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Abstract

This note is devoted to the explicit construction of a functional de-
fined on all pairs of L' functions with small total variation, which is
equivalent to the L' distance and non increasing along the trajectories
of a given system of conservation laws. The present definition of this
functional does not need any construction of approximate solutions.

2000 Mathematics Subject Classification: 35L65.
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1 Introduction

Let the smooth map f:Q — R"™ define the strictly hyperbolic system of
conservation laws

Ou+ Oy f(u) =0 (1.1)

where t > 0, z € R and u € €2, with  C R™ being an open set.

Most functional theoretic methods fail to tackle these equations, es-
sentially due to the appearance of shock waves. Since 1965, the Glimm
functional [14] has been a major tool in any existence proof for (1.1) and
related equations. More recently, an analogous role in the proofs of contin-
uous dependence has been played by the stability functional ® introduced
in [8, 21, 22], see also [4]. The functional ® has been widely used to prove the
L!-Lipschitz dependence of solutions to (1.1) (and related problems) from
initial data having small total variation, see for example [1, 2, 11, 12, 16,
17]. Special cases comprising data with large total variation are considered
in [9, 15, 18, 19, 20]. Nevertheless, the use of ® is hindered by the necessity
of introducing specific approximate solutions, namely the ones based either
on Glimm scheme [14] or on the wave front tracking algorithm [4, 13]. The



present paper makes the use of the stability functional ® independent from
any kind of approximate solutions.

Namely, we extend the stability functional to all L functions with suf-
ficiently small total variation. Moreover, we define it in terms of general
piecewise constant functions, making it completely independent from the
construction of any sort of approximate solutions. Furthermore, using the
present definition, we prove its lower semicontinuity.

Taking advantage of the machinery presented below, we also extend the
classical Glimm functionals [4, 14] to general L! functions with small total
variation and prove their lower semicontinuity, recovering some of the results
in [3], but with a shorter proof.

As a byproduct, the present functional allows to simplify several parts
of the cited papers, where the presentation of the stability functional needs
to be preceded by the introduction of all the machinery related to Glimm’s
scheme or wave front tracking approximations, see for instance [10].

A further expression of the stability functional in terms of the wave
measures introduced in [4, § 10.1] is easily available and does not rely on
piecewise constant approximations at all. However, with such expression,
the proof of the lower semicontinuity is far less direct. Furthermore, any
application of this functional is based on approximating the functional eval-
uating it on piecewise constant functions and on the lower semicontinuity
to pass to the limit. The construction below allows this approach.

The next section introduces the basic notation. Section 3 is devoted to
the Glimm functional. The main result is presented in Section 4. The final
Appendix contains a technical proof added for the sake of completeness, but
not necessary for Theorem 4.1.

2 Notation

Our general reference for the basic definitions related to systems of conser-
vation laws is [4]. We assume throughout that 0 € Q and that the flux f
satisfies

(F) f € C4;R") is strictly hyperbolic and each characteristic field is
either genuinely nonlinear or linearly degenerate.

Let Ai(u),..., A\n(u) be the n real distinct eigenvalues of Df (u), indexed so
that A;j(u) < Ajy1(u) for all j and u. The j-th right eigenvector is denoted
ri(u).

Let 0 — Rj(0)(u), respectively o — Sj(o)(u), be the rarefaction curve,
respectively the shock curve, exiting u. If the j-th field is linearly degenerate,
then the parameter ¢ above is the arc-length. In the genuinely nonlinear
case, see [4, Definition 5.2], we choose o so that

O\ O\,
a—aj (Rj(o')(u)) =k; and a—gj (Sj(o')(u)) =kj,



where k1, ..., k, can be arbitrary positive fixed numbers. In [4] the choice
kj =1forall j =1,...,n was used, while in [2] another choice was made to
cope with diagonal dominant sources. Introduce the j-Lax curve

A%

) Rj(o)(w) if o 0
“HW")(“)_{ Si(o)w) i o < 0

and for o = (01, ...,0,), define the map

U(o)(u™) =tn(on)o...0th(o1)(u).

