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Calabi-Yau cones from contact reduction

D. Conti and A. Fino
October 24, 2007

Abstract

We consider a generalization of Sasaki-Finstein manifolds, which we char-
acterize in terms both of spinors and differential forms, that in the real analytic
case corresponds to contact manifolds whose symplectic cone is Calabi-Yau.
We construct solvable examples in seven dimensions. Then, we consider circle
actions that preserve the structure, and determine conditions for the contact
reduction to carry an induced structure of the same type. We apply this
construction to obtain a new hypo-contact structure on S? x T3.

MSC classification: 53C25; 53D20, 53C30
Keywords: Contact reduction, generalized Killing spinor, Calabi-Yau.

Introduction

Sasaki-Einstein manifolds can be characterized in terms of real Killing spinors [13];
infinite families of explicit examples of Sasaki-Einstein manifolds have been con-
structed in [15, 9]. These examples are in fact toric contact manifolds (see [20]).
More generally, one can consider the geometry associated to a generalized Killing
spinor [2]. Both Killing and generalized Killing spinors can be associated to other
geometries (see [1]), but we shall only consider generalized Killing spinors associated
to SU(n)-structures on manifolds of dimension 2n + 1. These structures correspond
ideally to restrictions of Calabi-Yau structures to a hypersurface. In fact, we can
think of an SU(n)-structure as given by a real one-form «, a real two-form F' and a
complex n-form €2, and the associated spinor is generalized Killing if and only if

dF =0, daAQ)=0.

Every hypersurface M in a Calabi-Yau manifold of real dimension 2n + 2 has an
SU(n)-structure of this type, where F' and a A Q are the restriction of the Kéhler
form and complex volume. In the real analytic category, the converse also holds,
(see [8] for the five-dimensional case, and Proposition 2 for the general case).
Realizing M explicitly as a hypersurface in a Calabi-Yau manifold is generally a
matter of solving certain evolution equations; in the Sasaki-Einstein case, however,
the Calabi-Yau structure is simply the induced conical SU(n + 1)-structure on M X



R, . Thus, the Calabi-Yau manifold M x R, is both the Riemannian and symplectic
cone over M. In this paper we consider the intermediate case in which we have
a generalized Killing spinor, and the SU(n)-structure on M is a contact metric
structure, thereby inducing a conical symplectic form on M xR ; by [14], a-Einstein-
Sasaki manifolds belong to this class. In this context, contact means that da = —2F'.
If (M, ) is a real analytic contact manifold with a real analytic SU(n)-structure as
above, it turns out that the symplectic cone M x R, has a compatible Calabi-Yau
metric; in other words, the Calabi-Yau metric whose existence is guaranteed by the
above-mentioned embedding result has conical Kahler form, although the metric
itself may not be conical (Theorem 3).

Not many examples of SU(n)-structures of this type are known, excepting those
that are actually a-FEinstein-Sasaki. There are solvable non-compact examples in
five dimensions [10], an example in seven dimensions related to generalized Go-
structures [12], and a two-parameter family of examples in the sphere bundle in
TCP? [7]. Notice however that examples of a-Einstein-Sasaki manifolds which are
not Einstein are known, the simplest being the Heisenberg group in arbitrary odd
dimension [23]; more complicated a-Einstein-Sasaki structures were constructed in
3].

The 7-dimensional example in [12] is constructed as a compact quotient of the
Lie group SU(2) x,R*, where ¢ is given by quaternionic multiplication. In Section 3
we show that this example is unique in the class of semidirect products H x V' of
dimension higher than three, with H compact Lie group and V representation of
H. Motivated by this uniqueness, we consider semidirect products H x V with
H solvable, obtaining new seven-dimensional examples of contact SU(3)-structures
associated to a generalized Killing spinor. In fact, we classify the three-dimensional
solvable Lie groups H which give rise to structures of this type on a semidirect
product H x R* (Theorem 5).

Our main result is aimed at constructing more examples by using the contact
reduction. We start with a manifold M of dimension 2n + 1, a generalized Killing
spinor ¢ and an SU(n)-structure which is a contact metric structure. Moreover, we
assume that St acts on M preserving the SU(n)-structure. Under certain conditions
on this action, one can define the contact reduction M//S!, which is a contact
manifold of dimension 2n — 1 [16], and inherits a Riemannian metric and spinor as
well. In Theorem 12 we prove a necessary and sufficient condition for this induced
spinor to be generalized Killing; more precisely, this condition involves the derivative
of the norm of the fundamental vector field, and it is satisfied by circle actions with
constant orbit length. The proof depends on a study of “basic” spinors in the context
of Riemannian submersions, which we carry out in Section 4.

While serving as motivation for the study of these structures, the existence of
a Calabi-Yau cone is not used directly; in particular, our main result holds in the
smooth category. However, if Calabi-Yau cones do exist, then the cone over M//S?
is the symplectic reduction of the cone over M. It is well known that the symplectic
reduction of a Kéhler manifold is again Ké&hler [19], but Ricci-flatness is not pre-
served in general. Thus, our result gives in particular sufficient conditions for the
Calabi-Yau condition to be preserved under Kahler reduction. The odd-dimensional
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analogue of Kéhler reduction was considered in [17], where it was shown that the
Sasaki condition is preserved under contact reduction. Neither is the Einstein con-
dition preserved in this situation; however, our result gives sufficient conditions for
the Sasaki reduction of a Sasaki-Einstein manifold to be a-Einstein.

As an application of our theorem, we obtain a new example on the compact

manifold S? x T3.

1 Generalized Killing spinors

Let M be an oriented spin manifold of dimension n; the choice of a Riemannian
metric g on M determines the principal bundle Psg of oriented orthonormal frames.
The Lie group Spin(n) acts on Pso on the right via the 2:1 homomorphism

Ad: Spin(n) — SO(n) . (1)

A spin structure on M is a principal bundle over M with fibre Spin(n) and an

equivariant 2:1 map
Ad: PSpin — PSO .

Let ¥ = X" be a complex irreducible representation of the Clifford algebra
Cl(n) D Spin(n); a spinor on M is a section of the associated bundle

PSpin X Spin(n) %

We shall need explicit formulae for the representation Y. Let vy, v; be a basis of

C? with vy = () and v; = (9); a basis ug, ..., ugm_; of ¥ = (C?)®" is given by
Uk = Vg, |, @ D Vg, , where k= Z a2" .
0<r<n

We think of the a, as elements of Z/2Z. The Clifford algebra C1(2n) acts irreducibly
on X by

— aj—1++a
egj - U = _(_1) j—1 gy | R ® Va, ® Vi—a,_, R Va,;_, ® - @ Vg

— aj_o2+-+
62j—1 S U = Z(—]_> j—2 aovan71 ® e ® Uaj ® Ul—(l]'_l ® U(Ij_g ® P ® Uao

where j ranges between 1 and n. The representation X is also an irreducible rep-
resentation of Cl(2n + 1); more precisely, denoting temporarily by ® the Clifford
multiplication of Cl(2n), we set

ap—1+--+ao+n;

eom+1 - Up = (—1) i U,

€j Uy = —€apy1 - €5 O Uy, 7=1,...,2n.

