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Introduction

This thesis is divided into two parts, which deal with quite diverse subjects.

The first part is, in turn, divided into two chapters. The first focuses on the development
of new function spaces in R", called generalized Bergman spaces, and on their application
to the Hardy space H'(R"). The second is devoted to the theory of Bergman spaces on
noncompact Riemannian manifolds which possess the doubling property and to its relation-
ships with spaces of Hardy type. The latter are tailored to produce endpoint estimates for

interesting operators, mainly related to the Laplace-Beltrami operator.

The second part is devoted to the study of some interesting properties of the operator
,fo——%Af—a:-Vf Vfe CX(R"),
which is essentially self-adjoint with respect to the measure
dy_y(z) = 72 ell” d\(x) Ve e R",

where A denotes the Lebesgue measure, and of the semigroup that 7 generates.

The generalized Bergman spaces in R™ and their applications to H'(R") are discussed
in Chapter 1, their extension to Riemannian manifolds is described in Chapter 2, and the
analysis of the operator &7 occupies Chapter 3. Here we briefly describe the main results we

have obtained, and illustrate the relationships with related results in the literature.



Bergman spaces and applications to Hardy spaces

The Euclidean case

Suppose that p is a number satisfying 1 < p < oo, and let €2 be an open bounded set in R".

The harmonic Bergman space b°((2) is the space of all harmonic functions u on €2 such that

1/p
|wllp = (JQ |ul? d)\) < 0. (0.0.1)

The analogous space of holomorphic functions was introduced and studied by S. Bergman
[Be]. The Bergman spaces of holomorphic functions have been and still are the object
of intensive studies in harmonic analysis of functions of several complex variables and in a
variety of related contexts. The interest in harmonic Bergman spaces is comparatively recent
(see, for instance, [ABR], KK [CKY] and the refences therein). One source of interest lies in
the fact that the harmonic Bergman kernel, i.e., the reproducing kernel of b?(£2), is related
to the Green function for the bi-harmonic Laplace equation on 2 (see, for instance, [Mal and
the references therein).

For k > 1 we define the generalized harmonic Bergman space b} (€2) to be the space of all
functions satisfying that are k-harmonic, i.e., such that

AFy =0 in

in the sense of distributions (hence in the classical sense, by elliptic regularity). In Chapter 1
we establish some basic properties of b2 (B), where B is a ball of R". In particular, we find
an orthonormal basis of BZ(B) consisting of k-harmonic polynomials of b2(B) and compute
the reproducing kernel (or Bergman kernel) of 2(B). The latter is the unique function R%
on B x B such that

u(zx) = JB R (z,y) u(y) dy Vo € B Yu € bi(B).

A closed formula for R} is known (see [ABR] Theorem 8.13]), and estimates for derivatives
of RL may be easily deduced from it. In fact, a closed formula for R is also known for
k > n/2 [Ma]. This formula is obtained by first computing explicitly the Green function
for A¥ and then deducing the exact formula for R%. This procedure is interesting in itself,
but gives a formula for R% only for large values of k (compared to the dimension n) and it

is a little bit involved. Our approach works for every n and k, and it is based on a simple
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trick, which relates R% to the extended Poisson kernel on B (see below), and on the
behaviour of the L?norms of certain k-harmonic polynomials {oz;-C : j € N} as j tends to
infinity. In fact, we first compute the exact values of these L?-norms, which are solutions
to certain linear systems, and then deduce their asymptotic behaviour as j tends to infinity.
The major drawback of our approach is that we have not found a direct and elegant way
to find these solutions. Anyway, apart from this, estimates for R and its derivatives follow

quite easily from our formula.

The theory of k-harmonic Bergman spaces we developed has an interesting application
to the theory of the Hardy space H'(R™). Recall that H'(R™) is a natural substitute for the
Lebesgue space L' (R™) in many problems arising in real and harmonic analysis. The seminal
works of C. Fefferman and E.M. Stein [FeS], R.R. Coifman [Co| and R.H. Latter |La] pro-
vide many different characterisations of H'(R™). In particular, the atomic characterisation,
proved in one dimension by Coifman and in higher dimensions by Latter, opened the way
to generalisations of the theory of Hardy spaces to more general settings, such as spaces of
homogeneous type in the sense of Coifman and G. Weiss [CW].

These are metric measured spaces (X, p, i), where p is a (pseudo-) distance on X and p
is a Borel measure satisfying some mild assumptions and possessing the doubling property.

Recall that p is doubling if there exists a constant D such that
u(2B) < D u(B) for every metric ball B in X. (0.0.2)

Here 2B is the ball with the same centre as B and twice the radius.
We briefly recall the definition of the Hardy space H'(X) [CW].
A function @ in L?(X') with support contained in a metric ball B is said to be a (1, 2)-atom

if it satisfies the following size and cancellation conditions
() ([plaf du)'”* < u(B)~72
(ii) [y adp=0.
A function f in L'(X) belongs to H'(X) if it admits a decomposition of the form

f=> ca
J

where {¢;} is in ¢! and the a; are (1,2)-atoms. Coifman and Weiss proved that we obtain

the same space if we consider (1, p)-atoms instead of (1,2)-atoms. Here p is in (1, 00|, and a
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(1, p)-atom is defined much as an (1, 2)-atom, but with the size condition (i) above replaced

by the following

Q) (Jzlal’ du)l/p < u(B)~Y?", where p’ denotes the index conjugate to p, and the integral

must be suitably interpreted when p = oo.

There are interesting variants of the atomic decomposition of H*(R") in the literature. In-
deed, as a consequence of the maximal characterisation of H'(R™) (see, for instance, [St2|
Chapter III]), it is known that we may consider (1, p)-atoms with more than one vanishing
moment. More precisely, for every nonnegative integer N, denote by &y the finite dimen-
sional space of polynomials of degree at most N in R™. Then we still get H'(R") if we
consider functions in L*(R™) which admit an atomic decomposition in terms of (1, p)-atoms

satisfying the following modified cancellation condition
(i)’ fBj aj(z)q(r)de =0  Vge Py.

An application of the theory of k-harmonic Bergman spaces developed in Chapter 1 is to
prove that functions in H'(R"™) admit an atomic decomposition in terms of atoms satisfying
suitable infinite dimensional cancellation conditions. This turns out to have interesting links
with the theory of k-harmonic functions defined on balls of R"™.

Suppose that & is a positive integer, p is in (1,00) and B is a ball. Define «7"(B) to be

as the space of all functions A in LP(B) satisfying the following conditions
() ([51A@)P o) < |BI7
(ii) [ A(x)q(x)dx = 0 for all k-harmonic polynomials g.

The collection of all functions belonging to <’ (B) for some ball B will be denoted by 7?
and its elements will be called X*P-atoms. Note that the cancellation condition (ii) above
may be equivalently expressed as “orthogonality” to the k-harmonic Bergman spaces bﬁl(B)
(here p’ denotes the index conjugate to p).

In Theorem we shall give an elementary proof that every function in H'(R") indeed

admits an atomic decomposition in terms of X*P-atoms.

The case of Riemannian manifolds

In Chapter 2, we consider the case of connected complete noncompact Riemannian man-

ifolds M, which possess the doubling property of balls (see (0.0.2])) and satisfy a relative



Faber-Krahn inequality (see (2.1.2])). Recall that these properties are equivalent to a on-
diagonal upper estimate for the heat kernel of the type

(DUE) he(x,x) < ¢ Vee M Vt>0.

u(B(z, V1))
Recently, Hardy-type spaces associated to operators have been introduced in various settings
(see R, [AMRL MMVI, MMV2, HLMMY] and the references therein).

T. Coulhon and X.T. Duong [CD] proved that under the above assumptions on M, the
Riesz transform f +— {VZ -1/ 2| is of weak type (1,1). An interpolation argument with the
trivial L?>(M) boundedness of the Riesz transform gives the LP(M) boundedness for all p
in (1,2). P. Auscher, A. McIntosh and E. Russ [AMR] proved that the Riesz transform is
bounded from a Hardy-type space H}.(A°T*M) to L'(M). Tt is quite a difficult task to
prove that this Hardy-type space agrees with ours. A proof of this equivalence is implicit in
[HLMMY].

In the special case where M supports a scaled Poincaré inequality (see (2.6.1))) Russ [Rul
proved that the Riesz transform is bounded from H'(M) to L'(M). Moreover, H'(M) =
H}L (A'T*M) (see [AMR]), hence the Riesz transform is bounded from H}.(A°T*M) to
LY(M). We give a different proof of the fact that these two Hardy spaces agree, based on De
Giorgi’s regularity theorem for elliptic equations, which, in turn, in the setting of Riemannian
manifolds is a well-known consequence of an important result obtained independently by
Grigor’yan and Saloff-Coste (see [Sall).

It is fair to say that, although some of the results contained in this chapter are already
present in the literature, our point of view is, to the best of our knowledge, new. Furthermore,
we believe that our approach is somewhat simpler, and that it may be adapted to other
situations where the doubling condition fails (see, for instance, [MMV2, MMV4]).

The operator &7

This part of the thesis is dedicated to the analysis of the operator o, defined by
,fo:—%Af—ac-Vf Ve CX(R™).

For every real number 3, denote by 743 both the function

va(x) = /2 e Plal’ Ve e R", (0.0.3)
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and the measure on R" whose density with respect to the Lebesgue measure A is v3. In

particular, 7; is the Gauss measure on R". Denote by ()., the Dirichlet form, defined by

1

(N =5 | VP v eEE®)

A simple integration by parts shows that o7 is the operator associated to ()_1, and that the

Ornstein—Uhlenbeck operator
1
.i”f:—i Af+azVf Vfe CX(R")

is the operator associated to );. The Ornstein—Uhlenbeck operator generates a diffu-
sion semigroup, which has been the object of many investigations during the last two
decades. In particular, efforts have been made to study operators related to the Ornstein—
Uhlenbeck semigroup, with emphasis on maximal operators (see [MPS, (GMMST2] and
the references therein), Riesz transforms [MUu, [GMSTI, [MMS] and functional calculus
[GMST2, (GMMSTT, HMM].

The purpose of this part of the thesis is to investigate the analogues for the operator .o/
of some of the results contained in the aforementioned papers. In many cases, the methods
developed for .Z go through for o7, and the proofs of the results for o/ are straightforward
modifications of the proofs of the corresponding results for 7. There are exceptions, however,
as in the determination of the region of holomorphy in LP(y_;) of the semigroup generated
by <.

We note that the operators &/ and £ are unitarily equivalent, so that the analysis of .o/
on L*(y_;) is equivalent to the analysis of .2 on L?(7;). There is no such equivalence as far
as analysis on L is concerned. Therefore, although there are analogies between the analysis
of &7 (and of related operators) on LP(y_;) and that of £ (and of related operators) on
LP(71), the results for o7 are not directly deducible from those for .Z.

Note also that the measure _; is infinite, whereas 7, is a probability measure. Further-
more, if B(z,r) denotes the Euclidean ball with centre z and radius r, then y_; (B(z,r))
grows more than exponentially with r, as r tends to infinity. An interesting line of re-
search in analysis on Riemannian manifolds aims at understanding the behaviour of the
Laplace-Beltrami operator on a Riemannian manifold and of certain related operators (spec-
tral multipliers, Riesz transforms, ...) under certain geometric assumptions. Quite often

these concern the volume growth and the curvature of the manifold. Many investigations
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have been made in the case where the volume growth of the manifold is polynomial, or at
most exponential, but there are virtually no results in the case of superexponential growth.
Though .7 is not the Laplace-Beltrami operator of any Riemannian metric on R", it is
the “radial part” of the Laplace—Beltrami operator of a Riemannian metric on a suitable
warped product of R” and T"™. We hope that some of the results contained in Chapter [3| will
give some indications for further investigations on manifolds with superexponential volume

growth.

Altogether, we believe that the result presented here will be valuable for any further
investigation of 7.

Here is a summary of the results contained in Chapter[3] In Section[3.I] we find an explicit
formula for the semigroup {74 };>0 generated by <7, and we shall prove that {4}~ is a
symmetric diffusion semigroup on (R, y_1).

A well known result by V.A. Liskevich and M.A. Perelmuter [LP] states that each sym-
metric diffusion semigroup {7 }:>0 on (X, 1) extends to a bounded holomorphic semigroup
on LP(u) with angle at least ¢, = arccos(2/p—1), i.e., the map t — .7 extends to an analytic
LP-operator-valued function z — 7. defined on the sector S,, = {z € C : |arg(z)| < ¢,},
such that || 7[5, < 1 for each z € Sy,. It is known that the angle ¢, in the theorem
of Liskevich and Perelmuter is optimal. Indeed, a celebrated theorem of J.B. Epperson [E
Theorem 1.1] asserts that the semigroup .#, generated by the Ornstein—Uhlenbeck operator

extends to a bounded operator on LP(7) if and only if z belongs to the set
E,={z+iyeC : |siny| < tan¢,sinhx},

which contains the sector Sy, and is tangent to the rays eT»R* at the origin. We shall
prove that the same result holds for the analytic continuation {J#,} of the semigroup {.74}.
In Section [3.2] we develop the theory of local Calderén—Zygmund operators.
In Section we consider the maximal operator associated to the semigroup {74},
defined by
H*f =sup | A f]. (0.0.4)

>0
By the Banach principle (see [G]), it is well known that the study of the boundedness of
% on LP(y_1) is related to the problem of the almost everywhere convergence of 4 f to f
as t tends to 0, for f € LP(vy_1). The operator .#* is known to be bounded on LP(vy_;) for
1 < p < 00, by standard Littlewood—-Paley—Stein theory for symmetric diffusion semigroups



viil

[St1l [C]. We shall prove that J#* is also of weak type 1 with respect to the measure v_;.
Our proof follows the same lines of the proof of the corresponding result for the Ornstein—
Uhlenbeck semigroup [GMSTTI].

In Section [3.4] we state some results concerning a functional calculus for the operator .o/
on LP(y_1). We do not give proofs of these results, mainly because the proofs, though lengthy,
may be obtained from the corresponding results for the Ornstein—Uhlenbeck operator with
minor changes. Nevertheless, we believe that it is worth recording these results for future

reference. It is straightforward to show that the spectral resolution of 7 is

o = (k4 n) &, (0.0.5)
k=0

where & is the orthogonal projection of L?(y_;) onto the linear span of the functions of
the form v; p, and p is a Hermite polynomial of degree j in n variables. Given a bounded
sequence M : {n,n+1,...} — C, we define the spectral multiplier operator associated to

the spectral multiplier M by

M(a)f=> Mk+n)é&f  VfeL (). (0.0.6)

k=0
Clearly M (/) is bounded on L?(y_1); an interesting question is find necessary and/or suf-
ficient conditions on M so that M («7) extends to a bounded operator on LP(y_1), for some

1 < p < 00, or of weak type 1 with respect to v_1. Our results may be stated as follows:

(i) if M is the restriction to the L%-spectrum of & of a function M of Laplace transform
type, then M («7) is of weak type (1,1);

(ii) if 1 <p < o0 and u € R, then

m%w = e%ul as u tends to 0o :

e

here ¢5 = arcsin |2/p — 1];

(iii) if 1 < p < 00, p # 2, a is a positive number and M is the restriction of a bounded
holomorphic function on a + Sy: and satisfies some mild conditions on the boundary,
then M (<7) is bounded on LP(vy_y).
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(iv) if M is the restriction of a continuous function on [0, c0) and

oup M), < oo,

then M extends to a bounded holomorphic function on the sector Sg:.

A few comments on these results are in order. By general semigroup theory [Stll [C], if
1 < p < oo and if M is the restriction to the L2-spectrum of .« of a function M of Laplace
transform type, then & is bounded on LP(y_;). Thus, (i) above complements this result
by proving a limiting result for p = 1, which may be false for general symmetric diffusion
semigroups.

A result similar to (ii) holds for the Ornstein—Uhlenbeck operator [MMS] [HMM]. Our
proof simplifies considerably the proof of the upper estimate given in [MMS]. The proof of the
lower estimate is very similar to that of the corresponding result for the Ornstein—Uhlenbeck
operator [HMM].

Recently, A. Carbonaro and O. Dragicevic [CD], improving previous result of Cowling [C]
and using a general multiplier result of Meda [Me], proved that all submarkovian semigroups
admit a functional calculus similar to that considered in (iii), but they need to assume that
a = 0, and require a slightly stronger condition on the boundary of Sg..

Finally (iv) is the analogue for .o/ of a result for the Ornstein—Uhlenbeck operator

We will use the “variable constant convention”, and denote by C|, possibly with sub-
or superscripts, a constant that may vary from place to place and may depend on any
factor quantified (implicitly or explicitly) before its occurrence, but not on factors quantified

afterwards.
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Generalized Bergman spaces
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Chapter 1

Generalized Bergman spaces in R"

1.1 Mean value properties for polyharmonic functions

For each z in R™ and r > 0 we denote by B(z,r) the Euclidean ball with centre z and
radius 7 and by Z the family of all (open) balls in R". For each B in % we denote by cp
and rp the centre and the radius of B, respectively. For ¢ > 0, we denote by ¢ B the ball
with centre cg and radius crg. We shall denote by B; the unit ball centred at the origin
and by c(n) its Lebesgue measure. The Lebesgue measure of the measurable set £ will be
denoted by |E)|.

It is well known that harmonic functions can be characterized by mean value properties.
In particular, a twice continuously differentiable function « is harmonic on a domain 2 C R"
if and only if for every ball B(z,r) C Q the average of u over B(z,r) is equal to u(x). A
similar result holds for polyharmonic functions. Recall that a function u is polyharmonic of
degree k (or k-harmonic) on Q if u € €*(Q2) and Afu = 0 on Q (here A denotes the Laplace
operator). Notice that, by elliptic regularity, if u is a distribution on Q such that Afu = 0,
then u is in €?*(2), hence it is k-harmonic in Q.

In 1909 P. Pizzetti [Piz] proved, for n = 2,3, a mean value property for polyharmonic
functions. He showed that the spherical mean of a polyharmonic function v on 0B(x,r) may
be expressed as a linear combination of Alu(z), j = 1,...,k, with coefficients depending
on r. In 1936, M. Nicolesco [Nic] extended Pizzetti’s formula to all dimensions and to the

case of solid means. In particular, he proved the following.

Theorem 1.1.1. Assume that k is a positive integer and that 2 is a domain in R™. If u is

3



4 CHAPTER 1. GENERALIZED BERGMAN SPACES IN R¥

k-harmonic on Q, then for every x € 2 and r < d(z, 0%2)

k—1

]i( )u = Zd(j) Au(z) r¥,

=0
where d(0) =1, d(j) = 1/(22 j! (n+2)...(n+2j)) forj € {1,....k—1} and fB(ac,r) u =
|B(£E, 7“)|71 J‘B(z;,«) u(?/) dy.

By using this result, in 1966, J.H. Bramble and L.E. Payne [BP] proved the following char-

acterisation of k-harmonic functions.

Theorem 1.1.2. Assume that k is a positive integer and that 2 is a domain in R"™. The
following hold:

(i) if w is k-harmonic on §, then for every x € Q and r < d(x,0%), and for every choice
of k distinct values ; € (0,1), j =1,... k,

u(x) = ZCj ]{3. u, (1.1.1)

where C = sy Bm and Bj = B(x, \/ﬁ_jr);

[lntiam—5;)

(ii) if u € €*(Q) satisfies for every x € Q, for every r < d(x,0Q) and for every
choice of k distinct values 8; € (0,1), j =1,...,k, then u is k-harmonic in .

1.2 Generalized Bergman spaces

Definition 1.2.1. Suppose that k is a positive integer, p is in [1,00) and B is an open ball.
The generalised Bergman space b} (B) is the space of all k-harmonic functions u which belong
to LP(B), endowed with the L”(B)-norm.

Observe that
W(B) C B(B) - -+ C I(B),

with proper inclusions. It is straightforward to check that for every integer k the Bergman
space by (B) is a closed subspace of LP(B). Hence b, (B) is a closed subspace of b}_,(B).
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In particular, when p = 2 we denote by Mj,_;(B) the orthogonal complement of b7 ,(B) in
b2(B). Thus,
bi(B) = bi_1(B) L My_1(B).

Working recursively, we obtain the following orthogonal decomposition of b%(B)
V2(B)=03(B) L My L --- 1 My_y(B). (1.2.1)

Clearly A* maps b7, (B) into the vector space of harmonic functions on B, but not neces-
sarily into b%(B), for functions in the range of A* may not belong to L?(B). Note that the
restriction of A* to My (B) is injective. Indeed, if u is in My(B) and Afu = 0, then u is in
b2(B), whence u = 0, because bi(B) N M(B) = {0}.

Next we examine the structure of b (B;) more closely (recall that B; denotes the unit ball
in R™ centred at 0). Preliminarily, we prove some facts about polynomials in R™. Denote by
P (R™) the vector space of all homogeneous polynomials of degree m in R" and by 77, (R")
the space of harmonic polynomials in Z,,,(R"). A well known result [ABR) Proposition 5.5]

asserts that
Pon(R™) = H,(RY) @ |2 P_a(R).

For the sake of brevity, we set

k—1
vh =2k T (n+2m + 2j). (1.2.2)
j=0

Lemma 1.2.2. The operator A is an isomorphism between |x|** #,(R™) and A, (R™), with

muerse

_ 1

lz|* h(z)  Vh e H,RY).