By [4, § 5.3], given any two states u™,u™ € § sufficiently close to 0, there
exists a map F such that

(o1,...,00) = E(u",u") ifand only if u® = ¥(o)(u"). (2.1)
Similarly, let the map S and the vector ¢ be defined by

ut =S(q)(u) = Sulgn) o...0 S (q1)(u") (2.2)

as the gluing of the Rankine - Hugoniot curves.

Let u be piecewise constant with finitely many jumps and assume that
TV(u) is sufficiently small. Call Z(u) the finite set of points where u has
a jump. Let o,; be the strength of the i-th wave in the solution of the
Riemann problem for (1.1) with data u(z—) and u(z+),i.e. (65,1,...,021) =
E (u(z—),u(z+)). Obviously if # ¢ Z(u) then o,; =0, for all i = 1,...,n.
Asin [4, § 7.7], A(u) denotes the set of approaching waves in u:

. . 2
((2,9), (y,4)) € (Z(u) x {1,...,n})":
A(u) =< x <y and either i > j or i = j, the i-th field
is genuinely non linear, min {Ua:,m ay,j} <0

while the linear and the interaction potential, following [14] see also [4,
formula (7.99)], are

n

V(u) = Z ’Ux,i| and Q(u) = Z ‘Gx7i0y7j|.
1

zel(u) i= ((@0),(y,) ) EA(u)

Moreover, let
Y(u) = V(u) +Co- Qu) (2.3)

where Cy > 0 is the constant appearing in the functional of the wave—front
tracking algorithm, see [4, Proposition 7.1]. Recall that Cy depends only on
the flow f and the upper bound of the total variation of initial data.



Remark 2.1 The maps defined on QN with values in Rt by
N
(ur,...;un) = V(2 0o1 Yo Xfza,zari
(u17 ceey UN) = Q Zévzl Uq X[xa,za+1[

for fixed x1 < ... < xNy1, are Lipschitz continuous. Moreover, the Lipschitz
constant of the maps

N N
Ug — V Z Ua X[zo,xar1] ug — Q Z Ua X[zo,Tat1]
a=1 a=1

is bounded uniformly in N, & and us for a # @.
Finally we define
D; = {v € L' (R, Q) :v is piecewise constant and Y (u) < 5} (2.4)
and
Ds = cl{Dj}

where the closure is in the strong L1-topology. Observe that Ds contains
all L functions with sufficiently small total variation.
For later use, for u € Ds and 1 > 0, introduce the set

By (u) = {v € LYR;Q):v € D} and [|v — g1 < 77.} . (2.5)

Note that, by the definition of Ds, B, (u) is not empty and if 71 < 72, then
By, (u) € By, (u). Recall the following fundamental result, proved in [7]:

Theorem 2.2 Let [ satisfy (F). Then, there exists a positive 6, such that
the equation (1.1) generates for all § € |0, d,[ a Standard Riemann Semigroup
(SRS) S:10,+00[ x Ds — D, with Lipschitz constant L.

We refer to [4, Chapters 7 and 8] for the proof of the above result as well
as for the definition and further properties of the SRS.

3 The Glimm Functionals

Extend the Glimm functionals to all © € Dy as follows:

Q(u) = i inf d Y(u) =l inf Y(v). 3.1

Qu) = lim  inf Q) an (u) = lim b Y(@).  G1)
The maps 1 — inf,cp, (,) Q(v) and n — inf,ecp, () X(v) are non increasing.
Thus the limits above exist and

Q(u) =sup inf Q(v) and Y(u)=sup inf Y(v).
>0 vE€By(u) n>0 vEBy(u)



We prove in Proposition 3.4 below that Q, respectively Y, coincides with Q,
respectively Y, when evaluated on piecewise constant functions. Moreover,
Q also coincides with the functional defined in [6, formula (1.15)], see also [4,
formula (10.10)]. Preliminarily, we exploit the formulation (3.1) to prove the
lower semicontinuity of Q and Y more directly than in [4, Theorem 10.1,
p.203-208], see also [3].

