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Introduction

This thesis deals with two quite diverse problems: the first is the pointwise conver-
gence of Bochner-Riesz means of functions with some smoothness and the estimate
of the dimension of the divergence set, the second focuses on the development of
new function spaces of Hardy type, which are tailored to produce endpoint esti-
mates for interesting operators, mainly related to the Laplace—Beltrami operator on

noncompact Riemannian manifolds.

The Bochner-Riesz means are discussed in Chapters 1, 2 and 3, and the Hardy
spaces occupy Chapters 4 and 5. Here we briefly describe the main results we have

obtained, and illustrate the relationships with related results in the literature.

Bochner—Riesz means

The Fourier transform of an integrable function is not necessarily integrable, hence
the inversion formula for this transform may involve integrals which are not abso-
lutely convergent. In order to get around this difficulty, suitable summability meth-
ods are introduced. In particular, the Bochner-Riesz means of order (3 of functions

in R? are defined by the Fourier integrals

B ey LS
SRf(x)_/ﬂsKR} (1 ‘R

When 8 = 0 one obtains the spherical partial sums, which are a natural analogue of

2 B
) F(€) exp(2miga)de.

the partial sums of one-dimensional Fourier series.

A classical result in this field is the following:

Bochner-Riesz means with index > (d — 1) |1/p — 1/2] of functions in L (R?)
converge in norm and almost everywhere.

The cases p = 1,2, 400 are due to Bochner and the general case 1 < p < +o00 is
due to Stein. See [SW), VIL5]. See also [Cal, [CRV], [Chr2 [Le] for better results when
p > 2, and [T] for the case p < 2. Indeed, the results for the norm convergence are

different from the ones for pointwise almost everywhere convergence. Anyhow, in
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dimension greater than one the precise range of indexes for which convergence holds
is still unknown.

Since the harmonic analysis of radial functions reduces to a weighted one-dimensional
analysis, the problem of convergence of Fourier expansions becomes simpler and more
precise results are known:

Bochner-Riesz means with index 3 > max {d|1/p — 1/2| —1/2,0} of radial func-
tions in LP (]Rd) converge in norm and almost everywhere.

See [P, Kl IMP] for extensions to symmetric spaces. For endpoint results in
Lorentz spaces see also [CPL [CCTV] [CTV] [RS]. Other classical results on conver-
gence of Fourier series of functions with some smoothness are due to Beurling, and
Salem and Zygmund:

If > n? (]a(n)|2 + |b(n)|2) < +o00, then the set of points of divergence of the
series Y a(n) cos(nz) + b(n)sin(x) has outer (1 — ) capacity zero if 0 <~y <1, or
it has outer logarithmic capacity zero if v = 1.

See [Zy, XIII.11]. These results have been extended to multi-dimensional Bochner-

Riesz means:

Bochner-Riesz means with index > max{(d —1)/2 —~,0} of functions with
~v > 0 integrable derivatives in L' (]Rd) converge pointwise, with possible exception
of sets of points with Hausdorff dimension at most d — ~. Similarly, Bochner-Riesz
means with index 3 > 0 of functions with v square integrable derivatives in L* (]Rd)
converge pointwise, with possible exception of sets of points with Hausdorff dimension

at most d — 2.
See [Coll]. See also [CS2], and [BBCR] for related results on the convergence to

the initial data of solutions to dispersive equations. In the first chapter of our dis-
sertation we consider an analogue of the above results for functions with derivatives

in LP (Rd) with 1 < p < 400. In particular, we prove the following:

Let 3> 0 and 0 < v < d and denote by G (x) the Bessel kernel defined by the
Fourier multiplier @(5) = (1L + [H)72 If f(x) = GY % F(x) with F € LP(RY),
1 < p < 400, then the Bochner-Riesz means Sgf(x) converge pointwise to f(x) as
R — 400 with a possible exception of a set of points x with Hausdorff dimension at

most d — vyp if one of the following conditions holds:

@) 5> =1 -3

)

2
or

g 1 1y 1 d—1
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These results are not exhaustive and the ranges of indexes are not optimal.
Perhaps this reflects the fact that also the problem of convergence of Bochner-Riesz
means in L classes is still open. However, at least for radial functions, we can prove
some definitive results. In the second chapter we first prove an equiconvergence result
between Bochner-Riesz means of trigonometric and Bessel expansions. In particular,
this implies equiconvergence between Bochner-Riesz means of radial functions in
one and several dimensions. When applied to functions in Sobolev classes, the

equiconvergence result gives the following:

Assume > 0, v > 0,1 < p < +oo, and 2d/(d+1+26+27y) < p <
2d/(d—1—23). Then the Bochner-Riesz means with index ( of radial functions
with v derivatives in LP (]Rd) converge pointwise, with a possible exception of a set
of points ) with the following properties:

(1) if vp <1, then the Hausdorff dimension of Q is at most d — vp;

(2) if 1 <~p<d, then Q either is empty or it reduces to the origin,

(3) if vp > d, then Q is empty.

The above ranges of indexes are the best possible. Divergence of Bochner-Riesz
means of radial functions occurs in spheres {|xz| = r}, and sets of spheres of dimension
d—vp in R? correspond to sets of radii of dimension 1 —~p in R,. Observe that the
above results are natural, since functions with v derivatives in LP (Rd) can be infinite
on sets with dimension d — p, but not on larger sets. Also observe the asymmetry
between p < 2 and p > 2. When p < 2, if the smoothness index ~ increases, then
the critical index # = d(1/p — 1/2) — 1/2 — ~ for summability decreases, but when
p > 2 the critical index f = d(1/2 —1/p) — 1/2 for summability is independent of
the smoothness 7.

Indeed, we prove more precise results for Lorentz spaces and Fourier-Bessel ex-
pansions.

In the third chapter we prove an equiconvergence result between Bochner-Riesz

means of Bessel expansions and expansions in eigenfunctions of Sturm-Liouville op-

—A(a:)_lc% (A(x)%).

In particular, when A(z) = 297!, this operator is the radial part of the Laplace

operator in R?, and when A(z) = sinh® ™ (z) cosh® ™! (), with suitable o and 3, this

erators of the form

operator is the radial component of the Laplace-Beltrami operator on noncompact
rank one symmetric spaces. Hence, this gives equiconvergence between Bochner-

Riesz means of radial functions in Euclidean and non-Euclidean spaces. Finally we
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apply this equiconvergence result to the study of the convergence of eigenfunction

expansions of functions in Sobolev classes.

Hardy type spaces

The Hilbert transform on the real line is the prototype of a class of operators known
as singular integral operators. These operators arise in quite diverse settings, rang-
ing from classical Fourier Analysis to fluid dynamics. Their study was initiated
around 1920, when Kolmogorov [Ko| and M. Riesz [R] proved their seminal re-
sults concerning the Hilbert transform, and it is still the source of many interesting
problems. The Hilbert transform is bounded on LP(R) for all p € (1,00), but it
is unbounded on L'(R) and on L*®(R). In the aforementioned paper, Kolmogorov
proved that the Hilbert transform is of weak type 1, a result which, together with
the Marcinkiewicz interpolation theorem and a duality argument, allows us to re-
cover the LP(R) boundedness of the Hilbert transform for all p € (1,00). A modern
approach to the boundedness of the Hilbert transform relies on an estimate for p = 1
which involves the Hardy space H'(R). This approach also produces an endpoint
estimate for p = oo, i.e., the L>*(R)-BMO(R) estimate.

The purpose of this thesis is to develop a theory of appropriate spaces of Hardy
type, and of their duals, on quite general settings and obtain endpoint estimates for

interesting singular integral operators on Riemannian manifolds.

Singular integral operators have been considered in a variety of contexts, includ-
ing Lie groups, symmetric spaces and Riemannian manifolds [S, [CDl [ACDH, Rul
AMR], and, more generally, on measured metric spaces (M, d, v), where (M,d) is a
metric space and v is a Borel measure on M satisfying some mild conditions. If v is

doubling, i.e., there exists a constant D such that
v(2B) < Dv(B) for every metric ball B, (0.0.1)

the theory of singular integral operators parallels the classical theory in R™ (see
the excellent exposition in [Chrl] along with the classical paper [CW] and the book
[St2]). However, if (0.0.1) fails, the classical approach is no longer applicable and

new ideas are required.

Motivated by the classical Painlevé problem [Chrl], a line of research was ini-
tiated, aiming at the development of a theory of singular integral operators in the
Euclidean space R"™, endowed with a locally nondoubling measure v of polynomial
growth. This theory includes the spectacular contributions [NTVI V], [To] (see also

the references therein) and it is still in evolution.



In this thesis we mainly focus on the case where v is locally doubling but globally

nondoubling, i.e., for every positive number R there exists a constant Dy such that
v(2B) < Drv(B) for every B of radius at most R, (0.0.2)

and supp Dr = +00. The driving example we have in mind is the hyperbolic plane.
If the Riemannian metric is suitably normalised, then the volume of hyperbolic balls
of radius r is approximately r? when r is small but it is ¢” when r is large, so that

the hyperbolic measure is locally doubling but globally nondoubling.
The study of singular integral operators in this thesis is motivated by the prob-

lem of analysing operators naturally associated to the Laplace-Beltrami operator on
noncompact Riemannian manifolds. Let M be a connected noncompact complete
Riemannian manifold with Riemannian measure p, (positive) Laplace—Beltrami op-
erator £ and gradient V. The closure of £, initially defined on C°(M), is a self
adjoint operator, which we still denote by L. In the classical case where M = R" the
Riesz transform V(—A)~/2 and the purely imaginary powers (—A)™, u € R, of the
Laplacian A are prototypes of singular integral operators on R™. They are known
to be bounded on LP(R™) for all p in (1,00), and unbounded on L!'(R™) and on
L>(R™) [St2]. L. Hérmander [Ho|, and C. Fefferman and E.M. Stein [FeS]) proved
that singular integral operators satisfying the so-called Hérmander integral condi-
tion are of weak type (1,1) and bounded from the Hardy space H'(R") to L'(R")
and from L>®(R") to BMO(R"™). These results apply, in particular, to V(—A)~%/2
and (—A)™. Recall that functions of the Laplacian may, at least formally, be recon-
structed from (—A)™ via a subordination formula involving the Mellin transform
[St1l, [Co]. This is one of the reasons which make (—A)™ an important example of

singular integral operator.

In [S] R.S. Strichartz proposed to investigate the boundedness of the (trans-
lated) Riesz transform on Riemannian manifolds, and several multiplier results of
Hormander type for Laplacians on Lie groups [CGHM| HeS| Va] and symmetric
spaces [CS| [ATl [A2) T1], T2 T3, IMV] were proved. It is natural to investigate the
boundedness of the operators VL2 (and its modified version V(aZ + £)~%/2 for
a > 0) and £™, and of more general functions of £ that will be described below.
It turns out that, at least locally, the Schwartz kernels of these operators behave
much as the kernels of their Euclidean analogues. Thus, these operators deserve to

be termed singular integral operators on manifolds.

The multiplier result for generators of semigroups proved in [St1l, [Co] applies to
L™ and gives the LP(M) boundedness of these operators for p in (1,00). The LP(M)
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boundedness of VL1/2 for p # 2, and without additional assumptions on M, seems
to be a challenging problem, and it is the object of a very active line of research
(see, for instance, [CDL [ACDH]| and the references therein).

/2 and £™ are concerned, interesting results

As far as endpoint estimates for V.L~
for p = 1 have been obtained in the case where i is doubling and M satisfies some
extra assumptions, such as appropriate on-diagonal estimate for the heat kernel
[CD], or scaled Poincaré inequality [Rul, [MRul [AMR]. It is noteworthy that if M is a
Riemannian manifold of exponential volume growth, then weak type (1, 1) estimates
for VL£~/? and £™ are known only when M is a Riemannian symmetric space of the
noncompact type [All [A2] [2, I3, MV]. Weak type (1, 1) estimates for a reasonably
wide class of Riemannian manifolds with exponential volume growth seems to be
out of reach. Thus, an intense research activity has recently been devoted to find
analogues of the Hardy space H'(R") in various settings, including Riemannian

manifolds.

In this thesis we introduce and study certain spaces of Hardy type on Rieman-
nian manifolds M with Ricci curvature bounded from below and positive injectivity
radius, and we obtain endpoint estimates for Riesz transforms and classes of spectral

multipliers of £. Here are the details.
An improvement of a result of M. Taylor

In Chapter 4 we define a local Hardy space h*(M) of Goldberg type (see [G] for the
original definition in the Euclidean case) on a measured metric space M enjoying the
local doubling and the approximate midpoint properties and satisfying the uniform
ball size condition (see Section[4.1]for the definitions). The space h*(M) is an atomic
space, and atoms are either standard atoms, i.e., L? functions supported in balls of
radius < 1 (say) and satisfying a size condition and a cancellation conditions (the
same as in the classical case), or global atoms, i.e., functions defined on balls of
radius exactly equal to 1, that satisfy the same size condition as standard atoms,
but do not have cancellation properties (see Definition for details). We prove
that the topological dual of h*(M) may be identified with a local space bmo(M) of
functions of bounded mean oscillation in an appropriate sense (see Sections and
[.5), and that if p € (1,2), then LP(M) is a complex interpolation space between
b (M) and L?(M) (see Section [4.7).

This theory applies in particular to Riemannian manifolds M with Ricci curva-
ture bounded from below and positive injectivity radius. Note that such manifolds

may very well have exponential volume growth, so that they may not be homoge-
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neous spaces in the sense of Coifman—Weiss.

Under much more restrictive assumptions on the geometry of M, a local Hardy
type space has recently been introduced by M. Taylor [T3]. We show that, under
these assumptions, Taylor’s space agrees with the space h' (M) defined above. Tay-
lor’s result that LP(M), 1 < p < 2, is an interpolation space between h'(M) and
L?*(M) is therefore a special case of Theorem below. It is worth noticing that
our methods are rather different from Taylor’s, and some new ideas are required to
deal with metric measured spaces possessing the aforementioned properties. Indeed,
Taylor’s assumptions imply a uniform local control on all derivatives of the Riemann
tensor and are strong enough to transfer “any local issue” to the tangent space and
to transform it in a purely local Euclidean issue. This is no longer possible un-
der our more general assumptions. Taylor proved also h'(M)-h1(M) estimates for
certain spectral multipliers of £ satisfying an appropriate Hormander type condi-
tion at infinity. By slightly modifying arguments of Mauceri, Meda and Vallarino,
in Section we prove a similar result when M is a Riemannian manifolds with
Ricci curvature bounded from below and positive injectivity radius. In the same
section we show also that translated Riesz transforms V(aZ + £)~2, a > 0, are
bounded from h*(M) to L' (M) as long as a is large enough, thereby complementing

comparatively recent results of Russ [Rul.
New Hardy type spaces and SIO at infinity

Suppose that M is a Riemannian manifold with Ricci curvature bounded from below
and positive injectivity radius. A challenging problem is to find a Banach space X,

contained in L*(M), such that

(a) the (nontranslated!) Riesz transform V£~/2 and spectral multiplier operators
satisfying conditions of Mihlin—-Hormander type, both at infinity and locally,
are bounded from X to L'(M);

(b) LP(M), 1 < p < 2, is an interpolation space between X and L*(M).

Note that the main difference between the kernels of VL2 and of V(aZ + £)~'/2,
a > 0, is that the latter is, for a large enough, integrable at infinity, i.e., there exists

a constant C' such that
| vz npaldap) <€ Vye M,
B(y,1)¢

whereas a similar estimate for the kernel of V.£71/2 fails (for instance in the case

where M is the hyperbolic plane). Roughly speaking, the difference between V(aZ +
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£)~/? and VL2 is somewhat similar to the difference between the Hilbert trans-
form and the truncated Hilbert transform, whose convolution kernel agrees with that
of the Hilbert transform near the origin and vanishes outside a compact interval of R.

It is not hard to show that in the case where M is the hyperbolic plane, then
VL2 is unbounded from h*(M) to L*(M), so that h*(M) cannot play the role of
the space X above.

The material contained in Chapter 5 is the result of our attempts to find a good
candidate for the space X. We must say that we have developed a good theory for
manifolds satisfying the additional assumption that M has spectral gap, i.e., the
bottom b of the spectrum of L is strictly positive. However, this theory parallels the
one recently developed by Mauceri, Meda and Vallarino under the same assumptions,
and therefore, though new, it is not really innovative with respect to the existing
results in the literature.

However, the spaces we introduce have a potentially wider range of applications
that those of Mauceri, Meda, and Vallarino. Indeed, the latter are based on the
local Hardy spaces H'(M) of Carbonaro, Mauceri, and Meda that enjoy interest-
ing interpolation properties only in the case where M possesses the isoperimetric
property IP ( equivalently, under the assumption of bounded geometry, if b > 0),
whereas the former, especially their atomic definition (see Definition [5.4.4), make
sense without assuming the IP. Unfortunately, so far we have not been able to de-
velop all the implications of our theory, and we shall leave further investigations to
the near future.

We now briefly describe the results contained in Chapter 5. We assume that M is
a Riemannian manifold with Ricci curvature bounded from below, positive injectivity
radius and spectral gap, i.e., the bottom b of the spectrum of £ is strictly positive.
It may be worth observing that under these assumptions the Riemannian measure
is nondoubling and that the volume of geodesic balls in M grows exponentially
with the radius. Recall also that for a Riemannian manifold satisfying the above

assumptions there are positive constants «,  and C' such that
n(B(p,r)) < Cr® e Vr e [l,00) Vpe M, (0.0.3)

where M(B(p, 7“)) denotes the Riemannian volume of the geodesic ball with centre p
and radius r.

Notable examples of such manifolds are Cartan-Hadamard manifolds with Ricci
curvature bounded from above and below by two negative constants, in particular,

nonamenable connected unimodular Lie groups equipped with a left invariant Rie-
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mannian distance, symmetric spaces of the noncompact type with the Killing metric
and Damek—Ricci spaces.
Mauceri, Meda, and Vallarino [MMV2, MMV3] introduced a sequence of new
spaces
XY (M), X* (M), X3(M), ...

each of which is isomorphic as a Banach space to the local Hardy space H'(M),
defined in [CMMI], and possesses the properties (a) and (b) above. Here we show

that we may define a sequence of spaces of Hardy type
XN (M), X*(M), (M), ...

each of which is isomorphic to h'(M) as a Banach space, which may play the role
of the space X above. Since the theory of X*(M) is parallel to that of the spaces
Xk(M), we omit the lengthy details thereof and just state the main results. The
space X¥(M) is defined as follows. Denote by U, the operator £ (¢Z + £)~!, where
c is a positive constant, large enough. It is straightforward to check that U, is a
bounded injective operator on L'(M) + L?(M). Denote by X*(M) the range of the

restriction of U* to h(M), endowed with the norm

£ 1le = 124" f e

By definition, each arrow of the following commutative diagram is an isometric

isomorphism of Banach spaces.
b (M)

x(M)

XM
U, (M) U, U,

x*(M)

By a result of R. Brooks, b < (3*. We shall prove (see Theorem that some
strongly singular spectral multipliers (see Definition are bounded from h* (M)
to L*(M) when b < 32, and from X*(M) to L*(M), for k large enough, when b = 32.
Moreover, we shall prove that if b = 52, then the Riesz transform V.£~'/2 is bounded
from X*(M) to L'(M), for k large enough.

We also show that X*(M) has an atomic decomposition in terms of special atoms,
which generalise the special atoms introduced in [MMV3]. This atomic space, which

agrees with the previously defined X*(M) when b > 0, makes sense even without



X INTRODUCTION

the assumption that M has spectral gap. Then, an important issue in this case is
whether LP(M), 1 < p < 2, is an interpolation space between X*(M) and L?(M). We
know that this is not the case when M = R. It would be interesting to find manifolds
M without spectral gap for which the aforementioned interpolation property holds.
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Bochner-Riesz means






Chapter 1

Pointwise convergence of

Bochner-Riesz means

In this chapter we define and study the Bochner-Riesz means of functions in Sobolev
spaces. In particular, we determine sufficient conditions for the pointwise conver-

gence and we estimate the Hausdorff dimension of the divergence set.

First we introduce the main object of our analysis and we recall the basic defi-
nitions we shall need.

Given a function f € L'(R%), its Fourier transform is defined by
J©= | floyeme du
Rd
and the Fourier inversion formula is given by
fla)= [ e de.
R4

The last integral may not be absolutely convergent, since in general fis not inte-
grable. Therefore, in order to recover a function f from its Fourier transform, it is
necessary to introduce some summability methods. The simplest way is to consider
the spherical partial sums Sg defined by

~

Spx f(z) = /If J@eme i

or equivalently

(Sr* £) (€) = xqei<ry F(€)-

A classical problem in Fourier analysis consists in determining if
lim Spxf=7f
R——+o00

3
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both in norm and pointwise, everywhere or almost everywhere.

The problem of convergence in LP-norm in dimension d = 1 was solved by Riesz: he
proved that limp_, o [|[Sr* f — f||, = 0 for all f € LP(R) if and only if 1 < p < +o0.
In higher dimensions, Fefferman showed that convergence in LP-norm holds if and
only if p = 2.

As for the problem of almost everywhere convergence, the Carleson-Hunt theorem
states that if f € LP(R), 1 < p < +00, then the spherical sums of f converge al-
most everywhere. The problem remains open for d > 2. For the related problem
of localization see [B], [Col2], [CS2]. This results in higher dimensions suggest to
consider summability methods whose multipliers are more regular than the charac-
teristic function of a ball, such as the Bochner-Riesz means.

The Bochner-Riesz kernel S}g(x) of order 3, with 3 > 0, is defined in terms of its

Fourier transform by ¢ 5
— 2

S? :(1 — ‘— ) :

2(0) A

This kernel can be written explicitly in terms of Bessel functions:

Sp(x) = 7P (B + 1)RY* Plx|=P=U2 J5, 49 (27 R|2|).
By the asymptotic formula of Bessel functions this kernel has a decay
[Sp(@)] < ¢ RY(1 + Rla|)P~(*+D/2,
The Bochner-Riesz means of order 3 of functions on R? are defined by

€1V 2o i
SIB — (1_‘_)> 27rz§xd‘
it = [ (1= |5]) Foemer ae
Observe that if § = 0 we obtain the spherical sums.
The Bessel kernel G7(x), with v > 0, is defined as that function whose Fourier

transform is
G(e) = (1 + )"

It is known that G” is a positive and integrable function. Indeed, it is asymptotic
to c|z[’~? when x — 0 and it has an exponential decay at infinity. See [St3] and
Lemma [1.0.2] below.