Proof. We observe that if h is in .7, then Ak(|-|2k h) is a multiple of h, hence harmonic.
Indeed, by Leibnitz’s formula and Euler’s formula,
A(|* h)(2) = (A|e*) h(z) + 2V |2 - VA(z) + |2 Ah(z)
= 2k(n +2(k — 1) |2** h(z) + 4k [2[** 7V 2 - Vh(z)
= 2k(n + 2m + 2(k — 1)) [z]**7Y h(x).

By arguing recursively, we see that

A*(|-* h) = v b (1.2.3)

m



6 CHAPTER 1. GENERALIZED BERGMAN SPACES IN R¥

Therefore A* is a bijection between |z|**.7,(R") and £, (R"), and its inverse A~* is given
by
1
AFh(z) = — |z[** h(z)  Vh e AR,
Vm
as required. O

Lemma 1.2.3. Suppose that p is a homogeneous polynomial of degree j in bi(B;). Then
there exist unique homogeneous harmonic polynomials p;_om € HG—0m(R™), m =0,..., k—1,
such that

p() = ;@) + 2 pioa(@) + - + [e* Y sy a). (1.2.4)

Proof. Set J = [j/2]. By a well known result [ABR], Theorem 5.7], there exist unique

homogeneous harmonic polynomials {p;_om }7,_o, With p;_a,, of degree j — 2m, such that

p(x) = pi(@) + |2* pja(x) + - + |2 pjoas().
We now impose the condition A¥p = 0. By (1.2.3)), if & > m, then

Ak(|”2mpj—2m> _ AkfmAm(HQijiZm) — anig Akimp];Qm — 0,

m

because p;_s, is harmonic. If, instead, & < m, then, by arguing as in the proof of
Lemma [1.2.2, we see that

k
[T+ 25 — 2m — 2i) |- P79 p; s

i=1

m)!

Altogether, we see that A¥p is a linear combination with nonvanishing coefficients of the

2m—k) Pj_o2m, where m =k —1,...,J. Observe that A*p is homogeneous of

polynomials |x|
degree j—2k. Therefore, by the uniqueness in the decomposition of homogeneous polynomials
[ABR], Theorem 5.7], AFp = 0 if and only if pj_o,, =0 for all m =k —1,...,J, as required.

O

Remark 1.2.4. For later purposes, it is desirable to decompose every homogeneous polynomial
of degree j in b7(Bi) according to the orthogonal decomposition (1.2.1)). Formula
expresses a homogeneous polynomial p of degree j in b?(B;) as the sum of the homogeneous
polynomials p;, |-|°pj_2, ..., |- |2k p] a(k—1), which belong to b3(By), b3(B1), - .., bj_1(B1),

respectively. These are pairwise orthogonal in L?*(B;), because, for m # [,

1
| ol ) i = | s s | () ) de
B, 0 Sn=
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and spherical harmonics of different degrees are orthogonal on the unit sphere. Here, p;_o;(w)
denotes the complex conjugate of p;_9(w). However, this is not the desired orthogonal
decomposition, because, for instance, p;_s,, which belongs to b3(Bj), and |x|2j Dj—2m are

obviously not orthogonal in L*(By).

We now explain how to perform the desired decomposition. It may be worth dealing first
with the case k = 2. Given f in b(Bj), denote by Il f the orthogonal projection of f onto
bi(By), and, for j = 1,...,k—1, denote by II; f the orthogonal projection of f onto M;(B;).

Lemma 1.2.5. Let p be a homogeneous polynomial of degree j in b3(By) and let p; and pj_»
be as in (1.2.4). Then

n+25—4

n+2j—4
Hop =p;j + ————— ) -2
op pj+n—|—2j—2 p]2

. d I,p = ( ot
P on ==
Proof. 1t is clear that p = Ilop+1II;p and that p; + (n+2j —4)/(n+2j —2)p,—_2 is harmonic.
Denote by pjl-_2 the polynomial defined by
nt2j—4

2
pj_s(r) = (va\ T hi2 2

) Djs(z) (1.2.5)

By Lemma m, pj_o is in b3(B1). Thus, it remains to show that pj_, is orthogonal to all
harmonic polynomials, for their restrictions to B; are dense in b(B;). Suppose that g is a

homogeneous harmonic polynomial of degree k. Then

J, o) (1 - =) et ar

n+25—2
1 .
— n+k+j—3<2_n+2]_4>d J A q
L s S T 2 2 s . gk (w) pj—2(w) dw.

If j — 2 # k, then the inner integral vanishes, for spherical harmonics of different degrees are
orthogonal. If 7 — 2 = k, then the outer integral vanishes, as a straighforward calculation

shows, and the required result follows. O

We aim at extending the decomposition above to b(B;). The extension hinges on the

following technical lemma.

Lemma 1.2.6. There exists a unique sequence of polynomials {04;-“ :7,k=0,1,2,...} on R

with the following properties:

(i) oz;? 1s @ monic even polynomial of degree 2k for every j in N;
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(ii) for every k > 1 the following orthogonality relations hold

J

1
Ja’?(s)ag(s)smﬂ'lds:o 1=0,....k—1, j=0,1,2,.... (1.2.6)
0

Furthermore

1
J af(s) g T2I—142k o 7& 0 7=0,1,2,.... (1.2.7)
0

For k > 1, the polynomial ozf 15 given by

k—1
af(s) =™ + ZCf(j, n) s%, (1.2.8)
i=0

where

=t . (1.2.9)

k) 425 +20)
1—rri(n 2+ 21)

ctim = (-1~ (!
Hereafter, to simplify notation, we shall often omit the dependence of the coefficients CF(j, n)
on j and n, and write simply C¥. We shall prove that the polynomials oz? are given by
and by brute force and, although conceptually very simple, the proof requires long and
tedious calculation. The precise form of the coefficients will be used only later to estimate
the generalized Bergman projections. Therefore we have chosen to postpone this part of the

proof of the lemma to the Appendix to this chapter.

Proof. (of the existence and uniqueness of af) For the duration of this proof, for each 7 in N
we shall denote by (-,-); the inner product in L*([0,1],s"*%~!ds). Observe preliminarly
that, for each k£ > 1, ([1.2.6) is equivalent to the following:

J

1
J af(s) s"THIlds =0 m=0,1,....,k—1 j=0,1,2,.... (1.2.10)
0

Furthermore, if af exists, then, by (i), it must be of the form:

k—1
aj(s) = s + ) Cf(j,n)s™,
i=0

where the coefficients CF(j,n) must be determined.
We argue by induction on k. Suppose first that £ = 1. Then a straightforward calculation
shows that for every nonnegative integer j the system (|1.2.10)) has a unique solution, given by

n+2j

al(s) =8 — ————
n+27+2
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(see also Lemma [1.2.5)). Furthermore, (al,s?); # 0.

J?
Now suppose that for each ¢ < k — 1, there exists a unique sequence {aﬁ . j € N}

of polynomials with the required properties (in particular (ozﬁ, s*); # 0). Since (1.2.6) is

equivalent to (1.2.10), (1.2.10), with ¢ in place of k, implies that (af,s*™); = 0 for each
m € {0,...,¢ —1}. Therefore,

1 k—1
(ak,ab); —J <32k+20f52i> af(s) " ds =0 W=0,...,k—1. (1.2.11)
i=t

1777
0

Observe that (1.2.11]) is an upper-triangular nonhomogeneous system with unknowns C%, . . . ,
CF |. Hence it has a unique solution if and only if the diagonal entries of the associated

matrix do not vanish. These are

1
J aﬁ(s) §nT21420 g (=0,....,k—1,
0

which indeed do not vanish by the inductive hypothesis. This concludes the proof of the
inductive step, and of the first part of the lemma. O

With a slight abuse of notation, we also denote by af the polynomial on R", defined by
o () = o + CF_ |oPPY 4 O (1.2.12)

J

where the coefficients {C¥}*=1 are as in Lemma m Denote by & the linear space of all
polynomials in R™. For each j in N and each k& > 1, define the map é?k G — P by

Ep=ap Vpe A (1.2.13)
It will be convenient to denote the identity map by @@JQ : G — ;. For each £ > 1, set
2, = span{Ran(é"]m_l) jeN,m=1,... ,6}.
For jin N, let {p;1,...,pjq,} be any orthonormal basis of 7.
Lemma 1.2.7. Suppose that k > 1. The following hold:
(i) Ran (&) is contained in b}(By) and

Ran(é‘"f’l) L Ran(é"jm’l) Yme{l,...,k—1}
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(ii) 2y, is dense in b2 (By);
(i1i) span{Ran(é"jk_1 :j € N)} is dense in My_1(By).

(iv) the sequence

(g;'kilpj,la"'v(g}kilpj,dj j - 071727"'

is an orthogonal basis of My_1(By). Hence
EMpin, ... EMpja, h=0,....,k—1, j=0,1,2,...
is an orthogonal basis of b (B;).

Proof. First we prove (i). Observe that

(%k—lp _ |_|2(k—1) »+ 0115:21 |'|2(k—2)p 4t C,(])C_l D,

whence
Ak: (éajk—lp> _ AAk:—1< |‘|2(k71) p) + 05:21 AQAk—Q( |‘|2(k72) p) 4ot Cg_l Ak_lAp.

For ¢ > 1, the polynomial AZ( H% p) is harmonic by Lemma m Therefore all the sum-
mands on the right hand side vanish, whence <§’jk’1p is in b (By).
Now, suppose that p and ¢ are homogeneous harmonic polynomials of degree 5 and h,

respectively. Then

@ = | ol @)pl) of o) ale o
o (1.2.14)
= J af‘l(s) oy t(s) s"HThTl qs Ln 1 p(w) q(w) dw.
The inner integral vanishes if j # h (spherical harmonics of different degrees are orthogonal
on S"71), and the outer integral vanishes if j = h, by . This concludes the proof of (i).
Next we prove (ii). It is well known (see [ABR] Corollary 5.34]) that the span of all
harmonic homogeneous polynomials is dense in b?(By), hence the result holds for k& = 1.
Henceforth we assume k > 2. We claim that the space of all u in b?(B;) that extend to a
bounded k-harmonic function in a neighbourhood of B; is dense in b?(By). Indeed, suppose

that w is in b2(Bj). Then for every r € (0, 1), the r-dilate u” of u, defined by

u'(z) = u(re) Vo € (1/r) By,
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is in b2((1/r) By), hence it is k-harmonic and bounded in a neighbourhood of B;. The claim
then follows from the fact that u” tends to w in b%(By).

Thus, to prove that 2}, is dense in b(By) it suffices to prove that every function u in
b5(B,) that extends to a k-harmonic function in a neighbourhood of By may be approximated
with arbitrary degree of precision by polynomials in 2.

We argue by induction on k. As we have already said, the property holds for £k = 1. Now
suppose that 2, is dense in b?(B;) for £ = 1,...,k — 1, and let u be a function in b2(B)
that extends to a k-harmonic function in RB; for some R > 1. Then A* 'y is harmonic in

RB,;. Hence there exist homogeneous harmonic polynomials {p; : j € N} such that
A= "p;, (1.2.15)
5=0

where p; is a homogeneous harmonic polynomial of degree j. It is known [ABR) Corol-
lary 5.34] that the series ((1.2.15]) is absolutely and uniformly convergent in every compact
subset of RB;. In particular, for every r in (1, R)

lim sup |p;(x)| =0.

J—o0 zerB;

Therefore, for every r' in (1,r)

sup |pj(z)| = sup sup s |p;(2’)]
wer' By 0<s<r a/esn—1

J .
= sup sup <§) r |pj ("))
0<s<r’ g'eSn—1 \T
/

r'\J
< — ) .
<C (r) VjeN
Define U by
U=> AFp, (1.2.16)
§=0

where

AEpi(a) = () P i)
and Vf_l is as in Lemma . Note that I/Jk_l = j* as j tends to infinity. Hence the series
(1.2.16|) is absolutely and uniformly convergent in every compact subset of RB;. Moreover

the estimates above imply that A¥1U = Zj pj, which is also equal to A" 1u. Therefore
APYU —u) =0in RBy, i.e., U—uis a (k—1)-harmonic function in RB;. By the induction
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hypothesis, U — u may be approximated to any degree of precision by (k — 1)-harmonic
polynomials. Thus, to prove that u may be well approximated by k-harmonic polynomials,
it suffices to show that U does. This is straightforward, for the series converges
uniformly in a neighbourhood of B, hence in L?(B;). This concludes the proof of the

inductive step, and of (ii).
Part (iii) is a direct consequence of (i) and (ii).

To prove (iv), observe that, by (iii), the span of
EFpia 6  pe, G =0,1,2,. (1.2.17)

is dense in My_1(B;). Furthermore

1
(j VESR Js ) 0 J () S M( ) Js ( ) (1.2.18)

=0

because p;, and p;,, are orthogonal in L?(Bj), whence so are their restrictions to S"~ .
Therefore (1.2.17)) is an orthogonal basis of Mj_1(By). The last statement of (iv) follows
from this and the orthogonal decomposition (|1.2.1]).

This concludes the proof of the lemma. O

1.3 The reproducing kernel of generalized Bergman

spaces

Let B be an open ball in R™ and suppose that p is in [1,00). For each z in B and each
multiindex v, denote by A the evaluation functional at = on b} (B), defined by

ANu = DVu(x) Vu € b (B).

A noteworthy consequence of the mean value property for k-harmonic functions (1.1.1)) is

that A is continuous on b (B), as shown in the next proposition.

Proposition 1.3.1. Suppose that p is in [1,00), that x is in B and that vy is a multiindez.

Then there exists a constant C, depending only on n, k and v, such that

C
(gj7 8B)|“/|+"/P

Izl < 5 3
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Proof. The proof is by induction on |y|. First we consider the case where |y| = 0. Let
r < d(z,0B). Set ; =1 —279. It is straighforward to check that

‘H Bm < ohlk=1),

mj 5m - Bj

Thus, |C;| < 28k=D for j = 1,..., k, where C; is defined in (1.1.1). Hence, by the mean

value property -,
<C E d
/_r } J (o /Br) lu(y)| dy

k

HUHP
<C :
; | Bz, v/Byr)|"

< C 7P full,.

We have used Holder’s inequality in the second inequality above. Then (with v = 0)
follows by letting r tend to d(z, 0B).

Next, suppose that holds for all multiindices v such that |y| < m, and suppose
that |y/| = m + 1. Then there exists ¢ € {1,...,n} such that D" = 9;D", where |y| = m.
Choose r < d(x,0B)/2. Observe that, by the mean value property of k-harmonic function
applied to 0;D7u and by translation invariance of the Lebesgue measure,

0; D u(x Z C; |B(0,/B;r)|~ 0;D"u(x +y) dy.

JB(O,\/ET)

By the divergence theorem and the inductive hypothesis

k

C
pou@ < Y| D)
" 521 JoBOVE)
k
C . —[vl=n/p
< = ull, [ inf d(z +w,dB)] dw
r j=1 jwl=r 0B(0,4/Bir)

< C r—l=1-n/p ”qu,

from which the required estimate for H|Ag’ |pr follows. O
k



14 CHAPTER 1. GENERALIZED BERGMAN SPACES IN R¥

Definition 1.3.2. Denote by R%(z,-) the unique function in b(B) that represents the

continuous linear functional AY. Then
u(z) = J Ri(z,y)u(y)dy  Vu € bi(B). (1.3.2)
B

The function RY, on B x B will be called the (generalized) Bergman kernel or the reproducing
kernel of b (B).

In the following proposition we collect some elementary properties of R%,.
Proposition 1.3.3. The following hold:
(i) RY is real-valued;

(ii) if {u,} is an orthonormal basis of bi(B), then

Riy(w,y) = > ui(x)u;(y)  Va,y € B;
7j=1

(iii) RY(z,y) = R%(y,x) for all x and y in B;
(iv) |Ry(x, e = RY(z,2)""” for all x in B.

Proof. These are standard properties of reproducing kernels. The proof is almost identical

to the proof of [ABRI] Proposition 8.4], and is omitted. ]

Recall the orthogonal decomposition
b2(B) =b3(B) L My(B) L--- L M;,_1(B). (1.3.3)

Each of the subspaces of b (B) that appear on the right hand side is closed in b%(B). There-
fore the restriction of AY to M;(B) is a continuous linear functional on M;(B), so that, by
the Riesz representation theorem, there exists a unique function Rjgj (x,-) in M;(B) that

represents A2
"

Proposition 1.3.4. Suppose that B is an open ball in R™. The following hold:

(i) if B has radius r, then

T —CB y—cB>

Riy(w,y) =" Rl 2 Yo ¥(z,y) € B x B; (1.3.4)
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My

(i) R =Ry + RY' + -+ Ry
Proof. First we prove (i). Suppose that u is in b(B). Then the function
Topu (2) == u(re + cp) Vo € By

is in b7(By). Since R is the reproducing kernel for b7(B;),
e o) = | () B, (o) dy
= | ) By (o = en) /iy Ve e B
which may be rewritten in the form
e) = | ) R (@ cn)/r (v = ca) /)y Vo€ B

and (i) is proved.
Next we prove (ii). Suppose that w is in b7(B). Then there exist ug in b3(B), uy in
My(B), h=1,...,k—1, such that u = ug + u; + - -+ + ug_1. Then

u(@) = uo(z) +ur(x) + - - + w1 ()
:JBRB(my uo(y dy+ZJ "(z,y) un(y) dy

Since the decomposition (|1 is orthogonal, the right hand side is equal to

J Rp(x,y) u(y) dy + ZJ ) u(y) dy.

Therefore R (x,-) + R¥ 1 (z,-) 4+ --- + Riy¥"(x, ) represents A2 on b%(B). By uniqueness,
this must be R%(z,-), as required. O

Our aim is to establish an explicit formula for R%. By Proposition m (i) it suffices to
determine R} . Tt is known [ABR], Theorem 8.9] that

o0

Ry, (z,y) ,Y), (1.3.5)

J=0
where

Zitwy)=lal P 2 h)  veyERe
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and Z; denotes the j* zonal harmonic on S"~'. Clearly Zj(ac, -) is in ;. For any j € N,
define 0? by the rule

1
(0;-‘)_1 = J cy;-‘(s)2 "1 ds,
0

where o is as in (1.2.8). Observe that

J
—1 1 .
(oh) ™ = J ali(s) s"THTRTL g,

for a*(s) is orthogonal to s*™ for each m in {0, ..., h—1}, by (1.2.10). Then formula (1.3.15),

with £ replaced by h and m = h, gives

n+2j +4h 25 ,
ot = T [T +25+20° (1.3.6)
) I=h

Proposition 1.3.5. The reproducing kernel of My(By) is given by

1(n) ZO? aj(x) Zj(x,y) af(y)  Va,y e B (1.3.7)

M
RBlh(x7y) = nc

Proof. For each j in N let {pj;1,...,p;q;} be an orthonormal basis of 7.
We claim that the function R;?, given by

1 ~
Rli(z,y) = o) ol al(x) Zj(z,y)al(y)  Vz,y € By,

is the reproducing kernel of é‘;h,%’j Clearly, it suffices to show that
(Elpja, Ri(x, ) = Elpjala)  i=1,....d;.

To prove this, notice that

0]}-” a?(az)

(6lpis R ) = 2222 | ol pisto) 2 o)

nc(n)

— a;” oz?(x) |x’J L oz?(s)2 21 4 JS B Zi(z/|z|,w)pji(w)do(w)

= a; () el pii(/ |z))
= &;'pja(x)
we have used the fact that Z; is the reproducing kernel of spherical harmonics of degree j

in the third equality above.
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Observe that if j # ¢, then

(R, By (a.) = s ot o) o @) (60 20w, ). £ 2 .)

=0,

because Zg(x, -) is in 727, Zj (z,-) is in 7%, and the ranges of & and gjh are orthogonal by

([T.2.14).

Next we show that for every z in B the series ) R;(x,-) is convergent in L?(B).

Indeed, observe that there exists a constant C' such that
h—1
SlctGml<c VieN
i=0
This may be easily deduced from (|1.2.9), with A in place of k, and the fact that
S22
etn+2j+20) T

Therefore

}a?(x)} <C VzxebB VjeN,
and

|75 (@, )| o5y < Cof 1Z;(x, M zoe () 1 | 2
< C (o) fafl dim().

We have used the well known estimate |Z;(z, )| < dim(]) and the fact that (o%)~/% =
||| r2(p,) (see the definition of ¢!') in the second inequality. Now, from we deduce
that

(0?)1/2 = jht1/2 as j tends to infinity. (1.3.8)

Furthermore
dim (%) < j 2 as j tends to infinity.
Altogether, we have proved that there exists a constant C, independent of j, such that

HR;L(JU : < C«jn+h—3/2 |w’J

) HLQ(Bl
This implies that the series . Rz, -) is convergent in L*(By). Clearly Y. Rl(x, -) repro-
duces all polynomials in span Uio &l ;) which is dense in My(By) by Lemma (ii).
A density argument then shows that R"(z,-) is a reproducing kernel of M;(By). Hence

it must be Rgh (z,-), by uniqueness, as required. O]
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1.3.1 Appendix

In this appendix, we present the proof of second part of Lemma [1.2.6, It would be highly

desirable to find a simpler proof thereof.

Proof. (of the second part of Lemma [1.2.6) We prove that the polynomial (1.2.8]) with
coefficients (1.2.9)) satifies condition (1.2.10). For notational convenience, set

(85 ) ()

Bils) = af(s)  and  Bli(s) = o i=1.92. .

