(ug,vr)}

As in the previous section, we denote as Egr, £g, Nr and Mg the functions E%¥™, £59™
N5Y™ and 9MY™ defined in Subsection when referred to (ug,vg). We follow here
the same line of reasoning adopted in Subsection 4.3.2] Firstly, it is not difficult to
modify the proof of Lemmas [4.3.9] and [£.3.10] obtaining the following estimates:

Lemma 4.4.3. There holds Ng(r) < 2, for every R >0 and r € (—R, R).
Lemma 4.4.4. There ezists C > 0 such that Hr(1) < C for every R > 1.

We are in position to show that the family {(ug,vr)} is compact, in the following
sense.

Lemma 4.4.5. Up to a subsequence, {(ur,vr)} converges in C2 (Cx), as R — 400,
to a solution (u,v) of (4.1)) in the whole Csy. This solution has the properties 2)-4) of

Proposition [{.4.1}

Proof. As Hgr(1) is bounded in R and Ng(1) < 2, also Eg(1) is bounded in R, and a
fortiori

/ |Vug|? + |[Vog|>? < C VR >1.

C1

This estimate, the boundedness of Hr(1) and a Poincaré inequality of type (4.25) imply
that {(ug,vr)} is bounded in H'(C}). Consequently, it is possible to argue as in the
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proof of Lemma [4.3.11| and obtain the existence of a subsequence of {(ur,vr)} which
converges in C2 _(C1) to a solution (u',v!) of (4.1) in C;, which inherits by {(ug,vg)}

loc

the properties 2)-4) of Proposition In light of Corollary and Lemma [1.4.3]
this procedure can be iterated: indeed
Hp(1)

Hp(r) < o

e < cetr Vr>1,

so that applying the previous argument we obtain a subsequence of {(ug,vgr)} which
converges in CZ_(Cy) to a solution (u",v") of in C,, and inherits by {(ur,vr)}
the properties 2)-4) of Proposition A diagonal selection gives the existence of a
solution (u,v) of in the whole C, and this solution enjoys the properties 2)-4) of

Proposition O

Remark 4.4.6. The monotonicity formulae proved in Subsection do not apply on
(u,v), because passing to the limit we lose the Neumann condition d,ur = 0 = d,vr on
Y_R.

In the next lemma, we show that (u,v) is a solution with finite energy, so that the
achievements proved in Subsection [£.2.2] applies.

Lemma 4.4.7. Let (u,v) be the solution found in Lemma[{.4.5 It results

£M(r) = / [Vu]® + Vo> + u*0? <400 VreR (4.35)
(—o0,7)
and
lim H(r)= lim u? 4+ v? = 0.

r——00 r——00 Js_
Recall that ¥ has been defined in subsection .

Proof. Let {(ug, ,vr,)} be the converging subsequence found in Lemma which
we simply denote {(un,v,)}. Since {(un,vy)} converges to (u,v) in C2.(Cx), it follows
that as n — oo

(|Vun? + |V |? + uzv?) XC(_pymy — (IVul? + |Vo|? + u?v?) XC(— oo

almost everywhere in C(_ ), for every r > 1. Therefore, applying Corollary Fizgl on
(tp, vy ), Lemma and the Fatou lemma, we deduce

b fon S 2 2 2,2 P
£4"(r) < lim inf /q | (IVunl® + [Vou|* + upvi) X0 g, .y < lim inf Ep, (r)

HRn(1)64T < 0647’

= liminf Ng, (r)Hg, (r) < liminf 2—
n—o0 n—00 (&



Entire solutions with exponential growth for a nonlinear elliptic system
218 modelling phase separation

which proves the . To complete the proof, we firstly note that necessarily £4*°(r) —
0 as 7 — —o0, and hence the same holds for E“" (which has been defined in Subsection
[4.2.2). Assume by contradiction that for a sequence r, — —oc it results H(r,,) > C > 0.
We define

(tin (2, ), On(,y)) = NGICS) (u(@ + 1, y), v(x + 70, y)) -

A direct computation shows that
/ (Viin|? + [Vin)? < / (Vi |? + |V |* + 2H (rp) 0202
C(~0,0) (—00,0)

1
— Eunb .
H ) (rn) =0

as n — oo. Consequently, (i, 0,,) tend to be a pair of constant functions of type (4, 0)
with 4 = ¢ (this follows from the symmetries of (u,v)). As

~Q A2 ~2 A2
C Uy 0y, < H(’I“n)/ a0y, — 0,
C(=o0,0)

necessarily (i, o) — (0,0) almost everywhere in C(_., ). This is in contradiction with
the fact that [y, a5 + 05 = H(ry) > C. O

So far we proved that the solution (u,v), found in Lemma enjoys properties
1)-5) of Theorem and is such that H(r) — 0 as r — —oo. The previous lemma
enables us to apply the achievements of Subsection for B H A NU"0 and Hunb
(which we consider referred to the solution (u,v) found in Lemma [1.4.5)), and permits
to complete the description of the growth of (u,v), points 6)-7) of Theorem

Lemma 4.4.8. Let (u,v) be the solution found in Lemma[{.4.5 It results
lim NY®(r) = 1.

r—+00
Proof. Let {(ur,,vr,)}be the converging subsequence found in Lemma [4.4.5] which we
simply denote {(un,v,)}. Firstly, arguing as in the proof of the previous lemma, we
note that by the C2 _(Cy) convergence of (uy,v,) to (u,v) it follows that

loc

Numb(r) < liminf N, (r) <2 VreR,

thanks to the Fatou lemma. This, together with the symmetries of (u, v), permits to use

Lemma which gives lim,_, 1 o N%"(r) > 1. To complete the proof, it is sufficient
to show that lim, ;o N*"(r) < 1. For any r > 0, let
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and let f and g the same quantities referred to the solution (u,v). Observe that f,, gn, f
and g are continuous and nonnegative. The uniform convergence of (uy,,v,) to (u,v)
implies that f, — f and ¢, — g, as n — oo, uniformly on compact intervals. By
definition,

1
fa(r) < §NRn(T) <1 Vr>0o.

whenever R,, > r. We claim that g € L'(R"). Indeed, by the monotonicity of H and
Proposition it follows that

u T u?v? 0 u?v?
/ g(s)ds:/ fzsds—f—/ fxsids
0

< fzs / fEs dS < Nunb(r)’

'

for every r > 0. Let r > 0; it is possible to refine the computation on Lemma to
obtain
I’ W22

Chpyor) "7 Er,(=7)

He ) =T T

Therefore, using again the Fatou lemma we deduce

Ng,(r) <1+ fa(r) +

Ep (—
N (r) < liminf N, (r) < 14 f(r) —i—liminfM

N—00 N—00 R, (r) ’

and to complete the proof we show that

. .. Er (=7)\
Firstly, we note that
En. (— —rVHp,(— Hp (—
timinf 22T gy g M CODHREE) g gy Ha (1)
n—oo  Hp (1) n—00 Hg, (r) n—oo  Hp (r)
From the C2 (Cx) convergence of (un,vy,) to (u,v) it follows
Hp (— H(—
21222? ;;f(r;) = I}(T;) —0 as r — +00

where we used Lemma and the fact that H(r) > H(0) > 0 for every r > 0.
For the (4.36) it remains to prove that f(r) — 0 as r — 4o00. Having observed that
lim, 0o N(r) > 1 and that g € L'(R"), it is not difficult to adapt the conclusion of

the proof of Lemma O
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4.5 Systems with many components

In this section we are going to prove the existence of entire solutions with exponential
growth for the k& component system (4.5)). Our construction is based on the elementary
limit

lim Jm | (1+ Z)d "

im - = e*siny,

d—+o00 d Y

which shows that the harmonic function e” sin y can be obtained as limit of homogeneous
harmonic polynomial. We wish to prove that the same idea applies to solutions of the
system (4.5)): there exists an entire solution to (4.5)) having exponential growth which
can be obtained as limit of entire solutions having algebraic growth.

4.5.1 Preliminary results

We recall some results contained in [I3]. For d € N/2, let G be the rotation of angle
m/d in counterclockwise sense.

Theorem 4.5.1 (Theorem 1.6 of [13]). Let k > 2 be a positive integer, let d € N/2 be
such that
2d = hk for some h € N.

There exists a solution (u‘ll, e ,ug) to the system which enjoys the following sym-
metries:

uf(z,y) = u(Gilz,y))

uf(z,y) = ufy) (Galz, y)) (4.37)
uft (2. y) = uf(z, —y),

where we recall that indexes are meant mod k. Moreover,

k
. 1 4\ 2
Jm /83 E; (uf) =be (0,+), (4.38)
s 1=
and )
k
T fBT >y [Vud]? + doi<i<j<k (U?U?)
im - 2 =d, (4.39)
roree faBT Dt (uz)
where B, denotes the ball of center 0 and radius r.
The solution (uf, ..., u{) is modelled on the harmonic function Jm(z%), as specified

by the symmetries (4.37)) and by the growth condition (4.38). In the quoted statement,
the authors modelled their construction on the functions fRe(z?): it is straightforward
to obtain an analogous result replacing the real part with the imaginary one.
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Figure 4.1: In the figure we represent some of the solutions obtained in Theorem m
Here the number of components is set as k = 3: each component is drawn with a
different color. On the other hand the periodicity (that is, how many times the patch
of 3-components is replicated in the circle) is given by h = 1 (up left), h = 2 (up right),
h = 3 (down left) and h = 4 (down right), respectively. As a consequence, the growth
rate d varies as d = 3/2,3,9/2, 6, following the same order.
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Remark 4.5.2. We point out that the symmetries (4.37) implies that u¢ is symmetric
with respect to the reflection with the axis y = tan (7/(2d)) x.

For a solution (u1,...,u;) of system (4.5) in R?, we introduce the functionals

K
E919(r; A) :_/B STVulP+A Y (uiuy)?

=1 1<i<j<k

k
algr:l w:)?
)= [ 3w

Bri=1

(4.40)

The index alg denotes the fact that these quantities are well suited to describe the
growth of (u1,...,u) under the assumption that (uq,...,ux) has algebraic growth. In
particular, as proved in Lemma 2.1 of [34] and Corollary A.8 of [36] for the case k = 2,
the Almgren quotient

E49(r;1)

alg(,.. L ’

N¥(r;1) = Helo (1)

is bounded in r € R* if and only if (uq,...,u;) has algebraic growth.

It is not difficult to adapt the proof of Proposition 5.2 in [I3] to obtain the following
general result (in the sense that it holds true for an arbitrary solution of (4.5 in R,
for any dimension N > 2).

Proposition 4.5.3 (see Proposition 5.2 of [13]). Let N > 2,

e [1%] if N > 2
1,4+00) if N =2,

and let (uy,...,u) be a solution of [&.5) in RN, the Almgren quotient

o T AT e (0,
N (py A) = E¥9(r; A) TfBT doic IVul® + A3 o (uiuy)

Helo(r) Jom oK (u;)?

s nondecreasing in r.
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Proof. We observe that

d al . 2
%E g(r,A):—r e 2/ Z\Vul| +Z (uiug)®

1<J
e [ )
T i<g
2 2
- 7 /aB S0+ / > ()
LA} Z<j
2-N)(A-1)
+ N1 J TN 2 Z“Z Uy,
T <g Br 1<j

where we used equation (5.3) in [I3]. Proceeding as in the proof of Proposition 5.2 in
[13], one obtains

L Nata(r; ) > 2+ (A - 1)2 — V) Jo, Zis + D Jop i Ui
dr ! - rN— 1Halg(r) rN— 2Halg( ) )
which is > 0 by our assumption on A. O

Remark 4.5.4. In [13] the authors considered the case A = 1.

We work in the plane R?, so that it is possible to choose A = 2 in Proposition
We denote E4(-;A) and Hy the quantities defined in (4.40) when referred to the
functions (u{,... ,uﬁ) defined in Theorem also, we denote

Ed(ﬁA).

Ng(5A) := T,

In case A = 2, we simply write E4 and N; to ease the notation.

Lemma 4.5.5. Let (uf,...,u) be defined in Theorem|{.5.1. It holds lim, o0 Ny(r) =

d.
Proof. 1t is an easy consequence of the (4.39) and of Corollary 5.8 in [I3], where it is
proved that for the solution (u{,...,u¢) it holds
. . 1
lim Ed(T72) — lim Ed(rv )

r—-+00 7’2d r—-+00 7‘2d
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Therefore,
lm Nyr) = i Eq(ri2) _ o Ba(ri2) r2d
im r) = lim = lim -1
r—-+00 d r—-+00 Hd(r) r—-+00 r2d r—-+00 Hd(’r‘)
E -1 2d
= lim EBa(r:1). lim —— = lim Ng(r;1) =d. O

r—+00 7“2d r—+00 Hd(r) r—+00
As a consequence, the following doubling property holds true:

Proposition 4.5.6 (See Proposition 5.3 of [13]). For any 0 < 11 < ro it holds

Hq(rz) _ Ha(r1)

Proof. A direct computation shows that

i Hd(T) 2Nd(7’) _ 2d
dr r2d r

an integration gives the thesis. O

Let us consider the scaling

1
2d 2
(U?,Ra e 7Ug,R) = <kHd(R)> <uii(R$7Ry)7 o ,uﬁ(Rm,Ry)) ,

where R will be determined later as a function of d. We see that

2
d _ d . d d : 2
—Aujp = —Bruip (uij> in R
JFi

k
[y () =

i=1

(4.41)

where 8% := kHy(R)R?/(2d).

Remark 4.5.7. As a function of R, Bﬁ% is continuous and such that Bfl% —0if R—>0
andﬂ%%ooifR—)oo.

Accordingly with our scaling, we introduce the new Almgren quotient

2
k
Na,r(r) == Barlr) _ r fp, Lic [Vulpl® + 283 2 cicjcn (ui‘i,R “?,R)
aR() = fon (udR)2 .
r 1= 7,
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We point out that Ny r(r) = Ny(Rr), so that from Lemma and the monotonicity
of Ng we deduce
Nar(r)<d  VYr,R>0, (4.42)

for every d. By the symmetries, the solution (u‘li Ry .,ui r) is km/d-periodic with
respect to the angular component, thus it is convenient to restrict our attention to the
cones

Sg::{(p,é?):pe(o,r)ﬁe<0,k§>} and Sdzz{(p,e)p>oee< k;)}

The boundary 9S¢ can be decomposed as 95¢ = 9,5 U 9,52, where
k k
8pS7C~l = (0,?") X {0, ;-} and 8,«876} = {r} % <(), ;) )

Taking into account the periodicity of (u‘fR, . 7“%,1%)7 we note that (u‘iR, U R) has
periodic boundary conditions on 8pS;i; furthermore

2
Eunlr / dzmmmﬁRz ()
S§ 1<J
Hy

2
T fsg > |VU§;7Z,R|2 +28% 3 <“gR “?,R>
. .
Josg i <uzd,R>

4.5.2 A blow-up in a neighbourhood of (1,0)

(4.43)

Nar(r) =

In order to pursue our strategy, we consider the further scaling

B Ty Ty
(u‘iR(x,y),...,ugﬁ(az,y)): g (“1R(1+Eva)""7UZ,R (1_’_5’&))'
Accordingly, we consider the scaled domains
§d = (s;? — (1, o)) and 8¢=d (Sd - (1,0))

and the respective boundaries. Having in mind to let d — oo, we observe that this
scaling is a blow-up centred in the point (1,0). It is easy to verify that (ﬂ‘i{R, - ,ﬂgﬂ)
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solves (see (4.41))

2

cd . ~d ~d o &d

—AuLR——ui’RE (uij) in S
1751

IABCAR

1 ¢=1

(4.44)

with suitable periodic conditions on 85%. A direct computation shows that from (4.43)
it follows

2
r fégf > |Vqu\2 +2 Zi<j (%{R“?,R)

2
far.gg Zz <ﬁ§l,R>

Ng,r(r) =

Y

where in the new coordinates

r= \/<1+2)2+ (%)2. (4.45)

Therefore, we are led to define a different Almgren quotient for the scaled functions

(ﬁil,R’ .. ug R):

Eqp(r /Z’sz|2+2 > (zRujR)

SE =1 1<i<j<k
HdR / ’ll
[t
. Eyr(r) 1
Nd,R(r) == *Nd,R(T).
Hap(r) d

From equation (4.42)), we deduce

. N
Nd,R(T‘) <1 Vr,R >0, Vd € E (4.46)
In order to understand the behaviour of (ﬁ‘f}R, e 7QZ,R) when d — oo, we fix R =

R(d) to get a non-degeneracy condition.

Lemma 4.5.8. For every d € N/2 there exists Ry > 0 such that

~ 2
Hdﬂd(l) = / g Z (ung) =1
1 Z
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Proof By (4.44) we know that Hy(1) = B%/d, so that we have to find Ry such that

B4 % = d. As observed in Remark . 7}, this choice is possible. O
A We denote (ﬂ ui) = (ﬁ’cll,Rd"' uk,R) Hd = Hde, Ed = Ede, Nd =
Ng r, and e = ﬁRd. We aim at proving that, up to a subsequence, the family

{(ad,... ) : d e N/2} converges, as d — +o0, to a solution of (£.5). To this aim,
major difficulties arise from the fact that gﬁl and S? depend on d; in the next lemma
we show that this problem can be overcome thanks to a convergence property of these
domains.

Lemma 4.5.9. For any r > 1, the sets Sﬁl converge to R x (0,km) as k — 400, in the
sense that

x (0,km)=Tnt | () |JS¢],
neNd>n

where for A C R? we mean that Int(A) denotes the inner part A. Analogously,

x (0, km) = Int ﬂ U Sd and (—00,0) x (0,k7) = Int m U sd,

ne % d>n ne% d>n

and for every T € R

(—o0,Z) X (0, km) = Int ﬂ U Sch

ne N d>n

Proof. We prove only the first claim. Let r > 1.

Step 1) R x (0, k) ﬂUSd

nes N d>n

Let (z,y) € R x (0, k). We show that for every d € N/2 sufficiently large (z,y) € S'f,l,
that is, (1 + 2/d,y/d) € S¢, which means

\/(1 + %)2 + (%)2 <r and arctan <;Uy—|—d> € <O, k;) .

For the first condition it is possible to choose d sufficiently large, as r > 1. To prove the
second condition, we start by considering d > —z, so that arctan (y/(x 4+ d)) > 0. Now,
provided d is sufficiently large

tan (L) < @t d)tan (T
arctan T d 7 y < (x an(— ).
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Since y < k, there exists € > 0 such that y < k(1 — ¢)m. Let d be sufficiently large so

that

$+d><1—%>d and kirtan<d)>1_;

for every d > d. Then

(w+d)tan<k§> > (1—2)21@7» (1—e)km >y

whenever d > d.

Step 2) (] |J S¢ cRx [0, k],

TLG% d>n
We show that

Rx[0,kx])c [ )9S
ne% d>n

If (x,y) € R x [0, kn], then y > k7 or y < 0. We consider only the case y > km; in such
a situation

k
y > kr = lim (z + d) tan <7T> ,
d—o0 d
so that (x,y) ¢ gﬁ for every d sufficiently large. O
Remark 4.5.10. As a consequence of the previous result, we see that
6T5’ii — {0} x [0,k7] and 8r§f+% — {z} x [0, k7]

for every T € R.

Remark 4.5.11. Recall the expression of r in the new variable, given by (4.45)). For
every r > 0 and d € N/2 there exists £(r, d) such that

§(r,d)

=1
T + d

=  £&(r,d)=d(r—1).

Note that for every (z,y) € 9,5% it results < £(r,d). On the contrary, fixing (x,y) €
0-5% there exists ((d,r,y) such that

r:\/(1+2>2+(Z)2=1+2+C(d,x,y).

In particular, if y = 0 we have ((d,z,0) = 0, while if y > 0, ((d, z,y) ~ d 2.
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Figure 4.2: Visualization of the construction in Pemma In red the limiting set
R x (0, k7). In blue some of the scaled domains S¢, for r > 1.

We are ready to prove the convergence of {(af,...,4¢)} as d — oc.

Lemma 4.5.12. Up to a subsequence, {(4¢,. .. ,ﬂg)} converges in CE, . (Cos), as d — oo,
to a nontrivial solution (U1, ...,ux) of (4.5). This solution, which is km-periodic in y,
enjoys the symmetries

. . . 7r . T
Uip1(z,y) =0 (x,y —m)  and U (:L‘,y + 5) =1 (x, Y — 5)

Proof. From Proposition £.5.6] and Lemma we deduce that for any » > 1 and d
the inequality

Hy(r) _ kB*Hq(r) _ kB

r2d  9q2p2d = 942

holds. For every = > 0, let r = 1 + x/d; for every d sufficiently large, we have

Ha(1) = Ha(1) =1

i, (1 ¥ g) < (1 n E)Qd < 2e20 (4.47)

Recalling the (4.46)) (which we apply for R = R;), we deduce

B, (1 + f) — N, (1 + f) i, (1 + f) < 262 (4.48)
d d d
for every d sufficiently large. Recall that (ﬁ‘li, . ,QZ) can be extended by angular peri-

odicity in the whole plane R2. Let us introduce

Td = {(p,@):p<7“, NS (—%,(k—i—l)g)} > 54,
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and let T4 := d (T - (1,0)) D 52, Suitably modifying the argument in Lemma m
it is not difficult to see that

Int | () UTfl+% = (—00,7) x (—m, (k+1)7)

ne% d>n

for every z € R. Hence, let B an open ball contained in R x (—m, (k 4+ 1)7), and let
xp :=sup{x: (z,y) € B}, so that B C (—oo,zp + 1) X (—m, (k+ 1)7). Using the same
argument in the proof of Lemma [4.5.9] it is possible to show that

md
B C Tl Lo Bd+1a
for every d sufficiently large, and by the (4.48) and the periodicity of (i1, ...,ux) we

deduce
/ > |Ivad? < 3Ey (1 + f”’Bj 1) < 6e2@stl)
B

whenever d is sufficiently large. This, together with , implies that {(ﬂ‘li, . ,ﬁg)} is
uniformly bounded in H*(B), for every B C R x (—, (k+ 1)7). By the boundedness of
the trace operator, this bound provides a uniform-in-d bound on the L?(0K) norm for
every compact K CC R x (—m, (k4 1)), which in turns, due to the subharmonicity of
u, gives a uniform-in-d bound on the L>°(K) norm of {(4{,...,a¢)}, for every compact
set K CC R x (—m,(k + 1)m). The standard regularity theory for elliptic equations
guarantees that when d — oo then {(4{,...,a¢)} converges in C2 (R x (=, (k+ 1)m)),

loc
up to a subsequence, to a function (4i,...,%u,) which is a solution to (4.5). By the
p q ) 1 s Uk y

convergence and by the normalization required in Lemma we deduce that (recall
4.5.10))

also the convergence of the boundaries 9S¢, Remark

km
/ > ai(0,y)* dy = 1;
0

in particular, (1, ..., uy) is nontrivial. The km-periodicity in y follows directly form the
convergence of the domains, Lemma By the pointwise convergence of (ﬁil, e ,ﬁz)
to (ii1,...,7x) and by the symmetries of each function (4, ..., 4¢) (see equation (£.37)

and Remark 4.5.2)) we deduce also that

U T
Uip1(x,y) = 0; (z,y —m) and U (x,y—i— 5) = (az,y— 5) ) 0
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4.5.3 Characterization of the growth of (uy,...,uy)

So far we proved the existence of a solution (4y, ..., ux) of which enjoys the prop-
erties 1) and 2) of Theorem“ In this subsection, we are going to complete the proof
of the quoted statement, showing that (a1, ..., dy) enjoys also the properties 3)-5). We
denote by E,E,H and N the quantities Sunb E“"b H and N*" introduced in Subsec-

tion [4.2.2] “ when referred to the function ul, .. ) Firstly, we show that (G1,...,0K)
has finite energy, point 3) of Theorem and that H(z) — 0 as z — —o0.