Define also the Riesz kernel 17(x), with 0 < v < d, as

I(x) = |z~
If v > 0 and p > 1, the Bessel capacity of a set E C R? is defined by

B ,(E) = mf{|[ | : G+ f(x) > L on E}.



The Riesz capacity R, is defined in a similar way, by replacing G” with I7. It
follows directly from the definitions that R, ,(E) < C B, ,(E). Actually, it is also
true that the Bessel and Riesz capacities have the same null sets (see [Z, p. 67]).

It can be proved that when the d—vyp Hausdorff measure of £ is finite, then B, ,(E) =
0. Conversely, if B, ,(E) = 0, then for every e > 0 the d — yp+ ¢ Hausdorff measure
of £ is 0. (See [Z, Th 2.6.16]).

The problem of almost everywhere convergence of Bochner-Riesz means has been
widely studied. The following results are well known, see [SW]. If Re(5) > (d—1)/2,
the critical index, then the Bochner-Riesz maximal operator S? f(z) = sup ., |Sh *
f|(z) is of weak type (1,1) since it is pointwise dominated by the Hardy-Littlewood
maximal operator. If p = 2 and Re() > 0, then S?f is bounded on L*(R%). There-
fore, by complex interpolation, the Bochner-Riesz maximal operator is bounded on
LP(RY), with 1 < p < 400 and 3 > (d — 1)|1/p — 1/2|. From these results for the
maximal operator the almost everywhere convergence follows: if f is in LP(R?), with
1 <p<4ooand §> (d—1)|1/p—1/2|, then limp_ 00 S5 * f(z) = f(z) ace..
This result is not optimal. Indeed, Carbery in [Ca] established the pointwise con-
vergence of the Bochner-Riesz means when 2 < p < 2d/(d—1—2/) and d = 2. The
same result for d > 3 was obtained by Christ in [Chr2], under the extra assump-
tion that 5 > (d — 1)/2(d + 1). See also [Le]. Finally, Carbery, Rubio de Francia,
and Vega in [CRV] removed the restriction on 3, showing that S?f is bounded on
the weighted space L?*(Jz|™) if d(1 — 2/p) < A < 1+ 28 < d and observing that
LP C L? + L?(|z|™"), and it has been shown by Rubio de Francia that the Bochner-
Riesz means of index 3 are not defined in LP(R?) when p > 2d/(d—1—2 3). Therefore
the problem of almost everywhere convergence of Bochner-Riesz means when p > 2
is essentially solved. On the other hand, as far as we know, sharp results when p < 2
are not known. Anyhow, see [T].

Here we consider the pointwise convergence for more regular functions, in particu-
lar functions in Sobolev classes. As shown by Colzani in [Coll], the Bochner-Riesz
means of functions with v integrable derivatives with S+~ > (d—1)/2, may diverge
only in a set of points of Hausdorff dimension at most d —~. Here we generalise this
result to the case of functions with v derivatives in LP(R), 1 < p < co. In particular,
we obtain conditions on (3, v, p and d that ensure the pointwise convergence up to a
set with Hausdorff dimension at most d —y p. Since the functions we are considering
may be infinite precisely on sets of dimension d —~ p, the estimate for the dimension

of the divergence set is best possible. We prove this in two different cases: when
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B> (d-1)1/p—1/2| or when f+~v > (d—1)/2 and 8 >d(1/2—1/p) — 1/2.

More precisely, we obtain the following result.

Theorem 1.0.1. Let 1 < p < 400, 0 <~v < d and 3 > 0, and assume that one of
the following properties holds:

1 1

(i) > (=D —5

or
1 1y 1 d—1
g 11y 1 L4-1
(ii) ﬁ>d<2 p) 5 and 34y > 5
Then for every function F' € LP(R?) there exists a function H € LP(R?) with | H|, <
C||F||, and such that

SB(G7 x F)(z) = sup |Sp + G * F|(z) < I'" % H(x).

R>0

We split the proof into a series of lemmas. The first lemma describes the be-

haviour of G” near the origin and at infinity.

Lemma 1.0.2. If0 < v < d, then

Clap1 if x| =0
G'(z) <

e~clel if x| — 4o0.

Proof. There is an explicit formula of this kernel in terms of the Bessel functions of
the third order. Anyhow, there is a more elementary approach. By the identity for

the Gamma function,
(1+ |£|2)—v/2 - F(7/2)‘1 /Oo /21 o—t(1+E]?) dt,
0

it follows that the Bessel kernel is a superposition of heat kernels,

+o0
) R I O
0

The lemma easily follows by estimating the size of the above integral. For more

details see for example [St3]. O

Now we prove that the convolutions in the statement of the theorem are well
defined. We shall denote by LP>®(R?) the Weak-LP spaces. As it is well known,
LP(RY) C LP>°(RY).



Lemma 1.0.3. Let 1 < p < 400, 0 < 7y < d, f > max{0,d(1/2 - 1/p) — 1/2}.
Then for every F € LP(R?) the convolution Sg x GV x F is well defined and it is

commutative and associative:
SEx(GT % F) = (Sh« GV« F =G % (Sh x F).

Proof. This follows by applying twice Young’s inequality for convolutions in Weak-
LP spaces: given 1 < p,q < oo with 1/p+1/q > 1, if f € LY(R?), g € LP*°(R?) and
h € L>®(R%), then the convolution f * g * h is well defined and it is commutative
and associative.

The Bochner-Riesz kernel Sy (z) has decay ¢ R4(1 4+ R|x|)~#~ (@172 hence S9(z) is
in L#*°(R%), with 1/q = (28 + d + 1)/2d. Moreover, by the previous lemma, G7(x)
is an integrable function. Hence, in order to prove that Slg * G7 x F' is well defined

it suffices to require that

that is to say

To prove the theorem we shall make use of the following lemmas.

1_

Lemma 1.0.4. Let 1 < p < 400 and 8 > (d — 1) |, — 3
operator SP f(x) = supp-o |5 * f|(z) is bounded on LP(R?).

. Then the mazximal

Proof. This is a classical result of Stein, see [SW, Thm 5.1]. O

Lemma 1.0.5. If 6+~ > (d—1)/2 with 0 < vy < d, then

sup |S9 « GV|(x) < Clz[ 4.
R>0
Proof. By definition

SPx G7(x) :/

g
R +

AleP)y (1= [RTE?) e,

Introduce a partition of unity {4, ¢} on R, with ¢ and ¢ smooth and nonnega-
tive, 6(p) +(p) = 1 and

o(p)=1if0<p<1/3and ¢(p) =0if p>2/3,

P(p)=1if2/3 < p<1and ¢(p) =0if p<1/3.
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Then
B -1 2\—v/2 —1¢12 p 2mil-x
SpeG() = | S(RED+[gP) 72 (1 - |RT¢?) ermiea
Rd +
-1 2\—v/2 —1¢)2 p 2mi-x
+ [ e+ IR (1 - R emeede.
R4 +
To estimate the first integral set
K (&) = o(IED (L — [€*)]-
Then, if Kp(r) = RYK(Rz), we can rewrite the first integral as

[ oD+ )2 (1= RGP T = Kk (o).
Rd +

Let us now recall the definition of the Hardy-Littlewood mazximal function Mf: if f

is a locally integrable function, then its Hardy-Littlewood maximal function is

M f(x) = sup

r>0 |Br| B,

|f(z —y)| dy,

where B, denotes the ball of radius r centred at the origin.

Since the kernel K (x) is bounded and rapidly decreasing at infinity, one has

sup |Kg * G"(z)| < CMG"(z).

R>0

Since G7(z) < Clx['~? and since the Hardy-Littlewood maximal function of a radial

homogeneous function is radial homogeneous, it also follows that
MG (z) < CM|z|™¢ = Cla|

Now we have to estimate the second integral. A crude estimate gives

[ wlm e et (1= R eR) o]
R4 +
B
— _A// . —
< [ o(RTIED+ 6B (1= R ER) g
R 3
=C R! 2 =/2(1 — (R~1))? d-14
| (= )
1
= R [ U R+ )= )y
0

< CR*
= C(R|a])* |«

If R|x| < 3, the desired estimate follows.



To estimate the integral when R|z| > 3, we introduce another smooth cut-off
function 0 < x(p) < 1 such that x(p) = 1if 0 < p < 1—2/R|z| and x(p) = 0 if
p > 1—1/R|x|. Moreover we require that for all j =0,1,2,...,

0| < )Rl
Then
! 2\—v/2 —1¢12 A 2mil-x
| oD@+ lgpy (1 - 1) g
R +

B )
= [ = xRN+ ) (1 1RGP g
Rd +
B )
[ REDu R gD+ 1) (1 (R e s
Rd +
In polar coordinates the first integral becomes
B )
= R Dy R b1+ 1) (1 R e
Rd +
R
o R R e (O M A
0 lo|=1

1
=R /0 P = X(P)e(p) (R + ) 72 (1 + )" (1 = p)” /w . e dgdp.

It is well known that

‘/ e27rix-9d0’ < C|x‘f(d71)/2.
|0]=1

This is a standard estimate for oscillatory integrals with non-degenerate critical
points. Anyhow, this estimate immediately follows from the decay of Bessel functions

and the explicit formula
/ 79 — 2| D72 gy (27,
|0]=1

See, for example, [St2, p.347].
Therefore, if 54+ ~v > (d —1)/2 and R|z| > 3, we get

| / (1= X(REDVSRED 1+ 1Py (1 - [ReP) eieag]

1
<C R(d+”/2‘”|ﬂf|‘(d‘”/2/ (1= x(p)(1 = p)’dp
0

<C R(d“)/?_’V]:c\_(d_l)/Q(R\x])‘ﬁ_l
=C (R|m|)(d—1)/2—ﬂ—7|m|v—d

< C |z



10CHAPTER 1. POINTWISE CONVERGENCE OF BOCHNER-RIESZ MEANS

The last inequality holds provided that G+~ > (d — 1)/2.
To estimate the second integral, we introduce the Laplacian Ay = — Z?Zl 0%/ (95?.

Since the Laplacian is self-adjoint and Af{e*™**} = [2mz[**¢*™*  we obtain

B, .
B w4 1) (1= ) e
e?m’&-x

- —1 -1 2\—v/2 1 S
= [ DR 1+ €)1 R A [ e
= |2mz| R / Aflg(RTIE)]e* ™ de,
R4
where we have set

9(2) = X2 (1D(R72 + ) 7721 = |2)]-

Now, if we denote by A the radial part of the Laplacian and we set go(|2]) = g(z),

we get

xR IEDu R+ [ 2 (1 - R el?) enenae

Rd
= [2ma| R / (Agg)(RTTem e de
R

+o0
= |2ma| PR / (Apgo)(R™1p)p*™! /w | Pl dg dp
0 1

+oo
— ’27_‘_1,‘—2de—7—2]<: / (A’;go)(p)Pd_l / eZmex-Gde dp

0 16]=1
Then, recalling the properties of the cut-off functions x(p) and ¢ (p), if k > (—1)/2
we finally get

[ R e+ )2 (1= 1R eag

+o0
< Cm—2k—(d—1)/2R(d+1)/2—v—2k/0 ‘AISQO(P)’ p(d—l)/2 dp
1-1/R|x|
< ny‘Qk(dl)/2R(d+1)/272k/ (1 B p)ﬂf%dp
1/3
= C|z|"4(R|x|) 4D/
< Clap—.

As before, the last inequality follows from the fact that 3+~ > (d — 1)/2.
[

Proof of Theorem[1.0.1]. (i) First assume that 5 > (d 1)‘— — —) Observe that this

hypothesis is stronger than the assumption on [ in Lemma [1.0.3] therefore we can



11
define S9(G” x F). Since the Bessel kernel G7 is positive and it is dominated by

|2/~ we can estimate the maximal function as

sup | S5« GV x F(z)] < CI7 xsup Sy « F|(z).
R>0 R>0

=~

As stated in Lemma/|1.0.4} if 3 > (d—1) and F € LP(R?), then also sup . |9 #
F| € L*(R?) and [|suppg S * Flll, < C[|F],.

(7) Now assume that [ > d(% — i)—% and B+~ > L. Then, by Lemmal|l.0.5

1_1
p 2

sup | S5 * GV x F(z)| < |F| *sup |Sp + GV|(z)
R>0 R>0

< CI*|F|(x).
O]

Corollary 1.0.6. Let 3> 0 and 0 <y < d. If f(z) = G * F(z) with F € LP(R?),
1 <p<+oo, then Sg x f(x) converges pointwise to f(x) as R tends to infinity with
a possible exception of a set of points x with Hausdorff dimension at most d — ~vp if

one of the following conditions holds:

1 1

Wﬁ>(d—1)‘1—9—§

or

. 1 1y 1 d—1
(i1) ﬁ>d(§—5)—§ andﬁ—l—vZT.

Proof. Let {F,} be a sequence of functions in the Schwartz class which converges
to F in the metric of LP(R?) and let f,(z) = G x F,,(z).

Since f,,(x) is in the Schwartz class, limg_ 4 Sg*fn(x) = fn(x) and for every t > 0,

{z : limsup|Sh * f(x) — f(z)| >t}

R—+o00

C{z: 2113!512 # f(w) = Sp* fa(@)] > t/2} U« | fule) = f(x)] > t/2}.
The Bessel capacity of the second term can be estimated by
Byp({z + |fulz) = f(2)] > 1/2})
< B, : @ % |Fy — Fl(z) > 1/2})
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Now we estimate the Bessel capacity of the first term in the case (i): when 5 >
(=133

1_
p 2

B, p({z : limsup |Sg + f(2) — Sp * fulx)| > 1/2})

R—+o00
< B, ,({z : GV xsup|Sh« (F — F,)|(x) > t/2})

1 -p
2

t\—P »
<C(3) 1B - FlL

P
sup |S§ x (F — F,)|
R>0

p

Since ||F,, — F|, — 0 as n — +00, we obtain

B, ,({z : limsup |Sy * f(z) — f(z)| > t}) = 0. (1.0.1)

R—+o00

In the case (i7) when [ > d<% — %J) —% and [+ > d;Ql we estimate the Riesz

capacity:
Ryp({e : limsup S5 (f = fu)l(x) > t/2})
S R,({o o I |(F = F,)[(x) > (Ct)/2})
<(5)"1E - P

and the last term tends to zero as n — +o0.
Since the Riesz and Bessel capacities have the same null sets (see [Z, p. 67]), in

both cases we get

B, ,({z : limsup|Sy  f(z) — f(x)| > 0})

R—+o00

> B,,({z : limsup |Sp  f(z) — f(z)| > 1/k})
0.

IA

R—+o00

Therefore, applying [Z, Th 2.6.16]), we obtain that the Hausdorff dimension of the
set {x : limsupp_ o |Sp* f(x) — f(z)] > 0} is at most d — p. O

Observe that at least for the above range of indexes the corollary is sharp since
the function f(z) = G7 * F(z) with F € LP(R?) may be infinite on sets with
Hausdorff dimension d — vp.

We want to remark again that, as we said in the introduction, our analysis is not
exhaustive and some of the results stated are not best possible. In particular, using
the estimates of the maximal Bochner-Riesz operator in [Cal, [Chr2], [Le] and [T],
one can easily improve part (i) of Theorem and Corollary . Anyhow, even

these improvements are partial and not definitive.



Chapter 2

Bochner-Riesz means of radial

functions

In this chapter we establish an equiconvergence result between Bochner-Riesz means
in one and several dimensions and we determine the Hausdorff dimension of the di-
vergence set of Bochner-Riesz means of radial functions in Sobolev classes. Actually

we shall prove more precise results for Lorentz spaces and Fourier-Bessel expansions.

2.1 An equiconvergence result

Before stating and proving the main result of this section, we recall some facts about
Lorentz spaces.
The non-increasing rearrangement of a function f(x) on a measure space (X, du(x))
is a decreasing function f*(¢) on 0 < t < 400 with the same distribution function
of | ()],

fr(t) =inf{s >0, u{|f(z)| > s} < t}.

The Lorentz spaces LP? (X, du(z)), 0 < p < +o0 and 0 < ¢ < +00, are defined

by the quasi-norm

q [t Up ey dt 1/q
1y ={2 [ @rror T 0<a<io

7l = sup {77°(1)}

Lorentz spaces with equal indexes p = ¢ are the classical Lebesgue spaces
LP (X, dp(z)), while the spaces L (X, du(z)) coincide with the Weak-L? (X, du(x))
spaces. Moreover, LP? (X, du(z)) is imbedded into LP" (X, du(z)) if ¢ < r. With the

13
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normalizing factor ¢/p the norm of a characteristic function xq(z) is independent of
¢, Ixall,, = 1 ()", and LM (X, dp(x)) and L7 (X, dp(x)) = Weak-LP (X, dp(x))
are the smallest and largest rearrangement invariant Banach function space where
characteristic functions of measurable sets {2 have norms p (Q)l/ P Finally, there is
a duality between the spaces LP? (X, du(z)) and L™* (X, du(z)), with 1/p+1/r =1
and 1/g+1/s=1:

—+00

/X Fag@duta)da| < [ 10 0
q

ONOR N e

Trigonometric expansions of radial functions in R? are particular cases of Fourier-

Bessel expansions, and in the sequel we shall deal with this slightly more general
context.

The Bessel functions (tz)”“ J, (tz) are the analytic eigenfunctions of the radial com-
ponent of the Laplace operator,

( d? 2a+1i>Ja(tx):t2Ja(tx)

Cd2?2 oz dz) (ta)” tr)*

For aw > —1/2 the Fourier-Bessel transform and its inversion formula are

e Ja (ty) 2041

Fof (t) = ; f(y)Wy dy,
) = e Jo (1) 5041
f(x)= ; Fof (1) (t2)° t dt.

The parameter 2« + 2 plays the role of space dimension. When aw = —1/2, then
J_1/2(2) = \/2/(mz) cos(z) and the Fourier-Bessel transform reduces to the cosine

transform,
+oo
F_ipof (t) = \/g/o f(y) cos (ty) dy,

f (o) = \/g /0 T f () cos (i) di.

The Bochner-Riesz means of Fourier-Bessel expansions are

8 [ 2\ Ja (tz)
Sif@ = [ 0= WR A 0

-/ = ( / Ca- )’ e L (e dt) 1) dy.

(ty)”

Bessel functions have simple asymptotic expansions in terms of trigonometric

t20¢+1 dt

functions. Using these asymptotic expansions, we shall prove that the means Sg (x)
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are equiconvergent with the Bochner-Riesz means of the cosine expansion of a suit-
able truncated of the function f(x). Fix an interval 0 < ¢ < n < 400 and let x (x)
be a smooth cut-off with x (z) = 1if /2 <2 < 2nand x(z) = 0if 2 < ¢/3 or
x > 3n. Define

B 2 [ 2\
Ta @) = \= [ 0= @R Foage () 0 cos )
+o0o 9 R N
=[x [ - @) cos ey cos oy at) siopay
0 T 0
The following is an equiconvergence result between sz f (x) and Tg f(z).

Theorem 2.1.1. Let a > —1/2, > 0, A = min{a + 1/2, 5}, and assume that

+00 pOTAF1/2
()] = de < +o0.
/O (1 +$)ﬁ+)\+1

Then the means S5 f (z) and Thf (z) are equiconvergent in e < & < 1):

lim{ sup ‘sgf(a;)—Tgf(x)‘}:o.

R—+o0o | 0<e<a<n<too
Proof. The case § = 0 is already in [CCTV., Thm 2.3] and the case § > 0 is
implicitly but essentially contained in [CTV]. The idea is that the main term in
the asymptotic expansion of the kernel associated to the operator S,g is independent
of a and it coincides with the kernel of the operator Tg and, under appropriate
assumptions, the contribution of the remainder in the asymptotic expansion of the

kernel is negligible. Write

sti )= [ " S8 (@) £ () dy.

o0
TIf (2) = /0 T2 (e,9)  (4) dy.

Then the theorem follows from the following claims.
(1) If g(z) is a smooth function with compact support and if ¢ < < 7, then
; B 7 B —
Jim {sig@)} = tim {Tig(@)} = g(x).
(2) If e < x < m, then

atA+1/2
y /

(1 + y)ﬁ-l—)\—i—l )

The first claim is the classical Fourier inversion formula for smooth functions. For a

‘sz (z,y) — Ty, (l’,y)‘ <c

short and elementary proof see [CCTV]. The proof of the second claim is contained

in the following lemmas. O]
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Lemma 2.1.2. The kernel of the operator Tg 18

Th (z,y) = %X (y)/O (1- (t/R)2>BCOS (tz) cos (ty) dt

2°T (B + 1)R Jorr2 (Rle —yl)  Jag12 (Rlz +yl)
V2m (Rl|z —y|)* '/ (Rlz +y|)"/?

Proof. This follows from the integral representation of Bessel functions:

=x(y)

Joi1ye (2) = 22 P12 (B4 1) z‘ﬂ_m/ (2 — tQ)ﬁ cos (t) dt.
0

Lemma 2.1.3. The kernel of the operator S}ﬁ% I8

38 _ f _ 26 Ja (t7) Jo (ty) 2041
SR (iL‘,y) _/0 (1 (t/R) ) (tl’)a (ty>a (ty) dt.

This kernel satisfies the estimates:

(1) 1Sy (z,y)| < cR2*2204 (1 4 Rz —y|)~* 732,
(2) |55 (@.1)| < cR-Pame-i-32ges112 ipoy <o,

(3) 1S5 (x,y)| < cR Pa—o1/2yo=F-1/2 4f g <y,

2°T (B4 1) L Jsy172 (R]z —yl) .
_ N R(R|x—y|)ﬁ+1/2 <c if 0<e<zy<n<+oo.

Proof. This has been proved in [CTV]. Here we just hint at the proof of (4), which is

(4) |k (@.y)

the main ingredient in what follows. The asymptotic expansion of Bessel functions
is
Jo (2) =V/2/mzcos (z —am/2 —7/4) + ...