We integrate repeatedly by parts in ((1.2.10]), and obtain, for every m € N,

1 (0) n+2j+2m
J 04]?(5) gnrarIm=l g — [5j’k (S)S ' —2 J 5(1]3( )Sn+2j+2m+1 ds
0o n+2j+2m lo n+2j+2m I
(0)
- 53'”“(1) _ 2 J 5(1)< ) s n2j+2mA1 g
n+2j+2m n+2j+2m ), ¥
_ Z (-1)2 B0(1)
P H 0 (n+2j+2m+1)
We claim that
kL1
) 2% k!
Bi(1) = 1.3.9

For the rest of this proof, we set 1, := n + 2j + 2[. Clearly, 6](?,3(1) =1+ Zf;ol Ck. To prove

the claim, we first show that

0 k—N—1
(1) ( k—N—i( ) Hz itN 1
= —1) . + (1.3.10)
2k (k= N41) Z L lekk-‘y];’t " Hz 2k Nl

1=

for each N € {1,...,k—1}. We argue by finite induction on N. Consider 1 +Zi C’f. It is an
elementary fact that (f), which is one of the factors that appear in formula for CF, is
equal to (kzl) if 7 = 0, and decomposes as (kzl) + (Z._ ) if 7 > 1. Observe that (k : 1) is also

one of the two binomial coefficients which give the analogous decomposition of (Z +1)’ that

: k-1 2k—1 : :
appears in CF_,. Moreover, C¥ and CF,; share [, 1/ TiZksisn m- It is then convenient
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to sum up by collecting like terms, yielding

1 k2 . .
Z Cki11= Z(_l)k—i—l -1 Hz Al 1 n+ 27+ 2i

=0 i=0 1= k+z+1 m
n+2j+2(k—1)
n+2j+ 202k —1)
k—2
_ (_1>k—i—1 ( ) 2k Hl —it1 N 2k
i=0 g [ n+2i+202k—1)

which gives ((1.3.10]) for N = 1.

The inductive step may be completed by similar calculations. For, consider the right hand

side of . We write (k_zg_l) instead of (k_ON) and (k_]j_l) + (k_gl_l) instead of (k N).

Now, foreach?=0,...,k—N —2, the expression (ki]yfl) appears two times, the first multi-

1 7 71— k—
plied by (—1 )k N= Hl =i+N m/ Hz k+z M, the second by (— )k N=imt Hl —itN+1 m/ H?:leriJrl -
The sum of these two terms equals

(—1)FN=i-1 (k - N - 1) Hz2k1+1zv+1 m [1 _n+ 2j'+ 2(i + N)
1 Hl:k+i+1 i n+ 25+ 2(k +1)

Y

which is
k—N—i—1 kE—N-1 2<k N) Hl =i+ N+1 m
(=1) ; 2k—1
t Hl k+i Tl
Similarly, we sum up —(n+2j5+2(k—1))/ H?k%l ~_1 M, which comes from the decomposition

of the term corresponding toi =k — N — 1, and 1/ H?k%l ~ T, obtaining

1 n+2j+2k-1) 2(k— N)
2k—1 |t . = k
[l oenm n+2j+2(2k—-N-1) HZQQkINlnl

It follows that
1+, Cf
2Nk (k=N +1)
b peN_io1 (k=N —1 2(k — )Hl N+1 'l 2(k — N)
_ Z(_l)ffzf ( > =i+ N+ +

= . 21 21 )
¢ I=k+i [ o v

=0

which is (1.3.10)) for N + 1.



20 CHAPTER 1. GENERALIZED BERGMAN SPACES IN R¥

Now, the claim follows easily. Indeed, by (1.3.10) with N =k — 1,

k—1 ]
T ST Y QL e L B N

2%—1 2%—1
Hl:kz m Hl:kz—i—l m
A (1 B n+2j+2(k—1)>
[Tt n+2j + 2k
2F k!

lekkl 7717

and ((1.3.9) is proved.
Similar arguments lead to
; ok=i k1 (* .
BI) = gt (;7) Vie{l,....k—1}. (1.3.11)
I=k+i "Il

For the sake of completeness we give a sketch of the proof of this fact as well.

Similarly as before, we need to prove the auxiliary relation

Bia(1)

k...(k—i+1)
k—N—1
_N— —1— Hl htN Tl 1
X Z(_l)th< ) 2k—1 +
{ h=i h—i Hl:k+h m Hl 2k N

for each N € {1,...,k —i—1}.
Once again, we proceed by finite induction on N. To prove ([1.3.12)) for N = 1, we observe

=2k . (k—=N+1)
(1.3.12)

that clearly
k—1

B =k...(k—i+ 1)+ h...(h—i+1)C}.

h=i
An easy computation shows that, for each h € {i, ...,k — 1}, the coefficient h...(h —i+ 1),
multiplied by (2) (which appears in CF), gives k... (k —i+1) (,’j:z) It follows that

BJ(lez(l) h( ) Hl n Tl
2k—1 "
[Tkinm

koo (k—i+1)
We may now write (k*éfl) instead of (kai), decompose (,’2:;) as (k;:l) + (Z:Zj) for h in

{i+1,...,k—1}, and sum up by collecting like terms similarly as before. We obtain

53(2(1) — —h—1 _Z—l H1h177l 1
k...(k—i+1):2k{2<_1)kh ( - )H%T +n+2j+2(2k—1)}’

h=i I=k—+h TN

_|_
> E
RGP
—~
|
—_
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which is (1.3.12)) for N = 1.

The inductive step can be proved by a similar argument. We omit the details.

Now, by (1.3.12) with N =k —¢—1,

89 (1) . , n+2j+2(k—1) 1
k ]Jg’_' 1 =2"" k(14 2) ¢ — 2k—1 T o
.. ( 1+ ) I=k—+i T Hl:k+i+1 m

2l (14 2) (1_n+2j—|—2(k:—1))
[T n+2j +2(k + 1)
R i+ 1)

2%—1
I=k+i Tl

To conclude the proof of (|1.3.11), it suffices to observe that

k...(k;—z’+1)k'...(z'+1):k!ﬁ:k! (k)

]

Finally, it is easy to see that ﬁ](’?(l) = k!. This, together with (1.3.9)) and (1.3.11)), gives

1
J Q?(S) Sn+2j+2m—l ds
0

_ 2%k (5)
 n+2j+2m Hfﬁ;lm

SRS LG

i=1 1li=k+i T H;:l(n +2j +2(m +1)) Hf:l(n +2j +2(m +1))

(1.3.13)

We now use a procedure similar to that used to calculate (1.3.9) and (1.3.11)) to reduce

further this expression. We claim that

1
J (II?(S) Sn+2j+2m—1 ds

RN (k=M —1)...(k— M —N)

n+2j+2m (1.3.14)
SRR
X .
= Tk T (04 25 + 2(m + 1)
for each N € {1,...,k}.
We first prove the claim for N = 1. Once more, for each i € {1,...,k — 1}, we decompose

the term corresponding to ¢ in (1.3.13)) into the sum of two terms, by writing (kil) + (kil)

% i—1
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1) instead of (g) and (k_l) instead of (Z) We then

instead of (]:) Moreover, we write (k_ 1

0
sum up (kgl)/ H?ﬁ;l 7, and the second term obtained by the decomposition of the term
associated to ¢ = 1, and obtain
k—1
_( 0 )

1 1
H?ﬁﬁﬂ?z <”+2j+2/€_n+2j+2(m+1))’

which equals
—(*;N 2k —=m-1)

[E5 i (n 425 +2(m + 1))

Similarly, for any ¢ € {1,...,k — 2}, we sum up the first term from the decomposition

of the term corresponding to ¢ and the second term from the decomposition of the one

corresponding to i + 1, yielding

(=0 (%)

1 1
[Tt m Tliey (0 + 25 4+ 2(m + 1)) (n +2j+2(m+i+1) n+2j+2(k +@')) ’

which is equal to
(1) (" H2(k —m — 1)

Fm TIE (n+2) +2(m + 1)

k—1
k-1

corresponding to ¢ = k — 1 is decomposed. We sum up such term with the last term in
(1.3.13]), and we obtain

(=" (32 ( 1 1 ) |

(n+2j+2m+1) \n+2i+2(m+k) n+2j+2(2k—1)

Finally, the binomial coefficient ( ) appears in one of the two terms in which the term

k—1
=1

which is
(—DF () 2(k—m—1)

(n+2j+22k — 1)) TIi_,(n+ 27 +2(m +1))

Eventually, we obtain

' k 2j+2m—1 — (=)™ (ki'l)
J o (s) s"TTEm T ds = 2(k —m — 1) Z ST T .

0 prdl ] PR lzl(n+2j+2(m+l))}7

which is (1.3.14) for N = 1.
The proof of the fact that, if (1.3.14)) holds for a certain N, then it also holds for N + 1, is

similar and is omitted.
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In particular, (|1.3.14)) with N = k gives

! : 22 LTI (m — 1

0 Loy m I —o(n+25+2(m+1))
which clearly vanishes if m € {0,...,k —1}. This concludes the proof of ((1.2.10]) and of the
lemma. 0

1.4 Estimates for generalized Bergman kernels

In this section we prove pointwise estimates for the reproducing kernel R% of b2(B) that
generalise those obtained by B.R. Choe, H. Koo and H. Yi [CKY], Theorem 2.1] for Rj.
It is worth mentioning that H. Kang and Koo proved similar estimates for the harmonic
Bergman kernel on any smooth bounded domain in R™ [KK| Theorem 1.1]. They adapted
to this setting a method, developed by A. Nagel, J.P. Rosay, E.M. Stein and S. Wainger
[INRSW] in the setting of several complex variables, based on some careful estimates for the
Green operator associated to the Dirichlet problem for the biharmonic equation. It is an
interesting and open question whether this method can be pushed to give sharp estimates
for generalized Bergman kernels on smooth domains of R"™.

Our estimates, proved in Theorem below, will be the key to prove mapping prop-
erties of the generalised Bergman projections (see Theorem below) and for later devel-
opements concerning Hardy spaces (see Section .

For the sake of brevity, it is convenient to set, for every x and y in By,

and
Elw,y) =1~ [a*|y[*.
Define the extended Poisson kernel, by

P(x,y) = Z Z;(x,y) Vo,y € By. (1.4.1)

Jj=0

It is known [ABRI Formula 8.11] that

P(z,y) = Y,y € By. (1.4.2)



24 CHAPTER 1. GENERALIZED BERGMAN SPACES IN R¥

Furthermore [ABR) Theorem 8.13]

plz,y)™" (né(a?,y)2 4paf? |y|2)‘

B w) ==y Uote g

We shall need the following technical lemma.
Lemma 1.4.1. The following hold:
(i) for each pair of multiindices o and [ there exists a constant C' such that

|DEDI Ry, (z,y)| < C p(z,y)~ Tt va, y € By; (1.4.3)

(ii) for every x andy in By

% 0(z.y) < pla.y) < V2 0(z,y);

(iii) the polynomial o may be written as

h
af(x) =) (=17 AL (1 = |2, (1.4.4)
1=0
where
2hih (i + 1
Al = Al(j,n) = (h) 2,Hh Wr ) Vie{0,...,h—1}. (1.4.5)
1 Jpps (427 + 21)

Proof. First we prove (i) in the case where o = = 0. Observe that
L—2z-y+ 2l Jy” 2 1 = 2[al |y + |2 [y" = (1~ || [y])*.

Hence

§(x,y)
(z,y)
and the required estimate for Rj follows. We refer to [CKY| Theorem 2.1] for the case

o+ 3| > 0.

< T4 faffyl <2 (1.4.6)

)

Next we prove (ii). On the one hand
play)® = (1= [al) (1 = [y) + |z = )"

(14 []) (T +[yl) % (L= 12D+ (L = [y)*] + |z —yI*

IN

IA

2[(1—[z)* + (1 = [y)?* + |z — y[]
20(z,y)*,

IN
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from which the required right hand inequality follows by taking square roots of both sides.
On the other hand

e =y > |l = [yl]” = |1 = Jy)) — (1 = [2])]*

Therefore
plr,y)* = (1= ) (1 = y) + |z —y|
= (1= |2)(1 = |y*) + =

> (1= a1~ [y + 5 (L= )+ (1= lyl)? = 2(1 — a1~ )] + 5l — o

= 2 [ 1l + (= Jyl)? + fo — o]
%O(x,y)Z-

This concludes the proof of (ii).

To prove (iii), observe that

o) = Ch(la =1+ D)™ + (ja* =1+ 1)
h—1 m h
=S an ey (M) a-et e Ney (Da-eh e

Il
|
=
— 1
> o
M1
<3
VR
. 3
~~_
VR
>
~~
—

=)+ (="~ J2 )"

For the rest of this proof, we set 7, :== n + 2j + 2[. The computations are similar to those in
the proof of Lemma [1.2.6, We claim that, for any N € {1,...,h —i— 1},

A} _ " _1)h-N-m h—N —i H;L;Til-i-N Y 1
h\ oN o Z ( ) _ 2h—1 + o
(i)Z h...(h=N+1) m=i m—1 Hz:h+m771 [TiZon_ N771
(1.4.8)

We first prove for N = 1. We recall that C* = (—1)"=™ (*) |§ H?ﬁ;}rm m, and

(Z) (1) = C) === () (a25)
_ (’Z) {hll(—1)h—m ( _Z) 1},3 T”;l + 1}. (1.4.9)

m=1

Then,
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Since (hgi) = (h_é 1) and (m Z) (h_i_.l) + (h_?_l) forme{i+1,...,h—1},

m—1 m—i—1

Al :@ {(—D“ (h _é_ 1) rl[qflj;;;l

h—1 . .
_ h—i—1 h—i—1 1=t n
+ ) (—1)’”“K )+( . )] . +15.
m=it1 m—1 m—i—1 Hfﬁhimm

Thus, each term in the sum in , except the one corresponding to m = ¢, is decom-
posed into the sum of two terms, the first one containing (h - 1) the second one containing
(:1721;11)' It is easy to see that, for each m € {i + 1,...,h — 2}, the first term from the
decomposition of the term corresponding to m and the second one from the decomposition
of the term corresponding to m + 1 contain the same binomial coefficient. Moreover, they
share H;:nll 1M/ H?ﬁ,ﬁm 417 Similar considerations holds for the term corresponding to
m = ¢ and the second term corresponding to m =i + 1. We may then sum up by collecting
like terms, and obtain
() B (5 e - e
i) | &= m—1 I—htma1 n+2j+2(h+m)
n+2j+2h—1) }
n+2j+2(2h—1)

h—1
h h—m—1 1
:(l) 2h ) (—1)""“‘1( mﬂi ) Héhml“m + . —= 0
— i I ,,m  n+2i+2(2h—1)

which is (1.4.8) with N = 1. Next, we assume that (1.4.8)) holds for a certain N and

we prove it for N + 1. Similarly as before, we write (h’_i_ON _1) instead of (h_%_N ), and

we decompose (h;f__zN) as [(h_fgﬁ_l) + (h;f__ﬁzl)}. Then, for each m € {i,...,k — N —
h—i—N—l)

+1—

2}, there are two terms containing ( , and they also share the common factor

h— . .
Hl N1 M/ H?:h}rmﬂ 7. We sum up, yielding
Al

(};)QNh...(Zh—NJrl)
:th:‘Q(_l)h_N_m_l (h—N—z— 1) | {1 - n—|—2j+2(m+N)}

m—i ) [Pt L n+2+2(h+m)

1 n+2j+2(h—1)

+ - .
Hl2h2h1 N { n+2j+2(2h—N_1)]

h—N-2

—2(h - N){ (e (h i 1) Dy 1 3

o 2h—1 2h—1
m—=1 [T imm Hl:Qh—N—l m
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This concludes the proof of - In particular, with N =h —i — 1 gives

Ah:(i)Qh"—lh...(i+2) 1_n+2j—|—2(h—1)

‘ | n+ 25+ 2(h + i)
(M 2"=th. . (i+1)
2h—1 )
I=h+i "l

as required. O
Lemma 1.4.2. Suppose that («, B) is a pair of multi-indices. The following hold:

(i) there exists a positive constant C' such that

|DIDJP(x,y)| < Cpla,y)” ") ey e By,

(ii) for every integer n > 2 and for every nonnegative integer v there exists a constant C

such that

‘Dapﬁz (7 ‘ < O pla,y)-H-1HetB)  yp e B (1.4.10)

where m,(j) =2j(2j —1)...(2) —v+1).

Proof. First we prove (i). Recall formula (1.4.2)) for the Poisson kernel. Since P is smooth
in By x By, the required estimate is trivial when p(x,y) > 1/2, so that we may assume that

p(x,y) < 1/2. In particular, x and y are both away from the origin. By ({1.4.6)),

§(z,y) < 2p(x,y).
Since £ is a polynomial in z and y, the trivial estimate
|DeDY¢(z,y)| <C Va,y€ B

holds for every pair of multi-indices o and § such that |+ §| > 1. Note also that there

exists a constant C' such that
|DeDyp~" (x,y)] < C pla,y)~ "+,
(see [CKYl Lemma 2.1]). Therefore, by Leibnitz’s rule,

DeDlPy)| < Y Y |Da DY ¢(x,y)| | D" DY p~" (2, y)|
I+Oé//7a 5/_)'_5//

<C Z Z ) o/ +6] p(z,y)™ *\a”+,8”\’

Ie% +O¢N70[ Bl 6//
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and (i) is proved.
To prove (ii) we argue as in [ABRI page 179] and write

‘DO“DBZWV (z,y ‘ = ‘D“D/BZ@V tZJZ"(m y)]‘tzl‘
7=0

_ ‘ DDl 77 (b, ty) ‘t_l‘
=0

= |DyDIoy [P(tx, ty)]

=

<C > DD P(x,y)]
|v+0|=v
< Cp(x’y)f(nJruleaJrﬁD’

where the last inequality follows from (i). This concludes the proof of (ii) and of the lemma.
[l

We are now in position to prove the main theorem of this section.

Theorem 1.4.3. Let B be an open ball in R™. For any pair (o, 5) of multi-indices there

exists a constant C' such that
|DEDERY (z,y)| < C p(z,y) ") vy e B (1.4.11)
Proof. By Proposition and Lemma m, it remains to estimate the derivatives of R%h,

h=1,....k—1. By (T3 and (4]
00 h

z 2\i
11]7 ]_—|{L‘| 1 xyZAm]? 1_|y|)2

:0 11=0 i2=0

Ry (z,y)

Thus, Rgflh (x,y) is a finite linear combination of terms of the form
( |:L‘| i |y| 12 ZJ Azl .]7 ( )Z](I7y) ilaiQG{Ow'wh}’

Since Rg’l is h-harmonic in each variable, it is smooth in By x By, hence ((1.4.11]) is trivially

satisfied when z or y are far from dB;. Therefore, we may assume that both x and y are

close to 0B;. By (1 and (|1.4.5] -, Al (4,n) AL (j,n) is a polynomial of degree 43 +iz+ 1.
Since the polynomlals

1,m(s),...,m(s)
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form a basis for the vector space of all polynomials of degree at most v, there exist constants

do, e adi1+i1+1 such that

i1+i1+1

=0

Thus the problem of estimating Rf_glh is reduced to that of estimating terms of the form

Tivise(,y) = (1= o)™ (1 —|y|)® Zw (1.4.12)

where i; and iy are in {0,...,h} and ¢ <i; + iy + 1. Note that
|D2(1- |:1c|2)“| < C min (p(x,y)il_‘o‘l, 1) Vz,y € By, (1.4.13)

and that a similar estimate holds for the derivatives of (1 — |y|*). Indeed, if || > iy, then

|D2(1 - \x|2)“‘ is uniformly bounded in By, and if |a] < i1, then
D3 (1= |a*)] < O (1 = Ja))* 7 < C O, y)" 7

and the required estimate follows from Lemma [1.4.1] (ii).

Finally, by Leibnitz’s rule and estimates (|1.4.10)) and (|1.4.13)),

‘D5D5E17i27g(1‘, y)‘

< > > \D“ — |e[*)* Dy (1~ y)* |

o' +a'=a B'4+B"=
< Cpla,y)" p(x, )iz o, gy) keIl 8"
< C plz,y)~ "+ B,

D"‘ DB”ZW Zi(z,y)

as required to complete the proof of the estimates for RY .

The required estimates for a generic ball B follow from the estimates above and formula

(11.3.4]). m
In the last part of this section we prove some interesting consequences of Theorem [1.4.3]

Definition 1.4.4. Let B be an open ball in R”. The orthogonal projection &% of L?(B)

onto b2 (B) is called the k-harmonic Bergman projection on B.
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Remark 1.4.5. The k-harmonic Bergman projection is given by
Phu(r) = J Ri(z,y)uly)dy  Vx € B. (1.4.14)
B

Indeed, on the one hand, we already know that 2%, restricted to b2(B) is the identity
operator, for RY is the reproducing kernel of bZ(B).

On the other hand, suppose that v is in L?(B) and it is orthogonal to b?(B). Then, in par-
ticular, v is orthogonal to all k-harmonic polynomials, hence to R%(x, -), for the reproducing
kernel is a combination of k-harmonic polynomials (see Propositions (ii) and [1.3.5).

Remark 1.4.6. Notice that the space of k-harmonic polynomials is dense in b} (B) for all p
in [1,00). First observe that it suffices to prove the result in the case where B = B;. Next,
let u be in b} (B;). Then its r-dilate u”, defined by

u'(x) = u(rz) Vo e (1/r) By,

is in B} ((1/r) By). Moreover, u" is k-harmonic and bounded in a neighbourhood of B;. Since
u” tends to u in b} (By), it suffices to prove that k-harmonic functions which are bounded in
a neighbourhood of B; may be approximated in the LP norm by k-harmonic polynomials.
Let v be any such function. By [ABR] Corollary 5.34], v may be approximated uniformly in

a neighbourhood of By, hence in the L? norm.