There is a choice of sign involved in this definition; in this paper we shall only

consider this representation of Cl(2n + 1), which is characterized by the fact that

the volume element e - - - €5, acts as "1



Restricting the action to the groups Spin(2n), Spin(2n + 1), one finds that the
stabilizer of ug is SU(n) in both cases. However, ¥ is only irreducible as a Spin(2n+
1)-module, whilst as a Spin(2n)-module it splits into the two components

¥, =Span{ug | ap—1 +---+ap=0 mod 2},
Y =Span{ug | ap_1+---+ay=1 mod 2} .

As a consequence of the above, Calabi-Yau manifolds, namely Riemannian man-
ifolds of dimension 2n with holonomy SU(n), can be characterized by the existence
of a parallel spinor. Indeed, the orbit Spin(2n)ug defines a bundle

PSpin ><Spin(2n) Spln(2n>u0 - PSpin XSpin(Zn) by P (2)

and a section 1 of this bundle defines a principal bundle

Psy = {u € Pspin | [u, uo) = ¢},

which has the stabilizer SU(n) as its fibre. Since the kernel of (1) is not contained
in SU(n), the principal bundle Psy = Ad(Psy) is in fact an SU(n)-structure. Hence,
the covariant derivative of 1 with respect to the Levi Civita connection can be
identified with the intrinsic torsion of Pgy. In particular, if 1 is parallel, one obtains
a Calabi-Yau structure on M.

There are other, weaker conditions that it is natural to impose on a spinor. The
authors of [2] propose the following: a generalized Killing spinor M is a spinor v
satisfying

Vxt = 5Q(X) %, Qe T(Sym(TM)) . )

Here, as throughout the paper, V denotes the Levi-Civita connection. Generalized
Killing spinors arise naturally, by restriction, on oriented hypersurfaces in manifolds
with a parallel spinor; in this setting, the tensor () corresponds to the Weingarten
tensor. There are also partial results in the converse direction (see [21, 2, 8]).

In particular, consider the case of a hypersurface M inside a manifold with
holonomy SU(n + 1). The restriction of the parallel spinor gives a section of (2) on
M, thus defining an SU(n)-structure Psy on the 2n + 1-dimensional manifold M.
To this SU(n)-structure one can associate forms «, F' and 2 such that

a= et el g 2t
1, 2 n—1 , - 2n (4)
Q= (e +ie’) A A" +ie™),
where e!, ..., e?*! is the coframe associated to to any local section of Psy, and e/*
is short for e/ A e¥. One can also read off the forms F and 2 A « as pull-backs of the
Kahler form and the complex volume form on the Calabi-Yau manifold. We shall
say that Psy is the restriction of the Calabi-Yau structure to the hypersurface.
Regardless of whether the SU(n)-structure on M arises from restricting a Calabi-
Yau structure, assuming (3) holds, one can relate the covariant derivative of the
forms «, F and €2 to the tensor (). This will enable us to rewrite the generalized
Killing spinor equation (3) in terms of differential forms in the next section.
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Lemma 1. Let M be a Riemannian spin manifold of dimension 2n + 1, and let ¥
be a section of (2) satisfying (3). If a, F and Q are the forms associated to the
SU(n)-structure defined by 1, then
Vyxa=(-1)"Q(X)sF
VxF =(-1)"aNQ(X)
VxQ = (‘Unﬂ@d A (Q(X)1€2) +1i(—1)"Q(X, e2,41)82
where we have used the identification TM = T*M given by the metric.
Proof. We work on the principal bundle Psy = Ad(Psy). Let w be the restriction to

Psy of the Levi-Civita connection form. According to the orthogonal decomposition
s0(2n +1) = su(n) @ (J) @ u(n)*,
where
J=-ey —e2+ -+ eman-1— €m_12n,

we can decompose w as wey + kJ +w. Here, ey, is the square matrix of order 2n 4 1
with entries a;;, all equal to zero except ap, = 1. Then

1 1
Vxth = w(X)ug = k(X)Jug + w(X)ug = —§m' k(X)ug — §(wL)ijei - e+ U,
where
wh= > (wh)yley —eji)
1<i<j<2n+1
Now, by (3),

ni k(X)) ug — (wh)ij(X)e; - e - ug = Q(X) - up;
looking at the definition of the Clifford action, from which it follows in particular
that for 1 < j <n

€2j * €an41 - Up = —€2p41 " €25 - Uy = (_1)n+1€2j71 - Ug,
€25—1 " €ap41 - U9 = —€2p41 * €251 " Up = (_1)n€2j - Ug,
one concludes that
(WH)i =0, j<2n+1, (W )iz (X) = (=1)""Q(X, J(e)),
1
FX) = ——(=1)"Q(X, ezn+1).
Now observe that
Ja=0 JF=0, JQ=-—m;

hence,

Vxa=wX)a=w"(X)a=(-1)"J(Q(X)).
The rest of the statement is proved in the same way. O
Remark. The forms «, F' and €2 determine the SU(n)-structure Pgy. Therefore, one
can express the intrinsic torsion of Psy in terms of Va, VF and V(). It seems

reasonable to expect the intrinsic torsion to be entirely determined by da, dF' and
dS2, like in the five-dimensional case.



2 Calabi-Yau cones

In this section we restrict to the real analytic category, and give a twofold chac-
terization of contact SU(n)-structures associated to a generalized Killing spinor, in
terms of differential forms and Calabi-Yau cones.

First, we need to consider a broader class of SU(n)-structures.

Proposition 2. Let M be a real analytic manifold of dimension 2n + 1 with a real
analytic SU(n)-structure Psy. The following are equivalent:

(i) The section of the vector bundle (2) associated to Psy is a generalized Killing
SpInor.

(ii) The differential forms o, F and Q associated to Psy satisfy
dF =0, d(aAQ)=0.
(iii) A neighbourhood of M x {0} in M x R has a Calabi-Yau structure which
restricts to Psy.

Proof. Assume that (i) holds, and let e; be the local orthonormal frame associated
to a section of Psy. Since @) is symmetric, it follows that

Z e' ANQ(e;) = 0.
By Lemma 1, and using the fact that the Levi-Civita connection is torsion-free,
dF = Zei AV, F = (—1)"Zei ANaAQ(e)=0.
Likewise,

d(a A Q) = (1) Z el A ((Q(e)a F) +iQ(es, eani1)r) AQ;

since for any vector field Y one has
(YoF —iY +ia(Y)a) AQ =0,

we find that 4
daAQ) = ()" e NiQ(e;) AQ =0,

meaning that (ii) holds.

The fact that (ii) implies (iii) follows from the theory of exterior differential
systems. Reference [8] contains a detailed proof of the five-dimensional case, which
can be generalized to arbitrary dimension because the exterior differential system
associated to the group SU(n) is involutive [5].