Hence the asymptotic expansion of the kernel Sg (x,y) is

AP 2\8 Jo (t2) Jo (ty) 201
- R e

1
= JUa?/OHrlR2/ s(1— SZ)ﬂ Jo (Rz8) Jo (Rys) ds
0

=7 (y/z)* T2 R/O (1- sg)ﬁcos (R(x—y)s)ds

1
+at (y o) R/ (1- SZ)ﬁsin (R(z+y)s—am)ds+ ...
0

28T 1 at+1/2  J Rl —
_ 2T (6 + )<y> pJor2 (Blz —yl)

Vor  \e (R |z — g

+ .
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The terms with x + y are more oscillating than the ones with x — y, hence they are
less singular. By the way, when « is a half integer, the asymptotic expansions of
Jo (2) and Sy, (x,y) are finite equalities, and the desired estimates are easily verified.

Finally, when € < x,y < 7 then one can easily get rid of the factor (y/ x)aH/ 2,

(g)a+1/2RJ5+1/2(R|x—y|)_ Jy1/2 (R]x —yl)
v (Rle —y)™2 " (Rle -y

= R|(y/e) " = 1| |(Rle = y) " Jgsajo (Rlz — o)

<c(Rlz—y)) "2 | Jpsrpe (Rlz = y))|
c(Rlx—y|) iRjlz—yl <1,

|eRlz—y)™? i Rjz—y =1
O

Since the interest is in the limit R — +00, in the sequel R will be assumed large.

Lemma 2.1.4. There exists a constant ¢ such that for every e < x <mn,

P 5 ya+>\+1/2
‘SR (z,y) —Tg (:v,y)( < CW-

Proof. 1f 0 < y < 1/R then, by Lemma [2.1.3] (1),
Sp,y) = T (w,9)| = | Sh (e, p)| < ¢ Re-At/2g2ert < cyoast/2,
If 1/R < y < &/3 then, by Lemma [2.1.3] (2),
15 (2,9) = T} (0,9)| = |S% (@) < e ROyo#12 < et

If £/3 <y < ¢/2 then, by Lemma and Lemma (2), and the estimate

|J5+1/2 (z)} < cz V2,
S (@,y) ~ TR (,y)| < |Sh@w)| + | TR @y)| <cr @1
If /2 < y < 27 then, by Lemma and Lemma[2.1.3] (4),
‘Sg (z,y) —TH (as,y)‘ <ec. (2.1.2)
If 2n < y < 3n then, by Lemma and Lemma (3),
‘Sg (z,y) —TH (x,y)‘ < ‘Sg (x,y)‘ + ‘Tg (x,y)’ <cR7". (2.1.3)

Finally, if y > 37 then, by Lemma (3)

‘Sg (x,y) — Tp (a:,y)‘ = ’SQ (x,y)) < ¢ RBya=8-1/2,
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This completes the proof of the equiconvergence theorem. Indeed, the factor R~°
in the proof of Lemma suggests the possibility of an improvement. In order

to obtain this improvement we shall give more precise estimates in terms of Lorentz

norms.

Lemma 2.1.5. If >0 and p = (4da+4) / (2o + 23 + 3), then

e/3
sup /
e<x<n 0

+oo
swp { [ [siten) - 1w |1f v} <R 1
yl

Shtw.) = i (e,9)| 1 ()] dy} < el e

e<x<n

Proof. Ife <x <nmand 0 <y < B! < ¢/3, by Lemma (1) and the duality
between LP>® (R, z?**Tldz) and L™ (R, z?* 1 dx) with 1/p+ 1/r =1,

[ st -mww|is ia= [ |shen|1s i
1/R

S CRa—ﬁ-‘rl/Q/ ‘f (y)‘ y2a+1dy
0

< ¢ R4/ ||X(O:1/R)H7’71 ”f”p,oo

< CRafﬁ+1/27(2a+2)/r HfH
> p,00

< c|[fllpe0-
Similarly, ife <z <n, RT' <y <e/3,1/p+1/r=1, by Lemmam (2),
€/3 /3
| |sien -t il = [ [skew|1r wldy
1/R 1/R

“+o00
<cR" / y 2 f (y)| y* iy
/R

< cR7” Hy_a_1/2X(1/R,+oo) i ||f||p,oo :

Moreover,

+oo
Ry sl < B3 1R | maom)

k=0
+o00o
< CRa—ﬁ+1/2—(2a+2)/r Z 2—k(a+1/2—(2a+2)/r)
k=0

“+o0o
< cz 2Pk,
k=0
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If B > 0, then the above series converges.
Finally, if e <z <1, n <y < 400, 1/p+1/r =1, by Lemma [2.1.3] (3),

[ st = zi w1 wids = [ [t @l

—+o0
ScRﬁ/ YBR[ 1 ()] g2y
n

= CR_B ||y_a_ﬁ_3/2X(77,+oo) Hr,l ||f||p,oo :

Moreover, as before,

+oo
Hy,oé7[373/2X(m+00)Hr’1 < ; (an) —a—£3-3/2 X(an,zan) ri
=0

+00
<c Z 2—k(o¢+ﬁ+3/2—(2a+2)/r)

k=0
“+o00

—c Z 2—k(26+1)'
k=0

and the above series converges. O
Theorem 2.1.6. Assume that « > —1/2, 3 > 0 and that one of the following holds:

(1) p=qgq=1and 8> a+1/2;
da+14 da+4

(2) 1<p§+w,m<p<m,q§+w,'
(3) > 0.p= 5 < o
(4)p=%,q=l;

(5)19:%4:1.

If f(z) is in LP? (R, 2?Tdx), and in the case (3) if f(z) is in the closure of test
functions in LP> (R, z%**1dx), then the means Syf (z) and Thf () are equicon-

vergent in € < x <.

Proof. The cases (1), (2), (4) and (5) follow from Theorem [2.1.1] while the endpoint
result (3) follows from Lemma [2.1.5]
Ifp=g=1and > a+1/2, then
+oo L0+ +oo
el o< [ 1p@la e =

1+ x)6+o‘+3/2 N
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Now assume that (4da +4)/(2a +28+3) < p < (4o +4)/(2c0 — 26 + 1). By the
duality between LP> (R, z?*"'dx) and L™ (R, z**"'dz) with 1/p +1/r =1,
x)\fafl/Z
(1 +$)ﬁ+>\+1

+o0 pOHAHL/2
/0 | f(x)] W dr < || flp.c

r,1

Write
wA—a—l/Q x,\_a—l/Q N pA—a—1/2
T Bt XOU T Bt T XL+ T Brarle
(14 2)7 O (14 z)7tA! et )(1 + ) A
Then
“+o0o
R T NED e Sl (PR
k=0
+oo
S c Z 2_k()\_a—1/2+(2a+2)/7‘)_
k=0

If p> (da+4)/(2a 4+ 25 + 3), then the above series converges.

Moreover,

400
=7 X o0 |y < D0 27T [[xe e
k=0

+o0

<c Z 2—k(a+ﬁ+3/2—(2a+2)/r).

k=0
If p<(da+4)/(2a — 23 + 1), then the above series converges.
Similarly, if p = (da+4)/(2a — 26+ 1) and ¢ = 1, then if 1/p+1/r =1
x)\—a—l/2
(1+ )7

+00 pOHA1/2
JA e

and 220712/ (14 2) ™ is in Lroo(Ry, 22t dx) with r = (da+4)/(2a+26+3).
In the same way we obtain (5).

Finally, (3) is a consequence of Lemma [2.1.5f indeed, by applying Lemma and
the estimates (2.1.1)), (2.1.2)), (2.1.3) in Theorem we get

sup sup {|S3f (2) = T3S (@)|} < el e

e<z<n R>1

Therefore, if f(x) is in the closure of test functions in LP* (R, z?**"ldx), the

equiconvergence follows.
O

It can be proved that when p < (4a +4) / (2ac + 23 + 3) there exist functions in
L? (R, , z**dx) with Bochner-Riesz means of order 3 diverging everywhere, while
when p > (da+4)/(2a — 26 + 1) these means are not even defined as tempered
distributions. See [CCTV] and [CTV], and the remarks in the following section.
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2.2 Bochner-Riesz means of radial functions in

Sobolev spaces

d? 2 1d

The differential operator A, = T atlad is the radial component of the
x x x

Laplace operator in dimension 2« 4+ 2. This operator has Fourier-Bessel transform

2, that is F,Aag (t) = t*F,g (t). This suggests to define the fractional integral
operators (I + A,) ""* by

a0 g = [ e R0 e

If X is a Banach function space on 0 < x < 400, the Sobolev space W7 (X) is
the space of all distributions f (z) = (I +A,) "? g (z), with g(z) in X and with
norm || f|[y~ s = l9llx- In particular, if AJ f(z)isin X for all j =0,1,...,n, then
f (z) is in W2 (X). In what follows, X will be the Lorentz space LP? (R, z***1dx).
The set of divergence D(f3, f) of Bochner-Riesz means is defined by

D3, f) = {0 <z < 400, Rgm {ng(x)} does not em’sts} :

“+o00

Theorem 2.2.1. Assume that « > —1/2, 3 > 0 and that one of the following holds:

(1) p=qgq=land f+~v>a+1/2>0,0or f+v>0ifa=-1/2;

4o+ 4 4o + 4
2) 1<p < +o0, <p<—2T2 < too;
() l<ps+o0 ooy a3 P q s 15+
4o+ 4
3 >O, == s S ;
(3) B+ >0 p =5 oo g IS T

(4) p=({Aa+4)/2a+3),¢q=1and f+~v=0, or ¢ < +o0 and 3+~ > 0,

do+ 4

()= 525+t

q=1.

Let f(z) = (I + Ay)"?g(x) with g(z) in LP9 (R, 22 dz), and in the case

3) with g(x) in the closure of test functions in LP>° (R, z?*dx).
( g .

(A) If 0 <~ < 1/p, then the divergence set of ng(x) has Hausdorff dimension at
most 1 — yp.

(B) If 1/p <~ < (2 +2) /p, then the divergence set either is empty or reduces to

the origin.
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(C) If v > 2a+2)/p or v = (2a+2)/p and ¢ = 1, then convergence holds

everywhere.

Observe that when p < 2 the critical index for summability [ improves when the
index of smoothness ~ increases, but when p > 2 then smoothness does not lower
the critical index. The case p =1 and v = 0 in (1) is the classical result of Bochner
and it follows from Theorem [2.1.1, The case p = 1 and v > 0 follows from the
case 1 < p < +oo. Indeed, a function with ~ derivatives in L' (R, , z***1dx) has
0 < § < v derivatives in L™ (R, z?*"dz) with r = 2a+2)/ (2a +2+6 — 7).
See Lemma below. It then suffices to consider p > 1. Finally, it suffices
to prove that D(3, f) N (¢,n) has Hausdorff dimension at most 1 — yp for every
0 < e <n < 4oo. In order to prove the theorem, first we shall prove that, under
the above assumptions, the 2a + 2 dimensional means Sg (x) are equiconvergent
in e < x < n with the 1 dimensional means T f(z), then we shall prove that the
divergence set of Tg f(z) has dimension at most 1 — yp. As before, in order to

simplify the exposition we split the proof into a series of lemmas.
Lemma 2.2.2. The following properties hold:

(1) If 1 <p<r <400, 1 <q<+oo, and if vy = (2a+2) (1/p— 1/r), then the
operator (I + Ay)""? is bounded from the Lorentz space LP9 (R, ,z?Hdx)
into [P (R, 2% dx) N L™ (R, 2?*Tldz).

(2) If1l <p<r<+4o0,1<q<+oo, andif vy—1= 2a+2)(1/p—1/r),
then, the operator (d/dzx) (I + Ay)"""? is bounded from LP% (R, z2**\dzx) into
LP9 (R, z?Tldr)

N L™ (Ry, x?Tdz).

Proof. The properties of fractional integrals for Euclidean Lebesgue spaces are well
known and the corresponding properties for Lorentz spaces follow by interpolation.
See [St3] and [SW]. Anyhow, let us sketch these proofs. By the addition formula

for Bessel functions,

o (tz) Jo (ty) m Jo (t\/x2 + y? — 2zy cos (19)) o
Yy c(a) /0 <t\/x2 T e (ﬁ))a sin“* (9) dv.

This allows to define the convolution

Fro= [ (cto) [ (V= Brcos ) s (9)d9) gt
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With this definition, F, (f * g) (t) = Fo f(t)-Fag(t). In particular, the fractional

integral operator (I + Aa)_v/ ? is a convolution operator with kernel

G(z) = /O+OO (1 + t2) /2 J(t;) )tQO‘Hdt
that is,
(I+A2)7 glx) = @7 x g(x)
— /;OO <c(a) /07r G" <\/:B2 + 32 — 2wy cos (19)) sin®* (1) dz?) g(y)y*dy.

The Fourier-Bessel transform of the Gaussian ¢ — exp (—st?) is the Gaussian

— (25)"* exp (—22/4s), and the kernel G7(x) is superposition of Gaussians,

G(z) = /0+OO (1 + t2) /2 J(t:i) )t2a+1dt

- [ (rer [ P e (s (1)) ds ) e

—+o00
_ 2—0{—1F (7/2>_1 / 87/2_0‘_2 exp (—3) exp (—{,(]2/48) ds
0

Then this kernel is positive and smooth in 0 < x < +o00, singular at the origin,
G (z) ~ cx?7?*72 with an exponential decay at infinity. In particular, this kernel
is in L' (Ry, 2% dz) N L™ (Ry, 2**Mdr) with v = (2a+2) (1 — 1/r). Then the
convolution with G7(z) maps L' (R, z?***dz) into L™ (R, z?**Tdx) and, if 1/r+
1/s =1, then it maps L®! (R, z?**1dz) into L™ (R, 2z**"ldz). Finally, (1) follows
by interpolation between (1,7) and (s, 00). The proof of (2) is similar. The operator
(d/dz) (I + Ay) "% is not a convolution,

dci (4 A g(a) :/O+Oo (c(a)/;c;—(j (Va4 y? = 2ay cos (0))

x — ycos (V)
V@2 +y? — 2xy cos (V)

sin® (1) dﬁ) g(y)y*+dy.

However this operator is dominated by the convolution

d
[

dx
It follows from the representation of G7(x) as superposition of Gaussians that
dG(x)/dx = cx G72(x). In particular, |d G7(x)/dx| has the singularity cz?—2273

at the origin and it has an exponential decay at infinity. Hence (d/dz) (I + Ay) "?
—(r-1)/2 u

(I + Aa) "2 g(x)

y
df <\/x2 + y% — 2zy cos (19))

s (0)9) o)y

0

has the same mapping properties of (I + A,)
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Lemma 2.2.3. If o, 3, v, p, q, and f(z) satisfy the assumptions in Theoremm
then for everye < x <mn,

lim {Sf;f (x) - Tf (x)} —0.

R—+o00

Proof. The case v = 0 is Theorem [2.1.6, The case v > 0 follows from the case
~ = 0 and the imbedding properties of fractional integral operators. Indeed, by
Lemma 2.2.2) if 1 <p <r < +o0 and v = (2a+2) (1/p — 1/r), and if g(z) is in
LP4 (R, 22T dz), then (I + Ay) % g(x) is in LP4 (R, 220 dz)NL™ (R, , 22 dx).
Ifp > (4a+4)/(2a+263+3) then Theorem[2.1.6]applies. If p < (da+4)/(2a+25+3),
define p < r < (da+4)/(2a+ 3) so that § = (2a+2) (1/r —1/2) — 1/2. Then
again Theorem [2.1.6| applies. O

In order to prove (A), it then suffices to show that if g(x) is in LP? (R, , z?**!dx),
then limpg | {Tg (X (I 4 A,)? g> (:v)} exists up to a set with Hausdorff dimen-

sion at most 1 — yp.

Lemma 2.2.4. Let (I + A_l/g)_7/2 and (I + Ay)7"" be the fractional integral
operators associated to the Laplacian in dimension 1 and 2ac+ 2. Also let x(z) be a
smooth function with support in 0 < /3 < x < 3n < +o00. Finally, let 1 < p < 400,
1 < q < 400, and v > 0. Then for every function g(x) in LP? (R, z** 1 dx) there
exists a function h(zx) in LP? (R, dx) such that

X@) T+ A0 g@) = (I+ A1) " ().

Proof. The meaning of the lemma is quite simple. On the support of the cut-off x(x)
the measures do and z?**'dx are comparable, hence on this support the associated
Sobolev classes coincide. The details of the proof are more complicated. It suffices

to prove the boundedness from LP? (R, x?**dx) into LP4 (R, , dx) of the operator
Plg(a) = (I+ A1) x(2) (1 + 82) 7P g ().

First assume that v = 2n is an even integer. For k = 1,2,3,... and for some

rational functions a;(z) and b;(x),
& 2 20+1d P &
S (= 2 (z)—
dx?* (dazQ - r dr ) * Z % (x)daﬂ

21 4 (2 20414d kol 2k 2 di
—z—(—+0‘ ——1) + 3 bi(a) .

dx?k=1  dx \ dx? r dx
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Hence, expanding (I + A /2)n and introducing some commutators, one can write
Py ZA ) (I +A,) +ZB (d/dx) (I +A.) 7 g(z).

By Lemma , the operators (I + An) ™ and (d/dzx) (I + A,)™ are bounded
on L7 (R,, z**™dx). Since the functions 4;(x) and B;(z) are smooth with support
contained in the support of x(z), the associated operators also map LP? (R, x?**!dx)
into L7 (R, dx). Next assume v = 2n+i7 with n integer and 7 real. By Hérmander
multiplier theorem, (I + A_l/g)iT is bounded on LP? (R, dx) and (I +A,)"" is
bounded on LP?(Ry,z?**™dzx), hence P*""7 = (I+ A,l/g)h P (14 A,)7 is
bounded from L7 (R, , 2?*T'dz) into LP? (R, , dz), with a norm of polynomial growth
in 7. Finally, the case 0 < v < 2n follows by complex interpolation between 0 + it

and 2n + iT. O

Lemma 2.2.5. Let 0 < 7 < 1/p, 1 <p < 4o and 1 < q < 4+oc0. The (7,p,q)
capacity of a set X C R, is defined by

C(v,p,q,X) = mf{HhHLM (Rydz) (I—l—A_l/g)_V/Q h(z) > 1 for every x in X}.

If h(z) is in LP9(R,,dx), 1 < p < 400, 1 < ¢ < +o0, and in the case
q = +oo if h(x) is in the closure of test functions in this space, then the limit
limp_ 4o {Tg (I+A_1/2)_7/2h(x)} exists finite in a set whose complement has
(7,p,q) capacity 0 if 0 < yp < 1.

Proof. Observe that when v = 0, then the (0, p, q¢) capacity coincide with Lebesgue

measure. Also observe that for every h(z) in LP9 (R, dx), then

0
(
2 _
¢ (rpa {|(1+ 80027 0@)| 2 t}) TP IRae, -

The existence of limp_, ;o {Tg (I + A /2)77/ *h ([E)} follows from the boundedness
of the maximal operator supp. {‘Tg (] + A_1/2)77/2 h (:L‘)’} Since the operators

Tg and (I + A_l/g)_’Y/Q commute and since the fractional integral (I + A_l/g)_’Y/Q

is a positive operator, one has
sup { |77 (1+ A1) i)} < (142 12) 7" (Sup {|an }) ()
R>0 R>0

Moreover,

<c ||h||Lp,q(R+7dx) .
Lra(Ry dz)
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} when
g =0and 1 < p < 400 is the Carleson-Hunt theorem. The case # > 0 is simpler.
By Lemma [2.1.2) and the estimate | Jz;1/2 ()| < ¢ 2|72,

The boundedness of the maximal partial sum operator supp-, {’Tgh(x)

’Tg (x,y)) <cR(1+R|x— y‘)_ﬁ_l.

This estimate for the kernel of the operator T’ g imply that when 8 > 0 the max-
imal operator supp. {‘T gh(x)‘} is dominated by the Hardy-Littlewood maximal
operator and this last operator is bounded on LP4 (R, dx). For every function w(x)

smooth with compact support in R, and every x,

i {TA (80 @) = (148wl

Hence, for every ¢ > 0,

X (e) = {x : limsup{)Tg (I+ A_l/g)_vmh(x) — (I+A_1/2)_W2h(x)‘} > 6}

R—+o0c0

- {x: (I—i—A_l/g)_W/qup{‘Tg (h —w) (x)‘} > 6/2}

Ofas (14802 " (- w) ()] > /2).

Hence,
¢ (77pa Q7X (6)) <ce? ||h - w||Lqu(R+,dm) :

Since ||h — w|]Lp,q(R+7dx) can be chosen arbitrarily small, C (v,p,q, X (¢)) = 0.
Finally, since capacity is subadditive, also C' (v, p, ¢, Us-0X (¢)) = 0. ]

In order to conclude the proof of (A), it suffices to recall that sets with (v, p, q)
capacity 0 have Hausdorff dimension at most 1 — vp. The case ¢ = p of Lebesgue

spaces is well known. See e.g. [Z]. The proof for Lorentz spaces is the same.

(B) is a consequence of Theorem and the following lemma.

Lemma 2.2.6. (1) If g(x) is in LP? (Ry,2**"'dz) and if v > 1/p, then the func-
tion (I + Do) "2 g(x) is bounded in x> £ > 0 and Hélder continuous of order

v—1/p.

(2) If f(x) is Holder continuous of positive order, then

tim {77f ()} = f(x).

R—+o00
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Proof. By Lemma [2.2.4, y(z) (I + Ay) "% g (z) = (I+ A_l/g)_V/Q h (z) with h(z)
in LP9(R,,dz), and, by the Sobolev imbedding theorem, functions with ~ deriva-

tives in LP? (R, ,dx) are Holder continuous of order v — 1/p. Finally, the pointwise
convergence of Tg (I+A /2)_7/ 1 (x) follows by the Dini criterion for convergence

of Fourier series and integrals. O]

Finally, in order to prove (C) it suffices to estimate the norm of the linear

functional which associates to a function g(z) in LPY (R, ,z**"dz) the number
SE(I 4+ Ay) 7 g(0).

Lemma 2.2.7. Assume that v = 2a+2)/p and g =1 or v > 2a+2)/p and
q < +o0 and that the assumptions of Theorem holds.
If g(z) is in LP? (R, 2?*Tdx), then

lim Sy (14 A.) "¢ (0) = (I+A.)""g(0).