It is natural to speculate whether 7% extends to a bounded operator on LP(B) for some
p € (1,00). Tt is known that Z?} possesses this property. It may be interesting to notice
that the analogous property for general domains € (in place of B) in R™ is false in general.
Indeed, there are starlike domains € in R™ with sharp intruding corners for which £} fails to
extend to a bounded operator on LP(2) for some p # 2 [CC]. Furthermore, for these starlike
domains the Banach dual of b7(Q) fails to be "' (Q). Here p' denotes the index conjugate
to p. Set
(B = {v e B(B) : J

g(z)v(z)dz =0 forall g € bz’(B)} (1.4.15)

The following result holds.

Theorem 1.4.7. Let B denote an open ball in R"™ and suppose that p is in (1,00). Then

i) the k-harmonic Bergman projection 2% extends to a bounded operator on LP(B);
B
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(ii) the Banach dual of b}(B) is bg(B), where p' denotes the index conjugate to p;

(1ii) for every f in LP(B) there exist unique functions u in by (B) and v in bi/(B)L such
that f = u+v. Furthermore,

u= PLf and v = (I —P)f.

Proof. Part (i) may be obtained by arguing much as in the proof of [KK| Theorem 4.2]. We

omit the details.

Next we prove (ii). Clearly, any function in bﬁl(B) represents a continuous linear func-
tional on b} (B).

Conversely, consider a continuous linear functional A on 07 (B). By the Hahn-Banach
theorem, A\ has an extension X to a continuous linear functional on LP (B). Denote by f5 the
function in L¥ (B) that represents X. From (i) we deduce that £ f; is in bg/(B). Clearly,

for every k-harmonic polynomial v
M) = | o) fi(o) dz
B

—| f@dr| Ri) o)

B B

By Theorem [1.4.3] for every y in B the function R%(-,y) is in L?(B). Therefore, by Fubini’s
theorem, we may interchange the order of integration and obtain

A(v) = j o(y) dy j f5(2) Rly(z,y) da

~| o) Zhsw

Thus, the restriction of A to the space of k-harmonic polynomials is represented by 2% fx-
Since the space of k-harmonic polynomials is dense in b} (B) by Remark the function
DL fx represents A on b} (B). This proves (ii).

Part (iii) is a routine consequence of (ii). We omit the details. O

Corollary 1.4.8. Let p be in (1,00), and denote by p' its conjugate index. There exists a
constant C' such that for every ball B in R™

IR (2, ), < Cd(x,0B)™""  VeeB (1.4.16)

and

| DS R (x, )|, < Cd(z,dB)7 1" vz e B. (1.4.17)
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Proof. By the Hahn-Banach Theorem, the evaluation functional A, on b (B) extends to a
continuous linear functional A, on LP(B) such that [|A,]| 1o(B) = |[Aullyp(s)- Denote by h
the function in L¥ (B) that represents A,. By Theorem m (iii) (with the role of p and p/
interchanged) h = P5h + (F — 2%5)h, with Z2%5h in 1 (B) and (. — 25)h in 02(B)*. 1t
is straightforward to check that ZEh represents A,, whence Z5h = RY(x,-). Since 225 is
bounded on L* (B) by Theorem (i),

1RE (e < (|25, 171
=175l N4l s
= 12251l 1A=l

< Cd(x,0B)™",

as required.

The estimate (|1.4.17)) is proved similarly. Indeed, a straightforward consequence of the
reproducing formula ([1.3.2)) is that

Do) = jB DERY (e, y) uly)dy Y € B(B).

Thus, the continuous linear functional u € bZ/(B) > D%u(z) is represented by DR (x,-),

and the required estimate follows from (|1.3.1)). O

1.5 Application to Hardy spaces

We recall the definition of the atomic Hardy space H'(R").

Definition 1.5.1. Suppose that 1 < p < co. An H'P-atom a is a function in LP(R"),
supported in a ball B € %, with the following properties:

(i) [pa(z)dz =0;
(if) Jlall, < [BI7M7"

Definition 1.5.2. The Hardy space H'?(R™) is the space of all functions f in L'(R") that

admit a decomposition of the form

f:ZCjaj, (1.5.1)

J=1
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where a; are H'P-atoms, and » 7, |c;| < oo. The norm |[|f|[g of f is the infimum of

7= lej| over all decompositions (2.3.1]) of f.

It is a beautiful result of Coifman and Weiss [CW], Theorem A, p. 592] that all the spaces
H'?(R™) agree, when 1 < p < oo, and the corresponding norms are equivalent. We will
simply denote them all by H'(R"), endowed with any of the equivalent norms above.

We now define special atoms, which satisfy, instead of (i) above, the much stronger

cancellation condition of being orthogonal to the generalised harmonic Bergman space b (B).

Definition 1.5.3. Suppose that k is a positive integer, p is in (1,00) and denote by p’ its
conjugate index. A special k-atom in LP (or X®P-atom) associated to the open ball B is a
function A in LP(B) such that

(i) [ A(z)q(z)dz = 0 for each k-harmonic polynomial g¢;
(i) All, < [BI77.

Remark 1.5.4. Note that condition (i) implies that [, A(z)dz = 0. Thus, an X*P-atom is

an H'-atom.

Definition 1.5.5. We define X*?(R") as the space of all functions in L*(R") which admit

a decomposition of the form

f = ZCj Aj, (152)
j=1
where A; are X*P-atoms, and 27, |¢;] < oo. We define

1 llxks = inf 37 I\, (15.3)
J

the infimum being taken over all representations of f of the form ((1.5.2)).

Lemma 1.5.6. Let p € (1,00). There exists a constant C' such that for every H'-atom a

there exist a summable sequence of complex numbers {c;} and a sequence {A;} of X*P-atoms

such that
a:chAj and Z|Cj| <C.
J J
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Proof. The translation x +— xg + x maps an atom associated to a ball with centre zy and
radius ¢ to an atom associated to a ball with centre 0 and radius t. Hence we may assume
that B is a ball with centre 0.
First, we assume that that the support of the atom a is contained in the unit ball B.
We denote by B; the ball with centre 0 and radius 2/~! and by £ the projection onto
b2(B;). Sometimes it will be convenient to write 25 for .#, the identity operator. We recall

that, by Theorem , each @f extends to a bounded operator on LP(Bj). Define

B Pr ja— Pa
Bl |1 2] 10 = Plallp

4;
Clearly the support of A; is contained in B; and
14511, < 1B,

Observe also that PFa = PF(PF a). Now suppose that ¢ is a k-harmonic polynomial
in R". Then

| 125 sat0) - Pha@)] aw)ao = | (7= 2D} 0)(a) afo)

J
J B;

By Theorem [1.4.7] (iii), (. — 2F)(2F_ja) is in (b7 (B,))*, so that the last integral vanishes.

Thus, A; is an X*P-atom with support contained in B;. At least formally, we may write

a=a— Pra+ Z [@f_la — ,@fa]

=2
o0

= E ¢ A,
=1

where ¢; = |B;|Y? || #;_1a — P;al,. To conclude the proof of the lemma, it suffices to
show that 3 7, |c;| < C, where C' does not depend on the atom a. We denote by RY the
reproducing kernel of b7 (B;). Note that

Phale) = | aly) Ri(e,y)dy

JB:

r

=] al) (R} (x,y) — Rj(x,0)] dy

=| dt J ay) VR (z,ty) - y dy.
JO B
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Hence the generalised Minkowski inequality and imply that
|25all, < J: dt JBI ()| IVy B (5 ty)llp [yl dy
<C | lat)l d0.08) 7 ay (154

<C 9—(14n/p")j

Therefore

le;] < C 27,
with C independent of a, so that the sequence {¢;} is summable, as required to conclude the
proof of the lemma.

Next, suppose that ¢ is positive and that a is an H'-atom with support contained in

B(0,t). It is straightforward to check that the function a,/, defined by
are(x) = t"a(tz),
is an H'-atom with support contained in B;. Now,

Phaa) = | " aty) Rw) dy

By

- jB(O ) R/t dy

| et BSe /) dy
B(0,t

)
= 2l (o)1)
= [@thj(a)]l/t(x%
so that
Pyp,(a) = [P, (ar)],-
Then

|28, @, =t |25, (@],
<Ot 2*(1+n/p')j7
where we have used the estimate (2.6.4) in the proof of the lemma. Therefore
e, |25, () = P (@), < C (27)/7 47/r =i
<C27,

and we proceed as in the case of Bj. O
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By Lemma [1.5.6], || f|| x*.» is finite for every f in H'(R"). Moreover, observe that

1l < ([l xcmos (1.5.5)

for every X*P-atom is also an H'-atom. It is straightforward to check that f — || f||xt» is

a norm on H'(R").

Theorem 1.5.7. Every function f in H'(R™) admits a decomposition of the form
f=2 N4
J

where {)\;} is a summable sequence and the A; are X*P-atoms. Furthermore, there exists a

positive constant ¢ such that

cllflixer <N fllm < Mfllxew  Vf € H(R).

Proof. The right hand inequality has already been proved in ([1.5.5). Then the identity map
¢ is continuous from H'(R"), endowed with the topology induced by the norm ||| x.», to
H'(R™), endowed with the topology induced by the norm ||-||z:1. Clearly ¢ is bijective, so

that ! is continuous, i.e., the left hand inequality holds. O]



Chapter 2

Bergman and Hardy spaces on

Riemannian manifolds

2.1 Basic definitions and background material

We consider a connected noncompact Riemannian manifold M with Riemannian measure g
and Laplace—Beltrami operator .. We denote by A the family of all balls in M. For each
B in % we denote by cp and rp the centre and the radius of B respectively. Furthermore,
we denote by ¢ B the ball with centre cg and radius crp.

We shall assume throughout the following:

(i) M possesses the volume doubling property, i.e., there exists a positive constant Dy such
that
1(2B) < Do u(B) VB € %; (2.1.1)

(ii) there exist positive constants b and v such that the relative Faber—Krahn inequality

2/v
M) > 2 (%) (2.1.2)

]
holds for any B € % and for any relatively compact open set U C B. Here \(U)
denotes the bottom of the spectrum of the Dirichlet Laplacian £ on U.

In R™ and in many applications, v is the dimension of M. It is known |Grl] that every com-

plete noncompact manifold with nonnegative Ricci curvature admits a relative Faber—Krahn

37
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inequality. An important result [Gr2, p. 410] states that, under assumption (i) above, (ii) is
equivalent to the following diagonal upper estimate for the heat kernel {h;}~o associated to

the Laplace-Beltrami operator on M

(DUE) he(z, ) < Y wieM wiso

~ u(B(x, V)

We now describe some noteworthy consequences of the relative Faber—Krahn inequality
(2.1.2) concerning mean value inequalities for .Z-harmonic functions. Recall that a Z-
harmonic function (or simply a harmonic function for short) in an open set 2 is a smooth
function u such that Zu = 0 in . These inequalities will be used in the next section in
the study of Bergman spaces and will be the key to obtain estimates for the corresponding
Bergman projections.

Preliminarily, we recall that a subsolution of the heat equation in I x €2, where I is an
interval in the real line and (2 is an open subset of M, is a real function u in (I x ) such
that

ou

it

Theorem 2.1.1. Suppose that B is a relatively compact ball in M which admits a Faber—
Krahn inequality

M(U) > ap(U)~2" (2.1.3)
for some positive constants a, v and for any open subset U of B. Then there exists a constant

C, which depends only on v, such that the following hold:

(i) for any T > 0 and for any subsolution u(t,z) of the heat equation in the cylinder

¢ =(0,T] x B
wy (T, cg)? < Ca J W () dt dp(e); (2.1.4)
+\+L50B) > min(\/T,TB)V+2 v +\Y % ) A
(ii) for every £ -harmonic function u on B
C —v/2
uen)® < 4 |l dg (2.15)
I'p B

Proof. A proof of (i) may be found in |Grll [Gr2].
To prove (ii) observe that since u is Z-harmonic, u, is £-subharmonic. Similarly, since
—u is Z-harmonic, (—u)y, which is equal to u_, is Z-subharmonic. Then we may apply (i)

to both u; and u_, and the required estimate follows by setting T = r%. O]
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Theorem 2.1.2. Suppose that M possesses the doubling property (2.1.1) and that the relative
Faber—Krahn inequality (2.1.2)) holds. Then there ezists a constant C' such that the following
hold:

(i) for every ball B and every £-harmonic function u in B
2 C J 2
ulep)|” < ——v | |u|” dy; 2.1.6
|u(c)] B )., |ul (2.1.6)
(i) for every ball B and every £-harmonic function u in B

lu(cp)| < % JB |u| dp. (2.1.7)
Proof. Observe that (i) follows simply by inserting a = b7 u(B)?" in ([2.1.5).

Part (ii) is essentially due to Li and Wang [LW]. For the sake of completeness we give
full details of the proof. As in [LW], we use an inductive argument.

Set @ := u(B)™" [ |u| du. By the L*-mean value inequality applied to u on (1/2)B and
by the doubling property ,

2 C J 2
u(c < ul” du
el <~ |1
< ¢ sup |ul J lu| d
~ w(27'B) 2ip 2-1B : (2.1.8)
#(B)
< C@Q ————== sup |u
n(27'B) 2*13| |
< CQ Dy sup |ul .
2-1B

For each positive integer k, set Ry = Zle 277 and Sy, := supp, |u|, where Bj denotes the
ball R, B. Note that { By} is an increasing sequence of balls, which contain B; and approach
asymptotically B.
We claim that
Ju(en)| < (CQ)™ DF= 0" g2, (2.1.9)

where C' is the same constant as in ([2.1.§]).

By (2.1.8), the claim holds for & = 1.
Assume that (2.1.9) holds for k. Choose x in By, such that

u(z)| = sup[u] .
By
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Observe that
B(z,27"'rg) C Byyy € B C B(z,2rp).

By the L?-mean value property (2.1.6) applied to u on B(z,2 % !rg) and the doubling
property,

C
52 = fu(z)P’ < | fuf? dp
g pw(B(x, 27+ 1rg)) B(z,2=*=1rp)
< ¢ s |rj ju] d
< —— up U u| dp
M(B(‘T’ 27k 1TB)) B(z,2=k—1rp) B(z,2=k=1rp)

< ¢ su |u|J lu| d
B2 ) py, e

k+1

k+2 p(B)
= O B2 O

< CQ D Spar.

This, together with (2.1.9)), gives

2 2—k—1

uleg)| < CQ Ry, DZ§:1(H‘1)27 CQDk+2 Sk+1
0 0

LG41)2=% 9—k—1
= (CQ)™n D s

which is (2.1.9) for k + 1.
The required L'-mean value inequality follows by taking the limit of both sides of (2.1.9))

as k tends to oo. O

2.2 Harmonic Bergman spaces

In this section we define the Hardy-type spaces we shall study in the rest of this chapter.

Their definition involves the so-called harmonic Bergman spaces.

Definition 2.2.1. For every p € [1,00) and for every open subset 2 of M, the Bergman
space bP(2) is the space of all harmonic functions in LP(£2), i.e., the space of all functions H
in LP(Q) such that ZH =0 on €.

The Bergman space b(f2), endowed with the LP(€2) norm, is a closed subspace of LP(Q),

hence a Banach space. Indeed, given a Cauchy sequence { f,,} in b*(£2), there exists a function
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fin LP(2) such that ||f — f,||, is convergent to 0. To prove that f is harmonic, observe

that for every smooth function ¢ with compact support contained in €2

(0, Zf) = (L, [)
= lim (L, fn)
n—ro0
= lim (p, Zf)
= 0.
Hence Zf = 0 in () in the sense of distributions. By elliptic regularity f is smooth, whence
Zf = 0 pointwise and f is harmonic.

The spaces bP(£2) have been studied in various settings. For basic properties of b({2)
when ©Q C R™, and in particular when (2 is an Euclidean ball, see [ABR], [CKY] and the first
chapter of this thesis. Other interesting results are contained in [KK]|, where estimates for
the Bergman kernel on smooth domains in R™ are established.

A noteworthy consequence of the L!'-mean value inequality is that the evaluation func-
tional A, at a point z of a domain (2, i.e., the linear functional A,(u) = u(z), is continuous

on b*(§2) for any p € [1, 00).

Proposition 2.2.2. There exists a constant C, independent of x in 2 and p in [1,00), such

that
1/p

1
u(B(x,R)"”
where R denotes the distance of x from 0f).

Az llow () < Vu € (),

Proof. Indeed, denote by R the distance of x from 0f). By Theorem m (ii) and Holder’s

inequality,

C 1/p
)| < [ | ol ]
1(B(z, R)) Jp.r
e ) o
S 7 Ul u € ,
1(B(z, R)) p
where C' is the constant appearing in (2.1.7), which is independent of u in b7(€2), = in 2 and
p in [1,00). The required estimate of [|A,]|pr () follows. O

In the case where p = 2, by the Riesz representation theorem, there exists a unique

function Rq(z,-) in b*(2) that represents the functional \,, i.e.,

u(z) = L Ro(z,y)u(y)duly)  Yu € b*(Q).
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The function Rg is called the Bergman kernel for the domain Q. Quite a few properties
of Rq may be established by abstract nonsense. We refer the reader to the classical paper
of N. Aronszajn [A] for a nice exposition of the theory of reproducing kernels. Recall that
b*(Q) is a closed subspace of L*(€2). The orthogonal projection of L?(£2) onto b*(£2) is called
the Bergman projection and will be denoted by &q. Various properties of Zq will play an

important role in the sequel. We collect them in the following proposition.

Proposition 2.2.3. Suppose that M possesses the doubling property (2.1.1) and that the
relative Faber—Krahn inequality (2.1.2) holds. Let Q be a bounded domain in M. Then the
following hold:

(1) the function Rq is real-valued and Ro(z,y) = Rq(y,x) for every x, y in Q. Further-

more, Ro(x,-) is in b*();

(ii) the orthogonal projection Pq of L*(2) onto b*(Y) is given by

Paf(z) = j Rale,y) fy)duly)  Vf € L(Q):

Q
(iti) |Ra(z, )|z = Ra(z,)'/? for every x in Q.

Proof. The proof of (i) and (ii) is classical and may be found in [A]. The proof of (iii) is
straightforward and may be found in [ABR] Chapter 8§]. m

Observe that we may write

Pof(x) = j Rale,y) fy)duly) Vi € IP(Q) 0 L2(9).

It is natural to speculate whether the projection &, extends to a bounded operator on b?(£2)
for p in (1, 00) and the Banach dual of *(Q) is v*'(Q). Here p’ denotes the index conjugate
to p. In Section [1.4], we have already observed that this is not always the case even in R"
[CC]. We now prove that these pathologies disappear if we consider domains €2 with smooth

boundary.

Theorem 2.2.4. Suppose that M possesses the doubling property (2.1.1) and that the rel-
ative Faber—Krahn inequality (2.1.2) holds. Let Q be a bounded domain in M with smooth
boundary. Then the following hold:

(i) the Bergman projection extends to a bounded operator on LP(QY) for all p in (1,00);
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(i4) the Banach dual of b*(Q) is b7 (Q), where p' denotes the index conjugate to p.

(1) for every f in LP(Q) there exist unique functions u in by (2) and v in bﬁ/(Q)L such that

f =u+wv. Furthermore,

u= 2sf and v = (I — P f.

Proof. The proof of (i) may be deduced from the biharmonic equation approach using stan-
dard results in elliptic theory (see also [CC| p. 700] and the references therein). The result
is contained in [Mel]. The proofs of (ii) and (iii) follow the same lines as the proofs of the
corresponfing results in the Euclidean case (see Theorem [1.4.7), and are omitted. ]

If R < Inj,(M), then OB(p, R) is a smooth hypersurface in M. Unfortunately, larger open
balls in M may not have smooth boundary (think of the case of a cylinder in R?), so that the
theorem above may not be applicable to (some) large balls. For later developments, we shall
need to work with open domains, which resemble open balls, but have smooth boundary.

Here is the precise definition.

Definition 2.2.5. Suppose that R and e are positive numbers and p is a point in M. A
connected open subset Q of M with smooth boundary is said to be an approzimate (R, ¢)-
ball with centre p if there exist two balls B and B’ with centre p and radii R and (1 + ¢)R,
respectively, such that

BCQCBRB.

Clearly, any open ball with smooth boundary and radius R is an approximate (R, €)-ball for
every € > 0. A basic question is whether approximate (R, e¢)-balls with centre p exist for
every positive R and ¢ and for every p in M. The following proposition answers the question

in the positive.

Proposition 2.2.6. Suppose that R and € are positive numbers and p is a point in M. Then

there exists infinitely many approzimate (R, e)-balls with centre p.

Proof. It suffices to prove the result for € small. Denote by B and 2B the balls with centre
p and radius R and 2R, respectively. Since M is assumed to be complete, 2B is compact.