Finally, (iii) implies (i) because every Calabi-Yau manifold carries a parallel
spinor ¢, and its restriction to a hypersurface satisfies

Vit = 5Q(X) (V).

where @ is the Weingarten tensor (see e.g. [2]). O
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Remark. The assumption of real analyticity in Proposition 2 is certainly necessary
to prove that (i) or (ii) imply (iii), due to a result of Bryant [4]. However, the fact
that (i) implies (ii) does not require this hypothesis. A five-dimensional version of
Proposition 2 is proved in [8], where the SU(2)-structures defined by a generalized
Killing spinor were introduced under the name of hypo structures. In that paper
it was also proved, by considering the intrinsic torsion, that (ii) implies (i) without
assuming real analyticity. We expect a similar result to hold in arbitrary dimension.

Remark. The passage from (ii) to (iii) can be described in terms of evolution
equations, in the sense of [18]. Indeed, suppose there is a one-parameter family
(a(t), F(t),8(t)), of SU(n)-structures on M, with ¢ ranging in the interval (a,b);
then the forms

a(t) Adt + F(t), (a(t) +idt) AQ(t) (5)

define a Calabi-Yau structure on M X (a,b) if and only if (ii) holds for, say, t = 0
and the evolution equations

%F(t) = —da(t), %(a(zﬁ) A Q(t)) = idQ(t) (6)
are satisfied. Conversely, if M is compact (iii) implies that one can find a solu-
tion of these equations with («(0), F'(0),€(0)) corresponding to Psy. Indeed, the
exponential map enables one to identify a tubular neighbourhood of M in M x R
with a product M X (a,b), in such a way that the vector field % has unit norm and
is orthogonal to the hypersurfaces M x {t}, with the effect of casting the Ké&hler
form and complex volume in the form (5). Thus, Proposition 2 can be viewed as an

existence result for solutions of (6).

A special situation of Proposition 2 is when @ is a (constant multiple of) the
identity. Then the spinor ¢ is called a real Killing spinor, and it is the restriction of
a parallel spinor on the Riemannian cone over M. The general situation has been
studied in [1]; in our case, the restriction of the Calabi-Yau structure is an Einstein-
Sasaki structure. In particular, this means that M is a contact metric manifold,
with contact form . We define the symplectic cone over (M, «) as the symplectic
manifold

<M x R, —éd(r2a)> . (7)

If M is Einstein-Sasaki, the symplectic cone is Calabi-Yau with the cone metric
r2g + dr?; it is understood, here and wherever we refer to Calabi-Yau structures
on symplectic manifolds, that the Kahler form coincides with the given symplectic
form.

More generally, we say that an SU(n)-structure on a manifold M of dimension
2n + 1 is contact if daw = —2F'; this means that « is a contact form, and F is the
pullback to M = M x {1} of the conical symplectic form (7). We shall consider
a weaker condition than Einstein-Sasaki, corresponding ideally to contact SU(n)-
structures Psy such that the symplectic cone is Calabi-Yau, but not necessarily
with respect to the cone metric.



Theorem 3. Let M be a real analytic manifold of dimension 2n + 1 with a real
analytic, contact SU(n)-structure Psy. The following are equivalent:

(i) The section of (2) associated to Psy is a generalized Killing spinor.
(ii) The differential forms «, F and Q associated to Psy satisfy

da = —2F, aAdQ=0.

(iii) A neighbourhood of M x {1} in the symplectic cone M x Ry has a Calabi-Yau
metric which restricts to Pyy.

Proof. The fact that (i) implies (ii) and (iii) implies (i) is a consequence of Propo-
sition 2.

To see that (ii) implies (iii), one applies Proposition 2, deducing that a neigh-
bourhood N of M x {0} in M x R has a Calabi-Yau structure restricting to Psy on
M = M x {0}. Under the diffeomorphism

M xR > (z,t) — (z,e') € M x Ry,
the conical symplectic form reads
wo =X (aNdt+ F).

Thus, it suffices to prove that there is a diffeomorphism of a neighbourhood N’ of
M x {0} into N that is the identity on M x {0} and pulls back the Calabi-Yau
symplectic form into the conical symplectic form.

Let a, F', Q) be the forms on N given by the restriction of the Calabi-Yau structure
to each hypersurface N N (M x {t}). By construction, the Kiahler form is given by

wi =aAdt+ F.

Consider a time-dependent vector field X, on NV, and let ¢, be the flow of X, which
satisfies

So(r.1) = (,0), 00l 8) = (XoJouge
It is a general fact that for every form (3, one has
) (®)
0s
Up to restricting N, we can define a one-parameter family of symplectic forms by
(Ws) @y = (1 — 8)e* (a(z,0) Adt + F(z,0)) + s (a(x, t) Adt + F(z,1)),

thus interpolating between the conical symplectic form wy and the Kahler form wy.
We shall determine X, in such a way that ¢s: N’ — N is well defined for 0 < s < 1,
and

Wy = Prws. (9)
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Equality certainly holds for s = 0; taking the derivative with respect to s and
applying (8), we get

0= ¢ (Lx,ws+w —wy) =Pk (d(Xsuws) +wy — wp) -

The two-form w; —wy is cohomologically trivial on N, because it vanishes on M x {0},
that we may assume to be a deformation retract of N. It follows that w; —wy = df8
for some 1-form (. Thus, it suffices to require

Xsts = _ﬁv

which determines X because the wy are symplectic forms, to ensure that (9) holds.
With this definition, X vanishes on M x {0}. Hence, the flow ¢, is well defined for
all s (indeed, constant) at ¢ = 0, and up to restricting N’, we can assume that ¢; is
well defined for 0 < s < 1. Now set & = ¢;: N’ — N; this is a diffeomorphism that
pulls back the Kéhler form to the conical symplectic form. Since ®(z,0) = (z,0),
we have the following diagram

(N', wg) —2— (N, w;)

M x {0} 4= M x {0}

where the vertical arrows are inclusions. Since the diagram commutes, the pullback
under ®* of the Calabi-Yau structure on M x R restricts to Psy on M x {0}. O

Remark. Again, the assumption of real analyticity is only essential to prove the
implication (ii) == (iii). We shall not need this hypothesis in the rest of the
paper.

Remark. In the proof of Theorem 3, the Calabi-Yau structure on N can be described
in terms of the evolution equations (6), by requiring that each M x {t} be orthogonal
to the unit vector field %. However, the map ® does not preserve this description.
Thus, when working on N’ the one-parameter family of SU(n)-structures induced
by the inclusions M x {t} C N’ will not satisfy, in general, the evolution equations.
From the side of N, this means that one should not expect “conical” evolution.

Hypo-contact  manifolds, namely  five-dimensional = manifolds  with
SU(2)-structures satisfying Theorem 3, have been studied in [10], which con-
tains a classification of solvable Lie groups with invariant hypo-contact structures.

3 Seven-dimensional semidirect products
In this section we give new examples of SU(3)-structures in seven dimensions satis-
fying Theorem 3. More precisely, we consider semidirect products H x V', with H

a Lie group, and V a representation of H, generalizing the example SU(2) x R* of
[12] (also reviewed in Section 6). We show that this example is unique among those
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with H compact, at least when the overall dimension is higher than three. We then
classify the solvable 3-dimensional Lie groups H such that some semidirect product
H x R* admits a left-invariant contact SU(3)-structure whose associated spinor is
generalized Killing.