Lemma 4.5.13. For every x € R there holds £(z) < 4+0c0. In particular

. N x R « x
< Timi x < Tim Ty
E(x) < hdrggolfgd (1 + d) and E(z) < hjﬂ}},}f E,; (1 + d)

Furthermore, lim H(z) = 0.
T—>—00

Proof. By the C
properties of the domains S

2 (R?) convergence of (4d,...,a¢) to (i, ..., Gx) and by the convergence

Lemma [4.5.9, we deduce that as n — oo

142>

Z|vad| +3 (u i ) Zyvuf +3 (4 .

1<J 1<J

almost everywhere in Cy, for every z € R. As a consequence, we can apply the Fatou
lemma obtaining
E(z) < liminf & (1 + E) < 2e%,
d—o0 d
where the uniform boundedness of &;(1+ 2/d) comes from (£.48). To prove that
H(z) — 0 as x — —o0, we can proceed with the same argument developed in Lemma

447 O

In light of the previous lemma, the monotonicity formulae proved in Subsection [4.2.2
applies for 5 E H and N.

Lemma 4.5.14. It holds
lim N(z) =
r—r+00
Proof. By Proposition [4.2.14] we know that N is nondecreasing in z, and thanks to the
symmetries of (a1, ...,U), see Lemma [4.5.12] Lemma [4.2.17| implies that
lim N(z)>1

T—-+00
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It remains to show that this limit is smaller than 1. This follows from the estimates
of Lemma |4.5.13| and from the strong convergence of (4, ... ,ﬂ%) — (G, ..,0), which
implies that Hy (1 + x/d) — H(z) as d — oo: therefore, for every z € R

) 3 lim inf 3 .
N(z) = 2@ minfaso Ba(@) 0oy <1,
H(x) limg_, 0o Hy(z) d—o0
where we used the (4.46]). O

In light of this achievement, we can apply Corollary to complete the proof of
point 5) of Theorem The fact that v > 0 follows by Lemmas |4.5.14] and [4.2.17}

lim H(r) = lim E(r)

2 2 A
r—+4oo e’ r—+oo e’  r—

lim > 0.

o N )

Remark 4.5.15. With a similar construction, it is possible to obtain the existence of
solutions to in R? modelled on coshzsiny. To do this, we can first construct
solutions of having algebraic growth defined outside the ball of radius 1, with ho-
mogeneous Neumann boundary conditions on B;. This can be done suitably modifying
the proof of Theorem 1.6 in [I3]. Then, performing a new blow-up in a neighbourhood
of (1,0), we can obtain a solution of defined in Ri, with homogeneous Neumann
condition on {z = 0}; this solution can be extended by even-symmetry in 2 in the whole
R2,

4.6 Asymptotics of solutions which are periodic in one
variable

In this section we prove Theorem |4.1.10

Proof of Theorem [{.1.10} Let us start with case (7). Since the solution (u,v) is nontriv-
ial, N(0) > 0: in particular, from point (¢) of Corollary [4.2.15|it follows that H (r) — +o0
as r — +00. Let us consider the shifted functions

1
(’LLR(I‘,y),UR(.Z', y)) = \/ﬁ(U(x + R,y),?}(.%' + R, y))

which solve the system

—Aup = —H(R)ugv% in Cs
—Avp = —H(R)U%UR in C

/ “2R+012%:1
o
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and share the same periodicity of (u,v). We introduce

En(r) := / Vugl? + [Vorf? + 2H(R)udl,
(—o0,7)

ER(r)

H = 2 2 d N = )

r(r) /TUR+UR an r(r) Hr(r)

It is easy to see that

1
ER(r) = oo 0 E""(r + R)
1 —  Ng(r) = N“(r + R)
H = ——H R
for any 7 (recall that E*"® and N*" have been defined in Subsection [4.2.2)). We point
out that, by the monotonicity of N*** Proposition 4.2.14) we have

o Ng,(r) < Ng,(r) for every Ry < Ra;

e Np(r) < d = lim, o N(r) for every r, R, and Ng(r) — d as R — oo for every
r € R.

Therefore, Np tends to the constant function d in L. (R), as R — +o0.

Thanks to the normalization condition Hr(0) = 1 and the uniform bound Ng(r) < d,
applying Corollary (see also Remark we deduce that Hg(r) is uniformly
bounded in R for every r > 0. Consequently, also Egr(r) is uniformly bounded in R
for every r > 0. By means of a Poincaré inequality of type , we deduce that the
sequence (up,vg) is uniformly bounded in H] (Cw) and, by standard elliptic estimates,
in L7® (Cs). From Theorem 2.6 of [90] (it is a local version of Theorem 1.1 of [67]),
we evince that the sequence (ug,vg) is uniformly bounded also in CIOO’?(C’OO) for any
a € (0,1). Consequently, up to a subsequence, (ug,vg) converges in Cp (Cs) and
in H. (Cx) to a pair (¥F,¥~), where ¥ is a nontrivial harmonic function (see the
forthcoming Theorem . By the convergence, ¥ has to be 27-periodic in y.

Firstly, we prove that H(r; ¥) — 0 as r — —o0o, so that the results of Subsection
hold true for ¥. As already observed, Ng(r) > Ng(r) for every r € R, for every
R > R. By the expression of the logarithmic derivative of Hg, see Corollary (see

also Remark [4.2.18)) we have
d d
o log Hr(r) = 2Ng(r) > 2Ng(r) = o log Hg(r) Vr.

As a consequence, taking into account that Hr(0) = 1 for every R, for every r < 0 it
results

<= Hg(r) > Hg(r) VR > R.

>
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Passing to the limit as R — +o0, by the C{(R?) convergence of (ug,vr) to (¥+, ¥™)
it follows that Hz(r) > H(r; V), which gives H(r; ¥) — 0 as r — —oo in light of our
assumption on (u,v).

Using again the expression of the logarithmic derivative of Hr and H(-; V), we
deduce

/NR ds and log H(ry; ¥ —2/ N(s;¥)d

O e ——
HR (r1) H(r; v

where 71 < r3. The left hand side of the first identity converges to the left hand side of
the second identity; recalling that Ng — d in L{ _(R), we deduce

) T2
/ N(s;¥)ds = lim / Ngr(s)ds =d(re —r1)
r1

R—+o00 r

1 "2
/ N(s;¥)ds =d.
ro —T1 1

for every rq < rq. It is well known that, being N(;¥) € LL _(R), the limit as ro — 7
of the left hand side converges to N (ry; ¥) for almost every r1 € R. Hence, N(r; ¥) =d
for every r € R. We are then in position to apply Proposition

pim N(R) = lim Np(0)=N(0;¥)=deN\{0},

and U(z,y) = [C] cos(dy) + Ca sin(dy)] e? for some constant Cp, Cy € R.

As far as case (ii) is concerned, for the sake of simplicity we assume a = 0. One
can repeat the proof with minor changes replacing E** and N** with E*Y™ and N5Y™
(which have been defined in Subsection . The unique nontrivial step consists in
proving that in this setting H(r; ¥) — 0 as » — —oo. To this aim, we note that, as
before,

Hp(r) < Hp(r) VR > R,
for every » > —R. In particular, if » € (1 — R,0), by Proposition and Corollary
[4.2.5] we deduce

H(r+R e2N(1)(r+R) . _
Har) < Hp(r) = fq( s < =Y VR R

Passing to the limit as R — 400, by C? _(R?) convergence we obtain

loc
H(r;¥) < e2N)r Vr € (—o0,0),

which yields H(r; ¥) — 0 as r — —o0. O



Part 11

Qualitative properties for
solutions of some elliptic
problems in unbounded domains






Chapter 5

Symmetry and uniqueness for
nonnegative solutions of some
problems in the half-space

5.1 Introduction

This chapter is devoted to classification results for nonnegative solutions of

{—div(A(a:)Vu) =u—g(x) inRY (5.1)

u=20 on 8Rf

in low dimension. Here RY is the half-space R¥~! x RT and div(A(z)V) is an elliptic
operator. We consider different types of inhomogeneous terms g, and obtain different
results according to the properties of such functions.

The interest in this kind of problems comes from Berestycki, Caffarelli and Nirem-
berg: in [10] they proved that a positive and bounded solution to

5.2
u=20 on 8Rf (52)

{—Au:u—l ian
does not exist when N < 3; on the other hand, it is immediate to check that u(a’, zy) =
1 — cosxy is a nonnegative solution. Their non-existence result fits in a wider study of
1-dimensional symmetry and monotonicity for positive and bounded solutions to general
problems of type

5.3
u=20 on 8Rf, (5:3)

{—Au = f(u) inRY
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with f Lipschitz continuous. We review here the main results: if N > 2 and f(0) >
0, then a positive and bounded solution is strictly increasing in the xy variable (see
[0, 27]). Furthermore (we refer again to [10]), if N < 3, f € C}(R) and f(0) > 0, then a
positive and bounded solution depends only on one variable (1-dimensional symmetry).
Another contribution contained in [I0] is that the monotonicity and the 1-D symmetry
hold true for N = 2 without any restriction on the sign of f(0). The proofs of the
quoted results are based on the moving planes method and on a previous achievement
contained in [I1], where it is shown that if u is a positive and bounded solution of ([5.3])
and

f(M) <0 where M = sup u(z),

N
CIJER+

then w is symmetric and monotone, and f(M) = 0. When f is a power (thus f(0) = 0),
similar results has been achieved in [44] [49]. We point out that our contribution is not
included in the existing literature, because we are considering nonnegative and not neces-
sarily bounded solutions, and because in general we are interested in the case f(0) < 0.
In such a situation the moving planes method gives just partial results, as shown by
Dancer [28]. We emphasize the fact that the difference between positive and nonnega-
tive is substantial for f(0) < 0, since in this case natural solutions are nonnegative and
non-monotone, and a positive solution does not necessarily exist; this is clearly the case
of the model problem . For all these reasons, our approach is different, and it is
based upon a combination of Fourier series and Liouville theorems.

To complete the essential bibliography for this kind of problems, we mention also the
work [39], where symmetry and monotonicity are obtained under weaker regularity as-
sumptions on f, and an extension in dimension 4 and 5 is given for a wide class of
nonlinearities.

We already announced that our approach is based upon a combination of Fourier
series and Liouville theorems. Hence, in Section [5.2] we state and prove some preliminary
results, for the sake of completeness.

Our first contribution regards the model problem :

—Au=u—-1 ian
u=0 onaRf.

In Section [5.3] we prove that, if N = 2 or 3, under the additional assumption that
w is bounded in any strip of type RN~1 x [0, M], the unique nonnegative solution of
is u(z’,zn) = 1 — cosxy; we point out that u is not necessarily bounded, and
no assumption about its growth in the xy direction is required. This is a result of
uniqueness and of 1-D symmetry, i.e. the (unique) nonnegative solution of is a
function depending only on xzy. The assumption "N = 2 or 3” is substantial for our
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proof. However, we can still say something for the model problem in higher dimension.
This is the object of Subsection [5.3.1

As far as the generalization towards problem is concerned, we see in Section
Theorem that the presence of div (A(z)V) instead of the Laplacian does not
affect the previous result, under suitable assumptions on A.

A further natural generalization of problem consists in introducing a g depend-
ing only on zy instead of the constant function 1:

{—div (A(x)Vu) = u— g(zy) in RY (5.4)

u=20 on 8]R<f

In this setting, Theorem [5.5.8|is the counterpart of Theorem roughly speaking, it
says that if N = 2 or 3, under suitable and natural assumptions on A and on g = g(zy),
if u solves and is bounded in any strip of type RV~ x [0, M], then w is uniquely
determined and depends only on xy.

Finally, we show how to use the method developed in the previous sections in order
to deal with a wider class of inhomogeneous terms (depending also on z’), obtaining
sharp results for some particular cases; for instance, we prove that if ¢ = g(z’) and there

exists a solution u of (b.1)) satisfying (5.11]), then g has to be constant.

Notation. We will consider problems in the half-space Rf = RY71 x (0,4+00). As
usual, we write (2/,zy) to denote a point of RY. The symbols V', div’ or A" are used
for the gradient, the divergence or the Laplacian in RV~!, respectively. The notation
u; indicates the partial derivative of u with respect to the x; variable. For any x € RY,
for any R > 0, we set
Bgr(x) = {yERN |y — x| < R};

if z = 0, we simply write Br. For any A C RY, y4 denotes the characteristic function
of A. We use the notation (-,-) for the usual scalar product in any Euclidean space.

Given a real valued function v, we denote its positive part as v™.

5.2 Liouville theorems for subharmonic functions

One of the most celebrated theorems in complex analysis is the Liouville theorem for
holomorphic function.

Theorem 5.2.1. Let f : C — C be a holomorphic function. If f is bounded, then it is
constant.

A proof of this statement, usually based on the Cauchy integral formula, can be
found in any textbook of complex analysis. Another way to prove it is to use a similar
result concerning real-valued harmonic functions defined in the whole RV,
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Theorem 5.2.2. Let N > 1, and let u € C>(R™) be a bounded solution of —Au =0 in
RN. If u is bounded, then it is constant.

For the proof of Theorem we refer, e.g., to [34]. Theorem can be obtained
by Theorem [5.2.2] recalling that the real and the imaginary parts of a holomorphic func-
tion satisfy the Cauchy-Riemann equation; therefore, if f is holomorphic and bounded,
then PRe(u) and Jm(u) are bounded real-valued harmonic functions in R2.

Starting from these classical results, several propositions concerning the classification
of solutions to elliptic differential equations defined in the entire Euclidean space RY have
been labelled under the name “Liouville-type theorems”. We are particularly interested
in the following extension of Theorem which concerns subharmonic/superharmonic
functions defined in the Euclidean plane R?, and which are bounded above/below.

Theorem 5.2.3. Let u € C*(R?) be a subharmonic function: —Au < 0 in R%. If u is
bounded from above, then it is constant.

Remark 5.2.4. 1) The statement does not hold if we replace the assumption that u is
bounded from above by the assumption that u is bounded from below, as shown by the
non-constant subharmonic function u(z) = |z|?.

2) The theorem does not hold in higher dimension. Indeed, for any N > 3, let u €
C%(R™) be a positive and radially symmetric solution of

—Au=u* % inRV,
that is,
c
u(r) = —————~ for some ¢ > 0.
(1 +fz?) =
Then v := —u is subharmonic and negative (in particular it is bounded above), but it

is not constant.

To prove Theorem [5.2.3] we use a variant of the so-called Hadamard three-circles
theorem for subharmonic functions, for which we refer to [34] (Theorem 3.2) and to the
references therein.

Theorem 5.2.5. Let Q C R? be a domain containing the closure of an annulus
Ay = {2z €eR*:0<r < |z|<m2}.

Let u € C%(Q) be a subharmonic function: —Au < 0 in Q. If M(r) denotes the mazimum
of u on any circle |x| = r, then

M(’l“ 10g(7’2/7’) M(’I"Q) log(r/rl) (55)

M(r) < Mgy ) log(r2/1)

forry <r <ro.
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Proof of Theorem[5.2.5. For every x € A,,,, we consider

o lom(ralal) g /r)
w(z) = u(z) = M(n) log(ra/m1) M(rs) log(ra/r1)

The thesis follows if we show that w < 0 in A,,,,. Clearly, w € C*(A,,,), and since

(i) -0 w2 ((2)

we have
—Aw <0 in Ay,
w<0 on 0Ay r,.
An application of the maximum principle gives the thesis. O

Proof of Theorem [5.2.3 The function u is bounded above and satisfy the assumptions
of Theorem Hence, letting r9 — 400 in inequality (5.5]), we have

M(r) < M(r) V(ry,r): 0<rp <. (5.6)

On the other hand, being u subharmonic in any disc B,, the maximum principle implies
that

M(r1) < sup u(z) < max u(z) = M(r) V(ry,r): 0<r; <r. (5.7)
2EB, r€OB,

A comparison between (5.6 and (5.7) yields
M(r)=M(r1) V(ri,r): 0<r <r = M(r)=M(0)=u(0) Yr>0.
As, by subharmonicity, « cannot have any interior maximum point, it is constant. [

Remark 5.2.6. The proof of the Hadamard circle theorem works for N > 3 if we
replace inequality (5.5)) with

2N 2N P2oN 2N
M(r) < M(r) 555 + M) 5xF—5= (5.8)
7"2 — 7"1 7”2 — Tl

for r1 < r < r9. Note that

log(p1/p2) = Ta(p1) — Tap2), and pi ™ — p3 N =Tn(p1) — Tn(p2),

where I'y denotes, up to a constant depending on NN, the fundamental solution of the
Laplace equation in RY, for any N > 3.
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On the other hand, the proof of Theorem [5.2.3| cannot be generalized for N > 3:
indeed, if we consider the limit as r9 — 400 in (5.8)), we obtain

F2-N 72-N
M(r) < M(r)—— + lim M(ro) | 1 - 5— |,

Tl r9—-+00 rl

which does not ensure that M(r) < M(r;) for every (r1,7) such that 0 < r; < r.
This observation reveals that the duality N = 2 or N > 3 in Liouville type results
for subharmonic functions reflects the different behaviour at infinity of the fundamental
solution of the Laplace equation for N = 2 or N > 3: on one side logp — +oo as
p — +00, on the other side p>~ & — 0 as p — +o0.

We conclude this section with a generalization of Theorem for some elliptic
operators. The following result is a particular case of Proposition 7.7 in [34], and provides
a new method to prove Theorem [5.2.3

Theorem 5.2.7. Let B(xz) = (b;j(z)) be a symmetric real matriz, whose entries are
L*> (]RQ) functions satisfying:

2
for a.e. x € R?, V&€ € R*\ {0} : Z bij(x)&:&; > 0.

ij=1

Letv € Hlloc (RQ) be a distribution solution of

{—div (B(z)Vv) >0 in R? (5.9)

v(z) > -C a.e. in R?,
for some positive constant C. Then v is a constant function.

Proof. Without loss of generality, we can assume that v > C' > 0. For any R > 1 and
x € R?, we set

1 if |z| <R
or(z) :=<1— 1o;R log <%) if R < |z| < R?
0 if |z| > R2.

Let us test the first equation in (5.9) with qﬁzv*L

/. <¢R> (B@)Ve, 7o) <2 [ PR(B()Ve, Vor)

v R2 VU

<9 (/R (?)2 <B(w)Vv,Vv>>

N
[N

([ B@vonvor))
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for the last inequality we observe that, by the assumptions on B, for almost every z € R?
the function

(€1,6) € (RY)® = (B(z)&1,&) €R

defines a bilinear symmetric positive definite form, so that the Cauchy-Schwarz inequal-
ity holds. Applying the Young inequality on the right hand side, we easily deduce that

or\" 2 .
/RQ (> (B(z)Vv, Vu) < 16/RQ<B(;1:)V¢R,V¢R> < C/R2 Vorl? < SR

v

for some positive constant C > 0 independent on R. Letting R — +00, we obtain the
desired result. ]

The result can be extended straightforwardly to the 1 dimensional case.

Corollary 5.2.8. Let b € L™ (R) such that b > 0 a.e. in R. Let v € HL_(R) be a
distribution solution of
—(b(z)v') >0 inR
(b(z)v") >0 in | (5.10)
v(z) > -C a.e. inR,

for some positive constant C. Then v is a constant function.
Proof. We set

B(xy,x9) := < 5(631) (1) > and  0(x1,x2) == v(x1).

In this way, B is a real diagonal matrix with positive diagonal entries, v > —C a.e. in
R?, and

—div (B(2)V0) = =0z, (B11(2)02,0) — Opya, 0 = — (b(ml)v/)/ 20,
thanks to the (5.10)); then, an application of Theorem gives the desired result. [

In order to keep the notation as simple as possible, in what follows we always refer
to Theorem and Corollary [5.2.8| simply as Theorem [5.2.7]

5.3 The model problem
In this section we consider problem ([5.2]):

—Au=u—-1 ian
u=20 0n8Rf.

We aim at proving the following statement.
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Theorem 5.3.1. Let N =2 or 3. Ifu e C? (@) solves problem (j5.2)) and

VM >0 3C(M)>0: 0<u(z)<CM) VYzeRNx][0,M], (5.11)

then
uw(@',zy) =1—coszy.

Remark 5.3.2. Assumption says that u is nonnegative in the whole Rf and
bounded in every strip of type RV~! x [0, M] (but with arbitrary growth in the zy-
direction). Assumption is obviously satisfied if u is nonnegative and bounded.
Actually, it is sufficient to assume that u is nonnegative and Vu is bounded, in order to
ensure . Indeed for every M > 0 we have
u(@’, 2y )| = [u(@’,zn) —u(@’,0)| < sup |[Vu(z',§)|zn
§€l0,zn]
< | VullooM = C(M)  VY(z',zn) € RN7L x [0, M].

In particular we recover the non-existence of positive solutions to ([5.2)) of Berestycki,
Caffarelli and Nirenberg, mentioned in the introduction to this part (contained in [10]).

First we focus on problem (5.2) in the strip ¥ = RV~1 x [0,27], N > 2. For every
2’ € RVN=1 let i(2’,-) be the 2m-periodic extension of xy — u(z’,xx). In view of the
smoothness of u, it follows that the Fourier expansion of zx — @(z’, xy), given by

/ +oo
ag(; ) + Z (am(2) cos (man) + by (2') sin (may)) (5.12)
m=1
where
1 2w
am(2) = / uw(z’,xn) cos (may) dxy Vm > 0,
m
. o (5.13)
b (2) := / w(z',xn) sin (mxy) dey Ym > 1,
T Jo
is convergent.
Now we determine the equations satisfied by the coefficients above.
Lemma 5.3.3. Let N > 2. For any m > 1 we have
1
ANay(2') = (m* — Dam(2)) + = (un(2’,0) — un(2', 27)) (5.14)
T
A'bp(2') = (m? — )b (2') + —u(z’, 27). (5.15)

™

Also,
Nag(z") =2 —ap(z') + 1 (un(2’,0) — un(2',2m)) .
7r
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Proof. For any m > 1 we have

1 2
Alam(a:/) == A/U($/, xN)cos (mzy) dey
T Jo
1 2
:7'('/ (1_u(x/7$N)_UNN(l'/,$N)) COS(mI‘N)d:L‘N
0
1

2w
:_w/ (u(2,zn) + unn (2, zN)) cos (may) dzy.
0

Integrating by parts twice the last term we obtain

1 2m
Nap(2') =— / (u(2’, zn) cos (mzy) + mun (2, zn) sin (may)) doy
T Jo
1 [un(2', zN) cos (mz )]Qﬂ
— lun (@, N N)zy=0
2 _ 1 27
_m / w(x', zy) cos (mzy) dzy
m 0

- % (un (2, 2m) — un(2',0)),

which is equation (5.14]).
With the same procedure we can find equation ((5.15)): for any m > 1

27
Abp(2) == A'u(z, zy) sin (may) dzy

T Jo
1 2m

:/ (1 —u(@,zn) — unn (2, 2n)) sin (may) dey
T Jo
1 2m

:/ (—u(a’, zn) sin (may) + mun (', 2n) cos (may)) doy
T Jo
m? —1

2m
= / w(z', zn) sin (may) doey
n 0

m 2
+ — [u(2’, zN) cos (may)] ;VZO .