R—+o00

Proof. Let

SPa (x) :/OR (11— /R’ (1+2)7" ‘](t;) o 12) a1 gy

By the convolution structure of Fourier-Bessel expansions,
+oo
SE(I+A.)7"¢(0) :/ SEGT () g(x) 2 d.
0

Then, by duality between Lorentz spaces and the Banach-Steinhaus theorem,
Mg oo So (I + Ag) 26(0) = (I 4 Ad) 7 g(0) for every g(z) in the closure of

test functions in LP? (R, z?*™dzx) if and only if supg., HS%G7 ‘ < +oo, with

T,8

I/p+1/r =1 and 1/q¢+ 1/s = 1. Under the stated assumptions on «, 3, v, p,
q, the function G7(z) is in L' (R, 2% dz) N LP> (R, 2% dr) with k = (2a +
2)/(200+2—7), hence it is also in L (R, 22**dzx). Moreover, the operators S are
uniformly bounded on L™ (R, 2?*"!dz). See [RS| for the case 8 = 0, and [CTV]
for the case 8 > 0. O

The following remarks show that the ranges of indexes «, 3, p, ¢, in the above

theorem are best possible.

Remark 2.2.8. Functions with ~y derivatives in L7»> (R, , z***!dz) may be infinite on
sets with Hausdorff dimension 1 — yp. Moreover, if v < (2a + 2) /p these functions
may be unbounded at the origin. Hence the dimension of divergence sets cannot be

decreased.
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Remark 2.2.9. When p < 2 the function f(x) which has Fourier-Bessel transform
(1 + 2) 7/ t2a+2)1/2=1) ghows that the indexes for Bochner-Riesz summability in
Theorem are best possible. Indeed, the homogeneous function ¢(2¢+2)(1/p=1) has
an homogeneous Fourier-Bessel transform cz—(2¢t2/P so that (I + An)"* f (z) =
cx~(22+2)/P Hence this function f(z) is in W7 (LP*>® (R, 22**dz)). Let o(t) be a
smooth function with ¢(t) = 1if ¢t <1/3 and ¢(t) = 0if ¢ > 2/3. Then

Jo (tz)
(tx)"

" 2\ B Jo (tx) ot
‘|—/R/3 (1_§0(t/R)) (1_ (t/R) ) ]:af (t) (tl»)a t + dt.

The multiplier ¢ (¢) (1 — tQ)ﬁ is smooth and for almost every =,

2R/3
Sif () = / o (t/R) (1= (t/R)) Fuf (8) 2\ oty

2R/3 .
lim {/o ¢ (t/R) (1 - (t/R)z)ﬁ}"af (1) Mﬁa“dt} = f(x).

R—+o00 (t:L’)

Moreover, by the asymptotic expansion of F, f (t) and of Bessel functions, for an

appropriate function @ (t), phases ¢ and ¢, and constant ¢, one has

R
/ (1— ¢ t/R) (1— (t/R)*)’ Fuf (t) Jo (12) 01 4,
R/3 (tz)
1
~ R(2a+2)(1/p_1/2)_7+1/2x_a_1/2/ @ (t) (1 — )’ cos (Rt — ¢) dt
1/3

~ cR(2a+2)(1/p=1/2)=f—v=1/2 . —a=F=3/2 ¢ (Rz — ).

In particular, if 8+ v = (2a+2) (1/p — 1/2) — 1/2 this term is bounded but does
not converge when R — oo.

Remark 2.2.10. When p > 2 an argument of Rubio de Francia shows that the
Bochner-Riesz means of index § < (2a+2) (1/2 — 1/p) — 1/2 of functions in

W7 (LP (R, z**Tdx)) are not tempered distributions. Suppose the contrary. Then
by duality the operator S}ﬁ% is also bounded from the space of test functions into
W= (L7 (Ry, 22 dz)) with 1/p+ 1/r = 1, and (I + Ay) "2 S% is bounded from
the space of test functions into L" (R, z****dx). On the other hand, if f(z) is a
test function with F, f (t) = (1 + t2)7/2 for all ¢ < R, then

(I+A) 280 f (x) = /R (1 (t/R)Z)ﬁM 20014t = ¢ 7 (2,0) .

(tz)"
By Lemma (1), as |x| — 400,
5 (,0)| & ¢ RPHY2 g o072,

This function is in L™ (R, , z***dx), but not in L™ (R, z?*"dz).
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Remark 2.2.11. Bochner-Riesz means with negative index in Sobolev spaces have

been considered in [BC].
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Chapter 3
Sturm-Liouville expansions

The results obtained in the previous chapter can be generalised. In particular, in
this chapter we state some equiconvergence results between Bochner-Riesz means of
expansions in eigenfunctions of suitable Sturm-Liouville operators and we determine
the Hausdorff dimension of the divergence set of Bochner-Riesz means of radial

functions in Sobolev classes on Fuclidean and non-Euclidean spaces.

Hereafter we consider Bessel expansions and expansions in eigenfunctions of

Sturm-Liouville operators on 0 < x < +oco of the form

L- —Al(x)% (A(@%) |

This operator is formally self adjoint with respect to the measure A(x)dz. For
example, when A(x) = 297! then £ is the radial component of the Laplacian in
R? when A(r) = 2% then £ is the Bessel operator of the previous section, and
when A(z) = sinh?*™*(x) cosh® ! (), with suitable o and 3, then £ is the radial
component of the Laplace Beltrami operator on non-compact rank one symmetric
spaces. In what follows we assume that the operator £ is a perturbation of the

Bessel operator. More precisely, we assume the following:

(1) A(z) is continuous in 0 < x < +00, positive, non-decreasing and smooth in
0 <z < +o0, and lim, ;o A(z) = +00.
(2) A'(z)/A(z) is decreasing in 0 < x < 400 and there exists & > —1/2 and a
smooth odd function B(x) such that
Alz) 2a+1
A(z) x

2a+1

+ B(z).

In particular, A(x) ~ cz as x — 01, and with a change of variable one can

assume that ¢ = 1. Set lim, ., A'(z)/A(x) = 2p. Observe that when A(z) = z***!,

31
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that is the case of Fourier-Bessel expansions, then p = 0.

For every t € C the Cauchy problem

—A%@%(M@%M@)=W+ﬁmm>
u(0) =1
uw'(0) =0

has a unique solution ¢;(z) defined in 0 < x < 400, and if ¢ is real then |¢(z)| < 1.
Moreover, there exists a function ¢(t) such that for every test function one can define

the Fourier transform and an inversion formula:

o +00 dt
Frw= [ e Aw i j(x):bl FHO @) 5o

By means of the Liouville transformation \/A(z)u(z) = wv(z), the equation

Lu(x) = (t* + p?) u(z) becomes

(dd_; 4 tz) v(z) = q(z)v(z),

-5 () <1 (56) -

We also assume that

with

(3) There exists a > 0 such that
a’—1/4
ole) = ),
with [["|¢(2)| xlog(x)dz < +00 if @ = 0, and [, [¢(2)| zdx < +oo if a > 0.
Under these assumptions, when x — +o00 then v/A(z)po(x) ~ cz'/?log(z), or
VA@)po(z) = cxt/?*? with |b| = a and b > —1/2.

(4) If —1/2 < b < 0 and \/A(x)po(z) = cx'/?* as 2 — 400, we assume that
[7°1¢ ()| 2P+ da < +oo, while if b= 0 and \/A(z)po(r) ~ cx'/?, we assume that
[ 1¢(2)] w log? (z)dr < +o0.

This last assumption occurs only if p = 0. It turns out that, as in the case of
Bessel expansions, the constant 2« + 2 plays the role of the dimensions of the space
at 0, while when p = 0, then 2b 4 2 plays the role of the dimensions of the space at
+00.

As we said, an explicit example relevant to the harmonic analysis on hyperbolic

spaces is A(z) = sinh®*™ (2) cosh?* ™ (z). In this case () is a Jacobi function,

11—t 1+t
o) = F (SIS ORI ity
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and c(t) is the Harish-Chandra function

T(a+1)T (it/2) T ((1+it) /2)
o/mT ((a—B+1+it) /2T ((a+ B+ 1+it)/2)

One can easily check that A’'(x)/A(z) is decreasing if and only if o > (3, and

c(t) =

/ ) B -
2p = lim Al(x) — lim (2ce + 203 + 2) cosh” (z) — 23

=2 2 2.
z—too A(x)  a—+oo sinh (z) cosh (z) a+20+

The Bochner-Riesz means with index 3 of Sturm-Liouville expansions are

dt
27 |c(t)[*

- Too R - o 3 dt
- [ (4w [ - em) oadol) 3o

As we said, L is a perturbation of the Bessel operator, and the eigenfunctions

WL (x) = / (1— /B2 FF (1) ula)
) £ () dy.

¢¢(z) have asymptotic expansions in terms of Bessel functions. This suggests the
possibility of equiconvergence between Sturm-Liouville and cosine expansions. The

following is a generalization of Theorem [2.1.1}

Theorem 3.0.12. Let A = min{a + 1/2, 5} and assume that

+00 A( ) A

Then the means ng () and Tgf (x) are equiconvergent ine < x <1 as R — 400,

lim {‘ng(a:)—Tgf(x)‘} —0.

R—+o00

Proof. This theorem contains Theorem [2.1.1} However, the proof of this theorem is
based on Theorem 2.1.1]
The case = 0 is already in [BG]. The proof of the case § > 0 is similar. With the

notation of the previous chapter, define

VP (0) = VTGS (VAT ) 0
m( y/ (1— (t/R))’ Vi Ta (tz) Vig (ty)dt) () dy.

LU

It suffices to show that the Sturm-Liouville expansions Wg f (x) are equiconvergent
with the Bessel expansions Vs f (z), and that these Bessel expansions Vj; f () are
equiconvergent with the trigonometric expansions 7' g f (z). We do this in the next

lemmas. O
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Lemma 3.0.13. Let Vg (x,y) and Wg(x,y) be the kernels of the operators Vg and
Wy,

Vi) = VAGAR) [ (1= /R Vi, () Vi, (i) d

dt

Wi (2,y) = A(y)/o (1- (f/R)Q)B‘Pt(xm(y)W'

Then there exists a constant ¢ such that for every e < x <,

’Vﬂxy) Wﬁxy‘ AW v (14 y) 7t

Proof. The following proof relies heavily on [BG|. For every t € C— {0} the differ-

ential equation
Lu(z) = (£ + p*) u(z)
has a unique solution ®;(z) over (0,4o00) twice continuously differentiable and sat-

isfying the condition at infinity

VA@)P (z) =™ (1+ R (t,2)),

with R (t,z) — 0 and OR (t,z) /O0x — 0 ast — +oo. For any t in C— {0}, ®; (x) and
®_; (x) are two independent solutions of Lu = (t* + p?)u, and the Harish-Chandra

function is defined precisely as the coefficient ¢ (¢) that realizes the identity

i () =c(t) Py (x) +c(—t) Py ().
Assume 0 < y < z. For t real, ¢(—t) = c(t). Hence,

8 _ Y o (e _ @
WR(Jc,y)—A(y)/O (L=(@/R)") @i () @i (y) 2 |e (0)2
dt

_ : — 27 (¢ x)+c(— x 9 e (4)12
_A(y)/o (1= (/R)")" (c(t) Py (x) 4+ c(—t) Py ( ))@t(y)Q’/T’C(t)F

_A(y)/_ (1—(t/R)2)B<I>_t(I)s0t(y) i

R 2e (t)

The above formula holds also in the particular case A (r) = z?**!

, and in this case

the functions ®_; (x), ¢; (y), and ¢ (t) are replaced respectively by

t .«
®_, (1) = /5ol (1),

2
o Jo (ty)
i (y) = 2°T (a+1) (ty)

20T (o 4 1) e7#i(2a+)

V2 tots
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Here Hég)(z) is the Bessel function of third kind, or Hankel function of order a.

Thus

Sp (x,y) = y**! /_ . (1= (t/R)) @ (@) i () 27:?@)'
Therefore
Vi (z,y) = /a2t 1yt LA (y) [A(x) /_R (1= (/R?) @ (@) 0. (v) 27rit(t)'

It then follows that

R
Wi (e.9) = Vi () = VAW A [ (= /R
g (x/m% ) VA fpeiig, ) WM) “
27mc (t) 2mc ()
In our hypotheses, the eigenfunctions ¢, (y) and ¢, (y) are entire in ¢, while the func-
tions ®_; (x) /c(t) and ®_, (x) /c (t) are continuous in {Im¢ < 0} and analytic in
{Im? < 0}. See Theorems 1.19 and 2.4 in [BG]. We can therefore estimate the above

integral after a modification of the path of integration. If w = {Re“9 <0< 0},
then

B
Wi (e,) = Vi (0.) = VAW JAG) [ (1= @/R))
< (VAW ) VAR 51D i, () Var 2D g
27e (t) 27c (t)
Now observe that, under the hypotheses (1), (2), (3) and (4) above, by Theorems
1.2, 1.17 and 2.1 in [BG], the following estimates hold uniformly in [t| > 1, z > €,

y >0,
VAW (y) = Vv, (y) + Ro (t,y), | Ro(t.y)] < cft] 72 el
A@)P_y (z) =™ (1+ Ry (t,2), [Ri(t,z)] <clt]™,
Va2 e (v) = e ™ (1+ Ry (7)), [Ra(t,z) <clt| ",

cO) =T A+E®), |EW <clt.

Therefore
Wi (5.) = Vi (5.) = 5= V/AT) JAG) (1 + 1 + 1),
where
ho= [ (= @R VP e (R (ta) = Ra (t. ) (0)”
b= [ Q=R Ve e (1 R ) e ) B0
Iy = / (1= (¢/R))" Ro(t,y) e ™ (1+ Ry (t,2)) ¢ (1) (1 + B (1)) dt.
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The desired estimate now follows by taking absolute values inside the integral sign,

along with well known estimates for Bessel functions,
o ()] < e (1+ [ty) ™2™,y >0, t € C—{0}.

Let us show the case of I, the other two cases being similar:

R a+1/2
|]1| < c(1+z% ) / }1 —2z6|ﬁ —R(z—y) Sln9d9
)

Ry a+1/2 p
1 — .
se(fie)  (+RE-w)

If, on the other hand, ¢ < x < y, then switching variables,

Ay)
Wi (e.9) = Vi (59)] = 05 [Wa ) = Vi (0,2)

Ry a+1/2 P
<e(fie) VAW 1+ R(y - ).

In particular, for every ¢ < x < 400 and 0 < y < 400,

Ry "M \JAly)/A(x)
]vg (z,y) — Wp, (w)\ <c (—1 n Ry) (14 Rz —y)**

It remains to show that if e <2 < and 0 < y < +00 and if R is large, then

( Ry )a+1/2( VA(y)/A(x) <. VAY) v

I+ Ry L+ Rz =y 7 (L™

This inequality is elementary. It suffices to consider separately the cases 0 < y <
1/R, 1/R<y<z/2 x/2 <y <2z and y > 2x. ]

Lemma 3.0.14. For every ¢ < x < n and every function f(x) satisfying the
assumptions of Theorem

lim {’ng(x)—Tgf(x)‘} —0.

R—+o00

Proof. Define

UL () = /P TAGIT Wf ) @

$2a+1A

20‘+1A (2) (1 — (t/R)2)ﬂ cos (tx) cos (ty) dt> f(y)dy

and the associated kernel

Ub(z,y) = ﬁi—jgji (gx(y)/o (1- (t/R)2)ﬂcos (tz) cos (ty) dt> :

™
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Therefore, under the assumptions of Theorem3.0.12| the means Vg f(z)and U g f(z)
are equiconvergent, since Theorem applies to the function /A(x)/x2+1f(x).

To conclude the proof, observe that

P . B . _ x2a+1A(y) B 3 .
UR( >y> TR( 7y) < y2a+1A($) 1) TR( >y>'

By the mean value theorem, for £/3 < y < 3n
22001 A(y) .
2oL A(x)

T3 (@) < R 1+ Rl =)

and since

we can conclude that

)U}ﬁz(ﬂc,y) — Tp(z,y)| < C.

If g is a smooth function with compact support and ¢ < x < 7, then

i Ul (0) = i T (a) = g(o)

thus for every function f satisfying the assumptions of Theorem [3.0.12| the equicon-
vergence between US f (z) and T f () follows. O

Corollary 3.0.15. For every f(z) in L (R4, A(z)dz), 1 < p < +o0, and every
e < x < n the means ng () and Tgf (x) are equiconvergent under the following

assumptions:

4o+ 4 4b + 4

1) IFp=0and 212 _4b+d
(1) Ifp=0and S s <P < o5+ 1

4o+ 4

2) Ifp>0and 2T <9
(2) ffp>0and mmm= <p<

Proof. This follows from the previous theorem by applying Holder’s inequality with
I/p+1/g=1:

too A(z)x
/O |f($)|w

< ([T @rama)” ( [

‘ 1/q
A(m)dm) :
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d d
The fractional powers of the differential operator £ = —A‘l(x)d— (A(x)d—)
x T
are defined spectrally by

dt
2m [e(t)[*

The Sobolev spaces WP (R, , A(z)dz), v > 0 and 1 < p < +o00, are the spaces
of all distributions f (z) = (I + £)"? g (z), with g(z) in L? (R,, A(z)dz) and with
norm || f|lye = llgll». In particular, f(z) is in W**? (R, A(z)dz) if and only if
L7f (z)is in LP (R, A(z)dz) for all j =0,1,...,n.

The set of divergence of Bochner-Riesz means is defined by

+o0
(1+L£)7" () = / (140 + ) 2 FF () pula)

DB, f) = {O <z < 400, Rl_iff {ng(:c)} does not e:z:ists} :

[e.9]

In what follows we shall assume p > 0, although we suspect that the next result
still holds when p = 0: indeed, this is the case when A(x) = z?**! which corresponds
to the Fourier-Bessel expansions, as shown in Theorem

Theorem 3.0.16. Let f(z) = (I + £) " g(x) with g(z) in L? (R, A(z)dz), 1 <
p < 400, B >0, and assume that p > 0 and
4 4
o <p<2
204+ 28 + 2y + 3
(A) If 0 < v < 1/p, then the divergence set of ng(a:) has Hausdorff dimension
at most 1 — ~yp.

(B) If 1/p < v < (2a+2) /p, then the divergence set either is empty or reduces to

the origin.

(C) If v > 2o+ 2)/p and 1 < p < 2, then convergence holds everywhere.

Proof. Observe that, as in Theorem [2.2.1] with p < 2, if the smoothness index
increases, then the critical index for summability 3 decreases. In order to prove the
theorem, it suffices to show that, under the above assumptions, the means Wg f(zx)
are equiconvergent in € < x < 1 with the one-dimensional means Tg f(z), that func-
tions with 7 derivatives in L” (R, A(x)dx) can be defined up to sets with Hausdorff
dimension 1 — vp, and that the divergence set of T 5 f(z) has dimension at most
1 —p. [
Lemma 3.0.17. Assume that p > 0 and (4da+4)/(2a+ 20 +27+3) <p < 2. If
flz) = I+ L) g(z) with g(z) in L? (Ry, A(z)dz), then the means WO (z) and
Tgf (x) are equiconvergent in 0 < e < x < n < +00.
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Proof. The case v = 0 is Corollary [3.0.15] The case v > 0 follows from the case
v = 0 and the imbedding properties of the fractional integral operators. Indeed,
if 1 =p<q<4ooandify > 2a+2)(1/p—1/q), orif 1 <p < ¢ < +o0
and if v > (2a+2) (1/p — 1/q), then the operator (I 4+ L£4) "? is bounded from
LP (R, A(x)dz) into LP (R, A(x)dx) N LY (R, A(x)dz). This is well-known in the
Euclidean case (see [St3]); for a proof of this property for Sturm-Liouville expansions
see [BX]. O

Now the proof of Theorem [3.0.16]is analogous to that of Theorem [2.2.1| with the
operator L, in place of A,. We omit the details.

As we said, we suspect that the conclusions of Theorem [3.0.16]still hold when p = 0
da+4 4b+ 4

< P —.
a8+ 2v+3 P m—23 11

a.
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Part 11

Hardy spaces
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Chapter 4

Local Hardy type spaces

In this chapter we define and develop the basic theory of a local Hardy space h*(M)
in the setting of a measured metric space (M,d, u) possessing the local doubling
property, the approximate midpoint property and satisfying the uniform ball size
condition.

This chapter is rather long. It may be helpful to briefly describe its content
here. The basic geometric assumptions on the measured metric space M are given
in Section . The local Hardy space h'(M) is defined in Section . In fact, a two-
parameter family of spaces h;’p (M) is introduced: here b is a positive scale parameter,
and p is an index in (1,00]. Under a natural assumption on the scale parameter
b, depending on geometric constants arising in the definition of the approximate
midpoint property, the spaces h;’p (M) are independent of b and p, and will therefore
be denoted simply by h*(M). To prove that h'(M) generalises the space introduced
by Taylor in [T3], in Section[d.3]we prove that h'(M) admits a “ionic” decomposition.
In fact, our version of the ionic decomposition is more general than Taylor’s for
two reasons: it works in a setting much larger than Taylor’s, and it involves more
general ions. In Section we define the local bmo(M) space, and in Section
we show that the dual of h*(M) is isomorphic to bmo(M). The proof of the duality
is rather standard. One of the main result of this chapter is that LP(M), 1 < p < 2,
is the complex interpolation space between h'(M) and L?*(M). This is proved in
Section by adapting the original argument of Fefferman and Stein [FeS|, and
uses a preliminary relative distributional inequality, proved in Section [4.6 This
inequality appears to be rather nontrivial in our setting. In Section we also

show that the interpolation result is false if we take the local Hardy space H; (M)

43
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introduced by Carbonaro, Mauceri, and Meda in [CMMI].
Applications to the study of the translated Riesz transform and of spectral multi-
pliers of the Laplace—Beltrami operator on manifolds with Ricci curvature bounded

from below and positive injectivity radius will be given in Section [4.9]

4.1 Notation, terminology and geometric assump-

tions

Suppose that (M, d, ) is a measured metric space, and denote by B the family of
all balls on M. We assume that p(M) > 0 and that every ball has finite measure.
For each B in B we denote by cg and rp the centre and the radius of B respectively.
Furthermore, we denote by k& B the ball with centre cg and radius krg. For each s

in R*, we denote by B, the family of all balls B in B such that rz < s.
We now introduce some properties which (M, d, ;1) may or may not have.

We say that M possesses the local doubling property (LDP) if for every s in R

there exists a constant D, such that
[L(QB) < D, ,u(B) VB € B;.