Proposition 3.1 The functionals Q and X are lower semicontinuous with
respect to the L1 norm.

Proof. We prove the lower semicontinuity of X, the case of Q is analogous.
Fix u in Ds. Let u, be a sequence in Ds converging to u in L. Define
ey = ||uy — ul|y1 + 1/v. Fix v, € B, (uy) so that

Y(v,) < inf YW)+e, <Y(uw)+e,.
vEBe,, (u)

Since
o = ullgs < flvw = wwllps + lluy — ullgs <26y,

we deduce that v, € By, (u) and

inf Y(v) < Y (v,) < Y(uy) +eu;
vEBae,, (u) B B
Y(u) = lim inf Y(v) < liminfY(u,)
V—+00 € Bag,, (u) V—+00
completing the proof. O

The next proposition contains in essence the reason why the Glimm
functionals Q and Y decrease. Compute them on a piecewise constant
function u and “remove” one (or more) of the values attained by u, then
the values of both Q and Y decrease.

Let u =) c5Ua X[za,zas1[ P€ @ Plecewise constant function, with u, €
Q, 21 <xy <...<zyn41 and [ be a finite set of integers. Then, we say that
Ui, U2, ..., uy is the ordered sequence of the values attained by v and, with
a slight abuse of notation, we denote it by (uq:« € I).

Proposition 3.2 Let u and @ be piecewise constant functions attaining val-
ues in . Assume that the ordered sequence of the values attained by u
is (uq:a € I), while the ordered sequence of the values attained by u is
(ug: v € J), with J C I. Then,

Qi) <Q(u) and Y(a) <Y(u).

Proof. Consider the case $I = fJ + 1, see also [4, Step 1, Lemma 10.2].
Then, the above inequalities follow from the usual Glimm interaction esti-
mates [14], see Figure 1.

The general case follows recursively. U
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Figure 1: Proof of Proposition 3.2: ug4 is attained by v and not by .

The next lemma is a particular case of [4, Theorem 10.1]. However, the
present construction allows to consider only the case of piecewise constant
functions, allowing a much simpler proof.

Lemma 3.3 The functionals Q and Y, defined on Dy, are lower semicon-
tinuous with respect to the L norm.

Proof. We consider only Y, the case of Q being similar.

Let u, be a sequence in D} converging in Lltou = > o UaX[za,zas] € D;
as v — 4o00. By possibly passing to a subsequence, we may assume that
Y (uy) converges to liminf, .4 Y (u,) and that u, converges a.e. to w.
Therefore, for all @« = 1,..., N, we can select points y, € |Zq, Ta+1] so that
limy, 400 Uy (Ya) = w(Ya) = tq. Define

Uy = Z uu(ya) X[za,waJrl[ .
«

By Proposition 3.2, Y (@,) < Y (u,). The convergence u,(yn) — uq for all
«a and Remark 2.1 allow to complete the proof. O

Proposition 3.4 Let u € D;. Then Q(u) = Q(u) and Y (u) = Y (u).

Proof. We consider only Y, the case of Q being similar.
Since u € D}, we have that u € B, (u) for all n > 0 and Y (u) < Y (u).
To prove the other inequality, recall that by the definition (3.1) of T,
there exists a sequence v, of piecewise constant functions in Dj such that
v, — u in L' and Y (v,) — Y(u) as v — +00. By Lemma 3.3,

Y (u) < liminf'f(v,,) < Y(u)

completing the proof. O



Therefore, in the sequel we write Q for Q and Y for Y.

For the sake of completeness, our next step consists in showing that
the functionals Q and Y coincide with the analogous quantities in [4, Sec-
tion 7.7], see also [3, 5]. To this aim, we temporarily denote by VZ and Q7
the functionals defined therein, moreover we set Y2 = VB + ¢y - Q5.

Proposition 3.5 Q% = Q and YP = 7T.