Proposition 4. Let H be a compact Lie group, and ¢: H — V' a representation of
V. Then the semidirect product H <,V has a left-invariant contact structure if and

only if H x, V is either SU(2) x, H or U(1) x C.

Proof. By definition, H X, V' is the product H x V' with multiplication law given
by
(h,v)(h',v") = (bl p(h)v" + v).

Now let a be a left-invariant one-form. We can write a0y = (ag)e + o, where ay
is a left-invariant one-form on H and «y is in V*. Then

Q) = Ly (g + av) = Lyag +o(h™Hay. (10)

Hence if €1, ..., e, is a basis of h and e!, ..., e" the dual basis of 1-forms, at h = e,
we find

(do) ey = (dovgr)e — Z €' A (Pucti)ry.
i=1
If « is contact, then
dim{(p.ee;)ay} = dim { X (do) ey | X €V} > dimV — 1.

Hence, the orbit of ay in V* has at most codimension 1, and since H is compact,
this means that H acts transitively on the sphere in V*.

Now let K be the stabilizer of oy in V*; suppose by contradiction that K is not
discrete, and take k in K. Then (10) gives

Q) = Lo + ay.
Restricting o to K x, V', we find
da|gw,v = (dog)| k.
Now consider the element
B = (dalgw,v)e € A2 (BB V)

by above, 3 is really contained in A?£*. Moreover, since K is compact, the exact
form dak cannot be a symplectic form on K, and so there is a subspace W C ¢ with

1
Blw =0, dimW > EdimK.

In particular, the restriction of da. to V& W C Tieo)(H x V) is zero. Since H/K
is the sphere in V', we have

dim H = dim K +dimV — 1,

12



and therefore
: . : 1. 1, . : 1
dimV +dim W > dim V + §d1mK = §(d1mV—|—d1mH) + 7

Thus, « is not contact.

We have shown that, if « is contact, then H acts transitively on the sphere in
V' with discrete stabilizer K. If V' has dimension two, this implies trivially that
H =U(1). If V has dimension n > 2, the exact homotopy sequence

0=m(S"") — mo(H) — m(K) — 0

implies that K is connected, and therefore trivial. Then H acts on S™ ! both
transitively and freely, giving H = SU(2) and V' = H. O

Now let H be a solvable 3-dimensional Lie group, and let e!, e*, €® be an invariant
basis of one-forms, where the indices have been chosen for compatibility with (4)
(see Lemma 6 below). Up to a change of basis (see [11]), the structure equations of
H are given by exactly one of the following:

de! =0, de! =0, deb = 0; (11)
de! =0, det = +e'S, deb = et (12)
de! =0, det = e, deb = e'f; (13)
de! =0, de* =0, deb = e'®; (14)
de! =0, de* =0, deb = e, (15)
de' =0, de* = Ae', de® = e'* + e'®. (16)

In (16), A is a non-zero real constant; the case A = 0 corresponds to (14) under a
change of basis.
We can now state the main result of this section.

Theorem 5. Let H be a solvable 3-dimensional Lie group. Then there exists a
semidirect product H x R* admitting a left-invariant contact SU(3)-structure whose
associated spinor is generalized Killing if and only if H has structure equations
(11-14).

The rest of this section consists in the proof of Theorem 5. We shall start by
giving a “structure lemma”. As a preliminary observation, notice that “rotating”
(, i.e. multiplying it by a constant e?, preserves the condition of Theorem 3.

Lemma 6. Let H be a three-dimensional Lie group and V a four-dimensional rep-
resentation of H. Suppose the semidirect product G = H x V' has a left-invariant

SU(3)-structure (o, F, ), with
doa==2F, dQANa=0.

1

Then, up to rotating ), we can choose a left-invariant basis e, ..., e" of one-forms

on G satisfying (4), with
de?, de?, de’ € Span{e2, e, e, 67} A Span{el, et 66}, (17)

and el e*, e invariant extensions of forms on H x {0} C G.
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Proof. By invariance, we can work on the Lie algebra g of G. As a vector space
g=bh @V, and the Lie bracket satisfies

[b.b]Ch, [b,V]CV, [V,V]=0. (18)
We first show that the characteristic vector field is in V. Consider the linear map
g3 X Y X, Fe¢ g ;

by construction, the kernel of ¢ is spanned by the characteristic vector field e;.
Since the restriction of the exact form F' to the abelian Lie algebra V' is zero, ¢(V)
is contained in h*; by a dimension count, this implies that ker ¢ C V', and so the
characteristic vector field is in V.

Now consider the restriction of {2 to V. This is a complex 3-form satisfying

€7 (Q‘V) =0.

Since V' has dimension four, this means that Re |y and Im |y are linearly depen-
dent, and one can multiply © by some e, obtaining ReQ|y = 0. In other words,
(e7) NV is special Lagrangian in (7). Now recall that the structure group SU(3)
acts transitively on special Lagrangian subspaces of C?; hence, we can complete e;
to a basis ey, ..., e7 of g, consistent with (4), such that

(e7)= NV = Span{ey, e3, e5}.
Accordingly, h* = Span{e!, e, ¢}, so by (18)

d(g*) C Span{e’, e e} A g*. (19)
Imposing now d) A o, we find

(e 4 M5 4 25 _ 210) \ T
which by (19) splits into
(€' 4 M5 216) AT — 0, PP AT =0

from the second of which (17) follows. O

Next we prove the “if” part of Theorem 5, by giving explicit examples for each
solvable Lie group (11-14).
Abelian case. Let a, b be real parameters with

c=a’>+b >0.
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Every choice of a and b as above determines a semidirect product R? x R*, with an
invariant basis of one-forms satisfying

de' =0,
b . v’ 1
de? = _2(a2 —20%)e™® + = (20 — b?)(e"® + €*) + ac®! — 322612 _ el
c c c 2
1
de® = be3® — be®® + ae'® + ae®t + 50647,
de* =0,
b ba? 1
de® = —g(a2 —20%)(e'® + €2%) + be?t + = (2a® — b*)e'? — 320 56 4 50667,
c c c
de® =0,
de” = —2¢'? — 2¢31 — 265,

Consider the SU(3)-structure determined by the choice of basis e!,...,e". It is
straightforward to verify that da = —2F and dQ2 A o = 0; it follows that this
structure is contact and, by Theorem 3, the associated spinor is generalized Killing.
Applying Lemma 1, we see that in the chosen frame the tensor () is given by the
diagonal matrix

1
—(a2 +b2),

1 1
. 1— = 2 2 1 (42 2 1
dlag( 4(a +07), +4(a +07), +7

1
1—=(a®>+b*),1+

1 1 3
1 —(a2+b2),1—Z(a2+b2),—3——(a2+b2)).

4 4

Case (12). This is a twofold case, since there is a choice of sign involved. Let a be
a real constant; consider the semidirect product H x R* with structure constants
determined by

(O, 0, —ae'®, —ae'® ae'3, aett, —2e1? — 2¢34 — 2656) .

By the same argument as before, the frame e, ..., e” determines a contact SU(3)-
structure whose associated spinor is generalized Killing, and the tensor () is given
by

diag(1,1,1,1,1,1,-3).
For the opposite sign, consider the group given by
(0, —2a%e! + 2ae® — 2ae®, ae'®, ae'®, ae'?, ae't, —2e1? — 2¢31 — 2656) .