Remark 4.1.1. The LDP implies that for each 7 > 1 and for each s in R* there

exists a constant C such that
n(B') < Cu(B) (4.1.1)

for each pair of balls B and B’, with B C B’, B in B, and rg < 7rg. We shall
denote by D, ; the smallest constant for which (4.1.1)) holds. In particular, if (4.1.1)

holds (with the same constant) for all balls B in B, then p is doubling and we shall
denote by D; o, the smallest constant for which (4.1.1]) holds.

We say that M possesses the approzimate midpoint property (AMP) if there
exist Ry in [0,00) and § in [1/2,1) such that for every pair of points x and y in
M with d(z,y) > Ry there exists a point z in M such that d(z, z) < fd(z,y) and
d(y,z) < fd(x,y). This is clearly equivalent to the requirement that there exists a
ball B containing x and y such that rp < fd(z,y).

If M is a measured metric space for which # = 1/2 and Ry = 0, then we say
that M possesses the midpoint property (MP). Typically graphs enjoy the AMP,
but rarely a segment in a graph has a midpoint. On the other hand, every connected

Riemannian manifold possesses the MP.
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We say that M satisfies the uniform ball size condition (UBSC) if
inf{u(B(p,r)) :pEM} >0 and sup {M(B(p,r)) :pEM} < 00.

We say that M possesses the isoperimetric property (IP) if there exist ko and C

in R* such that for every bounded open set A

,u({a: €A:d(z, A% < Ii}) > Crup(A) Vi € (0, ko). (4.1.2)

Hereafter in this chapter we assume that M possesses the local doubling
property (LDP), the approximate midpoint property (AMP) and satisfies the uni-
form ball size condition (UBSC).

Given a positive number 7, a set of points 9t in M is a n-discretisation of M if

it is maximal with respect to the following property:
min{d(z,w) : z,w € M,z A w} >n and dO,z)<n Ve M.

It is straightforward to show that 7n-discretisations exist for every n. Given a ball B
in M, denote by Mp the set of all points z in M such that B(z,2n) N B # (), and
by #91p its cardinality.

Lemma 4.1.2. Let (M,d,u) be a measured metric space with LDP, AMP and
UBSC. Suppose that c is a positive number and let M be a c/2-discretisation of
M. The following hold:

(i) the family {B(z,c) : z € M} is a locally uniformly finite covering of M;

(ii) for every b > c there exists a constant C, depending only on ¢ and b, such that
for every ball B of radius b

Proof. First we prove (i). For each x € M set
M, ={zeM:z € B(z0)}.

We need to show that 901, is uniformly bounded with respect to z. For z in 901, we
have
B(z,¢) C B(z,2c¢) C B(z,3c).
By the LDP (4.1.1))
H(B(2,3¢)) < Disesan(B(z.c/4)),
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whence

u(B(z,c/4)) = u(B(z, 2c)).
12,¢/4
Since B(z,c¢/4) C B(z,2c) and the balls B(z,c/4) are pairwise disjoint,
u(B(w,20) = (| Blze/4) = Y n(B(z.c/4))
z€M, 2€MN,
1m,
>
D1g,c/4

w(B(z,2c)),

whence 9, < Dy /4, as required.
Now we prove (ii). First we show that §0tp < C u(B’), where B’ denotes the
ball with centre cp and radius b + 2c.

Indeed, by (i) there exists a positive integer K such that
Z ]-B(z,c) < K]-B’-
z€EMp
Integrating both sides we see that
> u(B(z,0) < K pu(B).
z€EMp

By the UBSC there exists a positive constant §, depending on ¢, such that u(B(z,c)) >

0 for every z in M. Therefore

0Mp < Y u(B(z,0) < K u(B').

2eMp
By the LDP
u(B') < Dy u(B),
whence g < C pu(B), with C' depending only on b and c. O

4.2 The local Hardy space h'(M)

Definition 4.2.1. Suppose that p is in (1, 00] and let p’ be the index conjugate to
p. Suppose that b is a positive number. A standard p-atom at scale b is a function

a in L'(M) supported in a ball B in B, satisfying the following conditions:

(i) size condition:
Jalle < p(B)~" if p = o0 and [lall, < u(B)V7 if p € (1, 00);

(i) cancellation condition:

/adu:O.
B
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A global p-atom at scale b is a function a in L*(M) supported in a ball B of radius ez-
actly equal to b satisfying the size condition above (but possibly not the cancellation

condition!). Standard and global p-atoms will be referred to simply as p-atoms.

Definition 4.2.2. Let b be a positive number. The local atomic Hardy space b;’p(M)

is the space of all functions f in L'(M) that admit a decomposition of the form
f = Z)\] Qj, (421)
j=1

where the a;’s are p-atoms at scale b and ) 72, |A;| < co. The norm ||f||h;,p of fis
the infimum of 3 °%, |A;| over all decompositions (4.2.1]) of f.

We shall prove that h;’p (M) is independent of p and b, and the space hyP (M)
will therefore be denoted simply by h'(M).

Note that if M is the Euclidean space, then h'(M) is strictly contained in the
local Hardy space of Goldberg [G]. Indeed, global atoms in the Goldberg space may
have support contained in balls of any radius, whereas in our case their support is
contained in balls of radius exactly equal to one.

We shall prove that in the case where M is a Riemannian manifold with strongly
bounded geometry the space h'(M) agrees with the local Hardy space recently intro-
duced by M. Taylor [T3]. All Riemannian manifolds possess the AMP. The subclass
of those which possess the LDP and satisfy the UBSC is by far larger than the
class of manifolds considered by Taylor. Thus, our theory extends that of Taylor
significantly.

The definition of the space h'(M) is similar to that of the atomic Hardy space
H'(M), introduced by A. Carbonaro, G. Mauceri, and S. Meda [CMMI], [CMM?2],
the only difference being that atoms are only standard atoms. As a consequence,
functions in H'(M) have vanishing integral, a property not enjoyed by functions
in h1(M). Thus, trivially, H'(M) is properly contained in h'(M). Note, however,
that some key properties of H'(M), such as the fact that LP(M), 1 < p < 2, is
an interpolation space between H'(M) and L?*(M), have been proved only under
the assumption that (M, d, ) possesses the isoperimetric property . One
of the advantages of considering h*(M) is that we shall be able to prove a similar
interpolation property without assuming the isoperimetric property. However, notice
that we assume the UBSC, which is not needed for H'(M).

The following lemma produces an economical decomposition of atoms supported

in “big” balls as finite linear combinations of atoms supported in smaller balls. This
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result extends to global atoms the economical decomposition for standard atoms
proved in [MMV3] Lemma 6.1]; see also [CMMI1l, Prop 4.3 (i)] for a “less economical”
decomposition. We observe that the method of [CMMI, Prop 4.3 (i)] gives a worse
control of the norm of atoms at big scales in terms of Hardy spaces at smaller scales
than that adopted in [MMV3], Lemma 6.1]. However, it does not require the UBSC,
and uses only the LDP and the AMP. It is worth investigating to what extent we
can develop our theory without assuming the UBSC.

Lemma 4.2.3. Suppose that p is in (1,00], b and ¢ are numbers such that Ry/(1 —
B) < ¢ <b (Ry and [ are as in the definition of the AMP). Then there exist a
constant C' and a nonnegative integer N, depending only on M, b and c, such that
for each ball B of radius b and each p-atom a at scale b supported in B there exist

at most N p-atoms at scale ¢, ay,...,ayn, and N constants \y,...,An such that

|>\]| < O;

N
a= Z Aja; and al[grr < C.
j=1

Proof. The result is known for standard p-atoms (see [CMMI) Prop 4.3 (i)]). Thus,
we need to prove the lemma only for global p-atoms.

Suppose that a is a global p-atom. Let 9t be a ¢/2-discretisation of M. By
Lemma [4.1.2(i) the family {B(z,c):z € 9} is a covering of M that is locally
uniformly finite. Denote by zp,...,zy the set of all points z in 91 such that
B(z,¢)N B # 0. Note that N < C u(B) by Lemma [£.1.2[ii). Denote by B; the ball
with centre z; and radius ¢, and by {¢; : j = 1,..., N} the partition of unity on B
subordinated to the covering {B; : j =1,..., N}, defined by

1p.

_ J
=N ;-

E:kzllBk
Denote by a; the function a ;. Thus,

N N
a = E Yja= E a;.
Jj=1 Jj=1

Next, for every j in {1,..., N} define

Y;

b = %
T agllp p(By) P

where p’ is the index conjugate to p. Clearly, b, is a global p-atom at scale c.

Therefore ||b;[|;1» < 1, whence

lallgzr < llasllp p(B;) 7" (4.2.2)
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We have the decomposition
N

CL:Z)\jbj,

j=1
with \; = ||la;|l, #(B;)"/?". By the LDP there exists a constant C', depending only
on M, b and ¢, such that p(B;) < C u(B), so that

N < llallp (B < (u(By)/n(B) " < CP.

Now we use (4.2.2)) and the fact that p(B;) < C for j =1,..., N by the UBSC, and
obtain that

WE

lallyr < > llasllgee

1

<
I

lajlly 1 (B;)"”

1
N

C Y aglly-
j=1

Then we use Holder’s inequality, the fact that N < C u(B) and the bounded overlap

WE

<.
Il

IN

property of the family {B; : j =1,..., N} to conclude that

1// N p 1/}7
lallyzr < €N (3 Jlasl1?)

Jj=1

Uy (4.2.3)
< Cp(B)7* all
<C.
The last inequality holds because a is a global p-atom supported in B. O

Proposition 4.2.4. Suppose that p is in (1,00] and b and ¢ are in R with Ry/(1—
B) < ¢ <b (Ry and (8 are as in the definition of the AMP). A function f is in
hLP(M) if and only if [ is in h;’p(M). Furthermore, there exist constants Cy and
Cy such that

O [l < IFlgo < Collfllgs VF € 022(M).

Proof. We begin by showing that hL-P(M) C b;’p(M). If a is a p-atom at scale ¢ with

support contained in B, then
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is a p-atom at scale b, and
p((b/c)B)\ P
lallyr < (F22)
' pu(B)

<Dy

This implies that if f belongs to hLP(M), then f is in h,?(M) and Hf||h;,p <
Dy Nf

The reverse inclusion follows directly from Lemma |4.2.3] O]

1,p.
C

Remark 4.2.5. Suppose that p is in (1, cc]. Then for every b and ¢ such that Ry/(1—
B) < ¢ < b the spaces b,”(M) and h1?(M) are isomorphic (in fact, they contain the
same functions) by Proposition . Hereafter we shall denote the space b (M),
endowed with any of the equivalent norms defined above, simply by h1?(M).

In Section we shall prove that h'P(M) does not depend on the parameter p
in (1,00), and we shall denote all the spaces h*(M) simply by h*(M).

4.3 The local ionic space h}(M)

In this section we show that h*(M) admits a “ionic decomposition”. Specifically,
we shall define a “ionic” Hardy space h}(M). The space b} (M) is defined much as
h1(M), but with ions in place of atoms. It will be clear from the definition that
every atom is an ion, but not conversely. In fact, we shall consider a one-parameter
family of different types of ions. When this parameter is equal to one, and M is a
Riemannian manifold with strongly bounded geometry (in a sense explained later),
then h}(M) is the local Hardy space introduced by Taylor in [T3].

Definition 4.3.1. Suppose that p is in (1, 00] and let p’ be the index conjugate to
p. Suppose that o is in RT. A (p,a)-ion is a function g in L'(M) supported in a
ball B of radius r with the following properties:

(1) [lglloe < u(B)~"if p= oo and ||gll, < p(B)"""" if p € (1,00);
0| o] <
B
A (p, 1)-ion will be simply called a p-ion.

Note that Taylor considered oco-ions only.
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Definition 4.3.2. Suppose that b and « are in R*. The local ionic Hardy space
}fa(]\/[ ) is the space of all functions f in L'(M) that admit a decomposition of the

form

=31 (43.1)

where the g;’s are (p, )-ions supported in balls of radius at most b and ) 77| [u;] <
oo. The norm ||f||b}:€,a of f is the infimum of 3 %, |u;| over all decompositions

E3T) of 1.

If « = 1, then we denote b}go‘(M) simply by [j}g(M)

We shall prove that the spaces b}’ga(M ) are, in fact, independent of «. Indeed, we
shall show that all these spaces coincide with the atomic spaces b;’p (M) and the

corresponding norms are equivalent. We shall make use of the following remark.

Remark 4.3.3. If o > 1, then it is easy to show that b; (M) C b;¥(M) and
7llyp < W llppe for every J in B32(21)
Indeed, consider a (p, a)-ion g supported in a ball of radius 7. If » > 1, then the

size condition implies that
[ oau] < lglhuBy” <10
B

If r <1, then

‘/gdu)gro‘gr.
B

Hence g is a p-ion. The inclusion b}:g’o‘(]\/[ ) C f)}fb” (M) and the desired norm inequal-

ity follow.

Theorem 4.3.4. Suppose that p € (1,00], « € RT and b > Ry/(1 — 3). The spaces

PP(M) and by P (M) coincide as vector spaces. Furthermore, there exist constants

C, and Cy such that

Cullflyzn < Ifllys < Collfllgpe VF € B}7(M).

Proof. Fix a > 0. First we prove that b, (M) C h}ga(M), by showing that each
p-atom at scale b is a multiple of a (p, «)-ion supported in the same ball.

Indeed, clearly each standard p-atom is a (p,«)-ion. Now, suppose that a is a
global p-atom supported in a ball B of radius b. Then the size condition implies
that

ﬁ/wﬁémmmmWSL (4.3.2)
B
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If b > 1, then ‘/ adu’ﬁ b* and a is a (p,«)-ion at scale b. If b < 1, then it is
B

clear that b* a is a (p, a)-ion at scale b. Therefore HaHb%,a < 1/b%. Thus, h,?(M) C
7v(M) and

[l < max(L,07) [flye VF € BL7(M).

To prove the reverse inclusion, we show that there exists a constant C' such that
each (p, a)-ion g supported in a ball B € B, is in h,”(M) and 19l[gr < C.
By Remark 4.3.3if a > 1, then blpo‘( ) C h}f(M) Therefore, it suffices to

prove this containment when o < 1. We decompose g as

g=a+h,

XB / XB
a=q9g——— [ gdu and h = /gd,u.
n(B) Jp w(B) Jp

Then a is a multiple of a standard p-atom at scale b. Indeed, clearly f pady =0

where

and

sl
lall, < gl + | [ gan
. . B 1(B)

< u(B)T o p(B)TH
< (146" u(B),

so that ||a||hl1),p < (14b*). Now we decompose h as a finite combination of b, P-atoms.

Set N := [log,(b/7)] and write
N2

h=> h,
=1

where

X2i-1B X2iB .
hi:[ B X2 } dp i=1,. N+1
s ) o y

and

h _ _XeNviB /gdu
e v f, 0

A straightforward computation shows that for all t =1,..., N + 1,

/ ‘ X2i-1B Xeip P w(2°B\27'B)  u(2'B)
wl (271B)  u(21B)

n(2'B)p p(2-1B)P
< p(2'B)P 4 p(27IB)P
<2p(27tB)P.
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Therefore

[illy < 2 2P (21 By
< 727 Dyjly pu(2'B) M

Since 2'B € By for all i = 1,..., N, h;/[(2Dg2)"? 7] is a standard p-atom, so that
The functions hy,, and hyo are supported in the ball 2¥+1 B, which has radius

greater than b, and
hniallp, < CO (¥ B)~H7,

v sally < b (¥ B) .
Observe that the radius of 2V*1B is < 2b. Then, by Lemma [4.2.3| there exists a

constant D, depending only on M and b, such that ||;||g. < D fori = N+1, N+2.

By combining these estimates we get
N+2
”h”h;vp < Z ”hz‘Hb;vP
i=1
<CNr*+2D
<Cr® log2$+2D
< C+2D,

Therefore, each (a,p)-ion g is in by ?(M) and ||g|q.» < C, where the constant C
depends only on M, b and «, as required. O]

We have already mentioned that the spaces f);’p (M) will be proved to be in-
dependent of the parameters p and b. Then, by Theorem [4.3.4] for p in (1,00,
b> Ry/(1 — ) and a in R, the spaces b}:g’o‘(M ) coincide with equivalence of the

norms.

Remark 4.3.5. We shall denote by h}(M) all the spaces b}’fa(M), endowed with any

of the equivalent norms defined above.

4.4 The space bmo(M)

Suppose that ¢ is in [1,00) and b is in RT. For each locally integrable function f

define the local sharp maximal function fg’q by

1 / 1/q
#,q q
T) = sup f fe|fdu Ve € M,
b ( ) BGBb(m)<,u(B) B | | )
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where fgp denotes the average of f over B and B,(x) denotes the family of all balls

in B, centred at the point z. Define also the modified local sharp mazimal function
Ny(f) by

NHP)@) = 54w + [

—/ \f]qd,u]l/q Ve e M
By(x)) Jp,(a) ’

where By(x) denotes the ball with centre x and radius exactly b. Denote by bmoj (M)
the space of all locally integrable functions f such that N/(f) is in L>°(M), endowed

with the norm

1/ lomog = VG (f)lloc-

The space bmo} (M) is related to the space BM O} (M), introduced in [CMMI].
The latter is the Banach space of all locally integrable functions f (modulo constants)
such that

1Fllsaog = 11£5 oo < o0

As shown in [CMMI], the spaces BMO}(M) do not depend on the parameters ¢
and b and we denote them all by BMO(M).

Remark 4.4.1. Given f in bmo} (M), we have

15 oo <IN (P lloo = 1 lomag -

Denote by [f] the equivalence class in BMO{ (M) which contains f. By the esti-
mate above, the linear map ¢ : bmof(M) — BMO}(M), defined by «(f) = [f], is

continuous, i.e.,

[e(f M parog < Ifllomey V. € bmoy(M). (4.4.1)

In the following proposition we show that the space bmof(M) does not depend on

the parameter b.

Proposition 4.4.2. Suppose that q is in [1,00) and Ry/(1 — () < ¢ < b. The
following hold:

(1) bmol (M) and bmo?(M) coincide and their norms are equivalent;

(i3) bmof (M) and bmoj(M) coincide and their norms are equivalent (here we as-
sume implicitly that Ry/(1 — () < 1).
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Proof. First we prove (i). Suppose that f is in bmo}(M). Since ¢ < b, f#9(z) <

24(z). Moreover, for each € M

8

1 q q
p(Be(z)) /Bc(z) 1" dpe < p(Be()) /Bb(:c) 71" dy

_ 1(By(z)) 1 /B( )|f|q du

| f17du,

" u(By(x)) /Bb(z)
(see (4.1.1)). Therefore NI(f)(z) < Dyjee Ny(f)(x). Thus f is in bmo?(M) and
”f”bmog < Db/c,c Hf”bmog'

To prove the reverse inequality, observe that, by [CMMI, Prop 5.1], there exists
a constant C; depending only on b, ¢ and M, such that

15 < Cy |1 f59) e Vf € bmol(M).

Now suppose that By is a ball of radius b. Then

(o [ Uplran) " =
/1/) = sup
1(By) Jp, f1(By)He [E

fodu

?

<1'JB,

where ¢ is the exponent conjugate to q. If ¢ is a function in LY (B,) with HqﬁHLqr(Bb) <
1, then ¢/u(By)Y? is a ¢-global atom at scale b. Therefore, by Lemma m
there exist IV ¢’-global atoms ay,...,ay at scale ¢ supported in balls B; such that
¢/ (B = Zjvzl Ajaj, with || < C and ||aj| s = u(B;)~Y4, where C and N are
constants which depend only on b, ¢ and M. Thus, by Holder’s inequality,

/Bbf ¢du‘ = ‘éAj/ijajdu‘
<c i( ) vrean) sl
N
<c ;(M(;j>  vrraw)”

<CN Hf”bmog‘

1
p(By) V4

The above estimates imply that || f[lemes < (C1 + CN) || f|lemoz, as required to con-
clude the proof of (i).

Next we prove (ii). Recall that ¢ is a contractive map between bmo' (M) and
BMO'(M) and that the spaces BMO'(M) and BMO?(M) agree (with equivalence
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of norms) for all ¢ in (1,00) (see [CMMI, Corollary 5.5]). Therefore there exists a
constant C' such that

(I rros < C l(H)llprror < C (| fllmer ¥ € bmo' (M).

Thus, for every B in B,

1 1/q
(i L1 = 1ol ) < C flams 1 € b (a0

Now suppose that By is a ball of radius 1. By the triangle inequality

1/a 1/q
Gy L 1) ™ < (g 17 = Sl ™ 1)
< [[e(/)llBrros + | flB,

< C[e(f)lBmor + |fldp
B

1
1(By)
< (C+ 1) Hf”bmol'

These estimates imply that
I llomer < (2 C 4+ D)l| fllmer ¥ € bmo’ (M).
Furthermore, for ¢ in (1, 00) and for every locally integrable f
N (f)(@) < NU(f)(z) Vo€ M,

so that || f|lpmet < || fllemes. Thus, f € bmo'(M) implies f € bmo?(M) for all ¢ in
(1, 00).
The proof of (ii) is complete. O

Remark 4.4.3. In view of the observation above, all the spaces bmof (M), b > Ry/(1—
f), q in [1,00), coincide. We shall denote them simply by bmo (M), endowed with

any of the equivalent norms [|[|gmee. This remark will be important in the proof of
the duality between h*(M) and bmo(M).

4.5 Duality

In this section we shall prove that the topological dual of h*P(M) is isomorphic to
bmop/(]\/[ ), where p’ denotes the index conjugate to p.

We need more notations and preliminary observations. Suppose that p is in [1, 00).
For each closed ball B in M, we denote by LP(B) the space of all functions in LP(M)

which are supported in B. The union of all spaces LP(B) as B varies over all balls
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coincides with the space LP(M) of all functions in LP(M) with compact support.
Fix a reference point o in M and for each positive integer k£ denote by Bj the ball
centred at o with radius k. A convenient way of topologising L?(M) is to interpret
LP(M) as the strict inductive limit of the spaces LZ(By) (see [Boul II, p. 33] for the
definition of the strict inductive limit topology). We denote by X? the space LE(M)
with this topology, and write X} for LP(By). The next lemma is well known, and it

is included here for the sake of completeness.

