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Introduction

In the context of partial differential equations, a stationary Schrodinger operator takes the
form

—A +q(x).

The absence of an explicit dependence on the time variable makes it different from the usual
Schrodinger operator. One can look at solutions to stationary Schrodinger equations as
solutions to Schrodinger equations which do not depend on time: the so-called stationary
solutions. Here A stands for the Laplace operator and ¢(z) is a real-valued function.
According to some possible integrability properties of ¢, this operator will share some
particular spectral properties with —A as it will be briefly discussed later.

We will be interested in solutions to stationary Schrodinger equations in the whole
space RY, with critical growth. This choice presents several different features from the
bounded and subcritical case: most of all, the lack of compactness. As it is wellknown,
the bounded case enjoys several compactness properties, namely the Sobolev embeddings,
which hold true up to the critical threshold (not included) and may help in proving the
existence of solutions via variational methods. On the contrary, here we have at least two
reasons for losing compactness: the unbounded domain and the critical growth.

Nevertheless, in both these cases, something can be made. A widespread strategy to
regain compactness is to exploit symmetries the equation is invariant for. For instance, we
recall the wellknown result by A. Strauss:

Theorem (Strauss) H! (RY) is compactly embedded in LPTL(RY) for all p € (1, (N +

rad

2)/(N — 2)), being H),, the set of all H' functions which are radially symmetric.

Together with the symmetry strategy, one can develop concentration-compactness argu-
ments, both in the form due to Willem and Lions, which involves measure convergence,
and in the special form due to Solimini ([58]). We will take advantage from the second
statement, which provides a sort of decomposition of minimizing sequences in many spread
away profiles.

Investigating possible existence of solution to equations, one of the main issues is what
kind of solution one is interested in, which is strictly related to the question of what
functions spaces are involved. To overcome an understandable initial confusion, one can
consider the space of compactly supported functions Czy(€2), being 2 bounded or not, and
close this space under the norm the equation suggests. In case of R and Schrédinger



equation, the final space turns out to be the so-called D"*(R"), which may be also char-
acterized as the space of all L¥ (RY) functions which have the gradient square-integrable.
By definition it follows that the space D"?(RY) is continuosly embedded in L?"(R"), as
well as it happens for bounded domains. Of course, even in this case the embedding is not
compact.

Nevertheless, the best Sobolev constant’s definition is well-posed. Moreover, some
remarkable facts hold about it. First, the L?* Sobolev constant is independent from the
domain, but it is achieved if and only if the domain is the whole RY. When investigating
joint problems of critical growth on unbounded domains, these facts turn out to be crucial.
Indeed, they make possible certain comparisons between critical levels of the functional,
and pose some questions about what symmetries the solutions enjoy, as we shall have
chance to see. As a hint, we recall that the best Sobolev constant is achieved by an entire
family of functions, the so-called Talenti’s functions, which are of the form

(N(N —2)) 2/
(1 _|_ |J,‘|2 )(N72)/2

and which clearly enjoy important symmetries.

A further step on the involved operator

We are interested in magnetic Schrodinger operators, where the magnetic Laplacian takes
the place of the usual Laplacian. It is defined as (iV — A)? where A : RV — RY stands
for a vector field. Such operators occur in quantum mechanics when the dimension is
restricted to N = 3 to describe the Hamiltonian associated to a charged particle in an
electromagnetic field. More precisely, the Hamiltonian is given by

(iV —A?+V

where V : RY — R is the electric potential. In this context a magnetic field B : R® — R?
is usually introduced, so that A is the vector magnetic potential which satisfies

curlA = B.

In higher dimensions, B will be intended as the differential 2—form B = da, a being the
1-form canonically associated to the vector field A.

At the very beginning, no regularity is needed for the magnetic potential. In general A
is not even a bounded vector field: for example, if B is the constant vector field (0,0, 1),
then a suitable vector potential A is given by (—z9,0,0). A is not needed to be smooth
either, since we could add an arbitrary gradient to A and still get the same magnetic field.
This important property is called the gauge invariance. As a consequence the potential A
could be a wild function even if the magnetic field has a nice behavior. For these reasons
it is usual to fix the regularity grade as V, A; € L (R"), in order to make distributional

loc



sense to (iV — A)? + V when acting on L _(RY) functions. Indeed, with this choice,

loc

(iV — A)f + V f belongs to L. (RY) so that it is a distribution for every f € L2 (RY).

By the way, we are taking into consideration “very singular” potential, such as A(0)/ |z|
for magnetic potential and a(f)/ |z|* for the electric one, being § € SV the angular compo-
nent of = and |x| the radial one. Such magnetic potentials appear in a physical context as
limits of thin solenoids, when the circulation remains constant as the sequence of solenoids’
radii tends to zero. The limiting vector field is then a singular measure supported in a lower
dimensional set. Though the resulting magnetic field vanishes almost everywhere, its pres-
ence still affects the spectrum of the operator, giving rise to the so-called “Aharonov-Bohm
effect”. From the mathematical point of view, this class of operators is worth being inves-
tigated, mainly because of their critical behaviour. Indeed they share with the Laplacian
the same degree of homogeneity and invariance under the Kelvin transform, and therefore
they cannot be regarded as lower order perturbations of the Laplace operator; in other
words, they do not belong to the Kato class:

Definition A potential q(z) is said to belong to the Kato class if and only if the function

la(y)]
M, (z;7) ::/ ——dy
! |lz—y|<r |1’ - y|

converges to zero as r — 0 uniformly with respect to x € RY.

Potentials in the Kato class may bring additional spectral properties to the operator with
respect to the general case, since they make the Schrodinger operator —A-bounded with
relative bound less then 1, so that it inherits peculiar spectral properties as essential
selfadjointness:

Theorem (Kato-Rellich) Suppose the operator S is self-adjoint, T is symmetric, and T
is S-bounded with relative bound s < 1. Then S+ T is self-adjoint on the domain D(S) of
S and essentially self-adjoint on any core of S, that is any submanifold D of D(S) such
that the set {(u, Su) : uw € D} is dense in the graph of S.

On the other hand, in [33] some spectral properties are established for Schrédinger opera-
tors —A + ¢(x) with this kind of singular perturbations, namely

Theorem Let q(z) = 3/ |$|2; N > 5. Then —A+q(z) is essentially selfadjoint if and only
if 32> 0o =1~— (%)2 It is bounded from below if and only if 3 > —(%)2'

However, our main concern is not operators’ spectral properties, since it is a rather physical
approach. We are interested in more “analytic” issues, like existence of solutions, their
possible symmetry properties, and so on.

We are considering in particular magnetic Schrodinger equations with this kind of
singular potentials together with a critical nonlinearity, so that our reference equation will
be

(z’V - @) u— %u = u[* 7w inRY\ {0} (1)

] |



As already explained, we begin our analysis choosing a suitable space of functions in
which the seeking for solutions makes sense. In Appendix B of this thesis the reader may
find some basic facts about this kind of operators; among all, the suitable function space
turns out again to be D"*(RY).

Together with this sort of singularities, we are taking into account the “Aharonov-
Bohm” type potentials. They present a singularity of the same degree as well, but on a
subspace which has a higher codimension. Indeed, in R? a vector potential associated to
the Aharonov-Bohm magnetic field has the form

A(z1,72) = (—x—zza :c_12)
2]

|z]

where a € R stands for the circulation of A around the thin solenoid. Here we are
considering the analogue of these potentials in R for N > 4, that is

A(Z’l,.l?g,,rg) = (Q?%—l—l‘%’m%—l—l‘%’o) (.Tl,l’g) eR ,.TgER .

In order to investigate the solutions’ qualitative properties (mainly symmetries they
enjoy), we found useful to restrict our analysis to the minima of the Sobolev quotient,
which is now well-defined; moreover, when it will be needed, we will seek our solutions
among functions which enjoy certain symmetry properties. By the mean of this choice, we
will exploit the basic facts about best Sobolev constants previously mentioned.

Our main result on this theme can be stated as follows:

Theorem A Assume N >4, a(f) = a € R™ and A(0) is equivariant for the group action
of SO(2) x SO(N —2), that is A(g0) = gA(#) for all g € SO(2) x SO(N —2) and for all
0 € SN. Then there exist a* < 0 such that, when a < a*, the equation (1.2) admits at least
two distinct solutions in D"*(RN): one is SO(2) x SO(N — 2)-invariant, while the second
one in only Zy X SO(N — 2)-invariant for some integer k.

A similar result holds for Aharonov-Bohm type potentials.

Further, such a symmetry breaking occurs for solutions which have a non-zero angular
momenta in R2.

As far as we know this is the first result in literature regarding multiplicity of solutions
to Schrodinger equations with such singular potentials, except for those contained in [21],
which exhibit the existence of at least a so—called “biradial” solution for Aharonov—Bohm
potentials when the dimension is restricted to N = 3. Nevertheless we imagine their
argument might be extended even in further dimensions.

The proof of Theorem A relies on a preliminary self-sufficient result, which is worth
being stated on its own:

Theorem B Let u € DV*(RY) be a biradial solution (i.e. invariant under a toric group
of rotations) to
a

—Au=—7=u+ f(|z|,u)
2]



with a < (%)2 and f : RY x R — R being a Carathéodory function, C* with respect to
z, such that it satisfies the growth restriction

filz],y)] < 0+ [y )

for a.e. x € RN and for all y € C.
If the solution u has biradial Morse index m(u) < 1, then u is radially symmetric.

The two proofs are quite different. The first one relies on classical symmetry breaking
methods, the second one is rather a “geometric” proof.

Symmetry breaking methods are based on comparisons between different levels of the
funtional. For instance, assume that these levels are always achieved, and the functional
level over the whole space H' is strictly less than the level over H} ,, then there will exist
at least two solutions: one will be radially symmetric, and the other one not. Many issues
are hidden in this apparently simple statement. First of all, the possible achievement
of the Sobolev constants. What conditions can assure it? When considering the Rayleigh
quotient on D"?(RY), a sufficient condition which guarantees existence of solution is merely
that the quotient is strictly less than the best Sobolev constant. To prove it one can
use a concentration—compactness argument. Here we propose a similar argument for our
“electromagnetic infima” taking into account Solimini’s statement. As already mentioned,
it states for any bounded sequence u, the existence of a sequence of profiles ¢; and a
sequence of mutually divergent rescalings of the form p? (u) := (A)N=2/2y (2, +\i (z—x,,))
such that - up to subsequences - u, is Y, p¢; in L* up to o(1). Thanks to the quotient’s
invariance under Solimini’s rescaling, we are able immediately to exclude concentration
and vanishing of the solution, and the aforementioned condition will be sufficient to avoid
the translation divergence. When the discrete group of symmetries Zj, x SO(N — 2) is
introduced, defined as

u(z,y) — u(e¥ 2, Ry) for (z,y) e RZxRY"2 keN, Re SO(N —2),

the corresponding condition will be likely related to the group order k. More precisely, the
threshold which guarantees the achievement of the best constant is increasing proportion-
ally to the best Sobolev constant of a factor A%/~. This new upper bound can be deduced
from some involved integral estimates and it is quite challenging to prove, especially in
case of Aharonov—Bohm potentials. Secondly, suppose we are restricting the quotient un-
der symmetry constraints: are the minima solutions to the unconstrained equation? The
classical Symmetric Criticality Principle supplies a satisfying criterion: the compactness of
the symmetry group is sufficient, and here this is clearly fulfilled. Thirdly, the estimation of
the Rayleigh quotient. For what concerns this last point, the main part has been already
done: we exploit the previous sufficient conditions to attain the infima and their corre-
sponding thresholds. Only one point is left over: the comparison between the radial and
biradial levels. The idea comes from the possibility to increase arbitrarily the group order
k, eventually letting it to infinity. In the limit, one is expecting to find the so—called bira-
dial functions, that are invariant by definition under the group action SO(2) x SO(N —2).



The natural question arises if biradial solutions are distinct from radial solutions. Here the
second theorem plays a role.

As already mentioned, the proof of Theorem B has different features from the previous
one: we have already said it is rather geometric. Although it works on an auxiliary linear
equation, it relies on the simple idea of seeking for directions on the sphere which the
solution is invariant along. Such directions will be identified by suitable vector fields on the
tangent space. To do this, an information about the possible negativity of the associated
quadratic form will be needed. We will obtain a minimum number of directions which
the quadratic form is negative on, in order to compare it with the solution’s Morse index.
Moreover, to gain this information, some asymptotics of solutions turn out very useful. On
the other hand, a similar result is proved on the sphere via conformal equivalence between
manifolds and equations. Here a multiplicity of solutions is found in a paper by Ding [24]:
they can be characterized by their Morse index and this allows us to prove the optimality
of the condition on the Morse index.

One more little remark can be done about the hypothesis m(u) < 1. Recent literature
indicates that, for general semilinear equations, solutions having low Morse index do likely
possess extra symmetries. Moreover, this low Morse index is usually somehow related to
the space dimension. About this, we cite [32, 50, 51]. Our result may be read in the spirit
of this branch of research.

Morse index of solutions

Taking into account the minima of the Sobolev quotient, one is led to consider the corre-
sponding Morse index. We recall it is defined as follows:

Definition The Morse index of a solution u is the dimension of the mazimal subspace of
the space of all functions of C°(RN \ {0}) on which the quadratic form associated to the
linearized equation at u is negative definite.

For instance, usually the minima’s Morse index is 1, since they are mountain pass solutions.
When restricting to symmetric functions’ subspaces, one can even consider the “symmetric”
Morse index, which means that the previous definition is checked over the test functions
which share a given symmetry.

If we look at the general Morse theory in finite dimension, we see it is developed by
variational arguments: its main point is connecting the number of the negative eigenvalue
of the hessian of the functional (in case this last is regular enough) with some topological
properties of its sublevels. More precisely, if [a,b] C R does not contain critical values for
the functional F', then the sublevels {z : F(z) < b} and {z : F(x) < a} are homotopically
equivalent; on the other hand, if there is a critical value ¢ € [a, b] such that its critical point
has Morse index k, for any € > 0 the sublevel {z : F(z) < c+¢} is homotopically equivalent
to {z : F(z) < ¢c— e} UD* where D* stands for a k—cell. Similar arguments may be
developed even in infinite dimension with the suitable modifications.



With the aim of getting more familiar with these kind of tecniques, we got interested
in a problem of a fourth order elliptic equation with exponential nonlinearity.

Exponential growth appears as a natural nonlinearity when investigating elliptic equa-
tions of second order in domains in R?, as the Moser-Trudinger inequality shows. This kind
of problems excited much interest because of their physical meaning, describing a mean
field equation of Euler flows in mathematical physics or a self-dual condensates of some
Chern—Simons-Higgs model in physics. On the other hand, from a mathematical point of
view, these problems arise in general conformal geometry, in particular in prescribed mean
curvature equations and conformally covariant operators. We recall a conformal change of
metric on a compact Riemannian manifold of dimension n (M™, g) is

gu =e"g.
Conformal geometry aims at studying conformal invariant operators and their associated
invariants. A conformally covariant operator of bidegree (a,b) is an operator A if under
Guw = €** g it holds true

A, (@) = e P A(e™d) Vb € CF(M™).

For instance, in dimension 2 the usual Laplace-Beltrami operator is conformally invariant,
meaning conformally covariant of bidegree (0,2), whereas in higher dimensions one can
define the so-called conformal Laplacian, defined as a suitable multiple of the Laplace—
Beltrami plus the scalar curvature of the manifold, which is in fact conformally covariant

of bidegree (%, %) In dimension 4, we can also consider the Paneitz operator, which
is defined as

2
Py = A%*p + div {gRQ — QRiC} dp Ve Cg(MY),

where A is again the Laplace—Beltrami operator, Ric is the Ricci tensor and d is the
deRham differential. It is possible to check that this operator is conformally covariant of
bidegree (0,4), that is

P, (®) = e P(®) Vb e CF(MY).

We recall in 2-dimensional case the Laplace-Beltrami operator is strictly related to the
Gauss curvature K, of the manifold (the function which maps every point onto the sectional
curvature of the tangent plane in that point), in particular throughout the prescribed Gauss
curvature equation

A+ K, = K, e".

As well as it happens in dimension 2for —A, in the 4-dimensional case the Paneitz operator
is related to the so-called @-curvature, which is defined by means of Laplace-Beltrami,
scalar curvature of the manifold, and modulus of the Ricci tensor. We skip some details,
but the corresponding equation which shows this connection is the following:

Pyw +2Q, = Qnge4w.
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We found very interesting a tecnique developed in [48] by Malchiodi, which allows to
connect Leray-Schauder degree counting formulas for such equations with direct methods
of min-max principles via Morse theory and deformation lemmas. Here the argument is
restricted to compact 4-dimensional manifolds without any boundary. In order to cover
even the case with boundary, we started from the simplest case: a regular connected
bounded domain 2 in R*. We gathered that the same tecnique as in [48] essentially applies
in this case providing very slight modifications. Restricting our interest to analytic aspects
of the equation, we skip any geometrical meaning of the equation and of the quantities
involved; moreover, in our case the Paneitz operator reduces to A2, the Q-curvature is a
constant and the corresponding equation may become

A%y = 7'M in
Jo h(z)ev
u=Au=0 on 0f,

where h is a C*® positive function for a € (0,1) and 7 a real positive parameter. We
observe the problem has a variational structure and solutions may be found as critical
points of the functional

1, 1
I(u) = - —7log [ — g
)= 5l = riog (i [ nGaleta )

where ||-|| denotes an equivalent norm over the space H := H*(Q) N H}(2). The main
result we reached can be stated as follows

Theorem C If T € (64k7?, 64(k+1)7?), the Leray—-Schauder degree of the problem is given

by
dog g — < k;x(ﬁ) ) .

We provide some preliminary remarks about the 7 parameter. We avoid the case when
7 is an integer multiple of 6472 since by virtue of [40] some compactness properties hold
true in this case, as for instance equiboundedness of solutions near the boundary. When
T < 6472 it is quite simple to prove the functional is coercive, then the direct calculus of
variations applies. On the contrary, when 7 > 6472 the functional in not bounded from
below and its sublevels are not bounded. Moreover, via an improved Moser—Trudinger
inequality it is possible to show that very low sublevels carry a sort of concentration of
fQ e essentially in k& points depending on u. These facts provoke several difficulties to
face. In the direct calculus of variation, one of the main points is indeed the Palais—Smale
condition, which ensures the convergence of each bounded Palais-Smale sequence. But
here the boundedness of PS sequences fails. Another trouble source is the Poincaré-Hopf
theorem. It provides a degree counting formula in terms of the Euler characteristic of the
couple of the sublevels once the critical points in the interval are non degenerate. Here we
can not assure it, so we will need to work with a suitable perturbation of the functional
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which will have the same LS degree. Another point is the counting of the characteristic
x(H®, 'H*). To overcome this last challenge, the strategy suggested in [48] is based once
more on homotopic equivalences. The level b will be chosen so large that the sublevel H?
will be homotopic to the whole space H; whereas a will be chosen so small that a certain
homotopic equivalence can be established with the so-called formal set of baricenters, which
is strictly related to the concentration of the exponential density mentioned above.