The frame e!, ..., e" determines a contact SU(3)-structure whose associated spinor

is generalized Killing, and @) is determined by

diag(l —a?,1+a? 1,1,1,1, -3 — a?).
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Case (13). Let a be a real constant; consider the semidirect product with struc-
ture constants determined by

1 1 1
<O, _§a2617 + e + e, §a2647 — ae®, qet §a2€67 — ae®,

ael®, —2e!? — 23 — 2656>.

The frame ¢!, ..., e" determines a contact SU(3)-structure whose associated spinor
is generalized Killing, and @) is determined by
1 1 1 1 1 1 3
diag <1 — 1a2, 1+ 1a2, 1+ 1a2, 1-— ZaZ, 1+ Zaz, 1-— ZaQ, -3 - Zcﬂ) .

Case (14). Consider the semidirect product with structure constants determined
by

1 3 1 1 3 1
<O’§613_§€I7+5624+6567§612_634_}_§647+§€5670’

_626+%e36_ %Q4S+26677616’_2612_2634_2656>‘

The frame e!, ..., e" determines a contact SU(3)-structure whose associated spinor

is generalized Killing, and @) is determined by

1
T diag (13,19,19,13,19,13, —57).

There are exactly two cases not appearing in the above examples, and so the
proof of Theorem 5 is reduced to the following non-existence result.

Lemma 7. Let H be a solvable Lie group with structure equations (15) or (16).
Then there is no representation of H on R* for which H x V' has a contact SU(3)-
structure whose associated spinor is generalized Killing.

Proof. Suppose H x V has an SU(3)-structure of the required type, and choose a
basis of invariant one-forms on H x V' as in Lemma 6. Since SO(3) C SU(3) acts
transitively on two-planes in R? 2 (e!, ¢, e®), we can assume that

{a € h* | da A a = 0} D Span{e’, e*}.

By acting further with an element of U(1) C SO(3), we can also assume that de! = 0.
It follows that
de' =0, de* = Ae™, deb = Be'* + Ce'®,

where A B, C are constants. If A is zero, then by hypothesis H is nilpotent, and
C = 0; otherwise, A, B and C' are all non-zero.
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Let 3; be a basis of the space (17), and set de* = Y, a;;3;. Imposing the linear
conditions dF = 0, dQ) A\ a = 0, we find

d€2 = (20 — a39)€56 + a17(e45 — 636) + a13<€15 + 626) + (214 — CL25)€34

12 13 24 47 67 17
- (C + A— asg — a25)6 + agl(e +e ) + aige”’ + a1,12€ + apge’,

3 45 36 24 12 47 67 17
de’ = ag (€™ —e™) — e  ags + agre ™ + asge™’ + as2€”’ — ajge
34 15 26 13 56
— (Clgl — ag,n)e — (B + a17)(e +e ) -+ (A — a25)€ — Q211€
5 13 26 34 12 67 15 47
de®> = —Q17€  — A39€  — A210€ + ai3€ + a3,12€ + (C - 6L39)6 + a2 12€

— (11,12617 — (B -+ CL17)€24 — (CL13 — CL2710)€56 + CL2,11(645 — 636).

Now, the condition d* = 0 determines an ideal J of real polynomials in a;;, 4,
B and C'. Lie groups with a structure of the required type correspond to points in
the affine variety V(J) determined by J. For the nilpotent case, we are interested
in points with A = C' = 0. Calculations with CoCoA[6] show that the polynomial B3
lies in the ideal J + ({A, C}), and so V(J) has no points with A = C' = 0, proving
the statement in the nilpotent case.

For the case of (16), an analogous computation yields

az,12((a14)* + (az12)?) € J.
It follows that V(J 4 ag12) = V(J). On the other hand, it turns out that
BC'(B2 + 902) eJ+ az12-

This means that V' (J) has no points with both B and C different from zero, proving
the rest of the statement. O

4 Spin structures and submersions

A contact reduction is a two-step process, in which one first takes a submanifold, and
then a quotient. The purpose of this section is to establish some formulae which will
be needed to study the second step. It is in the context of Riemannian submersions
that these formulae are presented most naturally.

To begin with, we study the relation among the Levi-Civita connections on the
base and total space of a generic Riemannian submersion, using the language of
principal bundles. Let M™ be a manifold with an SO(m)-structure P,,. Let M* be
a manifold with an SO(k)-structure P, and let 7 : M™ — M* be a Riemannian
submersion. The tangent bundle of M™ has an orthogonal splitting H @& V), where
V = kerm,. This defines a reduction of P, to

G = SO(k) x SO(m — k) .

Indeed, if we let G act on R™ according to the splitting R™ = RF @ R™ %, the
reduction Py is defined by

H=PsxcRF, V=P;xcR"*
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We have a commutative diagram

Pg > p,

L,

where dm maps a frame u : R™ — T, M™ to a frame
dr(u) = . o ulgs : RF — Ty M* .

We say that a (local) section s, of Pg is m-related to a section sy of Py if the diagram

Ps TP,
smT skT
MmLMk

commutes. Then s,¢ is 7m-related to s; for all SO(m — k)-valued functions g.
If V is a G-module, an equivariant map f,, : P — V is basic if the diagram

d

T Pk
~Ne

Vv

Pq

commutes for some f. Then fy is uniquely determined, and SO(k)-equivariant; we
say that f,, is w-related to fj.

One can also regard f,,, as a section [s,,, ;] of Pg XV where z,,, = fi, 05,. In
this language, a basic section [s,,, 7"z} is m-related to [sy, xp] if s, is m-related to
sp. Moreover, all basic sections have this form. For instance, a section of H is basic
if it is m-related to a vector field on M* in the usual sense.

Let wy be the Levi-Civita connection form on Py, so that the tautological form
0, satisfies
d@k—ka/\ek:O. (20)

The tautological form on P, restricted to Pg can be written as 6, = (65,6,). By
construction 6, = (dmw)*0. Then (20) yields

0= (dﬂ')*(dek + wi A Gk) = d&h + (dﬂ')*wk N Gh . (21)

On the other hand, the connection form w,, restricted to Py is an so(m)-valued
1-form, which we can decompose into blocks as

[ Wh —AT
W = A Wy .
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Lemma 8. If X is a “horizontal” vector field on Pg, in the sense that 0,(X) is
zero, then
wp(X) = (dm)*w(X) .

Proof. At points of Pg, the analogue of (20) yields
0= (dby +wy Ay — AT NB,,dO, + ANO, +w, AO,).
Comparing with (21), it follows that
(wi, — (dm)*wi) A O = AT A6, (22)
This means that wy, is not 7-related to w,. However, consider the standard isomor-
phism
9 :RF @ A’RF — A’R" @ RF.
Equation (22) tells us that, if we define a map
B:Ps;— RF@ARF, (B,0,(X)) = (wn — (d)*wi)(X),
then 96 = 0 and so § = 0. Thus, if X is horizontal then
(wp, — (dm)*we)(X) =0. O
Remark. To illustrate the meaning of A, apply the formula
V=%I[s, 2] = [s, s wm(X)z + dax(X)] ;

for a horizontal vector field Y, which we write as a section [s, h| of H, we find that
the component in V of its covariant derivative satisfies

(V). = [s,5" ACXH]
Thus, A is the principal bundle version of the O’Neill tensor.