As far as ag is concerned, we have

1 27
ANag(z) = = Au(z',zy) dey
0

1 2m
— / (1 —u(z,xN) — uNN(J:/,xN)) dzn
T Jo
Lo / 1 / '
=2—— u(:c,a:N)de—i—;(uN(a:,O)—uN(x,ZTr)). O
0

s
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Lemma 5.3.4. Both by and a1 are constant; moreover,
u(z',21) =0, un(z’,0)=0 and un(z',27)=0 Va'cRNV"L

Proof. Using (5.15)) with m = 1 we have
1
A'by(z) = —u(2',27) > 0.
T

Therefore, thanks to , by is a subharmonic and bounded function in RY~! with
N = 2 or 3; Theorem implies that it is constant, so that in particular A’b; = 0,
i.e. u(a’,27) = 0 for every o’ € RVN~1,

Note that, since u > 0 and w(z/,27) = 0, each (2/,27) is a point of minimum for w;
consequently upy(2’,2w) = 0, and this makes possible to prove that also ay is constant:
indeed

Aay(2') = %UN(QTI, 0).

Since u(z’,0) = 0 and v > 0 in ¥, it follows that uy(2’,0) > 0 for every o’ € RN~
Hence a; is a subharmonic and bounded function in R or R?, which has to be constant
by Theorem It follows in particular that uy(z’,0) = 0 in RV, O

An important consequence of the previous Lemma is that the equations for a,, and
b, simplify as

Nap(z') = (m? — Dap(z) Vm > 2 (5.16)
A'by(2') = (m? = 1)by, () Vm > 2. (5.17)

Hence, for m > 2, a,, and b, satisfy an equation of type
—Av(z") + (') =0 in RV-1, (5.18)

with A > 0. We point out that both a,, and b, are bounded in absolute value in ¥ (this

follows from assumption (5.11))).
Bounded solutions of (5.18)) has to vanish identically. This is an immediate consequence

of the following general result.

Lemma 5.3.5. Assume N > 2 and let v € C2(RN™1) be a subsolution of
— Av(2") + c(2")v(2’) <0 in RV (5.19)

with c(z') > A >0 in RVN-L,
If v has at most algebraic growth at infinity, then v <0 in RN™1,
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Here and in what follows we say that v has algebraic growth if there exist C' > 0
and p > 1 such that
lo(z")| < C(1 + |2|P) vz e RV-L

For the proof, it will be useful the following lemma.

Lemma 5.3.6. Let ¢ > 0, v > 0, be such that ¥ < 277. Let Ry > 0, C > 0 and
I: (Ry,+00) = [0,+00) be such that

{I(R) <9I(2R) VR > Ry (5.20)
I(R) < CRY VR > Ry.
Then I(R) =0 for every R > Ry.
Proof. Tterating the first one of we obtain, for every k € N,
I(R) <9*I(2*R) VR > Ry.

Now the second one gives

I(R)<C(W2)*RY VR > Ry, Vk eN.
Since 0 < 927 < 1, letting k — oo we obtain I(R) < 0 for R > Ry. O

Proof of Lemma[5.3.5, We introduce a C* cut-off function ¢ : [0, +00) — R such that

o(t) =1 te0,1]
o(t) =0 t € [2,+00)
0<p(t) <1 te(l,2).

We set, for every R > 0, pr(z') := ¢(|2'|/R), which is defined on R¥~!. Hence
/
/ x |2']
Vierls) = e ()

C

[Ver(a)| < X8 (@) (5.21)

In particular

where C' is a constant independent of R.
Testing (5.19) with v % we obtain

2 2
Lo (0P enee)ehs [ (199 F +e(0))

< —2/ vToR <V/U+,V/<pR> < 2/ v R ’<V'v+7V'@R>‘ . (5.22)
RN-1 RN-1
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We can use the Cauchy-Schwarz and the Young inequalities: for every € > 0 there exists
C: > 0 such that

2/ v or [(Vut, Vipr)| < 2/ v R VU TV oR|
RN-1 RN-1
< 26/ 0% Vv T2 + 205/ (v+)2 ‘V'ng|2.
RN-1 RN-1

Coming back to ([5.22)), we obtain

/ ((1 — 25)\V'U+|2 + A (U+)2) 90%% < 205/ (v+)2 ]V’QDR\Q.

RN-1 RN-1
Choosing € < 1/2 and using the (5.21)), we deduce

/BR () < ACRQ/BQR (v*)?.

Also, since v* has at most algebraic growth at infinity, we have for any R > 1
/ (’U+)2 < C/RN+2k
Br N
for some k > 0, C' > 0 independent of R. We are in position to apply Lemma |5.3.6

with
I(R) := /B (vh)2.

Here v = N + 2k; note that there exists Ry > 1 such that ,\%2,2 < 27N=2k for every
R > Ry. We set ¥ = /\LRIQ and we apply Lemma [5.3.6{ to obtain
0

/(v+)2:O VR>Ry = vt=0. O
Bgr

Conclusion of the proof of Theorem[5.3.1 Applying Lemma to equations (5.16|)
and (5.17), we have that the Fourier coefficients a,, and b,, are identically 0 for any
m > 2. Hence, the Fourier series (5.12) is reduced to

ao(x)
2

+ajcoszy + bysinzy (5.23)

and, for every x € X, it is equal to u(x).
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The boundary condition u(z’,0) = 0 reads

ap(z")
2

4+a1 =0 = qg is constant, equal to —2a;.

We also proved that uy(z’,0) = 0, which implies b; = 0.
Plugging the expression of u inside the equation —Au = u — 1, we obtain

agp
—alcost—l—?—i—alcosa:N—l:O = qp =2,

and hence a; = —1. -

We proved that if v € C? (Rf > is a solution of (5.2) satisfying (5.11)), then u(z’, zyn) =
1 —coszy in X =RN=1 x [0,27].

To extend the result in the whole ]Rf we set

v (2, on) == u(@’, oy + 27).

It is straightforward to check that v; is a nonnegative solution of (5.2)) and satisfies ((5.11)),
so that it has to coincide with 1 — cosxy in X; this means that u(z’,zy) =1 — coszy

for (2/,xx) € RN=! x [0,47]. The thesis follows by iteration of this argument. O

5.3.1 The model problem in higher dimension

In our proof it was crucial the possibility of applying the Liouville theorem for subhar-
monic functions, which holds only in R and R?. Therefore, despite the fact that our
statement seems to be natural in any dimension, we cannot prove it. However, it is still
possible to collect some properties of any solution of problem satisfying for
N > 4.

We can focus again on the problem in the strip X, considering the formal Fourier series
(with respect to x variable) of the 2m-periodic extension u of u in ¥.. Note that Lemma
still holds true. Now, in our analysis the key properties of the solutions was

u(z’,2r) =0 and wupn(z’,0)=0 in RV7L (5.24)

Equation (5.24) implies that uy(2,27) = 0 in RVY~! so that equations (5.14) and (5.15)
are considerably simplified, since all the boundary terms have to vanish identically. This
allowed to prove Theorem [5.3.1

Proposition 5.3.7. Let N > 2. Let u € C? (@) be a solution of problem (5.2) which

satisfies :5.11). Let a,,, and by, its formal Fourier coefficients, defined by (5.13)). Assume
that (5.24) holds true. Then

u(x',zy) =1—coszy.
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Proof. Under assumption (|5.24]), equations (5.14]) and ([5.15|) are reduced to
Aty (z') = (m? = Dagy,(2) Vm >1
A'by(2') = (m? = )by, (2)) Ym > 1

(note that uy(2/,27) = 0 since u(z’,27) = 0 and v > 0). Hence, Lemma implies
that a,, = 0 = b, for every m > 2, while from the classical Liouville theorem for
harmonic function it follows that aq and by are constant, so that

/
u(:c’,a:N):ao(;)—i-alcost—i-blsian in X.

Now we can conclude as in the proof of Theorem [5.3.1 O

Also if we cannot prove (5.24)), it is possible to deduce something for the formal
Fourier coefficients.

Proposition 5.3.8. Let N > 2. Let u € C? <@) be a solution of problem which
satisfies . Let ay, and by, its formal Fourier coefficients, defined by . Then

(i) by <0 for every m > 2.

(ii) %" > bﬁ for every n >m > 2.
(iii) for every m > 2, either by, <0 or by, =0 in RV-L.
Proof. (i) For every m > 2 we have

—Abp(a') + (m2 = Dbm(a’) = —%u(:ﬁ', 21) < 0.
From Lemma [5.3.5] which holds true in any dimension, we deduce that
by <0 VYm > 2.

(ii) For m > 2, let us divide equation by m:

A/ . / 2_1 1
b () -m b (2') + —u(2’, 2m).

m m m
Ifn>m>2
by (2 by (2’ by (2 by (2’ b (2
—AI< (x)_ ($)>+(n2_1)( (95)_ (x)>:(n2—m2) (li)go7
m n m n m
thanks to the fact that b,, < 0. Again, by means of Lemma [5.3.5] we obtain
bn _ bm
—_ > — Vn>m>2.
n m

(iii) if there exists 2’ € RN~! such that b,,(7') = 0, the strong maximum principle
implies b, = 0. O
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It is particularly interesting to observe that, if we knew that one b, vanishes in one
point of RV=1 then we could recover Theorem m

Corollary 5.3.9. Let N > 2. Letu € C? (@) be a solution of problem (5.2)) satisfying
(5.11)). Let a,, and by, its formal Fourier coefficients, defined by (5.13)).

If there exist m > 2 and ¥ € RV~ such that by (z') = 0, then u(z',2x) = 1 — cosay.

Proof. By point (iii) of the previous Proposition we know that by = 0.
Hence, from ([5.15)) for m we deduce

u(x',27) =0 in RV-1,
AS a consequence
~ANbp (') + (m? = Dbp(a’) =0 Vm>1,

which implies through Lemma that b,, = 0 for every m > 2; also, b; turns out to
be a bounded harmonic function on the whole RV=1, so that it has to be constant. Now
we show that b; = 0. Note that

/ 100

- . ap(x

w2, xn) — bysinay = 0(2 ) + Z am(z") cos(mzy);
m=0

hence, w(z/,xy) = u(a’,xy) — bysinxy is an even 27m-periodic function in the zpy

variable. Since we are assuming u € C2 (Rf ) and u(z’,27) = 0, the function w is

continuous on the whole R, and has continuous derivative with respect to x, except at
most in (z/,0+ 2kw), with k € Z. However, the right and left derivatives in these points
exist, and in particular

wy (2, 277) = uy(2',277) — by = —by.
By periodicity and oddness of wy it results
by = wy(2',0") = un(2/,0") — by = un(2’,0) —by = upn(2/,0) = 2b;.

Note that uy(2’,0) is constant. Now, plugging this expression in equation ([5.14) with
m = 1 we obtain

2b by}
Na@) =2 = & () -2 <o,
T ™
the function a;(z') — byz?/m is harmonic in the whole RY and has at most algebraic
growth with rate 2 (since a; is bounded): therefore, the classical Liouville theorem for
harmonic functions with algebraic growth implies that

b 2
ai(a') = 2L+ P(a)),
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where P is a harmonic polynomial. To sum up, a; is a bounded polynomial, thus it is
constant, which in turns gives A’a; = 0, i.e. by = 0 and finally uy(2’,0) = 0. The thesis
follows now from Proposition [5.3. O

5.4 More general operators

In this section we generalize the approach adopted for the model problem to a more
general family of elliptic equations (not necessarily uniformly elliptic) obtained by sub-
stituting the Laplacian with a class of operators in divergence form. To be precise, let
A(z') be a N x N matrix of type

A(x') = ( A') 0 > , (5.25)

where A(z2') is a (N — 1) x (N — 1) symmetric and real matrix with entries a;; €
ct (]RN_I) N L (]RN_l), such that
N-1

Vo' e RNL Ve e RYTIN{0}: Y ag(2))&g; > 0. (5.26)
i,j=1

Of course, if N = 2 then A\(x’ ) is a scalar positive function. Thanks to Theorem
we can try to use the arguments of Section [5.3] for the study of

{—div (A(x)Vu) =u—1 inRY (5.27)

u=20 onﬁRf.

Note that, due to the particular form of A (cf. equation (5.25)), it is reasonable to
think that inherits the structure of the model problem solved in the previous
section. It is also immediate to check that the function u(a’, xy) = 1 — coszy is, again,
a nonnegative solution of satisfying . We wish to prove that it is also unique
in this class for N = 2 and 3.

Theorem 5.4.1. Let N =2 or 3. Let A(z') be a N x N matriz of type (5.25)), where
A(2') is a (N —1) x (N — 1) symmetric and real matriz with entries a;; € C* (RVN=1)n
L (RN™Y), and such that (5.26)) holds true. If u € C* <@) solves (5.27)) and satisfies
EII). then

w(z',xn) =1—cosay.

We can follow the proof of Theorem Again, ¥ = RN~1 x (0,27). For every
' € RV~1, we denote by @(z’,-) the 27-periodic extension of xx + u(z’,zy). As for
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the model problem, from the smoothness of u it follows that the Fourier expansion of
xy — u(z', ) is convergent:

/

u(x', ) + Z am (") cos (maN) + by (') sin (may)) ,

where a,, and b, are defined by ((5.13)).
With a slightly modification of the proof of Lemma |5.3.3] we obtain

Lemma 5.4.2. Let N > 2. For any m > 1 we have

aiv’ (AW am(a)) = (m* ~ Van(@) + ~ (un(@,0) ~un(@’,2m)  (5.29)
aiv’ (A@)V'h(a) = (2 = Db (@') + Zula’, 27). (5.29)

Also,
aiv' (A(@')V'an(a')) = 2~ aola’) + % (un (@', 0) — un (!, 21)) . (5.30)

Proof. For any m > 1 we have

div’/ (ﬁ(ﬂc’)v/am(x/» _! /027T div’/ (ﬁ(x’)V'u(m’,xND cos (mxy) dxy. (5.31)

™

Since a;ny = an; = 0 for any i,j # N, we have

div’ (A\(x')vlu(x',x]v)) = Z 0; aij (2 )uj(z', zn)
i=1 j=1
N N
= 0; Zau( Nuj(z',zn) | —unn (2, zn)
i=1 j=1

=1-—u(,zy) —unn(@', zN).
Hence equation ([5.31)) becomes

div’ (g(x')vlam(m’» _1! /:W (1 —u(a’,zn) — unn(a’, zN)) cos (mzy) doy.

s

Now, as usual, we can integrate by parts twice the last term and pass to

1

div’ (g(w’)vlam(x’» = (m? — Dan(z) + - (un(2’,0) —un (2, 2m)),

which is . The same procedure gives and ((5.30) - O
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Lemma 5.4.3. Both by and a1 are constant. Moreover,
u(z',2m) =0, un(z’,27) =0 and un(z’,0)=0 V2’ eRN"L
Proof. In light of the previous Lemma, we have
div’ (A\(x')vlbl(x')) = %u(m', 2m) > 0;

the function b; is bounded (since w satisfies (5.11))), and since N = 2 or 3 we are in
position to apply Theorem [5.2.7]

by = const. = wu(2/,27n) = wdiv’ (2(:6')V’b1(ac')) =0.

Note that now uy(z’,27) = 0, since (2/,27) is a point of minimum of u for every
x’ € RN~L. Therefore, equation (5.28)) becomes

-~ 1
div’ (A(x’)V'al(a:’)) = —uy(2',0) > 0;
T
this means that aq satisfies the assumptions of Theorem [5.2.7]
a; = const. = uy(2',0) = rwdiv/ (2(:6')V’a1(:n’)> =0. O
As a consequence, the equations for a,, and b, simplify:

div’ (ﬁ(f)v’%(f)) = (m? — Dbm(a’)  Vm>2
div’ (ﬁ(x')v'am(;p’)) = (m? — Dam(a) Vm>2.

In this way, we proved that for any m > 2 both the coefficients a,, and b,, are bounded
solution of an equation of type

—div' <Z(m’)v’v(az’)) FaoE)=0  inRVL (5.32)
with A > 0. In analogy with the model problem, we state the following result.

Lemma 5.4.4. Assume N > 2 and let v € C? (RN_l) a subsolution of
—div’ (ﬁ(x’)V’v(f)) +e(z")v(z') <0 in RV-L
with ¢(x') > A > 0. Here A(z') is an (N — 1) x (N — 1) matriz with entries aij in

L®(RN=Y) and such that (5.26)) holds true.
If v* has at most algebraic growth at infinity, then v < 0.



5.4 More general operators 255

Proof. For any R > 0, let ¢ be as in the proof of Lemma Recall the ((5.21)):

V()] < Fxmn()

Let us test equation (5.32)) with vTp%:
[ (A9, 96 4 el (01))
RN-1
= —2/ v (A )V, Vpg). (5.33)
RN-1
Under our assumptions on E, for almost every 2/ € RV~ the function

(61,6) € R2VU s (A(a))61,6) € R

defines a bilinear symmetric positive definite form, so that in particular the Cauchy-
Schwarz inequality holds true. Hence, using also the Young inequality, we can control
the right hand side: for any € > 0 there exists C; > 0 such that

—2/ vt or(A) Vvt Vipg) < 2/
RN-1 R

< 2/ vﬂoR\/(g(x’)V’vﬂ V’v+>\/<ﬁ(:c’)V’goR, V'or)
RN-1

vt or [(A)V'E, Vier)

N-1

RN-1

< 25/ go%(g(m')vlﬁ, Vot +2C. (v+)2 (A(2" V'R, V'oR).
RN-1
Coming back to equation (5.33), using also the fact that ¢(a’) > A, we find
YONAS v/ S v/ +\2) 2
/ ((1—25)<A(:L‘)Vv ,VU)—i—)\(v))ch
RN-1
< 2C; (v+)2 (A(z V' oRr, V' 0R).
RN-1

Choosing € < 1/2; using the assumptions of A and the estimate (5.21)), we deduce

/BR (v)? < fm/Bm ()2,

Also, since vT has at most algebraic growth, we have

/ (U+)2 < O'RN+2k,
Br n
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We can apply Lemma [5.3.6] again, to find

/ (v+)2 =0 VR > Ry sufficiently large,
Br

which implies v = 0. O

Conclusion of the proof of Theorem[5.4.1 The previous lemma implies that
am = 0 and by, = 0 for every m > 2. Therefore, a solution u of (5.27)) which satisfies
(5.11)) has the following expansion in X:

ao(z')

5 + ajcoszy + by sinxy,

u(x zy) =
which is the same of equation (5.23|). Moreover, we showed that
uw(z’,0) =0 and uy(2’,0)=0 V'RV

hence we can repeat step by step the conclusion of the proof of Theorem O

5.5 More general problems

In this section we apply the previous method to study and classify solutions of

—div (A(2")Vu) =u —g(2,zn) in RY
u=~0 on 8Rf,

satisfying , when N = 2 or 3. The situation here is much more involved than
the one in the previous sections. Indeed, we have to face the occurrence of various
phenomena such as: non-existence of solutions and/or the existence and the multiplicity
of solutions. Moreover, a solution might not be a function of the xy variable only (in
fact, if ¢ depends on 2’ such a result cannot be expected). The results we shall prove
will strongly depend on the form of the function g.

In what follows, we always assume that the matrix A satisfies the assumptions al-
ready imposed in the previous section. Therefore, we will no more write explicitly these

assumptions. Since we are interested in classical solutions, we assume that g € C (@)

We can consider the 2m-periodic extension of zy € (0,27) — g(2/,zy): inside ¥ we
have the expansion

co(z’)
2

g2’ xn) = + Z (cm(2") cos (may) + dp(2') sin (may))

m=1
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where
/ 1 o /
em(2') = = g(z',xN) cos (may) dxy Ym >0
i (5.34)
Ay (2) := / g(z', zn) sin (may) doey Vm > 1.
T Jo

Let us define again a,, and by, by (5.13)); these are the formal Fourier coefficients of u
with respect to the x-variable in 3. We start writing down the equations satisfied by
am and by,.

Lemma 5.5.1. For any m > 0 it results

div’/ (/T(w’)vlam(x/D = (m2 - 1) am(z") + cm(2') (5.35)
+ % (un(2',0) —un(2',2m)) ; |

For any m > 1 it results
div’ (ﬁ(x’)v/bm(f)) = (m? = 1) by (2') + dm(z') + —ua’,27).  (5.36)
T

Proof. For any m > 1:

div’ (g(x')vlam(m’)) _ 1 /027r div’/ (g(m')vlu(x’,xgv)) cos (mzy) dry

™

1

2
— / (g(:n’,xN) —u(r,xn) — uNN(x',xN)) cos (mxy) dxy.
T Jo

Now we can go on with the same computations already developed in Lemma [5.3.3] with
the only difference that

1 2m 1 2m
/ cos (mzy)dxy =0 while / g(2',zn) cos (mzy) dey = cm(z’).
T Jo T Jo

In the end, we obtain
div’ (A\(J:’)V'am(x’)) = (m2 = 1) am(2) + cm(2’) + % (un(2',0) — un(2',2m)) .
The same procedure gives the equations for b,, and for ay. ]
For a quite general g the study of these equations does not give a complete classi-

fication for the possible solutions of (5.1)). However, in some particular cases we can
obtain sharp results. This is be the object of the following subsections.
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5.5.1 Inhomogeneous terms independent of xy

The first generalization concerns a constant g. It is straightforward to adapt the argu-
ments of the previous sections, obtaining the following result.

Theorem 5.5.2. Let N =2 or 3. If g(a',xn) = 0 € R, one of the following alternatives
occurs:

(i) if 0 > 0 there exists a unique solution of (5.1) satisfying (5.11). This solution is
given by
u(x’,zy) = 0(1 — cosy).

(ii) if @ < 0, problem (5.1) does not admit any solution satisfying (5.11)).

The next step in the study is to treat the case g = g(a’). If we are interested in
solutions satisfying (5.11)) and ¢ is not constant, we can show that we do not have such
a kind of solution at all.

Theorem 5.5.3. Let N =2 or3, let g = g(2') € C(RN~1). If g is not constant, problem

(5.1) does not admit any solution satisfying (5.11)).
Equivalently, if there exists u € C? (]Rﬂ\r] ) which solves (5.1)) and satisfies (5.11)), then g
15 constant.

Proof. Assume that ¢ is not constant; the formal Fourier coefficients of g are
co(x') =29(z") enm(@) =0 dp(@)=0 Vm>1.