The results presented here form the core of three papers:

e LL.A. S. Terracini, Solutions to nonlinear Schrodinger equations with singular electro-
magnetic potential and critical exponent, to appear in Journal of Fixed Point Theory
and Applications.

e LL.A. S. Terracini, A note on the complete rotational invariance of biradial solutions to
semilinear elliptic equations, to appear in Advanced Nonlinear Studies (May, 2011).

e L.A., A. Portaluri, Morse theory for a fourth order elliptic equation with exponential
nonlinearity, to appear in Nonlinear Differential Equations and Applications.



Chapter 1

Solutions to nonlinear Schrodinger
equations with singular
electromagnetic potential and critical
exponent

1.1 Introduction

In norelativistic quantum mechanics, the Hamiltonian associated with a charged particle
in an electromagnetic field is given by (iV — A)?+V where A : RY — R¥ is the magnetic
potential and V : RN — R is the electric one. The vector field B = curlA has to be
intended as the differential 2-form B = da, a being the 1-form canonically associated with
the vector field A. Only in three dimensions, by duality, B is represented by another vector
field.

In this paper we are concerned with differential operators of the form

|z |z

where A(0) € L>°(SV1,RY) and a() € L>°(SV 1, R). Notice the presence of homogeneous
(fuchsian) singularities at the origin. In some situations the potentials may also have
singularities on the sphere.

This kind of magnetic potentials appear as limits of thin solenoids, when the circulation
remains constant as the sequence of solenoids’ radii tends to zero, The limiting vector field
is then a singular measure supported in a lower dimensional set. Though the resulting
magnetic field vanishes almost everywhere, its presence still affects the spectrum of the
operator, giving rise to the so-called “Aharonov-Bohm effect”.

Also from the mathematical point of view this class of operators is worty being inves-
tigated, mainly because of their critical behaviour. Indeed, they share with the Laplacian
the same degree of homogeneity and invariance under the Kelvin transform. Therefore
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they cannot be regarded as lower order perturbations of the Laplace operator (they do not
belong to the Kato’s class: see fo instance [28], [30] and references therein).
Here we shall always assume N > 3, otherwise specified. A quadratic form is associated
with the differential operator, that is
— / &92) u?, (1.1)
Y |z|

flw =57

As its natural domain we shall take the closure of compactly supported functions
Cx (RY\ {0}) with respect to the quadratic form itself. Thanks to Hardy type inequalities,
when N > 3, this space turns out to be the same D"?(R"), provided a is suitably bounded
([28]), while, when N = 2, this is a smaller space of functions vanishing at the pole of the
magnetic potential. Throughout the paper we shall always assume positivity of (1.1).

We are interested in solutions to the critial semilinear differential equations

2

(iv - A(Q)) u— K?u = |u]* " u in RV \ {0} (1.2)

|| |z

and in particular in their symmetry properties. The critical exponent appears as the
natural one whenever seeking finite energy solutions: indeed, Pohozaev type identitities
prevent the existence of entire solutions for power nonlinearities of different degrees.

The first existence results for equations of type (1.2) are given in [26] for subcritical
nonlinearities. In addition, existence and multiplicity of solutions are investigated for
instance in [16, 20, 36, 57] mainly via variational methods and concentration-compactness
arguments. Some results involving critical nonlinearities are present in [4, 14]. Concerning
results on semiclassical solutions we quote [18, 19]. As far as we know, not many papers are
concerned when electromagnetic potentials which are singular, except those in [35], where
anyway several integrability hypotheses are assumed on them, and, much more related
with ours, the paper [21] that we discuss later on.

We are interested in the existence of solutions to Equation (1.2) distinct by symmetry
properties, as it happens in [62] for Schrodinger operators when magnetic vector potential is
not present. To investigate these questions, we aim to extend some of the results contained
in [62] when a singular electromagnetic potential is present.

To do this, we refer to solutions which minimize the Rayleigh quotient

(L)

We find useful to stress that, although, in general, ground states in D?(R") to equation
(1.2) do not exist (see Section 3), the existence of minimizers con be granted in suitable
subspaces of symmetric functions.
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We are concerned with Aharonov-Bohm type potentials too. In R? a vector potential
associated to the Aharonov-Bohm magnetic field has the form

A(z1,72) = (_x_ZQ’ m_12)
|z|” ||

where o € R stands for the circulation of A around the thin solenoid. Here we consider
the analogous of these potentials in RY for N > 4, that is

. — QT AT 2 N—2
A(xl,fﬂg,.flfg) = (J;%—l—x%’a}%—i—x%,o) ($1,$2) eR ,l’gER .

Our main result can be stated as follows:

Theorem 1.1.1 Assume N > 4, a() = a € R~ and A(0) is equivariant for the group
action of SO(2) x SO(N — 2), that is A(g0) = gA(0) for all g € SO(2) x SO(N — 2) and
for all @ € SN. Then there exist a* < 0 such that, when a < a*, the equation (1.2) admits
at least two distinct solutions in D'*(RN): one is SO(2) x SO(N — 2)-invariant, while the
second one in only Zy X SO(N — 2)-invariant for some integer k.

A similar result holds for Aharonov-Bohm type potentials.

Further, such a symmetry breaking occurs for solutions which have a non-zero angular
momenta in R2.

We recall a function w is said to be G-invariant if u(gz) = u(x) for every g € G and
r € RV,

We point out hypothesis on the dimension is purely technical here. By the way, in
dimension N = 3 and in case of Aharonov-Bohm potentials, Clapp and Szulkin proved
in [21] the existence of at least a solution which enjoys the so-called biradial symmetry.
However, their argument may be adapted even in further dimensions, provided a cylindrical
symmetry is asked to functions with respect to the second set of variables in RV 2.

The proof of our main result is based on a comparison between the different levels of
the Rayleigh quotient’s infima taken over different spaces of functions which enjoy certain
symmetry properties. In particular, we will focus our attention on three different kinds of
symmetries:

1. functions which are equivariant under the Z; x SO(N — 2) action for k € N, m € Z
defined as

u(z,y) — e_i%ﬁmu(ei%z, Ry) for € R* and y € RV"2, R € SO(N — 2),
D,lﬂ’fn(RN ) will denote their vector space;

2. functions which we will call ”biradial”, i.e.

RY) := {u € D2*RY) : w(Sz,Ty) = S™u(z,y),
vV (S,T) € SO(2) x SO(N —2)},

1,2
D7

birad,m

so that they have the form u(z,y) = p(|z|, |y|)e™?*) where (z) = arg(z);
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3. functions which are radial, Difd will be their vector space.
We fix the notation we will use throughout the paper:

Definition 1.1.2 Szi’zadm is the minimum of the Rayleigh quotient related to the magnetic

Laplacian over all the biradial functions in Diﬁad’m(RN);

ngg“d’m is the minimum of the Rayleigh quotient related to the usual Laplacian over all

the biradial functions in D"*(RN);

ngzd 15 the minimum of the Rayleigh quotient related to the usual Laplacian over all the
radial functions in D"*(RN);

S{;;g” 1s the minimum of the Rayleigh quotient related to the usual Laplacian over all
the functions in Dy (RN);

Sﬁ’,zn is the minimum of the Rayleigh quotient related to the magnetic Laplacian over
all the functions in D% (RY);

S is the usual Sobolev constant for the immersion D'*(RN) — L?"(RV).

,2
,m

In order to prove these quantities are achieved, we use concentration-compactness argu-
ments, in a special form due to Solimini in [58]. Unfortunately, we are not able to compute
the precise values of the abovementioned infima, but only to provide estimates in terms of
the Sobolev constant S; nevertheless this is enough to our aims. By the way, it is worth
being noticed in [62] a characterization is given for the radial case S§%: it is proved Sge
is achieved and the author is able to compute its precise value. This will turn out basic
when we compare it with the other infimum values in order to deduce some results about
symmetry properties.

Both in case of % type potentials and Aharonov-Bohm type potentials, we follow
the same outline. We organize the paper as follows: first of all in Section 2 we state the
variational framework for our problem; secondly in Section 3 we provide some sufficient
conditions to have the infimum of the Rayleigh quotients achieved, beginning from some
simple particular cases; in Section 4 we investigate the potential symmetry of solutions;
finally in Section 6 we deduce our main result. On the other hand, Section 5 is devoted to

the study of Aharonov-Bohm type potentials.

1.2 Variational setting

As initial domain for the quadratic form (1.1) we take the space of compactly supported
functions in RY \ {0} : we denote it CF (RN \ {0}). Actually, as a consequence of the

following lemmas, one can consider the space D“?(RY) as the maximal domain for the
wl2)1/2
quadratic form. We recall that by definition D"*(RY) = C¥ (RN )(IRN‘v " , l.e. the

completion of the compact supported functions on R" under the so-called Dirichlet norm.
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The main tools for this are the following basic inequalities:

U2 4 2
—dr < — Vu|” dz (Hardy inequalit
[ ite < o [, IV d (Hardy imeaualiy

A
/ IV |u||” de < / (iV——)u
RN RN |z
both with the following lemmas
Lemma 1.2.1 The completion of CF (RN \ {0}) under the Dirichlet norm coincide with
the space D"*(RY).
A0
(iV — L) u
]

on its mazimal domain D"*(RN) provided ||al|,, < (N — 2)?/4. Moreover, it is positive

definite.

2
dr (diamagnetic inequality)

Lemma 1.2.2 If A € L®(SN™1) then the norm (/
R
to the Dirichlet norm on CF (RN \ {0}).

2\ 1/2
) 18 equivalent

N

2
Lemma 1.2.3 The quadratic form (1.1) is equivalent to Qa(u) = /
R

We refer to [28] for a deeper analysis of these questions.

We set the following variational problem

A 2
/ (iV— (6))u —/ &‘92)”2
Spg = inf RY il =Y ||

weDM2 (RN )\ {0} 2\
lu
RN

Of course, Sy, is strictly positive since the quadratic form (1.1) is positive definite.
We are now proposing a lemma which will be useful later.

Lemma 1.2.4 Let {x,} be a sequence of points such that |x,| — oo as n — oo. Then for
any u € D"*(RN) as n — oo we have

[ =2 | - [ O ot [ o

|z
2/2* 2/2%
2 2
|u |u
RN RN
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2
Proof. 1t is sufficient to prove for all £ > 0 there exists a 7 such that fR N %dm < 2¢

for n > m. Let us consider R > 0 big enough to have

2
[ b,
RN\ Bp (2n) ||

for every n € N. On the other hand, when = € Bg(x,) we have |z| > |z,| — |x — z,| >
|z,| — R which is a positive quantity for n big enough. In this way

2
n 1
/ Mdm < —2/ lu(z + z,)|* dz < €
Br(e) |7 (fn] = R)* J (o)

for n big enough. U

Exploiting this lemma, we can state the following property holding for S4 ,:

Proposition 1.2.5 If S denotes the best Sobolev constant for the embedding of D"*(RY)

in L* (RY), i.e.
| 1wt
S = inf R (1.4)

ue D2 (RN)\ {0} >\
ol
RN
Proof. Lemma (1.2.4) shows immediately for all u € D"*(RY)

/ |Vul*
RN
2/2%
(/ o )
RN

If we choose a minimizing sequence for (1.4) in the line above, we see immediately S4, < S.

O

it holds Sy < S.

SA,a S

+o(1) .

1.3 Attaining the infimum

Given the results in [13] due to Brezis and Nirenberg, one could expect that ,if S4, is
strictly less than S, then it is attained. Here we pursue this idea with concentration-
compactness arguments, in the special version due to Solimini in [58]. Before proceeding,
we find useful to recall some definitions about the so-called Lorentz spaces.

Definition 1.3.1 /58] A Lorentz space LP4(RY) is a space of measurable functions affected
by two indexes p and q which are two positive real numbers, 1 < p,q < 400, like the indezes
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which determine the usual LP spaces. The index p is called principal index and the index
q 1s called secundary index. A monotonicity property holds with respect to the secundary
index: if g1 < qo then LV C LP%, So the strongest case of a Lorentz space with principal
index p is LP'; while the weakest case is LP™°, which is equivalent to the so-called weak
L? space, or Marcinkiewicz space. Anyway, the most familiar case of Lorentz space is the
intermediate case given by q = p, since the space LPP is equivalent to the classical LP space.

Properties 1.3.2 [58] A basic property about the Lorentz spaces is an appropriate case of
the Holder inequality, which states that the duality product of two functions is bounded by
a constant times the product of the norms of the two functions in two respective conjugate
Lorentz spaces LP»1 and LP?% where the two pairs of indexes satisfy the relations pileriQ =

1,1
=4 == 1
q1 q2

Moreover, if we consider the Sobolev space H'P(RY), it is wellknown it is embedded
in the Lebesque space LP"(RY). But this embedding is not optimal: it holds that the space
HP(RY) is embedded in the Lorentz space LP™P, which is strictly stronger than LP" =

ppT

Theorem 1.3.3 (Solimini)([58]) Let (u,)nen be a given bounded sequence of functions
in HYP(RY), with the index p satisfing 1 < p < N. Then, replacing (u,)nen with a suitable
subsequence, we can find a sequence of functions (¢;)ien belonging to HYP(RN) and, in
correspondence of any index n, we can find a sequence of rescalings (p!)ien in such a way
that the sequence (pi(é;))ien s summable in HYP(RY), uniformly with respect to n, and
that the sequence (u, — Yo Pho(®i))nen converges to zero in L(p*, q) for every index q > p.

Moreover we have that, for any pair of indexes v and j, the two corresponding sequences
of rescalings (p)nen and (p))nen are mutually diverging, that

+oo
> lsilli, <M . (1.5)
=1

where M is the limit of (||unl} ) )nen, and that the sequence
(Un — D ien P (0:))nen converges to zero in H'YP(RYN) if and only if (1.5) is an equality.

Now we can state the result

Theorem 1.3.4 If Sy, < S then Sa, is attained.

Proof. Let us consider a minimizing sequence u, € D“*(RV) to S 4. In particular,
it is bounded in D"*(R"). By Solimini’s theorem (1.3.3), up to subsequences, there will
exist a sequence ¢; € DV*(RY) and a sequence of mutually divergent rescalings pf, defined
as pl(u) = (X)) T w(Mix + yi), such that 32, pid; € DV2(RY) and u, — 3, pi¢py — 0 in
L*. In general the rescalings may be mutually divergent by dilation (concentration or
vanishing) or by translation. We divide the proof in two different cases.
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1. Suppose there exists at least an index j such that the sequence of the correspond-
vh
(p{i)*l(un), which is again a minimizing sequence. The following convergence can be
stated

< const for all n. Then we consider w,, :=

ing translation remains bounded:

U = G5+ (ph) ' ohd; — 0 in L7
J#i
If we call for a moment v, = Zj#(p{;)_lp;gbj, we have that v, — 0 a.e. in RY
because of the mutual rescalings’ divergence. Then u, — ¢5 a.e. in RY. If we
assume the sequence %, is normalized in L?", the famous Brezis-Lieb lemma applies
and we immediately obtain the relation

(|t || = Hﬁbg g T ||vnlo + 0(1) as n — o0.
At the same time even
et 2oy = H¢3H0L2(RN) + [[onll pregay + 0(1) as n — o0.

So that

/IVA%*'|2+/ [Vaval” +o(1)
RN RN

2/2%
([ teal™+ [ ol +otm)
. 2/2* , 2/2*
(L) (L) s
] . 2/2*
(/ il +/RN [vnf” +o<1>)

and in order not to fall in contradiction the previous coefficient must tend to zero,
and then [y lun]*” — 0, and also [vall progsy — 0, which in particular implies that

«—

A,a

= A,a )

¢7 1s a nontrivial function. In conclusion, we have the strong D"?(R") convergence
Up(+) — ¢5 — 0, since we have an equality in (1.5) in Theorem (1.3.3).

2. On the other hand, if for all j |3/ | — oo as n — oo, then we argue in the following way:
let us fix m € N and evaluete the quadratic form over the difference u,, — Z;n:l pLo;.

Since it is equivalent to the DI’Q(RN )-norm, it will be greater or equal to zero. So
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that

0 S QA,a (un_ngz¢]>
=1
= Qualun) + Qs S sy —22 / Vot - VA/)%%—?Z / i 8
j=1

v [af?

- QA,a(Un> + QA,O Z piLng -2 Z/ VAun VApZLQZﬁj + 0(1)
j=1

= Quaalun) + Qao [ D phd; | —2Qa0 <Z Pﬁ%ﬁj) +o(1)

= Qaalu,) —Qap <Z pflqu +o(1) for any m,
=1

thanks to the mutual divergence of the rescalings (see also [63]). Then we have

T)Aa(;j;*) . Q;o(Zj ;P]jf;‘f — (1) > S + o(1),
1Pn J

a contradiction.

1.3.1 The case a <0

In order to investigate when the infimum is attained depending on the magnetic vector
potential A and the electric potential a, we start from the simplest cases. The first of them
is the case a < 0.

Proposition 1.3.5 If a <0 but not identically zero, Sa, s not achieved.

Proof. First of all, in this case we have Sy, = S. Indeed, by diamagnetic inequality, we

have
/RN (V—ﬁ)ﬁz—/ﬂwﬁ? 2>/RN'V'“”2‘/RN%“2Z/RN'V'“”Q

from which we have S4, > S.
Suppose by contradiction Sy, is achieved on a function ¢. Following the previous
argument by Solimini’s theorem, according to the negativity of the electric potential, we
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get Sao, > S + ¢, where ¢ is a positive constant due to the convergence of the term
a(d) . 2
Jan i (- + )
2*)2/2*

Note here we used the considerable fact that

2
J
inf — =
we D! (RM)\{0} 2\
I
RN

Its proof is based on the idea that S is achieved over a radial function. O

. S0 we get S4, > S, a contradiction.