In order to pass from SO(n)-structures to spin structures, consider the chain of
inclusions

SO(k) — SO(k) x SO(m — k) — SO(m) ,
which gives rise to a commutative diagram
Cl(m) <— Spin(m) 2%~ SO (m)
M j,TT jg@T (23)
Cl(k) <— Spin(k) 24~ SO(k)

Explicitly, if ey, ..., e,, is the standard basis of R™, we define the homomorphism of
Clifford algebras j5;* by

Je(e) = ery1- €.
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The homomorphism is not unique, but this choice has the advantage that it makes
the two half-spin representations ¥3" into (irreducible) C1(2n — 1)-modules. A more
relevant consequence of the definition is the equality

ot =gmfork<l<m.

We can now return to Riemannian submersions, and introduce spinors in the
picture. The first problem is defining the spin structure on M* in terms of the spin
structure on M™. We shall assume from now on that V is parallelizable. Then we
can replace G with SO(k) in the construction; indeed, in the rest of this section we
set

G = SO(k) € SO(m) .

Suppose that M™ is spin, and fix a spin structure on M™, i.e. a principal bundle
P with structure group Spin(m) and a 2 : 1 equivariant projection Ad : Pspin —
P,,. We define a principal bundle with fibre Spin(k)

P=Ad"'(Pg)

on M™. The diagram (23) shows that P is a good candidate for the pullback to
M™ of a spin structure on M*. We shall now make this notion precise.

Denoting the generic point of Pg by (z;u), where z is in M™ and wu is a point
in the fibre of z, the manifold P, can be identified with the quotient Pg/ ~, where
(xo;ug) ~ (z1;uq1) if and only if m(z¢) = m(z1) and there is a basic section s such
that s(z;) = u;. By construction, sections of Pg/ ~ can be identified with basic
sections of Pg. Similarly, we say that a section § of P is basic if Ad($) is basic, and
define an equivalence relation on P by (xq; ) ~ (x1;71) if and only if w(x¢) = 7(z1)
and there is a basic section § such that §(x;) = ;.

Lemma 9. P/ ~ is a spin structure on M*. Accordingly, a spinor on M* is given
by a basic section of P Xgspin(k) ¥ and its Levi-Civita covariant derivative is given
by

V[s, 7] =[5, 5" (dm)" (wpt)) + T dy]

where 5 is a local basic section of P and ¢: M* — .
Proof. For the first part, it suffices to show that Ad : P/ ~— Pg/ ~ is a two-sheeted
covering. Suppose that Ad(xg;70) ~ Ad(z1;71). Then there exists a section s of Pg

with s(x;) = Ad(y;). Since Pg is trivial on the fibres of m, we can lift s to a unique
section § of P with §(x¢) = vo. Hence Ad(5(z;)) = Ad(y;), and

(z0;7%) ~ (z1;7) = 3(x) =7 .

The pullback (dm)*wy is clearly a torsion-free, so(k)-valued connection form, and
therefore coincides with the Levi-Civita connection. O

Remark. The operator Vx defined in Lemma 9 is defined for arbitrary X on M™.
It represents the Levi-Civita covariant derivative on M* when X is the basic lift of
a vector field on M*: when X is vertical, V is zero.
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The spinor bundle on M™ can be identified with
P X Spin(k) X )

where the action of Spin(k) on ¥™ is induced by the map j;* of Diagram 23; the
connection form w,, defines a covariant derivative operator V™ on this vector bundle.
The operator V of Lemma 9 can clearly be defined for basic sections of any bundle
associated to P; in particular, we can compare V and V™ on basic sections of
P Xgpinky ™. This will be the main result of this section, which will only be
stated for & = m — 1, since we are ultimately interested in U(1) reductions. This
assumption, by which nothing would have been gained up to this point, has two
useful consequences: we can represent A(X) by a H-valued one-form, namely

A=[s,s"Asej],
and w, vanishes. To state the result, we need to introduce the vector bundle map
J+ P Xspin(k) Cl(k) — P Xsgpin(k) Cl(m),
induced by j;* = jo_;.
Proposition 10. Let § be a basic section of P and V,: M* — ™. Then
VR 7] = Vx5 ] — 5i(A)(X) - (8,70
Proof. By Lemma 8 and Lemma 9, if X is horizontal

V(8 thm] = [, 5" (dm)" (Wit ) (X) + 7" dip (X)] =
- [§> §*wh(X)7r*wm + W*dwm(X” .

On the other hand, recall the expression of w,,, which can be rewritten as

W = Wh, + Z Aj<€mj - ejm) ;

1<j<m

the second component acts on spinors as
1
—5 Z Ajem . 6]‘ .
J
Thus, for the covariant derivative V™ we obtain

V% [8, 7 U] = [3, 8w (X)) T Uy, + 7 dthy, (X))

= [5, S wp(X)m Yy, — %S*Aj(X)em - € U + 1A (X)

The statement now follows from the definition of J: ]
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5 Contact reduction and spinors

This section contains the main result of this paper. We return to the situation of
Theorem 3, with a slight change of language: now, we regard the contact structure
and metric as fixed, and identify a rank one complex bundle of “compatible” spinors,
determined by the U(n)-structure. The reduction from U(n) to SU(n) is represented
by the choice of a unit section of this bundle. We show that, in the presence of a
circle action that preserves the contact metric structure and a compatible spinor, one
can define a compatible spinor on the contact reduction. Applying Proposition 10,
we are able to determine sufficient conditions for the generalized Killing condition
to be preserved by the reduction process. In the language of Theorem 3, at least in
the real analytic category, this means that the symplectic reduction of a symplectic
cone with a Calabi-Yau metric is again Calabi-Yau, under certain conditions.

Let M be a 2n 4 1-dimensional manifold. A U(n)-structure Py on M identifies
differential forms «, F' by

o = 6271—‘,—17 F — 612 + L + 6277,—1,271 :

like in Section 1, we say that the structure is contact if dao = —2F. In this case, we
shall also refer to Py as a contact metric structure.

Now suppose that M is spin; let Pspi, be a spin structure compatible with the
given metric and orientation. The preimage of U(n) under Ad is a connected sub-
group U(n) C Spin(2n + 1). Passing to the principal bundles, the preimage of the
U(n)-structure under Ad is a U(n)-reduction of Psyy; we shall denote it by Pg.
Thus, a spinor on M is a section of

Pfj ij(n) 22n+1 )

By [14], 2" splits as 2" @ .- @ Y21 as a representation of U(n), where in
particular

w c Egn—&-l S 62n—‘,—1 i ,¢ — Z~2n+1¢ 7 62k—1,2k . 1/} _ _,”7/} (24)

Thus, we have identified the bundle of compatible spinors

Pﬁ Xf](n) E%n+17 (25)

whose sections ¢ are characterized by
a-p =" Fop=—nip.