Lemma 4.5.1. Suppose that p is in [1,00). The topological dual of X? is Y (M),

loc

where p' denotes the index conjugate to p.

Proof. Suppose that g € Lﬁ:C(M ) and define the linear functional A, on X? by

A(f) = /Mfgdu-

Since X7 is the strict inductive limit of X}, to show that A, is continuous on X7 it
suffices to prove that the restriction of A, to X} is a continuous functional on X}

for each k. Given f € X, by Holder’s inequality we have that

MO = [ £9au] < Wl loll s,
k

whence A, is continuous on X7.
To show the reverse inclusion, suppose that A is a continuous linear functional on XP.
Then for each & the restriction of A to X}, which we denote by Ay, is a continuous
linear functional. Since the dual of X} is LP (By,), for each k there exists a unique
function g, € L¥ (By,) such that

Ae(f)= | fordu  YfeX].

By

Since X} C X4,

foedp= [ fogrdp  VfeX].
By, By,

This implies that g, coincides with gx,1 on By for each k. Therefore we can define
on M a function g by requiring that ¢ coincides with g, on By for each k. It follows
that ¢ is in Lf;C(M ); moreover, since for each f € X? there exists k such that f € Xg

we get

A(f)—A;;(f)—/BAfg;;du—/Mfgdu.
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We denote by hg”(M) the subspace of h'#?(M) consisting of all finite linear
combinations of p-atoms. Clearly, hg?(M) is dense in h'P(M) with respect to the

norm of h'?(M). A natural norm on hg?(M) is defined as follows:

N

N
||f||hénp = inf{z lcj| = f = ch aj, aj is a p-atom, N € N*}. (4.5.1)
=1

J=1

Note that the infimum is taken over finite linear combinations of atoms. Obviously,

Ifllge <N fllge  VF € BT (M). (4.5.2)

Remark 4.5.2. Observe also that f)é’f(M ) and LP(M) agree as vector spaces. Indeed,
on the one hand each function in hy”(M) has finite LP-norm and is compactly
supported, hence it belongs to L(M); on the other hand, let g be in L2(M); then,
there exists a ball B of radius rg > 1 such that g is supported in B. Set

_ g
lgllpp(B)7"

where p’ is the exponent conjugate to p. Then a is a global p-atom at scale rg and,

a

by Lemma [4.2.3| a can be written as a finite linear combination of p-atoms at scale

1. This means that a is in hg”(M) and so is g.

We remark that
} 1/q

)

£ + sup[—u(Biw / R

where

o x) = sup inf(ﬁ/;f—dqdu)l/q Vo e M,

BeBi(x) ceC

is an equivalent norm on bmo?(M). The proof is straightforward and it is omitted.
We shall write f*, instead of f*!.

Lemma 4.5.3. If f € bmo?(M), then |f| € bmo?(M) and ||| f]|lomor < 2||f |lomos -

Proof. Tt is straightforward to check that f*9(x) < f*4(x) < 2 f*4(x) for all z in
M. Therefore

|fIP9(x) <2 [f]7(x)
<2 Bzg}?w)(ﬁﬁm - Ifsl‘qdu)l/q

1 1/q
SQBEER@(M(B)/B” ful' ) " =2 112
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whence

N = 1) + (g [t

g 1 ‘ 1/q
<270+ (e f, 1)
<2 N(f)(x)-

[

Next we identify the dual of h'(M) with bmo(M). The proof follows the lines of
the classical result of Coifman and Weiss [CW] in the case of spaces of homogeneous

type, and of [CMMTI]. We give all the details for the sake of completeness.

Theorem 4.5.4. Suppose that p is in (1,00) and let p’ be the index conjugate to p.
The following hold:

(i) for every g in bmop/(M) the functional F, initially defined on héf(M) by the
rule

EF(f) Z/Mfgdu,

has a unique bounded extension to h*P(M). Furthermore

IEI < 4 119/l ponor

where ||F|| denotes the norm of F as a continuous linear functional on b1 (M).

(ii) for every continuous linear functional F on h'P(M) there exists a function gr
in bmo? (M) such that 197l ger’ < 3N EF and

F(f) = /M fgrdu  VfebLr(M),

Proof. Observe that for every g in bmop/(M ) and every finite linear combination f
of p-atoms the integral || o J gdp is convergent. Therefore the functional F' is well
defined on hg?(M).

To prove (i) it suffices to show that for every g in bmo? (M) the inequality

[ 9] < 115009 (453)
M

holds for each f in the dense subspace béf(M ) C hYP(M). First of all we prove
(4.5.3) for f in h'P(M) under the extra assumption that g is bounded. Given f
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in h1P(M) we can write f = Zj Aja;, where the a;’s are p-atoms. Since the sum

>, Aja; converges in the L'(M)-norm, we get

fogdu= /\~/ga~d,u.
J,po=2n f oo

If a; is a standard p-atom supported in a ball B;, using the cancellation property

/gajduz/(g—gBj)ajdu-
M M

Therefore, by the size condition,

(/ gajdﬂ‘
M

we can write

/

] (B a,

p/
- g—gjpd
M(Bj)/Bj| 5| M]

< HgHBMOP'

< 1|91l omev-

If a; is a global p-atom supported in the ball B; of radius 1, we get

‘/ gajdu‘z)/ (g—gBj)ajdu+/ gBjajdu‘
M
p
/ 9= an, b ] "+ / 19l du a1l
—/ g — g5, du} /l+ —/ lg]” du ,,
u(Bj) J g, ’ u(Bj) Jg

S ”gHbmop/ :

Therefore
[ 190] < I 19l < 171l
J

so that the inequality (4.5.3) holds for all bounded functions g and for all f in
hir(M).
Now we assume that g € bmo¥ (M) is real-valued and f € bg”(M). We consider the

truncated functions g, defined by

koooifgle) >k
gr(x) = q g(x) if |g(z)] <
<

k
—k if g(x) < —k.
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Observe that each g, can be written as g, = ¥y 0 g, where 1, are functions of a real

variable given by

ko ift>k
Yp(t)=¢q t  if[t] <k
—k ift < —k.

Since each 1 is a Lipschitz function with Lipschitz constant 1, for each ball B in
By

<ﬁ /B |r 0 g — (i 0 g)Bl” dﬂ)l/p,
2 (ﬁ /B Yo g — Uu(gs)l” d/i>1/p/
<2 (ﬁ /B lg — g5|” dN) 1/p/-

Moreover, noting that |gx| < |g|, for each ball By of radius 1 we get

G 7 )" < G [, )™

This implies that N? (g) < 2 N?(g), hence

(o [, o= oot am) ™

IN

||gk||bmop’ <2 ||9||bmow’- (4.5.4)

Since each gy is bounded, the case just proved and (4.5.4) imply that

[ #90u] < 208150019l
M

Since f is a finite linear combination of p-atoms, we have |fgi| < |fg| € L'(M)
and fgr — fg almost everywhere as k — +o00. Thus the dominated convergence

theorem gives

[ rodu] = tim | [ £ gedu] <205 lpolll o
M ——+00 M

If g is complex-valued, we apply this estimate to the real and imaginary part and,

Since HRe(g)Hmep/ S HgHbmop/ and H:[m(g)Hbmopl S Hthmgp/? we get

[ o] < 417l 19l

for all g € bmo? (M) and f € hpP(M). Since b (M) is a dense subspace of h'(M)

with respect to the hP(M)-norm, the desired estimate follows.
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Now we prove (ii). First we prove that if F is a continuous linear functional on
b1P(M), then F may be represented by a function in bmo? (M).

Since F is a continuous linear functional on hP(M), for every p-atom a
Fal < 1Fllallys < 17,
because each p-atom has h1P(M)-norm at most 1. Thus
sup{|Fa| : a is a h*P-atom} < || F.

For each ball B of radius rg > 1, and each f in LP(B) such that ||f||, = 1, the
function f/u(B)"? is a global p-atom at scale rz. Thus, by Lemma we obtain
that ||f/u(B)Y"||g» < C, where C is as in the statement of Lemma m This
implies the estimate

IFf| < CIFI u(B)YY

for every function f € LP(B) such that || f||, = 1. Hence the restriction of F' to X}
is a bounded linear functional on X? for each k. Therefore F' is a continuous linear
functional on X”. Since the dual of X is the space LV (M) by Lemma , there

loc

exists a function gp in LY (M) such that

Ff—/ fardu Ve XP. (4.5.5)
M

In particular, this holds whenever f is a p-atom.

To conclude the proof it suffices to prove that gr belongs to bmopl(M ) and that
197l omer < 3 (4.5.6)

Suppose that B is a ball of radius at most 1, and observe that

/ 1/p'
[ 19r =~ tor)al” au] " = sup
B

llellLr(B)=1

/Bsﬁ (97 — (97)8) du‘.

/BSO (97 — (9r)B) du = /B(SO —¢5) (97 — (gr)B) du
= /B(so—sos) gr du,

and since ||¢||rr() = 1

5] < [ﬁ /BIsOI”du]l/p < u(B)Vr.
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Moreover,
le — e5lle) < llllem) + lesl w(B)P
<2,

so that the function (¢ — ¢g)/(2u(B)Y?') is a standard p-atom. Therefore

‘/ (¢ —¢B) gr du‘ <2||F| (B
B

Combining the above, we conclude that for every ball B of radius at most 1

/

[ﬁ /B 97 — (9r) 5" dﬂ} " < 2|,

Now take a ball B of radius exactly equal to 1. We have

, 1/p’
[/ lgr|” du} = sup ‘/ sogpdu‘-
B B

llellLp(3y=1

The function ¢/u(B)Y?" is a global p-atom at scale 1, thus

[ ¢ ordu] < IF B
B

Therefore, for every ball B of radius 1

1 / 1/p'
—_ p < I£|].
7 [l ] <1

Combining these estimates, (4.5.6)) follows. This concludes the proof of (ii) and of
the theorem. N

In view of the last result, we are now able to prove that all the spaces h1P(M),
with p in (1, 00), coincide. Indeed, suppose that 1 < 7 < p < co. Then (h'"(M))* =
(hEP(M))*, since bmo” (M) = bmo? (M). Moreover, the identity is a continuous in-
jection of H1P(M) into b1 (M) and h1P(M) is a dense subspace of h" (M), therefore
the Hahn-Banach theorem implies that b7 (M) = hLP(M).

4.6 Estimates for the operator N

The purpose of this section is to establish a basic LP(M) estimate for the operator

N, which acts on a locally integrable function f by
N(f)(x) = f(x) + Nof(x) Vo eM,
where f* is the local centred sharp mazimal function given by the formula

1
f2)= sup — — IB

BeB; (x)
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and

1
Nof(z) = 2B (@) /Bl(x) |fldp.

The main result of this section, Theorem below, will be the key to prove a
basic interpolation results for h*(M) in the next section.
For each locally integrable function f, define the local centred Hardy-Littlewood

maximal function Mf as

1
MID) = e B @) /BT@ 1 di:

The operator M is bounded on LP(M) for every p € (1, 00] and of weak type 1. The
proof is analogous to that in the Euclidean case. Clearly N(f)(z) < 3Mf(x), so
that the LP-boundedness of M implies that for 1 < p < oo

[ flleany = CIINflleny Y € LP(M).
In the next theorem we prove a reverse inequality.

Theorem 4.6.1. Suppose that p € (1,00). Then there exists a constant C' such that

[ fllzeary < ClIN fll Lo

for every f € L} (M) such that Nf € LP(M).

loc

We recall ([CMMI, Thm. 7.3]) that if M possesses the isoperimetric property IP
(see Section [4.1)), then for each p in (1,00) there exists a constant C' such that

1 lrary < C N lLe Vfe LP(M). (4.6.1)

Observe that the isoperimetric property is necessary for this estimate to hold. For
instance, is false for M = R", as shown in [I1]. The inequality in Theorem
is weaker than , but it does not require any extra geometric assumption.

The proof of Theorem will make use of the so-called dyadic cubes introduced
by G. David and M. Christ [Chr [Dal] on spaces of homogeneous type. Since Christ’s
construction requires only the local doubling property, we can adapt this theory to

our setting, as shown in [CMMI].

Theorem 4.6.2. ([CMMI, Thm. 3.2]) There exist a collection of open subsets {QF :
ke€Z,a¢€ I} and constants § in (0,1), ag, Cy in RY such that

(i) U, QF is a set of full measure in M for each k in Z;
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(i) if £ >k, then either Q5 C QF or Q3N QL = 0;
(iii) for each (k,a) and each { < k there is a unique 3 such that Q% C QY;
(iv) diam(Q¥) < C, 6*;
(v) each QX contains some ball B(zE, agd%).
Note that (iv) and (v) imply that for every integer k and each « in I}
B(2F, a0 6%) C QF C B(zF, C, 6%).
We shall denote by QF the class of all dyadic cubes of “resolution” k, i.e., the family
of cubes {Q* : a € I,.}, and by Q the set of all dyadic cubes.
We shall need the following additional properties of dyadic cubes.

Proposition 4.6.3. ([CMMI], Prop. 3.4]) Suppose that b is in RT and that v is in
Z, and let Cy and ¢ be as in Theorem[{.6.3. The following hold:

(i) suppose that Q is in QF for some k > v, and that B is a ball such that cp € Q.
If rg > C1 6%, then
W(B Q) = n(Q): (462)

if rg < C1 6%, then
wWBNQ) > Dall/(aos),au 1(B); (4.6.3)

(ii) suppose that T is in [2,00). For each Q in Q the space (Q,d@,mQ) is of
homogeneous type. Denote by Dgoo its doubling constant (see Remark
for the definition). Then

sup {Dgoo NONS U Qk} < Drcyov Doy f(aos) 07
k=v

(iii) for each ball B in By, let k be the integer such that 6% < rg < §*7' and and
let B denote the ball with centre cg and radius (1 + C’l) rg. Then B contains
all dyadic cubes in OF that intersect B and

1(B) < Diyeyp (B);

) suppose that B is in By, and that k is an integer such that 6% < rp < 6 1.
pp g

Then there are at most D14.c,)/(aes)p dyadic cubes in OF that intersect B.
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In particular, property (ii) states that, when the resolution k is fixed, all the
cubes in QF are spaces of homogeneous type with doubling constants uniformly

bounded from above. More precisely, if we set C7j, := D, o5t Doy jags) 6%, We get
D¢ < Cyy (4.6.4)

for each cube @ in OF.
For each locally integrable function f and each dyadic cube @ the noncentred
Hardy-Littlewood mazimal function M@ f is defined by

MOf(z)= sup ——

—_— d Vo € Q,
B:BNQ>z N(B N Q) /BmQ |f| s

where each B is a ball in B whose centre belongs to Q.
The operator M@ is bounded on LP(Q) for every p in (1,00] and of weak type 1

uniformly in the resolution of @), i.e., there exists a constant Cy, such that

C
p{r €Q : MOU(@) > A}) < 2 flu (4.6.5)

note that Cy depends only on the doubling constant of (@, d|qg, 1), which is uni-
formly bounded when () varies in the set of all dyadic cubes of the same resolution,
by (ii) above.

For each locally integrable function f and each dyadic cube ) we define the
noncentred sharp mazimal function f*@(x) on Q as

)= sup ——

S — d V€ Q,
B:BNQ>3z M(B N Q) /BmQ |f meQ| s Q

where B is a ball in B whose centre belongs to ) and

oo = ——L
PO (BN Q) Jang

We split the proof of Theorem [4.6.1]into a series of lemmas.

fdu.

Lemma 4.6.4. Suppose that k is in Z. Then there exist constants A and B > 1
such that for every 3> B, v >0, f in L} (M), and Q in Q*

loc

uHxGQ:Wﬁﬂ@>6%ﬂQ§7M)§A%uHx€Q:Nﬂﬂ@>AD

for every A > %HfHLl(Q), where Cy is as in (4.6.5).

Proof. Set
No = 217
O @ e
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Ex={re€Q : MOf(x) >}, \={z € Q : f9a) <A} and G} = Es\ N Fy.
Since A > Ao, u(E)) < p(Q), so that F) is a proper subset in ). Since F) is open
and @ is a space of homogeneous type, we can apply a Whitney type covering lemma
[CW), Thm 3.2] (with 1 in place of C' and K therein), and obtain a sequence { B;NQ}
of balls in (), where B; € B, such that:

(i) Ex=U(BiNQ);

(i) there exists a constant Ky = Ky(k) such that no point of F) belongs to more
than K, balls B; N Q;

(iif) 3BiNQ)N((EX)"NQ) # 0.

Note that K, does not depend on the particular cube Q in Q* because K, depends

only on the doubling constant of the space of homogeneous type and for cubes of

the same resolution the doubling constants are uniformly bounded from above.
Suppose that > 1. Then G5 C Ezy C E), so that

M(Gf’“’) = u(Gf” N <U<B’ N Q))) = ,u(LJ(G&M N Bz)> < Z w(GY N By).

If Gf” N B; = ( for some index 7, we simply ignore the ball B;; otherwise, there

exists at least a point y; € Gf’7 N B;, whence f49(y;) < Y.

We claim that there exists By > 1 such that Eg\ N B; is contained in {z € Q :
MO (fxsp,)(x) > (B/Bo)A} for all 3 > By.
The claim will imply that

WG N By) < u(Epy N By) < p({M(fxss,) > (8/Bo)A}).

To prove the claim, we consider the centred Hardy—Littlewood maximal function on
the cube @) defined by

M@ — ; d V%
M) = sup gy [ e vee@

Since the restriction of p to each cube () is a doubling measure,
MOf(z) < Cop MOf(z)  Vr€Q,

where Cy ), is the constant that appears in (4.6.4) (it depends only on the resolution

of Q).
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Suppose that x € Egy, N B; and 8 > Cy;. We need to prove that

Clearly, M@ f(z) > %)\, so that there exists a ball B,(x) such that

S S 5
W(B, ()N Q) /< Fldu>Zm A

Condition (iii) above implies that there exists a point z; in 3B; N @ such that
MO f(x;) < A (4.6.6)

Since we have assumed that § > Cyy, x; ¢ B,(x), for otherwise

1 p

Since x; is in 3B; \ B.(z), r < 4rp,. Hence B,.(z) C 5B; and

b1 / o, e < MO )2,
Br(z)N

Cop - (B (1)NQ)

This concludes the proof of the claim (with By = Cy).

Now we observe that
MQ(fXSBi)(m) < MQ((f - f5BZ~ﬂQ)X5Bi)($) + ‘fSBmQ’-
Since x; is in 3B; N Q and M@ f(x;) < X by (4.6.6),
1
ol < — Ay < MOf(z) < A
frpral € s / Ul < MO ()

Therefore, if 3 > 2Cyy, then |fspng| < 50, A- This estimate, together with the
weak type 1 inequality for M and the assumptlon that f59(y;) <+, implies that,
if ﬁ > 2 027]“

p({ME(fxss,) > (B/Con)A}) < p{MO((f — fsmino)XsB,) > (B/2Car)A})

2C5: C

< 2k O/ \f — fsminolXxss, du
20 C

< %U(E)Bi NQ) f*“(y;)

<20y Co% w(5B; N Q).
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Thus, we have proved that
WG N B;) <2Cyy, Co% n(5B; N Q),

so that, using the doubling property on @) and condition (ii) , we get
H(GIT) <20y, Co% D> u(3B:NQ)

<205 Cy C5,k% Z w(B;iNQ)

<205, CoCs Ko% L(Ey),
as required (with B =2y and A =2y, Cy Cs i, Ko). n

Lemma 4.6.5. For each k in Z there ezists a constant C = C(k) such that for each
cube Q in QF
110y < C (1559 + 1 Wir gy )

Proof. Since M@f > |f| almost everywhere, it suffices to show that
IMOF 120 < C (15 i) + 11 g )

We set By = {x € Q : MPf(x) > A} and g = %HfHLI(Q), as in Lemma [4.6.4
Note that,

HMQJCHZP(Q) = p/o APt M(EA) dA
zpﬂp/ A (B dA
0

Ao —+00
= [N u(En) e [ () A
0 Ao

=: Il + [2.

We choose 3 > 2C, ;. Since the maximal operator M@ is of weak type 1,

Ao
L < CopB ' flu / N2 dA
0

p - -1
L o) A

p _ _

—

Given v > 0 we write I5 as the sum of

+0o0
PGP A N (Egy 0 {49 < yA}) dA
0
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and

pB / - N (Epy N {49 > yA}) dA

Ao

Then, by Lemma [4.6.4]

+o0 Fo0
B apmty [ pE) e [T ({795 )y

)\0 )\O
+o00 D

:Apﬁff’—w/A NP~ (EA)dA+p§—/A NP ({F59 > A1) dA
0 YAO

< A MO, 0 + % I

Therefore

Cpp 3 3 ﬁp
(1= AP DIMOT gy < 25 8 0@ gy + 1)

Now, we choose v small enough so that 1 — A3P~'y > 0; for instance, we set
v=1/(2ABP71) and we get

Cpp _ 2
IMOFI2, g < =222 B (@) I gy + 27 47 87 £490

Since each cube Q of resolution k contains a ball of radius ayd”*, the UBSC implies
that there exists a constant D, depending only on k, such that ©(Q) > D for each
cube @ in QF. Therefore

M2, gy < € (175U gy + 111 ) )
where C' = max <2 C¥ z% pr=iDi=p ortl Ap ﬁp2>, as required. O

Lemma 4.6.6. For each k in Z there ezists a constant C' = C(k) such that for each
cube Q in QF

1fller@ < ClINof Nl
Proof. For the sake of definiteness, suppose that @ is the dyadic cube Q*. Then

Q is contained in the ball B(2%, C} 6¥). Denote by B the ball centred at 2% and of
radius 1+ C; §%. Then, B;(x) C B for each z in Q, so that, using Tonelli’s theorem
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and the UBSC, we get

NSl = [ ooy i 1) du

= | im0 et dute)

- [ XB“I;(); () dua(y)

>c [ 11 |/><B1 (v) dia() dyu(y)
—C/If |/><B1 () du(y)

=C /B |f(y)|p(Q N Bi(y)) du(y)
> C / F) (@ N Bu(y)) duy).
Q

where the last inequality follows from the fact that Q C B. To estimate u(QN By (y))
from below we consider the cases where C;6F < 1 and C;6* > 1 separately.
Suppose that C;6F < 1. Since the diameter of @ is at most C;d* by Theorem
(iv), @ N Bi(y) = Q. Moreover, @ contains the ball B(z*, agd*), so that, by
the UBSC, u(Q N Bi(y)) = m(Q) > pu(B(2, a0 0%)) > C.