1.3.2 The case a =0

In this case we expect in general the infimum is not achieved. Indeed, first of all we
have S4, = S, because we have already seen in general Sy, < S, and in this case the
diamagnetic inequality gives the reverse inequality. There is a simple case in which we can
immediately deduce a result.

A

Remark 1.3.6 If the vector potential ﬂ is a gradient of a function © € L} (RN) such
x

that VO € LN>*(RN), then Sa, is achieved.
= VO for a function © € Li (RY) such that its gradient has the

loc

Indeed, suppose W
x

regqularity mentioned above. The change of gauge u +— eT"®u makes the problem (1.3)
equivalent to (1.4), so that the infimum is necessarly achieved.

Just a few words about the regularity asked to VO. In order to have the minimum problem
wellposed, it would be sufficient VO € L. But if we require the function e ®u € D"*(RN)
for any u € D"*(RN), this reqularity is not sufficient any more. Rather, everything works
if VO € LY>°(RY).

Now, suppose the infimum S4, = S is achieved on a function u € D"*(RY). Then we

have
A6
L6500 e
RN N
= 2w 2
(L) (L)
RN RN

So it is clear the equality must hold in the diamagnetic inequality in order not to fall into
a contradiction. We have the following chain of relations:

= ‘[m (szu>

[ul

2

IV 4| = ’Re(z—lvu)

(z'Vu — ﬁu) h

< R
]/ Jul

=i L)

[/ Jul
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In order that the equality holds in the last line Re{ (z’Vu — ﬁu)ﬂ} must vanish. Expand-

ing the expression one finds the equivalent condition is I7A\ = Re <z%> We can rewrite

’i% = z":—réﬂ and see
Re(i%) _ —Re(w)V (Im(u)|)u|t Im(u)V (Re(u)) o (arctan ZZ((ZD

which is equivalent to —“2;' = VO where O is the phase of u.

In conclusion, we can resume our first remark both with this argument to state the
following

Proposition 1.3.7 If the electric potential a = 0, the infimum Sa, is

achieved if and only if — = VO. In this case © is the phase of the minimizing function.

|z]

1.3.3 The general case: sufficient conditions

In Theorem (1.3.4) we proved that a sufficient condition for the infimum achieved is Sy, <
S. In this section we look for the hypotheses on A or a which guarantee this condition.

Proposition 1.3.8 Suppose there exist a small ball Bs(xq) centered in xy € SNt in which
a(z) —|A@)]?>A>0 ae z € Bs(xg).
Then Saq < S and so Sy, 1s achieved.

Proof. We define

)12
HA) = @7

the closure of compact supported functions with respect to the norm associated to the
quadratic form. We have the following chain of relations:

2 a 2
/ 1V auf — / Ol
inf Gl RY |7]

1
u€H 4 (Bs(x0))\{0}
(Lo
RN
a
/ |V aul? —/ —u’
Bs(x0) Bs(zo) ‘1"

inf =
€M A (Bs(w0),R)\{0} 2\ ?
Ju
Bs (o)

SA,a

IN
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since the quotient is invariant under Solimini’s rescalings and we restrict to a proper subset
of functions. When we check the quotient over a real function, it reduces to

Al —
/ |VU|2+/ | | : au2
By (o) Bs(zo) ||

B(S(IO)

so the thesis follows from [13], Lemma (1.1). O

Remark 1.3.9 We can resume the results reached until now: in case the magnetic vector
potential “2;' is a gradient, the infimum Sa, is achieved if a = 0 or if its essential infimum
is positive and sufficiently small in a neighborhood far from the origin (we mean ||al| <
(N —2)2/4 in order to keep the quadratic form positive definite); while it is never achieved
provided a < 0, neither in case the magnetic potential is a gradient, nor in case it is not.
On the other hand, in order to have Syu, achieved, if the magnetic vector potential is not a
gradient we need to assume it has a suitably low essential supremum somewhere in a ball
far from the origin in relation to the electric potential a (see Proposition (1.5.8)).

Anyway, it seems reasonable what is important here is not the essential supremum of ﬁ
(or A, since we play far from the origin), but “the distance” between the magnetic vector
potential and the set of gradients. Pursuing this idea, it seems possible to interpretate a
suitable (to be specified) norm of curl‘?“‘| as a measure of this distance. In order to specify
these ideas we refer to [38] and [11]. We recall the following

Definition 1.3.10 [38] Let Q be a open set of RN and @, b el (Q). We say that @
— —

loc

and b are related by a gauge transformation, @ ~q b , if there is a distribution X € D/(£2)
satisfying bV =a + V.

By curl@ we denote the skew-symmetric, matriz-valued distribution having @E)j —
0,a; € D(Q) as matriz elements.

Lemma 1.3.11 [38] Let Q be any open subset of RN, 1 < p < +o00 and @, b oel? ().

loc

Then every X\ satisfying ? ="a + V) belongs to W'P(Q). If Q is simply-connected then
a ~q ? — cuwrld = curl? .

Theorem 1.3.12 [11] Let M = (0,1)" be the N-dimensional cube of RN with N > 2 and
1 <1< N-—1. Given any X a l-form with coefficients in WYY (M) there exists someY a
I-form with coefficients in WIN 0 L>(M) such that

dY =dX

and
VYl + Yl < ClldX]y -
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The Theorem (1.3.12) will be very useful in our case choosing [ = 1, so that the external
derivative is the curl of the vector field which represents the given 1-form.
Suppose MA' € WLN(Bs(zp)) in a ball far from the origin. Then for Theorem (1.3.12)

there exists a vector field Y € L N WYY (Bs(xg)) such that Curlﬁ = curly and [|Y|| <

C chrl%” . By Lemma (1.3.11), Y is related to % by a gauge transformation, so, in
N

the spirit of Theorem (1.3.8), it is sufficient chrlﬁH is not too large in order to have
N

Sa,q < S and hence Sy, achieved.

1.4 Symmetry of solutions

We recall once again in general Sy, < S. When Sy, = S and Qa,(u) > Q(u) for any
u € DM*(RY), e.g. when a < 0 but not identically 0, we lose compactness since clearly
Sa,q cannot be attained. In this section we follow the idea that introducing symmetry
properties to the quadratic form can help in growing the upper bound for Sy ,, in order to
increase the probability for it to be achieved.

We basically follow the ideas in [62], assuming the dimension N > 4.

Let us write RY = R? x R¥=2 and denote z = (2,y). Let us fix k € N, and suppose
there is a Z x SO(N — 2) group-action on D"*(R"), denoting

Di:fn(RN) = {u(z,y) € D*(RY) s.t. u(ei%ﬂz, Ry) = ei%mu(z,y) for any R € SO(N — 2)}

the fixed point space. In order to have the quadratic form invariant under this action, let
us suppose that a(f) =a € R~ and

27
GZTZ, Ry ;2T Y
Al S22 2 (el : (AI,AQ),RA;),) (—> for any R € SO(N —2).  (1.6)
( [Ex)] ) [Ex]
These two conditions allow us to apply the Symmetric Criticality Principle, so that the
minima of the problem
Qa,a(v)

uED,lc’jn(]RN) ||u

Shm = (1.7)

2
2*

are solutions to (1.2).

Theorem 1.4.1 If SZ’ZL < k*NS then it is achieved.

Proof. Let us consider a minimizing sequence {u,}. The space D,lczil(RN ) is a close
subspace in D"*(R"), so Solimini’s Theorem (1.3.3) holds in D,lffn (RY). Up to subsequences
we can find a sequence ®; € D,lﬁfn (RY) and a sequence of mutually diverging rescalings p,
such that u, — >, p!(®;) — 0in L*".

We can basically follow the proof of Theorem (1.3.4).

We just stress that the possible function ¢5 will be in fact of the form ZL o(- + 1),
meaning that it will enjoy the same Z; x SO(N — 2)-group symmetry. O
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Remark 1.4.2 The above result is actually a symmetry breaking result for the equation
associated to these minimum problems. Indeed, let us consider the equation

a

—Apu = +uf ?u in RY, (1.8)

jaf”

where —A 4 denotes the differential operator we have called magnetic Laplacian. Then the
minima of (1.3) are solutions to (1.8) and so are those of (1.7), thanks to the Symmetric
Criticality Principle (the quotient is invariant under the Zy x SO(N — 2) group-action).
Thus, when the electric potential is constant and negative, we find a multiplicity of solutions
to (1.8) depending on k (we would say an infinite number, at least for k not multiples to
each other), and each of them is invariant under rotations of angle 2w /k, respectively.

Now we want to check whenever the condition SZ:T < k*NS is fulfilled. Let us pick k

2mi

points in RV \ {0} of the form z; = (Re’ 7&,0) where || = 1, and denote

v (N(N—2))T

(14 |z —=y7) 2

In this way the sum 25:1 w; is an element of D,lgfn(RN ). Additionally we notice w, are

minimizers of the usual Sobolev quotient, and they satisfy

—Aw; = |lw;[” Pw;  inRY, (1.10)

/RN |V, |?
2/27
(L)
RN

2
/ | Vw| =/ |w;
RN RN

Proposition 1.4.3 Choosing R and k large enough, the quotient evaluated over
Z?Zl w; is strictly less than k¥NS, and so is the infimum SZ’ZL.

It is worth to notice that both

and (1.10) imply
2= g2 (1.11)

We state the following

In order to prove it, we need some technical results, whose proofs are postponed to the
next subsection. We basically follow the ideas in [62].
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For sake of semplicity, we introduce the following notation:

= R{ i z_}
a /RN e Z\w\ w; W,

i#j
B AP —a|~
g = /RN_|I’2 ’;w]
y = Re{z’/ 4 > V)
,J

2

r |2]
Lemma 1.4.4 It holds o > 0.

Lemma 1.4.5 For every positive § there exists a positive constant Ky (independent of k)
such that if

> Ks(k—1)Y0N=2 v+

then

/.

Lemma 1.4.6 Given Lemma (1.4.5), it is possible to choose R and k in such a way that
the quantity

>

J=1

> k:SN/2+2*(1—6)/ Re{2|wi|2*_2wiw_j}. (1.12)

N —
R i#£]

1+@{5—2fy+a<—1+5—|—]{2;S;JV/(52(27—5))}

15 positive and strictly less than 1.

Proof of Proposition (1.4.3). Let us evaluate the quotient over 2521 w;

—236{1% : ZVwiw—j}} (1.13)
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where in the last equality we have used (1.11) and the equation (1.10). Now we use Lemma
(1.4.5) which states the lower bound (1.12) for the denominator of our quotient. Thus using
(1.13) and (1.12) the quotient is

QAa(Z] 1%)
H le

< (kSN/2+/RN {R6{2|w122 i_}+w—|;a‘zk:wj

i#] @ j=1

2 Re{z”% : 2; Vi | })

—2/2*
. (k:SN/z +2%5(1 — 5/2)/ Re{ Z |22 wiw—j})
R i]

— k*Ng (1 + kSIN/Z (a+p— 27)) (1 — %a) +o(1)

where in the last line we have expanded the denominator in Taylor’s serie since the ar-

gument is very close to zero if R is large. Up to infinitesimal terms of higher order, the
coefficient of k*/N S is

1 2 1 2§
k;SN/Qﬁ_ ]{;SN/27+ kSN/Qa( —1+0+ W(27_6>) ‘

2

1+

Now we invoke Lemma (1.4.6) to conclude the proof. O

1.4.1 Proofs of technical lemmas

In order to prove Lemmas (1.4.4), (1.4.5) and (1.4.6) we need supplementary results mainly
about asymptotics of the quantities involved.

Lemma 1.4.7 We have, as |z; — z;| — +0o and |x;| — 400

. 1
RN |2: — ;|
. 1 Ry
/ w? = o(leltzul (1.15)
RN |2: = ;]
log R ,
Jwj|” O(—z) #N=4
- = (1.16)
RV |z] O(55) for N =5
[ ullul = 0( ) (117)
RN |7 e R |90i—$j|Nf3 . .
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Proof. For what concerns (1.14), (1.15) and (1.16) we refer to [62].
About (1.17) we have

[ 9l = O ) ) O(RY ) = Ol)

Rr/2(0) ’JJ|

since in Bgr/2(0) |v — x;| > R — |x| > R/2 and the same holds for |z — z;|;

1 1 1
[ vl = opo——=) [ jul
By, /a(e:) T |2 — ;] Bla;—a;1/4(Ti)

1
= O
(R|[E7, — QTj’NiB)
since in Bjg,—a,1/4(2:) 2| > |25] — |2 — 2] > R/2 and |z — 25| > |2; — 25] — |2 — 2] >
11z — a5
1 1 1
/ 12| [Vw;| Jwi| = O(}—%)O(—N_g)/ [V,
Blz;—aj1/a(@;) X |z — 4] Blz;—aj|/4(@;)
1
= Of )

R ‘IZ — I‘j|N_3

since in By, o )/a(7;) 7| > |75] — |v — 25| > R/2 and |z — 23| > |2y — 25| — |2 — 25| >
3 |x; — x;|; while in RN\ (Bgy2(0) U Bjy,—a;)/a(2:) U By, —a,)/a(2;)) we have |z| > R/2, and
via Holder inequality

1

/ SV
RN\(Bp/2(0)UB|s; ;| /a(%i)UBo; —a 51 /4(5)) ‘33’
1
@) log |x; — x; if N=4
O if N > 5.
(R |$7, . .Tj|2N_6)

g

Remark 1.4.8 The above asymptotics in Lemma (1.4.7) come in terms of k and R as we

note
2 2 2
|z — z)° = RQSmQ?ﬂ(i—j)—I—RQ(l—cos%(i—j)>
R?2 R? R? e
- E—FF: (ﬁ) Zf|2_j|<<k_
R? otherwise

According to the previous asymptotic, we note we have the worst estimates in Lemma
(1.4.7) for |i — j| < k, that is for the centers x;, x; quite near to each other.
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Lemma 1.4.9 The following asymptotic behavior holds for k — +o0o and R — +o0

( ]{32
0(§) if N=4
A _ k*log k .
/RNRe{zm-lelewj} <! o 0 ) ifN=5
: k
O(RN—2) for N > 6.

Proof. First of all we note if [ = j the quantity in the statement is zero. Next,

A 2m A
Reqt— - Vw,w; o| = sin—ml—j/ — -V |w| |w;
L {m% 5 '; R R

< C Z !sin%m(l—j” _ Ck kz_i ‘sin%’rml‘ ]
N2 SN E R T ) 2
1z (1—cosZ(l—j)) =1 (1 — cos 221)
Omk% 1/k C'm kN-3 fg;{:fN.f:N‘L -
= pN—2 N-3 N—2 0 v =
R =1 (1/k) R O(1) for N > 6.
U
We recall the following result proved in [62]:
Lemma 1.4.10 Let sq1,...,s, > 0. For every positive § there exists a positive constant
K (independent of k) such that if
2
e — " > K5 (k—1)Y0N-2 w4
log |z; — zj]
then .
2* *
/ (Zs> > k:SN/2+2*(1—6/2)/ A (1.18)
RV Mo RN it

Proof of Lemma (1.4.4). We split the sum in two contributions: indexes for which
cos 2X(j — 1) > 0 (we will call them 5,/ pos), and indexes for which cos 2%(j — 1) < 0 (we
will call them j,I neg). We note in the first case, we have |z; — x;| ~ , whereas in the
second case |z; — x;| ~ R. Then

[ S} = [ afsne o]

1,7 pos J

P L ]CN_l
RN

7R
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On the other hand,
/ Req > fw;|* 2 wmy p < k;?/ Red |wy|* 2wy wy :0(’“—2);
RN l,j neg ! ’ a RN RN?Q

so that for k large enough we have the thesis. U
Proof of Lemma (1.4.5). By convexity of the function (-)?"/? we have

2 2*/2 L 2*/2
ij=1
5 2% /2
m . .

= (Zw sl = 3 feu] Ju (1 —cos<?m<z—y>))>

1,] 2*;;7 2* 2*/271 2

m .

> (Z |wl ‘wj|) ) (Z |w;| |wj|> Z lw;| |w;] (1 — oS (?m(z —(71))2>))

2y 1,7 1,7

* *
2% /2 . 2

For what concerns the first term (Z” |w;| |w,] = (Zj |wj|> , we can apply

directly inequality (1.18) with s; = |w;| in order to have

k 2
/ (Zw) > kSN2 o1 5/2/ > il 7wyl (1.21)
RN =1

i#j

We want to stress that

/ > i ] = / Zw wl = k / g [

i#j
(see also [62], equation (6.22)), so that

-1

/ Sl | > (RN by (1.22)

i#]

Now we focus our attention on the integral of the second term in (1.20): via Holder
inequality we have

/RN (zz':lwi| wj>2*/2 1Z:|”LUZ| |wg|< cos( (i—j))>

*

: </ (Zw w)/) (/ (Zw sl (1 _cosffmu—j))))m)

J ]

2/2*
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and

2% 2
2

</RN(%:|W| |wj|)2*/2)23*2</m(;wj)2*> ks

thanks to inequality (1.18) and Lemma (1.4.7). On the other hand

</RN (32 (1 = Gt —j>>))2*/2)

i3

5 {1 (i)

- Z (1 oS (%ﬂm(i - j))) (log |z; — a;j|zN*2

|2 — 2V

2/2*

2/2*

according to (1.15). Now, since |z; — x;| ~ R(1 — cos (2%(i — j)))1/2, the sum

<1Og (R(1~ cos (2 —j)))lﬂ))

2% 2
2*

N-2

N

Z 1 —cos (Q—Wm(z — j)) )
irj ( k ) RN-2 (1 — cos (32 i—j))) i

(log (R(1  cos (ij))l/2>) o

< C(m)kzj: RN_2<1—COS (Q—Wj)>N/2_2

RN-2 (1 - cos(?mc)) e

O(logR) it N=4
2
< C’(mlk 0

@)

(log Rlogk) if N=5
((log Rlog k) "~"kN=%) if N > 6
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so that the second term (1.20) is

2 O(log R) if N =4
(1.20) < C(m) kZ/NW O(log Rlog k) if N=>5
O((log Rlog k)"~ kN-%)  if N>6
( 5/2
mﬁﬁﬁﬁ if N =4
12/5
- { ol lﬁfbg% it N =5 (1.23)
kN=3+2/N(log Rlog k)"~ .
| O( RNZ ) ifN>6
N-1

which can be made 0( ) in every dimension for a suitable choice of the parameters R

RN—2
and k (e.g. k ~ R® with 0 < a < 1 since according to the hypothesis of lemma itself we
need k = o(R)).