Assume now that S acts on M preserving both metric and contact form, so that
the fundamental vector field X satisfies

EX(I:O:E)(F.

The moment map is defined by
p=a(X);
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we assume that 0 is a regular value of p. Denote by ¢ : My — M the hypersurface
p~1(0). The contact reduction of M is by definition [16]

M//S' = M,/S" .

By construction, a(X) = 0 on My, and the tangent bundle of M, consists of vectors
Y with
0=d(a(X))Y = —(Xida)Y = -2da(X,Y) = F(X,Y). (26)

In the pullback bundle ¢* Py, consider the set Py(,—1) of those frames « such that
[U,, 6271_1} = tXp(u) )

where ¢ is a positive function. This defines a U(n — 1)-structure on My, inducing
in in turn a contact U(n — 1)-structure on M//S'. Moreover, we can define a unit
normal vector field v, by

Vp(u) = [U, €25], U € Pyp_y) -
We can also think of v as the vector field dual to the one-form ¢t~ X F', and write

v=(t"XJF)"

We now show that the choice of an invariant compatible spinor on M determines
a compatible spinor on M//S'. By (26), the inclusion of R*~! into R*"*! that
determines the U(n — 1)-structure on M//S* corresponds to the basis

€1,...,€E2n_9, €2n+1 . (27)
Accordingly, the algebra homomorphism j3"*] of (23) is given by
jler) = €1 - ek .

Using j, we can view 22" as a Cl(2n — 1)-module that splits into two irreducible
components, one of which is isomorphic to ¥2"7!; it can be identified by the action
of the volume element.

Lemma 11. The space of spinors in X271 C X2+ that are compatible with the
U(n — 1)-structure determined by the frame (27) is given by

Yot = {¢ —egn1 -, P € LML

Proof. If a spinor in X?" ™! satisfies the compatibility conditions (24) with respect to
to the U(n — 1)-structure, then in particular it belongs to X**~1 C ¥?"*1. Therefore,
it suffices to check that for ¢ in X2

j(€2n+1) : (w — €ap—1" w) = €2n—1 * C2n41 " (¢ — €ap—1" w) = ianl(i/J — €ap—1" w),

and, for 1 <k < n,

j<62k71,2k) () —egn_1 - ) = (1 — egp_y) . e2k—1.2k V= —i(p —egp_1-¢). O
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Now define a principal bundle Pp 1y on My so that

n—1

Pﬁ(nfl) - L*Pfj

.

Py(n-1) —=1*Py

is a commuting diagram of principal bundles on M, and all maps are equivariant.
A section 9 of (25) pulls back to a section t*1) of
2n+1
Pom-1) X0m-1) X0 i
Now assume that v is Sl-invariant. With Lemma 11 in mind, we define
Y™ = ") —t71X - 1*1), which we rewrite as

YT =10+ v MY

By Section 4, the spin structure and the spinor ¥ on M, induce a spin structure
and spinor on M,/S'. By Lemma 11, this spinor is compatible with the contact
metric structure of My/S. We can now state our main result.

Theorem 12. Let M be a manifold of dimension 2n + 1 with a contact U(n)-
structure (g, a, F') and a compatible generalized Killing spinor ¢, so that

1
Vit =30() v, Y eTM,

where Q is a symmetric endomorphism of TM. Suppose furthermore that S* acts
on M preserving both structure and spinor, zero is a reqular value for the moment
map p, and S* acts freely on pu=1(0). Then the spinor Y™ induced on M//S' is
compatible with the induced contact metric structure; in addition, Y™ is generalized
Killing if and only if at each point of u=1(0)

dt € Span{X J F, a},

where X is the fundamental vector field associated to the S action, and t its norm.

In this case,

VT = Li(BY) T, Y € T(M/SY,

where B is the symmetric endomorphism of T(M//S') given by
B(Y.Z) = —Q(Y.2) - Q( X, X)a(Y)a(2).

In the statement of Theorem 12, V?"*1 denotes the covariant derivative on M,
and V2! the covariant derivative on M//S' defined in Lemma 9; we shall also
consider the covariant derivative V on M,. Our calculations will also involve the
Weingarten tensor W of My C M, and the H-valued one-form A determined by
the Levi-Civita connection on M, (see Proposition 10). Finally, from now on Y
represents a generic basic vector field on My. We can now establish some useful
formulae.
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Lemma 13. In the hypotheses of Theorem 12 (with no assumptions on ™), at each
point of M

(-D)"QY,v)a+AY)+W({Y)sF €Rr, (

QY. t7'X) = (—=1)"a(W(Y)), (

W(X)=2(dt)"2F + (-1)"Q(X,t ' X)a.

—~
W N DN
S © oo
— —

Proof. By definition, the tensor A is characterized by
(A(Y), Z) = (Vy Z,t ' X) = 2F (V¥ Z v)
for all horizontal vector fields Y, Z on My. By Lemma 1, it follows that
0=LyF(Z,v)= (V¥ E)Z,v)+ F(V3t Z v) + F(Z, Vi) =
(=1)"a(2)Q(Y,v) +(A(Y), Z) + 2F(Z, - W (Y))).

DO | —

This expression also vanishes trivially for Z = X, and so (28) follows.
To prove the second equation, one uses Lemma 1 and the fact that ¢ is sym-
metric, from which

W(Y.of) = (Vi a,v) = (-1)"2F(Q(Y),v) ,

which is equivalent to (29).
Finally, one can write

W(X)=-V¥Ht ' X F) = (-V¥™ ' X)JF + (-1)"Q(X, t ' X)a;
on the other hand, one has
0= Lx(t7'X, ) = (VIT({X), ) — (¢ X, V¥
= —(V¥MIX, ) — (¢TI X, VX)), (31)
whence V¥ (t71X) = —2(dt)*, giving (30). O
We can now prove Theorem 12.

Proof of Theorem 12. By the analogue of Proposition 10 for immersions (see e.g.
[2]), the covariant derivatives on My and M are related by

Vy'p = (Vi) + %V SW(Y) -

Hence, applying this formula to 7,

Vy T = (VT (0 v ) + %V W)@+ y) =

L) -w) |

= (1+w)- (V%;"“@b -3
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where we have used Vi't'v = —W(Y). By Proposition 10, denoting by A the
H-valued one-form on M° determined by the Levi-Civita connection on My,

1
VI = VT S AY) T =

= (i)« (VB = GAW) W) )
and so by hypothesis
VI = S i) (QUY) = A(Y) — W (Y)) 4. (32)
The induced spinor ¢ is generalized Killing on M//S' if and only if
Vi = i(BY)) o7
for B symmetric, or equivalently,
V2-lym — %t‘lX BY)-(14iv) ¢ = —%(1 +iv)-BY) .
Comparing with (32), we find that 1™ is generalized Killing if and only if
(14+dv)- (BY)+QY)—AY)—iW(Y)) -1 =0 for some symmetric B . (33)

Now
W) F) - =iW(Y) ¢+ (=1)"a(W(Y))D,

so B(Y') is characterized by
1 +w)(BY)+ Q) - AY) =W )1 F + (=1)"a(W(Y))) -4 = 0,
which we can split into components as

(BY)+QY) - AY) -WX).F)-¢
—BY)+QY) - AY) W) F)-v-ith

+ (=2Q(Y, v) + 2W (Y, t 71 X)))iv
+ (=) (W (Y )))v - ith = 0.