By contradiction, let u be a solution of (5.1]) satisfying (5.11f). Since ¢; =0 and d; = 0,
equations ([5.35)) and (5.36) for m =1 are

div’ (/T(x')V'aﬂa:')) = % (un(2',0) — un(2',2m))

div’/ (A\(a:/)vlbl(a:’)> = %u(a:’, 2m).

Hence we are in position to follow the proof of Lemma [5.4.3} a; and b; are constant,
and u(z’, 2m), uy (2',0), un(2',27) = 0 in R¥=1. As a consequence, equations (5.35)) and

become
div’ (A\(x')V'am(m')) = (m® — 1) ap(2)
div’ (E(x')v'bm@')) = (m? = 1) by(2).
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Therefore Lemma [5.4.4] applies: a,,, = b, = 0 for every m > 2, so that

ap(z")
2

The boundary condition u(z’,0) = 0 implies that ag is constant, but ((5.35)) for m = 0
yields

u(x' zy) = +ajcosxy + brsinxy.

0 = div’ (A\(:L")V/ao> = 2g(2") — ao,

a contradiction. O

5.5.2 A 1-D inhomogeneous term

In this subsection we deal with ¢ = g(xy). In this situation various phenomena may
occur. Let us start with :

Non-existence. If g(xy) = sinxy, problem (5.1) does not admit any solution satis-
fying (5.11). This follows from the following general result.

Proposition 5.5.4. Let N =2 or 3, letg € C <@) and assume that dy > 0. If there
exists a solution u of (5.1)) such that (5.11)) holds true, then di = 0, by is constant,

u(2',27) =0 and un(z’,27) =0 Va' € RN7L

Proof. Let us consider equation ([5.36)) for m = 1: since d; > 0 and u > 0, we have
—~ 1
div’ (A(x’)v’bl (:c')) = dy + ~u(z',21) > 0.
T

Due to the boundedness of u in the strip X, b7 is bounded in absolute value. Since
N =2 or 3, we can apply Theorem obtaining that by is constant, which in turns
gives

1
—u(z',2m) = —d; = (@, 2r)=0=d; vz’ € RN,
T
because u is nonnegative. Note that necessarily uy (2, 27) = 0. O

Remark 5.5.5. 1) Note that since g depends only on zx, both ¢, and d,, are constant.
2) The previous proposition applies not only if g = g(xy). For instance, it gives analo-
gous non-existence results when

e g(2',zy)|y is decreasing in the zx direction (g # const.) .

e g(z',2N) > g(a/,2m — ) for every (2/,xy) € RN=1x (0, 7), with strict inequality
in one point.



Symmetry and uniqueness for nonnegative solutions of some problems in
260 the half-space

We have a counterpart of the previous statement which rules out the existence of

solutions of (5.1]) satisfying ([5.11]) when g(xx) = coszy.

Proposition 5.5.6. Let N =2 or 3, let g € C @) and assume that dy =0, ¢; > 0. If

there exists a solution u of (5.1)) such that (5.11) holds true, then ¢y =0, a; is constant,
and

un(2,0) =0 Vo' € RN 7L

Proof. In light of Proposition we know that uy(z’,27) = 0. Moreover, as already
observed, from u(z’,0) = 0 and v > 0 it follows ux(z’,0) > 0. Thus, considering
equation (5.35)) for m = 1, we obtain

~

div’/ (A(a:’)V'al(x’)) =c1+ %uN(x’, 0) >0,

since ¢; > 0. The function a; is bounded in absolute value, hence by Theorem [5.2.7] it
is constant. Therefore

1
;uN(a:’,O) =-—c = un(@,0)=0=¢ vz’ e RVL O

Existence and multiplicity. For every N > 2,
ua(2',zN) =y + Asinzy, Ae[-1,1],

is a one-parameter family of solutions of (5.1]) with g(xx) = zn; each u 4 satisfies (5.11)).
Note that in this case ¢y = 0 while d; < 0, so that the previous propositions do not
apply. Note also that u4 is unbounded in ]Rf for every A € [—1,1].

Existence, uniqueness and 1-D symmetry. For m > 2, the function u(z’,xy) =

(1 — cos(may)) /(m? — 1) is the unique solution, satisfying (5.11)), of problem (5.1)) for
g(zn) = 1/(m? — 1) + cos(may). Furthermore, u has 1-D symmetry. The uniqueness
result is a consequence of the following general result.

Theorem 5.5.7. Let N =2 or 3, let g € C(R) be such that
c1>0 and dy >0, (5.37)

where ¢, and dp, are the Fourier coefficients of the function g in (0,27), defined by

(5.34)). If there exists u € C? <@) which solves problem (5.1) and satisfies (5.11)), then
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necessarily ¢; = di = 0. In this case, the restriction of u to X is 1-dimensional and is

uniquely determined as the solution of
—u"(zn) = u(@n) — glan) in (0,27)
u(0) =u(27) =0

o' (0) =/ (2m) = 0.

(5.38)

In particular, in ¥ we have

=X md
cosTy + ZmZ_ml sin x n
m=2

c 0 X ¢
/ _ % _% m
u(z' xn) = 5 —l—( 5 +Zm2—1
m=2
+00 c
_ Z (QO_1 cos(mxy) + mzinil sin(mmN)) . (5.39)
m=2
Proof. From Propositions [5.5.4] and [5.5.6] we know that, if u exists, then ¢; and d; has
to be 0; in this case a; and by are constant, and u(2’/,27), uy(2’,0), uy(2’,27) = 0 in
RN=L. Therefore, equations (5.35) and (5.36) for m > 2 simplify as
div’/ (A\(azl)vlam(w’)> = (m? = Dam(z) +cm
div’ (E(x')v'bm(:c')) = (m2 — Db (2') + dum,

i.e.

— div’ (ﬁ(:c')V’ <am(l’l) T2

_div (ﬁ(w’)V' <bm(1‘,) T

We can apply Lemma obtaining

/ Cm
= = — Ym > 2
am (') = am 1 m
d
no__ . m
b (') = by, Ty Vm > 2
Now, let us consider in X
—+o00
aop(x’) . Cm dm .
—_— b - )
+ajcosry + bysinzy g (m2 cos(mxy) + ] sin(mzx )

2 m=2
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It is a series of C*° functions, which is convergent together with the series of the deriva-
tives w.r.t. =, since the sequences {c,,} and {d,,} belong to (2. In X the series is equal
to u, and the equality can be extended up to the boundary since both the series itself
and u are C1(X). We also know that u(z’,0) = 0 and uy(2’,0) = 0. Using the Dirichlet
boundary condition we deduce that ag is constant too, and in particular equation
for m = 0 implies ag = ¢g. Now, the "initial” conditions give the expressions of a; and
b1. To sum up, we proved that u|y is 1-D, thus a solution of

—u"(zn) = u(zy) — g(zN) for xn € (0,2m)
with the boundary conditions stated in ([5.38)). O

As an immediate consequence, we obtain

Theorem 5.5.8. Let N = 2 or 3, let g € C(R) be a 2m-periodic function satisfying
, where ¢, and d,, are the Fourier coefficients of the function g. If there exists
u € C? (@) which solves problem and satisfies , then necessarily ¢y = di =
0. In this case, u is 1-dimensional, 2mw-periodic and it is uniquely determined as the
solution of

—u"(rN) = u(zn) — g(zn) in (0,+00)

u(0) =u(27) =0

o' (0) =/ (2m) = 0.

The expression of u in Fourier series is given by (5.39).

In view of the example with g(xn) = xn (c1 =0, di < 0), we see that the assump-
tions ¢; > 0 and d; > 0 are necessary for Theorem and Theorem We also
remark that the non-negativity of both ¢; and d; is not sufficient to guarantee the exis-
tence of a solution of which satisfies . Indeed, as an immediate consequence
of Proposition (proved in the next subsection), we have non-existence of solutions

of (5.1)) satisfying (5.11)) in case
g(xn) = Cysin(mzy) or g(zy) = Cocos(may) m>2,Cp,Co € R,

Note that ¢y = d; = 0 in the above examples.
Another class of functions g for which there is non-existence is considered in the next
result, of independent interest,

Proposition 5.5.9. Let N > 2. If g < 0 and it is non-constant, then a nonnegative
solution of (b.1)) has to be positive. In particular, if N = 2,3 and dy > 0, then problem

(5.1) does not admit any solution satisfying (5.11)).
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Proof. By the strong maximum principle © must be positive in Rf . Since d; > 0, if
a solution u existed, from Proposition it should satisfy u(a’,27) = 0 for every
' € RV=1. A contradiction. O

A typical example is given by the function g(xy) = —0 — cos z, with 6 > 1. Note
that ¢; < 0 and dy = 0 in this example.

5.5.3 General inhomogeneous terms

In this subsection we consider some g depending on both z’ and xzy. As before, we
will denote by ¢, and d,, the Fourier coefficient of the 27-periodic extension of xy €
(0,27) = g(a’, z).

We have always began our analysis trying to prove that
u(z',2r) =0 and wupn(z’,0)=0 in RV (5.40)

so that also uy(2/,27) = 0 in R¥~! and all the boundary terms in equations (5.35] and
(5.36]) vanish identically:

div’ (A\(ac’)vlam(a:’» = (m2 —1) am(z') + em(2)
div’ (E(m')v'bm(x')) = (M2 = 1) by (2') + dum ().

We have already observed that, if N = 2 or 3, sufficient conditions in order to obtain

(5.40) are ¢; > 0 and d; > 0.
In general (for every N > 2), assume that (5.40)) holds true. Assume also that there

exists m > 2 such that ¢ = 0. Then
div’ (A\(:U')V’am(:n')> = (m2 = 1) am ('),

which is of type (5.32) with A > 0. From Lemma it follows a7 = 0. The same
holds true for every b such that dz; = 0. We point out that this is true even for N > 3.

Proposition 5.5.10. Let N > 2, let g € C (@), let u be a solution of (5.1)) satisfying

(5.11), and let a,, and by, be its formal Fourier coefficients in X defined by (5.13));
assume that (5.40|) holds true. Then for every m > 2 such that ¢,, = 0 it results a,, =0,

and for every m > 2 such that d,, = 0 it results b,, = 0.

As far as the coefficient ag is concerned, we have a similar result, but only in low
dimension.
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Proposition 5.5.11. Let N = 2 or 3, let g € C (@), let w be a solution of (5.1)

satisfying (5.11)), and let ay, and by, be its formal Fourier coefficients defined by (5.13);
assume that (5.40) holds true. If co <0, then ag = co = 0.

Proof. Since u > 0, equation for m =0 is
div’ (A\(x')vlao(x')) = —ag(z)+ o) <0  inRVL
Since ag is bounded and N = 2 or 3, for Theorem [5.2.7] ag is constant. But then
0 = div’ (A\(x')V'ao(x')) = —ap + .

Thus, 0 < ag =cg < 0. ]

In what follows we first consider
9@, an) = f@)p(en) €C(RY),  g#0.

In the expansion of the 27-periodic extension of zx € (0,27) — g(2/, zy), the Fourier
coefficients are

em(@’) = f(@)ym Ym >0, dm(z") = f(@)op  Ym > 1,

where 7, and d,, are the (constant) Fourier coefficients of the 27-periodic extension of
xn € (0,27) — o(xn).

Remark 5.5.12. Let N = 2 or 3. In light of Propositions [5.5.4] and [5.5.6] we know

that if f(z')6; > 0, f(2')d1 # 0, then there are no solutions of (5.1) satisfying (5.11)).
The same holds true if f(z')y; >0, f(2')y1 # 0 and §; = 0.

If N=2or 3 and 71 = §; = 0, from Propositions [5.5.4] and [5.5.6| we know that a;
and by are constant and (5.40|) holds true. Hence, equations (5.35)) and (/5.36|) simplify

as

div’/ (g(a:’)vlam> = (m? = Dam + f(@)ym Vm # 1,

div’ (E(x’)v’bm) = (M2 — Dby + f(2)0m  Vm > 2.

It is not difficult to obtain the following non-existence result.
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Proposition 5.5.13. Let N =2 or 3, let g € C (@) and assume that

g(@' xn) = f(2') cos(mzy) or g(a',xn) = f(z)sin(mzy),

where m > 2 and f is not identically 0. Then there are no solutions of (5.1)) satisfying
(5.11)).

Proof. Let us first consider the case g(z/,zx) = f(2')sin(mzy). By contradiction, let

u be a solution of (b.1)) satisfying (5.11]). Applying Propositions [5.5.4} [5.5.6} [5.5.10] and
5.5.11] we obtain the following particular form for v in >:

uw(x',xN) = aycoszy + by sinxy + by, (2) sin (may).

Since uy(2’,0) = 0, we deduce that b, = —%1 is constant. On the other hand it is a
solution of

0 = div’ (ﬁ(m")v’b@ = (m? = Dby, + f(2');

thus f must be constant, that is f(z') = f = 6 € R\ {0}. But in this case, imposing
the initial condition u(z’,0) = 0, we obtain a; = 0, and consequently

6

T (msinzy — sin(mzy)),
m J—

uw(z',zy) =
which does not satisfy (5.11)) because it assumes negative values (it is odd, 27-periodic
and not identically zero).
When g(z',zn) = f(2') cos(mzy), we can argue as before to find that u has the
form
w(z',xN) = a1 cosxy + by sinzy + apm(2) cos (may).
The boundary condition uy(z’,0) = 0 implies b; = 0, while from u(z’,0) = 0 we deduce

that a,,(2') = —a; = const.. Hence 0 = (m? — 1)a,, + f(2') and so f(z') = f =0 €
R\ {0}. Finally u has the form

0
u(x' zy) = T (cos(xn) — cos(may)) .
Observe that
0<u 3:’,2—7T :L cos 2—7T —1 =0 <0,
m m2—1 m
while 9
< A 1 >
0 u(m,m> m2_1<cos(m)+1> —60>0,

a contradiction. ]
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More in general, the same proof yields

Proposition 5.5.14. Let N =2 or 3, let g € C (@) and assume that

/

g(x' xN) cm(2") cos(max ) + d(2) sin(nzy)

mel

or g(x',xn) = cm(2) cos(may) + Z dn(2') sin(nzy),
n€ly

where Iy, Iy C (N'\ {0,1}) are finite sets, n > 2, m € (N\ {1}), and dx, ¢z are not
identically constant. Then there are no solutions of (5.1)) satisfying (5.11)).

In what follows we set N = 2 or 3 and we show that it is possible to use the method
of the Fourier coeficients in order to obtain a complete classification when ¢; =d; =0
and only a finite number of the Fourier coefficients of g are not identically zero.

Let

g(z',xN) + Z em(2) cos(mzy) + Z dn (') sin(nzy), (5.41)
mel nels

where I} = {mq,...,mg, },Io = {n1,...,ng,} C (N\{0,1}). As far as ¢y is concerned,
it can be identically 0 or not. Only to fix our minds, we assume co(z’) # 0; furthermore,
for the sake of simplicity, we suppose that co, ¢y, dn; € C* (RN-1),

We show that, if there exists u € C? (@) which solves (5.1)) for this particular g and

satisfies (5.11)), then we can determine the explicit expression of w.
Note that, since ¢; = d; = 0, Propositions [5.5.4] and [5.5.6| imply that a; and b; are
constant, and (5.40)) holds true; thus, by Proposition [5.5.10| we obtain

/
u(x' zy) = a0(2x ) 4+ ajcoszy + brsinzy
ko
+ Z am; (') cos(mjry) + Z b, (') sin(njz ),
j=1
in 3, where ag, am,; and by, , are solutions of
div’ (X(a;’)v'ao(x')) = —ap(a’) + co(a) (5.42)
div’ (E(x')v’amj (:z:’)) — (M2 = Dam, (2') + cm, () (5.43)

div’/ (X(x/)vlbnj (x')) = (n — 1)bn, (2') + dn, (2).
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Propositions [5.5.13|and [5.5.14] imply that, if there exists a unique m € N\ {1} such that
¢m # 0 and is not constant, or if there exists a unique m > 2 such that d,,, # 0 and is not
constant, then a solution of satisfying does not exist. If we are not in this
situation and such a solution exists, this system of PDEs (or ODEs if N = 2), together
with the boundary conditions u(z’,0) = 0 and uy(2’,0) = 0 permits to determine the
explicit expression of ag, am; and by,;. We start observing that the boundary condition
u(z’,0) = 0 involves only ag and a,,, while uy(z’,0) = 0 involves the b,;. Thus, we can
consider the system of k1 + 2 equations given by u(z’,0) = 0 together with and
; the unknowns are the functions ag and ay,;, while we consider a; as a parameter;
from u(2’,0) = 0 we deduce

k1
ap(x’) = —2a; — 2 Z am; (2'); (5.44)

j=1

As a consequence

div’/ <A(1”)V’ao(azl)> = —2Zdiv’ (A(x’)vlamj (x’)) ,
j=1

and

k1
—ag(2') + co(2') = 2a1 + 2 Z am,; (') + co(a'),

j=1

so that equation ([5.42)) gives

k1 a '
Zdiv' (A\(x/)v/amj (ZL‘/)) =—ay — Za’mj (Jj/) . C0(2513 )
i=1 =

We plug ((5.43)) for 7 > 1 on the left hand side:

S S co(a')
> [(m2 = Dam, (@) + em, (2')] = —a1 =Y _ am, (&) — 02 :
j=1 j=1
i.e. 1 N
am, (z') = — |~ - f@) => miam, ()|, (5.45)
1 j=2

where f(2') = co(2')/2 + Z;“:l cm;(¢'). Note that now equation (5.45)) together with
(5.43) for j > 2 is a system of k1 + 1 equations in the unknowns a,,; but without ag. If
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we can solve it, we can recover ag using the ([5.44)).
We can iterate the same argument: from ((5.45]) we have

div’ (A(a;’)v'aml (:c'))

_ % —div (A\(I/)V/f(xl)> . imgdivl (A\(x/)vlam]. (1;/))
=2

my
(this is why we required the c,,; smooth) and

2 k1
my — 1
(1 = D, (07) ey (o) = 5= | =1 = (@) = 3 mam, (&) | + om0
1 j=2

equation ([5.43|) for j =1 gives
— i’ (A(a:’)V’ f(x’)) =S midiv! (A(;U’)V’amj (w’))
=2

k1
= —(mf = Dar — (m} = ) f(2') = (m] = 1) >_ miam, (@) +micm, (@),
j=2

i.e.
k1
(@) = ——g—— | (M2 = Vs — fi(a) = 3 m2(m — mB)am, (') | , (5.46)
mi(m3 — m1) =3
where

k1
filz') = —div’ (ﬁ(x')v' f(x’)) =S e, (@) — ey
j=2

Equation together with for j > 2 is a system of k; equations in the un-
knowns A, for 5 > 2, but without ag and a,,,. If we can solve it, we can recover a,,
using the , and then ag using the .

Iterating the procedure ki + 2 times (here we have to assume k; finite), we obtain Uy,
as function of the Fourier coefficients of the g (note that the more k; is large the more
we have to require the coefficients c;,,; smooth), and successively the others a,,;. Note
that ag and a,,; are functions of a;.

The same procedure works for the coefficients by,;-s, starting from u ~N(2/,0) = 0. In the
end we obtain the explicit expression of u in function of the two “parameters” a; and b;.
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At this point it is sufficient to impose that u solves the considered differential equation
to determine a; and b;.
Let us see the iterative procedure in action with an example: let N = 2 and

2 4 T
(1+ 22)2 (1+ 22)2

g(x,y) = (

arctan x + (arctan 1:)2)

+ <— 1+ 22 + 4(1 _:3562)2 arctan x + 3(arctan a:)2> cos(2y)

co(x
= Og ) + ca(z) cos(2y).
Proposition 5.5.15. There is a unique solution of
—Au=u—g n Rf
u(z,0) =0 (5.47)

u satisfies (5.11]),

whose explicit expression is
u(z,y) = (arctanz)? (1 — cos(2y)) .
Proof. Due to the form of g we know that if u solves (5.47)) then

u(z,y) = aoéa:) + aj cosy + by siny + ags(x) cos(2y), (5.48)

with uy(z,0) = 0 (Lemma and Proposition [5.5.10]). Thus b; = 0. As far as ap and
as is concerned, they solve

ag(x) = —ap(x) + co(x) (5.49)
ah(x) = 3az(z) + ca(x). (5.50)
From u(z,0) = 0 we deduce
ap(x) = —2a1 — 2az(x). (5.51)
Hence gives
" o . CO(QT)
ay(x) = —a1 — az(z) — ——;

we plug ([5.50]) on the left hand side, obtaining

as(a) = = — L2~ M~ _(arctanz)? — 2 (5.52)
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and consequently from ([5.51])

ap(z) = (305113) + 02;3:) - ;al = 2 (arctanz)? — gal. (5.53)

Note that it is sufficient to substitute the explicit expressions of ¢y and ¢y (which are
given by ¢) in order to get ap and ag, and no integration is required.
So far, we proved that a solution of (5.47) is of type

Ug, (z,y) = (arctanz)? (1 — cos(2y)) — % (3 —4cosy + cos(2y))
= (arctanz)? (1 — cos(2y)) — % (1 —cosy)?,
which is non negative if and only if a; < 0. It is straightforward to check that u,, solves
(5.47)) only if a; = 0. O

Remark 5.5.16. For a generic g of the form (5.41)), the iterative procedure we intro-
duced above can be used as a test in order to check if (5.47) has at least one solution

satisfying ([5.11]).
For instance it is immediate to check that (5.47)) with

g(x,y) = cos(2z) + sin(3x) cos(2y),

has not a solution satisfying (b.11]). Indeed, if such a solution existed, then its explicit
expression would be ([5.48) with ag and as given by

aO(ﬂf):Coé(lx) CQgL‘)—;al ag(aj):—coéw)_@ix)_117

(cf. (5.53) and (5.52))) where co(x) = 2cos(2z) and ca(x) = sin(3z); but ag(z)/2 +
ay cos(y) + az(x) cos(2y) is not a solution of —Au =u — g.

Last but not least, we also remark that if Aq,..., A\; are nonnegative real numbers
and uq, ..., ug are solutions of with ¢ = g;, 7 = 1,...,k, then the function u =
Z;?:l Aju; is a solution of with g = Z§:1 Ajg;j. Thus, combining in a suitable
way the examples considered before, we can construct many other functions g for which
we have existence and uniqueness of the solution or existence and multiplicity of the
solutions.




Chapter 6

Monotonicity and 1-dimensional
symmetry for solutions of an
elliptic system modelling phase
separation

6.1 Introduction and main results

In this chapter we are interested in monotonicity and 1-dimensional symmetry for solu-
tions of system

—Au=—uv?® inRY
~Av=—u?v in RN (6.1)
u,v >0 in RV,

which we dealt with in Chapter

The peculiar problem we consider has been proposed by Berestycki, Lin, Wei and
Zhao in [12], where the authors established some similarities between system and
the celebrated Allen-Cahn equation

—Au=u—u in RY, (6.2)

We roughly describe now the aforementioned relationship, referring to [12] for a more
precise discussion. In a binary fluid such as a mixture of oil and water, the two com-
ponents of the fluid may spontaneously separate and form two segregated domains,
divided by an interface. This phenomenon is called phase separation. To understand
from a mathematical point of view the law which governs the interface formation, we
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may assume that it is driven by a variational principle, in the sense that the pattern of
separation is given as a minimizer of a suitable energy functional. The functional

1
J(u):/;]Vu|2+4(1—u2)2 uwe HY(Q),e >0,
Q £

has been proposed to describe the process of phase-separation in this setting. Up to a
space dilation, we may focus on the case ¢ = 1. Then, we find the Allen-Cahn equation
as FKuler-Lagrange equation of J.