Provided the ratio R/k is big enough, from equations (1.21), (1.22) and (1.23) we get

/.

which in particular implies the thesis. O
Proof of Lemma (1.4.6) In order to have this quantity (positive) and less than 1,
it is sufficient to have

k 2

2w

j=1

> k?W”+Tﬂ—ﬁx/ D w7
RY i

1. a/k, v/k and (/k small,
2. « arbitrarly greater than (3,
3. « arbitrarly greater than .
According to Lemma (1.4.7), Lemma (1.4.9) and Remark (1.4.8) we know

( ,log R

O(k m) if N =4
ﬁ = k2
( kQ
O(—;) iN=4
k2
Vo= O(ﬁlogk‘) for N =5
kN73
\ O(RN—Q) for N > 6
2k,N72
o = O(k RN—Q)
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Let us fix the condition
FNDIN=2) = o(R) (1.24)

in order to have a/k small. Consequently we immediately find the request 1 fulfilled.
Moreover, we note this does not contradict either the hypothesis of Lemma (1.4.5) (rather,
that is a consequence), or the conditions on equation (1.23).

For what concerns request 2 and 3, we recall equation (1.19) states the lower bound
a> kNTU/RN2,

Thus, we find request 3 satisfied as soon as k — oo.

About request 2, everything works without any additional hypothesis in dimension 4.
In dimension N > 5, we need R = o(k(N —3)/(N _4)): we emphasize this does not contradict

condition (1.24) thanks to the order £=1 < X=3. O

As a natural question, letting k& — oo, we wonder if there exists any biradial solution:
we mean a function belonging to the space

(RY) = {u € D"*(R") s.t. u(R(z1,22), Sw3) = R™u((x1,22), 73)
VR € SO(2),VS € SO(N —2)} .

D12

birad,m

As already pointed out, even in this case we need that the magnetic potential A is equiv-
ariant with respect to the action of the group SO(2) x SO(N — 2), that is

e i or an > _
A(\(z,yﬂ)_(R(Al’A2>’SA3>(y(z,y)y) for any (R, S) € SO(2) x SO(N - 2),

in order that the Symmetric Criticality Principle applies. In order to investigate the
possible existence of a biradial solution, we set the problem

A
/ _/ 2| ’
Sbirad,m . inf RN N ’JI|

(iV = —3)u
A,a 2/2*
2*)

2

o 1,2
ueDblrad m (RN) |u
RN

and we are able to prove

Y

Proposition 1.4.11 There exists a biradial solution.

Sblrad m

Proof. As we usually do, we consider a minimizing sequence u,, to and Solimini’s

1,2
lemma in Dblrad m

ourselves to u,, — ®(- +xz,) — 0 in Délfad .
|z, — +o0.

To preserve the symmetry, in Solimini’s decomposition we will find all the functions
obtained by ® with a rotation of a 27/k angle, for k € 7Z fixed. Thus, we can write

Uy =S D(+a') — 0in D2 m(RY). Now, following the same calculations in Theorem

(1.4.1), we obtain Sh54™ > S4™ > k2/N S that leads to S "™ = 400 choosing k arbitrary
large: a contradiction. O

(RY), since this is a closed subspace of D"*(RY). As usual, we reconduce
(RY) with ® # 0 and suppose by contradiction
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1.5 Aharonov-Bohm type potentials

In dimension 2, an Aharonov-Bohm magnetic field is a d-type magnetic field. A vector
potential associated to the Aharonov-Bohm magnetic field in R? has the form

Ay, 22) = (_O‘“ O‘“”) (21, 22) € R?

o |

where « is the field flux through the origin. In this contest we want to take account of
Aharonov-Bohm type potentials in RY, for N > 4:

o —QT T 2 N-2
A(iL’l,CEQ,ZL'g) - (JJ%—FI%,JI%—FI%,O) (371,.1'2) ER ,.T:),ER )

paying special attention now the singular set is a whole subspace of RY with codimension
2.

1.5.1 Hardy-type inequality

In order to study minimum problems and therefore the quadratic form associated to this
kind of potentials, we need a Hardy-type inequality. We know by [37] that a certain
Hardy-type inequality holds for Aharonov-Bohm vector potentials in R?, that is

/R el - ¢ iV — A)g|” Ve CZ(R?\ {0}) ,

2|z T Jge

where the best constant C is

H= (m?\k—@A])Q. (1.25)

ke

Here ® 4 denotes the field flux around the origin
1 2
Oy = —/ A(cost,sint) - (—sint,cost)dt .
2m J,
One can generalize this result and gain a similar inequality to the Aharonov-Bohm po-

tentials in RY, simply separating the integrals: for all ¢ € CX (RN \ {x; = 25 = 0}) one
has

2 2
R RN-2 JR2

2 2 2

where H is defined in (1.25). Now a natural question arises: is H the best constant for
inequality (1.26)7 In other words, is H the infimum of the Rayleigh quotient?

Proposition 1.5.1 The best constant for the inequality (1.26) is exactly (1.25).
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Proof. To prove this, we consider the approximating sequence u,, to (1.25) in R?. We can
choose this sequence bounded in L?*(R?) norm, thanks to the homogeneity of the quotient
under dilation.

We claim there exists a sequence of real-valued functions (n,), C
C (RV-2) such that [y »|Vn." — 0 and fpnx .72 — 400 as n — +oo. We can
namely consider a real radial function such that 7, = 1 in Bg(0) and 1, = 0 in RV=2\
Brine(0), with [Vn,| ~ - for a suitable a > 0 (e.g. o > &2).

Now we consider the sequence v,(x1, x2, x3) = u, (21, T2)nn(x3) where z3 as usual de-
notes the whole set of variables in R¥~2, and test the quotient over this sequence:

/|(z‘V—A)vn| /|an|2—2Re/ Avn-vm+/ AP o,
RN . RN N RN

/W‘ /H [ |
RN x%—l—x% RN—2 R2 I1+$2

where the numerator is

/ 72 [Vun|® + / AP [ Junl? — 2Re / A - Vi,
]RN ]RN N

R

+2 Re/ UV - VT, +/ u? |Vnn|2 — 2Re/ |un|2 N A -V, . (1.27)
RN RN RN

About the second line (1.27) in the numerator, via Holder inequality we have

1/2 1/2
[ - v, s( / |un12\vnn\2) ( / n,%\wny?)
RN RN RN
1/2 1/2 1/2 1/2
=</ |Vnn|2) (/ |un|2) (/ ni) ( |Vun|2)
RN*Z R2 ]RN*2 RQ
Au,n, - 1, V1),

1/2 1/2
2 2 2 2 2
<(Loomfrt) (] 1A= R )
RN RN RN
1/2 1/2
2 2 2 2 2
([l [wl) ([ AR )
RN-2 R2 RN -2 R2

Therefore the Rayleigh quotient is reduced to

/ V| +/ AP un? —2Re/ Au, - Vun
R2 xl‘i‘xQ

2Re/ U Ny - VT, / \un\2/ V1, |2 2Re/ |t |* A - Vs
RN R2 RN-2

2 + 2
2 U] 2 |un] |un|
7] 7] Ml
RN-2 " R2 I% + JJ% RN-2 " R2 .T% + l‘g N-2 $1 + .’L‘2

and
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thanks to the properties of the sequence 7,. O

1.5.2 Variational setting

We have seen before the quadratic form associated to %—type potentials is equivalent to
the Dirichlet form. On the contrary, we will see in case of Aharonov-Bohm potentials it is

stronger than the Dirichlet form, and consequently the function space is a proper subset
of D"2(RM).
Indeed, for any ¢ € CF(RY \ {z; = x5 = 0}) we have the simple inequality

[over = I(N—A+A)w|2§0(/ (9 - A+ | |A|2|go|2)
RN RN RN RN
< ¢ / iV — A)pf?
]RN

thanks to Hardy-type inequality proved above.
It is immediate to see by this remark

Jen 6V =A)pf?

Ha = GG (RY\ {a1 = x5 = 0}) C D(RY) .

To prove the strict inclusion it is sufficient to show a function lying in D“*(RY) but
not in H4. One can choose for example ¢(xy, z2, x3) = p(x1, T2, 3) |x|(_N+1)/2, where p is
a cut-off function which is identically 0 in B.(0) and identically 1 in RY \ B,.(0): we have
IV|* ~ ||~ " which is integrable in RV \ B.(0), whereas % is not, since ¢ is far from

0 near the singular set.

Remark 1.5.2 Of course H 4 is a closed subspace of D"*(RN). This is a straightforward
consequence of the density of CX (RN \ {z1 = zy = 0}) in Ha and the relation between the
two quadratic forms. Then Solimini’s Theorem (1.5.8) holds also in this space.

Following what we did in the previous case, we state the following

Lemma 1.5.3 Let x, a sequence of points such that |(x,', x,?)| — oo as n — oco. Then
for any u € Hy as n — oo we have

2
a(f) 2 2
/. L s wtrail [ o

- 2/2" "
(L1 ‘)
RN

iV — A u(-+z,)

2/2*
') (Lo
RN

Proof. We can follow the proof of Lemma (1.2.4) noting here the singularity involves
only the first two variables. O
So that we immediately have the following property for S4,:
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Proposition 1.5.4 If the electric potential a is invariant under translations in RN=2 (as
the magnetic vector potential actually is), the related minimum problem leads to

Al 2_/ a 2
[67 = = [

= inf <S8

u€H4\{0} / | - 2/2*
RN !

Proof. We follow the proof of Proposition (1.2.5) taking into account Lemma (1.5.3). [

,a

1.5.3 Achieving the Sobolev constant

As in the previous case, we state the following
Proposition 1.5.5 If Sy, < S then Sa, ts achieved.

Proof. The proof is essentially the same as in Theorem (1.3.4).

1.5.4 Symmetry of solutions

We introduce the space
Hf’;{m = {u(z,y) € Ha s.t. u(ei%z,y) = ei%mu(z, lyD},

which is a closed subspace of H 4, so Solimini’s Theorem (1.3.3) holds in it.

We should suppose that the magnetic potential A is equivariant under the Z; x SO(N —
2)-group action on H4, as in (1.6). But in this case, the magnetic vector potential enjoys
this symmetry thanks to its special form. On the other hand, we choose the electric
potential a as a negative constant.

Following the same proof as in the previous case, we can state the following

Proposition 1.5.6 If " < k*NS then SY" is achieved.

Now we look for sufficient conditions to have SZ’,’: < kNS,
The idea is again to check the quotient over a suitable sequence of test functions. We
choose as well 2% w;, where w; are defined in (1.9) and the lines above it. Of course,

we need to multiply them by a cut-off function ¢(z1, z2, x3) = (11, 22) = p(\/23 + 23) =
©(p), in order to obtain the necessary integrability near the singular set.

Lemma 1.5.7 Choosing R and k large enough in (1.9), the quotient evalueted over ¢ ijl w;
is strictly less than k*NS, and so is the infimum SZ’Z.
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Proof. Let us check the quotient over ¢ Zle w;. In

/RN)V(SOZf:lUj) Z_QRQ{iV(gpiwj).Awimj}

we study term by term. First of all

k 9 k
Ve w)| = IVel | 3w
j=1 j=1

k
2+ o’ —a 2‘
2, 27 § :wj
iy’

2 i 2
+¢2’V(ij) +2Re{<pVg0-ZijEl}
Jj=1 gl

and

[+
RN

k

[ V(3w

2

V(Zk:wj) = /M‘V(iwj)

Secondly

k

k k
V(Y wy) - Ap> W= V- «4‘ > w,
j=1 j=1

J=1

2
+§022ij '.Awl .
Jil
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So, the quadratic form is the following

k
e [ Rl Yoy [ - AV )|+
RN oy RN o
_ a?—a
—I—Q/RNRe{gngp.%l:ijwl}qL/ $1+x ‘Zw]
i 2
_Q/RNRG{Z¢V¢.A‘;wj }—Q/RNRB{M,O ZVUJJ Awl}
SkSN/2+/ RG{Z|wj|2*2ijl}+/ Vel* ‘ZU’J
RN ,
. i N\ 2 N
2
(rtgzeel) (Lt
o —a i 2
+/RN x%+x%¢2‘;wj
. NG L NG
(fomtlzel) (fomels-r)
RN =1 RN =1
J— ) 2 .. mn
Z/RNRe{w ;Vw] Awl}>

whereas the denominator

2% & 2
e w
RN :
Jj=1

k
2
Vil? ’ > w;

2%

Wy

B g k
= [Xw[ - [ 0
RN =1 RY j=1

> kSN2 427(1-6/2) /RNReZ|wJ| w; W,

j#
—/RN(1— ) z;w

2%

(1.28)
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To simplify the notation, we set R = \/(z;!)? + (2;2)? and we have
/{ZN

< O(5v=)

a = /RNRe{Z|wj|2*_2wj@l} l{:l\@ (1.29)

J#l P vy

RN—Z

k 2

8 = /RN|V<PI2(Z%2 < 0(%)
j=1

k

v = 2</ PV w))

RN i

2
/ V|
]RN

JIRECS

k2 .
n :/ aQ_a%OQ‘Zk:wQ o | Olgglost) TN =4
2 4 22 = k -
RN -1 2 J=1 O(ﬁ) lfNZ5

) 1/2 E )
2 2
v~ A ’E wj
) </RN =

£ = 2</RN|Vsorzlj§k;wj

k2
O(=1og?R) if N =4
< (RZQg ) i (1.30)
O(pr=) HfN=5
o= |2 k2
Y = /RN(1—¢ WD wil < O(W)

J=1

while for the last term we have
/ Re{zgpQZij Awl}
RN Iy

since Lemma (1.4.9) fits also in this case with the suitable modifications. In (1.29) the
symbol >> stands for a has order strictly greater than k¥ —1/RN=2,

We note all these quantities «, 3, v, n, & ¢ can be chosen small simply taking the
quotient kV=1/RN=2 small (namely kV=1/RN=2 = ¢), as we can deduce from (1.29), ...,
(1.31).

Moreover, we see 1) = o(«), so that we can improve estimate (1.28) and state

k
2*
[ >w
RN s

for a different ¢ from above.

k.N—3

<O( (1.31)

vz

.
> kSN 4 27(1 — 5/2)/

N Re Z lw;|* % w; W,
B A



1.6 Symmetry breaking 41

With the simplified notation, the quotient takes the form

1
ESY2 tat+ B4y 4n+E+C o T pgmp@ Tt N0

kSN2 4 9¢(1 — §/2)a) Y 2°(1—=0/2) \2/?
( ( / )04) <1+—kSN/2 a)

Expanding the quotient in first order power series, it is asymptotic to

21— 6/2)
SN2 O‘)

KNS (1+kSN/Q(a+ﬁ+v+n+£+C))((1—
~ kNS {1+@(ﬁ+’y+n+f+§)

1
+Wa< 1+5+kSN/2(ﬁ+v+n+§+g)>}

Now, in order to have the coefficient of k%S strictly less than 1, it is sufficient that 3, v,
n, &, ¢ are o(kN~1/RN=2). Taking into account (1.29), ..., (1.30) and (1.31) we see it is

sufficient choosing k as in the previous case of —-type potentials. O

]

As we made in the previous section, we wonder if there exists any biradial solution,
meaning a function belonging to the space

HE\irad,m _ {U c HA s.t. U(R(l’l, I2)7 S;L‘3) = Rmu((xly fL'2>a $3)
VR € SO(2),V¥S € SO(N —2)} .

We note that here the suitable equivariant condition for the magnetic field is already

fulfilled thanks to the special form of Aharonov—Bohm potentials, as well as it occurs for

the Zy x SO(N — 2) action. In order to investigate this question, we set the problem
birad,m

v — Al — a 2
o LT —anl = [
A,a -

EHEZrad m o 2/2*
Jul
RN

Proposition 1.5.8 There exists a biradial solution.

and we state

Proof. We follow the proof of Proposition (1.4.11) that fits also in this case with the
suitable modifications. O

1.6 Symmetry breaking

In order to proceed in our analysis, we need to recall a result proved in [1]:
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Theorem 1.6.1 ([1]) Suppose u = u(ry,r3) (wherery = \/x?2 + 23 andry = \/x 4 x%)
is a DY2(RY) solution to

—Au — Wu = f(z,u)
with a € R~ and f : RN x C — C being a Carathéodory function, C* with respect to z,
such that it satisfies the growth restriction

[fiz,2)| < CL+ 277

for a.e. v € RN and for all z € C.
If the solution u has biradial Morse index m(u) < 1, then u is a radial solution, that is
u=u(r) where r = \/z? + -+ + 2%,.

We split the argument according to the value of the parameter m.

For m = 0, the minimizers for S can be chosen real-valued and have in fact biradial
Morse index exactly 1. Further, if the magnetic potential is not present, we are precisely
under the hypothesis of the previous theorem, then the minimizers are in fact completely
radial and the two levels of the quotient coincide:

Sblrad 0 Srad S (1 — aﬁ) )

where the precise value of S§id has been stated for instance in [62]. So we can write the
following chain of relations:

SblradO > SblradO Smd S(l 4 > > kNG > Sz,(;

4
EEP
where the first inequality holds thanks to diamagnetic inequality; the fact Sblrado Sgd
is a straightforward consequence of the last theorem; the second inequality is proved in
[62], Section 6 for sufficiently large values of |a|; and the last one is proved in Proposition
(1.4.3).

We note that if we assume A is SO(N)-equivariant, then A(6) = A0 for some constant

A, then the magnetic potential A(6)/|x| is a gradient. Thus the problems Sblmdo nd

Sblrado are in fact equivalent, so there are no biradial solutions distinct from the radial

ones.

For m # 0, the previous argument is sufficient to prove the symmetry breaking as well.
Indeed, the functions in Dblradm(]RN) take the special form u(z,y) = p(|z|, |y|) e8> so
that

Vul” = Vol +mH

Then we can write the following chain of relations:

Sblradm > Sblradm > SblradO _ Srad — S(l +

0,m2—a 0,m2—a

4(m* — a) 2/N
m) k S>SAa7
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where the first inequality holds again thanks to the diamagnetic inequality; the second
one is due to the special form of functions in Dé;fad,m(RN ) (see also [1]), and the third
inequality is a straightforward consequence of its analogue in the case m = 0.