This is only possible if all four summands are in Spanc{v - 1,1}, and equivalent to
requiring that at each point (using also (29))

BY)+QY)—-AY)-W({).F
= QY t ' X))t X + (Q(Y,v) = WY, t ' X)((—=1)"a + v). (34)
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By (28), we obtain

B(Y)+Q(Y) + (=1)"Q(Y,v)a — Q(Y,t ' X)t 7' X
—(Q,v) =W (Y, t7'X))((-1)"a +v) € Ry,

which is equivalent to
B(Y)=-Q)" — (-)"W(Y,t ' X)a, (35)

where the superscript ‘1L’ denotes projection on the orthogonal complement of
Span{ X, v}. In light of (35), we can rewrite (34) as

—AY)=WX)sF — (=1D)"Q(Y,v)a +W(Y,t ' X)v =0,

which by Lemma 13 is automatically satisfied.

Summing up, (33) is equivalent to the tensor B defined in (35) being symmetric.
This is equivalent to W (Y, ¢ ' X) being zero whenever Y is horizontal and a(Y) is
zero, or, by the symmetry of W, to

W(X) € Span{c*, X}.

By Lemma 13, the first part of the statement follows. The second part is now a
straightforward consequence of (35) and Lemma 13. O

Remark. The statement of Theorem 12 is essentially local. In fact, if one replaces
the Lie group S with R the proof carries through, provided the contact reduction
M/ /R is well defined and smooth.

Remark. In our language, an a-Einstein-Sasaki structure on M?"*! n > 1 can be
characterized as a contact U(n)-structure admitting a compatible generalized Killing
spinor with

QYY) =aY +ba(Y)d

where a and b are constants (see [14]). By [17], the contact reduction of an
a-Einstein-Sasaki structure is Sasaki. As a consequence of Theorem 12, the contact
reduction is also a-Einstein if and only if the condition dt € Span{X . F, a} holds.

6 Examples

In this section we apply Theorem 12 to two concrete examples in dimension seven,
obtaining hypo-contact structures in dimension five; one of the resulting structures
is the nilpotent example appearing in [10], and the other is new.

6.1 The Heisenberg group

As mentioned in the introduction, the Heisenberg group Ga, 1 of dimension 2n + 1
has an a-Einstein-Sasaki structure (see also [23]). We can represent G,,1 by a basis
of left-invariant one-forms e!, ..., e?"*! satisfying

de' =0,...,de® = 0,de® ™ = —2 (e 4 - 4 212
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The choice of a basis €', ..., e*"! determines an SU(n)-structure by (4), which is
a-Einstein-Sasaki with

Qei,e) = (=", Q(eant1, €2n11) = (—1)"n,

and the other components of () equal to zero. Now let X be the right-invariant
vector field with X, = ey, ;. The Lie group {exp ues,_1} is closed in G, and acts on
G on the left, preserving the SU(n)-structure, with associated fundamental vector
field X. By construction,

1(g) =0 <= L' X, € (ean1),

so u~1(0) is the subgroup with Lie algebra (e, ..., €0, 1,€2,41), Which contains
{expues,_1} as a normal subgroup. It follows that the contact reduction Gy, 11//S*
is the Heisenberg group Gs,,_1, consistently with Theorem 12.

Remark. This is not the only way one can obtain the Heisenberg group by means of a
reduction; for example, the above construction applies equally well to the examples
of Section 3 relative to the Lie group H with structure constants (12), setting X, =
es. On the other hand, quotients of semidirect products H x V' do not generally
satisfy Theorem 12 when H is solvable.

6.2 A new compact example

Consider the semidirect product SU(2) x4 H, where ¢: SU(2) — GL(H) is given
by quaternionic multiplication. By [12], this Lie group has a left-invariant weakly
integrable generalized Go-structure; in fact, we shall see that this structure satisfies
Theorem 12, giving rise to a hypo-contact structure on S? x T3.

We shall use quaternionic coordinates, following [22], and write the generic ele-
ment of SU(2) x H as (p, ¢). There are two natural left-invariant quaternionic forms,
which give rise to a left-invariant basis of one-forms e, ..., e" by

pldp = —2ie' — 2jet — 2keS | pldg = €3 +ie® + je' + ke? .

Notice that p~! = p. Also, conjugation and right quaternion multiplication are
equivariant, and

(dp)p =p~tdp, p'dgj=—e" —ic®+ je* + ke’
are also invariant forms. From the identities

d(p~'dp) = dp A dp = (dp)p A p~"dp,
d(p~'dg) = dp A dq = (dp)p A p~'dg,

we deduce that the structure constants are given by

((464672<_636 _ 4 +617)72(_615 426 _ 647)’ — 416

2(@13 _ o2 _ 667)’4614’ _2(612 4+t 4 656)) ‘
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Again, the basis e!, ... e defines a contact SU(3)-structure by (4), and an identifi-
cation of left-invariant spinors with ¥ = C8; the associated spinor 1) = u satisfies
(3) with

Q = diag(2,0,0,2,0,2,0).

In quaternionic terms, denoting by ® the symmetric product, we can describe the
metric tensor as

1 - 1
9= pldp© pldp+pldg®pldg = 1P © dp+dg © dg,

which coincides with the standard product metric on S® x R* up to rescaling the
first factor. The contact metric structure is given by

1 —_ 1
a=—Repldgj, F= éRep—ldp/\p_ldqj = §Red]_9/\dqj,

and the reduction to SU(3) by
| T SN [ S N B
925—4(de) +;1Repdp(deJ) +i gRe(pdp) pdqﬂ+g(deJ) :

Now introduce the real coordinates

p=po+ipr+jp2+kps, q=qo+iq+ g+ kgs,
and consider the closed one-dimensional subgroup
K = {(O,jQQ) S SU(Q) x H, g € R}

The left action of K on SU(2) x H preserves the SU(3)-structure, and has the right
invariant vector field p

— 8—q2

as its associated fundamental vector field. It follows that the moment map is
p=a(X) = —(podqz + prdgs — p2dqo — p3dq1)(X) = —po,

and t = 1. Then p~1(0) = S? x H, where S? is the two-sphere of imaginary unit

quaternions, and the contact reduction is well defined and smooth; explicitly,

(SU(2) x H)//K = 5% x R,

Since H is normal in SU(2) x H, at each point X lies in the span of ey, e3, €5, er.
Hence, Q(X) = 0, and by Theorem 12, we obtain a hypo-contact structure on
S? x R? with
B = diag(0, 2,0, —-2,0).
We can repeat the construction starting with M = Z*\(SU(2) x4 H), where
Z* C H consists of points with coordinates in Z. Since K and Z* commute a free
circle action is induced, and we can apply Theorem 12. To identify the contact
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reduction, observe that the above description of p remains valid. Hence, we obtain
a diagram

p(0) ——M

A

M//S? T T

3

S2

SU(2)

with each arrow corresponding to a trivial torus bundle; in particular,

M/)St = S* x T .
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