Denote by p_,,,, the Gaffney regularised distance with base point p such that

ps/l()()(x) - d(x,p) < 1072 € Vo € 2B.
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Such a distance exists and it is smooth, as shown by M. Gaffney in [Gal. By Sard’s theorem
(see, for instance, [Au, Theorem 1.30]), the set of critical values of p_,, is of null measure

in ((14¢/3)R, (1 +2¢/3)R). Suppose that ¢ is a noncritical value in this interval, and set
Qi={z€2B:p,_,,(z) <c}

Then 052 is a smooth hypersurface in M. It is straighforward to check that B C Q C (1+4¢)B,

so that €2 is an approximate (R, ¢)-ball with centre p, as required. O

Proposition 2.2.7. Suppose that M possesses the doubling property (2.1.1) and that the
relative Faber-Krahn inequality (2.1.2)) holds. Suppose that ¢, and ¢y are numbers such that
1 < ¢y < ¢o. Then the following hold:

(i) for each p in [1,00) there exists a constant C, independent of B in A such that for
every ¢ in (cy, ¢o) and for every approximate (crg, ca — ¢)-ball Q with centre cg and for
every x in B

[u(@)l < Cu(B) 7 flull,  Vu € 0P (Q);

(i1) for each p in (1,00) there exists a constant C, independent of B in % such that for

every ¢ in (c1, o) and for every approzimate (crp, ca — c¢)-ball Q with centre cg

, 1/p’
U | Ro(z,y)|" du(yﬂ "<CcwB) Ve, (22.2)
Q
where p’ denotes the index conjugate to p;

(iii) there exists a constant C, independent of B in A such that for every c in (c1,c2) and

for every approzimate (crg,ca — ¢)-ball Q with centre cg

sup|Ro(z,y)| < Cu(B)™ Vx € B; (2.2.3)

ye

(iv) the projection operator Pq, is bounded from LP(B) to L>(Q2) and
su B)'/7 ||z iy < 00,
BE% u(B)VP | QmLp(B);L ()
Consequently, Pq is bounded from LP(B) to LP(Q2) and

6@ .
Zugm Q‘”LP(B);L;,(Q) < 0
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Proof. We first prove (i). Since x is in B and 2 is an approximate (crpg,c — c3)-ball, the
distance of = from 0N is at least (¢ — 1)rg. By (2.2.1)),

c/p

w(B(z, (¢ — rg))'”

/v pw(B(x, 4rp)) "

(B, 4r)"" p(B(, (e - Drp))

Cl/p Dlg/p

B 1(B(z, 4rE))

where C' is the constant appearing in (2.1.7) and k is an integer such that 2¥(c — 1) > 4. We
have used the doubling property and the inclusion Q C B(z,4rg). This proves (i).

ju(z)] <

| l|ow (02)

= Il (2.2.4)

7y el Vu e bP(Q),

Next we prove (ii). Suppose that x is in 2. Recall that the evaluation functional A,

defined just above formula (2.2.1)), is continuous on b*(£2). Clearly,

B J Ro(z,y)u(y) duly)  Vu € B(Q) N1P(Q).

We claim that b*(©2) N oP(Q) is dense in bP(2). Since b*(2) C b*(2) when p > 2, it suffices
to consider the case where 1 < p < 2. Then b*(2) N P(Q2) is just b*(2). We argue by
contradiction. Suppose that b*(2) is not dense in »P(Q2). Then there exists a nontrivial
continuous linear functional A on ”(€2) which vanishes on 5*(Q2). By Theorem [2.2.4] (i),
there exists a function ¢ in "' () such that

Jﬂfgo dp =0 Ve b ().

Since b7 () is contained in b*(2), the formula above implies that ¢ — [, f ¢ dyu is the null
functional on b*(€2). Hence ¢ = 0, which contradicts the fact that A # 0. Note that here we
use the fact that 0€) is smooth.
Thus,
Az llor @) = sup [As(w)]

— sup UQ Ro(z,y) u(y) du(y)|,

where the supremum is taken over all w in b*(2) N HP(2) with [|u]|, < 1. By arguing much
as in the proof of Corollary we may prove that there exists a constant, depending on
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p, but not on z in 2 such that

1Ra(@ )y < C Al

By combining this with (2.2.1]), we conclude that

Col/r

|Ra(z My < —————z.
" u(B(x, R)"

where C'is the constant appearing in ([2.1.7)), which is independent of 2 in B and p in (1, c0),

and R is the distance between x and 0. Since R is at least (¢ — 1)rp,

pu(B(x, R)) > C u(B),
by the doubling property. Here C' depends on ¢, but not on B. This concludes the proof
of (ii).
Statement (iii) is contained in [Mel], and follows from careful estimates for the Green

function associated to the biharmonic equation.

To prove (iv), observe that, by (iii),

20t @] < | [Rol-0)] oy 110 duly)

C
(B JB |f(v)] du(y)

o]
CuB) Y| fIl,  vfeL(B),

IN

IN

where C' is independent of z in (). The first of the two required estimate follows by taking
the supremum of both sides with respect to x in €.

To prove the second estimate, we observe that

120l oy < Q7 | P S| o o

and that there exists a constant C', which depends on ¢, ¢y, but not on the ball B, such
that

1(Q) < C u(B).
Therefore,

H‘-@QfHLp(Q) <CcYr M(B)l/p | flle(m) vf e L"(B),

where C' is the same as above, as required. O
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2.3 Hardy-type spaces

Under the standing assumption that the Riemannian measure y is doubling, M is a space of
homogeneous type in the sense of Coifman and Weiss. We recall the definition of the atomic
Hardy space H'(M).

Definition 2.3.1. Suppose that 1 < p < co. An H'P-atom a is a function in LP(M), with

support contained in a ball B, with the following properties
(i) .rB adu = 0;
(ii) |lall, < u(B)~Y?" (where p’ denotes the index conjugate to p).

Definition 2.3.2. The Hardy space H'?(M) is the space of all functions f in L'(M) that

admit a decomposition of the form
f=Y c¢aj (2.3.1)
j=1

where a; are H'P-atoms and ) 7 [c;| < oco. The norm |[f||g1» of f is the infimum of
7= lej| over all decompositions 1' of f.
It is a beautiful result of R.R. Coifman and G. Weiss [CW], Theorem A, p. 592] that the

spaces H'P(M) agree, when 1 < p < oo, and the corresponding norms are equivalent.

We now define special atoms, which satisfy, instead of (i) above, the much stronger
cancellation condition of being orthogonal to the harmonic Bergman space b”(B). Then a
Hardy-type space is defined as in the classical case of Coifman and Weiss, but with special

atoms in place of classical atoms.

Definition 2.3.3. Suppose that p is in (1,00) and denote by p’ its conjugate index. A
special atom in LP (or X'P-atom) associated to the ball B is a function A in LP(M), with

support contained in B and such that
(i) [, AHdp=0 for all H in b (B);
(i) [|All, < p(B)~7.

Note that condition (i) implies that [,, Adu = 0, because 15 is in ¥ (B). Thus, a special

atom is an H'(M)-atom.
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Definition 2.3.4. The Hardy-type space X*(M) associated to special atoms is the space of

all functions f that admit a decomposition of the form

f=

J

Cjayj, (232)

o0
=1

where a; are X'P-atoms and Y > |¢;| < oco. The norm || f||x1» of f is the infimum of

> =1 l¢j| over all decompositions (2.3.2) of f.

It is a nontrivial question to determine whether all the Hardy-type spaces X"P(M), 1 < p <
0o, agree. Here is our result, whose proof hinges on a variant of an idea of Coifman and
Weiss [CW].

Theorem 2.3.5. Suppose that M possesses the doubling property (2.1.1)) and that the relative
Faber-Krahn inequality (2.1.2)) holds. For each p in (1,00), the space X P(M) agrees with

XbY2(M), and their norms are equivalent.

Proof. Clearly, if 1 < p; < py < oo, then X'P2(M) C X'P1(M). Thus, it suffices to prove
that the reverse containment holds. Clearly, it suffices to show that if A is a X'P-atom,

then A admits a representation of the form
A=) "wja,, (2.3.3)
J

where each a; is a X72-atom and ) |o;| < D, with D indipendent of A. The proof of this
follows the same lines of the proof of the original result of Coifman and Weiss. However,

there are also differences.

Suppose that A is a X1P*-atom supported in a ball B and set Ay = u(B)A. Observe that

1Aoll2t = u(BY™ | All7: < w(B)P* /% = pu(B). (2.3.4)

Let  be a positive number and denote by O, the set {z € M : 4 |A|"" (z) > aP*}.
Here .# denotes the uncentred Hardy-Littlewood maximal operator. We refer the reader
to [CW] for all basic properties of the Hardy-Littlewood maximal operator on spaces of

homogeneous type. We shall use all the properties we need of .#Z without further reference
to [CW].
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Assume that « is so large that O, is contained in 2B. Then O, is a bounded open set,
satisfying
1#(0a) < Co([| Aol /)™ < Coa™ u(B)
for a certain Cy > 0. Hence, if « is large enough, u(0O,) < w(B) < u(M) and M \ O, is

nonempty. We may therefore perform a Whitney-type decomposition of O,; there exists a

collection of balls {B; : j € N}, such that

() U; Bj = Oa;
(i) By*NOg, # 0
(iii) each point in M belongs to, at most, N balls B, i.e., the collection { B} } has the finite

overlapping property. It is important to note that N does not depend on the set O,,
but depends only on the geometry of M.

Here B} and B;* are balls with the same centre as B; and radii 2rp, and 6rp;, respectively.
Notice that, by (2.1.1]), there exists ky > 0 such that

u(B™)
1(B)

Denote by A; the function defined by

< ko for any ball B C M.

A = B

T ZE 1Btz

Clearly the support of A; is contained in B;. Let Q; denote an approximate (rp;,1)-ball
with centre cp;. Thus, §2; has smooth boundary and satisfies B; C §); C B;-‘. Now, define
bj = A; — Pq,(4),

Ap.

b:=>Y b and  gi=Aglg + > P (A)).

J J

We first show that these equalities are valid in L'(M). Observe that

10l 21,y < (1 + 12, 1802 0)) 1451 1 5)-
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Then, by Proposition M(iv), there exists C' such that
> bl < CY Aol
J J

< ONJ Ay] du
Oa

< ON|[Aox
< ON| Aoy, (B)!/7
< ONu(B).

Note that the decomposition of Ay into a good part and a bad part is different from the
classical, for we use the regularising operators &g, instead of the usual averaging operator.

Some properties of b and g are the following.

(1) For any x € M, |g(x)| < C’ké/plaN, where C' is the constant appearing in Proposition
2.2.7|iii). Indeed, if = & O,,, by Lebesgue differentiability theorem

19(2)] = [b(@)] < (A Ao ()" < a,

whereas, if 2 € O,, g(z) = >_; Po,;(A;)(x). Notice that at most N terms in this sum
are non-zero. By Proposition [2.2.7](iv), we then have that

2l < 3|20, (4)(@)

<O u(B) T Al
j

e (o ) ()

< C’k:é/plozN.

(2) supp(g) € B*. Indeed, we already observed that O, C B*. On the other hand, g = Ag
on 0%, and supp(4p) € B C B*.

(3) supp(b;) € Q; C B;.

) jB; bj Hdp = 0 for each H € b>(B7). Indeed,

J ijdM:J bjHdp — VH € V(B})
B Q

* .
7 J
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and every such H belongs to L>(€2;), hence to b4(€2;) for every ¢ in [1, 00]. Denote by
(-,-) the inner product in L*(£2;). Observe that if ¢ is a smooth function with compact
support contained in Bj, and ¢ := ¢ — Pq,p, then

because ¢ is in L*(€;), H belongs to b*(;), Pq, is self-adjoint in L*(;) and is the
identity operator on b?(£;).

Now, since A; is in LP'(B;), there exists a sequence {¢/, : m € N} of smooth functions

with compact support contained in B; such that lim,, . HAJ — go{nH Lo (By) = 0. Then

”97- (F = Pa,)(4; = ¢1) Hdu‘

< (L+ 120, e 5,0 () IIA ) [1H]]

gOmHLPI Lpl

which tends to 0 as m tends to co. Consequently

J bj Hdp = lim J (F — P,) el Hdp = 0.
Q] m—o0 Q]

Observe that, by (3) and (4), b; is a multiple of a X P2-atom supported in B;. Tt follows that
b is a multiple of a X 'P>-atom supported in B**. Indeed, if H is any function in b2 (B**),
then H is in L>(U,€;), hence in L(U,Q;) for each ¢ € [1,00]. We then have that

J bHdp = ZJ b; Hdp = 0.

Since both Ay and b satisfy the cancellation condition on the ball B**, ¢ satisfies such

cancellation condition as well. In particular, by (1) and (2),

g
Cky/ N pu( B*)

ag =

is a X1P2 atom, supported in B**.



52 CHAPTER 2. BERGMAN AND HARDY SPACES ON RIEMANNIAN MANIFOLDS

We now iterate this procedure, performing the same modified Calderon—Zygmund de-
composition to each b; that appears, at each step, in the bad part. Namely, we claim that

there exists a collection of balls {le g eNL € N} such that, for each n > 1,

n—1
Ay = Ck’é/plOzNZOzl Z w( B )aj, + Z b, (2.3.5)
1=0

= J1eN Jjn €N
where o« = «(py, Do) is sufficiently large, C' is the constant that appears in Proposition
2.2.7(iii) and

(I) aj, is a X"P2-atom supported in B}*, for each [ € {0,...,n —1};
(1I) aneN" B;, € {CL’ eEM: M|A" (z) > (an/2)p1};
(III) the collection {B;l} has the finite overlapping property, with constant N';
(IV) bj, is supported in B} ;
(V) fB;n b;, Hdp =0 for any H € bp'z(B;n);

(VD) by, (2)] < |Ao(z)] + Chy/"a"1p: (2):

1/
b7 ) < (L ORI

1
VD) (55 S,
The proof of the claim is by induction on n. We start by proving that
Ao = Chy/" aNu(By )ag + > b;
J

is the required decomposition for n = 1. Properties (I), (III), (IV) and (V) have already

been established. Since
UB]- Cla: A |A (2) > o™} C{a: A |A)™ () > (a)2)P ],
J
also property (II) holds. Property (VI) follows from Proposition 2.2.7)(iv) and the fact that
A; < Ap. Indeed,
[b; ()] < [A;(2)] + | Pa,(A;)(x)] 1p;(2)
< |Ao(@)| + Cu(By) ™2 || Al o1 (8,) 1a; ()
ok /Pl 1/p1
w(B;)\' 1
SA.T"‘C( ]) —**J Apld/ub 11*]5
| 0( )l /vL(B]) M(B] ) BJ**| 0| B]( )
< |Ap(x)| + Cky/" alp: ().
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Finally, (VII) is a consequence of (VI):

1 1/p1 1 1/p1
b|P* du < —J AP dp + Ok
(M(B}k) [ ) <M(B;) . ’

< (1+CO)k/™a.

We now assume that (2.3.5)) holds for n and we prove it for n + 1.
For each j,, € N, set

0,, = {x eM: AN, |" (x) > oz("H)pl}.

Similarly as before, if a is sufficiently large, O;, C 2B; and M\ O;, is non-empty. Then O,
admits a Whitney-type decomposition and there exists a collection of balls {Bjmi 1 €N }
satisfying

(1) U; Bj.i = Oy,;

(ii) By, N 05, #0;

n

(ili) for each z € M, > . 15: (x) < N.

In,t

Let €2;,; be an approximate (rp, ,,1)-ball with centre cp, , and denote by Pq, , the

Bergman projection onto b*(€2;, ;). Let

A

R b
Inst =T Z In
llB]'n«l

We write
b]n = g]n + Z bjnf“

where g;, == hj,1o: +3°, Po, (Aj,:) and bj, i := A;, i — P, (A, ). Similarly as before,
these equalities make sense in L'(M), and the following hold:

(1) 1g.(2)] < Chy/™ ™ 1N

(2)" supp(g;,) < 2B; C B

(3)" supp(hy,.i) € €0 € Bj, i;

(4) S Dy H dp =0 for each H € W4(B;, ;).
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The proof of these properties is almost identical to the proof of (1), (2), (3) and (4) above,
and is omitted. Moreover, we deduce that
J 9, Hdp=0  VH € b™(B}").
B
Hence
Gin
Chy/™ am+IN u(Bz*)
is a X1P2-atom supported in B;*. We then have that

Aq (Jk;l/”laNZ S uBa,+ > (g, + > bii)

CLj =

n *

J1eNt Jn€N" i€N
1/p1 *ok
Ck? alN E E B'z )ajl + E E bjn,i‘
]lENl Jn€N" €N

We now prove that this is for n + 1. Properties (I), (IV) and (V) have already been
proved. Property (III) follows from the facts that the balls {B]*n : jn € N} are M"-disjoint
and the balls { B}, ; :i € N} are M-disjoint. To prove (VI), we use the same argument used
to prove (VI) for n = 1 and the inductive hypothesis. Namely,

[bj0i (@) < 101, (@) +125,4(As,0) (2)] 1y ()

S ( |b (:E)’ + Clu( Jn, Z) 1/p1 HA]n Z||LPI(B]TL ’L)) 1B;n,i (:B)
< (b (@) + Cke™ ™) 1, ()
< (Ao(2)] + C’ké/planlB;n () + chky/™ a™th) 1p: ()

< Ag(@)] + Chy™ 0™ 1. ().

Similarly as before, (VII) follows easily from (VI). It only remains to prove (II). For, observe
that if z is in O;,, then by (VI)

(‘//“) ’p1 x )1/171
< (A | Ao () )Upl + CkYP o,

It follows that, if a > QCké/pl, (A | Ao (317))1/271 > o™t /2. Therefore

U (UBJ‘nJ) = U o,

jn€N" €N Jjn€EN™

C{zeM: #|A" (x)> ("/2)"},
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and (IT) is proved.
Then, (2.3.5)) is valid for any n € N.

We now prove that (2.3.5)) implies (2.3.3), with . |a;] < D, D indipendent of A.
First, we prove that there exists D = D(py, Dy, ) such that

d a" Y B < D. (2.3.6)

jn€NT
Observe that

> u(B) <k Y p(B;,)

Jn€N® Jn€N"

gkON"u< U B-n)

Jjn€N
< kON"/L<{x €M : M (|A")(z) > (a”“/Q)pl})
< CokoN™(2/a™)" || Ao||2!.

Here we have used (II) and the fact that .# is of weak type 1. It is then enough to choose
a > N'7P1 to obtain

> Y uBr) < Cho2P | AolB ) (Na )"
n=0 Jn€N? n=0
< Ck02p1u(B) Z (A]\/Oél*m)n7
n=0
and ([2.3.6) follows.
Next, we prove that
Ay = C’ké/mod\fz a” Z w(Bjr)aj,, (2.3.7)
n=0 Jn€N"

where the equality is to be interpreted in L'(M). For any n, set H,, := 3, .\ bj,. We show

that ||H,|[; — 0 as n — oo. We recall that b;, is supported in B} and we observe that, by

(vi),
1/p}
| e (] o an)

B* B’fn

n J

< k" a"u(By).
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Therefore, by the above estimate for ) u(Bj"),

AR o8 IOAE

Jjn€NT
1 n *
< ko/plof Z M(Bjn)
Jn€NT

< C2 ey 7 (0PN | A1

p1?

which tends to 0 as n — oo, because a!P'N < 1. This implies (2.3.7) and concludes the
proof of the theorem. O

2.4 Calder6n—Zygmund decomposition and interpola-
tion

In this section we will prove that, under the assumptions that M is doubling and admits
a relative Faber-Krahn inequality (2.1.2)), LP(M) is an interpolation space between X*(M)
and L>(M). We recall that M is then a space of homogeneous type in the sense of Coifman
and Weiss. Our interpolation result will be a consequence of a variant of the classical
Calderén—Zygmund decomposition and an argument of J.-L. Journé [J]. Note that this
result is essentially known, though the proofs available in the literature are considerably
involved (see, for instance, [AMR] HLMMY]). It is fair to say, however, that the proof in
[AMR] applies also to Hardy spaces of differential forms, and we do not know whether our

ideas can be pushed to give results also for Hardy spaces of differential forms.

Theorem 2.4.1. Suppose that p is in (1,00) and that f is in LP(M). For every positive
number « there exist functions b in X' (M) and g in L>®(M) and a constant C such that

f=b+g and
(i) 19| < Ca;

(ii) ||b]|x: < Ca ||, where Q, denotes the set {4 (|f|") > oP}, and A is the uncentred

Hardy—Littlewood maximal operator.

Proof. We refer the reader to [CW] for all basic properties of the Hardy—Littlewood maximal
operator on spaces of homogeneous type. We shall use all the properties we need of .#
without further reference to [CW]J.
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Denote by {B;} a sequence of balls contained in €, with the bounded overlapping prop-
erty and such that

1 » »
s ij P dp > o,

1 » »
(B J'B; |f|" dp < aP. (2.4.1)

Here B denotes the ball with the same centre as B; and twice the radius. Clearly

f 1Qa Z Ze 13/

but

It will be convenient to set L
B;

fi= f
’ ZE 1Be
Note that, by the bounded overlapping property, there exists a positive constant ¢ such that

Cf]-B]-Sijlej j:172a

For every positive integer j, denote by €2; an approximate (2rp,, 1072)-ball with centre CB;-

We write
fi =1 = Pa,(f;) + Po, (1),
where Pq (f;) denotes the Bergman projection of f; onto b”(€2;). Now, define b; := f; —
Pa,(f5),
bi=> b, and gi=flo.+ > Po(f) (2.4.2)
j j

It is a standard consequence of the Lebesgue differentiability theorem that |f]” < o in Q.

Thus, to prove (i) it suffices to show that there exists a constant C' such that
J

Since the sequence {€2,} has the finite overlapping property, it is enough to show that

‘ <Ca.
(o]

120, () < Ce
for some constant C', independent of j. By Proposition (iv),
1220, ()lle < N2 o100y 1l o,

< C'p(B;) 71/1) HfJ'HLP(B)

< Ca,
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where we have used the doubling condition and (2.4.1)) in the last inequality. This concludes
the proof of (i).
Next we prove (ii). We claim that b; is a multiple of a X 'P-atom, and that there exists

a constant C', independent of j, such that
105]| ¢1 < Cu(B)a. (2.4.3)

Indeed, denote by B;* the ball with centre cp, and radius (2 + 107')rp,. Clearly B}*

contains {2;, and the distance between B}* and 0{; is positive. Furthermore
supp(b;) C Q; C Bj™.