As explained in the introduction to Chapter [ phase separation occurs also in Bose-
Einstein condensation. The idea which is explained in [12] is that, in this latter situa-
tion, system plays the same role which the Allen-Cahn equation has in the previous
model. In this sense, it seems reasonable to think that equations and share
some common features, and, having this in mind, the authors of [I2] took some interest-
ing issues concerning solutions to and translated in a convenient way to solutions

of .

The classical De Giorgi conjecture and Gibbons conjecture. In 1978, De Giorgi
formulated in [30] the following famous conjecture.

Conjecture. Let u be a bounded solution of (6.2)) such that Oyu > 0 in RY. Then, at
least when N < 8, the level sets {u = ¢} are hyperplanes.

The thesis of the conjecture is equivalent to the fact that, up to a rotation, u depends
only on one variable. One can easily check that in this case u has to be of type

o) = o =),

where v € SN~ with v > 0, and b € R.
A variant of the De Giorgi conjecture is the so-called Gibbons conjecture, see [18] 43].

Conjecture. Let u € C?(RY) N L>®(RY) be a solution of (6.2)), and assume that

lim w(z',zy)=+1 and lim u(s’,zn) = 1,
TN —+00 TN——0C

the limit being uniform in 2/ € R¥~!. Then the level sets {u = ¢} are hyperplanes.

Note that in this last case there is no restriction on the dimension V.

The conjectures above have been intensively investigated in recent years and have
been essentially settled by now (even though the De Giorgi conjecture is still open, in
its complete generality, for 4 < N < 8). We refer to [38] for a complete overview of the
known results.
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The counterparts for solutions to (6.1). We recall that system (6.1) has a unique
(up to translation, rotation, and scaling) positive solution (@,v) when N = 1. It has
linear growth, that is, there exists C' > 0 such that

u(z) +v(x) < C(1+ |z|) Vo e RY,
and satisfies the following monotonicity condition:
@ >0and v <0in R.
Furthermore,

lim w(t) =0 and lim wu(t) =400

t——o0 t——+4o00
lim v(t) =400 and lim v(t) =0.
t——o0 t—+o00

These facts motivated Berestycki, Lin, Wei and Zhao to formulate in [12] the follow-
ing conjectures.

Conjecture (De Giorgi-type conjecture). At least up to the dimension N = 8, under
the monotonicity condition

ou ov
% > 0 and axN

a solution (u,v) of (6.1) is 1-dimensional.

<0,

Here and in what follows we say that (u,v) is a 1-dimensional solution of (6.1]) in
RV if there exists v € RY such that

u(@) =u((v,z)) and v(z)=0v((r,)),
that is, up to a rotation (u,v) is a solution of (6.1) depending only on one variable.

Conjecture (Gibbons-type conjecture). Let N > 2, let (u,v) be a solution of (6.1])
satisfying

lim wu(z’,zny)=0 and lim wu(z,zn) = 400
TN——00 TN—r+00

lim v(2/,zy) =400 and lim v(2/,zy) =0,
TN——00 TN—+00

the limits being uniform in 2’ € RV~!. Then (u,v) is 1-dimensional.

In a successive paper, motivated by new available existence results, Berestycki, Ter-
racini, Wang and Wei proposed another challenging issue.
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Conjecture (Open problem 2 in [13]). For any N > 2, let (u,v) be a solution of ,
and assume that the function N(r) := N(0,r), which will be defined by formula (6.5]),
is such that

lim N(r) =L (6.3)

7—400

Then (u,v) is 1-dimensional.

Assumption (6.3)) is a growth condition. Indeed, as a consequence of the forthcoming
Proposition [6.2.6] and Lemmas the reader can easily check that the previous
statement is equivalent to the following.

Conjecture. For any N > 2, let (u,v) be a solution of (6.1) having linear growth.
Then (u,v) is 1-dimensional.

Known results concerning the 1-dimensional symmetry of the solutions. The
first contribution in this direction is contained in [I2]: the authors proved that if N = 2,
(u,v) has linear growth and is monotone in the ey direction, in the sense that

ou ov

— >0 and — <0 inRY,

ox N ox N
then (u,v) is 1-dimensional. An improvement of this results has been recently obtained
by Farina in [35]; he replaced the linear growth condition with an arbitrary algebraic
growth condition: there exist p > 1 and C > 0 such that

u(z) +v(z) < C(1+ |z|P) vz € RV, (h1)

Moreover, he weakened the monotonicity assumption requiring that only one component
between u and v is monotone in zy. Always in case N = 2, Berestycki, Terracini, Wang
and Wei [13] showed that if (u,v) has linear growth and is stable, then (u,v) is 1-
dimensional. We recall that a solution (u,v) of is stable if

/ (VP + [V + 0% + 2% + duvgy)) 0 Vo, € CO(RY).
RN

As far as the higher dimensional case is concerned, we refer to the recent contribution by
Wang [90], who proved that if N > 2, (u,v) has linear growth and is a local minimizer
for the energy functional, then (u,v) is 1-dimensional. Saying that (u,v) is a local
minimizer, we mean that for every smooth function (@,?) such that @« = v and o = v
outside a ball Br(0), one has

/ |Vu|? 4+ |Vo)? + u?v? < / |Va|* + |Vo|? + @202
RN RN
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Our contribution. The first main result is the proof of the validity of the the Gibbons-
type conjecture for solutions having algebraic growth, in any dimension.

Theorem 6.1.1. Let N > 2, let (u,v) be a solution of system (6.1)) having algebraic
growth (i.e. satisfying (hl])) and such that

lim w(2,znx)=0 and lim w2, xy) = +o00

T N——00 TN —+00 (h2)
lim v(2',zy) =400 and lim v(z',zy) =0,

TN—>—00 X N —+00

the limit being uniform in ' € RN=1. Then (u,v) depends only on the xxn variable, and

ﬂ>0 and ﬁ<O in RY.
ox N ox N
Some remarks are in order: the original conjecture was formulated without assump-
tion . Nevertheless, at this stage it seems really hard to deal without the algebraic
growth condition, because, as already remarked in Chapter [, most of the results which
are present in the literature rest strongly on it; concerning symmetry results, we observe
that, except the work [35], all the quoted achievements are obtained under the linear
growth assumption. For us, the main problem to deal with solutions not satisfying the
algebraic growth condition is the lack of convergence for the blow-down sequence (see
the forthcoming Theorem ; concerning this fact, we point out that in Chapter )
we established a counterpart of this result for exponentially growing solutions, but our
result requires more assumptions and is less flexible than Theorem [6.2.13
On the other hand, in light of the coupled nature of system , we can weaken
assumption (h2)) obtaining again monotonicity and 1-dimensional symmetry.

Corollary 6.1.2. Let N > 2, and let (u,v) be a solution of system (6.1)) having algebraic
growth (i.e. satisfying (b)), and such that

. / / o
a:ngrioo (u(@',zn) — v(a', zn)) = o0, (h3)
the limits being uniform in ' € RV~ Then (u,v) depends only on the xx variable,
and

ﬂ>0 and ﬁ<o in RV,
oz N orN

Strategy of the proofs. As we shall see, the 1-dimensional symmetry of the solu-
tion (u,v) follows from the monotonicity in the ey direction. We wish to prove this
monotonicity property by means of the moving planes method.

Since we are dealing with a system of equations instead of with a single equation,
and with unbounded solutions, we have to face some relevant complications. We can
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overcome them thanks to a careful analysis of the properties of “local monotonicity” (cf.
Proposition and “local boundedness” (cf. Proposition for the solutions.

Firstly, in Section [6.2] we review some known and a few new results which we use
many times in the next chapter. We prefer to write down explicitly the statements
which we will use (even if it has been already proved in some other work), because in
the literature they do not always appear in the form which is more convenient to our
aim, and because sometimes the proofs are missing. In such a case, we write them for
the sake of completeness.

In Section 6.3, we provide some other estimates which we use in the rest of the
chapter.

In Section we make rigorous the intuitive fact that, under assumption , TN

is the privileged variable of the solution (u,v): to be precise, by means of the blow-down
technology, we show that, independently on the base point zy € RY, the entire blow-
down family converges to the same function ('yx}t[, Yy ), with v > 0.
In Section we show that, under our assumptions, dyu(z) > 0 in {xxy > 1} and
Onv(z) < 0in {zy < 1}. This does not follow directly from the results of Section
because the quantitative information given by the convergence of the blow-down family
get worse as R — 400 (we refer to Section for more details).

In Section [6.6] we use the moving planes method to prove that Oyu > 0 and Oyv < 0
in RY; firstly, by the fact that dyu > 0 for zx > 1 we deduce that in the same region
Onv < 0; this can be done thanks to a version of the maximum principle in unbounded
domains, and allow us to start the moving planes method. We point out that it is not
possible to proceed separately on u and on v (that is, it is not possible to show that
Onu > 0 and, in a second time, that Oyv < 0 in RY); this reflects the coupled nature
of system .

In Section [6.7], we complete the proof of Theorem passing from the monotonic-
ity in the ep direction to the monotonicity in all the directions of the upper hemisphere
S = {v e SV (en,v) > 0}; we follow the line of reasoning introduced by Farina
in [33], taking advantage of the results of the previous sections in order to adapt it in
the present situation.

Finally, in Section we give the proof of Corollary to be precise, we show
that under and , assumption is satisfied, so that Corollary follows

from our main theorem.

6.2 A brief review of some known results

The exponential decay. It is by now well known that, if (u,v) solves (4.1) and wu is
very large in a ball Bg,(z(), then v has to be exponentially small with respect to u in a
smaller ball.



6.2 A brief review of some known results 277

Lemma 6.2.1 (Lemma 4.4 in [26]). Let 29 € RY and r > 0. Let u € H (B (0)) be
such that
—Av < —Kv in By (xo)

v>0 in Ba,(x0)
v< A on 0Ba,(x0),

where K and A are two positive constants. Then for every a € (0, 1) there exists Cq > 0,
not depending on A, K, R and xq, such that

. 1/2
sup  v(z) < ade Gl
z€Br(z0)

We always apply this result with a fixed choice of « (e.g. the reader may think to
a = 1/2), to simplify the notation.

A local segregation theorem. Let us consider problem

—Aug = —Bugvg
—Avg = —Bu%vg (6.4)
ug,vg > 0,

where (§ is a positive parameter tending to +oo. The following is the local version,
proved in [90], of the uniform Hélder estimates obtained in [67].

Theorem 6.2.2. Let {(ug,vg)} be a family of solutions to in a ball By, (zo) C RY
(where z9p € RY and r > 0). Assume that, as B — +oo, {(ug,vg)} is uniformly
bounded in L>®(Ba(z0)). Then {(ug,vs)} is uniformly bounded in C%%(B,(zy)), for
every o € (0,1).

As a consequence, one can easily adapt the proof of Theorem 1.2 of [67] and obtain
a local segregation theorem; for point (iv) we refer to [29] 82].

Theorem 6.2.3. Let {(ug,vs)} be a family of solutions to (6.4) in a ball Bay(z¢) C RY
(where xg € RN and r > 0). Assume that, as 8 — +00, {(ug,vs)} is uniformly bounded

in L (Bay(x0)). Then there exists a pair (uso, Vo) such that, up to a subsequence, it
holds:

(i) ug = uoo and vg — Voo in CO(By(z0)) N HY (B, (x0));

(ii) UsoVoo = 0 in B(zg9) and

lim Budv? = 0;
B—=+0 J B, (z0) p7h
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(iti) the limiting profile satisfies

—Ause =0 in {us >0} N Byr(x0)
—Avoe =0 in {veo > 0} N By (x0);

(iv) Uoo — Voo @8 harmonic and both us and Voo are subharmonic in By (xg).

Remark 6.2.4. In [67] it is considered a different system with some additional terms.
In particular, the term u? appear in the equation for u, and v? in the equation for v.
Since it is required that these powers are subcritical for the Sobolev embedding, this
imposes a restriction on the dimension N. However, as explained in the introduction
of the quoted paper, all the results are valid in any dimension provided u? and v3 are
replaced by subcritical terms; this is clearly the case of system , where such a term
does not appear.

An Almgren monotonicity formula. For a solution (u,v) of problem (6.1)), and for
any o € RY and r > 0, we define

1
E(.Z'(),T) = T‘N_Q/B o) ’vu‘Q + ‘VU‘Q + u2v2
r(Z0
1 2 2
H(anT)ZZTN_l/BB( )u +v (65)
r{(Z0o
E(zo,r) TfBT(xo) |Vul? + |Vo|? + u?0?
N(xo,r) := — ; _ .
H(x(hr) faBT(wo)’U/ “I—U

The function N is called Almgren frequency function or Almgren quotient.
If we fix 2o € RY, these quantities can be considered as functions of the radius r.

Remark 6.2.5. A direct computation shows that
0
—H(xg,7) = QTI_N/ |Vul? + |Vo|]? + 2u0% > 0 :
87“ Br(zo
for every zo € RY and r > 0 the function H(x¢,7) is nondecreasing in r.
Proposition 5.2 of [I3] says that also the Almgren quotient is nondecreasing.

Proposition 6.2.6 (Almgren monotonicity formula). Let (u,v) be a solution of (4.1]),
let zg € RN, The Almgren frequency function N(zq,7) is nondecreasing in r.

A control on the Almgren frequency function gives useful information about the
growth of the function H with respect to the radial variable. The proof of the following
result is a straightforward modification of the proof of Proposition 5.3 in [13]



6.2 A brief review of some known results 279

Corollary 6.2.7. Let (u,v) be a solution of (A1) and let xo € RY.
(i) If N(xg,7) > dy forr > Ry >0, then

H(xp,72) r%dl
H(zo,m1) ~— 2%

VRl <ry <ry;

(ii) if N(xo,r) < dy for r < Ry, then

2d
H(wo,r2) _ od2T2 :

> YO <r; <7y < Rs.
H(x()),rl) T%d2

In light of the subharmonicity of (u,v), it is not difficult to deduce a pointwise
estimate on the growth of the solution (u,v).

Corollary 6.2.8. Let (u,v) be a solution of ([4.1)), let zo € RY and p > 1, and assume
that N(xo,r) < p for every r > 0. Then there exists C > 0 such that

uw(z) +v(x) < C(1 + |z|P) vz e RY.
Proof. The thesis follows if we show that there exists C' > 0 such that
u(z) +v(x) <C(+ |z —x0P) vz € RY.

Let us suppose by contradiction that our claim is not true. Then, without loss of
generality we can assume that there exists r,, — +o0o such that

lim AT _ (6.6)
n—-+o00 Tn
for some z € S¥~! and r,, — +00. In light of Corollary we have
H 2
(%7,27%) <ePH(x9,1) = u? 40?2 < Cr2PtN-L (6.7)
(2rp)%P 0Bar (o)

As wu is subharmonic, u < ¢, in Bs,. (x9), where ¢, is the solution of

—Ap, =0 in By, (x0)
On=1u on 0By, (xg).

By the representation formula for harmonic functions we know that for every z € B, (z0)

4r} — |$—$o|2/ u(y)
r)= —"F—v—— — —do
#nl() ANISNUrn  Jops, (wo) £ —yIN 7

1

2 N-—1 -1
<Cry / % / w? ] < CTQTJF‘H 2 =Crb,
OBar,, (z0) T 0Ba;,, (x0)

ol
z
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where C' depends only on the dimension N, and for the last inequality we used the (6.7]).

Thus, for every 2 € SV~! we obtain

u(xg +rpx) < ep(z) < CrP vn,
in contradiction with equation . O

As proved in [35], the converse holds true.

Lemma 6.2.9 (Lemma 2.1 in [35]). Let (u,v) be a solution of (&.1)), let zo € RY, and
assume that there exist p > 1 and C > 0 such that

u(z) +v(z) < C(1+ |z|P) Ve € RN,
Then N(zg,7) < p for every zg € RN and for every r > 0.

Remark 6.2.10. Combining Corollary and Lemma we deduce that if there
exists zg € RY such that N(zg,r) < p for every r > 0, then

u(z) +v(z) < C(1+ |z|P) Vo € RY,

and hence N(z,r) < p for every 2 € RY. That is, a bound of the Almgren quotient
centred in a point 29 € RY provides the same bound for the quotients N(z,-) for every
z € RN,

Remark 6.2.11. We point out that all these results hold true for a solution (ug,vs) of
(6.4), with E(xq,r) replaced by the corresponding energy function, that is,

1 / 2 2 2.2
N2 5 (20) s s BYB

The blow-down family. By means of the previous monotonicity formulae, in [13] it is
proved that the asymptotic information about {(ug,vs)} can be improved for particular
sequences. Let (u,v) be a solution of . For every zg € RY and R > 0, we introduced
the blow-down family (centred in xg) as

(Uao, R (2); Voo, R(T)) = ( z0 + Rz v(zo + R@) . (6.8)

1 1
,/H(mO,R)u( ) VH(zg, R)

By definition, faBl(O) u?:O,R"‘U?co,R =1 for every 7o € RY and R > 0. Also, (s, R, Vo .R)

solves
_ 2 2 : N
—Augyr = —H(xo, R)R* ug rvz, p in R

. mN
—Avg, r = —H(z0, R)R? uioﬁ Ugo,r  IN R

Uz, Ry Vzo,R > 0 in RV.
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Remark 6.2.12. A direct computation shows that if N(xzo,7) < p for every r >
1, the same estimate holds true for the Almgren quotient associated to the function
(Uzg.R> Vao.r) (for every zop € RN and R > 0): for every r > 1

1
rN=-2 /; ) ’VU$O7R|2 + |VU$O,R‘2 + H(x(b R)R2 u??o,R Uzo,R

i = N(zo, Rr) < p.

2 2
u +v
N-1 / zo, R zo,R
r 9B, (0)

As a consequence, if we can bound N (zg, -), we can apply Corollary on any function
of the sequence {(uz R, Vzo,R)}-

Theorem 1.4 in [I3] says, roughly speaking, that if the Almgren frequency function
is bounded, then the limit of N(zg,r) as r — +oo (which exists by monotonicity) is
a positive integer, and the limiting profile is a homogeneous harmonic polynomial. It
is straightforward to check that, although therein it is considered the case x¢g = 0, the
result holds true for any zq € RV,

Theorem 6.2.13. Let (u,v) be a solution of (&.1)), let xg € RY, and assume that

TETOON(:L‘O,T) =:dy, < 4o00.
Then dg, is a positive integer. There exist a subsequence of the blow-down family
{(uzg,R, Vao,r) : R > 0}, denoted by {(uzg,R,.»Vao,Rn)}s and a homogeneous harmonic
polynomial of degree dy,, denoted by V., such that (Uzy R, ,Veo,R,) — (Vi ,Vy) as
R — +oo in CL (RY) and in H} (RN). Moreover,
H(zo, RA)R*ul g, v p, =0  in Lig (RY).

This achievement permits to say something more on the asymptotic of H(xg,-) in

case (u,v) has algebraic growth.

Corollary 6.2.14. Let (u,v) be a solution of with algebraic growth. For xq € RY,
let dy, = limy—y 400 N(x0,7), which is a positive integer by the previous statement. For
every € > 0 it results

. H(zo,r)

lim

L = oo
r—+00 7«2dr0(1*5)

Proof. As d,, > 1, using the Almgren monotonicity formula (Theorem [6.2.6|) we deduce
that for every € > 0 there exists r. > 0 such that, if » > r., then

N(zo,r) > dg, (1 - g) .
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Hence, we can use Corollary to obtain
H(zg,r) > O (1-5) Vr > re,

with C' > 0. Therefore

nlm

H(xg,7) ) r2do(1-3)
_ > —_— = .
rg—l—oo r2dzo(1 g — Tlgll—loo ¢ 7~2dro(1_5) oo =

An Alt-Caffarelli-Friedman monotonicity formula. For a solution (u,v) to (4.1),
we introduce the quantity

1 / [Vu(y)]? + v?(y)v*(y) a0 [Vo(y)? + u?(y)v*(y) dy.
B, (z0)

J(zg,r) = —
( ) r ly — oV 2 B (x0) ly — oV 2

Note that when N = 2 the denominator is equal to 1.
First of all, we report the useful formula (4.11) in [90].

Lemma 6.2.15. There exists C > 0 independent on xo € RN and on r > 1 such that

2 20,2
12/ [Vu(y)| +U]é?jgv (y) dy < ]\([/12/ W2
72 J B, (20) ly — ol r Bay(x0)

An analogue estimate holds true for v.

Proof. We consider the case N > 3. If N = 2 the proof is simpler. Without loss of
generality, we consider the case g = 0, to ease the notation. For every n € C°(RY) we
have

[Vul? + u?v? , A (“2) N 1 2| 12-NY 2
N2 = N2 — SA @y u
Ry |yl &y 2|y RN 2

1 1
:/ 5O (W) e + 2/ u? (22— Ny N nly, Vi) + [y>VA (7))
RN RN

1 _ _
<5 [ o =Nl + A (7))

where we used the fact that
A (|y|2_N) = _55

where 0 denotes the Dirac delta centred in 0.
Now, let 7 > 1. Let ¢ € C°(R*) such that

o(t) =1 t e [0,1]
e(t)=0 t € [2,400)
0<p(t)<1 te(l,2)
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We set, for any » > 1, n.(z) = ¢ (|z|/r). It is then clear that there exists C' > 0
independent of r such that

C C
2 2
V= < = and A (nr) < 2

Using 7, as test function into the previous estimate we deduce that

/ \Vu|2—|—u2v2n2</ |Vu|2—|—u2v2772
o wINTE T T ey yIN2 T

1
<5 [ @ MYl Ta ]+ V1A () )
RN

1 _ _
< 2/ u? (22 = N)r' =N Ve + 27N |A (n7) )
B3, (0)\Br(0)

<cor N / u?.
B2, (0)

We point out that C is a positive constant which is independent of r and also on the
base point, which we fixed in 0. O

Recently, Wang proved an Alt-Caffarelli-Friedman monotonicity formula which en-
hances a previous similar result in [67].

Theorem 6.2.16 (Theorem 4.3 in [90]). Let (u,v) be a solution of (4.1)) having algebraic
growth, and let o € RN. There exists C(xg) > 0 such that

_ -1/2 . o
s e C@OTTE T (g ) is nondecreasing in v
for every r > 1.

The proof of this statement, which we write below for the sake of completeness, is
based upon the following lemma. As in the classical Alt-Caffarelli-Friedman result, the

function
N —2\?2 N —2
I(t) := (==

plays an important role.

Lemma 6.2.17. Let (ug), (vg) C H' (SV™1) be two sequences such that

2 _ 2 _ 2
/SN_luk—l and /SN_lvk—)\,
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and assume that there exists A > 1 such that
1
X <A <A Vk.