Remark 1.6.2 Symmetry breaking for Aharonov-Bohm electromagnetic potentials. We
note the same facts hold also for Aharonov-Bohm electromagnetic fields. Indeed, the dia-
magnetic inequivalence holds also for them with the same best constant, because the Hardy
constant is the same (see Section 4.1); moreover, ﬁ%“x% > # fora > 0. So we can rewrite

birad,0 birad,0 __ qrad 2/N k
S.A,a > SO,a - SO,G >k S > SA»G

where the last inequivalence has been proved in Lemma (1.5.7).



Chapter 2

A note on the complete rotational
invariance of biradial solutions to
semilinear elliptic equations

2.1 Introduction and statement of the result

Let z = (£,¢) € RF x RY=% with k, N — k > 2. A function u: RY — R is termed biradial
if it is invariant under the action of the subgroup SO(k) x SO(N — k) of the group of
rotations, namely, if there exists p: RT x Rt — R such that u(&, () = ¢(|£],|¢]). Consider

the equation
a

—Au = Wu+f(|x|,u) in RV \ {0}, (2.1)
x

in this paper, we wonder under what circumstances it is possible to assert that a biradial

solution to (2.1) is actually radially symmetric.

This problem arises from [62], where the following symmetry breaking result is given for
the critical nonlinearity f(|z|,u) = u¥+2/WN=2): if ¢ < 0 and |a/| is sufficiently large, there
are at least two distinct positive solutions, one being radially symmetric and the second
not. These solution are obtained by minimization of the associated Rayleigh quotient over
functions possessing either the full radial symmetry or a discrete group of symmetries,
namely, for given k € Z, functions which are invariant under the Z; x SO(N — 2)-action
on D"(RY) given by

w(€,€) = v(&, ¢) = u(RE, TC)

T being any rotation of R¥=2 and R a fixed rotation of order k. Once proved that the
infimum taken over the Zy x SO(N — 2)-invariant functions is achieved, by comparing
its value with the infimum taken over the radial functions, one deduces the occurrence of
symmetry breaking (see also [2]).

In order to obtain multiplicity of solutions, the first attempt is to increase the order k
of the symmetry group and, eventually, to let it diverge to infinity, finding in the limit a
minimizer of the Rayleigh quotient over the biradial functions. Now, will all these solutions
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be distinct and different from the radial one? When examining this question, we need to
take into account the construction due to Ding of an infinity of nontrivial biradial solutions
to the Lane-Emden equation with critical nonlinearity (cfr [24]). In that case it is well
known that there is a unique family of radially symmetric solutions, which are the global
minimizers of the Rayleigh quotients, while in Ding’s construction the nontrivial biradial
solutions have a Morse index larger than 2.

We recall the following definition:

Definition 2.1.1 The (plain, radial, biradial) Morse index of a solution u is the dimension
of the mazimal subspace of the space of (all, radial, biradial) functions of C3°(R™ \ {0}) on
which the quadratic form associated to the linearized equation at u is negative definite.

We stress it is rather a geometric definition, so it is independent from any spectral
theory about the differential operator we are dealing with.

The recent literature indicates that, for general semilinear equations, solutions having
low Morse index do likely possess extra symmetries. Following these ideas and questions,
we investigated in particular the biradial solutions with a low Morse index, and we are able
to prove the following

Theorem 2.1.2 Let u € DY*(RN) be a biradial solution to

a

kSl ) (22

with a < (%)2 and f : RY x R — R being a Carathéodory function, C' with respect to
z, such that it satisfies the growth restriction

£zl y)] < O+ [y )

for a.e. x € RN and for all y € C.
If the solution u has biradial Morse index m(u) < 1, then u is radially symmetric.

—Au =

An analogous result also holds for bounded domains having rotational symmetry, and
for elliptic equations on the sphere. The following result holds in any dimension N > 3:

Theorem 2.1.3 Let f € CH(R;R): if u € C*(SY) is a biradial solution to
—Agvu = f(u)

with N > 3, and it has biradial Morse index m(v) < 1, then u is constant on the sphere
SN.

The paper is organized as follows: the next section is devoted to introduce the main
tools and facts which will play a key role within the proof; in section 3 we present the proofs
of Theorems 2.1.2 and 2.1.3 splitting it according to solutions’ Morse index. In section 4 we
give applications to the estimate of the best constants in some Sobolev type embeddings
with symmetries. Finally section 5 is devoted to the discussion of the sharpness of the
Theorems with respect to the Morse index.
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2.2 Preliminaries

Here we start the proof of Theorem 2.1.2. For the sake of simplicity, we will work in
dimension N = 4. We devote the last part of the proof to discuss the validity of the result
in higher dimensions.

Let us consider the following three orthogonal vector fields in R*:

T2 Ly —I3
—I €3 Ly
pr— 5 pr— 5 P—
Xy Xo X3
Xy —X2 X1
—I3 —I —T2

The related derivatives
’IUl:VUXl, Z:1,2,3

represent the infinitesimal variations of the function u along the flows of the vector fields X;
respectively. As the equation is invariant under the action of such flows, these directional
derivatives are solutions to the linearized equation

a

—Aw — —w = f(Jz] ,u)w . (2.3)
] !

We can associate the singular differential operator

Law=—Aw— #w — fy(lz], ww . (2.4)
x
Remark 2.2.1 The vector space of { X1, Xo, X3} generates the whole group of infinitesimal
rotations on the sphere of R*, which can be structured as a 3-dimensional manifold. In order

to prove Theorem 2.1.2 it will be sufficient to show that every w; = 0.

Obviously, we have w; = 0 because the vector field X; generates the rotations under
which the function w is invariant for. Let us fix polar coordinates

{azl =7y cosb {.’L’g = 19 CcOs O (2.5)

L9 = 71 5in 6, Ty = Tosinby ;

we have ri = va1® + 22%, 12 = Vas® + 24% and 0, = arctan 32, 0, = arctan I*.

Therefore, since u is biradial, we have
w; ZVU'Xi:UJ(Tl,T’Q)Zi(Ql,eQ) s i:2,3,
where

ou ou

w(rl,?"g) = —T9 — W
2

= r1, 29 = sin(6y + 62), z3 = — cos(60; + 02).
87”1
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Remark 2.2.2 According to Remark 2.2.1, to our aim it will be sufficient to prove that
w = 0.

We now focus our attention on a few fundamental properties of the functions w;. At
first, as the z;’s are spherical harmonics and depend on the angles #; and 65 only, we have

1 1 .
—Az = (—2 + —2) 2 for i =2,3. (2.6)

L)

Joining this with the linearized equation (2.3) solved by the w;’s, we obtain the equation
for w.

Proposition 2.2.3 The function w is a solution to the following equation

1 1
—Aw—%w—f’(m,u)w—i— -+ |w=0. (2.7)
|| ! Tt T

Proof. 1t holds that

fl’/(|x] suw; = —A(wz;) — #wzi =—Awz —Vw- -Vz —wAz; — #wzi.

Since Vw - Vz; = 0, thanks to (2.6), this becomes

1 1
—Aw z; — %wzi = fi(lz], wwz + wAz = fi(|z] , Wwz — | 5 + 5 | wz
|| ! ! oo

that is . .
a
zi{—Aw——Qw—fmx],u)w%— <ﬁ+ﬁ>} = 0.

|$ 1 2

Last, multiplying by z; and summing for ¢ = 1,2 we obtain the desired equation.

2.3 Proofs

We will split the argument according to the Morse index of solution u: we denote it by
m(u).

In order to complete our proof, we need a couple of preliminary results: the first one is
about the asymptotics of the solution and is contained in [30].

Lemma 2.3.1 (/30]) Under the assumptions of Theorem 2.1.2, let u be any solution to
(2.1). Then the following asymptotics hold

u(z) ~ |xw<%> for || < 1 (2.8)

u(z) ~ |x15w<‘%> for || > 1 (2.9)
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where v = y(a, N) = =22 4 (%)Z—i-u, 6 =6(a,N) = 22— (%)Q—i-u and

= p(a, N) is one of the eigenvalues of —Agn—1 —a on SN, and ¢ one of its related
eigenfunctions.

This turns out to be the key for proving the following result.

Lemma 2.3.2 The function (7% + %2) w? is L'-integrable on RY.
1 2

Proof. Since w(ry,r) = %rg — g—g'r’l, we first observe that by regularity of u outside
the origin and its radial symmetry, the functions

1 ou

T 87"1‘

1 = 1,2, are continuous outside the origin. Next we remark that
L1, 1N o (1,1 8u22+ ou\’
-5+ |w -+ = — | r — | r
4 \r?  ri —\r? or ) 2 ory ) 1
72 2/ Ou 2+ o] S 2+ ou 2+ ou \ 2
N T1 67"1 (] 87’2 87’1 37“2 '
The integrability of the last two terms is a straightforward consequence of u € D*(RY).

In order to study the other two terms, let us focus our attention in a ball around the origin,
namely B;(0), so that r? +r3 < 1. Then

8u2r22<1 ou \? ou \?

ory ry) — ri\or or )’
so that the question of integrability is restricted to the first term. From Lemma 2.3.1,
Equation (2.8) we know u ~ 779 (ry,79) = (r2 + 72)"/?(ry, ry), from which

ou B b
G~ V(o ) e (e

2
So we are lead to consider the integrability of | B1(0) : (6—7’”) . Additionally we know that

? ory
1 is the restriction on the sphere of a harmonic polynomial, then it is analytic and its
Taylor’s expansion is a polynomial whose degree 1 terms vanish, since it is a function of
2
the only variables r; and 5. Then (g—;ﬁ) ~ 12, which provides the sought integrability.

For what concerns the integrability at infinity, it is sufficient to show that the terms of
2 (5 2 )
type :—% (7“1> are in LY(RY). We have

0
7"_% Ou i <9 (7’2+7’2)6727’2¢2+T—%(T2+r2)5 o\’
r2\or1) ~ tooe 2 r2o 2\ oy
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and exploiting equation (2.9), the expression of the exponent ¢ provides the sought inte-
grability.

In the following we consider the cut-off function defined as n(ry,r72) = n1(r1)n2(rs)
where

( 1
el | R for Ry < <R
10g<R2/R1) Ogrl/ 1 or fiy S 71y X Iig

1 for RQSTlSRg
logr/Rs3 for Rs <r; < Ry

m(ri) =

1
10— -
log (R4/R3)
L O elsewhere,

1, being defined similarly. Given the special form of 7, we note |Vn|> < [Vm|* + |Vip|?
that is

Y

1 1
<—— (S +-5
~ log® Ry/ Ry (r% r2

| 2

|Vn ) for Ry <ry,7m9 < Ry

and analogously for Ry < ry,ry < R4. Thus, we have

1 1 1 1
Vnl? < 3 + —+=. 2.10
| 7]| o <10g2R4/R3 IngRz/Rl) <T% T%) ( )

Lemma 2.3.3 There is a suitable choice of the parameters Ry, Ry, R3 and Ry such that
the quadratic form associated to the operator (2.4) is negative definite both on nw™ and
nw-.

Proof. Let us fix € > 0 small and choose R} = €%, Ry =c and Ry =}, Ry =72, We
multiply equation (2.7) by n*w™ and integrate by parts. We obtain

J e e e A A (RO

= /RN [Vl (w)? — /RN (% + 71§> n(wh)?. (2.11)

If e is small enough, the second term in (2.11) is far away from zero, or rather, it is quite

close to [ (% + %) (wT)?, say for instance

1 1 20,42 1/ 1 1 )2
=+ = > = =+ = :
/Rw(r%*r%)”(“” 2 o \2 Ty ) )

On the other hand, the first term in (2.11) can be made very small with respect to
Jan (% + %) (w™)?, since from (2.10)

6 1 1
V2 )2 <« / - . +\2
Lovnr s o [ (G g )
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so that (2.11) is seen to be negative.

Repeating the same argument multiplying by n?w~ we reach the same conclusion.

First case: Morse index m(u) = 0. In this case Lemma 2.3.3 clearly contradicts the
hypothesis m(u) = 0, unless wt = w™ = 0, that is the only stable solution to (2.7) is the
trivial one.
Second case: Morse index m(u) = 1. In this case we infer that w has constant sign,
say positive, and therefore w > 0 for r; > 0 and ry > 0 by the Strong Maximum Principle.
Now we show a contradiction. Consider a vector field of the form aXs + 3X5. Along this
vector field, choosing v = cos~ and ( = sin~, the derivative of u is

Vu-(aXy+ fX3) = aws + fws = w(& sin(0; + 03) — B cos(0; + 92)) = —wsin(0; + 0y — 7).

Now we turn to the directional derivative of 6; + 6, along the vector field a Xy + 5X5.
Using the polar coordinates (2.5), it results

T2 Ty
0, = arctan — , 0y = arctan —;
T T3

so that checking the motion along X5 we have

T3T] — Lol r r
Vo, - Xy = % = —2(cos 01 cos Oy — sin by sinfy) = 2 cos(0y + 65)
—X3%1 + Tok T ) . T
Vb, Xy = 321—224 = —1(— cos 01 cos Oy + sin 0 sin 0y) = ——1005(91 + 6s),
r3 + x5 T2 T2
whereas along X3
TaT1 + Toxz T r
Vo, - X3 = % = —2<COS 01 sin 0y + sin 0y cos fy) = 2 sin(6; + 05)
T+ 75 71 T1
— Ty — T 1T r r
Vb, X3 = % = —1(— sin 0 cos Oy — cos 0 sin ) = 1 sin(0; + 05);
T3+ Ty T2 T2

and finally we obtain

V(0 + 0s) - (aXs + BX5) = (72 - ﬁ) (cvcos(fy + ) + Bsin(6; + 65))

T T

= <T—2 - E) cos(by + 0y — ).
T2

Now we are in good position to conclude. For a given point T of the sphere - located by
angles 0, and 0,, we choose v = ¥(Z) = 0, + 0, — /2, so that the quantity 0; + 0, is at
rest for the associated vector field cosv Xy + sinyX3. With this choice the function u is
monotone along the flow a Xy + X3 since & = —wsin(6y + 62 —v) = —w and the sign of
w is constant by the previous discussion. Since the trajectory of the flow is a circle, we
will reach again the initial point in finite time, but with a strictly smaller value of u (if we
consider the first eigenfunction w positive). This is clearly a contradiction.
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Generalization to higher dimensions. In dimension N > 5 the argument is very similar.
Relabeling we may always assume u = u(p1, p2), where we have fixed the notation p; = |¢]
and py = |¢|, while |z| = 1/|€]> +]¢|?, being z = (£,¢) € R¥ x RV"*. Now we repeat
the argument performed in the 4-dimensional space with respect to the variables xj_1, xx,
Tki1, Trio, considering the vector fields with those same four components as above and the

: _ /.2 2 _ /.2 2
other ones being zero. Hence we define 71 = (/x;_, + 2y and rp = /27| + 27, When

discussing the integrability properties, it can be worthwhile noticing that

1 ou 1 Ou

771‘37%' - Eapi .

Arguing as above, we can prove that the solution u is actually radial with respect to those
four variables. We can imagine to iterate this proceeding for every hyperplane whose
rotations the function w is supposed not to be invariant for. Finally, it follows that u is
radial in RYV.

Proof of Theorem 2.1.3. Since now v is a function defined over SV, recalling the Laplace
operator in polar coordinates

N 1
Agni1 = 0% + —0, + —Agw,
"oy r2

we define 0(z) = v(y) for z € (—¢, €) x SV, so that Agvv = Agni10. At first, let us
suppose N = 3. Obviously, since v is invariant with respect to the group O(2) x O(2), so
is .

Following the same argument in the proof of Theorem 2.1.2, we wish to prove the
vanishing of w = g—g'r’g — 86—27’1. On the other hand, being v homogenous of degree 0, w
is homogenuos of degree 0 too (it can be proved by differentiating identity v(z) = v(Az)),
then the w associated with v is nothing else that @ restricted on the sphere SV. Therefore

Agnv+1w = Agvw, and following the proof of Proposition 2.2.3 we see w is a solution to

1 1
_ASN’LU —_ f’(’(})w —+ <ﬁ + —2) w = O,

1 T3

analogous to equation (2.7). The rest of the proof fits also in this case. g

2.4 An application to best Sobolev constants with
symmetries

Solutions to the critical exponent equation

—Au = u%u +uf Pu (2.12)
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are related to extremals of Sobolev inequalities (cfr [62]). To our purposes, the functions
u will be complex-valued and a € (—oo, (N — 2)?/4). Then, thanks to Hardy inequality,
an equivalent norm on DV2(RY) is

1/2
/ V| — a@
RN x> )

hence we can seek solutions to (2.12) as extremals of the Sobolev quotient associated with
this norm on different symmetric spaces .

The whole group of rotations SO(2) x SO(N — 2) induces the following action on
DY2(RY; C):

u(€,¢) = R"u(RE, TC)

for m € Z fixed. We denote, as usual, D"(RY) and D} 4(RY) the subspaces of real or
complex radial and biradial functions. Moreover, let k and m be fixed integers; for a given
rotation R € SO(2) of order k, we consider the space of symmetric functions

DIZ W (RY;C) = {u € DY(RY;C) : u(RE,TC) = R™u(¢, ¢),¥ T € SO(N —2)}.
This is of course a proper subspace of

1,2
D7

birad,m

(RY:C) := {u € DY*(RY;C) : u(SE,T¢) = S™u(€,¢),V (S,T) € SO(2)xSO(N—2)}.