Now assume that C;6* > 1. By Proposition m (i) and the UBSC, we obtain
that u(Bi(y) N Q) > D! (Bi(y)) > C. In both cases, the constant C

C1/(aod),sk H
depends only on the resolution k. Therefore

INofllie = C /Q F@)duy) = C I ),

as required. O

Lemma 4.6.7. Suppose that k is an integer > [logs(1/(2C4))], where 6 and Cy are
as in Theorem[4.6.9, Then there exists a constant C' = C(k) such that for each cube
Q in QF

fPRx) < C fix)  Vzeq.

Proof. For each b in RT we define the noncentred sharp function fg of a locally

integrable function f as

5 1
fb(ﬂ?)—sgpMB)/BM—fB!du Vo e M,

where the supremum is taken over all balls in B, that contain x.

We first show that for each integer k there exists a constant C' = C(k) such that,
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for each cube Q in QF, f#¥(z) < Cfgl&k(x) for any z in Q.
Fix k in Z and choose Q in QF. Take x in @ and suppose that B is a ball whose
centre belongs to @ and such that z € BNQ. We consider the cases where C,6* < rp
and C16% > rp separately.
If rg < C16%, the triangle inequality gives
500 fo 1~ Foraldn < g [ 17 = foldu 15 — forl

2

= — fyld
< TG g 1
2 D¢, (ags) 6% _f1d

where the last inequality follows from the fact that

/L(B N Q) Z ngll/(ao(g)#;k IU’(B)

by Proposition m (i). Since the ball B belongs to Bg,sx, the right hand side of
the formula above is majorised by 2 D¢, /(a0s) 6 faék(m).

Now assume that rz > C;6%. Without loss of generality, we may suppose that Q is
the dyadic cube Q*. Since diam(Q) < € §* by Theorem (iv) , QN B = Q;
moreover, Theorem [4.6.2] (v) implies that

B(2F ap6%) € Q C B(2E, 0y 6%).
Denote by B the ball B(zk, C; 6%). Then, by the triangle inequality,

1 1
N(BQQ)/mQ‘f—meQ’dMSm/BmQ’f—fB\du—l—]fB—med

2
= — f=ld

2
< — faldp.
< B Jy o
Now, the local doubling property implies that

U(B) < Dey jag ager 1(B(25, a0 6%));

hence, the right hand side can be estimated from above by
2 Dcl/ao aodk /
Rl A LT
wB) U "

which may be majorised by 2 D¢, /44 ags* fgl 5+ (), since the ball B has radius C} 6*.
By taking the supremum over all balls B containing  and whose centre belongs to
Q, we get

FH9(2) < 2D, j(ag8) max(1,a0)5" fglgk(x) Vr € Q.



4.7. INTERPOLATION 73

Since the local doubling property ensures that for each b in R™ there exists a constant
C' = C(b) such that J?E < C f% we can deduce that

fPe(x) < Cfgclék(x) Vo € Q.

Now, if we choose the integer k large enough so that 2C,6% < 1,i.e., k > [logs(1/2C})],

we get fzﬁc1 5o < f*, which gives the desired conclusion. O

Now we are ready to prove the main result of this section.

Proof of Theorem[{.6.1. Consider the collection of dyadic cubes {QF : k € Z,a €
I}, as in Theorem Fix a resolution k > [logs(1/2C1)]. Since the dyadic cubes

of a fixed resolution are pairwise disjoint and their union is a set of full measure in

M

Y

1y = 221 Voo
<C{Z\|fm“||m o+ 2 e }
<C {Z L1 gy + > ||Nof||L1(Qg)},

where the first inequality follows from Lemma [4.6.5{and the second is a consequence
of Lemma and Lemma [4.6.7 Since Q% C B(z%,C, 6*) for all « in I, each
QF has finite measure depending only on k, by the UBSC. Therefore there exists a
constant C' such that || Nof]", v <C INofIIY, (@r)- Thus,

115 ary < CUFNany + INOF o ar
S C ||Nf||LP(M)

as required. O

4.7 Interpolation

Suppose that X and Y are Banach spaces, and that 0 is in (0,1). We denote by
S the strip {z € C : Rez € (0,1)}, and by S its closure. We consider the class
F(X,Y) of all functions F : S — X +Y with the following properties:

1. F is continuous and bounded in S and analytic in S;

2. the functions ¢t — F(it) and t — F(1 + it) are continuous from R into X and
Y respectively;
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3. hmmﬂﬂm HF(Zt)HX =0 and hm‘t|ﬂ+oo HF(l + it)“y =0.
We endow F(X,Y) with the norm
1Fll#xyy = sup{max(||F(it)||x, [[F(1+it)[ly),t € R}.

We define the complex interpolation space (X,Y ") between X and Y with param-
eter 0 by
(X,Y)[@} = {F(e) C Fe f<X7Y>}7

endowed with the norm
1 ey, = inf {|Fllrcery - F € F(X,Y)and F(8) = f}.
For more on the complex interpolation method see, for instance, [BL].
Theorem 4.7.1. Suppose that 6 is in (0,1). The following hold:
(i) if po is 2/(1 —6), then (L*(M), bmo(M))[(ﬂ = LPo(M);
(ii) if pg is 2/(2 — 0), then (bl(M),L2(M))[9] = LP(M).
Proof. First we prove (i). Since L*(M) is included in bmo(M), it follows that

(LA(M), L=(M)) g € (L*(M), bmo(M))

since (L?(M),L>(M))

follows.

= LP (M), the inclusion LP?(M) C (L*(M), bmo(M))

[6] [6]

Now we prove the reverse inclusion (L?(M),bmo(M))
that f is in the interpolation space (L?(M), bmo(M))[e].
exists a function F in F(L*(M),bmo(M)) such that F() = f and

o C LPo(M). Suppose
Then, given € > 0 there

| E Nl 7(22,0mo) < Nl f1l (22, mopq + €-

Let ¢ be any measurable function which associates to any point x in M a ball ¢(z)
in By(z). Furthermore, let  : M x M — C be any measurable function such that
In| = 1. We consider the linear operators S and 7" which act on a function f in
L?*(M) as follows:

¢Nf(r) = 1 _ z. - "
5% f(x) 6@ /W) [f = fow]m(z,)du Vo eM
and X
T”f(x):m/jgl(z)fn(x,~)du Ve e M.
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Then
sup [S*f| = f*  and sup [T"f| = Nof. (4.7.1)
1

@
For each ¢ and 7 as before, consider the functions S»"F and T"F, where F is in
the space F(L?*(M), bmo(M)).
We claim that S®7F and T"F belong to the class F(L?(M), L>(M)) and that

ISP F|| (12,1000 < C || (12, 6mo)

and
|T"F|| 712,00y < C || F[| £(22,bmo)-

Indeed, recall that g* < 2 Mg and that M is bounded on L?(M). Thus,
IS*7F (i)l < [|F (it ]l < 2[MEF(it)]l2 < CIF(it)]|2.

Note that the constant C' in the above inequality does not depend on ¢ and 7.

Moreover,
ISP (1 +it)[loo < [|F(1+ i) loc < [[F(L+ it) ] omo.
Similarly,
[T7F(it)||2 < [|MF(it)]l2 < ClIF )2
and

IT7F (1 +it)[loo < [NoF (1 +it)[[oo < [[F(1 +it)]lbmo,

where C' is independent of 7.

Hence

5%l = 15°"F (O)l}z2.2)
< ||SPF|| r2, po0)

6]

< C ||FH.7:(L2,bmo)
< C(HfH(LQ,me)[a] + 6)'

By taking the infimum over all € > 0 we get
1% Fllps < C' 11 1l22,6me)-
Now, by taking the supremum over all ¢ and 1 we obtain the estimate
£ 51150 < ClLf Nl 22 6moe - (4.7.2)

Similarly, we get

177y < ClLFlleomo
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and taking the supremum over all functions 1 we have

Now, applying Theorem and combining (4.7.2)) and (4.7.3) we may conclude

that

11y < C 1N,
< C (1l + 1IN0l )

< Clfl2omoyy — Vf € (L2(M), bmo(M))

and the required inclusion (L*(M), bmo(M ))[9] C Lo (M) follows.
Now (ii) follows from (i) and the duality theorem [BL, Corollary 4.5.2]. O

We end this section by proving that if in Theorem [4.7.1] (ii) we replace h'(R) with
the local Hardy space H{(R) of Carbonaro, Mauceri, and Meda, then the conclusion
is false. Recall, once more, that here H{(R) does not denote the classical Hardy
space on R, but the smaller atomic space obtained by requiring that the supports

of atoms are contained in intervals of length at most (say) 2.

Theorem 4.7.2. If py = 2/(2 — 0), then (H{(R), LQ(R))[G] G L7 (R).

Proof. Clearly (H{(R), L*(R)), C LP(R), for H{(R) is included in L'(R) and

[6]

(L'(R), *(R)) ,, = L7 (R).

[6]

For each complex number z, denote by k. the function
k.(z) = (14 22)7/? Vx € R,

and by T, the associated convolution operator.

If Rez > 1, then k, is integrable, so that 7}, is bounded on LP(R) for each p in
[1, 00]; in particular, T, is bounded on L*(R).

We claim that 7T}, is bounded from H{(R) to L'(R) for all z such that Rez > 0.

Deferring momentarily the proof of the claim, we show that the required conclu-
sion follows from it. We argue by contradiction. Suppose that (Hl1 (R), LZ(R))[Q] =
LP?(R). Then, the interpolation theorem for analytic families of operators of Cwikel
and Janson (see [CJ]) implies that for each z € (6,00) the operator T is bounded
on LP?(R). Since 6 is in (0, 1), it is always possible to choose z in (0,1). We show

that for such z the operator T, is unbounded on LP(R) for each p in [1,00). Indeed,
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since the kernel k, is positive, if the operator T, were bounded on LP(R), then k,
should be integrable (see [Ho]), but this is clearly false.

Therefore, to conclude the proof of the theorem it suffices to prove the claim. In
view of [MSV], Thm 4.1], it is enough to show that

sup{||T.al|; : a is an H}(R)-atom} < oco.

Let a be an H'(R)-atom supported in an interval I of length < 2. Since T, is
translation invariant, we may assume that I is centred at 0. By the cancellation

property of a
ke * alz) = / k(v — y) aly) dy
~ [Iklo =)~ k(@) aty)

I
so that

| Tl = / ks % a(z)| do < / a(y)| / k(e — ) — ka(2)| de dy.

Now, by Fubini’s theorem
dt ~

/R|/fz($—y)—kz(x)|dx_
//| "(x — ty)| |y| dz dt

< [ sup [k (o~ )]

te(0,1)

1

dk‘ L(x —ty) dt' dz

where the last inequality follows from the fact that |y| < 1since I C [—1,1]. Observe

that
2T

! _ e
<kz) (x) - (1 + x2)z/2+1'
It is straightforward to show that there exists a constant C' = C(z) such that

sup |(k.)'(z — ty)] < —C

Y WzeR Wyel-L1]
Sup L+ o) e —L1]

Combining the above estimates, we get

dz
T.al, < C @
H CLH1 = Ha”l/R (1—|—|.1‘D1+Rez

§C7

where the constant C' depends only on z. This concludes the proof of the claim, and

of the theorem. ]
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4.8 On the h! — L! boundedness of operators

One of the reasons which make h*(M) useful is that to prove that a linear operator
T maps h'(M) to a Banach space X it suffices to prove that 7" is uniformly bounded
on atoms. This extends to the space h'(M) the analogous result for H'(M) (see
IMSV]).

Theorem 4.8.1. Suppose that p is in (1,00) and that T is a L*(M)-valued linear
operator defined on f)}zf(l\/[) with the property that

A= sup{[|Ta|; : a is a p-atom} < oo.

Then there exists a unique bounded operator T from § (M) to L' (M) which extends
T.

Proof. Suppose that B is a ball of radius rg > 1. For each f € LP(B) such that
Ifll, = 1 set a = u(B)~Y? f, where p' denotes the index conjugate to p. Then a
is a p-atom at scale rg and by Lemma there exist global p-atoms at scale 1,
ai,...,ay such that a = Zj\;l cja;, with |¢;| < C, where C' and N are constants,

which depend only on 75 and M. Thus we get
Tl = 1T (u(B) 7 a)s
N
< (B les| 1 Ta )
j=1
< CN Au(B)'"

for every f € LP(B) such that || f||, = 1. In particular, the restriction of T to X} is
bounded from X? to L'(M) for each k. Therefore, T' is bounded from X? to L*(M).
It follows that the transpose operator T* is bounded from L*(M) to the dual of
XP?, which can be identified with the space Lf;C(M ) by Lemma . Therefore, for

every f in L*>°(M) and every p-atom a we have

Ta.f)= @)= [ a7,

M
so that
[ o au| = 1T )] < ITalllf o < A1
M

Now we show that 7™ f belongs to bmo(M) and that

1T fllomo < 3 A fllec  Vf € L=(M).
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Suppose that B is a ball of radius at most 1; we have

/!T* \pdﬂr = sup (/ (T f )B)du)'

llellLe(s)=1

[e@r=@nmau= [ (o= o) ("7 = @ Pa)
B B
—/(30—903) T*f dp,
B
and since ||¢||r(p) =1
1 P e —1/p
o] < [M/BM du] < u(B) P

Then

I — wsllrem) < l@llres) + los] W(B)?

S 27
so that (¢ — ¢p)/(2u(B)Y?) is a standard p-atom. Therefore
[ (o= om) T ] < 200l B,

and hence we conclude that for every ball B of radius at most 1

1 . " o 1/p
[@/B‘T f = (T"f)s] du} <2A||f|-

Now take a ball B of radius exactly equal to 1. We have

[/BIT*flp'du} = sup ‘/¢T*fdu‘

llellLr(By=1

The function o/u(B)Y? is a global p-atom, thus
[ o] < AlFLn(B) .
B
Therefore, for every ball B of radius 1
1 R
= [ <apf)
) JB
Combining the above estimates, we get
17" Fllome < IIT" fllomer <3 AWSflloo V. € LZ(M),

as required.

Now we prove that T extends to a bounded operator from h'(M) to L'(M). We
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recall that X? and hy”(M) coincide as vector spaces. For every g in hg”(M) and
every f in L>®(M)
[(Tg, /)| =1{g, T" ) |
< Cligle 1T Nl ome
<3CAgllg I flloe-
By taking the supremum of both sides over all functions f in L>°(M) with || f|l = 1,

we obtain that

ITglh <3CAlglly Vg € b (M).

Since hg?(M) is dense in h'(M) with respect to the norm of h'(M), the required

conclusion follows by a density argument. O]

Suppose that T is a bounded linear operator on L?(M). Then T is automatically
defined on hg>(M). If we assume that

A :=sup{||Ta|; : a is a 2-atom} < 0,

then, by the previous theorem, the restriction of T" to bflif(]\/[ ) has a unique bounded
extension to an operator T from h!(M) to L'(M). We wonder if the operators
T and T are consistent, i.e., if they agree on the intersection h*(M) N L2(M) of
their domains. As in the case of the same problem on the space H'(M) (see [MSV]

Prop 4.2]), the answer is in the affirmative, as shown in the next proposition.
Proposition 4.8.2. Suppose that T is a bounded linear operator on L>(M) and that
A :=sup{||Ta|; : a is a 2-atom} < co.

Denote by T the unique bounded extension of the restriction of T' to f)}ij(M) to an
operator from h (M) to L*(M). Then the operators T and T coincide on b (M) N
L*(M).

Proof. Assume that f is in L?*(M) N L>®(M) and that g is in L?(M). Denote by T*

the transpose operator of T' (as an operator on L?(M)). Then

/MgT*fdMZ/MTgfdu-

Since ¢ is in héj(M) and the operators T and T agree on Ijilif(M), we get

/A4Tgfdu=A4fgfdu-
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Denote by (T)* the transpose of T’ as an operator from §'(M) to L'(M). Then
/ Tgfdu= <g, (T)*f>-
M

Since (T)*f is in bmo(M) and g is in he? (M), we can write the last scalar product
<g7 (TV)*f> (with respect to the duality between h'(M) and bmo(M)) as

(0@ f)= [ 9@y s
M
Thus, combining the above equalities, we obtain that
| sl s =@ nan=o  vge L)
M

i.e., for all g in X2. This implies that 7% f — (T)*f = 0 is in the dual space of X2,
ie.,in L2 _(M). Thus T*f = (T)*f almost everywhere.
Now, suppose that f isin L*(M) N L>®°(M) and that g is in (M) N L*(M). Then

/MTgfduz/MgT*fdu
—/Mg(f)*fdu

:/Mfgfdu.

Thus we have obtained that
/ [Tg—Tg) fdp=0
M

for an arbitrary f in L?*(M) N L>(M). This implies that Tg = Tq for all ¢ in
b (M) N L2(M). O

4.9 Applications to SIO

The purpose of this section is to show that the Hardy space h!(M) may be used to
obtain endpoint estimates for interesting singular integral operators on Riemannian
manifolds.

Hereafter in this chapter, we assume that M is a complete connected noncom-
pact n-dimensional Riemannian manifold with bounded geometry, that is with Ricci
curvature bounded from below and positive injectivity radius. We view M as a mea-
sured metric space with respect to the Riemannian distance and measure. It is well

known that manifolds with bounded geometry satisfy the UBSC (see, for instance,
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[CMP], where complete references are given), and, as a consequence of the Bishop-
Gromov comparison theorem (see, for instance, [Grl], [Ch, Thm II1.4.5], [BC]), they
possess the LDP. Furthermore, the AMP property clearly holds. Thus, the theory of
local Hardy spaces h'(M) developed in the previous chapters applies to this setting.
Denote by —L the Laplace-Beltrami operator on M: L is a symmetric operator on
C>(M) and its closure is a self adjoint operator on L?(M) which we still denote
by L.

For the sake of definiteness here we shall focus on two examples of SIO, which
have attracted the attention of quite a large number of researchers, and which are
commonly indicated as paradigmatic: the (translated) Riesz transforms and spectral
multipliers of £ satisfying a Mihlin type condition at infinity.

The latter operators are treated in [T3] and in [MMV?2]. A comparison between
the results obtained therein and our result is in order. We extend the result in [T3]
by relaxing significantly the assumptions on the geometry of M. Indeed, in [T3] a
uniform control of all the covariant derivatives of the Riemann tensor is assumed. In
IMMV2] the Riemannian manifold M is assumed to have bounded geometry in the
same sense as here, but an additional hypothesis is made, i.e., that the bottom b of
the L? spectrum of M is strictly positive. This assumption rules out, for instance,
all Riemannian manifolds of polynomial volume growth [Br|. The reason for this
additional assumption is that the local Hardy space Hj(M) used in [MMV?2] is
known to interpolate with L*(M) to give LP(M), 1 < p < 2, only when b > 0.
This is a real limitation, for we have proved in Theorem that the interpolation
space between L?(R) and the local Hardy space H{ (R) is strictly contained in LP(R),
1 < p < 2. The interpolation result proved in Section makes all these problems
disappear if we use h'(R) instead of H](R).

Recall that the (translated) Riesz transforms are defined by R, := V(aZ+L)~'/2,
where V denotes the Riemannian gradient and a is a positive number. The problem
of establishing endpoint estimates for R, when p = 1 in the setting of noncompact
Riemannian manifolds has been widely studied. In particular, T. Coulhon and X.T.
Doung [CD] proved that if M is locally doubling, of exponential growth, and supports
an L%-scaled Poincaré inequality, then R, is of weak type 1. Russ [Ru] complemented
this result by showing that, for a large enough, R, is bounded from the atomic Hardy
space H{(M) to L'(M). Note, however, that Russ’ result is known to interpolate
with L2(M) to give LP(M) estimates only when M has bounded geometry and
spectral gap (see [CMMI] and the remarks above).
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Here we prove, under the assumption that M has bounded geometry, that if a is
suitably large, then R, is bounded from h*(M) to L'(M). This result complements
the analogous result in [CMMI].

4.9.1 Spectral multipliers

First we define the class of symbols which will be needed in the statement of Theo-

rem [4.9.2]

Definition 4.9.1. Suppose that .J is a positive integer and that W is in R*. Denote
by Sw the strip {¢ € C : Im({) € (=W, W)} and by H*>(Sy; J) the vector space
of all bounded even holomorphic functions f in Sy, for which there exists a positive
constant C' such that

IDIFO)<CO+|C)7  VCeSw Vje{o1,...,J} (4.9.1)

We denote by || fl|s,;s the infimum of all constants C' for which (4.9.1]) holds.
If || fllsy.s < oo we say that f satisfies a Mihlin condition of order J at infinity on
Sw.

Denote by w an even function in C2°(R) which is supported in [—3/4,3/4], is
equal to 1 in [—1/4,1/4], and satisfies

wt—j)=1 VteR

JEL
Denote by D the operator v/£ — b, where b denotes the bottom of the L? spectrum
of L. Clearly spectral multipliers of £ may equivalently be expressed as spectral
multipliers of D (with a different multiplier). Recall that the heat semigroup is the
one-parameter family {H;};>o defined, at least on L*(M), by

Hf :=e“f  Vfe L*(M).

It is well known that H,; extends to a contraction semigroup on LP(M) for all p €
[1,00]. Furthermore, since M has Ricci curvature bounded from below, the heat

semigroup {H'} satisfies the following ultracontractivity estimate |Grll, Section 7.5]

7, < Ce "t (1 1)™*02 vt eR* (4.9.2)

Hl 1;2

for some ¢ in [0, 00).

The following result should be compared with [T3], Proposition B.5].
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Theorem 4.9.2. Assume that o and ( are as in , and d as in . Denote
by N the integer [n/2 + 1]+ 1. Suppose that J is an integer > max (N + 2+ a/2 —

0, N + 1/2). Then there exists a constant C such that
[m(D) g < Cllmllss — ¥m € H*(Sg: 7).

Proof. We claim that it suffices to prove that for each 2-atom a at scale 1, the
function m(D)a may be written as the sum of 2-atoms supported in balls of By,
with ' norm of the coefficients controlled by C' |[m/s,;s.