Then there exists C' > 0 depending only on A and N such that
(ol | (T B

Joni0) ¥ Jomi(0) Tk

Proof of Theorem[6.2.16 It is convenient to introduce the following notation: for any
r>0

) >9_ Ck .

r2 |Vou|? + u?v?
A1 (7") _ faBr(mO)

faBT (z0) u?

r2 |Vov|? + u?v?
A2 (’f‘) _ faBT-(CIZQ)

)

faB,«(xo) v?

where Vy denotes the tangential gradient: |Vou|? = |Vu|? — (9,u)?. Moreover, we set

[Vu(y)? + u?(y)v?(y)
Ji(r z/ dy
1( ) By (x0) |y—x0|N72

[Vu(y)]? + u?(y)v*(y)
Jo(r :/ dy,
2( ) By (x0) |y—x0|N_2

so that J(zg,r) = J1(r)Ja(r)/r*; recall that we consider zo € RY fixed, so we do not
write explicitly the dependence of A1, Ay, J1 and J5 on it, to ease the notation. For this
reason, we write B, instead of B,(xg), too.

By direct computations
/ (Vul? + u?v? / |Vo|? + u?v?
o, |To —y[N 2 o, 170 —y[N 2

0 4
—log J = —— 6.9
5y 108 (xo,T) -t o + To(r) (6.9)
Let us test the differential equation for u with u/|xg — y|™ =2 in the ball B,:
1 1
O:/ e (~Au)u + s u*v?
B, \$0—y|N*2( ) w0 — y[N 2

SRy ——)

1 u? 1 N -2 u?
:Jl(r)+/ (=8) (|$0—y\N2> 2 rN-2 /83 udu = riN-1 /BB 27
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where d,, is the Dirac delta centred in x(, we deduce

1 N -2 u?
Jl(r)S—TN_2/ T /{)B 5 (6.10)

Recalling that

for every r > 0. Now, thanks to the Cauchy-Schwarz and the Young inequalities, for
every 0 € R and r > 0 we have

fo e = ([, ) (/anavuff

= \/2/;7/8& 2\F1 )/a&

111 r
R AV u2 +U2'U2 +62/ al/u 2:| ’
: [52 /aBT (IVaul R T e

where we recall that A; has been defined at the beginning of the proof. Substituting
into inequality (6.10)), we obtain

. 1 1 N -2 U2 e 5° 02
) < g [(azm+ A1<r>> o 70 420 + 555 | )]

It is possible to choose ¢ such that

D=

(8,,u)2

1 N—2 52

2 /Ay (r) Ai(r)

or equivalently
A1 (’I”)
52

In this way, since |zg — y|V =2 = r¥=2 on 9B,, it results

r |Vul? + u?v?
Ji(r) < / ;
) < SR Jos, a0 — 91N 2

= L(A1(r)).

for every r > 0. An analogue estimate holds true for J>. So, coming back to , we

obtain B 4 2r(A 9T (A
— log J(xg,7) > —— + (A1(r) + ( Q(T)).
or r T r

(6.11)
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Now, let us set
(r(x),vp(x)) = (u(xo + 12),v(T0 + 7)) with z € 0B1(0).

With this notation

Al(T‘) = f —
9B1(0) Ur
Vou,|? + r?uv?
Aa(r) = Jony| |

=2
Joi(0) V7
We wish to introduce a suitable normalization in order to apply Lemma to the
family {(@,,v,)}. To do this, we have to prove that the quantity

30(7") ‘: faBl(O) ﬂg
Jon.(0) O

is bounded from above and from below by positive constants, for » > 1. At first, the
subharmonicity of ©? and v? and the mean value inequality give

/ a2 > [SN " Hu(zp) and / 52 > |SN (). (6.12)
8B1(0) 8B1(0)

This estimate, together with the regularity of (u,v), implies that ¢ is continuous and
well-defined for r € [1,+00). We observe also that, since (u,v) has algebraic growth, by
Theorem [6.2.13] it follows that
o @ Jomo)(¥T)?
lim — =
r=>+00 [yp, Ok faBl(o)(‘I’f)2

= (Cp >0,

where ¥ is a homogeneous harmonic polynomial of degree d € N. This says that there
exists ¥ > 1 such that

C 3C
70 < p(r) < 70 Vr > (6.13)
On the other hand, for every r > 1 we have
1
/ 02 = N_1/ v? < H(zo,7) < H(xg,1)er??, (6.14)
dB1(0) r dB,

where we used Corollary and similarly

/ u? < H(xp,1)edr? Vr > 1. (6.15)
8B1(0)
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Combining (6.12]), (6.14) and (6.15)) we deduce that there exists C7 > 1 such that

1
— < pr) <0y vr € [1,7],
Cq

which together with (6.13) proves the boundedness from above and from below of (.

Now, let us consider the normalization

and  0,(x) := M,

Jon. (0) @

n(2) = (@)
T faBl(O) u?

that is, we normalize both @, and o, with respect to the L? norm of @, on the sphere

0B1(0). In light of (6.12)

Av(r) = / Voiir|? + 72 / a2 | a2
0B1(0) 8B1(0)

.2 N-1 24242
> / |Vovr|” 4+ [S7 ™ u(zo)r=aio;.
0B1(0)
As I' is monotone nondecreasing, we deduce

T'(A1(r)) + T (Aa(r))

>T / Vot |* + Cr2a20? | +T / Vo2 + Or*ao? | .
8BI(O) BBI(O)

Thanks to the first step, we are in position to apply Lemma in order to obtain

|Q

D (Ay(r) + T (Ag(r) > 2 -

i

N|=

r

where C' is a positive constant independent on r. Coming back to (6.11), we deduce
that there exists C' > 0 such that

3

0

—log J(xg,r) > —Cr™2

5, 108 (xo,7r) > r
for every r > 1. An integration gives the desired result. O

Remark 6.2.18. Note that it is crucial, in order to apply Lemma [6.2.17] to show that
the ratio ¢ is bounded from above and from below.
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6.3 Preliminary estimates

The Alt-Caffarelli-Friedman monotonicity formula (T heorem gives a lower bound
for some integral quantities related to solutions having linear growth (cf. the results of
Section 4 of [90]). In this section we prove some new results and we refine some estimates
of the quoted paper, in order to use them in the next sections.

In Corollary 4.5 of [90], the author used the linear growth of the solution (u,v) to

obtain a lower bound for the growth of the function

r— u2+v2.

8B,(0)

We think that it is interesting to note that an equivalent estimate holds true assuming
only that (u,v) has algebraic growth. Clearly, this requires some extra-work.

Corollary 6.3.1. Let (u,v) be a solution of (6.1)) satisfying . There exists C > 0
such that

/ u? + 02 > orVt? Vr > 1.
Br(0)
Proof. Assume by contradiction that the statement is not true: there exists ¢, — 0 and

(rn) C [1,4+00) such that
/ u? +v? < g TR (6.16)
Brn(o)

Step 1) liminfr, = +oo.
n—0o0

If not, up to a subsequence r,, — 7 > 1. By the dominated convergence theorem, we

have
/ u? +0? = 0,
B#(0)

and by subharmonicity we deduce that (u,v) = (0,0), a contradiction.

Step 2) Conclusion of the proof.
To simplify the notation, we call Ji(r) the quantity

1 [Vau(y)|* + v*(y)v*(y) ay
2 ), (0) |y V=2 7

and Jy(r) the same quantity for the component v. Now, by Theorem [6.2.16| there
exists C' > 0 such that J(0,r) > C for every r > 1, that is, Ji(r)Ja(r) > C for every
r > 1. In particular, this holds true for r = r,, /2. Up to a subsequence, we can assume
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J1(rn/2) > C for every n. By means of Lemma [6.2.15| (we remark that the constant
appearing is independent on ) plus our absurd assumption (6.16]), we obtain

C

,
0<C§J1<n)§/ u2§C€n—>0
2 2 B, (0

as n — 00, a contradiction. O

In case (u,v) has linear growth, we obtain a uniform (in both z € RY and r > 1)
lower bound for the values {H(z,r)}.

Lemma 6.3.2. Let (u,v) be a solution of (6.1)) with linear growth. There exists C1 > 0
such that
H(x,r) > C4

for every x € RN and r > 1.

Proof. By the monotonicity of H(x,-), it is sufficient to show that H(x,1) > C with
C independent on z € RY. By contradiction, assume that there exists (z;) C RY such
that

lim u? + 0% =0. (6.17)

1—>00 8B (x;)

By Corollary [6.3.1] we know that there exists C' > 0 such that

/ u2—|—v2ZC’rN+2 Vr>1,
+(0)
Let r > 1; for every ¢ we have

/ u? + 0 > / u? + 02 > orVt2, (6.18)
BT«HIH(IZ) BT( )

/ u2—|—02:/ u2+v2+/ U
By (24) By g, (xi)\B1(2:) Bi(wi)

thanks to Lemma we know that N(z;,r) <1 for every r > 1, for every i. Hence,
by means of Corollary we deduce

T+ ||
/ u2+02—/ (/ u2+v2> ds
By |z (@i)\B1(w:) 1 OBs(x;)
el N+1
<e / u? 4 v? / sV ds
OB1(x;) 1

<e / u? 4 v | (r 4 |z )N
aBl(l‘i)

Note that

2 2
+ v
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Therefore

/ u? +02 <e </ u2—|—v2> (T+|mi])N+2—|—/ u? + 02, (6.19)
By o1 (24) 0B (z;) Bi(x;)

We observe that from the linear growth of (u,v) it follows also
[ e <)
Bi(z:)

where C' does not depend on ¢. Plugging into the (6.19)) and choosing r = r; > |z,
r; = 400 as i — oo (here 7 is fixed, so this choice is possible), we deduce

/ u2+v2§e</ u2+v2) (7‘@-—|—|$i|)N+2+C(1—|—|$¢|2)
By 1w (i) 9B (xi)

<C / u? 02 | eV TR O+ ).
OB (zi)

A comparison with (6.18]) yields

C’TZNJngC' / u? 4+ v? T‘zN+2+C’F1~2.
OB1(x;)

Dividing for TZ-N +2 and passing to the limit as i — oo, we finally obtain a contradiction:

0<C<Clim u? +0? =0,

1—00 OB1(x;)
where we used our absurd assumption, equation (6.17)). O

Where |u—wv| is not too large, it is natural to expect that this provides a lower bound
on the integrals of both u? and v2. To be precise:

Lemma 6.3.3. Let (u,v) be a solution of (6.1)) having linear growth. For every Ci <
VC1/|SN=1| (where Cy has been defined in Lemma there exists Cy > 0 such that

/ u?>Cy and v? > O
9B (z0) 9B (z0)

for every xg € {Ju —v| < C1}.
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Proof. Without loss of generality, we can assume by contradiction that, for a sequence
(x;) C{]u—v| < C1}, we have

lim u? = 0.
1—00 dB; (Zz)
We claim that under this assumption

lim v? = 0.
1—00 331(12')

If not, up to a subsequence there exists 4 > 0 such that lim; f831 (2) v? > 6% We
introduce the sequence

T; +x

1 1
) i) = ( VA D *f”) '

Note that [ ) u? +v? = 1 for every i. Each (u;,v;) solves

[

—Au; = —H(x;, Duv?  in RY
—Av; = —H(x;, Duv;  in RY;

By Corollary (which we can apply, see Remark [6.2.11]), we deduce that

/ u? +v? < er™t Vr, Vi. (6.20)

As u; and v; are subharmonic, the (6.20) gives a uniform bound on the L*°(B, 5(0))
norm of the family {(u;,v;)}, for every » > 1. Now, we have to distinguish between

(7) the sequence {H (x;,1)} is bounded;

(17) the sequence {H (z;,1)} is unbounded.

In case (i), up to a subsequence H(z;,1) — Hs > 0 (see Lemma [6.3.2). Also,
{u;}, {vi}, {Au;}, {Av;} are uniformly bounded in every compact subset K of RV. By
standard gradient estimates for elliptic equations (see [45]) we deduce that {Vu;}, {Vv;}
are uniformly locally bounded in RY| so that up to a subsequence (u;, v;) — (Uoo, Vo)
in C2_(R™) (to pass from the uniform convergence to the C? convergence, we invoke the

machinery of the regularity theory for elliptic equations, e.g. [45]). From the absurd
assumption and our normalization it follows

/ u’, =0 and / v2 =1 (6.21)
8Bl(o) 8B1(0)
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Moreover, s, and v are subharmonic and nonnegative. This implies us, = 0 in By(0),
which in turns yields (applying the strong maximum principle) us, = 0 in RY. Hence,
Voo is harmonic and nonnegative in RY (this follows by the C2 _(RY) convergence): by the
Liouville theorem for harmonic functions, v. = const. Now, since z; € {|u —v| < Cy}

with C; < 4/C1|SN—1], and in light of Lemma we deduce

Voo (0) < lim

1
Am (\/mfv(xi) —u(zi)| + Ui(0)>

. 1 1

i—00 Cl

But since vy is constant and (6.21)) holds true, necessarily v, (0)?|SV—!| = 1, a contra-
diction.

In case (ii), up to a subsequence H(z;,1) — +o00 as ¢ — oo. Due to the fact the
{(u;,v;)} is uniformly bounded in every compact subset of RY, we are in position to

apply Theoremsand for every K cC RY, the sequence {(u;, v;)} is uniformly
bounded in C%¥(K) for every o € (0,1), and, up to a subsequence, (u;, v;) — (Uoo, Voo)
in CO(K)N HY(K), where s, — Voo is harmonic, s, and vs, are subharmonic and
holds true. As in the previous case, by subharmonicity, nonnegativity, and the fact that
faBl(o) u?, = 0, we deduce that us, = 0 in B1(0). So, v is nonnegative and harmonic
in B1(0); moreover,

vo(0) < lim (\/}ﬁlv(%) —u(z;)| + Ui(0)>

1
< 1i ——C1 4+ u;(0) | =0;
_ilglo< IO ;i ))

this implies v = 0 in B1(0), and gives a contradiction with (6.21]).
We proved that if [, §$]u2 — 0, then H(z;,1) — 0 as i — oo. But this is

contradiction with Lemma O

Remark 6.3.4. From now on we will denote as C3 a fixed positive constant strictly

smaller than /C|SN—1|.

Let us come back to the Alt-Caffarelli-Friedman monotonicity formula, see Theorem
In some cases it is possible to get rid of the dependence of the constant C'(x¢)
on xg. This is the purpose of the following general result, which holds true for solutions
with arbitrary algebraic growth and allows xg to vary in a set of full measure.
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Proposition 6.3.5. Let (u,v) be a solution of (6.1) satisfying . Assume that

/ uw?>Cy  and / v? > Cy Vg € {Ju—v| <6}, (6.22)
8B1(x0) aBl(xO)

where C1,d > 0. Then there exists Cy > 0 such that
T e*CQT_l/QJ(a:O, r) is nondecreasing in r

for every r > 1, for every xo € {Ju —v| < d}.

Proof (cf. proof of Theorem 4.3 and the observation before Corollary 4.8 in [90]). For
any xo € {|lu —v| < d} and r > 1, we denote

(Tag (%), Ugor (7)) = (u(xo + rx), v(20 + 7)) with x € 9B1(0).

As in the proof of Theorem [6.2.16] it results

o log J(xg,7) > —% + % [T (A1 (zo,7)) + T (A2(x0,7))] s (6.23)

™ fon. (0) IVoul? + u?v? - Jom0) Votiag,r|* + 122, 02,

JoB, (o) ¥ Jon,(0) Waor

 fon. (o) Vovl2 +u2? [ 0 IV oUey.r|? + 1203, 02,
Ao(zg, 1) = =

Ay (g, 1) =

9

JoB, (20 V2 JoB,(0) P20

and |Voul? = |[Vul? — (9,u)?.
Step 1) There exist C’l, Cy > 0 such that

Jo, (o)
él < 0B1 (0) xo,T

= —— < Cy
/. v
0B1(0) “zo,r
for every xo € {Jlu —v| <6} and r > 1.
By contradiction, there are sequences (z;) C {|u—v| < 0} and (r;) C [1,+00) such that

fBB1 (0) ﬁ%z Ty
lim ————— = 400
oo f@Bl (0) Y, r;
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(if the limit were 0 we can argue in a similar way). By assumption (6.22]), we have

—2 =2
faBl(O) Uz ri < faBl (0) Yair;

72 i .
faBl(O) Yz, r; &

Consequently, faBl(o) ﬂ%m — +00 as i — 00, which in turns implies H(z;,r;) — +o0
as i — 0o. Note that

_9 2 2
Jom0) e _ Jos, (o) SN im faBl(O);““ — fo00 (6.24)
f@Bl(O) Uiy s faBl(O) Vziri e faBl(O) Yairrs

where we recall that the notation (ug,,vy,) has been introduced in . We set
(i, vi) = (Ug; r;» Vay,r;). By definition

7 [

_ 2,2 - N
—Av; = —H (x;,r;)r;u;v;  in RY,

{—Aui = —H(x;,r)r?uv?  in RY

and

/ ul + v =1, (6.25)
9B1(0)

which, by means of Corollary provides a uniform-in-i bound on |, 9B,(0) uf + v? for
every r > 1. In light of the subharmonicity of (u;,v;), this yields a uniform-in-i bound
on the L> norm of {(u;,v;)} in every compact set of RY. As the competition parameter
tends to 400, we are in position to apply the local segregation Theorem deducing
that up to a subsequence (uj, v;) — (Uoo; Voo) in CP (RY), where uo — v is harmonic
and both uy, and vy are subharmonic. By

2
n

/ vX = lim v =1 °f6'91—(0%’2:

9B1(0) iwtoo Jopyo) 2% [op,0) Ui TV;

As v is subharmonic and nonnegative, vo, = 0. This implies that us, is harmonic and

nonnegative in Bj(0). Also, from (6.25) it follows f@Bl(O) u?, = 1. On the other hand,
since z; € {|u —v| < 6} and H(z;,7;) — 400 it results

i=oo \ /H (2i,7;)

U (0) < lim <1|u(:1:i) o) —H}i(O)) ~0

and by the strong maximum principle we obtain us, = 0, a contradiction.
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Step 2) Conclusion of the proof.
For xg € {|u —v| < 6} and r > 1, we consider the functions

Uy (y) Vo (Y) 1
(faBl(O) a%o,r) (faBl 0) ﬂg”) ’

which are obtained by i, and Uy, , after a normalization with respect to the L? norm
of Uy, , on 0B1(0). In light of assumption ((6.22])

~ 2 2 —2 ~2 ~2
Al(x()? T) = / ’veuwoﬂ" +r / Ugo,r | Uzg,rVao,r
9B1(0) 2B, (0)

~ 2 242 ~2
> / |v9u96077”| + Cir Uz, rVazo,r
0B1(0)

~ 2 2 —2 ~2 ~2
AQ(x()? 7“) - / ’vevwoff’ +r / Ugo,r | Uzg,rVao,r
2B1(0) 2B, (0)

~ 2 242 ~2
- / Vobugr|” + Crriil, , 0y, -
9B1(0)

aﬂﬁoﬂ“(y) = and @50077“(3/) =

)

NI

As I' is monotone nondecreasing, we deduce

I (A1 (xo, T)) + I (AQ(CEQ, ’I”))

~ 2 2.2 ~2 ~ 2 242 ~2
>T / |v9ul‘0ﬂ”| + Cir Ugo,rVao,r +7T / ’vevxoﬂ“’ + Cir Uy rVzo,r |
0B1(0) 9B1(0)

Thanks to the first step, we are in position to apply Lemma [6.2.17] in order to obtain

|Q

[ (A1(o,7)) + T (Ag(wo,7)) > 2 —

)

SIS

r

where C' is a positive constant independent on g € {|u —v| < 0} and r > 1. Coming
back to (6.23), we deduce that there exists C' > 0 such that

0 3
I log J(xg,7) > —Crs

for every g € {|u—v| < 6}, for every r > 1. An integration gives the desired result. [

In light of Lemma if (u,v) is a solution of (6.1) having linear growth then
Proposition holds true. By means of this uniform monotonicity formula, we deduce
the following statement.
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Corollary 6.3.6. Let (u,v) be a solution of (6.1)) having linear growth. Then there
exists Cy > 0 such that

1 _ _
— < J(zo,7) < Cy, / u? +0v? < Oy, (6.26)
Cy 8B (z0)

and

sup  u(z) +v(z) < Cs(1+ R)
zE€BR(z0)

for every xg € {|Ju —v| < C3} and r > 1 (where C3 has been defined Remark .

Proof. Tt is possible to conveniently modify the proof of Corollaries 4.9 and 4.10 in [90]
in our setting. We report here the proof for the sake of completeness.

Step 1) There exists C > 0 such that J(z,7) < C for every zo € {|u —v| < Cs}, for
every r > 1.
We note that as (u,v) has linear growth there exists C' > 0 such that

sup u(z)+v(z) < Cr.
z€B;-(0)

Now, for every xg € RY and r > |zo| it results B, (zo) C Ba,(0), so that

sup  u(z) +v(z) < 2Cr.
zE€Byr(x0)

From Lemma[6.2.15, we deduce that

J(xo,7) < C’I“_ZN_4/ u2/ v? < C,
Bar(z0) Bar(z0)

where C is a positive constant independent on 29 € RY and r > max{|xo|,1}. If |xg| > 1,
thanks to Lemma [6.3.3] we can combine the previous estimate with Proposition [6.3.5
there exists C' > 0 independent on zy € {|u — v| < C3} such that

J(an 7") < ec‘](x()v ’$0|) < Ca

for every x¢ € {Ju — v| < C3} and r € [1,|zo]].
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Step 2) There exists C > 0 such that J(xg,7) > C for every zo € {|u —v| < Cs}, for
every r > 1.

In light of Proposition it is sufficient to show that {J(zo,1) : g € {Ju — v| < C3}}
is uniformly bounded below. By contradiction, assume that there exists a sequence
(x;) C {|lu—wv| < C3} such that J(z;,1) — 0 as i — oo. We set, as in the proof of

Lemma [6.3.3]

T; +x

1 1
(ui(z),vi(z)) = (mu( ), \/ﬁv(azz + x)) )

It results faBl(o) u? +v? = 1 for every i, and (u;, v;) solves

i

—Au; = —H(z;, Du;v?  in RY
—Av; = —H(x;, Du?v;  in RY;

By Corollary (which we can apply, see Remark [6.2.11]), we deduce that

/ u? 4 v} < er™ 1 Vr, Vi.
8B,(0)
As u; and v; are subharmonic, the (6.20) gives a uniform bound on the L*°(B, /5(0))
norm of the family {(u;,v;)}, for every r > 1. Now, we have to distinguish between
(i) the sequence {H(x;,1)} is bounded;
(17) the sequence {H (z;,1)} is unbounded.