First we prove that
J bjHdpu=0  VH €V (B}).
B**

Obviously
J by Hdp = J b; Hdp VH € bp,(B;-‘*)
B Q;

J
and every such H belongs to L*>°(£2;), hence to b4(€2;) for every ¢ in [1, 00]. Denote by (-, -)
the inner product in L*(Q;). Observe that if ¢ is a smooth function with compact support

contained in Bj, and ¢ := ¢ — Pq ¢, then

J ¢Hd,u:J (,ﬂ—gzgj)gaﬂd,u
Q2 Q;

(¢, ) = (P9 H)
= (0. H) = (¢, Zo, H)
0,
because ¢ is in L*(€);), H belong to b*(€Y;), Pq, is self-adjoint in L*(€);) and is the identity
operator on b*(€;).
Now, if f; is any function in LP(B;), then there exists a sequence {¢,} (which of

course depends on j) of smooth functions with compact support contained in B; such that

lim,, oo ||fj — gonHLp(Bj) = 0. Then

‘JQ (ﬂ - QQJ)(fJ - Qpn)Hdﬂ‘ < H(ﬂ - @Q])(fj - ‘:On)HLp(Qj) ||H||LP’(Q]-)

< (L4120, v imr@n) [[(F = 0l oo,y 1H | @y
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which tends to 0 as n tends to co. Consequently

J ijduzlimJ (F — Pa,)(fi — ¢n) Hdu =0,
Q; Q

n—o0
J

which proves that b; satisfies the cancellation condition on the ball B;*. Hence b; is a multiple
of a X*P-atom. To prove that b; satisfies (2.4.3)), observe that

1/
|:JB** 10;1” du] "< (14 120,z amey) 1£ill 2o s,
J
<C | Fll o,

< C’M(B;f)l/p [ﬁ JB* P d,u} 1/p

< Cu(B)P o

the first inequality is a straighforward consequence of the definition of b;, the second follows
from the fact that || &p: ||, is uniformly bounded with respect to j, see Proposition W (iv),
and the fourth from (2.4.1). The above estimate implies that b;/(Cu(B;*) ) is a X'P-atom.

Hence

B[l < € u(Bf) @ < € u( B)

we have used the doubling condition in the last inequality above. This concludes the proof
of the claim.

Now, the claim implies that
2l = Cad u(Bs)
J J
< Cap($a),

by the bounded overlapping property and the doubling condition.
This concludes the proof (ii), and of the theorem. O

Theorem 2.4.2. Suppose that T is a linear operator that is bounded from X'(M) to L*(M)
and on LA(M) for some q in (1,00]. Then 7 is bounded on LP(M) for all p in (1,q).

Proof. We shall prove that .7 is of weak type (p, p) for all pin (1,¢). Then the Marcinkiewicz
interpolation theorem will imply that 7 is, in fact, bounded on LP(M) for all p in (1, q).
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First we assume that ¢ = co. Fix @ > 0 and f in LP(M), and consider a Calderén—
Zygmund decomposition f = b+ g at height '« as in the previous theorem, where C” is
chosen so small that {|.7¢| > a/2} is empty. Then clearly

n({17fl > a}) < p({170] > a/2}) + u({|Z7g] > /2})

<2 J | 70| dp

a Jyp

2
S rrone

C
< SN Urr ()

1f11,"

< 07 7 llxv.zs

thereby proving that .7 is of weak type (p,p), as required.

Next, assume that ¢ < co. Fix @ > 0 and f in LP(M), and consider a Calderén—Zygmund
decomposition f = b+ g at height o as in the previous theorem. The measure of the level
set a/2 of Tb is estimated exactly as above. To estimate the measure of the level set «/2

of 7 g we proceed as follows:

w({179] > af2}) < = JM\fglqdu

o4

“yzne | 1ol 19177 a
ar 171 | 1al"lg I

IN

f p
<y 7y,

in the last inequality we have used the fact that |g| < C'« and the estimate ||g|[, < C'[| f]|,-
This last inequality follows from the definition of g (see (2.4.2))) and the fact that || Zp, mp
is uniformly bounded with respect to j.

Thus .7 is of weak type (p,p), as required. ]

2.5 Spectral multipliers

In this section we prove a multiplier result of Mihlin—-Hormander type for the Laplace—
Beltrami operator. We emphasize the fact that its proof is fairly simple and avoids using the
theory of singular integral operators. After we completed the proof of this result, X.T. Duong

and L. Yan [DY1] proved a more general result concerning estimates for spectral multipliers
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for operators satisfying a Davies—Gaffney inequality. In fact, when restricted to spectral
multipliers of the Laplace—Beltrami operator on manifolds with the doubling property and
the relative Faber—Krahn inequality, their result is a strict relative of ours. However, we
believe that our proof is much simpler than that of Duong and Yan, and emphasizes the role
played by the geometric assumptions on M.

For an open bounded set €2, define
Domg(.%) := {f € Dom(%Z) : supp(f) C Q}.

In addition to .Z acting on Domg(.%), we consider also the Dirichlet Laplacian %, on the
set 2. We shall restrict our attention to bounded open sets €2 so that 0€) is smooth. Then

Dom (%) = W, 2(Q) N W22(Q),

and Zqu is the distributional Laplacian of u for v in Dom(.%4g). The following proposition
will be useful in the proof of Theorem [2.5.4L A version thereof for balls of small radius in
Riemannian manifolds with bounded geometry and spectral gap has been recently proved in
[IMMV4l, Proposition 3.1]. The proof of Proposition below follows almost verbatim the
proof of [MMV4l, Proposition 3.1], and is omitted.

Given a ball 2, we denote by 75 the restriction of . to Domg(.%).

Proposition 2.5.1. Assume that Q) is a bounded open subset of M such that 0S) is smooth.
The following hold:

(i) WOQJ(Q) = Domg(-#) C Dom(%,) = W()LZ(Q) A22(Q);
(ii) Zo is an extension of To;

ii) the operator Fg, is an isomorphism between We*(Q) and b*(Q)L, and the inverse op-
0

erator J, * agrees with the restriction of £y " to b¥*(Q)*;

(iv) there exists a constant C, independent of 2, such that

C

1751, = oy Ml 95 € 5O

where A1 () denotes the first eigenvalue of the Dirichlet Laplacian Z5,.
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The last ingredient of the proof of Theorem [2.5.4] is a lemma, whose statement requires
more notation. For every v in (—1/2,00), denote by _#, the Bessel function of the first
kind and of order v. For notational convenience, we shall denote the operator v.Z by
2. Note that for every v in [-1/2,00) the function A — _Z,(t\) is even and entire of
exponential type ¢, so that the kernel k 4, ;%) of the operator #,(t%) is supported in the
set {(z,y) € M x M : d(z,y) <t} by the property of finite propagation speed.

Lemma 2.5.2. For N large enough, the following estimate holds

sup || Zx-1/2(t2)] < oe.
t>0

Proof. For notational convenience, in this proof we shall write ¢ instead of #y_1/2. By

Schwarz’s inequality,

Lz 62, = sup | [k (o) o

" (2.5.1)

: SSJ\B M<B(y’t))l/2 [JM‘k/(t@)($,Q)|2 du(x)}

We write
—N/2

D) = [ 7t2) (5 +22)"] (7 +22) ",

denote by B; the operator 7 (t2) (ﬂ +t2¥ ) N 2, and observe that, by spectral theory and

the asymptotic behaviour of Bessel functions,

sup || By||, = sup |7 (¢A) (1 + 22)V/?] < oo, (2.5.2)
t>0 A>0

Denote by k; the kernel of the operator (ﬂ + 12 ) “N2 Notice that

kg (@,y) = B[k, y)] ().

Since B; is bounded on L?(M), uniformly in ¢ by (2.5.2)),
5 1/2 5 1/2
| esentanl au@] ™ < 18 [ | ite. )l due)]

<C ”M‘kt(x, y)|2 du(x)} 1/2.

Recall the classical subordination formula

kt(xa y) = CN J SNe_S thS(xu y) ds

0 S

Ve,ye M :xz #vy,
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and the following upper estimate for the heat kernel on M, which holds under the assump-
tions (2.1.1)) and (2.1.2)),

C >
ho(z,y) < —— v e~ cdl@)/u Ve,ye M Yu > 0.
n(B(y,Vu))

By inserting this estimate in the subordination formula above, and using the generalised

Minkowski inequality, we have that

e—QCd(:L‘,y)2/(t25) 1/2
], By @

To estimate the inner integral on the right hand side, we write M as the union of the annuli
Ay, with £ =0,1,2, ..., where

”M|kt(x’y)|2d/~t($)} v <C JOO s Nj2-s

0 S

Api={z e M : lty/s <d(z,y) < ({+1)t/s}.

Note that

o 2ed(z,y)?/(12s) du(z) < u(B(y, (+1) t\/g)) o
Ay

< 1u(Bly. 1)) D e

Therefore, by summing these estimates with respect to ¢, we obtain that

” e edtaa /() du(x)} V2 Cu(By,tv/s)) ",
o p(B(y, t/5))° - |

where C' does not depend on y and on ¢. Thus,

1/2

7 02l < sup n(Bw.0)" [ | Jite )l dute)]

< C sup J V28 [M] 12 ds
0

yeM u(B(ya t\/g) 8
Clearly
B(y,t
M <1 Vs € [1,00).
p(B(y, ty/5)
Moreover, by the doubling property, there exist positive numbers C' and v such that
#(B(y1)

A < Cs? 0 Wse(0,1) Yy e M.
1(B(y, 1v/5)
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By combining the last three estimates, we obtain

! oo
Lraol, o[ st 2y e L)

s 1 s

where C' does not depend on ¢. The right hand side is finite (and uniformly bounded with

respect to t), as long as N > v, as required to conclude the proof of the lemma. O

Definition 2.5.3. Suppose that J is a positive integer. The space Mih(J) is the vector

space of all even functions f on R for which there exists a positive constant C' such that
IDifQ|<C K YCeRN\{0} Vjie{0,1,...,J} (2.5.3)
We denote by || f||min(s) the infimum of all constants C' for which ({2.5.3) holds.

Theorem 2.5.4. Suppose that J is a sufficiently large positive integer. Then there exists a
constant C' such that

Im(VZ)llxrer < Cllmliyiny — ¥m € Mih(J).
Proof. In view of the theory developed in [MMV3] it suffices to prove that
sup {||m(2)A||, : Ais an X'-atom} < occ.
Suppose that A is an X'-atom, with support contained in B. Observe that
m(@)4], = [Las (@)l + |1z m( )],

We estimate the two summands on the right hand side separately. To estimate the first,
simply observe that, by Schwarz’s inequality, the size condition for A, and the spectral
theorem,
[asm(2)Al, < p(4B)? ||lm(2) ]| [|All
- </~b(43))1/2.
~ \ u(B)
The right hand side is bounded independently of B, because M is doubling.

Thus, to conclude the proof of the theorem it suffices to show that

sup Hm(@)AHLl((w)C) < 00, (2.5.4)
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where the supremum is taken over all X!-atoms A. Suppose that A is a X'-atom associated
to the ball B. Choose € > 0 and let 2 be an approximate (7p, ¢)-ball with centre c¢g. Note
that A is in v*(Q)*, for every harmonic function in € clearly belongs to b*(B). Then, by
Proposition [2.5.1] (ii) and (iii),

A= Z0T A= LT A,

Thus,
m(2)A =m(2)Z (75 ' A).

Recall that the support of QQ_IA is contained in €2 and that

HyQ_IA”m(Q) = Hlyﬂ_l‘Hm(Q) HAHL2(B)
< 1% oy B,

so that
176 All s oy < 0O [ 767 All 2

N2 o
< (X T

< ¢
Q)

Here we have used the doubling property and Proposition (iv).

We claim that there exists a constant C such that

Given the claim, we conclude that
lm(2)All v arye) = 1M(2)L (T " A) ey asy
< Cry’ H%_IAHU(B)

S 07";2 )\1(3)_1
S C;

(2.5.6)

thereby completing the proof of (2.5.4), and of the theorem. Note that the first inequality
above follows from the claim, the second from Proposition 2.5.1] (iv), and the last from
@1.9).
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Thus, to conclude the proof of the theorem it remains to prove the claim. By Fourier
analysis, the restriction of m(2).Z f to (4B)¢ is given by

1 .
m(D)Lf = Py Jt|>(35) ) m(t) cos(t2).ZL f dt.

Denote by ¢ a smooth, even function on R that vanishes in the complement of the set
{t e R:1/4 < |t| < 4}. For a fixed R in (0,1] and for each positive integer i, denote
by E; the set {t € R : 4 'rg < |t| < 471rg). Clearly ¢"/*'75) is supported in E;, and
S @YW = 1in R\ (—rp, 7). Define m;(2).Zf as follows:

1

mi(2)Lf = o JE VB (1) (L) cos(tD) LS dt. (2.5.7)

Recall that . = 22, so that, at least formally,

2

cos(t2).L = _ 4 cos(t9).

dt?
Thus, by integrating by parts, we see that
L[ &y 5
mi(2)Lf = o @[qﬁ m} (t) cos(t2)f dt. (2.5.8)
E;

Now, recall [MMV1], Lemma 5.1] that for every positive integer k there exists a polynomial

P11 of degree k + 1, without constant term, such that

o0

Joo F(t) cos(vt) dt J Post(6)(t) Frrryoltv) dt (2.5.9)

—Oo0 —00

for all functions f such that &°f € LY(R) N Cy(R) for all £ in {0,1,...,k + 1}. Here 0*
denotes the differential operator t* (d/dt)* on the real line. Thus,

d2
de?

mi( D)L f = —— JE Pr(6)

_ <Z51/ (4'rp)
2T [

1(t) Zn_1)2(t2) f dt. (2.5.10)

3

It is straightforward to check that there exists a constant C' such that

d2

‘PN(ﬁ)@

oy o C
615 73] (t)‘ < 5 Imliny vt € E: (2.5.11)
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Given (2.5.10) and (2.5.11]), we obtain that

||m(9)fHL1((4B)C) = Z ||mi(9)f||L1((4B)c)
=1

1 d?

<5 JE'(PN(@@WAMB)@} (t)‘ L7 (t2)f]|, at

<3 (] a1l

i=1 i

< Cry’ ||f||L1(Q)’

thereby proving (2.5.5), and concluding the proof of the claim. We have used Lemma [2.5.2]

in the second inequality above. O]

2.6 Doubling property and scaled Poincaré inequality

In this section we prove that, under the additional assumption that M supports a scaled L?
Poincaré inequality, the Hardy space H!(M) of Coifman and Weiss and the Hardy-type space
X1(M) coincide. We also show that this may not be true if M does not support a scaled
Poincaré inequality. These facts are already known. The equivalence of H!'(M) and X' (M)
appears, for instance, in [AMRL [HLMMY]. Our proof of this result is quite elementary, and
hinges on the fact that, by a result of A. Grigor’yan [Grl] and of L. Saloff-Coste [Sall, if a
manifolds possesses the doubling property and supports a scaled Poincaré inequality, then it
supports also a uniform Harnack inequality, hence harmonic functions on M are (uniformly)
Holder regular by the celebrated result of E. De Giorgi. We believe that, though the result
is already known, the proof we give is considerably different from the original one and sheds
more light on the role played by the scaled Poincaré inequality.

Furthermore, in [AMR] the authors attribute to A. Hassell the result (to the best of our
knowledge still unpublished) that H'(M) and X' (M) are different when M is the connected
product of two Euclidean spaces and claim that this fact may be proved as an application
of methods developed in [CCH]. We give a direct proof of this result that may be applied

also to manifolds which are not necessarily Euclidean at infinity.

Definition 2.6.1. We say that M supports a scaled Poincaré inequality if there exists a
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constant P such that
[ 1= soP an < Py [ 1vs a (26.1)
B B
for every f in ¥*°(B) and for all geodesic ball B. Here fp denotes the average of f over B

and rp is the radius of B.

Before proving the main result of this section, we recall that A. Grigor'yan and L. Saloff-
Coste proved that and are equivalent to a uniform parabolic Harnack principle.
This uniform parabolic Harnack principle implies (but it is not equivalent to, see [HS])
a uniform elliptic Harnack principle, hence the uniform Hdélder continuity of .Z-harmonic

functions.

Theorem 2.6.2. Suppose that M possesses the volume doubling property (2.1.1) and ad-
mits the scaled Poincaré inequality ([2.6.1)). Then HY(M) = X' (M), and their norms are

equivalent.

Proof. Clearly a X'-atom A is also an H'-atom. Hence a function F in X'(M) is also in
HY(M) and
|Fllg < || F|x: VE € X*(M). (2.6.2)

Therefore the identity map ¢ is a continuous injection from X'(M) to H'(M). Thus, to
conclude the proof of the theorem it suffices to show that ¢ is surjective.

In fact, we shall prove the following claim: there exists a constant C such that for every
H'-atom a there exist a summable sequence of complex numbers {c¢;} and a sequence {4;}
of special atoms such that

a:chAj and Z|cj|§0.
J

J

Suppose that the support of the atom a is contained in the ball B. Fix a positive number
e. For j = 1,2,3,..., we denote by B; and Bj the balls with centre cp and radii 2/~'rp
and (1+¢)271rg, respectively, and by £2; the orthogonal projection of L*(B;) onto b*(©;),
where ; is an approximate (277'rg, £)-ball with centre cp (see Definition [2.2.5). Note that

B; CQ; C B C Bj

for small €. Sometimes it will be convenient to write &, for .#, the identity operator from
L*(B;) to L*(€;), and B; instead of B. Define, for any 7,

A — gzj_la - gzja .
T wWB)Y2 | Py — Pall,
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Clearly the support of A; is contained in B}, and
142 < u(B))~'2.

Observe also that P;a = P;(;_1a), where we tacitly identify L?*(Q;_1) with the corre-

sponding closed subspace of L?(§);). Then we may write

l,

(P10 — Pja] H(x)dp = J (P10 — Pja] H(x)dp

’ .
J £

= L (= 2))(Pj10) Hdp

i
for any H in bQ(B;-). The operator .# — &; is the orthogonal projection of L*(€2;) onto
the orthogonal complement of b*(€2;) in L?(2;). Since .# — &, is a self-adjoint operator in
L*(Q);), and the restriction of H to ©; is in the kernel of .# — &, the last integral vanishes.

Thus, Aj; is a special atom with support contained in B}. At least formally, we may write

a=a— Pa+ Z (P10 — P;al

=2
o0

= E ¢ Aj,
=1

where ¢; = u(B))'/? || 2;_1a — Z;all2. To conclude the proof of the claim, it suffices to show

that
o
> gl <,
j=1

where C does not depend on the atom a. We denote by R; the reproducing kernel of b*(£;).

Since a has vanishing integral, we may write

Pia(x) = J aly) Ry, 9) dp(y)

B1

= J a(y) [Ry(z,y) — Rj(z,cp)] dp(y).
B1
Moreover, by the reproducing and the symmetry properties of R;,

IR; (- y) — R, c)l 720, = (Ri(y) — R eB), Ri(5y) — Ry(-, cp))
= R;(y,y) + R;(cB,cB) — 2R;(y, cp)
< |R;(y,y) — Ri(y,cn)| + |R;(y, c8) — Rj(cs, cp)|.
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The functions R;(y, -) and R;(-, ¢cg) are harmonic in ;. Since cp and y belong to B; C 27! B;,
and a uniform parabolic Harnack inequality holds on balls of M, by De Giorgi’s theorem
(see, for instance, [Sal]) there exist « in (0,1) and a constant C, independent of y and j,

such that

ly — CB|>O‘
2j_1TB

[B(y.9) = By(y.cn)] < C ( sup |Ry(y,2)| (2:6.3)

For j large, both y and z are in 27! B;. Therefore, by Propositionm (iii), we can conclude
that there exists a constant C', independent of j, such that

sup ‘Rj(y, z)} < Cu(By)™,

z2€2B1

o that, by (Z63).
}Rj(ya y) - Rj(ya CB)‘ < CQ_Qj M(Bj)_l'

This, the generalised Minkowski inequality and the doubling property imply that

| Psalls < j ()] | B ) = B (o ew)], du(y)

B1

< €20 p(By) jB la(y)] du(y)

< €279 p(B;) 2 (2.64)
) B\ 1/2

= C 27 (B~ <—ZEB£) :

<027 u(B)) 2,

J

Therefore
;] < C 27,

with C independent of @ and j, so that the sequence {c;} is summable, as required to

conclude the proof of the claim, and of the theorem. O

An example of a Riemannian manifold which does not support a uniform Harnack in-
equality is the following. Denote by M the connected product R™ # R" of two copies of
R"”, when n > 3. The manifold M is obtained by “gluing” smoothly the two copies of
R™\ {B(0,1)}, which we denote by Cy and C5. The metric on M agrees with the Euclidean
metric on C] and Cs, and is globally smooth. It is straightforward to check that the scaled
Poincaré inequality fails on M (hence M does not support a uniform Harnack in-

equality, by a well known result of Grigor’yan and Saloff-Coste). Indeed, choose x on the
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“cylinder” that joins C; and Cy. Let R > 0 and let fz be a function on M, with support
contained in B(z, R), that is equal to —1 on C; and +1 on Cy. Clearly V fz vanishes on )
and Cj, hence its L?*-norm does not depend on R, as R tends to infinity. Hence the right
hand side of grows like R? as R tends to +oo. However, by carefully choosing the
values of fg on the “cylinder” joining C and Cy, we may assume that IB(:):,R) frdp = 0.
Then the left hand side of grows as R", as R tends to infinity, whence the scaled
Poincaré inequality cannot possibly hold for large values of R.