Note this last space coincides with the usual space of biradial solution once m = 0.
Thanks to its rotational invariance, for any choice of the above spaces D?(RY;C),

solutions to the minimization problem
2 |u|2
Vu|” — a—5
RN |z
uEDi’2(]RN;C)
u#0 |u
RN

2/2*
2*)
are in fact solutions to equation (2.12).
The minimization of the Sobolev quotient over the space of radial functions follows
from a nowadays standard compactness argument; in addition, see for instance [62], we

have:
2 |U|2
/ |\Vu|” — a—5
RN |z 4

2*>2/2* = S(l _a—(N—Q)Q)

inf (2.13)

inf

uEDi’fd (]RN ;C)
u#0 |u
RN

where S denote the best constant for the standard Sobolev embedding. Moreover, gener-
alizing the results in [21] in higher dimensions (see also [2]), one can easily prove existence
of minimizers of the Sobolev quotient (2.13) in the spaces Déifad’m(]RN ; C), for any choice
of the integer m.
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At first, let us consider the case m = 0. Then it is easily checked that the minimizers
can be chosen to be real valued and that the corresponding solution to (2.12) have biradial
Morse index exactly one. Hence our Theorem 2.1.2 applies and such biradial solutions are
in fact fully radially symmetric, and therefore the infimum on the biradial space equals
that on the radial. Now, let us turn to the case m # 0. We remark that elements of the
space Dp2 . (RY;C) have the form u((¢,¢) = p(|¢], |C|)eim9(5), where 0(¢) = arg(€), so
that

IVul> = |Vp|* + p? ImVO|* = |Vp|> + m* =

|€|
Then the following chain of inequalities holds:
2 |u’2 p?
/ Vaf? —al"L / Vol +m? L — ol
. RN |£I? . RN ’f‘ ‘Qj|
min — = min -
HEDY R BN 2\ eeni2 eV e N\ 22
u#0 / lu p#0 / p
RN RN
2 2 p2 2 2 ,02
[ 190l - ) [ 190l - )
RY |z - RN |z

> min

= min
2/2* 2/2*
PEDZ, 1 (BN R) o / peDL2 RN R) - /
p#0 P p#0 P
RN RN
2

:S<1+H>

where we have used || < |z|; the intermediate line follows again from Theorem 2.1.2,
and the last from [62]. Then, this argument states a very useful lower bound (see [2]) to
the minima problems (2.13). Indeed, it allows us to compare the infimum over the space
of D}%’?kym(RN ; C) with that on Dblradm(RN ;C), and to prove the occurrence of symmetry
breaking in some circumstances. In fact it has been proven (see [2]) that, for large enough
k, the first minimum is achieved and less that £%VS, while the latter increases with |a

and m. Symmetry breaking holds whenever it can be shown that 1 + ((m _)a > k2N for
appopriate choices of the parameters.

2.5 Optimality with respect to the Morse index

We want to stress our results Theorem 2.1.2 and 2.1.3 are sharp with respect to the Morse
index. By that, we mean that doubly radial solutions with Morse index greater or equal
to 2, need not to be completely radial.

To prove this, we will take advantage from a result proved by Ding in [24] in such a
way which will be clear later. The quoted paper by Ding has to do with solutions to a
related equation on SV, for this reason we state first some connections between these two
environments.
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2.5.1 Conformally equivariant equations

We recall a general fact cited in [24] about elliptic equations on Riemannian manifolds.

Lemma 2.5.1 Let (M, g) and (N,h) two Riemannian manifolds of dimensions N > 3.
Suppose there is a conformal diffeomorphism f : M — N, that is f*h = ©* ~2g for
some positive p € C(M). The scalar curvatures of (M,g) and (N,h) are R, and R,
respectively. Set the following corresponding equations:

1IN -2
—Agu+ ZﬁRQ(x)u = F(z,u) (2.14)
At T R = [0 FO@FERG T W) (po S ) (215)

where F': M x R — R is smooth. Suppose v is a solution of (2.15). Then u= (vo f)p is
a solution of (2.14) such that [,, lul> dV, = S v > av;,.

We consider the inverse of the stereographic projection 7 : SV \ {p} — R¥. We denote
it by ® =71 : RY — SN\ {p}, moreover gy will denote the standard metric on S and &
the standard one on RY.

The diffeomorphism & is conformal between the two manifolds, since it results

4

g=P"gy = p(z)v-20,

where ,

mm:(LjW)Q.

In addition, we point out the manifold (RY,g) is the same as (SV, gy), in terms of
diffeomorphic manifolds.

We recall the following

Definition 2.5.2 We define the conformal Laplacian on a differentiable closed manifold
(M, g) of dimension N the operator

N =2

AT

R,

where A, denotes the standard Laplace-Beltrami operator on M and R, the scalar curvature

of the manifold.
Moreover, this operator has a simple transformation law under a conformal change of
metric, that is

4 _N+2

if g=up(x)¥2g  then Lg-=p(x) ¥2Ly(u(z)-).
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In our case we are dealing with the same manifold RY endowed with the two metrics d,
the standard one, and g = ®*gy. Thus in our case we have

1
Ls = —A Lg:—Ag—i—ZN(N—Q)
so it is quite easy to check directly the correspondence between the equations stated in

Lemma C.0.4 by calculations.

2.5.2 Proof of the optimality of Theorem 2.1.2 with respect to
the Morse index

In this section we discuss the optimality of Theorems 2.1.3 with respect to the solutions’
Morse index. First of all, we consider the the equation on the sphere SV related to (2.2)
through the weighted composition with the stereographic projection 7 as conformal diffeo-
morphism from SV \ {p} onto RY: it is immediate to check that it is

~Agvuly) + NN = 2u(y) = fuly) S

In his paper [24], Ding states the following result:

Lemma 2.5.3 There exists a sequence {v} of biradial solutions to the equation
—Agnv + ZN(N —2)v = |v|¥ 2 ve C(SY) (2.16)

such that [oy |vk|% dV — oo as k — oo.

The choice of working in a space of biradial is motivated by the compact embedding of the
space of H'-biradial functions on the sphere into L*¥/V=2) In this way one can overcome
the lack of compactness due to the presence of the critical exponent and prove the result
as an application of the Ambrosetti-Rabinowitz symmetric Mountain Pass Theorem. We
are interested in classifying the solutions according to their Morse index. We can state the
following

Lemma 2.5.4 Among the solutions {vy} in Lemma 2.5.8 there is also a constant one,
which is unique and corresponds to the minimum of Sobolev quotient. All the other biradial
solutions have biradial Morse index at least 2, and there is at least one non constant biradial
solution having Morse index exactly 2.

Proof. We can check directly there exists a unique constant solution:

N-—2
1 1 T4
TV —2)e= N = = (ZN(N - 2))
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which corresponds to the Talenti functions on the sphere ([61]). We mean it is the image

N—-2
of the function w(x) = % = p(x)c through the diffeomorphism 7~

(1412?)

4

Land

fsN\vm?

2N
Jon o] V=2

quite simple to prove it is the mountain pass solution, i.e. its (plain, radial, biradial) Morse
index is m(c) = 1. Now, thanks to Theorem 2.1.3, every other biradial solution having
biradial Morse index at most 1 is constant, hence all the other solutions have biradial
Morse index at least 2. Now, it is well known that Talenti’s solutions are unique among
positive solutions of equation (2.2) on RY, so we can assert that the only biradial positive
solutions of (2.16) are constant. On the other hand, it can be proven for example using
Morse Theory in ordered Banach spaces (see [9]), that the equation admits a biradial sign-
changing solution having biradial Morse index at most 2. Hence there is a biradial solution
of (2.16) with Morse index exactly 2 which is not constant.

Then it reaches the minimum of Sobolev quotient inf, o 573+, and therefore it is



Chapter 3

Morse theory for a fourth order
elliptic equation with exponential
nonlinearity

Introduction

Let (H, (-, -)) be a Hilbert space whose associated norm will be denoted by || -||. Given an
interval A of (0,00) and K such that

K € C*(H,R), with VK :H — H compact, (3.1)
let us consider functionals which are of the form:
1
I\ u) = §<u,u> —AK(u), (A\u)€eAxH. (3.2)

We observe that the conditions (3.1)-(3.2) are not enough to ensure the (PS)-condition
which is known to hold only for bounded sequences. (See, [46, Lemma 2.3]). Therefore the
classical flow defined by the vector-field —V, I(\, u) is not suitable to derive a deformation
lemma. However, by using a recent deformation result proven by [46, Proposition 1.1}, we
prove the following result.

Theorem 3.0.5 Let I(\, ) be a family of functionals satisfying (3.1)-(3.2) and fix I(-) :=
I(),-) for some X € A. Givene > 0, let N' := [\ — e, A+ ¢] be a (compact) subset of A
and consider a,b € R (a < b), so that all the critical points u of I(\,-) for X € A’ satisfy
I(w) € (a,b). If

IDi={ueH:a<I(u)<b},

and assuming that I has no critical points at the levels a,b, we have

deg, o(VI,1°,0) = x(I°, I%). (3.3)

Y Ta?

where we denoted by deg; ¢ the Leray-Schauder degree of the compact vector field V1.
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Now, let 2 C R* be a bounded smooth domain, and let us consider the following boundary
value problem

h(z)e" ,
Ay =77 — Q
" Tfﬂ h(z)evdz o (3.4)
u=Au=0 on 0}

where h is a C** positive function for a € (0,1), and 7 € R*. In dimension two and
in the second order case the problem has been extensively studied by many authors since
the importance of this equation is related to its physical meaning. In fact, it arises in
mathematical physics as a mean field equation of Euler flows or for the description of self-
dual condensates of some Chern-Simons-Higgs model. (See [44, 45, 46, 25, 47], for further
details). Moreover semilinear equations involving exponential nonlinearity and fourth order
elliptic operators appear naturally in conformal geometry and in particular in prescribing
Q-curvature on 4-dimensional Riemannian manifolds. (See, for instance [25]).

We denotes by # the space of all functions of Sobolev class H*(Q) N H}(Q) endowed
with the equivalent norm ||u||» := ||Aul|2, then problem (3.4) has a variational structure
and for each fixed constant 7, the (weak) solutions can be found as critical points of the

functional

L(u) = S[lull2, — 7log (i / h(a:)e“da:) Vue A, (3.5)

2 2 Jo

where we denoted by |- | the Lebesgue measure in R?. The key analytic fact which we need
in order to compute the Leray-Schauder degree is a version for higher order operators of
the Moser-Trudinger inequality. As a direct consequence of this inequality it follows that
the functional (3.5) is coercive for 7 < 647% and thus it is possible to find the solutions of
(3.4), by using the direct method of the calculus of variations. If 7 > 6472, the functional
I, is unbounded both from below and from above and hence the solutions have to be found
by other methods, for instance as saddle points, by using some min-max scheme. A general
feature of the problem is a compactness property if 7 is not integer multiple of 6472 as
proven by Lin & Wei in [40].
If 7 < 6472 or 7 € (64km?, 64(k + 1)7%), k € N, by elliptic regularity and by taking into
account the compactness result proven in [41, Theorem 1.2}, it is possible to define the
Leray-Schauder degree for the boundary value problem (3.4), fixing a large ball B C
centered at 0 and containing all the solutions. In fact, let us consider the family of compact
operators T, : Br — J, defined by

het ‘
Jo he’

T (u) :==17A?

then the Leray-Schauder degree
d, :=deg; (I — T, Br,0)

is well-defined for 7 # 64k7?, k € N.
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NOTATION 1 For any two integers ki > ko, we use the notation (Z;) to denote

) (kg — ket 1
(k1> _ | athm Y k(,kl R T
— N
ko 1 if ky = 0,

and k to denote the set {1,...,k}.

By applying Theorem 3.3.1, together with a precise homological properties of the formal
set of barycenters obtained in [25] we can reprove the following result.

Theorem 3.0.6 ([42]) For 7 € (64kn?, 64(k + 1)7?), and k € N, the Leray-Schauder
degree d. of (3.4) is given by

i — (k = X(Q))

T k I

where x(Q2) denotes the Euler characteristic of the domain €.

As a direct consequence if x(£2) < 0 then the problem (3.4) possesses a solution provided
that 7 # 64kn?, k € N.

In the rest of the section we briefly describe the method and the main ideas of the proof.
As already observed for 7 > 6472, the functional I, is unbounded both from above and
below due to the so-called bubbling phenomenon which often occurs in geometric problems.
More precisely, for a given point z € €2 and for A > 0, we consider the following function

) =1 2 !
Pal) =108\ T Ndist(y, x)?

where dist(-,-) denotes the metric distance on €. For large A, one has e®*+ — ¢, (the
Dirac mass at 2) and moreover one can show that I(7, ¢, ) — —oo, for 7 € (6472, 12872)
as A — +oo. Similarly, if 7 € (64k7?, 64(k + 1)72) for k > 1, it is possible to construct a
function ¢ of the above form (near at each z;) with e? — ¢ := 3% #,6,. and on which
I still attains large negative values. A crucial observation, as proven in [25], is that the
constant in Moser-Trudinger inequality can be divided by the number of regions where e*
is supported. From this argument we see that one is led naturally to consider the family
of elements Zle ti0,, with (z;); C Q and Zle t; = 1, known in literature as the formal
set of barycenyters of ) of order k and introduced for the first time by Bahri & Coron in
[6]. Using the functions ¢, ., it is indeed possible to map (non-trivially) this set into .7#
in such a way that the functional I, on the image is close to —oo. On the other hand,
it is also possible to do the opposite, namely to map appropriate sublevels of I, into the
formal set of barycenters. The composition of these two maps turns out to be homotopic
to the identity on the formal set of barycenters (which is not contractible) and therefore
they are both topologically non-trivial. We remark that our method is along the same line
of a recent result proven by Malchiodi in [48], for a general Paneitz operator on compact
four dimensional Riemannian manifolds without boundary.

Acknowledgements. We would like to thank Prof. A. Malchiodi for suggesting the
problem and for many useful discussions about this research project.
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3.1 Preliminaries

The aim of this section is to recall some abstract results from degree theory for a-contractions,
Sard’s lemma for Fredholm maps and to recall some topological and homological properties
of the so-called formal set of barycenters. Our main references will be [6, 23, 25, 34, 48].

The Sard-Smale theorem and Kuratowski non-compactness measure. We start
this section with the classical Sard-Smale theorem stated in a form suitable for our pur-
poses. See [23, pag.91].

Theorem 3.1.1 (Sard-Smale) Let T' be an open subset of a Hilbert space X. Suppose
that 9 € CY (T, X) 1is proper when restricted to any closed bounded subset of T and that
V¥ (x) = 1d — K(x) where for every x € T, K(z) is a compact operator. Then the set of
reqular values of 4 is dense in X.

We will apply this result to X = 77 and ¢4 = V.. Since both the map ¢ and its Fréchet
derivative are of the form Id — K where K is a compact operator, than the assumptions of
theorem 3.1.1 are fulfilled.

Now let I be an open subset of X and let .#: I' — X be a strict a-contraction, meaning
that o(.% (B)) < ka(B) for some fixed k € [0,1), where B C Q is a bounded subset and
where « denotes the Kuratowski measure of non-compactness. If y ¢ (Id — .#)(092) and
(Id — )~ ({y}) is compact, we can define the generalized degree Deg, in such a way that
if Id — .% is a compact vector field and I' is a bounded subset it enjoys all the properties
of the Leray-Schauder degree.

Formal set of barycenters. The aim of this paragraph is to recall some facts about
the formal set of barycenters.
Following [6], we let €2 denote the family of formal sums

k
Q= Ztiéxi; t; >0, th‘ =1; x,€Q, (3.6)
i—1 '

endowed with the weak topology of distributions. This is known in literature as the formal
set of barycenters of €1 of order k. We stress the fact that this set is not the family of
convex combinations of points in ).

In order to give a more topological insight on these spaces, some definitions are in order.
We denote by J; the k-fold join of 2. We recall that a point x € Jj, is specified by:

(i) k real numbers ty,. ..t satisfying ¢t; > 0, Zle t; =1, and
(ii) a point z; € Q for each i € k such that ¢; # 0.

Such a point will be denoted by the symbol ®¥_ t;z;, where the elements 2; may be chosen
arbitrarily or omitted whenever the corresponding ¢; vanishes. Furthermore we will endow



3.1 Preliminaries 61

this space with the strongest topology such that the coordinate functions are continuous.
Now, if ¥* denotes the symmetric group over k elements, we assume that ©* acts on Jj,
by permuting factors, namely

VoeXk O‘(tll‘l b---D tkﬂfk) = (tg(1)$g(1) b---D tg(k)xg(k)).

Thus, the k-th symmetric join of ), say SJy is defined as the quotient of J; with respect
to X,

Definition 3.1.2 (/34, Definition 5.1]) The k-th barycenter space Qy, can be defined as the
quotient of the symmetric join SJy under the equivalence relation ~:

bz D lox1 & - Dty ~ (L + )T B - D Ly

That is a point in 2 is a formal abelian sum with the topology that when ¢; = 0 the entry
Ox; is discarded from the sum, and when z; moves in coincidence with z;, one identifies
tix; + tjz; with (¢; +t;)z,. It is possible to show that we have the embeddings

Qs Qy— ... Q1 — Q

and each factor is contractible in the next one. Let P be the projection on J (i.e.
Py = ¢ — h with A’h = 0in Q and h = ¢ and Ah = Ap on 9Q), ¥ C S be the unit
sphere and finally let

R:\{0} = X :u— R(u) :=u/||u||e.

Let gx : SJx — 3 be the map defined as: gi((x1,...,x%), (t1,..., 1)) = R( Zle tinpAwi),
where X\ > 0 is fixed and ¢, ,, are given by

9\ !
o | 3.7
©re(y) = log (1 + N2dist(y, :c)2> 7

We observe that since two elements in SJ equivalent for the relation introduced in def-
inition 3.1.2 have the same image through g, this implies that g, is well-defined on the
quotient. Denoting by QF the k-fold product of copies of Q and by Ay the collision set
Uf,j:l Ai,j; where

Ai,j = {($1,...,$k) GQk| $i:l'j,'l.7éj, for Z‘,ij},
we define the configuration space .’%k := X, \Ag. Let us consider the fibration
IL: .’%k — .’%k_l, defined by p(z1,...,zx) == (T1,...,Tk_1),

it is easy to observe that each fiber p=((z1,...,74-1)) = Q\{x1,...,Tx_1} is homeomor-
phic to each other. Thus by using the classical Hopf theorem for fibrations (see, for instance

Spanier [59], for further details), the Euler characteristic of X, can be computed through
the fiber Q\{x1,..., 251} and X;_;. By an easy calculations it follows that

X(Ee) = X(Q((Q) = 1) (x(Q) =k +1). (3.8)
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Lemma 3.1.3 (well-known) The set Q\Q_1 is an open smooth manifold of dimension
5k — 1 for each k € N.

Proof. The case k = 1 is trivial, since 2; = 2 and €2 is a four dimensional manifold
being an open subset of R*. For k > 2 the join .J, is a smooth manifold. Since the action
of the symmetric group on Jj is free of fixed points than the symmetric join is a smooth
manifold. Moreover, since €1 is the boundary of €, than €;\€_; is a smooth open
manifold in which the elements in €;\Q;_; are smoothly parameterized by 4k coordinates
locating the points x; and k£ — 1 coordinates identifying the numbers ¢;’s. The conclusion
immediately follows. O

Lemma 3.1.4 (well-known) If Q is not contractible, then for any k > 1 the set Qy, is a is
non contractible stratified set.