Proof. We consider only Y, the case of Q being similar.

Note first that if u is piecewise constant, then clearly YP(u) = Y (u).
By the definition (3.1) of Y, there exists a sequence v, of functions in Dj
converging to u in L! and such that Y(v,) — Y(u) as v — +oo. By the
lower semicontinuity of Y7, see [4, Theorem 10.1], we obtain

YB(u) <liminf Y8 (v,) = liminf Y(v,) = lim Y(v,) = Y(u).

v——400 v——400 v——+00

Analogously, following [4, Step 3, Theorem 10.1], we may take a sequence
v, of functions in Dj such that v, — u in L', VB(v,) — VB(u) and
QB (v,) — QB(u) as v — +o0. Hence, also YB(v,) — YB(u). Therefore,
along this particular sequence, we may repeat the estimates as above:

Y (u) < liminf X (v,) = liminf YB(v,) = lim YB(v,) = Y5(u)

V—+00 v—+00 v—+00

where we applied also Proposition 3.1. U

4 The Stability Functional

If § €]0,6,[, choose v, 7 piecewise constant in Di. Now, as a first step, we
slightly modify the construction of the stability functional, see [8, 21, 22]
and also [4, Section 8.1]. Namely, we construct a similar functional defined
on all piecewise constant functions and without any reference to both e—
approximate front tracking solutions and non physical waves.

Define implicitly the function ¢(z) = (q1(2), ... qn(x)) by

i(z) = S (q(x)) (v(x))
with S as in (2.2). We now consider the functional

n +oo
(05 = [ o) Wile)ds (4.1)
=17 "

where the weights W; are defined by

Wi(x) = 14 k1A4(x) + k1k2 (Q(v) + Q(D)) , (4.2)

7



the constants k1 and ko being defined in [4, Chapter 8]. Denote by o ;,
respectively o ;, the size of the i~wave in the solution of the Riemann Prob-
lem with data v(z—) and v(x+), respectively 0(x—) and v(z+). If the i-th
characteristic field is linearly degenerate, then A; is defined as

Ai(x) = Z {‘Uy,j’ + }5%]-‘: (y,j) such that y <z and i < j < n}

+Z {‘%ﬂ + ‘5%]‘

In the genuinely nonlinear case, let

(y,7) suchthaty>xand1§j<i}.

Ai@) = > {loval + 5yl (9:9) such that y < v and i < j <nf
+Z{’%7j|+\&y,j
Z{’J%i{:ySm}+2{’5y7i}:y>m} if g(z) < 0,
S{lovly>ap+ > {lovly <o} al@ > o

We stress that ® is different from the functional ® introduced in [21, 22] and
defined in [4, formula (8.6)]. Indeed, here all jumps in v or in ¥ are consid-
ered. There, on the contrary, exploiting the structure of e-approximate front
tracking solutions, see [4, Definition 7.1], in the definition of ® the jumps
due to non physical waves are neglected when defining the weights A; and
are considered as belonging to a fictitious n+ 1-th family in the definition [4,
formula (7.54)] of Q). To stress this dependence, in the sequel we denote by
®° the stability functional as presented in [4, Chapter 8].
We now move towards the extension of ® to Ds. Define

(y,7) suchthaty>:z:and1§j<i}

[1

n(u, @) = inf {® (v,0):v € By(u) and 0 € By(a)}
The map 1 — &, (u, %) is non increasing. Thus, we may finally define

E(u,u) = lim E,(u,u) = sup E,(u, ). 4.3
(u, ) O n(u, @) n>18 n(u, @) (4.3)

We are now ready to state the main result of this paper.

Theorem 4.1 The functional E: D5 x Ds +— [0, +00[ defined in (4.3) enjoys
the following properties:

(i) E is equivalent to the L' distance, i.e. there exists a C > 0 such that
for all u,u € Ds
1

¢ Mlu—dllpy < 8(u, @) < C-flu—allp

oo



(i) E is non increasing along the semigroup trajectories of Theorem 2.2,
i.e. for all u,u € Dy and for all t > 0

E(Stu, St’l]) S E(’U,, ’l]) .
(iii) Z is lower semicontinuous with respect to the L1 norm.