Indeed, suppose that f is a function in h'(M) and that f = >iAjaj is an
atomic decomposition of f with [[f[lyx > >, [A\;[ —e. Since for each 2-atom a
we have [|[m(D)all; < C||ml|s,s, by Theorem m(D) extends to a bounded
operator from h'(M) to L'(M). Then m(D)f = > . A\;m(D)a;, where the series is
convergent in L'(M). But the partial sums of the series Y, \; m(D)a; is a Cauchy
sequence in h!(M), hence the series is convergent in h*(M), and the sum must be
the function m(D)f. Therefore

lm(D) fllg < D Il llm(D)a s
j
< C lmllsyr Y Il
j

< C lmllsger (1fllgr + ),

and the required conclusion follows by taking the infimum of both sides with respect
to all admissible decompositions of f.

It has already been shown in the proof of [MMV?2, Thm 3.4] that the claim holds
for standard atoms. Therefore it suffices to prove it for global atoms.

As in the proof of [MMV2, Thm 3.4], we split the operator m (D) into the sum
of two operators and analyse them separately. The functions @ * m and m — © * m
(w is the cut-off function defined above) are bounded. Define the operators S and

T spectrally by
S = (wxm)(D) and T =(m—0oxm)(D).

Thus m(D) =S8+ T7T.

Suppose that a is a global 2-atom supported in B(p, 1) for some p in M. Observe

that the function © * m is bounded and

& e < Clmlloe < Cllmlls,.- (4.9.3)
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Therefore, (@ * m)(D) is bounded on L?(M) by the spectral theorem, and
[@ s« m)(D)[l2 < [|&0*mlle < Cllmlls,;s-

We have used (4.9.3]) in the second inequality above. Observe that the support of
the kernel of the operator (0 % m)(D) is contained in {(z,y) : d(z,y) < 1}, for £
possesses the finite propagation speed property, hence the function (@ % m)(D)a is

supported in the ball with centre p and radius 2. Moreover,

[(@ xm)(D)alls < C [[(&*m)(D)]l2 [|all2
< C|lml|s s p(B(p, 1))~/
< Cllml|s . p(B(p,2)) 12,

We have used the LDP in the last inequality. Thus, (&0 * m)(D)a is a constant
multiple of a global atom at scale 2 and, by Lemma [4.2.3]

(@ xm)(D)ally < Cmlls.-

Now we analyse 7 a. In the proof of [MMV2, Thm 3.4] it is shown that if b is a

standard 2-atom, then 7b may be decomposed as

Th=Y M\b,
j=1
where b; is an atom at scale j + 2, and
|)\J| S C(||T',L||SB§JjJV_FOt/Q_J_(S \V/] = 172737"' (494)

A close examination of the proof reveals that the cancellation property of b is used
to show that the atoms b; also have this property, but it is not required in the proof
of (4.9.4). Thus, by arguing as in Step IV in the proof of [MMV2, Thm 3.4], we may

conclude that 7a may be written as

Ta= i >\j Qj,
j=1

where a; is a global 2-atom at scale j 4+ 2 and \; satisfies estimate (4.9.4). Now
Lemma [4.2.3] (and its version for Riemannian manifolds [MMV2, Lemma 5.7]) imply

that there exists a constant C' such that

H(IjHWSCj j:172737-"
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Therefore

oo
| Tally < Cllmlsgy Y2770 < Clmlls,,
Jj=1

where C' is independent of a. Hence 7 extends to a bounded operator from h'(M)
to h1(M).

So far, we have proved that there exists a constant C' such that for every global

atom a
[Sally + [[Tally < Cllmlls,..
Hence
[m(D)allyr < Cllmlls,..-
The required conclusion follows from the claim at the beginning of the proof. ]

4.9.2 The translated Riesz transform

We shall need the following local estimate for the space derivative of the heat kernel.
Lemma 4.9.3. There exists n > 0 such that for ally € M, t >0

Cent/s571/2 Vs € (0, 1]

[ Wl <
d(x,y)>V't
) Ce M/seesg=1/2 Vs € (1,00)

This result is stated in [CD], though its proof is given in full detail only in the
case where M is globally doubling. However, it is not hard to modify the argument
to produce a proof of Lemma The proof hinges on upper estimates for the
heat kernel and its time derivatives (see |Grll [Gr2l, [D]) and on weighted estimates

for the space derivative of the heat kernel ([CDI).

Theorem 4.9.4. There ezists a > 0 such that the translated Riesz transform V (aZ+
L£)~Y2 is bounded from b (M) to L*(M).

Proof. We know that if a is large enough, then V(aZ+L)~'/? is bounded from H' (M)
to L'(M) by [Ru]. Therefore it suffices to show that the kernel k of V(aZ + £)~1/2

satisfies the condition

sup/ |k(x,y)| du(z) < oo (4.9.5)
B(y,2)°

yeM

and then apply [CMMS3|, Prop 4.5]. The kernel is given, off the diagonal, by

“+oo efas
k(x, :/ Vihs(x,y) ds.
(z,y) 7 (z,y)
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By Fubini’s theorem, we obtain

“+o0o e—as
)l )= | S Vuhi(a.y) ds| duo)
/B(y,Z)C B(y,2)° 0 \/g
+oo e—as
<[ = Vb, )] da() ds
d(z,y)>2
= ]1+IQ,
where .
e—as
I :/ Vehs(z,y)| du(x) ds
= d(m,y22| (z,y)| du(x)
and
+oo e as
n= [t Vhy(, )] dp() ds
d(z,y)>2

Now we apply Lemma [£.9.3] to estimate the inner integrals. We get

1 —as—4n/s 1 —4n/s —4n
flgo/ e—dsgc/e ds=CS—
0 0

S

and

+o00 ef(afc)sf4n/s +oo
I, < C’/ —ds < C/ e~(@=9s s,
1 1

s
Note that the last integral converges only when a > ¢. Therefore (4.9.5) holds if
a > c and for such a the operator V(aZ + £)~'/2 extends to a bounded operator
from h*(M) to L' (M), as required. O
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Chapter 5

Hardy type spaces for SIO at
infinity

5.1 Notation

Basic assumptions 5.1.1. Hereafter, we assume that M is an unbounded connected

noncompact complete Riemannian manifold that possesses the following properties:
(i) the injectivity radius Inj(M) is positive;

(ii) there exists a positive number x such that the Ricci curvature satisfies the

bound
Ric(M) > —r?;

(iii) the bottom b of the L*(M) spectrum of L is strictly positive.

It is known that for manifolds with Ricci curvature bounded from below the assump-
tion b > 0 is equivalent to the isoperimetric property (4.1.2), and that this property
implies that M has exponential volume growth, therefore y is nondoubling. For the
proof, see [CMMI].
Set 3 = limsup,_ [log n(B(o0,7))]/(2r), where o is any reference point in M. By
a result of R. Brooks b < 3% [Bi].

Denote by {H'} the heat semigroup acting on L'(M) + L?(M), which possesses

the following properties:

(a) the restriction of {H'} to L'(M) is a strongly continuous semigroup of con-

tractions;

89
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(b) the restriction of {H} to L*(M) is strongly continuous, and has spectral gap
b>0,ie.,
IH flle < e ™I flle VfeL*(M) VteRY

(c) {H'} is ultracontractive, i.e., for every t in RT the operator H' maps L'(M)
into L>*(M).

Since M has Ricci curvature bounded from below, the heat semigroup {H'} satisfies

the following ultracontractivity estimate |Grll Section 7.5]

I, < Ce Pt/ (1L+ )™+ vt eRF (5.1.1)

o

for some ¢ in [0, 00).

We recall some further properties of the heat semigroup {H'}:
(i) {H'} is a strongly continuous semigroup of contractions on L*(M) + L*(M);

(i) since for each p in [1,2] the space LP(M) is continuously embedded in L*(M)+
L?*(M), we may consider the restriction M, of the operator H' to LP(M). Then

{H,} is strongly continuous on LP(M), and satisfies the estimate

1M fllp, < e VPEfll,  VfeLP(M) VteR" (5.1.2)

(iii) for each ¢ in R* the operator H' maps L'(M) into L'(M) N L*(M). By
interpolation H' maps L'(M) into L?(M) for each p in [1,2].

5.2 New local Hardy spaces

Denote by —G the infinitesimal generator of {H'} on L'(M) + L*(M). Since {H'}
is contractive on L'(M) + L*(M), the spectrum of G is contained in the right half
plane. Then, for every o in R* we may consider the resolvent operator (6Z + G)~*
of {H'}, that we denote by R,. We denote by R,,, the restriction of R, to LP(M),
and by —G, the generator of {H!}. Obviously R, is the resolvent of {H}} and —G,
is the restriction of —G to Dom(G,), which coincides with R, (LP(M)).

For every o in R* denote by U, the operator GR,,. Observe that

U, =1 -0 R,,

so that U, is bounded on L'(M) + L*(M), and its restriction U,, to LP(M) is
bounded on LP(M) for every p € [1,2]. Moreover U, and H* commute for every ¢ in
R*.
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Proposition 5.2.1. For each positive integer k the following hold:

(i) if p is in (1,2], then the operator U* s an isomorphism of LP(M);

U?p

(ii) the operator U* is injective on L*(M) + L*(M);

(i) if oy and o9 are in (3* —b,00), then the operator U, 'Uy,,, initially defined on
L*(M), extends to an isomorphism of h*(M).
Proof. Statements (i) and (ii) have been proved in [MMV2, Proposition 2.4]. The

proof of (iii) follows the same line as the proof of [MMV2, Theorem 3.5], but uses
Theorem in place of Theorem 3.4 therein. [

Definition 5.2.2. For each positive integer k and for each o in Rt we denote by
X¥(M) the Banach space of all L*(M) functions f such that U *f is in (M),
endowed with the norm
Al eon = 14 Fllgsan

By definition, U * is an isometric isomorphism between X*(M) and h*(M). Note
that the definition of X% (M) is similar to that of the space X*(M) in [MMV2]. The
space X¥(M) is isomorphic to h'(M) via U, *, whereas X¥(M) is isomorphic to the
smaller space H'(M) (this is the local Hardy space defined in [CMMT]) via the same
operator U, .

Remark 5.2.3. Tt follows directly from the definition that the space X¥(M) is con-
tinuously included in X*(M). Moreover X¥(M) is continuously included in L'(M).

Indeed, suppose that f is in X*(M). Then

11l = [fedsed " £],
< el Nets " 11l
< ezl et 1l
= ezl 11 -
as required. Note that the last inequality is a consequence of the fact that h*(M) is

continuously included in L'(M).

Definition 5.2.4. For each positive integer k, and for each o in R we denote by
¥ (M) the Banach dual of X*(M).

Remark 5.2.5. Since U, " is an isometric isomorphism between X% (M) and h1(M),
its adjoint map (UU_ k)* is an isometric isomorphism between the dual of h*(M), i.e.,
bmo(M), and Y*(M). Hence

@) s

‘@1; = Hf”bmo-
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We shall prove an interpolation result for the spaces X% (M) and their duals. We

recall the following result.

Proposition 5.2.6 ([MMV2, Prop. 2.13]). Suppose that (X°, X') and (Y°,Y!)
are interpolation pairs of Banach spaces and that T is a bounded linear map from
X%+ X! to YO + Y1, such that the restrictions T : X° - Y? and 7 : X! — Y!
are isomorphisms. Then for every 6 in (0,1) the restriction T : Xo — Yy is an

1somorphism.

Proposition 5.2.7. Suppose that o is in R™, k is a positive integer, and 0 is in
(0,1). The following hold:

(i) if 1/p=1—0/2, then (XE(M), L*(M))

0= LP(M) with equivalent norms;

(i) if 1/qg=(1—6)/2, then (L2(M),2jk(M))[0] = LA(M) with equivalent norms.

o

Proof. First we prove (i). We recall that U* is an isomorphism of L*(M) and be-
tween h'(M) and X*(M) and that U* is injective on L'(M) + L?*(M). Therefore
U is an isomorphism of h'(M) + L2(M) onto X¥(M) + L?(M). Then we may ap-
ply Proposition with U% in place of T, X° = p}(M), Y° = X¥(M), X! =
L*(M) =Y" and we obtain that ¢/ is an isomorphism between (h'(M), L?(M))
and (XF(M),L*(M)),,. By Theorem (4.7.1

[6]

[6]

Therefore, U* restricted to LP(M) is an isomorphism between tha spaces LP(M)
and (%’;(M),L2(M))[9]. But the restriction of U} to LP(M) is just U},

an isomorphism of LP(M) by Proposition [5.2.1} Hence (X¥(M), L2(M =IP(M
D y Prop o (M), .

and their norms are equivalent.

which is

Now (ii) follows from (i) by the duality theorem. O

An important consequence of Theorem is that, for fixed k, the spaces X* (M)

do not depend on the parameter o, as o varies in the range (3% — b, c0).
Theorem 5.2.8. The following hold:

(i) if o1 and oy are in (3% — b,00), then Xk (M) and X% (M) agree as vector

spaces, and their norms are equivalent;

(ii) if o is in (% — b,00), then h* (M) D XL (M) D X2(M) D --- with continuous

inclusions.
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Proof. First we prove (i). Consider the operator 7, ,,, defined on L*(M) by

Since 7, ,, extends to an isomorphism of h'(M) by Proposition and clearly
Uy, 15, 0,U;," = T, the identity is an isomorphism between X} (M) and X (M), as
required to conclude the proof of (i) in the case where & = 1. The proof in the case
where k > 2 is similar, and is omitted.

Note that (ii) is equivalent to the boundedness of U, on h*(M). Since U, =
T — o (cZ + £)7!, it suffices to prove that the resolvent operator (cZ + £)7! is
bounded on h*(M). This follows from the fact that the associated spectral multiplier
& (04 b+ &%)~ satisfies the hypotheses of Theorem [4.9.2] and (ii) follows. [

If o1 and o are in (32 — b, 00), then the spaces Y% (M) and Y (M) agree, with

equivalent norms.

Definition 5.2.9. Suppose that k is a positive integer. The spaces XEQ(M) and
QZQ(M ) will be denoted simply by X*(M) and 9*(M) respectively.

5.3 Spectral multipliers and Riesz transforms on

manifolds

In this section we apply the results of Section to spectral multipliers and to the
first order Riesz transform associated to the Laplace-Beltrami operator. In order to
deal with a wider class of operators, we also define a larger space of functions that

may be singular also at the points £:W.

Definition 5.3.1. Suppose that J is a positive integer, that 7 is in [0, 00), and
that W is in R*. The space H(Sy; J,7) is the vector space of all holomorphic even

functions f in the strip Sy, for which there exists a positive constant C' such that
ID7f(¢Q)] < Cmax(|CC+W?|777,[¢]77)  V¢(eSw Vje{0,1,....J} (5.3.1)
We denote by || flsy s~ the infimum of all constants C' for which (5.3.1]) holds.

For notational convenience, denote by D the operator /£ — b, defined via the

spectral theorem.
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Theorem 5.3.2. Assume that o and (3 are as in (0.0.3), and & as in .

Suppose that T is in [0,00), that J and k are integers, with k > 7+ J and J >
max (N + 2+ a/2 — 6, N 4+ 1/2), where N denotes the integer [n/2 + 1] + 1.
The following hold:

(i) if b < (3%, then there exists a constant C' such that
[m(D)llger < Cllmlls,,,  Vme H(Sg; J,7)

and

|||m(D)t|||L°°;bmo <C ||m||SB;J,T Vm € H(Sﬁ; J, 7‘)7

where m(D)! denotes the transpose operator of m(D);

(i) if b= (3%, then there exists a constant C' such that
Im(D) ey < Climlls,,.  Vm e H(Sg:J,7)

and
|||m(D)t”| bmo; P~ S C ||m||sﬁ;.],7‘ Vm € H(Sﬂ; Ja 7_)7

where m(D)* denotes the transpose operator of m(D).

Proof. The proof is almost verbatim the same as the proof of [MMV2, Theorem 4.3],
and it is omitted. O

We conclude this section with an endpoint result for the first order Riesz trans-

form.

Theorem 5.3.3. Assume that o and (3 are as in (0.0.9), and 6 as in . Sup-
pose that b= (3% and that k is an integer > max (N +2 + o/2 — 6, N + 1/2), where

N denotes the integer [n/2 + 1]+ 1. Then the first order Riesz transform VL2 is
bounded from XF(M) to L*(M).

Proof. The proof is, mutatis mutandis, similar to that of [MMV2, Theorem 4.6], and
it is omitted. O]

5.4 Atomic decomposition of X*(M)

The purpose of this section is to illustrate an atomic decomposition of X*¥(M). An
atom A in X*(M) will be a standard atom in h(M) satisfying an additional infinite
dimensional cancellation condition, expressed as orthogonality of A to the space of

k-harmonic functions in a neighbourhood of the support of A.
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Definition 5.4.1. Suppose that k is a positive integer and that B is a ball in M.
We say that a function V in L?(M) is k-harmonic on B if L¥V is zero (in the sense
of distributions) in a neighbourhood of B. We shall denote by Pk the space of k-
harmonic functions on B. Furthermore, let Q% denote the space of k-quasi-harmonic
functions on B, i.e., the subspace of L*(M) consisting of all the functions V' such

that £*V is constant (in the sense of distributions) in a neighbourhood of B.

Remark 5.4.2. Observe that P% coincides with the space of L?(M) functions V' that
are smooth in a neighbourhood of B and such that £*V is zero therein. Indeed, each
V in P& isin L*(M) and L*V is zero in the sense of distributions in a neighbourhood
of B. It follows from elliptic regularity that V is smooth on this neighbourhood. A

similar remark applies to Q%.

As a direct consequence of the definition of P% we have the following inclusions:
PyCPyc---s  (Pp)t D (Pg) D

Recall that for each ball B in M we denote by L?(B) the space of all L*(M) functions
supported in the ball B.
The following result is the analogue for the space Pg of [MMV3, Prop. 3.3].

Proposition 5.4.3. Suppose that k is a positive integer, and that B is a ball in M.
The following hold:

(i) (Pp):={FeL*M): L7*F e L*(B)};

(i) L7F((PE)*) is contained in L*(B) N Dom(L*). Furthermore, functions in
(PEY* have support contained in B;
(iii) UL ((PE)L) is contained in L*(B).
Proof. We begin by proving (i). First we show that (PE)* is contained in
{FelL*M): L7*F € L*(B)}.

Suppose that F'is in (PE)*. Therefore, F' is in L?*(M) and, since £7* is bounded,
also L7%F is L?(M). To show that the support of L7FF is contained in B it suffices
to prove that (L7%F,15/) = 0 for every ball B’ contained in (B)¢. Since L is self
adjoint,

(L7*F 1p) = (F, L "1p).

The function £ ¥1p is in Pg, hence the last inner product vanishes, as required.
Next we prove that {F € L?(M): L™"F € L*(B)} is contained in Pf. Suppose
that £L7%F is in L?>(B). Observe that £L7*F is in Dom(£*) and that F = LFLFF.
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Suppose now that V is in PE. Then V is smooth in a neighbourhood of B by
Remark [5.4.2] and, since L is self adjoint,

(F,V)=(LFL7"F V) = (L7*F, LFV) = 0.

The last equality follows from the fact that £V = 0 in a neighbourhood of B.

Next we prove (ii). Clearly if F is in L?(M), then £7*F is in Dom(L") by
abstract set theory. Moreover L7*F is in L?(B) by (i), and the first statement of
(ii) follows.

To prove the second statement of (ii), observe that the support of L7*F is con-
tained in B, hence so is the support of LFLFF | ie., of F.

Finally, we prove (iii). Observe that Llﬁ_gk = (67 + L)* L7*. Since L7*((PE)*)
is contained in L?(B) N Dom(L*) by (ii), the statement follows from the fact that
£7(L*(B) N Dom(£*)) is contained in L*(B) for all j in {0,1,..., k}. O

Definition 5.4.4. Suppose that k is a positive integer. A standard X*-atom (at
scale 1) associated to the ball B of radius < 1 is a function A in L?(M), supported
in B, such that

(i) Aisin (Qp)":
(i) [[All2 < u(B)~12.

A global X*-atom (at scale 1) associated to the ball B of radius 1 is a function A in
L*(M), supported in B, such that

(i) Aisin (PE)Y;
(i) [|Alls < p(B)7V2.
An X*-atom is either a standard X*-atom or a global X*-atom.

Clearly, a global X*-atom is also a standard global atom (and it is also a standard

atom: indeed, condition (i) implies that the integral of A vanishes, since xop is in
PF).
Remark 5.4.5. Note that if A is a global X*-atom supported in a ball B of radius 1,

then L7%A/||L7*||, is a global atom with support contained in B.
Indeed A is in (PE)*, so that L7%Ais in L?*(B) by Propositionm (i). Moreover

I£7*Allz < 1€ 2 [|A]l2
< 1Ll n(B) 2.



5.4. ATOMIC DECOMPOSITION OF X% (M) 97

Note also that a global X*-atom A is in X*(M) and
1Al < 5" ll2- (5.4.1)

Indeed, since A is in (Pf)™*, the function Uz,* A is in L*(B) by Proposition m (iii)

and
25" Ally < U2 1Al

< (et ll po(B) 2.

Therefore Z/lﬁ}kA/ |||z is a global atom, and the required estimate follows from
the definition of X*.

Definition 5.4.6. Suppose that k is a positive integer. The space X¥ (M) is
the space of all functions F in h'(M) that admit a decomposition of the form
F =30, Aj, where {\;} is a sequence in £' and {A;} is a sequence of X*-atoms
supported in balls B; in B;. Atoms supported in balls in B; will be called admissible.
We endow X* (M) with the norm

| F||x = inf {Z A2 F = Z AjA4;,  A; admissible X*-atoms}.

J J

We shall prove that, under an additional hypothesis on M, X*(M) = X, (M) with

equivalent norms.

Definition 5.4.7. We say that M has C' bounded geometry if the injectivity radius
is positive and the following hold:

e if [ = 0, then the Ricci tensor is bounded from below;

e if [ is positive, then the covariant derivatives V/Ric of the Ricci tensor are

uniformly bounded on M for all j € {0,--- ,1}.
The main result of this section is the following.

Theorem 5.4.8. Suppose that k is a positive integer and that M has C**=2 bounded
geometry. Then X¥(M) and Xk (M) agree as vector spaces and there exists a con-
stant C' such that

ClFlxs, < 1Fllwe < UGN, 1P, YF e XbM).  (5.42)

Proof. The proof follows the same lines as that of [MMV3, Theorem 4.3], and it is
omitted. O
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