Proof. (Sketch). It can be proved by arguing as follows. The case k = 1 is trivial.
For k > 2 even if the set {2;_» is not a smooth manifold (actually it is a stratified set)
however it is an ENR which implies that there exists a non trivial (mod 2) orientation
class with respect to its boundary. However by using the Cech-cohomology, and by taking
into account that it is isomorphic to the singular cohomology and over Zs to the singular
homology, the thesis follows by using the exactness of the pair once it is proven that

Hipoo1 (s Zg) =~ Hpoq (15 Zs).

(See, for instance, [25, Lemma 3.7], for further details). O
By using the same arguments as in [48, Proposition 5.1], it can be proven the following
result.

Lemma 3.1.5 Let n be positive and let G: (0,4+00) — (0,+00) be the non-increasing
function satisfying:

() :% for te(0m]  G) :% for t>

If d(z;, ;) = dist(z;, x;) and F* : Q \ Qx—1 — R as follows

F(3 t0,) == Y Gld(n ;) - 3 ﬁ (3.9)
i=1 i#j i=1 " !
Then we have . R
= (—1)k—1x<§’“) (3.10)

where ¢; denotes the number of critical points of F* of index 1.

The following result will be crucial in order to compute the Leray-Schauder degree of our
result.
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Proposition 3.1.6 For any natural number k we have:

() =1— (k ‘2‘(9)).

Proof. The proof is given by induction over k. The case k = 1 is trivial being
homeomorphic to €. For k > 1 we consider the pair (€2, €2_1) and we remark that the
Euler characteristic is additive. Thus x (%) = x(2&, Qe—1) + x(Q2x_1)-

Claim 1. The following formula holds for any natural number k

(%, Q) = (1) (X<Q]1_ k) (3.11)

Once this is done the proposition easily follows. By Lemma 3.1.3 the space Q;\Qx_1 is

an open manifold of dimension 5k — 1 with boundary €2;_; and by the definition of F™,
Palais-Smale condition holds.
Observe that €,_; is a deformation retract of the sublevel F*, := {F* < —L} Uy, for L
sufficiently large and positive (simply by taking the limit for L — 400). Thus denoting
by F*: {F* > —L} — R a non-degenerate function C-close to the restriction of F* to the
subset {F* > —L}, by excision of the sublevel F*; := {F* < —L} and by the classical
Poincaré-Hopf theorem it holds

5k—1

X (s, Qimr) = Z (—1)'c;.

=1

The thesis follows by formula (3.10) and (3.8). O

Improved Moser-Trudinger inequality. Let C2°(2) be the set of all smooth func-
tions with compact support in €2, and let 5# be the completion with respect to the norm
|ullz = ||Au|lz. The space S is a Hilbert space with respect to the scalar product
(u,v) p = fQ Au Avdx for all u,v € J, and, by the local regularity theorem and by
the Poincaré inequality, it follows that .77 agrees with the space of all functions on €2 of
Sobolev class H%(Q2) N Hy()). As immediate consequence of [41, Theorem 1.2] and the
Schauder estimates, the following crucial compactness results hold.

Proposition 3.1.7 ([41, Theorem 1.2]) Let h: Q — R be a positive C** function and
T # 64kn? for k € N. Then the solutions of (3.4) are bounded in C**(Q) for any a € (0,1).

Proposition 3.1.8 (/40, Lemma 2.1]) Let u be a solution of (3.4) with 7 < ¢, for some
constant c. Then there exists a 6 > 0 such that

u(z) <e¢, Vo e Us(09),

where Us(0Q) = {xz € Q: d(z,00) < d}.
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We remark that proposition 3.1.8 excludes boundary bubbles.

Lemma 3.1.9 There exists a constant Cq depending only on €2 such that for all uw € I

one has: . .
log [ — [ e Wdz | < Cq+ ———|lul?, 3.12
o8 (i [ <) < Cat sl (3.12)

where U := \ﬁll fQ udx stands for the average of u over €2.

Proof. 1In fact by [3, Theorem 1], there exists Cf, > 0 depending only on 2 such that for
all uw € C?(2) it holds

1 32772(73—12)2
M / e "% dx < ng, Yue .
Q

Since for every a,b € R, we have (8ma — g=b)* > 0 is 2ab < 530 + 647%a?, by setting

a:= (u—1u)/||ul]|» and b = ||ul| », and exponentiating, we have

3272 (u—u)2

Wﬂ/e(u—wdxgeﬁ”“llif'_é'/e W3 dr < em2lMEecl Vue .
Q Q

Taking the logarithm of this last inequality the conclusion follows by setting Cq, := log Cj,.
O

In order to study how the function e* is spread over {2 we need some quantitative
results. In fact, we will show that if " has integral bounded from below on (I 4 1)-regions,
the constant ﬁ, can be basically divided by (I +1). The proof of the proposition 3.1.10,
is up to minor modifications, an adaptation of the arguments given in [25, Lemma 2.2]; we
will reproduce it for the sake of completeness.

Proposition 3.1.10 For any fixed integer 1, let 2y, ..., Q11 be subsets of Q satisfying
dist(;,Q;) > 6o, for i # j, when &y be positive real number, and let v € (0, Hil) Then

for any € > 0 there exists a constant C := 5’([, £,00,%0) such that
1 _ 1 ~
1 - (u—u)d < 2 C
©8 (]Q] /Qe T) = 1280+ 1) —zllullor + €
for all functions u € € satisfying

Jo, € dx .
Q

Proof. We consider (I 4 1) smooth cut-off functions gy, ..., g;+1, satisfying the following
properties:

g9i(x) € [0,1] for every x € Q;
gi(r) =1 for every x € ;i €1+ 1, (314)
gi(z) =0 it dist(x, ) > %; .

lgillcr@) < Cs,s
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where Cs, depends only on dy. By interpolation, (see, for instance, [43, Prop. 4.1]), for
any € > 0, there exists C. s5,, such that for any v € J, and for any ¢ € 1+ 1 there holds

loswlls ::/ |A<gw)|2dxg/g§|m|2dx+a/ |Av|2dx+ce,50/v2dx. (3.15)
Q Q Q Q

Let u — u = uy + up with u; € L*(), then from our assumptions we deduce

/ e2dy > e~ Ml / e dy > e~ lnlle=@q, / e dy, icl+1.
Q; Q; Q

By invoking inequality (3.12) in lemma 3.1.9, together with the last two inequalities, it
follows that

1 . 1 1 _
log (@ /Q e(“_”)dx) < log o~ + [|ur|| oo () + log (ﬁ /Q eglqux) +Cq (3.16)
1

WH%U”% + Cq.

1
< log — + |lu||zoe (o) +
Yo

We choose 4 such that [, |A(giuz)|*dz < [, |A(gjue)|*dz, for each j € 14 1. Since the
functions g; have disjoint supports, the last formula and (3.15), implies that

1 _ 1 1
| —_— (u—u)d < 1 - - C 9
0g (|Q| /Qe x) < log + [Jur|| 2 () + Ca + 801 1) + e ) |lual% +

+ 05,50/1}26&%.
Q

Now let A, 5, to be an eigenvalue of —A? such that %—EO < g, and we set
€,00
uy = Py, ; (u—1u); U = PVE%O (u—1u).

Here V5, is the direct sum of the eigenspaces of —A? with Navier boundary conditions
and having eigenvalues less or equal than A 5, and Py_; , PVJ_J the orthogonal projections
: 50

onto V.5, and V5 . respectively. Since V., is finite dimensional, the L? norm and L*
norm of u—1u on V, 5, are equivalent; then, by using the Poincaré-Wirtinger inequality (cfr.
[12, pag. 308]), there holds:

||U1||%oo(sz) < Caﬁo”“l”%?(n) < Caéo”“l”?mmﬂg)(m < Cé,éoHulH?%”v

where C7 5 is another constant depending only on & and dy. Furthermore

Ces
Ceb0 /ngdx < )\E_;HUQH%I?(Q)OH&(Q) < 5||U2H§12(Q)mH3(Q) < eCgluz||%,
€,00
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where CY, is a constant depending only on 2. Hence the last formulas imply
log i/ew—mdx < log— +Cy furllr + Co+ (= + ) lual%y + £Chllusl]
91 Jo ST T T I D s e
1 1 —
< log— + C ——+3 2 +C
= OB e (128(l+ N2 5) lullor - Ceso

where C. s, depends only on ¢ and dy (and [ which is fixed). This concludes the proof. [J
In the next Lemma we show a criterion which implies the situation described in the
first condition in (3.13).

Lemma 3.1.11 (/25, Lemma 2.3]) Let 1 be a given positive integer, and suppose that € and
r are positive numbers. Suppose that for a non-negative function f € L*(Q2) with ||f]1 =1

there holds

fdr <1—¢, V[ — tuple py,...,p € Q.
U%L:lB'r(pi)
Then there exists € > 0 and 7 > 0, depending on e,r,l and Q (but not on f), and | + 1
points Py, ..., p1 € ) satisfying

/ fd$25»-~7/ Jdz = & Bor(pi) N Bor(ps) =0 for i #j.
Br(p1) Br(P141)

Lemma 3.1.12 If 7 € (64kn?,64(k + 1)7%) with k > 1, the following property holds. For

any e > 0 and any r > 0 there ezists a large positive L = L(e,r) such that for every u €

with ﬁ Jo€“de =1 and I (u) < —L there exist k points pyy, ..., pru € Q such that
1

— edr < e.
Q[ Jorur B, (i)

Proof. To prove the thesis, we argue by contradiction. Thus, there exist ¢, > 0 and
a sequence (up), € J with 1/|Q| [,e""dz = 1 and I;(u,) — —oo such that for every
k-tuple py,...,pg in  we have 1/|Q] fﬂ\u’-tlBr(pi,u) e"dxr > e. Now applying Lemma 3.1.11
with [ = k, f = e" and finally with éy = 127*, Q); = Br(p;) and 4y = € for j € k and where
the symbols dy, §2;, %0 were defined in Lemma 3.1.9 and 7, B;(p;), €, (p;); were defined in
Lemma 3.1.11. By this it follows that, for any given £ > 0 there exists a constant C' > 0
depending on ¢, and on r such that

T 1, 9
= p 1

1
I (un) > §HunHQ¢f —Cr1 —

where the constant C' does not depends on n. Now since 7 < 64(k + 1)7%, we can choose
€ > 0 small enough that the number 1 — ¢ M := ¢ > 0. Therefore the inequality

k+71—)7r275
(3.17) reduces to

6/
Ie(a) 2 5 uallyy = O7 2 — K,
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where K is a positive constant independent of n. This violates our contradiction assump-
tion, and conclude the proof. O
Given a non-negative L! function f on €2, we define the distance of f from €, as

dist(f, Q) := sup{

[ ot o) o€ wnd ol <1,
Q
where we denoted by (-, -) the usual duality product. We also define the set

Dk ={f € L) 20, [[flone =1, d(f, Q) < e}
With this notation in mind, by Lemma 3.1.12 we deduce the following.

Lemma 3.1.13 Suppose 7 € (64kn?,64(k + 1)7?) with k > 1. Then for any ¢ > 0
there exists a large positive L = L(g) such that for all u € € with I(T,u) < —L and
1/19| [, e“dx = 1, we have dist(e", Q) < e.

We remark that as a direct consequence of [41, Theorem 1.2,(ii)], the blow-up points p;,,
at which the local-mass is concentrated cannot lie on the boundary of €.

3.2 A topological argument

The aim of this section is to show that an image of the €2 can be mapped into very negative
sublevels of the Euler functional I.. Moreover if 2 is non contractible then this map is
non-trivial in the sense that it carries some homology. The goal of this section is to sketch
the proof of the following result which is given along the lines of [47].

Proposition 3.2.1 For any k € N and 7 € (64kn?,64(k + 1)7?), there exists L > 0 such
that the sublevel =% has the same homology as Q.

The proof of the Proposition 3.2.1 will follows from the homotopy invariance of the homol-
ogy groups once the following facts will be established.

Mapping ) into very low sublevels of I.. To do so, for n > 0 small enough,
consider the smooth non-decreasing cut-off function x,: R — R satisfying the following
properties:

wt)=t,  for te o)

Xn(t) = 2n, for t > 2n; (3.18)

Xn(t) € [n,2n], for t € [n,2n].

Then given o € , A > 0 and 0 > 0 as in proposition 3.1.8, we can define a smooth
function @y, : @ — R such that in Q\Qs U Q5 it is given by:

. | wrely) for ye Q\Q
Prc(y) == { 0 for y e Qo (3.19)
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for

2 2 !
Prolw) = o83 (reeamnn)

with d;(y) := d(y, x;).

Proposition 3.2.2 Let ¢5, be defined above. Then as X — +oo the following properties
hold

(i) e?>o — g weakly in the sense of distributions;
(11) I.(Pro) — —00 in J uniformly with respect to o € Q .
Proof. To prove (i) we first consider the function

22 )4
L+ X2x2(diy)) )

where z is a fixed point in (2. It is easy to verify that ¢, ,,(y) — d,, for A — +o00. Then
(i) follows from the explicit expression of ¢, ,.

In order to prove (ii), we evaluate separately each term of I, and claim that the following
estimates hold

@A,xi(y) = ( v ) € Qa

1 .
log —/e‘”*’dm =0(1) as A — +oo. (3.20)
9] Jo

1
§||<[7,\U||i¢ < (128k7* + 0.(1)) log A + C.) (uniformly in o € ¥y), (3.21)

where 0.(1) — 0 as € — 0 and where C, is a constant independent (z;);.
The proof of (3.20) is easy and it follows by integrating over Q. The proof of (3.21) is
much more involved and it follows by arguing as in [25, Lemma 4.2]. O

Mapping very low sublevels of I into (), and an homotopy inverse. The main
idea is to construct a non-trivial continuous map v : 7 — ) from the sublevels of the
Euler functional into €2, such that the composition ¢ o ¢, is homotopic to identity on 2.

Proposition 3.2.3 Suppose that T € (64kn?, 64(k + 1)w2) with k > 1. Then there exists
L > 0 and a continuous projection 1 : S~ — Q with the following properties.

(i) If (up)n C H~L is such that e'» — o, for some o € Qy, then ¥(u,) — o;

(i3) if pre is as in (3.19), then for any X sufficiently large the map o — (P, ,) is
homotopic to the identity on .

Proof. First of all we observe that item (i) follows directly from item (i7) and Proposition
3.2.2. The non-trivial part is the construction of the global continuous projection map 1
which is a left homotopy inverse has proven in [25, Section 3]. Il

We close this section by observing that, up to minor modifications, the above defined
map v is also a right inverse homotopy as proven in [48, Appendix]. Thus summing up we
conclude that
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Corollary 3.2.4 Given L sufficiently large the topological spaces % and Qy are equiv-
alent, up to homotopy.

3.3 A Poincaré-Hopf Theorem without (PS)

The aim of this section is to prove an analogous of the Poincaré-Hopf theorem for a special
class of functionals. To do so, let (H, (-, -)) be a Hilbert space whose associated norm will

be denoted by || - ||. Given an interval A of (0,00) and a map K such that
K € C*(H,R), with VK :H — H compact, (3.22)
let us consider the functionals which are of the form:
I\ u) = %(u,u) —AK(u), (M\u)eAxH. (3.23)

It is well-known (see, for instance, [46, Lemma 2.3]) that the conditions (3.22)-(3.23) could
not be enough to ensure the (PS)-condition which is known to hold only for bounded
sequences. Now by using the deformation Lemma proven in [46, Proposition 1.1], we are
in position to derive the following result.

Theorem 3.3.1 (A Poincaré-Hopf theorem) Let I(), ) be a family of functionals satisfying
(3.22)-(3.23) and fix I(-) := I(\,-) for some A € A. Given e >0, let N := [\ —¢, A +¢] be
a (compact) subset of A and consider a,b € R (a < b), so that all the critical points u of
I()\,-) for X € N satisfy I(u) € (a,b). Assuming that I has no critical points at the levels
a,b, we have

deg, s(VI,12,0) = x (I, I*). (3.24)

The proof of this result will be given into two main steps. In the first step we will assume
that all the critical points are non-degenerate; in the second step we will remove this as-
sumption.

Proof. First step: non-degenerate case. We let £ denote the set of critical points of
I which is compact by hypothesis. By compactness and non-degeneracy assumptions, I
has only finitely-many critical levels each of whose consists only of finitely-many critical
points. Let R be so large that all the critical points of Iy for A € A’ are in %7%(0) Then

we can define the cut-off function 6 : H — [0, 1] satisfying
O(u) =1 for u € Bg(0); O(u) = 0 for u € H\B2r(0).
Following Lucia in [46], let Z € C'(H,H) be defined by:
Z(u) == —[|[VE(W)|VI(u) + |VI(u)| VK (u)],
and choose w. € C*(R) such that

0<w:. <1, we(¢) =0forall ¢ <e, we(¢) =1 for all ¢ > 2e.
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Finally we can define

[VI(u)]

W@p:—%<ﬁmﬁm)vﬂm+2@%

where w. (|VI(u)|/|[VK (u)]) is understood to be equal 1 when VK (u) = 0. Given the
vector field: . B
W(u) == —0(u)VI(u) + (1 — 6(u))W(u),

we observe that it decreases I in the complement of .#. We consider the local flow
n = n(t,up) defined by the Cauchy problem:

du —
pri W(u), u(0) = up.

Claim 1.If I has no critical levels inside some interval [d,i)], then the sub-level I is a

deformation retract of . B
To prove this, we argue as follows. Given uy € I°, we can prove that

I(n(t,up)) < —ct + I(ug).! (3.25)
Thus there exists a t such that I(n(t,up) < @ Then we define:

[ inf{t > 0: I(n(t,u)) € I} if I(ug)
%W@'{o ! if  I(ug)

IN V
Q™

Now the map
n:0,1] xH—H, (s,u9) +— n(sta(uo), uo),

is a deformation retraction, as required. B
Now let ¢; be the number of critical points of I of index i. By classical Morse-theoretical
arguments as in [15, Theorem 3.2, 3.3, pagg. 100-103], by excising {I < a}, it follows that

degLS(Vja TZ,O) = Z<_1)lél = X([_b7j_a)'

This concludes the proof in the non degenerate case.

Second step: degenerate case. We reduce ourselves to the non-degenerate case. To do so, fix
asmall § > 0 so that dist(¢, I?) > 46, and define the set 5 = {u € H : dist(u, #) < §}.
We next choose a smooth cut-off function p such that

p(u) =1 for every u € Js; p(u) =0 for every u € H\ Hss.