Here and in what follows, we denote by C positive constants dependent only
on f and §y. We split the proof of the above theorem in several steps.

Lemma 4.2 For all u,u € Dy, one has E(u, 1) < ® (u, ).

We remark that actually = coincides with ® on all piecewise constant
functions. However, the other inequality is rather technical and not neces-
sary for the proof of Theorem 4.1. Therefore, we postpone it to the Ap-
pendix.

Proof of Lemma 4.2. By the definition (2.5) we have v € By (u) and @ €
By (u) for all n > 0, hence B, (u,u) < ® (u, @) for all positive . The lemma
is proved passing to the limit n — 0+. O

Proposition 4.3 The functional E: Ds — R is lower semicontinuous with
respect to the L1 norm.

Proof. Fix u and @ in Ds. Let u,, respectively 4,, be a sequence in Ds
converging to u, respectively @. Define &, = |lu, — ul|p1 + ||@ — 4|2 +1/v.
Then, for each v, there exist piecewise constant v, € B, (u,), respectively
¥y, € Be, (i), such that

P (v,,0,) < B, (Uy,Uy) + &y < E(uy,Uy) +ep. (4.4)
Moreover
oo —ullpr < flow —wpllpy + luw —ullgn < 26
oy =l < (|ow —wllps + [ —aflgr < 260

so that v, € B, (u) and v, € By, (u). Hence, B (u,u) < ® (vy,7,).
Using (4.4), we obtain Zo., (u, ) < E(uy,0,) + &,. Finally, passing to the

liminf for v — 400, we have E(u, @) < liminf, o E(uy, ). O



In the next proposition, we compare the functional ® defined in (4.1)
with the stability functional ®¢ as defined in [4, formula (8.6)]

Proposition 4.4 Let § > 0. Then, there exists a positive C such that for

all € > 0 sufficiently small and for all e-approximate front tracking solutions
w(t,z),w(t,z) of (1.1)

@ (w(t, ), bt ) = O (w, @)(1)| < Ce - wlt, ) = Bt )

Proof. Setting w(t,z) = S (¢q(t,z)) (w(t,z)) and omitting the explicit time
dependence in the integrand, we have:

’(I) (w(t? ')7 ’J](t, )) - Q)a(w,qﬂ)(t)‘ < / Z |Qz(x)HWz($) - Wz(w)‘ d.
Ri=1

We are thus lead to estimate

‘Wz(w) — Wz(z)| < nl‘Ai(a:) — Al(az)‘ +
+r1k2|Q(w) — Q(w)| + k12| QW) — Q)] -

The second and third summands are each bounded as in [4, formula (7.100)]
by Ce. Concerning the former one, recall that A; and A; differ only in
the absence of non physical waves in A;. In other words, physical jumps
are counted in the same way in both A; and A; while non physical waves
appear in A; but not in A;. Therefore, |A;(z) — A;(z)| is bounded by the
sum of the strengths of all non physical waves, i.e. |A;(z) — A;j(z)| < Ce
by [4, formula (7.11)]. Finally, using [4, formula (8.5)]:

S llo@ 3@ < S la@] < 0 o) ~ 3@ (45)

i=1

we obtain
}(I' (v(t,-),0(t,-)) — éa(v,ﬁ)(t)‘ < Ce/ Z |gi(z)| do < Cellv — 9|1
R =1

completing the proof. O

Proof of Theorem 4.1. The estimates (4.5) show that ® is equivalent to the
L! distance between functions in Dj. Indeed, if § is sufficiently small, then
W;(x) € [1,2] foralli =1,...,n and all z € R, so that

1

¢ o=l < @(v,0) <20 o =3 (4.6)

10



To prove (i), fix u, % € Ds and choose v € By(u), v € By(a). By (4.6),

c’ (lu—allgr—2n7) < ®(w,0) < 2C- (lu—al +2n)
1 U [l ~ ~
o (u=aly —2m) < Sy(wd) < 20 (Ju— iy +29).