In case (i), up to a subsequence H(z;,1) — Hy > 0. Repeating the argument al-
ready explained in Lemma we deduce that up to a subsequence (u;, v;) = (Uoo, Voo)
in C2_(RY), where (tso, Vo) is a nonnegative solution to

loc
—AUpg = — Oouoovgo in RV
~ AV = —Hoot? Vs in RV,
such that
/ ul i = 1. (6.27)
9B1(0)

A direct computation yields

Tz 1) = H(ws,1)? / (6.28)

|Vu;|? + H (4, 1)u?vz-2 / \Vui|? + H (i, 1)u?vz-2
B1(0) B1(0)

ly|N =2 |y|N—2 ’
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and thanks to the CIQOC (RY) convergence and the integrability of the kernel |y|>~%, the

absurd assumption J(z;,1) — 0 as i — oo reads

|Vioo|? + HZ u? v2, |VUoo|? + HZ u? v2, B
N—2 N—_2 =0.
B1(0) |yl B1(0) |yl

Without loss of generality, suppose that the first term on the left hand side vanishes.
Then us has to be constant, and, if vs # 0, then us = 0 in B1(0) and, by subhar-
monicity, in RYV. Therefore v is harmonic and nonnegative in RY, and by the Liouville
theorem for harmonic function it has to be constant. Now, since x; € {ju — v| < C3},
and in light of Lemma [6.3.2] we deduce

i—00

1o (0) < lim <1|v(mi) — u(w)| + ui(0)>

But since v is constant and holds true, necessarily v (0)2SV=1| = 1, a contra-
diction.

In case (ii), up to a subsequence H(x;,1) — +oo as ¢ — oco. Due to the fact the
{(u;,v;)} is uniformly bounded in every compact subset of RY, we are in position to
apply Theorems and up to a subsequence, (u;,v;) = (Uso, Vso) in CE)C(RN )N
HI{)C(RN ), where Uy, — Voo is harmonic, us, and v are subharmonic, holds true
and UnVss = 0. Moreover, H(z;, 1)u?v? — 0 in L _(RY). Now, we recall the expression
of J(z;,1) given by (6.28). We claim that

lim
1— 00 B1 (0)

|V —i—H(xi,l)u?v? |Vioo|?
¥ 5 = N5 (6.29)
|y B1(0) |yl

Indeed, for every € > 0 the CP (RY) N H} (RY) convergence implies that

lim
7700 B1(0)\Be(0)

\Vui|? + H (;, 1)uZv? _/ Vs |?
ly|N -2 Bio\B.(0) 1YV T2

furthermore, thanks to Lemma [6.2.15| and using the linear growth of u we have

/ |Vu;|? + H (4, 1)u?vi2
=(0)

e < Ca_N/ u? < Cu?(0) + Ce2.
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Since UV = 0, there are two possibilities: if ux(0) = 0 then u?(0) — 0 as i — oo,
otherwise v5(0) = 0 and

. . 1
zliglo u;(0) < Zliglo (mW(fcz) — ()| + Uz(0)>

1 _
<1 ——=C3+0;(0) | =0,
_z‘iglo<w/H(xi,1) 3 uil )>

since H(x;,1) — +o00. In both cases we showed that for every & > 0

oo i|2 4 H (i, 1)uzv?
[ Tiol? [ (Sl 1
By (0)\B: B1(0)

o [YIN72 T isoo ly| N2
</ |vu°°|2 +Ce?
= Jmons.) lyN? ’

and this proves claim (6.29)).

Arguing in the same way, and recalling that we are assuming J(x;,1) — 0 as i — oo,

we deduce that
/ ]VUOO\Q/ \Vvoo|2 _0
B1(0) |y| V=2 B1(0) |y|N =2

Without loss of generality, we can then assume that us, is constant in B;(0), and
consequently in RY. Since tsotos = 0, if oo # 0 then uy = 0. By the Liouville theorem
for harmonic functions, also v, is constant; moreover,

wﬂD§££<vﬁéFDW@0—M%N+w®0

1 _
< lim | ——=C53+u;(0) | =0;
i < %H(:L'i,l) 3 z( ))
this implies vo, = 0 in RV, and gives a contradiction with (6.27).

This completes the proof of the existence of a uniform lower bound for J (o, r) when
zo € {lu—v| <C3} and r > 1.

Step 3) There exists C > 0 such that H(xg,1) < C for every xo € {|u —v| < C3}.
Arguing as before and keeping the notation previously introduced, we deduce that, if
there exists (z;) C {|u — v| < C3} such that H(z;,1) — 400, then necessarily

|Vui|? + H(z;, 1) uv? Vi |2 + H(z;, 1)uiv?
N—2 N—2 > C
B1(0) |y| B1(0) Y|
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for some C' > 0. Indeed, if

|Vu;|? + H(z;, 1)uv? |Voi|? + H(z, uiv? 0
e PEERE—
Yy B1(0) Yy

lim
71— 00 B (0)

then we can proceed as in the previous step and reach a contradiction. As a consequence,
by H(z;,1) = 400 we deduce

12 4 H (2 Due? |2+ H (2, 1)uo?
.lim J(l‘i,l) _ _lim H(l‘i,l)Q/ |VU1| + N(f;’ )U@% / |V’Uz’ + N(f; )Uzvz
i—+o0 1—00 Bl(o) |y| Bl(o) |y|

= +OO,

which is in contradiction with the first step.

Step 4) There exists C > 0 such that

sup  u(z) +v(x) < C(1+ R)
z€BR(z0)

for every xg € {|Ju —v| < C3} and r > 1.
In light of the result of the third step, using Corollary we deduce that there exists

C > 0 such that
/ u? + v? < eC’rNH,
OBR(zo)

for every ¢ € {|u —v| < C3}, for every R > 1. By subharmonicity, it is not difficult to
obtain the desired estimate. O

6.4 Uniqueness of the asymptotic profile

In this section we show that, under assumptions and (in fact it is sufficient
to assume much less), any solution to having algebraic growth is a solution with
linear growth. Moreover, we show that for every zg € RY, the entire blow-down family
{(tugy,R: Vzo,r) : R > 0} converges, as R — +00, to the same harmonic function.

Proposition 6.4.1. Let (u,v) be a solution of satisfying assumptions and
such that

lim wv(z’,zn) =0 wuniformly in ' € RN 7L, (6.30)

TN —>+00

Then N(zg,r) <1 for every r > 0, and consequently (u,v) has linear growth. Further-
more, there exists a constant v > 0 such that, for every xo € RY, the blow-down family
{(tzp,Rs Vag,R) : B > 0} converges to the pair (ya},vxy) as R — +oo, in C) (RY) and
in HE (RN).

loc



6.4 Uniqueness of the asymptotic profile 301

Remark 6.4.2. It is possible to replace assumption ((6.30) with

lim u(2’,zy) =0 uniformly in 2/ € RV71,
TN——0C0
Proof. As (u,v) has algebraic growth, thanks to Lemma Theorem [6.2.13| applies:
for every xo € RY there exists

nglooN(xo,r) =dy, € N\ {0},
and there exists a subsequence (ug, R, Vz,R,) Of the blow-down family which is con-
vergent (in Cp (RY) and in HY_(RY)) to (¥, ¥ ), where W, is a homogeneous har-
monic polynomial of degree d;, > 1. As showed in Corollary this implies that
lim, 00 H (20, 7) = 400.
Now, let K CC ]Rf. Since
inf{zn :z € K} >0,

in light of assumption (6.30)), it holds

lim vg(z) =0 uniformly in K.
R—+o00

As K has been arbitrarily chosen, it follows that vy, g, (z) — 0 pointwise in RY. By the
uniqueness of the limit, we deduce ¥, = 0 in ]Rf . Thus, ¥, is a homogeneous harmonic
polynomial (hence ¥y, (0) = 0) which is nonnegative in RY and is not identically 0 (this
follows simply from the fact that dg, > 1):

—AU,, =0 in RY
Uy >0, U,y £0 in RY
W, (0) = 0.

By the strong maximum principle, we deduce that ¥,, > 0 in Rf ; hence, the Hopf
lemma guarantees that VWU, (0) # 0. The unique (up to a constant factor) homogeneous
harmonic polynomial satisfying these properties is the linear one: ¥, () = Cy zn; but
Cz, > 0 is uniquely determined (independently on x) by the condition

C2 2% = lim ul p 402 op =1
/631(0) o n—o00 BBI(O) ZQ,itn Z0,Iin
Hence, for every z( the blow-down family converges (up to a subsequence) to the same
pair (fy;t},'ya:]_v), for a constant v > 0. By Theorem [6.2.13] the fact that the degree of
the limiting profile is 1 means that d,, = 1 for every o € RY, and this gives the linear

growth of (u,v), see Corollary
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It remains to show that, for every zo € RY, the entire blow-down family converges to
vzy. Assume by contradiction that this is not true: there exist a compact K C RV, a
€ > 0 and a subsequence {(ug R, Vzo,R, )} With Ry, — 400 as m — oo, such that

tzg, Ry — YEN o (i) + [tzo, R — YEN L1 (1)
+ 1vzo, R — YT N lleo (k) + 1V20, R — YN H1(K) = € (6.31)
for every m. But now it is possible to repeat step by step the proof of Theorem [6.2.13
obtaining that, up to a subsequence, {(uzy R,.,Vzo,Rm)} COLVErges, as m — 400 to

a homogeneous harmonic polynomial of degree d,, > 1. Following the above line of
reasoning, we find that the limit is nothing but the function (ya},,yxy), in contradiction

with (6.31)). O

6.5 Monotonicity at infinity

We aim at proving the following statement.

Proposition 6.5.1. Let (u,v) be a solution of satisfying and . For every
ve{vesVl: (ven) >0},
there exists M, > 0 such that
xe{zy > M,} = du(x) >0 and z € {zy <—-M,} = d,v(zr) <O0.

The achievement of Section says that (u,v) behaves at infinity as (yz{,vzy);
thus, the idea is that u has to be increasing in the ey direction for xx > 1 and v has
to be decreasing in the ey direction for xny < —1. In order to prove this conjecture, we
wish to apply the standard gradient estimate for the Poisson equation (see e.g. [45]) on
u minus ”a suitable linear function” and on v minus ”a suitable linear function”: this
idea is corroborated by the fact that Au can be uniformly bounded by an exponentially
decaying function for xy sufficiently large. An analogous bound holds for Av when xx
is sufficiently large and negative.

Lemma 6.5.2. Let (u,v) be a solution of (6.1) satisfying (b2). For every p,q > 1 there
exist M1(p,q) > 0 and a positive constant C = C(p,q) > 0 such that

uP (z)vl(x) < CeClenl Vo € {|lzn| > Mi(p,q)}-

Proof. We consider the bound on wPv? in zx > 1, the same argument applies for
ry <L —1.
Given K > 0 and § > 0, by there exists M > 0 such that

u(z) > K and v(x)<o ifzxe{zy>M/2}.
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For every x € {xny > M} the ball B, := B, (x) is contained in {zy > M/2}.
Consequently,

> K, = inf > K
{U(y);(s mip, u = Vy € By, Yz € {zn > M},
v >~

(y)

so that
~Av < —K?v in B,
v>0 in B,
v <9 in B,.

We are in position to apply Lemma [6.2.1}

supv < Coe CKetn (6.32)
B;

where B! denotes the ball By /8(7). On the other hand, it is possible to apply the
Harnack inequality (Theorem 8.20 in [45], see also the subsequent observation concerning
the estimate on the constant) on u in B,, with potential v?:

supu < CeCO*N K, (6.33)
Ba

Inequalities (6.32)) and (6.33]) yields
uP(x)vl(z) < CKPyleCraleon+Copdon vy e 40 > MY,
A suitable choice of K < K, and § permits to obtain the desired result. O

Remark 6.5.3. From now on we will denote as M; := max{M;(1,2), M;1(2,1)}, where
M;i(1,2) and M;(2,1) have been defined in Lemma [6.5.2}

If we could show that the function u can be approximated in {zy > M;} by a linear
function with positive slope in the ey direction, the gradient estimates for the Poisson
equation would give the desired monotonicity for u. So far we showed that for given
zo € RN and € > 0 there exists Ry e > 0 such that

Sup  |ugy,r(z) — 'yxm + |vgo,r(2) =y Ny| <€ (6.34)
z€B1(0)

for every R > Ry, .. This means that
H(zo, R)

sup |u(x) — ’YT(.CEN — To.N
z€BR(z0)

)—f—

v(x) — 'yH(;O’R)(:UN —xo,N)" | < VH(zo,R)e
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whenever R > R,, .. This reveals that we have to face two problems: the first one is
the fact that we have not a unique candidate to approximate u for xn > 1 and v for
xy <€ —1, the second one is that this approximation, which holds for R sufficiently
large, gets worse as R increases (recall that the function H(zo,-) is nondecreasing and
tends to +00 as R — 400, see Corollary. In order to overcome the first problem,
we wish to find a uniform estimate (in both xg and R) on the ratio \/H (zo, R)/R; in the
forthcoming Lemma [6.5.6] we show that this is possible if zg € {|u — v| < C3}, where
Cs5 has been defined in Remark [6.3.4] Before, we deduce some useful information about
this special set.

Lemma 6.5.4. Under the assumption (h2)), the set {|u — v| < Cs} is bounded in the
en direction and unbounded in all the other directions {ey,...,ex—_1}. In particular, for
every x' € RN=L there exists & € {|u —v| < C3} such that ¥’ = 2'.

Proof. The properties follow easily by our main assumption . Indeed

lei_{Iioo(U(ﬂfl,xN) —v(2',zN)) = Foo,
uniformly in 2’ € RV~ This immediately implies that the sublevel set {|u—v| < M} is
bounded in the ey direction for every M > 0 (in particular, this holds for C3). On the
other hand, for a given 2/ € RV~! we can consider the map s € R > u(z’,s) —v(z’, 5).
This is a continuous function which tends to oo as s — +oo, thus there exist § € R
such that |u(2’, 3) —v(2’, 3)| < Cs. O

Remark 6.5.5. From now on, we denote ¢ := sup{|zo n| : 70 € {Ju—v| < C3}} < +o0.

In the next lemma we bound the ratio /H (zg, R)/R uniformly in zg € {|Ju—v| < C3}
and R > 1.

Lemma 6.5.6. Let (u,v) be a solution of (6.1)) satisfying and (h2)). There exists
C5,Cs > 0 such that

~ H(zp, R)

Cs < < Cs

for every zo € {|u —v| < C3} and R > 1.

Proof. By Proposition we know that under and the solution (u,v) has
linear growth. Hence, we can invoke Corollary[6.3.6} combining this result with Corollary
we deduce

H(CL‘o, R)

j2 < eH(wg,1) <eCy Vao € {lu—v| < C3}, R>1.
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For the lower bound, we show that the quantity

Vug 2 4 H(zo, R)R?u2 2
oo 2(0,1) ::/ Vg, r(Y)] ( oN_)2 20.RWV5 r(Y) ay
B1(0) ly

‘ / (Ve r(Y)|? + H(zo, R)R*u3, p(y)va, ()
B1(0)

dy
|y|N -2

is bounded above by a positive constant C' independent on 2o € RY and R > 1. We use
Lemma |6.2.15¢ there exists C' > 0 independent on x( € RY and on R > 1 such that

/ Vg, r(Y)* + H(zo, R)R*uZ, p(y)va, r(Y) a
B1(0)

|ly|N =2

1 [Vu(y)]? + v?(y)v*(y)
N—2 dy
H(‘/EﬂvR) Br(zo) |y _330|

C 2 2
< ° W =C W2 p (635
H($07 R)RN Bar(zo) B3(0) 0,f ( )

We point out that, as N(zg,r) < 1 for every xy € RN and r > 1, the same estimate
holds true for the Almgren quotient associated to (usz, r,Vzy.r), for every xg € RY

and R > 1 (see Remark 6.2.12). As a consequence, the normalization faBl 0) uio’ r+
v? r = 1 gives, by Corollary 6.2.7L a uniform (in both zp and R) upper bound for

X0, L
2 2 o . . .
faBg(O) Uy g+ Vi R Due to the subharmonicity of (ug,, Rr,vzy,r), We obtain a uniform

bound for {(ug,, r,Vzy,r)} in L>(B2(0)), so that we can estimate the right hand side of

(6.35)) obtaining

/ Vur, r(Y)* + H(zo, R)R*uZ p(y)v2, p(y)
B1(0) |y V-2

dy < C

for every zg € RN and R > 1. Arguing in the same way on the second factor of
Jzo,r(0,1) we obtain the desired upper bound: there exists C' > 0 such that

Joo.r(0,1) <C Vag e RY, VR > 1.
A simple change of variable shows that

R4
Jm(),R(O, 1) = mg](ﬁo, R),

so that
H2 (fUO, R)

J(zg,R) < C Ri

Voo € RN, VR > 1. (6.36)
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A comparison between ((6.36]) and the uniform lower estimate of Corollary provides
the desired result:

H?*(zo, R C -
(Rfl)zal Vao € {Jlu —v| < C3}, VR > 1. O

We are ready to improve the estimate given by (6.34]). Firstly, we get rid of the
dependence of Ry, . on zg for zg € {|u —v| < C3}.

Lemma 6.5.7. Let (u,v) be a solution of (6.1)) satisfying and (h2). For every
e > 0 there exists R. > 0 such that

SUp gy, m(7) — VIR | + [vag,m(7) —y2y| <&
r€B1 (0)

for every R > R. and xo € {ju —v| < C3}, where v and C3 have been defined in
Proposition and Remark respectively.

Proof. Assume by contradiction that there exist & > 0 and a sequence (x;, R;) with
zj € {lu—wv| < C3} for every j, R; — 400, and

sSup |u117j,Rj ($) - ’Y.TC}| + |U517j7Rj (.7)) - 71‘]_V| > (637)
.Z‘EBl(O)

for every j. Let us denote (uj,v;) = (us, R;,Vz;,R;)- We know that (uj;,v;) solves

—Auj = —H(:Uj,Rj)Riujv? in RV Vi
—Avj = —H(zj, Rj)R3ulv; in RN g
In light of Lemma we know that
lim H(zj,R;) > lim C5R? = +o0; (6.38)

j—+oo T jotoo

a fortiori the competition parameter H(z;, Rj)Rjz tends to 400 as j — +o0o. Note that
the normalization |, 981 (0) u? —F’sz = 1 implies, by means of Corollary (which we can

apply on (uj,v;), see Remark |6.2.12)), that

/ u? + sz < erlVHl vr > 1, Vj.
8B,(0)

By subharmonicity, the sequence {(u;,v;)} is uniformly bounded in every compact set
K of RV, and in light of Theorem it is also uniformly bounded in C%%(K), for
every a € (0,1). The local segregation Theoremimplies that, up to a subsequence,
(uj,v5) = (Uoo, Voo) in X (RM)Yn HL (RN), and

loc loc
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UsoVso = 0 in RN;

)
(i1) H(zj, Rj)R?ugvjz —0asj—o0in LIIOC(RN);
)
)

(1i1) Uso — Voo is harmonic in RY;
(iv) by (6.38) and the fact that z; € {|u — v| < C3}
. 1
|00 (0) = Voo (0)] = Tim  — e ——0nrvfuu(j) — v(25)| = 05

joteo \/H(zj, Ry)
(v) by uniform convergence the normalization on 9B (0) pass to the limit:
/ ul i = 1; (6.39)
9B1(0)
(vi) by H' and uniform convergence and the point (i)

P Ip) Vool + Voo 7, Vsl + [Vosl* + H (g, By) Rujo]

2 2 ; 2 2

= lim N(zj,Rjr) <1 vr e (0,1), (6.40)

j—+o0

where the upper bound on N follows from the fact that, under assumptions
and (h2)), Proposition applies and guarantees that (u,v) has linear growth.

Note that ) )
TfBT(o) Ve |* + |V
Neo (Oa T) = 2 2
faBr(o) Uge + Vs
is the Almgren quotient of the harmonic function v, — Voo, and it is nondecreasing. As
Uso(0) — v (0) = 0, it results

Noo(0,7) > lim Noo(0,s) = deg(tioo — Vs0,0) > 1 (6.41)
s—0t

for every r > 0. Here, deg(uso — Voo, 0) denotes the degree of vanishing of the harmonic
function ue — v in 0, and is greater than 1 because it has to be a positive integer (this
result is by now well known). By monotonicity, a comparison between and
yields Noo(0,7) = 1 for every r € (0, 1), which implies (see Proposition 3.9 in [67], which
we can apply, as explained in Remark that us — Voo 18 a linear function, that is,
(too (), Voo (7)) = ((e, )T, (e, 2)7) for some e € RY. We claim that

e =yen, (6.42)
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which gives a contradiction with (6.37) and completes the proof of the statement. To
prove the claim, we note that under our assumptions we have

1 / /
vi(x) = ———=v(z’;, + Rijx',x;n + Rjxan) — 0
J( ) H(a:j,Rj) ( J J J,N J N)

as j — +o0o, uniformly in every compact subset of B;(0) N ]Rf ; to pass to the limit, we
used the fact that H(z;j, Rj) > C; (see Lemma [6.3.2) and the boundedness of the set
{lu — v| < C3} in the ey direction (see Lemma, which guarantees that z; v +
Rjrn — 400 as j — 400. By the uniqueness of the limit, we deduce e = Cey for some
C' > 0. The normalization yields C' = ~, which concludes the proof of the claim
6.42). O

Definition 6.5.8. Let us fix 7 > 0 not too small (to be determined in the following
Lemma). For a given zg € RY and R > 0 we introduce the conical sectors

zo,

R
Shopi= {x: (z/,xn) € RN : 5 < |z — 20| < R, |2" — x| <T($N—x0,N)}

R
S Ri= {x = («/,zn) € RV : 5 < |z — x| < R, |2’ — z(| < T(wo.N —xN)},

Zo,

and their union Sy, gr.

The following picture represents the set Sjo g for a given zg € RV,

R

o

The geometry of the set {|u —v| < C3} allows to show that the union of S, p with
R sufficiently large and zo € {|u — v| < C3} contains, and is contained in, the union of
two half-spaces.
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Lemma 6.5.9. Let (u,v) be a solution of (6.1) satisfying and . There exists
R > 0 such that, for every R > R there exists My = My (}AE) > ( such that

{lzn| > M} C U Sao,r C {lzn] > ¢}
zo€{|lu—v|<Cs}
R>R
where ¢ has been defined in Remark[6.5.5, Furthermore, for every N > 2 we can choose
7 > 0 such that, if x € {|zy| > Ma}, there exist ¥ € {|Ju —v| < C3} and R > R such
that B
Qaj C Sj;J-??
where @, denotes the open cube centred in x with side xx/100.

Proof. Thanks to Lemma [6.5.4] it is not difficult to see that, provided R is sufficiently
large and R > R, it results

U  Sewrc U Swrc{lanl >

zo€{ju—v|<Cs} zoe{lu—v|<C3}
R>R R>R

Now we argue in RY showing that there exists My = Mo (R) > ¢ such that

{zn > M} C U St R

zo€{|lu—v|<Cs}
R>R

and that for every z € {zy > My} there exist the desired # and R. For z > 1, let & be
the point of {|u —v| < C3} such that # = 2’ (% exists, see Lemma|6.5.4). Provided 7 is
not too small, the cube centred in = with side xx /100 is contained in the conical sector
S;:F,R for R := 3(xy — Zn)/2. Note that,

3 N
—(zny —Zn) >

5 .
— > — .
5 (xy —C) > 430]\/ >R

N W

whenever xny > Ms := max {GC ,4]§/ 5}. The same argument works in the half-space
RY. O

Remark 6.5.10. From the previous proof we see that, fixed R> R, it is possible to
associate to every x € {|zx| > Ms} the conical sector S, 5 which contains the cube Q;

that is, & is a point of {|u —v| < C3} such that ¥’ = 2’ and

R— (l’N—JN,’N) ifo>M2

|
—N—
rolo Nl

(ii‘N —xN) if oy < —Mo.
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In each S;, g we can obtain a further improvement, by means of Lemma of
the estimates of Lemma

Lemma 6.5.11. Let (u,v) be a solution of (6.1)) satisfying and . For every
e>0, if R> R, and xo € {|Ju —v| < C3} then

H R H R _
w(w) — VIR (oot o) — @R (g )
sup + <e,
5 P [z — o]

with Cs < \/H(xo, R)/R < Cs. We recall that Cs,Cs,Cg and R. have been defined in
Remark[6.3.3], Lemma and Lemma [6.5.7 respectively.