However, note that R"#R"™ satisfies a relative Faber—Krahn inequality . Indeed, by
the Federer—Fleming theorem (see, for instance, [Ch]), the isoperimetric property of R" #R™

implies the Sobolev inequality

[l S CIVIL Vf € EX(R #RY), (2.6.5)
This, in turn, implies the following estimate for the heat kernel:

he(z,z) < Ct™? Yo e R"#R", Vt>0

(see [Gr2, Corollary 14.23, p. 383]). Finally, the relative Faber—Krahn inequality is a conse-
quence of the last inequality and the doubling property.

Theorem 2.6.3. Denote by M the connected product R" # R"™. Then V.Z~? is unbounded
from HY(M) to L*(M).

Proof. By , there exists a positive constant C' such that
V22l = CNL™2 f g
If V.2~1/2 were bounded from H'(M) to L'(M), the following estimate would hold:
1l an = CUL 2 fllajo-ry  VF € H'(M).

In particular,

sup Hj_l/zann/(n—l) < 00,

where the supremum is taken over all H'-atoms a. Denote by k the Schwartz kernel of
£~12 We have

27 a(a) = | haw)aly) duly) (2.6.6)

M
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Choose a with support contained in B(p, R), where p is on the cylinder which joins C} and
(5, and R is large. Suppose that a is equal to —1 on C} and to +1 on Cy, and carefully
choose the values of a on the “cylinder”, so that fMadu = 0. Then a is a multiple of an
H'-atom. Let z be a point in Cs, far from the “cylinder”. Then denote by y and 7 two
points in B(p, R), the first on Cy and the second on €. By using the estimates for the heat
kernel on M proved by Grygor’yan and Saloff-Coste [GS], it is not hard to prove that

k(z,y) > k(x,7).

In fact, we can prove that there exists a positive constant C' such that for R large enough

JB k(1) aly) duly) > ¢ j k(o 5) du(y),

By

where B, denotes B(p, R)NCs. Similar estimates show that the function z — [ B, k(x,y) du(y)
does not belong to L™ ™=V (M). Therefore £~'/%a is not in L™ =Y (M). O



Part 11

A symmetric diffusion semigroup
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Chapter 3

The semigroup generated by the
operator .o/

This chapter contains the analysis of the semigroup generated on (R™,«y_;) by the operator
o/. We recall that o is defined by

A f = —%Af—x-Vf Vf e C2(R"),

and that v_;is the measure whose density with respect to Lebesgue measure is 7™/2 elel”,
In Section [3.1], we shall prove some preliminary properties of .o/, produce a formula for the
semigroup e~/ and investigate its region of holomorphy in LP(y_;). In Section we shall
briefly study local singular integral operators in our setting. In Section we shall prove
that the maximal operator J#* associated to the semigroup generated by &7 is of weak type
1. Finally, Section contains the statement of all results we have obtained concerning the

functional calculus for &7

3.1 Background material and preliminary results
Let 1 < p < co. Denote by %, the operator defined by
Uf =710 [ VfECTR) (3.1.1)

(see (0.0.3)) for the definition of v_y/,). Clearly %, extends to an isometry of LP(y_;) onto
LP(X\) and of LP(A) onto LP(v;). We denote by £ the Ornstein-Uhlenbeck operator. A

75
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straightforward computation shows that

U d Uy = % (=A+|-[* +ns)
and )
U LUy = 3 (=A+ |- —ns).
Consequently,
1
A =% (D - +ng) Uf
1
=3 Uy ' (A + [P —nS +20.9) Uf

= Uy " Uy L+ nI)UsUs f Vfe € (R).
It is well known that the Ornstein—Uhlenbeck operator .Z is essentially self-adjoint. We
abuse the notation and still denote by & its self-adjoint extension, and by Dom(.%) its
domain. Clearly .Z +n.# is also self-adjoint. Since %7 = %, which extends to an isometry
of L*(y_1) onto L?(~y;), the operator

UL +nd)Uf Vf e L*(n): % f € Dom(%)

is a self-adjoint extension of o/, which, with abuse of notation, we still denote by .o7. Its

domain is

Dom() = {f € L*(y_1) : %1 f € Dom(Z)}.

Thus,
Af=U (L +nI)Uf  Vfe€Dom(). (3.1.2)

The spectral resolution of the identity of .Z is
L= i
=0

where Z; denotes the orthogonal projection onto the linear span of the Hermite polynomials

of degree j in n variables. Therefore, the spectral resolution of o7 is
o = (k4 n) &, (3.1.3)
k=0
where &, = 52/1’1 Pv,. Thus, &, is the orthogonal projection of L%(y_;) onto the linear
span of the functions of the form ~; p, where p is a Hermite polynomial of degree j in n

variables.
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By spectral theory,
e—t% _ %1—1 e—t(f—&-n-ﬂ) gz/lf Vf c L2(7—1)'

We shall denote by {54 };>0 the semigroup {e™} on L?(y_;), and by {.#, }+>o the semigroup
{e=*?} on L%(vy). We recall Mehler’s formula for the Ornstein—Uhlenbeck semigroup. For
t >0,

L%J@):Jmkuwﬂwdﬂw, (3.1.4)
where
_ 1 oyl eyl .
mt(ﬂi,y)—m (2(et+1)_2(et—1)> Ve,y e R" Vit > 0.

It is known that {.#;}:>¢ is a symmetric diffusion semigroup on (R",v;); we refer to [B] and

the references therein for more on the Ornstein-Uhlenbeck semigroup.

Theorem 3.1.1. For any test function f

Haf () = Jhe(z,y) f(y) dyiy) if t>0 (3.1.5)

f(x) if t =0,

where

(3.1.6)

h (QZ y> — e—tn exp ( . |I + y|2 |JZ B y|2 >
e (1 — e=2t)n/2 21 +et) 201 —et))

Moreover, {7 }>0 is a symmetric diffusion semigroup on (R™, vy_1).

Proof. To prove (3.1.5]), notice that

S f(x) = U e gy fx)

—tn

e ~af? e +yl” eyl e
= e JeXp <2(et+1) o - 1))e| ) day)

—tn

_ e eyl e -yl 2 2
(1 — e 2t)n/2 Jexp <2(et 1) - 2(et — 1) = [z]" = [y] )f(y) dy-1(y)

—tn

e o tyl® ey
:ww1—eﬁﬂwa%mp<_2@+e%)_2u—e%Qf@)¢y“w’

as required.
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We already know that {e=*“} is symmetric. It is also positivity preserving, for its kernel is

e~ tn 2
Jf(y) dy-1(y) = TR Jf(y)ey' dy
—in
ositive. We also note that, for f € L'(y_1)NL?(v_1), — © < =
p fe L (y-)NL*(y-1) = A oy | | o ]

~ | @) da(a),
Thus, % is contractive on L'(v_;). Hence, by interpolation and duality, % is contractive
on LP(y_y) for 1 < p < co. Finally,
01 =1 Vvt > 0,
i.e., {7} is markovian, and it is contractive also on L*(y_1). O

Remark 3.1.2. A noteworthy consequence of (3.1.6)) is that the semigroup {74} satisfies

|70 = sup hu(z,y)
z,yeR"
e—tn (317)

= vVt >0
ﬂ-n(l_eth)n/2 > U,

where [|7]|1.o denotes the operator norm of 4 from L'(y_1) to L*®(y_;). Thus, the

semigroup {74} is ultracontractive. By interpolation, {7} is also hypercontractive, i.e., J
is bounded from LP(y_;) to L¥ (y_), for p € (1,2). We recall that the Gaussian semigroup
{.#,} is not ultracontractive, and that .#; is bounded from LP(v;) to L¥ (y;) if and only if
t> %log <’§>, by a well known theorem of E. Nelson [Nel, Theorem 2].

By spectral theory, the map t — % from [0,00) to the space of bounded operators
on L*(y_;) is continuous with respect to the strong operator topology of L?*(y_;), and it
extends to a continuous map from the right half plane {z : Re(z) > 0} to the space of
bounded operators on L?(y_;), which is analytic in {2z : Re(z) > 0}. Correspondingly, the
kernel ¢ — h; has an analytic continuation to a distribution-valued function z — h,, which
is continuous in Rez > 0 and holomorphic in Rez > 0. Clearly h, is the kernel of .J7..
An interesting question is to determine for which z in the right half plane the operator 77,

extends to a bounded operator on LP(v_;), for some 1 < p < oo. Since

Hef () = HJ (o), (3.1.8)

¢, is bounded on LP(y_1) if and only if .7 is. Moreover, since

J%if Gy, — Jf g s,
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we may conclude that .7 is bounded on LP(y_;) if and only if it is bounded on L¥ (y_;),
where 1/p+(1,1)/p" =1, and | 1o,y = 170 1o (-

The final part of this section is dedicated to proving that .77, extends to a bounded
operator on LP(vy_y) if and only if z belongs to the set E,, defined by

E,={z+iyeC : |siny| < (tan¢,) sinhz}, (3.1.9)

where ¢, := arccos(2/p—1). We recall that the set E, is the region of boundedness on L?(7)
for the analytic continuation of the Ornstein—Uhlenbeck semigroup {.#;} [E, Theorem 1.1].
By looking at the spectral resolution of the identity of <7, it is clear that

Hyinf(2) = Hf(—1).

Thus, E, is a closed ¢m—periodic subset of the half-plane Re z > 0, symmetric with respect
to the z-axis, and E, = E,/. So, to investigate the boundedness properties of the semigroup

{7}, we may restrict the parameter z to the set
F,={z€E,:0<Imz< g}, (3.1.10)

and we may consider only the case when 1 < p < 2.

The proofs of most of the results below concerning <7 and {.77, } make use of the following
change of variables, which was introduced in [GMMSTT]. Define the CU{oo}-valued function
7 on the set {£ € C: || <1, |argg| < T} to be as

B log% if € #£1,
T(§) = { N feo1 (3.1.11)

It is not difficult to see that 7 maps its domain onto the halfstrip
{z€C:Rez>0,|Imz| < g} U {o0},

the interval (0,1) onto (0,00) and the sector Sy, = {{ € C: [¢] < 1,0 < arg(§) < ¢,} onto
the set F,, U {oo}. It is straightforward to check that, if £ # 1, then

_a=9r [2* + Jy* 1 2 1 2
hT(g)(:c,y)—We (—T—Z(£|x+y| +E|x—y| )>. (3.1.12)

We also set hoo(z,y) :=1 for all z, y.
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Theorem 3.1.3. Let 1 < p < 2. Then S, is bounded on LP(y_y) if and only if z € E,, and

in this case it is a contraction.

Proof. The case where p = 2 follows directly from spectral theory. Thus, we may assume
that 1 < p < 2.

We observe that JZ () is bounded on LP(y_;) if and only if e%i)@ = UpHyo\ U, " is
bounded on LP(\). The kernel of the latter operator with respect to the Lebesgue measure

is of Gaussian type and is given by

1 — &)» 2 2 1 1 2 2
)= e (B Lo 3y )
1_ n
= % exp (= BE) ol — (€ Iyl +20(©)x - ),
where
1 1 1 1 1 1 1 1 1/1
5(§)=§+1<§+g>—]—37 €(§)=§+Z<f+g>—]7a 6@):1(5_5)'

We rewrite the condition § € Sy, in terms of the coefficients 3, € and 4. It is easy to see
that, for |{| <1, |arg&| < ¢, if and only if

(Red(€))” < (Re B(€)) (Ree(§)). (3.1.13)

Indeed,

(Red(€))” — (Re B(€))(Ree(€))

) - (550 )+ D )1
gy

- i( " [Re g§§i€gfm o2 2 ;2p)2>’

so that (Red(€£))? < (ReB(€))(Ree(€)) if and only if

Im¢& <2\/p—1
'Ref T 2-p

= tan ¢,.

We prove that, for Re£ > 0 and Im¢& > 0, jﬁ?@ is bounded on LP()) if and only if
(3.1.13]) holds.
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First we prove that if (3.1.13)) holds, then %”T)(‘&) is bounded on LP()\). We observe that

A ™2 (1=Q)" 7 /(45(€)) A
o) = ( 5@) gy Ma@—rae T e [EDNS Mg s/

_@rra-gn
- (1 + f)n/2 B(E)—y*0(€)

(3.1.14)

Ty eV /(45() A M) -s6) /7

where v* > 0 is a constant which will be chosen later. Here M,, for a € C, denotes the

multiplication operator given by

M, f(z) = el f(2),

T, for v* > 0, the dilation operator

Ty f(x) = f(7"x),
and {e7*» : Rez > 0} the heat semigroup on (R™, \), defined by

— |z —y|?

e A f(x) = W JeXP <T>f(y) dy.
A straightforward calculation shows that
exp (= B(0) lal* = €(©) lyl” +20()z - )
= exp (=) + 770 2l ) exp (= 3(€) 'z =yl /7*) exp ((—€(©) + 0 /) Iy )

so that holds. Now, write £ = te, with ¢ € (0,1] and 0 < ¢ < ¢,. We shall treat
the two cases Red(€) = 0 or Red(§) > 0 separately.

Suppose first that Red(¢) > 0, i.e., t # 1. Then Re (v*/(46(£))) > 0, hence e~"/(49(E) A
is bounded on L?(\). The operator Mg()_+5() is bounded on LP(X) if and only if

Re5(§) =7 " Red(§) = 0,
whereas M¢)—s(¢)/,+ is bounded on LP(X) if and only if
Ree(€) — Red(€)/7" > 0.

Therefore the two operators are simultaneously bounded if and only if

Red(£) Re 5(§)
Ree(S) Red(¢)’

<~*

IN

(3.1.15)
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since § € Sy, implies (3.1.13), such a positive 7* exists. Then t%ﬁ)@ is composition of

bounded operators, hence it is bounded on LP()), and

n/2 (y*)"?

(ye)mie”
Observe that for all ¢ we are considering, we have [(1 —&)/(1 + &)| < 1. We need to show
that for every such & we may choose v* such that the right hand side of the inequality above

[E (3.1.16)

1-¢
<
LP<A>—’1+§

is less than or equal to 1. Note that

Red(§) _  “*(1/t-1)
Ree(§)  ©9(1/t 1)+ <% <1 Vvte(0,1] V¢ e|0,9,),

and that

Ref(§) _ 2(1/t 1) — =5
Rea§)  =2(1/t-1) *

1
if and only if ¢ > cos ¢,/ cos ¢. Therefore, if £ is such that ¢ > cos ¢,/ cos ¢, then there exists

~v* > 1, satisfying (3.1.15]), so that, by (3.1.16)),

H|°%ﬂ7>(\£)‘”1;p(/\) < (7*)%_% <L

If, instead, & is such that t < cos ¢,/ cos ¢, then every v* which satisfies (3.1.15) is smaller

than 1. In this case, we set

. ReB(©)
77 Red(e)’

so that

n/2 (Reﬁ(ﬁ))nﬂn/p
Re(€)

- (1+t2—2tcos¢>n/4( cos (1 — t2) )N/2

T \1+t242tcos¢ cos ¢(1 + t2) — 2t cos ¢,

/14> —2tcos ¢ (1 —t2)? n/4

N (1 +t2+2tcosp (1412 — 2tcosq§p/cos¢)2)

The right hand side is at most 1 if and only if

I3l

1-¢
<|
L) = |14 ¢

(1+1* —2tcos @) (1 — %)% — (1 + > + 2t cos ¢) (1 + t* — 2t cos ¢,/ cos ¢)* < 0,
which is equivalent to

a(P)tt + b(P)t® + (@)t + b(P)t + a(¢) > 0, (3.1.17)
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where

a(¢) = cos ¢ — cos ¢,/ cos ¢,
b(¢) =1 — 2cos ¢, + cos® ¢,/ cos® p,

c(¢) = 2cos ¢,/ cos ¢ (cos ¢, — 1).
It is easy to see that (3.1.17)) is satisfied for each ¢t < cos ¢,/ cos ¢. Indeed,

a(@)t* + b(@)t* + c(P)t* + b(p)t + a(¢)

_ tgcos Gp ,COS Py A B8] 752(:08 op 5 1
cos ¢ + s (—COS 5 ) +t°(1 — cos¢,) + s (2cos ¢, — 1)
COS ¢, ,COS @ cos ¢
+t(1 —t*cosg,) +t COS;(TSJ —t) + cos¢ — tcos ¢, + cos¢p(1 —tcos o).

It is clear that all the terms here are nonnegative if cos ¢, > 1/2. Similarly, by writing

a(@)t* + b(@)t* + c(P)t* + b()t + a(¢)

2
_ t3COS ¢p ,COS Oy, N 41— 02 cos” ¢,
cos ¢ + s (—cos 5 )+t cos ¢p) + =y
COS ¢, ,COS P Ccos ¢y, 9 Ccos ¢y,
p— P (220 gy RO ) 4 (1 — 2 =r
cos¢(cos¢ ) cos¢( )+ cosgp) + (cos o+ (308(;5)7

we see that is satisfied also if cos¢, < 1/2. This concludes the proof of the fact
that, if Red(§) > 0, then condition implies the contractivity of 2 ’(\5) on LP(A).

We now turn to the case Red(&) = 0, i.e., t = 1. Write £ = e, and assume momentarily
that ¢ < ¢,. Then

lexp (—B(€) 2> — () [y +26(&)x - )]
= exp (—Re B(€) |2 — Ree(€) |y* + 2Re d(&)z - y)

B COS¢p —COSPy , 2 COSO+COSP, o
= oxp (—TRES IR CROTLRG )

Therefore

J|h;\(£)(m,y)‘ dr < oo and J|h;\(§)(:c,y)‘ dy < 0.

Thus, ,%”T?g) is bounded on L'()\) and on L*()\). By interpolation, %;’(\5) is bounded on
L?(X). Moreover, by Fatou’s lemma, for each 0 < ¢ < ¢,,

“%W f‘p X < liminf“%ﬂ’\ - f(x)‘p do
7(e??) = A T(tei®) :
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Since 7 ?tew) is a contraction on LP(X) for ¢t < 1, it follows that each .72~ ?ew) is a contraction

as well. Similarly,

p

J ‘%?ewp)f(x)‘p dx < lim ian ’«%i?ew)f(x) dz,

o—=dp

and so also 2

R is a contraction on LP(\).

Next we prove that if ‘%07?5)

assumption p < 2 implies that

is bounded on LP()\), then (3.1.13)) holds. Notice that the

cos ¢ S Op

Ree(¢) = == (t+1/) + COT > 0. (3.1.18)

We consider the action on JZ ?5) on the family of Gaussian functions gs(x) = esMQ, for s € C.
Observe that if Res < Ree(£) — Red(§), then

(1-9"

s o (PO BOAO+8Es | o\
Hlor) = g P (T qgs W) R
If Res < 0, then g; € LP()). Since of %”T)(‘E) is bounded on LP()\),
0%(§) = B(E)e(§) + B()s
Re (&) — 5 <0,
whence 52
Re &= fégig) L + Re B(€) < Rep(§). (3.1.19)
Consider the complex map
_ 0%(§) — B(&e(§) + B(E)s _ 0%
M(s) = () —s +5(£)_6(§)—s'

Clearly M is a Mobius transformation, hence if maps generalized circles in the extended
complex plane into generalized circles. In particular, M carries the line Re s = 0 into a circle
C passing through the origin.

We claim that there exists a point s; such that Res; = 0 and

(Red())?
Ree(s)

Assuming the claim for the moment, we immediately conclude the proof of the theorem by

observing that implies that Re M(s;) < Re 8(€), i.e., (Red(£))* < (Re B(€))(Ree(€))
holds.

Re M (s;) =
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To prove the claim, consider the point sy = i Im€(£), which minimizes |e(£) — s| subject
to the constraint Re s = (. Since

RO )
M)l = e =5l 2 @) — o]

for any s such that Res = 0, we see that the segment joining 0 and M(s2) is a diameter of
C, so that the point M (s;)/2 is the centre of C. The point (M (ss) 4 |M(s3)])/2 lies on C
and has the desired real part, indeed

1 5*(€)

> (Ree(f)—ilme(§)+ © —zIrne ')
1 ((365(5))2—(11115(5)) N (Red(£))* + (Im4(§))? )
2 Ree(§) Ree(€)
(Red(€))?

Ree()

The claim is proved. O

5 Re(M (s2) + [M(s2)]) =

3.2 Local Calderon—Zygmund theory

The kernels of many operators naturally associated to the operator &7 are singular integral

operators in suitable neighbourhoods of the diagonal of R™ x R", which we now define.
Definition 3.2.1. For every p > 0, let

n n P

and denote by G, its complementary set. We call N, and G, the local region and the global

region, respectively.

Definition 3.2.2. A linear operator 7', mapping the space of test functions into the space of
measurable functions on R", is a local Calderon—Zygmund operator if it satisfies the following

assumptions:

(a) T extends to a bounded operator either on L(\) or on L?(y_1) for some ¢, 1 < ¢ < o0,
or is of weak type 1 with respect to A or to y_q;
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(b) there exists a measurable function K, defined off the diagonal in R™ x R™, such that

for every test function f
7f(a) = | K(w.)fw) dy

for all x outside the support of f;

(c) the function K satisfies

C
K (z,y)| < E 0. K (2, y)| + [0, K (2, y)] <

o — g™
for all (z,y) in the local region Ny, x # y.