The proof of (i) is completed passing to the limit n — 0+.
To prove (i), fix u,% € Ds and n > 0. Correspondingly, choose v, €
By (u) and v, € By(u) satisfying
E(u, ) = By(u, @) = vy, 0y) — 1. (4.7)

Let now € > 0 and introduce the e-approximate solutions vy and v, with
initial data vy (0,-) = v, and ©(0,-) = ¥,. Note that for ¢ sufficiently small

Y (v;(t)) < T (v;) (t)+Ce < T(u5)(0)+ Ce
< Y (v,) + Ce < 0+ Ce < 6
and an analogous inequality holds for @. Therefore vy (t), v;(t) € Dj. Here
we denoted with T¢ the sum V + CyQ deﬁned on e—approximate wave front
tracking solutions (see [4, formulee (7.53), (7.54)]). We may thus apply

Lemma 4.2, Proposition 4.4 and the main result in [4, Chapter 8], that is [4,
Theorem 8.2], to obtain

= (v5(0), 55()
A

CAOKAC)

IN
W

< @ (05,3 () + Ceo )—ﬁ;(t)‘Ll
< ( : “f) O)+Cst+Cs“vf](t)—@;(t)‘Ll
< @ (vy,0y) + Cet + Ce|lvp(t) —ﬁ;(t)HLl + Ce vy — Tp||ga -

Recall that as e — 0 by [4, Theorem 8.1] v; (t) — Sivy and U5(t) — Sy
Hence, Proposition 4.3 and (4.7) ensure that

E(Spvy, Sity) < liminf 2 < vp (1), Tp(t )) < P (vy, Uy) < BE(u, @) + 7.

e—0+

By the choice of v, and v,, we have that v, — uw and v, — @ in L! as
n — 0+. Therefore, using the continuity of the SRS in L' and applying
again Proposition 4.3, we may conclude that

E(Stu, St’l]) S l%g(l)ﬂl_fa(stvn, Stﬁn) S E(U, ﬂ) s

completing the proof of (i7). The latter item (%ii) follows from Proposi-
tion 4.3. (]

11



5 Appendix
Proposition 5.1 For all u, @ in D, one has =(u, ) = ®(u, ).

Lemma 4.2 provides the first inequality. The proof of the other one
follows from the next two lemmas.

Lemma 5.2 The functional ®, defined on all piecewise constant functions
in Dy, is lower semicontinuous with respect to the L norm.

Proof. Fix u,u piecewise constant in D3. Choose two sequences of piecewise
constant maps u,, i, in D} converging to u, % in L'. We want to show that
®(u,u) < liminf, 4o ®(uy,q,). Call I =liminf, 4 ®(u,,d,) and note
that, up to subsequences, we may assume that lim,_, - ®(u,,a,) = [. By
possibly selecting a further subsequence, we also have that both u, and u,
converge a.e. to u and .

Introduce the functions ¢ = (¢1,...,¢s) and ¢¥ = (¢}, ...,¢%) by

a(z) =S (¢(2)) (w(z)) and G (z) =S (¢"(z)) (w(z)) .

with S defined in (2.2). For the computations below, we need the following
more explicit notation: fix ¥(z) € Dj and ¢ piecewise constant, and define
A1(9,9Q),...,A,(7,q) through

(Ai(@,(j)) (x) = Z {|6y7j‘: (y,7) such that y < x and j > z}
+Z {}6%]": (y,J) such that y > z and j < z}
for the linearly degenerate case, while for the genuinely nonlinear case:
(Ai(@,cj)) (r) = Z {’6y7j|: (y,7) such that y <z and j > z}

+Z {|5’y,j}: (y,7) such that y > x and j < z}

Z |Gy,i|: (y,4) such that y < x ¢ if gi(z) < O
+

Z ’6'?”-}: (y,i) such that y > x ¢ if g;(z) > 0

(Ai(@,q)) (r) = Z {’6y7j|: (y,7) such that y < x and j > i

+Z {!63/7]-}: (y,7) such that y > z and j < z}

Z |5y,i|: (y,4) such that y < x ¢ if gi(z) > 0
_l’_

Z |5y,i|: (y,4) such that y > z ¢ if gi(z) < 0

where, using E as in (2.1),

(Gas--- 0an) = E(0(z—),0(z+)) .