We can also choose p such that 0 < p(Q_L) <1 for all u € ‘H and having uniformly bounded
derivative in J#55. Now let ¥ := VI|, : J#; — H. Since the map ¢ is a compact

IThe proof of this inequality is the most involved part of this claim and it can be proven up to minor
modifications reapeating word by word the arguments given in [46, pagg. 121-122].
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perturbation of the identity, by applying the Sard-Smale theorem (see theorem 3.1.1), the
set of regular values of ¢4 is dense in H. This implies that we can find an arbitrarily small
ug such that V¥ (p) is non-degenerate for each p € ¢! (ug) which is equivalent to say that
V21 is non-degenerate on the set

F(ug) :=={u € H : VI(u) =up} N Hs.
Moreover we observe that ||[VI| > ~s > 0 on J#5\.%; for some constant ;. Now let us

consider the function B B
I(u) == I(u) + p(u){ug, u).

It can be shown that the following facts hold:
(i) I coincides with I in H\ #s:
(ii) I has the same critical points as I(7,-) in J#\%s;
(iii) 7 is non-degenerate in I b

Item (i) is trivial. To prove (ii) we observe that since I and I coincides out of g, it is
enough to prove the claim for u € 55\ #5. By differentiating, we have

(VI(u),0) = (VI(u) + Vp(u)(u,uo) + p(w)uo,v), Vo €H.

Thus, by recalling that u € J#55\.%;, it follows that

IVT()l| = IV T ()| = |{u, uol | Vo)l = p(w)uoll = 75 = Juoll(|[Vp(u)|[ull +1) > 0,

where the last inequality follows since p has uniformly bounded derivatives and uy can be
chosen arbitrarily small. To prove (iii) we argue as follows. Since all the critical points of
I are in K, let us assume by contradiction that I is degenerate at some critical point «.
Now since u ¢ | it follows that u € 5\ . Moreover VI ( ) = 0 is equivalent to say
that VI(@) = uo and therefore @ € T'(ug). But this is contradict the fact that V2I(p) is
non-degenerate on p € I'(up).

Now, for |Jug|| sufficiently small the map VI — Id is a strict a-contraction. (See Section
3.1) and since (VI)™ ({ug}) = ', the generalized degree Deg(V1, I?, ug) is well-defined;

moreover it coincides with Deg(VI , 1Y, 0) since it is locally constant. With the above choice

for R and by using the excision property and the homotopy invariance of the generalized
degree, (see, for instance, [23] for further details), we have

deg; 5(VI, Bp,0) = Deg(VI, B, 0).

Now choosing a possibly larger R in such a way %55 C %r/2, the conclusion readily follows
by the first step, simply by replacing I with I. O
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Corollary 3.3.2 If 7 € (64k7?,64(k + 1)7%) for some k € N and if b is sufficiently large
positive, the sub-level S is a deformation retract of S and hence it has the homology of
a point.

Proof. This result follows, by using the deformation constructed in the proof of the
Poincaré-Hopf theorem. See, for instance [48, Corollary 2.8]. O

Setting
J(u) = log (’—é' /Q h(a:)e“dx) (3.26)

1
the functional (3.5) can be put in the following form: I.(u) = §||uH2%& —7J(u).

Proof of Theorem 3.0.6. In order to prove theorem 3.0.6, it is enough to apply theorem
3.3.1 to the functional (3.5) for A = 7, A = (64kn? 64(k + 1)7?) for k > 1, H = 5 and
finally K(u) = J(u) where J was given in (3.26). The only thing it should be noted, is
that all the critical points @ of I, for 7 € [T — &,7 + ¢] C (64k7?,64(k + 1)7%) satisfy
I(t) € (a,b). This is a consequence of proposition 3.1.7 and of the boundedness of J which
is consequence of the Moser-Trudinger inequality. Now the conclusion follows choosing
a = —L as in proposition 3.2.1 and b as in corollary 3.3.2. In fact by using theorem 3.3.1,
we have that

d, = x(I", %) = x(I') = x(I") = x(o) = x(%) = 1 — x ().
The conclusion follows by invoking proposition 3.1.6. U

Remark 3.3.3 We observe that the Leray-Schauder degree in the Sobolev space F coin-
cides with the degree in every Holder space C*(), a € (0,1). See for instance [39, Part
I, Appendixz B, Theorem B.1-B.2].



Appendix A

Friedrichs’ extension

In this section we are going to consider some remarkable facts about linear operators in
Hilbert spaces. Operators will be usually denoted by 7', they will be defined on their own
domain D(T'), which will be assumed a proper dense subspace of a general Hilbert space
H.

We preface the following definitions:

Definition A.0.4 o The operator T : D(T) — H is called to be symmetric if

(Tu,v)y = (u, Tv)y Vu,v € D(T).

e The adjoint of an operator T : D(T) — H is an operator T* defined on

D(T*): = {ueH s.t. application D(T) > v+ (u, Tv)y

can be extended continuosly on whole H}.

Then, via Riesz’s Theorem there exists f, € H such that (f,,v)n = (u, Tv)s for all
v € D(T) and for all w € D(T*). T* will be defined as the application u — f,.

e T is a selfadjoint operator if and only if T' = T*, that is D(T) = D(T*) and Tu = T*u
for all uw € D(T).

o An symmetric operator Ty with intial domain D(Ty) in a Hilbert space H is called to
be semibounded from below if there exists a constant C' such that for all u € D(T)

(Tyu, > —C Julf

e T is a closed operator if its graph G(T) = {(u,Tu)} is a closed set with respect to
the product topology of H x H. Equivalently we can say T is closed if and only if
given a sequence u, € D(T) such that u, — u in H and Tu, is a Cauchy sequence
in H, then w € D(T') and Tu,, — Tu in H.
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e T is closable if the closure of its graph is a graph, or, equivalently, if and only if
given a sequence u, € D(T) such that u, — 0, then Tu, — v implies v = 0. T is

the closure of T if T is a closed operator and G(T) = G(T). Equivalently T is the
continuos extension of T' on (T)”TUHH‘UH.

o T will be named essentially selfadjoint if its closure is a selfadjoint operator.
Here there is a list of properties and facts concerning the previous definitions.

Properties A.0.5 o A symmetric operator is closable.

Proof. Given a sequence u,, € D(T) such that u, — 0 and Tu, — v, we want to
prove v = 0. We have the following chain of equalities:

HvH2 = (v, V) = JLI&(T%,@H = T}Lr&(un,Tv)H = (0,Tv)y = 0.

Then this implies v = 0. [l

e The adjoint operator is closed. Consequently, a selfadjoint operator is closed.

Proof. Let v, € D(T*) a sequence such that v, — v and T*v, — w*. We want to
prove (v, w*) is a point of the graph G(T*). For any u € D(T) we have

(Tu,v)y = lim (Tu,v,)y = lim (u, T* v, )3 = (u, w*)gy
and thus v € D(T*) and T*v = w*. O

o [f a selfadjoint operator T is invertible, then T~ is selfadjoint.
Proof. For any v € D(T) the following chain of equalities holds

<U, U>'H = <TT_1u7U>H = <T_1u7TU>H = <U, (T_l)*TU>H
from which (T~1)* =T"1. d
o [fT is selfadjoint, then T + A1 is selfadjoint for any X\ € R. (Obvious).

o If T is closable, then D(T) is dense in H and T** = T. (The proof is not straight-
forward, nevertheless we skip it, since it requires several additional propositions).

o [fT" extends T (in notation T" D T ), then T* extends (T")*. (The proof is immediate
from definition of adjiont operators).

Theorem A.0.6 (Kato-Rellich) Let A be a selfadjoint operator, B be a symmetric op-
erator whose domain contains D(A). Let us assume the existence of two constants a and
b such that 0 < a <1 and b > 0 such that

[Bul <allAul +blu]

for all w € D(A). Then A+ B is selfadjoint on D(A). If A is essentially selfadjoint on
D(A), then A+ B has the same property.
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Theorem A.0.7 (Friedrichs’ extension) Given a semibounded from below and sym-
metric operator Ty with domain D(Ty) dense in H, there exists a selfadjoint extension.

Proof. Thanks to Theorem (A.0.6), without loss of generality one can consider the case
(Tow,u)p > |ul3, for all u € D(Tp). Let V be the completion in H of D(Ty) with respect
to the norm +/(Tpu,u)y and set u € V' if and only if there exists a sequence u,, € D(Tp)
which is a Cauchy sequence with respect to the aforementioned norm and converges to u
in H. As a reasonable norm for V' we choose |Jul|,, = lim,— 4o /(T0 Up , Un)2, moreover
it can be proved this is a good definition, i.e. it does not depend on the Cauchy sequence,
and Tj can be extended continuosly on V. Thus, we have obtained the continuos dense
embedding of V' into H. Thanks to the density, we can define a scalar product in H with
respect to Ty: for any u,v € H let

(u,v)p, = lim (Touy, ,vn)x
n——+0o00
where u,,v, € V and u,, — v and v,, — v in ‘H as n — +o00. Now we are in position to
conclude via Lax-Milgram’s theorem: (u,v)r, is a V-elliptic sesquilinear form, so it can be
represented by a selfadjoint operator, which is the extension of Tj. O

Remark A.0.8 For operators, to be essentially selfadjoint is equivalent to admit a unique
selfadjoint extension. In this case it will coincide with the Friedrichs’ one. Indeed, if T
is an essentially selfadjoint operator, its closure is selfadjoint. Suppose S is an extension
of T, then S is closed, and thus S is a closed extension of T, since T is by definition the
smallest closed extension of T. For it we write S O T. On the other hand, T = T**, so
that S = S* C T = (T*™)* =T* and then S C T. O

A.1 Examples

To give some examples, we are going to exploit the previous remark. In the following H
will denote the Friedrichs’ extension of operator H, whereas H will denote the closure of
the same.

1. H= —A + 1 with domain C¥(R") is essentially selfadjoint.

Indeed, we can show its closure coincides with the Friedrichs’ extension. To do this,
we consider L*(RY) as setting Hilbert space and CZ¥(RY) as initial domain D(H).
Thus, via integration by parts

(Hu ,u) 2 :/ \Vul® + |ul®
RN

2 2
e Vulla+lullz

and the closure of the initial domain consists in V' = D(H) = H'(RY). The
sesquilinear form related to the quadratic form is (u,v) — [y VuVT + uv and via
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Lax-Milgram’s Theorem it will be fRN VuVu +uv = fRN fuv for some f € L*(RY)
and for any v € V. In particular, if v € C¥(RY), via integration by parts we obtain
—Au = f in distributional sense, which implies —Au € L?(R"). Then the domain
of the Friedrichs’ extension will be

D(H) = {u e H'(R") s.t. — Au e L*(R")}.
On the other hand, the closure H is an operator whose domain is by definition

—_ R u 2 ” 2
D)l _ ey R

which coincides with D(H), since we need u € HY(RY) in order to —A makes sense
in distributional sense.

2. H = —A with domain CZF(£2) is not essentially selfadjoint provided 2 is a regular
open bounded domain in RV,

It is quite simple to see the Friedrichs’ extension in this case is H = —A with domain
D(H) ={u € H}(Q) s.t. —Au € L*(Q)} = H*(Q) N Hy(Q) via standard regularity
theorem. On the other hand, the operator J = —A with domain D(J) = {u €
H?(Q) s.t. 9% = 0 on 9Q} is a selfadjoint extension of H. Indeed, it is a symmetric
operator, thanks to the boundary conditions imposed, and it is easy to see the adjoint
operator’s domain D(J*) is the same as D(J).
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Basic facts about stationary
Schrodinger operators

We recall the following basic inequalities:

u? 4 5
—dr < — / Vu|” dx  (Hardy inequalit
/RN e < oo RNI | (Hardy inequality)

A
/ IV |ul)® dz < / (iV - —) u
RN RN ||

Lemma B.0.1 The completion of Cx(RYN \ {0}) under the Dirichlet norm coincide with
the space D"*(RY).

2
dr (diamagnetic inequality)

Proof. We indeed prove that for all u € C¥(RY) there exists a sequence {v,} C CF (RN \
{0}) such that fun |V(u—v,)]* — 0 as n — .

As approximating sequence in the statement we choose vg = (1 — n.)u for & small,
where 7. is a cut-off radial function which is identically 1 in B.(0) and identically 0 in
RY\ B /(0), while in the joining region it is 7.(r) = 1-—=log(%) + 1. Hence

/RN V(1= nu) - Vu|” = /RN IV (new)|* = /RN n-Vu + uVn.| (B.1)

< C’(/ 77?|Vu|2+/ u2|V776|2> )
RN RN

The first term is o(1) as € — 0 since we are integrating over supp 7. whose measure tends
to zero as € — 0; via Holder inequality the second term is less or equal to

AR 2/N
o[ )" ([, )
RN RN
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which is asymptotic to

Ve N Ve
J A e

therefore the integral (B.1) tends to zero. O
A6

(z’V — L) u
]

Proof. We have to show there exist two positive constants ¢; and ¢ such that ¢; Q4(u) <
Jon [Vul* and fon [Vul* < 2 Qa(u) for all w € CX(RN \ {0}).

The first inequivalence is an immediate consequence of Hardy inequality, using the fact
A€ L= (SN,

The second one is a consequence of Hardy inequality both with the diamagnetic in-

equality, noting

A A P Al?
/ |Vu|2:/ (iV——)u+—u <c QA(u)+/ A1)
RN RN || || RN ||

4| All 4| All

A

A < Al / V2 < 21l )
Lo o8 < g 19 < R0t
: : : . A(0)
Lemma B.0.3 The quadratic form (1.1) is equivalent to Qa(u) = iV — Tl u
RN T
on its mazimal domain D"*(RN) provided ||a||,, < (N — 2)?/4. Moreover, it is positive
definite.

Lemma B.0.2 If A € L®(SV™1Y) then the norm (/
R
to the Dirichlet norm on CF (RN \ {0}).

2\ 1/2
) 18 equivalent

N

and

g

2

Proof. We have

Lo
o

u? 2 2
< Ja < a V ul|®
< ol [ 5= () ol [ 190

< (523) lol@atw,
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therefore we immediately have
a
Qalu) —/ — < (1+C)Qa(u)
BN 7]

2

here C' = | ——
where (N—Z

2
) llall,. In the same way we get

/ — u?
RN |Z|
and if |al| , < (N2

7 it results (1 — C) > 0 and therefore the quadratic forms (1.1) and
Q4 are equivalent and positive definite. O

Qa(u) —/R = Qalu) —

2
N |zl

> (1-C)Qa(u)

2)2



Appendix C

An examplary case of conformal
equivalence between Riemannian
manifolds

In Chapter 2, we stated the general theorem

Lemma C.0.4 Let (M,g) and (N,h) two Riemannian manifolds of dimensions N > 3.
Suppose there is a conformal diffeomorphism f : M — N, that is f*h = ©? ~%g for
some positive p € C*(M). The scalar curvatures of (M,g) and (N,h) are R, and R,
respectively. Set the following corresponding equations:

1IN —2
—&m+1N_2&@M — [(po YW F2F(f (W), (o f ) v)  (C.2)

4N —1

where F': M x R — R is smooth. Suppose v is a solution of (C.2). Then u = (vo f)p is
a solution of (C.1) such that [,, ul* dV, = In > dV.
We used it in a relatively simple context: we considered the inverse of the stereographic
projection 7 : SV \ {p} — RY. We denoted it by & = 7! : RV — SV \ {p}, moreover
go will denote the standard metric on S and ¢ the standard one on R”, and stated the
diffeomorphism @ is conformal between the two manifolds, since it results

. 4
g =P gy = p(r)v26 . (C.3)
Thanks to the relative simplicity of the manifolds involved, we can check it directly.
We recall ) ) )
D : (Il,...,l’N)*—)< al R R xNQ,l— 2)
1+ |z 1+ |z 1+ |x]
so that
2 ¢h _ Axkzh -1 ...
o B 1+|x\26k’ (1+|z|2)2 forh=1,---,N
oxk 4z* _
X EELE for h = N + 1.
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Now we are interested in the new metric ¢ = ®*gy on RV. It is defined by its coefficients

oD Pk 2 ’
95 = 9 (e, €;) = (dPes, dPej) = (5, =) (1+!x|2) ’

being (-,-) the inner product of RN*!. Defining

—2

() = (ﬁ)

we see ® is conformal according to (C.3).

In addition, we point out the manifold (RY,g) is the same as (SV,go), in terms of
diffeomorphic manifolds.

Thus, we can check the correspondence of the two equations in Lemma (C.0.4) directly.
In general (see [53]) the so-called conformal laplacian is defined as follows

Definition C.0.5 We define the conformal Laplacian on a differentiable closed manifold
(M, g) of dimension N the operator

N -2

S i

R,

where A, denotes the standard Laplace-Beltrami operator on M and R, the scalar curvature

of the manifold.

Moreover, this operator has a simple transformation law under a conformal change of
metric, that is

it §=p@)v2g  then Lg- = p(e) V2 Ly(u(x) ).

In our case we are dealing with the same manifold RY endowed with the two metrics 6,
the standard one, and g = ®*gy. Thus in our case we have

Ls=—-A

since the scalar curvature of RY is zero, and

1
Ly= =0, +N(N -2)
since the scalar curvature of S¥ is N(N — 1).
To our aim, it will be sufficient to compute

Aple)o@) =3 {@”“’”) 2 ”“)&}

2
i=1 Oz;
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It holds
o N -2 N
- _ N—2
B, 5 H(z) 2
8% N -2 N 1 N2
— e — N—-2 — —_ N-—-2
therefore
ol N—2 o1 N2
Auten@)) = Yot { -2 4 N - 2t P2}
— 2 4
N

= NN = 2u(@)¥Fo(@) + NN = 2(a)¥ [of o(a)
— (N = 2u(a) i s ) o)
and finally we have 7
p@) FEA @) = o) T2 D) + NN = 2o(a) (ol — 2p(a) )

ST (C.4)

since ,u(x)_ﬁ = 1/2 + |z|* /2. As last step, we need to compute Ayu(x). In local charts

we have the form N
1 0 0
— 99" ~—
V9 uzl Om; v Or;

where g = det(g;;) and ¢ = (g;;)"'. In our case these quantities are

Ay =

9i; = wx)V20
g = =p(x)v?
g7 = =p
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Therefore

Ago(z)

Thanks to the equations (C.4) and (C.5) we proved (C.3) in this particular case.
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