If ¢ is a smooth function on R" x R" such that ¢(z,y) = 1 for (x,y) € Ny, p(z,y) =0 for
(x,y) ¢ Ny and

C
P for x # y, (3.2.2)

we define the local part and the global part of the local Calderén—Zygmund operator 1" by

100(x, )| + |0yp(z,y)| <

Toof(2) = | K(2.9) o(a.0) .

Tglobf(x> = Tf(x) - 7710(:.]8(*7;)'

(3.2.3)

Notice that the kernel of Tj,. is supported in the local region N5, so that, for all test functions
f and g such that f ® g is supported in the global region G,

ijcf(x) g(x) dz = 0.

More generally, we say that a linear operator S, mapping €>°(R"™) into €°(R™)" is a local

operator if
JSf(x) g(x) de =0 (3.2.4)
for all test functions f and ¢ such that f ® g is supported in a global region.

In this section we shall prove that if T" is a local Calderén—Zygmund operator, then its
local part is bounded both on LP(\) and on LP(y_;), whenever 1 < p < oo, and it is of weak
type 1 with respect to both measures. Furthermore, we shall prove that, for local operators,
strong and weak boundedness with respect to Lebesgue measure and the measure v_; are
equivalent. These results are extensions to our setting of a well established technique, which

has been developed in previous papers on the Ornstein—Uhlenbeck operator. In particular,
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we follow closely the treatment in [GMSTI]. We shall make use of the following covering
lemma, which appears in [GMSTI] (except for (7), whose proof, however, is almost verbatim

as that of the corresponding statement for the Gauss measure).

Lemma 3.2.3. There exists a collection of balls
Bj = B(xj, /(1 + |x;])),
where k = 1/20, such that
1. the collection {Bj : j € N} covers R™;
2. the balls {1/4B; : j € N} are pairwise disjoint;

3. for any A > 0, the collection {AB; : j € N} has the bounded overlap property, i.e.,
SUp D _; XAB; < 0O

4. By x4B; C Ny for all j € N;
5. for each p > 0 there exists § > 0 such that Bj x (0B;)° C G;
6. N7 C U;j(B; x 4B;) C Ny;
7. there exist positive constants Cy and Cs such that for all j € N,
Cy el N(E) < v_1(E) < Cyel® \(E) (3.2.5)
for each measurable subset E of §B; (0 is as in 5.).
We shall also need the following lemma, whose proof can be found in [GMST2].

Lemma 3.2.4. Let i be a nonnegative Borel measure on R™. Given a sequence of nonnegative
measurable functions {f;}, let f =3, x5, fj, where {B; : j € N} is the collection of balls in
Lemmal3.2.3. Then

Wz flx) > a) < Zu{x €B;: f;(z) > %} (3.2.6)

for all « > 0, where M = sup Z]‘ XB;- Moreover,

1/q
1 7lly < M (ZJ 1Al du) , (3:2.7)

j VB

for1 <gq < oo.
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Proposition 3.2.5. Let S be a local operator and p be in (1,00). Then S is of weak type 1
with respect to A if and only if it is of weak type 1 with respect to v_1. The same holds for

the LP boundedness. Moreover the norms of S on LP(y_1) and LP(\) are comparable.

Proof. Assume that holds for all f,g € €>(R"™) such that f ® g is supported in the
global region G, and that S is of weak type 1 with respect to Lebesgue measure. Let o > 0.
Then, by Lemma [3.2.3] there exists § > 0 such that B; x (0B;)° C G,. Since S is local, the
values of Sf on B; depend only on the values of f on 0B;, i.e., x5,Sf = xB,;5(fXs5,;). Then,
by Lemma [3.2.4] and ([3.2.5)),

a{r: Sf@)] > 0} < 3 aeife € By 1ST(@)] > 57)

< C2Ze\wj\2/\{m €B;: |S(fX6Bj)(x)| > %}

J

<022e‘%‘ CJ |f(x)] dX

0B;
C C
<z Z—LBj @) d
C
<o | @l d.

The proofs of the converse and of the second part of the theorem are similar. We omit the
details. O]

Similarly, one can prove the following result.

Lemma 3.2.6. Assume that T is a linear operator mapping the space of L™ functions with
compact support into the space of measurable functions on R™. Define, for any measurable

and locally bounded function f,

T'f:= ZXB (xaz, ),

where {B;} is the covering whose existence is established in Lemma . The following
hold:

(1) if T is of weak type 1 with respect to X or to y_1, then T" is of weak type 1 with respect

to both measures;
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(1) if T is bounded on LY(\) or on Li(y_y) for some q € (1,00), then T is bounded on
LY(X\) and on L(vy_4).

Proposition 3.2.7. Suppose that T is a local Calderon—Zygmund operator. The following
hold:

(i) if 1 < q < oo and T is bounded on LY(y_1), then the operator Tiye, defined in ,
is bounded on L(vy_1);

(i1) if T is of weak type 1 with respect to the measure y_1, then so is the operator Ti,.
A similar statement holds with the Lebesque measure A in place of v_1.

Proof. We shall prove (i). The proof of (ii) follows the same lines, and is omitted. The last
statement of the proposition follows directly from (i), (ii) and Lemma [3.2.6]

Suppose that f is a test function and z is in B;, where B; is one of the balls introduced
in Lemma 3.2.3] Then

j-iocf(w) = Tf(.%') - Tglobf<x>

= T(fa,)(@) + T — van,)) (@) — j Ko y)(1 - oz, 9) () dy
— T(fxas,) () + jm, 9) (o) — xam, (1) () dy.

Since
. Zj ﬂocf(‘r>XBj (I)
Crlon(x) - Z] XBj (ﬂf) I

Tioe ()
5 e ()T (Fxan) )| + | 3w, @) K ) ) = xam W] )]y (3.05)

<

= |TW f(2)] + T |f| (),

where T is as in Lemma and T® is the operator with kernel

H(z,y) = Z X5, (@) |K (2, 9)| |o(z, y) — Xa5,(y)] -

By Lemma and property (a) of Definition m, T® is bounded on L9(y_1). Next, we
prove that T is bounded on LP(y_;) for all p in [1, 00). We observe that if (z,y) € Ny7, then
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(z,y) € Ny by 6. of Lemma3.2.3, whence ¢(z,y) —x4s,(y) = 0. Moreover, if (z,y) ¢ N, and
r € Bj, then y € Ny, and so again o(,y) — xap,(y) = 0. Thus H is supported in Na \ Ny/7.

Let (x,y) be such that

1
<l —yl < o
T(1+[z] + |y|) L+ Ja| + [yl

By (c) of Definition [3.2.2]
C

o —y["
<O fa|+ [y
<O+
because |z| < |z —y|+ |y| <1+ |y|. Therefore,

K (2, y)| <

[H(z,y)| < C 1+ ly)" Y xp,(2)

< O+ [y

By Fubini’s theorem,

[l7@s@)] a1 < [ [a+ o @) dy drata)

—C [l 1) dy | dy-1 ().
(o le—y|<2/ (1 +lal +y))}
Since
A B(y,2/(1+1y))) < C(2/(1+y))"
and

v (By, 2/(1+ Jy]))) < C e A(B(y,2/(1 + y]))),

T® is bounded on L'(vy_;), that is

[l7@s@)] 411 <€ [ 1@ droito)

By a similar argument,

7% @) < | 1+ )" )] sty
{y: [e—y|<2/(A+|z|+[y])}
1

<O B O+ ) JB(x,2/<1+w|>>

|fW)] dy-1(y)-



3.3. THE MAXIMAL OPERATOR FOR THE SEMIGROUP s 91

The boundedness of T on L>(y_;) then follows from the boundedness of the Hardy-
Littlewood maximal operator on L>(y_;). By interpolation, 7® is bounded on LP(y_,) for
each p € (1,00). By (3.2.8), this concludes the proof of the theorem. ]

Theorem 3.2.8. Assume that T is a local Calderon—Zygmund operator. Then T\, is bounded
on LP(X) and on LP(vy_1) for any 1 < p < oo, and it is of weak type 1 with respect to both

measures.

Proof. By assumption (a) of Definition [3.2.2] T is either bounded on L?()) or on L?(y_4),
or it is of weak type 1 with respect to one of those measures. Then, by Proposition |3.2.7],
Tloc is of weak type 1 and of strong type ¢ with respect to both measures. Moreover, Tj,.
is a Calderéon—Zygmund operator. Indeed, by Definition (c) and (3.2.2), its kernel
Ko = K satisfies

C

Kocxy S—n7 8:(:Kocxa +8Kocx7 S—
| Kioc(, )] P— |0 Kioc (2, y)| + 10y Kioc (2, y)| P

for all (z,y) €e R* x R™, = # y.
The conclusion then follows from standard Calderén—Zygmund theory and from Propo-
sition [3.2.9l O

3.3 The maximal operator for the semigroup 74

The aim of this section is to prove weak type 1 estimates for the maximal operator J7*

associated to the semigroup {7 };>¢, defined by
" f(x) = sup | H#if ()] (3.3.1)

We recall that, by Littlewood—Paley—Stein theory, the maximal operator associated to any
symmetric diffusion semigroup, on any positive measure space (X, 1), is bounded on LP(u),
for each p € (1, oo] [Stll, Maximal Theorem, page 73], (see also |[C]). In general, the maximal
operator may fail to be of weak type 1. In the Gaussian context, the weak type (1,1)
estimate for the maximal operator associated to the Ornstein—Uhlenbeck semigroup is due to
B. Muckenhoupt [MUu] in the 1-dimensional case and to P. Sjogren [SJ] in higher dimensions.
Later, T. Mendrguez, S. Pérez and F. Soria [MPS] gave another different proof of the theorem

in higher dimensions. Finally, a simpler proof was obtained by J. Garcia-Cuerva, G. Mauceri.
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S. Meda, P. Sjogren and J.L. Torrea [GMMST2], as part of a more general theory concerning
the maximal operator associated to the holomorphic Ornstein-Uhlenbeck semigroup. We
now prove that the approach in [GMMST2] applies also in our context. The strategy is to
decompose the maximal operator into the sum of a global and a local part, and analyze them
separately. We define the local and the global parts of 7* by

oo/ (x) = sup

t>0

Jht(fv,y)xN(x,y)f(y) dy-1(y)|,

globf( ) = sup

t>0

Jht(x,y)xG(x,y)f(y) dy-1(y)|,

where we write IV and G instead of Ny and Gy, and where xn and yg denote the characteristic
functions of the sets N and G, respectively. We shall reduce the study of the local part
on LP(v_1) to the analogous problem on LP()\), where standard Calder6n-Zygmund theory
applies, and we shall carefully estimate the kernel in the global region. Then the boundedness

properties of the operator s* will follow from the trivial inequality

A f(x) < Ao f(x) + Ao f ().
We recall that, by (3.1.12)), for any s € (0,1)

(=5 (b
7 (4s)n/2 2

where 7 is defined in (3.1.11]).

We start by considering

et (,0) = R ) I CEE)

.. We shall need the following preliminary result.

Lemma 3.3.1. There exists a constant C' such that, for every s € (0,1] and (z,y) € N,

ef‘y|2 1 9
|hrsy ()| < CW exp ( 5 |z —y| ) (3.3.3)
Proof. Clearly,
C o+ 1y 1 1
‘hT(S)(x, y)‘ < 73 &XP ( - % — Z(S lz+y|* + B |z — y|2)>. (3.3.4)

If (z,y) € N, then |z + y| |z — y| < |z —y| (Jz| + |y| + 1) < 1, so that |z|> > |y|* — 1. Hence

‘$’2 + ‘912 2
exp (DY) < Cexp(— o).

Then (3.3.3)) follows from this, ([3.3.4)), and the trivial estimate exp(—1/4s |z +y|?) < 1. O
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Theorem 3.3.2. The operator 7, is of weak type 1 and of strong type q for each q € (1, 00].

Proof. Let f > 0. By Lemma [3.3.1

e (7) < Cigg ¢/ JeXp (%)m(% y)f(y) dy

= CW” f(x),

where #* is the maximal operator associated to the Gauss—Weierstrass semigroup. Therefore

*
loc

measure. Since J,7.

2.2.0l O]

is bounded on L?(\) for all ¢ € (1,00] and of weak type 1 with respect to Lebesgue

is local, the same is true with respect to the measure v_;, by Proposition

Next, we turn to J;,,. We introduce the quadratic form
Qulwy) =11 +5)y = (1 = s)al*. (335)
It is straightforward to check that
o 1 213 2 2
sle+yl + <o =yl = ZQu(w,y) = 2|yI” + 22l

whence
(1—s)"

hegs) (T,y) = T (A2

exp (— laf’ ~ -Qulew). (3.3.6)

Lemma 3.3.3. Denote by 0 = 0(x,y) the angle between the two non—zero vectors x and y
(understood to be 0 if n =1). Let 6 > 0. Then there exists a constant C such that, for each
x,y # 0 with (z,y) € G,

1—s)"

sup (s”—/z exp ( - g@s(x,y)> < Cl(1 4+ |z))™ A (|x| sin@)™"].

s€(0,1]

Proof. Let (x,y) be in G, with x # y. We start by proving the first estimate. We claim that
1 —1
|l —y| > 5(1 + |z)7. (3.3.7)
Indeed, if |y| > 1 + |z|, then

z—yl >yl —|z] >1>—-——,
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whereas |y| < 1+ |z| implies |z| + |y| <1+ 2|z|, and so

1
> .
L[z + [yl = 2(1 + |2])

lz -yl >
Write _
Qs(z,y) = |(1+s)(y — x) — 2sa|”
> [(1+4s) |z —y| — 2s |z,

and note that, if s < 1/(8(1 + |z|)?), then

ol € gt < g
S| )
=41+ |z))? T 4+ |x)
whereas
1
14+s)|lz—yl > ——F—.
e =ol = 5y
Hence
~ 1
J(z,y) > C . 3.3.8
Q ( Z/) = (1+ m)z ( )
It follows that
1—9)" 0~ c 0
o, S e (<)< s e (= )
0<SSW 0<SSW
< C(1+ [=])"

Finally, it is enough to majorize the exponential by 1 to be able to deduce that

(13;—/2)71 exp < - g@s(:v,y)> < C(8(1+ |=))?)

sup n/2

1
- <
saran? <5<t

< C(1+ |z

To prove the second estimate, observe that |(1 + s)y — (1 — s)z| > (1 —s) |z| sin 6, (the right

hand side is the length of the projection of (1 — s)x on the hyperplane orthogonal to y).
Then

—s)" ~ 1—s)" (1 — s)?
sup %@m (—éQs(x,y)> < sup %exp (—Q || sin® 9)
s S s S

0<s<1 0<s<1

< C (|x|sinf) ™",

as required. O
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We need one more preliminary result, which is contained in the following lemma. Its
proof follows closely the lines of the proof of [GMST1], Theorem 1].

Lemma 3.3.4. The operator T, defined on test functions by

T —|z|? n : —n

Tfa) = e (L [al)" A (1] sin6) ") dr-a(v) (3:3.9)
extends to an operator of weak type 1 with respect to the measure ~v_1.

Proof. Assume that || f{/1(,_,) = 1 and f > 0, and fix & > 0. Let E, and £, denote the level
set {z : Tf(z) > a} and the biggest amongst the solutions of the equation

e (1+1)" =a, (3.3.10)
respectively. Then E, C B(0,&,), because |z| > &, implies
Tz) <e (14 |z)" < a (3.3.11)

We need only to consider the intersection between E, and the ring R = {{,/2 < |z| < &,},

because
Ea/2

7-1(B(0.6/2)) < CJ e p"tdp

0

< O ebalt (€Q/2)n*2
<O (1+48&)™"
< Cal.

Set B/, = {2’ € S"':3p € (£,/2,&,) such that pr’ € E,} and, for 2/ € E',, denote by r(z’)
the biggest such p. Then T'f (r(2')2’) = a by continuity, and this implies

¢ A (asind) ") i) (33.12)

Let dz’ denote the surface measure on S*'. We have

r(z’) ) .
dz’ J e” p"Hdp

7—1(E04 N R) - J
/2

E,

/
[e3

< C’J @ ()2 da!
E

’
@

J dw’Jéi" A (sind) ™" f(y) dy-1(y)-

T a&l e,
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Now, we change the order of integration and observe that

L B 2" A (sinf)™™ da’ < 0&2, (3.3.13)
as required to obtain the estimate for v_;(E,). O

Theorem 3.3.5. The operator F€

alob 18 of weak type 1 and of strong type q for each q €
(1, 00].

Proof. The operator J;, is trivially bounded on L*>(~_1); moreover, it is controlled by

the operator T' defined in 1} whence it follows from formula 1) Lemma and

Lemma [3.3.4] that T is also of weak type 1. The boundedness of H o

from these estimates by interpolation. O

, on LP(y_;) follows

Theorem 3.3.6. The operator *, defined in , is of weak type 1 and of strong type
q for each q € (1, 00].

Proof. The result follows directly from Theorem [3.3.2] and Theorem [3.3.5 [

3.4 Multiplier operators for .o/

In this section we summarize some of the results we have obtained concerning spectral
multipliers associated to the operator «7. As explained in the introduction, we do not
provide details of the proofs.

Recall formula , which we rewrite as

A= ki, (3.4.1)
k=n

where &, = %, P,%,. Given a bounded sequence M : {n,n+1,...} — C, we define the

spectral multiplier operator associated to the spectral multiplier M by
M(&)f =Y MGES  VfeL (). (3.4.2)
Jj=n

Assume now that M is of Laplace transform type, i.e., it is of the form

M) =7 ro p(t)e dt  Vj>n, (3.4.3)

0
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for some bounded measurable function ¢ defined on (0, 00). Then we say that the operator
M (<f) associated to M is a multiplier operator of Laplace transform type. Since M is
bounded on the spectrum of &, M (/) is bounded on L?(y_y).

The following result is the counterpart for &/ of a well known theorem concerning the
Ornstein-Uhlenbeck operator [GMST?2].

Theorem 3.4.1. If the function M is of Laplace transform type, then the multiplier operator
M (<) is of weak type 1 with respect to the measure y_.

Next, we state a result concerning bounded holomorphic functional calculus of order 1/2
in LP(y_1), for 1 < p < co. We need some notation. For any ¢ € (0, ), we denote by H>(Sy)
the space of bounded holomorphic functions on the open sector Sy, = {z € C : Jargz| < ¢}. It
is known that every function M in H>*(S,) admits a bounded extension to S, also denoted
by M.

Definition 3.4.2. Assume that J is a nonnegative integer and that ¢ € (0,7/2). Define
H>(Sy; J) as the Banach space of all the functions M in H>(S,) for which there exists a
constant C such that

rR 2 dA
sup

INDIM (N =< C*  Vjie{0,1,...,J}, (3.4.4)
R>0 A

R

endowed with the norm

| M| ;s = inf {C : holds}.
Condition (3.4.4)) is called a Hormander condition of order J.

For any b in R, denote by 7, the translation operator
(r)=x—-b VreR.

Our main results are the following theorems. Set ¢ = arcsin [2/p —1].
Theorem 3.4.3. If 1 <p < oo and u € R, then
= e®rlul as u tends to oo.

™

v
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Theorem 3.4.4. Suppose that a is a positive number, and that 1 < p < oo, p # 2. Let
M :{nn+1,...} — C be a bounded sequence and assume that there exists a bounded

holomorphic function M ina+ S¢; such that

Then the following hold:

(i) if oM € H*(Sy4x;1/2), then M(&/) extends to a bounded operator on LP(v-1), hence
on Li(vy_y) for all q such that |1/q —1/2| < |1/p — 1/2|. Furthermore,

1M ()| oryy < C (IM oo + | M

¢;§;J)’
where C' does not depend on M ;

(i1) if oM € H>(Sy:) and [1/q —1/2| < [1/p—1/2|, then M (<) extends to a bounded

operator on L(~y_1).

We may assume that a > n. Observe that

M(t)= > Mk+n) &+ > Mk+n)é

k<a—n k>a—n

= Z M(k+n)é&, + Z M(k+n—a+a)é; (3.45)
k<a—n k>a—n

= Z M(k+n)gk+z(Tfaﬁ)(j)@@j+afn-
k<a—n J=1

Observe that T,QM is in H °°(S¢;; J). Denote by .7, the operator, spectrally defined on
L*(y-1) by
<§%j?::j£:é%+a—nf-
j=1

Thus,
M) =Y M(k+n)& + (r.M) () (Fuf).

k<a—n
Since the projection &} extend to operators bounded on LP(v_;), 7, extends to a bounded
operator on LP(vy_q).
Now we briefly discuss some necessary conditions for M (/) to be an LP(y_;) spectral

multiplier. Our approach follows the same lines as [HMM].
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Following Hebisch, Mauceri and Meda [HMM], we introduce the class of LP(vy_1) uniform
spectral multipliers of <7, as the space of those multipliers M satisfying

Sup [[M(t2) | o, < 00

We have proved the following.

Theorem 3.4.5. Assume that M : [0,00) — C is bounded, and continuous on (0,00). The
following hold:

(i) if p is in (1,00) \ {2} and M is a LP(~y_1) uniform spectral multiplier of <, then M

extends to a bounded holomorphic function in the sector S¢; and

I ~(5p) < 5D IMES 0, 5
(it) supyso [|MEA )11, ) < o0 if and only if M extends to a bounded holomorphic func-
tion in the half plane Sxj2, and M(—2i-) is the Fourier transform of a finite measure

uM on R, supported in [0,00); furthermore,

i | arry = sup [[M(t)l| 1., -
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