12



Remark that (A;(7,7)) () and (Ai(ﬁ, q)) (x) are Lipschitz function of the

values assumed by o (for fixed shock positions). Finally introduce also

(Bi(9,9) (x) = (Ai(©,0) (2) +r2Q(D)
(Bi(0.0) @) = (K:(5,0)) (@) + Q)

And therefore one has:

B(u, i) — /Ri}qi(x)‘x
Lo (Bi00) () + (@) <x>)] &a
Su.i) = [ i}qf(az)}x

14+ K1 ((Bi(uy,q”)) (x) + (Bi(ﬁy,q”)) (a:))] dx

X

X
Let {x1,...,zn41} be the set of the jump points in u and 4 and write
N N
U = Zua X[Ta,Tat1] u = Zﬂa X[za,zati] -
a=1 a=1

For all «, select yo € |Tq,Tat1] so that as v — 400, the sequence u, (yq)
converges to u(yqa) = g and U, (Yo t0 U(ya) = . Introduce the piecewise
constant function i, = Y U (Ya) X[za,zari[ Let 1, be defined analogously.
Because of the Lipschitz dependence (for fixed jump positions) of A;(v),
A;(7) and Q() on the states attained by o we obtain the pointwise limits

lim B;(dy,q) =Bi(u,q) and  lim B(dy,q) = Bi(d,q).  (5.1)

v——+400 v——+400

Claim: there exists a uniformly bounded sequence of positive maps w, with

lim wy(x)=0 ae inz
V—+00

such that, with the notation above, the following inequality holds:
(Bi(alla Q)) (:U) S (Bi(um Q)) (x) + wu(x)

and a similar inequality holds for B;.

Proof of the claim. Consider only B; since the case with B, is similar.
Fix £ € R and prove the above inequality passing from %, to u, recursively
applying 3 elementary operations:

13



PSfrag replacements

t
Wa—1

Weq
&a

Eat1’ >

w *h a b X *h a "

Figure 2: Exemplification of point 2.

1. w' is obtained from w only shifting the position of the points of jump
but without letting any point of jump cross Z. More formally, if w =

2a WaX[eq éarr]| With Lo < Eat1, w =3, WaXer e o] with & < §;+1
and moreover Z € |¢qa, £at1[N ]&,, €11 [, then

(Bi(w,v q)) (j:) = (Bi(wv Q)) (j) .
Indeed, if all the jumps stay unchanged and no shocks crosses z, then nothing
changes in the definition of A; and Q.

2. w' is obtained from w removing a value attained by w on an interval not
containing z, see Figure 2. More formally, if

w = Zwax[fmfa-&-l[ with ga < fa—i—l
o

and T ¢ ["g@vfa_&-‘rl[’ then

w' = Z War X[€arbatil + wa-1 X[ .€ar1l
aFta

or

w' = Z Wa X[ea ar1] T Watl X[ea ot -
aFa

In this case

(Ai(w', ) (T) + K2Q(w') < (As(w, q)) (Z) + K2Q(w) .

Indeed, consider for example the case in Figure 2. The two jumps at the
points &5 and €511 in w are substituted by a single jump in w’ at the point
&s+1- The points &5 and £541 are both to the right of Z, therefore the

14



waves in w’ at the point £541 which appear in (A;(w’,q)) (Z) are of the
same families of the waves in w at the points &5 and €541 which appear in
(Aj(w,q)) (). Since all the other waves in A; are left unchanged we have

(8i(0,0)) (2) = (Ailw,0)) (2) £ 3|0k 1 = Teas — Teurr

=1
where
O-é&+17j = E] (U), (5544—1_) 7/w, (§@+1+)) = E] (w@_l, w@+1)
Otoing = Bj(w(ari—),want) = Ej(wa war)
Otat1j = Ej (w (fd_) , W (5&"’)) = Ej (w&—la wa) .