Proof. Lemma ensures that for every R > R., for every z¢ € {|u — v| < C3}

u(zo + Rx) n

v(xo + Rx)
TTN ——
H(zo, R)

+
H(m'o, R)

— x| <E,

xGSO,l

that is,

[u(zo + Re) = 3y/H(wo, Rk | + [vlwo + Re) — +/H (wo, Ryay| < /H(o, R)e

for every x € Sp,1. Consequently, dividing both the sides for R we obtain

o] ( u(zo + Rx) ’Y«/H(xO,R) Rz,

|Rz| R | R
n ’U(CC[)-FR.%) B V H(zg, R) RZC]_V < H(l‘o,R)E
|Rz| TR Rl R
for every z € Sp 1, provided R > R, and z¢ € {|u — v| < C3}. In turns, this gives
H(xo,R
u(w) =y (ay — won)
sup
TESzy,R |l’ - x0|
H(zo,R _
v(@) = v (2 — zgn) H(z0, R)
+ <2 €
|z — x| R

for every R > R. and xg € {Ju — v| < C3}. Finally, we can use the upper bound on
ﬁ

 H(zo, R)/R, see Lemma O
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We are ready to apply the gradient estimates for the Poisson equation in a half-
space xx > 1; we will show that if xy > 0 is sufficiently large then there exists a
linear function ¢, (depending on x) which approximates u in a C!-sense in z. In light
of the uniform control given in Lemma the slope of ¢, will turn to be uniformly
bounded from below in an entire half-space (the same holds for v in zy < —1), allowing
to conclude the proof of Proposition [6.5.1] It is essential to work in conical sectors,
because in this way we can control the quantity |x — x| with the privileged component
‘.’L‘ N — X, N|-

Lemma 6.5.12. Let (u,v) be a solution of (6.1)) satisfying and . For every
e > 0 there exists M, > 0 such that

\H(E R
Vu(r) — 7# Vo € {xn > M.},

= en| <¢€
R

where & and R have been defined in Remark 6.5.10, Analogously,

H(%,R)

Vo(x) — 7 R en|<e Ve € {ay < —M.:}.

Proof. For every € > 0, let R, be defined in Lemma Let My := Ms(max{R, R.}),
where M, has been defined in Lemma Let M, := max{M;, M.}, where M; has
been defined in Remark For € {xy > M.}, there are R > R. and % € {ju—v| <
(3} such that Q, C S;r 7 See Lemmal6.5.9|and Remark|(6.5.10, By the gradient estimates
for the Poisson equatidn (see [45], Section 3.4) plus Lemmas|6.5.2| and [6.5.11] we deduce
that

H(%,R) C H(i, R) 3
Vu(x) — 7 - en| < — sup |u(y) —y——=——(yn — ZN)
R TN 4eQ, R
+ ‘%N sup v* (y)u(y) (6.43)
yeQ,

C - _
< — sup ely — | + Cxye 92N,
N yeq,

AsQ, C S; B for every y € Q,, it results

ly—2| < (t+1D)(yny —2n) < (T + 1) (yy — 2n) + (7 + 1) (2N — TN)
<Caxy+ (t+1)(zny +¢) < Czp,
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where we recall that ( = sup{zon : z0 € {u = v}} < M. < zy. Plugging this estimate

into the (6.43)), we obtain
H(%, R)

7 en| < CE—FC.INefC‘TN

Vu(z) — v

whenever x > M,; if necessary, we can replace M, with a larger quantity, obtaining
the thesis for wu.
A similar argument can be carried on for v. O

Conclusion of the proof of Proposition[6.5.1. Given v € {v € S¥=1: (v,ey) > 0}, we

choose

C
0<e(v) < %(e]\;,u)
where Cs has been defined in Lemma Tt results

VH@E R H(%, R
Oyu(x) = <Vu(x) - ’}/()GN,I/> —}—’y#

<6N’V>

> —e(v) +yCslen,v) >0

for every x € {xy > M, }, where M, := M.,y has been defined in Lemma [6.5.12 The
same argument gives the monotonicity of v for xny < 1. O

With a slightly modification of the conclusion of the proof, we obtain also the

Corollary 6.5.13. If we consider © := {v € SN~ : (ey,v) > C} with C € (0,1], then
there exists Mg > 0 such that

x€{zny > Mo} = dyu(xz) >0 Vv e O
z€{xy < —Mg} = dyv(z) <0 Vv € ©.

6.6 Monotonicity in the ey direction

We are going to apply the moving planes method in order to show that uw and v are
monotone in the ey direction in the whole RV. To be precise:

Proposition 6.6.1. Let (u,v) be a solution of (6.1)) satisfying and . Then

4@i>0 md—g£<0 in RV,
Orn oxrn
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In what follows we will use many times the following version of the maximum prin-
ciple in unbounded domains, Lemma 2.1 in [10].

Lemma 6.6.2. Let D be an open connected subset of RY , possibly unbounded. Assume
that D s disjoint from the closure of an infinite open connected cone. Suppose that, for
a function ¢ € LS (D), ¢ <0 a.e. in D, we have

Av+c(x)v >0 in D
v<0 on 0D,

where v € CO(D) N VVIQO’CN(D) and vt € L>®(D), that is, v is bounded above. Then v <0
in D.

We postpone the proof of Proposition [6.6.1] after the following lemma, which is a
consequence of the uniform estimate given in Corollary

Lemma 6.6.3. Let (u,v)_ be a solution of (6.1) satisfying and . Then for
every M > 0 there exists Cpr > 0 such that

u(z) + |Vu(z)| < Oy Vo € RV x (=00, M],

v(z) + |Vo(z)| < Cyr Vo € RN x [— M, +00).

Proof. We prove only the first inequality. Under our assumptions, we know that (u,v)

has linear growth (see Proposition [6.4.1). For any = € RN let 7 € {|u — v| < C3} such
that &’ = 2’ and let R = 3|zn — Zn|/2, so that x € Bx(%) (i exists, see Lemma [6.5.4)
By means of Corollary we deduce that

- 3 3. (2
u(z) +v(x) < sup Cy (1 + —|zn — §;N|> < -C4 ( +C+ \xM) vz € RY,
yEB (%) 2 2 3
(6.44)
where ¢ has been defined in Remark Now, let M; be defined in Remark SO
that
ww? < Ce~Clonl in {zy < —M;}.

Moreover, by there exist M3 > 0 such that u < 1 in RV=1 x (—o00, —M3 + 1/2]. we
set My := max{Mi, M3} and we take any M > M.

By (6.44)), it results

5C1(3+¢+M) ifze {Jan| < M}
1 ifxe{zy <-M}

u(x' zy) < {

3 - (2
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whenever (2/,zy) € RV~! x (—o0, M]. Clearly, if M < M, the same bound holds.

Now we pass to the estimate on the gradient. In RN=! x [-M —1/2, M + 1/2] both
w and uv? are uniformly bounded thanks to . Also, by definition of M; and Mj,
both v and uwv? are uniformly bounded in R¥=! x (—oo, —M]. Altogether, this means
that v and uv? are uniformly bounded in RV~! x (—oo, M + 1/2], so that we can apply
the standard gradient estimates for the Poisson equation (see [45], Section 3.4) in cubes
of side 1, obtaining the existence of Cy ) > 0 such that |Vu(x)| < Oy for every
r € RN~ x (—o0, M].

The thesis is then satisfied with Cj; := max{C1 y, Conm} O

Proof of Proposition|6.6.1. We introduce the classical notation for the moving planes
method: for A\ € R, we set

upy(2',xn) = u(@ 2\ —zy), w2 zN) = v(@, 2\ — 2y),
and T := {zny > A}. We aim at proving that
ux(z) <wu(z) and wvy(z) >v(x) VeeTy, VAeR. (6.45)

This and the strong maximum principle give the desired monotonicity.
To prove that (6.45)) is satisfied, we show that

Y:={AeR:ug<wuand vy >vin Ty for every § > A} =R.

Step 1) There exists M > 0 such that if A > M then uy < u and vy > v in T).
Let My := M., , where M., has been defined in Proposition [6.5.1] Let

K :=sup{u(z) : ay < My} < +o0.
By assumption , for every § > 0 there exists M > 0 such that
u(z) > K and v(zr) <6 in{zy>2M — My}. (6.46)

Let A\ > M. If v € {xny > 2\ — My}, then zy > 2M — My and 2\ — 2y < My, so that
by definition
up(z) = u(2';2) —an) < K < u(z).

To prove that uy < u in T) for every A > M, it remains to show that if A > M then
uy <uin{A <zy <2A—Mpy}. Ifz € {A < xny < 2A—Mny}, then 2y > 2 \—zy > My,
so that the fact that uy(x) < u(z) follows directly from the monotonicity of u in the ey
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direction for {zx > My}.
Now, let us show that if A > M then vy > v in T). Since u) < u in Ty, we have

Al —vy) —u3(v—wvy) >0 in Ty
v—vy=0 on 0T},

and (v —wvy)" <wv < §in Ty (see equation ([6.46])). Consequently, we are in position to
apply Lemma [6.6.2] obtaining v — vy < 0 in T).

Step 2) Y =R.

In the first step we showed that ¥ # (). Note that X is closed and contains the unbounded
interval (M, +00). Assume by contradiction that ¥ # R, that is, A := inf ¥ > —oo.
Then there exist sequences ();) C R and (z%) C T), such that A\; < A and \; — A as
i — oo, and at least one between

uy, (2) > u(z?) (6.47a)
oy, (2%) < v(x?) (6.47Db)

holds true, for every i.

Assume that (6.47a)) holds true. We claim that the sequence (z%;) C R is bounded. If
not, as xﬁ\, > )\; and ); is bounded, up to a subsequence xﬁv — 400 as i — o0o. It follows
that 2\; — xﬁv — —o00, and in light of assumption we obtain

lim uy, (%) = lim u((2"),2) —2%) =0 and  lim u(z') = +oo,
i—00 i—00 1—>00

in contradiction with (6.47al) for ¢ sufficiently large. Hence the claim is proved and, up
to a subsequence, % — z% as ¢ — oo.

Let us set
u'(z) == u((z) +2',zy) and v'(z):=v((@) + 2, zN).

From Lemma it follows that {(u’,v%)} is uniformly bounded and equi-Lipschitz-
continuous in any compact subset of RY, so that the standard regularity theory for
elliptic equations (see again [45]) implies that up to a subsequence (u?,v%) converges in
C2.(RN) to a pair (u™,v>), still solution of (6.1)) in RY.
We wish to show that 23 = A. From the absurd assumption, equation (6.47a), we
obtain
uX (0, 2%) = u™ (0,28 — 257) = lim u((z"), 2\ — z'y)
e (6.48)

= lim uy,(z") > lim u(z’) = (0, 2%7).
1—00 1—00
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Let us observe that ((2%)' + 2’,zy) € Ty whenever (z/,zy) € Ty. By definition of A,
up < w in Th. Consequently, by the convergence of u' to u® we deduce

uX (2 xN) = llg(r)lo u'(2', 2N — zy) = zlg?o u((z') 4+ 2/, 2A — zn)
< lim u((z") + 2/, 2n) = lim v’ (2’ 2n) = v (2, 2n)
1—00 1—00

for every (2',zn) € Ty. Analogously, as vpA > v in Ty, we have v3° > v™ in Tjy.
Now,

CAWS — u) + (0P - 6) = (0F)? — (0F))uF 20 in Ty
u>® —u® >0 in Th (6.49)
u® —u =0 on OT).

Furthermore, u® — u%° is not identically 0: indeed by assumption (h2)

: (. 2,000, —
xNh—>H—li-oo(u (', zN) ’LLA(ZE,CEN)) +00.

Hence, the strong maximum principle implies that necessarily ©> —u3® > 0 in T). A
comparison with (6.48)) reveals that

xRy = A.
Now, by the absurd assumption (6.47a) we deduce that for every i there exists & €
(2\; — 2%, 2%) such that
0 < uy, (%) — u(z’) = u'(z/, 20 — xy) —u'(2/, xy) = 20nu' (2, €) (N — 2y);

As )\ < :1:3'\,, this implies 8Nui(x’,€fv) < 0 for every i. As A\; — A and 333\/ — A as
1 — 00, passing to the limit as ¢ — oo we deduce

Onu>(0/,A) < 0. (6.50)

On the other hand, thanks to the (6.49)) and the fact that ©u* — u%® > 0 in T, we are
in position to apply the Hopf lemma:

O, (u>® (0, A) —u (0, A)) <0,
which means
28NUOO(0/,A) > 0,
in contradiction with (6.50)).

The above argument says that (6.47al) cannot occur. With minor changes, we can
show that also (6.47b|) is not verified, so that ¥ = R, which completes the proof. O
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6.7 1-dimensional symmetry

In this section we complete the proof of our main result, Theorem [6.1.1] We follow the
technique introduced in [33]: we show that, starting from Proposition it is possible
to prove that d,u > 0 and d,v < 0 for every v € Sﬂf_l ={veSN1:uvy >0} The
conclusion follows easily.

Proposition 6.7.1. Let (u,v) be a solution of (6.1)) satisfying and . Then
(u,v) depends only on .

Proof. We divide the proof in several steps.

Step 1) For every o > 0 there exists € = (o) > 0 such that
onyu(z) >¢e and Onv(z) < —e Vz €Sy,

where Sy :=RVN~! x (-0, 0).
By contradiction, fixed o > 0, assume that there exists (z°) C S, such that at least one
between

. 7 _
ih_IEl Dan (') =0 (6.51a)
o
lim —(a*) = b1
Jim pr. (') =0 (6.51b)

holds true. Only to fix our minds, assume that (6.51a)) holds. We define
u'(z) == u(z +2') and v'(z):=v(z + ).

Note that WN| < o for every i, so that for any compact set & C R there exists M > 0
such that = + z* € Sy for every x € K. Lemma and standard elliptic estimates
say that, up to a subsequence, (u,v%) — (u™,v>°) in CIQOC(RN), where (u®,v>) is still
a solution to (6.1). By the convergence, we have

ou™>® v

>0 d =<0 inRY
Dun an Dy n ,

and Oyu(0) = 0. Furthermore,
—A (Onu™®) + (v°)% (Onu>®) = —2uv™ (Iyv>®) >0 in RV,

The strong maximum principle implies that either Oyu® > 0 or Oyu® = 0. The former
case is in contradiction with the fact that dyu®°(0) = 0, the latter one is in contradiction
with assumption , which is also satisfied by the limiting profile (u*°,v*°). Thus,
cannot occur. A similar argument shows that also does not hold.
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Step 2) For every o > 0, the map v+ (O,u, d,v) is in CO* (SN_l, (Co(gg))z).
By Lemma we know that |Vu| + |Vv| < C, in S,. Hence

ou ou ’ Ov Ov

- _ 2 _ _ <920 _
81/1 v 8V2 (x 8V1 (x) aVQ ( - 2CG‘V1 2

x)
for every z € S,.

Step 3) w is strictly increasing and v is strictly decreasing with respect to all the unit

vectors of an open neighbourhood of ex in SNV~1.

Let © := {v € SN~ : (en,v) > 1}. By Corollary [6.5.13] we know that there exists Mg
such that

0 0

8—Z>0 in {zy > Mo} and 8—3
for every v € ©. Let 0 > Mg. Using steps 1) and 2), we deduce that there exists an
open neighbourhood O, of ey in SV=1 such that

0 0
a—u(x) >0 and a—v(:c) <0 VzeS, VveO,. (6.52)
v

1%

<0 in {(IZN < —M@},

We can assume that O, C O (if not, we replace O., with a smaller neighbourhood).
This means that, for every v € O,,, it results

ou , ov
$>0 in {xy > -0} and £

Furthermore, for every v € O,

<0 in{zy <o},

A(—0yu) — v*(—0yu) = —2uvd,v >0 in RV x (—00, —0)
—0,u<0 on 0 (RNfl X (—o0, —U))
—0yu € L™ (RN~ x (—00,—0)),
where the last one follows from Lemma We are then in position to apply Lemma

obtaining d,u > 0 in RV~! x (—o00, —0). Together with (6.52), this gives d,u > 0
in RY for every v € O,,,. Similarly, from

A(0,v) — u?(0,v) = 2uvd,u >0 in RN™1 x (0, +00)
d,v <0 on 9 (RV=! x (g, +00))
dyv € L*® (RN x (0,+)) ,

we deduce d,v < 0 in RY for every v € O.,. Finally, the strong maximum principle
provides d,u > 0 and d,v < 0 in RY, for every v € O,,,.
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Step 4) w is strictly increasing and v is strictly decreasing with respect to all the
directions of the upper hemisphere Si\_[_l ={veSN1: (en,v) > 0}.
Let © be the set of v € Sffl for which there exists an open neighbourhood O, c S¥—1

of v such that 9

% o and <0 mRY, vueo,

ou ou
The set ) is open by definition, and contains ey for the previous step. If we show
that it is closed with respect to the topology of Sf ~1 then Q = Sf ~1 and the claim is
proved. Let v be a cluster point of 2 (note that (exy,7) > 0, since we are considering
the topology of S} '), that is, there exists (v,) C Q such that v, — 7. As

ou

ov N
8—yﬂ>0 and 8—yﬂ<0 in RY, Vn,

by continuity

%20 and %go in RV,
The strong maximum principle implies that either dyu = 0 or dyu > 0 in RY; analo-
gously, either 9;v = 0 or dyv < 0 in RY. As ¥ is not orthogonal to ey, assumption (h2))
says that neither dyu = 0 nor dyv = 0 can be satisfied, thus dzu > 0 and dyv < 0 in
RN . Tt remains to show that there exists an open neighbourhood Oy of 7 in Sf ~1 such

that for every pu € Oy
9 0 and Lo mmY.

ou ou
It is possible to adapt the same proof of steps 1) to 3) with minor changes, in order to
deduce the existence of Oy (in the third step we replace © with {v € S¥=1: (ey,v) >
%(eN, v) > 0}). Consequently, 7 € Q and Q is closed with respect to the topology of

N—-1
AR

Step 5) Conclusion of the proof.
Since ) = Sf ~1 by continuity we have

%zo and %go in RN

for every v which is orthogonal to ey. But also —v is orthogonal to ey, so that

0 0
a—Z:O and 8—2:0 in RY
for every v orthogonal to ey. In particular
0 0
220 and ——=0 nRY fori=1,...,N—1. 0

ox; - ox;
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6.8 Proof of Corollary |6.1.2

We will show that if (u,v) is a solution of (6.1)) with algebraic growth and holds
true, then is satisfied.

Proof of Corollary[6.1.2 Firstly, let us observe that, since u,v > 0, implies

lim wu(2’,zy) = +occ and lim w2, zy) = +0 (6.53)
TN —+00 TN——00

uniformly in 2/ € RV~!. Thus, in order to obtain the thesis it remains to show that

under and we have

lim wu(z’,zy)=0 and lim v(z’,zn) =0 (6.54)
TN ——00 T N —+00

We prove only the second one in (6.54])), for the first one it is possible to argue in the
same way.

Step 1) wunder and (h3)), (u,v) has linear growth.

Given K > 0, by there exists M > 0 such that u(z) > K if z € {xny > M/2}. For
an arbitrary 0 > 1, if x € {xy > M, [2| < Oy} the ball B, := B, j100(2) is contained
in {znx > M/2, |2'| < 20xn}. Consequently, if x € {xny > M, |2/| < zx} we have

u(y) > K = ing u(z) > K Yy € By,
2E€EDy

and
v(y) SC(L+[yP) <C(1+(20+1)P%)) <C(A+2R,)  Vye B,

The latter one gives 0, := sup,cp, v(y) < C(1+ ). Now,

—Av<—-K?% in B,
v >0 in B,
v < 0y in By,

and we are in position to apply Lemma [6.2.1} it follows
v(z) < Coe” KN < O(1 4 2f)eOFon Vo € {zny > M, |2'| <Ozn}. (6.55)

Let us consider the blow-down family (ug r,vo,r) =: (ur,vr). In light of the algebraic
growth of (u,v), Theorem applies: there exists a homogeneous harmonic poly-
nomial ¥ of degree d € N\ {0} such that, up to a subsequence, (ugr,vr) converges to
(U+, ) in C? (RV) as R — 4o00. On the other hand, let z € {|2| < fzy}; there

loc
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exists R; > 0 such that Rz € {xy > M, |2/| < Qxy} for every R > R,. By means of

(6.55)), we deduce that

lim wvp(z) = lim N

R—+00 R—+o00 ]{l’(()7 R)

where we used also Corollary to ensure that H(0, R) does not tend to 0. As 6 has

been arbitrarily chosen, we deduce that vp — 0 pointwise in RJI . By the uniqueness

of the limit, ¥ has to be a homogeneous harmonic polynomial which vanishes in the

entire half-space ]Rf : as showed in the proof of Proposition necessarily ¥ is a

linear function and d = 1. By means of Corollary we deduce that (u,v) has linear
growth.

v(Rx) =0 Vo € {|2'] < bzn},

Step 2) Conclusion of the proof.

As (u,v) has linear growth, we can choose C3 as in Remark Assumption
is sufficient to prove Lemma {lu — v| < C3} is bounded in the ey direction and
unbounded in all the other directions. Consequently, also Lemma [6.5.9] applies: for
R> R, we can find M, as in the quoted statement.

Given K > 0, by there exists M > 0 such that if v € {xy > M/2} then u(z) > K.
Let M5 := max {M, Ms}, so that

{zny > M5} C U S;:)’R.
zo€{|u—v|<Cs}
R>R

If x € {xy > M5} then the ball B, := B, /100() is contained in {z > M/2}, so that

—Av < —-K?% in B,

v>0 in B,
v < Oy in By,
where 8, := supp, v < 400, because v € L® (RV). From Lemma we obtain

v(z) <C (sup v(y)) e CKoN, (6.56)

yEBy

To control supg v, we consider  and R defined in Lemma and Remark [6.5.10
As By C Q, a fortiori By C S;R C Bj(%). We are then in position to apply Corollary
6.3.6 ’

_ S 3
sup v(y) < Cy(1+ R) = Cy <1 + ~(zn — iN))
yEBy 2

<Cy (1 + %<+ ;«TN) <Cxn
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provided z y is sufficiently large (recall the definition of ¢, Remark |6.5.5)). Plugging into
(6.56)), we see that for every x such that xx > 1 is sufficiently large it results

v(z) < Cxye” OKoN,

which gives the second limit in (6.54). O
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