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Outline

� Asymptotic theory for Zenga’s index
� asymptotic expansion of the index
� confidence intervals in cross-sectional and longitudinal settings

� Simulation results

� Application: Confidence intervals for Zenga’s index for income
distributions in 15 EU countries.



Asymptotic theory for Zenga’s index

Let X1, X2, ...., Xn be i.i.d. random observations from F . In order
that the definition of Zenga’s index

ZF =

� 1

0
ZF (p)dp, where ZF (p) = 1− LF (p)

p
· 1− p

1− LF (p)

makes sense, we need to assume that F is defined on the
non-negative real axis and that its first moment is finite.



Asymptotic theory for Zenga’s index

Let �Zn be the plug-in estimator for Zenga’s index. If there exists
ε > 0 such that E (X 2+ε

1 ) < ∞, then we get the asymptotic
representation

�Zn = ZF +
1

n

n�

i=1

hF (Xi ) + oP

�
1√
n

�
,

where

hF (Xi ) =

� ∞

0

�
1{Xi ≤ x}− F (x)

�
wF (F (x))dx

with the weight function

wF (t) = − 1
µF

�
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0
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� 1
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Proof of asymptotic expansion

The proof relies crucially on some properties of the Vervaat process
(Zitikis, 1998; Davydov and Zitikis, 2003, 2004):

Vn(p) =

�
p

0
(F−1

n (t)− F−1(t))dt +

�
F
−1(p)

0
(Fn(x)− F (x))dx

When F is continuous we have

√
n Vn(t) = oP(1),

which allows us to substitute
�

p

0
(F−1

n (t)− F−1(t))dt

with �
F
−1(p)

0
(Fn(x)− F (x))dx + oP

�
1√
n

�
.



Asymptotic theory for Zenga’s index

We may exploit the asymptotic expansion for computing
confidence intervals

� in the one sample case (needed for confidence intervals in a
cross-sectional setting)

� in case of two independent samples (needed to compare the
value of Zenga’s index in two populations using two
independent samples of size m and n respectively)

� in case of paired Samples (needed to compare the value of
Zenga’s index in two different points in time in a longitudinal
setting)



Simulation Study

Estimates of Coverage accuracies and size of confidence intervals
based on 10000 simulated samples

sample Nominal confidence level Size of 95% confidence intervals
size 0.9000 0.9500 0.9750 0.9900 min average max

Normal
200 0.7881 0.8527 0.8926 0.9266 0.0674 0.1500 0.7300
400 0.8047 0.8693 0.9078 0.9396 0.0563 0.1167 0.7465
800 0.8246 0.8882 0.9237 0.9503 0.0462 0.0900 0.6535

Percentile
200 0.7629 0.8190 0.8567 0.8892 0.0667 0.1462 0.4782
400 0.7934 0.8487 0.8864 0.9179 0.0561 0.1143 0.4721
800 0.8168 0.8751 0.9119 0.9393 0.0468 0.0884 0.4117

Bias Corrected Accelerated
200 0.8054 0.8670 0.9047 0.9374 0.0661 0.1497 0.4652
400 0.8204 0.8860 0.9212 0.9523 0.0558 0.1186 0.4629
800 0.8338 0.8983 0.9323 0.9634 0.0467 0.0927 0.4085

t-bootstrap
200 0.8485 0.9049 0.9400 0.9675 0.0680 0.2099 2.5148
400 0.8534 0.9120 0.9463 0.9709 0.0573 0.1559 2.1009
800 0.8572 0.9169 0.9504 0.9754 0.0474 0.1162 2.2051



EHCP Survey

� The EHCP survey is an instrument developed by Eurostat to
gather information on households and individual incomes in a
common framework for national systems.

� Longitudinal Panel design allows to follow up a common set of
private households over several consecutive years.

� The 2001 wave sample contains data coming from 58, 783
households spread over 15 European countries.

� OECD equivalence scale to deal with different household sizes
(weight 1 to household head, 0.5 to the other adult members
of the household, and 0.3 to the members under 14 years of
age)



99% confidence intervals for Gini’s index

Country n Gini Normal t-bootstrap BCa
Sweden 5085 0.2466 0.2336 0.2595 0.2360 0.2636 0.2364 0.2652
Denmark 2279 0.2488 0.2348 0.2628 0.2359 0.2647 0.2366 0.2650
Germany 5474 0.2569 0.2448 0.2689 0.2473 0.2732 0.2473 0.2728
Netherlands 4824 0.2615 0.2495 0.2735 0.2505 0.2762 0.2509 0.2759
Austria 2535 0.2628 0.2509 0.2746 0.2513 0.2756 0.2514 0.2756
Luxembourg 2428 0.2649 0.2526 0.2772 0.2537 0.2784 0.2537 0.2787
France 5268 0.2797 0.2708 0.2886 0.2711 0.2891 0.2714 0.2894
Finland 3106 0.2897 0.2718 0.3076 0.2746 0.3129 0.2758 0.3129
Belgium 2322 0.3005 0.2642 0.3367 0.2715 0.3789 0.2740 0.3552
Italy 5525 0.3047 0.2942 0.3151 0.2950 0.3162 0.2953 0.3164
UK 4749 0.3228 0.3064 0.3391 0.3092 0.3459 0.3102 0.3460
Ireland 1757 0.3228 0.3038 0.3418 0.3054 0.3465 0.3061 0.3460
Spain 4948 0.3233 0.3111 0.3355 0.3125 0.3377 0.3128 0.3376
Greece 3895 0.3447 0.3316 0.3577 0.3327 0.3594 0.3330 0.3592
Portugal 4588 0.3681 0.3556 0.3806 0.3562 0.3816 0.3564 0.3818

(2001 wave, ECHP income data).



99% confidence intervals for Zenga’s index

Country n Zenga Normal t-bootstrap BCa
Sweden 5085 0.5659 0.5474 0.5843 0.5500 0.5890 0.5504 0.5896
Denmark 2279 0.5708 0.5498 0.5918 0.5504 0.5935 0.5515 0.5936
Germany 5474 0.5760 0.5595 0.5925 0.5620 0.5978 0.5621 0.5965
Luxembourg 2428 0.5774 0.5606 0.5942 0.5616 0.5953 0.5615 0.5961
Netherlands 4824 0.5844 0.5677 0.6011 0.5684 0.6034 0.5688 0.6028
Austria 2535 0.5873 0.5702 0.6043 0.5702 0.6050 0.5704 0.6054
France 5268 0.6094 0.5972 0.6216 0.5975 0.6220 0.5975 0.6220
Belgium 2322 0.6245 0.5859 0.6631 0.5906 0.6962 0.5929 0.6761
Finland 3106 0.6253 0.6034 0.6471 0.6053 0.6516 0.6069 0.6507
Italy 5525 0.6464 0.6336 0.6592 0.6341 0.6600 0.6346 0.6602
Ireland 1757 0.6570 0.6356 0.6784 0.6371 0.6814 0.6370 0.6811
Spain 4948 0.6625 0.6484 0.6766 0.6495 0.6784 0.6496 0.6779
UK 4749 0.6627 0.6451 0.6803 0.6469 0.6860 0.6479 0.6854
Greece 3895 0.6878 0.6738 0.7018 0.6746 0.7030 0.6748 0.7030
Portugal 4588 0.7088 0.6964 0.7211 0.6970 0.7217 0.6969 0.7216

(2001 wave, ECHP income data).



99% confidence intervals for Zenga’s index
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99% confidence intervals for Gini’s index
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Gini versus Zenga Index
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