Therefore, the increase in A; evaluated at x is bounded by the interaction
potential between the waves at 5 and those at 541 and is compensated by
the decrease in k2Q, as in the standard Glimm interaction estimates.

3. w' is obtained from w changing the value assumed by w in the interval
containing Z. More formally, if

w = Z waX[£Q,§a+l[ with fa < £a+1
o

and T € [€a,&a+1[, then
W' =) WaX(g gasal T Wak(a o
a#a
In this case
(Bi(w',q)) (2)+ < (Bi(w,q)) (2) + Clwa — w].
Indeed, this inequality directly follows from the Lipschitz dependence of

A;(w, q)(Z) and of Q(w) on the values attained by w for fixed jump positions.

For & € [z5,za+1[ we can pass from u, to to the function w, defined by

Wy = Z uy(ya)x[$a7$a+l[ + U‘V(:f)x[ma,af:a+1[
aFda

applying the first two steps a certain number of times. And we obtain the
estimate

(Bi(wy,q)) (&) < (Bi(uw,q)) (Z).

Finally with the third step we go from w, to #, obtaining the estimate:

(Bi(am Q)) (f) (Bi(wm(D) ('f) +C |UV('@) - ul/(yo_é)‘
(Bi(um Q)) (z)+C ‘UV(E) - ul/(yd)|
(Bi(w, q)) (2) + wi (7).

ININ A
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with N
wy(r) = C D |up(®) = up(Ya) | X[ze,zas () -
a=1

But a.e. £ € R one has

N N
Z ‘uy(x) - uu(ya)| X[:ca,xa+1[(x) - Z ’ua - ua‘ X[xa,ma+1[(x) =0
a=1 a=1

proving the claim.
Now we write:

P (u7 ﬁ) =Xi1p + X2+ X3+ X4+ P (uu> 'LNLV) 5
with

X1y = @(U,a)

n

—/RZ ‘%’(33”

i=1

n

v = [ Sl (Bi00) )~ (i) @
_ + (Bilin) (@) = (Bili)) (o) o
= [ Yl Bl @) - Bitun) @)
+ (Bi10) (@) = (Bilind”)) (o) o
v = [[3 (a0 - )

1+ Ky <(IB%i(uV,q”)) (x) + <Iﬁ3i(ﬂ,j,q”)) (az))] dz .

By the pointwise convergence (5.1) of the integrand, hI—iI-l X1, = 0.
V—1T00

Passing to the next summand, note that the claim implies that

X2, < 20/ Z \qz‘(%)|f‘€1wu($) dx
Ri=1

and the Dominated Convergence Theorem implies lim _ii_nf X2, < 0.
V—T00

Concerning x3,, observe that ¢ converges a.e. to ¢(z), therefore for
a.e. © € R such that ¢;(z) # 0, ¢/(z) has the same sign as ¢(x) for v

16



sufficiently large and this implies (B;(u”,q)) (z) = (B;(u”,¢")) (z). Hence
the integrand in x3, converges a.e. to zero and we have lir+n X3, = 0.
V—T00
Finally the L! convergence of q; to g; implies lirJ]rn X4,» = 0, concluding
V—T00

the proof since ® (u,,u,) — . O

Lemma 5.3 For all piecewise constant u,u € Dy, E(u, 1) > ® (u, @).

Proof. By the definition (4.3) of &, for all u,% € Dj, there exist sequences
vy, U, of piecewise constant functions such that for v — +oo we have v, — u,
¥, — uin L' and ® (v,,?,) — E(u, @). Hence, by Lemma 5.2

® (u,u) < liminf ® (v,,0,) = E(u, @),

V——+00

completing the proof. O
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